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ABSTRACT

For over a century, the Stokes phenomenon had been perceived as a discontinuous change in the asymptotic representation of a
function. In 1989, Berry demonstrated it is possible to smooth this discontinuity in broad classes of problems with the prefactor for
the exponentially small contribution switching on/off taking a universal error function form. Following pioneering work of Berk,
Nevins, and Roberts and the Japanese school of formally exact asymptotics, the concept of the higher-order Stokes phenomenon
was introduced, whereby the ability for the exponentially small terms to cause a Stokes phenomenon may change, depending on
the values of parameters in the problem, corresponding to the associated Borel-plane singularities transitioning between Riemann
sheets. Until now, the higher-order Stokes phenomenon has also been treated as a discontinuous event. In this paper, we show how
the higher-order Stokes phenomenon is also smooth and occurs universally with a prefactor that takes the form of a new special
function, based on a Gaussian convolution of an error function. We provide a rigorous derivation of the result, with examples
spanning the gamma function, a second-order nonlinear ODE, and the telegraph equation, giving rise to a ghost-like smooth
contribution present in the vicinity of a Stokes line, but which rapidly tends to zero on either side. We also include a rigorous
derivation of the effect of the smoothed higher-order Stokes phenomenon on the individual terms in the asymptotic series, where
the additional contributions appear prefactored by an error function.

1 | Introduction

The Stokes phenomenon [7] is the apparent discontinuous
appearance of additional exponentially small contributions
in asymptotic representations of functions as either an
asymptotic independent variable z, z — oo, or some other
set of bounded system parameters a = {a;, a,,...}, a; € C, vary
smoothly across codimension 1 sets known as Stokes lines or,
in higher dimensions, Stokes sets. Such exponentially small
terms may be locally neglected numerically, but can grow
in size elsewhere to determine the global properties of the
function.

In 1989, Berry [1] showed that under general assumptions as to the
form of the late terms in an asymptotic series, the switching on
of exponentially small terms in the Stokes phenomenon actually
occurs smoothly across the Stokes sets, with a universal error
function prefactor. This result has subsequently been rigorously
justified in a wide variety of contexts [8-13].

Historically, detailed studies of the Stokes phenomenon had
often focused on systems involving only two different asymptotic
contributions. Consequently, it was not until 1982 when Berk et al.
[2] studied a third-order ordinary differential equation that it was
noticed that, when there are three or more distinct asymptotic
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contributions to a function, two new analytical features can occur
as the parameters z or a vary.

The first new analytical feature is that so-called “new Stokes
lines” [4] may sprout from points at which the traditional
Stokes lines cross. The number of asymptotic contributions to
the function may change across “new Stokes lines” but, unlike
their traditional counterparts which may sprout from turning
points (or caustics) in the finite plane where the arguments
of the exponential prefactors coalesce and simultaneously the
individual terms in the asymptotic contributions diverge, the new
Stokes lines emerge from crossing points at which these terms
are regular.

The second analytical feature is that, in order for monodromy to
be maintained, the activity of some of the Stokes lines themselves
is switched off or on as the parameters z or a vary.

Howls et al. [5] termed such change in the activity of a Stokes
line as the “higher-order Stokes phenomenon” and showed that
it occurs as z and/or a cross a “higher-order Stokes line” in
parameter space, using an approach based on the use of exact,
hyperasymptotic, re-expansions that explore subsubdominant
exponential terms. That approach tied the activity-switching
phenomenon to the movement of singularities (that generate
the asymptotic contributions) between Riemann sheets in the
Borel-plane representation of the function.

Chapman and Mortimer [6] and Body et al. [14] carried out an
independent, parallel, analysis of the higher-order Stokes phe-
nomenon for specific equations using matched asymptotic expan-
sions.

The higher-order Stokes phenomenon is linked to the presence
of “virtual turning points” [3, 4, 15]. At a virtual turning point,
from a Borel-plane viewpoint, the exponents of the exponential
prefactors of the “coalescing” contributions become equal, but the
corresponding singularities in the Borel plane do not simultane-
ously coincide. Rather, like aircraft at different altitudes, they pass
directly above one another on different Riemann sheets [15].

More generally, as a higher-order Stokes line (or set) is crossed,
although no new asymptotic contribution is switched on at the
first subdominant exponential level (as it would be at an ordinary
Stokes phenomenon), the Stokes multiplier prefactoring the
terms that are to be switched off/on in a later Stokes phenomenon
may change. If this multiplier becomes zero across a higher-order
Stokes line, the activity of the later Stokes line is switched off.
If this multiplier grows from zero, then the activity of the later
Stokes line is switched on. More generally, this multiplier might
change between two nonzero values across the higher-order
Stokes line, giving rise to a change in the strength of the nearby
Stokes phenomenon. As we recall below, this is manifested as a
change in the exact analytical hyperasymptotic re-expansion of
the asymptotic remainder terms that would generate that later
Stokes phenomenon.

Until recently, the higher-order Stokes phenomenon had only
been studied in discrete form, that is, before and after the event
had occurred [5, 6, 16, 17]. In a recent paper, Nemes [18] investi-
gated the higher-order Stokes phenomenon with a focus on cases

where singularities in the Borel plane are collinear and equally
spaced. He demonstrated that, in this specific case, the higher-
order Stokes phenomenon occurs smoothly, and the smooth
transition can be described using multivariable polynomials of
error functions.

In this paper, we show that the higher-order Stokes phenomenon
can be observed to occur smoothly in more general settings.
However, in contrast to the error function smoothing of the
ordinary Stokes phenomenon, the smooth prefactor of the higher-
order Stokes phenomenon that takes the form of a new special
function, being a (semi)convolution of a Gaussian and an error
function, reminiscent of a power normal distribution [19].

In parallel work, we note that Shelton et al. [20] have recently
considered the effect of the higher-order Stokes phenomenon
on the re-expansion of the individual terms in the asymptotic
series. They have shown using formal Borel resummation of a
Dingle resurgence expansion of an individual late term in an
asymptotic series that the switching on of subsubdominant terms
is of standard error function type.

In contrast, we consider the whole progenitor function of the
asymptotic series, rather than just the individual terms. The
approach we take is valid for all functions that possess a hyper-
asymptotic expansion in terms of hyperterminants. Our wider
approach not only provides a rigorous proof of the form of the
smoothing for the whole progenitor function, but, as a special
case, of the corresponding smoothing for individual terms.

The paper has been split into four parts, so that the reader may
focus on those that most interest them. The first part of the paper
(Sections 2-4) contains details of the underpinning background
and a summary of the results. The main new results governing the
three types of phenomena that are encountered are summarized
in Equations (4.6), (4.8), (9.9), and (9.17), with notation defined in
Section 9.1. The second part (Sections 5-8) contains four examples
of the effects of the smoothing of the higher-order Stokes
phenomenon in diverse contexts. This includes in Section 8 a
rigorous approach to the smoothing of additional contributions
to the late terms in an asymptotic expansion as a higher-
order Stokes phenomenon occurs. The third part (Sections 9-10)
contains statements and rigorous proofs of the theorems, together
with a conclusion and discussion. Theorems 9.2-9.4 rigorously
underpin the new results. Three appendices (A-C) contain the
derivation of new integral representations for the underpinning
second hyperterminant function, analytical and computational
properties of the subsequent new special function governing the
higher-order smoothing, and a discussion of the circumstances
leading to the example in Section 7.

2 | Borel-Plane Background

The basis for the analysis of this paper is the iterative hyperasymp-
totic re-expansion of the exact remainder terms of the asymptotic
expansions of a function w(z;a) as z — oo. The function might
have, for example, a (multiple) integral representation [21-25],
or may satisfy an ODE [26-31], a difference equation [32, 33], a
differential-difference equation [34], or a PDE [5, 14, 15], but can
also represent eigenvalues [35, 36]. The sole requirement is the
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FIGURE 1 | Sketch of the Borel ¢-plane with singularities A, 4j, j # k and the associated integration contour y(a).

existence of a Borel transform representation for w(z;a) of the
form

wi(z;a) = L e’ B (t;a)dt. 21
27 Sy

Here, the function B,(t;a), known as the Borel transform of
wy(z;a), has just (for the purposes only of simplifying the
explanation) algebraic branch points and/or poles, say at t =
A;(a), in the finite complex ¢-plane, also referred to as the Borel
plane. As seen below, the explicit closed form of B,(¢;a) is not
actually required, only a (finite) number of terms in its expansion
around relevant singularities.

The contour y,(a) runs from oo in the Borel plane along the left-
hand side of a branch cut emanating from one of these branch
pointsatt = 4, (a), encircles this branch point once in the positive
sense, and back to oo along the right-hand side of the cut. The
cut orientation is initially chosen such that it encounters no other
singularities 1;(a), j = 1,2,3,..., j # k, of B, (t; a) (see Figure 1).
B,(t;a) is exponentially bounded at infinity in the direction of
yr(a), so that the integral converges for all sufficiently large
values of z. In practice, this means that, if 1, (a) is an algebraic
singularity, B, (¢; a) may have a convergent expansion of the form

Bi(t;a) = ) T/ @T(w — r + 1)t = @) 7,
r=0

M ¢ Z’
(2.2)

with a finite radius of convergence to the nearest singularity 4;(a),
Jj # k on the same Riemann sheet in t. Analogous expansions can
be written down if 4, (a) is actually a logarithmic singularity [25,
37] or is of a combined power-log form.

Substitution of the convergent series (2.2) into (2.1), followed by
integration over the chosen contour y,(a), produces the divergent

asymptotic series

<)

w,(z;a) ~ eM@7 Z
r=0

T(a)
v

(2.3)

as z — oo.

Each of the other branch points 4;(a) give rise to functions
w;(z;a) defined in an analogous way to (2.1) in terms of loop
contours around the radial cuts between 4;(a) and infinity (see
Figure 1).

When two or more of these singularities coalesce, that is, for
values ofa = a* at which 4,(a*) = 1,,(a*),,m =1,2,3,...,thena
caustic will occur and the local form of the asymptotic expansion
must change to avoid individually singular terms. We avoid values
of a for which this occurs.

The advantage of using the Borel approach is that it is possible
to provide exact representations of the remainder of a truncated
convergent series (2.2) in terms of contributions from the adjacent
singularities 1;(a), j # k on the same Riemann sheet of the
complex Borel ¢-plane.

To see this, we now extract the exponential and algebraic
prefactors of the large-z asymptotic expansions and write each of
the w;(z;a) as

w;(z;a) = V@724 TU)(z; a), j=1,2,3,.. . (2.4)

Then, assuming that all the singularities in the Borel plane
are of algebraic type, a calculation similar to that in [22, 28,
38] provides a representation for the remainder term in the
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asymptotic expansion (2.3) of wy(z; a) as follows:

No-1

T®(z;a) = Z

r=0

1°(a)
Zr

K@) U0l qajp@uNotup-1
L. kj LTO)(“ a)dt,
27T] 4d  zNo-1 z—t
J#k
(2.5)
where
ﬂ,jk(a) = ﬂ,j(a) —Ak(a), ij = al‘g/ljk(a), ,L{jk = ,uj — Mk,
(2.6)

with the notation /Olnl = ‘/Oooem- Taking N, large enough guaran-
tees that Re(N, + u;;) > 0 for all j # k. Note that the u; may, or
may not be, an integer or real.

The A;.(a) correspond to the (negative) singulants of Dingle
[39]. The K, ;(a) are Stokes “constants”. If the singularities 4,(a)
and 4;(a) are not located on the same Riemann sheet, then
Ky ;(a) = 0. When K, ;(a) # 0, then 4,(a) and 4;(a) are said to be
adjacent singularities.

More generally, and more accurately, these “constants” are
termed Stokes “multipliers”, since in the present context, they
may change in value as a function of a.

The exact representation for the remainder term on the right-
hand side of (2.5) is implicit, and depends on self-similar
contributions TV)(¢; a) arising from adjacent singularities in the
Borel plane.

The right-hand side of (2.5) automatically encodes the Stokes
phenomenon in the following way. As the parameters a are
varied, the cut and associated contour y,(a) may rotate and
the singularities 4,(a), 1;(a) may move around the Borel plane.
When the quantity 1;(a)z is real and negative (through the
values of z and/or a), the branch cut from 1, (a) and the associated
contour y,(a) encounters the singularity 4;(a). The remainder
integral in (2.5) then encounters a pole in the denominator. As
the contour sweeps through this pole, it automatically generates
the connection formula associated with the Stokes phenomenon:

T®(z;a)" = TW(z;a) + Ky (@)e! @724k T0(z;2),  (2.7)

where + and — superscripts denote the functions T®(z;a) on
either side of the Stokes line.

The Stokes phenomenon in the previous paragraph has been
regarded as occurring due to changes in the system parameters
a. It could also have occurred due to changes in the independent
variable z, and so z (or perhaps its argument) could be regarded
as part of the system parameters.

Using the Borel-plane approach, it is therefore possible to write
down an exact, but implicit, remainder term for the asymptotic
expansion, which incorporates the analytic implications of the
Stokes phenomenon, without the need to resum divergent series.
Hence, this approach allows for both nondivergent analytical

generality and, as we see in Section 9, a mechanism for rigorous
proof of the main results of this paper.

3 | The Role of Hyperterminants in Encoding the
Stokes and Higher-Order Stokes Phenomena

Due to their importance in what follows, we recall now the
detailed role that hyperterminants play in encoding analytically
the Stokes and higher-order Stokes phenomena.

Let us assume that we may compute at least a finite number of
terms in each of the divergent series expansions of T¥(z;a),l =
k,k,,k,,.... We may then make explicit progress to obtain better
than exponentially accurate results for a given function T®(z;a)
through re-expanding the implicit remainder term by substituting
analogous exact remainder terms for TW)(t;a) in terms of its
adjacent contributions from T®(t;a), [ # j into the right-hand
side of (2.5). The result, after two iterations, is a hyperasymptotic
expansion of the form

No=1 (k)
T, (a
T®(z;a)= Y '7()
r=0

NED_q
1 Kklk(a) \ (ky) NO =S+ Mk
+ — Z , Z T,V @)FDY| z; !
No—1 s ’
2ot = 27i A

5=0 ki k

)
N _q
K, (@) |73

P R DY

ko#ky 5s=0

(ky) (ky)
o O g Nom NV F B+ 1 N =5+ pig
Akykes Ak,

+RP(z;a) ¢ |. 3.1

Each successive re-expansion contains terms of the local expan-
sion about each of the 4, 4,, 4,, and so forth, multiplied by a
“hyperterminant” function F®, n = 1,2, 3, ... [40-42]. The more
iterations, with suitable truncations N;.kj ) chosen, the greater the
overall accuracy that may be obtained.

Note that everything here is still finite and exact. The remainder
term R;k)(z; a) may be expressed exactly in terms of an integral
(involving self-similar contributions from the singularities k; #
k, adjacent to those in the set k,). In what follows, it does not
contribute and so we do not need to state what it is explicitly.

The first hyperterminant takes the form:

[m-argool 5oz _q-1
a e’
F® (z; > =/ - dr, 3.2)
o N zZ—T

where Re(a) > 0, |arg(o,z)| < 7. The parameter o, represents the
distance between singularities in the Borel plane, for example,
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error of the approximation, for o = iy/2, Ny = 30.3, and z = 20e.

Ajk> and so forth. It is the simplest function that incorporates a
Stokes phenomenon and which is compatible with a Borel trans-
form representation. To see this, we first expand the denominator
-1 . . . . . .
(z—1) in(3.2) in a truncated geometric series and this gives us

N-1 i at
F<1)<z; a ) -y (e"/a) 11“(at+n) —NF(U(z; a+N>.
gy ~ zn+ o)

3.3)

The right-hand side can be seen as an asymptotic expansion
as z — oo. The terms in the series are typical for a divergent
asymptotic expansion that possesses a Borel transform [28]. As
n — +oo, the coefficients grow like a factorial divided by a power:
I'(a +n)/ (o,2)" (see Section 8).

If we take a as fixed, then the minimum term in this series
expansion occurs at n = |oyz|. This is known as the optimal
number of terms. From Stirling’s approximation, we obtain that
the smallest term is of size

. a+n
(e”‘/ao) I(a+n) ~ V2r ~loozl |Z|Re(a)—% (3.4)
Zntl ‘ (_Uo)ilm(a)+1 ’ ’

as z — oo. Truncating the series at n = |oyz| thus leads to
exponential accuracy (within a sector between two Stokes lines)
[39]. Taking increasing numbers of subsequent terms will lead to
a worsening approximation.

So far we have restricted z to the principal branch |arg(c,z)| <
7. As these parameters change, the pole in the hyperterminant
(3.2) moves relative to the contour of integration. At arg(o,z) =
7, the Stokes phenomenon occurs and the pole snags on the
integration contour, thereafter giving birth to an additional
exponentially small residue contribution 27ie??z%"!. This gives
rise to a connection formula

FO [ ze-2, ¢) = Fo z; @) _ 2rjecozza1, (3.5)
9o 0o

Note that on the Stokes curve this residue term is comparable in
size with the smallest term in (3.4). Thus taking N ~ |o,z| in (3.3),
the remainder is expected to be of the same size as 27rie?0?z%1.

Berry [1] first showed formally that the optimal remainder will
definitely switch on this exponentially small term in a smooth and
universal manner. For the sake of completeness, and to contrast
with the main result of this paper, we provide a rigorous general
justification in Theorem 9.1 (see Section 9.2). A simplified version
of that result gives

Z-NpO _a+N
oo -
nie"ﬂzz‘”(erfc <oc0(z)\/ %NO) + (9(21/2)> (3.6)

+1n< -mi 202
N

0

as z — oo, in which oc2(z) =1+ ), with N, =

N + a — 1 (see Figure 2).

For the class of divergent series possessing a hyperasymptotic
expansion of the form (3.1), the error function smoothing in
(3.6) is the local, smooth, and universal description of the
Stokes phenomenon.

Of course, in exponentially improved asymptotics, if we were to
naively truncate the original divergent series after an optimal
number of terms and re-expand the remainder in terms of the
first hyperterminants, this re-expansion will itself in general be
divergent due to the presence of distant Borel-plane singularities
k, on the mutual Riemann sheet. This divergent series will also
incorporate its own Stokes phenomenon.

In order to control that re-expansion, we use the template (3.1)
with the second re-expansion in terms of contributions from the
k, set of Borel-plane singularities on the same Riemann sheet.

The second hyperterminants F® in (3.1) take the form

o N0+1 Ny +1
01

[r—argay] [r—argo, ] eg0T0+glrlTN0TN1
dr;dzy,, (3.7)
/ / (Z = To)(To = T1)

where Re(N,) > —1and Re(N;) > —1. Again the principal branch
is |arg(ooz)| < 7, and normally we will also assume that argo, —
argo, € [0,27).

These integrals each contain poles when z = 7, 7, = 7,. Just as
for FV (3.2), as the parameters z and argo, and argo, change,
these poles may snag on the contours of integration of F®.
They too may thus give rise to the birth or death of additional
exponentially small contributions, so generating “higher-order”
Stokes phenomena.

Note that these higher-order contributions are also exponentially
small, but as we see, may interfere with the terms that are
switched on by the first hyperterminants F. As such they can
affect the strength of the Stokes multiplier of the ordinary Stokes
phenomenon, and in some cases, exactly cancel it out.

More generally, the hyperterminants (3.2), (3.7) are the first of
a family of hyperterminants F®, each of n integrations, but
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The three cases giving rise to higher-order Stokes phenomena in (3.7). On the left diagram, the case arg(c,z) = 7 generates a pole in

(3.7) that leads to a (higher-order) Stokes phenomenon with connection formula (4.1). In the middle diagram, where argo, = argo;, a pole occurs in
a F® hyperterminant and leads to a (higher-order) Stokes phenomenon with connection formula (4.2). In the right-hand diagram, where arg(c,z) =

arg(o;z) = 7 two poles simultaneously occur in a F @ hyperterminant, leading to a combined (higher-order) Stokes phenomenon with the uniform

approximation (4.6).

with similar, repeated integrands, to these two. Each of these
hyperterminants can possess a higher-order Stokes phenomenon.
However, to answer the main questions of this paper will only
need to discuss the first two such hyperterminants.

We have now arrived at the main purpose of the paper. While
the birth of these exponentially small additional contributions
might seem discontinuous at first glance, it is actually continuous,
much like the ordinary Stokes phenomenon. In what follows,
we establish that this is indeed the case and determine the
(novel) form of this smoothed switching on or off of these doubly
exponentially small contributions.

The next section provides a summary of these results.

4 | Summary of Main Results

The higher-order Stokes phenomenon is conveniently captured
and explained by the second hyperterminant function defined in
(3.7). An analysis of the two poles in integral representation (3.7)
indicates that the second hyperterminant function can have two
types of higher-order Stokes phenomena, one when arg(c,z) =
7, and one when arg o, = argo,. There is also a degenerate case
where arg(o,z) = arg(o,z) = 7 leading to two simultaneous poles
in the integrands of F®, which generates a double higher-order
Stokes phenomenon. These scenarios are illustrated in Figure 3.

The corresponding connection formulas (cf. 3.5) for the first two
cases are, for arg(o,z) = 7,

F® Ze—Zni.N0+1’Nl+1 —F® Z'N0+1’N1+1
Y g1 © o, op!

— 27rie%0ZzNo F(1) <z; Ni+1 ),

%51

(4.1)

and for argo, = argo,

F(2)<Z; Ny +1, N1+1> =F(2)<Z; N0+1,N1+1>

Op, oe2m To, 0
(4.2)
—27iFY | z; No+Ny+1 .
0o+ 04

Both these connection formulas involve the generation of F®
hyperterminants, as opposed to the functions TV)(z;a) (2.7), or

exponentially small terms associated with an ordinary Stokes
phenomenon (3.5), hence the “higher-order” nomenclature.

Note that it is possible for both connections to occur simulta-
neously. In such situations, the order in which the individual
connections occur has to be chosen. The choice has no over-
all consequence for the final result, just in the definition of
the second hyperterminant. We consider this degenerate case
below.

In addition to connection formulas (4.1) and (4.2), there is one
more simple identity that will be useful below:

s Mo+ LN 1) o ( Ni+ LN +1
gy, o T, o)

_pof N+ 1 po (. Ni+1
s e )

(4.3)

which may be derived from (3.7) using partial fractions [42].

So far these are discrete results, bridging between either side
of a higher-order Stokes phenomenon. We now present a list
of the main results, demonstrating that the transition between
these states is smooth and illustrating the forms these cases
take.

4.1 | The Smoothing When arg(c¢z) =7

In Section 9.3, we will address the arg(c,z) = 7 (higher-order)
Stokes phenomenon, assuming argo, # argo, (left-hand dia-
gram of Figure 3).

Identity (4.3) will prove to be quite useful in this case. A simplified
version of the main result in this case (9.9) is

rof 5 No+ LN +1
’ Oos 01

1 1
~ rie®?zNo erfc (oco(z) EN")F(D <z; Ny + )

51

A computation of both sides is illustrated in Figure 4, thereby
confirming numerically the smooth switching on of the term
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FIGURE 4 | Anexample of the smoothing when arg(cyz) = 7, based

F@ (5. No+1, Ni+1
002 gy, 01

27izNo F [ g N1+
s

@ ( ,.No+L, N1+l
i o0, o1

27izNo FO( z:N1+1
=,

> , and the red

on (4.4). The black curve depicts

1 T
curve shows - Eerfc (ao(z) EN‘)) , a mea-

sure of the error of the approximation, for indicative values o, = i\/i,
Ny =303,0; =i—1,N; =29, and z = 20e.

2mrie?0?zNo F (z; Nt ) in (4.1) again via a complementary error
g1
function (cf. (3.6)).

This approximation breaks down when % approaches the
a1No

positive real axis.

4.2 | The Smoothing Across argo, = argo; When
arg(co2) # 7

In Section 9.4, we discuss the argo, ~ argo, (higher-order)
Stokes phenomenon, assuming that arg(c,z) # 7. A simplified
version of the main result (9.17) is

Fo( 5 Ny+1,N, +1
T oy, 01

of 1 1
~ —rierfc <y<—1) —N1>F(1) (z; No +N + >
o 2 oy + 0,

with y( ! ) defined in (9.13). This demonstrates how the term

ag
90

(4.5)

27iF® <z; No+Ni+1 ) is also switched on smoothly in (4.2), again
UO+U[

via a complementary error function. An example of the accuracy
and smoothness of this result is illustrated in Figure 5.

In fact, this is the simplest version of the higher-order Stokes

phenomenon. In a typical situation, the F® (z; N°+N1+1> are
oo+o1

linked to doubly exponentially small terms. Through this process,

the coefficient of this F hyperterminant undergoes changes,

potentially resulting in the hyperterminant being switched off or

on [5].

Note that the smoothing for this type of higher-order Stokes
phenomenon originates from the representation of F® in terms
of a ,F, hypergeometric function, as its argument x =1+ 2

90
traverses its branch cut x > 1. Compare equations (9.10), (9.11),
Theorem 9.2 and [44, eq. 15.2.3].

L
8

T
©  sm 3m Im o«
2 8 4

ER

T
x
8

FIGURE 5 | An
arg(oy) = arg(oy), arg(opz) # w, based on (4.5). The black

F@ Z,N0+1, Ni+1
’og. 01

— 7 |
27iF) Z,N0+N1+1
’ ogtoy

example of  the smoothing across

curve represents while the red curve shows

F<2)(z; No+1, N1+1 )
— e ALy Lerfe 4 (0—1) \/lNl , a measure of the error
27iF(D) (Z; No+N7p+1 ) 2 ag 2
op+o1
of the approximation, for indicative values o, =1.5¢, N, = 30.3,
o, =iV/2, N, =29, and z = 20.

4.3 | Uniform Approximation Covering All Three
Types of Cases

To deal with the exceptional situation above where argo, =
argo, and also arg(g,z) = 7, so encompassing both poles in
F®@ and thus both types of higher-order Stokes phenomenon
simultaneously (see the right-hand, combined, case in Figure 3),
it is necessary to obtain a uniform asymptotic approximation for
the second hyperterminant function covering the smoothing of
all the above three cases of the higher-order Stokes phenomenon.
This is achieved in Section 9.5 and is given in Theorem 9.3. A
simplified version is

F(2)<z;N°+1’N1+1> N
g

0> %51
N
- r?erfc (dloco(z) %Nl;dlao(é’l)\/ %Nl;dl"l 1/ ]Ti)e("”"l)zzNﬂJ’Nl
(g0 + 1) ™I T(Ny + DIV, +1) ( LNo+1 | 01>
cré\’“+1crf]‘1"(N0+N1+2) ! No+N; +2’ o)

(5 No+Ni+1
T oot oy ’

(4.6)

as z — o0, with g, o, j\‘;—z and %Z and their reciprocals being
0 1
bounded, and with

1, 0oZ 21902 _ iag(¢y) N
2oco(z)_1+ N, +ln<e N, )’ d, = oo {i=e o
a1Np

The function erfc(x;y; 1) introduced in (4.6) is a new special
function describing the universal smoothing and is defined by

erfe(x;y; 1) = % / e erfc (At)dr. 4.7
T Jx

The function (4.7) is a generalization of the previously found
complementary error function, which governs the ordinary
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FIGURE 6 | The function erfc(x;y;1.2), and the curves erfc(x; —0.5;1.2) and erfc(—10.1; y; 1.2).

Stokes phenomenon. It is effectively a Gaussian convolution of
such an error function. In Appendix B, we provide a compre-
hensive list of properties associated with this special function,
including the useful simplifications erfc(x;y;0) = erfc(x —y)
and erfc(x;0;1) = i erfcz(x).

In the new approximant erfc(x;y; 1), the variable x is associated
with the z < o, higher-order Stokes phenomenon, while the
variable y is linked to the o, < o; higher-order Stokes phe-
nomenon. As shown in Figure 6, for fixed y and 4, the curve x —
erfc(x; y; A) exhibits the characteristic shape of an error function:
exponentially decreasing as x — +oo, with its limit as x - —o

being 2 erfc( \//%), as seen in (B4). On the other hand, for fixed

x and A, the curve y — erfc(x;y; A1) decreases exponentially as
Yy = +oo.

4.4 | The Smoothing Across argo, = argo; when
arg(coz) = 7

Using the uniform result (4.6), it is now possible to consider the
case when arg o, = argo; and also arg(c,z) = 7 so that both of
these higher-order Stokes phenomena occur simultaneously. This
leads to perhaps the most interesting result of all.

We fix 0, and o, such that argo, = argo,, and allow z to cross
the line arg(cyz) = 7, both erfc(x;y;1) and the FV in (4.6)
exhibit error function behavior. One function is switching on
the exponentially small term e©o+oVZ2zNo*N1 while the other
simultaneously is switching it off.

Despite no net discrete switching on of terms occurring away from
the Stokes line, the exponentially small term remains influential
on the Stokes curve itself. There is a smooth and “ghost-like”
transient presence of the exponentially small term near to the
Stokes line as illustrated in Figure 7. The value of the smooth
multiplier of this “ghost” exactly on the Stokes curve arg(cyz) = 7

is given by
N
27 arctan 4/ ]70 +0(z7172), (4.8)
1

as detailed in Corollary 9.1.

1

0.5

3n
8

T T T T M T T 1
l r r L2 3n n T
8 4 2 8 4

FIGURE 7 | An example of the “ghost-like” transient presence
of an exponentially small term near to the Stokes line arising
from the interference of terms in (4.6). The black curve shows

—(og+01)z
T ) (Z; No+1, Ni+1 )’ for o = 1.5i + 0.000001, Ny = 30.3, 0; =

27izNo+N1 o9, 01

i\/z, N; =29, and z = 20e’®. Note that the shape of this curve might
suggest that it arises from parameters near to tip of the wedge in Figure 6.
This is not the case. It is here arising from the combination of terms in
(4.6).

In the extreme case of o,=o0, and N, =N,;, the uniform
approximation (4.6) simplifies to

lim F® Z'N—'_.LN+1
e=0+ P ged, o

1 . 2N +1
~ —m?erfc <oc0(z)\/ EN;O; 1>e2”z2N — wiF® <z; 2: )

_ 1 2 2 1 20z 2N s1(1) .2N+1
=—57 erfc (oco(z) 2N>e z miFW| z; 2

2
Nl FO Z;N+1 — 7 z;2N+1 ’
2 g 20

in which we have used the identity erfc(x;0;1) = i erf cz(x), see
(B3), and the normal Stokes phenomenon approximation (3.6).
We remark that, in fact, the final expression is also equal to the
limit on the left-hand side (see [18, eq. 4.4]).

The case where the points 0, 0, and o, align may initially seem
exceptional, but it is actually rather common in practice. This
occurs, among other instances, when dealing with nonlinear
ODEs or when considering real-valued oscillatory solutions of
PDEs. We provide examples of these cases in Sections 5-6.
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It is worth noting that in our original definition (3.7), we assumed
that argo, —argo, € (0,27), gradually approaching the case
where argo, — argo, = 0 from the positive side. Had we chosen
to approach it from the negative side, as per connection formula
(4.2), we would have omitted the first term on the right-hand
side of (4.6). This would result in the double higher-order Stokes
phenomenon being a simple activation of the exponentially small
term e(©0*+9VZzNo+N1 Compare with identity (5.3).

4.5 | List of Applications of the Main Results

Having summarized the main results of the paper, the next
four sections contain examples of the types of smoothing of the
simultaneous higher-order Stokes phenomena.

The first three examples, Sections 5-7, deal with the effect of the
smoothed higher-order Stokes phenomena on the asymptotics of
a progenitor function.

The first two examples in Sections 5-6 deal with the higher-order
Stokes phenomena arising from a variation in the asymptotic
parameter z for fixed o; exponent factors and in the presence of
an infinite number of Borel-plane singularities. In Section 5, the
associated symmetries lead to a simplification in the limit of the
F@ hyperterminant on the higher-order Stokes line.

In Section 7, we consider the linear telegraph PDE system with
only three Borel-plane singularities. Unlike in Sections 5-6, the
o; now move relative to one another as functions of the variables
of the PDE system.

All these examples exhibit behavior that gives rise to a “ghost-
like” smooth hump appearance of the higher-order Stokes
phenomenon in the vicinity of the higher-order Stokes lines with
a multiplier of the form (4.8) on the Stokes line. The cause
of this apparition varies between examples. In some cases, it
arises directly from the behavior of a single hyperterminant, in
others it is the result of cancellations between hyperterminants
of different orders.

In Section 8, we demonstrate the corresponding effect of the
smoothing of the higher-order Stokes phenomenon on the
re-expansion of the individual late terms in the asymptotic
expansion, and thereby provide a rigorous derivation of the
formal ideas found in Shelton et al. [20].

5 | Application: The Gamma Function and Its
Reciprocal

The presence of a fixed regularly spaced collinear Borel-plane
singularities is common in nonlinear ODEs, or systems involving
periodic orbits. As is well demonstrated in [43], this conjunction
gives rise to an infinite sequence of simultaneously occurring
Stokes phenomena. Contributions from the most dominant Borel-
plane singularity switch on an infinite number of subdominant
contributions. The first subdominant contribution itself may
simultaneously switch on an infinite number of subsubdominant
contributions. Each one of these birthing subsubdominant

0.5

T T 1
L3 3n "o
2 4

ER

FIGURE 8 | The graphs show the remainders of the truncated
expansions (5.1) |e‘2”iZR1(\i)(z)| with j =1 (red) and j = 2 (green) for N =
62 and z = 10e°.

contributions may also simultaneously switch on

sub-subsubdominant contributions, and so forth.

If the subdominant contributions are all equally spaced in the
Borel plane, this may give rise to constructive interference, with
the Stokes multiplier for an overall individual subdominant
contribution being the sum of Stokes multipliers from all the
Stokes phenomena that gave it birth.

In this section, we demonstrate the higher-order smoothing on
the gamma function and its reciprocal. This is an example of the
simultaneous occurrence of two higher-order Stokes phenomena
when arg(o,z) = arg(o,z) = 7, the right-hand case of Figure 3.
In this case however, rather than just three singularities, there is
an infinite collinear array of equally spaced and fixed Borel-plane
singularities. Hence, this is an example of where the higher-order
Stokes phenomenon is being driven by changes in the asymptotic
parameter z, with fixed o;.

As we will illustrate below and as discussed in [18], these cases
offer additional identities for the hyperterminants. Here, it tran-
spires that the smoothing of the higher-order Stokes phenomenon
can be described using the standard erfc function, exceptionally
in this example due to symmetrical simplifications arising from
the regular singularity spacing in a single infinite array in the
Borel plane.

In our demonstration, we will study the gamma function and
its reciprocal and utilize the truncated asymptotic expansions as
given in [18]:

N-1
—ZnZ z n Vn
z°e ‘[ EF(Z) = ngo(—].) Z_" +R](\})(Z),
(5.1)

o f2m 1
z T(z)

z

N-1 y
2
=) SRV
n=0

Here, the y,, are known as the Stirling coefficients, with the first
few values being

o, 1 139 !
o=24 =713 727 388> V37 518300 74T 72488320
The optimal number of terms has N = 27|z|. Expressing z =
|z|e®, the plots of |e’2”iZR1(\j>(z)| are depicted in Figure 8. Note that
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w
NEl

x x
4 2
FIGURE 9 | The graphs show the remainders of the level 1 trun-
|e‘4”izRg)(z)| with j=3 (red) and j=4
(green) for N =125 and z = 10e®®. The two black curves, depicting
e4mizz2-N F? (Z' N/2, N/Z)

(i) > 2rite, 27i
curves. Compare (5.3).

cated expansions (5.2),

lim,_ o+ , are covered by the red and green

I'(z) has poles along 6 = 7, causing the red curves to flip upward
near 6 = rr in Figures 8 and 9.

The level 1 hyperasymptotic approximations are

N N/2-1
7776t [ - T(2) = Z( 1)"“ Z( 1)"VnF(D< Nz 7_“”)

1NN/21

2 o F“)( N> :‘) +R(2),

27

ZZe~Z 277 1 5 y_" — z ™ N/ily FO[ z: N-n
F(z) P A e S 27

SN N
Z VnF(”<

) +RY(2).
(5.2)

When we maintain the optimal number of terms of the original
expansions, N ~ 27|z|, it may be deduced by comparing the
remainder terms RI(\})(Z), Rl(\f)(z) and the n = 0 hyperterminants in

the level 1 expansions that FV (z, N ) incorporates the familiar
Tl

error function smoothing, as illustrated in Figure 8.

However, when determining the optimal truncation N of the
original asymptotic series to minimize the overall error after
applying the level 1 hyperasymptotic approximation (see [28,
Theorem 6.2]), it turns out that N =~ 47m|z|. The associated
remainders in the level 1 expressions RI(\';)(Z), for j = 3,4, scaled
to better reveal the smoothings, are illustrated in Figure 9.

Therefore, for T(z), terms of order e*? (Figure 8) and e*Z
(Figure 9) are switched on as the positive imaginary axis is
crossed. In fact, as the positive imaginary axis is crossed, terms
of order €', where n = 1,2, 3, ..., are switched on. Resumming
this transseries will reveal the poles along the negative z-axis. A
similar phenomenon occurs along the negative imaginary axis.
For further details, refer to [18].

For 1/T'(z), no terms of order €2, n = 2, 3,4, ..., are switched on
when the positive imaginary axis is crossed (see Figure 9 for the
case n = 2). This is reasonable because nothing notable occurs for
this function near the negative z-axis.

Note that in Figure 8, the value on the Stokes line for both curves is
approximately %, which is expected. However, in Figure 9, the red

eps . . . 3
curve crosses the positive imaginary axis at : and the green curve

at é This indicates that the higher-order Stokes phenomenon is
not described merely by a single error function.

The relevant hyperterminants at level 2 are F® (z; N‘),

4mi

which exhibits the standard error function behavior, and
F@ (z. N/2, N/2).

27, 27i
The Stokes phenomena of the general level 2 hyperterminants
F® (z; N"N2> are discussed in Section 9. For the special case
01, 02
in this section, whereby N,
simplification

=N, and o0, = g,, we have the

2
(F(U(z; WZ)) + 27riF<1)<z; N’1>
o 20

2

N/2, N/2
lim F(2)<z; /2 N/ >=

e0t aetsi’ o

(5.3)

(see [18, eq. 4.4]). Using (3.6), in terms of Stokes multipliers, we
can interpret the right-hand side of (5.3) on the Stokes lines (for a
generic local Stokes crossing coordinate a ~ 0) as contributing

2
1 1
(—erfcoc) + -erfca
2 2
., X2/ 2 _z

2 2 8 8

Note that our formula (4.8) for the general multiplier gives us the
multiplier (2711)_2 27 arctanl = —é. From (5.3) or (4.2), we obtain

N/2, N/2> s (Z

lim |F®(z; ~ 7 .
=0t 2mi+ ¢, 27

. N
= 27iF® (z; . >
4ri

Hence, the green curve in Figure 9 can be seen as the difference of
the red curves in Figures 9 and 8, meaning the two active Stokes
phenomena of the red curves cancel each other out.

N/2, NJ2 >]

> 2mi—¢, 27

One initial interpretation of the green curve in Figure 9 suggests
that there is no Stokes phenomenon occurring at a subsub-
dominant level. This interpretation is accurate since no doubly
exponentially small terms are ultimately activated. However, the
presence of the factor - indicates that doubly exponentially small
terms are indeed actlve precisely on the Stokes line itself!

6 | Application: A Second-Order Nonlinear ODE

In this example, we consider the situation in which the higher-
order Stokes phenomenon is again being driven by changes in
the asymptotic variable z, with fixed o; but where the exponents
(or, equivalently, Borel-plane singularities o;) are not equally
spaced. For the nonlinear ODE (6.1), each of these exponents
0;z individually generates an infinite array of subdominant
exponents no;z, n € Z (and collectively, a multidimensional
array no;z + mo;z + poyz,i # j # k,n,m,p € 7).
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Here, the simplifications of the previous example no longer hold,
yet we still observe similar ultimate results in the contribution
from the smoothed higher-order Stokes phenomenon arising
from F® being a “ghost-like” hump in the smoothing across the
higher-order Stokes line (cf. (4.6)).

We analyze the large-z asymptotics of the second-order nonlinear
ODE

u’(z) + (1 + \/5) u'(z) — (2 + %ﬁ)u(z)u’(z)

(6.1)
- %\/Euz(z) + \/Eu(z) + % =0.

This equation has been chosen to yield simple yet unequally
spaced exponents: 0, —z, and —\/Ez. The balance between the
final two terms leads us to a formal solution of the form

o0 an
uz) ~ Y (6.2)
n=0

asz — oo, witha, = -1/ \/5 Subsequently, the remaining coeffi-
cients satisfy the recurrence relation

n-1
\/Ean = (1 + \/§>nan—1 + %\/z 2 A Qp_1-k — n(n - l)an—z
k=0

n-2
3
- (1 + —ﬁ)n Z Qi
4
k=0
forn=1,2,3,...

Thus far, our solution lacks any free constants. To incorpo-
rate terms representing exponentially small contributions, we
introduce u(z) = uy(z) + u,(2) + u,(z) + ---, where uy(z) is the
Borel-Laplace transform of (6.2), u,(z) is exponentially small,
u,(z) is doubly exponentially small, and so forth. For u,(z), we
derive the linear ODE

W) + <1 V2 <z + %\@)uo(z)>u;(z)
+ (\/E - %\/Euo(z) - <2 + %ﬁ)ué(z))ul(z) =0.

3
It is easy to check that u,(z) ~ Cle‘zz“/E + C,e7V#z7 3. Solving
the subsequent equations for u;(z), k > 2 and formally summing
them, ultimately, we arrive at the transseries solution

u(z) ~ i i (Cle‘zz‘ﬁy(Cze‘ﬁzz_% )m :ZO %, (6.3)

k=0 m=0

where ago0 =0, agp, =a,; for n=1,2,3,.., and the initial
recurrence relations are

”1(\/5 - Dayp, = (” + \/§> (n -1- ﬁ)al,o,n—l
+ (2 - 2\/§> g Qo,0,n+1-kA1,0,k

3 n-1
+ ((2 + 3 \/5) n+3+ 2\/5) ,; Q,0,n-kA1,0,k>

1 3
n(l - \/E)ao,m = (” + 5) <n + E)ao,l,n—l
3 n-1
+{3-3 \/g 2 Q0,0.n+1-k 0,1k
2 =0

3 9 n-1
+ <<2 + 5 \/§> n+3+ 1 \/§> ; Qo 0,n-k%0,1,k

for n=1,2,3,.... Note that a,,, and a,,, are free from any
constraints. Setting a, oy = a,,, o = 1 withoutloss of generality, we
allocate the freedom to C, and C,, the sole free constants in the
complete transseries expansions.

To compute the first three Stokes multipliers K;;, we employ the
late coefficient asymptotics, as detailed in [28]. As N, — +o0, we
have the approximation

1
Ky Nl gy 0 TNy + 1= V2 = 1) . Ky Nzt g T(No = 5 = 1)

~

ay,

27l & (1)Nn+1—\/§—n 2mi = (\/E)No—é—n
3
N,-1 - = —
_ KoKi ZZa s O'NO—N1+3—\/E,N1 S+V2-n
- 5 0,1,n ’ >
i) = -1 1-v2
. 2v2-2
where the optimal numbers of terms are N; ~ "5 1N0 and N, ~

2\\/;—2_11N0. Note that the “1” and “4/2” in the denominators of the

approximation for ay, are the prefactors of z in the associated
(small) exponents in the basis of the solution.

By setting N, = 100, 102, and 104 (for example), we establish three
equations with three unknowns, which can be solved numerically
to give

Ko ~ —199.0494965063026866845345461i,
K, ~ 2.61181979i,

K ~ 259.940707924 — 11.132449502i
1 .
~ KoKy, — 111324495021,

All digits in these approximations are correct. Note that Stokes
multipliers can be large!

When we cross the positive real z-axis, a nonlinear Stokes
phenomenon occurs. In the transseries (6.3), the constants C; are
replaced by C; + K,;, depending on whether we cross the positive
real axis upward or downward.

For a definite example, we will illustrate the Stokes and higher-
order Stokes phenomena as we travel along the straight line z =
40 + it with t € [—40,40]. In the half-plane Im(z) < 0, we will
compute the solution u,,(z), being the solution when C, = C, =
0. At our starting point z, = 40 — 40i, to capture the smoothing
of the Stokes and higher-order Stokes phenomena, we need
an approximation that is significantly more accurate than a
mere optimal asymptotic approximation. To achieve this, we
compute the solution at z; =40 — 80i via optimal truncation
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of (6.2) taking approximately |z,| terms. We then numerically
integrate the original nonlinear ODE (6.1) along a straight line
from z; to z,. Since |z,| > |z,|, the approximation at z;, and
hence the numerically integrated projection between z; and z,,
will be more accurate than the corresponding optimal truncated
approximation at z,. Hence, this numerically integrated result at
z, may serve as the starting point for our subsequent numerical
calculation of the Stokes and higher-order Stokes smoothings.
The values of uy(2,) and u, ,(z,) we so obtain are

Uy (2) & — 0.008835575253062194710342008651
—0.0089456078824572184317620078684,
u(’)’o(zo) ~ — 0.000002831892119643922083317325

+ 0.000223551608986949913034811617i.

In turn, these two values will serve as the starting point for
numerical integration to determine the values of u,,(z) along
the line z = 40 + it, t € [—40,40]. This will allow us to compare,
along that line, the level 1 hyperasymptotic approximation with

the first two terms, which are of order e V2

Ny—1

an
uO’O(Z)_ z Z}’l+1
n=0
N,-1
_ _Kn T ayonF0 Z;N0+1—\/5—n
2mizNo & O -1
1
N,—1 N, — + —
Ko, 073
~ ag1 FV | z;
27TiZN0 ,;) 0,1,n _\/E
N,—1
KuKi N

5 Qo,1,n
(27i)” zNo 3o

3
No—N;+2—+2,Ni—3;+V2—n

-1, 1_\/5

XF®|z

El

(6.4)

where we take N, = 56, N; =16, and N, = 2. Ideally for this
illustration, we should have taken N, =1, but since a,;; =

24 E\/_ = 9.24, truncating at this term is likely to lead to a

relatively large error. In Figure 10, we observe that the second
hyperterminant F® still exhibits the predicted simple hump.

7 | Application: The Telegraph Equation

In this example, we study the telegraph PDE system, for which a
specific motivation is provided in Appendix C:
é%*v
2 =
dxot
uv(x,0) = e™ Re(x) 20,

v(0,t) =1, t>0.

Unlike the previous two examples, in the case the Borel-plane
interpretation now has moving singularities, oy (x, t) and o, (x, t),
which cross the contours of integration in both the F®" and
F® hyperterminants simultaneously. This gives rise to simulta-
neous Stokes and higher-order Stokes phenomena. Collinearity
of the Borel-plane singularities is only instantaneous here, with
the resulting net difference is a subsubdominant contribution
that is only a fleetingly “ghost-like” presence, being smoothly
simultaneous switching on and off according to (the spirit
of) Theorem 9.3, see Figure 12. We will consider both x and
t large.

The Laplace transform solution of this system for ¢ > 0 is given
by

pt+=
e

(0+)
woebdy | 1
t) = — —d R 20, (71
v(x,f)=e"""2 +2ﬂi[w (1 2p) P e(x) 20, (7.1)

where the initial (Hankel) contour of integration begins at
negative infinity, circles the origin once in the positive direction,
and returns to negative infinity.

We focus now on Re(x) > 0 and transform the relevant integral in
(7)) using z = y/xt/2,2x = B*t, B € C, the asymptotic parameter
being z — . The integral representation of the solution then
becomes

L1 o9
v(x,)=e""2 + o / e ZPg(p;B)dp, Re(z)>0,
- (7.2)

with

1

g(p;B) = m

1
f(p)=-p- >’

A further transformation to a variable u = f(p) would render
the solution of this PDE in the form of a Borel transform.
The analysis could be carried out in the Borel plane, but here
we carry out the analysis in the p-plane. The final results are
identical.

The integral representation (7.2) above seems to suggest that the

multiplier of terms of the size e_x_% is just 1. Remarkably, this is
correct in the complex x-plane with Re(x) > 0, but not on x > 0
where, as explained below, the combination of the simultaneous
Stokes and higher-order Stokes phenomena on that line give rise
to a net correct multiplier of i arctan((2x/t)'/*).

The integral has two saddles at p = +1, a pole at p = —/lg and

an essential singularity at p = 0. Deforming the contour of
integration to paths of steepest descent over the saddles demon-
strates that both paths run into/out of the essential singularity at
p = 0, with an associated vanishing contribution. (An alternative
analysis using the transformation p =e“ can also be used to
demonstrate this.)

For x > 0 and using [44, egs. 10.9.19 and 10.27.6], the exact
representation of the solution is given by
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http://dlmf.nist.gov/10.9.E19
http://dlmf.nist.gov/10.27.E6

: . | )
—40 —-20 \ 20 to40

=05~

FIGURE 10 | Thehorizontal axis represents the imaginary partof z = 40 + it, with t € (—40, 40). Along the vertical axis, the real (left) and imaginary
(right) parts of the three colored terms in Equation (6.4) are displayed. The gray curve (left) shows the absolute error in the approximation (6.4). All

3
these terms have been multiplied by eV?223 /Kos-

: :
—4 -2 “J

FIGURE 11 | The steepest descent paths in the cases ¢ = 10, x = 15e~7/3 (left), and x = 15¢™/> (right). Note that the orientation of the blue path
through the saddle point —1 changes from right-to-left in the case Im(x) < 0 to left-to-right in the case Im(x) > 0, the direction of integration along the
red contour remains the same, compare with (7.2). The pole p = —3~! is located at ».

00 0) = €7 = Y (-5)"L,22),

n=1

where I, represents the modified Bessel function of the first kind.
While this is helpful, knowledge of an analytical solution is not
essential, since the integrals (7.2) may be evaluated numerically
along paths of steepest descent.

We start with the case Im(8) < 0 and it follows from the analysis
above that both saddle point integrals contribute:

t
v(x, 1) = e 77 +uy(x, 1) = e B2 4 [H(z; B) + I (2 B),

z=14/xt/2, 2x=p%,

where the terms I*(z;) are the integrals along the steepest
descent paths through the saddle points at p = +1 and into/out
of valleys at the essential singularity at p =0, see Figure 11.
The associated asymptotic expansions about the saddles p =
+1 with corresponding saddle height exponents f, = ¥2, are
given by

i @p), TEp~x Yy,

\/E r=0 z' ’

as z — oo. The coefficients in the saddle point expansions are
given by

I*(z;8) =

T/ (B) =

o T(r+3) F(L—Zr,;)
2\/;(1+ﬁ)r!l"<§—r>21 2 r’ ’

I o o(r+3) L-2r 1
SN o) nr(2-r) F( ol ﬂ)

Due to their arguments, these hypergeometric functions reduce
to polynomials.

The level 0 asymptotic approximation is

No—1 ,op
vo(x, 1) = e* Z I (ﬁj) + Ry(z; B; Ny).

r=0 Zr 2
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Based on the analysis in [28], the optimal number of terms at
this level is N, = |4z|. Moving to the level 1 hyperasymptotic
approximation:

N
Ni-1 1_n+ Ny-1

- +(ﬁ> e o( . N
ZT(B)F“( _4)

Uy(x,t) =e

NM—‘

+R,(z;8;N}, Ny ),

where the optimal numbers of terms are now

§ o~ laz] + ‘([3—2+6‘1)z| and N; » |(ﬁ—2+ﬁ‘1)z‘.
(7.4)

In (7.3), the first two lines give the dominant expansion alongside
its two re-expansions arising from it remainder terms, all sharing
the common factor €*. The third line accounts for the contri-
bution of the subdominant saddle and its re-expansion. Notably,
there are two terms in (7.3) that do not involve a sum, representing
the hyperasymptotic contributions of the pole at p = —%. It is

important to observe that the direct pole contribution is absent,
indicating the pole’s inactivity when Im(f) < 0. This becomes
even clearer when considering the dominant term in the level 2
re-expansion:

LN+ + _ - l
2eZzZz 0 F(Z) - N0 _N0 + 1, NO + B
(@mi)’ 4 —B+2-p7

+Ry(z; 8, NI, Ny ).

R (z;B;Nf,Ny) =

The terms
5 1 Nt + N 1
Z~5" Vo j— - -
T(Z;‘B) — &F(Z) Z No N() +1, + 2
(sz —4, —p+2-p
-N} !
- iFm - o *3
27i " _B—2-pB1
1_N- _ 1
_672222 Nu F(l) . NO + E
27i T _B+2-p1

(7.5)

address the switching on/off of the pole contribution, which is of

t
size e 2, across a Stokes line.
Then in the asymptotics of the solution of the above problem
terms of the order (xt/2)_1/ *exVaxt appear, but there is also a

t
subsubdominant term of the order e ™ 2.

When comparing the real parts of these terms relative to
e_x_% in Figure 12, several observations become apparent.
Notably, the contributions from the two F® terms exhibit
considerable similarity, as evidenced by the overlap of the blue
and magenta curves. Moreover, the sum of all three terms
(depicted by the black curve) approaches zero asymptotically
across most regions, except in proximity to Im(f) = 0. Conse-
quently, in the two half-planes Im(g) < 0, the multiplier gov-
erning the subsubdominant contribution of the integral in (7.2)
vanishes.

However, the subsubdominant term has a “ghost-like” nonzero
presence on (and only very close to) the positive realline (Im(B) =

iy

0) (cf. Figure 12), and there has a multiplier — ! arctan 7= when

x > 0, as indicated by substituting in the Values (7.4) into (4.8).
Note that when 2x > ¢t > 0, we have § > 1, and the expression 1 —

2vB

- arctan = simplifies to - arctan == arctan ((Zx / t)l/ 4)

To exemplify the applicability of Theorem 9.3, we additionally
display in Figure 12 (right) the expression

-1 - + — - l
2e(B+2+p7)z 43 o ( 5 Ny =Ny +1, Ny + 5
2 ’
(27i) —*  —p+2-p
N _ _
(6+1)2N(,+1 I(NJ =Ny +1r (No +£> 1,NJ—N0_+1 (,3+1)2
2 ;
(45)N“ “Ny+ (g _ 1)2N (N7 + g) Nf+ z 48
e(Ar2+h- )Z F(l) z; Ny + 2
272 —B—-2-p"1

+ %erfc diay(z)
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(

4

FIGURE 12 | The caset = 10, x = 50¢', Na’ = 86, N; = 23. For the left figure along the vertical axis, we display the real part of the terms in the
solution of the telegraph equation (7.5) divided by the extra factor e~(B+p7Nz (the pole contribution). The real parts of the magenta and blue terms in
(7.5) are almost identical and so indistinguishable on the graph. The black curve is the net result T(z; ), representing the switching on/off of the pole
contribution in the vicinity of the Stokes line, and is the sum of the red, blue, and magenta contributions. It seen to vanish rapidly, but smoothly, away

from the line, with only a “ghost-like” nonzero apparition on the Stokes line. For the right figure along the vertical axis, we display the real part of the

terms in the approximation of the F® hyperterminant (7.6) The colors on the graphs refer to the colored terms in the respective equations. The magenta

curve is the absolute value of the error in the two-term approximation (7.6).

1
L
2

FIGURE 13 |
represents arg(o; z).

The red curve represents arg(o,z), while the blue curve

utilizing the notation defined in Section 9.1 for d; and «,. It is
worth noting that in this instance, the primary contribution on
the right-hand side of (7.6) arises from the F®" term.

Recalling that z = y/xt/2 and § = 4/2x/t, and considering the
hyperterminant F® in (7.6) where o, = 4¢™ and 0, = - + 2 —
B1, we depict arg(c,z) and arg(c,z) in Figure 13. The red curve
indicates that the arg(c,z) = 7 higher-order Stokes phenomenon
occurs when argx = 6 = 0. Simultaneously, the argo, = argo,
higher-order Stokes phenomenon emerges as the blue curve
intersects the red curve.

Ty, (a) = 2% (Ry,(z;2) — Ry,11(z;2))

(k1) _q

N
K, (@)] X
_ _ Z klk( ) Z Tgkl)(a)F(l) (0,
s=0

fape® 2mi
(k2)
Ny 21
K, (@) |3 X
3 T 2 e
ka#ky s=0
+..

(

8 | Application: Late-Late Coefficient Smoothing
Given that there is a smoothing of the higher-order Stokes
phenomenon at a functional level, it is natural to ask [20] what
the corresponding effect is on individual terms in the asymptotic
expansions that are being switched on at a Stokes line. Following
the spirit of Berry [1], Shelton et al. [20] derived the smoothing for
such terms using a formal Borel resummation of the divergent
tails of the asymptotic re-expansions of the individual terms
themselves, followed by an optimal truncation and a sequence
of approximations for resulting integrals. The result is a smooth
error function multiplier for the additional contributions to the
late terms of the original asymptotic series that are switching
on at the higher-order Stokes line (see (3.15), (3.23) of [20]).
A Borel-hyperasymptotic approach allows for a straightforward
alternative rigorous derivation of this result, without the need to
resum divergent series.

To do this, we can rewrite the asymptotic series of the expansion
of the original function (2.5) as

Np-1 (k)
T, (a)
T®(z;a) = Z rz’ + Ry, (z;a), 8.1
r=0

and combine two exact copies of this (with truncations N, and
N, + 1) with (3.1) to derive the hyperasymptotics for individual
late coefficients in that expansion:

N0+1—S+/Jklk)
Akyk

(k1) (k1)
o No = N o p i +2, N —s+/xk2k1>

Akyies Ay
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This observation was originally used in [28, eq. 7.4]. In addition,
from [42, eq. 2.2], we know that F®V <O; M“) = —eMTig=MT ().
g

By resetting Ny = r, N ikl) = S®)_ for convenience, we obtain

K, .(a st-1 I'(r—s+
klk( ) Z Tgkl)(a) ( :uklk)

w3
T (@) 2 TStk
ki#£k 5=0 ke

Kkzkl(a) - (k)
— z 2 Z T2
2mi & @

ka#kq

< F® (0; r— Sk 4 My + 2, Stk — g4 Micy e, > '

Akykes Akl
(8.2)

With suitable truncations, this form provides an exponentially
improved large-r expansion for the late coefficients Tﬁk). Note that
z does not appear in this result, so preventing an arg(c,z) ~ 7
higher-order Stokes phenomenon, though one may occur when
argo, ~ argo, (cf. (4.2)). From [42, eq. 3.2], we have

F(2><0;N°+2’N1+1> _

(of o5
eWotN1+17i (N, + 1)I'(N; + 1) LNo+1 !
Notl G No+N,+1 A\ Ny+N, +2""  a,)’

and, hence, from Theorem 9.2:

F<2)<0;N°+2’N1+1) N

To» o,
eWotNi+DT (N 4 Ny +1) | o 1
NN mierfc| y| — ENl s
(co+oy) ! %o

1

where y <U—> is defined in (9.13). Consequently, we have

0

s

FO (0- r =St py i +2, 810 + )
Akykes Akykey

erfc y(l"zkl ) SE) + ey, -1
/‘lklk 2 ’

T(r + pieyre)

T+Hiy k
Akkz

asr — +oo.

Note that T(r + )/ /1,2:: o
®

contribution to the T,", that is, here switched on smoothly. This
term depends on the larger (in modulus) singulant 4, and so is
contributing in (8.2) at an exponentially small level. In absolute
terms, this contribution is at a scale that is doubly exponentially
smaller relative to the original asymptotic expansion (8.1).

is the exponentially subdominant

Thus we see that, when arg o, =~ arg o, for the nearest Borel-plane
singularity k* # k; in the singularity set k, (relative to the original
Borel singularity around which the initial expansion was made),

at the leading order of the doubly exponentially small level, we
have

s(k1)_1
K, (a)® T(r — s+ e )
(k) kik (k1) k1 k
T,”(a) ~ Z o Z T (a)Tyklk
ky#k s=0 ke,
. . 9 4 g —
K (@) orfc y(lk k1> S+ e, =11 (8.3)
2 Tk 2
L(r + miei) e
WTO (a),
k*k

where the sums over k; are truncated at S* — 1 to include only
terms that are larger in magnitude than the term containing the
error function. This is a rigorous derivation of [20, Section 3.4].

For a numerical illustration of this result, we can derive the
asymptotic approximation for the late coefficients of the telegraph
equation expansion T; (), of Section 7

. 2 @ T(r—s)
T} (B) ~ EZ;T B =5
1
@iy’ Th o B+2-B7) prie2+p )t

p=2+67"
B+2+p-1
approximation is only a single term because it is a contribution

from the simple pole at p = —% in (7.2), rather than from a

asr — +oo, with the optimal S = | |r. The last term in the

saddle point.

The purpose of the F® hyperterminant, and consequently,
the higher-order Stokes phenomenon, is to provide a smooth
interpretation of the naive asymptotic approximation

Ja)

-,
2mi(B+2+ 1) "2

S-1
THE) ~ o DT BT
5=0

as r — +o0. The upper or lower sign in the final term is chosen
depending on whether § is in the upper or lower half-plane.
This term is absent if arg § = 0. We illustrate this smoothing by
depicting the quantity

T(r-s)

i (8.4)

- TE)
- F(r+%)

—_—
2mi(p2+p-1) 2

in Figure 14. The difference between Q and the predicted error
function smoothing in (8.3) is also shown there (in red) on the
same scale, which confirms the validity of the result.

9 | Rigorous Proofs of the Higher-Order Stokes
Smoothings

In this section, we provide the rigorous proofs for the main results
outlined in Sections 3 and 4.
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14

FIGURE 14 | With Q defined in (8.4), r =100, S =27, and B =
1/10e': the black curve represents Re(Q), while the red curve depicts

‘Q+erfc (y(’ngml) \/?) -1

of the effect of the higher-order Stokes phenomenon on the late terms as
per (8.3).

. This illustrates the smooth nature

9.1 | Notation

Let o, =0y +0,, N,=Ny+N,,and 2 = %e‘“, veC. For j=
ao 0
0, 1,2, we introduce the following notation:
§’»=e”i& ia.(z)=ia»=1+E 9.1
J o’ J j N, :

In addition, we define o; = a;(z) by

N =

a? =ia +1n(1—ia)—1+£+ln e*”iE 9.2)
j— j’ = Nj Nj ’ .

with the branches specified by
1) L (9.3)
(-1) a_,-~aj—§1aj .
as |a;| — 0. Each «; is a univalent analytic function of z in the

sector | arg(e"“aijj‘])l < 27 (see, e.g., [46, Section 5]). Finally,
we set

e) 2400 jeNurta)
1 1 104(Cy SEASY)

(2)=—————, d\= L dy(2)= —
& a;(z) a2 ! 1_& 2 1-—
$o &1

(9.4)

and r(z):laz(z)—idf(oco(z)—oco(g‘l))z. We observe that

o; (z)oc (z2) = m’(z) = i - gi Consequently, oc}’,(z) ~ i when
J

—2(1-v+l
a;(2) ~ a;(2). Furthermore, we note that d? = %, where
)
aoNy . . 2 +0o ds
= —. The integral representation =2 _
v= o e integral representation df =2/ p——_

combined with an argument analogous to the proof of [47,
Corollary 6.6], shows that |arg(d})| < |argv| for argv € (-7, 7).
This property will be used in Section 9.5.

9.2 | The Ordinary Stokes Phenomenon

The first hyperterminant is essentially an incomplete gamma

function, given by: F® (z; N) = [(N)e°*N7izN-11(1 — N, 0z).
g

Its uniform asymptotic expansion is well-known (see [45]): we
include its derivation, as it is particularly relevant because it
involves a uniform asymptotic approximation of integrals in the
case of a saddle point near a pole. This situation will reappear in
the proof of Theorem 9.2. Moreover, the notation introduced here
will be essential for the proof of Theorem 9.3.

The following describes the switching on of 27zie?0?zNo as we cross
the line arg(o,z) = 7. For comparison, see Equation (3.5). We use

the notation from Section 9.1.

Theorem 9.1. Assuming that o, and its reciprocal are bounded,
we have

e 9% Ny+1 1
O 5.0 — 7ri —
N F' <z, o ) = mierfc <o¢0(z)\/ 2N0>
. |27 -1a2@Ng of e 122N, N2
+1i ITOgO(Z)e 2 +0(e 2 0 s

as Re(N,) — +oo, uniformly with respect to |arg (e_”iUOZNO’l)‘ <
2 — 6 (< 27).

9.5)

Proof. Let us temporarily assume that both N, and e ™o,z are
positive. We employ the method described in [48, Section 21.1].
By substituting T = €™'tN, /g, into the integral representation of
the first hyperterminant, we arrive at

[m—argaog]
FO( 5 No+1Y\ _ et gNo dr
© g, z—T
mN —NottNo
0 ———dt
T—iay—t ig, —t

mN +oo —NO s f(S)
(Slegy

—iay —s
= f(~ia)

+o0 ,Nolsl
e 2
—ds
—1ay — §

i No +o00
e™N, N ls?
— d s
<e%) /_we 2" g(s)ds

where we have used the transformations

1, dt st

58 =t—1-Int, ST
s+, dt _ J(s) = f(=iap)

f(s)_t—1+iaods’ 8(s) = s + i,

in the integrals with respect to t and s, the paths pass above the
poles located att = 1 —ia, and s = ix, respectively. Note that

. No
G Lo L (NN
ia,  ia,”  zNo \ ed, ’

f(_iao) =1,

and that

+00 e—NO%sz 1, 1
. Lla2n,
————ds=mie2™erfc| ay1/ =N, .
e “lag—s 2
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Hence,
e 0% Ny+1 1
[ .70 — 7ri —
N F <z, o > = mierfc (oco\/ 2N0>
2m %No -1
VN e 2707 (igy(z) — Ny 'ro(2)), (9.6)
0
with

vt d(86) = g0)
(@) = |/ 22 / (—S )d

Now, g(s) is analytic and bounded on the real line,
and it is analytic with respect to z in the sector where
|arg(e‘”ic70zN0‘ D] <27, Consequently, (9.6) holds when
Re(N,) >0 and | arg(e"“aozNJ Y| <27.  Furthermore,
ro(z) = O(1) as Re(N,) — +oo. O

For a simple approximation applicable away from the Stokes line,
we combine the first displayed expression from the proof above
with Stirling’s approximation. This yields

. N
e—aozF(l) ) NO +1 B e—90? emNO 0 +oo efN(,ttNo dt
zNo Z o5 zNo of 1-ia,—t
0 0 0 0
e—90Z <e7riN0>No /+oo e~NatfNo
——dt
zNo 0o 0 —ia,
re s O(Z)No
~ Ve 9.7)
Ny 1422
No

as Re(N,) — +oo, provided that | arg(c,zN; )| < 7 — § (< 7).

14

Similarly, by utilizing the first integral representation in Sec-
tion 9.4, we obtain

Zoc 2(z)Ny— faz(z)Nl

e—(oo+01)ZF(2) (Z' Ny+1,N; +1) 27 €

ZNo+N1 m(l_’_%)(l_w),

No TNy

(9.8)

0o 01

as Re(N,),Re(N;) — +o0, provided that |arg(o,zN;")| <7 —
§ (<m) and |arg(e™ 01N°)| <m -8 (<m). Thus, (9.8) holds
away from the potentlal Stokes phenomena associated with this
second hyperterminant.

9.3 | The Higher-Order Stokes Phenomena
Arising from F®) When arg(coz) ~ 7

When arg(o,z) ~

g1iNo
real axis, we can combine (4.3) with (9.5) to obtain

F<2>(z; Ny+1,N, + 1)

+1i Z_Ego(z)er%ag(Z)NUeUOZZNOF(l) z; Nl +1
Ny 01

N, +1,Ny+1
—F® <z; 1+ L No+ > (9.9)
oy, oy

as Re(N,) — +o0, uniformly with respect to | arg(e‘”iaozNo‘ H <
21 — & (< 2m). This formula represents the switching on of the

term 27rie0ZzNo F) (z; Ni+1 ); compare with (4.1). To derive an
o1

approximation in terms of F( (z Nitl ) we use (9.7) and (9.8)
for the final term in (9.9), resulting i 1n

po (5 No+ LN +1
>0y, o,

. 1 N 1
~ rrie?0?zNo erfc <oc0\/ —NO)F(U (z; Lt >
2 (2]
-1

27 00zZ— locg(z)No No [ i UONl

=L 1—
+1/ N, e 2 zNo | igy(2) + oN,

< FO( 2 N, +1 ,
01

as Re(N,),Re(N;) > +oo, provided that |arg(e™o,zN;")| <
2m -6 (< 2m), |arg(ozN;D| <7 -8 (< m), and
| arg(e"“ Zol )| <7m—-6 (<m). This approximation breaks

1Ny

9.4 | The Higher-Order Stokes Phenomenon for
F® When argo, ~ argo;

In this subsection, we consider the case where argo, ~ argo, and

0,z is bounded away from the negative real axis. We present the
integral representation (A2) as follows:

F(Z)(Z; No+1,N; + 1)

Tos o,
No+N1+1
=_F(1)(Z.N0+N1+1>(Uo+al) o I(ﬁ)
> on+0 No+1 _N; o
o+ 01 o o, 0

0

©
M (00+01)z 7zNo+N1 ﬂp(l) t No+1 dt
(e-mig )™M A T 0 ’

(9.10)

where the integral I() has a pole near a saddle point, resulting
in an error function behavior, as follows.

Theorem 9.2. Assume that both § and its reciprocal are
bounded, and that |arg §| < 7. Define

Tp, g,
. 1 N;+1
~ mie®o?zNoerfe [ apy/ =N, JFO <Z; Lt ) 1(8) = TN, + DIV, + 1)2 LNy +1 ;1+p8). (901
2 o T(N, + N, +2) Ny +N, +2’
18 of 31 Studies in Applied Mathematics, 2025

85UB0| 7 SUoWLLD 8AIeaID 3|qeol(dde ay} Aq peu.enob are sajolfe YO ‘8sn Jo Sajni 10} AreiqIT8UIIUO AB]I UO (SUOTPUOD-PUeR-SWLBH W00 A 1M ATe.q 1 [BuUO//SAIY) SUORIPUOD Pue SWB | 8U} 885 *[5202/20/0T] uo AriqiTauliuo A8|Im ‘88 L AQ 80002 Wdes/TTTT OT/I0p/wod 3| 1M Afeiq1ul|uo//Sdny wouy papeo|umod ‘Z ‘G202 ‘0656.9%T



Lets* = % and assume that both s* and its reciprocal are bounded.

0
Then, we have

16 ~ %m erte (y(;s)\/ 1N1>
@+p 2

N1
1 27
+8(0, B)N Nl)N°+N1 N, (9.12)

as Re(N;) — +oo. Here,

w@=(1+3)n(55)-n(5) o

with the branch specified by y (s‘€”) ~v/y/1+s* as v — 0.
Furthermore,

s+’ ~ i
808 == " T e ©.14)

§*

Observe that y() is a univalent analytic function of § within the
sector |arg 8| < . In addition, the condition that both s* and its
reciprocal are bounded implies that the validity of the asymptotics
(9.12) necessitates that both Re(N;) and Re(N,) be large.

Proof. TInitially, we assume that arg € (0, 7). We follow the
method outlined in [48, Section 21.1]. By making a simple change
of integration variables in the standard integral representation of
the hypergeometric function [44, eq. 15.6.1], we can write

+oo e~N1h(s)
1©)= [ s
0

YA +5)
with
N, %OS— 1
h(s) = <1+E>ln(1+s)—lns hI(S)ZS(ll‘l‘S)

Thus, there is a saddle point at s* = % Using the substitution
0

ds _ xs(1+s)

N )
dx  Mg_q
Ny

%xZ = h(s) — h(s"),

we obtain the canonical integral representation

~ N(I)\IONfIl +00 —N1 x? f(X)
with
_ x—iy E
T = G pG+Dax
and

1 1+s* s*
S_"‘)ln<1+ﬁ)_ln<5)'

377 =k - k) = (14

1t is straightforward to show that f(iy) = (1+ 8 )71. We introduce

the function

9= 1) _aesy™
gef) = s0p =

§*

S _
x-iy | (Q+p)a—iy)

I(B) = %n’ierfc <y 1N1>
@+ 2

NNONNI +o00
+ ° 1N +N- / e_Nl
(No+Ny) 7 o

and use — + g(x, 8) in (9.15) to obtain

¥ o(x,f)dx. (9.16)

Thus, g(x, B) is analytic and

32

Note that lim,,_, g(0, 8) = W

bounded on the real x-line, and it is analytic with respect to §
in the sector where |arg B | < 7. Consequently, (9.16) holds when
Re(N,) > 0 and |arg 8| < . Furthermore,

/ e 13 g(x, B) dx ~ g(0, B)

as Re(N;) — +oo. O
We still need to derive an approximation for the final integral

in (9.10). We consider the case where Re(N,), Re(N;) — +oo and
|arg(oyzN;!| < w = 8 (< 7). Then,

/ (@001t p=No=N1 -1 (1) <t; N(;"‘ 1) dt
z 0

No—+
271']\]0 2e~No ® @—(90+01)t p=No—N1-1
~ = dt
z

1+ X

—7i No
(7o) No

1
No—=
27TN00 2g™No £ o—(oo+o1)t =No-N1~1
~ = 11 dt
z +—

_zi~ Vo
(e™ioy) No

—(oo+o1)z

. No+N-
27TN e™M (e(oy+0y)) e

(e 7o) ZNe*NiT(N, + N, + 1)(1 + %)
0

y F (5 No+Ni+1
Op+ 0,

No+Nq

(e™(gy +0))) I'(N,) e—(Go+01)z

~ No+N
(e7i0p) TNy + N, + (14 22 ) 27
0

« PO N0+N1+1
O'O+Gl

In the first step, we used (9.7); in the second step, we considered
the main contribution coming from ¢ = z; in the third step,
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we identified the integral first in terms of incomplete gamma
functions and then in terms of the first hyperterminant; and,
finally, we used Stirling’s formula for T'(N,). This approxi-

mation breaks down when % approaches the negative real

. 0
axis.

—(09+01)z
€ " T ro(,
ZNo+N; ’

N,+1

No+1,N;+1)\ _
0o, 01 B

Nor N T(N, +2)

0

Combining the results above with Stirling’s formula, we obtain
the following approximation:

FQ@ (Z, No+1, Ny+1

-~ % a7 >~—7z’ierfc y a 1N1
F(l) (Z' No+Np+1 ) (o1} 2

D'()+U]
No+N
(UU+01 ) o
27T \ Ng+N,

NO ag No a1 M
(%) ()
N N,/(Ny+N
x g<0,ﬂ)<1+i>\/—0+—1/( — V),
9o <) N, 1+NL
0

(9.17)

which signifies the switching on of —27iF® <z; No#Ny+1 ) Com-

0p+07
pare with (4.2). In the case where N, = N, = N and 0, = 0, =0,

the first term on the right-hand side simplifies to —i.
illustrate  the

In Figure 5, we switching on of

—27iF® (z; No+N 1+1> as 6 = arg( ) transitions from positive
go+01 ap

to negative values.

9.5 | The Full Uniform Higher-Order Stokes
Phenomenon

In this subsection, the main result is Theorem 9.3, which
gives an approximation allowing both arg(c,z) ~ 7 and argo, ~
argo,. This theorem is expressed in terms of the new spe-
cial function erfc(x;y;1). Results for the extreme collinear

case, 2L = %, are presented in Theorem 9.4 and Corollary 9.1.

90 0
Lemma 9.1 is a preliminary version of Theorem 9.3; how-

ever, providing a proof for this lemma is convenient, allowing
us then to deduce Theorem 9.3. We use the notation from
Section 9.1.

o, I'(Ny+ DI(N; + 1) 1,Ny+1
? N, +2

—merfc| dyay(z) Nl,dlofo({])\/ N17

o0z 01z

Theorem 9.3. Let o, o, o and their reciprocals be
0

Ny
bounded. In addition, we impose the constraints |argN;| <

Eﬁg—a (<§) for j=0,1, |arg(:’§1)|§ﬂ'—2£—25, and
1No

| arg(efgiajz)l <m-98(<m)forj=0,1,2 Then,

o'l e_(%"'gl)z
14 L) FO (g

0

Ny+N; +1
00+01

+ RY(z),

where RV(z) = (9(|Erfc|N1_1/2> asRe(N,) — +o0. An additional
term in the approximation is

RV(z) = — dz(z)n,/ 2T 3O g (oco(z)\/ )
1

d,(@a)¢,) [ NN, . [27N,

o, 2 N, +igo($2) NN,

20N, € —(oo+01)z

xe2 S a2 @Ny - S a2 (@No- 5

w F (5 No+Ni+1
0y + 01

ZNo+N1

L2 2mi N1 80(2) — 80(&5) ——az(z)NO——a @M,
NO z-¢§,

+(9(|Erfc|N1’1),

where

1 1 . IN
|Erfc| =|erfc (dloco(z) 3N () §N1?d11\ / 17?)
1
+ |erfc (ocz(z)\/ ENZ) +

In most applications, € will be very small. From the final remarks
in Section 9.1, it follows that under the constraints |argN;| <

e<Z-6(<Z)for j=0,1 and |arg(22)| < 7 — 2¢ — 26, we
2 2 91N

1,2 1.2
e_EO{O(Z)NO_Eal (z2)Ny

(9.18)

obtain | arg(d;! %)l < g -8 (< g). This is essential because
1

the function erfc(x; y; 1) has branch cuts along segments of the
imaginary axis in the A-plane (cf. Appendix B).

A numerical example is given in Figure 15.
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} ﬁ— os‘

: . I ;
0 05 05 0 -1 —05 0 0.5 0

—0.24

—0.4-

FIGURE 15 | The case z = 41e™ 050 g5, = 1.1e%5, o, = 0.9¢%5Y, Ny = 44.4, and N, = 37.7. This results in v = 0.01 + 0.037i. In the left figure,
the vertical axis displays the real part of the respectively colored terms in the approximation from Theorem 9.3, normalized by a factor of (277)72. In
the right figure, the vertical axis shows the absolute error [RD(z2)| for this approximation, divided by |Erfc|N 1_ /2 This demonstrates that the implied
constant is uniformly bounded.

= %, we can apply Lemma 9.2 to simplify the results of where
g0 0
Theorem 9.3, as follows. |[Erfc| = |erfc (%(Z) % Ny;0; % >
1
Theorem 9.4. Leto,, crl, %% and their reciprocals be bounded. In
+ lerfc| ag(z) 1N + e 1% |
addition, we impose the constralnts |argN;| < ; -d(< ;)for] = 0 22
0,1and | arg(e_gicrjz)l <m-38(<7mforj=0,1,2 Intheextreme
collinear case where 2 = X we have At the center where the double Stokes phenomenon occurs,
% 0 specifically when e "z = M M \efind ay(z) = 0. The follow-
ao 21
(oyt0))z ing corollary results from the preceding theorem and the final
E R (g Not LN H identity in (B3).
ZNo+N,
Corollary 9.1. Let g, o, and their reciprocals be bounded. In
= 2 erfc [ ay(z) / addition, we impose the constraints | arg N;| < g -0(< g)forj =
0,1 and |arg(e_§iozz)| <7 -8 (< m). Then, when e ™z = M -
90
1 N, N
—nerfc| ap(2)1/ =N1;0;1/ = | + RV(2), —, we have
2 Ny ~(Go+o1)z No+1,N, +1

€
——FO| z ’ =
ZNo+N1 ? Co» o,

N, 7 |2z 1
2 V-2 - —— -1
7 arctan N3V — +O(N),
1 27N, 1 / To
RW(z) = (—i— z)rr % erfc( ay(2)1/ 5N, M
( 3 8(2) N.N, o(2) 512 as Re(N,) — +co.

2T _1.2 1 For the proofs of the above results, we will rely on the following
—go(@)my [ = 20 N erfe | ay(2)1/ =N,
0 N, 0 20 two lemmas.

9z 912

Lemma9.1. Leto,, 0;, —, and their rectprocals be bounded.
27ri gO(Z) - '1 ——a 22N No N
+|— { + 7go(2) o In addition, we impose the constraints |argN-| <I_-s(k« —)for
<) Y
j=0,1, |arg(U“N1)| <m—2—28and|arg(e 2 crz)| <T-6(<
+O(|Erfe|N'), ) forj=0,1, 2 Then

where RV(z) = (9(|Erfc|Nl_1/2) as Re(N,) = +oo. An additional
term in the approximation is

e—(ao+al>zF(2) (Z‘ No+1,N; + 1> _

ZNo+N, Tos o,

B o™ (N + DTN, + 1) <1 No+1 ﬁ) e_(g"”l)zpa) ( No+ N, + 1)
Nt (N, +2) 2 Ny+2 " T o, ) NN L gt
’”F(N”e erfe ( dyay(2) —Nl,dlao(cl)\/? 45 )+ RO@,

\/_
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where RV (z) = (9(|Erfc|N_1/2) as Re(N,) = +oo. The quantity

|Erfc|is defined in (9.18). An additional term in the approximation
is

o ZEN " e Nor(y)
R(l)(z) dz(z)a0(§2 N() NIF(N)

etz Fof g No+Ni+1
ZNo+N: T ooyt oy

—d,(2) ﬂF(le)v - :le erfc <O(0(Z) V >
(e—ma) 1z
N>

. 0," T(NoIT(N; +1)
+igo(¢n) ==
o2 oot TN, +1)

e~(Go+o)z FO 5 No+Ni+1
ZNo+N1 T ooyt oy

1
e 80(2) — 8y(¢,) e~toronz
ZNo+N;

Ny—
iV27T(N, + DN,

0,(e7ig,) " (e-mig)! z=¢

+ O(|Erfc|N").

Lemma 9.2. Let g, o, and their reciprocals be bounded. Assume
that 2 = ﬁei” with v = O(N;') as Re(N,) = +oo. In addition,

90
assume that | arg( )| < 1. Then, we have

(oo + o)™ T(N, + DTN, + 1) < LN,+1 . o )

1+ —
Not i T(No+N, +2) > "\ Ng+N, +2 o

27N,N Ny—N
=mi—i 01, 0”1 21 +O(N),
No+N, 3 NoN1(No + Ny)

as Re(N;) - +oo.

Proof of Lemma 9.2. With the notation from (9.11), we

have
(0o + )™M DN, + DTN, + 1) LNo+1 | 9
gt TNy +N, +2) “'\Ng+N, +2" " g,

>N0+N1+1

<1+ 1
oo g,
= —I e .
(al )”1 <Uo>
90

Using (9.13) and (9.14), we find

N, N11v
Y\ N, +N, N0+N1 6 )
of0.8) ~ L/ N No-N,
"0, 3V No+N; Ny+N;~

We combine this with (9.12) and use two terms from the
Maclaurin series for erfc(x). O

Proof of Theorem 9.3. This theorem is a consequence of
Lemma 9.1. Note that all the terms on the right-hand side
of Lemma 9.1 are of the order O(|Erfc|). Therefore, any
manipulation of these terms by a factor 1+ O(N;') is per-

missible. We also use the approximation T(N; )eNJN Nivt

VIR, (1+0(N). O

Proof of Lemma 9.1. Recall the integral representation (A2):

Fo(p No+ LN +1Y _
© 0p, o1

No+NFL DN + DIV, + 1)

T(Ny+ N, +2)

_ (g +07)

Not1 N,
9% 9

wop( BNo+1l 9 oy, No+ Ny +1
1 ’ gy T ooy +o0;

—(gp+o)t
ﬂ}:‘(l) (t; No + 1) dt.
9o

(&)
— Me(UU+UI>ZZNO+Nl
(No+N,+1
z

Gl

We use the representation (9.6) in the last integral to rewrite it as

follows:
e—(Go+o)t F<l><t; N, + 1) dt
(of

No+N7+1
tNo+Ny 0

a (N, +1)

(e7igy)"!

= w,(2) + w,(2) +r1(2),

with

irN, +1) [ /
w,(z) = —LlNl) e t=Ni-lerfc <oc0(t) %N()) dt,
(e~7igy) z

[27 T(N; + 1N, e™No =
wy(2) = —i 2 TN, ) _ / el No-lg (1) dt,
No (e-rigy)(emic)™" J:

/ No N, o
2z TN, + DNy e / e o2t t~No-1p (1) dt.

N.? (emiog) (emioy )

r(z) =

(9.19)

In deriving (9.6), we applied the conditions Re(N,) > 0 and
|arg(e‘”iaozNg | < 27. These conditions are satisfied when
Re(N,) > 0 and | arg(e ™o z)| < 37” In the subsequent analysis
detailed below, we require the integration paths in (9.19) to
be progressive (cf. [49 Section 6.11.3]). Our constraints include
|argN; | <= —5(< )for] =0,1, |arg(U°N1)| <7 —2¢—25and

| arg(e 2 ajz)l <m-6(<m),j=0,1,2.

We can express the integral representation for w,(z) as follows:

r DeM [ _ /
w,(2z) = —M/ LA <oc ® >— dt.
N :

(9.20)

Hereafter, we employ the substitution 7 = a,(¢). Observe that
9j

a;(Daj(t) = % + N (9.21)
J

and take t* =¢, = ¢e"N,/o,, the saddle point of the expo-
nential in (9.20), and 7* = ,(t*) ~ v, as v — 0. Therefore,

22 of 31

Studies in Applied Mathematics, 2025

85U8017 SUOLIWIOD SAITeRID o|qedl|dde ay) Ag pauenob ae sajoile YO 9sn Jo s Jo} Aiq1 aUIjUQ 481N UO (SUONIPLOD-PpUe-SULB) W0 A3 | 1M Ale.d 1 putuo//Sdny) SUORIPUOD pue sWd | 8y aes *[5202/20/0T] o Akeiqiauliuo As|im ‘150 1 Aq 8000, Wdes/TTTT 0T/I0p/Wod A3 | Aleld i pul|uoy/sdny wolj pepeojumod ‘Z 'S20Z ‘0656291 T



f(o)= %ocf(t) has a saddle point at 7 = 7*. From (9.21), it follows
that 7 = (% + ;—Z)t'(r) and f'(7) = (% + %)t’(‘r), hence f(t) —
7= (;—11 - %’))t’ (7). Differentiating this result gives us f”/(r) — 1 =
(= - ;—Z)[”(‘L’) and f™(zr) = (;—11 - ;—‘;)t(")(r) for n > 3. We have

N1
N
it iy
1—ev v

where d, is defined below. Hence, for the function

f@)=fay=o0,  f')= (

r(0) = 30 = 3@ ~ ) = f(©) - 31" @Ne -7,
we find that

dr(t*) _ d2r(t*) =0, d'r(t) - ﬂ _ ﬁ [(")(T),
dt drt? drn N, N,

n> 3.

r(t”) =

Consequently, eV’ remains bounded in a large neighborhood of
t=t

For the integral in (9.20), we apply the Bleistein ansatz (see, e.g.,
[50, Section 2])

hy(7) = % = dya)(0eM™® + dy(2)a; (D] (1) + (¢ — 2)oy (Dt} (DR (£),
where

i ia(t)
ta(t)

il 1= 0‘0([) '\JO Nlr(z)
1—e 1V ay(z)

T—ew "L R@= 1+ 22
N,

1=

The ~ 1 is specific to the critical case v — 0. We derive the
expression

N © *
() = TNy :]- 1)e™ d1/ e‘%df(f_r M erfc( 74/ 1No dr
N, ! ap(2) 2
T'(N;+1 \/
T ( [1\’ )e dz(Z)/ Otl(t)OC (e~ zal(t)Nl erfc <0(0(t) %N0> dt

1
—Ry(2), (9.22)
where

7r1“(N1 + l)e

Ri(2) = d(2) / oy (D) (e 75O

x erfc <oc0(t)\ [ = )(t —z)hy(t) dt.

The first integral in (9.22) can be expressed using our new special
function

T(N; + 1)eM 1 pe_ey /
_%dl/ e BTN, erfc(r %N()) dr
Nll ay(z)
ZFN +1e N,
=_r ( —en s ) rfc<d1a0(z)ﬂ—N1,d1f \/—Nl, 1 "N())
2N, !

\/_

(9.23)

For the second integral in (9.22), we apply integration by parts and
derive

n'l"(N1+1)e AT, + Dt / o (D (e >N erfc<ao<t)\/ >df
7l(N;) e~
D o e <°‘°(Z)\/ )

\/271N01"(N1 +1)eM V2N I + Dt | /

=—dy(z

a(t)N a([)N ’
a0 .

The final integral has a saddle point at ¢t = {, and an endpoint at
t = z. Again, we apply the Bleistein method using

g(t) =€ + € <a0(t)a()(t) + al([)a (t)>

+(t —Z)(ao(t)%(t) + 5 Ofl(t)a (t)>h (),

where
i +2 / ’
(gz) _ % Ny e, = No OCO(Z) - cxo({z)
i ay($y) Ny + N, 1_1
z &

yielding the approximation

V27N, I(N; + 1)eM ©
) |
N z

] a2
e a0 ONom s ON g (1) g

No++:
V27N, ‘e

(ei09)" (e 7o) T(N,)

_(UO +Ul )Z

ND(N) (e70,) e

ZNo+N,-1

~ —dy(2)e;

“NoT(N;) e=(0to1)z
ZNo+N;

No-+
N, +N 2N, ‘e
X0 (5 0T ) sy,
0o+ 0y (e—migy)" (e7ig,)™"

-1 e—(CO+U1)Z

No+=
27N, *eNoT(N,)o)”

= dz(Z)el u N1 F(N ) ZNO+N1
2

1
+1
! Ze‘NOF(Nl) e—(0o+a1)z

N,

No+N; +1 27N,
xF<1>< o +dy(2)e; — —
0o+ 0, oy(eigy) " (e-mig,)V 2 0+Ny

NO‘% -N,
27TN0 € OF(Nl) e’(00+01)z

+d .

1(2)e, T
In the final step, we employ (3.3) with N = 1. Consequently, the
last term can be incorporated into (9(|Erfc|N1‘ 1), and similarly
for the penultimate terms, since e, = a/({,) = O(N;*).

For w,(z), we utilize
[ oo - g
1

/00 e—crzztt—Nz <Z _ §_2> gO(Zt) - gO({Z) dt
1

t zt=¢,

e 7 g(2)—go($) 1 [T =022t Ny 8o(zt) — 80($2)
:_—+£/l tth<—>dt~

t=$

02 z-$,
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Thus, we derive the asymptotic approximation

o)> T(N)I(N, +1)
Ug]" 0]1\]l I'(N,+1)

w,(z) ~ 1

g~(C0to1)z Fo g No+ N +1
zNot+N1 gyt oy

)go(s“ 2)

No—1
IV2RT(N, + DN, e gy (2) - gy(§) et

oy o) (e Z=6 2

From this result and Theorem 9.1 with all occurrences of =,
replaced by *,, we conclude that both terms in the approximation
for w,(z) are O(|Erfc|), and the remainder in this approximation
is O(N;') smaller in magnitude.

Lastly, comparing the representation of w,(z) in (9.19) with
r,(z), we observe an additional factor of N 1. Based on the
observation from the previous paragraph, it follows that r,(z) =
O(|Erfc|N;'). O

10 | Conclusion and Discussion

We have rigorously proved that the higher-order Stokes phe-
nomenon arising from the second-order hyperterminants F@®
may be smoothed using a universal prefactor that is based on
the Gaussian convolution of an error function (4.7). As such this
approach is expected to be valid for all functions possessing a
Borel transform representation with algebraic singularities in the
associated Borel plane. We have provided a variety of examples of
the occurrence of the smoothing, which demonstrate that it may
give rise to “ghost-like” contributions on and in the immediate
vicinity of a higher-order Stokes line but which rapidly and
smoothly vanish elsewhere.

Moreover, when a Stokes line and a higher-order Stokes line
coincide, the value of the Stokes multiplier on the Stokes line is no
longer given by the value of L associated with an ordinary Stokes
phenomenon, but the contribution of the higher-order Stokes
phenomenon may amend this to the value given by the formula
(4.8), involving an arctangent function. It would be interesting to
examine if this formula can be derived using a median summation
approach [51, 52].

Given that uniform approximations of hyperterminants F® give
rise to the error function smoothing (3.6) of the ordinary Stokes
phenomenon, and in turn that the uniform approximation of
hyperterminants F® gives rise to the Gaussian convolution
of an error function smoothing (4.7) of the first higher-order
Stokes phenomena, this is likely to be the start of a hierarchy
of such convolution smoothing functions. Each such function
would arise from uniform approximations of the increasingly
higher-order hyperterminants F, n > 2. Obviously this could be
investigated, but is likely to have a decreasing analytical benefit
for the rapidly increasing amount of work required (whether
rigorous or formal).

Finally, it is well known that the smoothed Stokes phenomenon
is associated with many physical processes, (for example particle

creation [53, 54]). The example in Section 7 above shows, that
an additional smoothed ghost-like contribution may occur along,
and in the immediate vicinity of, a (higher-order) Stokes line
in real space. The role that a smoothed higher-order Stokes
phenomenon might therefore play in physical systems merits
further investigation.
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Appendix A: A New Integral Representation for the Second
Hyperterminant Function

In this appendix, we derive the main underpinning result, a new integral
representation for the second hyperterminant function. We also provide
background information on the hyperterminants that may be of use to
those using different machinery to study the same problem.

A detailed description of the hyperterminant functions is provided in
references [21, 41, 42]. Although the ordinary differential equations gov-
erning these functions are not as widely documented, they prove valuable
when employing alternative methods such as matched asymptotics to
derive exponentially improved asymptotic expansions. In the following,
we demonstrate how the inhomogeneous ODEs lead directly to a novel
integral representation for the second hyperterminant function.

The first hyperterminant y(z) = F (z; N °+1) satisfies the inhomoge-
a9

neous ODE

T'(Ny +1)

zy'(2) = (No +002)y(2) = ———
(e—mo-o)

Upon differentiating both sides with respect to z, we obtain the following
homogeneous ODE:

zy"(z) + (1 = Ny — 002)y'(2) — oy(2) = 0.

A second solution to this homogeneous equation is given by
y(z) = e%?zNo,  For the rescaled first hyperterminant uv(z)=

e~90Zz~No (1) (z; No+1 ), we find
90

Ny +1

I'(Ny+1)
N, € z

(e—ﬂiao)

V'(z) =

—UDZZ_NO_l’ UH(Z)+ <O’0+

)v’(z) =0.

The second hyperterminant y(z) = F® (z; No+L. N 1+1) is a solution of
90, 1

the inhomogeneous ODE

2y"(2) + (1 = No — Ny — (5g + 01)2)y'(2) — (0 + 01)y(2)

_IMi+D d g (z; No+1 ) (A1)
—mi N <00]
(e O'l)

Solutions to the homogeneous part include F® (z; N“*f”l)
op+01

and e@+9)2zNo+N1 - For the rescaled second hyperterminant

_ _No— No+1, Nj+1 )
v(z) = e~ (0+91)z z~No=N1 F(2) (z; g*’ ’ ;+ ),We find
0 1

@

Nog+N;+1
v (2) + <00+01 + ¥>v’

= Me—(00+01)zz—No—N1—l iF(l) (Z' No+1 )
(e_mo_l) 1 dz )

By employing the method of variation of parameters, we derive the
following new representation:

(90 + )™M (NG + DIV, +1)

Ué"o-"loll\’l I'(Ng+ N; +2)

1,N0+1 g1 N0+N1+1
X, F 14+ —= JFO( g
2 1(N0+N1+2 +ao> L gotoy

po (5 No+ LN +1Y _
© 0y, o1

_MB(UO+UI)ZZNO+NI / ﬂp‘(l) <t' No + 1> dt.
(e_”io'l)Nl tNo+N1+1 oy

(A2)

The key points to note here are that the right-hand side of (A2) solves (A1),
and when N, N; are bounded, Re(oy) > 0, Re(oy) > 0, Im(o; — 0¢) >
0, and Re(z) is large and positive, all terms in (A2) are well-defined.
Furthermore,

F@ (5 Not LN LY =16 (0 No+2, N +1
* gy, o1 z © 0y, o1 ’

(5 N+ NI+ 1) =1y No+Ni+2)
0o+ 01 z 0o+ 01

and the final term in (A2) is ©O(z~2). Hence, (A2) holds if

(90 + )™M T(Ng + DI, +1)

UONOHUIIVI I'(Nog+ Ny +2)

1,Ny+1 o No+Nj+2
X ,F 1+ — JF®(0; .
2 1<N0+N1+2 +cro> oo+ 01

Fo (g No+2 N +1Y _
© oy, o1

This identity is, however, a straightforward consequence of [42, egs. 2.2
and 3.2].

The right-hand side of (A2) contains two terms. The first term incorpo-
rates the oy < o7 higher-order Stokes phenomenon, while the final term
includes the z < o, higher-order Stokes phenomenon (cf. connection
formulas (4.1) and (4.2)).

We use analytic continuation to remove the constraints on the parameters
in the derivation of (A2). However, when changing arg(c, + 07), we must
rotate the contour of integration to ensure | arg((oy + oq)t)| < Zast - oo
along the path of integration. While this adjustment is always possible,
we must avoid crossing too many branch cuts of the functions involved in
Equation (A2). Therefore, we will use the constraints | arg(cyz)| < 37” )

(< 37”) and | arg(1 + ?)l <m-68(<7).
0

Appendix B: The New Special Function and Its Evaluation

The new approximant that we encountered in Section 9.5 is given by
2 © >
erfc(x;y; 1) = T / e~ erfc (A7) dr. (B1)
T Jx

Initially, x,y € C, 1 >0 and the path of integration is chosen such
that argt = 0 for sufficiently large values of |z|. It is then extended
to A€ C\{it : t € R, |t| > 1} through analytic continuation, achieved
by appropriately deforming the integration contour. In this manner,
erfc(x; y; 4) becomes an analytic function over the domain Cx C x C\
{it : t € R, |t| > 1}. This function possesses the following properties that
are relevant to the argument in the main text.
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Integration by parts applied to (Bl) yields

erfe(x; y; 4) + erfe (A(x — p); —Ay;A71) = erfc(x — y)erfe(Ax), A #0.

(B2)
Specific values are as follows:
erfc(x;y;0) = erfc(x — y), erfc(x;0;1) = % erfcz(x),
erfc(0;0;1) =1 — % arctan(A). (B3)

In addition, the function satisfies the reflection formulas

erfc(—x;y; A1) = erfc(x; —y; A) + 2 erfc </1_y

> —2erfe(x +y),
A2+1

(B4)
erfc(x;y; —14) = —erfe(x; y; 1) + 2 erfe(x — y),

and serves as a particular solution to the linear differential equation

d _ 2 dw(x) 41 2.2
= ey 2222 ) = a2
dx <e dx ) T ’ (B5)

whose general solution is of the form
w(x) = A+ Berfc(x —y) +erfc(x;y;1), A,BeC.

Furthermore, the new special function possesses the following partial
derivatives:
derfe(x;y; 1) _ 2

Ix — ﬁ e‘("‘y)2 erfc(Ax), (B6)

-22y? 2
e 74 erfe [ 22Xy
VA2+1

VEVA2 +1

derfelx;y; ) = ie‘("‘y)2 erfc(Ax) —
dy VT

5

(B7)

VA2+1
Va2 + 1)

‘We can utilize the differential equation (B5) to derive a recurrence relation
for the coefficients a,, = a,(y, 4) of the Maclaurin series

-12y? 2
> 2ye a2+ erfc Trixy
derfc(x; y;4) 2e A X2 =(x-y)
R P

erfc(x; y; 1) = erfc(0;y; 1) — %e‘yz Z a,x"
T n=1

with respect to the variable x. Substituting into (B5), we obtain
(m+3)n+2)(n+ Day,; =4y(n+2)(n+ a,,,
—2((A +2)n+2y* +1)(n + Dayy
+4(2% +2))yna, —4(22 +1)(n - Da,_,
for n = 0,1, 2, ..., with initial conditions

A
ai1=0ay,=0, a4=1, ay=y——.

Nz
Thus, it becomes necessary to establish a formula for erfc(0;y; ). We
already know from (B3) that erfc(0;0;4) =1 — % arctan(A). This can be
generalized as

erfc(0;y;1) =1 — 7% arctan(d) + erf y — erf </1_y>

VAZ+1

Yy
21 Vaz
- —/ e arf r dt
0

T

A
=1- % arctan(d) + erf y — erf (_y>

VA2 +1

k+1

2 v (/1_2};21> Sk Azl
+Ek§ k+ 1) m2=40(m>2k—2m+1

using [44, eq. 7.6.1].

In the following theorem, we present an asymptotic expansion for
erfc(x; y; A), applicable when x is large and y and A are bounded.

Theorem B.1. Lety and A be bounded such that Re(A?) > 0 and A # 0.
Then,

(o]
b
erfe(x;yi4) ~ e -G Y o (B8)
n=2

as x — oo in the sector |argx| < % -0 (< %). The coefficients b, =
b, (v, A) satisfy the recurrence relation

42%(A% +1)byyy = 492%bpyy —2(@n—1)(22 +1) — n)b,
+2y(n— b,y — (n—1)(n - 2)b,_,
forn =1,2,3,..., with initial conditions

1

b_1=b0=b1=0, b2=m

We note that employing the first partial derivative (B6) and the standard
asymptotic expansion of erfc [44, eq. 7.12.1], we can derive the following
alternative recursion:

1
(/12 + 1)b2n+1 = yby, + <Vl - E>b2n_1 =0,

v'(3)
(A% 4+ 1)bayis — Ybopyr + by, = MTH"

for n=1,2,3.... Here, (a), =T(a+n)/T(a) denotes the Pochham-
mer symbol.

Proof. For every N > 3, we introduce the remainder term Ry(x;y;1)
defined by

N
b
erfc(x;y; 1) = e—ﬂzxz—(X—y)z 2 x—:ll + Ry(x;y; 1), (B9)
n=2
where the coefficients b, are those specified in the theorem. By

substituting (B9) into (B5), we derive a differential equation for Ry (x; y; 1)

d 2 d 2.2
[ ex-») - — o122 1-N
i <e i RN(x,y,/l)> e XN Q(x), (B10)

where

42? (AZ + l)bN+2 - 4yﬂ.2bN+1
X

Q(x) =442(2% + 1)byy1 +

2yNby —N(N = Dby_; (N + 1)Nby
+ 2 - 3 .

This leads to the integral representation

Ry(x;y;1) = g /°° (erfc(x —y) —erfc(t — y))e’ﬂz[ztl’NQ(t) dt.
* (B11)
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Other solutions to (B10) differ from (B11) by incorporating an additional
term in the form of

A+Be erf(x—y), ABEC, AB#0,

but these do not diminish as x — +oo. Integrating once by parts in (B11)
yields

RN(x;y;/l)=/ e‘<"y)2/ e"1232—QN(S) dsdt.
sN-1

x ¢
Now, by substituting ¢t — y = \/u + (x — y)? and s = \/v + x2, we obtain

2
)

[se] e_u
o |,
R
(x=y)

0 2 Q(\/v+x2)
x/ etV —— _~
S (1 Lo >N/z
X2
2

———————). The paths of integration are chosen
u+(x—y)2+x—y

such that |argu| <J < % and argv = 0 holds for all sufficiently large
values of |u| and |v|. If we assume Re(1?) >0 and A # 0, then the
double integral is bounded within the sector |argx| < % -6 (< %) for

Ry(x;y54) =

dvdu,

with v*(u) = u(1 +

sufficiently large |x|. Consequently,
Ry(x;y32) = e’izXZ*(X*Y)Z(g(x—N—l)
as x — oo in the sector |arg x| < 2_5(< g). O

Considering the case where x — oo in the sector |arg(—x)| < % -0 (<

g), we can combine (B8) with the reflection formula (B4). In the specific
case where x — —oo, we find

erfc(x;y; 1) ~ 2erfc <A_y>
VA2 +1

provided y and A are bounded, Re(4?) > 0 and 1 # 0.

In the theorem that follows, we provide an asymptotic expansion for
erfc(x;y; A), that is valid when y is large while x and A remain bounded.

Theorem B.2. Let x and A be bounded such that Re(1?) > —1. Then,
erfc(x; y; 1) ~ erfc(Ax) erfe(x — y) — e‘ﬂz"z‘("‘y)2 Z ;—V:‘, (B12)
n=2

as y — oo in the sector | arg(—y)| < % -5 (< g). The coefficients ¢, =

cn(x, 1) are polynomials in x and A and are defined in the proof below.

Proof. From (B1) and (B2), we derive an alternative integral representa-
tion:

22
e A2+1

erfc(x;y; 1) = erfc(Ax) erfc(x —y) —

21 /°°
VaVaz+1J-y
xerfc| xVA2+1+ ;> dt

< VA2 +1

= erfc(lx) erfe(x — y) — e 4% / e‘("“)zw(t) dt,
-y

where
Z}i.e(/lzﬂ)xz”x”% ¢
w(t)= —————erfc| xVA2+14+ —— ).
Va2 +1 Va2 +1

Utilizing the standard asymptotic expansion of erfc, we ascertain that the
function w(t) remains uniformly bounded for large ¢ within the sector
|argt| < g -d(< %), and it exhibits the asymptotic expansion

0

wo ~ Y,

n=1

as t — oo in the sector |argt| < % -6 (< %), uniformly for bounded

values of x and 4, Re(1?) > —1. The differential equation

) t R
w (t)—2(x+ m)w(x) =T

yields the following recurrence for the coefficients e, = e, (x,1):

22 1
=0 e=—, en= —(2%+1) <xen + E(n - l)en_1>,

n=12,3,...

For any N > 1, and when |argt| < % and |arg(—y)| < %, we define the
remainder terms My (t; x; ) and Ry (y; x; 1) as follows:

N
w(t) = z f—z + My (t; x5 1) (B13)

n=1

and

o0 N
e A2x? / e*(xH)Zw(t)dt = e—zzxz—(x—wz Z ;_’:l +Ry(y;x;2), (Bl14)
-y n=2

respectively. Here, the coefficients ¢, = c¢,(x,1) follow the recurrence
relation

20,41 = 2xc, + (1 — n)epy — (-1 ey, n=1,2,3,..,
where ¢, = ¢; = 0. Consequently, ¢, = %el =4 By differentiating both

s

sides of (B14) with respect to y, and utilizing (B13) along with the
recurrence relation for the coefficients c,, we obtain a differential
equation for Ry (y; x; 4):

e/12x2+(x—y)2 ORy(y;x;4) _ Ney 3 2CN41

3y =N T N + My (=y; x; ).

Since lim,,_,_, Ry(y; x;4) = 0, we arrive at the integral representation

Y

N 2c
Ry(y;x;4) = e4% / oGt <tw% - gvﬂ +MN(—t;x;/1)> dt.
—00

By substituting t = y — s and deforming the contour of integration, we
obtain

+oo
e/lzx2+(X*y)2yNRN(y; x; ) = / e—sz—z(x—y)s
0

Nc 2c
X N + NHN +yNMy(s — y;x; 1) | ds.

Consequently,

Ry(y; x;4) = e ¥ ==’ @ (yN)
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as y — oo in the sector |arg(—y)| < % -5(< %). This estimation can be
refined by a factor of y~! by considering

Ry(y;x;4) = e A2 —(x—y)? EN+L cN+1

+ Ry 1 (y; x5 4). O
When considering the case that y — co within the sector |argy| < % -

s (< %), we can combine (B12) with the reflection formula (B4). In
particular, when we are concerned with the case that y — +oco, we find

erfc(x;y; 1) ~ 2erfc <

A
N (B15)
VA2 +1
provided x and 1 are bounded and Re(4?) > —1.

In the following theorem, we present our final result in this appendix: an
asymptotic expansion for erfc(x; y; 1) with a fixed 1, as x — oo, uniformly
iny.

Theorem B.3.
@2+1-p?
Re( 241

Let u and A be bounded such that Re(1%) >0,
)>0,Re(A? +(1—w)?) > 0,1 #0,and 1> + 1 # u. Then

R ~(24-w?) 5 dn
erfc(x; ux; ) ~ e ( ) Z an
asx — oo inthesector |arg x| < % -8(< %). The coefficients d,, = d,,(u, 1)

satisfy the recurrence relation
( 1)n< > ,l,(ﬂ.(/12+1)n 1—u
2n+1 + 2n+1
d R\ (A2 +1 - p) A

with initial condition

(224 = @ )y +ndy

forn=1,2,3,..,

di=— 1
YT A 1— )

Proof. We can use the partial derivatives (B6) and (B7) to calculate

d 0 0
o erfc(x; ux; ) = <§ + u5> erfc(x; ux; A)

22D o
T

wA A +1-p)x
_;e 22+ erfc & .

VAV +1 2+1

erfc(Ax)

Therefore,

2(1 - 0
erfc(x; ux; 1) = -p / e’ erfe(Ar) dt
/e X

o 2122 A2 +1—u)t
e 2+1 erfc <M> dt,

2+1

(B16)

where u and A satisfy the conditions stated in the theorem, and the paths
of integration are chosen so that arg¢ = 0 for all sufficiently large values
of t. By employing the standard asymptotic expansion of erfc, we derive
the following asymptotic expansion:

2,2 _(a+2)tz ~ (1)
e erfo(Br) ~ 2( "G

(B17)

as ¢ — oo in the sector |arg?| < % -6(< %), where a € C and Re(8?) >
0, with 8 # 0. We aim to establish that

/ e erfo(Br) dt ~ e (@4 Y ){T"n (B18)
n=1

X

as x — oo within the sector |arg x| < % -5(< %), with Re(8%) > 0, 8 #

0, and Re(a? + 82) > 0. By differentiating (B18) with respect to x and
equating the resulting expression with (B17), we obtain the following
recurrence relation for the coefficients f,:

(),
\/—52n+1’

n=123,... (Bl9)

1

- 2 — n
2ﬁﬁ(a2+/32)’ ( +ﬁ )fn+1+nfn ( 1)

Applying (B18) and (B19) to (B16) yields the desired result. For any N >
1, and under the conditions |argt| < % and |argx| < % we define the

remainder terms My (t; ot; 8) and Ry (x; «; 8) as follows:

(),

2( " 5I)Zn+1+MN<taﬁ> (B20)

(a +B z)tz

e erfc(Bt) =
and

[ N
/ e erfe(Br) dt = e (Y ){T +Ry(x;a; ), (B21)
n=1

P

respectively. By differentiating both sides of (B21) with respect to y, and
using (B20) along with the recurrence relation for the coefficients f,, we
obtain a differential equation for Ry (x; a; ):

IRy (x; ;) _
ox -

o (@B W = My(x;; B).

Given that lim,_, , ., Ry(x; a; 8) = 0, we establish the integral representa-
tion

3 2 2
Ry(x;a;8) = / e“("‘z'*"ﬁz)[2 <% + e(az"'ﬁz)tzMN(t; oc;,6’)) dt,

where the integration path ensures argt =0 for sufficiently large ¢.
By substituting t = x + s and deforming the contour of integration, we
derive

+oo
e(a2+52)x2x2N+1RN(x; a;B) = / o—(@?+67)5>=2(?+67)xs
0

2(a? +B%) fnn
(1 . §)2N+1

Consequently,

+ (@) Y INHIN (4 s B) | ds.

Ry(x;a; ) = e (@4FD¥ 9 (x-2N-1)

as x — oo in the sector |argx| < % -5 (< %), with Re(82) >0, B #0,

and Re(a? + %) > 0. We can improve this estimate by a factor of x~! by
considering the identity

Ry(x; ;) = e~ (@ +#9)x* fzjj\:z + Ry (s 3 ). O
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If we assume, for instance, that 0 < u < 1, then we can express (B16) as
the following identity:

erfc(x; ux; 1) = erfc <(1 — wx;0; 111_#)

7 A2+1-
+erfc Hx ;0; + L .
VA2 +1 2

Through analytic continuation, this identity remains valid provided that
all third entries lie within the domain C \ {it : t € R, |t| > 1}.

Appendix C: Application to a Pseudo-Parabolic PDE

Our motivation for the example in Section 7 comes from the well-known
question of how the speed of wave propagation in nonlinear dissipative
PDEs depends on the far-field behavior of the initial data. Perhaps the
best studied example is Fisher’s equation

2
a_u= a—u+u(1—u),

e 2 -0 <Xx<oo, (CIl)

u(x, 0) = ug(x),

here taken with the initial data

Uup(x) ~e™ as x = +oo, A>0. (C2)

Introducing a wavefront location s(t), with x = s(t) +z, it is well-
established that

U~ U@, sO~2-3Int as to e, with z=00) (C3)
for A > 1, but (see, [55] and references therein)

u~U@z), st)~(A+271)t as t— 4o, with z=0(1) (C4)
for0<A1<1.

To provide context for what follows, we first briefly sketch the relevant
arguments in terms of exponentially small quantities whereby

ou d%u

3~ sm T Al e 0 (€9

holds ahead of the wavefront with

2
af [af ~ 3A _df oA &f
§+<a> +1=0, E‘ana__ﬁlq (C6)

The relevant solutions to the first of (C6) as t — +o0, x = O(t) take the
form f = tF(§), £ = x/t so that

F=z8-1  A=a®/Vi

(the singular solution) for some a(§) and
F=x-(2+1), A=«

(the general solution) for some constants A and a. These combine for (C5)
to give

f=Ax—(22+1), rays x =2 +X, x/t>24,

2 (o))

f=z—t—t, rays x=Xt, x/t<22,

where X parameterizes the rays in each case (and an interior layer with
x =21t + (9( \/; ) provides the transition between these two regimes). For

the results to be applicable to the nonlinear problem (C1), the constraint
f > 0 (u exponentially small) must hold, with f = 0 identifying the loca-
tion at which the nonlinearity becomes nonnegligible. In consequence,
(C7) implies s(t) ~ 2t for > 1 but s(t) ~ (A+A71) ¢ for 1< 1, as in
(C3)-(C4).

We now indicate how the corresponding analysis proceeds for the pseudo-
parabolic generalization

ou o , du
u_9u, %" La- C
3t " a2 T H g tU W 8

of (C1) (with u constant) before setting up the problem that we analyze in
Section 7. The Hamilton-Jacobi (eikonal) equation in this case reads

af  (af\’ af\’of .
S (5) (%) Feame

so the general solution for F is given by

A2+1

Fet-Toam

(C9)

while the singular solution to the associated Clairaut equation is given

parametrically in terms of P = 3—? by
2(1+p?)P P4+ (143u%)Pr -1
- (_”)2 po P (L3 )2 . (C10)
(1 - p2pP?) (1 —p2pP?)

The two acceptable roots to the quartic for P(§) lead to the asymptotic
behaviors

§2

(D FN—1+m as §—>0+,
F~£— M as & > +oo,
e VT
(c1)
1 1 £ 3
[60)) F~17+3(1+/J2)3<2—#2> as & - 0F,

F~§+ A48 as & - +oo,
j2 V u

the latter giving a contribution exponentially subdominant to the former
throughout & € R*. For fast-enough decaying initial data (see below), if
the propagation speed in linearly selected (i.e., a so-called “pulled front”
arises, cf. [56]) then its wavespeed is given by

21+ 4P VOt 20 10— 1 342
o o 2P p*=\/ A1 oy
(- :

because F = 0 at P = P* in (C10).

It follows from (C12) that P* < u~! and the condition for “fast-enough”
above is that A > P* in (C2), though more must be established in order
to confirm this result. The situation for 1 < u~! is straightforward and
corresponds closely to the ¢ = 0 results: the rays associated with (C9) have

24P ,

S+ X
(1 - p22%)

and it is instructive now to analyze the transition between these and the
expansion fan associated with (C10). This proceeds by setting

201+ )2
G t+z

2 +1
u = exp —/1X+_—2/12t w, 3
1= (1 - p222)
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in the linearized version of (C8) to give

(1 - u222) ow _ (A + @)1+ 3u22%) 3°W
ot (1- #212)2 dz2

?w
— 2 o2 =——
K < 3zat *

Ast — +oo with z = (9(\/?) only the first of the terms on the right-hand
side enters the leading-order balance, which thus comprises the heat
equation (the relevant solution being a complementary error function)
for A < w71, but is a backward heat equation for 1 > u~!, indicating that
there is more to be said.

20+ 33w 3w
(1—p2a2y* 923 9z20t ’

For 1 < u~1, the above transition is with the dominant exponentials, (I)
in (C11), whereas for 1 > u~! it would be associated with (II), leading
to an exponentially subdominant turning-point problem. We now isolate
perhaps the simplest problem that captures such a phenomenon and
proceed with its analysis in Section 7. Guided by the & — +oco behavior
in (C11), we consider A = (1 +¢)/u with 0 < ¢ < 1 and set

u=e XMy, x=X/e, t=¢€T
to give
v 1+p? , 8% 24v , 0%
Uaxar e VT \Waxmar rax )t OB

In Section 7, we investigate the leading-order balance in (C13) as e — 0%,
scaling out the u dependence and implementing the simplest relevant
boundary and initial conditions, which suffice for our purposes.

Thus, we consider

%
26x6t =0
for which we have
afof
2= L =1
ot dx ’

so that the singular and general solutions are

F=+V2¢,

respectively, where v is an arbitrary constant. This simplification suffices
to demonstrate the subtleties that apply in the more general case for 4 <
w1, corresponding to v = —1 here.

1
F—V%"I'ﬂ,

For v = 1, the behavior is familiar, in terms of both real and complex
analysis: the F = £ + % contribution dominates both of the other two
throughout R* and is present only to the right of the Stokes line

(Im(£)* = 1 - 2Re(%),

across which it is turned off by the F = 1/2¢ exponential. Thus, on R it is
present only in & > %, corresponding to its being transported to the right
at the characteristic velocity

9 2
x:%(%) = (c14)

For v = —1, (C14) again applies, but the situation is entirely different: the
Stokes lines on which F = i\/2_§ can turn the F = —(§ + %) contribution
on or off are now both R* and, while (C14) identifies the location of the
(subdominant) turning point, it cannot be used to determine the regimes
in which the latter contribution is present or absent, even on R*: this

necessitates the detailed analysis of the higher-order Stokes phenomenon
that we pursue above—it would be hard to view its consequences (notably

in terms of the amplitude of the F = £ + % contribution) as intuitive.
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