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Abstract To self-renew, stem cells must precisely balance proliferation and differentiation. Typically, this is achieved un-
der feedback from the niche; yet many stem cells also possess an intrinsic self-renewal program that allows them to do so
autonomously, as required. However, because self-renewal implies a stable equilibrium — in which the expected stem cell
number neither increases nor decreases over time — this seems to require fine-tuning to a critical point. Here, we show that
this is not the case: self-renewal can, in principle, be easily achieved without the need for extrinsic instruction, feedback or fine-
tuning, by a simple ‘dimerization cycle’ that uses partitioning errors at cell division to reliably establish asymmetric divisions
and perfectly balance symmetric divisions.

Introduction

tem cells are present throughout life in most tissues, and are characterized by their ability to self-renew and produce

differentiated cellular progeny [1]. Accordingly, they have a central role in regulating tissue growth, turnover, and repair
[2]. During development they ensure that cells of all types are appropriately produced and arranged within the context of the
growing organism [3]. In healthy adult tissues they regulate homeostatic turnover such that both aberrant growth and tissue
loss are avoided, and orchestrate repair as required [4].

Numerous studies have shown that the local microenvironment, or niche, plays a vital part in regulating these abili-
ties [5, 6], by providing chemical [7], mechanical [8] and geometric [9-11] information to the cell. This information is, in
turn, processed by intracellular regulatory networks that involve transcriptional regulatory, protein-protein, epigenetic and
signaling interactions [12, 13]. Thus, intrinsic and extrinsic regulatory mechanisms collectively ensure that the cell is able to
receive environmental cues and act accordingly [14, 15]: for instance, using feedback mechanisms that allow it to sense local
cell density or cellular composition and adjust cell division and differentiation propensities accordingly [16—22]. However, to
establish self-renewal robustly — that is, in a way that is resilient to inevitable niche fluctuations and insensitive to misguid-
ance due to niche damage, should it occur — stem cells must also possess an internal identity program that safeguards this
ability [23]. It has been shown that when detached from their niche, a range of stem cells can maintain self-renewal ability
without explicit instruction, indicating the presence of just such a program [24-30]. Yet, the general logic by which it works
is not known.

In the healthy adult context, stem cell self-renewal can be straightforwardly ensured if each stem cell divides asymmetrically
to produce one daughter cell that retains stem cell status and one daughter cell that assumes a differentiated identity, thereby
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maintaining the stem cell pool at a fixed level, while producing a continuous supply of difterentiated cellular progeny [31].
However, from the very earliest stem cell studies in the 1960s onward, it has also been widely observed that stem cell pro-
liferation is an apparently stochastic process that involves balancing symmetric and asymmetric divisions in a probabilistic
way [4,32—36]. In this view, the outcomes of individual cell divisions are driven by stochastic cell-intrinsic processes, which,
although they may be biased by signaling from the niche [37], are not themselves closely regulated. Thus, while the asymmet-
ric division strategy implies that individual cell fates are precisely and unambiguously regulated [38], in the stochastic view,
self-renewal is established at the level of probabilities, such that cell numbers are appropriately maintained on average within
the context of the tissue as a whole [39]. Remarkably, comparison of clone size distributions derived from lineage tracing
experiments with those expected from theory [40] suggests that a stochastic model pertains in many adult tissues [41-45] —
although universality considerations limit the inferences that can be made from clonal data alone [46]. Yet, despite its appar-
ent ubiquity, it is not clear how the precise balance that is needed to implement a stochastic strategy can arise from inherently
unreliable stochastic cell intrinsic processes, without some kind of fine-tuning or extrinsic control.
To understand this issue better, consider the following classical model, which views stem cell differentiation as a stochastic
branching process [47, 48]:
S+S with probability p,
S5 D+D  with probability g, (1)
S+D with probability r,

where S denotes a self-renewing stem cell, D denotes a differentiating/differentiated cell, divisions occur stochastically at rate
Aand p + ¢ + 7 = 1. Under this model, the expected stem cell number n(t) evolves as

dn

T Ap —g)n, (2)

where f(p, q) = (p — ¢) measures cell division bias, which could be niche-regulated.

It is immediate from Eq. (2) that the expected number of stem cells grows if the bias is positive (i.e., if f > 0and S-S
divisions predominate over D-D divisions) and declines if the bias is negative (i.c., if f < 0and D-D divisions predominate
over S-S divisions). Under a purely asymmetric division strategy this is trivially ensured since 7 = 1 (and thereforep = g = 0),
all divisions are deterministic and the stem cell number is precisely maintained (that is n(¢) = n(0) for all t). More generally,
however, self-renewal can be maintained by the stochastic strategy for p, ¢ > 0, solong as p = ¢. In this case, cells can divide
both symmetrically and asymmetrically and self-renewal is established at the population level, in the sense that while numbers
may fluctuate over time, the expected stem cell number remains fixed. However, p = ¢ is a critical point for the dynamics at
which the extinct state (n = 0) loses stability. Thus, to maintain a stem cell pool that on average neither grows nor shrinks
over time, requires that either the proliferation rate A = 0 or that division propensities are perfectly balanced at this critical
point.

Typically, the niche is taken to provide the feedback that is needed to achieve this balance. For instance, most normal cells
are subject to contact inhibition [49] and loss of this property is a hallmark of the disregulated growth associated with cancer
[s0]. The resulting crowding feedback may be easily included in the model above by assuming that the cell proliferation rate A
is not constant, but rather depends in a monotonic decreasing way on the total cell number N, such that limy_, g A(N) = 0,
where K is the tissue’s carrying capacity (comparable conditions for self-renewal via crowding feedback also hold for more
complex cell fate models [16]). In this case, homeostasis is trivially achieved because proliferation ultimately ceases — a situation
that is not physiologically realistic. More generally, a state of dynamic homeostasis, in which cell proliferation still occurs but
is balanced by stem cell loss (here via D-D divisions), may be achieved by similar regulation of the bias f by niche-associated
feedback mechanisms [35, 51].

Here, we argue that while such feedback mechanisms are sufficient, they are not necessary: simple cell autonomous pro-
cesses can also achieve this fine balance. To illustrate, we show how protein dimerization — arguably the simplest and most
ubiquitous molecular interaction [52,53] — can be used to perfectly balance proliferation and differentiation without the need
for additional extrinsic instruction, feedback or fine-tuning.
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Model

Consider a pair of proteins A and B that heterodimerize to form an AB complex according to the following reactions:

Reaction 1 A+ B k—1> AB,
Reaction 2: AB k—2> A+ B,

Reaction 3: A k—3> 0,
Reaction 4: B k—4> 0. ()

The first two of these reactions describe dimerization and dissociation, while the second two allow for monomer degradation.
If all reaction rates are constant and nonzero, then A and B will (in the absence of replenishment) eventually be depleted from
the cell and the long-time dynamics are trivial. However, while protein production, interaction and degradation can occur in
stable, consistent, ways (e.g., when they regulate vital cellular or physiological processes), their rates are often spatially and/or
temporally regulated [s4], for instance via reversible post-translational modifications, such as phosphorylation, ubiquitina-
tion and glycosylation [ss, 56]. The ability of the cell to tune reaction rates is perhaps most important when these reactions
participate in the control of dynamic processes such as the cell cycle, which relies on precise, temporally regulated, patterns of
protein production and degradation, for instance of cyclins, cyclin-dependent kinases, and other checkpoint regulators [57].
For the purposes of this discussion, interactions between the early-2 factor (E2F) family of transcription factors and their reg-
ulator partners, the Retinoblastoma tumor suppressor (Rb) family [58] of pocket proteins (PPs) [59] are of particular interest.

In the classical view, E2Fs consist of two canonical sub-classes: those that act mainly as transcriptional activators and those
that act mainly as repressors [60], although this dichotomy is not rigid [61]. Repressor E2Fs form transcriptional complexes
with unphosphorylated PPs in quiescent cells, which suppress the transcription of cell cycle-associated genes and block the Gr
to S phase transition. However, on mitogenic signaling, expression of cyclin D-CDK4/6 [62] leads to PP phosphorylation,
dissociation of E2F-PP complexes and nuclear export of E2Fs and expression of free activator E2Fs, thereby allowing entrance
to S phase. Thus, repressor E2F function is regulated by a ‘dimerization cycle’ in which E2F-PP association occurs in quiescent
and early G cells, while dimer release occurs during late G1 to M phase. Notably, in addition to controlling timely cell cycle
progression in essentially all cells, the E2F-PP machinery also plays an important, deeply conserved, part in regulating stem
and progenitor cell fate commitment via combinatorial transcriptional regulation of cell fate associated genes [59]. However,
while much is now known about the molecular details of these mechanisms and their variations in different developmental
contexts, their general logical consequences have not, to our knowledge, been fully explored. Our purpose here is to show
how temporal regulation of dimerization mechanisms — inspired and exemplified by E2F-PP dynamics — can have important
consequences for stem cell fate regulation.

We first show how a simple dimerization cycle can make use of stochastic partitioning errors on cell division to reliably es-
tablish asymmetric cell divisions, before describing how a generalization of this cycle can be used to precisely balance stochastic
symmetric cell divisions, without the need for feedback or fine-tuning of kinetics.

Generating asymmetric divisions

Typically, asymmetric divisions are regulated by complex mechanisms, that involve both cell intrinsic processes (such as polar-
ization/localization of protein/RNA species, complexes or organelles) and extrinsic processes (such as signaling cues or niche
instructions, including mechanical alterations in the local microenvironment) that generate the spatial asymmetry needed to
ensure that daughter cells adopt different fates [38, 63]. Here, we outline a simple putative molecular mechanism based on a
dimerization cycle that is able, in principle, to reliably produce cells in regulated pairs without the need for active regulatory
processes or spatial instruction.

Inspired by E2F-PP dynamics, consider the situation in which the reaction rates in Eq. (3) vary with the cell cycle as follows.
(1) During Go and early G, dimer dissociation does not occur and the AB dimer is produced in a stable form (i.e., k2 = 0;
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Figure 1: The dimerization cycle. A, Reactions. During the capture phase of the cycle (left), two monomers A and B associate to form a stable
heterodimer AB and decay at constant rates. During the release phase (middle), dimers dissociate. Post-mitosis, daughter cells re-enter the capture
phase (right). B, Dynamics. During the capture phase, A and B are sequestered in heterodimers and monomers are cleared from the cell. In the release
phase, dimers dissociate and monomers are released in the cell in precisely equal numbers. On cell division monomers are segregated stochastically to
daughter cells, which typically results in an excess of A in one daughter and an excess of B in the other. Post-mitosis, A and B are recaptured in dimers
and excess copies initiate disparate fates in the two daughters. An asymmetric division is thereby established, which, assuming that A and B determine
stem (S) and differentiated (D) cell identities respectively, produces one stem cell and one differentiated cell.
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or occurs on a timescale much longer than the cell cycle, i.e., k2 < 1). In this phase, AB complexes thereby accumulate over
time and, since the A and B monomers also degrade a constant rates, all copies of A and B will ultimately be captured in dimer
form. These dynamics are illustrated in Fig. 1: we will refer to this as the capture phase of the dimerization cycle and note
that it constitutes a simple filtration mechanism that allows the cell to precisely balance expression of A and B prior to cell
division. Logically, Reactions 1, 3, and 4 are oN during the capture phase and Reaction 2 is OFF. (2) During late G1-M phase,
AB dimers dissociate (e.g., due to phoshporylation of A/B on mitogenic signaling), while dimer association and degradation
of monomers are inhibited, for instance by the Wnt-dependent stabilization mechanisms that increase protein abundances
during mitosis [64, 65] (i.e., k1, k3, k4 = 0). In this phase A, B monomers are released into the cell, and, since they do not
degrade, they accumulate in precisely equal numbers. These dynamics are also illustrated in Fig. 1: we will refer to this as the
release phase of the dimerization cycle. Logically, Reactions 1, 3, and 4 are oFF during the release phase and Reaction 2 is oN.
Mathematical details of these dynamics are provided in the Supplemental Material.

An immediate consequence of this capture-release cycle is that at the point of division A and B are expressed in monomer
form in precisely equal numbers in the cell. In principle, the segregation of A and B to daughter cells at this point could
depend on many factors, including their spatial localization within the dividing cell, and so could be highly biased and/or
correlated (or not). However, regardless of segregation specifics, cell division is an inherently stochastic process and some
partitioning errors are expected [66]. Thus, variations in expression of A and B in the daughters will generally occur - i.c.,
they will not generally both inherit precisely the same number of copies of A and B. Moreover, because the total copy number
of each species is conserved, such variations are strictly negatively dependent: if (for example, and without loss of generality)
daughter cell 1 obtains A in abundance, then daughter cell 2 must, necessarily, be depleted in expression of A. By extension, if
daughter cell 1 inherits more copies of A than B, then daughter cell 2 must, necessarily, inherit more copies of B than A.

This coordinated discrepancy becomes important post-mitosis when, assuming continuity, the daughter cells enter the
capture phase of the dimerization cycle. At this point, most free copies of A and B will again be sequestered in AB heterodimers
in both daughter cells; yet, after this wave dimerization is complete, a residual pool of free A will be left in daughter 1 and a
residual pool of free B will be left in daughter 2 (or visa versa) in accordance with the stochastic nature of segregation. Thus,
the dimerization cycle ensures that daughter cells are always produced in regulated pairs in which one daughter expresses an
excess of A in its free form and the other expresses an excess of B in its free form. If A and B are able to drive a cell fate
choice - for instance, if they are important transcriptional regulators of the stem cell and differentiated states, respectively —
then this discrepancy could provide the impetus needed to establish disparate daughter cell identities in a regulated way. The
dimerization cycle is, in principle, therefore a simple way to establish asymmetric divisions, without the need for fine-tuning,
spatial feedback, or any other active regulatory process.

Three things should be noted about this cycle. First, the resulting division asymmetry occurs spontaneously, and does
not require regulation of segregation dynamics. In the Supplemental Material we show that when A and B are segregated
purely randomly - i.e., assuming the simplest, most symmetric, model of division in which each individual A or B molecule is
assigned to daughter 1 or 2 independently with probability 0.5 — then expression discrepancies between the daughters scale as
the square root of the number of molecules of A and B in the parent cell. Thus, even in the least biased model of segregation,
if A and B are highly expressed in the parent, then significant differences in expression are expected in the daughters and, since
these differences are necessarily negatively correlated, an asymmetric division will ensue.

Second, the resulting division asymmetry does not rely on fine-tuning of any rate constants. The only requirements are
that: (1) degradation of A and B monomers during the capture phase occurs sufficiently quickly that all monomers are cleared
from the cell before the onset of the release phase; (2) dimer dissociation during the release phase occurs sufficiently quickly
that all dimers are dissociated before cytokinesis, and monomers are sufficiently stable that they are not lost during this time;
(3) A and B monomers are able to determine the stem cell and differentiated states, respectively, for instance by acting as master
transcriptional regulators of these states; (4) the timescale associated with activation of the relevant programs by A and B in
the daughter cells is shorter than the timescale associated with monomer degradation. In combination with (1) this means
that monomers degrade on a timescale that is longer than that needed to stabilize daughter cell identities, but shorter than the
capture phase.
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Third, the AB heterodimer does not have a direct regulatory function: it simply acts as a filter that ensures that A and
B are expressed in a precise 1:1 ratio prior to cell division. Molecules and reactions that have such indirect functions may be
ubiquitous and (as here) vital, yet experimentally underappreciated. We comment on this point further in the Discussion.

Balancing symmetric divisions

In the above, we have considered the dynamics of a single dimerization pair. However, multiple pairs of proteins could un-
dergo similar dynamics; if this happens, then more complex patterns of division can be established. To illustrate, consider
the situation in which two sets of proteins — call them A and B, and X and Y - independently undergo the dimerization
cycle and stochastic partitioning on division as described above. In this case, if daughter cell r inherits more copies of A than
B and more copies of X than Y (for example, and without loss of generality), then daughter cell 2 must necessarily inherit
more copies of B than A and more copies of Y than X. After mitosis, when the daughter cells enter the capture phase of the
dimerization cycle, most copies of A and B will, as before, be sequestered in AB dimers and most copies of X and Y will be
sequestered in XY dimers, leaving a residual pool of free A and X in daughter 1 and free B and Y in daughter 2. Thus, daughter
cells are again produced in regulated pairs. However, while only one outcome is possible when only one dimerization pair
is involved, and the division is necessarily asymmetric, here two outcomes are possible: if daughter 1 expresses free A and X,
then daughter 2 must express free B and Y; if daughter 1 expresses free A and Y, then daughter 2 must express free B and X.
The contingency table associated with these divisions is shown in Fig. 2A. Moreover, if each pair is segregated independently
- ie., if no additional regulatory mechanisms that coordinate their distribution to daughters are involved (mathematically,
if P(a,b,z,y) = P(a,b)P(z,y), where P(a,b, x,y) is the joint distribution of A, B, X and Y in a daughter cell and
P(a,b) and P(x,y) are the marginal distributions) — then both of these outcomes are equally likely, regardless of any other
segregation specifics: that is, they both occur with probability o.5. Thus, while a single dimerization pair can robustly gen-
erate asymmetric divisions, two dimerization pairs can perfectly balance symmetric divisions. These possibilities are shown
schematically in Fig. 2B.

In the context of stem cell proliferation a single dimerization pair can support self-renewal via asymmetric divisions if A
and B are determinants of the stem cell and differentiated cell states, respectively (or visa versa). Similarly, two dimerization
pairs can support self-renewal by balancing symmetric S-S and D-D divisions if (A AND X) or (B AND Y) determine the stem
cell state, and (A AND Y) or (B aND X) determine the differentiated state (or visa versa).

The required AND logic could be achieved numerous ways. For example, A and B may bind to X and Y with weak affinity,
either exclusively or with other co-factors, to form AX and BY or AY and BX transcriptional complexes that act as master
regulators for the stem cell and differentiated states, respectively. Since they are formed with weak binding affinity, such sec-
ondary complexes would only generally be produced from the residual monomers left once the primary AB and XY complexes
have saturated post-mitosis. This mechanism is an example of a competitive dimerization network, and is illustrated in Fig.
2C-D. Such networks are known to be highly expressive and easily implemented, and therefore may be widely used by the cell
to efficiently regulate a host of cell behaviors [67]. Indeed, the E2F-PP network is characterized by such competition — for
example, E2F1, E2F2 and E2F3 bind preferentially to Rb, while E2F4 and E2Fs bind only weakly to Rb; similarly, E2F4 and
E2Fs bind preferentially to pro7 and p13o, which have weaker affinities for E2F1, E2F2 and E2F3 than Rb [58].

Alternatively, one pair — A and B, say — may act as pioneer factors [68] that initiate chromatin opening and allow transcrip-
tional regulation of genes associated with stem cell and differentiation programs (call them the S- and D-programs), respec-
tively. If X acts as a ubiquitous transcriptional activator and Y as a repressor, then a similar AND logic can arise via temporal
regulation of gene expression, assuming that both the S- and D-programs will eventually open post-mitosis (i.e., indepen-
dently of expression of A and B) and they mutually repress each other when active. Such logic has been widely implicated in
directing cell fate and reprogramming by establishing molecular switches that stabilize nascent commitment events [69-72],
which in turn activate downstream regulatory networks [73]. In this case, two general possibilities can occur: if either A or B
is co-expressed with X in a daughter cell, then the respective program will be opened early and activated, thereby allowing it to
establish early dominance. Conversely, if either A or B is co-expressed with Y in a daughter cell, then the respective program
will be opened early and repressed. In this case, assuming that DNA-bound Y is stable and free Y is cleared from the cell on an
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Figure 2: Dimerization dynamics in higher dimensions. A, 2 x 2 contingency table. When two dimerization pairs are present, daughter cells are
produced in regulated pairs (here, shown in gray and white), that each occur with probability 0.5. B, canonical types of division. If cell identities are
determined by one dimerization pair then all divisions are asymmetric (left). Assuming one protein in the pair determines the stem (S) cell identity and
the other a differentiated (D) cell identity then an S-D division ensues. If identities are determined by two dimerization pairs, then two types of division
are possible (middle), according to the contingency table in panel A. If interactions between the proteins establish an AND logic (see panels C-D, and
Fig. 3), then S-S and D-D divisions occur in precise balance. If identities are determined by n dimerization pairs then 2~ types of division are possible,
each occurring with probability 21~™. Daughter cell fates are then determined by secondary interactions between the dimerizing proteins, and/or other
regulatory mechanisms, which provide the potential to precisely balance the production of cells from multiple lineages (here, labeled L1, L2, ... Ln). C,
example of a competitive dimerization network that is able to balance symmetric divisions; AX and BY dimers determine the stem cell state and BX
and AY dimers determine a differentiated state. D, schematic of illustrative dynamics. On division, daughter cell 1 inherits A and X in excess. Daughter
2 therefore inherits B and Y in excess. AB and XY dimers form preferentially according to the logic in panel C. Residual copies of A and X in daughter 1
then form AX dimers; similarly, residual copies of B and Y in daughter 2 form BY dimers and an S-S division ensues. By similar reasoning, if daughter cell
1 inherits A and Y in abundance, then daughter cell 2 must inherit B and X in abundance (not shown). AY and BX dimers then form and a D-D division
ensues, again according to the logic in panel C.
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intermediate timescale, once the opposing program opens it will establish dominance over the repressed program via consti-
tutive mechanisms. This mechanism is illustrated in Fig. 3. Such interactions between transcriptional regulatory mechanisms
and chromatin remodeling agents are known to be important E2F-PP pathways, for instance to generate context-specific pat-
terns of DNA association [74,75].

Discussion

To self-renew stem cells must be able to perfectly balance proliferation and differentiation. Here, we have shown how a simple
dimerization cycle can achieve this balance without feedback or fine-tuning. This mechanism does not replace proven niche
regulatory processes, but may provide a basic layer of control that safeguards self-renewal against transient environmental
fluctuations, conflicting or unreliable niche instructions. Because tissue homeostasis requires the presence of a self-renewing
sub-population of cells [36], the establishment of self-renewal is a pre-requisite for complex multicellular life that conceivably
first arose from modifications to cell cycle machinery, before being adapted by niche regulatory mechanisms. We speculate
that due to its emergence in early eukaryotic evolution [77] and since it plays a deeply conserved part in regulating both cell
cycle progression and stem cell fate commitment throughout the animal kingdom [59], the E2F-PP axis may have provided a
template on which self-renewal capability was first established and continues to be maintained.

Based on this mechanism we propose two canonical modes of stem cell division: (M) if divisions are exclusively regulated
by one dimerization pair, then asymmetric divisions will ensue; (M2) if divisions are regulated by two dimerization pairs, then
perfectly balanced symmetric divisions will ensue. (If divisions are regulated by more than two dimerization pairs then these
canonical modes can be generalized to allow multi-lineage potential, see Fig. 2B.) However, in general, stem cells are able to
divide both asymmetrically and symmetrically [4] and these two modes of division are not mutually exclusive. Indeed, they
may be easily integrated by assuming that the stem cell divides asymmetrically by default, and symmetric divisions only occur
if the impetus to do so is sufficiently strong. This may occur, for instance, only if the expression discrepancies associated
with symmetric divisions exceed some threshold that reflects niche ‘instructiveness’. In circumstances that require precisely
instructed asymmetric divisions (i.e., when stem cell number fluctuations cannot be tolerated) this threshold will be high and
all, or almost all, divisions will be asymmetric. In other circumstances, the niche may not need to exert such direct control,
and the threshold will, accordingly, be low. In such cases, balanced symmetric divisions will predominate. At intermediate
threshold levels, both division modes will be active, and symmetric S-S and D-D divisions will occur equiprobably at a niche-
defined rate. Mathematical details of this integrated model are provided in the Supplemental Material.

To illustrate these canonical modes of division, we have focused on their potential role in regulating the classical stochastic
self-renewal strategy given in Eqs. (1)-(2). However, other stochastic strategies are possible. For example, it has been observed
that many stem cell populations exist in a state of dynamic heterogeneity [78,79], in which individual cells transition stochas-
tically between multipotent, primed and differentiated states over time [80, 81]. Although unpredictable at the single cell level,
this switching establishes a stable, structured population that is able to adapt to a variety of environmental changes in a max-
imally responsive way [39, 82, 83]. Because it provides a way for robust functional properties to emerge at the macroscopic
(i.e., population) level from inherently stochastic microscopic (i., cellular) dynamics this is an attractive perspective [84]. No-
tably, the standard model of stem cell proliferation based on such dynamic heterogeneity assumes that stem cell divisions are
all asymmetric by default, and symmetric divisions arise from stochastic cell state switching subsequent to division [35]. Our
framework is therefore consistent with this view; although division asymmetry arises as a consequence of the dimerization
cycle and stochastic partitioning of cell fate determinants on division, rather than being assumed. More generally, our frame-
work provides a mechanistic basis for the underpinning assumption that daughter cell identities are not determined prior to
mitosis, but rather arise from regulated variations in initial conditions, which initiate disparate stochastic cell fate trajectories
in the daughters post-mitosis.

In this regard, it is notable that stochasticity has a vital role in our framework. In particular, we do not make any assump-
tions concerning the segregation dynamics that occur at mitosis except that: (1) some variation in expression in the daughters
is required and (2) if multiple dimerization pairs are involved then each pair is segregated independently of the others. Thus,


https://doi.org/10.1101/2024.12.20.629654
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.12.20.629654; this version posted January 9, 2025. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC-ND 4.0 International license.

MacArthur € Greulich 2025: Self-renewal without niche instruction, feedback or fine-tuning 9

A Early Late

s S s S
s —>» s
et 000, 000000000 000 (000000 000> @
s
_)Ss
Banay) 90 200000 g DID—> (S )
0-9
e DD """""""""""""""""

D
o DO0000000, J;' 200 ° 200000 | 200> @)
D
—> o
Daughter 2 L
P 200 5 200000 | 200> Q)

0-9

Figure 3: Epigenetic regulation of daughter cell fates. A, expression logic. Each daughter cell has the capacity to express a stem cell program
(pink) and a differentiation program (blue). In the absence of any regulatory factors, chromatin is packed and both programs are closed early post-mitosis
(left), and both open on a slow timescale (right). Once active, these programs interact via mutual repression (right). B, Dynamics post-mitosis. In the
presence of A and B the respective programs can be opened early. (First row) If A and X are expressed in daughter 1, then A opens the S-program early
which X activates (left), allowing it to establish dominance over the D-program once it opens (right). The first daughter cell then adopts a stem cell identity.
(Second row) B and Y are expressed in daughter 2, according to the logic in Fig. 2A. B opens the D-program early, which Y represses (left). Assuming
that free copies of Y monomers are cleared from the cell by degradation, and DNA-bound copies are stable, the S-program is then opened at a later time
and establishes dominance via constitutive mechanisms. The second daughter then adopts a stem cell identity, and an S-S division ensues. (Third and
fourth rows) by a similar reasoning, co-expression of B and X in daughter 1, and A and Y in daughter 2 gives rise to a D-D division. Adapted from [76].
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partitioning errors, which can be significant due to upstream stochastic effects, daughter cell size discrepancies and/or spatial
clustering of proteins [66], are welcome. In principle, ordered segregation mechanisms, which reduce such errors are possi-
ble, although they are harder to implement [66]. In this case, they would also be counterproductive. Thus, our framework
requires minimal regulatory control and is robust to segregation specifics; indeed, it benefits from the disorder that is inherent
to partitioning of cellular contents on division. As such it provides another example of how cellular systems can make good
use of noise [85—87].

Although we have presented the framework in a general way, it is consistent with well-known properties of cell fate regu-
latory networks. For example, it has been widely observed that cell identities are controlled by small sets of master lineage spec-
ifiers that co-regulate diverse genomic targets [88, 89], and identities can be reliably guided by controlling these sets [90-93].
Moreover, these factors often associate with each other, either directly or via co-binding to third factors [94—97], giving rise
to complex regulatory networks that involve both protein-DNA and protein-protein interactions. However, despite the ap-
parent complexity of these networks, the dimerization mechanism we propose is remarkably simple and does not depend on
complicated regulatory processes or feedback control for its efficacy. As such, it is consistent with a continuous view of cell fate
commitment [98—100]. This simplicity is notable for two reasons. First, it suggests that important aspects of self-renewal may
be essentially low-dimensional and therefore amenable to intervention. This underscores the importance of simple molecular
processes such as dimerization as therapeutic targets [52, 67]. Moreover, because dimerization serves primarily as a means to
balance the expression of key cell fate determinants rather than produce a functional biomolecule per se, it highlights the im-
portance of the apparently superfluous, and suggests that important aspects of stem cell identity may be regulated in indirect
ways. We conjecture that many aspects of cell behavior in other contexts are similarly regulated by apparently ‘junk’ molecules.
Second, it provides a particular justification for why dimerization is such a ubiquitous biochemical reaction [s3]: it is a very
simple way to regulate the co-expression of competing factors, and thereby precisely balance their downstream eftects, without
the need for feedback or fine-tuning of reaction rates. Thus, it provides an effective way for cells to hedge their bets in the face
of environmental unpredictability [82]. As such, dimerization-based mechanisms may be evolutionarily favored whenever
cells must act under conditions of uncertainty. Although we have focused on stem cell self-renewal, decision-making under
conditions of uncertainty is a challenge faced by cells throughout nature, in both unicellular and multicellular contexts [ro1].
The mechanism described here, or variations thereof, may therefore be relevant elsewhere.
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Supplemental Material

Reaction rate equations and stability analysis

The dynamics of the system of reactions given in Eq. (3) are described by the following set of reaction rate equations:

da

5 = Fab = ke + kac, (42)
db

3 = Fab = kb + kac, (4b)
dc

— = Fkyab—k

3 = kab— ke, (4¢)

where lower case letters denote concentrations, and ¢ denotes the concentration of the AB dimer.


https://doi.org/10.1101/2024.12.20.629654
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.12.20.629654; this version posted January 9, 2025. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC-ND 4.0 International license.

MacArthur € Greulich 2025: Self-renewal without niche instruction, feedback or fine-tuning 16

In the capture phase of the dynamics, dimer dissociation is oFF and k4 = 0. In this case, the equations for the steady state

are
0= —kiab — ksa, (s2)
0 = —kiab — ksb, (sb)
0 = kab, (sc)

which have only one solution: @ = b = 0 and ¢ = ¢ for some ¢ss > 0 (assuming a(0), b(0) > 0). The Jacobian matrix of
the system Eqs. (4a)-(4c) at this steady state is,

—klb — k?g —kla 0 —kg 0 0
J = —k?lb —kla - k‘g 0 = 0 —k‘g 0]. (6)
kb kia  0)| 0 0 0

The eigenvalues of this matrix are (0, —k2, —k3). The zero-cigenvalue corresponds to perturbations in the manifold ¢ = ¢,
which are determined by initial conditions. Stability to perturbations off this manifold (that is, for any fixed value of cg) is
determined by the remaining eigenvalues, which are both negative. Hence this steady state is stable, and is a universal attractor
for the dynamics. Thus, as the end of the capture phase approaches, a, b — 0 and ¢ — cs > 0. The expected copy number
of the AB heterodimer therefore approaches Css = Vcgs where V' is the cell volume, and the expected number of A, B
monomers both approach zero.

In the release phase, all these dimers dissociate. In this phase, @ — b is a conservation law for the dynamics and so a(t) =
b(t) for all t. The expected number of both A and B monomers will therefore tend to Css as the end of the release phase
approaches. Thus, they will be present in equal numbers, regardless of rate parameters in Eqs. (42)-(4¢).

Partitioning errors

Consider the expression levels of a pair of proteins A and B, with dynamics as described in the main text, in a stem cell under-
going mitosis. Let m denote the copy number of A (and therefore B) in the cell at this time. Assume that on division both A
and B are partitioned independently and equiprobably in the daughter cells - i.e., each individual A or B molecule is assigned
to daughter 1 or 2 independently with probability o.5. Both A and B will then be Binomially distributed in the daughter cells
immediately after division. Specifically,

Al ~ Bin(m, 0.5) and AQ =m — Al, (7a)
By ~ Bin(m, 0.5) and By =m — By, (7b)

where A; and B; denote copy numbers of A and B in daughter ¢ respectively. Assuming that the parent stem cell contains an
abundance of A and B (i.e., m is large) we may take the Normal approximation to the Binomial. In this continuum limit,

Ala By ~ N(”a 02)7 (8)

where t = m/2and 02 = m/4.

To understand how variations in the expression of A and B generate asymmetric divisions, we are concerned with dif-
ferences in their expression and particularly with the distribution of |A — B| in the daughter cells (note that by symmetry
|A1 — Bi| = |A2 — By|). For m large, it is immediate that

A— B~ N(0,20%), (9)
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in both daughters and so |A — B| follows a folded Normal distribution with mean zero, and variance 202 (here, we have
overloaded notation to let | A — B| denote the absolute difference in copy number of A and B). Thus,
20

E(A - Bl) = 7.

m

= I (IO)

™

and the expected difference in expression of A and B in the daughter cells scales as the square root of their copy number in the
parent stem cell.

Integrating asymmetric and symmetric divisions

If, in addition to the division variations in expression of A and B described above, a second pair of proteins, X and Y, inde-
pendently undergo a similar dimerization cycle, then

B(X -v) = /2, (o

where 7 is the copy number of X (and therefore Y) in the parent cell prior to mitosis. Assuming that the stem cell undergoes a
symmetric division only when | A — B| and | X — Y| both exceed a threshold 7" in the daughters — which, for instance, ensures
that the secondary AX, AY, BX and BY dimers described in Fig. 2C are produced in sufficient numbers — the probability that
a symmetric division occurs is given by

P(symmetric) = [1 _F <0, %; T)] {1 _F (0, %; T)} : (12)

where F' is the cumulative distribution function of the folded Normal distribution. In particular,

o~ e ()] (5]

where erf is the error function. Since partitioning of A/B occurs independently of X/Y, for every given symmetric division
S-S and D-D outcomes are equally likely. That is,

1
P(S-S | symmetric) = P(D-D | symmetric) = 7 (14)

Thus,

MRS ) e i

where p, ¢ and r are defined in Eq. (1).
If \/m > T and \/n > T then these probabilities can be approximated by taking the leading order terms in the error
function’s Maclaurin series, which gives

P(symmetric) — [1—\/27% ] {1—57%+..},
Nl_f/j%(;+\}ﬁ), (17)

+
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and so,

i
I
L)
2

<
Il
)
SIS
N N

+ ;ﬁ) , (19)
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