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Railway transportation is widely recognised as an environmentally friendly and sustainable 
mode of transport, with extensive global development over recent decades. However, train-
induced ground vibration has become a subject of increasing concern. To address this, various 
prediction methods, including empirical, analytical/semi-analytical, and numerical approaches, 
have rapidly evolved. Despite these advancements, most methods presume a free-field 
transmission path, disregarding the influence of buildings located between the excitation source 
and receiver points. This simplification highlights the need for more detailed investigations into 
the impact of surrounding structures on ground-borne vibration. 

Ground vibration is fundamental to the vibration response of the target building. To improve 
computational efficiency and simplify the model, the ground vibration is investigated. The aim of 
this thesis is to explore and analyse the influence of surrounding structures located in the 
transmission path on ground vibration induced by railways. This investigation begins with a 
fundamental problem: the interaction between a single pile and the surrounding soil and its 
subsequent impact on ground response. To address this, a semi-analytical model has been 
developed to study the effects of a single pile on ground vibration. The finite element method is 
used to simulate a piled foundation structure. The surrounding soil is modelled by using the 
dynamic stiffness matrix method. The model's accuracy and reliability are examined across 
various conditions. Additionally, the ground velocity levels behind the pile and the corresponding 
insertion loss results are thoroughly investigated. The influence of the single pile on ground 
vibration is quantitatively analysed under varying conditions, including different soil wave 
velocities, frequencies, and layer parameters. 

A semi-analytical model of a pile group embedded in soil is constructed by considering the 
transfer receptances between distinct piles, based on the single pile-soil dynamic interaction 
model. The model accuracy range is investigated. Then different pile configurations are 
investigated. These include two piles aligned transverse to the line from source point to the 
receiver point, two piles arranged axially to this line, and four piles arranged in a square 2×2 
configuration. The ground response and the ground vibration mitigation effects are investigated 
and summarised. 

Next, an analysis is conducted on the ground response behind a building structure with piled 
foundation. The ground velocity level response and the insertion loss results for a fixed unit load 
are presented. Furthermore, the excitation source is substituted with a railway train load 
operating within an embedded tunnel structure. The tunnel structure is simulated using the Pipe-
in-Pipe method. The study summarises responses under varying train loads and distances 



 

 

between the railway and the building, providing a comprehensive analysis of the impact of the 
structure located in the transmission path. 

Finally, within the framework of a hybrid ground vibration prediction model, the impact of five 
different foundation types on ground response is explored. These are a raft foundation, strip 
foundations oriented both perpendicular and parallel to the direction of train movement, a pile 
foundation, and a box foundation. The excitation sources encompass both surface and 
underground railway force density levels. The line source transfer mobility for the different types 
of building foundation is computed using a set of incoherent point loads and combined with force 
densities to represent train excitation. The line source transfer mobility of the various foundation 
types is simulated using the finite element method. Leveraging high-performance computing and 
batch processing, the line source transfer mobility results are investigated. The findings reveal 
that deep foundations generally offer more significant ground vibration mitigation effects. 
However, when the train load is embedded below the surface, zones of amplified ground vibration 
may occur behind the building. 

Overall, the presence of structures in the transmission path significantly influences ground 
vibration. When point loads or train loads are applied on the ground surface, the ground response 
is typically mitigated. However, when the loads are embedded in the ground, the vibration may 
be amplified in certain zones. Therefore, it is crucial to account for structures within the 
transmission path when predicting ground vibration impacts. Consequently, this approach is 
expected to yield more accurate predictions. 
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Chapter 1 Introduction 

1.1 Background 

In recent years, railway transportation has generally been seen as an environmentally friendly and 

sustainable form of transport as it alleviates traffic congestion and air pollution problems [1]. 

Despite the railway having positive environmental benefits for transporting both passengers and 

freight, the problems of train-induced ground vibration caused by railways have also garnered 

progressively more attention. Figure 1-1 illustrates the influence of ground vibration induced by 

surface railways and underground railways. The vibration spreads through the soil and affects the 

near-by building. Railway vibration has potential impacts on the residents who live near the 

railway line [2], may cause damage to neighbouring historic buildings [3, 4], and may interfere 

with sensitive precision instruments [5]. Therefore, an accurate and efficient prediction model for 

railway vibration is required for investigations of ground-borne vibration, which could provide 

evidence to support appropriate mitigation design. 

 
Figure 1-1 Schematic view of how underground railway and surface railway induced ground-

borne vibration affects the nearby building [1]. 

The prediction of railway-induced vibration in buildings is a complicated problem. As shown in 

Figure 1-2, it can be divided into three subproblems: the source, the transmission path, and the 

receiver. The first subproblem is the simulation of the source. This part includes modelling the 

train and the track, including the rail, fasteners, track bed, etc. Vibration is generated at the 

wheel/rail interface [1], due to the wheel and rail roughness. This excitation is the source of 

vibration for both surface railways and underground railways. The second subproblem is the 

transmission path through the soil. Vibration transmitted through the soil is usually calculated 

assuming a free-field ground. It is usual to choose an elastic horizontally layered half-space to 

represent the soil. Because the soil condition is very complex in actual situations, it is difficult to 
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find a suitable model to simulate the soil comprehensively. Thus, to simulate the ground, many 

assumptions and simplifications are required. The third subproblem is the receiver building. For 

this, a dynamic soil-structure interaction (SSI) model is usually considered to simulate the 

attenuation that occurs when the vibration is transmitted into the foundation, represented for 

example as a coupling loss [6]. Usually, the surface ground vibration at receiver point’s location 

forms the basis for the target building’s vibration. In some cases of railway-induced vibration, the 

primary concern is not with the buildings acting as receivers but rather with the vibrations 

transmitted through the ground. Consequently, the third sub-problem can be omitted and the 

response is identified solely as that of the receiver point. 

 
Figure 1-2 Sketch of steps involved in predicting railway-induced vibration in buildings. 

Researchers have developed various methods and models to predict railway-induced ground 

vibration. However, in order to obtain the calculation results more conveniently and quickly, 

many assumptions are made. Focusing on the second subproblem, the transmission path, the 

ground is usually considered as a free field, which means the impact of the presence of 

surrounding structures between the vibration source (track) and the receiver position is neglected. 

This is one of the most important assumptions for the vibration transmission path. But in fact, as 

seen in Figure 1-3, between the vibration source and the target buildings (the buildings that are 

considered to assess whether the railway vibration meets the criteria), or around the target 

building, there may be many other surrounding structures located in the transmission path. When 

the SSI is considered, these surrounding structures can be seen to affect the free-field vibration 

and will then have an impact on the vibration response of the target building. To investigate the 

response of the target building, it is essential first to understand the ground surface response at 
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the location of the building. Thus, it is necessary to investigate the influence of surrounding 

structures on ground-borne vibration from railways, and the effects of the foundations of these 

surrounding buildings on the ground vibration. 

 
Figure 1-3 Sketch of surrounding building and target building. 

Certain surrounding structures located in the transmission path near the target building may 

affect the transmission path of ground vibration, leading to inaccuracies in the results of ground 

vibration prediction. Addressing this question of relevance, this thesis concentrates on analysing 

the influence of structures situated in the vicinity of the railway and within the transmission path 

to assess their impact on ground vibration. 

1.2 Aim of the thesis 

The ground vibration is key to how the target building responds to vibrations. To make the model 

simpler and faster to compute, the study focuses only on the ground vibration, without explicitly 

including the target building. The aim of this thesis is to investigate and analyse the influence on 

the ground vibration induced by unit loads and railways from surrounding structures located in 

the transmission path. The single pile, pile group, piled foundation building, and a surrounding 

building with various types of foundation located in the transmission path are investigated. 

The main objectives of this work are: 

1. To explore the effects on ground vibration caused by a single pile situated in the 

transmission path, for a fixed harmonic unit load external to the pile. To assess the 
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accuracy of the model including the effects of the rotational degrees of freedom (DOFs) 

at coupled nodes. 

2. To assess how the configuration of a pile group influences the mitigation and 

amplification of ground vibration. To assess the accuracy of the model with different 

numbers of piles. 

3. To investigate the influence of a building with pile foundations on ground vibration, 

examining the modes of the building and their relationship with ground response, and 

exploring how variations in the number of storeys and span length affect the ground 

vibration. 

4. To develop a comprehensive model including the train, track, tunnel, soil, and building 

which could predict the ground vibration. This model will enable the investigation of 

ground vibration under a broad range of conditions. 

5. To examine the impact of various foundation types on ground vibration in the vicinity of 

the building. To assess the ground vibration effects under different foundation types when 

the excitation is a surface railway or an underground railway. 

1.3 Original contributions 

The main original contributions of this thesis are outlined as follows. 

1. A semi-analytical pile-soil model is developed to analyse the influence of a single pile on 

its surrounding soil. The range of frequencies within which the model has the capability to 

predict the ground response reliably is established under different conditions. 

2. A semi-analytical model has been constructed to examine the impact of a pile foundation 

on the reduction of ground vibration.  

3. The relationship between the building modes and the ground vibration is revealed using 

this model.  

4. An enhanced comprehensive model, building upon the semi-analytical framework, is 

developed to calculate ground vibration induced by underground railways. Compared 

with the MOTIV (Modelling Of Train Induced Vibration software) model [7, 8], the inclusion 

of the building using a finite element (FE) model contributes to a more extensive model, 

enabling the consideration of more complex cases, for example, where surrounding 

buildings are located within the transmission path. 

5. Based on a hybrid modelling approach, the influence of five different kinds of building 

foundation on the ground response is investigated. This study systematically summarises 

the impacts of the various building foundations on the surface ground vibration. 
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1.4 Structure of the thesis 

The structure of this thesis is outlined in this section. Following the introduction in this first 

chapter, a literature review is presented in Chapter 2 focusing on ground vibration prediction 

methods, and soil-structure interaction. 

Chapter 3 introduces a semi-analytical approach for single pile-soil interaction and the ground 

vibration in the presence of a single pile when there is a fixed harmonic unit load applied either on 

the pile or on the ground near the pile. The model accuracy is evaluated by comparing this semi-

analytical single pile-soil model with an FE numerical model. Then the single pile located in a 

layered surrounding soil is investigated under different soil parameters. The ground response and 

ground vibration mitigation effects are studied. 

Based on the single pile-soil interaction model, Chapter 4 introduces a model of the influence of 

a pile group on the ground vibration. The model accuracy range is investigated by comparison 

with an FE model. Then different pile group configurations are investigated: two piles located in a 

line perpendicular or parallel with respect to the point load-receiver line, and four piles in a square 

arrangement. The ground vibration behind the pile group is also calculated. 

In Chapter 5, the semi-analytical model is extended to analyse the mitigation effects of ground 

vibration caused by a building with a pile foundation. Additionally, this chapter investigates the 

relationship between the building's modes and the mitigation effects of ground vibration. 

Subsequently, a comparison between the building and a similarly dimensioned pile group is 

conducted to examine the influence of the upper structure on the ground behind the building. 

In Chapter 6, a comprehensive model is developed including the train, track, tunnel, soil, and a 

building structure. The building is modelled by using an FE model. The other components are built 

by using a semi-analytical model, MOTIV. The influence of a building with a pile foundation on the 

ground vibration can be calculated when the excitation is from an underground railway. The 

results, including the ground response at a specific receiver point behind the building, the overall 

response from the full frequency range, and the average results from all receiver points at the 

same distance behind the building, are presented. 

In Chapter 7, a hybrid model is developed to investigate the ground vibration caused by trains and 

this is used to consider the impact of different kinds of building foundations. This hybrid model 

consists of two subcomponents: a semi-analytical model to determine the force density level and 

a 3D FE model for the line source transfer mobility (LSTM) level in the presence of the building. 

Then the final ground response and the insertion loss results are summarised. 

Finally, the conclusions and recommendations for future work are summarised in Chapter 8. 
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Chapter 2 Literature review 

To study ground vibration from railways, it is crucial to employ effective prediction techniques. In 

addition to the vibration prediction method, soil-structure dynamic interaction also significantly 

influences the vibration. In the literature review, the prediction methods for the railway-induced 

ground-borne vibration are summarised. Then different types of dynamic models for the pile 

(structure)-soil interaction are reviewed. 

2.1 Ground-borne vibration prediction methods 

Several researchers have published review papers to summarize the mechanisms and methods 

for predicting ground vibration. Gutowski and Dym [9] provided an early review of the propagation 

of ground vibration in soil. Thompson, Kouroussis and Ntotsios [1] provided a comprehensive 

review of the ground vibration problem including the ground vibration criteria and mechanisms. 

Yang and Hsu [10], and Sheng [11] focused on the ground vibration induced by underground 

railways. Kouroussis, Connolly and Verlinden [12] focused on the influence of different train 

parameters. 

Generally, based on the stage of train-induced ground vibration prediction, models can be 

categorised into scoping models in the initial process, environmental assessment models during 

the planning process, and detailed design models throughout the construction and design 

process [13]. The prediction methods can be divided into three categories, namely analytical 

methods, numerical methods, and empirical methods. In recent years, hybrid models combining 

empirical methods with other prediction techniques have also been utilised to predict train-

induced ground-borne vibration [14]. The approach used will vary depending on whether the 

interest is in the vibration of existing or new sensitive target buildings due to new or existing 

railways. Additionally, with recent advances in machine learning models and the availability of 

large datasets, predicting train-induced ground vibrations using machine learning has become 

increasingly popular [15-18].  

2.1.1 (Semi) analytical methods 

Analytical models (or semi-analytical models) are used to describe a problem mathematically. 

When predicting ground-borne vibration, the elastodynamic partial differential equations (PDE) 

of the soil must be solved using appropriate boundary conditions and initial conditions. Typically, 

integral transforms, particularly the Fourier transform, are applied to solve the system of 

equations employed to represent the physical problem. The fast Fourier transform (FFT) is a 
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widely used numerical method for obtaining results. Thus, this method is often referred to as a 

semi-analytical method. Analytical models contain many assumptions and simplifications. The 

physical concept of the analytical models is clear, and the calculation efficiency is high. 

Compared to numerical models, which typically yield approximate numerical solutions, 

analytical models directly derive from fundamental theoretical equations and involve simplified 

assumptions, allowing them to directly obtain exact solutions. They are helpful to analyse the 

nature of vibration generation and propagation and can obtain reliable results with appropriate 

assumptions. The (semi) analytical models are commonly separated into sub-models 

representing the train, track, and ground. 

When investigating railway induced ground-borne vibration, one of the key issues is to simulate 

the response of the soil by using a homogeneous or layered elastic half-space model. For a fixed 

harmonic load excitation on the half space, researchers such as Pak and Guzina [19], Liu et al. 

[20], He et al. [21] have explored ground responses using Green’s function approaches for both 

layered and poroelastic half-spaces. Regarding the moving load excitation on a half space, Eason 

[22] derived analytical results. Sheng et al. [23] developed the moving Green’s function in a free 

field. Initially, the half-space free field was modelled in cylindrical coordinates and then 

transformed into Cartesian coordinates. Addressing more complicated situations, Jones et al. [24] 

investigated the ground vibration excited by a moving rectangular load. Hu et al. [25] investigated 

the saturated soil response under a moving load. Additionally, Sheng et al. investigated the 

ground response induced by a railway based on a fixed load [26] and a moving load [27] applied 

on the track. Figure 2-1 shows the moving load applied on the track. 
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Figure 2-1 Sketch of the model of a track on layered ground excited by a moving load [27]. 

It is often assumed that the ground consists of parallel layers with homogeneous material 

properties within each layer. Under these assumptions, the dynamic stiffness matrix (DSM) 

method can be used to simulate the ground response for a homogeneous half-space or a layered 

half-space [7, 28, 29]. In this method, the stiffness matrix of the soil can be obtained conveniently 

and directly, and the soil is represented by linear materials. The model response is calculated in 

the frequency-wavenumber domain. The soil model can also be coupled with other models such 

as a train-track theoretical model to simulate the ground-borne vibration induced by the train. 

Additionally, some classical semi-analytical models are also used to simulate the ground in the 

research field of railway vibration. The thin-layer method (TLM) is a semi-analytical method for the 

analysis of elastic wave propagation in a layered soil which can also be used in the railway 

vibration field [30, 31]. The basic principle of this method is to discretise the ground in the vertical 

direction and divide the soil into multiple thin layers. Then the boundary conditions of the soil 

foundation are introduced to establish the global stiffness matrix which is solved to determine 

the dynamic response of the layered medium. Although the TLM employs the finite element 

concept for different layers using shape functions, the stiffness matrix for each layer can be 

derived analytically. Therefore, it can be classified as a semi-analytical model. As in the DSM 

method it is formulated in the frequency-wavenumber domain. 

Due to the dominance of vertical vibration and considerations regarding calculation efficiency 

and model simplicity, two-dimensional analytical models have been developed for predicting 

ground vibration. In underground railway cases, embedded beam models prove to be useful for 
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investigating ground vibration induced by the railway in a tunnel. Metrikine and Vrouwenvelder 

[32] investigated ground vibration by employing an embedded infinitely long Euler-Bernoulli beam 

model to represent the tunnel. The soil rests on a rigid base, indicating that the layered soil is finite 

in depth and supported by a rigid foundation. The model of a beam embedded in soil has become 

a popular framework for investigating ground vibration induced by underground railways, with 

several researchers exploring this further. Koziol et al. [33] investigated the ground response 

when an infinite beam is embedded in a half space. Based on this method Yuan et al. [34] 

investigated the saturated poroelastic soil dynamic response. Hu et al. [25] investigated the 

saturated soil based on this method. However, when using the beam model to simulate an 

embedded tunnel, it fails to simulate high frequency responses accurately because the beam 

does not account for wave transmission in the circumferential direction. 

The Pipe-in-Pipe (PiP) model is also a widely used semi-analytical model to simulate underground 

railways in tunnels [35-37]. The inner pipe is based on shell theory, and represents the tunnel wall. 

The outer ‘pipe’ is based on continuum theory, and is used to simulate the surrounding soil which 

is considered to be infinite. A sketch of the PiP model is shown in Figure 2-2. It can produce more 

accurate results than the embedded beam model. Gupta et al. [38] validated this model and 

analysed its advantages especially in terms of computation efficiency. Then, based on the PiP 

model, the dynamic response in more complicated situations has been investigated, including 

twin tunnels [39], floating-slab track in tunnels [37], a double-deck circular tunnel [40], and 

periodic jointed tunnels [41]. For the ground response, Hussein et al. [42] investigated the ground 

response by employing fictitious forces and 2.5D Green’s functions in a full space [43]. They 

further extended their analysis to a layered half-space using the dynamic stiffness matrix [44]. 
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Figure 2-2 Sketch of the PiP model [35].  

Recently, Yuan et al. [45] provided a semi-analytical model for ground vibration. The total wave 

field in a half-space containing a cylindrical hole is characterised by outgoing cylindrical waves 

and downward-propagating plane waves. The tunnel was located in a homogeneous half space. 

He et al. [46] investigated a tunnel located in a layered soil based on this method combined with 

the transfer function method, which was first developed by Thomson [47] and Haskell [48]. Yuan 

and He [49-52] expanded the applications of this semi-analytical model to cases involving 

shallowly buried tunnels and existing buildings. 

In summary, the homogeneous or horizontally layered half-space analytical models are used for 

the ground vibration in railway ground vibration research. There are various methods to compute 

the response in the framework of these models and, especially, there are multiple models to 

consider the response of track-soil or tunnel-soil systems. The concepts and assumptions of 

these ground analytical models are clear. However, few studies considered the foundation of the 

building in the ground model and its influence on the ground-borne vibration propagating to a 

target building. 

2.1.2 Numerical methods 

Numerical methods can be used to investigate the effects of more complex geometry and 

materials. In these, the ground is usually discretised using finite elements or boundary elements. 

The challenge is that the number of elements becomes large as the scale of the problem 

increases, especially at higher frequency. In order to represent wave propagation, at least six 

elements per wavelength are commonly required [53]. Therefore, the number of elements in a 

large model can become huge, resulting in very large computation times. Fortunately, with the 

development of computer science, numerical methods which require high computational power 



Chapter 2 

12 

are capable of simulating the whole system of the railway, ground, and buildings with more 

details in an acceptable efficiency. The numerical methods can be categorised into time-domain 

and frequency-domain approaches. 

2.1.2.1 Time-domain numerical models 

With the continuous improvement of computing power, the use of the finite element method (FEM) 

has developed rapidly in the field of ground-borne vibration. Initially, two dimensional (2D) 

methods were utilised due to the limitations of computer power [54]. However, the environmental 

vibration caused by trains is a complicated three-dimensional coupled problem, including the 

effects of train load motion and soil-structure dynamic interaction. 2D models are capable of 

describing dynamic responses within the plane of the model only and cannot account for 

variations in the third dimension. Consequently, 2D models cannot achieve accurate predictions. 

A common approach is a 3D two-stage time-domain model based on the ‘weak coupling’ method. 

Connolly et al. [55] and Kouroussis et al. [56, 57] built a two-stage time-domain model to 

investigate the influence of vehicle and track parameters on the environmental vibration. The first 

stage of such an approach usually consists of a sub-model consisting of a multibody train model 

on a flexible beam track model where the embankment is considered to be rigid or represented 

by an equivalent stiffness. In the second stage the support forces beneath the track obtained from 

the first model are applied to the soil sub-models. That represents a ‘weak coupling’ assumption 

in which the details of the ground are assumed not to influence the vehicle-track interaction.  

When an FE model is used to represent the ground, the boundary of this model plays an important 

role as it is important to prevent spurious reflections from the edge of the domain. Specific 

boundary conditions used with the finite element method to investigate environmental vibration 

problems include viscoelastic boundaries [58-61], scaled boundary finite elements [62], infinite 

elements [63-68], perfectly matched layer (PML) boundaries [69], and absorbing boundary 

conditions [70, 71]. Additionally, the FE method can account for soil anisotropy and complex 

layering, offering advantages over traditional analytical models. 

When a BE model is used to represent the ground, the finite element formulation is applied for 

the track structure while the boundary element time-domain formulation is applied for the infinite 

ground [72, 73]. 

Unlike with the frequency-domain method discussed below, the time-domain method can also 

consider the non-linear response of the soil [74-76]. When applied to investigations of 

environmental vibration, the 3D time-domain method allows for the consideration of details such 

as non-linear material properties, which are not feasible in frequency domain models. The time-

domain method can handle many complex situations with fewer limitations especially for the soil 
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compared with analytical methods. However, some complicated time-domain models have the 

drawback: they usually require a long calculation time. Additionally, in many situations, it is 

difficult to obtain the input data to describe the nonlinear or inhomogeneous properties of the soil. 

2.1.2.2 Frequency domain numerical models 

A 3D numerical model can calculate specific cases and yield accurate results. However, 

computational efficiency remains a significant challenge. Upon comparing the 2D and 3D models, 

Xu et al. [77] and Real et al. [61] discovered that the 3D model yields more accurate results but 

its computational time was 600 times greater than that of the 2D model. Due to the large 

calculation time required for full 3D models, the prediction model can be simplified to reduce the 

calculation cost by making use of the characteristics of the railway structure. A common 

assumption is that the track and the soil layers are uniform in the direction of train travel. 

Therefore, a 2D finite element mesh or 1D boundary element mesh is used for the cross-section, 

with the third dimension defined in the wavenumber domain. An inverse Fourier transform over 

wavenumber is used to obtain the calculated results in the spatial domain. This kind of model is 

known as the 2.5D approach, which is the main branch of the frequency-domain models. By 

assuming all the materials in the system are linear, the response of the ground or the building can 

be calculated in the frequency-wavenumber domain by applying a Fourier transform. 

Some 2.5D finite element prediction models have been used with artificial boundaries [78-81], 

infinite elements [82-84], boundary elements [85-90], or PML [91-95] to simulate the infinite 

ground efficiently. Also, some new types of boundary conditions have been investigated. Yang et 

al. [96] combined the PML and infinite elements as the boundary condition to simulate the wave 

propagation in the soil. In [97], the finite elements were coupled with the scaled boundary finite 

element method (FEM-SBFEM). 

The 2.5D models can widely investigate environmental vibration problems caused by surface 

railways and underground railways. However, such a 2.5D model does not consider the 

characteristics of the periodic support of the track structure and the resulting parametric 

excitation. In order to solve this problem, the periodic finite element method has been used, in 

which the Floquet transform is employed to represent the periodic geometry of the soil and tunnel. 

This method is less efficient than 2.5D track-ground models, but it can improve the 

computational efficiency compared with 3D models. Additionally, the periodic FE model does not 

need to account for the wave-field originating from outside the domain in the longitudinal 

direction, making it simpler than fully 3D models. Based on this method, different boundary 

conditions applied to the soil have been investigated including the fixed boundary [98], artificial 

boundary conditions [99], boundary element conditions [5, 100-103], infinite element boundary 
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conditions, and PML [104, 105]. One example of a unit cell of the periodic FE model with PML 

boundary is shown in Figure 2-3. 

  
Figure 2-3 Unit cell of the periodic finite element with PML [105]. 

The BE method includes the radiation condition implicitly, and can be used to simulate an infinite 

ground. In some early FE-BE models in 2D or 2.5D, the BE was based on full-space Green’s 

functions [106, 107]. Consequently, the ground surface and interfaces between different soil 

layers need to be discretised, which increases the number of elements. Alternatively, Green’s 

functions based on a half space or a layered soil can be applied in BE equations, thereby requiring 

fewer mesh elements [108, 109].  

The singular boundary method (SBM) is a meshless method. The SBM eliminates the 

computationally expensive integration procedure in the BE method. It serves as an alternative to 

mesh-based approaches to investigate the wave propagation problems and railway ground 

vibration problems [110-112]. This method eliminates the need to consider connectivity between 

elements and nodes, thereby simplifying the model and enhancing computational efficiency. 

Additionally, sometimes to improve the calculation efficiency a time-domain FE vehicle-track 

model is coupled with the ground that is modelled in the frequency and wavenumber domain 

beneath the sleepers. Such models are hybrid time-domain and frequency-domain models [113, 

114]. 

Overall, there are many types of numerical model, which are convenient for modelling and 

calculation. Due to the different assumptions made in different approaches, there are differences 

in the accuracy and efficiency of the calculation results. 
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2.1.3 Empirical models 

Empirical models, which may be based on measured data, theoretical or numerical predicted 

results, are relatively simple. Empirical methods are usually used in the preliminary stage of 

environmental impact assessment and prediction, i.e. the initial feasibility study stage of the 

construction of a new railway line or building. Empirical methods have high prediction efficiency 

and low computational cost, but the prediction accuracy is relatively low if it is used for a situation 

other than the one where the measurements are taken. According to ISO 14837-1 [13], predicting 

vibration levels can be divided into three subproblems: the vibration source, the transmission 

path, and the receivers. The magnitude of ground-borne vibration at receivers can be represented 

as 

 𝐴(𝑓) = 𝑆(𝑓)𝑃(𝑓)𝑅(𝑓) (2-1) 

where 𝑆(𝑓) is the source term, 𝑃(𝑓) represents the transmission path, 𝑅(𝑓) is the receiver term 

and 𝑓 is frequency. 

A commonly used empirical method is based on the procedures developed by the Federal 

Railroad Administration (FRA) and the Federal Transit Administration (FTA) in the USA [115, 116]. 

This chain formula considers the three factors mentioned above that affect the vibration but is 

expressed in decibels. The vibration velocity level at receiver point 𝑖 is written as 

 𝐿V,𝑖 = 𝐿FD + 𝐿LSTM,𝑖 + 𝐶gb (2-2) 

where 𝐿FD  is the force density level (FDL), 𝐶gb  is an adjustment to account for ground-building 

foundation interaction and attenuation of vibration amplitude as vibration propagates through 

the building, and 𝐿LSTM,𝑖 is the line source transfer mobility (LSTM) level. It can be calculated by 

 𝐿LSTM,𝑖=10 log10(𝑑0∑|𝐿P𝑖,𝑗|
2

𝑙

𝑗=1

) (2-3) 

where 𝑑0 is the distance between adjacent source positions considered on a line. 𝐿P𝑖,𝑗 is one of 𝑙 

point source transfer mobilities between excitation point 𝑗 and receiver point 𝑖. The result 𝐿P𝑖,𝑗 is 

expressed in decibels. A sketch of the method used to determine the LSTM for excitation on the 

ground surface is shown in Figure 2-4. 
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Figure 2-4 Determination of line source transfer mobility for excitation on the ground surface 

[117]. 

There are also some other empirical methods based on measured data. Kurzweil [118] presented 

a chain formula for estimating vibration spectra due to ground-transmitted vibration in buildings 

near subways. The vibration acceleration level in the room is given by 

 𝐿a, room  =  𝐿tunnel wall  −  𝐶g  −  𝐶gb  −  𝐶b (2-4) 

where 𝐿tunnel wall  is the vibration acceleration level at the tunnel wall, 𝐶g  is the vibration level 

attenuation in the ground, 𝐶gb is the vibration level attenuation when the vibration is transmitted 

through the building foundation, also known as coupling loss between the ground and the 

building, and 𝐶b is the vibration level attenuation within the building. All terms are in decibels. 

Melke [119] also investigated the chain of transmission losses within the source-path-receiver 

system. Madshus et al. [120] focused on the chain of transmission based on a large number of 

vibration measurements in Norway and Sweden. Also some empirical methods based on 

measured data have been applied in the UK [121] and Switzerland [122]. Rossi and Nicolini [123] 

propose a simple empirical prediction model for train-induced vibration; the maximum 

differences between the model results and measured data were 5.8 dB. With et al. [124] 

presented a validation of an empirical model to predict train-induced ground vibration in a 

preliminary design phase. Gjelstrup et al. [125] built a novel empirical model for predicting 

railway-induced vibration nuisance and structure-borne noise in nearby dwellings exposed to 

railway traffic. Auersch [126] developed a simple and fast prediction model based on the three 

components from Eq. (2-1). 
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2.1.4 Hybrid methods 

Hybrid methods, also called semi-empirical methods, have attracted increasing attention. The 

chain formula is too simplified for accurate prediction, whereas the reliability of numerical 

models and the accuracy of their prediction results depend on the accuracy of the input 

parameters. It is sometimes very difficult to obtain the physical parameters of the whole system 

with sufficient accuracy. Therefore, hybrid prediction models based on empirical methods 

combined with numerical methods are becoming popular.  

Verbraken et al. [127] and Kuo et al. [14] used such a hybrid empirical-numerical methodology to 

predict the ground vibration. This hybrid approach can use a combination of measured data, from 

train passages or from hammer excitation, and numerical models. Three cases can be 

considered, where both railway and building are present, where the railway is present but there 

is no building at the site, and where the building is present but there is no track at the site.  

Kouroussis et al. [128, 129] predicted the ground vibration by combining the numerical and 

experimental prediction methods based on the FRA approach framework [115]. Colaço et al. [130] 

predicted the vibration level in a building by combining numerical results and experimental 

measurements. The SILVARSTAR European project [131] investigated the combination of 

empirical and numerical models for the source term and transmission path term in Eq. (2-2).  

Regardless of whether (semi) analytical methods, numerical methods, or empirical methods are 

used, it is necessary to simplify the vehicle, tunnel, and soil systems. This simplification can 

affect the accuracy of vibration predictions. To improve the precision of vibration prediction 

results in the detailed design process, more accurate input parameters for the soil layers can be 

obtained through on-site measurement. Due to its consideration of the specific conditions of the 

tunnel and layered soil, the hybrid approach based on measured transfer functions is able to give 

more precise prediction findings. Lai et al. [132] assessed the vibrational impact of underground 

railway traffic on two buildings in Rome by combining experimental measurements with 

numerical simulations. Liu et al. [133] predicted the ground-borne vibration using the hybrid 

approach framework that includes an analytical train model for the source term and an in-situ 

measured transfer function for the transmission path term. 

2.2 Single pile-soil dynamic interaction 

In the previous section, some prediction models for railway-induced ground vibration have been 

introduced. It is also important to predict the response of buildings based on the ground response. 

Therefore, soil-structure interaction (SSI) serves as the fundamental basis for this analysis. 
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An important element in SSI is the interaction between a single pile and the soil, the modelling of 

which has developed rapidly through theoretical research. Kuo and Hunt [134] presented a 

thorough review of modelling methods for the dynamic behaviour of single piles and pile groups. 

They summarised linear single-pile-soil dynamic models into four broad groups.  

The first and simplest approach represents the soil interacting with the pile as a group of 

equivalent springs, based on dynamic Winkler foundation theory. In this method it is assumed 

that outward propagating waves in the soil are in plane-strain conditions [135]. In Novak’s theory 

[136, 137], the soil is simulated by a set of infinite elastic layers, which are applied to the pile as 

equivalent springs. The pile can be modelled by using the equations of motion of a beam or elastic 

column. Some experimental results support Novak’s theory [138]. Recently, this model has also 

been extended through the use of nonlinear springs [139], viscoelastic effects [140, 141] and the 

variable section impedance of the pile [142]. Additionally, using this method, the dynamics of pile 

groups have been investigated [143, 144]. However, Novak's model is a 2D model and cannot 

accurately capture the effects of the third dimension on the pile and surrounding soil. 

The second approach involves representing the soil as an elastic continuum, such as a cylinder, 

which is coupled to a beam or column model of the pile to overcome the limitations from the 

Winkler foundation theory. The interaction between the pile and soil is represented by using 

equivalent loads. Novak and Nogami [145, 146] used an analytical model to investigate pile-soil 

interaction vibration problems when the motion is limited to one plane. Kuo and Hunt [147] have 

utilised elastic-continuum formulations in the wavenumber domain to assess the dynamic 

response of piles. The pile was represented as a rod in axial vibration and as an Euler-Bernoulli 

beam in bending. The fictitious pile method [148-150], which represents the pile as a beam with 

a series of uniform patch loads along its length, could be categorised as one of the elastic 

continuum approaches. Based on such single-pile models, pile group models have also been 

developed and widely applied. Kaynia and Kausel [151] developed a semi-analytical model for the 

dynamic response of a single pile and a pile group in layered soil. Different types of loads are 

introduced corresponding to the pile-soil traction. The sketch of the single pile model from Kaynia 

and Kausel is shown in Figure 2-5.  
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Figure 2-5 Sketch of different types of loads in the single pile model [151]. 

A third modelling technique makes use of the boundary element (BE) method to represent the soil. 

The pile can be represented using an analytical model, a FE model, or a BE model. In this 

approach, if the full-space Green’s function is used, the ground surface boundary and the soil-

pile interaction surface are discretised and represented by boundary elements. Kattis et al. [152] 

have used this method to evaluate the pile-soil dynamic behaviour. If the half-space Green’s 

function is used, only the pile surface has to be discretised. Kaynia [153] used the BE method 

based on half-space Green’s functions to solve the dynamic response of pile foundations, and 

based his analysis on the static interaction factor principle proposed by Poulos et al. [154], 

applied to the dynamic case. Masoumi and Degrande [155] used a subdomain formulation to 

predict the free-field vibration due to pile driving. Auersch [156], Sen et al. [157], Maseo et al. [158] 

and Talbot and Hunt [159] investigated the dynamic behaviour of piles and pile groups by use of 

a half-space BE formulation. More recently, Edirisinghe and Talbot [160] investigated the dynamic 

behaviour of a pile near an underground railway tunnel based on the half-space BE method. 

However, the calculation efficiency is a limitation of some BE models. To address this, Edirisinghe 

and Talbot [161, 162] investigated the pile-group interaction through the soil by using the BE 

method with an iterative wave-scattering approach, which could improve the computational time. 

Conto et al. [163] investigated the single pile-soil interaction using a meshless singular boundary 

method in an effort to reduce computational time. A sketch of this single pile model is shown in 

Figure 2-6. 
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Figure 2-6 Sketch of meshless single pile model [163]. 

The application of the FE method for the soil constitutes the fourth method. In this case a suitable 

boundary condition is required to prevent wave reflection at the edges of the domain as discussed 

in Section 2.1.2. To represent the pile-soil interaction, either an axisymmetric model [148] or a 

three-dimensional (3D) solid element model [164] can be adopted. Kuhlemeyer [165, 166] used 

the FE method to investigate the dynamic response of a pile in the lateral and vertical directions 

when a force is applied on the pile cap. A comparison with Novak’s model [135] was also 

presented, indicating good agreement at very low frequency. 

2.3 Soil-structure interaction 

To achieve more accurate predictions of train-induced vibrations in buildings, it is necessary to 

consider building coupling loss. In analytical and numerical models, this coupling loss is related 

to soil-structure interaction (SSI), whereas in empirical models, it is typically based on specific 

coefficients. 

2.3.1 Soil-structure interaction in analytical model 

The analytical model is a rigorously formulated framework for ground vibration. Within this model, 

the building coupling loss is generally characterised through SSI. More recently, the study of SSI 

has not only been limited to theoretical research and application in seismic engineering, but has 

also been applied in research into train-induced ground vibration. SSI is an important part of sub-

modelling approaches. In some research a fast and convenient method has been presented for 

evaluating the influence of foundations. Kuo et al. [167] built semi-analytical models to evaluate 

the effects of piled and raft foundations on the vibration level transmitted into buildings near 

railways. From Hussein et al. [168], based on the dynamic stiffness matrix of the soil, a 

transmission matrix 𝐻 could be calculated, which represents the soil-pile interaction at different 
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coupled nodes between the soil and the foundation on the piles. A sketch of the model used by 

Hussein et al. [168] is shown in Figure 2-7. 

 
Figure 2-7 Sketch of the coupled model used by Hussein et al. [168], showing a train of 

wheelsets running in a tunnel and a building coupled to the ground model at a series 

of nodes. 

The response at the soil-foundation interface 𝑢s is given by 

 𝑢s = (𝐼 + 𝐻s𝐾b)
−1𝑢s0 (2-5) 

where 𝐻s is the soil’s receptance matrix, 𝐾b is the dynamic stiffness matrix of the building, 𝐼 is the 

identity matrix with the number of rows and columns equal to the number of DOFs at the coupled 

nodes, and 𝑢s0 represents the free-field soil displacement at the coupled node positions. This 

equation represents the interaction between the soil and the foundation.  

Additionally, the transfer matrix model [126] is widely applied in the analytical approach for 

describing the SSI. For the traditional impedance-based analytical model [169-171], it can be 

extended to form a hybrid approach to simulate the SSI for predicting the train-induced vibration 

in the building [172]. In addition to these methods, one DOF models [173], 2D framed models 

[168], and 3D analytical models [52, 174] are used to calculate building vibration induced by 

railways. Bucinskas et al. [175] used a mixed-frame-of-reference approach to create a 

receptance matrix to simulate the structures interacting with the soil. The excitation and the soil 

part were modelled by using semi-analytical model, but the structure was simulated by a 3D FE 

model. 



Chapter 2 

22 

2.3.2 Soil-structure interaction in numerical model 

The numerical approach has developed rapidly in recent years alongside advances in computer 

science. For higher accuracy in predicting railway-induced vibration and noise in buildings, it is 

essential to consider soil-structure interaction (SSI) and coupling loss. The foundation plays a 

crucial role in the dynamic interaction between the ground and the building. Compared with 

studies that neglect SSI when determining displacement at the ground-building interface, 

including SSI in numerical or analytical models, or incorporating coupling loss in empirical 

models, leads to more accurate results. 

SSI is an important aspect of environmental vibration induced by railways and should be taken 

into account to simulate the attenuation at the foundation, especially in numerical or analytical 

models. The SSI is classified according to the analysis method, which can be divided into 

numerical methods and simplified methods. In view of the wide applicability of the numerical 

methods, the boundary element method, the finite element method, or a combination of these 

two methods can be applied to the analysis of the SSI. Some numerical models can be used to 

calculate the vibration transmitted to the buildings directly. These models contain the numerical 

building model directly coupled to the ground model. Ropars et al. [176] built a numerical model 

to investigate the vibration response in a complex building neighbouring the railway. The building 

had a pile foundation and was located above a tunnel and coupled with a four-layered soil model. 

Villot et al. [177] use a 2D FE-BE ground-structure interaction model (MEFISSTO software) to 

estimate the influence of building modifications on the vibration response in the building. Yang et 

al. [2] investigated the building vibration induced by the underground railway using a full 3D FE 

model. The boundary element method has been applied by Coulier et al to investigate the effects 

of a group of buildings on ground vibration [178]. The displacement results of the building and the 

surrounding soil are shown in Figure 2-8. However, this approach is generally computationally 

expensive, so sub-modelling approaches are commonly used. 

  

(a) (b) 

Figure 2-8 Real part of the (a) vertical soil displacement and (b) vertical structural displacement 

at 50 Hz accounting for through-soil coupling of a group of surrounding buildings [178]. 
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Fiala et al. [179] used a sub-modelling technique to calculate the vibration in a building. They 

considered the SSI when investigating the structure-borne vibration and noise by using a 

transmission matrix approach. Celebi et al. [180] determined the impedance function for 

different foundation types. The results were obtained by using a substructure approach which 

was formulated on basis of the boundary element method. Lopez-Mendoza et al. [181] built a 

scoping numerical model to predict vibration in buildings induced by railway traffic considering 

SSI. Edirisinghe and Talbot [162] discussed the interaction between a tunnel and a building’s piled 

foundation in the spatial-frequency domain by using the Pipe-in-Pipe and boundary element 

models. Peng et al. [182] used thin-layer elements to simulate the contact interface between the 

pile and soil. They found the tunnel-pile interaction is greatest when the piles are installed parallel 

to the tunnel and extend below it. For improving the calculation efficiency, López-Mendoza et al. 

[183] built a simplified building-soil coupled model in the time domain by using spring elements 

to represent the soil. They also compared several different simplified spring models for 

considering SSI. Additionally, the 2.5D model is more efficient compared with the 3D numerical 

model. Lopes et al. [92, 184] combined a 2.5D finite element method (FEM) – perfectly matched 

layer (PML) model of the ground with a 3D FE model of a building to predict the vibration induced 

in buildings considering the SSI. Colaço et al. [185] used a simplified SSI method based on 2.5D 

FEM- Method of Fundamental Solutions (MFS) to model the infinite ground, which could predict 

the vibration induced by railway traffic. This simplified SSI approach is efficient for the prediction 

of building vibration induced by railways, and validated by the experimental results [186]. 

Additionally, combining experimental and numerical methods into a hybrid model can be a 

practical way to assess the building's dynamic response accurately [187, 188]. 

2.3.3 Coupling loss in empirical models 

The coupling loss in the empirical model refers to 𝐶gb  in Eq. (2-2). In the FTA report [116], the 

coupling loss and its relation with the foundation types are introduced. The coupling loss is used 

to describe the foundation response to incident ground vibration in empirical or semi-empirical 

models based on in-situ measurement data. It represents the reduction in vibration at the soil-

structure interface due to the presence of the foundation structures. The general rule-of-thumb 

is that the heavier the building foundation, the greater the coupling loss as the vibration 

propagates from the ground into the building. Nelson and Saurenman [189] discussed the 

ground-borne vibration influenced by the building foundation response. They found that shallow 

slab-on-grade floors have little coupling loss whereas deep piles may exhibit a substantial 

coupling loss. 
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Figure 2-9 Sketch of source and receiver positions used in predicting railway vibration in 

buildings [6]. 

On the basis of the hybrid empirical-numerical prediction method proposed by Kuo et al. [6, 190], 

and FRA approach [115], the vertical vibration level at a point 𝐗b in a building as shown in Figure 

2-9 is given by 

 Lv(𝐗b)=LFD(𝐗, 𝐱1)+LLSTM(𝐗, 𝐱1)+Cgb(𝐗, 𝐱b) (2-6) 

where LFD is the equivalent force density level (FDL), LLSTM is the line source transfer mobility, the 

Cgb is the coupling loss or building correction factor. 𝐗 is the excitation position. The coupling loss 

values can be evaluated in two different configurations: (a) excitation by a nearby railway; and (b) 

excitation by impulses on the soil’s surface. In both cases Cgb is evaluated as the level difference 

between 𝐱b  and 𝐱1. A parametric study was presented in reference [6] of the influence of soil 

properties, foundation type, floor thickness, building layout, and number of storeys on the 

coupling loss based on the hybrid method. 

The coupling loss concept is well-adapted for use with empirical methods when evaluating the 

environmental vibration induced by railways. In the same way as for the empirical model, the 

coupling loss concept is clear, and the calculation procedure is simple, allowing results in the 

building to be obtained easily. However, it is oversimplified, and the uncertainty is quite large and 

cannot meet the requirement when more accurate prediction results are required. The SSI in 

analytical and numerical models can be used to obtain more accurate results. 

2.4 Seismic soil-metamaterials in ground vibration 

Seismic soil-metamaterials (SSM) consist of structured soils composed of cylindrical voids or 

rigid inclusions. They are one of the most commonly used types of seismic metamaterials. 
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Examples of such inclusions are concrete cylinders or rubber layers, which are embedded in the 

ground in a periodic pattern. An elastic SSM-based barrier is effective not only in mitigating 

seismic vibrations but also in reducing railway-induced ground vibrations. 

The periodic pile group stands out as a prominent SSM structure for ground vibration mitigation. 

A group of piles can effectively provide a screening effect against plane wave vibration. Richart et 

al. [191] were the first to propose that a row of piles could act as a wave barrier and mitigate 

vibration. A row of rigid piles was investigated for its effectiveness in screening surface waves 

using a 2D semi-analytical model [192], and subsequently expanded to a 3D semi-analytical 

model [193]. The 3D BE method has also been employed to assess the effectiveness of screening 

surface waves and isolating vibration using a row of piles [152]. Additionally, the wave screening 

and vibration isolation effects of a row of hollow piles were investigated using a 3D BE model [194]. 

Combining this with Biot’s theory [195], the plane wave screening effect of a row of piles 

embedded in homogeneous poroelastic soil was investigated [196, 197]. Recently, multiple rows 

of piles have attracted more attention as wave barriers compared with single-row configurations 

due to their increased efficiency in vibration isolation. Gao et al. [198] employed an analytical 

model based on the half-space Green's function to assess the vibration mitigation effects of 

multiple rows of piles. Lu et al. [199-202] investigated the various types of wave isolation effects 

provided by multiple rows of piles in the frequency domain. Huang and Shi [203-205] investigated 

the ground vibration reduction and attenuation influenced by a pile group. Pu and Shi [206-208] 

investigated the influence of periodic piles on ground vibration and demonstrated the presence 

of attenuation zones. Ma et al. [209] investigated the attenuation zone of ground vibration through 

experimental research. Li et al. [210] considered concrete piles with circular sections as 

inclusions to investigate how the SSM influences railway ground vibration. The soil–structure 

interaction is governed by the principles of displacement compatibility. According to these 

principles, the displacement of the structure at the interface must be compatible with the 

displacement of the adjacent soil, ensuring continuity and deformation consistency across the 

boundary. 

Apart from pile groups, other buried periodic inclusions (usually called phononic crystals) have 

also been investigated. Continuous buried periodic inclusions have been selected to investigate 

the mitigation effects on vibration induced by traffic by using a 2.5D FE model [211]. Other types 

of periodic structures such as periodic underground barriers [212], wave impeding blocks [213], 

prefabricated periodic composite rubber-concrete barriers [214], periodic geofoam-filled 

trenches [215], periodic hollow steel trenches [216], and periodic composite in-filled trenches 

[217] have also been investigated for ground vibration mitigation.  
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There are several other categories of seismic metamaterials [218]. In addition to SSM, these 

include buried mass resonators, above-surface resonators, and auxetic materials, which are 

characterised by a negative Poisson’s ratio. 

2.5 Gaps and summary 

The three main methods of predicting environmental vibration induced by railways have been 

introduced: semi-analytical models, numerical models, and empirical models. In order to 

improve the computational efficiency, all vibration prediction models adopt many assumptions 

and simplifications. If the ground-borne vibration caused by train passages needs to be predicted, 

a building model can be coupled with the free-field ground by using a sub-modelling technique. 

It is usually assumed that the free-field vibration of the ground is seen as the soil dynamic 

response and the vibration is not affected by other structures, which is reasonable if the 

prediction accuracy is not required to be very high. But the presence of the building will influence 

the free-field vibration, which should not be ignored if more accurate prediction results are 

required. 

The SSI or coupling loss at the building foundation should be considered in the prediction of 

environmental vibration induced by the railway. This is because when the train-induced vibration 

is transmitted to the building foundation, there is attenuation due to structure-soil interaction. 

When the SSI influences the building, the building will also have an effect on the ground. Thus, 

the ground vibration response, which is the basis of the target building vibration prediction, would 

be influenced by the surrounding structures located between the vibration source and receiver 

point. Behind a building, there may be shielding of vibration or amplification at the receiver 

position. The impact of the surrounding structures should be taken into account, but the relevant 

research is lacking. 

The existing research on pile dynamic behaviour and pile-soil interaction using various 

approaches mainly focuses on investigating the response to excitation on the pile, predominantly 

for vertical excitation, or equivalently the response of the pile head to vibration transmitted 

through the ground. When focusing on the periodic pile arrays the primary focus is on their impact 

on band gaps based on periodic theory. There is a strong need for investigation into the effect of 

one pile in modifying the response of the surrounding ground when the excitation is applied 

remotely from the pile. Moreover, the reliable range of the models in such a case needs to be 

investigated. 

Furthermore, the urban environment is quite a complex system. There are many surrounding 

structures affecting the transmission of train-induced vibration to the target buildings. Thus, it is 
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essential to consider the impact of the surrounding structures on the ground vibration to get more 

accurate results of railway-induced noise and vibration in buildings in order to guide the 

engineering design. However, most research has considered the influence of SSI on the target 

building but ignored its effect on the free-field vibration, which should be improved when higher 

accuracy is required. When considering the dynamic SSI and coupling loss of the surrounding 

buildings, the ground vibration response would be more accurate, and the target building 

vibration response will be closer to reality. 

In summary, current prediction models for the railway-induced vibration in a target building 

contain the vibration source (train and track), transmission path (free-field ground), and the target 

building. It has almost always been assumed that the nearby surrounding structures will not 

influence the ground vibration at the target building, so all other buildings (apart from the target 

building) are ignored. However, the influence of surrounding structures cannot be ignored when 

focusing on the vibration response of the target building with higher accuracy. The influence of 

surrounding structures on ground-borne vibration from railways should therefore be investigated 

clearly. The pile-soil interaction, forming the foundation of the entire study, is appropriately 

selected as the fundamental research problem from which to begin this investigation. 
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Chapter 3 Single pile-soil dynamic interaction 

The single pile-soil interaction model, characterised by its ease of construction and efficient 

calculations, is an important case to consider in relation to railway vibration mitigation, and forms 

the basis for studying pile foundations and SSI more generally. The existing research on single pile 

dynamic behaviour and pile-soil interaction using various approaches mainly focuses on 

investigating the response to excitation on the pile, predominantly for vertical excitation. There is 

a strong need for investigation into the effect of a pile in modifying the ground response when 

excitation is applied remotely from the pile. Moreover, the reliable frequency range of the model 

in such a case needs to be investigated due to the simplifying assumptions made. 

This chapter begins by establishing a coupled pile-soil semi-analytical model. The pile is 

modelled by beam finite elements, and the soil, assumed homogeneous, is simulated by the 

semi-analytical DSM method [44] in the frequency-wavenumber domain. The pile model is an FE 

model embedded within a semi-analytical surrounding model. For simplicity, it is still referred to 

as a semi-analytical model. For comparison, FE models of the whole problem are built. Two cases 

are investigated: an axisymmetric model for loads applied at the top of the pile and a 3D model 

for scenarios where the load is applied at a distance from the pile. The first case is introduced as 

it is more common in the literature. For train loads, the vertical load is significantly larger than the 

horizontal load. Therefore, the ground response induced by vertical loads is investigated. To 

ensure consistency, only vertical loads are considered in the single-pile model. The results from 

the semi-analytical model and the FE models are compared, from which the accuracy of the 

semi-analytical model is evaluated. Finally, the vibration of the ground surface in the presence of 

a pile is investigated, and the vibration mitigation effects are determined for different frequencies 

and shear wave velocities of the ground. 

3.1 Semi-analytical model for single pile-soil interaction 

Two situations are considered in this study. In the first, the pile is positioned directly beneath the 

load, which is included as a reference because it has been the focus in much previous research 

[148]. In the second, a point load is applied to the ground surface at some distance away from the 

pile. For each case, a semi-analytical model is developed, and comparisons are made with 

results from the respective FE model. 

In the semi-analytical model, the ground is modelled using the DSM method [44] in the frequency-

wavenumber domain. The details of this method can be found in Appendix B. The pile is 

represented by a Timoshenko beam. Although an Euler-Bernoulli beam would be sufficient in 
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most cases for the frequency range 1-80 Hz, a Timoshenko beam model is used because it takes 

account of shear deformation and rotational inertia effects, making it more suitable for large-

section piles. For convenience, an FE approach is used for the pile, although analytical beam 

models could also be used. A sketch of the semi-analytical model is given in Figure 3-1, which 

indicates that the pile and the ground are coupled at a set of node points on the beam centreline. 

At each node point, coupling can be considered in three translational DOFs and optionally in 

three rotational DOFs. 

 
Figure 3-1 Sketch of the semi-analytical model for single pile-soil interaction. 

As shown in Figure 3-1, the displacement response at a receiver point in the vicinity of the 

embedded pile can be separated into two parts: the response in the free field induced by the load, 

and the response induced by the equivalent reaction forces at the coupled nodes between the 

pile and the ground [168]. Based on this assumption, the displacement 𝐔̂ at the receiver point at 

circular frequency 𝜔 can be expressed as 

 𝐔̂ = 𝐔̂0 + 𝐇̂s𝐅̂s (3-1) 

where 𝐔̂0 represents the ground vibration at the receiver point induced by the load in the absence 

of the pile. 𝐇̂s signifies a matrix of transfer receptances of the soil between the coupled nodes 

and the receiver point, which are also known as Green’s functions. The transfer receptance is 

assumed to be based on an equivalent disc load at each coupled nodes, the diameter of which is 

equal to the pile’s diameter. 𝐅̂s signifies a vector of equivalent reaction forces (also assumed to 

be disc loads) at the coupled nodes. They can be calculated based on coupling the ground with 

the finite element model of the pile, as described below. When the load is applied at some 

distance from the pile, it is treated as a point load applied to the ground surface. 

To calculate the ground displacement, it is necessary to determine the equivalent forces 𝐅̂s at the 

coupled node positions. These equivalent forces account for the interaction between the pile and 

the surrounding soil and play a crucial role in determining the response of the system. To avoid 

singularity, the equivalent force is modelled as a disc load rather than a point load. Additionally, 
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for computational efficiency, the disc load is applied as the equivalent force at each coupled 

node instead of using a discretised ring load. The forces at the coupled nodes can be denoted as 

a vector 𝐅̂s(𝜔), which includes up to 6 DOFs at each coupled node point: 

 𝐅̂s(𝜔) =

[
 
 
 
 
𝐅̂s1(𝑥𝑐,1, 𝑦𝑐,1, 𝑧𝑐,1, 𝜔)

𝐅̂s2(𝑥𝑐,2, 𝑦𝑐,2, 𝑧𝑐,2, 𝜔)

⋮
𝐅̂sk(𝑥𝑐,𝑘̇, 𝑦𝑐,𝑘̇ , 𝑧𝑐,𝑘̇ , 𝜔)]

 
 
 
 

 (3-2) 

The force vector at coupled node 𝑘 acting on the pile foundation is equal to the force vector acting 

on the soil at the same position, but opposite in direction. 

 𝐅̂p(𝜔) = −𝐅̂s(𝜔) (3-3) 

where subscript p  denotes the nodes of the FE pile model and subscript s  indicates the 

corresponding nodes belonging to the soil. 

The relationship between the dynamic forces 𝐅̂p(𝜔) and displacements 𝐔̂p(ω) at the coupled 

nodes in the pile is given by 

 𝐅̂p(𝜔) = 𝐊̂p(𝜔)𝐔̂p(𝜔) (3-4) 

where 𝐊̂p(𝜔)  is the dynamic stiffness matrix of the pile, which can be calculated using the 

conventional FE method. In the current model, a 3D beam element including axial and transverse 

displacements is used to simulate the pile structure. The stiffness matrix and mass matrix can be 

found in Appendix A. 

When calculating the dynamic stiffness matrix of the pile, 𝐊̂p(𝜔), equivalent parameters are 

applied to allow for the soil volume replaced by the pile. The pile-soil system can be seen as a 

combination of the free-field ground and an equivalent system consisting of the pile from which 

the excavated soil is subtracted. This is indicated in the sketch in Figure 3-2. 
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Figure 3-2 Sketch of equivalent foundation parameters. 

The principles for selecting equivalent parameters are discussed in [151]. The equivalent density 

and Young’s modulus of the pile located in the soil are 

 ρ = 𝜌p − 𝜌s (3-5) 

 

 𝐸 = 𝐸p − 𝐸s (3-6) 

It is assumed that the displacements of the coupled nodes located within the pile are equal to 

the displacements of the corresponding nodes situated within the soil: 

 𝐔̂p(𝜔) = 𝐔̂s(𝜔) (3-7) 

To calculate the displacements at the coupled nodes, it is assumed, similar to Eq. (3-1), that the 

displacement at the position of these nodes is given by 

 𝐔̂s(𝜔)=𝐔̂s0(𝜔)+𝐇̂Pile
G (𝜔)𝐅̂s(𝜔) (3-8) 

where 𝐔̂s0(𝜔)  means the displacement at the coupled nodes induced by a unit load in the 

absence of the pile. It is denoted as 

 𝐔̂s0(𝜔) =

[
 
 
 
 
𝐮̂s0,1(𝑥𝑐,1, 𝑦𝑐,1, 𝑧𝑐,1, 𝜔)

𝐮̂s0,2(𝑥𝑐,2, 𝑦𝑐,2, 𝑧𝑐,2, 𝜔)

⋮
𝐮̂s0,k(𝑥𝑐,𝑘 , 𝑦𝑐,𝑘 , 𝑧𝑐,𝑘 , 𝜔)]

 
 
 
 

 (3-9) 

The matrix 𝐇̂G
pile(𝜔) consists of the soil point and transfer receptances between the coupled 

nodes, which can be denoted as 
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 𝐇̂G
pile(𝜔) =

[
 
 
 
𝐇̂11(𝜔) 𝐇̂12(𝜔) ⋯ 𝐇̂1𝑘(𝜔)

𝐇̂21(𝜔) 𝐇̂22(𝜔) ⋯ 𝐇̂2𝑘(𝜔)
⋮ ⋮ ⋱ ⋮

𝐇̂𝑙1(𝜔) 𝐇̂𝑙2(𝜔) ⋯ 𝐇̂𝑙𝑘(𝜔)]
 
 
 

 (3-10) 

where 

 𝐇̂𝑙𝑘(𝜔) = 𝐇̂(𝑥𝑐,𝑙 − 𝑥𝑐,𝑘 , 𝑦𝑐,𝑙 − 𝑦𝑐,𝑘 , 𝑧𝑐,𝑙 − 𝑧𝑐,𝑘 , 𝜔) (3-11) 

means the Green’s function of the soil from a force at coupled node k to the displacement at 

coupled node 𝑙. Figure 3-3 presents the transfer receptance on the ground surface calculated at 

40 Hz using the DSM model under both point load and disc load excitations. The shear wave 

velocity in this case is 250 m/s, and the soil is considered a half-space free field. The radius of the 

disc load is 0.5 m. An evident observation is the exceptionally high receptance at the point of force 

application under point load excitation. Conversely, under disc load excitation, a plateau-like 

pattern emerges, indicating stable receptance values within the radius range of the load. Due to 

the use of a logarithmic Fourier transform, it is not possible to calculate results at 𝑟=0, and no 

results are obtained at the centre point of the disc load. Thus, in the single pile model, when 

calculating the receptance at the driving points, a distance of 0.2 times the pile section radius is 

maintained from the load centre to avoid singularity. This value effectively represents the 

receptance at the driving points. 
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Figure 3-3 Receptance on the surface excited by point load and disc load (radius 0.5 m) at 40 Hz. 

Combining Eqs (3-4)-(3-8), the displacement of the pile can be written as 

 𝐔̂p(𝜔) = (𝐈 + 𝐇̂G
pile(𝜔)𝐊̂p(𝜔))

−1
𝐔̂s0(𝜔)  (3-12) 

Based on the Betti-Rayleigh reciprocal theorem (dynamic reciprocal theorem) applied to the 

soil [219], the Green’s function in the frequency domain satisfies 
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 𝐺𝑖𝑗( 𝐫2, 𝐫1, 𝜔)  =  𝐺𝑗𝑖( 𝐫1, 𝐫2, 𝜔)  (3-13) 

where 𝐺  is the Green’s function of soil. 𝑖 , 𝑗=1, 2, 3, 4, 5, 6 indicate displacement in 𝑥 , 𝑦 , 𝑧 

directions and rotation in 𝑥 , 𝑦 , 𝑧  directions.  𝐫1  and 𝐫2  are two position vectors denoting the 

location of receiver points of the soil. Eq. (3-13) means the response at  𝐫1  in the 𝑗  direction 

induced by a force at  𝐫2 in the 𝑖 direction is equal to the response at 𝐫2 in the 𝑖 direction induced 

by a force at  𝐫1 in the 𝑗 direction. Thus, the displacement at a receiver point induced by a moment, 

is equal to the rotation response at the position of the moment induced by a force at receiver point 

position. 

To calculate the rotational responses, the rotational displacements are approximated by 

evaluating the displacements at opposite edges of the disc, with radius equal to the pile radius, 

as indicated in the sketch in Figure 3-4. For example, the rotational displacement 𝜃 about the 𝑦 

direction is determined as follows 

 𝜃 =
𝑢1 − 𝑢2
2𝑟

  (3-14) 

where 𝑢1 and 𝑢2 are the displacements at the edge of pile section area induced by the external 

load, and 𝑟 is the radius of the pile. 

 
Figure 3-4 The rotational displacement obtained from the displacements at the edges of the pile 

cross-section. 

It is assumed that the amplitude of the equivalent force (moment) is the same as the amplitude 

of the interaction force (moment) between the pile and the surrounding soil. Based on the 

dynamic reciprocity theorem, the displacement induced by the moment at receiver point is equal 

to the rotational angle induced by the traction at the coupled nodes. 

3.2 FE model for single pile and surrounding soil 

Two finite element models are introduced that are used for comparison with the semi-analytical 

model. The material parameters used for the soil and pile in these comparisons are summarised 
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in Table 3-1. Two types of soil with different shear wave velocities are chosen, representing a 

typical soft-to-medium soil and a stiffer one. For simplicity, the soil is modelled as a 

homogeneous half space for the purpose of the validation study and ground vibration 

investigation. The frequency range considered in this section is from 10 Hz to 80 Hz. In this 

chapter, the single pile model serves as the foundational model for train-induced vibrations. 

Consequently, the frequency range of this model aligns with the feelable vibration frequency 

limits of 1-80 Hz in railway vibration problems. Additionally, the pile has negligible effect at low 

frequencies between 1 and 10 Hz. Therefore, the frequency range of interest is 10-80 Hz in this 

section. 

Table 3-1 Material parameters of the soil and the pile. 

Name 
Density 

(kg/m3) 

Young’s 

modulus 

(MPa) 

Poisson’s 

ratio 

Loss 

factor 

P-wave 

speed 

(m/s) 

S-wave 

speed 

(m/s) 

Softer soil 2100 143 0.333 0.1 320 160 

Stiffer soil 2100 350 0.333 0.1 500 250 

Pile 2500 30000 0.2 0.1 3652 2236 

3.2.1 Axisymmetric model 

When a vertical load is applied at the top of a circular pile, the configuration is axisymmetric. The 

FE model built in ABAQUS can take advantage of this by using an axisymmetric formulation in 

which only the two-dimensional cross-section is meshed. A sketch of the model is shown in 

Figure 3-5. The pile is situated directly beneath the load, and the receiver points are positioned 

on the ground surface close to the pile, from 0.1 m to 15 m away from the model symmetry axis, 

with a spacing of 0.1 m. 
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Figure 3-5 Sketch of the FE model of the pile directly beneath the load. 

Both the pile radius and the disc load radius are specified as 0.5 m in the FE model. The pile length 

is 10 m. The boundaries at the right-hand side and the bottom of the domain are fixed. The domain 

size is chosen to ensure the shear waves are correctly captured; the shortest wavelength 

considered is 2 m (shear wave velocity of 𝑐s=160 m/s at 80 Hz) and the longest wavelength is 25 m 

(shear wave velocity of 𝑐s=250 m/s at 10 Hz). The size of model is 40 m×40 m. Although some 

wave reflections can occur at the fixed boundaries, with the current value of damping the model 

size is sufficient for this not to be significant, as will be seen in the results in Section 3.3. To allow 

a fine spacing of receiver points to be used, the element size is set to 0.05 m, which is more than 

sufficient to meet the requirement of at least six elements in one wavelength. Thus, a total of 

640,000 elements are employed. Evaluation of the model accuracy will be discussed in Section 

3.3. The FE model employs an axisymmetric four-noded element type for both the soil and the 

pile in the commercial FE software ABAQUS. 

3.2.2 Three-dimensional model 

When the load is positioned at a certain distance away from the pile, the problem is no longer 

axisymmetric, necessitating the establishment of a 3D FE model. A sketch of the model is shown 

in Figure 3-6. The load, pile and receivers are aligned in the 𝑦 direction. 
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Figure 3-6 The FE model for a load applied to the ground at some distance from the pile. 

Different meshes are used for the two different sets of soil properties considered. In each case 

the pile is located at the centre of the model and has length of 10 m. For convenience it has a 

square cross-section with a width of 0.8 m. For the stiffer soil, the overall size of the model is 

30×30×20 m. The width and length of this model are chosen to ensure that the longest shear 

wavelength considered (𝑐s=25 m at 10 Hz) could be included in the model. The element size is 

0.4 m, which ensures that there are more than six nodes within one shear wavelength at the 

highest frequency of 𝑓=80 Hz. The model consists of 135,000 elements. For the softer soil 

condition, the model size is 20×20×20 m and the element size is set to 0.2 m, which is more 

suitable for the shorter shear wavelengths in this case (minimum value 1.25 m). Similar to the 

previous case, this ensures that there are at least six nodes within one shear wavelength for 

frequencies up to 80 Hz. In this case the model includes a total of 592,500 elements. 

Due to limitations of the model size, the point load is positioned at a distance of only 2.4 m away 

from the centroid of the pile. Moreover, the receiver points are only selected between 4.8 m and 

10.8 m away from the load location. The interval between the receiver points is 0.4 m, which is 

corresponding to the brick finite element size. To prevent wave reflections from the boundaries, 

infinite elements are applied at the sides of the domain, although the bottom of the domain is 

fixed. The element type used for the ground and the pile is an 8-node brick element. The infinite 

elements are 8-node linear, one-way infinite brick elements. The model is established in ABAQUS. 

3.3 Model evaluation 

3.3.1 Free-field response 

Before considering the pile, the validity of the FE models is first verified. For this, a comparison 

between the semi-analytical DSM for a half space and the FE models is shown in Figure 3-7 for a 
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homogeneous ground in the absence of the pile. The dynamic stiffness matrix method is 

extensively used in ground simulation, and can be considered as a reference solution [44]. 

The results are shown in Figure 3-7 for the two sets of soil properties and for two frequencies, 

10 Hz and 80 Hz, in the form of the displacement amplitude for a unit force (transfer receptance). 

The results from the semi-analytical model are shown both for a point load and for a disc load. 

The results from the axisymmetric FE model are compared with the semi-analytical model for the 

case of a disc load with unit amplitude; the 3D FE model is compared with the semi-analytical 

model for the case of a point load with unit amplitude. The results from the point load and disc 

load are similar at low frequency where the wavelength is large compared with the disc 

dimensions, but at higher frequency the disc load produces a different response compared to the 

point load. This occurs because at high frequencies, the corresponding wavelength becomes 

small, and the wavelength is of the same order as the pile diameter, allowing the pile's diameter 

to influence the response. The displacement in the disc load area is no longer consistent at 

different radii. The assumption of the semi-analytical model is inconsistent with the realistic 

situation. For both values of shear wave velocity and for both frequencies, there is a good 

agreement between the results obtained from the semi-analytical model with disc load and the 

axisymmetric FE model, especially at the higher frequency. At low frequency the results from the 

FE model contain some oscillations due to reflections from the boundary, but these are small. A 

reasonable level of agreement is found between the semi-analytical model with point load and 

the 3D FE model. However, more significant differences exist compared to the disc load models 

because the fully 3D FE model does not correspond precisely to the axisymmetric semi-analytical 

model. 
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Figure 3-7 Free-field response comparison when ground shear wave velocity is 250 m/s at 

(a) 10 Hz (b) 80 Hz, and when the shear wave velocity is 160 m/s at (c) 10 Hz and (d) 80 Hz. 

3.3.2 The number of coupled nodes 

The accuracy of the prediction results in the presence of the pile could be affected by the number 

of coupled nodes used in the semi-analytical model. Here, results are compared for different 

numbers of coupled nodes. To evaluate the model accuracy, the average level difference is 

employed as an evaluation metric. It can be calculated by 

 
𝐷 =

∑ 10 log10 (
𝑢𝑖
𝑢ref

)
2

𝑛
𝑖=1

𝑛
 

(3-15) 

where 𝑢𝑖 is the magnitude of the displacement response, 𝑛 is the number of receivers, and 𝑢ref is 

the reference displacement amplitude which is calculated from the semi-analytical model when 

the smallest value of coupled node distance is used, 0.125 m. 

The average level differences obtained with different numbers of coupled nodes are shown in 

Figure 3-8 for the two cases, load above the pile and load at 2.4 m from the pile; in each case the 
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pile length is 10 m, and the frequency is 80 Hz. The rotation DOFs are considered at coupled 

nodes from the pile. 
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Figure 3-8 Average level differences for model with different numbers of coupled nodes in (a) 

load above the pile and (b) load at 2.4 m from the pile. 

When the load is positioned at the top of the pile, and considering a shear wave velocity of 

250 m/s, convergence is achieved when the interval between coupled nodes is less than 1 m. In 

this case, the average level difference approaches zero, confirming the model has converged. 

However, in the case of a shear wave velocity of 160 m/s, a coupled node interval of less than 

0.5 m is required for the model to converge.  

When an external load is considered (2.4 m away from the pile), the model's accuracy is not as 

high as in the case of the load above the pile. However, in this case the results obtained are not 

significantly affected by the shear wave speed, and the model can still achieve convergence 

provided that the distance between coupled nodes remains less than 0.5 m. Thus, in both models, 

the interval between coupled nodes is selected as 0.25 m, which is sufficient to converge and get 

accurate results. 

The coupled node spacing can also be expressed in terms of the bending wavelength, which can 

be represented as  

 𝜆B =
𝑐B
𝑓

 (3-16) 

where 𝑓  is the frequency, 𝑐B  is the bending wave speed in the pile structure. For an Euler-

Bernoulli beam, it can be calculated from 

 𝑐B = (
𝐷ω2

𝑚′ )

1/4

 (3-17) 
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where 𝑚′  is the mass per unit length of pile, 𝜔  is the angular frequency, and 𝐷  is the bending 

stiffness. For a rectangular beam it can be calculated by 

 𝐷 =
𝐸ℎ3𝑏

12(1 − 𝜈2)
 (3-18) 

For a circular beam it can be calculated by 

 𝐷 =
𝐸𝜋𝑟4

4(1 − 𝜈2)
 (3-19) 

where 𝐸 is the Young’s modulus of the pile. ℎ is the height of the rectangular pile section, 𝑏 is the 

width of the rectangular pile section, 𝑟 is the radius of the circular pile section, equal to the disc 

load radius of 0.5 m, and 𝜈 is Poisson’s ratio. 

In this section, the parameters of the pile are from Table 3-1. At 80 Hz, the coupling node interval 

is 0.25 m, which is much less than one-sixth of the bending wavelength. (For the circular beam 

the wavelength is 111.16 m, while for the rectangular beam it is 106.6 m). 

3.3.3 Ground response for load applied to the top of the pile 

In this subsection, a comparison is made between the finite element model and the semi-

analytical model at various frequencies for the case in which the pile is directly beneath the load.  

The magnitude of the response for a unit load, obtained from both the FE model and the semi-

analytical model, is shown in Figure 3-9. Results are shown for frequencies of 40 Hz and 80 Hz 

and shear wave velocities of 𝑐s =250 m/s and 𝑐s =160 m/s. At both frequencies and both 

wavespeeds, the magnitudes of the ground response from the FE model and the semi-analytical 

model exhibit a high level of agreement. The constant value near the pile centre in the finite 

element model results from the disc load. The radius of the constant value region shown in this 

figure matches the radius of the pile. 
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Figure 3-9 Magnitude of vibration response for a unit load applied to the top of the pile: 

comparison between FE model and semi-analytical model when the shear wave velocity is 

250 m/s at (a) 40 Hz, (b) 80 Hz and when the shear wave velocity is 160 m/s at (c) 40 Hz, (d) 80 Hz. 

3.3.4 Ground response for load applied adjacent to the pile 

In this subsection the ground response results obtained from the FE model and the semi-

analytical model are compared for the situation in which an external point load is applied 2.4 m 

away from the centre of the embedded pile. In the semi-analytical model, two cases are 

considered: one in which the rotational DOFs at the coupled nodes are included, and the other in 

which they are neglected.  

The magnitudes of the responses for a unit load are shown in Figure 3-10 for two frequencies and 

the two sets of soil properties. Here, the pile section is square with a side length of 0.8 m. If the 

shear wavelength is much larger than the pile section side length (e.g., the shear wavelength is 

6.25 m, when 𝑐s=250 m/s, 𝑓=40 Hz), the results are similar from the FE model and the semi-

analytical model both with/without considering rotation DOFs. If the shear wavelength is closer 
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to the pile section side length (e.g., the shear wavelength is 3.125 m, when 𝑐s=250 m/s, 𝑓=80 Hz, 

or shear wavelength is 4 m, when 𝑐s=160 m/s, 𝑓=40 Hz), the ground response from the model 

without considering rotation DOFs shows significant differences, whereas the model with 

rotation DOFs exhibits only minor discrepancies with the FE model. When the shear wavelength 

approaches closer to the pile section side length (e.g. when the shear wavelength is 2 m, i.e. 

𝑐s=160 m/s and 𝑓=80 Hz), these differences are enhanced but the model with rotation DOFs still 

has similar trends to the FE model. Therefore, it is clear that considering the rotational DOFs of 

the coupling points on the embedded pile can improve the accuracy of the model.  
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Figure 3-10 The magnitude of vibration induced by a load at 2.4 m from the pile obtained from FE 

model and semi-analytical model when the shear wave velocity is 250 m/s at (a) 40 Hz, (b) 80 Hz 

and when the shear wave velocity is 160 m/s at (c) 40 Hz, (d) 80 Hz. 

3.3.5 Model accuracy under different shear wave velocities and frequencies 

After discussing the magnitude of the ground response from the semi-analytical model and FE 

model, a summary of the model accuracy is provided for a wider range of frequencies and shear 
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wave velocities. The frequencies considered in this subsection range from 10 Hz to 80 Hz in 

intervals of 10 Hz, while the shear wave velocities are 100 m/s, 160 m/s, 200 m/s and 250 m/s. 

The first natural frequency of the pile is 10.8 Hz, and the second, third, and fourth modal 

frequencies are 23.9 Hz, 45.8 Hz, and 73.6 Hz, respectively, all of which fall within the considered 

frequency range. The average level difference from Eq. (3-15) is used for evaluating the model 

accuracy. The value of 𝑢ref  in Eq. (3-15) is taken here as the displacement amplitude that is 

calculated from the FE model. 

To describe the relationship between shear wavelengths, frequencies and embedded pile radius, 

a dimensionless parameter 𝑎0 [135] is introduced: 

 𝑎0 =
𝜔 ⋅ 𝑟

𝑐s
 (3-20) 

where 𝑟 is the radius of the pile; if the pile section is square, it represents half the width. If the 

value of  𝑎0 is small, it corresponds to a larger shear wave velocity (which indicates that the soil 

possesses a higher stiffness) or a lower frequency. 

Figure 3-11 depicts the average level differences for the cases of the load above the pile and the 

load at 2.4 m from the pile, corresponding to various values of 𝑎0 . The receiver points are 

positioned directly behind the pile, extending up to 15 m away, with each point spaced at intervals 

of 0.1 m. In total, there are 150 receiver points. Each point in Figure 3-11 corresponds to the 

average level differences under a distinct combination of shear wave velocity and frequency. The 

results demonstrate that, within the range of values considered, a smaller value of 𝑎0 

corresponds to a smaller average level difference value. For the model with the load at 2.4 m from 

the pile including rotational DOFs, the average level difference is less than 3 dB for most cases 

with 𝑎0 less than 1. This corresponds to a shear wavelength that is greater than 3 times the pile 

diameter. At larger values of 𝑎0 the difference increases as the beam model of the pile does not 

account for the influence of the size of the pile in shielding the vibration transmission. 

In the case where the load is applied directly above the pile, the inclusion of rotation DOFs has 

no effect. This is due to the symmetry of the model, which prevents any rotation. However, when 

the load is applied on the ground surface away from the pile, the cases with and without rotation 

DOFs at the coupled nodes are considered. It can be seen that the semi-analytical model that 

accounts for rotational DOFs yields lower average level differences than when rotational DOFs 

are not accounted for. These results confirm that incorporating rotational DOFs into the semi-

analytical model is necessary to yield more accurate results. 
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Figure 3-11 Average level differences under different values of dimensionless parameter. 

3.3.6 Model comparison with other model 

For the single pile dynamic model coupled with the surrounding soil, several classical models 

exist, such as Novak’s model [135], and Kuo’s model [147]. In this section, a comparison is made 

between these classical models from the literature, the semi-analytical model presented in this 

chapter, and the numerical FE model. 

The calculation in Novak’s model is efficient due to the assumption of plane-strain conditions. 

Novak’s model assumes the soil consists of an infinite number of infinitesimally thin, 

independent, horizontal elastic layers extending infinitely in all directions. When a unit vertical 

load is applied to the surface directly above the pile, the vertical displacement of the pile is [135] 

 𝑢𝑧(𝑧) =
−cos(𝛼𝑧)

𝐸𝐴𝛼 tan(𝛼𝐿)
−
sin(𝛼𝑧)

𝐸𝐴𝛼
 (3-21) 

where 𝐸 is the Young’s modulus of the pile, 𝐴 is the sectional area of the pile, 𝐿 is the pile length, 

and 

 α = √
𝑚′ω2 − 𝐺𝑆𝑧

𝐸𝐴
 (3-22) 

where 𝐺 is the soil shear modulus. 𝑚′ is the mass per unit length of the pile, and 

 𝑆𝑧 = 2π𝑎0
𝐽1(𝑎0)𝐽0(𝑎0) + 𝑌1(𝑎0)𝑌0(𝑎0)

𝐽0(𝑎0) + 𝑌0(𝑎0)
+

4𝑖

𝐽0
2(𝑎0) + 𝑌0

2(𝑎0)
 (3-23) 

where 𝐽0 and 𝐽1 are Bessel functions of the first kind of order zero and one respectively. 𝑌0 and 𝑌1 

are Bessel functions of the second kind of order zero and one respectively. 𝑎0  is the 

dimensionless value, calculated by Eq. (3-20). 
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Based on the assumption from Novak’s method, the displacement of the ground can be 

calculated from the displacement at the pile at the corresponding depth 

 𝑢g(𝑑pr, 𝑧1) = 𝑢(𝑧1)√
𝑟

𝑑pr
e
−𝛽sω

𝑑pr
𝑐𝑠 e

−iω
𝑑pr
𝑐𝑠  (3-24) 

where 𝑑pr is the distance between the pile and the receiver point on the ground, 𝑟 is the radius of 

the pile, 𝑧1 is the location of the receiver point, and 𝛽s is the damping ratio of the soil. 

In Kuo’s method, a novel 3D single pile model was developed. The motion of the pile can be 

conceptualised as an infinite rod undergoing axial vibration and an Euler-Bernoulli beam 

experiencing lateral vibration. The vertical displacement of the pile can be represented as 

 𝑢𝑧(𝑧) =
1

2π
∫ 𝑈̃𝑧

∞

−∞

(ξ)eiξ𝑧1d𝜉 (3-25) 

where ξ is the longitudinal wavenumber. 

The vertical displacement of the infinite pile in the wavenumber domain is  

 𝑈̃𝑧(ξ) =
1

𝐸𝐴ξ2 + 𝐾̃𝑧(ξ) − 𝑚
′ω2

 (3-26) 

where 

 𝐾̃𝑧(ξ) = 2𝜋𝑟[0 0 1][𝐓̆∞]𝑟=𝑟[𝐔̆∞]𝑟=𝑟
−1

[
0
0
1
] (3-27) 

where [𝐓̆∞] and [𝐔̆∞] are the stress and displacement factor matrix. The details can be seen in 

Appendix B in which terms are related to Bessel function of the second kind 𝐾𝑛(𝑟). 

Based on the mirror-image method, the free-end boundary condition at the top of the pile can be 

generated. The mirror-image method is used by Wolf [220] and Rikse [221] as a kind of boundary 

in the system. Kuo [222] applied this method for the single pile dynamic investigation. Then the 

displacement on the ground based on the pile displacement can be calculated by: 

 [

𝑈̃𝑟
𝑈̃𝜃
𝑈̃𝑧

]

𝑟=𝑑

= [𝐔̆∞]𝑟=𝑑[𝐔̆∞]𝑟=𝑟
−1

[
0
0
𝑈̃𝑧

]

𝑟=𝑟

 (3-28) 

where 𝑑  is the distance of the receiver point away from the pile. [𝑈̃𝑟 𝑈̃𝜃 𝑈̃𝑧]𝑟=𝑑
𝑇  means the 

response of the receiver point in the ground. 

Finally, based on the inverse Fourier transform, the ground response in the spatial-time domain 

is 
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 [

𝑢𝑟(𝑧, 𝑡)

𝑢𝜃(𝑧, 𝑡)

𝑢𝑧(𝑧, 𝑡)
] =

1

2𝜋
∫ [

𝑈̃𝑟
0
𝑈̃𝑧

]

𝑟=𝑑

∞

−∞

𝑒i𝜉𝑧𝑑𝜉𝑒i𝜔𝑡 (3-29) 

A comparison between Novak’s method, Kuo’s method, the semi-analytical method and the full 

FE model is shown in Figure 3-12. The pile is 10 m long, and embedded in a half space. The 

parameters of both the pile and the surrounding soil are the same as those previously mentioned, 

listed in Table 3-1. The radius of the pile is 0.5 m. It can be seen that when focusing on the 

displacement at the top of the pile, the results from Novak’s method and Kuo’s method are 

similar to those from the semi-analytical model and the FE model under different dimensionless 

values 𝑎0. When focusing on the ground response 5 m away from the pile, Novak’s method and 

Kuo’s method differ from the other methods when the dimensionless value 𝑎0 is larger than 0.9. 

This discrepancy arises because Novak’s method assumes a plane-strain condition to calculate 

soil displacement in the far field. 
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Figure 3-12 Comparison between different single pile-soil models at (a) the top of the pile and (b) 

on the ground 5 m away from the pile when the load is applied at the top of the pile. 

If the load is applied near the pile, the models need an improvement. Based on the coupled 

subsystem method introduced in [222] and [223], the piles located in the surrounding soil should 

be discretised. When the load is applied on the ground near the pile, the displacement of the pile 

is related to: 

 𝐔(𝜔) = [𝐈 + 𝐀33𝐁33
-1 ]

-1
𝐔0(𝜔) (3-30) 

where 𝐀33 is the frequency response function matrix related to the displacement of the soil to the 

forces acting on the soil. 𝐁33 is the frequency function matrix related to the displacement on the 

pile to the force acting on the pile. They are receptance matrices. 𝐔0(𝜔) means the incident wave 

displacement, i.e. the freefield response at pile location. 
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For Novak’s method, the diagonal element 𝐴33 of matrix 𝐀33 can be calculated by 

 𝐴33 =
1

𝐺𝑆𝑧𝐿/𝑁
 (3-31) 

where 𝑁 represents the number of segments into which the single pile is divided. 

The matrix 𝐁33 is related to the force applied on the pile and displacement of receiver points on 

the pile. The displacement on the pile under different unit force locations is 

 𝑢(𝑧) =

{
 
 

 
 (−cos (𝛼𝑧1) − sin (𝛼𝑧1)tan(𝛼𝐿))cos (𝛼𝑧p)

𝐸𝐴𝛼tan (𝛼𝐿)
 0 ≤ 𝑧p ≤ 𝑧1

−cos (𝛼𝑧1)cos (𝛼𝑧p)

𝐸𝐴𝛼tan (𝛼𝐿)
−
cos (𝛼𝑧1)sin (𝛼𝑧p)

𝐸𝐴𝛼
 𝑧1 ≤ 𝑧p ≤ 𝐿,

 (3-32) 

where 𝑧1 is the location of the receiver point, 𝑧p is the location of the unit force, and 

 α = √
𝑚′ω2

𝐸𝐴
 (3-33) 

For Kuo’s method, the calculation is in the frequency-wavenumber domain. The terms in the 

frequency response matrices in Eq. (3-30) can be calculated by 

 𝐀̃33(ξ) =
1

𝐾̃𝑧(ξ)
 (3-34) 

where 𝐾̃𝑧(ξ) can be calculated from Eq. (3-27), and 

 𝐁̃33(ξ) =
1

𝐸𝐴ξ2 −𝑚′ω2
 (3-35) 

Since 𝐔̃0(𝜔) in Eq. (3-30) should also be calculated in the wavenumber domain, the free-field 

response at the pile location can be initially computed in the spatial domain and then first and 

then transformed into the wavenumber domain using Fourier transform. The number of receiver 

points in the spatial domain at the pile location should be sufficient. In this case, 1,000 receiver 

points were selected. The distance between the pile and the load is 2.4 m. The pile has a length 

of 10 m and a radius of 0.4 m. The comparison between the different methods is summarised in 

Figure 3-13 under different dimensionless values. The “3DOF” means the coupled nodes from 

the semi-analytical model without rotational DOFs. The “6DOF” means the coupled nodes from 

the semi-analytical model with rotational DOFs. 
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(a) (b) 

Figure 3-13 Comparison between different single pile-soil model at (a) the top of the pile and (b) 

on the ground 5 m away from the pile when the load is applied 2.4 m away from the pile. 

It can be observed that the response of the pile at the surface point is similar regardless of the 

model used. All the models are not very accurate when the dimensionless value is smaller than 

0.1, but it becomes accurate within the range of 0.1 to 0.8. However, when focusing on the ground 

receiver point 5 m behind the pile location, different models exhibit varying levels of accuracy. 

Novak's model is not accurate because it is overly simplified, treating the problem as occurring 

in a single plane. Kuo’s method is more accurate at lower dimensionless values, but as the 

dimensionless value increases—corresponding to higher frequencies—the model's accuracy 

diminishes. The present semi-analytical model produces more accurate results, especially when 

accounting for the rotational degrees of freedom (DOFs) of the beam elements. 

3.4 Ground vibration mitigation 

3.4.1 Ground vibration insertion loss on the centreline 

In this section, the effects of the pile in mitigating the ground response are discussed and 

analysed for the case in which the load is 2.4 m from the pile based on the semi-analytical model. 

Figure 3-14 depicts the magnitude of the free-field response and the response in the presence of 

the pile. The results correspond to frequencies of 40 Hz and 80 Hz and shear wave velocities in 

the ground of 𝑐𝑠=250 m/s and 𝑐𝑠=160 m/s. The receiver points are positioned on the ground 

surface directly behind the pile, at distances from the pile centreline extending from 0.1 m to 15 m, 

with a spacing of 0.1 m. These figures provide an overview of the ground response characteristics. 

Based on the observations from Figure 3-14, the magnitude of the response with the pile is 

smaller than that of the free-field response, indicating that the presence of the pile leads to a 

suppression of the ground vibration response. When the shear wavelength is short, oscillatory 
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ground responses are observed behind the pile (Figure 3-14 (b) and (d)). This phenomenon occurs 

because, when a pile is embedded in the soil, it could enhance the interference between surface 

waves and body waves, resulting in oscillations in ground vibration. 
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(c) (d) 

Figure 3-14 The free-field response and the response with pile when the shear wave velocity is 

250 m/s at (a) 40 Hz, (b) 80 Hz and when the shear wave velocity is 160 m/s at (c) 40 Hz, (d) 80 Hz. 

Figure 3-15 depicts the insertion loss (IL) at each ground vibration receiver point obtained from 

the results in Figure 3-14. As above, the load was at 2.4 m from the pile. The results are for 

frequencies of 40 Hz and 80 Hz, and for shear wave velocities of 𝑐s=250 m/s and 𝑐s=160 m/s. If 

the IL value is positive, it means the vibration on the ground is reduced by the presence of the pile. 

The results indicate that the vibration mitigation effects are more significant at 80 Hz than at 40 Hz 

and generally greater for the softer soil. 
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Figure 3-15 IL of single pile model for two shear wave speeds and two frequencies. 

Figure 3-16 shows the spectral IL results for two different shear wave velocities at locations 2 m 

and 6 m behind the pile on the centreline. In the frequency region 1-100 Hz, the value of IL is 

positive, indicating that ground vibration is mitigated when a pile is located in the transmission 

path. The results show that at lower frequencies, IL is close to zero, indicating that the presence 

of the pile does not influence the ground response. As the frequency increases, the value of IL 

also increases. When the shear wave velocity is 160 m/s, the IL is larger compared to when the 

shear wave velocity is 250 m/s. Also, the IL value from the ground receiver points 2 m away from 

the piles is slightly larger than the IL value from all receiver points 6 m away from the piles. 
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(a) (b) 

Figure 3-16 The spectral IL results at the receiver points (a) 2 m and (b) 6 m behind the pile on the 

centreline under different shear wave velocities. 

3.4.2 Insertion loss when load is further from the pile 

Using the semi-analytical model, the IL at selected receiver points is investigated for different 

distances between the pile and the load. In the results in Figure 3-17, there are three receiver 
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points behind the pile: points A, B, and C are 5 m, 10 m, 15 m away from the pile, respectively. 

When the load is between 1 and 10 m from the pile, the IL experiences a significant reduction as 

this distance is increased. For loads beyond 10 m, the IL stabilises at a consistent low level. 

Hence when the load is positioned at a considerable distance from the pile, the vibration 

mitigation effect is diminished and not significantly influenced by the distance from the load.  

1 10 100
0

2

4

6

8

10

12

In
se

rt
io

n 
lo

ss
 (d

B
)

Distance from load to pile (m)

 A

 B

 C

 
1 10 100

0

2

4

6

8

10

12

In
se

rt
io

n 
lo

ss
 (d

B
)

Distance from load to pile (m)

 A

 B

 C

 

(a) (b) 

Figure 3-17 The IL for different distances between the pile centreline and the load (a) at 40 Hz and 

(b) at 80 Hz. Receiver points A, B, and C are 5 m, 10 m, 15 m away from the pile, respectively. 

3.4.3 Frequency dependence of mitigation effects 

To study the frequency dependence of the mitigation effect, a receiver point 5 m behind the pile 

is selected, with the load positioned 10 m in front of the pile (so the distance between load and 

receiver point is 15 m). The IL is computed for different frequencies and shear wave velocities. 

The range of shear wave velocities spans from 150 m/s to 500 m/s, with an interval of 50 m/s. The 

frequency range is from 10 Hz to 80 Hz, with a spacing of 10 Hz. The results are shown in the form 

of a contour plot of IL in Figure 3-18. 
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Figure 3-18 Contour plot of IL for load at 10 m from the pile and receiver 5 m behind the pile. 

The value of IL is shown to increase when the frequency is increased, or the shear wave velocity 

is decreased. Therefore, the pile will have greater vibration attenuation effects at higher 

frequencies and lower shear wave velocity.  

The value of IL is summarised in Figure 3-19 for different values of the dimensionless parameter 

𝑎0, which was introduced in Eq. (3-20). Based on the validation results shown in Figure 3-11, the 

range for 𝑎0 is constrained to be below 1. In general, the value of IL is larger when the value of 𝑎0 

increases. This means the mitigating effects are greater when the frequency increases or the 

shear wave velocity decreases. 
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Figure 3-19 Insertion loss for different dimensionless value 𝑎0 when the distance between load 

and pile is 10 m, and the distance between receiver point and pile is 5 m. 

3.5 Single pile coupled with layered soil 

The semi-analytical method described in the previous sections can also be applied for the case 

of a layered ground, which is modelled using the DSM from Appendix B. 

The ground response behind the pile is investigated. To examine the influence of different layered 

soils on the ground response, two main types of cases are studied. The first involves an upper soil 

layer with a depth of 5 m and a shear wave velocity of 250 m/s, overlying subsoil layers with 

varying shear wave velocities of 250 m/s (which is the same as half-space case), 500 m/s, 

1000 m/s, and 2000 m/s. The second involves an upper soil layer with depths of 2.5 m, 5 m, or 

7.5 m, all with an identical shear wave velocity of 250 m/s, overlying a subsoil with a shear wave 

velocity of 2000 m/s. 

3.5.1 Different shear wave velocity for subsoil 

Four different cases are modelled in this section, with the only difference being the subsoil shear 

wave velocity. For all the cases, the upper soil shear wave velocity is 250 m/s. When the subsoil 

shear wave velocity is also 250 m/s, it represents a half-space soil model. The shear wave velocity 

is then increased to 500 m/s, 1000 m/s, and 2000 m/s. The upper soil depth is 5 m in all cases, 

while the subsoil is infinite in depth. The width of the pile section is 0.8 m, and the length of the 

pile is 10 m, which are consistent with the model dimensions used in Section 3.4. Figure 3-20 

shows a sketch of the model with different shear wave velocities; it includes the distance 

between the point load and pile centreline, the length of the pile, and the shear wave velocities 

for each layered soil. 
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(a) (b) 

Figure 3-20 Sketch of (a) the half-space model and (b) the layered soil model. 

The spectral results of the IL at 2 m and 6 m behind the pile on the centreline are summarised in 

Figure 3-21, which shows a peak at 25 Hz. From the spectra, the IL below 10 Hz is close to zero. 

Additionally, when the subsoil shear wave velocity increases, the peak value of IL also becomes 

greater. For layered soil, an increase in the difference in shear wave velocity between different 

soil layers enhances wave reflection at the interfaces. This reflected wave interferes with the 

surface wave generated at the pile–soil interface, reducing vibration amplification. Consequently, 

a larger IL peak is observed in Figure 3-21. 
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Figure 3-21 The spectral results of the IL at (a) 2 m and (b) 6 m behind the pile on the centreline 

for different subsoil shear wave velocity. 

The overall ground velocity level behind the pile is calculated by a sum over one-third octave 

bands. 
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 𝐿G,overall
pile

(𝑦gr) = 10 log10(∑ 10
𝑛

𝑖=1

𝐿G,𝑖
pile

(𝑦gr)

10
) (3-36) 

where 𝐿G,𝑖
pile
(𝑦gr) means the ground response velocity level from the single pile model in the 𝑖-th 

one-third octave band. The frequency range covers bands from 1 Hz to 80 Hz. 

The overall ground response velocity level in the free field is similarly calculated by 

 𝐿G,overall
free (𝑦gr) = 10 log10(∑ 10

𝑛

𝑖=1

𝐿G,𝑖
free(𝑦gr)

10
) (3-37) 

where 𝐿G,𝑖
free(𝑥gr) represents the ground response velocity level from the free-field model in the 𝑖-

th one-third octave band. The frequency range covers bands from 1 Hz to 80 Hz. 

An overall value of IL at receiver point 𝑦gr can be calculated by 

 𝐼𝐿overall(𝑦𝑔r) = 𝐿G,overall
free (𝑦gr) − 𝐿G,overall

pile
(𝑦gr) (3-38) 

A contour plot of the overall IL is plotted for different shear wave velocities of the subsoil. The 

results are shown in Figure 3-22. It can be seen that the pattern of the IL value is similar for each 

value of the subsoil shear wave velocity. Overall, as the distance between the receiver and the 

pile increases, the value of IL decreases, indicating that the suppression of ground surface 

vibration becomes less significant. Surface vibration suppression is most pronounced directly 

behind the pile no matter what the shear wave velocity of the subsoil is. When the shear wave 

velocity of the subsoil increases, the IL value becomes larger, indicating that ground vibration is 

more effectively mitigated. When the wave velocity of the subsoil is high, it indicates that the 

subsoil is very stiff. For the pile, this means the constraint at the bottom part is more fixed, leading 

to a more significant vibration mitigation effects on the surface ground, which is consistent with 

the calculation results. 
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(a) (b) 

  

(c) (d) 

Figure 3-22 The overall IL contour from (a) half-space model (b) the model with subsoil shear 

wave velocity of 500 m/s (c) the model with subsoil shear wave velocity of 1000 m/s and (d) the 

model with subsoil shear wave velocity of 2000 m/s. 

The average IL value from all the receiver points at the same distance behind the pile is calculated. 

The average ground velocity value level behind the pile is next calculated by 

 𝐿G,average
pile (𝑦) = 10 log10

(

 
 ∑ 10𝑘

𝑖=1

𝐿G,overall
pile

(𝑦gr
𝑘 )

10

𝑘

)

 
 

 (3-39) 

where 𝐿G,overall
pile

(𝑦gr
𝑘 )  means the overall ground response velocity level (i.e. the sum over 

frequency bands) from the single pile model at the 𝑘-th receiver point at distance 𝑦. The value can 

be calculated by using Eq. (3-36). 

The average ground response velocity level in the free field is calculated by 
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 𝐿G,average
free (𝑦) = 10 log10

(

 
∑ 10𝑘
𝑖=1

𝐿G,overall
free (𝑦𝑟

𝑘)

10

𝑘

)

  (3-40) 

where 𝐿G,overall
free (𝑦𝑟

𝑘) represents the ground response velocity level from free-field model at the 𝑘-

th receiver point at distance 𝑥. The value can be calculated by using Eq. (3-37). 

An average value of IL at a distance 𝑦 behind the pile can be calculated by  

 𝐼𝐿average(𝑦) = 𝐿G,average
free (𝑦) − 𝐿G,average

pile (𝑦) (3-41) 

The spectral IL results for different subsoil shear wave velocities are shown in Figure 3-23. The 

results are from all the receiver points over ± 10 m width at the same distance behind the pile. If 

the subsoil shear wave velocity is 250 m/s, which is the same as the upper soil, the layered soil 

can be seen as the half space. At frequencies lower than 10 Hz, the IL value is close to zero 

regardless of the situation. It can be observed that when focusing on the average IL spectrum 

from all receiver points, there is a significant peak at approximately 20 Hz for the 2-metre distance 

and at 25 Hz for the 6-metre distance. If the subsoil shear wavelength is larger, the peak value in 

the IL spectrum results is also larger. Similar to the peak shown in Figure 3-21, the layered soil 

causes increased wave reflection, which amplifies the impact of the pile on the surface vibration, 

resulting in a higher IL peak. 
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Figure 3-23 The spectral results of the IL average over ±10 m width at (a) 2 m and (b) 6 m away 

from the pile for different subsoil shear wave velocity. 

The IL results at different distances behind the pile are shown in Figure 3-24. The average IL results 

are from all the receiver points on the centreline and over ± 10 m width at the same distance 

behind the pile. As the distance from the pile increases, for positions along the centreline the IL 

generally decreases. Furthermore, higher subsoil shear wave velocities result in more effective 
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ground vibration mitigation along the centreline. For the value of IL averaged over ±10 m width, 

the average value is minimal for small 𝑦 because it approaches zero as 𝑥 becomes large as can 

be seen from the contour in Figure 3-22. It can be seen that if the subsoil shear wave velocity is 

larger, the ground vibration is mitigated more. 
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Figure 3-24 The average IL value of the receiver points with same distance behind the pile for 

different subsoil shear wave velocity models. (a) the results on the centreline and (b) the results 

average over ±10 m width. 

3.5.2 Different upper soil depth 

Different depths of the upper soil layer may also influence the ground vibration mitigation effects 

of the single pile. In this section, the depth of the upper soil layer is investigated. For all the cases, 

the subsoil shear wave velocity is 2000 m/s. The depth of the upper soil layer is 2.5 m, 5 m or 7.5 m. 

When the upper soil layer is 5 m, the results have already been shown in section 3.5.1. A sketch 

of the two new cases in which the upper soil depth is 2.5 m and 7.5 m is shown in Figure 3-25. 
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(a) (b) 

Figure 3-25 Sketch of the layered soil model when the upper soil depth is (a) 2.5 m and (b) 7.5 m. 

The spectral results for the IL on the centreline, at 2 m and 6 m behind the pile, are presented in 

Figure 3-26 for varying upper soil depths. It can be observed that at frequencies below 10 Hz, the 

IL values are close to zero. Furthermore, the peak IL values occur at higher frequencies when the 

upper soil depth is shallower. The presence of the layered soil induces wave reflection at the 

interface, causing the IL peak to occur at different frequencies depending on the depth of the 

upper soil layer. Taking the IL at the 6 m receiver point as an example, when the upper soil depth 

is 2.5 m, 5 m, and 7.5 m, the corresponding IL peaks occur at 40 Hz, 20 Hz, and 10 Hz, 

respectively. Notably, the shear wavelengths in the upper soil at these frequencies are 6.25 m, 

12.5 m, and 25 m, which correspond to approximately three times the upper soil depth. 
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Figure 3-26 The spectral results about the IL on the centreline at (a) 2 m and (b) 6 m away from 

the pile for different upper soil layer depths. 

Figure 3-27 shows the IL spectrum averaged over all the receiver points at distances of 2 m and 

6 m behind the pile. The results are from all the receiver points over ± 10 m width at the same 

distance behind the pile. Three cases are considered, with the upper soil depths being 2.5 m, 5 m, 

and 7.5 m, respectively. It can be observed that there is a significant peak in all cases for 

frequencies above 10 Hz. However, the peak value shifts depending on the location and upper 

soil depth. For the average IL spectrum from all receiver points 6 m away from the pile, the peak 

frequency decreases as the upper soil depth increases. However, for the average IL spectrum 

over all receiver points 2 m away from the pile, when the upper soil depth is 5 m, the peak 

frequency is the highest of the three cases. 
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Figure 3-27 The spectral results about the IL average over ±10 m width at (a) 2 m and (b) 6 m away 

from the pile for different upper soil depth. 

The contour plot of the overall IL on the ground behind the single pile is summarised in Figure 3-28. 

It can be observed that there is a ground vibration mitigation zone behind the pile no matter how 

deep the upper soil layer is. When the upper soil layer depth is only 2.5 m, the IL value is larger 

compared to the case where the upper soil layer depth is 7.5 m. The IL results from the case where 

the upper soil layer depth is 5 m, shown in Figure 3-22 (d), fall between these two IL values. 

  
(a) (b) 

Figure 3-28 The overall IL contour of the ground behind the single pile from the model when the 

upper soil depth is (a) 2.5 m and (b) 7.5 m. 

The overall IL is summarised in Figure 3-29, which includes the overall IL results from one-third 

octave bands ranging from 10 Hz to 80 Hz. Additionally, the figure presents the value of IL 

averaged over all the receiver points over ± 10 m width at the same distance behind the pile. 

Generally, as the upper soil depth increases, the IL value decreases, indicating that the ground 

vibration mitigation effects are reduced. Especially when the distance away from the pile is over 
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6 m, different upper soil depths would cause significantly different ground vibration mitigation 

effects. 
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(a) (b) 

Figure 3-29 The overall value of IL from one-third octave bands 10-80 Hz for different upper soil 

depth models: (a) the results on the centreline and (b) the results average over ±10 m width. 

3.6 Summary 

A semi-analytical model is developed for simulating pile-soil interaction and calculating the 

ground response in the presence of a pile. This semi-analytical model is based on coupling a free 

field DSM model of the soil with a model of the pile based on beam finite elements. Results are 

compared with FE models for the full coupled pile-soil problem to evaluate the model accuracy 

for different frequencies and soil shear wave speeds. For this comparison, cases are considered 

in which the load is applied at the top of the pile and where the load is located on the ground 

surface at some distance from the pile. 

The semi-analytical model demonstrates reliable results, particularly at lower frequencies and 

higher shear wave velocities, although for the case in which the load is at some distance from the 

pile, reliable results are obtained for a narrower range of parameters. It is found that a spacing of 

0.25 m is required between the coupled nodes used in the semi-analytical model for convergence 

up to 80 Hz. This spacing ensures that the distance is less than one-sixth of the bending 

wavelength in the single pile. It is shown to be important to include rotational DOFs in the pile-

soil interaction for shear wavelengths shorter than 2 m (for a pile width of 0.8 m). Compared with 

the classical models from the literature, the semi-analytical model considering rotational DOFs 

yields more accurate results. For the model including rotational DOFs, with the load at 2.4 m from 

the pile, the average level difference between the semi-analytical model and the FE model is less 

than 3 dB if the shear wavelength in the soil is greater than 3 times the pile diameter. When the 

dimensionless value 𝑎0 exceeds 1.0, the average difference level is significant. This indicates that 
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the results from the FE model, which considers the pile section size, differ greatly from those of 

the semi-analytical model, which is based on a single beam pile model. Thus, for shorter shear 

wavelengths, the difference increases as the beam model used for the pile does not account for 

the influence of its radius in shielding the vibration transmission. 

The presence of the pile leads to a reduction in the ground response behind it. The mitigation 

effects become more significant as the frequency is increased, or the shear wave velocity is 

decreased. As the load point is moved further from the pile, the mitigation effect reduces until it 

converges to a roughly constant value for distances greater than 10 m. 

If a pile is embedded in a layered soil, and the subsoil shear wave velocity is higher, greater 

mitigation of ground vibration is observed, reflecting the stabilising effects of the stiffer subsoil. 

Generally, when the subsoil is stiff, a decrease in the depth of the upper soil layer correlates with 

an increase in the IL value, indicating more ground vibration mitigation effects. 
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Chapter 4 Pile group-soil dynamic interaction 

To study the influence on the ground response of a building situated within the transmission path 

between the excitation source and the receiver point, it is important to consider the complex 

foundations of the surrounding structures. Among these, the pile group foundation serves as a 

significant case. Therefore, it is valuable as a first step to study a pile group located in the 

transmission path without an overlying building. This investigation represents a progressive step 

beyond the single pile model. Based on the theory from single pile-soil interaction, the interaction 

of a pile group with the surrounding soil is investigated in this chapter. To simplify the model, the 

cap of the pile group is omitted. 

4.1 Semi-analytical model for pile group 

To develop a semi-analytical model, similar to the single pile-soil model, the piles are modelled 

by beam finite elements, and the surrounding soil is modelled using the dynamic stiffness matrix 

(DSM) approach. The details for the DSM method are shown in Appendix B. The main difference 

between single pile-soil interaction and pile group-soil interaction is the soil transfer function 

matrix. In the single pile model, the transfer function matrix contains only the receptances 

associated with one pile. However, in the pile group model, the transfer receptances between 

different piles are also considered. 

Similar to Eq. (3-1), the ground response in the frequency domain in the presence of the pile group 

structure can be represented as 

 𝐔̂ = 𝐔̂0 + 𝐇̂s𝐅̂s (4-1) 

where 𝐇̂s contains the transfer receptances between different positions on the piles and receiver 

points on the ground, 𝐅̂s is the vector of equivalent forces acting at all the piles’ coupled nodes, 

and 𝐔̂0 is the free-field response at the receiver points. When calculating the equivalent forces at 

all the coupled nodes, it is essential to consider the interaction between the different piles 

through the ground. Similar to the displacement in the single pile model described in Eq. (3-12), 

the displacement at the coupled nodes in the frequency domain is given by 

 𝐔̂p(𝜔) = (𝐈 + 𝐇̂Pile group
G (𝜔)𝐊̂p(𝜔))

−1
𝐔̂s0(𝜔) (4-2) 

If there are 𝑛 piles in the pile group structure, the vector 𝐔̂g(𝜔) describes the displacement for 

these 𝑛 piles: 
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 𝐔̂p(𝜔) = [𝐔̂p,l(𝜔) 𝐔̂p,2(𝜔) ⋯ 𝐔̂p,𝑛(𝜔)]
T

 (4-3) 

where 𝐔̂p,𝑛(𝜔) means the displacement of the 𝑛-th pile. The size of this matrix is based on the 

number of coupled nodes in each pile. The dynamic stiffness matrix of the pile group can be 

written as 

 𝐊̂p(𝜔) = [
𝐊̂p,1(𝜔)   

 ⋱  
  𝐊̂p,𝑛(𝜔)

] (4-4) 

where 𝐊̂p,𝑛(𝜔) is the dynamic stiffness of the n-th pile in the pile group. It is assumed that there 

is no mechanical coupling between the piles except through the ground. As in Chapter 3, 

equivalent properties are used for the pile to allow for the excavated soil, see Eq. (3-5) and 

Eq. (3-6). The ground transfer receptance between the different piles is written as 

 𝐇̂Pile group
G (𝜔) =

[
 
 
 
𝐇̂11
G (𝜔) 𝐇̂12

G (𝜔) ⋯ 𝐇̂1𝑛
G (𝜔)

𝐇̂21
G (𝜔) 𝐇̂22

G (𝜔) ⋯ 𝐇̂2𝑛
G (𝜔)

⋮ ⋮ ⋱ ⋮
𝐇̂𝑛1
G (𝜔) 𝐇̂𝑛2

G (𝜔) ⋯ 𝐇̂𝑛𝑛
G (𝜔)]

 
 
 

 (4-5) 

where 𝐇̂𝑖𝑗
G (𝜔) means the receptance at 𝑗-th pile when the unit load applied on 𝑖-th pile. Each 

component of the transfer receptance matrix is a matrix similar to that given in Eq. (3-10). 

4.2 Model comparison 

Several different pile group configurations are considered that are located between the applied 

unit load and the receiver points. These consist of two piles aligned transverse to the line from 

source to receiver, two piles aligned axially to this line, and four piles arranged in a square 2×2 

configuration. 

For comparison with the results from the semi-analytical model, a corresponding 3D numerical 

FE model is established. The size of 3D FE numerical model is the same as that introduced above 

in Section 3.2.2. Each pile has a length of 10 m and features a square cross-section with a width 

of 0.8 m for simplicity. Considering the balance between computational efficiency and accuracy, 

the model's overall dimensions are 30×30×20 m, and the size of each element is set at 0.4 m. In 

ABAQUS, the element type specified is C3D8, indicating three-dimensional, eight-node brick 

elements. Infinite elements are used along all sides of the model to minimise the wave reflection 

effects occurring at the model's edge, but the bottom of the model is fixed. 

The material properties are summarised in Table 4-1. The soil parameters are the same as the stiff 

soil parameters in the single pile model. The calculation frequency range is 10-80 Hz. 
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Table 4-1 Material properties used in pile group model. 

Name 
Density 

(kg/m3) 

Young’s 

modulus 

(MPa) 

Poisson’s 

ratio 

Loss 

factor 

P-wave 

speed 

(m/s) 

S-wave 

speed 

(m/s) 

Soil 2100 350 0.333 0.1 500 250 

Pile 2500 30000 0.2 0.1 3652 2236 

 

4.2.1 Two piles aligned in the axial direction 

In the first configuration, two piles are located behind one another between the unit load 

excitation and the receiver points, i.e. two piles aligned in the axial direction (𝑦 direction). Results 

are compared between the 3D finite element model and the semi-analytical model. The FE model 

built in ABAQUS is shown in Figure 4-1. The boundary conditions, model dimensions, element 

sizes, material properties remain similar to the single pile 3D FE model introduced in Chapter 3. 

The distance between the two piles is 4 m. The distance between the point load and first pile is 

2.4 m. A line of receiver points is selected behind the second pile, shown by the red markers in 

Figure 4-1. 
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Figure 4-1 FE model of two piles aligned axially. 

The magnitude of the ground displacement at the receiver points is shown in Figure 4-2. In this 

figure, the ground response calculated from the 3D FE model and from the semi-analytical model 

are compared. Additionally, the free-field response from both models is also shown. The outside 

edges of the piles are marked as the red dashed lines in these figures. The results from FE model 

and semi-analytical model are in general agreement although the match at high frequencies is 

not as good as at low frequencies. The receiver points behind the pile extend up to the edge of 

the 3D model, resulting in more significant differences between the 3D FE model and the semi-

analytical model at greater distances from the load location. As mentioned in Chapter 3, the 

accuracy of model is related to the shear wavelength. For the pile group model, the more piles 

there are in the model, the more the errors accumulate and the smaller is the available range of 

the model. 
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(c) (d) 

Figure 4-2 The magnitude of ground vibration influenced by two piles arranged behind one 

another: comparison between FE model and semi-analytical model (a) at 20 Hz, (b) 

at 40 Hz, (c) at 60 Hz, and (d) at 80 Hz. 

 

The insertion loss at the frequencies of 20 Hz, 40 Hz, 60 Hz, and 80 Hz is represented in Figure 4-3. 

The IL results were calculated using both the semi-analytical model and the FE model. The 

positive IL values across all frequencies indicate that the presence of the piles effectively 

mitigates ground vibration at these positions. 
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(c) (d) 

Figure 4-3 The IL from two piles arranged behind one another: comparison between FE model 

and semi-analytical model (a) at 20 Hz, (b) at 40 Hz, (c) at 60 Hz, and (d) at 80 Hz. 

4.2.2 Two piles aligned in the transverse direction 

In this second arrangement, the identical pair of piles is aligned perpendicular to the line between 

excitation point load and receiver points, i.e. two piles aligned in the transverse direction 

(𝑥 direction). All the other parameters are the same as the previous model. A sketch of FE model 

including the point load position (yellow) and receiver points position (red) is shown in Figure 4-4. 
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Figure 4-4 Two piles arranged beside one another in the FE model. 

The magnitude of the ground displacement from the two models is shown in Figure 4-5. It can be 

concluded that there is a good agreement between the FE model and the semi-analytical model. 

In this configuration, the results obtained from the semi-analytical model exhibit a better 

agreement with the FE model than for the case of the two piles aligned in the axial direction. When 

two piles are arranged beside one another, the free-field ground response and the ground 

response with the piles are similar to each other on this centreline. 
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(c) (d) 

Figure 4-5 The magnitude of ground vibration influenced by two piles arranged beside one 

another: comparison between FE model and semi-analytical model (a) at 20 Hz, (b) 

at 40 Hz, (c) at 60 Hz and (d) at 80 Hz. 

 

The IL results at frequencies of 20 Hz, 40 Hz, 60 Hz, and 80 Hz from the model with two piles 

aligned in the transverse direction are presented in Figure 4-6. The results are calculated on the 

centreline behind the piles. Compared with the IL results shown in Figure 4-3, the value of IL here 

is smaller, in some cases, such as at 40 Hz, the IL is near to zero. At higher frequencies (60 Hz and 

80 Hz), the IL value is negative, which means the ground vibration on the centreline behind the 

pile is amplified. 
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(c) (d) 

Figure 4-6 The IL from two piles arranged beside one another: comparison between FE model 

and semi-analytical model (a) at 20 Hz, (b) at 40 Hz, (c) at 60 Hz and (d) at 80 Hz. 

 

4.2.3 Four piles in square arrangement 

In this configuration, four piles are positioned in a square arrangement, or 2×2 pile group. The 

interval distance between each pile is 4 m. The schematic depiction of the FE model, featuring 

the arrangement of four piles, is illustrated in Figure 4-7. 
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Figure 4-7 Four piles in two rows FE model. 

Similar to the models introduced above, the comparison between the FE model and the semi-

analytical model is shown in Figure 4-8. In this case, the results from the four pile semi-analytical 

model could also have good agreement with the results in the FE model, but compared with the 

cases of two piles, the level of agreement from the four piles model is not as good.  
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(c) (d) 

Figure 4-8 The magnitude of ground vibration influenced by four piles in two rows: comparison 

between FE model and semi-analytical model (a) at 20 Hz, (b) at 40 Hz, (c) at 60 Hz 

and (d) at 80 Hz. 

The IL results are represented in Figure 4-9 at the frequencies of 20 Hz, 40 Hz, 60 Hz, and 80 Hz 

for the four piles in square arrangement. The IL value is positive at lower frequencies (20 Hz and 

40 Hz) but negative at higher frequencies (60 Hz and 80 Hz). With the increase of the receiver 

distance from the load, the IL value also increased. This trend is significant especially at higher 

frequency. 
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(c) (d) 

Figure 4-9 The IL from four piles in two rows: comparison between FE model and semi-analytical 

model (a) at 20 Hz, (b) at 40 Hz, (c) at 60 Hz and (d) at 80 Hz. 

 

4.3 Model limitations 

Based on the size limitation of the FE model, and the cumulative errors from the semi-analytical 

pile group model, the performance of the model may be compromised when there are a greater 

number of piles in the pile group. In this section, the relationship between the number of piles and 

the model accuracy is discussed. 

A larger FE model is constructed for the purpose of this investigation, to avoid the additional piles 

being situated in close proximity to the boundary which would impact the outcomes. Different 

configurations of piles are considered as shown in Figure 4-10. The length and width of this FE 

model are both 40 m. On each side, there are infinite elements, which minimise the impact of 

wave reflection. The depth of the model is 20 m. There are fixed boundary conditions at the 

bottom of the model. As in the previous section, the shear wave velocity is 250 m/s, and the 
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compressional wave velocity is 500 m/s. The element dimension is 0.4 m, which ensures that 

there are a minimum of six elements per wavelength for frequencies up to 80 Hz. The interval 

between different piles is 2 m. The length of the piles is 10 m with the same dimensions and 

material properties as previously. 

  

(a) (b) 

  

(c) (d) 

  

(e) (f) 

Figure 4-10 Different pile group arrangements for model limitation investigation with receivers on 

the centreline with (a) one pile (b) two piles arranged behind one another (c) three 

piles arranged behind one another (d) four piles arranged behind one another (e) 

three piles arranged beside one another and (f) five piles arranged beside one another. 

The average level differences of the ground displacement response for different receiver points 

on the centreline, when the piles are arranged in the axial direction and in the transverse direction, 

are summarised in Figure 4-11. These differences are between the ground responses obtained 

from the semi-analytical model and the FE model. The average level difference is calculated 
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based on Eq. (3-15), with the results calculated from the 3D FE model used as the reference 

results. This allows the accuracy of the results from the semi-analytical pile group model to be 

evaluated.  

In the low-frequency region, below 30 Hz, the average level differences are close to zero for all the 

cases, which means the semi-analytical model remains accurate regardless of the number of 

piles involved. But when the frequency is 30 Hz and above 50 Hz, when the piles are arranged 

behind one another, the model calculation error becomes large as the number of piles increases. 

The average level differences between FE model and semi-analytical model is less substantial 

when the piles are aligned in the axial direction. However, there is still a notable divergence, 

especially at higher frequencies. 
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Figure 4-11 Summarised average ground displacement level differences on the centreline behind 

the pile group when the piles are arranged (a) behind one another, (b) beside one 

another. 

The investigation also considers ground response receiver points located not only on the 

centreline but also in a region behind the pile group. A total of 28 receiver points, spaced 1.6 m 

apart, were selected to assess the accuracy of the model. The sketch of the pile group and 

receiver points are shown in Figure 4-12. 
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(a) (b) 

  

(c) (d) 

  

(e) (f) 

Figure 4-12 Different pile group arrangements for model limitation investigation behind pile group 

with (a) one pile (b) two piles arranged behind one another (c) three piles arranged 

behind one another (d) four piles arranged behind one another (e) three piles 

arranged beside one another and (f) five piles arranged beside one another. 

The average level differences for the receivers behind the pile group are summarised in Figure 

4-13. The results from all receiver points located behind the pile group exhibit a similar trend to 

the average level differences results observed on the centreline behind the pile group. The semi-

analytical model yields accurate results when there are fewer than three piles arranged in the 
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direction of the load and receiver points, particularly at lower frequencies. When the number of 

piles exceeds three, the model's accuracy decreases due to the accumulation of errors. 
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Figure 4-13 Summarised average ground displacement level differences for all the receiver 

points behind the pile group when the piles are arranged (a) behind one another, (b) 

beside one another. 

4.4 Ground response 

In this section, the IL of the ground influenced by the pile group is investigated using the semi-

analytical model within the reliable range discussed in Section 4.3. Detailed results are presented 

in this section for the mitigation effect of pile groups, concentrating on 2×1, 1×2 and 2×2 

configurations. Pile spacing of 2 m and 4 m are considered. The results are obtained using the 

semi-analytical model. 

4.4.1 Ground centreline response under different source load positions 

In this section, the influence of the distance between the load and the pile group is investigated. 

Various load-pile distances are considered: 1 m, 2.5 m, 5 m, 10 m, 20 m, and 40 m. The analysis 

includes three different pile group configurations, with two different pile spacings of 2 m and 4 m. 

The IL results are averaged over a width of ±10 m over receivers which have same distance away 

from the pile in the 𝑦 direction. Three receiver distances are investigated, which are 5 m, 10 m and 

15 m away from the first pile location. The IL is calculated from the difference in overall ground 

velocity level with/without pile evaluated over the range 10-80 Hz. For each one-third octave band, 

there are at least three frequency samples. The results are shown in Figure 4-14. 
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Figure 4-14 The IL averaged over ±10 m width on the ground which is 5 m, 10 m and 15 m behind 

the first pile and calculated from the difference in overall ground velocity level 

with/without piles evaluated over the range 10-80 Hz. under different load locations 

for two piles aligned in the axial direction with spacing (a) 2 m (b) 4 m, two piles 

aligned in the transverse direction with spacing (c) 2 m (d) 4 m, four piles in square 

arrangement with spacing (e) 2 m and (f) 4 m. 
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If two piles are aligned in the axial direction, as the distance between the excitation load and the 

pile increases, the IL value decreases, indicating that the mitigation effects of ground vibration 

weakens if the distance between the load and the pile is large. Additionally, the value of IL at a 

receiver 5 m behind the first pile is lower than at 10 m and 15 m distance. The trend of declining 

IL is similar when the spacing is 2 m or 4 m, especially when the receivers are 10 m and 15 m away 

from the first pile. 

If two piles are aligned in the transverse direction, or four piles are in a square arrangement, the 

value of IL is different under pile spacings of 2 m and 4 m. For receivers located 10 m and 15 m 

away from the pile, the IL typically first increases and then decreases as the distance between 

the load and the pile group increases. Because the load is applied on a line between the two piles 

of the configuration in the x-direction, this setup differs from that of two piles aligned in the axial 

direction. If the load is positioned too close to the pile group, such as a distance closer than the 

spacing between the piles, the IL may be smaller compared to when the load distance is similar 

to the pile spacing. 
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Figure 4-15 The different load location IL for four piles in square arrangement when spacing is 4 m 

at (a) 20 Hz, (b) 40 Hz, (c) 60 Hz and (d) 80 Hz. 

Results at specific frequencies and receiver points were also investigated. For example, Figure 

4-15 shows results for piles arranged in a 2×2 configuration with a pile spacing of 4 m. These 

results are at frequencies of 20 Hz, 40 Hz, 60 Hz, and 80 Hz, with receiver points on the centreline 

5 m, 10 m, and 15 m behind the first pile. At lower frequencies, the IL value decreases as the pile-

load distance increases. Additionally, the values for the three receiver points are similar. However, 

at 80 Hz, the IL value shows an increasing trend with the rise in the pile-load distance. 

Furthermore, notable discrepancies exist among the values observed for the three different 

receiver points. 

In summary, the ground vibration mitigation effects influenced by the pile group foundation 

perform differently at different frequencies and different receiver points. In general, if the load is 

applied between two piles in the 𝑥 direction, the pile group may amplify the ground vibration on 
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the centreline at some frequencies, particularly when the excitation load is in close proximity to 

the piles. 

4.4.2 Average insertion loss values 

In this section the IL is determined over an area behind the pile group. Contour plots are 

presented in Figure 4-16 for the three different pile group configurations mentioned above, 

located between the point load and receiver points. After investigating the effect of the distance 

between the load and the first pile, a distance of 10 m has been selected for further investigation 

by using the semi-analytical model. In these cases, the distance between the load and the first 

pile in the axial direction is 10 m to represent far field excitation. The IL value is presented as the 

average value across one-third octave bands 10 Hz to 80 Hz. 

When two piles are aligned in the axial direction, the contour results reveal a significant zone of 

high IL directly behind the piles, indicating substantial ground vibration mitigation effects in that 

area. For two piles aligned in the transverse direction and four piles in a square arrangement, the 

contour results show that there is a region of high IL behind the piles. When the spacing between 

two piles is only 2 m, these regions may overlap. When the spacing is 4 m, the zones of high IL do 

not overlap and, between them, there are some zones of low IL, which indicate that when the 

spacing is 4 m, the ground vibration in the centreline may not be mitigated. In general, the overall 

IL behind the pile group is positive, which means the ground response behind the pile group is 

mitigated. There is a significant vibration mitigation effect directly behind the piles. So, when two 

piles are aligned in the transverse direction, or there are four piles in a square arrangement, the 

centreline on the ground behind the pile group may not have significant vibration mitigation, 

especially when the spacing of the piles is 4 m. 
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(a) (b) 

  

(c) (d) 

  

(e) (f) 

Figure 4-16 Contour plot of IL (in dB) on ground surface (sum over one-third octave bands ranging 

from 10-80 Hz) when (a) two piles aligned in the axial direction with 2 m spacing (b) 

two piles aligned in the axial direction with 4 m spacing (c) two piles aligned in the 

transverse direction with 2 m spacing (d) two piles aligned in the transverse direction 

with 4 m spacing (e) four piles in square arrangement with 2 m spacing and (f) four 

piles in square arrangement with 4 m spacing. 
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The vibration mitigation effects are assessed by calculating the average IL values at different 

distances behind the pile group. This average IL value is derived from the average free field and 

total ground response obtained at receiver points at the same distance behind the last pile, 

spanning a range of 10 m in the transverse direction. The calculation steps are based on Eq. (3-39) 

to Eq. (3-41). This gives a single representative value for each distance behind the piles and this 

average IL is plotted in Figure 4-17. It can be seen that the four piles in square arrangement can 

provide the greatest vibration mitigation effects. When the pile spacing is 4 m, the IL value is 

higher in the near field but lower in the far field. For the two piles aligned in the transverse direction, 

the trend is similar, but the IL values are lower. For the two piles aligned in the axial direction, the 

average IL value remains at about 0.75 dB, no matter how far from the pile foundation. 
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Figure 4-17 The overall IL results from one-third octave bands 10-80 Hz and average over ±10 m 

width on the ground with different distance away from the pile group. 

The IL in one-third octave bands is shown in Figure 4-18 in the form of the mean values obtained 

from receiver points located at an equal distance behind the piles. Two receiver distances are 

selected at 4 m and 8 m from the last piles. The results indicate that various configurations of pile 

group can yield different peak IL values at distinct frequencies. At frequencies below 10 Hz, none 

of the configurations investigated are able to affect the ground vibration significantly as the IL 

value is close to zero. The configuration with four piles arranged in a square pattern with a 2 m 

spacing gives the highest IL values below 80 Hz. The spectral IL results at the peak vary depending 

on the spacing of the pile group and the location of the receiver points behind the pile group. 

Conversely, the IL reaches its lowest value at a frequency of 80 Hz and 100 Hz for the four piles 

arranged in square arrangement cases. In all cases, the IL value for the 4 m spacing configuration 

is generally lower than that of the 2 m spacing configuration at low frequencies. However, as the 

frequency increases, the situation reverses, with the IL value for the 2 m spacing configuration 

becoming larger than that for the 4 m spacing configuration. 
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(a) (b) 

Figure 4-18 The average IL for the receiver points with same distance behind the pile group in one-

third octave bands at (a) 4 m and (b) 8 m away from the pile group. 

4.4.3 Insertion loss results on centreline behind the pile group 

In this section, the IL on the centreline behind pile groups with different spacings is investigated. 

The IL of the ground along the centreline, beyond the last pile at specific frequencies, and the 

spectral IL results at certain receiver points on the centreline are presented. Additionally, the IL 

is calculated from the difference in overall velocity response level with/without pile evaluated 

over the range 10-80 Hz. As above, a distance of 10 m has been selected for investigation using 

the semi-analytical model. All the cases are within the reliable range identified in Section 4.3. 

The IL values for these cases are summarised in Figure 4-19 when the spacing of the piles is 2 m. 

This shows the IL based on the ground response on the centreline behind the pile group at four 

frequencies. The IL value of the four piles in square arrangement at 80 Hz is high only in the far 

field. The IL value for two piles is a little bit lower than IL value from four piles in square 

arrangement at lower frequencies, while at high frequency (80 Hz) this is only the case in the far 

field. At 80 Hz, for the two piles aligned in the transverse direction and the four piles in square 

arrangement, the value of IL is negative within 5 m of the last pile but positive further away. 
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(c) (d) 

Figure 4-19 The IL for different pile group configurations with 2 m spacing when receiver points 

are located on the centreline behind the pile groups at (a) 20 Hz, (b) 40 Hz, (c) 60 Hz 

and (d) 80 Hz. 

When the spacing between the different piles is 4 m, the IL value for the ground vibration is 

summarised in Figure 4-20. For the two piles aligned in the axial direction case, the IL value is high, 

especially at higher frequencies 40 Hz, 60 Hz and 80 Hz. As the distance from the last pile 

decreases, the IL value increases, indicating there is more significant ground vibration mitigation 

in the near field. For two piles aligned in the transverse direction and four piles in square 

arrangement, there are some negative IL values close to the piles. For these three pile group 

cases, ground vibration amplification effects only occur in the near field of the pile group when 

there are two piles aligned in the transverse direction or four piles arranged in a square 

arrangement. When the spacing is 4 m, the IL value and its trend with increasing distance from 

the pile are similar between the case of two piles aligned in the transverse direction and the case 

of four piles in square arrangement. 
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(c) (d) 

Figure 4-20 The IL for different pile group configuration with 4 m spacing when receiver points are 

located in the centreline behind pile groups at (a) 20 Hz, (b) 40 Hz, (c) 60 Hz and 

(d) 80 Hz. 

To summarise the IL values at different frequencies, the narrow band spectrum of IL at different 

specific receiver points is investigated. Results are obtained at 100 frequency points on a 

logarithmic scale ranging from 5 Hz to 100 Hz. The pile group is still arranged under three different 

conditions: two piles aligned in the axial direction, two piles aligned in the transverse direction 

and four piles in square arrangement. 

Six receiver points are investigated, located along the centreline behind the pile group. All the 

investigated model pile sizes, spacings, and soil shear wavelengths fall within the reliable range 

discussed in Section 4.2. Their locations are summarised in Table 4-2. The narrow band spectra 

of IL are shown in Figure 4-23. In each figure, two different pile spacing cases are compared: 2 m 

(solid line) and 4 m (dash line). 
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Table 4-2 Receiver points location. 

Receiver 

points name 

Description Distance from load 

R1 5 m away from the first pile 15 m 

R2 10 m away from the first pile 20 m 

R3 15 m away from the first pile 25 m 

R4 5 m away from the last pile 10 m (2 piles in transverse arrangement), 12 m 

(2 m spacing) or 14 m (4 m spacing) 

R5 10 m away from the last pile 15 m (2 piles in transverse arrangement), 17 m 

(2 m spacing) or 19 m (4 m spacing) 

R6 15 m away from the last pile 20 m (2 piles in transverse arrangement), 22 m 

(2 m spacing) or 24 m (4 m spacing) 

The receiver points location is shown in Figure 4-21. 

  

Figure 4-21 Sketch of the receiver points behind the piles. 

The results from Figure 4-22 show that: 

There are two cases where vibration amplification occurs, i.e. the IL value is negative at high 

frequency. One is when the two piles aligned in the transverse direction and the other is for four 

piles arranged in 2×2 square, in both cases with the spacing of 4 m.  

For the two piles aligned in the axial direction, when the receiver point is close to the pile, such as 

R1 which is 5 m away from the first pile or R4 which is 5 m away from the last pile, the IL value is 
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higher than other cases at frequencies above 50 Hz. However, when the receiver point is further 

away, the IL value is comparable to that of other cases. Especially when the pile spacing is 4 m, 

the IL value is higher when focusing on the receiver point R1. Thus, when the piles are aligned in 

the axial direction, the ground response is significantly mitigated, especially in closer zones.  

However, for receivers further from the piles, these mitigation effects are less pronounced. For 

the two piles aligned in the transverse direction with 2 m spacing, the IL value is moderate 

compared with the other cases. When the receiver point is 15 m away from the pile, the IL results 

from two piles are similar with each other no matter whether the pile is aligned in the axial 

direction or in the transverse direction. When the receiver point is close to the pile group, such as 

only 5 m away, the IL value is positive at low frequency and then becomes negative as the 

frequency increases. However, when the receiver point is at a greater distance, such as 15 m 

away, the IL value is always positive.  

In general, all the pile configurations affect the ground vibration above 10 Hz. Four piles arranged 

in a square configuration provide the most significant vibration mitigation, particularly at 

frequencies 50-60 Hz, no matter where the receiver point is. The ground vibration mitigation 

effects are more significant in the closer zone when there are two piles aligned in the axial 

direction. But the ground vibration maybe amplified above 40 Hz when two piles are aligned in the 

transverse direction or four piles are in a square arrangement. 
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(e) (f) 

Figure 4-22 The spectrum of IL for different pile group configurations at (a) point R1, (b) point R2, 

(c) point R3, (d) point R4, (e) point R5 and (f) point R6 on the centreline behind the pile 

group. 

Figure 4-23 shows the IL calculated from the difference in overall ground velocity level 

with/without pile evaluated over the range 10-80 Hz. for positions on the centreline at different 

distances. In general, the IL value is positive, which means the ground vibration behind the pile 
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group is mitigated no matter what the pile configuration is. When two piles are aligned in the axial 

direction, their position is on the centreline. As a result, the IL value behind the piles is larger, 

particularly near the pile site. But when two piles are aligned in the transverse direction or when 

four piles are arranged in a 2×2 configuration, the centreline is located in the middle, not just 

behind the piles, so the values of IL from these cases are small. The IL value remains stable 

regardless of the distance away from the last pile. Usually, the value of IL from the cases with 

spacing of 4 m is smaller than that from the cases with spacing of 2 m. The ground vibration 

mitigation from the cases with four piles is more effective than that from two piles aligned in the 

transverse direction. 
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Figure 4-23 The IL results on the centreline calculated from the difference in overall velocity 

response level with/without pile evaluated over the range 10-80 Hz. 

4.5 Summary 

A pile group-soil semi-analytical model has been developed considering the soil transfer matrix 

between different piles, based on a single pile-soil semi-analytical model. From the comparison 

of results based on the semi-analytical model and the FE model, the agreement is favourable 

when the number of piles is small. Particularly at lower frequencies, the semi-analytical pile 

group model yields accurate results. However, this model for pile groups exhibits certain 

limitations. When focusing on the results on the ground behind the pile group, it tends to get 

accurate results at low frequencies or when the number of piles is limited. When the number of 

piles exceeds three, the model's accuracy diminishes. Additionally, when the piles are arranged 

beside one another, the model achieves higher accuracy compared to when the piles are 

arranged in the axial direction for the same number of piles. 
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The IL was compared in more detail across three arrangements: two piles aligned in the axial 

direction, two piles aligned in the transverse direction, and four piles in a 2×2 configuration. The 

IL was also investigated when the load position changes; a distance of 10 m away from the pile 

group is used to represent far-field excitation. As the distance between the load and the pile group 

increases, the IL may initially increase and then decrease. Then, the contour map of overall IL 

from all the one-third octave band frequency samples is investigated on the ground surface under 

different pile group cases. The ground response behind each pile in the pile group is mitigated 

significantly. So, when there are two piles aligned in the axial direction on the centreline, the 

ground response is significantly mitigated. However, when the two piles are aligned in the 

transverse direction or four piles are located in a square arrangement, the ground response on 

the centreline is hardly mitigated. When the spacing between the piles is only 2 m, the ground 

response is mitigated on the centreline even in the far field due to the overlap of the attenuated 

zone from the two piles. Moreover, based on the average IL results obtained from the receiver 

points at the same distance away from the pile group in the axial direction, the IL value from the 

4 m spacing is higher in the near field but lower in the far field compared with the IL from the 2 m 

spacing. It can be summarised that at some specific receiver points and frequencies, the 

vibration maybe amplified, but the ground response behind the pile group is always mitigated on 

average. 
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Chapter 5 Ground vibration in the vicinity of a building 

due to a fixed unit load 

The aim of this chapter is to investigate the influence of a building with a piled foundation on the 

ground vibration, and to analyse the effect of the properties of the building. The excitation is taken 

as a fixed harmonic unit load. The ground is assumed to be a half space and is modelled using the 

semi-analytical DSM approach in the frequency-wavenumber domain. The details for the DSM 

method are shown in Appendix B. The building is represented by a column-plate system, which 

can be simulated by an FE model. For simplicity, it is still referred to as a semi-analytical model. 

The two models are coupled using a sub-modelling coupling technique in the frequency domain, 

which has already been introduced in the previous chapters. The building foundation is assumed 

to consist of several piles. 

5.1 Methodology 

A sketch of the modelling approach is shown in Figure 5-1. The ground is excited by a unit vertical 

harmonic force applied to the ground surface. The building and the ground are assumed to be 

coupled at a series of nodes, located on the piled foundation of the building. The response at a 

receiver point on the ground surface in the vicinity of the building can be separated into two parts: 

the response in the free field induced by the load, and the response induced by the reaction forces 

at the coupled nodes between the building and the ground. 

 

Figure 5-1 Overview of the modelling approach for the building, ground and interaction. 

Based on Figure 5-1, the total displacement at a receiver point induced by a unit fixed harmonic 

load at circular frequency 𝜔 is, similar to Eq. (3-1), 

 𝐔̂(𝜔) = 𝐔̂0(𝜔) + 𝐇̂s(𝜔)𝐅̂s(𝜔) (5-1) 

where 𝐔̂0(𝜔)  means the ground vibration at the receiver point induced by the unit load 

transmitted through the free field. 𝐇̂s(𝜔) signifies the matrix of transfer receptances or Green’s 
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functions of the soil, which are from the coupled nodes to the receiver point. 𝐅̂s(𝜔) signifies the 

vector of reaction forces at frequency 𝜔 at the coupled nodes on the pile foundation. It can be 

calculated based on coupling the ground with an FE model of the building. 

The relationship between dynamic forces and displacements at the coupled nodes in the building 

is given by 

 𝐅̂b(𝜔) = 𝐊̂b(ω)𝐔̂b(ω) (5-2) 

where 𝐊̂b(𝜔) is the dynamic stiffness matrix of the building structure. Similar to Eq. (3-5) and 

Eq. (3-6), when calculating the dynamic stiffness, the equivalent parameters of the structure are 

applied to the parts submerged below the ground level: 

 𝜌 = 𝜌b − 𝜌s (5-3) 

 𝐸 = 𝐸b − 𝐸s (5-4) 

where 𝜌s and 𝐸s are the density and Young’s modulus of the soil, while ρb and 𝐸b are those of the 

building. 

To determine 𝐊̂b(𝜔), the global dynamic stiffness matrix of the building obtained from the FE 

model is partitioned into DOFs that will be linked to the soil (coupled nodes at the foundation, 

subscript f) and DOFs that will be internal to the building (subscript i). Interaction forces at the 

DOFs linked to the foundation (f) excite the system whereas there are no forces on the interior 

DOFs (i). The equation of motion for the building can be partitioned as follows: 

 𝐅̂b(𝜔) = [
0

𝐅̂f(𝜔)
] = [

𝐊̂ii(𝜔) 𝐊̂if(𝜔)

𝐊̂fi(𝜔) 𝐊̂ff(𝜔)
] [
𝐔̂i(𝜔)

𝐔̂f(𝜔)
] (5-5) 

where 𝐔̂f(𝜔) is the displacement at the coupled nodes belonging to the foundation, 𝐔̂i(𝜔) is the 

vector of the displacement at the internal nodes, 𝐅̂f(𝜔) represents the vector of external forces at 

the coupled nodes. More details of the FE dynamic stiffness matrix have already introduced in 

Section 3.5. 

Referring to dynamic reduction method [224], Eq. (5-5) can be written in reduced form in terms of 

the DOFs at the coupled nodes. The reaction forces at the coupled nodes 𝐅̂f(𝜔) can be calculated 

by 

 𝐅̂f(ω)=[𝐊̂ff(ω) − 𝐊̂fi(ω)𝐊̂ii(ω)
−1𝐊̂if(ω)]𝐔̂f(ω) = 𝐊̂f(ω)𝐔̂f(ω) (5-6) 
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As the system does not have other external loads, according to the theory of soil-structure 

interaction, the interaction forces between the building foundation and the soil are equal but act 

in opposing directions: 

 𝐅̂f(𝜔) = −𝐅̂s(𝜔) (5-7) 

where subscript f denotes the nodes from the foundation of FE building that are in contact with 

the ground, i.e. the coupled nodes belonging to the building structure foundation. The subscript 

s indicates the nodes belonging to the soil and sharing the same position as the coupled nodes. 

It is assumed that the displacement at coupled node 𝑘  on the pile foundation is equal to the 

displacement of the soil at the same position, which means 

 𝐔̂s(𝜔) = 𝐔̂f(𝜔) (5-8) 

The displacement of the soil 𝐔̂s(𝜔) at the coupled nodes in the presence of the building is written 

as 

 𝐔̂s(𝜔) =

[
 
 
 
 
𝐮̂s,1(𝑥𝑐,1, 𝑦𝑐,1, 𝑧𝑐,1, 𝜔)

𝐮̂s,2(𝑥𝑐,2, 𝑦𝑐,2, 𝑧𝑐,2, 𝜔)

⋮
𝐮̂s,k(𝑥𝑐,𝑘, 𝑦𝑐,𝑘, 𝑧𝑐,𝑘 , 𝜔)]

 
 
 
 

 (5-9) 

It can be calculated by 

 𝐔̂s(ω)=𝐔̂s0(ω)+𝐇̂G
piles(ω)𝐅̂s(ω) (5-10) 

where 𝐔̂s0(𝜔) means the displacement at the coupled nodes induced by a unit load when the 

transmission path is in free field. It is denoted as 

 𝐔̂s0(𝜔) =

[
 
 
 
 
𝐮̂s0,1(𝑥𝑐,1, 𝑦𝑐,1, 𝑧𝑐,1, 𝜔)

𝐮̂s0,2(𝑥𝑐,2, 𝑦𝑐,2, 𝑧𝑐,2, 𝜔)

⋮
𝐮̂s0,k(𝑥𝑐,𝑘 , 𝑦𝑐,𝑘 , 𝑧𝑐,𝑘 , 𝜔)]

 
 
 
 

 (5-11) 

The forces at the coupled nodes 𝐅̂s(𝜔) can be denoted as 

 𝐅̂s(𝜔) =

[
 
 
 
 
𝐅̂s1(𝑥𝑐,1, 𝑦𝑐,1, 𝑧𝑐,1, 𝜔)

𝐅̂s2(𝑥𝑐,2, 𝑦𝑐,2, 𝑧𝑐,2, 𝜔)

⋮
𝐅̂sk(𝑥𝑐,𝑘̇, 𝑦𝑐,𝑘̇ , 𝑧𝑐,𝑘̇ , 𝜔)]

 
 
 
 

 (5-12) 
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The soil transfer receptance matrix 𝐇̂Piles
G (𝜔) at the pile group coupled nodes is based on the soil 

transfer receptances between the coupled nodes, and can be denoted as 

 𝐇̂Piles
G (𝜔) =

[
 
 
 
𝐇̂11
G (𝜔) 𝐇̂12

G (𝜔) ⋯ 𝐇̂1𝑛
G (𝜔)

𝐇̂21
G (𝜔) 𝐇̂22

G (𝜔) ⋯ 𝐇̂2𝑛
G (𝜔)

⋮ ⋮ ⋱ ⋮
𝐇̂𝑚1
G (𝜔) 𝐇̂𝑚2

G (𝜔) ⋯ 𝐇̂𝑚𝑛
G (𝜔)]

 
 
 

 (5-13) 

where 

 𝐇̂𝑚𝑛(𝜔) = 𝐇̂(𝑥𝑐,𝑚 − 𝑥𝑐,𝑛, 𝑦𝑐,𝑚 − 𝑦𝑐,𝑛, 𝑧𝑐,𝑚 − 𝑧𝑐,𝑛, 𝜔) (5-14) 

means the 3×3 Green’s function matrix of the soil from forces at coupled node 𝑚  to the 

displacements at coupled node 𝑛. 

Following the same approach as in Chapter 3, Eq. (5-9) can be written in terms of Eq. (5-8) which 

can then be combined with Eq. (5-2) to give 

 𝐔̂f(ω) = (𝐈 + 𝐇̂Piles
G (𝜔)𝐊̂f(ω))

−1
𝐔̂s0(ω) (5-15) 

  

 𝐔̂f(ω) = (𝐈 + 𝐇̂Piles
G (𝜔)[𝐊̂ff(ω) − 𝐊̂fi(ω)𝐊̂ii(ω)

−1𝐊̂if(ω)])
−1
𝐔̂s0(ω) (5-16) 

Based on Eqs. (5-8) and (5-6), the equivalent reaction forces at frequency 𝜔 at the coupled nodes 

𝐅̂s(𝜔) can be calculated. 

Once the forces at the coupled nodes have been calculated, the SSI may be described by this set 

of equivalent forces, see Eq. (5-1). The ground-borne vibration induced by the external loads and 

by the reaction forces at the building may be estimated separately and then combined to give the 

response at receiver points behind the structure. 

5.2 Building finite element model 

The building is represented as a combined column and plate system using FEM, as shown in 

Figure 5-2 by using the Stabil FE MATLAB toolbox [225]. In view of the limitations identified in 

Chapter 4, a simple building with a single span in both 𝑥  and 𝑦  directions and a total of four 

columns is modelled. The building has three storeys. 
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Figure 5-2 Building model sketch. 

The columns are modelled using Timoshenko beam elements with a cubic interpolation of the 

beam deflection and linear shape function for axial and torsion deflection. The axial deflection, 

bending and torsion of the column are all included in this model. At each node there are six DOFs, 

three translations and three rotations. 

Shell elements are used to represent the floor of the building. They allow for bending and in-plane 

motion. Each floor slab in the FE building model is comprised of a large number of shell elements. 

A four-noded quadrilateral shell element is used. More details of this type of element are 

introduced in [226] including the shape functions, stiffness and mass matrix. There are 6 DOFs at 

each node. 

The dynamic stiffness matrix 𝐊̂(𝜔) is obtained from the FEM mass and stiffness matrices: 

 𝐊̂(ω) = 𝐊0(1 + iη) − ω
2𝐌𝟎 (5-17) 

where 𝐊0 is the global stiffness matrix assembled from element stiffness matrices using the FE 

method, and 𝐌𝟎  is the global mass matrix assembled from the element consistent mass 

matrices. Damping is introduced by making the stiffness matrix complex using a constant loss 

factor 𝜂. Following Eq. (5-17), the dynamic stiffness matrix 𝐊̂(𝜔) is partitioned into internal nodes 

and foundation-ground coupled nodes: 

 𝐊̂(𝜔) = [
𝐊̂ii(𝜔) 𝐊̂if(𝜔)

𝐊̂fi(𝜔) 𝐊̂ff(𝜔)
] = (1 + i𝜂) [

𝐊ii 𝐊if
𝐊fi 𝐊ff

] − 𝜔2 [
𝐌ii 𝐌if

𝐌fi 𝐌ff
] (5-18) 
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Based on the relationship between the number of storeys and spans and the number of elements, 

this FE building model can be created parametrically. The MATLAB code for the parametrically 

constructed model is shown in Appendix D. The code can create the stiffness and mass matrices 

with a variety of storeys and spans in a matter of seconds. 

Some dimensions of the FE building model are listed in Table 5-1. Timoshenko beam elements 

are used to simulate the columns and piles. Each beam element is 0.5 m long for the piles and 

0.3 m long for the columns. The size of the shell elements in the FE model is 0.3 m×0.3 m, which 

equates to 784 shell elements for one floor. Because the column height in one storey is 3 m and 

one beam element length is 0.3 m, there are 10 beam elements for one column between each 

storey. Similarly, there are 20 beam elements (length: 0.5 m) for each pile foundation. There are 

therefore a total of 84 coupled nodes on the 4 piles in the foundation in this model. Based on the 

relationship shown in Figure 3-11 between the dimensionless value and model accuracy, thinner 

piles result in more accurate predictions than thicker piles. Since the width of the columns in the 

building model is smaller than the pile width in both the single pile and pile group models 

considered in Chapter 3 and Chapter 4, the results from the building model are considered 

reliable below 80 Hz. 

Table 5-1 Dimensions of the building. 

Parameter’s name Value 

Length of pile (m) 10.0 

Number of columns (piles) 4 

Half width of the column (m) 0.3 

Timoshenko beam shear correction factor for column 0.833 

Second moment of area of the column for bending around 

local 𝑦-axis and 𝑧-axis (m4) 
0.0108 

Thickness of the floor (m) 0.5 

Span length (m) 4.2 

Floor-floor height (m) 3.0 

5.3 Model verification 

A full 3D FE model is built to verify and evaluate the results calculated from the semi-analytical 

model. This 3D FE model was constructed using ABAQUS. The elements are 3 dimensional 

8 nodes solid elements (C3D8). Infinite elements are applied at the boundaries to avoid wave 

reflections. There are 125000 elements in this three-storey building model with span length 4.2 m. 
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The embedded depth of the piles is 10 m. In this model the distance between the load and the 

building is 3 m. The model is shown in Figure 5-3. The receiver points are on the ground surface 

behind the building, shown as the red dots. The model dimensions are 40 m×40 m×40 m, with 5 m 

long infinite elements located along the surrounding sides of the soil model. The bottom of the 

soil model has a fixed boundary. The element size of the FE soil model is 0.3 m, ensuring that there 

are at least six elements per shear wavelength. In total, there are 448,656 elements in the whole 

model. When the plate at the bottom is not in contact with the ground, the ground response 

results do not significantly differ from the case where the plate is in contact with the ground. 

Therefore, for the convenience of model establishment, the bottom of the first-floor plate is 

assumed to be in contact with the ground in this model. 

 

Figure 5-3 The 3D finite element model used for verification. 

The building column and shell materials are considered to be concrete, and the parameters of 

the soil are assumed as clay. The material properties of the concrete and soil materials are listed 

in Table 5-2. In total, the mass of the building is 156,600 kg. 
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Table 5-2 The materials parameters of the model in this case study. 

Parameters Building (Concrete) Soil 

Density (kg/m3) 2500 2100 

Poisson’s ratio 0.3 0.33 

Young’s modulus (N/m2) 3×1010 3.5×108 

Loss factor 0.1 0.1 

Shear wave velocity (m/s) - 250 

Compressional wave velocity (m/s) - 500 

The semi-analytical model and FE model results are compared in Figure 5-4 at two frequencies. 

Up to 80 Hz under this specific shear wave velocity (𝑐s=250 m/s), the results calculated by the two 

models have a good agreement. 
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Figure 5-4 Ground response comparison between semi-analytical model and finite element 

model at (a) 40 Hz and (b) 80 Hz. 

5.4 Ground response investigation 

To explore the influence of the building on the ground response, results are calculated using the 

semi-analytical model for a simple example introduced above. The building model in this section 

consists of a three-storey structure with a single span in each direction. 

5.4.1 Ground response in the vicinity of building 

The model is shown schematically in Figure 5-5. The excitation point is located 20 m in front of 

the building. 
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Figure 5-5 The semi-analytical model information including the model dimension, position and 

receiver point position. 

The ground response with or without building is determined at 99 receiver points on the ground 

surface at 1 m intervals covering an area 8×10 m, as indicated in Figure 5-5. The surface area 

behind the building has different values of IL at different frequencies and different locations. The 

contour plot of IL in this region is shown in Figure 5-6 at two example frequencies. The coordinates 

in these figures have their origin at the force location, see Figure 5-5. Two lines in the 𝑥 direction 

(marked as green and orange lines) and the 𝑦 direction (marked as blue and pink lines) are chosen 

to plot the IL profile. The contours are symmetrical in the 𝑥 direction; in the 𝑦 direction there are 

areas of oscillatory amplification or reduction, but the overall trend is that the IL value is 

decreasing with increasing distance. At 40 Hz, the IL decreases along the 𝑦 direction, i.e., away 

from the building. In the 𝑦 direction, the IL on the blue and pink lines is similar. In the 𝑥 direction, 

the IL on the orange line (𝑦=36 m) is lower than on the green line (𝑦=31 m), because the green line 

position is closer to the building. At 80 Hz, there are two notable zones, the bright zone near the 

building and the dark zone further away from the building. Similar to the response at 40 Hz, the IL 

on the blue line (𝑥=1 m) and pink line (𝑥=-2 m) in the 𝑦 direction are similar to each other, but on 

the green line (𝑦=31 m) and orange line (𝑦=36 m) in the 𝑥 direction, the results are quite different. 

On the green line (𝑦=31 m), the IL increases and then decreases along the direction of increasing 

𝑥. For the orange line, the IL value is oscillatory along the 𝑥 direction. 
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Figure 5-6 Insertion loss contour plot and profile along the lines indicated for a unit fixed load (a) 

at 40 Hz and (b) at 80 Hz. 

Two receiver points A and B, which are marked in Figure 5-6, are chosen to represent two typical 

zones based on the contour plot results. The IL in one-third octave bands of these two receiver 

points is shown in Figure 5-7. For each one-third octave band, there are three frequency samples. 

The value of IL at point A is larger than that at point B, which means there are more significant 

effects close to the building. Also, with the increase of frequency, the IL value becomes larger. 
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Figure 5-7 The insertion loss in one-third octave bands at positions A and B indicated in Figure 

5-6. 

5.4.2 The relationship between building modes and ground response 

Modal analysis is used to study the modes of the building and their natural frequencies. These are 

calculated using the beam-shell FE model in Stabil with all nodes on the piles fully constrained. 

The soil provides an approximately fixed boundary condition for the foundation. Thus, the soil 

parameters do not significantly influence the building's modes. The natural frequencies of the 

first 20 modes and the corresponding mode shapes are shown in Figure 5-8. Due to the 𝑥 and 𝑦 

symmetry of the structure, certain modes occur in pairs, of which only one is illustrated. These 

modes cover the frequency range up to 90 Hz and are important for the dynamic response of the 

building in this frequency range. 
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Figure 5-8 Mode shapes of the building with constrained foundation when shell Young’s 

Modulus is 3×1010 N/m2. 

Figure 5-9 shows the displacement level spectrum at points A and B with the building present, as 

well as the contributions to this from the free field result and from the equivalent forces due to 

the building. There are 100 frequency points on a logarithmic scale ranging from 1 Hz to 100 Hz. 

The vibration level (in dB re 10-12 m/N) in the free field is approximately constant for frequencies 

up to about 30 Hz, before dropping at higher frequencies due to the soil damping, whereas the 

vibration induced by the reaction forces is substantially lower in the low frequency region. There 

is a peak at about 40-80 Hz in the response due to the equivalent forces, which reduces the 

vibration relative to the free field level. Although there is also a peak at approximately 30 Hz, its 

low amplitude does not significantly impact the final total response on the ground. The peak at 

around 40 Hz, corresponds to the 10th mode and 11th mode that are related to the floor moving 

vertically. The peak value at around 60 Hz is related to 14th and 15th mode. The trends at points A 

and B are similar. 
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(a) (b) 

Figure 5-9 Displacement level of ground in vertical direction (dB ref=10-12 m/N) at (a) point A and 

(b) point B. 

Figure 5-10 shows the vertical displacement level (in dB re 10-12 m/N) at the receiver points behind 

the building in comparison with the corresponding result for the free field case at specific 

frequencies corresponding to the building natural frequencies. The ground response is plotted 

with and without the building present. The difference between these two cases (i.e., the IL due to 

the building) is also shown. When the frequency is low, the building's fundamental modes that do 

not include vertical floor movement have minimal impact on ground vibration, resulting in the IL 

being close to zero at lower frequencies. The IL at the 10th and 11th modal frequencies is larger 

than others, corresponding to the modes with vertical floor vibration. 
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(a) (b) 

Figure 5-10 Displacement level and insertion loss at mode frequencies (dB ref=10-12 m/N) at (a) 

point A and (b) point B. 

To verify the relation with the building modes, the Young’s modulus of the shell elements is 

increased from 3×1010 N/m2 to 5×1010 N/m2. The modes for the new building structure are shown 

in Figure 5-11. The corresponding frequencies for all modes are increased by up to 16%. 
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Figure 5-11 Mode shapes of the building with constrained foundation when shell Young’s 

Modulus is increased to 5×1010 N/m2. 

When the Young’s Modulus of the shell is increased to 5×1010 N/m2, the vertical displacement 

level (in dB re 10-12 m/N) at the receiver points behind the building in comparison with the 

corresponding result for the free field case is shown in Figure 5-12. The larger IL values still 

correspond to the vertical floor movement modes, including the 10th, 11th, and 20th modes, 

indicating that these modes significantly influence ground vibration mitigation. Similar results 

were observed at points A and B. 
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Figure 5-12 Displacement level and insertion loss at mode frequencies (dB ref=10-12 m/N) at (a) 

point A and (b) point B when shell Young’s Modulus is increased to 5×1010 N/m2. 

5.4.3 Parametric study 

Focusing on points A and B identified in Figure 5-5, a parametric study is conducted in which the 

number of storeys and the span length are varied. The results are shown as a bubble plot of IL in 

Figure 5-13. The bubble size represents the peak IL value. The colour of each bubble identifies the 

frequency corresponding to the peak value. The 𝑥-axis represents the number of storeys, which 

ranges from 1 to 6. The 𝑦 axis means the span length, which increases in steps of 0.5 m from 3 m 

to 6 m. 100 frequency samples are investigated, ranging from 1 Hz to 100 Hz. From Figure 5-13, 

the bubble size generally increases from the bottom left to top right (excluding some cases, such 

as 2-storey building with 4 m span length), while the colour changes from red to blue. If the 

number of building storeys is larger than five, while the span length is over 5 m, the IL value 

becomes smaller again. It can be concluded that as the number of storeys and span length rise, 

the IL value also increased, but the corresponding frequencies decreased. 
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Figure 5-13 Result of parametric study for different span length and the number storeys (a) 

Insertion loss at point A (b) insertion loss at point B. 

The spectral results for the ground response with different size of building are shown in Figure 

5-14. Since the building primarily influences the frequency band above 10 Hz, the figures display 

frequencies ranging from 10 Hz to 100 Hz. There are two different single-span buildings, one with 

a single storey and the other with six storeys, both with the same span length of 4.2 m. There is a 

significant trend indicating that when a building has six storeys, the peak value of the building-

induced equivalent response occurs at a lower frequency compared with the results for a one-

storey building. The number of building storeys influences the frequency response of building-

induced vibration, which in turn affects the frequency band for ground vibration mitigation. It can 

be observed that when the six-storey building with more mass is located along the transmission 

path, the frequency peak value is lower, which affects ground vibration at lower frequencies. 
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(c) (d) 

Figure 5-14 The spectral results for the ground response behind the (a) one-storey building and 

the (b) six-storey building at point A and (c) one-storey building and the (d) six-storey building at 

point B. 

The spectral IL results are shown in Figure 5-14. These results are derived from narrowband 

frequency samples. Compared to a one-storey building, a six-storey building, which has a greater 

mass, tends to have a peak value at lower frequencies. These lower frequencies, corresponding 

to the building's modal frequency, significantly influence the ground. Therefore, a higher number 

of building storeys tends to affect the ground behind the building at lower frequencies. 
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Figure 5-15 Spectral IL values for different number of storeys at point A and point B. 

The contours of the IL from the ground behind the building with varying number of storeys are 

shown in Figure 5-16. The IL values are calculated from the difference in overall ground velocity 

level with/without the building evaluated over the range 1-80 Hz, so the IL values are generally 

lower than those at narrow band frequencies. The building's span length is 4.2 m, consistent with 

the dimensions in Figure 5-5. The results show that there is a significant vibration mitigation 

effects directly behind the pile locations. When the building has fewer storeys and therefore less 

mass, a notable vibration amplification zone with negative IL values appears just beneath the 

span on the ground. Conversely, as the number of building storeys increases and the building 

mass becomes greater, the IL values increase, leading to more effective ground vibration 

mitigation. 
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(a) (b) 

  

(c) (d) 

  

(e) (f) 

Figure 5-16 Contours of the ground IL calculated from the difference in overall ground velocity 

level with/without building evaluated over the range 1-80 Hz behind a building with varying storeys: 

(a) one storey, (b) two storeys, (c) three storeys, (d) four storeys, (e) five storeys, and (f) six storeys. 
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5.4.4 Overall ground response and comparison with pile group model 

In this section, the ground response and IL results are compared for two cases: one involves the 

building supported by four piles located directly in the transmission path, and the other consists 

of the same four piles embedded in the ground without any superstructure. The dimensions of 

the building are the same as those introduced in Section 5.2. 

5.4.4.1 Spectrum results for specific point 

A specific receiver point on the centreline is selected to demonstrate the spectral results. This 

receiver point is 28 m away from the load location, which is means it is 3.8 m away from the 

building as the building span length is 4.2 m. The ground velocity response and IL value for the 

two cases are shown in Figure 5-17. The dimensions of the building and foundation are identical 

to those described in Section 5.4.1. The four-pile case includes four piles of the same dimensions 

as the piled foundation building, but without any upper structure.  
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Figure 5-17 The spectrum results at specific point on the centreline which is 28 m away from the 

load (a) the ground velocity level and (b) IL results. 

At this specific receiver point located on the centreline behind the structure and 28 m away from 

the load, the ground velocity response increases and then stabilizes as the frequency rises. This 

corresponds to the constant displacement at low frequencies, falling at higher frequencies, see 

Figure 5-9. The only minor differences in ground response between the pile foundation building 

and the pile group case, compared to the free-field response, occur in the frequency bands above 

25 Hz. In the IL spectrum results, the largest IL values from both the building case and the pile 

group case occur above 25 Hz. The building provides more vibration mitigation, as evidenced by 

larger IL values compared with the pile group case. 
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5.4.4.2 Ground response on centreline behind the building 

The ground response and the IL results on the centreline from the building case and pile group 

case are summarised in Figure 5-18 in terms of the overall velocity level for a unit load. All the 

receiver results are located on the centreline. Generally, as the distance between the load and 

the receiver point increases, the free-field response level and the ground response level for the 

two cases involving a structure in the transmission path decrease. Focusing on the IL results, 

when the piled foundation building is located in the transmission path, the IL values are 

significantly higher close to the building. In the case of the pile group, the IL values are negative 

in the near field along the centreline, indicating that the ground response influenced by the pile 

group may be amplified. In the far field, the IL values for the pile group case are larger. However, 

the amplitude of the ground response in the far field is not as large as in the near field. 
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Figure 5-18 The overall results from all frequencies on the centreline receiver points (a) the 

ground velocity level (reference value is 1×10-9 m/s) and (b) IL results. 

5.4.4.3 Overall insertion loss contour 

A contour plot of the overall IL value is depicted in Figure 5-19. It is calculated by summing the 

velocity levels with and without the building in all one-third octave bands ranging from 1 Hz to 

80 Hz and then taking the level difference. The calculation method is based on Eqs.(3-36) to (3-38). 

The region covered by these plots is larger than shown in Figure 5-6. The main difference between 

the two contours is in the near field. When the building is situated in the transmission path, the 

near field contour pattern is less regular compared with the pile group. In the middle of the 

building span, the ground vibration is still significantly mitigated, unlike in the pile group case 

where the ground vibration may be amplified. For the case involving only the pile group, the zone 

of greatest vibration mitigation is located directly behind each pile. 
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(a) (b) 

Figure 5-19 The overall IL contour for the (a) pile foundation building and (b) pile group with same 

dimensions located between the load and receiver points. 

5.4.4.4 Average insertion loss results 

The average ground velocity level and corresponding IL value from all receiver points positioned 

at identical distances from the load, are shown in Figure 5-20. The calculation method is based 

on Eqs. (3-39) to (3-41). For the average ground velocity response, an increase in distance from 

the load corresponds with a decrease in ground response, similar to Figure 5-18. If the piled 

foundation building or the pile group is situated in the transmission path between the load and 

receiver points, the ground response is further reduced. The IL results, particularly in the near 

field zone, indicate that the building generates greater average vibration mitigation effects than 

the pile group. However, when the distance between the load and the receiver points exceeds 

approximately 35 m, the IL due to the piled building and the pile group become similar. Thus, in 

terms of this average vibration across the width, the building upper structure mainly influences 

the ground vibration in the near field close to the building location. The upper part of the building 

enhances the ground vibration mitigation effects in the near field. However, in the far field over 

34 m away from the load, the upper part of the building has negligible additional effect on the 

ground vibration response. 
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Figure 5-20 The average results from all the receiver points at the same distance away from the 

load (a) the ground velocity level and (b) IL results. 

5.5 Summary 

The ground vibration behind a building induced by a fixed unit load can be calculated using a 

semi-analytical model. This model is based on an FE model of the building and the dynamic 

stiffness matrix method to simulate the ground. Because this model does not require meshing of 

the soil, it offers advantages over the finite element method, particularly in calculating the high 

frequency surface responses over large distances. The equivalent forces are calculated at the 

coupled nodes between the foundation piles and the soil. This model is linear in the frequency-

wavenumber domain and can calculate the free-field ground response, equivalent load induced 

ground response, as well as the total response. Based on the calculation results for the case 

study, some conclusions can be drawn. 

From the IL spectrum from some specific receiver points, it is clear that the presence of a piled 

building leads to a mitigation in the ground vibration response under a fixed load. There are 

differences in the ground response behind the building at different frequencies. In particular, for 

the building considered, the ground response is more significantly suppressed in the frequency 

range 40-80 Hz, which is related to the building modes. 

It is shown that the vibration of the ground may be significantly affected by the building's modes, 

especially those that include vertical movement of the floors. This may alter the vibration in the 

specific frequency region corresponding to these modes. 

The number of building storeys influences both the frequency response of building-induced 

vibration and the frequency band for ground vibration mitigation. A greater number of storeys 

results in a reduction in the affected frequency region compared with buildings with fewer storeys. 



Chapter 5 

118 

Comparative analysis of the piled foundation building and a similarly dimensioned pile group 

model allows for an investigation into the influence of the upper structure. Analysis of the ground 

response spectrum, IL values, and the ground contour behind the structure indicates that the 

upper building predominantly affects higher frequencies, specifically those above 30 Hz, and 

primarily influences the zone close to the structure's location. Although low-frequency modes 

contain more energy, their modal movement is predominantly horizontal. Therefore, they do not 

significantly influence the vertical response of the ground. 
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Chapter 6 Excitation by an underground railway 

In this chapter, the investigation focuses on the ground response behind a building with a piled 

foundation when subjected to excitation from an underground railway. To calculate the ground 

response induced by underground railways, an established semi-analytical model based on 

MOTIV [7, 8] is used. The method for including the tunnel is developed based on the modelling 

strategy in [227] which couples the train, track, tunnel and soil. It is assumed that the near field 

displacement of the tunnel is not influenced by the existence of a building or the presence of the 

ground surface. The model is linear, i.e., all mechanical behaviour is assumed to be within the 

elastic range, allowing the calculations to be performed in the frequency-wavenumber domain. 

An inverse Fourier transform is used to obtain results in the frequency-spatial domain. 

6.1 Methodology 

As before, the displacement 𝐔̂ at a receiver point can be divided into two parts, in this case the 

free field response induced by the underground railway, and the ground response caused by the 

equivalent forces at coupled nodes of the building pile foundation. The calculation procedure 

follows the same steps as outlined in Chapter 5. 

The free-field response 𝐔̂0 induced by the underground railway can be calculated by the MOTIV 

software. In the MOTIV software, there are four sub models: the train model, track model, tunnel 

model, and ground model. Additionally, the building model, as introduced in Chapter 5, serves as 

another sub-model. 

6.1.1 Sub-model description 

In this section, the train-track sub-model and tunnel-ground sub-model are introduced. These 

two sub-models are integral components of the MOTIV Matlab toolbox. The interaction between 

the train and the track is considered; however, it is assumed that the tunnel and building 

structures do not influence the train-track dynamic interaction. This model assumes a weak 

coupling between the railway tunnel and the building structure. This assumption has been 

validated by Coulier et al. [228] for situations where the distance between the building and the 

tunnel exceeds the compressional wavelength. 

6.1.1.1 Train-track model 

It is assumed that the train is stationary and excited by a “moving roughness”. The dynamic 

equation of the train is given by 
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 −𝜔2𝐌𝐮̃T(𝜔) + 𝐊𝐮̃T(𝜔) = −𝐁𝐏̃(𝜔) (6-1) 

where 𝐌  is the mass matrix of the train, 𝐊  is its stiffness matrix, 𝐁  is a construction matrix 

consisting of zeros and ones to build different suspension system train matrices, and 𝒖̃T is the 

displacement vector of the train. Construction matrix 𝐁 is used to reduce the matrices down to 

the DOFs at the wheel/rail contacts. 𝐏̃(𝜔) is the vector of vertical forces between the wheelsets 

and the rail in the frequency domain and it is denoted by 𝐏̃(ω) = {𝑃̃1(ω), 𝑃̃2(ω),… , 𝑃̃𝑙(ω)}T. The 

minus sign is due to the fact that the force acts in the opposite direction on the vehicle to that 

acting on the ground. 

The receptance matrix of the train can be denoted by 

 𝐑̂T(𝜔) = (𝐊 − 𝜔
2𝐌)−1𝐁 (6-2) 

Thus, the displacement of the train 𝐮̃T can be obtained by the receptance for the train DOFs: 

 𝐮̃T(𝜔) = −𝐑̂T(𝜔)𝐏̃(𝜔) (6-3) 

As the wheelset displacement is part of the train, it can be written as 

 𝐮̃W(𝜔) = 𝐀𝐮̃T(𝜔) (6-4) 

where 𝐀 is a matrix determined by the train type, 𝐀 = 𝐁T. Eq. (6-4) gives 

 𝐑̂W(𝜔) = 𝐀𝐑̂T(𝜔) = 𝐀(𝐊 −𝜔
2𝐌)−1𝐁 (6-5) 

Similarly, the rail receptance matrix 𝐑̂R(ω) can also be used to calculate the rail displacement 

induced by the contact forces: 

 𝐮̃R(𝜔) = 𝐑̂R(𝜔)𝐏̃(𝜔) (6-6) 

where 

 𝐑̂R = (
𝜎11
R … 𝜎1𝑁

R

⋮ ⋱ ⋮
𝜎𝑁1
R ⋯ 𝜎𝑁𝑁

R
) (6-7) 

where 𝑁 means the number of axles in the train. σ𝑗𝑘
R  means the rail receptance at the 𝑗-th wheel-

rail contact point induced by a unit load at 𝑘-th wheel-rail point. The receptance of the rail 𝐑̂R(ω) 

is determined from the track and tunnel properties. 

For a slab track, the dynamic equation of the rail represented as an Euler-Bernoulli beam is 



Chapter 6 

121 

 𝐸R𝐼R
∂4𝑢R
∂𝑥4

+𝑚𝑅

∂2𝑢R
∂𝑡2

+ 𝑘P(𝑢R − 𝑢S) = 𝑃0e
iω𝑡δ(𝑥) (6-8) 

where 𝐸R𝐼R is the bending stiffness of the rail, 𝑚𝑅 is the mass of the rails per unit length, 𝑘P is the 

stiffness of the fasteners/pads, and 𝑢S is the displacement of the slab. Both rails are assumed to 

vibrate together in phase so these parameters represent two rails. The slab is also represented 

by the Euler-Bernoulli beam model. The dynamic equation of the slab is 

 𝐸S𝐼S
∂4𝑢S
∂𝑥4

+𝑚S

∂2𝑢S
∂𝑡2

+ 𝑘P(𝑢S − 𝑢R) + 𝑘C(𝑢S − 𝑢G) = 0 (6-9) 

where 𝐸S𝐼S is the bending stiffness of the slab, 𝑚S is the mass of the slab per unit length, 𝑘C is the 

contact stiffness of the slab-ground interaction, and 𝑢G is the displacement of the ground. The 

equations can be solved in the frequency-wavenumber domain, refer to [26]. 

The displacement vector of the rail at the wheel-rail contact points is denoted by 

 𝐮̃R(𝜔) = {𝑢̃R1(𝜔), 𝑢̃R2(𝜔),… , 𝑢̃R𝑁(𝜔)}
T (6-10) 

The wheels and rails are coupled through a contact spring and excited by the unevenness. Based 

on Ref. [229], the contact forces can be found from 

 [𝐑̂w(𝜔) + 𝐑̂R(ω) + 𝐑H]𝐏̃(𝜔) = −𝐳̃(𝜔) (6-11) 

where 𝐑H represents the receptance of the linearised wheel-rail contact spring, given by 𝐑H =

diag (
1

𝑘𝐻
) where 𝑘𝐻 is the wheel-rail contact stiffness. 𝒛̃(ω) is a vector containing the unevenness 

of the rail at each contact point. The dynamic axle load for different positions can be calculated: 

 𝐏̃(𝜔) = [𝑃̃1(𝜔)𝑒
𝑖𝛽𝑥1 ⋯ 𝑃̃𝑙(𝜔)𝑒

𝑖𝛽𝑥𝑙] (6-12) 

where 𝑃̃𝑙(𝜔) means the dynamic axle load at the 𝑙-th wheelset of the train, and 𝑥𝑙 is the position 

of the 𝑙-th wheelset of the train. 

 

6.1.1.2 Tunnel-ground model 

In this section a tunnel is introduced within the half-space soil. It is assumed that the 

underground railway only induces the dynamic component of vibration and that the quasi-static 

component from the moving axle loads can be neglected, as it only influences the response in the 

lower frequency bands and does not propagate away from the tunnel [85]. 
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The tunnel is simulated by using the Pipe-in-Pipe model (PiP model) [35]. In this model, a thick-

wall cylindrical shell is embedded in a full space ground. This model is part of MOTIV. For clarity, 

the equations are reformulated here using a notation consistent with the rest of thesis. 

The wave equation governing motion in a three-dimensional, homogeneous, isotropic, elastic 

solid medium is derived from [230]: 

 (λ + 𝜇)∇∇ ⋅ 𝐮 + 𝜇∇2𝐮 + 𝜌𝐟 = 𝜌
∂2𝐮

∂𝑡2
 (6-13) 

where 𝐮 is the displacement vector, 𝐟 is the force vector, 𝜌 is the density of the material, 𝜆 and 𝜇 

are Lamé constants, and ∇ is gradient operator, ∇= ∂

∂𝑥
𝑖 +

∂

∂𝑦
𝑗 +

∂

∂𝑧
𝑘⃗⃗. 

Based on the Helmholtz decomposition theorem, the wave can be solved by using the scalar and 

vector potentials: 

 𝐮 = ∇𝜙 + ∇ × 𝐇 (6-14) 

where 𝐇 = [𝐻𝑟, 𝐻𝜃, 𝐻𝑧]𝑻. In cylindrical coordinate, the Laplacians are 

 ∇2𝜙 =
1

𝑐𝑝
2

𝜕2𝜙

𝜕𝑡2
=
1

𝑟

∂𝜙

∂𝑟
+
∂2𝜙

∂𝑟2
+
1

𝑟2
∂2𝜙

∂𝜃2
+
∂2𝜙

∂𝑧2
 (6-15) 

 ∇2𝐇 =
1

𝑐𝑠
2

𝜕2𝐇

𝜕𝑡2
= (∇2𝐻𝑟 −

𝐻𝑟
𝑟2
−
2

𝑟2
∂𝐻θ
∂θ

) 𝐫⃗ + (∇2𝐻θ −
𝐻θ
𝑟2
∂𝐻𝑟
∂θ

) 𝛉⃗⃗⃗ + (∇2𝐻𝑧)𝐳⃗ (6-16) 

where 𝑐𝑝 = √
λ+2μ

ρ
 is the compression wave velocity, 𝑐𝑠 = √

μ

ρ
 is the shear wave velocity. 

From Eq. (6-14), the displacement components can be written as 

 𝑢𝑟 =
∂𝜙

∂𝑟
+
1

𝑟

∂𝐻𝑧
∂𝜃

−
∂𝐻θ
∂𝑧

 (6-17) 

 𝑢θ =
1

𝑟

∂𝜙

∂𝜃
+
∂𝐻𝑟
∂𝑧

−
∂𝐻𝑧
∂𝑟

 (6-18) 

 𝑢𝑧 =
∂𝜙

∂𝑧
+
1

𝑟

∂(𝑟𝐻θ)

∂𝑟
−
1

𝑟

∂𝐻𝑟
∂𝜃

 (6-19) 

To solve Eqs (6-17) to (6-19), the harmonic solutions are considered 

 𝜙 = 𝑓(𝑟)cos(𝑛𝜃)ei𝜔𝑡ei𝛽𝑥 (6-20) 

 𝐻𝑟 = 𝑔̆𝑟(𝑟)sin(𝑛𝜃)e
i𝜔𝑡ei𝛽𝑥 (6-21) 

 𝐻𝜃 = 𝑔̆𝜃(𝑟)cos(𝑛𝜃)e
i𝜔𝑡ei𝛽𝑥 (6-22) 
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 𝐻𝑧 = 𝑔̆𝑧(𝑟)sin(𝑛𝜃)e
i𝜔𝑡ei𝛽𝑥 (6-23) 

where 𝑛 is the circumferential mode number, 𝑟 is the radius. 

Considering Eqs. (6-15) and (6-16), Eqs. (6-20) to (6-23), the components of 𝐇 and 𝜙 are followed 

from the following differential equations: 

 𝑟2
∂2𝑓

∂𝑟2
+ 𝑟

∂𝑓

∂𝑟
− [(𝛽2 −

𝜔2

𝑐1
2)𝑟

2 + 𝑛2] 𝑓 = 0 (6-24) 

 𝑟2
∂2𝑔̆𝑟
∂𝑟2

+ 𝑟
∂𝑔̆𝑟
∂𝑟

− [(𝛽2 −
𝜔2

𝑐2
2)𝑟

2 + (𝑛 + 1)2] 𝑔̆𝑟 = 0 (6-25) 

 𝑟2
∂2𝑔𝑧
∂𝑟2

+ 𝑟
∂𝑔𝑧
∂𝑟

− [(𝛽2 −
𝜔2

𝑐2
2)𝑟

2 + 𝑛2] 𝑔̆𝑧 = 0 (6-26) 

where 𝑛 is the circumferential mode number, and it is corresponding to the order of modified 

Bessel functions. 

The solutions of these equations based on modified Bessel functions are 

 𝑓 = 𝐴𝐼𝑛(𝑎𝑟) + 𝐵𝐾𝑛(𝑎𝑟) (6-27) 

 𝑔̆𝑟 = −𝑔̆θ = 𝐴𝑟𝐼𝑛+1(𝑏𝑟) + 𝐵𝑟𝐾𝑛+1(𝑏𝑟) (6-28) 

 𝑔̆𝑧 = 𝐴𝑧𝐼𝑛(𝑏𝑟) + 𝐵𝑧𝐾𝑛(𝑏𝑟) (6-29) 

where 𝑎2 = 𝛽2 −𝜔2/𝑐12 and 𝑏2 = 𝛽2 −𝜔2/𝑐22. 𝐼𝑛 is the modified Bessel function of the first kind. 

𝐾𝑛 is the modified Bessel function of the second kind. 

Thus, based on Eqs. (6-20) to (6-23), the displacement in Eqs. (6-17) to (6-19) can be written as 

 𝑢𝑟 = [
∂𝑓

∂𝑟
+
𝑛

𝑟
𝑔̆𝑧 + 𝑖β𝑔̆𝑟] cos(𝑛θ) e

iω𝑡eiβ𝑥 (6-30) 

 𝑢θ = [−
𝑛

𝑟
𝑓 + 𝑖β𝑔̆𝑟 −

∂𝑔̆𝑧
∂𝑟
] sin(𝑛θ)𝑒iω𝑡𝑒iβ𝑥 (6-31) 

 𝑢𝑧 = [𝑖β𝑓 −
(𝑛 + 1)

𝑟
𝑔̆𝑟 −

∂𝑔̆𝑟
∂𝑟
] cos(𝑛θ) eiω𝑡eiβ𝑥 (6-32) 

Based on the properties of the derivative of the Bessel functions:  

 𝐼′𝑛(𝑧) =
𝑛

𝑧
𝐼𝑛(𝑧) + 𝐼𝑛+1(𝑧) (6-33) 

 𝐾′𝑛(𝑧) =
𝑛

𝑧
𝐾𝑛(𝑧) − 𝐾𝑛+1(𝑧) (6-34) 
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 𝐼′𝑛(𝑧) = 𝐼𝑛−1(𝑧) −
𝑛

𝑧
𝐼𝑛(𝑧) (6-35) 

 𝐾′𝑛(𝑧) = −𝐾𝑛−1(𝑧) −
𝑛

𝑧
𝐾𝑛(𝑧) (6-36) 

The Eqs. (6-30) to (6-32) can be written as 

 𝐮 = 𝐒𝐔̆𝐂̆eiω𝑡eiβ𝑥 (6-37) 

where 𝐮  is the vector of the displacement, 𝐮 = [𝑢𝑟 𝑢𝜃 𝑢𝑧]𝑇 . 𝐂̆  is the vector of coefficients 

which can be determined by the boundary conditions, 𝐂̆ = [𝐴 𝐵 𝐴𝑟 𝐵𝑟 𝐴𝑧 𝐵𝑧]
T. 𝐔̆ is the 

displacement coefficient matrix, the details of which are summarised in Appendix B. 𝐒 is the 

trigonometric functions matrix: 

 𝐒 = [

cos(𝑛𝜃)   
 sin(𝑛𝜃)  
  cos(𝑛𝜃)

] (6-38) 

Based on the general stress-strain relation of Hooke’s law, the stress can be calculated in a 

similar way. More details of calculation steps about the stress can be found in Ref. [35] and [227]. 

 𝛕 = [
𝐒  
 𝐒

] 𝐓̆𝐂̆ei𝜔𝑡ei𝛽𝑥 (6-39) 

where 𝛕 = [𝜏𝑟𝑟 , 𝜏𝑟𝜃 𝜏𝑟𝑧 𝜏𝜃𝜃 𝜏𝜃𝑧 𝜏𝑧𝑧]𝑇 . 𝐓̆  is the stress coefficient matrix, the details of 

which can be found in Appendix B. 

Therefore, based on the PiP model, the displacement and traction in the frequency-wavenumber 

domain and decomposed in the circumferential direction can be represented as  

 𝐮̆ = 𝐔̆𝐂̆ (6-40) 

and 

 𝛕̆ = 𝐓̆𝐂̆ (6-41) 

For a unit load applied on the tunnel invert, it can be construed as the uniform normal stress acing 

on a unit area, as shown in Figure 6-1. 
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(a) (b) 

Figure 6-1 (a) A unit load acting on the infinitely long tunnel invert can be construed as (b) the 

uniform normal stress acting on the unit rectangular area [35]. 

The load applied on the tunnel can be represented as: 

 𝐏 =
1

𝑎
δ(𝑥)δ(𝜃)δ(𝑟 − 𝑎)𝐄ei𝜔𝑡ei𝛽𝑥 (6-42) 

where 𝐏 = [𝑝𝑟 𝑝𝜃 𝑝𝑥]𝑇 is the load vector. 𝑎 is the inner radius of the tunnel. 𝐄 = [1 0 0]𝑇 

represents the load direction. 

Around the circumference, the space-harmonic variation can be represented by the discrete ring 

modes, so, 

 
δ(𝜃)

𝑎
=

1

2π𝑎
+∑

1

π𝑎
cos(𝑛𝜃)

∞

𝑛=1

 (6-43) 

Thus, the load in the frequency-wavenumber domain in one particular circumferential mode can 

be represented as 

 𝑝̆𝑟 = {
1 2𝜋𝑎, 𝑛 = 0⁄

1 𝜋𝑎, 𝑛 ≠ 0⁄
, 𝑝̆θ = 0, 𝑝̆𝑥 = 0 (6-44) 

6.1.2 Calculation process 

To calculate the train-induced ground responses influenced by a building located in the 

transmission path, the following steps are undertaken. 

In the first step, the displacement of a tunnel embedded in a full-space due to a vertical load at 

the tunnel invert is computed. The assumption that the tunnel is embedded in a full space allows 

a fast evaluation of the displacement at the tunnel-soil interface using the PiP model [36]. The 

boundary conditions of the PiP model are shown in Figure 6-2 (a). At the tunnel-soil interface, the 

displacement compatibility requires 
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 𝐮̆T2 = 𝐮̆F (6-45) 

where 𝐮̆ = [𝑢̆𝑟 𝑢̆𝜃 𝑢̆𝑥]
𝑻, subscript T2 indicates the external radius of the tunnel, subscript F 

means the full space with a cylindrical cavity. 

The traction equilibrium can be determined as 

 𝛕̆T2 + 𝛕̆F = 𝟎 (6-46) 

where 𝛕̆ = [𝜏̆𝑟𝑟 𝜏̆𝑟𝜃 𝜏̆𝑟𝑥]
𝑻. 

Based on Eq. (6-40) and Eq. (6-41), the displacement and traction equilibrium in Eq. (6-45) and 

Eq. (6-46) can be written as: 

 𝐔̆T2𝐂̆T = 𝐔̆F𝐂̆F (6-47) 

 𝐓̆T2𝐂̆T − 𝐓̆F𝐂̆F = 𝟎 (6-48) 

where subscript T means the tunnel, subscript 2 means the external tunnel radius. For the case 

of tunnel internal and external radius, i.e. the subscript is T1 or T2, the traction 𝛕 =

[𝜏𝑟𝑟 𝜏𝑟𝜃 𝜏𝑟𝑥]T , so the stress matrices 𝐓  is the top half of the stress matrix in Appendix B. 

Therefore, the displacement and stress matrix 𝐔 and 𝐓 are 3×6 matrices. For the full space case, 

i.e. the subscript is F, the matrix associated with the modified Bessel function 𝐼𝑛(𝑟)should be 

omitted due to the boundary condition, which states that the displacement at a large radius 

should approach zero [42]. Thus, the size of 𝐔F  and 𝐓F  are reduced to 3×3, the size of 𝐂F  is 

reduced to 3×1. 

Based on Eq. (6-47) and Eq. (6-48), the equation can be represented as 

 (𝐓̆T2 − 𝐓̆F𝐔̆F
−1𝐔̆T2)𝐂̆T = 𝟎 (6-49) 

Based on Eq. (6-41), the traction at the internal tunnel radius can be written as: 

 𝛕̆T1 = −𝐓̆T1𝐂̆T (6-50) 

where subscript T means the tunnel structure, subscript 1 means the internal radius. 

Combining Eq. (6-49) and Eq. (6-50), the following expression is obtained: 

 [
−𝐓̆T1

𝐓̆T2 − 𝐓̆F𝐔̆F
−1𝐔̆T2

] 𝐂̆T = [
𝛕̆T1
𝟎
] (6-51) 

The displacement at tunnel-soil interface can be calculated by: 
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 𝐮̆T2 = 𝐔̆T2 [
−𝐓̆T1

𝐓̆T2 − 𝐓̆F𝐔̆F
−1𝐔̆T2

]

−1

[
𝛕̆T1
𝟎
] (6-52) 

 

  
(a) (b) 

Figure 6-2 (a) Boundary conditions and (b) equivalent forces in PiP model. 

In the second step, a model of a full space (without a tunnel) is considered. A finite number of 

equivalent loads in the full space, that produce the same displacement at the tunnel-soil 

interface as computed in the first step, are determined. The computation of these equivalent 

loads is fast and performed using analytical fundamental solutions for an elastic full space. The 

equivalent loads, depicted in Figure 6-2 (b), are used to replace the traction vector applied in the 

full space. The equivalent loads are seen as representing the tunnel-soil interaction effects. They 

are the forces acting on a full space that give the same response at the boundary position as the 

tunnel. 

Based on the boundary condition that the displacement is equal for the cylinder and full space at 

the interface, it can be denoted as 

 𝐮̆C = 𝐮̆F = 𝐮̆T2 (6-53) 

where the subscript C means the solid cylinder and subscript F means the full space. 

The traction vector 𝛕̆ applied in the full space can be calculated by: 

 𝛕̆ − 𝛕̆C − 𝛕̆F = 0 (6-54) 

Thus, the traction vector applied in full space can be calculated based on the displacement at 

tunnel-soil interface calculated from Eq. (6-52). 
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 𝛕̆ = (𝐓̆C𝐔̆𝐶
−1 − 𝐓̆F𝐔̆𝐹

−1)𝐮̆T2 (6-55) 

A set of equivalent loads is applied to represent the traction vector. The equivalent load for the 

tunnel in the half-space is 

 𝐓̃̃𝑗 = ∫ 𝑁𝑗(𝜃)
2𝜋

0

𝛕̆dθ (6-56) 

where 𝑁𝑗(𝜃) is the shape function of the tunnel. More details can be found in Ref. [227]. 

In the third step, the track is coupled to the tunnel using the equilibrium of displacements 

between the tunnel invert and the track. The equivalent loads between the slab track and tunnel 

are calculated for the train running on the rails with unit amplitude unevenness for all frequencies 

(wavelengths) [36]. The model is based on the sub-model described in Section 6.1.1.1. In this 

model, it is assumed that there is a continuous resilient layer between the slab beam and the 

tunnel invert. For a rigid slab the resilient layer is made very stiff. The contact force normal to the 

interface between the invert and the tunnel wall can be obtained. The details can be found in Ref. 

[36]. The sketch of the track model in the MOTIV is shown in Figure 6-3. 

 

Figure 6-3 Sketch of the track model in MOTIV: coupling of wheel, track and invert. 

Thus, the equivalent force representing the tunnel in a full-space in frequency-wavenumber 

domain is 
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 𝐅̃̃𝑗 = 𝐓̃̃𝑗𝐇̃̃ (6-57) 

where 𝐓̃̃𝑗 represents the equivalent load induced by a unit load applied in the tunnel, which can 

be obtained from Eq. (6-56). 𝐇̃̃ is the contact force normal to the interface between the invert and 

the tunnel wall. 

In the fourth step, a model of a multi-layered half-space (without a tunnel) is considered. The half-

space layered soil model introduced in Section 3.5 is used to replace the full space in the second 

step, which means the equivalent forces are applied in the layered soil. The equivalent loads from 

the third step are multiplied by Green's functions of the multi-layered half-space. These Green's 

functions are evaluated numerically by means of the dynamic stiffness method [44]. 

The ground response at the selected point induced by the equivalent loads at tunnel 

circumference position can be calculated as follows: 

 𝐮̃̃1 =∑𝐅̃̃𝑗𝐇̃̃
𝐺

𝑁

𝑗=1

 (6-58) 

where 𝐇̃̃𝐺means the displacement for the layered soil model induced by the unit load at point 𝑗. 

𝐅̃̃𝑗 means the equivalent force calculated from the third step. 𝑁 is the number of equivalent loads 

at tunnel-soil interface. 

The wheel-rail interaction force is calculated by the train-track model as indicated in Figure 6-3. 

Based on [229], it is assumed that the wheelset is always in contact with the rail surface. The 

ground response induced by the train load can be calculated from the ground response induced 

by the unit load: 

 𝐮̃̃ = ∑𝐮̃̃1𝑃̃̃𝑗

𝑀

𝑗=1

 (6-59) 

where 𝑀 is the number of train axis. 𝑃̃̃𝑗 means the dynamic axle load at the 𝑗-th wheelset of the 

train in frequency-wavenumber domain. It can be calculated from Eq. (6-11) and Eq. (6-12). 

The ground response can be calculated in the spatial domain by applying the inverse Fourier 

transform from the wavenumber domain: 

 𝐮̂ =
1

4π
∫ ∫ 𝐮̃̃

+∞

−∞

+∞

−∞

ei(𝑘𝑥𝑥+𝑘𝑦𝑦)d𝑘𝑥d𝑘𝑦 (6-60) 
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In the fifth step, the building model is constructed using the FE method. The floors are 

represented by shell elements, and the columns and piled foundation are modelled with beam 

elements. A detailed description of the building model has already introduced in Chapter 5. This 

step is calculated in the spatial domain. In this Chapter, the building size can be determined in 

the same manner as described in Figure 5-5 in Chapter 5. 

In the sixth step, after getting the ground response behind the building from the underground 

railway excitation by a unit roughness, the response under different track roughness can be 

determined. The response of the ground given by the superposition of the unit roughness induced 

ground response at the receiver points is then normalised to the actual rail unevenness. 

6.2 Model parameters 

The parameters used for the train, track, tunnel, and the ground are summarised in this section. 

The frequency range of interest for ground borne vibration is 1–80 Hz. The track structure is 

modelled as multiple infinite beams supported by vertical springs (rail fasteners) to represent a 

slab track. The train vehicles are modelled as 10 DOF multibody systems. The parameters of the 

train and the slab track are given in Table 6-1 and Table 6-2 respectively. In this model, there are 

four carriages present. All the parameters can be found in the SILVARSTAR project report [231]. 

As the focus of this thesis is to investigate the influence of the building on the ground, the same 

parameters are used for the underground and surface trains, which are from an InterCity train. 

The tunnel and the soil parameters are shown in Table 6-3 and Table 6-4 respectively. 
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Table 6-1 The parameters of the train. 

Property Value Unit 

Vehicle length 23 m 

Wheelset distance 2.5 m 

Bogie distance 17 m 

Vehicle body mass 32000 kg 

Vehicle pitching moment of inertia 1.2×106 kgm2 

Bogie mass (without axles) 5000 kg 

Bogie pitching moment of inertia 6000 kgm2 

Wheelset mass 1200 kg 

Static axle load 1.148×105 N 

Contact stiffness (per wheel) 1.13×109 N/m 

Primary suspension stiffness 2.0×106 N/m 

Primary suspension damping 4×104 Ns/m 

Lateral distance between springs 1.8 m 

Secondary suspension stiffness 5×105 N/m 

Secondary suspension damping 3.16×104 Ns/m 
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Table 6-2 The parameters of the track. 

 
Property Value Unit 

Rail UIC 60 (per rail) Bending stiffness 6.42×106 Nm2 

Mass per unit length 60 kg/m 

Damping loss factor 0.01 - 

Rail pad Stiffness 2.5×107 N/m 

Damping loss factor 0.2 - 

Fastener spacing 0.65 m 

Slab Width (at base) 3.4 m 

Height 0.54 m 

Mass per unit length 3720 kg/m 

Bending stiffness 2.33×108 Nm2 

Damping loss factor 0.015 - 

Torsional stiffness 3.39×108 Nm2 

Polar moment of inertia 3086 kgm 

Table 6-3 The parameters of the tunnel structure. 

Parameters Value 

External radius (m) 3.0 

Thickness of tunnel wall (m) 0.3 

Density (kg/m3) 2500 

Young’s modulus (GPa) 50 

Poisson’s ratio 0.3 

Mass per unit length for invert (kg/m) 2500 

Bending stiffness for invert (MNm2) 100 

Loss factor for tunnel and invert 0.02 
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Table 6-4 The parameters of the soil. 

Parameters Value 

Density (kg/m3) 2100 

Young’s modulus (Pa) 3.5×108 

Poisson’s ratio 0.333 

Loss factor 0.1 

Shear wave velocity (m/s) 250 

Compression wave velocity (m/s) 500 

 

The track roughness is the “normal slab track roughness” obtained from the SILVARSTAR report 

[231]. The roughness levels at different wavelengths in one-third octave bands are plotted in 

Figure 6-4. 
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Figure 6-4 The track roughness spectrum. 

6.3 Ground response results 

In this section, two influencing factors are investigated: the train speed and the distance between 

the railway and the building. The location of the railway, building, and the receiver points are 

shown in Figure 6-5. 
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Figure 6-5 The location of the railway, building and receiver points. 

6.3.1 Ground vibration and mitigation effects under different train speeds 

The tunnel in the underground railway model is embedded with its centre at 10 m depth. The piled 

foundation building is located at a horizontal distance of 20 m away from the railway and has the 

same dimensions and properties as the one studied in Chapter 5. The ground response behind 

the building is investigated for different train speeds: 60 km/h, 80 km/h, 100 km/h, 120 km/h and 

140 km/h. 

6.3.1.1 Specific receiver points at specific frequencies 

A receiver point is first selected which is on the centreline behind the building and 28 m away from 

the tunnel centreline (i.e. 3.8 m away from the rear of the building). The free-field velocity level 

and the corresponding ground velocity level response behind the building are shown in Figure 6-6. 

The results are presented in one-third octave bands, with each band consisting of three sample 

frequencies. The spectrum indicates that the ground velocity response increases with frequency, 

regardless of train speed, up to a peak at 50-63 Hz, which corresponds to the P2 resonance [1] of 

the train on the underground railway track. As the train speed increases, the ground response 

level at the peak increases, although the difference is not substantial, only around 3 dB. 
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(a) (b) 

Figure 6-6 The ground response spectrum at 28 m away from the railway on the building 

centreline for an underground railway with different train speeds: (a) the free field ground 

response and (b) the ground response in the presence of the building. 

Taking the level difference between the results with and without the building, the insertion loss 

results at this specific receiver point on the centreline behind the building are obtained as shown 

in Figure 6-7. The spectral results of IL at 10.8 m away from the building (35 m away from the 

railway track) are also shown for comparison. At lower frequency bands, below 10 Hz, the IL 

values from all different speed cases are close to zero. The value of IL rises to a peak between 

16 Hz and 32 Hz and then becomes negative above about 40 Hz. Different train speeds do not 

generate significant differences in the IL. 
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Figure 6-7 The IL result at (a) 28 m away from the railway (3.8 m from near of the building) and (b) 

35 m away from the railway (10.8 m from near of the building) on the building centreline for an 

underground railway at different train speeds. 
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6.3.1.2 Ground response on the centreline behind the building 

In this section the ground velocity level at all the receiver points on the centreline behind the 

building is investigated. The overall ground velocity response without and with the building at 

receiver points on the centreline is shown in Figure 6-8. These results are calculated from the sum 

over all the one-third octave bands from 1 Hz to 80 Hz. The results both with and without the 

building decrease as the distance between the receiver point and the railway increases. As the 

train speed increases, the ground response also increases. 
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Figure 6-8 The results from overall velocity levels include (a) free field response and (b) total 

ground response on the centreline receiver points located behind the building. 

The IL on the centreline obtained from these results is shown in Figure 6-9. In most cases the IL is 

larger than zero, which means the overall ground response is mitigated by the presence of the 

piled building. When the train speed is 140 km/h, the IL value is the largest compared with other 

train speed cases. In general, however there is no significant correlation between the speed of 

the train and the IL value. 
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Figure 6-9 The IL results on the centreline behind the building derived from overall velocity levels. 

 

6.3.1.3 Overall insertion loss contour for underground railway case 

The IL determined from the overall vibration velocity level between 1 Hz and 80 Hz is investigated 

over a region on the ground surface behind the building. The overall response is calculated from 

these results using the equations outlined in Eq. (3-36), Eq. (3-37) and the IL from Eq. (3-38). 

The edges of the region considered are 10 m away from the building's centreline in the direction 

of the train’s movement. Perpendicular to the direction of train movement, the receivers are 

located at distances ranging from 25 m to 44 m from the railway. The rear of the building is 24.2 m 

from the railway. The spacing between each receiver point is 1 m. In total, 420 receiver points 

have been selected for plotting the contour. 

Contour plots of the IL results at all the receiver points are shown in Figure 6-10 for five different 

train speed cases: 60 km/h, 80 km/h, 100 km/h, 120 km/h and 140 km/h. The insertion loss 

contour for all the cases is symmetric with respect to the centreline behind the building. 

Compared with the ground vibration induced by a unit load on the ground surface, shown in Figure 

5-19, the pattern generated by the train loads appears more complex. 
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(a) (b) 

  
(c) (d) 

(e)    

Figure 6-10 The overall IL contour on the ground behind the piled building when the excitation 

underground train speed is (a) 60 km/h (b) 80 km/h (c) 100 km/h (d) 120 km/h and (e) 140 km/h. 

6.3.1.4 Average results for different underground railway train speed cases 

The average results from all the receiver points at the same distance away from the railway are 

shown in Figure 6-11. These are evaluated using Eq. (3-39) to Eq. (3-41). For both the free-field 

ground velocity response and the response with the building, an increase in train speed results in 
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a corresponding rise in the overall ground response. However, the increase in ground vibration is 

not significant when the train speed reaches 120 km/h and 140 km/h. 
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Figure 6-11 The average (a) free field ground response level and (b) ground response level with 

the building under different underground train speeds, average calculated over ±10 m width. 

The average IL results calculated from these results are shown in Figure 6-12. For all the cases, 

the IL value is between 0 and 2 dB. The IL results do not vary significantly with train speed. As the 

distance from the railway increases, the regions of amplification may occur at different locations. 

It can be because the spectrum shape differs but the shape in Figure 6-6 does not change that 

much. 
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Figure 6-12 The average IL calculated from overall velocity levels averaged over ±10 m width 

under different underground train speeds. 

6.3.2 Ground vibration and mitigation effects for different distances between railway 

and building 

The distance between the underground railway and the building can influence the ground 

vibration when a piled foundation building is situated in the transmission path. In this section, five 

different distances between the railway and the building are investigated: 10 m, 15 m, 20 m, 25 m, 

and 30 m. The train speed is maintained at 100 km/h for all cases and the tunnel depth is 10 m. 

6.3.2.1 The results at 3.8 m away from the building on the centreline 

The spectrum of the ground velocity level and the IL results at one specific receiver point on the 

centreline is investigated first. The receiver point is 3.8 m away from the rear of the building in 

each case. The results are shown in Figure 6-13. The results for a 20 m distance between the 

railway and the building are consistent with those in Figure 6-7 when the train speed is 100 km/h. 

It can be observed that at this specific receiver point, varying distance between the railway and 

the building does not significantly affect the ground vibration at lower frequencies, such as below 

16 Hz. Typically, when the distance between the railway and the building is reduced, the ground 

vibration intensifies at frequencies above 16 Hz. For the IL results, at frequencies below 10 Hz, 

the IL is close to zero. Different distances between the railway and the building result in ground 

vibration mitigation at different frequencies. For instance, at 32 Hz, an IL value of approximately 

2 dB is observed when the railway-building distance is 15 m or 20 m. However, when this distance 

is 25 m, the IL value drops to approximately -3 dB. When the distance between the building and 

the underground railway is 10 m, the IL value is also negative at this frequency. 
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Figure 6-13 The spectrum results on the centreline which is 3.8 m away from the building for (a) 

the ground velocity level response in the presence of the building and (b) IL results. 

 

6.3.2.2 Ground response on the centreline behind the building 

The response at all the receiver points on the centreline behind the building is investigated in this 

section. The results are expressed as the overall vibration velocity level in the range 1 - 80 Hz. The 

ground velocity levels and IL results are shown in Figure 6-14. Generally, as the distance between 

the railway and the building increases, the velocity level decreases. For the IL results, cases with 

different distances between the tunnel and the building exhibit distinct peaks in various zones 

away from the building. For example, in the 10 m case, peak IL values occur at 6 m and 14 m from 

the building, while in the 15 m case, the peaks are observed at 13 m. Generally, the IL results 

across all cases are at a similar level. 
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Figure 6-14 The overall (a) ground velocity level in the presence of the building and (b) IL results 

from all frequencies for receiver points on the centreline, for cases with different distances 

between the railway and the building, train speed 100 km/h. 

6.3.2.3 Overall insertion loss contour for underground railway case 

The overall IL for all the receiver points in the region behind the building is shown as a contour plot 

in Figure 6-15. Again, these results are derived from the level differences between the overall 

velocity level with and without the building. Analysis of the contour patterns reveals that when the 

distance between the railway and building is reduced, such as 10 m or 15 m, the area directly 

behind the building exhibits vibration mitigation effects. However, as the distance from the tunnel 

increases, zones of vibration mitigation emerge just behind the building. In all cases, there are 

zones closely behind the building that exhibit mitigated vibration. 
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(a) (b) 

  
(c) (d) 

(e)    

Figure 6-15 The IL results contour for cases with different distances between the railway and the 

building. (a) 10 m (b) 15 m (c) 20 m (d) 25 m and (e) 30 m. 

6.3.2.4 Average insertion loss results at different distances 

The ground velocity level and IL results, averaged from all receiver points at the same distance 

from the building, are shown in Figure 6-16. Generally, it can be observed that as the distance of 

the receiver points from the building increases, the ground response level decreases. In all five 



Chapter 6 

144 

cases, an increase in the distance between the railway and the building corresponds with a 

decrease in ground response. However, in terms of IL results, when the distance between the 

railway and building is just 10 m, vibration amplification effects are observed particularly at 

ground points 4 m away from the building. Conversely, as the railway-building distance increases 

to 25 m or 30 m, more significant ground vibration mitigation effects occur. In general, apart from 

the 10 m case, the ground velocity response behind the building is reduced by around 1 dB across 

all cases, regardless of the distance between the underground railway and the building. 
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Figure 6-16 (a) Ground velocity level in the presence of the building and (b) IL results average from 

all receiver points at the same distance from the building, for cases with different distance 

between the railway and the building, train speed 100 km/h. 

6.4 Summary 

A comprehensive model is presented which can be used to investigate the ground vibration 

behind building in the transmission path when an underground railway acts as the excitation. This 

model is based on the MOTIV semi-analytical model and an FE piled foundation building model. 

The ground response behind the building is investigated under varying conditions, including 

different train speeds and distances between the railway and the building. 

The new model encompasses the train, track, tunnel, ground, and building structures. It is 

designed to investigate the ground response to underground railway excitation and consider the 

impact of a piled foundation building on the transmission path. It is assumed that the dynamic 

response of the building does not affect the dynamic behaviour of the railway. 

The ground vibration response and IL results are examined using this model for different train 

speeds. Generally, higher train speeds result in greater ground vibration. However, when 

analysing the IL results to assess the building’s impact on ground vibration, it appears that across 
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varying train speeds, the IL results maintain a similar level. The results suggest that the building 

may slightly mitigate the ground response when the train operates in a tunnel at a depth of 10 m. 

The ground vibration behind the building is also investigated for tunnels situated between 10 m 

and 30 m away from the building. Regarding the ground response influenced by the building, when 

the railway is as close as 10 m, the building contributes to vibration amplification effects at some 

receiver distances. However, when the railway is further from the building, the building may 

mitigate the ground vibration especially at some specific locations. 
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Chapter 7 Influence of various foundation types using a 

hybrid model 

In this chapter, a hybrid model is implemented to explore the influence of various building 

foundation types on the ground vibration induced by railways. Applying semi-analytical models 

to various types of foundations can be problematic. The use of a hybrid model can allow complex 

building foundations to be considered more efficiently. This approach is simpler and less 

computationally intensive than fully numerical models. This hybrid method integrates two 

components: the line source transfer mobility (LSTM) level is obtained using an FE model, which 

incorporates different building foundations. Tunnel structures are also included for the 

underground railway case. The force density level (FDL), representing the excitation, is 

determined using a semi-analytical model of the train, track and ground. 

7.1 Line-source transfer mobility level: numerical model 

Two situations have been investigated: an underground railway and a ground surface railway. For 

both cases, the 3D FE models were constructed in ABAQUS. For the case of the underground 

railway, the model encompasses the tunnel structure, the surrounding soil, and a building 

structure complete with foundations. A sketch of the underground railway model is depicted in 

Figure 7-1. 

 

Figure 7-1 Sketch of underground railway FE model in ABAQUS. 

In the surface railway model, the tunnel structure is omitted. However, the model dimensions, 

element sizes, and material properties remain consistent with those of the underground railway 

model. The sketch of surface railway model is shown in Figure 7-2. 
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Figure 7-2 Sketch of surface railway FE model in ABAQUS. 

7.1.1 Model parameters 

The building structures and their foundation as well as the tunnel structure are indicated by the 

green elements in Figure 7-1 and Figure 7-2. They are constructed from concrete. The soil is 

shown in cream colour. The properties for these materials are listed in Table 7-1.  

Table 7-1 Material parameters used in FE model. 

Materials 
Density 

(kg/m3) 

Young’s 

modulus (MPa) 

Poisson’s 

ratio 

Loss 

factor 

P-wave 

velocity 

(m/s) 

S-wave 

velocity 

(m/s) 

Soil 2100 350 0.333 0.1 500 250 

Concrete 2500 30000 0.2 0.1 3652 2236 

The dimension of the two models is 50 m×34 m, with a depth of 24 m. For the underground railway 

case, the outer diameter of the tunnel is 6 m, and the thickness of the tunnel wall is 0.3 m. 

Infinite elements are applied on the side boundaries of the soil, to minimise wave reflections. The 

bottom of the FE model is fixed. In this ABAQUS model, the element type is designated as C3D8, 

denoting a three-dimensional, eight-node brick element. Receiver points are designated for 

contour plotting within an area measuring 17.6 m by 8.4 m, located immediately behind the 

building structure. In both models, the building encompasses five storeys, configured in a layout 

of 3 by 2 bays. Each storey has a height of 3.2 m, and each bay has a span width of 4.8 m. The 

thickness of the floor and the side wall is 0.4 m and 0.8 m respectively, and the columns have a 

square cross-section defined by dimensions of 0.8 m by 0.8 m. The side walls are omitted. The 
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distance between the loads and the front of the building is 10 m in each case. The boundary 

condition situation and the position of a point load and the receiver points are shown in Figure 

7-3. 

 

Figure 7-3 The boundary conditions, load and receiver points in the FE model for surface railway. 

In the FE model, there are in total 360,000 elements for the underground railway model and 

373,000 elements for the surface railway model. Usually, it is required that there are at least six 

elements within one wavelength, i.e. 

 Δ𝑙 =
𝐶s

6𝑓m𝑎𝑥
 (7-1) 

To ensure that the model can accurately calculate the propagation of vibration waves, given that 

the maximum frequency considered is 80 Hz and shear wave velocity is 250 m/s, the model 

requires that the element size be smaller than 0.5 m. The current soil model adheres to this 

requirement with an element size set at 0.4 m. The verification of the free-field FE model, in 

comparison with the DSM semi-analytical model, has been previously addressed in Section 3.3.1. 

The excitation due to the train can be represented by a set of incoherent loads. As the model is 

symmetric, 10 incoherent loads are applied in the model on one side of the centreline, as shown 

in Figure 7-4. For the underground railway case, the incoherent loads are applied on the invert of 

the tunnel, whereas for the surface railway case, they are applied on the ground surface. The 

interval between these loads is 1.2 m in each case. 
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(a) (b) 

Figure 7-4 The sketch of incoherent load for (a) underground railway case and (b) surface railway 

case. 

The LSTM can be determined by combining a set of transfer mobilities obtained for these point 

loads. The LSTM [115, 116] for the line load excitation at position 𝐗 can be calculated by 

 𝑌L(𝐗, 𝐱r) = √
𝐿

𝑛
∑|𝑌𝑖(𝑥𝑖, 𝐱r)|

2

𝑛

𝑖=1

 (7-2) 

where 𝐿 is the length of the line load, 𝑛 is the number of incoherent point loads,  𝑌𝑖(𝑥𝑖, 𝐱r) is the 

transfer mobility from the point load applied at position 𝑥𝑖 to the receiver position 𝐱r. 

Then the LSTM level in decibels (with reference value 1 m3/2N-1s-1) is written as 

 𝐿LSTM(𝐗, 𝐱r) = 20 log10(𝑌L(𝐗, 𝐱r)) (7-3) 

7.1.2 Foundation types 

The influence of different foundation types is investigated using the FE models. Four common 

foundation types are summarised in reference [232]. Two are shallow foundations, the pad/strip 

foundation and the raft foundation, and the others are deep foundations, the piled foundation 

and embedded basement foundation. They are shown schematically in Figure 7-5 [232]. 
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Figure 7-5 Common foundation types of buildings [232]. 

FE models representing these four different foundation types have been created in ABAQUS and 

are shown in Figure 7-6. 

  
(a) (b) 

  
(c) (d) 

Figure 7-6 The profile of structure with different foundation types including (a) raft foundation (b) 

strip foundation (c) pile foundation and (d) box foundation. 
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Figure 7-6 (a) shows the raft foundation. There are 12 small columns with height 1.2 m. The area 

of the raft is 10.4×15.2=158.08 m2. The thickness of the walls around the perimeter is 0.4 m. 

Figure 7-6 (b) shows the strip foundation. The height of each strip is 1.6 m. The strip foundation is 

designed with two orientations: one perpendicular to the direction of the railway's passage (in the 

normal direction of train’s passing, denoted ‘StripN’ shown in Figure 7-6 (b)), and the other 

parallel to it (in the tangential direction to the train’s passing, denoted ‘StripT’). The length of the 

strip is commensurate with the building's dimensions. Figure 7-6 (c) shows the pile foundation. 

There are 12 piles in this model. The depth of each pile is 10 m. Finally, Figure 7-6 (d) shows the 

box foundation. The height of box is 8 m, and the thickness of the wall is 0.8 m. It contains two 

internal columns. 

7.1.3 Results 

The results from the numerical models are analysed in this section including the LSTM level and 

IL spectral results, the overall results across all frequency bands, and the contour plot of the 

overall IL. These results pertain to both the surface railway and underground railway cases, 

including the five foundation types.  

The average LSTM results from all the receiver points over ± 9 m width at distance of 5.6 m away 

from the rear of the building (26 m away from the railway track) are shown in Figure 7-7. It includes 

the LSTM level results for both the surface case and the underground case. The calculation is 

based on Eq. (3-36) and Eq. (3-37). In the surface railway case, the free-field response is larger 

than in the presence of the building when the frequency ranges from 20 Hz to 80 Hz. The box 

foundation case shows the lowest LSTM level results. For the underground railway model, the 

trend across all foundation cases is similar to that of the surface railway case. However, the 

values in the underground railway cases are generally lower than those in the surface railway 

cases due to the influence of the tunnel structure. The differences between the free-field 

response and the foundation cases are much smaller in the underground railway cases. 
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(a) (b) 

Figure 7-7 The average LSTM level from all the receivers 5.6 m away from the rear of the building 

excited by the (a) surface railway and (b) underground railway. 

An overall value of the LSTM level is calculated from the LSTM in one-third octave bands between 

10 Hz and 80 Hz. Each one-third octave band includes three frequency samples. The LSTM can 

be expressed as 

 𝐿LSTM,overall(𝐗, 𝐱r) = 10 log10∑ 10
1
10
(𝐿LSTM,𝑖(𝐗,𝐱r))

𝑛

𝑖=1
 (7-4) 

where 𝐿LSTM,𝑖(𝐗, 𝐱r) is the LSTM level in one-third octave bands between 10 Hz and 80 Hz. 

The overall LSTM levels of the different foundation types are shown in Figure 7-8 for receiver points 

positioned in a line behind the centre of the building. When the excitation is at the ground surface, 

the LSTM value is larger than in the case where the excitation is at the underground railway as 

seen in Figure 7-7. The box foundation produces the lowest LSTM level values. The strip 

foundation building, especially when the strip orientation is normal to the train’s moving direction, 

yields the highest LSTM values of the building foundation. 
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(a) (b) 

Figure 7-8 The overall LSTM level on the centreline on the ground for different foundation types 

when the excitation is (a) surface railway and (b) underground railway. 

The overall IL results on the centreline derived from these results are shown in Figure 7-9. For all 

surface railway cases, the IL values are positive at all distances considered. The box foundation 

case yields the highest IL value, while the strip foundation oriented perpendicular to the train's 

direction shows the lowest IL value. The IL value from the pile foundation is larger than that from 

the strip foundation oriented parallel to the train's direction at distances between 3 m and 7 m 

away from the building. For all underground railway cases, the IL values are smaller than those 

from the surface railway cases. The pile foundation case yields the lowest IL value in this case. 

Additionally, the IL value for the box foundation is lower than that of the strip foundation oriented 

perpendicular to the train's direction at distances between 5 m and 7 m away from the building. 

For the strip foundation case oriented parallel to the train's direction, the IL value increases with 

distance up to 5 m away from the building, after which it begins to decrease. 
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Figure 7-9 The overall IL on the centreline on the ground for different foundation types when the 

excitation is (a) surface railway and (b) underground railway. 
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The contour plots of the overall IL values on the ground surface for the five different foundation 

types are shown in Figure 7-10 for the cases in which the incoherent train loads are applied on the 

surface. The location of the building is also indicated on these contour plots. It can be observed 

that, the IL value is positive in all cases. The IL value for the box foundation is significantly larger 

than in the other cases. Generally, the IL value on the ground closer to the building is higher than 

that further from the building. 

  
(a) (b) 

  
(c) (d) 

(e)   

Figure 7-10 The contour plots of IL on the ground behind different types of building in the surface 

railway case (a) raft foundation (b) strip foundation in normal direction (c) strip foundation in 

tangential direction (d) pile foundation and (e) box foundation. 

The corresponding contour plots of the overall IL for the incoherent train load applied in the 

embedded tunnel structure are shown in Figure 7-11. It can be observed that the IL values for the 

underground railway cases are significantly lower than those for the surface railway cases. In all 

underground railway cases, there are zones where the IL values are negative. 
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(a) (b) 

  
(c) (d) 

(e)   

Figure 7-11 The contour plots of IL on the ground behind different types of building foundation in 

the underground railway case (a) raft foundation (b) strip foundation in normal direction (c) strip 

foundation in tangential direction (d) pile foundation and (e) box foundation. 

The overall LSTM level averaged over ±9 m width is plotted against distance in Figure 7-12 for 

excitation from surface railway and underground railway. The calculation method is based on Eqs. 

(3-39) to (3-41). In both cases, as the distance from the building increases, the LSTM level 

decreases. For the surface railway, similar to the results on the centreline behind the building, 

the free-field LSTM is higher than in the presence of the building, with the box foundation yielding 

the lowest LSTM results. The LSTM levels for the other cases are similar to each other. For the 

underground railway cases, the LSTM levels are generally lower than those from the surface 

railway cases. Similar to the results on the centreline, the free-field LSTM is the highest when the 

distance from the building is less than 5 m. Moreover, the box foundation case produces the 

lowest LSTM levels for all distance, which is a little bit different with the results on the centreline. 
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Figure 7-12 The overall LSTM level averaged over ±9 m width plotted against distance when the 

excitation is from (a) surface railway and (b) underground railway. 

The overall IL averaged over ±9 m width is plotted in Figure 7-13 against distance from the surface 

railway and underground railway. The calculations are based on Eqs. (3-39) to (3-41). In summary, 

as noted in Figure 7-9, the IL results from the surface railway case are generally larger than those 

from the underground railway case. The box foundation consistently produces the highest IL 

value, regardless of whether the excitation is from the incoherent load representing surface or 

underground railway. These trends are similar to the results on the centreline behind the building. 

For the underground railway case, the IL for the pile foundation is the lowest between 3.2 m and 

8 m behind the rear of the building (23.6 m and 28.4 m from the railway track, respectively), while 

in the surface railway case, it is the second highest. This trend also slightly differs from the IL on 

the centreline in underground railway, as shown in Figure 7-9, where the pile foundation displays 

the lowest IL at distances ranging from 1 m to 9 m. 
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Figure 7-13 The overall IL averaged over ±9 m width plotted against distance when the excitation 

is from (a) surface railway and (b) underground railway. 
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7.2 Force density level: semi-analytical model 

The excitation in the form of the force density level is calculated using the train-track-tunnel-soil 

semi-analytical model MOTIV [7, 233]. 

For both the underground railway case and the surface railway case, the FDL is derived from the 

ground response during a train pass-by and the LSTM calculated from the semi-analytical model. 

For the underground railway case, the FDL should be evaluated for excitation on the slab as the 

FE model does not contain the track apart from the slab. For the surface railway case, the 

excitation should be represented by the FDL on the ground surface. This affects the position of 

the force in the corresponding LSTM calculation. 

The FDLs from both models are calculated by 

 𝐿FD(𝐗) = 𝐿G(𝑥gr) − 𝐿LSTM(𝐗, 𝑥gr) (7-5) 

where 𝐿G(𝑥gr) is the ground response velocity level at the specific receiver position 𝑥gr (selected 

from receiver position vector 𝐱r) during a train pass-by calculated from the semi-analytical model 

when the excitation is the underground railway or surface railway. 𝐿LSTM(𝐗, 𝑥gr) is the LSTM level 

when the excitation position is 𝐗. For the surface railway case, the incoherent line load is applied 

on the ground surface, while for the underground railway case, the incoherent load is applied on 

the slab. In these models, the ground response receiver point 𝑥gr is a horizontal distance of 8 m 

away from the railway location. 

The underground railway model in MOTIV includes several sub-models, including those for the 

train, track, tunnel, and soil. The model used for the surface ground railway case consists of sub-

models representing the train, track, and soil components. The surface railway includes a moving 

load [229] whereas the underground case uses a fixed train load position. Consistent parameters 

and properties for the train, track, and soil are used for both the underground and surface railway 

cases. The parameters of the train (a typical InterCity train) is the same as introduced in Chapter 

6 are already summarised in Table 6-1 [234]. The train speed is 60 km/h. The parameters of the 

track are summarised in Table 7-2 [234]. The track type is a slab track. For the underground 

railway case, there is a tunnel located in the surrounding soil. The tunnel structure parameters 

are summarised in Table 6-3. The surrounding soil parameters in both cases are summarised in 

Table 6-4. 
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Table 7-2 Track model parameters. 

 
Property Value Unit 

Rail UIC 60 Bending stiffness 6.42×106 Nm2 

Mass per unit length 60 kg/m 

Damping loss factor 0.01 - 

Rail pad Stiffness 1.20×108 N/m 

Damping loss factor 0.15 - 

Fastener spacing 0.65 m 

Slab Width (at base) 3.4 m 

Height 0.54 m 

Mass per unit length 3720 kg/m 

Bending stiffness 2.33×108 Nm2 

Damping loss factor 0.015 - 

Torsional stiffness 3.39×108 Nm2 

Polar moment of inertia 3086 kgm 

The FDLs for the underground railway case and the surface railway case are shown in Figure 7-14. 

There is a significant peak at 50 Hz for both cases which corresponds to the P2 resonance [1]. The 

FDL of the underground railway case is larger than that from ground surface case. 
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Figure 7-14 Force density levels. 

7.3 Ground response under different foundation types 

Combining the FE model of the LSTM with the FDL, the ground response level 𝐿G at a receiver point 

𝐱𝑟 behind the building is calculated by 

 𝐿G(𝐱r) = 𝐿FD(𝐗) + 𝐿LSTM(𝐗, 𝐱r) (7-6) 

where 𝐿FD(𝐗) is the FDL calculated using the semi-analytical model, 𝐿LSTM(𝐗, 𝐱r) is the LSTM 

level calculated using FEM with different foundation types. Both of them are calculated in one-

third octave bands. Thus, the ground velocity response level 𝐿G is also in one-third octave bands. 

Each one-third octave band includes three frequency samples. The overall ground velocity 

response levels can be calculated by 

 𝐿G,overall(𝐱r) = 10 log10(∑ 10
𝑛

𝑖=1

𝐿G,𝑖(𝐱r)
10

) (7-7) 

where 𝐿G,𝑖(𝐱r) means the ground response level in the 𝑖-th one-third octave band. The frequency 

range considered is from 10 Hz to 80 Hz. 

An overall value of IL at receiver point 𝐱𝑟 can be calculated by 

 𝐼𝐿(𝐱𝑟) = 𝐿G,overall
free (𝐱r) − 𝐿G,overall

foundation(𝐱r) (7-8) 

where 𝐿G,overall
free (𝐱r)  means the overall ground response level from the free-field model, and 

𝐿G,overall
foundation(𝐱r) means the overall ground response level for the building with different foundation 

types. 
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7.3.1 Surface railway case 

The results for the surface railway case were obtained using the FDL and LSTM models specific 

to surface railways. The ground velocity levels from the five types of foundation, introduced in 

Section 7.1.2, are investigated. 

7.3.1.1 The spectral results at a specific receiver point 

The ground velocity level and IL spectra for different types of foundation are shown in Figure 7-15 

for a receiver point located 5.6 m away from the rear of the building (26 m away from the railway 

track), on the centreline of the building model. It is observed that the free-field case exhibits the 

largest ground response. The different types of building foundations exhibit similar ground 

responses. Focusing on the IL spectra, a trend emerges in which the IL generally increases with 

frequency. At frequencies less than 40 Hz, the box foundation consistently gives the highest IL 

values. However, the building with pile foundation can achieve the highest IL values, 

approximately 10 dB, at 63 Hz. In contrast, buildings with raft foundations exhibit the lowest IL 

values in the frequency bands below 32 Hz, but they have a peak at 40 Hz. 
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(a) (b) 

Figure 7-15 The results on the centreline at 5.6 m away from the building (a) the ground velocity 

response level and (b) IL value. 

The IL results from all the receiver points averaged over ± 9 m width at the same distance away 

from the track calculated according to Eq. (3-36) to Eq. (3-38) are shown in Figure 7-16. The IL is 

positive for all cases above 16 Hz, indicating that regardless of the foundation type, the building 

can mitigate ground vibration behind it. It can be observed that the box foundation model typically 

achieves the largest IL values, especially at frequencies below 50 Hz. The raft foundation case 

exhibits the lowest IL values at frequencies below 32 Hz. The stripN case shows moderate IL 

values at frequencies below 32 Hz, but it gives the lowest values when the frequency at 40 Hz and 

above. The pile and stripT cases display similar trends at lower frequencies. Notably, there is a 
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peak for the pile foundation case at 63 Hz. These results are generally consistent with the results 

in Figure 7-15. 
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Figure 7-16 The average insertion loss results from all receivers 5.6 m away from the building 

excited by the surface railway. 

In conclusion, when a building is situated in the transmission path between the railway and 

ground receiver points, the ground vibration is typically mitigated. The box foundation generally 

provides the largest ground vibration mitigation across all frequency bands. The raft foundation 

offers only slight vibration mitigation compared with other foundation types, particularly at 

frequencies below 32 Hz. For buildings with strip foundations, the effectiveness in mitigating the 

ground vibration depends on their orientation. When the strip is oriented normal to the train's 

passing direction, it more effectively mitigates ground vibration behind the building than when the 

strip foundation is oriented tangential to the train's passing direction, particularly at frequencies 

below 32 Hz. 

7.3.1.2 The results at a specific frequency (50 Hz) 

The results at 50 Hz for all receiver points positioned on the centreline behind the building are 

presented as a specific case. The reason for choosing 50 Hz as the example is that the results 

indicate a peak in the vibration level at this frequency (the P2 resonance). Figure 7-17 presents 

the results at 50 Hz at various distances from the railway. The ground response is depicted for 

different foundation types, as well as the free field. All receivers are positioned on the centreline, 

at distances ranging from 1 m to 10 m away from the rear of the building. 

It can be observed that, the ground response on the centreline behind the building at 50 Hz is 

always lower than the free-field ground response. The stripN case exhibits the second highest 

ground response, while the box foundation case demonstrates the lowest, particularly near the 
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building. The IL values indicate the ground vibration mitigation effects at 50 Hz. The stripN 

foundation perpendicular to the train's direction of travel exhibits the least ground vibration 

mitigation. In contrast, the two deep foundations, the box foundation and the pile foundation, 

show the largest mitigation effects when the distance from the building is less than 6 m. Beyond 

7 m, the raft and stripT foundation types display higher IL values. 
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(a) (b) 

Figure 7-17 The results on the centreline behind the building at 50 Hz: (a) the ground velocity 

response level and (b) IL value. 

The average insertion loss from all the receiver points located at the same distance away from 

the railway is shown in Figure 7-18. The results, which focus again on 50 Hz, reveal that closer to 

the building (as well as between 25 m and 28 m from the track), the box foundation exhibits the 

highest IL values. The pile foundation also gives higher IL levels than strip and raft foundation 

when the distance behind the building is less than 7 m. Conversely, the stripN foundation 

consistently shows the lowest average IL values across all distances. The raft foundation exhibits 

IL values similar to those of the stripT foundation case. 
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Figure 7-18 The average insertion loss from all receivers at same distance away from the surface 

railway at 50 Hz. 

Overall, at 50 Hz, different foundation types may provide different ground vibration mitigation 

effects in different zones. The deep foundations, i.e. box foundation and pile foundation, provide 

the largest ground vibration mitigation particularly close to the building. For strip foundations, the 

orientation of the strip significantly influences the ground vibration mitigation effectiveness: 

when the orientation is normal to the train's moving direction, the mitigation effects are lower 

than when the orientation is parallel to the train's passing direction. 

7.3.1.3 Results based on overall levels 

Based on the overall velocity level across all frequencies, the ground response and IL for all the 

building foundation cases are plotted in Figure 7-19 for receiver points on the centreline behind 

the building. It can be observed that all foundation types effectively mitigate ground vibration, as 

evidenced by positive IL values at all distances. The box foundation, in particular, provides the 

largest ground vibration mitigation effects. Especially close to the building, the IL value from the 

box foundation is significantly higher than those from other foundation types. The stripT 

foundation ranks second in terms of IL values in the near field; however, as the distance increases, 

the pile foundation emerges as the second highest. The stripN and raft foundations, both shallow 

types, exhibit the lowest ground vibration mitigation effects, with the stripN case showing the 

smallest effects. 
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(a) (b) 

Figure 7-19 The overall results at different distances away from surface railway on the centreline. 

(a) The overall ground velocity response level and (b) corresponding IL value. 

The overall IL results at each receiver point over a region behind the building are plotted as a 

contour plot on the ground surface in Figure 7-20 corresponding to various types of foundation. 
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(a) (b) 

  
(c) (d) 

(e)   

Figure 7-20 Contour plots of IL on the ground behind different types of building foundation for 

surface railway excitation: (a) raft foundation (b) strip foundation in normal direction (c) strip 

foundation in tangential direction (d) pile foundation and (e) box foundation. 

For the shallow foundations raft and strip (normal direction), as well as the pile foundation case, 

higher values of IL are observed in proximity to the building. This is particularly evident near the 

columns of the building, where the IL values surpass those of the surrounding regions. As the 

distance between the receiver point and the building increases, there is a gradual decrease in the 

IL values. Nonetheless, certain specific areas exhibit local maxima. However, in the case 

involving the building with box foundation, a larger area of increased IL is discernible in the vicinity 

of the building, along with a pronounced trend of reducing IL at greater distances from the building. 

When the strip foundation is oriented tangentially to the train's movement, an isolated zone of 

increased IL is observed. This zone is located between 4 m to 8 m away from the building. 
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7.3.1.4 Overall results averaged over receiver points 

The overall ground velocity response results are averaged over ±9 m width for each specific 

distance from the rear of the building, covering a range from 1 m to 10 m. The ground velocity 

levels for the five different foundation cases, along with the free-field response, are shown in 

Figure 7-21 (a). It can be observed that for all the cases, the ground response is lower than the 

free-field response level. As the distance from the building increases, the ground response in the 

free field decreases. A similar trend is observed for all foundation types. Of the different 

foundation types, the box foundation typically exhibits the lowest response, while the stripN case 

generally gives the highest. 
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(a) (b) 

Figure 7-21 The (a) ground velocity level and (b) average over ±9 m width plotted against distance 

(surface railway case). 

Figure 7-21 (b) shows the IL values calculated from the average velocity levels at positions 

equidistant from the building structure, which indicate how the average IL varies with changes in 

distance from the building. It can be observed that the box foundation consistently gives the 

largest values compared with other foundation type cases, irrespective of the distance from the 

building. Notably, the IL values from the box foundation are higher close to the building. When the 

strip foundation is oriented perpendicular to the train's direction of passing, it exhibits the lowest 

IL value among all the cases. Overall, the results indicate that for shallow foundations, i.e. raft 

and strip foundations, the average IL values are lower than those observed for deep foundations, 

i.e., pile and box foundations. In the case of strip foundations, when the orientation of the strip is 

normal to the train's passage (stripN), the IL is lower than when it is aligned tangentially to the 

direction of the train's movement (stripT). At 3-5 m away from the building, the IL values for the 

stripT case are as low as those from the raft case. However, in the far field, specifically at 

distances greater than 5.6 m, the IL value for the stripT case is comparable to those for the pile 

case. Typically, a declining trend in IL value is observed as the distance from the building 
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increases. However, some isolated areas exhibit a peak in the IL, which means there are 

significant localised ground vibration mitigation effects. Overall, for the surface railway case, the 

deep foundations could provide more vibration mitigation effects, especially in the proximity of 

the building. 

7.3.2 Underground railway case 

The results for the underground railway case are obtained by applying the underground railway 

FDL and the LSTM determined using an FE model that contains a tunnel structure. Similar to the 

surface railway case, five foundation types are investigated for the underground railway cases. 

The dimensions of the building and foundations are identical to those in the surface railway cases. 

7.3.2.1 The spectral results at specific receiver point (5.6 m) 

The ground velocity level and IL value for different types of foundation are shown in Figure 7-22, 

for a specific receiver point: at 5.6 m away from the building and located on the centreline behind 

the building. For all building foundation cases, as well as the free field velocity, the response 

increases with frequency up to a peak at 50 Hz. The box foundation gives the lowest value of IL at 

frequencies below 20 Hz, while the pile foundation shows the lowest IL value above 20 Hz. The 

strip foundation can deliver consistent ground vibration mitigation regardless of the orientation, 

as indicated by similar IL values across lower frequency bands. Overall, however, there is no clear 

trend in the magnitude relationships among the various foundation types. Compared with the 

surface railway case the IL is much smaller for the tunnel case and may be negative, with values 

between -2 dB and 3 dB 
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(a) (b) 

Figure 7-22 The results on the centreline at 5.6 m away from the building excited by the 

underground railway (a) the ground velocity response level and (b) IL value. 
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Figure 7-23 shows the IL results obtained from the average responses of all the receiver points 

located 5.6 m away from the building. It can be observed that the box foundation exhibits the 

lowest IL values at lower frequencies, but at frequencies over 25 Hz it displays the highest values 

compared to other different types of foundation This trend is clearer than at the single point 

shown in Figure 7-22. This suggests that the box foundation primarily influences ground vibration 

in the higher frequency band, notably above 25 Hz. The pile foundation exhibits the lowest IL value, 

differing from the surface railway case. At certain frequencies such as 40 Hz, the IL value is 

negative, indicating that the response may be amplified due to the presence of the pile foundation 

building. At 10–32 Hz, the strip foundation can deliver similar ground vibration mitigation effects 

regardless of the orientation of the strip. The raft foundation exhibits moderate effectiveness in 

ground vibration mitigation. 
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Figure 7-23 The average insertion loss results from all the receivers 5.6 m away from the rear of 

the building excited by underground railway. 

7.3.2.2 The results at specific frequency (50 Hz) 

The ground response results at 50 Hz are shown in Figure 7-24. This frequency is chosen because 

the response at 50 Hz is the largest in Figure 7-22(a). Figure 7-24 gives the ground velocity 

response level and IL on the centreline on the ground behind the building. Under the same railway 

excitation conditions, the stripN foundation gives the highest ground response in the near field, 

whereas the box foundation gives the lowest. At distances greater than 5.6 m from the rear of the 

building (26 m from the railway track), the raft foundation exhibits the highest ground response, 

exceeding that of the free-field case. Conversely, the box foundation continues to show the 

lowest response in this region. Regarding the IL results, in the near field, the box foundation gives 

the largest mitigation of ground response, followed by the stripT foundation. Further away, the 

box foundation continues to exhibit the highest mitigation effects, with the pile foundation ranking 
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second. As the distance from the building increases, a peak in the IL is observed. For the raft 

foundation, this peak occurs at approximately 4.4 m from the building, while for the stripT and 

stripN foundations, the peaks are around 4.8 m and 5.2 m, respectively. The peak for the box 

foundation is the farthest, occurring at approximately 6.4 m. 
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(a) (b) 

Figure 7-24 The results on the centreline behind the building at 50 Hz including (a) the ground 

velocity response level and (b) IL value. 

Figure 7-25 presents the IL results at 50 Hz calculated from average response over all receiver 

points located at identical distances from the railway. These show similar trends to the results on 

the centreline in Figure 7-24(b). Typically, as the distance from the building increases, the average 

IL value initially rises and then decreases. At most distances, the box foundation exhibits the 

highest values. But the maximum IL value is observed in the strip foundation case between 3.5 m 

and 5 m from the building, for the orientation tangential to the train's movement. The strip 

foundation oriented perpendicular to the train's direction and the raft foundation consistently 

exhibit the lowest IL values, which can even be negative. 
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Figure 7-25 The average insertion loss from all receivers at the same distance away from the 

underground railway at 50 Hz. 

 

7.3.2.3 Results based on overall levels 

Based on the overall velocity levels across the range from 10 Hz to 80 Hz, Figure 7-26 shows the 

ground response and IL value on the centreline behind the building. Unlike the ground surface 

situation where the free-field response is the largest (Figure 7-19), for the underground railway 

the free-field response lies in the middle of the results for the various types of foundation 

buildings. For the box foundation, the ground response is the lowest in areas further than 5 m 

from the building and closer than 3 m. Correspondingly, the IL values for the box foundation case 

are the highest at these locations. When the strip orientation is normal to the train passing 

direction, the ground vibration is amplified near the building and in areas more than 7 m away 

from the building, as indicated by negative IL values. The pile foundation case would also amplify 

the ground vibration at some receiver points. The strip foundation oriented parallel to the train 

travel direction has a peak in the IL when the distance away from the railway is approximately 5 m. 
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(a) (b) 

Figure 7-26 The overall results at different distances away from underground railway on the 

centreline. (a) The overall ground velocity response level and (b) corresponding IL value. 

The contour plot of the overall IL value, i.e. based on the level difference in overall velocity levels, 

is shown in Figure 7-27. The building position is also marked in these figures. 
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(a) (b) 

  
(c) (d) 

(e)   

Figure 7-27 Contour plots of IL on the ground behind different types of building foundation for 

underground railway excitation: (a) raft foundation (b) strip foundation in normal direction (stripN) 

(c) strip foundation in tangential direction (stripT) (d) pile foundation and (e) box foundation. 

In the case of the underground railway, the IL contours display more erratic patterns than for the 

surface railway. In the proximity of the building, the stripT foundation tends to result in higher IL 

values. However, for the building with the box foundation, the values of IL in areas close to the 

building are relatively high compared with other locations. For other types of building foundations, 

the pillars influence the ground vibration in their vicinity. Typically, for all the building foundation 

there are regions where both ground vibration mitigation and amplification are observed. 

7.3.2.4 Overall results averaged over receiver points 

Figure 7-28 shows the overall ground velocity response and IL results averaged over ±9 m width 

for each specific distance from the rear of the building, covering a range from 1 m to 10 m. Results 

are shown for the five different foundation cases, along with the free-field response. The overall 

ground velocity levels are evaluated over the frequency range 10 Hz to 80 Hz. 
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(a) (b) 

Figure 7-28 The average (a) ground velocity level and (b) IL at different distances average over ±9 

m width plotted against distance from the building (underground railway case). 

In Figure 7-28 (a), it is evident that the box foundation consistently gives the lowest ground 

response across all distances. Conversely, the strip foundation oriented perpendicular to the 

train's direction of travel gives the largest ground response in the near field. The ground response 

for the raft foundation case and pile foundation case are similar to the free-field response. 

These results are shown in the form of IL in Figure 7-28 (b). The box foundation gives the largest 

vibration mitigation, as also found in the surface railway case in Figure 7-21. However, in the 

underground railway case, all the other foundation types have similar vibration mitigation effects, 

and the IL is much smaller than for the surface railway. The strip foundations give some vibration 

attenuation at the surface behind the building, particularly at certain distances where the IL has 

a peak. The positions of these IL peaks are influenced by the orientation of the strip foundation. 

Pile foundations do not have a more significant vibration mitigation effect compared to shallow 

foundations, unlike in the surface railway case. 

7.3.3 Embedded load case 

When comparing the average IL results from the surface railway case and the underground 

railway case, the biggest difference in vibration mitigation behaviour occurs for the pile 

foundation. Consequently, this type of structure has been selected for further investigation in this 

section. 

The study firstly examines the relationship between the depth of the embedded incoherent line 

load and the length of the piles. The overall IL values obtained from the vibration levels in the one-

third octave bands between 10 Hz and 80 Hz at the ground surface behind the building, with 

varying pile lengths but a constant embedded load depth of 10 m, are shown in Figure 7-29. The 
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calculation steps are outlined in Eqs. (3-36) to (3-38). For this model, the primary focus is on the 

depth of the load. To simplify the model, no tunnel structure is included in the FE model, which 

results in slightly different outcomes compared with the previous cases results in Figure 7-27(d). 

  
(a) (b) 

(c)   

Figure 7-29 Contour plot of IL for embedded load at depth of 10 m and pile foundation with (a) 

pile length 5 m, (b) pile length 10 m, and (c) pile length 15 m. 

It can be concluded that the IL contour undergoes minimal change with variations in the length of 

the pile. It is observed that certain zones exhibit amplification of the vibration, as indicated by 

negative IL values. The overall IL value at different distances away from the line load position 

averaged over the width is shown in Figure 7-30. The IL is influenced to a small extent by the depth 

of the pile. As the length of the pile increases, the IL decreases. However, the overall trends 

remain similar in each case. Generally, with the increase of the distance away from the line load, 

the IL value reduces. In all cases the average IL is negative, indicating a slight amplification of 

vibration. 
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Figure 7-30 The average IL for the influence of various length of pile foundation. 

Additionally, the effect of the depth at which the line load is embedded is explored. For this 

analysis, the pile length is held constant at 10 m, while the load is embedded at depths of 0 m (i.e. 

the load is applied on the surface), 5 m, 10 m, and 15 m. The IL contours are shown in Figure 7-31. 

Since there is no tunnel structure in this case, the results in Figure 7-31(b) are different compared 

with the results in Figure 7-27(d). 

 

  
(a) (b) 

  
(c) (d) 

Figure 7-31 Contour plot of IL for building with pile foundation with pile depth 10 m when (a) load 

depth is 0 m (b) load depth is 5 m, (c) load depth is 10 m, and (d) load depth is 15 m. 
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There are significant differences in the IL contours among the three cases where the incoherent 

load is applied embedded and the one case where the load is applied on the surface. The vibration 

amplification zone is quite different for each case. The overall IL results averaged over the width 

are shown in Figure 7-32. 
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Figure 7-32 The average IL for pile foundation building under different load depth. 

It can be summarised that varying the load depth results in markedly different IL outcomes. The 

depth of the load has a much more substantial influence on the IL than changes in the pile length. 

When the load is applied on the surface, the pile foundation could mitigate the ground vibration 

significantly. When the embedded depth is 5 m, the average IL value is the higher than other cases 

where the load is embedded. 

 

7.4 Summary 

In this chapter, a hybrid ground vibration prediction model is developed to assess the impact of 

various types of building foundations on ground vibration. This allows assessment of the raft and 

strip foundations, categorised as shallow foundations, as well as the pile and box foundations, 

classified as deep foundations and overcomes some of the limitation of the semi-analytical 

model for pile foundation. 

The force density is calculated from the semi-analytical model MOTIV. It is determined from the 

ground response due to a running train minus the incoherent line source transfer mobility. In the 

underground railway case, the semi-analytical model contains the train, track, tunnel, and soil 

components. For the surface railway case, the model includes the train, track, and soil. All 

parameters are kept consistent across both models to investigate the different influences from 
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the building foundations. The LSTM is evaluated at different excitation positions for the two 

different cases, underground railway and surface railway. For the underground railway case, it is 

calculated from excitation on the track slab, while for the surface railway case, it is calculated 

from excitation on the ground.  

Subsequently, the LSTM level for the ground, influenced by the various building foundations, is 

calculated using a 3D FE model equipped with an infinite element boundary. Following this, the 

FDL and the LSTM level are combined to determine the total ground response. The IL value at the 

ground surface in proximity to the building is then investigated to determine the ground vibration 

mitigation. 

When examining the LSTM level results for different foundation types under excitation from the 

incoherent load representing the railway, the IL values for the surface railway case are generally 

larger than these for the underground railway case. The box foundation consistently produces the 

highest IL value for both surface and underground railways. For the underground railway case, 

the IL for the pile foundation is the lowest between 3.6 m and 7.6 m from the rear of the building 

(24 m and 28 m from the railway), whereas in the surface railway case, it is the second highest. 

From this hybrid model, it can be summarised that the presence of the building foundation in the 

transmission path can reduce ground vibration especially for excitation at the ground surface. 

The IL shows that the deep foundations have greater vibration mitigation effects than the shallow 

foundations, especially for the surface railway case. This trend is consistent with the results 

obtained from the LSTM level analysis without FDL. Additionally, it is observed that ground 

vibration mitigation is more pronounced in the near field compared with the results obtained 

further away from the building. Regarding the impact of pile foundations, the depth at which the 

load is applied significantly affects the ground vibration attenuation, much more so than 

variations in the length of the pile. 
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Chapter 8 Conclusions and recommendations 

The work presented in this thesis aims to reveal the influence of structures located in the 

transmission path on railway-induced ground vibration. The main conclusions and some 

recommendations for the next steps are summarised in this chapter. 

8.1 Conclusions 

When predicting train-induced ground vibration, it is important to consider the influence of 

structures embedded in the transmission path especially for excitation by surface railways. 

Analysis begins with the simplest case, a single pile, and progressively addresses more complex 

models, culminating in a building on a piled foundation. The excitation considers both fixed unit 

loads and dynamic train loads. The investigation focuses on the effects on the ground response 

behind these structures. From this analysis, several conclusions can be drawn. 

For the embedded single pile structure, a simple semi-analytical model has been developed to 

simulate the dynamic interaction between the pile and the soil, as well as the ground response 

behind the pile. The accuracy range of the model is thoroughly investigated, showing that the 

semi-analytical model provides reliable results, at lower frequencies (less than 80 Hz) and higher 

shear wave velocities (over 160 m/s). When the load is applied at the top of the pile, the range of 

accurate and reliable results is more extensive. However, when the load is applied at a distance 

from the pile, the model yields a narrower range of reliable results. The accuracy of the external 

load model is significantly improved when the rotational DOFs of the pile-soil coupled nodes are 

considered. 

The presence of the pile results in a reduction in the ground response behind it. The mitigation 

effects are more significant with increasing frequency or decreasing shear wave velocity. If the 

load point is moved further from the pile, the mitigation effect diminishes, stabilising at a roughly 

constant value for distances exceeding 10 m. When the surrounding soil is layered, and the upper 

soil typically has a lower shear wave velocity than the subsoil, greater mitigation of ground 

vibration is observed when the subsoil shear wave velocity is higher, and the upper soil layer is 

shallow. 

For a pile group structure embedded in the transmission path, a similar semi-analytical model is 

developed which can consider more piles, including the transfer functions between the different 

piles. The accuracy of the model is determined by comparison with an FE model. However, this 

model for pile groups exhibits certain limitations. It tends to yield accurate results primarily at low 

frequencies or when the number of piles is limited. Different pile group configurations would 
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cause different ground response mitigation effects. Typically, when multiple piles are aligned 

along the line from the load to the receiver points, the mitigation effects on ground vibration 

directly behind the piles are more significant compared with configurations in which the 

orientation of the line of piles is perpendicular to this line. 

For a building with a piled foundation subject to excitation by a fixed unit load, a finite element 

model has been created using beam and shell elements. The ground response behind the 

building can be calculated using the semi-analytical method. Peaks of the IL in the ground 

response are found corresponding to the building floor modes. The presence of a piled building 

results in a mitigation of the ground vibration response which is more significant in the frequency 

range 40 - 80 Hz for the parameters considered. 

By integrating the MOTIV model, which calculates ground responses induced by underground 

railways, with the addition of an FE building model, a comprehensive model is obtained 

containing five sub-models for the train, track, tunnel, ground and building. The ground response 

and IL results suggest that higher train speeds lead to greater ground responses, but the IL value 

is similar regardless of the train speed. For train loads located in the embedded tunnel, the 

presence of the building may amplify the ground response depending on the distance between 

the railway and the building. 

To study different types of building foundation, a hybrid model has been produced in which the 

FD and LSTM are computed separately using the semi-analytical MOTIV model and the 3D FE 

method. Four different types of foundations are considered: raft and strip foundations, which are 

categorised as shallow foundations, and pile and box foundations, classified as deep 

foundations. The strip foundation has two different orientations, normal to the train moving 

direction and parallel to the train moving direction. Deep foundations exhibit more significant 

vibration mitigation effects compared to shallow foundations, particularly in cases when the 

excitation is the surface railway. Ground vibration mitigation is notably more effective near the 

building compared to farther away. Additionally, the depth at which the load is applied 

significantly influences vibration attenuation of pile foundations, more than changes in pile length. 

Overall, the presence of a structure in the transmission path between the excitation source and 

the receiver point impacts the ground response between -3 dB and +10 dB. Different pile group 

configurations and building foundation types lead to differences in ground vibration. The 

building’s modes also influence the ground response. Therefore, for more accurate ground 

vibration predictions, it is advisable to consider any structures located along the transmission 

path. A model that incorporates the influence of structures in the transmission path can predict 

train-induced ground vibrations more accurately. 
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8.2 Recommendations for future work 

The following recommendations for further work are suggested. 

In the single pile model, the pile is simulated using beam elements. However, at higher 

dimensionless values, corresponding to higher frequencies and lower shear wave velocities of 

the surrounding ground soil, the model's accuracy diminishes. To achieve more precise results in 

this situation, the next step is to develop a new model to simulate the single pile-soil dynamic 

interaction. This model could discretise the cross-section of the beam element or consider 

displacements in the radial direction within the pile's cross-section. Boundary elements can be 

used to simulate the soil and investigate the dynamics of a single pile in high-frequency and soft 

soil conditions. 

In the pile group model, each pile within the group is simulated using beam elements. A limitation 

of this model arises when there are more than two piles aligned parallel to the line connecting the 

load location and the receiver points at the centreline. The next step is to enhance the accuracy 

of the pile group model across a broader dimensionless frequency range based on the pile-soil-

pile interaction (PSPI) model. The technique for the pile group can be based on the discretised 

single pile-soil interaction model mentioned above. The wave scattering effects at higher 

frequencies should be simulated and investigated based on the PSPI model. 

The impact of a building with a piled foundation on the ground response, analysed using the sub-

structure method, has a similar accuracy to that of the pile group model. The next step is to 

enhance the model's reliability across a broader range based on the PSPI model. In addition to 

pile foundation structures, a wide range of foundation types need to be simulated using the FE 

method and coupled with the surrounding soil based on the sub-structure method. Further 

investigation is required to understand the ground response under the influence of different 

foundation types. 

The hybrid approach detailed in Chapter 7 has been applied to only one building design and one 

ground stiffness level. To draw more general conclusions, it would be beneficial to consider 

additional cases. These should include the influence of groups of buildings on ground vibration 

and the impact of layered soil on vibration behind buildings. 

A scaled model experiment could be established for validating the semi-analytical single pile- soil 

models. By measuring the ground response behind the pile in a scaled experiment, it would be 

possible to investigate the influence of a single pile inclusion on the ground response in that area. 

It would be beneficial to identify an engineering case that allows for field measurements, which 

would aid in model validation and evaluation of structural influence. 
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Appendix A The beam element matrices 

The stiffness matrix of the Timoshenko beam finite element [235] used in Chapter 3 is  

 𝐊𝑒 = [
𝐊𝑖𝑖
𝑒 𝐊𝑖𝑗

𝑒

𝐊𝑗𝑖
𝑒 𝐊𝑗𝑗

𝑒 ] (A-1) 

Where 
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0 0 0
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0 0
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 𝐾𝑗𝑖
𝑒 = (𝐾𝑖𝑗

𝑒 )
𝑇

 (A-5) 

In these equations 𝐸  is the elastic modulus, 𝐼  is the second moment of area, 𝐺  is the shear 

modulus, and 𝐴  is the cross-section area. 𝜅  is the shear correction factor; for a rectangular 

section, the value is 

 𝜅 =
10(1 + 𝜇)

12 + 11𝜇
 (A-6) 

where 𝜇 is the Poisson’s ratio. 

The shear deformation parameter is 

 𝜙𝑦 =
12𝐸𝐼𝑧𝑧
𝐺𝐴𝜅𝑦𝐿

2
 (A-7) 

 𝜙𝑧 =
12𝐸𝐼𝑦𝑦

𝐺𝐴𝜅𝑧𝐿
2

 (A-8) 

The consistent mass matrix of beam element can be found as  

 𝐌𝑒 = [
𝐌𝑖𝑖
𝑒 𝐌𝑖𝑗

𝑒

𝐌𝑗𝑖
𝑒 𝐌𝑗𝑗

𝑒 ] 
(A-9) 

In which 
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where 

 𝑓1𝑖 =
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where 

 𝑟𝑖 = √
𝐼𝑖𝑖
𝐴
     (𝑖 = 𝑦, 𝑧) (A-20) 

 𝑛 = {
𝑦 𝑖 = 𝑧
𝑧 𝑖 = 𝑦

 (A-21) 
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Appendix B Dynamic stiffness matrix for the ground 

The ground is modelled using the approach introduced by Kausel and Roesset [44]. It is assumed 

to be horizontally layered and each layer is represented by a dynamic stiffness matrix at frequency 

𝜔 and wavenumbers 𝑘𝑥 and 𝑘𝑦 in the 𝑥 and 𝑦 directions. The soil around the single pile should be 

divided into layers at the coupled nodes. For a homogeneous soil, each layer possesses identical 

properties. Beyond this, the soil can also be divided into layers at varying depths with different 

properties to approximate the real situation. The global stiffness matrix of the soil is assembled 

after calculating the dynamic stiffness matrices of each layer. A sketch of the soil model is shown 

in Figure B-1. 

 

 
(a) (b) 

Figure B-1 The sketch of the layered soil. (a) Layer element and (b) Global model of layered soil. 

The relationship between the displacements eU  and tractions eP  at the top and bottom of a layer 

in the frequency-wavenumber domain is 

 𝐊̃𝑒𝐔̃𝑒 = 𝐏̃𝑒  (B-1) 

where 𝐊̃𝑒 is the element dynamic stiffness matrix of the 𝑒-th layer. More details can be found in 

[44]. 

The matrices for the layered medium can be combined to give the overall dynamic equation as 
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[
 
 
 
 
 
𝐊̃11
1 𝐊̃12

1    

𝐊̃21
1 𝐊̃22

1 + 𝐊̃11
2 𝐊̃12

2   

 𝐊̃21
2 𝐊̃22

2 + 𝐊̃11
3 𝐊̃12

3  

  𝐊̃21
3 𝐊̃22

3 + 𝐊̃11
4 ⋯

   ⋮ ⋱]
 
 
 
 
 

[
 
 
 
 
𝐮̃1

𝐮̃2

𝐮̃3

𝐮̃4

𝐮̃5]
 
 
 
 

=

[
 
 
 
 
 
𝐩̃1

𝐩̃2

𝐩̃3

𝐩̃4

𝐩̃5]
 
 
 
 
 

 (B-2) 

where 𝐊𝑖𝑗
𝑒  refers to the dynamic stiffness matrix of the 𝑒-th layered element that relates the 

displacements at interface 𝑗 due to the loads at interface 𝑖. 𝐮̃𝑖  and 𝐩̃𝑖denote the displacement 

and load vectors at interface 𝑖  between layer 𝑖-1 and 𝑖. After obtaining the displacements and 

tractions at the interface, it is possible to determine the displacement at any depth inside the soil 

layer, using the Green’s function 𝐻̃̃𝐺  in the frequency-wavenumber domain. 

The transfer functions in the spatial-frequency domain can be calculated from the response in 

the frequency-wavenumber domain by using a two-dimensional inverse Fourier transform over 

wavenumber. It can be written as 

 𝐻̂𝐺(𝑥, 𝑦, 𝑧, ω) =
1

4π
∬𝐻̃̃𝐺(𝑘𝑥, 𝑘𝑦, 𝑧, 𝜔) 𝑒

i(𝑘𝑥𝑥+𝑘𝑦𝑦)𝑑𝑘𝑥𝑑𝑘𝑦 (B-3) 

where 𝑘𝑥 and 𝑘𝑦 are the wavenumbers in 𝑥 and 𝑦 direction. 
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Appendix C Coefficients for the elastic continuum 

The displacement matrices 𝐔̆ in Chapter 3 and Chapter 6 are used to determine the displacement 

components of the continuum. The elements of these matrices are:  

 𝑢11 =
𝑛

𝑟
𝐼𝑛(𝑎𝑟) + 𝑎𝐼𝑛+1(𝑎𝑟) (C-1) 

 𝑢12 =
𝑛

𝑟
𝐾𝑛(𝑎𝑟) − 𝑎𝐾𝑛+1(𝑎𝑟) (C-2) 

 𝑢13 = i𝛽𝐼𝑛+1(𝑏𝑟) (C-3) 

 𝑢14 = i𝛽𝐾𝑛+1(𝑏𝑟) (C-4) 

 𝑢15 =
𝑛

𝑟
𝐼𝑛(𝑏𝑟) (C-5) 

 𝑢16 =
𝑛

𝑟
𝐾𝑛(𝑏𝑟) (C-6) 

 𝑢21 = −
𝑛

𝑟
𝐼𝑛(𝑎𝑟) (C-7) 

 𝑢21 = −
𝑛

𝑟
𝐼𝑛(𝑎𝑟) (C-8) 

 𝑢23 = i𝛽𝐼𝑛+1(𝑏𝑟) (C-9) 

 𝑢24 = i𝛽𝐾𝑛+1(𝑏𝑟) (C-10) 

 𝑢25 = −
𝑛

𝑟
𝐼𝑛(𝑏𝑟) − 𝑏𝐼𝑛+1(𝑏𝑟) (C-11) 

 𝑢26 = −
𝑛

𝑟
𝐾𝑛(𝑏𝑟) + 𝑏𝐾𝑛+1(𝑏𝑟) (C-12) 

 𝑢31 = i𝛽𝐼𝑛(𝑎𝑟) (C-13) 

 𝑢32 = i𝛽𝐾𝑛(𝑎𝑟) (C-14) 

 𝑢33 = −𝑏𝐼𝑛(𝑏𝑟) (C-15) 

 𝑢34 = 𝑏𝐾𝑛(𝑏𝑟) (C-16) 

 𝑢35 = 0 (C-17) 

 𝑢36 = 0 (C-18) 
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The stress matrices 𝐓̆ in Chapter 3 and Chapter 6 are used to determine the stress components 

of the continuum. The elements of these matrices are: 

 𝑡11 = (2𝜇
(𝑛2 − 𝑛)

𝑟2
− 𝜆𝛽2 + (𝜆 + 2𝜇)𝑎2) 𝐼𝑛(𝑎𝑟) − 2𝜇

𝑎

𝑟
𝐼𝑛+1(𝑎𝑟) (C-19) 

 𝑡12 = (2𝜇
(𝑛2 − 𝑛)

𝑟2
− 𝜆𝛽2 + (𝜆 + 2𝜇)𝑎2)𝐾𝑛(𝑎𝑟) + 2𝜇

𝑎

𝑟
𝐾𝑛+1(𝑎𝑟) (C-20) 

 𝑡13 = 2𝜇i𝛽𝑏𝐼𝑛(𝑏𝑟) − 2𝜇i𝛽
(𝑛 + 1)

𝑟
𝐼𝑛+1(𝑏𝑟) (C-21) 

 𝑡14 = −2𝜇i𝛽𝑏𝐾𝑛(𝑏𝑟) − 2𝜇i𝛽
(𝑛 + 1)

𝑟
𝐾𝑛+1(𝑏𝑟) (C-22) 

 𝑡15 = 2𝜇
(𝑛2 − 𝑛)

𝑟2
𝐼𝑛(𝑏𝑟) + 2𝜇

𝑛

𝑟
𝑏𝐼𝑛+1(𝑏𝑟) (C-23) 

 𝑡16 = 2𝜇
(𝑛2 − 𝑛)

𝑟2
𝐾𝑛(𝑏𝑟) − 2𝜇

𝑛

𝑟
𝑏𝐾𝑛+1(𝑏𝑟) (C-24) 

 𝑡21 = −2𝜇
(𝑛2 − 𝑛)

𝑟2
𝐼𝑛(𝑎𝑟) − 2𝜇

𝑛

𝑟
𝛼𝐼𝑛+1(𝑎𝑟) (C-25) 

 𝑡22 = −2𝜇
(𝑛2 − 𝑛)

𝑟2
𝐾𝑛(𝑎𝑟) + 2𝜇

𝑛

𝑟
𝑎𝐾𝑛+1(𝑎𝑟) (C-26) 

 𝑡23 = 𝜇i𝛽𝑏𝐼𝑛(𝑏𝑟) − 2𝜇i𝛽
(𝑛 + 1)

𝑟
𝐼𝑛+1(𝑏𝑟) (C-27) 

 𝑡24 = −𝜇i𝛽𝑏𝐾𝑛(𝑏𝑟) − 2𝜇i𝛽
(𝑛 + 1)

𝑟
𝐾𝑛+1(𝑏𝑟) (C-28) 

 t25 = (−2𝜇
(𝑛2 − 𝑛)

𝑟2
− 𝜇𝑏2) 𝐼𝑛(𝑏𝑟) + 2𝜇

𝑏

𝑟
𝐼𝑛+1(𝑏𝑟) (C-29) 

 𝑡26 = (−2𝜇
(𝑛2 − 𝑛)

𝑟2
− 𝜇𝑏2)𝐾𝑛(𝛽𝑟) − 2𝜇

𝑏

𝑟
𝐾𝑛+1(𝑏𝑟) (C-30) 

 𝑡31 = 2𝜇i𝛽
𝑛

𝑟
𝐼𝑛(𝑎𝑟) + 2𝜇i𝛽𝑎𝐼𝑛+1(𝑎𝑟) (C-31) 

 𝑡32 = 2𝜇i𝛽
𝑛

𝑟
𝐾𝑛(𝑎𝑟) − 2𝜇i𝛽𝑎𝐾𝑛+1(𝑎𝑟) (C-32) 

 𝑡33 = −𝜇
𝑛

𝑟
𝑏𝐼𝑛(𝑏𝑟) − 𝜇(𝛽

2 + 𝑏2)𝐼𝑛+1(𝑏𝑟) (C-33) 

 𝑡34 = 𝜇
𝑛

𝑟
𝑏𝐾𝑛(𝑏𝑟) − 𝜇(𝛽

2 + 𝑏2)𝐾𝑛+1(𝑏𝑟) (C-34) 

 𝑡35 = 𝜇i𝛽
𝑛

𝑟
𝐼𝑛(𝑏𝑟) (C-35) 
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 𝑡36 = 𝜇i𝛽
𝑛

𝑟
𝐾𝑛(𝑏𝑟) (C-36) 

 𝑡41 = (−2𝜇
(𝑛2 − 𝑛)

𝑟2
+ 𝜆(𝑎2 − 𝛽2)) 𝐼𝑛(𝑎𝑟) + 2𝜇

𝑎

𝑟
𝐼𝑛+1(𝑎𝑟) (C-37) 

 𝑡42 = (−2𝜇
(𝑛2 − 𝑛)

𝑟2
+ 𝜆(𝑎2 − 𝛽2))𝐾𝑛(𝑎𝑟) − 2𝜇

𝑎

𝑟
𝐾𝑛+1(𝑎𝑟) (C-38) 

 𝑡43 = 2𝜇i𝛽
(𝑛 + 1)

𝑟
𝐼𝑛+1(𝑏𝑟) (C-39) 

 𝑡44 = 2𝜇i𝛽
(𝑛 + 1)

𝑟
𝐾𝑛+1(𝑏𝑟) (C-40) 

 𝑡45 = −2𝜇
(𝑛2 − 𝑛)

𝑟2
𝐼𝑛(𝑏𝑟) − 2𝜇

𝑛

𝑟
𝑏𝐼𝑛+1(𝑏𝑟) (C-41) 

 𝑡46 = −2𝜇
(𝑛2 − 𝑛)

𝑟2
𝐾𝑛(𝑏𝑟) + 2𝜇

𝑛

𝑟
𝑏𝐾𝑛+1(𝑏𝑟) (C-42) 

 𝑡51 = −2𝜇i𝛽
𝑛

𝑟
𝐼𝑛(𝑎𝑟) (C-43) 

 𝑡52 = −2𝜇i𝛽
𝑛

r
𝐾𝑛(𝑎𝑟) (C-44) 

 𝑡53 = 𝜇
𝑛

𝑟
𝑏𝐼𝑛(𝑏𝑟) − 𝜇𝛽

2𝐼𝑛+1(𝑏𝑟) (C-45) 

 𝑡54 = −𝜇
𝑛

𝑟
𝑏𝐾𝑛(𝑏𝑟) − 𝜇𝛽

2𝐾𝑛+1(𝑏𝑟) (C-46) 

 𝑡55 = −𝜇i𝛽
𝑛

𝑟
𝐼𝑛(𝑏𝑟) − 𝜇i𝛽𝑏𝐼𝑛+1(𝑏𝑟) (C-47) 

 𝑡56 = −𝜇i𝛽
𝑛

𝑟
𝐾𝑛(𝑏𝑟) + 𝜇i𝛽𝑏𝐾𝑛+1(𝑏𝑟) (C-48) 

 𝑡61 = (𝜆𝑎
2 − (𝜆 + 2𝜇)𝛽2)𝐼𝑛(𝑎𝑟) (C-49) 

 𝑡62 = (𝜆𝑎
2 − (𝜆 + 2𝜇)𝛽2)𝐾𝑛(𝑎𝑟) (C-50) 

 𝑡63 = −2𝜇i𝛽𝑏𝐼𝑛(𝑏𝑟) (C-51) 

 𝑡64 = 2𝜇i𝛽𝑏𝐾𝑛(𝑏𝑟) (C-52) 

 𝑡65 = 0 (C-53) 

 𝑡66 = 0 (C-54) 
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Appendix D MATLAB code for building model 

Based on the Stabil FE MATLAB toolbox [225], the stiffness matrix and mass matrix can be 

constructed parametrically. This is achieved by establishing a relationship between the number 

of spans and storeys in a piled-foundation building and the corresponding node and element 

numbers. 

The MATLAB code is: 

 

Xn=1;              % the number of span at X direction 
Yn=1;              % the number of span at Y direction 
Zn=3;              % the number of storeys at Z direction, story 
Gn=12;              % the number of foundation element at one pile 
Xe=14;              % the number of element at X direction span 
Ye=14;              % the number of element at Y direction span 
Ze=10;              % the number of elements at one story 
 
 
XL=4.2;              % the length of each span at X direction (m) 
YL=4.2;              % the length of each span at Y direction (m) 
ZL=3;              % the height of each span at Z direction (m) 
GL=0.5;              % the length of each foundation element (m) 
 

 

    
% column 
A=[]; % The summarised information about nodes number and coordinates. 
for k=1:Yn+1 
    for j=1:Xn+1 
        for i=1:Gn+1 
            A((Ze*Zn+Gn+1)*(Xn+1)*(k-1)+(Ze*Zn+Gn+1)*(j-1)+i,:)=[(Ze*Zn+Gn+1)*(Xn+1)*(k-
1)+(Ze*Zn+Gn+1)*(j-1)+i ...   
                (j-1)*XL (k-1)*YL (i-1)*GL]; 
        end 
    end 
end 
fdnnodename=A(:,1); 
% the internal node coordinate 
for k=1:Yn+1 
    for j=1:Xn+1 
        for i=1:Zn 
            for m=1:Ze 
            A((Ze*Zn+Gn+1)*(Xn+1)*(k-1)+(Ze*Zn+Gn+1)*(j-1)+Ze*(i-
1)+Gn+1+m,:)=[(Ze*Zn+Gn+1)*(Xn+1)*(k-1)+(Ze*Zn+Gn+1)*(j-1)+Ze*(i-1)+Gn+1+m ... 
                (j-1)*XL (k-1)*YL Gn*GL+(i-1)*ZL+m*(ZL/Ze)]; 
            end 
        end 
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    end 
end         
   Nodes=A; 
    
   % column elements 
   for k=0:Yn 
    for j=0:Xn 
        for i=1:Ze*Zn+Gn 
        B((Ze*Zn+Gn)*(Xn+1)*k+(Ze*Zn+Gn)*j+i,:)=[(Ze*Zn+Gn)*(Xn+1)*k+(Ze*Zn+Gn)*j+i ... 
        (Ze*Zn+Gn+1)*(Xn+1)*k+(Ze*Zn+Gn+1)*j+i (Ze*Zn+Gn+1)*(Xn+1)*k+(Ze*Zn+Gn+1)*j+i+1]; 
        end 
    end 
   end 
    
Elements=[B(:,1) 2*ones(size(B,1),3)  B(:,2) B(:,3) ones(size(B,1),1) zeros(size(B,1),1)*NaN]; 
 
 
 
% plate 
    for i=1:Zn+1 
        H=GL*Gn+(i-1)*ZL;    % the height of plate  
        Line1=[0 0 H;Lx 0 H]; 
        Line2=[Lx 0 H;Lx Ly H]; 
        Line3=[Lx Ly H;0 Ly H]; 
        Line4=[0 Ly H;0 0 H]; 
        [Nodes_p,Elements_p,Edge1,Edge2,Edge3,Edge4] = 
makemesh(Line1,Line2,Line3,Line4,num_y,num_x,Types(1,:),1,1); 
        Nodes_p(:,1)=size(A,1)+(i-1)*size(Nodes_p,1)+Nodes_p(:,1); 
        Elements_p(:,1)=size(B,1)+(i-1)*size(Elements_p,1)+Elements_p(:,1); 
        Elements_p(:,[5:8])=size(A,1)+(i-1)*size(Nodes_p,1)+ Elements_p(:,[5:8]); 
        Nodes=[Nodes;Nodes_p]; 
        Elements=[Elements;Elements_p]; 
    end 
     
   Nodes=roundn(Nodes,-3); 
 
    
    % replace connect nodes between column and plate 
    [c,ia,ic]=unique(Nodes(:,2:4),'rows'); 
    ndatpl=setdiff(Nodes(:,1),ia); % Point with repeated coordinates at plate 
     
     part_ele=Elements(size(B,1)+1:end,[5 6 7 8]); 
    for ii=1:numel(ndatpl) 
      ndatpl2 = find(Nodes(:,2)==Nodes(ndatpl(ii),2) & Nodes(:,3)==Nodes(ndatpl(ii),3) & 
Nodes(:,4)==Nodes(ndatpl(ii),4)); 
      part_ele(part_ele==ndatpl2(2))=ndatpl2(1);  
    end 
 
    
    Elements(size(B,1)+1:end,[5 6 7 8])=part_ele; 
    % added reference nodes 
    Nodes(end+1,:)=[size(Nodes,1)+1 1 5 0]; 
    Elements(1:size(B,1),7)=Nodes(end,1)*ones(size(B,1),1); 
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