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Abstract: Quasi-zero stiffness (QZS) has become a promising way of realizing low-frequency vi-
bration isolation, where magnetic springs have been widely adopted for constructing negative
stiffness. However, existing single-layer magnetic spring often has a small-amplitude negative
stiffness, so the loading capacity is low. In order to address this issue, this paper presents novel
Halbach-cylinder magnetic springs (HCMSs) by using the Halbach array. Firstly, stiffness formulas
of basic single-layer magnetic springs are analytically built based on the Amperian current model.
The stiffness of the HCMS is derived by combining multiple single-layer magnetic springs. Then
nonlinear stiffness characteristics of both single-layer magnetic springs and HCMSs are investi-
gated in terms of the amplitude, the uniformity and the displacement range of negative stiffness.
Analytical results show that HCMSs can generate negative stiffness with different equilibrium po-
sitions and the amplitude of negative stiffness of HCMSs is much larger than that of single-layer
magnetic springs. The amplitude of negative stiffness is in conflict with the uniformity, so that a
trade-off design is needed. In addition, increasing the number of layers of Halbach cylinders can be
adopted to realize larger-amplitude and wider-range negative stiffness. This study will provide
new insights into designing QZS with heavy-load capacity.

Keywords: Quasi-zero stiffness; Heavy load; Large-amplitude negative stiffness; Magnetic spring;
Halbach arrays; Halbach-cylinder magnetic spring

1. Introduction

Vibration exists widely in nature, which is often defined as mechanical movement of
an object oscillating around an equilibrium position. However, vibration is undesirable
in many domains and unwanted vibrations can cause serious harm to mechanical sys-
tems, human health, and so on. For example, vibrations of vehicle seats often reduce ride
comfort [1], vibrations of machine tools will reduce the manufacturing precision [2] and
earthquake-induced vibrations will damage the buildings [3]. In particular, mechanical
vibrations are often a byproduct of mechanical systems and it is impossible to eliminate
vibration sources in practice. Vibration isolation can prevent vibration transmission be-
tween different components, so it is important to implement vibration isolators. Nowa-
days, linear isolators are always employed to reduce mechanical vibrations. According to
the linear isolation theory, however, vibrations cannot be suppressed when the excitation
frequency is less than +2a, (w, is the natural frequency of the mechanical system) [4].

This is a significant drawback of linear isolators since many systems require
low-frequency vibration isolation. One possible strategy of extending isolation ability to
low-frequency bands is to reduce the stiffness of the system, but this way will lead to low
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loading capacity and system instability. Therefore, innovative structures are needed to
realize low-frequency or ultra-low-frequency vibration isolation.

In recent years, quasi-zero stiffness (QZS) vibration isolators have been proved to be
effective and feasible means to solve low-frequency vibration problems. The concept of
QZS was first proposed by Alabuzhev [5], which was composed of positive stiffness and
negative stiffness. QZS has the unique feature of high static and low dynamic (HSLD)
stiffness near the static equilibrium position, which can greatly reduce the dynamic
stiffness without reducing the static stiffness. Therefore, QZS can be utilized to realize
low-frequency vibration control and solve the contradiction between low natural fre-
quency and small static deformation. In particular, the key point of QZS is to design
proper negative-stiffness structures [6, 7]. According to the literature, there are some

ways of achieving negative stiffness. The first class is to use oblique springs. Carrella et al.

[8] built a QZS-based vibration isolation system consisted of a vertical spring and two
oblique springs in parallel. The second class is to use a spring and a rod. Liu et al. [9]
proposed a QZS vibration isolator based on the “spring-rod’ structure. The third class is to
use buckling beams. Liu et al. [10] built a large negative stiffness under small displace-
ment by utilizing the Euler buckling beam. The fourth class is to use cams. Li et al. [11]
built a QZS vibration isolator by using a cam structure whose profile was designed to
meet the force-displacement relation of QZS. The fifth class is to use magnets. Chen et al.
[12] used a pair of magnetic rings to generate QZS for low-frequency simultaneous vi-
bration isolation and energy harvesting. Up to now, QZS has shown great potential in the
field of low-frequency vibration isolation.

In recent years, the implementation of permanent magnets in QZS vibration isola-
tors has attracted significant attention from many scholars. Among different kinds of
negative-stiffness structures, the magnetic spring is commonly built by using a mobile
magnet and a stationary magnet, which utilizes the repulsive or attractive forces between
two permanent magnets to achieve negative stiffness. Generally speaking, the shapes of
magnetic springs can be rectangular [13] or circular [14] according to the shapes of the
permanent magnets. For example, Akoun and Yonnet [15] proposed an analytical model
to calculate the magnetic force between two three-dimensional rectangular permanent
magnets based on the surface charge model. Zheng et al. [16] designed a HSLD stiffness
isolator using a negative-stiffness magnetic spring and the magnetic force between the
inner and the outer magnets is then calculated based on the Amperian current model.
Magnetic springs have the outstanding advantages of compact design, efficient space
utilization, no mechanical friction, and less vibration transmission paths. In particular,
the stiffness characteristics can be adjusted by varying the distance or orientation of the
magnets. Therefore, magnetic springs-based QZS vibration isolators find promising vi-
bration control applications across numerous fields [17]. More importantly, the loading
capacity of a QZS vibration isolator strongly depends on the static positive stiffness. In
most existing works, small payloads are always considered. However, there are still
many heavy-load applications in practice, such as vehicle suspensions [18] and offshore
platforms [19]. In these cases, a large-amplitude negative stiffness has always to be
needed to match the large positive stiffness in order to generate the QZS. While for ex-
isting single-layer magnetic rings, the negative stiffness near the equilibrium position is
always not enough for heavy payloads. Therefore it is very important to study novel
magnetic structures with large-amplitude negative stiffness.

Halbach array has been proposed to greatly increase the magnetic force in a limited
space, which is a special arrangement of permanent magnets that enhances the magnetic
field on one side of the array [20, 21]. In the literature, there are two main types of Hal-
bach arrays, namely flat Halbach arrays [22] and Halbach cylinders [23]. In particular,
Halbach cylinders are more suitable for compact design than flat Halbach arrays. The
Halbach array offers prior advantage over conventional layouts of magnets in terms of its
concentrated magnetic-field intensity. Therefore, it is promising to introduce Halbach
cylinders for designing novel magnetic springs. To our best knowledge, the application
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of Halbach arrays in QZS vibration isolators has not yet been reported. In particular, 100
there are three key questions to be answered. 101

1) Whether single-layer magnetic springs can definitely generate negative stiffness 102
or not? Whether Halbach arrays-based magnetic springs can definitely generate 103

large-amplitude negative stiffness or not? 104
2) What kinds of Halbach arrays-based magnetic springs can generate 105
large-amplitude negative stiffness? How to select the optimal structural configuration? 106
3) What about the effects of geometric parameters on negative stiffness metrics of 107
Halbach arrays-based magnetic springs? How to determine the geometric parameters? 108

By now, existing researches have seldom been carried out on Halbach array-based 109
magnetic springs. Therefore, the motivation of this paper is to reveal nonlinear stiffness 110
characteristics of Halbach array-based magnetic springs and investigate new magnetic =~ 111
springs with large-amplitude negative stiffness. Under the above-mentioned back- 112
ground, the novelty of the paper is to present Halbach-cylinder magnetic spring (HCMS) 113
for heavy-load QZS by using Halbach cylinders. The HCMS is composed of two coaxial 114
Halbach cylinders, where the outer cylinder is fixed and the inner cylinder can move 115
freely. Key metrics of the HCMS include the amplitude, the uniformity and the dis- 116
placement range of negative stiffness near the equilibrium position. The main challenges 117
include deriving analytical formula of the nonlinear stiffness and designing proper 118

structural configurations. 119
In summary, the main contributions of this work can be summarized as follows. 120
1) The idea of Halbach array-based magnetic springs is introduced, so it is possible 121
to generate large-amplitude negative stiffness by using magnetic structures. 122
2) Magnetic forces and stiffness of all sixteen structures in four types of circular 123
magnetic springs (CMSs) are obtained, which are used as cell units for building HCMSs. 124
3) HCMS is first proposed and ‘ N-M ’ type HCMS is testified to generate larger 125
negative stiffness than traditional magnetic rings. 126
The objective of this paper is to answer the above three questions and provide a 127
"building block” methodology for designing large-amplitude magnetic springs in engi- 128

neering applications. The rest of this paper is organized as follows. Force and stiffness 129
formulas of circular magnetic springs (CMSs) are analytically derived in Section 2. Based 130
on them, nonlinear stiffness of the * N-M ’ type HCMS is built in Section 3. In Section 4 131
and Section 5, the effects of geometric parameters on nonlinear negative stiffness of basic 132
CMSs and the 3-3 type HCMS are revealed, respectively. Then potential solution of 133

HCMS with larger-amplitude and wider-range negative stiffness is tried in Section 6. 134
Finally, some conclusions are made in Section 7. 135
2. Force and Stiffness Characteristics of Circular Magnetic Springs 136
In this paper, the structure of the HCMS can be looked as the combination of multi- 137

ple pairs of coaxial magnetic rings. Therefore, it is necessary to investigate the character- 138
istics of each kind of coaxial magnetic rings. 139
2.1 Different configurations of circular magnetic spring 140
A pair of coaxial magnetic rings forms a circular magnetic spring (CMS) including 14!

the inner and outer magnetic rings, which is also called the single-layer CMS. Each 142
magnetic ring can be radially or axially magnetized, so either the inner or the outer ~ 143
magnetic ring has two classes of main magnetizations. Totally, there are four types of 144
configurations for CMS, including Type I (radial-radial magnetization), Type II (axi-  14°
al-axial magnetization), Type III (radially-axially perpendicular magnetization) and Type 146
IV (axially-radially perpendicular magnetization). Furthermore, both the inner and the 147
outer magnetic rings have two own magnetization directions, so each type of configura- 148
tion has four structures. Here, one basic structure of each basic configuration is chosen 149
150

optionally for a benchmark and its denotation is listed in Table 1, where the arrows in-
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dicate the magnetization directions. Inside and outside radiuses of the inner magnetic ~ 1
ring are denoted as R and R, . Inside and outside radiuses of the outer magnetic ring are 12
denoted as R;and R,. Magnetic forces and stiffness of the four basic CMSs are denoted 153
as F~F, and K;~K,, respectively. 154
Table 1 Four types of structural configurations for CMS 155
Description Type Basic structure Denotation Magnetic force Stiffness
Radial-Radjial
adiaFradial - pope T OUT « IN« K, K,
magnetization
Axial-Axial
araxe Type II ouTt IN1 F, K,
magnetization
Perpendicular
magnetization  Type III OUT—» INT F K,
(Radial-Axial)
Perpendicular
magnetization ~ Type IV OuT?T IN— F, K,
(Axial-Radial)
156
Next, all sixteen structures of CMS can be summarized in Table 2. According to Ta- 157
ble 1, magnetic forces and stiffness of other three structures in each type of CMS can be 158
obtained by referring to the basic structure. 159
Table 2 Magnetic force and stiffness of each configuration of CMS 160
Type All denotations Magnetic force  Stiffness
OUT « IN« R K,
Tvoe OUT« IN- -R -K,
P OUT - IN « “F, K,
OUT - IN— F, K,
ouTtT INT F, Kz
Tvoe I OUuTT INY -F, -K,
yp ouTJ IN?T -F, K,
ouT! INY F, K,
OUT—» INT R Ks
Tvpe III OUT —» INY -F K,
yp OUT« IN?T “F, K,
OUT « INYJ F, K,
OUTT IN- R, K,
OUTT IN« -F, -K,
Type IV
ype OUT! IN - ~F, K,
OUT{ IN« F, K,

161
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@

Surface 1
Surface 1’ :

2h,

Surface 2
Surface 2°

Specifically, all denotations in Table 1 and Table 2 are explained as follow. ‘OUT<«
indicates that the magnetization direction of the outer magnetic ring is radially outward
from the inside. ‘OUT—" indicates that the magnetization direction of the outer magnetic
ring is radially inward from the outside. “‘OUT?” indicates that the magnetization direc-
tion of the outer magnetic ring is axially from bottom to top. ‘OUT{’ indicates that the
magnetization direction of the outer magnetic ring is axially from top to bottom. ‘IN—’
indicates that the magnetization direction of the inner magnetic ring is radially outward
from the inside. ‘IN<« indicates that the magnetization direction of the inner magnetic
ring is radially inward from the outside. INT” indicates that the magnetization direction
of the inner magnetic ring is axially from bottom to top. ‘IN{’ indicates that the magnet-
ization direction of the inner magnetic ring is axially from top to bottom.

2.2. Magnetic force and stiffness of each basic CMS

Generally speaking, different configurations of CMS will have different stiffness
characteristics. In order to reveal them in detail, it is necessary to obtain magnetic force
and stiffness between the inner and outer magnetic rings. The Amperian current model is
more suitable for calculating forces between magnets[24], so it is adopted to analytically
calculate the magnetic force and stiffness (i.e,, F,~F, and K;~K,) in this paper.

2.2.1 Type ICMS

The detailed structure of type 1 CMS is shown in Figure 1(a), where the inner mag-
netic ring is unconstrained and the outer magnetic ring is fixed. The heights of the inner
and outer magnetic rings are denoted as 2N, 2h, and the residual flux densities of the
inner and outer magnetic rings are denoted as B;> B, . The middle position of the outer
magnetic ring is defined as the horizontal axis and the distance between the two mag-
netic rings is denoted as Z.

(b) (c)

ju (Anticlockwise) ZA

Inner magnetic ring Surface 1 r11 Q
Q S L. )
B =

|
-Nn |
N1y
11 < : \\

A

: P
........ B ry -
==T
: Surface 1’ O y
iOuter magnetic ring -

-n Jo (Clockwise)

Figure 1. Schematic of calculating F,; (Z) : (a) structural configuration, (b) surface current direc-

tions and (c) magnetic force between the two surface currents.

According to the Amperian current model [24], the magnetic force of two magnets is
equivalent to the interaction between equivalent currents distributing on the magnets.
For the magnetic ring with radial magnetization, the equivalent current only distributes
on its upper and lower surfaces and the surface current density can be written as

J=-nxBly, (1)
where Nis the unit vector normal to the surface, B is the magnetic field vector,
Hy = 47 %1077 V-s/(A‘m) is the permeability of the vacuum and ‘X’ denotes the vector
product.

Furthermore, the upper and lower surfaces of the inner magnetic ring are denoted as
1, 2, and the counterparts of the outer magnetic ring are denoted as 1/, 2’ , respectively.
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The radial force between two surfaces is equal to zero due to the circular symmetry. The
axial force between two surfaces is denoted as F,, (2) (5 vell, 2}) ,h, (z) is the axial

distance between two surfaces. Then the magnetic force of Type I CMS can be repre-

sented as the sum of the four axial forces.
2 2

F(z,2h,2h)=>">"F,(2) )

s=1 v=1
Next, calculating Fy; (2) is selected as an example. The current directions of surface

1 and 1’ are shown in Figure 1(b) by using the right-hand rule. Their surface current
densities are calculated as follows based on Equation (1).

v =B [t i =B, /1o 3)

As shown in Figure 1(c), a small current element —j,drdl, in the position Q

(r, e, Ny, ) of surface 1 and one j drdl, in the position P(T,,,0) of surface 1’ are select-
ed, respectively, where |dl,|=rda,|dl,|=1,df, where @ fare the included angles be-
tween Q, P and the Y axis, da df denote the infinitesimal increments of @ B and
Iy I, are the radiuses of Q and P points. According to the Biot-Savart's law [25], the
magnetic flux density at point Q produced by point P can be represented as Equation (4).

iy drdl, xPQ,,
n - 3
47|PQ,, |

dB (4)

| = \/ﬁz + 17+ - 2n6n COS(,B—a) ,

hll’ :hl +Z- hz

Then the axial magnetic force exerted on—j,drdl, by j drdl, can be written as
Equation (5) by using Equations (3) and (4).
B, B, nr,h, cos(f —a)drdr,dad g

dF, (2) = ()
A1, |PQ,, ||
By performing integration on both sides of Equation (5), we will have
Ry, Ry2rz2n
B8, (1] o 23 _cos(f-a)drdr,dedp ©6)

4”/“0 RR 00 |PQ11|
Similar to Fy(Z), other axial magnetic forces including, Flz,(z) , F(2) and
F,, (2), can also be calculated as
BB, e e nnhy
= 23— cos(f—a)drdr,dad B 7
4”/'[0 I.?[F'!. ‘([ 4('; |Pst| o ( )
Pstv|:«/r12+r2 +hi, —2nr,cos(B-a), s,ve{l, 2},

where h, =z—(-1)"h +(=1)"h,,

According to the directions of two surface currents, F;, F,, are the repulsive forces

and F, F,y are the attractive forces. By combining Equations (2) and (7), F,(z,2h,2h,)

can be calculated as
Ry, Ry 2727

F,(z,2h,2h,) 55, iij J' j j( ) |;rQ2h“| cos(f-a)drdr,dad ®)

Then the stiffness K, can be obtained as

Ry Ry 2727 y nr, (3h52\,' _posv’lz)
1

|5

dF, BB

K, (z,2h,2h,) = — =
L ==t PQ.,

cos(f —a)drdr,dad g

)
2.2.2 Type Il CMS

The detailed structure of type II CMS is shown in Figure 2 (a), where the geometric
configuration is similar to that in Figure 1 (a).The inner and outer surfaces of the inner
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and outer magnetic rings are denoted as 3, 3', 4, 4/, respectively. The radial force between 23
two surfaces is also equal to zero due to the circular symmetry. The axial force between 237
two surfaces is denoted as Fy, (z) (s,v€{3,4}) and then the magnetic force of Type II 238
CMS can be calculated as 239
4 4
(z,2h,2h,)=>>"F, (2) (10) 240
s=3 v=3
@ . Surface 3 Syrface 4 (b) (© ZA
Surfage 3 B Surface 3
N | Surface3 ETe A K
e [
h
2h1 jl A 33" 4
2h, | [P o - (Clockwise) 241
B
0 i de
_____ ) : M| Surface3’ X
| y
Surface 4 R jo -n Surface 3’
-3
R, | (Clockwise)
- a L
Figure 2. Schematic of calculating Fss (Z) : (a) structural configuration, (b) surface current direc- 242
tions and (c) magnetic force between the two surface currents. 243
Next, calculating Fsy (2)is selected as an example. The current directions of surface 24
3 and 3’ are shown in Figure 2(b) by using the right-hand rule. h,, (2) is the axial dis- 2%
tance between the two surfaces. The axial magnetic force exerted on R d¢pdz, at point N~ 246
by joR;dwdz, atpoint M is 247
dF, (2) 5 Rdpdz, xdByg an 29

where B, = 1, joR,dywz, x MN,, (47[|MN33,|S)is the magnetic flux density at point M 24

produced by joR,dwdz, at point N and|MN,,|= \/Rf +RS +h% —2RR,cos(y —¢)is the 20

vector from point M to point N, and h,y =2, +2—17,is the axial distance from surface 3to ~ 2°!
surface 3'. 252
The axial magnetic force Fsy (z) can be obtained as, 253
BB, 2’ " RRyh,, cos(y —¢
Fo(2) =———% j j j j )dzldzzd ody 12) 24
Ampty 5 g by, —h, |MN33|
Similar to Fu (2), axial magnetic forces, Fs, (2), Fiz (2), Fur (2), can also be calcu-  2%°
lated as 256
» 272z 1y e R,h,, cos(y —¢)
F, (z2)=—(-1)" 2= ResRiDey dz,dz,dpdy 13) 257
(2)==(-1) ng{{L& MN_ | .4z, (13)
where|MN,, | = \/RSZ +R2+h% —2R_,R,cos(w—¢), h,=2—(-1)z,+(-1)'z,, s,ve{34}. 28
Combining equations (10) and (11), F,(z,2h;,2h,) can be rewritten as 259
r,“““””” o Reahi
F,(z,2h,2h,) L ZZI I j j ) =2 c0s(y - @) dz,dz,dpdy (14) 2600
Ho s=3v=3 % 1, 0 0 | s‘,v|
261

Then the stiffness Kz can be obtained as

2 2
o a2 ( N, | —3hsv,)Rs,2Rv G
z,2h,2h,) =~ %5, cos(y - ¢)dz,dz,d pd
K, (2.2, %E;Z;H“ | (v - ¢)dz,dz,dpdy
2.2.3 Type Il CMS and Type IV CMS 263
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The structures of Type III and Type IV CMS are shown in Figure 3. By referring to 264
the above calculation method, F; (2,2h,,2h,) and K, can be formulated as, 265
B B 4 2 2727 Ry Iy . rzR 2h
F,(z,2h,2h,)= —— —1)" 225 cos(p - ) d B pdr,dz 16) 266
3( hl 2) 47[,“0 ;VZ:];! .!:i_{( ) |MNSV,|3 ( ) 277 ( )
BB 4 22r2zRehy - I‘ZR 2h ’
K,(z,2h,2h,)= 2 —1)" 22 6o5(p - B)d Bdpdr,dz 17y 267
3( hl 2) 47[#0 SZ:;VZ:;!:[F.{[-{( ) |MNSV,|3 ( ) 277 ( )
where |MNsv’| = \/Riz + r22 + hszv’ — 2R572r2 COS((p—ﬂ) , hsv' — 21 +7 +(—1)V hz, se {3’ 4}, 268
ve{l2}. 269
(@) (b)

Surface 3 Surface 3’ Surface 1
Surface 1 Surface 4 Surface 4’ 4

2h, e -1 270

Surface 2

Surface 2 <—>

o« Ra’
Figure3. (a) Type IIl and (b) Type IV CMS. 271
Table 3 The bulleted list of key variables 272
Symbol Physical meaning Unit
B the magnetic field vector -
B, The residual flux density of the inner magnetic ring T
B, The residual flux density of the outer magnetic ring T
F, (z)  The axial force between the surface Sand the surface v N
h, The half height of the inner magnetic ring m
h, The half height of the outer magnetic ring m
J The surface current density vector -
iy The surface current density of surface 1 A/m?
i The surface current density of surface 1’ A/m?
i The surface current density of surface 3 A/m?
io The surface current density of surface 3’ A/m?
n The unit normal vector -
R The inside radius of the inner magnetic ring m
R, The outside radius of the inner magnetic ring m
R, The inside radius of the outer magnetic ring m
R, The outside radius of the outer magnetic ring m
n The radius of Q point m
r, The radius of P point m
x The vector product -
Ho The permeability of the vacuum V-s/(A-m)

a The included angles between Q and the Y axis rad
B The included angles between P and the Y axis rad
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273
274
Similarly, F, (z,2h;,2h,) and K, can also be formulated as, 275
B B 2 4 272zRehy rRh
F,(z,2h,2h,) = ——-2 1) 2 cos(y — o) dydadr,dz 18 276
4( 2) 47[#0 ;;!.([i_h[( ) |MNSVV|3 ( ) 1752 ( )
2 2
BB 2 422rRh (|MNsv| -Shsv’)rle 277
K,(z,2h,2h))=—"-" -1) cos(y —a)dydadrdz, (19)
o :) 47:#05221‘;!{!1{2( ) IMN,, [ -e) s
where [MN,,|= R} +5?+h2 2R cos(y —¢), h, =z-2,+(-1) h,se{l2},ve{34}. 278
Finally, the bulleted list of key variables in above equations is shown in Table 3. 279
3. Analytical Stiffness of Halbach Magnetic-Cylinder Spring 280
3.1 Basic configuration of a HCMS 281
A Halbach array is a special arrangement of permanent magnets that enhances the 282
magnetic field on one side of the array, while cancelling the field to near zero on the other 283
side. This is achieved by having a spatially rotating pattern of magnetization, which can 284
be understood by observing the magnetic flux distribution shown in Figure 4. In Figure 28
4(a), the pattern of magnetization rotates clockwise, so that the left magnetic field is en- 286
hanced while the right field is cancelled. In Figure 4(b), the pattern of magnetization ro- 257
tates anticlockwise, so that the right magnetic field is enhanced while the left field is 28
289

cancelled. Up to now, two types of Halbach arrays has been proposed, namely flat Hal-
bach array [22] and Halbach cylinder [23]. 290

Based on the mechanism in Figure 4, two coaxialHalbach cylinders are utilized to 271
build an HCMS in this paper. That is to say, the HCMS is composed of the inner Halbach 292
cylinder and the outer Halbach cylinder. In order to generate larger magnetic force of the ~ 2%

HCMS, the magnetization direction of the outer Halbach cylinder should change anti- 2%
clockwise from top to bottom, while clockwise for the inner Halbach cylinder. According 2%
to Figure 4, the magnetic field between the inner and outer Halbach cylinders can be 2%
enhanced greatly. 297
- 298

(@) (b) 299

Figure 4. Formation mechanism of Halbach array: (a) Left-side enhancement and (b) Right-side 300
301

enhancement.

In this paper, a HCMS is denoted as ‘N-M’ type (N- M should be odd), which 302
means that the outer Halbach cylinder is consisting of N -layer magnetic rings and the 303
inner Halbach cylinder is consisting of M -layer magnetic rings. Then there are total ~ 34
NM CMSs in the HCMS. Therefore, the magnetic force and stiffness of the * N-M " type 30
HCMS can be written as, 306
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Fu(2)= 2 ()

K, (z)=-0F, (z)/oz
where F (2)is the magnetic of the i th CMS which can refer to the formulas in Section 2.
As for each “ N-M ’ type HCMS, both the inner and the outer Halbach cylinder has four 30

(20) 307

308

different configurations according to the magnetization directions, leading to sixteen 310
structures. A representative structure of the 3-3 type HCMS is shown in Figure 5. The 311
vertical center position of the outer Halbach cylinder is denoted as the horizontal axis 312

313

and the displacement between the inner and outer Halbach cylinders is denoted as Z .

Inner Halbach cylinder

» A
Outer Halbach cylinder a * * 2H,
‘ B - 2H,
A f c * * oH f ]‘ 2H, 314
Y - ot [ 2
c * SR*R * J—sz
772777 R 777777
«— !
< R~ >
Figure 5. Schematic structure of the 3-3 type HCMS. 315
3.2 Stiffness formulation of the 3-3 type HCMS 316

As for the 3-3 type HCMS in Figure 5, its magnetic force can be calculated as, 317

F§'3(z)=§ i F;(2) (1) 38

i=A j=A'
where F;(2) denotes the magnetic force of the CMS consisted of the i and i magnetic ~ 31
rings. 320
321

Furthermore, F;(Z) can be calculated as Equation (22) based on Table 2.

Fan = F2(2+H1+HZ—H4—H5,2H1,2H4)

Fe :—F3(2+H1+ H,, 2H1,2H5)

Fooo =—F,(z+H,+H,+H +H ,2H ,2H)

Far =—F4(Z—H4—H5,2H2,2H4)

Fee = F(2,2H,,2H;) (22) 322
Foc = F4(Z+H5+ H6,2H2,2H6)

Fea =—F2(Z—H2—H3—H4—H5,2H3,2H4)

Foe = FB(Z—HZ—H3,2H3,2H5)

Fee = FZ(Z+H4+HS—HZ—H3,2H3,2H6)

By combining Equations (21) and (22), FH3'3(Z) can be written as 323
Fi*(z)=F,(z+H,+H, - H,—H,2H,,2H,) - F, (z+H, +H,, 2H,,2H, ) -
FZ(Z+H1+H2+HS+H6,2H1,2H6)—F4(Z—H4—H5,2H2,2H4)+ 23 -
Fl(z,2H2,2H5)+F4(Z+H5+H6,2H2,2H6)—F2(Z—H2 —H3—H4—H5,2H3,2H4)
+F3(z—H2 —H3,2H3,2H5)+F2(Z+H4+H5—H2—H3,2H3,2H6)

325

Then the stiffness formulation of the 3-3 type HCMS can be written as
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K (z)=K,(z+H, +H,-H, - H,,2H,,2H,) - K, (z+H, + H,, 2H,,2H,) -
K,(z+H, +H, +H;+H,2H,,2H)-K, (z-H, —-H,,2H,,2H,)+ o4
K,(z,2H,,2H,)+K, (z+H, + Hy,2H,,2H, ) - K, (z-H, - H, - H, - H,,2H,,2H,)
+K,(z-H, -H,,2H,,2H,)+K, (z+H, + H, —H, - H,,2H,,2H,)

Finally, the stiffness characteristics of 3-3 type HCMS can be analytically investi- 327
gated based on Egs. (9), (15), (17), (19) and (24). 328

326
)

4. Parametric Analysis on Negative Stiffness of Basic CMS 329

In this section, the analytical formulas in Section 2 are utilized to reveal the stiffness 33
characteristics of each basic CMS. Geometric parameter values of the CMS are listed in 33!

Table4and B, =B, =1T 332
Table 4 Parameter values of the CMS 333
Parameter R R, R, R, h h,
Value 10mm 17.5mm 22.5mm 30mm 10mm 10mm
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Figure 6. Magnetic forces of the four basic CMSs: (a) Type L; (b) Type II; (c) Type III; (d) Type IV. 338
4.1 Stiffness curves of the four basic CMSs 339
Magnetic force curves of the four basic CMSs are calculated and shown in 6. It canbe 340
341

seen that: i) The force equilibrium positions of Type I and Type II CMSs locate at the
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horizontal axis (i.e., Z=0). While the magnetic force of Type IIl CMS reaches the maxi- 342
mum positive value (repulsive force) at z=0 and the magnetic force of Type IV CMS 343
reaches the maximum negative value (attractive force) at z=0; ii) Magnetic force curves 344
of Type I and Type Il CMSs have the similar sine-like shape and the latter has the larger 343
peak value. iii) Magnetic force curves of Type III and Type IV CMSs are symmetrical in 346
terms of the axis of z =0, but the directions are reversed. 347
Next, the stiffness curves of four basic CNSs are calculated and shown in Figure 7.1t~ 348

can be seen that: i) all stiffness curves are nonlinear; ii) Both Type I and Type II CMS have §49
50

symmetrical negative stiffness near z=0. The stiffness of Type III CMS is negative when
2€[-10, 0] and the stiffness of Type IV CMS is negative when 2 €[0,10]; iii) Type II 3!

CMS has the largest negative stiffness and widest displace range of negative stiffness, but 32
Type IV CMS has the best uniformity of negative stiffness. Therefore, it can be concluded 33
that any CMS has negative stiffness with different displacement ranges. 354
15 x10°
il ]
£
z
<
g
3
-2 L L L L L 1 L
-20 -15 -10 -5 0 5 10 15 20
Displacement z/ mm 355
Figure. 7. Stiffness curves of the four basic CMSs. 356
Considering the equilibrium position, Type Il CMS may be the most suitable for 37
compact design. In real-world applications, the amplitude, the displacement rang and the 38
uniformity of negative stiffness are three important metrics of QZS vibration isolators. 3%
Consequently, it is valuable to investigate the effects of key geometric parameters on the 36
three metrics of K,, including the coaxial thickness, the radial thickness and the gap of 361
two magnetic rings. R, and R, are fixed. 362
4 x10f
05
£ e
z z
ol < s
%] [ZIn iy A |
\ /
\;i\/j/ ——h1=h2=5 mm
151 h\:7d —©—h1=h2=10 mm | |
g h1=h2=15 mm
—f—a=12 —-85—h1=h2=20 mm
-20 -15 -10 -5 0 5 10 15 20 -20 -15 -10 -5 0 5 10 15 20
Displacement z / mm Displacement z/ mm 363
(@) (b) 364
365

Figure 8. Effects of (a) the relative and (b) the absolute axial thickness on K, .



Appl. Sci. 2024, 14, x FOR PEER REVIEW 13 of 22

4.2 Effects of the axial thickness on K, 366
Firstly, the axial thickness (h,=5mm) of the outer magnet is fixed and the axial ~ 3¢7
thickness (h;) of the inner magnet is defined as h, =axh,. Here @is the axial thickness 368
ratio which is chosen as {0.4, 0.6, 0.8, 1.0, 1.2}, respectively. In this case, the curves of K, 369
are plotted as Figure 8(a). It can be seen that: i) As @ increases, the displacement range 370
and uniformity of negative stiffness also increases; ii) As & increases, the amplitude of 371
negative stiffness first increases and then decreases. It will reach the maximum value 372
when a=1.0. Furthermore, K,with different axial thicknesses (a=1.0) are calculated as 373
Figure 8(b). The results show that: i) As the axial thickness increases, the displacement 374
range of negative stiffness will also increase and the uniformity hardly changes. ii) As the 37
axial thickness increases, the amplitude of negative stiffness first increases and then de- 376
creases. 377
4.3 Effects of the radial thickness ratio on K, 378
379

Secondly, the radial thickness of the inner magnetic ring and the gap are fixed. That
is to say, R,~R, are fixed and R,=R,*gx(R, —R,). Here 9is the radial thickness ratio 38

which is chosen as {0.4, 0.6, 0.8, 1.0, 1.2}, respectively. In this case, the curves of K,are 381
plotted as Figure 9. It can be seen that: i) With the increase of 9, the displacement range 382
of negative stiffness hardly changes; ii) With the increase of 9, the amplitude of negative 383
stiffness will also increase, but the uniformity of negative stiffness will decrease. 384
g xa0t ' . ' '
0.5:' RN
£ O
z
;N 05 385
22
15
N —g=1.2
2 L L L L L L L
-20 -15 -10 -5 0 5 10 15 20
Nienlaremeant 7 / mm
Figure 9. Effects of 9 on K,. 386
5 x10* ' ' ' '
387

Stiffness K2 /' N/m

—%—d=2mm
—S—d=4mm

d=6mm
—&—d=8mm B
—+——d=10mm

-20 -15 -10 -5 0 5 10 15 20

Nisnlacement 7 / mm

Figure 10. Effectsof d on K,. 388
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4.4 Effects of the gap (d ) on K, 389

Thirdly, the coaxial and radial thicknesses of the two magnetic rings are fixed. That 3%

is to say, .,h,,R,R,,R, —R; are fixed and R,=R,+d . Here the values of d are chosenas 3!

{2, 4, 6, 8,10}, respectively. In this case, the curves of K,are plotted as Figure 10. It can be 392
seen that both the displacement range and the uniformity of negative stiffness will in- 393
crease with d, but the amplitude will decrease with d . 394
By referring to Figure 7~Figure 10, it can be concluded that: i) The amplitude of 3%
negative stiffness is conflict with the uniformity of negative stiffness and there should be 3%
a trade-off design in practice; ii) Two magnetic rings with the same optimal coaxial ~ 3%/
thickness can lead to the largest amplitude of negative stiffness. 398
5. Parametric Analysis on Negative Stiffness of the 3-3 Type HCMS 399
In this section, the analytical formulas in Section 3 are utilized to reveal the stiffness 400
characteristics of the 3-3 type HCMS. Its geometric parameter values are listed in Table 5 401
and B, =B, =1, 402
Table 5 Parameter values of the 3-3 type HCMS 403
Parameter R R, R, R, H,~H,
Value 10mm 17.5mm 22.5mm 30mm 5mm
5.1 Validation of the analytical model by finite element modeling 404
405

In order to validate the analytical formulas of magnetic force and stiffness in Equa-
tions (23) and (24), the COMSOL Multiphysics® software is utilized for finite element 406
simulations on magnetic forces ((Stiffness cannot be directly simulated)). Finite element 407
model (FEM) of the 3-3 type HCMS in Figure 5 is built as Figure 11(a), where the inner ~ 408

and outer Halbach cylinders are automatically meshed by using the tetrahedral elements. 40
Then parametric-sweep simulations are carried out over the distance Zand the corre- 410
sponding forces are simulated and recorded. At the same time, magnetic force and stiff- 411
ness curves of the same 3-3 type HCMS are calculated by using the analytical formulas. 412
Next analytical and simulated magnetic force curves are compared in Figure 11(b) and 413
then the stiffness curve is shown in Figure 11(b). It can be seen that: i) As for the mag- 414
netic force, the analytical and simulation results are almost consistent. It indicates that 415
the proposed analytical model is accurate and feasible. ii) The magnetic force is equal to ~ *1°
zero at Z=0. That is to say, the force equilibrium position locates at the horizontal axis. 417
The magnetic force curve has a sine-like shape near the equilibrium position; iii) The 418
stiffness curve is symmetrical in terms of the axis of z=0. In particular, the stiffness is 4!
negative near the equilibrium position, which testifies that the 3-3 type HCMS can gen- 420
erate a negative stiffness. 421

422

423



Appl. Sci. 2024, 14, x FOR PEER REVIEW

15 of 22
4
410 ‘ - - ‘ -
-3 Analytical results ﬁ
® —©— Simulation results k
/ / \
2k 4 %/ ]
/ \
1 ,
0 /
g Y4 \ / F
z Z Wm 56 ¥ *W
% &, \ / |
Q 1] \ /
g 2 * F
o c \ /
iy = \ /
= \
» 4+ \ / 1
4 L
\ /
\ /
\ /
\ /
6 \/ 4
400 . . . . . . . 8 . . . . . . .
-40 -30 -20 -10 0 10 20 30 40 -40 -30 -20 -10 0 10 20 30 40
Displacement z/ mm Displacement z/ mm
(b) (©)

Figure 11. (a) FEM, (b) Magnetic force and (c) stiffness of the 3-3 type HCMS.

5.2 Comparison of the 3-3 type HCMS with traditional single-layer CMS

In order to validate the superiority of the 3-3 type HCMS, traditional Type I CMS
and Type II CMS with the same geometric dimensions are also considered and com-

pared. Then their stiffness curves are compared in Figure 12. It is obvious that the am-
plitude of negative stiffness of the 3-3 type HCMS at z=0 is almost five times of those
of Type I CMS and Type II CMS. The results verify that a large-amplitude negative stiff-
ness can be generated by the HCMS. Furthermore, it is valuable to investigate the effects
of key geometric parameters on the three metrics of K’ .

Stiffness Kf,'s / N/m
N

'
S

—%— Type | CMS b
—+8— Type Il CMS
—o—HCMS
8 L I | | | L |

-20 -15 -10 -5 0 5 10 15 20

Nienlaremant 7 / mm

Figure 12. Comparisons of the 3-3 type HCMS with traditional Type I and Type II CMSs

5.3 Effects of geometric parameters on KJ°

Firstly, H,=H,=H,=H=5mm H, =H;=H;=axH . The relation curve between

K>¥and 2 is plotted in Figure 13(a). Secondly, R ~R; are fixed and R,=R,+g x (R,—R).

The relation curve between KJ° and 9 is plotted in Figure 13(b). Thirdly,

H,~Hs, R, R,,R, —R; are fixed and R,=R,+d . The relation curve between K’ and d is

plotted in Figure 13(c). Compared with Figure 8~Figure 10, it can be seen that the similar
trends can be drawn in Figure 13.
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Figure 13. The curves of Kf,'s under different (a) a, (b) g and (c) d.
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Figure 14. Sixteen structural configurations of the 3-3 type HCMS.
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5.4 Nonlinear stiffness characteristics of all 3-3 type HCMSs 449
As mentioned before, each * N-M ” type HCMS has sixteen structural configurations. 4%
Here all structural configurations of the 3-3 type HCMS are shown in Figure 14. It can be %71
seen that the first structural configuration matches the one shown in Figure 5. The same 452
geometric values as Table 4 are adopted and the stiffness curves are plotted in Figure 15. 43
The results show that: i) There are only eight different nonlinear stiffness curves due to 4
the structural duality; ii) Each 3-3 type HCMS has negative stiffness, but the displacement 4%
range of negative stiffness is different. Furthermore, the configurations on the main di- 4%
agonal (i.e., the diagonal red dotted line) have negative stiffness near z=0, which are 4%/
useful for compact design; iii) The amplitude of negative stiffness of any 3-3 type HCMS 48
is larger than that of single-layer magnetic spring. Both the first and the eleventh 3-3 type 4%
HCMS have the largest amplitude of negative stiffness at z=0. 460
g X100 ‘ ‘ . o x10*
§ §
D D
3= s
X b 461
2 g
[2) (2]
-8 L L L L L L L 6 L L L \w’/ . L L L
-20 -15 -10 -5 0 5 10 15 20 -20 -15 -10 -5 0 5 10 15 20
Displacement z/ mm Displacement z/ mm
g x10° . ‘ o 2104
(c) ——(9)
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3= 3=
< X 462
» »
6 4
-8-20 -1‘5 -1‘0 -25 (l) 5‘3 1‘0 1‘5 20 --20 -15 -10 -5 0 5 10 15 20
Displacement z / mm Displacement z/ mm
Figure 15. Stiffness curves of (a) 1¢ to 4%, (b) 5% to 8™, (c) 9™ to 12t and (d) 13t to 16% 3-3 type 463
HCMSs. 464
5.5 A case study on optimizing the structure of the 3-3 type HCMS 465
As shown above, nonlinear negative stiffness characteristics of 3-3 type HCMS are 466
related to many geometric parameters. Generally speaking, it is complex to optimally 467
design its structure due to the multi-variable optimization. In engineering applications, 68
however, some geometric parameters can be determined in advance. Taking the 3-3 type 469
HCMS in Figure 5 as an example, it can be seen that R, R,are limited by the working- 470
471

space and d should be small as possible in terms of installation. Once R, R,, d are fixed,
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Inner Halbach cylinder

A\

Outer Halbach cylinder

there are only two parameters to be optimized, namely R,and H . Here we choose
R =10mm, R,=30mm  d=2mm . Then the stiffness curve at z=0in terms of R,andH is
shown in Figure 16. The result shows that R,=14mmand H=11mm can be selected to
obtain the maximum-amplitude negative stiffness.

Stiffness K> / N/m

Radius R,/ mm Height H/ mm

Figure 16. The stiffness curve at z =0in termsof RyandH .

6. Potential Solution of HCMS with Larger-amplitude and Wider-range Negative
Stiffness

In real-world applications, a larger-amplitude and wider-range negative stiffness is
desirable. To address this challenge, the number of layers of the Halbach cylinder is in-
creased to look for potential solutions. Here the 5-3 type and 3-5 type HCMSs are shown
in Figure 17. As for these two HCMSs, two cases are considered, respectively. The first
one is that each magnetic ring in the outer and inner Halbach cylinders has the same
height (i.e.,, 10mm), which is denotes as Type 1. The other one is that the total heights of
the outer and inner Halbach cylinders are the same (i.e.,, 30mm)), which is denotes as Type
2. Other geometric parameter values refer to Table 4. Then stiffness curves of the 5-3 type
and 3-5 type HCMSs are compared with that of the 3-3 type HCMS, as shown in Figure
18. The results show that: i) Under the same volume, increasing the layer number of ei-
ther outer Halbach cylinder or inner Halbach cylinder cannot enlarge the amplitude and
the displacement range of negative stiffness; ii) By keeping the same height of magnetic
rings, increasing the layer number of either outer Halbach cylinder or inner Halbach
cylinder can enlarge the amplitude and the displacement range of negative stiffness; iii)
The 5-3 type2 HCMS is better than the 3-5 type2 HCMS in terms of compact design and
the amplitude of negative stiffness.
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Figure 17. The structures of other types of HCMS: (a) 5-3 type 1; (b) 5-3 type 2; (c) 3-5 type 1; (d) 3-5
type 2.
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Figure 18. Stiffness curves of (a) 5-3 type; (b) 3-5 type HCMS.
7. Conclusions and Discussions

7.1 Main conclusions

QZS is very promising for low-frequency vibration isolation due to the nonlinear
HSLD stiffness and a large-amplitude negative stiffness is needed for heavy-load appli-
cations. Thanks to the advantage of noncontact, magnetic springs have been widely uti-
lized to obtain negative stiffness. However, negative stiffness of existing magnetic springs
is often not enough for heavy-load applications. To overcome this issue, this paper in-
vestigated novel magnetic springs with large-amplitude negative stiffness by introducing
Halbach arrays. The key outcome of this paper is to present a “building block” method-
ology for designing magnetic springs with specific requirements. Based on it, many var-
iants of HCMS can be easily analyzed and optimized. Main highlights of this paper may
include:

1) Analytical stiffness formula of the HMCS is built based on the Amperian current
model and the Biot-Savart’s law.

2) HCMSs can generate negative stiffness with different equilibrium positions and
the amplitude of negative stiffness of HCMSs is much larger than that of existing sin-
gle-layer magnetic springs.
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3) It is difficult to increase the amplitude and the uniformity of negative stiffness 521

simultaneously, so that a trade-off strategy is needed to design the HCMS. 522
4) Increasing the layer number of Halbach cylinders can result in larger-amplitude 523
and wider-range negative stiffness. 524

7.2 Discussions 525

Despite the above highlights, there are still the following disadvantages or limita- 526
tions deserved to be studied in future. 527
1) Compared with traditional single-layer magnetic springs, more magnetic rings 528
are utilized in the structure of HCMS. In this case, the total weight and volume of the = 529
magnetic spring will increase. At the same time, it needs to manufacture magnetic rings 530
with different magnetization directions, leading to high cost. 531
2) The performance of QZS is sensitive to its structural integrity, which will impose 532
strict demands on manufacturing and assembling magnets. As for the HCMS, there are 533
multiples magnetic rings. Therefore, higher manufacturing and assembling precision is 534

required. In return, the performance of the HCMS is susceptible to manufacturing or as- 535
sembling errors in practice. 536
3) Both the design and the performance of HCMS depend strongly on material 537
properties of the magnets. In engineering applications, however, the possibility of de- 538
magnetization or even complete loss of magnetism may happen in magnets due to 539
long-term service or severe working conditions. 540
4) As for the HCMS, there is the conflict between the amplitude and the uniformity 541

of negative stiffness. The reason may be that only an inner Halbach cylinder is used. 542

In future, novel HCMS configurations consisting of an outer cylinder and multiple 543
inner cylinders can be investigated to deal with the conflict between the amplitude and 544
the uniformity of negative stiffness. In addition, HCMS-integrated QZS will be designed 545
and tested for heavy-load applications. 546
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