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The passage of elastic waves in layered structures gives rise to interfacial stresses that can 

cause delamination. Whilst usually undesirable, this can be exploited to remove unwanted 

accretions from a substrate, such as ice from an aircraft wing. High amplitude transient waves, 

such as those induced by electro-expulsive de-icing systems, have proved effective, although 

their range is limited in part due to pulses spreading out with propagation distance from the 

actuator. In this paper, the phenomenon of wave dispersion which causes this effect is 

exploited through time reversality to focus waves both spatially and temporally and hence 

amplify the peak response at a chosen position. Harmonic finite element analysis is first 

undertaken to determine the wave bearing characteristics of a simplified representation of a 

wing leading edge. Transient analysis is then performed on the structure with an attached ice 

layer to focus disturbances of bandwidths up to 50 kHz at different chosen points. The 

amplitude of the peak shear stress between the ice and substrate is bandwidth dependent and 

predicted to be up to 30 times higher than due to a comparable pulse input. Predicted peak 

accelerations are successfully validated experimentally for a limited bandwidth of 10 kHz. 

Keywords: guided waves, focussing, time reversal, transient vibration, ice removal 

 

 
*Visiting Academic, University of Southampton/Associate Professor, UFRGS/Corresponding author: clarke@ufrgs.br 
†Professor, University of Southampton 
‡Visiting Academic, University of Southampton 
§Graduate Student, University of Southampton / Research Fellow, University of Trento 



I. Introduction 

CE removal from airplane wings during flight is essential for operational safety. Even thin layers of ice are sufficient 

to increase drag, reduce lift and cause excessive vibration due to airflow imbalances [1]. Most conventional de-icing 

technologies heat the wing to melt the attached ice, either using hot air bled from the engines or embedded 

thermoelectric heater elements [2]. Whilst effective and reliable, there are disadvantages to both approaches, most 

notably their high energy consumption and associated carbon footprint which has driven research into low energy 

alternatives. Of these, vibration and shock-based techniques are most prevalent in the literature. Vibration generates 

interfacial shear stresses between the wing substrate and the ice which can cause ice shedding if the bond strength is 

exceeded. The large amplitudes required have led some researchers to excite higher order structural resonances, at 

hundreds [3], [4] or thousands of Hertz [5]. Budinger et al. modelled stress generation at the adhesion interface of an 

iced plate for extensional and flexural modes in the range of 100 Hz to 100 kHz, concluding that flexural modes 

require less energy to initiate cohesive fractures, particularly at higher frequencies [6], [7]. Multiple modes are 

typically required that exhibit different stress nodal lines necessitating frequency sweeps or tracking of natural 

frequencies [8]. Alternatively, a wave approach can be adopted whereby interfacial stresses are induced by incident 

Lamb or shear horizontal waves excited by piezoelectric actuators at typically ultrasonic frequencies, without recourse 

to standing wave behaviour in the structure [9]. The actuator is usually driven maximally at resonance to provide a 

high enough input, which can cause debonding, cracking or excessive heating of the actuator itself [10], [11]. Some 

notable success has been demonstrated in removing ice from a substrate in both laboratory and wind tunnel tests [12], 

[13]. However, to the authors’ knowledge, no continuous vibration-based ice protection system has been certified to 

date. 

Shock based techniques remove ice by the same mechanical principle but via short, high amplitude transient 

response. Electroimpulsive de-icing (EIDI), which can be traced back to a patent filed in 1939 [14], discharges 

capacitors through inductive coils positioned on the wing leading edge. Labeas et al. used finite element modelling to 

predict the stress distribution at the interface between an aluminium wing leading edge and ice layer due to a 1 ms 

sinusoidal pulse delivered by electroimpulsive actuators. Forces of the order of 100 N were predicted to debond up to 

98% of the accreted area depending on the ice thickness. Separate actuators were required for each wing bay. Electro-

expulsive ice protection systems work on the same principle as EIDI but the impulsive excitation is induced by 

discharging capacitors through conductors in close proximity [15]. Cox and Co have developed an Electro-Mechanical 
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Expulsion Deicing System (EMEDS) which has been certified for some applications. The range from which any 

impulsive actuator can remove ice is inherently limited due to a combination of wave attenuation due to damping, 

wave scattering at joints and spreading out of the pulse as it propagates. The latter arises due to wave dispersion, i.e. 

that elastic waves in structures possess frequency dependent wave speeds. 

Previous research by the authors has sought to compensate for and exploit wave dispersion to amplify the shock 

response at arbitrary points along the structure [16]. Initial work concerned the successful removal of an ice substitute 

from a beam [17], [18]. The up-chirp excitation signal gives slower, low frequency waves a ‘head start’ compared to 

faster, higher frequencies such that all frequency components arrive synchronously to produce a shock at a chosen 

focal point. The focal point can be moved by modification of the excitation signal in which the required time delays 

between frequency components are encoded. A practical limitation of this approach for aircraft de-icing is that prior 

knowledge of the dispersion relation is required, especially given likely time variance of the system due to ice accretion 

and other operational factors. The technique is also difficult to extend to structures in which multiple waves can 

propagate. A subsequent study by one of the authors [19] generalised this work to the case of a semi-cylindrical 

structure, chosen as a simple representation of a wing leading edge. Raffaele used time-reversality to derive an 

excitation waveform that can compensate for the dispersive behaviour of a plurality of wave modes responsible for 

propagation of the disturbance without prior knowledge of their dispersion relations. Modest increases in peak 

acceleration were observed as compared to time harmonic excitation at an optimally chosen frequency. 

This paper aims to evaluate the conditions under which time-reversal focussing of vibrational waves is effective. 

The work considers the same semi-cylindrical structure but represents a significant extension to [19] in a number of 

respects: (i) an ice layer has been incorporated in a 3D finite element model of the waveguide enabling interfacial 

shear stresses to be simulated and hence the force required to remove ice to be estimated; (ii) the effect of bandwidth 

on peak response has been systematically investigated, and the benefit of ultrasonic frequencies quantified; (iii) a 

causal damping model has been included to quantify the effects of energy losses on peak response; and (iv) time 

reversal has been implemented experimentally, for a low bandwidth, which has produced results that are consistent 

with the model. 

 The paper is organised as follows. Section 2 presents a semi-analytical finite element model from which the 

number and dispersive behaviour of freely propagating waves can be established. The results are used to verify the 

dispersion curves obtained from forced analysis of a 3D finite element model. In section 3, a Rayleigh damping model 



is adopted and the damping coefficients adjusted to match measured decay rates on a practical realisation of the 

structure. In Section 4 the finite element model is used to simulate frequency response functions which are 

subsequently used to compute the response to arbitrary transient inputs by frequency domain convolution. Input 

waveforms that produce shock response at different focal points are obtained by time reversal and the effects of 

bandwidth and damping on peak response are quantified. Finally, time reversal is implemented experimentally in 

section 5. 

II. Free wave propagation 

During flight, ice accumulates principally on the leading edge of lifting surfaces due to flow stagnation. The 

construction of leading edge structures varies significantly, particularly between fixed and rotary wing aircraft. This 

study focusses specifically on thin-walled, singly curved structures resemblant of erosion shields of fixed wing aircraft. 

A uniform, thin-walled half-cylinder of radius 100 mm was therefore chosen as a simplistic representation of a wing 

leading edge. The half-cylinder was attached to a 200 mm thick, flat backing plate, as shown in cross section by the 

mesh in Fig. 1. It is noted that this simplified geometry results in a one-dimensional waveguide which does not exhibit 

attenuation due to geometrical spreading or wave scattering due to stiffeners and other discontinuities. 

First, dispersion relations are obtained for elastic waves propagating along its length. Whilst not explicitly required 

for implementation of the time reversal process, an assessment of their plurality, dispersiveness, excitability and 

sensitivity to ice accumulation is a useful precursor. Dispersion curves are initially presented from a semi-analytical 

finite element (SAFE) analysis of the structure. Comparable results are then obtained from a finite element model 

which, whilst less convenient for obtaining dispersion curves, is readily able to simulate forced responses due to 

arbitrary input waveforms. 

A. Semi-analytical modelling 

The semi-analytical finite element (SAFE) method is a convenient and computationally efficient technique for 

calculating the dispersion curves and mode shapes of freely propagating waves without complications arising due to 

reflections from terminations or choice of excitation. Spatial variation of the response is assumed to be harmonic in 

the direction of propagation such that only the 2D cross section is discretised. Elemental formulations differ from 

those in conventional FE analysis but SAFE analysis is available in some commercially available simulation software. 

The reader is referred to the literature for detailed explanations of the method, e.g. [20]. 



The mesh refinement was determined through a convergence study to establish an acceptable trade-off between 

numerical error and computation time. The model was run in COMSOL Multiphysics through an implementation of 

the necessary code in MATLAB. The waveguide cross-section is shown in Fig. 1; it consists of 2 mm-thick sheet 

aluminium attached rigidly to a 100 mm-wide, 10 mm-thick aluminium backing plate. This cross-section was 

automatically meshed with an instruction that 1 mm quadratic quadrilateral elements should be adopted, an element 

size that was defined through a mesh convergence study. The inclusion of an ice layer is essential in the forced analysis 

later to predict the stress distribution at the interface with the substrate. It is also included here in the free wave analysis 

to assess its likely effect on the dispersion curves. Whilst ice thickness is variable in practice a uniform 1 mm thick 

ice sheet tied to the whole of the curved plate was used for simplicity. The material properties used in all models are 

listed in Table 1, in which the chosen nominal values for ice are very similar to those reported for pure ice in [21]. 

 

Table 1. Material properties of aluminium and ice 

 

 Aluminium Ice 

Density (kg/m3) 2700 920 

Young’s modulus (GPa) 68.8 8.1 

Poisson’s ratio 0.33 0.35 

Pressure wave velocity (m/s) 5048 2967 

Shear wave velocity (m/s) 3095 1805 

 

 

Fig. 2 shows the dispersion curves predicted by the models for propagating modes up to 50 kHz; more than 20 

modes are apparent, most of which begin to propagate above their respective cut-off frequencies. The curves convey 

their dispersive nature, the gradients of which are related to group velocity. The presence of ice causes shifts to many 

of the curves, an effect that can be explained, for the lower order modes at least, by mass-loading of the structure. 

 



 

Fig. 1. Cross-section and SAFE mesh of the waveguide adopted as a representation of the leading edge of an 

airplane wing. 

 

 

Fig. 2. Dispersion curves obtained from the SAFE model with and without a 1 mm ice layer. 

 

B. Finite element modelling 

A complete 3D finite element model of the wing structure was generated in ABAQUS. Its express purpose was to 

simulate forced wave propagation, although dispersion curves were first estimated and validated against the SAFE 

model. The cross-section dimensions were chosen to be the same as considered in Fig. 1. The model is 6 m in length, 

half of which consists of an absorptive region (built according to [22]) that minimises reflections from one end (see 

Fig. 3(b)). Fig. 3(a) shows the mesh considered for this model, its refinement having been established in a separate 

convergence study.  



The mesh was optimised through a convergence study, and consisted of linear 25 mm-long hexahedrons with 1 

mm quadrilateral faces for the curved sheet and 2.5 mm quadrilateral faces for the backing plate. A unit force excitation 

was introduced at the reflective end of the waveguide, normal to and on the leading edge of the curved surface. 

Harmonic solutions were obtained in steady-state for frequencies up to 50 kHz. As for the SAFE model, a second FE 

model was also produced with a 1 mm-thick ice layer tied to the curved plate. Nodal displacement, and element-

integrated shear stress in the case of the model with the ice layer, were monitored in 1 mm steps along the waveguide 

up to the beginning of the absorptive region. This produced sets of frequency response functions (FRFs) of both 

displacement and shear stress with respect to force as functions of position. Dispersion curves were estimated by 

applying a 2D-FFT to the displacement field. Fig. 4a shows all the modes that were excited in the FE model by 

applying this force; it can be seen that low frequency modes are more easily excited under these boundary conditions 

than higher frequency modes. 

 

 

(a) 

 

(b) 

Fig. 3. (a) Detail of the 3D FEM waveguide cross-section; (b) Frame of a wide-band excitation pulse 

propagating along the waveguide (absorption region on the right). 
 

 

C. Dispersion relations 



 Fig. 4b shows a comparison of the dispersion curves of the dominant modes in Fig. 4a (up to 10 kHz) from the 

SAFE and FE models when the ice layer is included. Some of the modes predicted by the SAFE model are absent 

from the 3D FE analysis results owing to the position and orientation of the input force and to the out-of-plane direction 

in which displacement in monitored along the waveguided. Hence, only dispersion curves that appeared in both models 

are included. There is a good match between the results of the two models, and the FE model is subsequently adopted 

for forced wave propagation calculations.  Experimental validation of the dispersion curves up to 10 kHz, using the 

structure described later in section III, is presented in [19] but omitted here for brevity. The predominantly excited 

modes are in reasonably close agreement. 

  

(a) (b) 

Fig. 4: Dispersion curves up to (a) 50 kHz, and (b) 10 kHz with comparison between SAFE model (white lines) and 3D 

FE model (colour contours). 
 

III. Damping and attenuation   

In section 2, harmonic forced analysis of the FE model was performed to infer the free wave propagation behaviour 

of the waveguide. Structural damping was omitted for that purpose. However, damping is an important factor for time-

reversal simulations reported in Section 4 for two reasons: firstly, the principle of time-reversality strictly holds only 

for conservative systems, and secondly, damping causes attenuation of wave amplitude with distance which counters 

the desired effect of wave focussing. In this section, a brief outline is provided for the damping model adopted and 

measurements on a laboratory structure are used to infer appropriate damping coefficients.  



A. Damping model 

A Rayleigh damping model was adopted to ensure causality in subsequent transient analyses. The propagation of 

a single positive-going wave in a one-dimensional waveguide can be written as: 

 

𝜙(𝑥, 𝑡) = 𝐴𝑒𝜂𝑥𝑒𝑖(𝜔𝑡−𝑘𝑥)       (1) 

 

where A is amplitude, x is propagation distance, t is time, ω is the circular frequency, k is the (positive) real part 

of the wavenumber, and η is the corresponding (negative) imaginary part. The Rayleigh damping model defines the 

latter as: 

𝜂 = −𝑘. 𝜁          (2) 

 

where the damping ratio ζ is given by [23]: 

 

𝜁 =  
1

2
(

𝛼

𝜔
+ 𝛽𝜔)        (3) 

 

Attenuation in dB/m is given by -8.686 η. 

Coefficients α and β pertain to mass and stiffness proportionality and control damping at low and high frequencies 

respectively. They can be selected by choosing a required damping ratio at two frequencies of interest and 

simultaneously solving equations of the form of Eq. (3). It is clear from Eq. (2) and (3) that the imaginary part of the 

wave number and hence attenuation are both mode and frequency dependent. 

B. Attenuation 

Fig. 5 shows an experimental realisation that closely resembles the FE models presented earlier. The curved shell 

is bonded to the backing plate which is expected to introduce significant damping. The structure is 3 m long of which 

about 40 cm of one end is buried in a box of sand of tapered thickness (not shown) to reduce reflections and the other 

end is free. A roving instrumented hammer (PCB model 086E80) and reference accelerometer (PCB model 352C22) 

were used to reciprocally measure 200 FRFs with a bandwidth of 10 kHz and a spacing of 0.01 m. The FRFs were 

processed according to a British Standard [24] to obtain attenuation estimates in one-third octave bands. The results, 



shown in Fig. 6(a), suggest attenuation levels between 2.3 and 2.9 dB/m depending on the one-third octave band 

considered. 

Rayleigh damping coefficient values of α=527.8 rad/s and 6.4 × 10−7 s/rad were selected manually and the 

corresponding attenuation rates were estimated from simulated transfer functions by applying the same British 

Standard as for the measurements. The simulated and measured attenuation rates are compared in Fig. 6. for the 2-8 

kHz octave bands. The values from the model straddle their measured counterparts and are typically within 20%. The 

damping ratio from the model for the full frequency range up to 50 kHz is shown in Fig. 7. The model was adopted 

for all subsequent simulations for which damping was included, notwithstanding the increase in damping from 10 to 

50 kHz beyond the available measured frequency range.  

 

 

 

Fig. 5. Images of the waveguide used during experimental validation. 
 



 

Fig. 6. Attenuation values obtained from measured (blue) and simulated (red) transfer functions. The 

simulated results were obtained using the damping ratio shown in Fig. 7. 
 

 

Fig. 7. Damping ratio as a function of frequency. 

 

IV.Wave focusing 

In this section, the FE model reported in Section 2 is deployed in a time reversal procedure [25] to simulate 

focussing of transient waves. The model includes a 1 mm thick, uniform ice layer. Initially, damping is omitted from 

the model and Rayleigh damping, as described in section 3, is introduced at a later stage. In the first step of the time 

reversal process, a pulse of desired bandwidth is set as the input waveform for a point force source applied at one end 



of the waveguide and the response calculated at a chosen remote focal point. In the second step, the response is 

reversed in time and re-injected at the same excitation point. The disturbance compresses both temporally and spatially 

as it propagates towards the focal point. 

An Ormsby wavelet was chosen as the input pulse for the first step and hence the desired waveform of the response 

in the second step owing to its flat spectrum over a controllable bandwidth [26]. The wavelet is defined by four 

frequencies: F1 and F3 control the bandwidth; F2 and F4 control the roll off rates, and the expression for the waveform 

is given by: 

𝑂𝑟𝑚𝑠𝑏𝑦(𝑡) =  𝜋. (
(𝐹4.𝑠𝑖𝑛𝑐(𝐹4.𝑡))2−(𝐹3.𝑠𝑖𝑛𝑐(𝐹3.𝑡))

2

𝐹4−𝐹3
−

(𝐹2.𝑠𝑖𝑛𝑐(𝐹2.𝑡))2−(𝐹1.𝑠𝑖𝑛𝑐(𝐹1.𝑡))2)

𝐹2−𝐹1
)     (4) 

 

This enabled the effects of bandwidth and hence crest factor on wave focussing to be investigated in a systematic 

and parametric fashion. In this study, F1 was varied from 0 kHz to 48 kHz and F3 was varied from 1 to 49 kHz, both 

in steps of 1 kHz. Parameters F2 and F4 were fixed at 1 kHz above F1 and F3 respectively. 

In both steps of the time reversal process, the responses were calculated by convolution in time but computed in 

the frequency domain given FRFs of acceleration and shear stress with respect to force computed from harmonic 

solutions of the FE model. Thus, in the first step the response signal 𝑎1(𝑥, 𝑡) and its spectrum 𝐴1(𝑥, 𝜔) are given by 

 

𝐴1(𝑥, 𝜔) = 𝐻(𝑥, 𝜔)𝐹(𝜔)  𝑎1(𝑥, 𝑡) = ℱ−1(𝐴1(𝑥, 𝜔))   (5) 

 

where 𝐻(𝑥, 𝜔) is the FRF of acceleration or shear stress at position x along the waveguide, 𝐹(𝜔) is the spectrum 

of the Ormsby wavelet and ℱ−1 denotes the inverse Fourier transform. In the second step, the response signal 𝑎2(𝑥, 𝑡) 

and its spectrum 𝐴2(𝑥, 𝜔) are given by 

 

𝐴2(𝑥, 𝜔) = 𝐻(𝑥, 𝜔)𝐴1
∗ (𝜔)  𝑎2(𝑥, 𝑡) = ℱ−1(𝐴2(𝑥, 𝜔))   (6) 

 

where * denotes the complex conjugate. Conjugate symmetry was imposed on 𝐴1 and 𝐴2 to ensure real time 

responses. 



Fig. 8 shows the input and response waveforms for one example case, when F1=1 kHz and F3=50 kHz. Fig. 8(a) 

shows the Ormsby wavelet for the first step of the time reversal process. Fig. 8(b) shows the waveform of the response 

at a focal point at 2 m which is time-reversed, see Fig. 8(c), and reinjected as the input for the second step to yield the 

response shown in Fig. 8(d). Fig. 8(c) also shows an alternative choice of input for the second step in which the input 

waveform is effectively digitised with one bit precision such that the signal is attributed a value of either 1 or -1 at 

each time sample [27] when amplitudes are above the rms value shown in Fig. 8b. The envelope of the input is 

rectangular thereby maximising the signal power whilst retaining phase information. In practice, it is necessary to set 

the signal to zero when it is below a threshold, chosen here as one-third of the rms of the signal. The initial disturbance 

is seen to arrive too early owing to energy being shifted to higher frequencies but the peak response is enlarged by a 

factor of nearly three in this case. 

Fig. 9(a) shows a contour plot of peak acceleration per unit input as a function of bandwidth F1 to F3 at a focal 

point of 2 m. Fig. 9(b) shows the corresponding result for shear stress. The time-reversed input has not been 1-bit 

digitised until otherwise stated. The peak response generally increases with bandwidth, F3-F1, although frequencies 

below 10 kHz offer little improvement and can be marginally detrimental. Nonetheless, the complete bandwidth of 1-

50 kHz is chosen for all subsequent results. 

A maximal bandwidth of 1 to 50 kHz gives rise to stresses of nearly 0.1 MPa/N. The bond strength of ice to an 

aluminium substrate is dependent on many factors such as the type of ice and surface condition [28], [29]. However, 

Fig. 8(a) suggests that, subject to modelling assumptions, ice removal is possible with an input force of about 10 N 

peak if one adopts a reference value for bond strength of 1 MPa. This value is broadly representative of shear strength 

values of aluminium-ice interfaces according to the literature [30-33], which indicates values varying from 0.26 to 

1.42 MPa depending on the type of ice formed, e.g. glaze or rime ice. 

 



  
(a) (b) 

  
(c) (d) 

Fig. 8. Example signals: (a) Ormsby wavelet (1-50 kHz), (b) response at 2 m focal distance, (c) time-reversed 

and one-bit digitised waveforms, (d) response due to time-reversal. 

  
(a) (b) 

Fig. 9. Peak response per unit force input at 2 m from excitation without damping (a) acceleration and (b) 

shear stress. 

 
 



Fig. 10(a) shows the peak stress as a function of propagation distance for a set of focal points from 0.5 m to 2 m. 

In each case the peak value occurs at the intended focal point, and the peak value generally increases with focal 

distance. The longer propagation time increases the duration of the excitation signal and hence more energy is input 

to the system. Also shown is the peak stress obtained in the first step of the time reversal process, i.e. when driven 

directly with an Ormsby pulse which disperses as it propagates along the waveguide. Time reversal is seen to provide 

a significantly larger peak stress than direct propagation of the original pulse. This is seen more clearly in Fig. 10(b) 

in which the peak stress from time reversal is normalised by that due to direct propagation of the pulse. Time 

reversality increases the peak response by a factor of 32 for a focal distance of 2 m.  

Fig. 11 shows the peak acceleration as a function of propagation distance, both dimensional and normalised with 

respect to the case of direct propagation of the wavelet. The trends are similar to those for shear stress and a maximum 

gain of 35 is achieved at a focal distance of 2 m. The importance of acceleration as a response variable is restricted to 

its ease of measurement and hence model validation, as discussed in section 4. 

 

  
(a) (b) 

Fig. 10. Peak stress as a function of propagation distance achieved with time reversal (TR). (a) dimensional 

and (b) normalised by direct propagation. 

 



  
(a) (b) 

Fig. 11. Peak acceleration as a function of propagation distance achieved with time reversal (TR). (a) 

dimensional and (b) normalised by direct propagation. 

 

Rayleigh damping is now included in the model, as discussed in Section 3, imposing 2% damping at 2 kHz and 8 

kHz, as informed by measurements. Note that the proportionality to stiffness causes the damping to rise to 10% at 50 

kHz which may not be representative of the real structure. Fig. 12 shows the peak stress as a function of propagation 

distance. As expected, damping has a detrimental effect on achievable values due to wave attenuation. In particular, 

the trend of increasing peak response with focal distance seen for the undamped system is reversed due to energy 

losses. Nonetheless, the peak stress achievable with time reversal is still at least 10 times higher than dispersed 

propagation of the wavelet. 

  
(a) (b) 

Fig. 12. Peak response per unit input force as a function of propagation distance (with damping). (a) shear 

stress and (b) normalised by direct propagation. 

 



In all preceding results, the response at the intended focal point to an Ormsby wavelet has simply been time-

reversed and re-injected at the same excitation position. The power of the input signal can be enhanced by 

manipulating its envelope in a number of ways, the most common being to apply one-bit digitisation. Fig. 13 shows 

the peak force required to induce a 1 MPa shear stress at the ice interface with and without one-bit digitisation. The 

reduction in required force achieved through one-bit digitisation depends on focal point and bandwidth but exceeds a 

factor of two in most cases. Fig. 13(b) suggests that ice may be removed at the closest focal point with a force of about 

20-30 N and that the farthest focal point would require a force of about 90-100 N, provided that the bandwidth includes 

frequencies up to at least 30 kHz. 

  
(a) (b) 

Fig. 13. Peak input force required to achieve a shear stress of 1 MPa with damping (a) without one-bit 

digitisation and (b) with one-bit digitisation. 

 

V. Experimental implementation 

Wave focussing was implemented experimentally on the 3 m long half-cylinder structure introduced in section 3. 

Conventional ultrasonic transducers were deemed unsuitable owing to their non-flat frequency response. Instead, a 

reduced bandwidth of 1-10 kHz was chosen for experimental validation purposes and an electrodynamic shaker (Data 

Physics, model V4) chosen which was known to have a reasonably flat frequency response in this frequency range 

[17]. The shaker was attached to the reflective end of the waveguide and the input force measured with a force gauge 

(PCB, model 208C01). The response at different positions along the waveguide was measured with a miniature 

accelerometer (PCB, model 352C22).  

 Fig. 14(a) shows the waveform and corresponding spectrum of the response 2 m from the shaker in the first step 

of the time reversal process, i.e. direct propagation of the disturbance. Here, the excitation signal was chosen to be a 



1-50 kHz Ormsby wavelet, although the force input was strongly attenuated by the shaker above 10 kHz. In the second 

step, the signal was one-bit digitised and reinjected via the same shaker, resulting in the response signal and spectrum 

shown in Fig. 14(b). The gain of 1.6 afforded by the time reversal process is modest. However, this is in approximate 

agreement with the model for a bandwidth of 10 kHz, as shown in Fig. 15. A gain of 1.46 is predicted from 1-bit time 

reversal over a bandwidth of 1-10 kHz, whereas normal time reversal provides no benefit. Extending the bandwidth 

to 50 kHz increases the predicted gain on acceleration to up to six at this focal point. 

  

(a) (b) 

Fig. 14. Experimental signals and spectra (a) direct propagation signal at 2 m from excitation point; b) at 2 

m using normal time-reversal and 1-bit time-reversal. 

 

 
Fig. 15. Predicted gain in peak acceleration due to time reversal relative to the peak acceleration from direct 

propagation of the wavelet. 

 



VI. Conclusions 

This paper has assessed the feasibility of removing ice from a semi-cylindrical structure resembling a thin-walled 

wing leading edge by inducing impulsive responses. A finite element model has been developed to predict the transient 

response at any position along the structure to which a thin layer of ice is accreted. As expected, an impulsive 

disturbance spreads out and weakens as it is carried along the structure by a plurality of dispersive waves; this is 

detrimental to shock based de-icing technologies. The effects of dispersion have been countered here using time 

reversal focussing to derive a dispersed input waveform that gives rise to a shock response at any chosen remote 

position. The method is predicted to increase the peak shear stress at the ice-substrate interface by a factor of up to 30 

in the absence of damping. Introducing a damping ratio that increases from 2% at 8 kHz to 10% at 50 kHz, peak forces 

of less than 100 N are predicted to induce peak shear stresses that exceed typical bond strengths of ice to aluminium. 

Whilst a bandwidth of 10-30 kHz is predicted to be most influential in maximising peak shear stress, experimental 

implementation has been reported for a reduced bandwidth of 1-10 kHz owing to the intrinsic limitations of 

electrodynamic shakers. A modest gain of about 1.6 is in line with predictions and provides partial validation of the 

model. A key objective of future work will be to couple an electromechanical model of a broadband ultrasonic actuator 

to the dynamic model of the structure and to validate it experimentally at ultrasonic frequencies. 

This study has adopted a simplistic model of both the substrate and the ice layer to achieve qualitative insight into 

the potential performance benefits of wave focusing as compared to straightforward transient excitation. The finite 

element approach allows for more realistic wing structures to be investigated which may exhibit greater attenuation 

due to geometric spreading and wave scattering at joints. Extension from thin plate-like structures to solid rotor blades 

is a further avenue of research which can be explored using the same methodology as reported in this paper. In practice, 

ice accumulation is a complex thermomechanical process causing non-uniform thickness distributions and variable 

material properties. These issues would need to be modelled to provide quantitative performance predictions and 

validated through icing wind tunnel tests. 
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