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 A B S T R A C T

Recent research on kinship modelling in demography has extended age-structured models (i) to include 
additional characteristics, or ‘‘stages’’ (multi-state kinship), and (ii) to time-variant situations. A wide variety 
of population structures can affect kinship networks. However, only one prior model has comprehensively 
considered such effects, and under specific assumptions relating to the nature of individuals’ stages. As such, 
the leading multi-state framework for kin is theoretically limited in scope, and moreover, has yet to be imple-
mented under time-variant demographic rates. Generalising kinship models to encompass arbitrary population 
characteristics and extending them to time-dependent processes remain open challenges in demography.

This research proposes a methodology to extend multi-state kinship. We present a model which theoretically 
accounts for any stage, both in time-variant and time-invariant environments. Drawing from Markov processes, 
a concise mathematical alternative to existing theory is developed.

The benefits of our model are illustrated by an application where we define stages as spatial locations, 
exemplified by clusters of local authority districts (LADs) in England and Wales. Our results elucidate how 
spatial distribution – a demographic characteristic ubiquitous across (and between) societies – can affect an 
individual’s network of relatives.
1. Introduction

Mathematical demographic models of kinship stem from the influ-
ential papers of Goodman et al., 1974 and Pullum, 1982. However, as 
a recent commentary in the pages of this journal has noted (Pavard 
and Coste, 2020), in the decades following the publication of Goodman 
et al.’s paper (Goodman et al., 1974), with the exception of Goldman 
(1978) and Coresh and Goldman (1988), few other authors invested 
much energy in the mathematical study of kinship. In recent years, 
there has been something of a resurgence in the area, including notable 
theoretical papers by Coste et al. (2021) and Caswell (2019b, 2020), 
Caswell and Song (2021), Caswell (2022). In Caswell (2019b), a one-sex 
age-structured population model subject to time-invariant demographic 
rates is proposed. A system of matrix projections are derived: one for 
each kin of some typical population member (termed Focal henceforth). 
Subsequent to its inception, this matrix-based framework has been 
extended to time-variant demographic rates (Caswell and Song, 2021), 
and age×stage (multi-state) structured populations (Caswell, 2020). 
Stage in this context refers to any population characteristic for which 
individuals can transition in and out of. Developing the theoretical 
synthesis of Caswell (2020) to cover arbitrary population characteristics 
which vary with time, however, presents challenges. For instance, the 
complexities of considering stage spatially are illustrated in ongoing 
research (see Roper and Caswell, 2023). Until now, the demography 
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of multi-state kinship has only been explored in the context of time-
invariant population projections and rather specific descriptions of 
stage.

An alternative and mathematically elegant way to construct kinship 
networks draws from the methods of Coste et al. (2021). The authors, 
by defining Ego (rather than Focal) and kin through a common an-
cestor, utilise genealogical Markov chains (Demetrius, 1974) to count 
possible generational survival and reproductive events which connect 
the relatives. Their methods depend on a one-sex time-invariant popula-
tion structured by ‘‘class’’. Here, the term class is intended to encompass 
any conceivable discrete population structure (Coste et al., 2021). 
Although a time-invariant assumption allows one to consider how 
Focal’s kingship changes by age of Focal if demographic conditions 
are maintained indefinitely, in reality demographic conditions change 
with age and time. As such, so will Focal’s kinship. A time-variant 
demography means that Focal’s kinship structure will be increasingly 
altered the more distant kin of Focal one considers, and the more 
volatile changes are in demographic conditions. Moreover, in some 
applications, progression through classes, loosely defined, may vary in 
complex ways by both age and time. In this respect the appeal of the 
genealogical Markov chain becomes clear: the method applies under 
any multi-state matrix projection model.
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The contribution of this research to the literature is to make ex-
plicit the extension of the work of Coste et al. (2021) to the case 
of time-varying demographies. We illustrate the far-reaching poten-
tial of such methods through considering complex class-structured 
populations whereby classes are comprised of age and stage, i.e., a 
multi-state model. The framework presented here (i) encompasses any 
stage which (in addition to age) structures a population, (ii) oper-
ates within time-variant contexts, and (iii) also recovers the case of 
a time-invariant demography. The innovation here is to construct a 
time-variant genealogical Markov chain. Then following the original 
synthesis of Coste et al. (2021) we project individuals backwards and 
forwards in time; move through family lineages; and calculate cross-
generational expected age×stage distributions of kin. Through concise 
formulae, we provide a means to analyse the ways in which arbi-
trary population structures shape kinship bonds. As an example of the 
scope of the presented framework, we consider stages defined through 
spatial locations, exemplified by clusters of local authority districts 
(LADs) in England and Wales, and sourced from the Office for National 
Statistics (ONS). By application, we present novel results describing 
time-dependent age×geography structured kinship, and contrast these 
innovations to the static case (e.g., Roper and Caswell, 2023).

The structure of the rest of this article is as follows: the remaining 
Introduction covers terminology adopted thereafter and outlines exist-
ing theory on multi-state kinship. Section 2 sets out the proposed model 
of this research, beginning with a descriptive summary of our approach. 
In Sections 2.1 and 2.2 we introduce the mathematical theory guiding 
our framework; in Sections 2.3 and 2.4 we clarify how we calculate 
Focal’s kinship network (we leave some mathematical calculations to 
Appendix A). An example of our model’s practical use is provided 
in Section 3. We conclude by summarising how this research to con-
tributes towards mathematical modelling of kinship in the Discussion 
(Section 4).

1.1. General notation

Let 𝑀𝑛,𝑚(R) denote the set of 𝑛×𝑚 matrices over the real numbers. 
Vectors are shown boldface and lower-case, e.g., 𝐱 = (𝑥1, 𝑥2,… , 𝑥𝑛)†

where † represents the transpose. The unit vector with a one in the 
𝑖th position is written 𝐞𝑖. Matrices are denoted boldface and upper-
case, e.g., for a matrix with 𝑛 rows and 𝑚 columns, write 𝐀 =

(

𝑎𝑖𝑗
)

∈
𝑀𝑛,𝑚. Block diagonal matrices, formed as a direct sums, are denoted 
A. The Hadamard (element-by-element) product is denoted by ◦; the 
Kronecker product by ⊗; the vec-operator by vec(.); and diag(.) is 
interchangeably used to extract the diagonal entries of a matrix in 
vector form or to convert a vector into a diagonal matrix. The 𝑙1 norm 
(on R𝑛) is represented by ‖𝐱‖1 =

∑𝑛
𝑖 |𝑥𝑖|; its extension to matrices (on 

R𝑛×𝑚) by ‖𝐀‖ =
∑𝑛

𝑖,𝑗=1 |𝑎𝑖𝑗 | and the operator norm it induces by

|||𝐀|||1 = sup
‖𝐱‖1=1

‖𝐀𝐱‖1 = max
1≤𝑗≤𝑛

𝑛
∑

𝑖=1
|𝑎𝑖𝑗 |.

A matrix 𝐀 ∈ 𝑀𝑛,𝑛 has a spectral radius denoted 𝜌(𝐀) and spectrum 
{𝜆𝑖(𝐀)}, 𝑖 = 1,… , 𝑛 (with the convention 𝜆1 ≥ ⋯ ≥ 𝜆𝑛). Lastly, we 
define for any arbitrary sequence of matrices  = {𝐀𝑖}𝑏𝑖=𝑎, the ordered 
product

𝛤(𝑎, 𝑏) ∶=
𝑏

∏

𝑖=𝑎
𝐀𝑖 = 𝐀𝑏𝐀𝑏−1 ⋯𝐀𝑎,

 where 𝛤(𝑎, 𝑏) = 𝐀𝑎, 𝐈 respectively if 𝑎 = 𝑏, 𝑎 > 𝑏.

1.2. The existing age×stage kin method

As our research focuses on kin of Focal defined through age and 
stage, here we introduce the existing multi-state model of kin. Caswell 
2

(2020) considers a population structure defined through stages 𝑖 =
1,… , 𝑠 and ages 𝑗 = 1,… , 𝑛. As such, the matrix 

𝐊 =

⎛

⎜

⎜

⎜

⎜

⎝

𝑘11 𝑘12 … 𝑘1𝑛
𝑘21 𝑘22 … 𝑘2𝑛
⋮ ⋮ ⋱ ⋮
𝑘𝑠1 𝑘𝑠2 … 𝑘𝑠𝑛

⎞

⎟

⎟

⎟

⎟

⎠

∈ 𝑀𝑠,𝑛 (1)

has scalar entries 𝑘𝑖𝑗 which give the expected number of kin in stage 𝑖 of 
age 𝑗. One proceeds to project a block-structured kinship vector defined 
through 𝐤̃ = vec(𝐊), by a commutation constructed time-invariant 
projection matrix (Magnus and Neudecker, 2019). For each age-class 
𝑗 ∈ {1, 2,… , 𝑛}, one defines stage transfer matrices 𝐓𝑗 =

(

𝑡(𝑗)𝑘𝑙
)

∈
𝑀𝑠,𝑠 with entries capturing transitions of individuals from stage 𝑙 to 
𝑘; and fertility matrices 𝐅𝑗 =

(

𝑓 (𝑗)
𝑘𝑙

)

∈ 𝑀𝑠,𝑠 with entries specifying 
the production of stage 𝑘 individuals by stage 𝑙 individuals. For each 
stage 𝑖 ∈ {1, 2,… , 𝑠}, one defines age-specific mortality matrices 𝐔𝑖 =
(

𝑢(𝑖)𝑘𝑙
)

∈ 𝑀𝑛,𝑛 specifying survival probabilities upwards in age-classes 
(i.e., from age 𝑙 to 𝑘); and recombination matrices 𝐇𝑖 =

(

ℎ(𝑖)𝑘𝑙
)

∈ 𝑀𝑛,𝑛
which, independently for each stage, characterise the age-classes 𝑘 of 
newborns from mothers of age-class 𝑙. As all newborns begin life in the 
first age-class, each 𝐇𝑖 has a top-row of ones and all other entries zero.

By taking direct sums of the above matrices (e.g., U = 𝐔𝑖⊕⋯⊕𝐔𝑠), 
a block-structured projection matrix 𝐀̃ = 𝐔̃ + 𝐅̃ is generated through 
application of the commutation matrix 𝜳 𝑞,𝑟 (i.e., 𝜳 𝑞,𝑟vec𝐀 = vec𝐀† for 
𝐀 ∈ 𝑀𝑞,𝑟) (Magnus and Neudecker, 2019): 

𝐔̃ = 𝜳 †
𝑠,𝑛U𝜳 𝑠,𝑛T  and 𝐅̃ = 𝜳 †

𝑠,𝑛H𝜳 𝑠,𝑛F (both ∈ 𝑀𝑠𝑛,𝑠𝑛). (2)

The actions of the linear transformations in Eq. (2) are detailed in
Caswell et al. (2018) and we refer the reader there for further details. 
As detailed later, our method to calculate multi-state kinship applies 
the same projection matrices above, however extended to time-variant 
situations.

Caswell (2020) derives the relation 𝐤̃(𝑥 + 1) = 𝐔̃𝐤̃(𝑥) + 𝜷̃(𝑥) to 
obtain a distribution for Focal’s kin when Focal is of age 𝑥 + 1. The 
term 𝜷̃(𝑥), referred to as a ‘‘subsidy’’ vector, takes on values of zero in 
cases by which Focal cannot gain kin during its life (e.g., mothers), or 
𝜷̃(𝑥) = 𝐅̃𝐤̃∗(𝑥) where ̃𝐤∗(𝑥) represents some producer kin within Focal’s 
network (e.g., if ̃𝐤(𝑥) is younger sister then ̃𝐤∗(𝑥) is mother). A complete 
description of the model is given in Caswell (2019b).

The above-described method is appealing due to its simplicity and 
computational efficiency. However, the recursive nature of the formu-
lation requires well-defined initial condition (i.e., at Focal’s birth) for 
each kin-type, ̃𝐤(0), obtained through the so-called age×stage distribu-
tion of mothers in the population (𝝅̃ of Eq. (14) in Caswell, 2020). The 
parity-specific method to calculate the distribution of mothers proposed 
by Caswell (2020) exploits particular features pertaining to parity as 
a stage. Newborns always start in the first stage (parity zero), and 
then monotonically progress up stages during their lives. Importantly, 
𝝅̃ is derived under a limiting case: mothers only produce newborns 
in the first stage class. This restricts the model being applied to more 
complex stage based dynamics. One needs either to impose additional 
assumptions to the established model (e.g., Roper and Caswell, 2023), 
or an alternative model. In the next section we explain how a semi-
Markov model ensures the distributions of mothers is valid in any 
age×stage structured population – thereby circumventing the above 
issues – and extend the framework to time-variant situations.

2. A time-dependent Markov model

Here we advance the theoretical methods proposed by Coste et al., 
2021 to calculate time-variant multi-state kinship. The benefits of this 
approach are that under an appropriate projection matrix (age, stage, or 
jointly structured), the distributions of mothers (or any further distant 
ancestor) are naturally derived through Markov theory. Following the 
approach of Pullum (1982), we let 𝑞 be the minimum genealogical 
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Fig. 1. Focal’s family tree. 𝑞 defines the number of generations we ascend Focal’s family tree. 𝑔 defines the number of generations we travel down Focal’s family tree, starting 
from 𝑞. Left shoots define older lineages of Focal’s family tree (superscripted ‘‘o’’); right shoots define younger lineages (superscripted ‘‘y’’). We use abbreviations (acronyms) for 
relations. For comparison to Fig.  1. Caswell (2019b) boldface letters correspond to notation therein.
distance between Focal and some common ancestor relating it to its 
kin. We let 𝑔 be the distance from the kin and this common ancestor 
(e.g., Focal’s sisters are defined 𝑔 = 𝑞 = 1; and daughters 𝑔 = 1, 𝑞 = 0). 
For a graphical illustration of the 𝑔, 𝑞 relations see Fig.  1.

Our approach to calculate Focal’s kin is (i): to travel backwards 
in time and locate Focal’s 𝑞th ancestor; and (ii): to travel forwards in 
time and count through 𝑔 generations of reproduction (and subsequent 
survival) emanating from Focal’s 𝑞th ancestor. The next sections clarify 
how this is accomplished.

2.1. Genealogical Markov chains

To travel 𝑞 generations up Focal’s ancestry we draw from the theory 
of genealogical Markov chains, first introduced by Demetrius (1974, 
1975) and later advanced by Tuljapurkar (1993). In those papers (and 
see also Coste et al., 2021), transition matrices of time-homogeneous 
Markov chains were applied to probabilistically infer ancestries in 
populations. Here, we first recapitulate how these techniques apply 
to kinship, and then propose an in-homogeneous Markov chain asso-
ciated with a time-variant demography. We detail how to construct 
the Markov chain by decomposing the population structure which also 
varies with time in accordance with the sequences of time-dependent 
projection matrices.

Eqs. (1)–(2) of Coste et al. (2021) show how to infer probabilis-
tically an individual’s ancestry in a class-structured time-invariant 
3

demography. Subject to static demographic rates, the approach equally 
operates within a multi-state population as long as the projection 
matrix 𝐀̃ (of the form given in Eq. (2)) is irreducible. In this case, 
Perron–Frobenius theory (e.g., 8.4.4 Horn and Johnson, 2010) guar-
antees a stable population structure 𝐳̃ and growth rate 𝜆 = 𝜌(𝐀̃). Under 
these conditions, row-proportionality of the eigenvector equation 𝐀̃𝐳̃ =
𝜆𝐳̃ allows one to deduce the probability that an individual currently 
defined through age×stage 𝑘 at time 𝑡 + 1 was defined by age×stage 𝑙
at time 𝑡, either in the form of itself one time-step prior or an ancestor:

𝑝̃𝑘𝑙(𝑡) =
𝑎̃𝑘𝑙 𝑧̃𝑙
𝜆𝑧̃𝑘

=
𝑢̃𝑘𝑙 𝑧̃𝑙
𝜆𝑧̃𝑘

⏟⏟⏟
𝑣̃𝑘𝑙 (𝑡)

+
𝑓𝑘𝑙 𝑧̃𝑙
𝜆𝑧̃𝑘

⏟⏟⏟
𝑤̃𝑘𝑙 (𝑡)

. (3)

Through Eq. (3) we observe two types of genealogical transitions. 
Between-genealogy transitions are driven by fertility and recombina-
tion components of the projection matrix (i.e., elements of 𝐅𝑗 and 
𝐇𝑖 – see Section 1.2). Such transitions are encapsulated in 𝑤̃𝑘𝑙(𝑡): the 
probability that an individual of age×stage 𝑘 at time 𝑡+1 was produced 
by an ancestor in age×stage 𝑙 at time 𝑡. Within-genealogy transitions are 
driven by survival and stage-transition components of the projection 
matrix (elements of 𝐔𝑖 and 𝐓𝑗 – see Section 1.2), as captured by 𝑣̃𝑘𝑙(𝑡): 
the probability that an individual of age×stage 𝑘 at time 𝑡+1 was extant 
(alive) at time 𝑡, and of age×stage 𝑙.

In most applications, demographic rates change with time. Using the 
stable population structure to calculate 𝑝̃ (𝑡) as in Eq. (3) is no longer 
𝑘𝑙
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Fig. 2. Projecting up Focal’s genealogy. Right to left: at time 𝜏 = 0, Focal is born with distribution 𝝓̃0. Operating on Focal’s initial distribution by 𝐖̃−1 yields the distribution 
of Focal’s mother at time-step prior to birth of Focal (𝑡1 = −1). Focal’s mother is extant between times 𝜏 = −1 and 𝜏 = −𝑡 + 4 in the past, at which her distribution is given by 
𝐕̃−2 ⋯ 𝐕̃−𝑡+4. At time step 𝜏 = −𝑡+ 4 the action of 𝐖̃−𝑡+3 yields Focal’s grandmother’s distribution at time step prior to birth of Focal’s mother (𝑡2 = −𝑡+ 3). Subsequent application 
by 𝐕̃−𝑡+2𝐕̃−𝑡+1𝐕̃−𝑡 defines Focal’s grandmother’s distribution – conditional on her being alive – at time 𝜏 = −𝑡.
appropriate (Caswell, 2022). This is because within a time-varying 
demography, the present time period’s population structure will not 
reflect the stable structure derived from that period’s demographic 
rates. Instead, it will be affected by inertia from the previous time 
period’s population structure. The population structure varies with 
time. To model such temporal effects, we suppose that Focal is born 
at time period 𝜏 = 0. Consider the sequences of age×stage-structured 
matrices capturing age-advancement and stage transitions:
 = 𝐔̃−𝑚, 𝐔̃−𝑚+1,… 𝐔̃0,… , 𝐔̃𝑛−1, 𝐔̃𝑛,  where 𝐔̃𝑖 ∈ 𝑀𝑠𝑛,𝑠𝑛,

and reproduction along with age×stage allocation of newborns:
 = 𝐅̃−𝑚, 𝐅̃−𝑚+1,… , 𝐅̃−1

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
prior to birth of Focal

, 𝐅̃0, 𝐅̃1,… , 𝐅̃𝑛−1, 𝐅̃𝑛
⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
after birth of Focal

,  where 𝐅̃𝑖 ∈ 𝑀𝑠𝑛,𝑠𝑛,

comprising projection matrices 𝐔̃𝑡 + 𝐅̃𝑡 = 𝐀̃𝑡 =
(

𝑎̃𝑖𝑗 (𝑡)
)

∈ 𝑀𝑠𝑛,𝑠𝑛 where 
 ∶=

{

𝐀̃𝑖
}𝑛
𝑖=−𝑚. Given our earliest available set of time-varying demo-

graphic rates, say at 𝜏 = −𝑚, we impose a time boundary condition. 
That is, we suppose that the rates have been in effect for a sufficiently 
long enough time to result in a stable population structure prior to 
the boundary. We assume that 𝐀̃−𝑚 is irreducible, apply 𝐀̃−𝑚𝐳̃−𝑚 =
𝜆(−𝑚)𝐳̃−𝑚 with ‖𝐳̃−𝑚‖1 = 1, and set 𝐳̃−𝑚 as the boundary (or initial) 
population structure. For each time 𝑡 > −𝑚 we then project a transient 
population structure 𝐳̃𝑡, appropriately normalised to sum to one. The 
transient population structure is recursively derived through 

𝐳̃𝑡+1 =
𝐀̃𝑡𝐳̃𝑡

‖𝐀̃𝑡𝐳̃𝑡‖1
 with 𝐳̃𝑡 =

𝛤(−𝑚 + 1, 𝑡 − 1)𝐳̃−𝑚
‖𝐀̃𝑡−1𝐳̃𝑡−1‖1 ⋯ ‖𝐀̃−𝑚+1𝐳̃−𝑚+1‖1

. (4)

Eq. (4) describes how the relative proportions of individuals in different 
stages and ages change with time. Noting that the transient growth 
rate is 𝜆(𝑡) = ‖𝐀̃𝑡𝐳̃𝑡‖1, we can extend Eq. (3) to cover time-variant 
demographics: the probability an individual in age×stage 𝑘 at 𝑡+1 came 
from age×stage 𝑙 at time 𝑡 is given by 

𝑝̃𝑘𝑙(𝑡) =
𝑎̃𝑘𝑙(𝑡)𝑧̃𝑙(𝑡)

𝜆(𝑡)𝑧̃𝑘(𝑡 + 1)
 for 𝑡 > −𝑚, 𝑝̃𝑘𝑙(𝑡) =

𝑎̃𝑘𝑙(−𝑚)𝑧̃𝑙(−𝑚)
𝜆(−𝑚)𝑧̃𝑘(−𝑚)

 for 𝑡 ≤ −𝑚 (5)

where we again decompose 𝑎̃𝑘𝑙(𝑡) = 𝑢̃𝑘𝑙(𝑡) + 𝑓𝑘𝑙(𝑡) so that for 𝑡 > −𝑚

𝑣̃𝑘𝑙(𝑡) =
𝑢̃𝑘𝑙(𝑡)𝑧̃𝑙(𝑡)

𝜆(𝑡)𝑧̃𝑘(𝑡 + 1)
 and 𝑤̃𝑘𝑙(𝑡) =

𝑓𝑘𝑙(𝑡)𝑧̃𝑙(𝑡)
𝜆(𝑡)𝑧̃𝑘(𝑡 + 1)

.

Note that Eq. (5) is well-defined because 𝐳̃𝑡 remains strictly positive. 
That is, irreducibility of each 𝐀̃𝑡 – through the fact that the matrix 
contains no zero row or column – ensure that 𝐳̃𝑡+1 > 0.

To summarise our dynamic modelling of the population structure, 
for the first available set of demographic rates we apply Eq. (3) (cf. 
the right hand side of Eq. (5)), and then apply Eq. (5) thereafter. Then, 
for each projection matrix 𝐀̃𝑡 we form an associated backwards time 
in-homogeneous Markov chain with transition matrix 𝐏̃𝑡 =

(

𝑝̃𝑘𝑙(𝑡)
)

∈
𝑀𝑠𝑛,𝑠𝑛, decomposed such that 𝐏̃𝑡 = 𝐕̃𝑡 + 𝐖̃𝑡. Recall the entries of 
𝐕̃𝑡 =

(

𝑣̃𝑘𝑙(𝑡)
) provide probabilities that individuals in age×stage 𝑘 at 

time 𝑡 + 1 were extant (alive) at time 𝑡, and in age×stage 𝑙; the entries 
of 𝐖̃𝑡 =

(

𝑤̃𝑘𝑙(𝑡)
) yield probabilities that individuals in age×stage 𝑘 at 

time 𝑡+1 were produced by an ancestor in age×stage 𝑙 at 𝑡. We denote 
the time-ordered sequences of transition matrices for the genealogical 
Markov chain
 = 𝐕̃ , 𝐕̃ ,… 𝐕̃ ,  and 
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−𝑚 −𝑚+1 −1
 = 𝐖̃−𝑚, 𝐖̃−𝑚+1,… , 𝐖̃−1, (all ∈ 𝑀𝑠𝑛,𝑠𝑛).

As a simple example of the time-inhomogeneous Markov chain, 
suppose an individual is of exact age 𝑛∗ and stage 𝑠∗ at time 𝜏 = 0. 
The individual can be represented by an element of a matrix similar to 
Eq. (1)). In vectorised form the individual is represented by the 𝑠 ∗ −th 
entry of the (𝑛∗ − 1)-th block of a unit vector of length 𝑠𝑛. That is, 𝐞̃𝐿
where 𝐿 = 𝑠(𝑛∗ − 1) + 𝑠∗. The operation 𝐞̃†𝐿𝐏̃−1 provides a probability 
distribution for the genealogical age×stage of that individual at time 
𝜏 = −1 (either as a itself one year in the past or its mother). For further 
details on genealogical Markov chains see Bienvenu et al. (2017).

Decomposing 𝐏̃𝑡 into genealogical survival and reproductive tran-
sitions is central to the mathematical framework developed by Coste 
et al., 2021, and is no less important in the time varying case; it 
allows one travel between and within generations of Focal’s ancestry. 
For instance, the matrix 𝛤 (−𝑡 + 1,−1)𝐖̃−𝑡 has (𝑖, 𝑗) entry equal to the 
probability that an individual in age×stage 𝑖 at time 𝜏 = 0 was extant 
between times 𝜏 = −𝑡 + 1 and 𝜏 = 0, but was born to an ancestor in 
age×stage 𝑗 during the open interval between 𝜏 = −𝑡 and 𝜏 = −𝑡+1. All 
we require to project Focal’s kin backwards and forwards is some well 
defined distribution for Focal at birth: 
𝝓̃0 =

(

𝜙1(0), 𝜙2(0), … 𝜙𝑠(0) | 0 …0 | … | 0 … 0
)† (6)

where obviously 𝜙1(0) + ⋯ + 𝜙𝑠(0) = 1 (since Focal must be in one 
stage or some mixture of stages). Note that, as representative of many 
relevant demographic characteristics, e.g., parity (Caswell, 2020), ed-
ucational attainment (Song and Mare, 2019) or geography (Raymer 
et al., 2019), if Focal is born into one unique stage 𝑠∗ ∈ {1,… , 𝑠}
the entries of Eq. (6) would reduce to 𝜙𝑖(0) = 𝛿𝑖−𝑠∗  where 𝛿𝑥 is the 
Kronecker delta function (i.e., 𝛿0 = 1 and 𝛿𝑘 = 0 ∀𝑘 ≠ 0). Uniqueness 
of Focal’s stage at birth is not a pre-requisite of our model but is 
appropriate in an application we present (see Section 3).

2.2. Counting kin

To obtain the distribution of 𝑔, 𝑞 kin at any age 𝑥 of Focal, we 
adopt similar methods proposed by Coste et al. (2021). In particular, we 
apply in parallel two independent processes. In one process we travel 
up Focal’s genealogy (backwards in time), applying time-dependent 
genealogical Markov chains and seeking the age×stage distribution of 
Focal’s 𝑞th ancestor. At each time 𝜏 prior to Focal’s birth, 𝑞 generations 
of Focal’s ancestry are defined through that many time-ordered ge-
nealogical reproductive transitions. Let 𝑡𝑖 define the start of the interval 
of the genealogical transition from Focal’s (𝑖−1)𝑡ℎ ancestor to Focal’s 𝑖th 
ancestor. We know that the first genealogical reproductive transition is 
from Focal to Focal’s mother, defined at 𝑡1 = −1. An illustrative example 
of a genealogical sequence from Focal to Focal’s grandmother (𝑞 = 2) 
is given in Fig.  2.

In the other process, we travel down Focal’s genealogy (forwards 
in time) using projection matrices in order to derive distributions 
Focal’s 𝑞th ancestor’s descendants. From each time 𝜏 whereby we have 
obtained Focal’s 𝑞th ancestor’s conditional distribution, we probabilis-
tically count all possible ways that 𝑔 generations of descendants of 
Focal’s 𝑞th ancestor can be spanned up to age 𝑥 of Focal. Define 𝑠𝑖 as 
the time at which the 𝑖th-generation descendent of Focal’s 𝑞th ancestor 
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Fig. 3. Projecting down Focal’s genealogy. Left to right: suppose at time 𝜏 = −𝑡 we know the distribution of some direct ancestor of Focal (𝑔 = 0). Focal’s ancestor does not 
produce offspring until time 𝜏 = −𝑡 + 2 when the action of F̃−𝑡+2 defines 𝑔 = 1 (so 𝑠1 = −𝑡 + 2). The 𝑔 = 1 kin of Focal survives to time step 𝜏 = −𝑡 + 3 and reproduces at 𝜏 = −𝑡 + 4
producing the 𝑔 = 2 kin (so 𝑠2 = −𝑡 + 4). For illustrative purposes, we assume that this kin survives (at least) until time 𝜏 = 𝑥.
is born. An illustrative example of using projection matrices to span 
𝑔 = 2-generations of descendants is shown in Fig.  3.

As in Coste et al. (2021), the above-mentioned processes, indepen-
dently applied, allow us to calculate distributions of any 𝑔, 𝑞 kin of 
Focal. We note that direct ancestors and descendants of Focal reduce 
to special instances. Ancestors, defined through 𝑔 = 0 are detailed in 
Section 2.3, while descendants, defined through 𝑞 = 0 require special 
consideration depending on whether we subject Focal to mortality risk 
(see Section 2.4). While we consider kin of Focal which are neither di-
rect ancestors nor descendants, we consider two diametrically opposite 
cases: kin may descend from younger or older siblings of Focal’s (𝑞−1)𝑡ℎ
ancestor. These cases, respectively, are explained in Appendix A.1. We 
observe that our model reproduces the case presented by Coste et al. 
(2021) in which time-invariant projection matrices are used. The time 
ordered products of demographic matrices considered here reduce to 
matrix powers, i.e., 𝛤 (1, 𝑛) → 𝐔̃𝑛.

2.3. Kin which descend from younger siblings of Focal’s (𝑞 − 1)𝑡ℎ ancestor, 
and Focal’s ancestors

Younger lineages of Focal’s family tree are graphically illustrated by 
the right offshoots of Fig.  1. By definition, Focal’s kin must be produced 
by its 𝑞th ancestor at some time ‘‘after’’ Focal’s (𝑞 − 1)𝑡ℎ ancestor is 
produced; see Fig.  4.

2.3.1. Up Focal’s genealogy to its 𝑞th ancestor
Here we seek to project backwards time steps prior to Focal being 

born and obtain the age×stage distribution for Focal’s 𝑞th ancestor, at 
time step prior to birth of Focal’s (𝑞 − 1)𝑡ℎ ancestor. We know that 
the first genealogical reproductive transition is from Focal to Focal’s 
mother. As such, recalling the definition of 𝑡𝑖 we fix 𝑡1 = −1. We fix 
at some time 𝜏 = −𝑡 in the past, the final genealogical reproductive 
transition 𝐖̃𝑡𝑞  so 𝑡𝑞 = −𝑡. To obtain a 𝑡−conditional distribution for Fo-
cal’s 𝑞th ancestor one time step before birth of Focal’s (𝑞−1)𝑡ℎ ancestor, 
we count over possible sequences of the 𝑞−2 intermediate genealogical 
reproductive transitions {𝐖̃𝑡𝑖}

𝑞−1
𝑖=2 , interspersed by genealogical survival 

transitions.
Formally, we define the vector 𝐭 = (𝑡1, 𝑡2, 𝑡3,… , 𝑡𝑞)† ∈ Z𝑞 with 

𝑡1 = −1 and 𝑡𝑞 = −𝑡. We define the ordered matrix product
𝛬(𝑞) ∶= 𝐖̃𝑡1𝛤

 (𝑡2 + 1, 𝑡1 − 1)𝐖̃𝑡2𝛤
 (𝑡3 + 1, 𝑡2 − 1)𝐖̃𝑡3 ⋯

𝐖̃𝑡𝑞−1𝛤
 (𝑡𝑞 + 1, 𝑡𝑞−1 − 1)𝐖̃𝑡𝑞

with the convention that 𝛬(1) = 𝐖̃−1, and the set

𝑞
𝑡 ∶= {𝐭 ∈ Z𝑞 ∶ 𝑡1 > ⋯ > 𝑡𝑞} where 0

𝑡 = ∅ ∀𝑡, 1
𝑡 =

{

∅ 𝑡 > 0
{0} 𝑡 = 0

.

Next we construct the function 
b(𝑞, 𝑡) ∶= 𝝓̃†

0

∑

𝐭∈𝑞
𝑡

𝛬(𝑞). (7)

Eq. (7) gives Focal’s 𝑞th ancestor’s distribution one time-step before 
giving birth to Focal’s (𝑞 − 1)𝑡ℎ ancestor, conditioned on the final 
genealogical reproductive transition occurring precisely at 𝜏 = −𝑡. 
Summing over all possible times in the past 𝑡 ≥ 0 provides the full 
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distribution for Focal’s 𝑞th ancestor one time-step before giving birth 
to Focal’s (𝑞 − 1)𝑡ℎ ancestor. An example is presented in Box 1.

Box 1 Focal’s 𝑞th Ancestor’s Distribution at Birth Of Focal’s 
(𝑞 − 1)𝑡ℎ Ancestor

Consider an example of a great-grandmother, 𝑞 = 3: 
∑

𝑡≥0

(

b(3, 𝑡)
)† =

∑

𝑡>0
𝝓̃†
0

∑

𝐭∈3
𝑡

(𝛬(3))†

=
∑

𝑡≥0

∑

−1>𝑡2>𝑡3=−𝑡∈R

(

𝝓̃†
0𝐖̃−1𝛤

 (𝑡2 + 1,−2)𝐖̃𝑡2𝛤
 (−𝑡 + 1, 𝑡2 − 1)𝐖̃−𝑡

)†

=
∑

𝑡≥0

−2
∑

𝑡2=−𝑡+1

(

𝝓̃†
0𝐖̃−1𝛤

 (𝑡2 + 1,−2)𝐖̃𝑡2𝛤
 (−𝑡 + 1, 𝑡2 − 1)𝐖̃−𝑡

)†.

(8)

Eq. (8) yields the age×stage distribution for Focal’s great-
grandmother when producing Focal’s grandmother. For fixed 
𝑡, 𝑡2 the summand term provides a conditional age×stage 
distribution:

• 𝝓̃†
0𝐖̃−1𝛤 (𝑡2 + 1,−2) gives the distribution for Focal’s 
mother, given that she was extant over a period from 
𝜏 = −1 to 𝜏 = 𝑡2 + 1.

• Right multiplication by 𝐖̃𝑡2  provides Focal’s grand-
mother’s distribution when producing Focal’s mother, 
conditional on this event occurring between 𝜏 = 𝑡2 and 
𝜏 = 𝑡2 + 1.

• Right multiplication by 𝛤 (−𝑡+1, 𝑡2−1) provides Focal’s 
grandmother’s distribution at 𝜏 = −𝑡 + 1, given that 
grandmother was extant between 𝜏 = 𝑡2−1 and 𝜏 = −𝑡+1.

• Right multiplication by 𝐖̃−𝑡 yields Focal’s great-
grandmother’s distribution at time 𝜏 = −𝑡, conditional 
on Focal’s great-grandmother producing Focal’s 
grandmother between times 𝜏 = −𝑡 and 𝜏 = −𝑡 + 1.

For fixed 𝑡, the 𝑡2−summation produces great-grandmother’s 
distribution (at birth of Focal’s grandmother), conditional on 
the probability that Focal’s grandmother was procured be-
tween 𝜏 = −𝑡 and 𝜏 = −𝑡 + 1. Summation over all 𝑡 produces 
a full distribution for Focal’s great-grandmother at birth of 
Focal’s grandmother.

2.3.2. Down Focal’s genealogy 𝑔 generations from its 𝑞th ancestor
For each 𝑡−conditional distribution of Focal’s 𝑞th ancestor at time-

step prior to birth of Focal’s (𝑞 − 1)𝑡ℎ ancestor, we concurrently project 
forwards in time, counting Focal’s 𝑞th ancestor’s 𝑔−generation descen-
dants. Focal’s (𝑞 − 1)𝑡ℎ ancestor is born between times 𝜏 = −𝑡 and 
𝜏 = −𝑡 + 1 and the distribution for Focal’s 𝑞th ancestor is defined at 
𝜏 = −𝑡. To ensure Focal’s kin descend through younger siblings of 
Focal’s (𝑞 − 1)𝑡ℎ ancestor, we must count reproductive events which 
occur strictly after the time 𝜏 = −𝑡 + 1. As such, the expected number 
of kin when Focal is aged 𝑥 is found by counting permutations of 
reproductions over a time period 𝑡 + 𝑥 (i.e., from 𝜏 = −𝑡 + 1 up to 
𝜏 = 𝑥 − 1).
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Fig. 4. Younger lineages: kin which descend from younger siblings of Focal’s (𝑞 − 1)𝑡ℎ ancestor. A specific sequence of demographic events. Right to left: the genealogical 
Markov chains define production of Focal’s (𝑞 − 1)𝑡ℎ ancestor by Focal’s 𝑞th ancestor through the action 𝐖̃−𝑘+3. Left to right; projection matrices define the descendants of Focal’s 
𝑞th ancestor. The action of 𝐅̃−𝑘+4 produces an offspring of Focal’s 𝑞th ancestor, born after Focal’s (𝑞 − 1)𝑡ℎ ancestor, i.e., a younger sibling of Focal’s (𝑞 − 1)𝑡ℎ ancestor.
Recalling the definition of 𝑠𝑖, we define 𝐬 = (𝑠0, 𝑠1, 𝑠2,… , 𝑠𝑔)† ∈ Z𝑔+1, 
where −𝑡 = 𝑠0 and 𝑠0 ≤ 𝑠1 < 𝑠2 < ⋯ < 𝑠𝑔 < 𝑥, and the ordered product
𝛥(𝑔) ∶= 𝛤 (𝑠𝑔 + 1, 𝑥 − 1)𝐅̃𝑠𝑔𝛤

 (𝑠𝑔−1 + 1, 𝑠𝑔 − 1)𝐅̃𝑠𝑔−1 ⋯ 𝐅̃𝑠1𝛤
 (𝑠0, 𝑠1 − 1)

with the convention that 𝛥(0) = 𝛤 (−𝑡, 𝑥 − 1), whereas 𝛥(1) = 𝛤 (𝑠1 +
1, 𝑥 − 1)𝐅̃𝑠1𝛤

 (−𝑡, 𝑠1 − 1). The product 𝛥(𝑔) defines one realisation of 
𝑔 reproductive events over the timescale 𝜏 = −𝑡,… , 0,… , 𝑥. We define 
the set
𝑔
𝑡,𝑥 = {𝐬 ∈ Z𝑔+1 ∶ −𝑡 = 𝑠0 ≤ 𝑠1 < 𝑠2 < ⋯ < 𝑠𝑔 < 𝑥}, 0

𝑡,𝑥 = −𝑡 ∀𝑡, 𝑥

and function 
f(𝑔, 𝑡, 𝑥) ∶=

∑

𝐬∈𝑔
𝑡,𝑥

𝛥(𝑔). (9)

Eq. (9) counts all permutations of 𝑔 (time-ordered) reproductions from 
𝜏 = −𝑡 to 𝜏 = 𝑥. Summing over potential timescales 𝑡 ≥ 0 specifies how 
far backwards in time we travel. Notice that if 𝑔 = 0, by definition of 
the set 𝑔

𝑡,𝑥 one observes that Eq. (9) reduces to a sum over one element; 
𝑠0 = −𝑡. In this case we recover 𝛤 (𝑠0, 𝑥) = 𝐔̃𝑥−1 ⋯ 𝐔̃−𝑡, meaning that 
summing over 𝑡 simply yields survival from each 𝜏 = −𝑡 up to 𝜏 = 𝑥. 
For an example when 𝑔 > 0, see Box 2.

Box 2 Counting 𝑔 Generations of Descent From 𝑞

As an example, from an arbitrary time 𝜏 = −𝑡 second-
generation (𝑔 = 2) descendants are defined by 
∑

𝑡≥0
f(2, 𝑡, 𝑥) =

∑

𝑡≥0

∑

𝐬∈2
𝑡,𝑥

𝛥(2)

=
∑

𝑡≥0

∑

(𝑠1 ,𝑠2)∈2
𝑡,𝑥

𝛤 (𝑠2 + 1, 𝑥 − 1)𝐅̃𝑠2

× 𝛤 (−𝑠1 + 1, 𝑠2 − 1)𝐅̃𝑠1𝛤
 (−𝑡, 𝑠1 − 1)

≡
∑

𝑡≥0

𝑥−2
∑

𝑘=−𝑡+1

𝑥−𝑘
∑

𝑗=1
𝛤 (𝑘 + 𝑗 + 1, 𝑥 − 1)𝐅̃𝑘+𝑗

× 𝛤 (𝑘 + 1, 𝑘 + 𝑗 − 1)𝐅̃𝑘𝛤
 (−𝑡, 𝑘 − 1).

(10)

Eq. (10), for each fixed time 𝑡, counts the permutations of 
𝐬 ∈ 2

𝑡,𝑥, i.e., the number of ways of choosing two reproductive 
events from a set of 𝑡 + 𝑥 demographic events.

2.3.3. Expected distribution for kin
The Markov process which ascends Focal’s family tree to ancestor 𝑞

is independent from the matrix projections which span 𝑔 generations of 
descendants. As such, taking the product of the 𝑡-summations of Eq. (7) 
and Eq. (9) collapses into a one summation over 𝑡. We therefore recover 
the expected distribution of Focal’s kin, when Focal is aged 𝑥: 
(𝑔, 𝑞, 𝑥) =

∑

𝑡≥0
f(𝑔, 𝑡 − 1, 𝑥)𝐔̃−𝑡

(

b(𝑞, 𝑡)
)†. (11)

Distributions of direct ancestors of Focal can be derived by applying to 
Eq. (11) with 𝑔 = 0.

Eq. (11) provides, in column vector form, a joint age×stage distri-
bution for Focal’s 𝑔, 𝑞 kin. A marginal age distribution (summing over 
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all stages) is recovered through the operation (𝐈𝑛 ⊗ diag†(𝐈𝑠)
)

(𝑔, 𝑞, 𝑥), 
whereas a marginal stage distribution (summing over all ages) can 
be derived through (diag†(𝐈𝑛) ⊗ 𝐈𝑠

)

(𝑔, 𝑞, 𝑥). Note that if we omit 
time-variation from our model then we are able to recover Eq (6) 
from Coste et al. (2021). By application of the same logic and following 
the structure of the model of those authors, one can derive time-variant 
version of the equations for kin descending from older siblings of 
ancestors of Focal as well as those of siblings born in the same age class. 
Explicit formulae and examples are respectively given in Appendix A.1 
and Appendix A.2.

2.4. Direct descendants of Focal

Focal’s descendants’ age×stage distributions depend on whether we 
subject Focal to the same mortality risks as the rest of the population. 
We would like to infer Focal’s kinship structure as an age-dependent 
property of Focal, i.e., conditional on Focal reaching some certain 
age. As such, while projecting Focal we must construct a matrix 𝐗̃
which accounts for stage transitions but ensures that Focal survives at 
each time-step. We derive this matrix as follows: for each stage we 
set column stochastic age-advancement matrices with only non-zero 
entries being ones on the sub-diagonal and 𝑛, 𝑛 entry. The direct sum 
X = 𝐗⊕𝐗⊕⋯⊕𝐗 is then be subjected to the commutation procedure: 
𝐗̃ = 𝜳 †

𝑛𝑚X𝜳 𝑛𝑚T.
Focal’s direct descendants are calculated through 

(𝑔; 𝑥) = f(𝑔, 𝑥)𝝓̃0 (12)

where the definitions in Section 2.3 have been adjusted as follows: 
𝛥∗(𝑔) ∶= 𝛤 (𝑠𝑔 + 1, 𝑥 − 1)𝐅̃𝑠𝑔𝛤

 (𝑠𝑔−1 + 1, 𝑠𝑔 − 1)𝐅̃𝑠𝑔−1 ⋯ 𝐅̃𝑠1 𝐗̃
𝑠1−1 (13)

(the matrix power ensures that Focal survives with certainty over time 
period 𝑠1 − 1) and 
f(𝑔, 𝑥) ∶=

∑

𝐬∈𝑔
0,𝑥

𝛥∗(𝑔). (14)

3. Application: A multi-regional kinship model

Geography is one characteristic which defines human populations. 
Focal’s kin can be born into any spatial location, and migrate between 
locations before or during Focal’s life. Here we apply to a simple 
geographic description of stage with the aim of showcasing our model’s 
practical use. We consider female only age-specific population sizes 
at the mid-year point, and use data from the Office for National 
Statistics (ONS) over a period 1993–2018, across 374 (as of 2021) Local 
Authority Districts (LADs) in ONS (2023c,b).

Population sizes by 5-year age-class and LAD over the period are 
official ONS mid-year estimates, sourced through the ’NOMIS’ por-
tal (NOMIS, 2023). Fertility data consists of the number of births by 
LAD and 5-year age-class (15–19 to 40–44) over the period (ONS, 
2023c). Mortality data comprises total number of deaths by LAD and 
5-year age-class (0–4 to 90–94) over the period (ONS, 2023a). Internal 
migration data comprises of in- and out-flow numbers between LADs 
by 5-year age-classes (0–4 to 90–94) (ONS, 2023b). In order to obtain 
and extended range of time-variant demographic rates we consider ONS 
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Fig. 5. 𝑔 = 1, 𝑞 = 1: Spatial distribution of Focal’s younger sisters as a function of Focal’s age, 𝑥.
8) 
projections for births, deaths, and population sizes, by LAD and 5-year 
age-class over the period 2023–2043. Projected population sizes and 
death counts comprise of age-classes 0–4 to 85–89 (ONS, 2023g,f). 
Projected number of births consist of age-classes 15–19 to 40–44 (ONS, 
2023e).

We apply a 𝐾−means clustering algorithm based on age-specific 
migration out-flows to categorise LADs into one of 𝑠 = 7 stages: 
𝐾𝑖, 𝑖 = 1,… , 7. Grouping similar local authorities together allows 
us to examine the kinship structures implied by the demographic 
regimes currently prevailing in different types of geographic region. 
We use time-averaged migration counts: we do not suppose clusters 
are dynamic. Further details on the clustering procedure are given in 
Appendix B.1.

As a result of the clustering, the age-specific transfer matrices 𝐓𝑗
are static, having (𝑘, 𝑙) entries; the probability that an individual in age-
class 𝑗 currently in cluster 𝑙, will in 5-years have moved to cluster 𝑘. See 
Appendix B.2 for details on the matrix construction. The time-variant 
matrices 𝐔𝑖(𝑡),𝐅𝑖(𝑡) (see Section 1.2) are constructed by yearly averag-
ing demographic rates over LADs, within each specific cluster. Details 
on the matrix constructions are respectively provided in Appendix B.4 
and Appendix B.3.

To inform the time-invariant model, we time-average (over 1993–201
demographic rates within each cluster. To inform the time-variant 
model we concatenate the data and projections, so that we have a 
period 𝑇  spanning 1993 to 2043 by 5-year gaps. For time-periods 
𝑇 ∗ after 2043, we (i) assume age-specific mortality is constant across 
cluster and apply ONS national mortality projections (ONS, 2023d), 
and (ii) assume between cluster age-specific fertility remains the same 
as it is projected to be for the year 2043.

Section 3.1 presents our model results under the assumption of 
time-invariance. The findings are valid in the case that all of Focal’s 
family tree experience the same set of age-specific demographic rates. 
As mentioned, this assumption is violated in reality when demographic 
rates change with time. Section 3.2 demonstrates the innovations in 
Focal’s kinship under time-variant rates.

3.1. Application results: the time-invariant case

Here, examples of kin which descend from younger and older lin-
eages of Focal’s (𝑞−1)𝑡ℎ ancestor are presented. All illustrations within 
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this subsection are presented as stacked bar plots: each figure depicts 
total accumulated kin with respective stage-specific proportions. A 
visualisation of how stages (clusters) are spatially spread across the UK 
is available upon request.

The expected age×stage distribution of Focal’s younger sister as a 
function of Focal’s age is shown in Fig.  5. Note that as we are working 
in discrete age-classes, the time period of Focal’s birth is defined by 
the age-class 0–4. By definition of the mathematical simplifications 
we make – namely the separation of kin into descendants of younger, 
older, and same-age-class sisters – during this interval our Focal has 
no younger sisters. Between the ages of 5 and 9 Focal experiences its 
largest accumulation of younger sisters. Younger sisters have non-zero 
probabilities to be born into different clusters than the cluster Focal 
was born into. Nonetheless, it is unlikely that Focal’s mother moves 
from one cluster to another within the period between Focal’s birth and 
the birth of Focal’s younger sister’s birth. By the age-class 20–24, Focal 
has accumulated its maximum number of younger sisters. Focal has 
accumulated its maximum amount of older sisters at time of birth; Fig. 
6. Focal is not necessarily born into the same cluster that its older sister 
currently resides in. However, we expect that it is unlikely for either 
Focal’s mother to move cluster between producing Focal’s older sister 
and producing Focal, or older sister to move cluster between her birth 
and birth of Focal. The expected number of older sisters monotonically 
decreases with age of Focal (they can only die).

In addition to viewing accumulated kin as a function of Focal’s age, 
it is insightful to consider the expected distributions of kin given some 
fixed age of Focal. Fig.  7 demonstrates the age×stage distribution for 
Focal’s older sisters when Focal is in age-class 20–24. The discontinuity 
along the 𝑥-axis is consonant with sisters being strictly older than Focal 
(classes 25–29, … ). We expect a negligible amount of sisters to occupy 
age-classes greater than 45–49.

3.2. Application results: the time-variant case

The time-variant model allows us to compare distributions for Fo-
cal’s kin from one period to another, i.e., as a function of Focal’s cohort 
of birth. Average Focal individuals, born at different time periods, will 
experience differing demographic rates and consequently accumulate 
different amounts of various kin. To illustrate, here we project po-
tential Focal individuals from the year 1943 (assuming static rates to 
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Fig. 6. 𝑔 = 1, 𝑞 = 1: Spatial distribution of Focal’s older sisters as a function of Focal’s age, 𝑥.
Fig. 7. 𝑔 = 1, 𝑞 = 1: Spatial distribution of Focal’s older sisters as a function of sister’s age, 𝑥.
1988), and apply time-variant rates (as described above) from the years 
1993–2083.

Assuming Focal is born in 1993, the age×stage distributions for 
Focal’s younger sisters as a function of Focal’s age are shown in Fig. 
8. We see that overall, Focal accumulates more younger sisters than 
in the time-invariant case (cf. Fig.  5). We also see that Focal retains a 
larger proportion of these younger sisters, reflected by overall declining 
mortality rates with time.

To produce an expected age×stage distribution of older sisters, our 
model accounts for periods by which Focal’s mother was reproductive 
before Focal’s birth. We again assume Focal was born in 1993. We 
see that Focal expects an overall greater amount, and retains a larger 
proportion, of its expected older sisters; see Fig.  9.
8

In the next examples, we demonstrate how kin distributions change 
with time of Focal’s birth. For illustrative purposes we consider only 
younger sisters. Fig.  10 shows the numbers of younger sisters in each 
specific cluster, for an average Focal born in cluster 3, and whose life-
course results in a fixed age-class by 2028, 2063 and 2073. Focal of 
age-class 25–29 in 2028 will have accumulated a greater number of 
younger sisters than any other age-class in that period. In periods 2063 
and 2073 we see bi-modal shapes describing the number of sisters, as 
explained by differences in Focals’ experiences of demographic rates 
throughout their lives, namely changes in Total Fertility Rate (TFR).

For a Focal born in cluster 1,3, or 7 and of fixed age-class, Fig. 
11 compares the temporal-change in younger sisters which remain in 
Focal’s region of birth to total number of younger sisters. The effects of 
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Fig. 8. 𝑔 = 1, 𝑞 = 1: Spatial distribution of Focal’s younger sisters as a function of Focal’s age, 𝑥, and year. We assume that Focal is born in 1993.
Fig. 9. 𝑔 = 1, 𝑞 = 1: Spatial distribution of Focal’s older sisters as a function of Focal’s age, 𝑥, and year. We assume that Focal is born in 1993.
ONS future projected decreasing mortality are manifest; the number of 
alive younger sisters of a Focal in age-class 85–89 increases with time. 
Focal individuals in age-class 5–9 have nearly all younger sisters within 
their region of birth. Focal individuals in age-class 85–89 experience a 
greater number of sisters that have moved; however if Focal is born 
into cluster 3 we note a relatively smaller number of movers (cf. 
distributions by stage in Fig.  8). Again assuming Focal is born in cluster 
1,3, or 7, the number of younger sisters remaining in Focal’s birth 
region can be visualised as a function of Focal’s cohort of birth; see Fig. 
12. For a Focal of the 1993 cohort we expect a greater total number 
of younger sisters (and thus a greater number remaining in Focal’s 
region of birth). We observe a Focal born in 2013 experiences fewer 
sisters than a Focal born in 2033. This feature is due to TFR decreasing 
9

between 2008–2021 but increasing under the ONS projections (from 
2022 onwards); Focal born in 2013 gains most younger sisters during 
2018 (lower relative TFR) whereas Focal born in 2033 gains most 
younger sisters in 2038 (higher relative TFR).

4. Discussion

This paper is concerned with kinship networks in time-varying pop-
ulations described by multiple demographic characteristics. To date, 
mathematical models of kinship which are not strictly age-structured 
include the multi-state framework of Caswell (2020) and the class-
based framework proposed by Coste et al. (2021). In order to apply the 
model of Caswell (2020), one requires well-defined initial distributions 
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Fig. 10. 𝑔 = 1, 𝑞 = 1: The number of younger sisters across cluster that an average Focal born in cluster 3 should have accumulated, given life-histories which result in them being 
of age-class 𝑥.
Fig. 11. 𝑔 = 1, 𝑞 = 1: The number of younger sisters remaining in cluster of Focal’s birth compared to total accumulated younger sisters that a Focal of fixed age-class experiences 
over time.
Fig. 12. 𝑔 = 1, 𝑞 = 1: The number of younger sisters which remain in Focal’s cluster of birth, given Focal’s cohort of birth.
of kin. In the case whereby kin can move between stage in one direction 
and at one step per time, the framework is efficient and simple to 
implement. Otherwise, deriving initial distributions for the dynamic 
system approach can be non-trivial. To apply the state-of-the-art ap-
proach of Coste et al. (2021), one must assume that every individual in 
Focal’s kinship network experiences the same fixed set of demographic 
rates. This assumption which is rarely satisfied, especially in human 
populations where for example over the last century fertility rates 
have been temporally volatile (Berrington et al., 2022). Moreover, the 
model of that paper does not fully explore the intricacies of age×stage 
kinship (but see Supplementary material 2.3 (Coste et al., 2021) for 
a meta-population model). This research remedies the theoretical is-
sues encountered when using the multi-state kinship model of Caswell 
(2020) by extending the model proposed by Coste et al. (2021). The 
present work generalises the genealogical Markov approach of counting 
kin to complex population structures of age and arbitrary stage which 
change over time.
10
Many demographic processes cannot simply be explained by age-
specific analysis. Additional population characteristic, which we refer 
to stages, almost invariably affect mortality and fertility schedules. A 
multi-dimensional view of population processes is therefore important. 
Within the context of kinship modelling, problems arise due to the 
diverse and varied nature in which kin can move in and out of stages 
over their own life-course and over time (Tuljapurkar and Haridas, 
2006; Caswell et al., 2018). Kin may move between stages in multiple 
directions, by multiple step sizes, and at any time during or before a 
reference Focal individual’s life-time. Calculating the stable age×stage 
distribution of mothers, 𝝅̃ – a central component to Caswell’s (Caswell, 
2020) framework – becomes theoretically involved. A model currently 
in development investigating spatial stage, demonstrates the demands 
of extending the framework (see Roper and Caswell, 2023). The authors 
of that paper clarify the difficulties of calculating initial conditions for 
kin alive before Focal; kin intrinsically conditioned on Focal’s stage 
at birth. The conditioning propagates to each of Focal’s ancestors 
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defined through 𝑞 > 1, thereby necessitating a posteriori assumptions to 
construct an stable age×stage distribution of mothers (cf. Eqs. (24)–(26) 
in Roper and Caswell, 2023).

The model developed here is beneficial in the sense that the ge-
nealogical Markov chains trivially calculate the stable distribution of 
mothers in the population. To see this, consider a standard time-
invariant age-structured population model. One has a projection matrix 
𝐀, a fertility matrix 𝐅 with rows 𝐹1, 𝐹2,…, and an associated genealog-
ical reproduction matrix 𝐖 defined through the stable population 
structure 𝐳. A randomly selected newborn Focal can be represented by 
the unit vector 𝐞1. It is simple to derive the equality 
(

𝐞†1𝐖
)† = 𝝅 ≡ 𝐳◦𝐹 †

1 . (15)

The right hand side of Eq. (15), through the Hadamard product, shows 
the established method for defining the stable distribution of mothers 
in the population. This procedure however does not extend naturally 
to population structures characterised by block-structured fertility ma-
trices 𝐅̃. Indeed, the existing multi-state kinship model simply sums the 
age×stage offspring of mothers in the population and places newborns 
into the first stage (see Eq. (14) in Caswell, 2020). Assuming that new-
borns always begin life in the first stage severely limits the applicability 
of the model; problems arise when offspring can be born into any stage. 
In this case, the marginal age-distribution of mothers 𝝅 is no longer 
valid, and the existing model cannot be applied. A simple example is 
when stage is defined geographically (Raymer et al., 2019). On the 
other hand, the genealogical Markov chain naturally derives the stable 
distribution of mothers in the population, and is valid under any type 
of stage considered to structure population.

Another feature of Eq. (15) is that it introduces an explicit time 
dependence. Within our time-variant multi-state framework, (𝐞†1𝐖

)†

becomes (𝜙̃†
0𝐖̃−1

)†, which by construction, yields Focal’s mother’s 
age×stage distribution at time strictly before Focal is in existence. 
Contrastingly, within the existing framework of Caswell (2020), the 
stable distribution of mothers is defined during the time-interval of 
Focal’s first age-class. This assumption can in two ways lead to over-
estimations of particular kin types. We illustrate using an example of an 
abridged life table with age grouped by 5 year intervals. First, if the sta-
ble distribution of mothers is defined during Focal’s first age-class, then 
Focal’s mother must be alive while Focal is aged between 0 and 4 years 
old. An alive mother is more likely to have offspring than a dead one. 
Second, rather than projecting sisters which are born in a time-interval 
strictly after the one in which Focal was born, one actually projects 
sisters also born during the same time-interval as Focal (here while 
Focal is 0–4 years old). In order to circumvent such difficulties, we 
consider a third separate case of kin which descend from same-age-class 
ancestors (see Appendix A.2). Note that an alternative solution could 
be to distribute these same-age-class siblings with equal probability into 
the older/younger categories (Croll and Caswell, 2024). The validity of 
the assumptions we make here are examined in Appendix D where we 
compare our theoretical model to a direct stochastic simulation.

Previous models have considered time-invariant age×stage kinship 
(e.g., Caswell, 2020; Roper and Caswell, 2023; Coste et al., 2021) 
and are easily recovered by our framework. Here, we extend field 
to cover the more realistic situation of multi-state kinship depending 
on changing demographic rates. Time-dependencies in demographic 
processes have long been recognised (Tuljapurkar and Orzack, 1980; 
Schreiber and Moore, 2018; Caswell, 2019a) and are crucial to fore-
casting future population characteristics (Lee and Tuljapurkar, 1994; 
Alburez-Gutierrez et al., 2023). Although the model presented here 
treats rates as deterministic, an extension of the current framework 
could incorporate environmental (rate) uncertainty. Fluctuations in 
demographic rates are most commonly theoretically investigated in the 
asymptotic limit (Tuljapurkar and Orzack, 1980; Tuljapurkar, 1982; 
Giaimo, 2023), whereas the dynamics of Focal’s kin operate on a short 
timescale. Future work within our framework could apply methods 
similar to the approximations of stochastic forecasts, proposed by Lee & 
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Tuljapurkar (Lee and Tuljapurkar, 1994). This would allow one to fore-
cast populations of kin demarcated by stage. Such progress would be 
especially useful in human demographics with social/economic/health 
related stages – for example to project the expected number of kin with 
disability in the future.

We note several limitations of the model presented herein. Currently 
our model only considers one sex populations; however a two-sex 
analogue has also been analysed and is intended for future publication. 
An important assumption on which our model depends is that each 
projection matrix 𝐀̃𝑡 is irreducible. While reducible, the matrix need not 
exhibit a well defined genealogical decomposition. One can numerically 
check for the existence of a strictly positive eigenvector, 𝐳̃𝑡, such that 
𝐀̃𝑡𝐳̃𝑡 = 𝜆(𝑡)𝐳̃𝑡. It is then well-known (e.g., 8.3.4, Horn and Johnson, 
2010) that 𝜆(𝑡) = 𝜌(𝐀̃𝑡), and thus Eq. (3)-Eq. (5) are well defined. Other-
wise, while projection matrices are reducible, we explain in Appendix 
C necessary conditions for 𝐳̃𝑡 to be positive. If non-positive, we show 
that by studying the Frobenius Normal form of 𝐀̃𝑡 and its associated 
directed graph, one can deduce which entries 𝑧̃𝑖(𝑡) of 𝐳̃𝑡 are zero.

From a computational perspective, the summations within our kin-
ship formulae are expensive, and in general, operate over biologically 
infeasible cases. Once a specific demographic problem is considered 
however, one can make efficiencies. For instance a closed fertility 
interval 𝑅𝑡 = [𝑥𝑎, 𝑥𝑏] constrains the cardinalities of 𝑞

𝑡  and 𝑔
𝑡,𝑥, thereby 

reducing the number of operations in Eq. (7) and Eq. (9). The size of 
the set 𝑔

𝑡,𝑥 is 𝑡+𝑥𝐶𝑔 (where 𝐶 represents the binomial coefficient). If we 
impose the condition |𝑠𝑖 − 𝑠𝑗 | ∈ 𝑅𝑡,∀𝑖, 𝑗 ∈ {1, 2,… , 𝑔} then the set size 
reduces to 𝑡+𝑥−𝑔𝑥𝑎+𝑥𝑎𝐶𝑔 − 𝑡+𝑥+1−𝑔𝑥𝑏+𝑥𝑏𝐶𝑔 . In practical terms supposing 
that 𝑔 = 2, 𝑡 = 19, 𝑥 = 19, 𝑥𝑎 = 4, 𝑥𝑏 = 9, by imposing these constraints 
we reduce the number of calculations performed from 703 to 126. 
It terms of longevity, a generation within Focal’s family tree can be 
truncated using 𝑥∗ = inf{𝑥 ∶ |||𝛤 (𝑥,−1)|||1 < 𝜖} for 𝜖 ≪ 1, i.e., to some 
sufficiently small probability of being alive over 𝑥∗ years. Therefore the 
𝑡−summations in Eq. (11) and Eq. (A.2) can be approximated to any 
level of accuracy 𝜖, by setting an upper bound of 𝑡 ≤ 𝑞𝑥∗.

In future work it will be of interest to contrast the complexity 
required to implement this model to that of a microsimulation. A 
benefit of simulating is the emergent nature in which kinship networks 
are formed. One does not need consider the (theoretically) distinct 
regimes as covered in Section 2.3, Appendix A.1 and Appendix A.2. 
Instead, kin can be trivially linked by recording lines of ancestry. 
Simulating also circumvents the need for the restrictive assumptions 
of population structure (see Eq. (3) and Eq. (5)). Births, deaths, and 
migration events are random variables, occurring with probabilities at 
the individual level. As such, population dynamics display inherent 
fluctuations. While simulating provides a relatively simple way to 
reproduce such population movement, the matrix approach here is 
restricted by deterministic equations; individual stochasticity is not 
incorporated into our modelling framework. Yet the deterministic pro-
jection matrices we apply are simply the expectations of stochastic 
projection models, their entries derived from probability generating 
functions (PGFs) of multi-type branching processes (Allen, 2010). An 
open challenge, both from a theoretical and computational viewpoint, 
is to extend our model to project PGFs of kin distributions as well 
as expected values (e.g., see Caswell, 2024). A final advantage of 
simulating over the analytical approach is due to the latter’s constraints 
in dimension, i.e., how many types of stage one wishes to consider. 
More complex scenarios could be explored through Agent Based Models 
– e.g., two-sex kinship subject to time-variant rates, and with more than 
two stages – but not easily by the matrix-based system.

In conclusion, the formal modelling of multi-state kinship needs to 
be generalised to a comprehensive framework, able to account for arbi-
trary stage, and free of theoretical constraints. Through an alternative 
mathematical approach, this work provides steps towards such a com-
prehensive theory. Although emphasis is placed on human demography 
above, our model is broad enough to also capture the dynamics of 
kinship over a wide range of ecological and biological stage-structured 
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populations. In the above research, we extend age×stage kinship to 
represent any population characteristic, and under realistic cases of 
time-changing demographic rates. Our study contributes to the existing 
literature on kinship by providing succinct formulae which yield the 
distributions for any kin of some random population member.
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