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Abstract Nonlinearities in aerospace systems often induce self-sustaining os-
cillations known as Limit Cycle Oscillations (LCO), requiring costly analyses
for identification. A major challenge is the computational expense of generating
bifurcation diagrams, which limits the feasibility of nonlinear analysis in early
design phases. This restriction not only constrains design possibilities but also
impedes data-driven methods for nonlinear aeroelastic analysis, which rely on
efficient data collection—a growing focus in the aerospace sector. This work
proposes a computationally efficient numerical framework to predict LCO am-
plitudes and assess stability in nonlinear aeroelastic systems. The approach
integrates the Harmonic Balance Method (HBM) with the Hill method for
stability analysis. To address the sorting problem, a Koopman operator-based
data-driven method is employed. The framework is validated using numeri-
cal test cases with both smooth and nonsmooth nonlinearities, benchmarked
against results from MATCONT, COCO and time-domain simulations. Fi-
nally, experimental validation is performed by comparing the framework’s
predictions with LCO experimental data obtained through control-based con-
tinuation experiments.
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1 Introduction

With the increasing integration of lightweight materials and complex systems,
the study of nonlinearities in aerospace structures has become an important
area of research. These nonlinearities are typically classified into two cate-
gories: geometric nonlinearities, which manifest throughout the entire struc-
ture, and localised nonlinearities, which are confined to specific areas [49,45,
35]. Geometric nonlinearities often arise from large deflections induced by the
use of lightweight materials [46], while localised nonlinearities can stem from
factors such as friction within structural joints, becoming more prevalent as
complex novel systems are integrated [26,20]. The effects of these nonlineari-
ties on dynamics and control can be significant, altering flutter boundaries in
tiltrotor systems and shifting the aerodynamic centre of certain wings, thereby
affecting control strategies [38,50].

A common phenomenon resulting from both forms of nonlinearities is the
occurrence of self-sustaining oscillations known as Limit Cycle Oscillations
(LCO). Both theoretical analysis and experimental evidence indicate that close
to the linear flutter velocity of aeroelastic systems the formation of LCO oc-
cur [22,57]. These LCO often represent the maximum response of systems, with
significant implications for structural fatigue, making them crucial to track
[18]. Moreover, the stability of LCO is essential to consider, as stable LCO
signify real physical oscillations towards which the system can converge, while
unstable LCO indicates orbits where the perturbed response diverges [60].

However, determining LCO behaviour typically involves costly nonlinear
analysis, particularly through the generation of bifurcation diagrams. Both
generating these diagrams and determining stability can be resource-intensive,
leading to the neglect of nonlinear analysis in early design stages and constrain-
ing the potential design space [37]. Furthermore, this limitation hampers non-
linear aeroelastic analysis through data-driven approaches, which rely on effi-
cient gathering of training data and have garnered attention in the aerospace
industry [40,51,56]. Therefore, there is a demand for computationally efficient
methods to determine LCO behaviour in aeroelastic systems.

This study aims to propose a computationally efficient method for estimat-
ing LCO behaviour and determining their stability in aeroelastic systems. This
is accomplished by conducting LCO analysis solely in the frequency domain,
combining HBM continuation with Koopman operator based stability anal-
ysis. To validate the proposed method numerically, the comparison is made
with state-of-the-art time-domain solvers, namely MATCONT [14] and COCO
[3], in both smooth and nonsmooth nonlinear case studies. Additionally, the
framework is experimentally validated by comparing predicted LCO behaviour
with empirical LCO data.

The onset of LCO typically arises at a specific type of bifurcation known as
a Hopf bifurcation [54]. Both theoretical analyses and experimental investiga-
tions have demonstrated that Hopf bifurcations coincide with the flutter points
of aeroelastic systems [22,57]. The numerical continuation process leverages
previous solutions of the system and the equations of motion to accurately
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predict subsequent solutions with respect to a chosen continuation param-
eter. Various methods, primarily employing a predictor-corrector approach,
have been developed to provide rough estimates followed by refinement for
improved accuracy. Among these, methods such as arclength and pseudoar-
clength continuation have proved effective in tracing solutions beyond turn-
ing points, thereby revealing diverse system behaviours. Despite differences in
existing bifurcation software, the predominant tools rely on orthogonal collo-
cation methods for tracking and modelling LCO [8]. Orthogonal collocation,
a time-domain method, segments a periodic orbit into intervals, represents
unknown variables using polynomials on each interval, and collocates the gov-
erning equations at Gauss points [27]. Orthogonal collocation techniques are
integrated into widely used bifurcation software packages such as MATCONT,
AUTO, and COCO [15,17,12]. However, despite their accuracy, these methods
are seldom applied to larger systems due to substantial memory requirements,
leading to high computational costs.

Harmonic balance methods (HBM) offer a computationally efficient alter-
native for identifying the maximum response of LCO. In HBM, the periodic
motion of LCO is approximated using Fourier series coefficients in the fre-
quency domain. The Alternative Frequency Time scheme (AFT) is imple-
mented so different types of nonlinear forces can be evaluated in the fre-
quency domain [9]. Unlike time-domain methods, where a set of coordinates
with corresponding time values must be stored to characterise the response,
HBM requires storing only a set number of coefficients. The method is tai-
lored for analysing periodic responses in systems with strong nonlinearities,
particularly when time-domain simulations become computationally expen-
sive. Key challenges in its application include ensuring convergence, managing
computational costs for higher harmonic orders, and accurately modelling non-
smooth nonlinearities. Previous studies [23,52] have demonstrated that HBM
can achieve a high level of accuracy compared to alternative methods like the
shooting method while being significantly less computationally expensive. In a
comparison between HBM and orthogonal collocation on nonlinear mechanical
systems, Karkar found HBM to exhibit better convergence on certain systems
and to be ”very robust” [27]. However, the literature lacks comprehensive re-
search comparing HBM to current alternatives, particularly in the context of
aeroelasticity [13,27]. Existing studies are mostly confined to low-harmonics
or focus on forced non-autonomous systems [30]. Although the NLvib package
implements HBM, its primary focus is on nonlinear mechanical systems, and
it does not include stability analysis purely in the frequency domain [28].

The conventional estimation of LCO stability typically involves time do-
main methods, such as Floquet analysis, as highlighted in Ref [53]. However,
as frequency domain methods gain prominence in LCO analysis, there is a
growing interest in techniques that directly compute stability in the frequency
domain. Guillot et al. [24,32] demonstrated the use of the Hill’s matrix for
computing the stability of LCO modeled by Fourier series through eigenvalue
analysis. Lazarus and Thomas demonstrated the method’s accuracy on a forced
Duffing oscillator system [31]. While effective, this method tends to be compu-
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tationally demanding, especially when dealing with large numbers of harmonic
orders necessary for modelling complex nonlinear systems, leading to extended
computation times. For large-scale scenarios, stability analysis using the Hill
method can be more numerically costly than computing periodic motion [29,
48]. The applications of Koopman operator methods to limit cycling systems
have been explored for stability analysis [39,42]. Additionally, they have been
applied to jet engine instabilities with the advent of data-driven methods [43].
In recent developments, the Koopman operator has been employed to derive
the monodromy matrix directly from Hill’s matrix, as elucidated by Bayer
and Leine [6]. In the Koopman framework, the dynamical system is charac-
terised by the evolution of functions on the state space over time. This method
elevates the problem to a higher-dimensional space where the system demon-
strates more predictable behaviour. This innovative approach significantly re-
duces the number of eigenvalues needed for stability computation, aligning
it with the number of degrees of freedom in the system. Consequently, this
advancement holds promise for enhancing the efficiency of stability analysis
in the frequency domain. However, it has not been applied and validated to
nonlinear smooth dynamical systems.

This paper presents the methodology for a general aeroelastic frequency
domain solver for LCO. The methodology encompasses a detailed explana-
tion of the HBM continuation scheme and frequency domain stability anal-
ysis. The preliminary numerical findings of this research were showcased at
the conference [41]. This paper comprehensively outlines the HBM methodol-
ogy, incorporating Koopman operator based stability analysis for predicting
LCO behaviours. Subsequently, the methodology is applied to a numerical
test case, incorporating both smooth and nonsmooth nonlinearities. The test
case results are then validated by comparison with outcomes from MATCONT
and COCO software. Following numerical validation, the framework’s results
are juxtaposed with LCO experimental data obtained through Control Based
Continuation (CBC) experiments [7]. Ultimately, conclusions are drawn based
on the numerical and experimental validation of the proposed framework.

2 Methodology

In this section, the computational framework based on HBM and Koopman op-
erator based stability analysis is presented. First, the standard mathematical
format is introduced, laying out the basic principles behind HBM continuation
based on the work in Ref [16]. The AFT procedure is then outlined, as it is
essential to all steps of this methodology. Finally, two methods of determin-
ing LCO stability in the frequency domain are described: the standard Hill’s
method and Koopman operator based analysis.
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2.1 General equation of motion

The methods outlined here revolve around mathematical models that can be
formulated into the second-order differential equation depicted in Equation
1. Nonlinear aeroelastic systems can be organised in this manner under the
assumption that structural forces counterbalance aerodynamic forces.

M :x`D 9x`Kx` qnlfnl “ A:x`B 9x` Cx (1)

Degrees of freedom of the system are denoted as x, while M , D, and K repre-
sent the structural mass, damping, and stiffness matrices, respectively. Matri-
ces A, B, and C characterise the encountered aerodynamic force, with a size
of N ˆ N , where N is the number of degrees of freedom of the system. The
nonlinear function fnl captures various types of nonlinearities encountered in
aeroelastic systems. The N ˆ 1 vector qnl incorporates the nonlinear equa-
tions affecting the degrees of freedom. The standard differential equation is
restructured into a first-order state equation, as shown in Equation 2:

9x “ Qx ` qnfnl (2)

Where:

x “

�

9x
x

�

Q “

�

pM ´Aq�1pB ´Dq pM ´Aq�1pC ´Kq

0N�N IN�N

�

qn “

�

´pM ´Aq�1qnl
0N�1

�

(3)
The matrix Q will be denoted as the linear matrix, as it completely represents
the linear dynamics of the system. This structural arrangement facilitates the
conduct of linear analysis to identify the flutter point through the following
procedure. By focusing solely on the linear aspect of the system, Equation
2 can be expressed as the eigenvalue problem 9x ´ Qx “ 0. Assuming an
oscillatory response x “ xoe

 t, the eigenvalue problem is formulated as:

rQ ´ I ijs� “ 0 (4)

Where  ij are eigenvalues in the conjugate pair

 ij “ ´�ij!ij ˘ i!ij
a

1 ´ �ij (5)

The undamped natural frequencies are denoted by !ij , while �ij represents
the damping ratios. Matrix � encompasses the corresponding eigenvectors.
Flutter manifests as unstable, negatively damped oscillations. Based on this
characterisation, it becomes evident that if any of the real parts of Equation
5 are positive, the system exhibits dynamic instability [61].
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2.2 Harmonic Balance Method

Incorporating nonlinearities alters this behavior. In nonlinear systems, the loss
of linear stability typically leads to the emergence of LCO at a hopf bifurcation
point. While linear analysis can pinpoint hopf bifurcation points, numerical
continuation from such points often reveals the presence of LCO solutions even
before the loss of linear stability.

Assuming that the system’s dynamic response after a hopf bifurcation is
an LCO, we can represent the time response of x and 9x using the Fourier
series. The system can then be expressed through multi-harmonic response
and solved in the frequency domain:

xptq “ X0 `

l
‚

k�1

Xk;s sin k!t`Xk;c cos k!t (6)

The variable l denotes the harmonic order of the response, while X0, Xk;s,
and Xk;c represent Fourier coefficients. This assumed response is fundamental
to HBM, facilitating the transformation of the system from the time domain
to the frequency domain. Instead of necessitating a time integration process
spanning potentially hundreds to thousands of time steps, only N ˆ p2l ` 1q

steps are required to characterise the dynamic behaviour of the system.

An additional step is necessary to model the nonlinear force component of
Equation 2. Nonlinear forces are typically depicted as nonlinear time functions.
Since they do not adhere to linearity with respect to states or represent explicit
functions of time, direct transformation to the frequency domain is impractical
[9]. However, the nonlinear force response can be transformed to the frequency
domain via the AFT procedure, facilitating the determination of F0, Fk;s, and
Fk;c as:

fnlptq “ F0 `

l
‚

k�1

Fk;s sin k!t` Fk;c cos k!t (7)

The predicted values of X0, Xk;s, Xk;c, and ! are utilised in Equation 6 to
derive the time domain response over a period. Subsequently, the time do-
main nonlinear force response fnlptq is determined. A fast Fourier transform
algorithm (FFT) is then applied to estimate Fourier coefficients based on the
time domain nonlinear force response. This is commonly known as the AFT
procedure, laid out in Figure 1. Leveraging these relationships, the equation
of motion depicted in Equation 2 can be reformulated into a set of algebraic
residual equations, which are solved numerically. Accuracy can be assessed
through convergence studies and benchmarking against numerical tools such
as COCO and MATCONT. A converged HBM result with respect to l can
generally be assumed to be reliable for the system under consideration, in the
absence of such comparisons.
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Fig. 1: AFT procedure

2.3 Continuation scheme

A continuation scheme is formulated based on the principles of HBM. Its aim
is to determine the amplitude and frequency of LCO, along with their corre-
sponding values of a chosen continuation parameter. Given the uncertainty in
the shape of the bifurcation diagram, both the continuation parameter � and
LCO frequency ! are treated as unknowns in this scheme. Typically, in an
aeroelastic system, velocity is used as the continuation parameter. It is worth
noting that the linear system matrix Q is often dependent on the continuation
parameter. The equations of motion in the nonlinear degrees of freedom are
denoted as follows:

:xnlptq “ pQqu;pxL ` pQqu;u 9xnlptq ` pQqu;vxnlptq ` pqnqufnlptq (8)

Linear Fourier coefficients, denoted by xL “ rX0; Xk;s; Xk;cs, are obtained by
solving only the linear components of the system. Here, the linear degrees of
freedom or modes are labeled as p, while the nonlinear degrees of freedom and
modes are designated as u and v, respectively. Substituting Equation 6 into
Equation 8 yields the set of N ˆ p2l ` 1q residual equations:

R0 “ pQqu;pX0 ` pQqu;vX0 ` pqnquF0

Rk;s “ ´k2!2Xk;s ´ pQqu;pXk;s ´ pQqu;uk!Xk;c ´ pQqu;vXk;s ´ pqnquFk;s

Rk;c “ ´k2!2Xk;c ´ pQqu;pXk;c ` pQqu;uk!Xk;s ´ pQqu;vXk;c ´ pqnquFk;c
(9)

In scenarios involving multiple nonlinear degrees of freedom, a set of N ˆ

p2l ` 1q residual equations are derived for each nonlinear degree of freedom.
Incorporating � and ! as unknowns necessitates formulating two additional
residual equations. A common constraint imposed on the scheme is related
to pseudo-arclength continuation [4,11]. Using point j as the reference in the
continuation, a prediction for j ` 1 is generated utilising tangential direction
vectors. It is assumed that the converged solution for j ` 1 is orthogonal to
the initial prediction, imposing the following constraint in the corrector stage
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during the numerical continuation:

R2l�2 “ pXj�1 ´Xj�1;0q
dX

ds j
`p!j�1 ´!j�1;0q

d!

ds j
`p�j�1 ´�j�1;0q

d�

ds j
(10)

Through this constraint, direction vectors (dpX;!;�qds where s denotes the non-
dimensional arc-length) for the next continuation step are also obtained.

Another widely used constraint is based on the principle of orthogonality
between the phase of degrees of freedom and their rates of change [27,21]. This
assumption can be used to derive a relationship between jth Fourier coefficients
and the j ` 1 points:

R2l�3 “

l
‚

k�1

´kpXk;cqjpXk;sqj�1 ` kpXk;sqjpXk;cqj�1 (11)

Both of these constraints are commonplace in continuation methods and
are also employed in time-domain methods. Further details on each can be
found in Ref [16,12]. With an equal number of residual equations and un-
knowns rX0; Xk;s; Xk;c; !; �s (for k “ 1; : : : ; l), the system can be numerically
solved at each point in the continuation.

The system can be solved iteratively typically through the Newton–Raphson
procedure [16]. This involves linking displacements to rates of change through
the Jacobian matrix J “ d 9x{dx via 9x “ Jx. While the Jacobian can be nu-
merically evaluated through finite difference methods, this approach can be
computationally demanding, particularly for large-scale systems [55]. Alterna-
tively, the analytical Jacobian can be incorporated by defining it via a Fourier
transform [13].

Jptq “ J0 `

l
‚

k�1

Jk;s sin k!t` Jk;c cos k!t (12)

From Equations 1 and 6 we can derive the Jacobi for each Harmonic order as:

J0 “ Q ` qn

�

BF

BX




0

Jk;s “ Q ` qn

�

BF

BX




k;s

Jk;c “ Q ` qn

�

BF

BX




k;c

(13)

Approximations for
�

BF
BX

�

0
,
�

BF
BX

�

k;s
, and

�

BF
BX

�

k;c
can be achieved by ana-

lytically transforming the time-domain derivation dfnl
dx ptq into the frequency

domain using the inverse Fast Fourier Transform procedure.

dfnl
dx

ptq “

�

BF

BX




0

`

l
‚

k�1

�

BF

BX




k;s

sin k!t`

�

BF

BX




k;c

cos k!t (14)
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This necessity arises solely within the nonlinear degrees of freedom. An added
advantage is that the Fourier coefficients of the Jacobian can be utilised to
directly assess the stability of the response in the frequency domain, as elab-
orated in the subsequent section.

2.4 Frequency domain stability determination

Once a converged solution including LCO amplitude, frequency, and continu-
ation parameter is achieved in the frequency domain, the stability of the oscil-
lation must be determined. A stable LCO solution describes behavior where,
following an initial perturbation, the system’s response is drawn towards the
LCO. Conversely, with an unstable LCO, the response moves away from the
unstable cycle [47].

Time-domain analysis is used as a reference in the study, which relies on
the use of monodromy matrix �T (N ˆN) to assess the stability of the system
through its evolution in state changes over time. The monodromy matrix is
illustrated in Equation 15 which portrays the evolution of the system’s states
over a single period T . It can usually be obtained as a byproduct of time-
domain continuation processes where the stability of the system can be subse-
quently assessed based on its eigenvalues known as Floquet multipliers [58]. If
the absolute value of any of the N Floquet multipliers exceeds 1, the system
is deemed unstable. This approach is herein referred to as time-integration
stability analysis.

xT “ �Tx0 (15)

2.4.1 Hill’s method

In the frequency domain, the stability of an oscillation can be computed using
Hill’s method, which still applies Floquet theory [47]. The stability is deter-
mined based on the eigensolution of the truncated Hill’s matrix H as follows:

H8 “

�

�

�

�

�

�

�

�

. . .
...

...
...

...

: : : J0 ` !I J1;s J2;s : : :
: : : J1;c J0 J1;s : : :
: : : J2;c J1;c J0 ´ !I : : :

...
...

...
...

. . .

�

�

�

�

�

�

�




(16)

The Hill’s matrix is truncated to size Np2l ` 1q ˆNp2l ` 1q:

H “

�

�

�

J0 ` l!I : : : J-2l

...
. . .

...
J2l : : : J0 ´ l!I

�

�




(17)

Assuming Jk;s and Jk;c for k ą l are N ˆ N zero matrices, as per standard
Hill’s method. N terms, referred to as Floquet exponents (distinct from Flo-
quet multipliers), are subsequently selected from the Np2l ` 1q eigenvalues
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of the matrix H [32]. A numerical sorting algorithm is employed to identify
eigenvalues corresponding to k “ 0. The conventional approach involves sort-
ing the eigenvalues based on the amplitude of their imaginary parts. The N
eigenvalues with the smallest amplitude of imaginary parts are then selected
as the Floquet exponents. Stability is determined by comparing the real parts
of the Floquet exponents to zero. For the system to be deemed dynamically
stable, all real parts must be below zero; otherwise, the system is unstable.

2.4.2 Koopman operator based stability analysis

Koopman lift theory can be introduced to reduce the computational cost of
frequency domain stability analysis. The Koopman operator stability process
operates under two assumptions to derive an approximation of the monodromy
matrix. The first assumption is that the higher-dimensional space z can be
utilised to estimate the lower-dimensional space x via:

xptq « xzptq “ Cptqzptq (18)

Here, Cptq represents the time-dependent projection matrix that fulfils the
conditionCptqzptq “ xzptq, with zptq composed of monomial terms and Fourier
terms of the base frequency [6]. zptq can be then expressed as:

zptq “

�

�

�

�

�

�

�

�

�

�

Z1
�le

�il!t

...
Z1
l e
il!t

Z2
�le

�il!t

...
ZNl e

il!t

�

�

�

�

�

�

�

�

�




(19)

Where l is the maximum frequency order, N is the maximum index of the
monomial term and ZNl is the lth Fourier coefficient of the N th monomial term.
The dimension of this orthogonal basis functions zptq is Np2l` 1q. Here, these
linear basis functions are ordered by the state at first and then by the frequency
in an ascending order. Vector Zl is used to denote the vector containing the
Fourier coefficients corresponding to the lth frequency for each monomial term.

A common choice for the projection matrix Cptq in frequency-based pro-
jection is to select the zeroth harmonic, which corresponds to the steady-state
or average behavior of the system providing insight into the system’s mean
behaviour or equilibrium states [6]. To select the components related to the
zeroth harmonic of zptq, the frequency domain projection matrix is defined as:

C̃ “ p0 : : :0 In�n 0 : : :0q (20)

The second assumption of the Koopman operator-based stability method is
that the truncated Hill’s matrix can be utilised to derive the state transition
matrix of the high-dimensional space with [6]:

zptq “ UTeHtUzp0q (21)
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Where U is the transformation matrix to convert the Hill’s matrix from fre-
quency to time domain, satisfying the criteriaUzptq “ pZ�le

il!t : : :Zle
�il!tqT.

Substituting Equations 18 into 21 yields the following expression:

xzptq “ CptqUTeHtUzp0q (22)

At t “ 0, Equation 19 simplifies to zp0q “ W̃xp0q, where:

W̃ “

�

�

�

In�n
...

In�n

�

�




(23)

Utilising both reductions matrices together in Equation 22, results in:

xz “ CptqUTeHtUWxp0q (24)

Over a full period T this yields:

xT « C̃eHtW̃x0 (25)

As per Equation 15, this implies that the monodromy matrix can be approxi-
mated in the frequency domain by:

�T « C̃eHTW̃ (26)

This approximation of the monodromy matrix enables the computation of sys-
tem stability through Floquet multipliers, employing the same method as in
standard time-domain stability analysis. Thus, compared to traditional Hill’s
stability analysis, utilising the Koopman operator reduces the necessary num-
ber of eigenvalues from Np2H ` 1q to just N . This approach will be referred
to herein as Koopman operator-based stability analysis.

Figure 2 provides an overview of the complete HBM continuation process,
including stability analysis. The continuation starts with an initial estimate of
the LCO frequency from eigenvalue analysis and a small guess for the ampli-
tude. Nonlinear forces are then computed in the frequency domain using the
AFT procedure, which estimates the system’s linear degrees of freedom. The
residual equations 9, 10 and 11 are numerically solved. Once a converged so-
lution is achieved, stability analysis is performed using either Hill’s method or
the Koopman-based procedure. Direction vectors are calculated through finite
differences based on previous points in the continuation scheme, and these vec-
tors are used to estimate the next point via the tangent predictor method [16].
This process continues until a user-defined stopping criterion is met, such as
the number of points or maximum/minimum continuation parameter.
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Fig. 2: HBM continuation process with stability analysis

(a) (b) (c)

Fig. 3: Numerical test case (a) Freebody diagram of 2 DoF aerofoil [34], (b)
Quadractic-Cubic nonlinearity, (c) Freeplay nonlinearity with � “ 1o

3 Test case

The model under investigation here is a simplified representation of the sys-
tem analysed in Ref. [36], focusing on a two-degree-of-freedom aerofoil section
depicted in Figure 3a. In this model, the degrees of freedom are the pitch angle
� and the heave h. The plunge degree-of-freedom is governed by a spring with
stiffness Kh, while a torsional spring K� resists pitch movement. For the non-
linear flutter rig considered, the state variables are denoted as x “ rh; �;ws,
where h represents heave, � denotes pitch, and w indicates the aerodynamic
state. The structural matrices, as shown in Equation 1, are configured as fol-
lows:

M “

�

�

mT mwx�b 0
mwx�b I� 0

0 0 1

�

� ; D “

�

�

ch 0 0
0 c� 0

´1{b a´ 1{2 0

�

� ; K “

�

�

Kh 0 0
0 K� 0
0 0 0

�

�

(27)
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Aerodynamic matrices are derived from the unsteady aerodynamic model
described by Abdelkef et al. [2].

A “

�

�

´�b2 a�b3 0
a�b3 ´�

�

1{8 ` a2
�

b4

0 0 1

�

�

B “

�

�

´�bCpkq ´ p1 ` p1{2 ´ aqq�b2Cpkq{� ´2�V b pc1c2 ` c3c4q {�
� pa` 1{2q b2{V ´

�

1{4 ´ a2
�

�b3 2�b2V pa` 1{2q pc1c2 ` c3c4q

0 0 ´ pc2 ` c4q {�b

�

�

C “

�

�

0 ´�bCpkq ´2�V c2c4 pc1 ` c3q {�
0 �b2Cpkq p1{2 ` aq 2�b pa` 1{2q c2c4 pc1 ` c3q

0 1{�V b c2c4{�b2

�

�

(28)

Where Cpkq is the generalised Theodorsen’s function detailed in Ref.[59].
Theodrsen’s function is related to the model through reduced frequency k that
can be calculated with k “ !b{V . Aerodynamic constants c1-c4 are derived
with the Sears and Pade approximations [19]. The aerodynamic forces and
structural matrices are integrated in the generalised form from Equation 2.
With nonlinearity present in the pitch degree of freedom for the case studies
under examination, the Boolean matrix allocating the nonlinear function is
defined as qn “ r0; 1; 0sT . The specific definition of the nonlinear function fnl
varies for each test case. This setup enables linear flutter analysis to precede
the detailed numerical continuation method outlined.

To illustrate the nonlinear characteristics of the system under smooth non-
linear conditions, the spring stiffness is modelled using quadratic and cubic
terms in the pitch degree of freedom. The shape of the smooth nonlinearity
is demonstrated in Figure 3b. This method is commonly used to replicate
geometrical nonlinear behaviours [34].

fnlptq “ K�2�ptq2 `K�3�ptq3 (29)

To capture the behaviour of a nonsmooth nonlinearity, the nonlinear func-
tion is now represented by a freeplay nonlinearity on the torsional spring, as
depicted in Figure 3c. This describes behaviour where the torsional stiffness
becomes zero within a range of pitch angles, typically denoted as ´� to �,
resulting in a nonsmooth shape. The segment with zero torsional stiffness is
commonly referred to as the freeplay region. Functions of this type are typically
employed to model nonlinear impacts arising from localised contact points and
friction [1,5].

fnlptq “

$

’

&

’

%

Knlp�ptq ` �q �ptq ď ´�

0 ´ � ă �ptq ă �

Knlp�ptq ´ �q �ptq ě �

(30)
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4 Numerical demonstration and validation

In this section, the outlined methodology will be applied to the specified aeroe-
lastic test case for a purely numerical validation assessment. This will involve
comparing the accuracy of bifurcation diagrams to time histories and time-
domain continuation tools, namely MATCONT and COCO. The examination
will consider both precision and computational cost. Two distinct types of non-
linearity will be explored. Firstly, a smooth nonlinearity, typically employed to
model geometric nonlinearities, will be analysed. Subsequently, a nonsmooth
function will be utilised to represent localised nonlinearity.

4.1 Smooth nonlinearity

The results obtained by implementing the smooth nonlinearity described in
Equation 29 are presented herein. To build the Hill’s matrix for frequency
domain stability analysis, dfnl

dx ptq is derived from Equation 29 as follows:

dfnl
dx

ptq “ 2K�2�ptq ` 3K�3�ptq2 (31)

The parameters outlined in Appendix A define the test case. For the purely nu-
merical test, a simplified aerodynamic model is utilised, resulting in the neglect
of the aerodynamic state w. Consequently, both structural and aerodynamic
matrices (Equations 27 and 28) are reduced from 3 ˆ 3 to 2 ˆ 2.

The HBM framework was applied to the test case, and bifurcation dia-
grams for various harmonic orders are presented in Figure 4a. Continuation
was initiated from the Hopf bifurcation point (flutter velocity) at 31:45m{s,
identified through linear eigenvalue analysis of the matrix Q. The continuation
initially progressed backward with respect to velocity until reaching a turning
point, after which the direction reversed. This is subcritcal behaviour, meaning
LCO exist at lower velocities than the linear flutter speed.

To establish a reference solution, a high-fidelity run with 100 harmonics
was conducted to assess the mean error in velocity for LCO amplitudes rang-
ing from 0 to 0:5 rad. Figure 4b indicates that mean error relative to the
100-harmonic solution converges fully by five harmonics. It is observed that
the error in the shape of the bifurcation curves for one and two harmonics is
nearly identical, with a sharp change occurring at three harmonics. A steep
99:08% reduction in absolute error is observed between two and three har-
monics, followed by only marginal decreases up to five harmonics. This trend
is validated by Figure 4a, which shows a slight change in the bifurcation di-
agram’s shape between two and three harmonics, with negligible differences
beyond three harmonics.

From a design perspective, the turning point is critical as it represents the
minimum velocity at which LCOs are expected. Figure 4c reveals a 1:42%
change in the turning point location between two and three harmonics, with
only minor variations up to five harmonics. While the steep error reduction
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(a) (b) (c)

Fig. 4: Bifurcation diagram for smooth nonlineaity (a) Shape convergence (¨ ¨ ¨

l “ 1), (‚ l “ 2), (‚ l “ 3), (-- l “ 100), (b) Bifurcation diagram mean error,
(c) Turning point convergence

between two and three harmonics has limited impact on the overall bifurcation
diagram shape, full convergence is not achieved until five harmonics with a
turning point at 23:91m{s.

The convergence of frequency-domain stability methods is assessed after
the bifurcation diagram stabilises. Standard time-domain Floquet analysis, as
shown in Figure 5a, serves as a reference for stability behaviour. For LCO am-
plitudes below 0:25rad, the Floquet multiplier associated with mode 4 exceeds
unity, indicating unstable LCO behaviour. Conversely, for amplitudes exceed-
ing 0:25rad, all Floquet multipliers are less than or equal to unity throughout
the remainder of the continuation, signifying stable LCO. It is observed that
the multiplier for mode 3 remains exactly 1 across the entire continuation.
The stability exchange point corresponds to the turning point in the bifurca-
tion diagram, occurring at a velocity of 23:91m{s. This indicates the presence
of unstable LCOs at low amplitudes, spanning from the turning point to the
Hopf bifurcation point. At the turning point, a stability exchange takes place,
leading to the emergence of higher-amplitude stable LCOs.

While time integration provides an exact determination of LCO stability,
converting to the time-domain undermines the purpose of employing a fre-
quency domain method for delineating the shape of the bifurcation diagram.
Therefore, stability is evaluated using both the standard Hill’s method and
the Koopman operator-based method to determine the optimal approach in
this context, considering accuracy and runtime. Figure 5b shows the critical
Floquet exponent obtained from the standard Hill’s method at 5 Harmonics,
indicating where a change of stability occurs. It is observed that the transition
from stability to instability occurs within 0.01m{s of the prediction made by
the time-integration method. Similarly, in Figure 5c, the Koopman operator
based method at 5 Harmonics predicts stability exchange at the same point
as the standard Hill’s method.

It is observed in Figure 5b that the Hill’s method exhibits an anomalous
jump in the Floquet exponent at the point of stability exchange. Furthermore,
the Floquet multipliers derived from the Koopman method in Figure 5c do not
align precisely with those obtained from direct time integration. This discrep-
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(a) (b)

(c)

Fig. 5: Smooth nonlinearity stability eigenvalues a l “ 5 (‚ eigenvalue 1),
(‚ eigenvalue 2), (‚ eigenvalue 3), (‚ eigenvalue 4) (a) Time integration, (b)
Standard Hill’s method, (c) Koopman based method

ancy suggests that modes 3 and 4 are coupled near the stability exchange point
but decouple thereafter. While the stability exchange is captured in this in-
stance, further investigation is warranted to determine under what conditions,
if any, these results converge to the exact solution.

Focusing initially on the Hill’s method, since no exact solution is available
for direct comparison, the harmonic order was increased to 100 to achieve fully
converged Floquet exponents, as shown in Figure 6a. The resulting curve is
smooth and exhibits no anomalous jumps near the stability exchange, indi-
cating convergence. This solution is treated as the reference for evaluating the
accuracy of Floquet exponents at lower harmonic orders. The mean error over
the critical range of LCO amplitudes of interest is presented in Figure 6b.
By six harmonic orders, the error is observed to converge, and this is further
confirmed in Figure 6c, which demonstrates that for harmonic orders below
six, a jump near the stability exchange is evident, whereas at six harmonics,
the curve becomes smooth. Despite these jumps, the stability exchange lo-
cation converges by five harmonic orders. An exception to this is the single
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(c)

Fig. 6: Hill’s stability method on smooth test case (a) Converged Floquet
exponents, (b) Floquet exponent mean error, (c) Convergence study

harmonic response, where a smooth curve is observed. However, this result
underestimates the true stability exchange location by 25%, as reflected in
the mean absolute error, making it the second least accurate among the cases
considered. A significant increase in error at three harmonics is also observed.
Examination of Figure 6c reveals that at this harmonic order, the Floquet
exponents fail to predict stability, diverging instead to a large positive value.

Using the Koopman method, the exact Floquet multipliers derived from
the time integration method serve as a benchmark for assessing its accuracy.
Figure 7a demonstrates that the mean error in the multipliers converges at
eight harmonic orders. It is observed that while modes 1 and 2 converge by six
harmonic orders, modes 3 and 4—critical for determining stability—do not
converge until eight orders. This is corroborated in Figure 7c, which shows
that modes 3 and 4 remain coupled prior to eight harmonics. Beyond this
point, the Koopman method accurately captures the dynamics of modes 3
and 4, with mode 3 maintaining a multiplier of 1 throughout the bifurcation
diagram, while mode 4 exhibits a smooth transition from stable to unstable.
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(a) (b)

(c)

Fig. 7: Koopman-based stability on smooth test case (a) Floquet multiplier
error (colours in line with Figure 5a), (b) Mode 3 and 4 coupling at (‚ l “ 1),
(‚ l “ 3), (‚ l “ 5), (c) Convergence study

Figure 7b highlights the multipliers for modes 3 and 4 at low harmonic orders,
with the modes being fully coupled for the full continuation run in the sin-
gle harmonic result. At harmonic orders between two and four, the stability
transition location is underestimated. Notably, at three harmonic orders, the
Koopman method predicts that the system becomes unstable again at higher
amplitudes in the bifurcation diagram. However, despite discrepancies in the
Floquet multiplier shape compared to the exact solution, the stability transi-
tion location converges to the value predicted by the time-domain method by
five harmonic orders.

The final converged bifurcation diagram, shown in Figure 8, is generated
using a harmonic order of 5 with Koopman-based stability analysis. The re-
sults reveal subcritical behaviour, where unstable LCOs are tracked from the
linear flutter velocity up to 23:91m{s. Beyond this point, a turning point is
reached, after which stable LCOs of increasing amplitude are observed with
rising velocity.
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Fig. 8: Smooth test case converged bifurcation diagram at l “ 5 (‚ unstable
LCO), (‚ stable LCO)

4.2 Nonsmooth nonlinearity

The outcomes derived from applying the freeplay nonlinearity outlined in
Equation 30 are presented in this section. To construct Hill’s matrix for fre-
quency domain stability analysis, dfnl

dx ptq is derived from Equation 30 as follows:

dfnl
dx

ptq “

$

’

&

’

%

Knl �ptq ď ´�

0 ´ � ă �ptq ă �

Knl �ptq ě �

(32)

The parameters are once again outlined in Appendix A, with the primary
distinction being the incorporation of nonlinearity in the case of the localised
nonlinearity. In the implemented freeplay nonlinearity, two distinct linear flut-
ter velocities emerge. The first occurs when the absolute value of the pitch is
less than �, resulting in zero torsional stiffness. Under this condition, the flutter
velocity remains consistent with the smooth case at 31:45m{s (flutter velocity
1). Conversely, in scenarios where |�| ě �, the flutter velocity is determined by
setting K� “ Knl and is calculated to be 29:5m{s (flutter velocity 2). Given
that flutter velocity 1 corresponds to the hopf bifurcation point, continuation
will commence from this point, assuming the aerofoil is perturbed from a state
with zero heave and pitch.

Continuation is initiated from flutter velocity 1, and bifurcation diagrams
are generated across a range of harmonic orders. The results obtained using
100 harmonic orders are taken as the reference for assessing convergence of the
bifurcation diagram’s shape. Figure 9a illustrates a subcritical pattern, similar
to the smooth case, but with a sharper transition. Notably, LCO amplitudes
remain negligible before the turning point, beyond which they escalate towards
infinity.
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Figure 9a further shows similarity between the single and two harmonic
result and a noticeable change in the shape of the bifurcation curve at the
turning point between 2 and 3 harmonics. However, for harmonic orders above
3, even up to 100, the changes are minimal. This observation is validated by the
absolute error presented in Figure 9b, where a 78.41% drop in error relative to
the 100-harmonic result is observed between 2 and 3 harmonics. An additional
17.26% reduction occurs between 3 and 5 harmonics, but beyond this, only
marginal decreases are observed, with full convergence achieved around 10
harmonics.

As in the smooth case study, the turning point location remains the most
critical feature of the bifurcation diagram. Figure 9c shows that significant
jumps in absolute error result in only a 3.25% change in the turning point ve-
locity between 2 and 3 harmonics, with minor adjustments thereafter. Conver-
gence is reached at 8 harmonics, yielding a turning point velocity of 24:29m{s.
Although the bifurcation shape converges at 10 harmonics, it suggests that
the amplitude also requires up to 10 harmonics to achieve full convergence.

Once the bifurcation diagram has stabilised with time integration Floquet
analysis, as shown in Figure 5a as the reference point, the convergence of
frequency domain stability methods is re-assessed. Given the minimal change
in amplitude before the turning point in the bifurcation diagram, iteration
along the continuation process replaces the LCO amplitude in the stability
plots. Time-integration stability indicates an exchange from unstable to stable
at iteration 44, corresponding to the turning point of the bifurcation diagram.

Upon examination of the Floquet multipliers and exponents of the fre-
quency domain methods in Figures 10b and 10c, an erratic pattern is notice-
able, with sharp jumps between points. This contrast with the time-domain
method suggests discrepancies in depicting the dynamic behaviour. However,
in the case of standard Hill’s method, such behaviour does not influence the
prediction of stability exchange. Despite the erratic nature of the critical Flo-
quet exponent, it still indicates the transition of LCO from unstable to stable
at iteration 44, as shown in Figure 10b.

As there is no exact solution for the Floquet exponents, the result obtained
using 100 harmonic orders, shown in Figure 11a, is adopted as the converged
solution for accuracy assessment. This plot reveals a generally smooth curve,
particularly near the stability exchange point. The mean error in the Floquet
exponents over the full continuation run is illustrated in Figure 11b. It is
observed that the error begins to converge at harmonic orders exceeding 15.

In the outputs from the Hill’s method, erratic jumps are consistently ob-
served. However, as shown in Figure 11c, for harmonic orders above four, all
Floquet exponents correctly predict an exchange of stability at iteration 44,
aligning with the time-domain results. Once again, the single harmonic result
exhibits a smooth curve across all iterations but underestimates the turning
point location by 12 iterations. Any Floquet multipliers appearing in the top-
right or bottom-left quadrants of Figure 11c indicate an error. Notably, such
erroneous points are confined to results at harmonic orders below five. This
indicates that, despite the chaotic appearance of the results at low harmonic



Title Suppressed Due to Excessive Length 21

(a)

(b) (c)

Fig. 9: Freeplay bifurcation diagram (a) (¨ ¨ ¨ l “ 1), (‚ l “ 2), (‚ l “ 4),
(‚ l “ 8), (b) Bifurcation diagram absolute error, (c) Turning point loaction
convergence

orders, meaningful stability information can still be extracted. Consequently,
reliable stability predictions can be obtained even at relatively low harmonic
orders, provided the analysis is carefully interpreted.

Focusing on the results from the Koopman-based method, the apparent
errors in the Floquet multipliers obtained through Koopman operator-based
stability analysis significantly influence the outcomes. A detailed examination
of the critical multipliers in Figure 10c reveals that eigenvalues 3 and 4 exhibit
chaotic jumps between iterations. Unlike the Floquet exponents, chaotic tran-
sitions between stable and unstable states are observed following the exchange
of stability indicated by the time-domain results. Additionally, the modes ap-
pear to be coupled near the stability exchange point, which contrasts with
the time-domain results where mode 4 consistently remains at 1 throughout
the continuation. This erratic behaviour is illustrated in Figure 12a, where the
bifurcation diagram shows unpredictable shifts between stability and instabil-
ity after the turning point. These deviations are inconsistent with the more
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(c)

Fig. 10: Freeplay nonlinearity stability eigenvalues at l “ 8 (‚ eigenvalue 1),
(‚ eigenvalue 2), (‚ eigenvalue 3), (‚ eigenvalue 4) (a) Time integration, (b)
Standard Hill’s method, (c) Koopman operator based stability

reliable predictions derived from the time-integration method. An exception
is observed in the single harmonic case, where the Floquet multiplier curve
remains smooth throughout the continuation, with no chaotic jumps. How-
ever, this result yields the largest error compared to the time-domain solution,
underestimating the stability exchange by 12 iterations.

The error in the Floquet multipliers from the Koopman method is eval-
uated against the exact solution obtained from the time integration method.
Figure 12b indicates that while the errors for all modes begin to converge at
20 harmonic orders, they remain relatively high for the critical modes 3 and
4, which govern the stability of the LCO. Figure 12c confirms this observa-
tion, demonstrating that although the general shape of the Floquet multipliers
converges, chaotic jumps persist between iterations, along with incorrect sta-
bility transitions where none should exist. Notably, if any Floquet multipliers
fall within the top-right quadrant of Figure 12c, this indicates an error. The
presence of multiple erroneous points, not limited to regions near the stability
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Fig. 11: Hill’s stability method on nonsmooth test case (a) Converged Floquet
exponents, (b) Floquet exponent mean error, (c) Convergence study

exchange, highlights a broader issue. Even at 100 harmonic orders, chaotic
jumps in stability persist, suggesting that the Koopman operator, as applied
in this problem, cannot fully capture the stability of the non-smooth case.

The presence of errors in the Hill and Koopman stability methods may
be attributed to the inherent approximation nature of the harmonic balance
method in capturing the dynamic behaviour of a system. In essence, frequency
domain methods can only be as effective as their ability to estimate true time
histories accurately. This notion is underscored by comparing the true time
histories of nonlinear forces with the frequency domain estimates obtained
through the AFT procedure, as depicted in Figure 13.

An analysis of the error in the case of smooth nonlinearity, presented in
Figures 13a and 13b, reveal that the AFT procedure offers a reasonable ap-
proximation of the true nonlinear force at both low and high LCO amplitudes.
The relative root mean square error (RRMS) remains below 10�3 in both
instances, explaining why both frequency domain stability methods exhibit
success without chaotic jumps between iterations.




