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ABSTRACT

Mature neutron stars are expected to exhibit gravity g modes due to stratification caused by a varying matter composition in the
high-density core. By employing the BSk equation-of-state family, and working within the relativistic Cowling approximation,
we examine how subtle differences in the nuclear matter assumptions impact on the g-mode spectrum. We investigate the
possibility of detecting individual g-mode resonances during a binary inspiral with current and next-generation ground-based
detectors, like Cosmic Explorer and the Einstein Telescope. Our results suggest that these resonances may be within the reach
of future detectors, especially for low-mass stars with M < 1.4 Mg,
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1 INTRODUCTION

Neutron stars are highly compact and complex objects, the descrip-
tion of which requires a rich variety of physics. In particular, there
are specific classes of oscillation modes associated with each aspect
of the physics involved. One such feature is the varying composition
of matter throughout the neutron star, introducing buoyancy as a
restoring force in the equations of fluid dynamics (Reisenegger &
Goldreich 1992). The buoyancy gives rise to low-frequency (< 1
kHz) gravity g modes. A realistic description of these modes requires
both Einstein’s general relativity and a detailed prescription for the
strong nuclear interactions that occur at supernuclear densities.

Given that the dense nuclear matter equation of state is largely
unknown, it is in fact the inverse problem that we are interested
in. We want to establish how observational data can be used to
deduce/constrain the neutron star equation of state. The techniques
of stellar seismology for neutron stars are particularly promising
in this respect; a star’s oscillation features provide a unique probe
of the neutron star interior (McDermott, van Horn & Scholl 1983;
McDermott, van Horn & Hansen 1988; Andersson & Kokkotas 1998;
Miniutti et al. 2003). Interest in this problem was naturally elevated
by the detection of gravitational waves from the GW 170817 neutron
star merger event (Abbott et al. 2017, 2018), and the problem is under
intense scrutiny given the proposals for a next generation of ground-
based gravitational-wave instruments, Cosmic Explorer (CE) (Reitze
et al. 2019) and the Einstein Telescope (ET) (Punturo et al. 2010).
These future instruments are expected to (finally) open a window to
the neutron star oscillation spectrum.

Much of the literature on neutron star seismology has focused
on oscillation modes that depend weakly on the precise nuclear
physics below the crust, such as the fundamental f mode or the
pressure p modes. There has also been a considerable amount of
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work on the gravity g modes (such as McDermott et al. 1983; Finn
1986; Miniutti et al. 2003), which should be present in both cold
mature and hot young neutron stars (noting evidence from numerical
simulations that the g modes may be excited during the proto-
neutron star stage following a core-collapse supernova; Vartanyan
et al. 2023). In general, the g modes depend on both the internal
matter composition and the state of matter, so it is important to
understand what constraints on the nuclear physics could be made
from observations.

Focusing on a mature neutron star, the g-mode frequencies depend
on the variation of the lepton fraction with density (and the state of
matter, like the presence of superfluidity; Kantor & Gusakov 2014;
Passamonti, Andersson & Ho 2016), which is sensitive to nuclear
parameters such as the nuclear symmetry energy (defined as the
difference between the energy per nucleon in pure neutron matter and
the energy per nucleon in symmetric nuclear matter). Therefore, an
observation of a specific g-mode frequency, for example, manifesting
as a tidal resonance during binary inspiral (Lai 1994; Kokkotas &
Schaefer 1995; Yu & Weinberg 2017a, b; Andersson & Ho 2018;
Ho & Andersson 2023; Yu, Arras & Weinberg 2024) could provide
information about the underlying nuclear physics and the equation of
state beyond bulk properties such as the mass and radius of the star.

In this paper, we examine how uncertainties in the underlying
nuclear physics impact on the matter composition and, in turn,
affect the g-mode frequencies and their detectability. Specifically,
we consider the spectrum of g modes in a cold mature neutron star
based on different equations of state from the BSk family (Pearson
et al. 2012; Fantina et al. 2013; Potekhin et al. 2013), specifically
BSk22, BSk24, BSk25, and BSk26 (Goriely, Chamel & Pearson
2013; Shchechilin, Chamel & Pearson 2023). These equations of
state are based on generalized Skyrme-type forces with parameters
fitted to nuclear and astrophysical data.

The advantage of the BSk family of models is that it allows us
to employ a realistic description of the matter stratification, going
beyond previous work that tends to assume a constant adiabatic
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index for the perturbations (I'; later). While the same information
can be extracted for other ‘realistic’ equation of state models, the BSk
family has the advantage of being expressed in closed form, which
means that the thermodynamical derivatives required for the g-mode
calculation do not have to be worked out numerically [as done in,
for example, the recent work by Gittins & Andersson (2024)]. An
analytical representation is convenient as it avoids numerical errors
that would be unavoidable if we were to base the calculation on
tabulated equation of state data.

The layout of the paper is as follows: in Section 2, we outline
the background equations and physics that go into the problem.
The Cowling approximation, in which spacetime perturbations are
neglected, is used and the equations are shown to be in the same form
as in McDermott et al. (1983). Section 3 presents and discusses our
numerical results along with estimates of the detectability of tidal
resonances. Finally, Section 4 summarizes the work and presents
ideas for future continuation of this effort.

Throughout the paper, spatial indices are denoted with Latin char-
acters i, j, k, ... and spacetime indices are denoted with early Latin
charactersa, b, c, . ... Theindices ! and m will be used exclusively for
spherical-harmonic multipoles. The Einstein summation convention
will be used for repeated tensor component indices. The signature of
the spacetime metric g, is (—, +, +, +).

2 THE PERTURBATION PROBLEM

We want to study the oscillation properties of a non-rotating rela-
tivistic star. This problem has been explored in great detail in the
literature and the various steps required in its formulation are well
known. Nevertheless, we will provide the key ingredients here, partly
for completeness but also because the discussion provides a clear
illustration of the various simplifying assumptions we introduce.

The first step involves establishing the background model. For
reasons that will become clear later, the next few steps will be
taken without committing to a specific choice of spatial coordinates.
Later, the conventional choice of Schwarzschild coordinates will be
introduced.

2.1 The fluid equations

Initially, progress can be made by assuming that the unperturbed
metric is obtained from

ds? = —e"c?dr® + yijdxidxj . €))
where the spatial part of the metric, y;;, is diagonal. Assuming a
perfect fluid, the stress-energy tensor takes the form
1 £
T = < (e + p)u'u’ + pg* = Suu’ +p 1, @)
c c
where ¢ is the energy density, p represents the pressure, the fluid
four velocity u“ is normalized in such a way that
ugu® = gap'u’® = —c?, 3)
and the orthogonal projection is defined by

1
J_ub: gab + 72uaub’ (4)
C

with g the inverse metric.
In order to write down the equations of fluid dynamics one needs

VhTﬂb = ciz [u“V,, (El/lb) + eubvbu“] + Lah Vhp

—I—E2 (u“V;,ub + ubvhu") =0. )
c
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Projecting along u,, one obtains the energy equation:
ubde + (p + €)Vyu” = 0. (6)

Meanwhile, the orthogonal projection of (5) leads to the momentum
equation:

pte

= ubVyut+ L% 8,p = 0. @)

Lastly, we need the equation for baryon number conservation,
V. (nu”) =0, (3

where n is the baryon number density. The system of equations is
closed by an equation of state for matter, providing the pressure p
as a function of (say) the number density n, the matter composition
and temperature. In our analysis, we focus on mature neutron stars,
which are expected to be cold enough that thermal effect can be
ignored. The equation of state can then be taken to be a function
of two parameters: n and the lepton (in our case, as we ignore the
presence of muons etc., equal to the proton/electron) fraction.

2.2 Perturbations

Next, we want to consider perturbations. For the velocity, we
introduce the Eulerian perturbation (indicated by ) such that the
total four-velocity is

i = u + dut = i it = gap (1’ + u’) (u” +8u’) = = (9)
The metric is similarly given by
gab = 8ab + 8gab~ (10)

This means that, to linear order, we have

su = %e*”/zagoo. (11
Evidently, the normalization does not involve the spatial components
Su'. Rather, it fixes the time component so that the perturbed four-
velocity has three components, just like in classical fluid dynamics.

Next, we introduce metric perturbations ‘inspired’ by the ADM
formalism (Arnowitt, Deser & Misner 2008). That is,

8800 = da, (12)
dgoi = 8gi0 = 8B;, (13)
3gij = vy (14)

These variables will be further expanded in angular harmonics later.
This means that we have

sul = %e*”/%a. (15)

Now let us return to the perturbation equations. Linearizing (8), it
follows that

ev/2 . n
9,8n + ﬁai [V=gnéu'] = —Ee_”B,(Sot, (16)

where g = det(g,»). Moving on to the perturbed energy equation, we
have

1 ,
9,8¢ + 5(p +&)e " 0,8a + e"*8u' ;¢

+(p+ 8)%31‘ [e"2yyou'] =0, an
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where y = det(y;;). Finally, the perturbed momentum equation is
given by
€ ;o1 . .
%e—”/zaﬂm’ + = (Sp +8e)gd;v + g0,6p
c 2

+e&

& ..
—ie_v(g”a,-v) 5a_pT

. 2
> gle™ (Ea,éﬁj—8j6a> =0.
(18)

At this point, it is notable that there is no direct coupling to 8g;;
in the final momentum equation. Any coupling to the spatial part
of the metric enters via the Einstein equations. This observation is
useful for several reasons. For example, it helps explain how different
versions of the relativistic Cowling approximation — e.g. whether we
assume that all components of the perturbed metric are ignored (as in
McDermott et al. 1983) or retain the ‘momentum parts’ (as advocated
by Finn 1988) — impact on the problem. Moreover, the absence
of §g;; in (18) may help explain why oscillation modes obtained
in the conformal flatness approximation can be quite accurate, as
demonstrated by, for example, Torres-Forné et al. (2019). These
issues would be worth closer inspection, but we will not explore
them further here.

2.3 Cowling approximation

Having derived the perturbation equations of a relativistic, non-
rotating star, we now want to simplify the problem by introducing the
(relativistic) Cowling approximation. Here we take this to mean that
we ignore the perturbations of the gravitational field (McDermott
et al. 1983). For relativistic problems, this obviously involves
omitting the gravitational-wave aspects. This is not expected to be a
good approximation for oscillations that are efficient gravitational-
wave emitters [like the fundamental f mode or, indeed, the spacetime
w modes (Kokkotas & Schutz 1992; Andersson, Kokkotas & Schutz
1996), the latter of which do not even exist in the Cowling ap-
proximation]. However, the gravity g modes are weakly damped
by gravitational-wave emission, so the approximation should be
adequate for the corresponding low-frequency dynamics (Finn 1988;
Kriiger 2015).

We introduce the Cowling approximation by setting all metric
perturbations to zero, i.e.

S = 8p; = 0. (19)

The accuracy of this approximation is discussed in detail in Finn
(1988), with particular focus on the g modes. Along with this, we
introduce the fluid displacement vector, &, defined as

Su' = ce "2yt = V%98, (20)

which follows from our assumed gauge condition. With this defini-
tion, equation (18) leads to

pte

1
> eV + S @p +8e)0v + 8:5p = 0. Q1)

Now, considering the problem for non-rotating stars, we assume
that the oscillation modes, with label n and frequency w,, are
associated with a polar perturbation displacement vector. In terms of
the coordinate basis associated with the spherical polar coordinates
[r, 8, ¢], we then have (noting that the mode problem is degenerate
in the azimuthal angle ¢ for spherical stars so it is sufficient to keep
track of the polar angle harmonic index /)

E'(1,r,0,9) =& (r, 0, )", (22)

NS g modes in relativistic Cowling 1969
with spatial part
i 1 m Qi 1 m Qi 1 m i
Sl :;WZY] 8r+ﬁW89Yl 89+WWYI (Sw. (23)

The radial and angular amplitudes, W; and V,, are functions of r only.
Along with this, all scalar perturbations are expanded in spherical
harmonics. For example, the perturbed pressure is

Sp =8pYmen, (24)

and similar for de. Finally, the background metric is taken to have
the Schwarzschild form

ds? = —e'c2d® + e*dr? + r2de? + r?sin’ 0de? | (25)
which means that the background configuration is obtained by
solving the standard Tolman—Oppenheimer—Volkoff equations.

Substituting the different expressions into (21) gives the following:
For the r-component, we get

w8 3e d
p+8wgek—v7’ — opi + o0& dv + 3,81, (26)
c? r 2 dr
while the ¢-component leads to
+e&
P2 o2e v =sp. 7)
c

Next, applying the Cowling approximation to the perturbed energy
equation (17) gives

) 1 .
8,86 + e"*5u'd;e + (p +)—9; [e">/ysu'] =0, (28)
: 0[]
where
JY = e*r?sing. (29)

This can be simplified to

p+te
12

de  pHedi\ W
[0- W) =1+ DV]+ (— + — +3de=0.
dr 2 dr) r

(30)

In order to solve these equations, we need to relate § p and de. This
requires information from the thermodynamics of the nuclear matter.

Previously, the majority of the literature on neutron star oscil-
lations assumes that, as the matter is cold, the fluid is barotropic
and thus only involves one variable, i.e. ¢ = &(n). One can then
use p = p(n) to arrive at p = p(e), which is needed to close the
perturbation equations. However, while this is a valid approximation
for cold neutron stars in equilibrium, it cannot be applied to g modes.
As first argued by Reisenegger & Goldreich (1992), the characteristic
time-scale associated with the relevant weak interactions is much
longer than the typical oscillation periods of these modes. Therefore,
as a fluid element in the star is displaced from its equilibrium position,
nuclear reactions do not act fast enough to restore 8 equilibrium
between the element and its new environment. Thus, buoyancy
forces associated with the differing composition cause the displaced
element to oscillate, giving rise to the composition g modes that we
are interested in. In general, we assume that the composition is frozen
during the oscillation, i.e. Ax, = 0 where x. is the electron fraction
and A is the Lagrangian perturbation (for a recent study on the g-
mode spectrum in the intermediate regime of finite reaction times,
see Counsell, Gittins & Andersson 2024). When thermal effect are
accounted for, we also assume no heat is transferred, i.e. As =0,
where s the entropy per baryon.

MNRAS 536, 1967-1979 (2025)
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To close the system of equations, we introduce the adiabatic index
I'; of the perturbed matter defined such that

Tip A

Ap = e, 31
r et p 31
with
0
r_pte <l> 32)
p de 5o

holds information about frozen composition and entropy gradients.
In the models we consider here, the stars are taken to be cold enough
that thermal aspects can be ignored.

Using the equations above, one may derive the differential equa-
tions for the amplitudes W; and V;, which, for numerical purposes,
will be cast in terms of the new variables’

and
wr r\ 21
e ()
where R is the stellar radius and M, is given by
dM,  4Anrie
a2 33)

We then arrive at the system of equations

dz, 1% GM, , v
= ==1-1)Z I+ D)=L — —| Z,, (36
A (L) e e @en- L2 o

Iy
and
r%: w'zlr3+A rp e)‘/zzl—l—(?;—l—U—A e)‘/zr)Zz
ar \GM, " - ’
(37
where
U_dlnM, 38)
" dnr’
dlnp
V=- , 39
dilnr (39
1 d 1 d r
Ay = e 2 _1 dlpte 1 dp 14 17 , (40)
p+e dr I'ipdr p+e
and
4wr3p
=" (1 : 41
e (14 4 o

The equations are now identical to those used by McDermott et al.
(1983).

Two boundary conditions are required for this system, one at the
centre and one at the surface of the star. At the stellar surface, one
requires that A p = 0. Using (31) this corresponds to

Z,— BZ, =0. (42)

At the centre of the star, the differential equations (36) and (37) are
required to be regular as r — 0. This leads to

—7,=0. (43)

Lastly a normalization condition for our solutions is added at the
stellar surface. Specifically, we use

Zie M =1, (44)
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which ensures that

E(R)
R

1. (45)

2.4 Mode orthogonality

Investigations into the g-mode properties are topical because of the
possibility that the associated tidal resonances may be detectable
during the late stage of binary inspiral with future gravitational-wave
detectors. In Newtonian gravity, the tidal response is represented
by a mode sum (Lai 1994; Kokkotas & Schafer 1995; Pnigouras
et al. 2024), motivated by the fact that the individual mode solutions
are orthogonal with respect to a specific inner product (Friedman &
Schutz 1978). While a corresponding mode-sum expression is not yet
established in general relativity (and one may argue that it should not
exist, at least not as an exact expression; Pitre & Poisson 2024), the
Cowling approximation allows us to make progress in this direction.
In essence, we want to show that the mode equations are Hermitian
for some inner product. If this is the case, one has a suitable basis for
a mode expansion, which will prove useful later on. The argument is
not exactly new, but it is useful to spell out the required steps given
the fact that different versions of the result exist in the literature and
we want to make sure that our model is internally consistent.

First, we express the momentum equation (21) as (Friedman &
Schutz 1978)

—wAE +CEl =0. (46)

In order for this equation to be Hermitian, we need a suitable inner
product

(i &) = / N fE AV = / 0 fe g dx, @)

where £/ and 5’ are solutions to the perturbation equations and *
denotes the complex conjugate. Specifically, we need to identify a
function f(r), such that

(', Ci;E7) = (&', Ciym’)*, (48)

and similarly for A. Once we establish this result, we can define the
symplectic product

W', &) = (n', Adi&) — (Adin', &), 49)
such that
W = (n', ABZE) — (AB7n &) = —(n'. C&) + (Crf' &)

= —(n', C&) + (&', Cn;)* = 0. (50)
This demonstrates that W_p_rovides a _co_nserved quantity. Moreover,
for two mode solutions, &'e'®" and n'e'“'’, we have
(w0 = @;) (', A&) + (A" &) e = 0. (51)
Since A and f(r) are both real, it is easy to see that one must have
(02 — &) (n' Ag;)e' =) = 0. (52)

Assuming that the modes are not degenerate, this means that
(', A&) = AlSuw. (53)

for some amplitude .A2. This would then provide a basis for a mode
expansion (following the steps from the Newtonian analysis).
In order to make progress towards (48), the starting point is

. . 1
(n', Cij&’) =/n’* {5(858"‘8&17)81")"‘31'5217 fV=gdx, (54
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where 8¢ indicates the perturbation associated with mode &'. Integrate
by parts to find

(n', Cy&"y = ?{Ui*aspf«/ —gds;
1 . .
+/ [5(558+5sp)ﬂ'*3zvf«/—8 —«Sspﬁi(n’*f«/—g)} d’x, (55)

where dS; is an outward-facing vectorial two-surface element arrived
at through the divergence theorem. At the surface, d; p vanishes;
hence, we have

. . 1 . .
<nlvcijsj>:/ |:§((SES+5§P)77[*3in\/Tg_551731'(771*.)(«/?5’)} d*x

(56)
To keep this as general as possible, we require
Age An 1 . 1. .
— = ———0;(/—g&") — &' 9. 57
Py (e PR (57)
Therefore,
de 1 . 1 e+p )
=——0,(/—gtH)—— [ 1+ "oip, (58
e+p /-8 (Vs 8+p( Tp >$ 9
Sp 1 : 1 ( I'p )
— =——=0(/—8&)—— |1+ "3 p, 59
\p = (V—g§") 'y et p §'9;p (59
where
d
r— Hipip, (60)
p de
represents the adiabatic index of the background configuration.
Thus, the inner product becomes
o', i) / ﬁ( L ) [8,(v/=g& " 8;p
+&/ 3jp3i(«/—gn’*)} fV—gd’x
1 &+ r
+/ <2+ Py 1p)
e+p Fp e+p
Sja-pni*8~pfv— dx
+ (V=g (V=gn"™) f /=g &x
(F)z &’ g’ f
+[rip [—a-<F—gs-")
N
| r . af
Fip e+p
(61)

Evidently, this is Hermitian only when f = const. In view of this,
we take f = 1 in the following.
Going back to (53), we now have

<n",As,->=/”C+ e /=g dPx = A28, (62)

which shows how the mode solutions &' should be normalized. For
a single mode, substituting in (23), this simplifies to

R 1
A= [ o EEP) e 1+ D) (63)
n 0 c2 ! r2 !

in agreement with the result from Detweiler & Ipser (1973) and the
expression employed by Kuan, Suvorov & Kokkotas (2021a).

NS g modes in relativistic Cowling 1971

3 RESULTS

The use of the Cowling approximation will (obviously) affect the
accuracy of the mode solutions. As we are ignoring the dynamical as-
pects of spacetime — the gravitational-wave degrees of freedom — and
also assume an ideal fluid — ignoring viscosity — the mode frequencies
will be real valued. In full general relativity, the mode frequencies
are complex as a result of damping due the emission of gravitational
radiation (the modes satisfy a pure outgoing-wave condition at spatial
infinity, see Andersson, Kokkotas & Schutz 1995). However, as we
focus our attention on the g modes, the frequencies of which have
been shown to have very small imaginary parts, Re w, > Imw, =~ 0
(Kriiger 2015), the Cowling approximation is not expected to have a
significant impact on the results.

3.1 Stellar models and the f modes

As already mentioned, we have opted to base our analysis on the BSk
equation-of-state family (Goriely et al. 2013; Shchechilin et al. 2023).
Specifically, four different models will be compared against one
another (BSk22, BSk24, BSk25, and BSk26). Mass—radius curves
for these models are provided in the left panel of Fig. 1. Each of these
equations of state are obtained from an analytical energy functional
(see Shchechilin et al. 2023), which can be used to calculate all
necessary thermodynamic derivatives — required to, for example,
work out the adiabatic index for frozen composition perturbations, I';
— and each model involves slightly different assumptions regarding
the nuclear interactions. The adiabatic index is calculated following
the steps laid out by Andersson & Gittins (2023). Strictly speaking,
this calculation only applies to the neutron star core. The relevant
results are provided in the right panel of Fig. 1, which shows I'; for
each equation of state as function of the baryon number density 7,
clearly demonstrating that the common assumption of a constant I';
is not appropriate for neutron stars.

Using each of the four equation of state models, equations (36)
and (37) were solved for a variety of neutron star models with
gravitational masses ranging from M = 1 Mg up to the maximum
allowed mass given by Shchechilin et al. (2023). In order to test
the implementation, we first of all calculated the f-mode frequency,
ws. The results (all mode results in this paper are for [ = 2) are
plotted, in geometric units (G = ¢ = 1), against v/ M /R? in Fig. 2.
It is well known (Andersson & Kokkotas 1998), that in neutron stars
g v/ M /R3 and our results bring out this expectation. However,
we need to keep in mind that, due to the Cowling approximation
these frequencies will only be accurate to within about 15 per cent or
so (Yoshida & Kojima 1997); hence, the results should be considered
with this in mind.

3.2 The gravity g modes

Moving on to the g modes, we need to pay careful attention to the
adiabatic index I';. The results illustrated in Fig. 1 highlight the
behaviour in the neutron star core. In order to explore the g modes,
we need to contrast the adiabatic index for the perturbations with that
of the background, I', which is obviously taken to be in chemical
equilibrium. We also need to extend the model to lower densities,
beyond the core fluid. For the background model, this is done by
using the fits from Shchechilin et al. (2023) which smears out any
sharp discontinuities, e.g. associated with distinct composition layers
in the neutron star crust (Riister, Hempel & Schaffner-Bielich 2006;
Chamel & Haensel 2008). These discontinuities would give rise to
interface modes if not smoothed out, an issue discussed later on. The
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Figure 1. Left: Mass—radius curves for the chosen models from the BSk family (BSk22-26). Right: Plot showing the adiabatic index for frozen composition

perturbations, I'y, versus baryon number density 7.
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Figure 2. Plot of the f-mode frequency wf (in geometric units) versus
\/M/R3 for BSk22-26 for total mass energies ranging from M = 1 Mg
up to the maximum allowed mass in each case.

I" obtained for this model and the BSk22 example is shown in Fig. 3
(the plots for the other equations of state are very similar). The results
show that the low-density background index varies significantly, a
behaviour inherited from the fits of Shchechilin et al. (2023). For the
perturbations, we opt to simply extend the fit for I'; from the core
model to lower densities. This assumption is somewhat dubious, as
it does not account for the underlying microphysics in the crust (or
indeed the elasticity of the nuclear lattice), but as is clear from Fig. 3 it
means that we are effectively treating I'; as constant at low densities.
This means that our low-density treatment is on a par with the vast
majority of previous work on g modes (see Kuan et al. 2021a, b for
recent examples) which assumes that the adiabatic index is constant
throughout the star. In essence, our model may be inconsistent, but
it is an improvement on previous work.

Of course, we need to be mindful of the inconsistencies at low
densities. Especially, since there will be distinct mode features
associated with this region. That this should be the case is evident
from Fig. 3. It is generally the case that low-frequency waves (the
g modes) can propagate in regions where I'; > I'. Fig. 3 confirms
that the neutron star core represents one such propagation region.
In addition, we see that mode solutions may be supported in the
low-density region near neutron drip. As we will soon see, this
leads to the presence of a second family of g modes, located in
the neutron star crust. The fact that our model is somewhat artificial
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Figure 3. Plot of adiabatic and background indices I'y and I' versus baryon
number density n for BSk22. The vertical dashed line corresponds to the
location of the crust core interface density n.. and the dot—dashed line
corresponds to the neutron drip point density nnq as given by Shchechilin
et al. (2023).

at low densities means that these additional mode results must be
considered with caution. However, that there should exist g modes
associated with the neutron star crust is known since the work by
Reisenegger & Goldreich (1992). One would expect these modes to
be sensitive to discontinuities between the different layers of nuclei
(Finn 1987; Miniutti et al. 2003), a feature that is not present in our
model. The dynamics of the crust region will also be sensitive to
the associated elasticity, which is not included here. Future efforts
should aim towards a consistent treatment of both core and crust,
ideally making use of a consistent equation of state model that covers
both regions.

The nature of the adiabatic and background indices is inherited by
the g-mode solutions, which typically have a number of distinguish-
able features. Examples of this are provided in Figs 4 and 5. The first
of these, Fig. 4, shows the radial component of the fluid displacement
&" versus r for the fundamental g mode, g;, and the first overtone, g,
(which is identified by the presence of a node in the eigenfunction in
the star’s core), for the BSk22 model. Meanwhile, Fig. 5 shows the
fundamental g modes for the other three equations of state, BSk24—
26. All results are for stars with mass M = 1.4 M. In the figures, the
red and green dashed lines correspond to the locations of the crust—
core interface density, 7., and the neutron drip point density, 7,4, for
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Figure 4. Plots of &” for the first two g modes for a neutron star with M = 1.4 Mg, and the BSk22 equation of state. On the left is g; and on the right g». The
vertical dashed line corresponds to the location of the crust—core interface density n¢. and the dot—dashed line corresponds to the neutron drip point density npg
as given by Shchechilin et al. (2023). The horizontal dashed line corresponds to £ = 0 and the dimensionless mode frequency (64) is given on top.
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Figure 5. Plots of £" for the fundamental g mode, g, for neutron stars with M = 1.4 M, for the BSk24-26 equations of state (as indicated in the respective
panels). The vertical dashed line corresponds to the location of the crust—core interface density n. and the dot—dashed line corresponds to the neutron drip point
density nyq for each equation of state, as given by Shchechilin et al. (2023). The horizontal dashed line corresponds to £” = 0.

each equation of state. These mark the boundaries in the equation of
the state between the core, outer crust and inner crust. The values of
the two densities were taken from Shchechilin et al. (2023). From the
plots, we note the characteristic g-mode amplitude peak in the core
of the star and additional features closer to the surface (for BSk26 the
two peaks are notably of comparable magnitude). Different features
of the eigenfunctions can be linked to distinguishable features in
the equation of state, like the sharp variation in the sound speed at

neutron drip (see Fig. 3). In fact, the behaviour near neutron drip
resembles that expected for interface waves. However, in contrast to
the results from Gittins & Andersson (2024), we are not dealing with
distinct interface modes here.

Even though the four equation of state models belong to the same
family, there are notable differences between the mode solutions,
such as how deep into the core the peak of the oscillation is located.
Considering the electron fraction as a function of baryon number
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Figure 6. Plots of &” for the first two crustal g modes for a neutron star with M = 1.4 Mg, and the BSk22 equation of state. On the left is the first crustal
mode and on the right is the second one. The vertical dashed line corresponds to the location of the crust—core interface density n.. and the dot—dashed line
corresponds to the neutron drip point density 7,4 as given by Shchechilin et al. (2023). The horizontal dashed line corresponds to §” = 0 and the dimensionless

mode frequency (64) is given on top.

density from Shchechilin et al. (2023), we note that BSk22 has the
highest electron fraction in the core while BSk26 has the lowest. In
addition to this, BSk26 has an additional peak at low density. Both
features help explain the behaviour for BSk26 seen in Fig. 5, i.e. the
amplitude peak in the core being closer to the crust and being smaller
than for the other BSk models.

As already suggested, the presence of the crustal region leads to the
appearance of an additional set of modes. Examples of these solutions
are shown in Fig. 6 for BSk22, again for a star with M = 1.4 M.
These modes are clearly identified by a more significant fluid motion
in the crust region, while the mode amplitude in the star’s core
remains low. This allows us to distinguish the two families of mode
solutions. In order to confirm that the second set of modes owe their
existence to the low-density propagation region identified in Fig. 3,
we have also calculated the modes for a model where we setI'; = TI”
at densities below neutron drip (adopting the strategy from Kriiger,
Ho & Andersson 2015). The results of this exercise show that the
first core g modes are not significantly affected, while the crust g
modes disappear from the spectrum (see Table 1). This accords with
our expectations.

The results in Table 1 also show that the core/crust g-mode
frequencies are interleaved in the mode spectrum. The table provides
results for the dimensionless frequencies, based on the scaling

5o (64)

" GM/R¥

Moving on, we examine the dependence of the g modes on the
stellar mass M. Results for the first two core g modes are shown in
Fig. 7, plotting @ versus M for the different BSk equations of state.
The range of stellar masses was chosen to be from 1 Mg up to the
approximate maximum masses given by Shchechilin et al. (2023).
Comparing to the f modes from Fig. 2, we note that there is much
more variance in the behaviour between the different equations of
state. For BSk22 and BSk26, & tends to decrease with increasing M,
whereas the opposite behaviour is seen for BSk24 and BSk25. We
also note a sharp change in the results near the maximum mass for
BSk26.

Finally, returning to the crustal g modes, their frequency varies
slightly with the mass again decreasing with increasing M. This
is evident from Fig. 8, and should be expected as n.. and n,g do
not depend on M; therefore, the fraction of the stellar mass that
is the crust decreases with increasing M. This result agrees with
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Table 1. The dimensionless mode frequencies (64) for the first two [ =2
core and crust g modes using the BSk22 equation of state for a few chosen
gravitational masses. The results were obtained from the full analytical I'y
and also setting I'y = I' in the crust while retaining the original I'; in the
core. The results confirm that one set of the identified g modes originates
from the physics in the neutron star crust.

Mg Mode Full T @, I'y =T in crust @,
1.4 Core g1 0.1822 0.1814
o) 0.1263 0.1219
Crust g1 0.2111 —
o) 0.1064 -
1.6 Core g1 0.1832 0.1831
J5) 0.1240 0.1221
Crust g1 0.1890 -
o) 0.0934 -
1.8 Core g1 0.1850 0.1847
J5) 0.1232 0.1223
Crust g1 0.1689 -
J:5) 0.0847 -
2 Core g1 0.1860 0.1858
J:5) 0.1224 0.1220
Crust g1 0.1501 -
:5) 0.0745 -

the findings of Reisenegger & Goldreich (1992). Unlike the core g
modes, there is minimal difference between the crustal modes of the
different BSk models. Again this is to be expected as they depend
more on the crustal parameters than I';.

3.3 Detectability of tidal resonances

Having determined the g-mode solutions, we are well placed to
discuss to what extent the modes are detectable, e.g. through the
associated tidal resonance in a binary inspiral signal. For a binary
neutron star system — or, indeed, a black hole—neutron star system
— a resonance occurs between the mode frequency and the orbital
frequency when (for quadrupole modes with m = 2) w, & 2Qqw.
This causes energy to be transferred into the mode, exciting the
oscillation and drawing energy from the orbit (Lai 1994; Ho 2018).
As the orbit loses energy, it shrinks faster, manifesting as a change
in the gravitational waveform (Andersson & Ho 2018). The goal is
then to quantify this shift in the waveform for a given mode. The
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Figure 7. Plots of dimensionless frequencies @ (64) versus total mass energy M /M, for the g modes g; and g, for the BSk22-26 equations of state. On the
left is the plot for the fundamental g mode, g1, and on the right is the plot for its first overtone g5.
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Figure 8. Plot of dimensionless frequency @ (64) versus total mass energy
M /M, for the first crustal g mode for the BSk22-26 equations of state.

core g modes are particularly interesting in this respect because,
even though they are expected to leave a weak signature, detection
would help constrain the composition and state of matter in the
neutron star interior. Previous work suggests that such detections
may, just about, be within the reach of next-generation gravitational-
wave instruments (Ho & Andersson 2023).

The problem of tidal resonances is not yet completely formulated
in general relativity, so we will resort to a hybrid approximation based
on the Newtonian tidal interaction. First, let us assume a Newtonian
orbit, with masses M and M,, an orbital separation D(¢) and orbital
frequency 2. Then, the shift in orbital phase AP due to energy
transfer A E during the inspiral can be estimated as Lai (1994)

AD _ 1p AE

e T (65)
2 Torb |E0rb|
where Ey is the orbital energy given by
GM M,

Eppy = ——7, 66

orb °D ( )
forb 18 the orbital period, given by

2r
torh = ——, 67
orb Qorb ( )
and ¢p is the orbital decay time-scale given by
t b (68)
D= T,
|D|

where the dot indicates a derivative with respect to time. To
leading order, the orbital separation evolves due to the emission
of gravitational waves as

64 M\ Mr(M, + M)

5¢5 D3 '
The mode resonance then occurs when the mode frequency w, is
twice the orbital frequency. This can be related to gravitational wave
frequency f by

w, =2QRow, =27 f. (70)

(69)

One can also relate Q to D by Kepler’s law

GM, + M
Q= 1 T, an

For simplicity, it is assumed from now on that the two masses are
equal, M = M, = M.

The last piece of the puzzle involves quantifying AE. From Lai
(1994), one can relate the energy transfer to the mode overlap integral
0.1, the parameter quantifying the coupling between the tide and the
mode,! as

72 GM? Rc2\"
Ex ——oP0% (—) . 72
s kR 2 \om 72
Putting all this together, we have
A® 51 (RN 0% )
27 4096 \GM ] &2,

where @, is the dimensionless mode frequency (64) and we also
normalized the overlap integral to M R’ (Ho & Andersson 2023). We
will assume that a similar expression applies in the relativistic case
— although this remains to be justified by a detailed derivation — with
the scaling based on the fully relativistic results for the star’s mass
and radius.

In order to work out the overlap integral from the Cowling mode
results, we consider a binary neutron star system, where the orbit is
in the equatorial plane and it is assumed each star sees the other as

IFor comparison with its relativistic analogue (83), the overlap integral in
Newtonian gravity is defined as

O = / PEXV (r' V) AV,

where p is the mass density.
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a point mass. The gravitational energy that one of the stars absorbs
from the other is given by the tidal part of the Hamiltonian,

Se*
Hig = / ®' Vg dx, (74)

where ®7 is the tidal potential experienced by the star and the integral
is over the star’s volume (Kuan et al. 2021a).

In order to assess the relevance of the low-frequency g-mode
resonances, we use the Newtonian result to approximate the tidal
potential as in Kuan et al. (2021a). From Pnigouras et al. (2024), we
then have

!

W’" 7lm
=-GM Z Z D(lt)H—l v, 73

1=2 m=—I

where ¥ is the orbital phase and W, = 0 for odd [ + m, else

Wi = (—1)"+"”/2\/ T (= mld +m)!

() (5]

Now consider a motion of the neutron star &', it can be expressed as
the sum over modes,

%‘i = Z q"lmgrl;lmeinM’ (77)

nlm

where qnim 1s the amplitude of each mode. Here, the eigenfunctions

1 Satisfy the relevant mode equations, which in this work are taken
to be (36) and (37). Now, given the mode orthogonality, é& can be
expressed as the sum of contributions of all the modes,

e = Seume’ . (78)
nlm

From (28) we know that

i (p+e)e’? v i
0;0¢ + 0,&'0;& + ﬁa,. [e 12 /—gd,& ] =0. (79)
Using (77) and (78) gives

(p+ e)e”/ o
88nlm = —Y4nim |: n ma &+ ————0; i V T 8Snim- . (80)
l \/Tg ( I )

This can then be put into (74) and, after simplifying and integrating
by parts, we arrive at

* +p z* I
Hijq = — anlm / 2 nlmv (q) ) d3 (81)

nlm

Finally, using (75),

Htld =-GM ZZ Z qnlm D(l)l+l 7”7”// (82)

n 1=2 m=-I

where Q,, is identified as the relativistic analogue of the tidal overlap
integral, given by

0 = / N A Ward 2 (83)

which agrees with the expression used by Kuan et al. (2021a).
Substituting in (23) from the previous section, for a specific mode,
the dimensionless overlap integral simplifies to

in = MR!

Note that, as the star is not rotating, there is no explicit dependence
on m.

R + p
/ I, 10+ DV dr (84)
0
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We have calculated the overlap integral 0, for the f mode and the
first two core g modes for a range of neutron star masses and the four
different BSk equations of state (and equal mass systems). For the
calculation of the overlap integrals, we will adopt the more common
normalisation choice A> = M R?, as defined in (63), instead of that of
(45). The sample of results provided in Table 2 give useful insight into
how the tidal coupling varies with the stellar parameters. From Fig. 9,
it is immediately clear that the value of Q,,z for the f mode is several
orders of magnitude greater than for the g modes. This is expected
due to the f mode most closely resembling the tidal potential, and
obviously accords with the Newtonian results. A closer inspection of
Fig. 9 shows that for f modes, the results for the different equations of
state are very similar to one another. In fact, with the exception of
BSk26, the results are almost indistinguishable. For the g modes,
the behaviour is notably less regular. This is to be expected, given
that the g modes are more sensitive to local variations at different
densities inside the star. Still, in general we note that Q,, tends to
decrease with the mass of the star, as one would expect from (84).

Moving on to the question of detectability, we follow the argu-
ments from Ho & Andersson (2023) —combining (73) with the results
from Table 2. The inferred value for the change in phase associated
with each resonance is plotted against frequency in Fig. 10 alongside
the sensitivity curves of LIGO A+, CE, and the ET, at a distance of
40 Mpc (the inferred distance to GW170817). In order to generate
the curves for each detector we need to quantify the detectable shift
in orbital phase as a function of frequency A®( f) for each one. This
is calculated from

VS.(H
2ANVT

where S,(f) is the power spectral density of the noise for each
detector and A( f) is the gravitational wave amplitude of a generated
test waveform as discussed by Read (2023). One still then needs to
choose a waveform model. For simplicity, noting that recent work
by Read (2023) shows that the differences in current waveform
models are much smaller than the estimated data uncertainties
for the low frequencies we are interested in, only one waveform
model was considered. If a mode is detectable for one waveform
model it should be detectable for others. Specifically, we used
the IMRPhenomPv2_NRTidal model as it includes the static tidal
deformabilities (Dietrich et al. 2019). It is important to note that,
as the inferred phase uncertainties are estimated from expected
gravitational-wave data and existing waveform models, they only
serve as approximate upper limits on any effects not considered
in the waveform modelling, like the influence of dynamical tides
considered here.

Our results are shown in Fig. 10 with each panel labelled with
the total mass M of each neutron star in the binary. We see that, in
general, low-mass stars are the most promising for detection for these
g modes. This is not surprising because of the M~ dependence in
(73). As expected from Fig. 9, BSk22 appears most promising while
the other three equations of state perform similarly.

|A®P| = (85)

4 CONCLUSIONS

By employing four models from the BSk equation-of-state family, we
have shown how subtle differences in the nuclear matter assumptions
impact on the g-mode oscillation spectrum of neutron stars. This
was achieved by setting up the linear perturbation equations in a
dimensionless formalism, within the Cowling approximation, in the
spirit of work by McDermott et al. (1983) and others. The advantage
of the BSk family of models is that it allows us to employ a realistic
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Table 2. Dimensionless mode frequencies (64) for different / = 2 core g modes, as well as for the f mode, for the four BSk equations of state and
total mass energies 1.2, 1.4, and 1.6 M. Also calculated is the dimensionless overlap integral Q> for each mode using (84). These data were used
to produce Fig. 10. The notation e—p at the end of each number stands for x1077.

Mo Mode BSk22 BSk24 BSk25 BSk26
(Z)n QnZ Cbn Qn2 (Z)n QnZ Cbn Qn2
1.2 f 1.4996 5.70e—1 1.4885 5.67e—1 1.4801 5.69e—1 1.4730 5.40e—1
g 0.1822 1.12e-3 0.0966 9.30e—5 0.0964 2.26e—5 0.0654 2.37e—4
P 0.1317 6.65e—4 0.0712 1.24e—4 0.0623 2.98e—5 0.0300 1.91e—5
14 f 1.4353 5.32e—1 1.4224 5.30e—1 1.4140 53le—1 1.4028 4.99¢—1
g 0.1822 9.17e—4 0.1032 6.74e—5 0.1157 1.09e—4 0.0571 1.79e—4
2 0.1263 5.29e—4 0.0724 8.56e—5 0.0740 3.18e—5 0.0262 3.94e—6
1.6 f 1.3766 4.90e—1 1.3628 4.88e—1 1.3544 4.88e—1 1.3372 4.53e—1
g 0.1832 7.25¢—4 0.1194 1.91e—4 0.1325 1.03e—4 0.0502 1.29¢—4
2 0.1240 4.17e—4 0.0768 5.40e—5 0.0859 1.02e—4 0.0226 2.68e—5
1 E 2
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Figure 9. Plot of dimensionless overlap integral O, (84) vrsus total mass energy M for the fundamental f mode and the first two core g modes for the
BSk22-26 equations of state.

that the modes originate in the crust is demonstrated by the modes
disappearing from the oscillation spectrum when we artificially set
I' =T in the low-density region. This exercise also demonstrates
that the core g modes, which provide the main focus for our
discussion, are fairly insensitive to the low-density physics.

Once the mode frequencies were obtained, we examined the
possibility of detecting these modes with next generation ground-
based detectors such as CE (Reitze et al. 2019) and the ET (Punturo
et al. 2010). This was achieved by calculating the overlap integral
Q. for the I = 2 modes and relating this to the detectable shift in
orbital phase as a function of frequency A®(f) for each detector,
following the arguments of Ho & Andersson (2023) and Read (2023).

description of the matter stratification, which is required to calculate
the g-mode spectrum.

Along with the expected core g modes, another class of mode
solutions was observed, determined to be crustal g modes of the kind
discussed by Reisenegger & Goldreich (1992). Such modes arise
due to distinct features in the equation of state, like the crust—core
interface and the onset of neutron drip, both of which are encoded
into the pressure and energy density functionals of Shchechilin
et al. (2023) that we employ in our calculations. These modes
are, however, sensitive to aspects of the low-density physics (like
the crust elasticity) that are not included in our model and hence
the corresponding results are not expected to be robust. The fact
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Figure 10. Plot of detectable shift in orbital phase A®(f) (73) versus frequency for the first two core g modes for the BSk22-26 equations of state. The curves
are upper limits calculated using A® from (85) for LIGO A+ (long-dashed), the ET (solid), and CE (short-dashed). Each plot is labelled by the mass energy M
of each individual neutron star. All the binaries are assumed to be equal mass systems and located 40 Mpc from the detectors.

In general, the results show that there is a greater chance of detection
for low-mass stars systems, with BSk22 in particular being the most
promising model.

While our results may not be overly promising, they highlight the
importance of stratification and composition when considering the g-
mode spectrum of neutron stars. With the next generation of ground-
based detectors having improved sensitivity at low frequencies, the
future detection of g modes remains a distinct possibility. With this in
mind, the precise dependence on uncertain aspects of the underlying
nuclear physics need to be further explored in future work.
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