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Abstract

We consider adequate transversals of abundant semigroups and prove that, in a partic-
ular case, there is a natural embedding of an inverse transversal within a certain regular
subsemigroup. We also introduce the concepts of simplistic, perfect and quasi-adequate
transversal and provide a number of interesting connections between these.

1 Introduction and Preliminaries

The concept of an inverse transversal was introduced in 1978 by Blyth and McAlister and
arises in response to natural questions concerning the greatest idempotent in a naturally
ordered regular semigroup. At about the same time, Fountain introduced us to abundant
and adequate semigroups as very natural generalisations of regular and inverse semigroups.
Later El-Qallali, and even later Chen, Luo and others, generalised the notion of transversal
to abundant semigroups and it is this generalisation that we consider in this paper.

Let S0 be an inverse subsemigroup of a regular semigroup S and suppose that for all x ∈
S, |S0 ∩ V (x)| = 1. Then S0 is called an inverse transversal of S and we denote the unique
inverse of x in S0 by x0. It can be shown that for every x ∈ S there is a unique (in a sense
to be made precise later) factorisation in the form x = exx00fx, where ex, fx ∈ E(S) and
x00 =

(
x0

)0 ∈ S0. It is this factorisation that provides the inspiration for the generalisation
to adequate transversals below. We shall assume that the reader is familiar with the basic
ideas of inverse transversals and a very useful summary account is given by Blyth in [1].

After introductory definitions and results, we consider in section 2, the role of regular el-
ements within an adequate transversal and in particular show that each regular element
has a unique inverse within the transversal. If the set of regular elements forms a sub-
semigroup then the adequate transversal contains a natural copy of an inverse transversal
of this regular subsemigroup. In section 3 we introduce two important subsets of S, des-
ignated R and L, and show that they behave in a very similar way to that of the inverse
transversal case. We also consider a number of special cases of products of element within
adequate transversals and prove a number of results which will be useful in later sections
as well as considering the concept of left adequate semigroups. In section 4 we define the
notion of a left (right) simplistic transversal and demonstrate that the situation is differ-
ent from the inverse case in general. Perfect transversals are presented in section 5 and
connections between them, multiplicative transversals and quasi-ideals are established. We
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consider quasi-adequate transversals in section 6 by making use of the results on regular
elements from section 2. The final section demonstrates that the situation for monoids is
very much simpler than the general case, in line with the corresponding situation for inverse
transversals.

Unless otherwise stated the terminology and notation will be that of [8]. Let S be a semi-
group. Define a left congruence R∗ on S by

R∗ = {(a, b) ∈ S × S | xa = ya if and only if xb = yb for all x, y ∈ S1}.

The right congruence L∗ is defined dually. It is easy to show that if a and b are regular
elements then a R∗ b if and only if a R b. We say that a semigroup is abundant if each
R∗−class and each L∗−class contains an idempotent. An abundant semigroup in which
the idempotents commute is called adequate. It is then clear that regular semigroups are
abundant and that inverse semigroups are adequate. For examples of non-regular abundant
and adequate semigroups, and more information about the basic structure of these see [5]
and [6].

Lemma 1.1 ([2, Lemma 1.1]) Let e ∈ E(S) and a ∈ S. Then e R∗ a if and only if ea = a
and for all x, y ∈ S1, xa = ya implies xe = ye.

Lemma 1.2 ([2, Lemma 1.2]) A semigroup S is adequate if and only if each L∗−class and
each R∗−class contain a unique idempotent and the subsemigroup generated by E(S) is
regular.

If S is an adequate semigroup and a ∈ S then we shall denote by a∗ the unique idempotent
in L∗

a and by a+ the unique idempotent in R∗
a. It is easy to show that if S is adequate and

a, b ∈ S then a R∗ b if and only if a+ = b+ and a L∗ b if and only if a∗ = b∗.

Lemma 1.3 ([2, Lemma 1.3]) If S is an adequate semigroup then for all a, b ∈ S, (ab)∗ =
(a∗b)∗ and (ab)+ = (ab+)+.

If S is an abundant semigroup and U is an abundant subsemigroup of S then we say that
U is a ∗−subsemigroup of S if L∗ (U) = L∗ (S) ∩ (U × U), R∗ (U) = R∗ (S) ∩ (U × U).
It can be shown that U is a ∗−subsemigroup of S if and only if for all a ∈ U there exist
e, f ∈ E(U) such that e ∈ L∗

a(S), f ∈ R∗
a(S) (see [4]).

Let S be an abundant semigroup and S0 be an adequate ∗−subsemigroup of S. We say that
S0 is an adequate transversal of S if for each x ∈ S there is a unique x ∈ S0 and e, f ∈ E
such that

x = exf and such that e L x+ and f R x∗.

It is straightforward to show, [4], that such an e and f are uniquely determined by x. Hence
we normally denote e by ex, f by fx and the semilattice of idempotents of S0 by E0. The
following are either well-known or are easy to check and are worth mentioning separately:

Lemma 1.4 Let S be an abundant semigroup with an adequate transversal S0. Then for
all x ∈ S

1. ex R∗ x and fx L∗ x,

2. if x ∈ S0 then ex = x+ ∈ E0, x = x, fx = x∗ ∈ E0,

3. if x ∈ E0 then ex = x = fx = x,

2



4. ex L ex and hence exex = ex and exex = ex,

5. fx R fx and hence fxfx = fx and fxfx = fx.

Remark 1.5 Notice that x = exxfx = exexxfxfx = exxfx. Hence xfx = exxfxfx =
exxfx = exx.

Lemma 1.6 [2, Proposition 2.3] Let S0 be an adequate transversal of an abundant semi-
group S and let x, y ∈ S. Then

1. x R∗ y if and only if ex = ey,

2. x L∗ y if and only if fx = fy.

As mentioned in [4], it can be shown that if S is regular then S0 is an inverse transversal of
S. This also follows easily from the results in section 2 below.

In what follows, unless otherwise stated, we shall assume that S is an abundant semigroup
and that S0 is an adequate transversal of S. We define

I = {ex : x ∈ S} Λ = {fx : x ∈ S}.

These sets play an important role in the case of inverse transversals and provide a similar
function for adequate transversals. Unlike the former case however, they are not in general
bands.

Lemma 1.7 [2, Lemma 2.1] Let S be as above. Then

1. I ∩ Λ = E0,

2. I = {e ∈ E : ∃l ∈ E0 l L e} Λ = {f ∈ E : ∃h ∈ E0 h R f}

3. IE0 ⊆ I E0Λ ⊆ Λ.

Given that S0 is a adequate ∗−subsemigroup of S then the l and h in the previous lemma
are uniquely determined by e and f respectively.

It is easy to show that I = {x ∈ S : x = ex} and Λ = {x ∈ S : x = fx}.
A number of simple observations regarding x ∈ I, y ∈ Λ are worth noting:

1. ex = x, x = fx = ex,

2. x L x and so x = x.x and x = x.x,

3. ey = y = fy, fy = y,

4. y R y and so y = y.y and y = y.y.

We also have that for all x ∈ S

5. ex = ex = x+ = fex
,

6. fx = fx = x∗ = efx .

It then follows that I,Λ ⊆ IΛ. Notice that it follows from Lemma 1.6 together with some
of the preceding observations that |R∗

x ∩ I| = |L∗
x ∩ Λ| = 1.
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2 Regularity

When studying adequate transversals of abundant semigroups, it is natural to ask about
the relationship with inverse transversals of regular semigroups and a natural starting point
would be to consider the role of regular elements. In particular we would wish to know
about the structure of the set of regular elements within S and the role that their inverses
play within the transversal.

Lemma 2.1 IΛ ⊆ Reg(S), the set of regular elements of S. Moreover fxey ∈ V (eyfx)∩S0.

Proof. First eyfx = eyeyfxfx = eyfxeyfx = (eyfx)fxey(eyfx).
Also, (fxey)(eyfx)(fxey) = fxeyfxey = fxey.

It follows from [2, Corollary 2.4] that fxey is the unique inverse of eyfx in S0.

Suppose that x ∈ Reg(S). Using the fact that x R ex and x L fx then from [8, Theorem
2.3.4] there exists a unique x0 ∈ V (x) with xx0 = ex and x0x = fx. Notice then that
x0 = x0xx0 = x0exxfxx0 = x0xx0xx0xx0 = x0xx0. We have therefore proved part of

Theorem 2.2 If x ∈ Reg(S) then x ∈ Reg(S). Moreover x0 ∈ V (x) and x0 = (x)0.

Proof. For any x ∈ Reg(S) we have x0x = x0exx = x0exexxfx = x0exxfx = x0xfx =
fxfx = fx and consequently xx0x = xfx = x from which we can deduce that x ∈ Reg(S)
and that x0 ∈ V (x). In a similar way, xx0 = ex and from the uniqueness of (x)0 is follows
that x0 = (x)0.

In what follows we shall write x00 for
(
x0

)0. The following result then demonstrates that
the inverse x0 has precisely the properties that we would expect from a consideration of the
corresponding elements in inverse transversals.

Theorem 2.3 If x ∈ Reg(S) then x0 ∈ S0, x = x00 and x0 = x000.

Proof. Since x ∈ V (x0) then it is clear that x0x R x0. Moreover x0x = fx ∈ E0 ⊆ I
and so x0x = ex0 since |I ∩ R∗

x0 | = 1. In a similar way xx0 = fx0 and so x = x00 by the
uniqueness of x00. Since ex0 , fx0 ∈ E0 then x0 ∈ S0. From Theorem 2.2 it follows that
x0 = x000.

Notice that if x ∈ I ∪ Λ then x0 = x = x00. Also, by [2, Corollary 2.4] we see that

Theorem 2.4 If x ∈ Reg(S) then |V (x) ∩ S0| = 1.

Let x ∈ I so that x ∈ Reg(S) and x = ex = xx0. It is easy to see that

xx0 = (xx0)(x00x0)(x00x0) and that exx0 = xx0.

It follows that

I = {x ∈ Reg(S) : x = xx0} = {x ∈ Reg(S) : x0 = x0x} = {xx0 : x ∈ Reg(S)}.

In a similar way,

Λ = {x ∈ Reg(S) : x = x0x} = {x ∈ Reg(S) : x0 = xx0} = {x0x : x ∈ Reg(S)}.
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Let T = Reg(S), let U = T ∩ S0 and suppose that T is a subsemigroup of S. It is clear
that U is then a regular subsemigroup of T . It is also relatively straightforward to see that
U = {x0 : x ∈ T} = {x ∈ T : x = x = x00}. Given that S0 is adequate then we can easily
deduce that U is inverse and that U is an inverse transveral of the regular semigroup T .

S

S0
U

T

Moreover, it is reasonably clear that, with the obvious notation, E(T ) = E(S), E(U) =
E(S0) and I(T ) = I(S),Λ(T ) = Λ(S) and so from [1, Theorem 1.3] we see that

Proposition 2.5 If T is a subsemigroup of S then I is a left regular subband of S and Λ
is a right regular subband of S.

Moreover, as in [1, Theorem 1.1 & Theorem 1.4] we can deduce

Proposition 2.6 If T is a subsemigroup of S then for all x, y ∈ T

(xy)0 = (x0xy)0x0 = y0(xyy0)0 = y0(x0xyy0)0x0,

and
(xy0)0 = y00x0, (x0y)0 = y0x00.

The following is a generalisation of [4, Example 2.2] and provides a mechanism for extending
adequate transversals. In particular given an inverse transversal U of a regular semigroup
T (so that U is an adequate transversal of the abundant semigroup T ) there is no unique
abundant semigroup S with adequate transversal S0 such that U = T ∩ S0.
Suppose that S0 is an adequate transversal of an abundant semigroup S and suppose also
that M is a cancellative monoid with identity 1. Then it is straighforward to show that
M × S0 is an adequate transversal of the abundant semigroup M × S. In fact E(M × S) =
{1} × E(S) and E(M × S0) = {1} × S0 and it is easy to show that (n, b) ∈ L∗

(m,a)(M × S)

if and only if b ∈ L∗
a(S). Moreover (m,a) = (m, a), e(m,a) = (1, ea) and f(m,a) = (1, fa).

An obvious question would be “Given a regular semigroup T and an adequate semigroup
S0 whose intersection, U , is inverse, can we construct an abundant semigroup S such that
S0 is an adequate transversal of S and such that T is the subsemigroup of regular elements
of S? Moreover, is such an S unique?”

3 Adequate Transversals

We define the following two important subsets of S.

R = {x ∈ S : ex = ex}, L = {x ∈ S : fx = fx}

These sets can in fact be described in a number of different ways.

Theorem 3.1

R = {x ∈ S : ex ∈ E0} = {x ∈ S : x = xfx} = {x ∈ S : x = exx}

= {x ∈ S : x R∗ x} = {x ∈ S : x = exx}.
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Proof. First notice that from Lemma 1.6 and Remark 1.5 if follows that R = {x ∈ S :
x R∗ x} and that {x ∈ S : x = xfx} = {x ∈ S : x = exx}.
If x ∈ R then x = exxfx = exxfx = xfx. If x = xfx then exxfx = exxfx and so by
uniqueness of ex it follows that ex = ex ∈ E0. Now if ex ∈ E0 ⊆ S0 then x = exx = ex x =
exx. Finally, if x = exx then exxfx = xfx = exxfx and so ex = ex by uniqueness of ex and
x ∈ R. Hence we have demonstrated that

R ⊆ {x ∈ S : x = xfx} ⊆ {x ∈ S : ex ∈ E0} ⊆ {x ∈ S : x = exx} ⊆ R.

Theorem 3.2 L ∩R = S0.

Proof. If x ∈ L ∩R then fx ∈ E0 and ex ∈ E0. Hence x = exxfx ∈ S0.
Conversely, if x ∈ S0 then ex = x+ ∈ E0 and fx = x∗ ∈ E0 and so x ∈ L ∩R.

Theorem 3.3 I = L ∩ E(S).

Proof. If x ∈ I then fx = x ∈ E0 and so x ∈ L.
Conversely, if x ∈ L ∩ E(S) then fx ∈ E0. Moreover, x L∗ fx and since x, fx ∈ E(S) it
follows that x L fx and so x ∈ I from Lemma 1.7.

It follows that, as with inverse transversals, we have a diagram

S0L R

E(S)

I Λ

Calculating the values of exy, fxy and xy in terms of x and y for a given x, y ∈ S seems to
be particularly difficult but in some special cases we can make progress.

Lemma 3.4 Let x ∈ R, y ∈ S, z ∈ L. Then

1. eeyx = eyex, fzfy
= fzfy,

2. eyx = eyx, zfy = zfy,

3. feyx = (eyx)∗ fx, ezfy
= ez (zfy)+.

Proof. We prove only the equations involving x and y, the others being similar. Notice
first that x = exxfx and so

eyx = eyexxfx = eyeyexxfx = eyex (eyx) fx = eyex (eyx)
(
(eyx)∗ fx

)
.

We use the fact that |I ∩R∗
w| = 1 for all w ∈ S. Now ex R∗ x and so eyex R∗ eyx. Moreover

eyex ∈ I since IE0 ⊆ I and so eeyx = eyex.
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We now show that eeyx = eyex L (eyx)+. Notice first that ey L ey and so eyex L eyex.
We also have ex R∗ x and so eyex R∗ eyx and since eyex ∈ E0 then eyex = (eyx)+. But if
x ∈ R then ex = ex and so eyex L eyex = eyex = (eyx)+ as required.

We now show that (eyx)∗ R (eyx)∗ fx. We have fx R∗ x∗ and so (eyx)∗ fx R∗ (eyx)∗ x∗.
But (eyx)∗ x∗ = (eyx)∗ since (eyx)∗ L∗ (eyx) and hence (eyx)∗ x∗ L∗ (eyx)x∗ = (eyx) and
consequently (eyx)∗ x∗ = (eyx)∗ by uniqueness of idempotents in L∗−classes.

There are a number of special cases that can easily be deduced from this. For example:

Corollary 3.5

1. If x ∈ S0 then eyx+ = eeyx and x∗fy = fxfy
.

2. If x ∈ Λ then eyx = eeyx. If x ∈ I then xfy = fxfy
.

3. If x, y ∈ S0 then y+x+ = ey+x and x∗y∗ = fxy∗ .

4. If xy ∈ R then exexy = exy. If xy ∈ L then fxyfy = fxy.

5. If x ∈ S then exfx
= ex and fexx = fx. Hence xfx ∈ R and exx ∈ L for all x ∈ S.

Notice from part 5 that we can deduce

Corollary 3.6

1. R = {xfx : x ∈ S}, L = {exx : x ∈ S},

2. for all x ∈ S, x = ex(xfx) ∈ LR and so LR = S.

In particular from Lemma 3.4 we see that if x ∈ I, y ∈ Λ then exy = xey = xy, fxy =
(x y)∗y = x yy = xy, xy = x y. Consequently, xy ∈ E0. Conversely, if x ∈ S is such that
x ∈ E0 then x = (exx)fx ∈ IΛ. Hence we have shown that as with inverse transversals

Theorem 3.7 IΛ = {x ∈ S : x ∈ E0}.

Corollary 3.8 S0 ∩ IΛ = E0.

As another special case, let x, y ∈ S and suppose that in what follows fxey ∈ E(S). Then,

fxey = fxeyfxey

= fxeyeyfxfxey

= fxeyfxeyfxey

= (fxeyfx)(fxey)(eyfxey).

Notice that (fxey)+ = (fxey)∗ = eyfx.

Lemma 3.9 fxeyfx L eyfx if and only if eyfx ∈ E(S).

Proof. First notice that ey L ey and fx R fx. Now (fxeyfx)(fxeyfx) = fxeyfxeyfx =
fxeyfx, since fxey ∈ E(S). Hence fxeyfx ∈ E(S) and so fxeyfx L eyfx if and only
if (fxeyfx)(eyfx) = fxeyfx and (eyfx)(fxeyfx) = eyfx. Now the first of these equa-
tions is always true and so fxeyfx L eyfx if and only if (eyfx)(fxeyfx) = eyfx. But if
(eyfx)(fxeyfx) = eyfx then ey(eyfx)(fxeyfx)fx = eyeyfxfx and so eyfxeyfx = eyfx. Con-
versely if eyfxeyfx = eyfx then eyeyfxeyfxfx = eyeyfxfx and so (eyfx)(fxeyfx) = eyfx.
Hence the result.
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In a similar way we have

Lemma 3.10 eyfxey R eyfx if and only if eyfx ∈ E(S).

We have therefore demonstrated the following result which will prove useful in section 6,

Theorem 3.11 Suppose that l ∈ Λ, i ∈ I and suppose also that li, il ∈ E(S). Then

1. eli = l i l;

2. li = l i;

3. fli = i l i.

As a final special case, consider [9, Proposition 2.1], and notice that the proof of that result
holds for all transversals providing xfxeyy, xfxey, fxeyy ∈ S0. Hence

Theorem 3.12 (Cf. [9, Proposition 2.1]) Let S be an abundant semigroup with an adequate
transversal S0 and let x, y ∈ S. Suppose that xfxey, fxeyy ∈ S0. Then

1. xy = xfxeyy,

2. exy = ex(xfxey)+,

3. fxy = (fxeyy)∗fy.

Notice that in particular this result is true if x ∈ L and y ∈ R:

Corollary 3.13 For all x ∈ L, y ∈ R

xy = x y, exy = ex(x y)+, fxy = (x y)∗fy.

Proof. Let x ∈ L, y ∈ R so that xy = xfxeyy = x y. Also, exy = ex(xfxey)+ =
ex(xey)+ = ex(x y+)+ = ex(x y)+. Finally, fxy = (fxeyy)∗fy = (x∗y)∗fy = (x y)∗fy.

Say that S is left adequate if S is abundant and every R∗(S)−class contains a unique
idempotent.

Theorem 3.14 The following are equivalent:

1. S is left adequate;

2. Λ = E0;

3. R = S0;

4. S = L;

5. E = I.

Proof. (1)⇒(2). Suppose that S is left adequate and let x ∈ Λ. Then ex = x ∈ E0.
Moreover fx R x∗ and so fx R∗ x∗ and so fx = x∗ ∈ E0. Hence x = exxfx ∈ E0 as required.
(2)⇒(3). If x ∈ R then x = xfx ∈ S0E0 ⊆ S0.
(3)⇒(4). If x ∈ S then fx ∈ Λ ⊆ R and so fx ∈ S0 ∩ E(S) = E0. Hence x ∈ L.
(4)⇒(5). If x ∈ E then x ∈ E ∩ L = I.
(5)⇒(1). If e, f ∈ E(S) are such that e R∗ f then e, f ∈ I and so e = f since each R∗−class
contains exactly one element of I.
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If S is adequate then it is clearly both right and left adequate and so I = Λ = E0. Hence for
any x ∈ S, x = exxfx ∈ E0S0E0 ⊆ S0 and so S = S0. The converse is clearly true as well.
If S = S0 then for any x ∈ S, ex = x+ ∈ E0, fx = x∗ ∈ E0 and so S is adequate. Hence we
have shown

Proposition 3.15 S is adequate if and only if S = S0.

4 Simplistic Transversals

We say that S0 is multiplicative if ΛI ⊆ E0 and that S0 is a quasi-ideal of S if S0SS0 ⊆ S0

or equivalently [2, Proposition 2.2] if ΛI ⊆ S0.

Some of the following can also be found in [9, Theorem 2.4].

Lemma 4.1 If E0I ⊆ E0 then I is a band.

Proof. If i, j ∈ I then ij = i(ij) ∈ IE0 ⊆ I.

Theorem 4.2 The following statements are equivalent:

1. The set I is normal (i.e. for all i, j, k, l ∈ I, ijkl = ikjl);

2. E0 is a right ideal of I;

3. For all e ∈ E0, i ∈ I, ei = ei;

4. I is a left normal band;

5. I is a normal band.

Proof. (1) ⇒(2) Let i ∈ I and e ∈ E0. Then ei = eii i = eiii = ei i = ei ∈ E0 and so
E0I ⊆ E0. Finally I is a band from Lemma 4.1.

(2) ⇒(3) Let e ∈ E0, i ∈ I. Then ie ∈ I ⊆ E (by Lemma 1.7) and hence eie ∈ E0.
Since i L i then ie L ie and so eie L ie. Since S0 is adequate then eie = ie. Hence
ei = eiei = iei = eii = ei since E0 is a semilattice.

(3) ⇒(4) First, if e, f ∈ I then ef = eef = eef = ef ∈ I (Lemma 1.7) and so I is a band.
Let i, j, k ∈ I. Then ijk = iijk = ii j k = ii k j = ikj.

(4) ⇒(5) ⇒(1) Obvious.

We shall say that S0 is left simplistic if S0IS0 ⊆ S0. Notice that S0 is left simplistic if
and only if S0I ⊆ S0. In the case of inverse transversals, there are a number of equivalent
definitions of this concept (see for example [1]). These however, as we shall see below, are
often different in the adequate case.
Let S0 be left simplistic and let x, y ∈ L. Notice that fx, fy ∈ E0 and so fxey ∈ S0. Hence
by Theorem 3.12 it follows that fxy = (fxeyy)∗fy ∈ E0 and so xy ∈ L. We have therefore
demonstrated that

Lemma 4.3 If S0 is left simplistic then L is a subsemigroup of S.

We suspect that the converse of the previous Lemma is false. However we can now show

Theorem 4.4 The following statements are equivalent:
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1. S0 is left simplistic;

2. S0 is a right ideal of L;

3. E0I ⊆ S0.

Proof. (1) ⇒(2) Let x ∈ S0, y ∈ L. Then xy = xeyyfy ∈ S0IS0E
0 ⊆ S0E0 ⊆ S0 as

required.
(2) ⇒(3) Let i ∈ I and e ∈ E0 then ei = eii ∈ E0IE0 ⊆ S0LS0 ⊆ S0.
(3) ⇒(1) Obvious.

In general the conditions in Theorems 4.2 and 4.4 are distinct. However if I is a band then
they do coincide.

Proposition 4.5 If E0I ⊆ E0 then S0 is left simplistic.

Proof. Let x, y ∈ S0 and i ∈ I then xiy = x+x(x∗i)y ∈ E0S0E0S0 ⊆ S0 as required.

The converse of the previous result is false by [2, Example 2.7].

Theorem 4.6 If I is a band then S0 is left simplistic if and only if E0 is a right ideal of I;

Proof. It follows that E0I ⊆ I ⊆ E since I is a band. If e ∈ E0, i ∈ I then ei = eii ∈
S0IS0 ⊆ S0 and so E0I ⊆ E0.

Theorem 4.7 S0 is both left and right simplistic if and only if S0 is a quasi-ideal of S.

Proof. Suppose S0 is both left and right simplistic and let x, y ∈ S0, s ∈ S. Then
xsy = xessfsy ∈ S0IS0ΛS0 ⊆ S0ΛS0 ⊆ S0.
Conversely, if S0 is a quasi-ideal and x, y ∈ S0, i ∈ I. Then xiy ∈ S0IS0 ⊆ S0SS0 ⊆ S0

and so S0 is left simplistic. Similarly, S0 is right simplistic.

We can now conclude

Corollary 4.8 If S0 is a quasi-ideal of S then L and R are both subsemigroups of S.

5 Perfect Transversals

Define S0 to be a weakly multiplicative adequate transversal of S if S0 is an adequate
transversal of S and ΛI ⊆ E0, where ΛI = {li : l ∈ Λ, i ∈ I}. We say that S0 is perfect if for
all l ∈ Λ, i ∈ I, eli = fli and we say that S0 is weakly perfect if for all l ∈ Λ, i ∈ I, eli = fli.

Proposition 5.1 If S0 is (weakly) multiplicative then S0 is (weakly) perfect.

Proof. Suppose that S0 is multiplicative and let l ∈ Λ, i ∈ I. Then li ∈ E0 and so
eli = fli = li. A similar result holds for weakly multiplicative.

Proposition 5.2 If S0 is perfect then S0 is a quasi-ideal of S.

Proof. Since eli = fli ∈ I ∩Λ = E0 then li ∈ R ∩L = S0 and S0 is a quasi-ideal of S.

We can now deduce

Theorem 5.3 The following are equivalent:
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1. S0 is multiplicative;

2. S0 is weakly multiplicative and perfect;

3. S0 is weakly multiplicative and a quasi-ideal of S.

Proof. (1)⇒(2) It is clear that multiplicative⇒weakly multiplicative and the rest follows
from Proposition 5.1.

(2)⇒(3) This follows from Proposition 5.2.

(3) ⇒(1) Let l ∈ Λ, i ∈ I. Then li ∈ E0 and li ∈ S0. Hence li = li and the result follows.

Theorem 5.4 S0 is perfect if and only if S0 is weakly perfect and a quasi-ideal of S.

Proof. If S0 is perfect then it is a quasi-ideal of S. If l ∈ Λ, i ∈ I then eli = eli = fli = fli

and so S0 is weakly perfect.
Conversely, suppose that S0 is weakly perfect and a quasi-ideal of S and let l ∈ Λ, i ∈ I.
Then li ∈ S0 and so li = li, eli = (li)+, fli = (li)∗ and eli = fli. But (li)+ = eli and
(li)∗ = fli and so eli = fli and S0 is perfect.

For inverse transversals, S0 is a left simplistic transversal if and only if ΛI ⊆ R. We do not
know whether this is true for adequate transversals but we can deduce

Proposition 5.5 The following are equivalent:

1. S0 is weakly multiplicative and ΛI ⊆ R;

2. ΛI ⊆ Λ.

Proof. (1) ⇒(2) If l ∈ Λ, i ∈ I then li ∈ R and li ∈ E0. Hence li = elilifli ∈ E0Λ ⊆ Λ
as required.

(2) ⇒(1) ΛI ⊆ Λ ⇒ΛI ⊆ Λ = E0 and so S0 is weakly multiplicative. It is clear that ΛI ⊆ R.

Some of the properties considered so far can be summmarised by the following diagram,
where for example, lA = left adequate, m = multiplicative etc.

A

rAlA

m

ΛI ⊆ ΛΛI ⊆ I
p

••
wm

wp

qi

ΛI ⊆ RΛI ⊆ L

������

??????

ccccccccccccccccccccc

�������

???????

???????

�������

����������������

cccccccccccccccccccc

�����

JJJJJJJJ

???????

ccccccccccccccccccc

��
��

��
�

�������

ccccccccccccccccccc

??
??

??
?
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6 Quasi-adequate semigroups

In [3] the authors initiate the study of quasi-adequate semigroups and provide a structure
theorem based on spined products. A semigroup is said to be quasi-adequate if it is abundant
and its idempotents form a subsemigroup.

Proposition 6.1 [3, Proposition 1.3] Let S be a semigroup and let T be the set of regular
elements of S. Then the following are equivalent:

1. S is quasi-adequate;

2. S is abundant and T is an orthodox subsemigroup;

3. T is an orthodox subsemigroup which has a non-empty intersection with each L∗−class
and each R∗−class of S.

From section 2 we see that U = T ∩ S0 is an inverse transversal of T . The following now
follows immediately from [1, Theorem 1.12].

Proposition 6.2 Let S0 be an adequate transversal of an abundant semigroup S. Then the
following are equivalent:

1. S is quasi-adequate;

2. (∀x, y ∈ T ), (xy)0 = y0x0;

3. (∀i ∈ I)(∀l ∈ Λ), (li)0 = i0l0;

4. IΛ = E(S).

If S is quasi-adequate then T is orthodox and so U is a weakly multiplicative inverse transver-
sal of T ([1, Theorem 2.9]). Hence:

Corollary 6.3 If S is quasi-adequate then S0 is weakly multiplicative.

Say that S0 is left (right) perfect if for all l ∈ Λ, i ∈ I, li = ili (li = lil) and that S0 is
weakly left (right) perfect if for all l ∈ Λ, i ∈ I, li = (ili) (li = (lil)).

Theorem 6.4 Let S be a quasi-adequate semigroup. Then S0 is perfect if and only if S0 is
both left and right perfect.

Proof. If S0 is perfect then for all l ∈ Λ, i ∈ I, fli = eli. Hence from Theorem 3.11
ili = lil and so li = (lil)(li)(ili) = (lil)(ili) = (lil)(lil) = lilil = lil = ili and so S0 is both
right and left perfect. The converse is clear.

Notice that since li ∈ E0 for all l ∈ Λ, i ∈ I, then eli = fli = li and so we can deduce

Proposition 6.5 If S is quasi-adequate then S0 is weakly (left,right) perfect.

Theorem 6.6 Let S be a quasi-adequate semigroup. The following are equivalent:

1. S0 is left perfect;

2. ΛI ⊆ Λ;

3. ΛI ⊆ R;
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4. l ∈ Λ, i ∈ I, (eli, fli) ∈ R∗ .

Proof. (1)⇒(2). If S0 is left perfect then li = fli and so li ∈ Λ.
(2)⇒(3). Obvious.
(3)⇒(4). If ΛI ⊆ R then ΛI ⊆ Λ = E ∩ R. Let l ∈ Λ, i ∈ I. Then elifli = lilili = li = fli.
Also flieli = ililil = ilil = flil = lil = eli and (eli, fli) ∈ R∗ as required.
(4)⇒(1). If (eli, fli) ∈ R∗ then elifli = fli and so li = lili = lilli = flili = eliflili = elili =
ilili = ili and S0 is left perfect.

Notice that if S is quasi-adequate then ΛI ⊆ E. If in addition S is left adequate then E = I
and so S0 is right perfect. Hence we have:

Theorem 6.7 If S is quasi-adequate and left adequate then S0 is right perfect.

Proposition 6.8 If S is quasi-adequate then S0 is weakly left (right) perfect if and only if
S0 is weakly perfect.

Proof. If S0 is weakly left perfect then for all l ∈ Λ, i ∈ I we have li = ili = fli ∈ E0

and so S0 is weakly multiplicative and hence weakly perfect.

Theorem 6.9 Let S be quasi-adequate. Then S0 is left simplistic if and only if E0 is a
right ideal of I.

Proof. One way round follows from Proposition 4.5. Suppose then that S0 is left sim-
plistic. Then I is a band from Theorem 2.5. Also E0I ⊆ S0 but as E0I ⊆ E then the result
follows.

Theorem 6.10 Suppose that S is quasi-adequate. If S0 is left perfect then S0 is left sim-
plistic.

Proof. Let e ∈ E0 and i ∈ I. Then ei = iei = eii = ei and so from Theorem 4.2 it
follows that E0 is a right ideal of I.

From these results the previous diagram now reduces to

A

••

rAlA

m = p = qi

lp = ΛI ⊆ Λ = ΛI ⊆ Rrp = ΛI ⊆ I = ΛI ⊆ L

lsrs

wm = wp = wlp = wrp

������

??????

������

??????

//////////

����������

/////////

���������

jjjjjjjjjj

TTTTTTTTTT

TTTTTTTTTTTT

jjjjjjjjjjjj
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7 Monoids

If S is a monoid with identity 1, notice that 1 = e11f1 and that e1 R∗ 1. Hence e1 R 1 and
so e1.1 = 1. Similarly, 1 = f1 and so 1 = 1 and so 1 ∈ S0.

Theorem 7.1 If S is a monoid then S is right adequate if and only if S0 is left simplistic.

Proof. Suppose that S0 is left simplistic then for all i ∈ I it follows that i = 1.i ∈ E0I ⊆
S0. Hence I = E0 and S is right adequate from the dual of Theorem 3.14. Conversely, if S

is right adequate then I = E0 and so E0I = E0 ⊆ S0 and so S0 is left simplistic.

Notice that the conclusions of the previous theorem hold for any semigroup in which I ⊆ E0I.

It is easy to demonstrate that similar conclusions hold if S is such that ΛI ⊆ R and if S is
such that E0 is a right ideal of I and if S0 is left perfect.

Theorem 7.2 If S is a monoid then S is adequate if and only if S0 is multiplicative if and
only if S0 is a quasi-ideal if and only if S0 is perfect.

Proof. We know that if S0 is multiplicative then S0 is a quasi-ideal and that S0 is a
quasi-ideal if and only if S is adequate (from Theorem 7.1 and its dual).
If S0 is a quasi-ideal then from Theorem 7.1 and Theorem 3.14 it follows that I = Λ = E0

and so ΛI ⊆ E0 and so S0 is multiplicative.
If S is adequate then S0 is multiplicative and so S0 is perfect. Conversely, if S0 is perfect
then S0 is a quasi-ideal and so S is adequate.

Consequently we have a diagram

A = m = p = qi

ΛI ⊆ ΛΛI ⊆ I

••

ls = lp = ra = ΛI ⊆ Rrs = rp = la = ΛI ⊆ L

wm

wp

ooooooo

OOOOOOO

ooooooooo

4444444444444444

OOOOOOOOO
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