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ABSTRACT

R-mode oscillations of rotating neutron stars (NS) are promising candidates for continuous gravitational wave (GW) observations.
In our recent work, we derived universal relations between the NS parameters compactness and dimensionless tidal deformability
with the r-mode frequency. In this work, we investigate how these universal relations can be used to infer various NS intrinsic
parameters following a successful detection of the r-modes. In particular, we show that for targeted r-mode searches, these
universal relations along with the ‘I-Love—Q’ relation can be used to estimate both the moment of inertia and the distance
of the NS, thus breaking the degeneracy of distance measurement for continuous gravitational wave (CGW) observations. We
also discuss that, with a prior knowledge of the distance of the NS from electromagnetic observations, these universal relations
can also be used to constrain the dense matter equation of state (EOS) inside the NS. We quantify the accuracy to which such
measurements can be done using the Fisher information matrix for a broad range of possible, unknown parameters for both the

a-LIGO and Einstein Telescope (ET) sensitivities.
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1 INTRODUCTION

The first detection of gravitational waves (GWs) from a binary black
hole (BBH) merger event GW150914 (Abbott et al. 2016a) has
opened up a new rapidly growing field in modern astrophysics.
Since the first detection of a BBH merger in 2015, till now
we have made almost 100 confirmed detections (Abbott et al.
2021a) of GWs from binary systems including binary neutron
star (BNS; Abbott et al. 2017b) and neutron star-black hole (BH-
NS; Abbott et al. 2021b) systems using the LIGO-Virgo—Kagra
(LVK) global network of GW detectors (Acernese et al. 2014;
Aasi et al. 2015; Abbott et al. 2016b; Akutsu et al. 2021). The
BNS merger event GW170817 (Abbott et al. 2017b, 2018b, 2019)
was also observed throughout the electromagnetic spectrum open-
ing the modern era of multimessenger astronomy (Abbott et al.
2017c¢).

Although till now, we have only observed GW emission from
binary sources, with increasing sensitivity of the current detectors
and also the upcoming third-generation detectors like the Einstein
telescope (Punturo et al. 2010; Hild et al. 2011) or the Cosmic
Explorer (Abbott et al. 2017a), we will also possibly detect weaker
sources of GWs, such as continuous gravitational waves (CGW)
emission from spinning isolated neutron stars (NSs) is characterized
by its long-lasting and almost monochromatic nature. Deformations
or ‘mountains’ on the surface of NS supported by elastic and/or
magnetic strain, rigid rotation of a triaxial star or fluid oscillations in
a rotating NS are the main sources of CGW emission from NS (See
Riles (2023) for a recent review).
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R-mode is a toroidal mode of fluid oscillation for which the
restoring force is the Coriolis force (Papaloizou & Pringle 1978;
Andersson 1998; Friedman & Morsink 1998; Andersson 2003). For
any rotating star, Chandrasekhar—Friedman—Schutz (Chandrasekhar
1970; Friedman & Schutz 1978) mechanism drives the r-mode
unstable leading to GW emission. This instability can explain the
spin-down of hot and young NSs (Lindblom, Owen & Morsink 1998;
Andersson, Kokkotas & Schutz 1999a; Alford & Schwenzer 2014),
as well as old, accreting NSs in low-mass X-ray binaries (Bildsten
1998; Andersson, Kokkotas & Stergioulas 1999b; Ho, Andersson
& Haskell 2011). Because of the astrophysical significance, CGW
emission from r-modes has been searched in the LVK data for the
Crab pulsar (Rajbhandari et al. 2021) and PSR J0537-6910 Fesik
& Papa (2020a, b); Abbott et al. (2021c). No CGWs were still
detected in these searches, but upper limits on strain amplitude were
obtained.

GW emission from binary systems allows to calculate the lumi-
nosity distance of the system from the measured GW parameters
alone (Schutz 1986); that’s why these systems are called ‘standard
siren’. Recently, Sieniawska & Jones (2021) showed that CGW
emission from NS can’t be used as standard sirens since the distance
estimation is always degenerate by one of the unknown physical
parameters: moment of inertia (Mol) or the r-mode amplitude,
denoted by « (ellipticity, € in the case of ‘mountains’). In the
specific case of r-modes from barotropic, slowly rotating NS, the
frequency of the emitted GW actually depends on the structure of
the NS (Lindblom, Mendell & Owen 1999; Lockitch, Andersson
& Friedman 2000; Lockitch, Friedman & Andersson 2003). In our
recent paper (Ghosh, Pathak & Chatterjee 2023), we improved the
universal relation of the r-mode frequency with the NS compactness
considering the Newtonian limits of the r-mode frequency and recent
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multimessenger constraints on the NS EOS (Dietrich et al. 2020;
Traversi, Char & Pagliara 2020; Pang et al. 2021; Ghosh et al. 2022a;
Ghosh, Chatterjee & Schaffner-Bielich 2022b) and also derived the
universal relation between r-mode frequency and dimensionless tidal
deformability of the NS. The current most sensitive searches for r-
mode using the LVK detectors are targeted searches for which we
know the rotation frequency of the pulsars and the search is within a
band of a few Hz (Caride et al. 2019). In this paper, we show that for
such targeted r-mode searches, from the measured frequency, we can
determine the Mol of the system for a given EOS and then calculate
the distance, thus breaking the degeneracy between Mol and distance.
We further analyse the accuracy to which such measurements can
be made with a-LIGO detector (Abbott et al. 2018a, 2020a) and
third-generation detectors like the Einstein Telescope. In particular,
we show how the uncertainty in the inclination angle (1) will
affect the distance measurement of the pulsar. Although we do
not include simulations for the third-generation detector, Cosmic
Explorer (Abbott et al. 2017a; Evans et al. 2021), but the results
are expected to be qualitatively similar to the Einstein Telescope.
We also discuss that if we assume the knowledge of the distance
from prior EM observations, we can use the universal relations to
measure the mass and Mol of the NS that can be used to constrain
the EOS.

The structure of the article is as follows: in Section 2, we describe
the formalism of CGW from r-modes and the universal relations
for the r-mode frequency. We also estimate errors of relevant signal
parameters using the Fisher matrix. The details of the measured NS
parameters and corresponding errors are discussed in Section 3. In
Section 4, we discuss the main assumptions considered in this study
and their validity with current observation scenarios. In Section 5,
we discuss the main implications and future aspects of this work.

2 METHOD AND FORMALISM

2.1 Continuous gravitational waves from r-modes

The strain amplitude for r-mode oscillations is parametrized by the
dimensionless quantity o (Owen et al. 1998) and the corresponding
CGW strain is given by (Owen 2010)

51217 G sl g
ho =\ =5~ S @MR' D)~ fy. (1)

where M, R are the mass and radius of the star, respectively, fow is
the frequency of the GW, « is the r-mode saturation amplitude, and
J is a dimensionless parameter that depends on the EOS of the NS
(Owen et al. 1998),

. 1 R
J= MR4/ pr®dr, )
0

where p is the density inside the NS.

Assuming the star is losing all of its rotational energy via r-
mode emission and the constant r-mode saturation amplitude «, the
frequency derivative can be written as (Riles 2023)

409677 G M?R®J?

25 (7 1
where [ is the Mol of the NS. Eliminating the highly uncertain
parameter o M R3J from equations (1) and (3), we have

VT . fow [ 8¢3
@ =M\ Vase @

fow = — & fows (3)
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This means that, unlike the binary inspirals (Schutz 1986), we cannot
directly solve for distance (d) from the GW measurement alone, and
it will always be degenerate with the Mol (/) (Sieniawska & Jones
2021).

2.2 Universal relations

For slowly and uniformly rotating barotropic stars, the r-mode
frequency is proportional to the rotational frequency of the NS (Idrisy,
Owen & Jones 2015; Ghosh et al. 2023),

Jfow =12 — k| frot, )

where f,, is the rotational frequency of the star and « is a di-
mensionless parameter. Idrisy et al. (2015) showed that « has a
universal relation with the NS compactness (C), which we improved
considering a chosen set of 15 tabulated EOSs that are consistent with
the recent multimessenger observations of NS and the Newtonian
limits of the r-mode frequency (Ghosh et al. 2023)

k = 0.667 — 0.478C — 1.11C>. 6)

We also showed that k has a universal relation with the dimensionless
tidal deformability (A) (Ghosh et al. 2023)

k = 0.3612 + 0.0407 log(A) — 0.0015 log?(A). @)

For slowly rotating stars, there are also universal relations between
the N'S Mol, the Love numbers, and the quadrupole moment called
the I-Love—Q relations (Yagi & Yunes 2013b). The universal relation
between the normalized Mol (I = I/m?) and tidal deformability is
given by (Yagi & Yunes 2013a)

In(f) = 1.47 + 0.0817 In(A) + 0.0179 In(A)* + 2.87
x 107 In(A)* = 3.64 x 107 In(A)*. (8)

2.3 Signal model and error estimation using Fisher matrix

The strain produced in a detector by the CGW signal from the r-mode
oscillations in NS can be represented in the form of (Jaranowski,
Kroélak & Schutz 1998)

4
h(t)=">_ A'hi(t;3) ©)
i=1

in terms of four signal-amplitudes A independent of the detector
and the detector-dependent basis / (¢; A). The signal amplitudes A’
can be expressed in terms of the two polarization amplitudes A,
A, the initial phase W, and the polarization angle . The additional
parameters, represented by X in equation (9), which modify the phase
of the signal, include the star’s sky location, detector position and, if
the star is in a binary system, its orbital parameters. The polarizaation
amplitudes A, and A, can be written in terms of the characteristic
amplitudes %y and the inclination angle ¢ between the NS’s rotation
axis to the line of sight (Jaranowski et al. 1998)

1
A+ — Eho(l +c052 1) Ay, =hgcost. (10)

To express the phase of the CGW signal, we assumed that in the
rest frame of the NS, the GW frequency can be expanded in a Taylor
series. For the case of targeted searches (which is also what we are
considering in this work for the most sensitive r-mode searches), the
sky location of the source is known, and the phase can be expressed
as a polynomial function of the initial phase (W), frequency, and the
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higher order derivatives (Jaranowski & Krélak 1999),
\P:\Do+27r{ft+%f'tz+éf't3], 11
where ¢ is an arbitrary time and W is the initial phase, which is set

to be zero. The parameter space metric over the phase parameter set
P = (f, 1, f) can be written as

/0 0w ow ow 2
8ij = <af(i) af(j>>_<af<i>><6f(”>’ (1)

where (f©, fO, f@) = (f, f. f). The Fisher Co-variance matrix
is given by the inverse of the above matrix

g—l

>’
where p? is the signal-to-noise ratio (SNR) assuming optimal match

between the true signal and the best-fit template (Moore, Cole &
Berry 2014). The SNR is calculated using the formula

, [P
= df, 14
r /0 s Y (19

where /( f) is a Fourier transform of the GW signal and S, (f) is the
amplitude spectral density, which determines the sensitivity of the
detector. For observation times of one year or more, we can get an
expression for SNR averaged over the sky location and polarization
angle ¥ (Jaranowski et al. 1998)
,_ L WT
40 S,,(f)
and if we further average over inclination angle cos¢ € [—1, 1], then
we get (Prix 2007),
,_ 4 WT
25 8.(f)

The error propagation for any physical quantity that depends on our
parameter set P = (hy, f, f, f) can be written as

0A 0A
o(A? = Z <a> <a) Ty, a7

x,yeP

r= (13)

(1 —|—6COSZL—|—COS4L), (15)

0

) (16)

where Iy, denotes the co-variance between the variables x, y. The
error for the frequency and spin-down parameters can be obtained by
evaluating equation (12) with the expression for the phase W given
in equation (11). For the amplitude parameters, only &y parameter is
of importance to infer the NS interior properties. For targeted and
year-long searches, we can consider the error in & averaged over sky
position and polarization angle ¥ but dependent of the inclination
angle ¢,
o(hg) 2a +/b+cos?i

== —, (18)

ho 50 1 —cos?i

where a ~ 4.08 and b ~ 2.59 (Prix 2007; Lu et al. 2023). Due to
the singularity in the coordinate transformation between the four
amplitude parameters A; and {ho, ¢, ¥, Wo}, there is a divergence
in the error in equation (18) for cos¢ = %1 (Prix 2007). Using the
formula (17), we get the error estimates for the quantity % from the
equation (4) (Sieniawska & Jones 2021).

d\> 456 1 75f'+1620+675

VI) 8¢ (mpho)* [T f3  TAff  T3f?
n2i2ﬁ Vb + cos?i

f 5 l—cos?i |’

19
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The parameter « is calculated from the measured GW frequency
(fow) using the equation (5). The error in measuring the parameter «
is estimated by

2 2 2
o) = <fc-w> (U(fc-w)) n <0(frm)> . 20)
f rot f GW f rot
From the universal relations in equations (7) and (8), we can estimate
the error in the normalized Mol to be

o(I)
I2

= [(0.0817 + 0.0358/n A + 0.0008/n A* — 0.0002InA>)]

1
0.0049 — 0.008«’

which can be converted into o (1)/I for a given EOS. Now, the error
is measuring the distance can be simply calculated from equations
(21) and (19)

o)\ _ (e VDY’ JED)
(d)_(dm)+4 DY, @

3 RESULTS

@n

x o (k)?

We first consider the SNR for simulated signals to calculate the
detectability and the corresponding errors of the NS parameters
associated with possible r-mode detection using the current and
future generation GW detectors. To generate the signal model,
we consider a canonical NS (Owen et al. 1998) with mass M
= 1.4Mg, R = 12.53km, J = 0.0163, and I = 103 kgm2 at a
distance d = 1 kpc. We consider the r-mode saturation amplitude o
in the theoretical expected range of 107°-10~" (Arras et al. 2003;
Bondarescu, Teukolsky & Wasserman 2009) and the CGW frequency
in the range of 40-500 Hz. We don’t go up to very high frequency
because the universal relations used in our study are not valid for
very fast rotating NS (Doneva et al. 2013; Idrisy et al. 2015). We
simulate the CGW signals for this wide range of parameters for the
NS with an observing period of 2 years, which matches the duration
of the future LVK observing runs, and calculate the expected SNR
denoted by p, using the formula given in equation (16) averaged
over sky location, polarization angle, and inclination angle. In Fig. 1,
we plot the SNR for both a-LIGO and ET design sensitivity curves
and see that for third generation detector ET, the SNR is an order of
magnitude higher, as expected. Considering a minimum SNR of 20 is
required for a signal to be detectable, we see that a canonical NS at a
distance 1 kpc with r-mode frequency >100 Hz and o > 10~* will be
detectable with 2 years of observing using the third generation GW
detector ET. The SNR estimates shown in this figure also re-scale
accordingly with changing distances.

If we want to measure distance of the NS from the detected signal,
we need to first estimate the Mol to break their degeneracy, as shown
in equation (4). In the case of targeted searches for detectable signals,
we will be able to determine the value of r-mode frequency (fgw)
with a great accuracy from the phase of the signal (Jaranowski &
Krélak 1999) and subsequently the value of « using the equation
(5). Assuming the sources are slowly rotating NS, we can use the
universal relations given in equations (7) and (8) to estimate the
tidal deformability (A) and normalized Mol (I), respectively. To
estimate the Mol from the normalized Mol (1_ ), we need to assume
a true EOS of the NS matter, which allows us to calculate the mass
of the star from the estimated tidal deformability. For this analysis,
we choose four tabulated EOSs: WFF1, APR4, SLY9, and GM1,
among which WFF1 and GMI1 are the softest and stiffest EOS,
respectively. All our EOS tables are obtained from either CompOSE
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Figure 1. Expected SNR (p) for a wide range of possible a and fgw values
at a fixed distance = 1 kpc for two different GW detectors: a-LIGO (on the
top) and ET (on the bottom). Solid black lines denote contour levels at SNR
=20.

(Oertel et al. 2017) or an EOS catalogue from Ozel & Freire (2016)
used in LALSuite (LIGO Scientific Collaboration 2018). All the
EOSs satisfy the constraints of maximum mass >2 Mg, 90 per cent
tidal deformability limits from GW170817 (except the very stiff
EOS GM1) and the M—R estimates from the NICER measurements
(Abbott et al. 2020b; Biswas 2022). For these four chosen EOSs,
we calculate the Mol using the universal relations and plot them
as a function of « in Fig. 2. For stiff EOSs GM1 and SLY9, we
see the unstable branch (starting point is denoted by black dots in
Fig. 2) determined by ‘turning point’ method (Friedman, Ipser &
Sorkin 1988) at low values of «, which corresponds to a high value
of compactness that cannot be obtained for stable NSs with these
stiff EOSs.

For the error measurement of the Mol, we assume a fixed pulsar at
a distance d = 1 kpc with @ = 107> and consider signals with SNR
>20 for the ET design sensitivity so that the signals are detectable.
As given in equation (21), for the error in measurement of /, we also
require the values of «, error in measurement of f;, and the choice of
EOS. For targeted searches, we generally can measure the rotational
frequency (f;o1) of the pulsar from prior EM observations up to a
very high precision (Manchester et al. 2013; Desvignes et al. 2016),
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Figure 2. Estimated Mol as a function of « for four different choice of EOS.
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Frequency (fgy)

Figure 3. Error estimation of the Mol at a fixed value of distance d = 1 kpc
with @ = 1073 for ET design sensitivity curve for SLY9 EoS. The dashed
black lines denote a fixed value of relative error of 10 per cent.

although we consider here an error of 1 per cent. In Fig. 3, we plot the
error in measuring the parameter / as a function of fgw for different
choices of « for the particular EOS, SLY9. We see that the relative
error decreases with a higher « value but don’t see much change in
the error estimation with different EOSs (figures not shown). Also,
we observe that for reasonable values of ¥ (Ghosh et al. 2023), we
can measure the Mol up to 10 per cent accuracy for CGW frequency
>100Hz. We also find that the relative errors will increase with
increasing distance and decreasing « (Figures not shown), which is
also evident from equation (1) and Fig. 1, respectively.

Although we can estimate the Mol from the frequency mea-
surement using the universal relation, to get the distance of the
pulsar, we need to estimate the characteristic amplitude hy. The
differing amplitudes of the two polarizations of the gravitational
waveforms A, and A, allow us to determine both the binary
inclination (¢) and the characteristic amplitude sy from equation
(10). However, both polarizations have nearly identical amplitudes
at small inclination angles (difference less than 5 per cent for ¢ <
45°) and significantly lower amplitudes at large inclination angles
(Usman, Mills & Fairhurst 2019). This leads to the conclusion that
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Figure 4. Error estimation of d for a wide range of possible « and fow
values at fixed value of d = 1kpc for ET design sensitivity for two different
inclination angle: ¢ ~ 0° (on the top) and ¢ ~ 90° (on the bottom). The solid
black lines denote contours of relative error of 25 per cent.

the CGW signal is strongest for NSs that are close to face-on (¢
~ 0°) or face-away (¢ ~ 180°), and thus there is an observational
bias towards detecting NSs whose orbital angular momentum is well
aligned (or anti-aligned) with the line of sight. In that case, if the
amplitudes of the two polarizations are close to equal, we cannot
measure strain amplitude or inclination separately. This will lead to
a degeneracy between the distance estimation with the inclination
angle of the NS, which is also present in the case of binary systems
(Nissanke et al. 2010; Schutz 2011).

To look into the effect of uncertainty of the inclination angle on the
distance measurement in Fig. 4, we plot the error in measurement
of d as a function of & varied in the range of 1076-10~! and the
CGW frequency to be in the range of 40-500 Hz for two different
inclinations: ¢ ~ 0° and 90°. A canonical NS at a distance of 1 kpc
with ‘SLY9” EOS and fixed « = 0.5 was considered for the ET design
sensitivity. In Fig. 4, we also show the contour of 25 per cent relative
error in measured distance in black solid lines. For a pulsar at d =
1kpc aligned with the line of sight, for detectable signals, we can
measure the distance up to an accuracy of 25 per cent for fow >
300Hz and o > 1073, but the errors decrease when the inclination
angle changes to ¢ ~ 90°. Although SNR decreases with increasing

MNRAS 525, 448-454 (2023)

inclination angle changes from ¢ ~ 0° to 90° (from equation (15)),
since the measurement of 4, becomes degenerate with inclination
angle at low values, the error in measuring /4, and hence, distance (d)
become larger at low inclination angles. These error estimates also
scale accordingly with changing distance of the pulsar (figures not
shown).

4 ASSUMPTIONS

In this section, we revisit some of the assumptions we made for our
analysis. Throughout our calculation, we have assumed the entire
spin-down is driven by CGW emission viar-modes. This is, of course,
not true for targeted searches since we already observe them as
pulsars and so, only a fraction of the spin-down energy is radiated
by CGW emission. A measurement of braking index, n = ££, can
differentiate between the spin-down mechanisms; for examp{e, n=
3 indicates dipole emission and n = 7 for r-mode emission (Riles
2023). Recent analysis of PSR J0537 measures a braking index n
~ 7, which indicates that a significant fraction of the spin-down
energy is radiated via r-modes (Andersson et al. 2018). That is also
what makes this pulsar the most promising candidate for r-mode
searches. It may in fact be possible to carry out an analysis assuming
an electromagnetic component to the spin-down, as described in Lu
et al. (2023). From a successful CGW detection, we will also be able
to measure the braking index with great accuracy, which can shed
light to the various spin-down components (Sieniawska & Jones
2021).

While considering the phase of the signal model in (11), we
ignored the dependence of the signal on the source’s sky location
(Jaranowski & Krélak 1999). For targeted searches, we have prior
knowledge about the sky location of the source, and also in general
in CGW observations, the sky location is expected to be measured
extremely accurately. In practice, we should also consider the effect
of cosmological parameters such as redshift (z) on the detectability
of the signals, especially when trying to estimate distances. But
Sieniawska & Jones (2021) showed that percentage change in the
CGW amplitude estimation due to the cosmological corrections is
within a few percents and so will not be very important for such
detection. To estimate the errors, rather than a full Bayesian analysis,
we use the Fisher information matrix formalism, which is strictly
valid only in the case of high SNRs and also has several other
limitations (Vallisneri 2008). Still, we adapt this formalism because it
is computationally easy to implement and gives a qualitative accurate
estimation of the inferred parameters.

While considering the signal strain amplitude, we considered a
constant value of r-mode amplitude «. If the NS is spinning down
via r-mode emission, r-mode amplitude will grow due to the CFS
mechanism (Chandrasekhar 1970; Friedman & Schutz 1978) till
it reaches a constant value called saturation amplitude o due to
dynamical couplings with other modes (Arras et al. 2003). In our
model, we assumed a constant value of « similar to Owen et al.
(1998), but different studies indicate more complex behaviour with
different limits to the value of o (Arras et al. 2003; Brink, Teukolsky
& Wasserman 2004; Bondarescu et al. 2009). An upper limit of this
saturation amplitude was also obtained from the non-detection of r-
modes from PSR J0537 using recent analysis of the O3 data (Abbott
et al. 2021c¢).

The universal relations used in this paper are also valid under some
specific conditions. The universal relations obtained in our recent
work Ghosh et al. (2023) are valid for slow rotation limits only. The

2
higher order effect is of the order of (fLK) (Idrisy et al. 2015),
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where fi is the Keplerian frequency (oxy/ M /R?). The ‘I-Love-Q’
relations also do not hold true for rapidly rotating stars (Doneva et al.
2013) or highly magnetized stars (Haskell et al. 2013) and become
EOS dependent. There are several other factors like the presence
of a solid crust (Levin & Ushomirsky 2001), stratification (Yoshida
& Lee 2000; Passamonti et al. 2009; Gittins & Andersson 2023),
magnetic field (Ho & Lai 2000; Rezzolla, Lamb & Shapiro 2000;
Rezzolla et al. 2001a, b; Morsink & Rezania 2002), or superfluidity
in the core (Lindblom & Mendell 2000; Andersson & Comer 2001)
that might affect the r-mode frequency, but their effect was found to
be negligible for most stars (Idrisy et al. 2015). The most promising
target PSR J0537-6910 has rotational frequency = 62 Hz (Marshall
et al. 1998), which determines r-mode frequency in the range of 86—
99 Hz (Ghosh et al. 2023), much lower than its Keplerian frequency.
So, for a future detection of r-mode from this particular pulsar, we can
use both the universal relations to infer the NS intrinsic properties.

5 DISCUSSION AND CONCLUSION

In this work, we showed how to measure the various NS intrinsic
properties from a future successful r-mode detection using the current
and third generation GW detectors. We mainly focused on how to
break the degeneracy between the Mol and distance measurement
from a r-mode detection that was recently pointed out in Sieniawska
& Jones (2021). Using the universal relations obtained in our earlier
work (Ghosh et al. 2023) for targeted pulsars, we can measure the
compactness and the dimensionless tidal deformability from the mea-
sured CGW frequency. Using the ‘[-love—Q’ relations, we can then
calculate the normalized Mol, and knowledge of the true EOS allows
to calculate the Mol (/) of the system. Stiffer EOS predicts a higher
value of Mol, which is expected as stiffer EOS predicts a higher radius
for a NS. Once the Mol is known, we can easily calculate the distance
(d) from the measured strain amplitude (/). This way, from the
measurement of the characteristic strain amplitude (/) and the CGW
frequency (fow), we can measure the distance of the pulsar using
these continuous gravitational observations and break the degeneracy
with Mol. But this way of distance measurement still suffers from its
degeneracy with inclination angle similar to binary GW observations
(Nissanke et al. 2010; Schutz 2011). In future, the network of five
detectors with the recent addition of KAGRA (Aso et al. 2013) and
the upcoming LIGO-India (Saleem et al. 2021) or the triangular
configuration of the ET (Punturo et al. 2010) would further increase
the network’s sensitivity to constrain both the inclination angle and
distance (Usman et al. 2019). Electromagnetic observations of the
pulsars can also be used to constrain the inclination angle and thus
breaking their degeneracy with distance (Benli, Pétri & Mitra 2021).

Although we can calculate the Mol up to 10 per cent accuracy for
CGW signals from a pulsar at d = 1kpc with frequency >100 Hz;
the distance estimation, being dependent on the measurement of
ho has much larger errors and also suffers from its degeneracy
with the inclination angle. For pulsars aligned with line of sight,
to have below 25 per cent accuracy in the distance estimation with
CGW frequency >300Hz, we need o > 1073. Recent limits on
the r-mode saturation amplitudes (Bondarescu et al. 2009; Haskell,
Glampedakis & Andersson 2014) suggest that we might need much
longer observation periods than considered here with third generation
GW detectors to achieve this accuracy. For nearby pulsars, we
expect a detection from a shorter observing period with errors in
distance measurement comparable to the same from EM observations
of pulsars (Kaplan et al. 2008). Recently, Sieniawska, Jones &
Miller (2023) discussed the measurement of distance from CGW
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observations using the parallax method. Although this parallax
method does not require any prior EM knowledge of the pulsar
to calculate distance, with this method we can measure distances
up to very nearby pulsars (up to a few hundreds of parsecs) with
sufficient accuracy (Sieniawska et al. 2023). Although, unlike the
case of binary systems, we need a prior knowledge of the star’s
rotational frequency from EM observations and the assumption of a
true EOS, with the sensitivity of the current searches, this method
gives an alternative way to calculate the pulsar distances from CGW
observations alone.

Another alternate way to use the universal relations is to constrain
the NS EOS with the prior knowledge of the distance for the targeted
pulsars from EM observations. For the recent r-mode targeted
pulsars, PSR J0537-6910 (Abbott et al. 2021c) or the Crab pulsar
(Rajbhandari et al. 2021), we know their distance with good accuracy
from the pulsar timing data (Kaplan et al. 2008; Pietrzynski et al.
2019). Measurement of the Mol of the NS using prior knowledge
of distance and normalized Mol from the CGW frequency using the
universal relations as described in Section 3 allows to measure the
mass of the NS also (See fig. 19 for upper limits of the mass estimated
from the recent O3 analysis of PSR J0537 by the LVK collaboration
(Abbott et al. 2021b)). A separate Mol measurement from these
r-mode CGW observations, along with mass measurements, can
constrain the dense matter EOS inside NS (Bejger & Haensel 2003).
It can also be used to check the validity of the ‘I-Love—Q’ relation,
which also carries the signatures of quark matter inside the NS (Yagi
& Yunes 2013a, 2017). This kind of inference also relies on the
assumption of saturated r-mode driven spin-down and an accurate
measurement of the inclination angle from the CGW detection.

Future work could extend to a much more realistic model of r-
mode oscillation inside the NS, considering both the growth and
saturation of r-modes. According to Sieniawska & Jones (2021),
a time-varying o could also be easily implemented in the energy
conservation equations. Recent studies by Andersson & Gittins
(2022) and Gittins & Andersson (2023) also emphasizes on the
importance of composition stratification in a mature NS for the r-
mode oscillations. Also, we should consider the parameter estimation
in a full Bayesian framework to give robust conclusions about the
inferred NS parameters as well as to use the prior information from
the electromagnetic observations of NSs in a consistent way.
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