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A B S T R A C T

There has been an enormous increase in the computational power readily available since the first numerical 
treatments of electrochemical problems in the early 1960s. This development has been accompanied by the 
development of powerful, widely available, commercial software modelling tools. Despite this, approximate 
analytical treatments remain extremely useful in the modelling of coupled diffusion/reaction problems in 
electrochemistry because of the insights they provide into the different possible behaviours of the system. In this 
paper we discuss the modelling of amperometric enzyme electrodes, taking as our exemplar redox hydrogel- 
based enzyme electrodes in which the enzyme is immobilized in a redox active polymer which wires the 
enzyme to the electrode. In this system the measured current is related to many different experimental variables 
including substrate concentration and diffusion coefficient, reaction rate constants, and film properties and 
thickness. The interplay of these factors is described and the role of Case diagrams in understanding coupled 
diffusion/reaction problems of this type is discussed.

1. Introduction

In an amperometric enzyme electrode the current is related, in some 
complex way, to many different experimental variables. Some of these 
experimental variables, such as the concentration of the enzyme sub
strate or the electrode potential, are easily varied. Some of the variables, 
such as the enzyme loading, mediator concentration, enzyme kinetics or 
the diffusion coefficients of the different species, are more difficult to 
alter. In principle, changing one or more of these experimental variables 
can affect the response of the electrode and separating out these effects 
is challenging. Typically, experimentally one has access to a calibration 
curve, that is a plot of enzyme electrode current as a function of sub
strate concentration, and would like to optimize this for a particular 
application. However, to do this it is necessary to understand how the 
enzyme electrode functions and the factors that need to be addressed in 
order to improve the performance to meet practical requirements such 
as limit of detection, sensitivity, or long-term stability. Similar consid
erations apply in other electrochemical applications such as biofuel cells 
or photoelectrochemical energy conversion.

Modelling offers a way to gain insight into the operation of enzyme 
electrodes and to allow rational design for practical applications. In this 
paper we will discuss the different approaches to modelling of amper
ometric enzyme electrodes, including digital simulation tools and 
approximate analytical approaches. We will highlight the strengths and 

advantages of each approach and discuss the application of these to the 
analysis of experimental data taking as a particular example electrodes 
in which the enzyme is immobilized in a redox-hydrogel layer at the 
electrode surface which wires [1] the enzyme to the electrode.

2. Simulation and modelling

The topic of digital simulation in electrochemistry traces its history 
back to the pioneering work of Feldberg and Auerbach in 1964 [2]. They 
used an IBM 7094 digital computer programmed in the Fortran language 
to analyse current reversal chronopotentiograms for the EC mechanism 
with second order kinetics, that is an electrode reaction followed by a 
second order chemical reaction in solution. For this problem the second 
order kinetics renders the differential equations describing the com
bined diffusion/reaction problem unsolvable. The Fortran program (63 
lines of code) took 11 min to run on a state-of-the-art, for that period, 
IBM 7094 which was a second-generation solid state mainframe com
puter (the particular IBM model had been introduced in 1962 and cost at 
that time ca. $3 m). Their simulation was a 1D simulation that used the 
simple “box method” in which the distance into solution from the 
electrode surface was divided into a number of boxes of equal size.

A significant step forward was taken by Joslin and Pletcher in 1974 
[3] with the introduction of an expanding space grid in which the boxes 
are smaller close to the electrode surface, where concentration profiles 
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are changing more rapidly, and larger further from the electrode surface. 
This significantly improves the computational efficiency for many 
electrochemistry problems. An excellent introduction to digital simula
tion can be found in Britz’s book “Digital Simulation in Electrochem
istry” first published in 1981 [4] and now in its fourth edition [5].

In the early 1980s there was considerable interest in the topic of 
modified electrodes, and in particular in their application in redox 
catalysis. This led to the development of approximate analytical models 
by Andrieux, Dumas-Bouchiat and Savéant [6] and independently by 
Albery and Hillman [7] to describe the coupled mass transport and re
action of species within redox polymer films at electrode surfaces. In this 
case there is an irreversible second order homogeneous chemical reac
tion between the immobilized catalytic redox centre, ~Mox/red, and the 
reactant, S, diffusing into the polymer layer 

∼ Mox + S →
k2

∼ Mred +P (1) 

described by a second order homogeneous rate constant k2. This second 
order chemical reaction is coupled to diffusion of reactant into the film 
and charge propagation by redox hopping between ~Mox and ~ Mred 
through the polymer. Thus, these models are the progenitors of the later 
models for amperometric enzyme electrodes in which the second order 
chemical reaction is replaced by reactions of the enzyme immobilized 
within the layer at the electrode surface.

With the development of amperometric enzyme electrodes, starting 
from the first glucose biosensors, numerical models and approximate 
analytical models for amperometric enzyme electrodes were developed 
with a variety of approximate analytical treatments based on different 
simplifying assumptions including linearisation of the reaction kinetics 
or treatments for thin films where concentration polarisation of sub
strate within the film can be neglected. Examples can be found in the 
work of Calvo et al. [8], Tatsuma and Watanabe [9], Marchesiello and 
Genies [10], and Bourdillon et al. [11] from the early 1990s. A detailed 
review of modelling of amperometric enzyme electrodes up to 2005 can 
be found in the literature [12].

Over the period from 1964 to the present day the amount of 
computing power readily available to the electrochemist has increased 
enormously and with this increase powerful software tools such as 
DigiElch®, MATLAB® [14], Mathematica®, and COMSOL Multi
physics® [15] have become available to simulate a wide variety of 
complex electrochemical systems. Thus, the question arises, if we have 
much more powerful simulation tools why do we still need approximate 
analytical models? The problem with purely numerical simulations is 
that they don’t provide insight and understanding of the steps that are 

rate limiting, or of the location of the reaction(s), and they don’t allow 
you to simply optimize the electrode for a particular application. The 
most powerful approach is to combine the approximate analytical so
lutions with the numerical modelling, making use of the different 
strengths of the two approaches to get the best of both worlds.

3. Redox hydrogel-based enzyme electrodes

To illustrate our approach to modelling we will use amperometric 
enzyme electrodes in which the enzyme is immobilized in a redox- 
hydrogel at the electrode surface as our exemplar. This is a very popu
lar and successful way to couple redox enzymes to electrodes, first 
introduced by Heller, in which the redox-hydrogel provides an immo
bilized mediator to shuttle charge from the active site of the redox 
enzyme to the electrode [16,17]. The same general approach to 
modelling can be applied to other types of biosensor, potentiometric, 
conductometric, etc., and to other problems, such as photogalvanic cells 
[18,19], and diffusion and binding in polymer films [20].

In the redox-hydrogel the mediator species, typically an osmium 
complex, Fig. 1a, is attached to the crosslinked water-soluble polymer 
chain by a flexible linker and the enzyme is physically entrapped within 
the layer. Because the mediator is complexed to the polymer chain in 
both redox states it cannot leach out of the film. Charge transport 
through the hydrogel occurs by self-exchange reactions between the 
redox sites and can be described by an apparent diffusion coefficient, 
Dapp, (the Dahms-Ruff model [21–24]) where. 

Dapp = D+ kδ[M]θ (2) 

Here D describes physical diffusion (so in this case D is zero since the 
redox groups are fixed), k is the self-exchange rate constant, δ is the 
distance for electron transfer, [M] is the mediator concentration and θ is 
a geometric factor (1/6 for 3-dimensional charge hopping). For a more 
detailed discussion, including the effects of percolation, see Blauch and 
Savéant [25]. Dapp is predominantly determined by the segmental 
mobility, which increases with hydration and decreases upon excessive 
cross-linking. Typical values for Dapp for Os redox hydrogels are around 
10− 8 cm2 s− 1 [17,26].

These redox-hydrogels have four important properties [16]: first 
they swell significantly in water so that they are an electron-conducting 
aqueous phase, second they can connect electrically multilayers of 
enzyme molecules to the electrode, third the orientation of the enzyme 
does not matter, and fourth they are highly permeable so molecules can 
diffuse in to and out of the film from the bulk solution. The properties of 
the redox-hydrogels can be tuned in terms of their permeability, 

Fig. 1. a) Components of osmium redox hydrogel film. b) Reaction and transport steps in redox hydrogel enzyme electrode.
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swelling and the apparent charge diffusion coefficient by changing the 
degree of crosslinking, the length of the linker to the osmium complex, 
and the nature of the substituents on the polymer chains. The redox 
potential of the Os redox couple can be adjusted by changing the 
complexation of the osmium. As a result, osmium redox-hydrogels have 
found wide application in enzyme electrodes and biofuel cells.

4. Setting up the problem

The set of reactions occurring in the redox-hydrogel on the working 
enzyme electrode is shown schematically in Fig. 1b. The reaction of the 
substrate, S, with the enzyme, Eox, is described by Michaelis Menten 
kinetics 

S+Eox ↔
KM ES →kcat P+Ered (3) 

where KM is the Michaelis constant and kcat is the turnover frequency. 
The reaction between the mediator and the enzyme is described by the 
second order rate constant kA 

Ered + ζA →
kA Eox + ζB (4) 

where ζ is the stoichiometric factor. The reduced mediator is then 
reoxidised at the electrode surface 

B →
khet A+ ne (5) 

For the case of an osmium redox couple and glucose oxidase (GOx) 
this is a simplification because the enzyme is a homodimer with two 
separate flavin active sites [27]. However, there is no evidence of 
communication between the two flavin active sites within the homo
dimer. Further, the reaction of the oxidised flavin (FAD) with glucose 
oxidase to give the reduced FADH2 is a two-electron reaction whereas 
the reverse reaction with the one electron osmium redox couple must 
happen in two steps and proceed through a semiflavin (FADH•) inter
mediate species. 

GOx(FADH2)+Os(III)→GOx(FADH•)+Os(II)+H+ (6) 

GOx(FADH•)+Os(III)→GOx(FAD)+Os(II)+H+ (7) 

(It is actually more complex than this because of the different proton
ation equilibria of the flavin, see Bourdillon et al. [28]). Consequently, 
kA is the apparent rate constant describing the reoxidation of the 
reduced GOx by osmium(III). A further complication is that the GOx is 
specific for the oxidation of β-D-glucose which is one of the different 
isomers of D-glucose that exists in equilibrium in aqueous solution [27] 
and this should be taken into account when comparing experimental 
data to the results of modelling [29].

In an actual amperometric enzyme electrode, or in a biofuel cell, we 
have diffusion (for the substrate, both in solution and in the hydrogel 
and for charge propagation in the hydrogel as described by Dahms-Ruff), 
enzyme/substrate kinetics, and enzyme/mediator kinetics coupled 
together within the film. To understand the experimental results and 
how the current relates to these processes and which processes are rate 
limiting we need to develop a model. The reason why there are so many 
different models and simplifications is because the problem is difficult. 
Why is this difficult? It is difficult because there are different kinetic 
steps coupled together in the same spatial region and because the ki
netics are non-linear. As a consequence there is no analytical solution to 
the problem, and we are forced to look for simplifications that make 
parts of the problem tractable and to use approximate analytical ap
proaches and/or numerical simulation.

5. Deriving the approximate analytical solutions

In 1-dimension, corresponding to planar diffusion at a macro

electrode, the set of equations we have to solve is (assuming for 
simplicity that ζ = 1) 

∂[A](x, t)
∂t

= DA
∂2
[A](x, t)
∂x2 − kA[Ered][A] (8) 

∂[Eox](x, t)
∂t

= DE
∂2
[Eox](x, t)

∂x2 + kA[A][Ered] −
kcat[Eox][S](x, t)
KM + [S](x, t)

(9) 

∂[S](x, t)
∂t

= DS
∂2
[S](x, t)
∂x2 −

kcat[Eox][S](x, t)
KM + [S](x, t)

(10) 

This is a set of second order, partial, non-linear differential equa
tions. We can simplify these by setting DE to zero in Eq. (9), because the 
enzyme is immobilized within the hydrogel, and applying the steady 
state assumption to the enzyme (∂[Eox](x,t)/∂t = 0). Then, in the steady 
state we are left with 

DA
d2[A]
dx2 =

kAkcat[A][S][EΣ]

kA[A](KM + [S] ) + kcat[S]
(11) 

and 

DS
d2[S]
dx2 =

kAkcat[A][S][EΣ]

kA[A](KM + [S] ) + kcat[S]
(12) 

where [EΣ] = [Eox] + [Ered] is the total enzyme concentration in the film.
We now select an appropriate set of dimensionless variables. Thus, 

we normalise the concentrations of mediator and substrate and 
normalise the distance in the film by the film thickness 

a = [A]/[AΣ] (13) 

s = [S]
/
KS[S]∞ (14) 

χ = x/l (15) 

where [AΣ] is the total concentration of mediator in the film, [S∞] is the 
bulk concentration of substrate, and KS is the partition coefficient of the 
substrate into the film (we assume partition is rapid). Lower case a and s 
are the dimensionless concentrations and χ is the dimensionless dis
tance; all three lie between 0 and 1. We then select a further 4 dimen
sionless quantities that are characteristic ratios of the rate constants, 
concentrations and diffusion coefficients. This can be done in many 
different ways but we will always need 4 to describe the problem, and in 
choosing these we are guided by the chemistry of the problem. These 
four are 

κ = l(ζkA[EΣ]/DA )
1/2 (16) 

η = (DSζkAKM)/(DAkcat) (17) 

γ = (kA[AΣ]KM )
/(

kcatKS[S]∞
)

(18) 

μ = KS[S]∞
/
KM (19) 

where κ describes the balance between the thickness of the hydrogel, l, 
and the reaction layer thickness for reduction of the oxidised mediator 
by the enzyme, (DA/kA[EΣ])1/2. η describes the balance between sub
strate reaction with the enzyme (kcat/KM) and mediator reaction with 
the enzyme (kA) weighted by the relevant diffusion coefficients. γ de
scribes the same ratio weighted by the relevant concentrations, and μ is 
the ratio of substrate in the film to the Michaelis constant so when μ is 
>1 the enzyme substrate kinetics are saturated.

Substituting in from Eqs. (13) to (19) in Eqs. (11) and (12) recasts the 
problem in dimensionless variables as [30] 

d2a
dχ2 =

κ2as
γa(1 + μs) + s

(20) 

P.N. Bartlett and M.H. Khan                                                                                                                                                                                                                 Bioelectrochemistry 165 (2025) 108941 

3 



and 

d2s
dχ2 =

γη− 1κ2as
γa(1 + μs) + s

(21) 

Clearly looking at Eqs. (20) and (21) we can see that we could 
equally well have chosen to replace η and/or κ by different dimension
less quantities 

ξ1 = η
/

γ =
(
DSζKS[S]∞

)/
(DA[AΣ] ) (22) 

and 

ξ2 = κ2 = l2ζkA[EΣ]
/
DA (23) 

if we had wished, however the choice of κ makes more sense as it is 
proportional to the layer thickness. We now need to solve Eqs. (20) and 
(21) with the appropriate boundary conditions to obtain expressions of 
the current density, I. The current density is given by 

I =
nFDA[AΣ]Jobs

l
(24) 

where Jobs is the dimensionless current. As we can see, for the steady 
state we need 4 dimensionless parameters to describe the steady state 
current density, ISS, that is 

ISS = f(κ, η, γ, μ) (25) 

Eqs. (20) and (21) do not have a simple analytical solution, therefore 
we derive a number of approximate analytical solutions corresponding 
to different limiting Cases [30] as shown schematically in Fig. 2. Cases I, 
II, IV and V as shown in Fig. 2 are straightforward (see for example 

Section 2.5 of [30] for the derivation of the Case I and II results). Cases 
III, VI and VII are more difficult and require some “tricks” to derive the 
approximate analytical expressions. For Case III (the titration case) the 
hydrogel is treated as two distinct regions, one near the electrode where 
the mediator is dominant, one near the outside where the substrate is 
dominant. The solution is then constructed by solving for the two re
gions separately and matching the conditions at the boundary within the 
film where they meet. Cases VI and VII are more complex and also 
require the film to be treated as two distinct regions. Full details of this 
and the treatment for all the Cases can be found in [30]. This analysis 
leads to the identification of seven separate Cases as defined in Table 1. 
Here by ‘Case’ we mean a physically distinct situation (e.g. Case I: 
current limited by the rate of reaction of the mediator with the enzyme 
when the reaction is occurring throughout the film) with a physical 
comprehensible solution (the current is given by the rate of the enzyme/ 
mediator reaction multiplied by the film thickness).

6. The Case diagram

The Case diagram represents all possible behaviours for the model as 
described by the original equations and boundary conditions and shows 
graphically how the different Cases relate to each other. To understand 
the concept of the Case diagram it is useful to consider a simple, 1- 
dimensional example based on the familiar Michaelis Menten kinetics 

rate =
kcat[EΣ][S]
[S] + KM

(26) 

This has two limiting forms (Cases i and ii in Fig. 3). When [S] < <

KM the kinetics are unsaturated and the rate increases linearly with [S] 

Fig. 2. Schematic of the method for deriving the different approximate analytical solutions. (Here kE = kcat/(KM + [S]) is the effective rate constant for reaction of 
the enzyme with the substrate.) Full details of the derivation can be found in [30].
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ratei ≈
kcat[EΣ][S]

KM
(27) 

When [S] > > KM the kinetics are saturated and the rate is inde
pendent of [S] 

rateii ≈ kcat[EΣ] (28) 

The boundary between the two Cases occurs when [S] = KM. Notice 
that on the Case boundary the two approximate expressions for the rate 
in Eqs. (27) and (28) are equal and that this value (kcat[EΣ]) is twice the 
actual value (kcat[EΣ]/2) given by Eq. (26).

The corresponding Case diagram is shown in Fig. 3 where the x-axis 
is the log of the dimensionless parameter, [S]/KM, that describes this 
system and the rate is plotted on the y axis. Notice that on the boundary 
of the two cases the two approximate expressions for the rate, Eqs. (27) 
and (28) give the same result. The approximate solutions become very 
good approximations to the full result given by Eq. (26) as we move 
away from the boundary, and the error (in this case a factor of 2) is 
greatest on the Case boundary.

The Case diagram is closely related to the zone diagrams used by 
Savéant and colleagues [32–36] which also summarise the different 
kinetic behaviours of the system and their interrelation. A key difference 
is that Savéant introduces additional transitional zones that replace the 
Case boundaries.

For the redox-hydrogel enzyme electrode model discussed here the 
current depends on the four dimensionless parameters, κ, η, γ, and μ. 

Consequently the full parameter space for this problem is 4-dimensional. 
While a Case diagram can help to visualize the relationship between the 
different kinetic regimes in the parameter space it is necessary to 
simplify its representation since we cannot readily represent the 4- 
dimensional Case diagram on the page. Simpler versions of the Case 
diagram can be generated by fixing the values of one or two of the 
dimensionless parameters in order to reduce the diagram to a 3 or 2- 
dimensional plot such as those shown in Figs. 4 and 5. The 3-dimen
sional Case diagram in Fig. 4 is drawn for μ < 1, the 2-dimensional 
Case diagram in Fig. 5 is drawn for η = 1 and μ < 1. Thus, both corre
spond to unsaturated enzyme substrate kinetics with KS[S]∞/KM < 1.

The location of the boundaries between Cases is determined by the 
approximations that split the full problem into the different soluble 
approximate analytical solutions. For example, when γa < s/(1 + μs), 
corresponding to kA[A] < kcat[S]/(KM + [S]) (see Fig. 2), Eqs. (20) and 
(21) simplify to 

d2a
dχ2 = κ2a (29) 

and 

d2s
dχ2 = γη− 1κ2a (30) 

which can be solved with the appropriate boundary conditions to give, 
for the dimensionless current density, Jobs, 

Jobs = κ tanh(κ) (31) 

This has two limiting forms. For small κ, Jobs ≈ κ2, and for large κ, 
Jobs ≈ κ. These correspond to the solutions for Cases I and II (see Table 1) 
and the boundary between them occurs for κ = 1 corresponding to logκ 
= 0 in Figs. 4 and 5. Note also that the requirement that γa < s/(1 + μs)
restricts the two cases to the region where γ < 1 in Figs. 4 and 5. The 
other boundaries between Cases are derived by similar logic. Note that 
on the boundary the two limiting expressions for Jobs, in this case κ and 
κ2, are equal, but are larger than the value given by Eq. (31) of 0.762. As 
for the simple Michaelis Menten example discussed above and illus
trated in Fig. 3, the approximate analytical solutions are least accurate at 
the Case boundaries. To obtain accurate values in the boundary regions 
we need to turn to numerical modelling. The combination of the 
approximate analytical solutions and the numerical modelling then 
gives a full description of the system [30]. This approach has been 
extended by Fourmond and Léger and by Li et al. to characterise the 
penetration of oxygen into oxygen-sensitive enzyme redox polymer 
films [37,38].

Various examples of the application of the approximate analytical 
approach, with the corresponding Case diagrams, to a variety of elec
trochemical and related problems can be found in the literature and 
some examples are summarised in Table 2.

Table 1 
Expressions for the current density in the different Cases. (From [30,31] assuming aε = 1, corresponding to the limiting current for reoxidation of the mediator at the 
electrode. aε = (1 + exp (− ε))− 1 where ε = (E – E0)nF/RT is the dimensionless potential. The expressions for Cases III and VI have been corrected for a typographical 
error in [31].)

Case Kinetics limited by: Approximate dimensionless current, Jobs Approximate analytical expression for the steady state current density, ISS

I enzyme-mediator reaction, thin film κ2 ζnF[AΣ]kA[EΣ]l
II enzyme-mediator reaction, thick film κ nF[AΣ]

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ζDAkA[EΣ

√ ]

III titration case 1+ η/γ nF
(
DA[AΣ] + ζDSKS[S]∞

)
/l

IV substrate-enzyme reaction, thick film η1/2κ

γ
(

1 +
1
2

μ
)1/2 ζnFKS[S]∞

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

kcat[EΣ]DS/

(

KM +
1
2
KS[S]∞

)√

V substrate-enzyme reaction, thin film κ2

γ(1 + μ)
ζnF

{
l[EΣ]kcatKS[S]∞/

(
KM + KS[S]∞

) }

VI transition Case, substrate totally depleted (
2κ2η/γ

)1/2 nFζ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2[AΣ]kA[EΣ]DSKS[S]∞

√

VII transition Case, mediator totally depleted {
2κ2/γ(1 + μ)

}1/2
nF

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2ζDA[AΣ]kcat[EΣ]KS[S]∞/
(
KM + KS[S]∞

)√

Fig. 3. One-dimensional Case diagram for Michaelis Menten kinetics showing 
the two limiting cases (dashed lines), the full solution (solid black line), and the 
relative error in the approximate solutions (orange).
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7. How to use the Case diagram

The important thing about the Case diagram is that it encompasses 
all of the possible behaviours of the model described by the original 
equations and boundary conditions and provides a ‘map’ of the math
ematical terrain. By this we mean that if you know where you are in the 
Case diagram then you know how to navigate to any other location in 
the Case diagram by changing experimental variables. Thus, for example 
if you know that we are in Case I in Fig. 5 then you know we can move to 
Case II by increasing the film thickness, l, since this will increase κ. 

Equally if you want to move from Case I to Case V then you can do this 
by decreasing the substrate concentration, [S]∞, since this will increase 
γ.

To illustrate how the Case diagram is related to the experiment let us 
consider data for an osmium polyelectrolyte mediated glucose electrode 
fabricated by layer-by-layer self-assembly [31]. The self-assembly 
technique [60], in which the electrode is sequentially dipped in solu
tions of the polycationic osmium redox polymer and the polyanionic 
enzyme, allows fine control over the film thickness. In the experiments 
measurements were carried out for 7 different electrodes with film 
thicknesses between 87 and 1150 nm for glucose concentrations from 

Fig. 4. Three-dimensional representation of the Case diagram drawn for μ < 1. The figure was created in Mathematica® using the ‘RegionPlot3D’ command/function 
and the expressions for the Case boundaries given in Table 2 of reference [30].

Fig. 5. Two-dimensional Case diagram plotted for η = 1 and μ < 1 (adapted 
from [30]). Increasing film thickness, l, moves you vertically on the diagram, 
increasing bulk substrate concentration, [S]∞, moves you to the left.

Table 2 
Examples of Case diagrams in the literature.

Electrochemical system Reference

Photoelectrochemistry at the optically transparent 
rotating disc electrode

Albery et al. [39–41]

Photogalvanic cells Albery and Archer 
[18,19]

Redox catalysis at a modified electrode Albery and Hillman [7]
Semiconductor photoelectrochemistry Albery et al. [42,43]
Microheterogeneous electrodes Albery and Bartlett [44]
Colloidal semiconductor photoelectrochemistry Albery and Bartlett [45]
Heterogeneous mediated enzyme electrode Albery et al. [46]
Second order ECE reaction at RDE Bartlett and Eastwick- 

Field [47]
Enzyme immobilized in electropolymerized film Bartlett and Whitaker 

[48]
Homogeneous enzyme mediation at RDE Bartlett and Pratt [49]
Multi-component modified electrode Lyons et al. [50]
Diffusion and binding in a film Bartlett and Gardner 

[20]
Redox catalysis at polymer modified microelectrode Rebouillat et al. [51,52]
Redox active monolayer electrode Lyons [53,54]
Enzyme immobilized in electronically conducting film Lyons [55,56]
Enzyme electrode in the thin layer limit Lyons [57]
Electroactive-enzyme electrode Lyons [58]
Microheterogeneous thin film electrode Lyons [59]
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0 to 55 mM. Experimentally varying film thickness and glucose con
centration means varying κ and μ while keeping η and γμ constant. Fig. 6
shows a projection of the Case boundaries, calculated using the equa
tions given in Table 2 of [30], onto the logμ, logκ plane calculated for η 
= 400 and γμ = 0.519. Increasing [S]∞ in the logκ, logη, logγ, logμ 4- 
dimensional Case diagram corresponds to moving in both the logμ and 
-logγ directions. Making the plot with γμ held constant is one way to 
overcome this. Another way would be to plot the Case diagram in the 
logη, log(μ/γ)1/2 plane. The values of η and γμ used to make Fig. 6 have 
been calculated based on best estimates of diffusion coefficients and rate 
constants from other measurements [31]. The shaded region in the 
figure corresponds to the region of the logμ, logκ plane explored in this 
set of experiments. The signposts in the corner of the figure indicate the 
direction of movement on increasing film thickness, l, or bulk glucose 
concentration, [S]∞. From the figure we can see that the experiments 
potentially lie in Cases I, II, V or VII.

Plotting the experimental data against the osmium surface loading 
(which is proportional to film thickness) for saturating concentrations of 
glucose, Fig. 7a, shows that the results fit to Cases I and II, shifting from 
Case I to Case II as the thickness, and thus κ, increases. This corresponds 
to moving vertically in the logμ, logκ plane in Fig. 6. The solid line in 
Fig. 7a corresponds to the fit of the data to Eq. (30). At the Case 
boundary, as expected, the deviation between the experimental data and 
the approximate analytical solutions for Cases I and II is at its largest. 
Note that the scatter in the data in Fig. 7a reflects the variation from 
electrode to electrode. Achieving good reproducibility in electrode 
fabrication is one of the challenges of fitting experimental data to the 
model.

At lower, non-saturating, glucose concentrations the system lies in 
Cases V and VII, with the thin films (smaller κ) being in Case V. Fig. 7b 
shows the data for thinner films plotted against glucose concentration 
(see Table 1) for Case V and Fig. 7c shows the data for thicker films 
plotted against the square root of glucose concentration for Case VII (see 
Table 1). The results show the predicted change in dependence of 
glucose concentration as the film thickness increases.

8. Does the model fit your data?

When starting out trying to fit experimental data to the model the 
problem is to find out whereabouts in the 4-dimensional space you are. 
Any single calibration plot can only give limited information, essentially 

the initial slope and the response at saturating substrate concentration, 
and this is not enough to fix the position. Thus, a set of experiments for 
different conditions is required together with independent values for as 
many of the experimental variables as possible for other experiments. 
For example, an independent measurement of DA from a chro
noamperometric experiment or a measurement of I from ellipsometry. 
Good examples of this can be found in the literature [31,61–63]. For the 
model here we know that the response is a function of the four dimen
sionless parameters, Iss = f(κ,η,γ,μ). However, the values of these four 
parameters depend on 11 experimental variables: the electrode potential 
(E), [S]∞, l, [EΣ], [AΣ], kA, DA, DS, KS, kcat, and KM. Some of these 
experimental variables, E and [S]∞, are easy to change, others, l, [EΣ] 
and [AΣ], are more difficult to alter and require experiments with 
multiple electrodes so that reproducibility in electrode fabrication is 
essential. Finally, some, kA, DA, DS, KS, kcat, and KM, are more difficult 
still and require changes in the chemistry of the system. There are some 
approaches that can be useful such as changing the substrate as a way to 

Fig. 6. Case diagram for the β-D-glucose/GOx/PAH-Os system (adapted from 
[31]). The diagram is the projection onto the logκ, logμ plane for constant 
values of η and γμ (400 and 0.519 respectively). Increasing bulk glucose con
centration corresponds to moving along the x-axis and increasing film thickness 
corresponds to moving along the y-axis.

Fig. 7. Analysis of results for the β-D-glucose/GOx/PAH-Os system (adapted 
from [31]). a) Catalytic current at glucose saturation as a function of the 
osmium loading (proportional to film thickness). The dashed lines are the Case I 
and Case II expressions, the orange line is the best fit to Eq. (30). b) Plot of the 
catalytic current against the glucose concentration for 7 different film thick
nesses from 87 to 430 nm. The lines are the best fits to the data for Case V. c) 
Plot of the catalytic current against the square root of the glucose concentration 
for film thicknesses of □ 0.613 and ○ 1.15 μm. The line is the best fit to Case VII.
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change the enzyme-substrate kinetics. For example, using 2-deoxy-D- 
glucose instead of D-glucose for experiments with glucose oxidase [64], 
or mixing active and inactive enzyme as a way to alter [EΣ] without 
changing the physical properties of the layer. It is also important to vary 
the external mass transport, possibly using a rotating disc electrode, to 
confirm that external mass transport is not a significant factor, or if it is 
to correct for it [65–67].

In the context of locating the experimental system in the Case dia
gram it is useful to consider the functional dependence of the current in 
the different Cases on the experimental variables, Table 3. For example, 
if the current increases linearly with increasing substrate concentration 
the system must be in Case III, IV or V. Changing the enzyme loading or 
layer thickness then allows the three possibilities to be distinguished 
since for Case III the current is independent of enzyme loading but de
creases as thickness increases, for Case IV the current varies with the 
square root of enzyme loading and is independent of thickness, and for 
Case V the current increases linearly with enzyme loading and increases 
linearly with thickness. Inspection of Table 3 shows that only Cases VI 
and VII share the same ‘fingerprint’. When using this approach one 
should be aware that you might cross a Case boundary as the experi
mental conditions change, for example see Fig. 7a where Case I turns 
into Case II as the thickness increases.

Once we have worked out where we are in the Case diagram we can 
fit the experimental results to the numerical model since we know the 
approximately correct values for the dimensionless parameters [31,68]. 
We can then use numerical simulation guided by the Case diagram to 
explore the boundaries between Cases and/or the transient behaviour 
using bespoke programs created in commercial software such as MAT
LAB®, Mathematica®, or COMSOL Multiphysics®.

Looking forward we would like to draw attention to an exciting 
innovation by Plumére and Johnson [69] who have developed a 
computational method that maps the entire parameter space for a 
multidimensional electrochemical system and then automatically iden
tifies kinetic regimes. In this approach the model is nondimensionalised 
and implemented numerically in suitable software (e.g. MATLAB® or 
COMSOL Multiphysics®) to generate the dimensionless current func
tion. The current output over a discrete set of parameters is interpreted 
as a parametrized geometric surface and the Zone boundaries and 
limiting Zones are defined by the curved and flat regions, respectively. 
This definition of a limiting Zone corresponds to a region where the 
dimensionless current has a power law dependence on the dimensionless 
parameters. In terms of Eq. (25) and the model we have discussed here 
this means that 

Ilimiting Zone∝κaηbγcμd (32) 

where a, b, c and d are all constants. This is not the same as the 
definition of the Cases used here and in [30,31]. For example, inspection 
of Table 1 shows that Cases I, II and VI obey Eq. (32) and therefore are 
limiting Zones according to Plumére and Johnson but Cases III, IV, V and 
VI would each be split into two limiting Zones giving a total of 11 

limiting Zones corresponding to the 7 Cases. The redox-hydrogel 
enzyme electrode model discussed here is one of the examples treated 
in depth as an exemplar of the new approach and further details can be 
found in Plumére and Johnson’s paper [69]. This new computational 
approach is exciting because it utilises the enormous computational 
capability now available and can be applied to electrochemical systems 
with intrinsically high complexity. The challenge will be to put a 
physico-chemical interpretation onto the limiting Zones.

9. Why is modelling and the Case diagram useful?

The most important benefit that we get from the approximate 
analytical analysis and the Case diagram is insight into the different 
factors that affect the enzyme electrode output and the direct interplay 
between them. We can then use this insight to identify the important 
factors and to look for effects that we have not included in the model, 
such as product inhibition. We can also use the model to predict the 
response and to improve the electrode design. The Case diagram allows 
us to identify the optimum values for our dimensional parameters for a 
particular application. If we know where we are in the Case diagram, we 
can also identify which experimental variables, for example enzyme 
loading, film thickness or degree of hydrogel crosslinking, to change in 
order to move to a different Case.

In terms of designing a practical amperometric enzyme electrode 
there are a number of design factors that need to be considered. These 
include the response time (i.e. the time taken to achieve a fraction, 
typically 90 %, of the full response), the sensitivity and range (how the 
response changes with increasing substrate concentration). In terms of 
commercial manufacture, the manufacturing tolerances (which vari
ables have the greatest effect on sensor response and how these can be 
controlled during manufacture, and what level of tolerance is required) 
are an important consideration. For example, in Case III the response 
does not depend on enzyme kinetics which means if one batch of enzyme 
varies in activity from another it should not have an effect on the sensor 
response within reason. Stability in storage and in use are also important 
design factors. Similar considerations apply for other applications of 
enzyme electrodes such as for biofuel cells and for bioelectrosynthesis.

10. Conclusions

Notwithstanding the enormous advances in computing power and 
availability of powerful commercial modelling software approximate 
analytical approaches remain an important tool in modelling complex 
coupled diffusion/reaction problems because of the insight that they 
provide into the underlying physical chemistry. The approximate 
analytical models allow us to construct Case diagrams that encompass 
all of the different possible behaviours and demonstrate the relation
ships between them. In this way the Case diagram maps out the terrain 
and encapsulates the insights gained from the approximate analytical 
treatment of the problem. The most powerful approach to modelling 
coupled diffusion/reaction problems is, then, to combine the approxi
mate analytical treatment with accurate numerical solution using the 
numerical solution to explore the transient behaviour and to provide 
greater accuracy in the regions of the Case boundaries.

In the case of the amperometric enzyme electrode, matching exper
imental data to the model is challenging because of the large number of 
experimental variables involved and their interdependences. Thus, it 
requires multiple measurements with multiple electrodes, and this de
mands high reproducibility and control over electrode fabrication. In 
essence it requires the ability to prepare sensors whose response can be 
accurately predicted so that they do not require calibration. However, 
once the location within the Case diagram is established this modelling 
and insight from the Case diagram allows rational design and optimi
sation of the sensor performance since it tells us which way to move 
within the solution space and what is possible.

Table 3 
The dependence of the enzyme electrode current on the different experimental 
variables.

Case [S] [A] [Ez] l (thickness)

I 0 1 1 1
II 0 1 ½ 0
III η/γ < 1 1 0 0 -1
η/γ > 1 0 0 0 -1
IV μ < 2 1 0 ½ 0
μ > 2 ½ 0 ½ 0
V μ < 1 1 0 1 1
μ > 1 0 0 1 1
VI 1/2 1/2 1/2 0
VII μ < 1 1/2 1/2 1/2 0
μ > 1 0 1/2 1/2 0
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[37] V. Fourmond, C. Léger, Theoretical understanding of the penetration of O2 in 
enzymatic redox polymer films: the case of unidirectional catalysis and irreversible 
inactivation in a film of arbitrary thickness, ChemElectroChem 8 (2021) 
2607–2615.

[38] H.G. Li, D. Buesen, S. Dementin, C. Léger, V. Fourmond, N. Plumeré, Complete 
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