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Abstract—Introducing nonlinearity into vortex-induced 
vibration (VIV) piezoelectric energy harvesters (PEHs) can 
enlarge bandwidths and improve energy harvesting 
efficiency. Through the analogy between mechanical and 
electrical domains, the mechanical model of the PEH can be 
equivalently represented by a circuit model, and the 
influences of the interface circuits on the energy harvester 
effect can be studied more conveniently. In this paper, a 
magnetically coupled nonlinear VIVPEH prototype is first 
developed and tested in the wind tunnel. Secondly, the 
equivalent circuit model is established to study the 
performance of nonlinear VIVPEH. The simulation results 
are compared with the experimental ones for verification. 
Finally, the nonlinear VIVPEH is shunted to a simple AC 
circuit, a standard DC circuit, and SSHI interface circuits to 
investigate the effects of different interface circuits. The 
results show that the bistable nonlinear structure can 
increase the working bandwidth of the VIVPEH, indicating 
at least a 114.3% improvement over the monostable one. 
The P-SSHI circuit interface can effectively increase the 
average power output of the VIVPEH by 65.04% and 174.32% 
compared to the AC and DC circuits. The work in this paper 
provides valuable insights and guidelines for designing 
efficient nonlinear VIVPEHs using magnetic coupling and 
advanced interface circuits. 

Index Terms—piezoelectric energy harvesting; vortex-
induced vibration; magnetic coupling; equivalent circuit 
model; interface circuits 

I. INTRODUCTION

HE aerodynamic instability phenomena known as flow-

induced vibration (FIV) are caused by fluid-structure

interactions (FSI) as the flow passes through structures. 

Over the past decade, there has been a surge in research efforts 

to explore FIV energy harvesting [1, 2]. Various mechanisms 

lead to the categorization of FIV into different types, such as 

vortex-induced vibration (VIV) [3, 4], galloping [5, 6], flutter 
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[7, 8], and buffeting [9, 10]. Bluff bodies play a crucial role in 

the onset of FIV, and different types of bluff bodies can induce 

distinct aero-instabilities. Wang et al. [11] designed a VIV 

piezoelectric energy harvester (PEH) with a Y-shaped 

attachment and compared it with the one having a smooth 

cylindrical surface. It was found that by introducing the Y-

shaped attachment, VIV could be transformed into galloping, 

leading to an enhancement in energy harvesting performance. 

Barrero-Gil et al. [12] tested 17 bluff bodies with different 

cross-section shapes while ensuring the same mechanical 

properties and aspect ratio. Their conclusion suggested cross-

section shapes with high energy transfer efficiency could be 

pre-designed using two related dimensionless geometric 

parameters. Xing et al. [13] 3D printed 16 square-sectioned 

bluff bodies with different aspect ratios and leeward protrusion 

lengths and investigated their coupling effects on the 

performance of VIV-galloping energy harvesters. 

In addition to optimizing the aerodynamics of bluff bodies, 

efforts have also been devoted to developing mechanical 

structures to alter the dynamic behavior. For example, 

introducing nonlinearities into PEH systems can overcome the 

shortcomings of the narrow bandwidths of linear energy 

harvesters and provoke larger amplitude responses. Nonlinear 

stiffness can be achieved through two typical means: geometric 

nonlinearity and magnetic coupling [14-16]. Geometric 

nonlinearities can be realized by implementing the connections 

with linear springs [17] and beams [18]. Magnetic coupling can 

be realized by introducing magnets to linear energy harvesting 

systems. The attraction or repulsion between the magnets can 

generate nonlinear forces, transforming linear systems into 

nonlinear ones. Researchers have studied nonlinear FIV 

piezoelectric energy harvesting systems under magnetic 

coupling [19, 20]. He et al. [21] proposed a novel low-

frequency, non-contact magnetically coupled PEH that can 

effectively harvest energy from ocean wave energy. 

Experiments show that the device can light up 16 light-emitting 

diodes under the excitation of a water flow rate of 1.6×104 L/h. 
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Han et al. [22] developed a novel composite piezo-

electromagnetic synchronous energy supply and sensing device 

(P-ESSD) for vehicle monitoring. The device can convert the 

wasted energy in urban traffic congestion into electricity and 

realize self-energy supply and self-sensing function. 

Previous investigations into piezoelectric energy harvesting 

typically focused on either the mechanical or electrical 

perspective. Yang et al. [23] established an equivalent circuit 

model (ECM) to bridge the structural modeling and electrical 

circuit simulation. Tao et al. [24] designed a novel MEMS 

energy harvester based on electrostatic film by combining a 

multimodal structure and shock-induced nonlinearity. 

Experiments and circuit simulations confirm that it has superior 

energy harvesting efficiency and bandwidth expansion ability 

at low to medium excitation levels. Tang et al. [25] developed 

an ECM representation method to predict the performance of 

GPEH and evaluated the performance of a GPEH shunted to 

AC and DC interface circuits. Some researchers attempted to 

improve the performance of vibration energy harvesters by 

optimizing the interface circuit. Zhao et al. [26] revealed three 

advantages of the SCE circuit for GPEH. In 2005, Guyomar et 

al. [27] first proposed a synchronous switch harvesting interface 

(SSHI) circuit for energy harvesting systems. Zhao et al. [28] 

conducted wind tunnel experiments for a GPEH and compared 

the performance of a series SSHI circuit (S-SSHI) and a parallel 

SSHI circuit (P-SSHI), as well as a standard interface circuit. 

The results indicated that the advantages of the SSHI circuit 

become more noticeable at high wind speeds, and the output 

power of P-SSHI increased from 1.6mW to 2.3mW compared 

with the standard circuit, representing a 43.75% increase. Lien 

et al. [29] uncovered the influence of frequency deviation 

resonance on the electrical behavior of the SSHI system. All the 

above studies are limited to the consideration of advanced 

interface circuits for GPEHs. One major reason is the lack of a 

general equivalent circuit modelling method for VIVPEHs. In 

2019, Wang et al. [30] developed an ECM for a typical 

VIVPEH for the first time. They evaluated the VIVPEH when 

being shunted to different AC and DC circuits. The results 

showed that the efficiency of the AC interface was greater than 

that of the DC interface under a specific optimal load. Jia et al. 

[31] also developed an ECM for a VIVPEH and considered a 

DC interface circuit. They validated the ECM using 

experimental test results. Using different types of switching 

interface circuits can enhance the energy harvesting capability, 

but it has little effect on the bandwidth. The introduction of 

nonlinear magnetic force can obviously broaden the working 

bandwidth, but it is difficult to increase the amplitude stably. 

However, if the two advantages can be combined, it will 

significantly improve the efficiency of capturing energy. 

In general, researchers have introduced nonlinear magnetic 

force into FIVEHs and applied equivalent circuit modelling 

methods to study their behaviors. However, the influences of 

those interface circuits on the performance of nonlinear 

VIVPEHs have not been fully understood. Therefore, to fill this 

gap, this paper first proposed a more general ECM for 

VIVPEHs and validated its correctness through experiments. 

Subsequently, an SSHI interface circuit is considered based on 

the developed ECM. The influences of different interface 

circuits on the output responses of the nonlinear VIVPEH are 

studied. The performance of a simple AC circuit, a standard DC 

circuit, and an SP-SSHI circuit are evaluated and compared. 

II. SYSTEM OUTLINE 

A. Mechanical structure 

Fig. 1(a) shows the structure of the proposed nonlinear 

VIVPEH. One end of the cantilever beam is fixed on the rigid 

support, and the other is attached with a cylinder bluff body. A 

piezoelectric patch (PZT-5) is bonded on the cantilever beam 

near the clamped end. The mechanism of VIV involves the 

generation of vortices in the wake of the bluff body. These 

vortices can interact with the structure, causing it to vibrate. 

When the vortex shedding frequency is close to the natural 

frequency of the VIVPEH, known as the frequency "lock-in" 

phenomenon, the VIVPEH will carry out a large amplitude 

vibration and generate substantial power output. The vortex-

shedding frequency 𝜔𝑉𝐼𝑉 = 2𝜋𝑆𝑡𝑈/𝐷, where D is the diameter 

of the bluff body, U is the incoming wind speed, and St is the 

Strouhal number, which depends on the surface roughness of 

the bluff body and the Reynolds number that signifies the 

viscosity of the fluid. 

The nonlinear force is incorporated by attaching a magnet to 

the bottom of the bluff body and fixing another vertically to the 

rigid base. The two magnets are configured to exert a repulsive 

force. By varying the distance between the two magnets, the 

harvester may exhibit monostable or bistable behavior. Typical 

nonlinear restoring forces of monostable and bistable harvesters 

are shown in Fig. 1(b). The nonlinear restoring force can be 

described by a cubic polynomial Fk = k1y + k3y3, where y is the 

 
Fig. 1.  (a) Configuration of the nonlinear VIVPEH, (b) the nonlinear 
restoring force. 

 
Fig. 2.  (a) Schematic of the simple AC interface circuit and (b) the 
corresponding waveforms of the tip displacement and the output 
voltage. 

 
Fig. 3.  (a) Schematic of the standard DC interface circuit and (b) the 
corresponding waveforms of the tip displacement and the output 
voltage. 
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displacement of the bluff body along the y-direction. 

B. Interface circuits 

To facilitate the study of such electromechanically coupled 

systems, researchers established analogies between mechanical 

and circuit elements based on comparing their governing 

differential equations. By utilizing this method, a general PEH 

can be represented by an equivalent circuit. Thus, the entire 

system, including the PEH and the shunted interface circuit, can 

be built and simulated using circuit simulation software. For 

simplicity, researchers in the mechanical background often 

shunt the PEH to a pure resistor (simple AC circuit, deemed as 

the load), as shown in Fig. 2(a). Fig. 2(b) shows the time-history 

waveforms of the displacement of the bluff body and the 

voltage across the piezoelectric transducer Vp when the PEH is 

shunted to an AC interface circuit. Vp is obtained by placing a 

differential voltage probe on the two ends of the piezoelectric 

capacitor Cp; and the displacement measurement method will 

be described in detail later. As can be seen, both curves are 

sinusoidal, but their phases are not synchronized, and this phase 

difference is influenced by the load resistance, piezoelectric 

capacitance, and excitation frequency. For the case using an AC 

interface circuit, the voltage output generated by the PEH is an 

electrical signal that varies in magnitude and direction over time. 

But most electronic devices we use daily require DC power 

supplies. Therefore, using a rectifier bridge to realize AC-DC 

conversion is very essential. In addition, a filter capacitor is 

required to stabilize the pulsating DC voltage that directly flows 

out of the rectifier. Finally, one can connect an electronic device 

(typically denoted by a load resistor for simplicity) in parallel 

with the filter capacitor for practical utilization. Such a circuit, 

as shown in Fig. 3(a), is referred to as the standard DC interface 

circuit. The waveform of Vp in Fig. 3(b) is different from the 

sine curve of the displacement. In the beginning, before the 

steady state, the PEH as a power source transfers energy to Cf 

and RL, and during this period Vp = VRL. After a while, when the 

energy stored on Cf is saturated, the voltage will fluctuate 

around Vf. During each cycle, the energy input into Cf balances 

with the energy consumed by the load resistance. In short, the 

filter capacitor Cf absorbs and releases energy to maintain a 

relatively stable output voltage.  

As an electromechanical system, interface circuits greatly 

influence the energy harvesting efficiency of a PEH [32, 33]. 

The self-powered series SSHI circuit shown in Fig. 4(a) 

consists of discrete electronic components, with R1, D1, and C1 

constituting the envelope detector and T1 and T3 acting as a 

comparator and an electronic switch, respectively. The 

piezoelectric voltage waveform is shown in Fig. 4(b). The 

piezoelectric device can be modeled as a structure with an 

equivalent current source and a piezoelectric capacitor Cp in 

parallel. A cycle is roughly divided into four stages: at the 

beginning, the current flows to the piezoelectric capacitor, and 

then Cp, C1 and C2 are charged naturally, Vp reaches its 

maximum voltage Vmax; When Vp = V1, the transistor T1 is 

switched on, C1 starts discharging, T3 is switched on, and L 

starts charging; Then the current through L tends to reverse its 

flow direction, and the emitter-collector capacitor CCE of T4 is 

charged; Finally, the remaining charge in C2 flows into Cp and 

C1 until their voltages are equal. Fig. 5 presents the P-SSHI 

interface circuit and its corresponding waveforms. Compared 

with the S-SSHI circuit, the layout of the P-SSHI circuit is 

changed. The load resistance, filter capacitor, and rectifier 

bridge are connected in parallel, unlike the S-SSHI circuit. 

Nevertheless, the working principle of the P-SSHI is similar. 

Thus, there is no need for further elaboration. The two circuits 

are self-powered and do not require external power supplies to 

control the switches. In this paper, the energy harvesting 

characteristics of different interface circuits are analyzed 

efficiently through circuit simulation. At the same time, it is 

worth noting that some electronic elements used in circuit 

simulation are ideal. However, the energy loss incurred by the 

passive electronic elements in practical applications cannot be 

ignored. 

 
Fig. 4.  (a) Schematic of the S-SSHI interface circuit and (b) the 
corresponding waveforms of the tip displacement and the output 
voltage. 

 
Fig. 5.  (a) Schematic of the P-SSHI interface circuit and (b) the 
corresponding waveforms of the tip displacement and the output 
voltage. 

 
Fig. 6.  Geometric schematic of the nonlinear VIVPEH, (a) top view; (b) 
front view. 
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III. THEORETICAL MODELING  

A. Aero-electro-mechanical model 

Fig. 6 shows the top and front views of the VIVPEH with 

nonlinear force introduced. It is composed of a cylindrical bluff 

body, a cantilever beam, a piezoelectric sheet, and two small 

magnets. The diameter and the height of the bluff body are, 

respectively, D and L. The cantilever beam has a length of Lb, a 

width of Bb, and a thickness of Tb. The length, width, and 

thickness of the piezoelectric sheet are Lp, Bp, and Tp, 

respectively. The nonlinearity is achieved by attaching one 

magnet at the bottom of the bluff body and fixing the other to a 

rigid bracket placed in parallel. The two magnets are identical 

in shape and size, but their poles are arranged opposite to 

produce a repelling force. The distance between the two 

magnets is d. Under a uniform airflow with a constant velocity 

of U that falls into a specific range, the aerodynamic force 

produced on the bluff body will drive the beam to vibrate 

periodically in the y-direction.  

The slender beam theory, i.e., the Euler Beam theory, is 

utilized to derive the governing equation of the beam with a 

piezoelectric layer, as the length of the beam in this study far 

exceeds its thickness. By following the standard procedures [34, 

35], i.e., using modal superposition and modal orthogonality, 

we can finally obtain the governing equation in the modal 

coordinate form:  

 2( ) 2 ( ) ( ) ( ) ( )n n VIVt t t V t F t    + + +  =  (1) 

where η(t) represents the modal coordinate; ξ denotes the 

damping ratio, which can be generally measured by a free decay 

test; ωn denotes the natural frequency; χ is the modal 

electromechanical coupling coefficient; V(t) denotes the 

voltage across the load resistance; and FVIV(t) represents the 

VIV aerodynamic force that can be further expressed using the 

below empirical formula: 

 ( ) ( ) ( ) ( )2 21 1

2 2
VIV L b D bf t C DLU L C DLU L t    = −  (2) 

where ρ is the fluid density, CL = CL0q(t)/2 is the fluctuating lift 

coefficient, and CL0 is the amplitude; U is the flow velocity, 𝜑(x) 

is the first-order modal shape of the piezoelectric beam; and CD 

is the average drag coefficient, which can be obtained in the 

CFD simulation. q(t) is a variable to describe the motion of the 

near wake whose dynamic behavior is assumed to follow the 

van der Pol wake oscillator model. Thus, the governing 

equation can be written as: 

 ( ) ( ) ( ) ( ) ( ) ( )2 21VIV VIV b

A
q t q t q t q t L t

D
    +  − + = 

 (3) 

where λ = 0.3 and A =1.2, which are experimentally determined 

parameters [36], and 𝜔𝑉𝐼𝑉  is calculated according to the vortex 

shedding frequency fVIV , 𝜔𝑉𝐼𝑉 = 2 × 𝜋 × 𝑓
𝑉𝐼𝑉

, where 𝑓
𝑉𝐼𝑉

=

𝑆𝑡 × 𝑈/𝐷. St is the Strouhal number. 

By shunting the piezoelectric transducer to a resistive load 

RL, the circuit governing equation can be established as: 

 ( )
( ) ( ) 0p

L

V t
C V t t

R
+ −  =  (4) 

where Cp is the internal capacitance of the piezoelectric 

transducer. 

Combining Eqs.(1)-(4) and using the equivalent lumped 

parameter representation 𝑀𝑒𝑓𝑓 = 1 𝜑2(𝐿𝑏)⁄ , 𝐶𝑒𝑓𝑓 =

2𝜉𝜔𝑛 𝜑2(𝐿𝑏)⁄  , 𝐾𝑒𝑓𝑓 = 𝜔𝑛
2 𝜑2(𝐿𝑏)⁄ , 𝜃 = 𝜒 𝜑(𝐿𝑏)⁄ , 𝑦(𝑡) =

𝜑(𝑡)/𝜂(𝑡), one can eliminate the modal terms. The governing 

equations of the VIVPEH represented in the SDOF form are 

then obtained as follows: 
 2

0

1 1
( ) ( ) ( ) ( ) ( )

2 4
eff D eff eff LM y t DLUC C y t K y t V t C DLU q t  

 
+ + + + = 

 

 (5) 

 ( ) ( ) ( ) ( ) ( )2 21VIV VIV

A
q t q t q t q t y t

D
  +  − + =   (6) 

 ( )
( ) ( ) 0p

L

V t
C V t y t

R
+ − =  (7) 

where 𝑀𝑒𝑓𝑓  is the equivalent mass, 𝑀𝑒𝑓𝑓 = 33 140𝑚1 + 𝑚2⁄  

[37, 38], where m1 is the mass of the beam, and m2 represents 

the combined mass of the tip attachment, encompassing the 

bluff body and the attached magnet. Keff is the equivalent 

stiffness, 𝐶𝑒𝑓𝑓 = 2𝜉𝜔𝑛𝑀𝑒𝑓𝑓  is the equivalent damping 

coefficient, and θ is the electromechanical coupling coefficient. 

y(t) is the displacement of the bluff body. 

Compared with traditional VIVPEHs, the one proposed in 

this paper incorporates a nonlinear magnetic force Fr(y). 

Therefore, the governing equation of the proposed nonlinear 

VIVPEH can be obtained by replacing the linear restoring force 

in Eq.(5) with a nonlinear one: 

TABLE  Ⅱ 
EQUIVALENT LUMPED PARAMETERS OF THE NONLINEAR VIVPEH 

System Parameter Symbol Value Unit 

Effective mass Meff 6.034×10-3 Kg 

Effective stiffness Keff 9.600 N/m 

Damping ratio ξ 0.013 / 

Effective damping Ceff
 6.413×10-3 Ns/m 

Open-circuit natural 

frequency 
fon 6.349 Hz 

Short-circuit natural 
frequency 

fsn 6.298 Hz 

Air density ρ 1.204 Kg/m3 

Piezoelectric capacitance Cp 41.782 nF 

Electromechanical coupling 

coefficient 
𝜃 3.226×10-5 N/V 

Experimental parameters λ, A 0.3, 12 / 

 

TABLE I 
ANALOGIES BETWEEN MECHANICAL AND ELECTRICAL COMPONENTS 

Mechanical variables/components Electrical variables/components 

Force: F Voltage: V 

Displacement: y(t) Charge: q(t) 

Velocity: 𝑦̇(t) Current: 𝑞̇(t) 

Acceleration: 𝑦̈(t) Rate of current change: 𝑞̈(t) 

Effective damping: Ceff Resistance: R 

Effective mass: Meff Inductance: L 

Reciprocal of effective stiffness: 

1/Keff 
Capacitance: C 

Electromechanical coupling:  ϴ Ideal transformer turn ratio: N 
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( ) ( ) ( ) ( ) ( )2

0

1 1

2 4
eff D eff r LM y t DLUC C y t F y V t C DLU q t  

 
+ + + + = 

 

 (8) 

where Fr(y) = k1y(t) + k3y3(t), k1 and k3 are the coefficients of 

the linear and cubic terms. The nonlinear force applied on the 

bluff body by the stationary magnet can be measured in the 

experiment using a dynamometer. Then, a fitting curve can be 

found to explicitly express Fr(y). 

B. Equivalent circuit model 

Though many different ECMs have been established for 

harvesters with different features, there still is a lack of an ECM 

tailored specifically for VIVPEHs due to complex dynamics. 

The VIVPEH proposed in this paper consists of multiple 

components, including a beam structure, a piezoelectric 

transducer, two magnets, a bluff body, and an interface circuit. 

This section presents the development of the ECM of the 

VIVPEH using the analogies between mechanics and electricity. 

Using the analogies between the electrical and mechanical 

elements as summarized in Table I, Eqs.(6)-(8) can be rewritten 

as:  

 

( ) ( ) ( ) ( )

( )

( ) ( ) ( ) ( ) ( )

( )
( ) ( )

3

1 1 1 1 3 1

2

0 2 1

2 2

2 2 2 2 1

1

( )

1 1
   ( )

4 2

1

0

L D

VIV VIV

p

L

Lq t Rq t k q t k q t NV t

C DLU q t DLUC q t

A
q t q t q t q t q t

D

V t
C V t Nq t

R

 

 

 + + + +

 = −




 +  − + = 



+ − =


 (9) 

where q1(t) = y(t) = C1×VC1 is the displacement of the bluff 

body, and its electrical analogy is the charge flowing in one loop 

of the circuit model, q2(t) = q(t) = C2×VC2 as defined in Eq.(3). 

We can then establish a circuit model, as shown in Fig. 7, that 

follows the governing equations in Eq.(9). 

The four blocks, i.e., ARB1, ARB2, ARB3, and ARB4 in Fig. 

7, are user-defined arbitrary sources, respectively, represent the 

aerodynamic force, the inertial force applied on the wake 

oscillator, the nonlinear damping term in the wake oscillator’s 

governing equation, and the magnetic force. Specifically, the 

four arbitrary sources are defined as: 

 

( )

( ) ( )

( ) ( ) 

2

0 1 1

2

2 2

3

1 e 1 1 3 1 1

1 1
1

4 2

2

3 1

4

L C D

L

VIV C

ff C C

ARB C DLU C V DLUC I iin

VA
ARB

D L

ARB C V I iin

ARB k K C V k C V

 




= −


 =

  =  −
  


= − − +

 (10) 

In ARB1 and ARB3 modules, although both use I(iin), the 

currents they represent are different. In ARB1, I(iin) =𝑞̇1(𝑡), in 

ARB3, I(iin) =𝑞̇2(𝑡). In general, I(iin) universally represents the 

current in a circuit loop. Then, the “current differentiator” 

module in the figure is used to generate an output voltage 

proportional to the rate of the input current change, namely VL. 

Through the self-induction formula 𝑉 = 𝐿 ×
𝑑𝑖

𝑑𝑡
, we can derive 

𝑦̈(𝑡) =
𝑉𝐿

𝐿
 in formula (6), and the expression of ARB2 in formula 

(10) is based on this law.  

 
By replacing the interface circuit block in Fig. 7 with AC, 

DC, or SSHI circuits, the effects of various interface circuits on 

the performance of the nonlinear VIVPEH can be analyzed and 

studied in the circuit simulation software. 

TABLE  III 
MATERIAL PROPERTIES AND GEOMETRIC PARAMETERS OF THE 

NONLINEAR VIVPEH 

Device 
component 

Material 
property 

Geometric parameter 

Length×Width× 

Height 

(mm×mm×mm) 

Diameter× 

Height 

(mm×mm) 

Installation 

base 

Standard 

honeycomb 

optical 

breadboard 

600×200×13 \ 

Aluminum 

frame (left) 

Aluminium 

alloy (Euro 

2020) 

20×20×220 \ 

Cantilever 

beam 

1060 pure 

aluminum 
220×25×0.5 \ 

Cylindrical 

bluff body 

Rigid foam 

(𝜌=18kg/m3) 
\ 32×120 

Piezoelectric 

ceramic 
PZT-5 30×20×0.4 \ 

Aluminum 

frame (right) 

Aluminium 

alloy (Euro 

2020) 

20×20×120 \ 

Magnet A \ \ 10×2 

Magnet B \ 9×9×4 \ 

 

 
Fig. 7.  The equivalent circuit model of the nonlinear VIVPEH. 

 
Fig. 8.  (a) The physical prototype of the nonlinear VIVPEH. Two 
nonlinear configurations can be obtained by changing the vertical 
distance between the two small magnets: (b) monostable VIVPEH; (c) 
bistable VIVPEH (left equilibrium position); (d) bistable VIVPEH (right 
equilibrium position). 
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IV. EXPERIMENTAL SETUP 

Fig. 8 shows the prototype of the nonlinear VIVPEH used in 

this study. The equivalent lumped parameters of the prototype 

are identified and listed in Table II. The whole experimental 

apparatus is implemented on an optical breadboard. One end of 

the beam is fixed on a rigid support, and the piezoelectric 

transducer (PZT-5) is attached near the clamped end of the 

beam. The bluff body and the beam are assembled via a T-

shaped connector. Detailed material properties and geometric 

parameters of the device components are listed in Table III. 

Monostable or bistable VIVPEHs can be obtained by changing 

the distance between magnets A and B. A monostable VIVPEH 

has a single equilibrium position, as shown in Fig. 8(b). As the 

name suggests, a bistable VIVPEH has two equilibrium 

positions, as shown in Fig. 8(c) and (d). 

V. RESULTS AND DISCUSSIONS 

A. Experimental validation 

Before the wind tunnel test, an empirical function is fitted to 

describe the nonlinear magnetic force in Eq. (9) first. We first 

measured the forces exerted on the bluff body by the side 

magnet at different positions. Then, the least squares method 

was employed to fit the data to generate a third-order odd 

polynomial. In this way, the coefficients k1 and k3 in Eq. (9) are 

determined. Given different initial distances (d) between the 

two magnets, Table Ⅳ lists the identified coefficients of the 

fitting functions. 

Fig. 9 shows the potential energy (Ep) of the VIVPEHs with 

different magnet distances, which is obtained by integrating the 

restoring force over a period of displacement, 𝐸𝑝 = ∫ 𝐹𝑟(𝑦)
𝑥0

−𝑥0
𝑑𝑦. 

The potential energy plots of the three monostable cases (d = 

23, 21, and 19 mm) are presented in Fig. 9(a). The concave 

bottom of the potential curve indicates a single equilibrium, and 

the linear stiffness primarily dominates the flatness of the 

bottom. As depicted in Fig. 9(b), two potential wells formed in 

all three bistable cases. Compared to monostable, bistable 

requires a higher cut-in wind speed.  

Fig. 10 shows the RMS open circuit (OC) voltage of the 

nonlinear VIVPEH with different d and subjected to different 

wind speeds. The scattered points in the figure are experimental 

data, and solid lines are ECM simulation results. Fig. 10(a) 

shows that the cutting wind speed measured by VIVPEH with 

d = 23 mm under experimental conditions is 1.139 m/s, and the 

working bandwidth is 1.133-2.098 m/s. And the simulation 

results show that the cut-in wind speed is 1.276 m/s, and the 

bandwidth is 1.276-2.098 m/s. For VIVPEH with d = 21 and 19 

mm, the cut-in wind speed is 1.002 m/s, while the bandwidth is 

1.002-1.961 m/s and 1.002-1.824 m/s, respectively. In the 

simulation conditions, the VIVPEH cutting wind speed of the 

two conditions also showed consistency, both of which were 

1.139 m/s, and the bandwidths were 1.139-1.961 m/s and 1.139-

1.824 m/s, respectively.  

Fig. 10(b) clearly shows that compared with the monostable 

configurations, the operation bandwidths of the bistable ones 

are significantly enlarged. Among the three bistable cases, the 

operation bandwidth of the one with d = 11 mm is relatively 

narrow, i.e., 1.413-3.468 m/s, and its cutting wind speed is 

1.413 m/s. Even in the worst bistable case (d = 11 mm), the 
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Fig. 9.  Potential energy functions of nonlinear VIVPEHs: (a) three 
monostable cases: d = 23 mm, d = 21 mm, and d = 19 mm; (b) three 
bistable cases: d = 11 mm, d = 9 mm, and d = 7 mm. 
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Fig. 10.  Voltage response of the nonlinear VIVPEHs: RMS open circuit 
voltage versus the wind speed, where the scattered points are 
experimental data, and the solid lines are ECM simulation results: (a) 
monostable configurations; and (b) bistable configurations. 
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Fig. 11.  Phase trajectory diagrams of the nonlinear VIVPEH at wind 
speed U = 2.372 m/s and with: (a) d = 11 mm, (b) d = 9 mm, (c) d = 7 
mm. 

TABLE  Ⅳ 
NONLINEAR RESTORING FORCE COEFFICIENTS AT DIFFERENT DISTANCES 

d (mm) k1 (N/m) k3 (N/m3)  

23 13.38 2226.66  

21 12.80 3785.56  

19 13.54 4441.72  

11 -2.48 36534.00  

9 -5.83 36718.40  

7 -12.21 38562.90  
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operation bandwidth is about 114.3% larger than that of the best 

monostable configuration (d = 23 mm). The solid lines in Fig. 

10 represent the ECM simulation results. The established ECM 

effectively captures the dynamic characteristics of the 

monostable systems. However, the ECM cannot provide a 

highly accurate prediction of the amplitudes. The mismatch 

between the bistable results in Fig. 10(b) is mainly due to the 

multi-solution problem of nonlinear systems. In the wind tunnel 

experiment, the wind speed changes slowly, which makes the 

experimental results in Fig. 10(b) relatively stable and smooth. 

However, the change in the initial conditions can lead to an 

abrupt jump between high-orbit and low-orbit solutions. The 

dynamics of the bistable VIVPEHs will be analyzed in detail in 

the next section. 

B. Output performance analysis 

Fig. 11 displays the phase trajectory diagrams of the bistable 

VIVPEH system, obtained from the experiment conducted at a 

wind speed of 2.372 m/s and with different d. It can be seen that 

when d = 11 mm, the VIVPEH oscillates in the left potential 

well. The displacement is confined within -17.88 ~ -0.43 mm, 

and the velocity range is -0.54 ~ 0.47 m/s. When d = 9 mm, 

inter-well oscillation occurs: the oscillation falls within -22.04 

~ 19.43 mm, and the velocity is -0.93 ~ 0.88 m/s. When d = 7 

mm, the VIVPEH oscillates in the right potential well: the 

vibration displacement spans over -5.51 ~ 28.76 mm, and the 

velocity is -1.19 ~ 1.16 m/s. It is evident that the displacement 

and velocity amplitudes of the VIVPEH increase as d decreases, 

as the reduction in d results in the bistable system experiencing 

greater negative stiffness and increased oscillation under the 

same input conditions.  

Fig. 12(a) plots the RMS OC voltage of the nonlinear 

VIVPEH versus the wind speed. The wind speed was up-swept 

and down-swept in the experiment. It can be noted that the 

bistable VIVPEH with d = 11 mm, 9 mm, and 7 mm produced 

different output voltage values at 3.194 m/s, 3.057 m/s, and 

2.235 m/s, respectively, in the wind speed sweeping tests. In 

Fig. 12(a), two points A and B represent the steady-state 

responses achieved in the upsweep and downward sweeping 

tests when U = 2.235 m/s. Fig. 12(b) presents the time-history 

voltage responses at points A and B in Fig. 12(a). In the 

upsweeping test, the voltage amplitude achieved at point A is 

14.27 V, while the voltage attained at point B in the downward 

sweeping process is 10.96 V. 14.27V and 10.96V are the peak 

instantaneous voltage amplitudes at the two working conditions 

A and B in the period of 10~12s. Given different initial 

conditions, the nonlinear VIVPEH reaches different steady 

states at the same wind speed. In other words, different initial 

conditions can lead to entirely different results at the same wind 

speed, which is the typical bifurcation phenomenon of 

nonlinear systems. 

C. Comparison of different circuits 

1) AC circuit 

As validated above, the ECM can capture the dynamics of a 

monostable VIVPEH. This subsection investigates the RMS 

voltage, average power, and tip displacement of the monostable 

VIVPEH (d = 23 mm) shunted to an AC circuit and subjected 

to wind speeds of 1.413, 1.687, 1.961, and 2.235 m/s. It can be 

observed from Fig. 13(a) that with the increase of the load 

resistance, the RMS voltage first shows rapid growth, followed 

by a gradual convergence to the OC voltage. It can be seen in 

Fig. 13(b) that the average power first increases and then 

decreases with the load resistance, and the optimal load (Ropt) is 

about 0.5 MΩ. When U = 1.961 m/s, the max average power is 

123 µW. At a wind speed of 2.235 m/s, outside the lock-in zone, 

the output power of the VIVPEH decreases dramatically. As 

shown in Fig. 13(c), the displacement of the VIVPEH changes 

slightly with the load resistance. The displacement 

demonstrates noticeable changes only near the optimal load of 

0.5 MΩ: it decreases first and then increases. The minimum 
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Fig. 14.  Responses of the nonlinear VIVPEH configured with different 
d and shunted to an AC interface circuit at different wind speeds: (a) 
average output power, (b) displacement amplitudes. 
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Fig. 13.  Responses of the nonlinear VIVPEH (d = 23 mm) shunted to 
an AC interface circuit with different load resistances: (a) RMS output 
voltage, (b) average output power, (c) tip displacement. 
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displacement is attained at the optimal load since the electrical 

damping effect at the optimal load is enhanced. The differences 

between the maximum and the minimum displacements under 

the four wind speeds are about 0 ~ 0.41mm. 

 Based on the above research, we delve into studying the 

output responses of the nonlinear VIVPEH configured in three 

monostable states (d = 23, 21, and 19 mm) and shunted to an 

AC circuit at the optimal load Ropt = 0.5 MΩ. The results are 

shown in Fig. 14. It can be seen that with the increase of the 

wind speed, the output power first increases and then decreases 

in the lock-in range when d = 23 mm, and the working 

bandwidth is 1.276 ~ 2.098 m/s and the maximum average 

power produced is 123 µW. In the case of d = 21 mm, the 

working bandwidth of the VIVPEH is 1.139 ~ 1.961 m/s, and 

the maximum average power is 97 µW. When d is adjusted to 

19 mm, the working bandwidth becomes 1.139 ~ 1.824 m/s, 

with a maximum average power of 76 µW. Fig. 14(b) shows the 

displacement amplitude response of the VIVPEH as a function 

of the wind speed. It is observed that the maximum amplitudes 

of the three configurations with d = 23 mm, 21 mm, and 19 mm 

are 12.24 mm, 10.36 mm, and 8.68 mm, respectively. The 

nonlinear VIVPEH produces a larger output power at d = 23 

mm due to its wider potential energy well, and the bluff body 

can oscillate more intensively. 

 

2) DC circuit  
This subsection considers the VIVPEH shunted to a DC 

circuit. Fig. 15 shows the output response of the nonlinear 

VIVPEH configured in the monostable state (d = 23 mm). It can 

be observed in Fig. 15(a) that the RMS voltage gradually 

increases as the load resistance increases. When RL = 4 MΩ, the 

voltage outputs produced at the wind speeds of 1.413 m/s, 1.687 

m/s, and 1.961 m/s are, respectively, 6.04 V, 9.92 V, and 12.90 

V, which are higher than the voltage outputs of the monostable 

VIVPEH shunted to an AC interface circuit under the same 

working condition. It can be seen in Fig. 15(b) that the average 

power increases first and then decreases with the load resistance, 

and the optimal load resistance is Ropt = 0.8 MΩ. The 

corresponding optimal power of the monostable VIVPEH at the 

three different wind speeds are 16 µW, 43 µW, and 74 µW, 

respectively. Unlike the RMS voltage, the optimal power 

outputs are lower than those when shunted to an AC interface 

circuit under the same working condition. This occurs because 

the rectifier bridge in the standard DC circuit dissipates energy. 

The optimal load of the monostable VIVPEH using a DC circuit 

is 1.6 times larger than that shunted to an AC circuit. Fig. 15(c) 

shows the change of the monostable VIVPEH displacement 

with the load resistance. The displacement-varying trend of the 

case using a DC circuit is similar to that of the case with an AC 

circuit. The range of differences between maximum and 

minimum displacements at the three wind speeds is 

approximately 0.1 ~ 0.17 mm, notably smaller than the 

displacement variations induced by the AC circuit. 

Fig. 16 illustrates the variations in power output and 

vibration amplitude for the monostable VIVPEH system when 

shunted to a DC circuit, optimized with a resistance value of 

Ropt = 0.8 MΩ, across a range of wind speeds. It can be seen in 

Fig. 16(a) that compared with the monostable VIVPEH 

connected to an AC circuit, the vibration amplitudes and the 

working bandwidth of the one connected to a DC circuit slightly 

changed. However, the power output amplitudes significantly 

decreased. At d = 23 mm, 21 mm, and 19 mm, the monostable 

VIVPEH connected to a DC circuit generates average power 

outputs of 74 µW, 59 µW, and 45 µW, respectively. These 

outputs are 39.8%, 39.18%, and 40.79% lower than those 

harnessed by the VIVPEH connected to an AC circuit under the 

same working conditions. Fig. 16(b) shows the response 

amplitude of the monostable VIVPEH versus the wind speed. 

The maximum amplitudes are 12.43 mm, 10.56 mm, and 8.85 

mm, respectively, when d = 23 mm, 21 mm, and 19 mm. The 

displacement results are not much different from the ones in the 

case using an AC interface circuit. 

3) SSHI circuits 
Fig. 17 shows how the output response of the monostable 

VIVPEH (d = 23mm) shunted to an S-SSHI circuit changes 

with the load resistance at different wind speeds. It can be seen 

in Fig. 17(a) that the RMS voltage gradually increases with the 

increase of the load resistance. At RL = 1.2 MΩ, the voltage 

outputs of the monostable VIVPEH at the wind speeds of 1.413 

m/s, 1.687 m/s, and 1.961 m/s are 4.07 V, 7. 40 V, and 9.91 V, 
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Fig. 15.  Responses of the nonlinear VIVPEH shunted to a DC interface 
circuit at different load resistances: (a) RMS output voltage, (b) average 
output power, (c) vibration amplitude. 
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respectively. Under the same working conditions, the voltage 

outputs produced by the monostable VIVPEH using the S-SSHI 

circuit are smaller than those with the AC circuit. This is 

because some electrical components, including diodes and 

transistors, are in the S-SSHI circuit, and they consume 

additional electric energy and cause voltage drops. It can be 

noted in Fig. 17(b) that with the increase of the load resistance, 

the power output first increases and then decreases, and the 

optimal power is achieved at Ropt = 0.2 MΩ. The average power 

outputs at Ropt under the wind speeds of 1.413 m/s, 1.687 m/s, 

and 1.961 m/s are 25 µW, 88 µW, and 156 µW, respectively, 

which are higher than the optimal power outputs harvested by 

the DC circuit. 

When the wind speed is 1.413 m/s, the power output 

harvested by the AC circuit is larger than that by the S-SSHI 

circuit. However, as the wind increases and achieves 1.687 m/s 

and 1.961 m/s, the S-SSHI circuit outperforms the AC circuit. 

The reason is that, at low wind speeds, the voltage drops across 

the diodes and transistors within the self-powered S-SSHI 

circuit become significant, comparable to the voltage across the 

piezoelectric transducer. This comparability results in non-

negligible energy dissipation within these components. As the 

wind speed rises, the voltage across the piezoelectric transducer 

increases, and the voltage drops on the diodes and transistors 

become insignificant. In general, the efficiency-boosting effect 

of the S-SSHI circuit is achieved at around the peak of the lock-

in region. For a more vivid illustration, at a wind speed of 1.961 

m/s, the nonlinear VIVPEH shunted to the S-SSHI interface 

circuit produces a maximum power output of 156 µW. This 

power output is 26.83 % higher than that obtained with an AC 

circuit and significantly surpasses the output from a DC circuit 

by 110.81%. Fig. 17(c) shows the change of the vibration 

amplitudes of the nonlinear VIVPEH with the load resistance:  

the displacement amplitude gradually increases with the 

increase of the load resistance. 

Fig. 18 shows the output responses of the monostable 

VIVPEH shunted to a P-SSHI interface circuit with varying 

resistances and under different wind speeds. Fig. 18(a) 

demonstrates that the RMS voltage gradually increases with the 

load resistance. Given RL = 1.2 MΩ, the voltage outputs at the 

wind speeds of 1.413 m/s, 1.687 m/s, and 1.961 m/s are 6.47 V, 

11.33 V, and 14.93 V, respectively, which are higher than the 

voltage outputs of the S-SSHI circuit under the same working 

condition. Fig. 18(b) depicts that with the increase of the load 

resistance, the power output first increases, then decreases, and 

achieves the maximum at the optimal load of Ropt = 2 MΩ. The 

average power outputs harnessed at Ropt under the wind speeds 

of 1.413 m/s, 1.687 m/s, and 1.961 m/s are 38 µW, 117 µW, 

and 203 µW, respectively, which are higher than the optimal 

power outputs of the AC, DC, and S-SSHI circuits under the 

same working condition. For instance, when the wind speed is 

1.961m/s, the maximum power output harvested by the P-SSHI 

circuit is 203 µW, which is 65.04 %, 174.32 %, and 30.13 % 

higher than those of the AC, DC, and S-SSHI circuits, 

respectively. Fig. 18(c) shows the vibration amplitudes of the 

monostable VIVPEH as the load resistance changes. The 

displacement amplitude gradually decreases with the increase 

of the load resistance. One can observe that the displacement 

response characteristics of the energy harvester shunted to the 

SSHI circuits differ from those shunted to the AC and DC 

circuits at the optimal loads. This discrepancy arises because 

the AC and DC interface circuits are simpler in comparison. In 

the ideal scenario where the rectifier bridge has no voltage 

drops, the energy harvested equals the energy dissipated in the 

AC and DC circuits, resulting in maximum electrical damping 

when impedance matching is achieved. However, the SSHI 

circuits have more intricate topologies, incorporating passive 

elements with non-negligible energy consumption and energy 

dissipation during switching operations. Consequently, the 

electrical-induced damping in the SSHI circuits is influenced 

not only by harvested energy but also by energy dissipation in 

passive elements and during switching operations. Therefore, 

while impedance matching may optimize power harvesting, it 
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Fig. 17.  Responses of the monostable VIVPEH shunted to an S-SSHI 
interface circuit at different wind speeds: (a) RMS output voltage, (b) 
average output power, (c) displacement response. 
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Fig. 18.  Responses of the monostable VIVPEH shunted to a P-SSHI 
interface circuit at different wind speeds: (a) RMS output voltage, (b) 
average output power, (c) displacement response. 
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may not necessarily correspond to the highest electrical-

induced damping to achieve maximum vibration attenuation. 

Fig. 19 shows the power and displacement amplitudes of the 

monostable VIVPEH (configured with different d) shunted to 

two SSHI circuits under different wind speeds and at the 

corresponding optimal loads Ropt = 0.2 MΩ and Ropt = 2 MΩ. 

The results are similar to those of the AC and DC circuits 

regarding the varying trends, the cut-in wind, and the operating 

bandwidths. However, in terms of the amplitude, as revealed in 

Fig. 19(a) and (c), the maximum average power outputs 

harnessed by the S-SSHI circuit are 83 µW, 114 µW, and 157 

µW when d = 23 mm, 21 mm, and 19 mm, respectively. Under 

the three same working conditions, the P-SSHI circuit produces 

significantly higher average power outputs of 112 µW, 149 µW, 

and 204 µW than the AC and DC circuits. The power outputs 

of the monostable VIVPEH shunted to the P-SSHI circuit are 

greater than those of the S-SSHI circuit at the same wind speed. 

Fig. 19(b) and (d) show how the vibration amplitudes of the 

monostable VIVPEH change with the wind speed. They 

demonstrate that the vibration amplitudes of the monostable 

VIVPEH using the two SSHI circuit interfaces are nearly 

identical at the same wind speed. 

VI. CONCLUSIONS 

This paper presents the design and analysis of a nonlinear 

PEH for vortex-induced vibration energy harvesting. The 

nonlinear force is introduced using two small magnets 

configured to produce repulsive force. Firstly, the conceptual 

design of the VIVPEH with different nonlinearities was 

presented, the experimental prototype was fabricated, and the 

wind tunnel experiment was carried out. The bistable 

characteristics were studied via experiments. Subsequently, 

based on the equivalent circuit representation, the nonlinear 

mass-spring-damper system is transformed into an inductor-

capacitor-resistor circuit model to realize system-level 

simulation and performance analysis. The experimental results 

qualitatively agree with the predicted results regarding the 

operating bandwidth, open circuit voltage level, and voltage 

variation trend. Finally, the nonlinear VIVPEH was shunted to 

simple AC, standard DC, and SSHI interface circuits. The 

results are analyzed and compared to unveil the effects of 

different circuits on the operational wind speed bandwidth, 

power outputs, and vibration amplitudes.  

Some key findings are summarized as follows: The nonlinear 

design can significantly enlarge the working bandwidth of the 

VIVPEH, with the bistable configuration at least 114.3% larger 

than the monostable configuration. In bistable VIVPEHs, 

increasing d leads to increased amplitude and potentially 

multistable behavior. The self-powered S-SSHI circuit 

significantly outperforms the traditional AC and DC circuits at 

high wind speeds while not at low wind speeds. Specifically, 

when the wind speed is 1.961m/s, the output power of the 

VIVPEH shunted to the P-SSHI circuit is 65.04% and 174.32% 

higher than that shunted to the AC and DC circuits, respectively. 

In addition, the two SSHI circuits reach their maximum output 

power at different load resistors: S-SSHI at 0.2 MΩ and P-SSHI 

at 2 MΩ. It is worth mentioning that with the ability to adjust 

the resistance value of the three voltage regulator resistors in 

the SSHI circuit, it is possible to maintain the output voltage 

while ensuring high power output. Further studies can be 

conducted to optimize the SSHI circuit. 
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