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Abstract: The OOR (out-of-roundness) wheel is one of the main excitation sources causing vehicle vibration.
However, the OOR wheel occurs randomly, indicating that the vibration behavior of a vehicle cannot be
comprehensively evaluated using a deterministic approach. Thus, a probability analysis framework is proposed
to obtain vehicle vibration characteristics while considering the randomness of the OOR wheel. The
probability model of the random OOR wheel is derived by reducing the high-dimensional variables into a few
independent variables of the radius, amplitude, and phase. Then, the vertical vehicle-track coupled system with
OOR wheels is modelled. A DPIM (direct probability integral method) is further developed to analyze the
evolution of excitation to response probabilities. Finally, the statistics of the random vibration of the vehicle
are calculated. The proposed framework is verified using a numerical case. Results show that the PDF
(probability density function) shape of the vehicle random vibration, induced by the Gaussian-distributed
OOR wheel, deviates from the Gaussian distribution due to the nonlinear wheel/rail contact force. Instead, it
exhibits a right-skewed shape, significantly impacting the dynamic performance. As the mean or coefficient
of variation of the OOR wheel amplitude increases linearly, the reliability of the vehicle Sperling index
experiences a quadratic or double-sloping decrease. Consequently, a maintenance threshold for OOR wheel
amplitudes is given based on reliability considerations. Compared to Monte Carlo simulation, the proposed

framework offers a computational efficiency improvement of at least one order of magnitude.
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1 Introduction

During the operation of railway vehicles, the OOR (out-of-roundness) of the wheel is commonly
caused by uneven wear on the wheel surface along the rolling circles [1,2]. The OOR wheel can
exacerbate wheel/rail interactions, resulting in a substantial increase in vehicle vibration [3,4]. In cases
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where the OOR wheel amplitude is considerable, it can induce abnormal vibrations and component
failures in the vehicle, significantly jeopardizing running safety [5,6].

Presently, the impact of a deterministic OOR wheel on vehicle vibration and dynamic performance
has been extensively analyzed. Additionally, several maintenance strategies for addressing OOR wheel
issues have been developed to improve overall vehicle service performance [3-6]. However, the out-of-
roundness (OOR) of the wheel is inherently stochastic owing to the complex operational environment of
railway vehicles, manufacturing and material performance variations, and the dynamic nature of
wheel/rail interactions. Consequently, even if their service mileage is identical, each OOR wheel exhibits
a distinct shape [7,8]. Thus, the analysis of vehicle vibration based on a deterministic OOR wheel does
not provide a comprehensive representation of the vehicle dynamic performance. As a result, the
developed wheel maintenance strategies are limited. To this end, the probabilistic analysis and stochastic
dynamics methods [9] should be utilized to investigate the vehicle vibration response and evaluate the
dynamic performance.

In the analysis of stochastic dynamics for the railway vehicle system, the system is commonly
modelled as a linear system, and the random load is typically assumed to follow a Gaussian distribution.
Jin et al. [10] employed a spectral approach to obtain the PDF (probability density function) of random
vibrations in a bridge induced by random vehicle loads. To improve the computational efficiency of the
spectral analysis approach, the PEM (pseudo excitation method) was proposed by Lin [11]. Zhou et al.
[12] and Zhang et al. [13] established a computational framework for obtaining the random vibration
response of railway vehicles using the PEM.

The railway vehicle system has more commonly been considered as a nonlinear system. Huan et al.
[14,15] conducted an investigation into the impact of random parameters on the random vibration
response of the nonlinear pantograph-catenary coupled system with the FKP (Fokker-Planck-
Kolmogorov) equation. However, the exact solution of the FKP equation is only applicable to specific
nonlinear systems [16]. To address this issue, Li [17,18] introduced the PDEM (probability density
evolution method) based on the principle of probability conservation, aiming to obtain the random
vibration response of nonlinear dynamic systems. Yu et al. [19] analyzed the random vibration response
in a nonlinear train-track-bridge coupled system with PDEM, in which both system parameters and loads
were considered as random variables. Xu et al. [20,21] evaluated the time-dependent reliability of the
wheel/rail force in a nonlinear vehicle-track coupled system with PDEM, and developed a maintenance
cycle for the track with random irregularities. However, the generalized probability density evolution
equation in PDEM is a hyperbolic partial differential equation with an initial condition in the form of a
Dirac delta function, which can reduce the efficiency of PDEM [22].

In addition, MCS (Monte Carlo Simulation) can also be utilized to obtain the random vibration of

nonlinear railway vehicle systems. Salcher et al. [23] studied the influence of the track random irregularity
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on bridge vibration with MCS. Gregori et al. [24] investigated the effects of installation errors on the
dynamic interaction force in a nonlinear pantograph-catenary system using MCS. When the samplings of
MCS are sufficient, the resulting random vibration characteristics are highly accurate. However, the
application of the MCS has been constrained by its high computational costs [25].

In summary, achieving a comprehensive understanding of the dynamic behaviors of a vehicle is
unattainable with a deterministic OOR wheel. Consequently, the corresponding maintenance strategies
cannot be universally applied to numerous random OOR wheels. Moreover, very few research exists on
the effect of random OOR wheels on vehicle vibration, and the computational efficiency of stochastic
dynamics methods within the existing probability analysis framework needs to be improved. To address
these issues, this paper proposes a framework to analyze the probability distribution of the vehicle random
vibration characteristics induced by random OOR wheels. Considering the nonlinear nature of the
vehicle/rail contact force, an advanced DPIM (direct probability integral method) [26,27] with improved
computational efficiency is developed for resolving the probability conservation equation of the railway
vehicle system. Finally, the maintenance strategy of a great deal of OOR wheels is discussed based on
the reliability of the vehicle Sperling index.

The remainder of this paper is structured as follows: The probability model for random OOR wheels
is derived in Section 2. Section 3 introduces the vertical vehicle-track coupled dynamic model. The
developed DPIM for obtaining the PDF of vehicle random vibrations is presented, and the probability
analysis framework is proposed in Section 4. In Section 5, an application is studied and discussed to
verify the effectiveness of the proposed framework. Finally, Section 6 provides the conclusions drawn

from this study.

2 Probability model of the random OOR wheel

2.1 The mathematical model of the OOR wheel

During operation, uneven wear occurs on the wheel surface along the rolling circles resulting in

OOR wheels, as depicted in Fig. 1(a). The mathematical model of the OOR wheel can be expressed as:
R(O) =R, +Z(6) 1)
where R, Ry, and Z are the actual radius, nominal radius, and radial deviation of the wheel, respectively;

6 is an angle coordinate. The angular coordinate § in Eq. (1) is converted into the spatial coordinate x

along the rolling circle, resulting in:

RO) =R, +Z(X) ¥
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Figure 1. OOR wheel in (a) the angle coordinate and (b) the spatial coordinate.
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Fig. 1 shows spikes and pits in the OOR wheel data obtained from field measurement, which could
have been caused by white noise signals. Signal processing techniques, including the removal of spikes
and pits, as well as curvature processing, have been employed to obtain effective data on the OOR wheel
[7,28].

(1) Spikes and pit removal: The spikes and pits in the radial deviation data of the OOR wheel can be

identified by the first and second derivative criteria.

d?z(x) <10
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where dz/dx and d?z/dx? are the first and second derivatives, respectively; sign[.] is the sign function. The
identified spikes and pits are removed.

(2) Curvature processing: Despite some minor spikes and pits whose values do not meet the criteria
defined in Eq. (3) but are within the measurement range of the instrument, they can still be considered
interference signals. These can be eliminated through curvature smoothing technologies, such as cubic
spline interpolation.

A discrete Fourier transform is performed for the effective OOR wheel data to yield a narrow band
spectrum represented by the wavelength number domain. The wheel circumference is subsequently
divided by the wavelength, enabling the narrow band spectrum to be expressed in terms of the harmonic

order. As a result, the mathematical model of the OOR wheel can also be written as:

R(X) =R+ A sin(Ax+g,)

R(X) = RO+ZA13in(Rlx+(pn) )
with,
T (%)



where n, 4,, and ¢, are the order, amplitude, and phase of the harmonic wear for the OOR wheel,
respectively; A, is the wavelength of the n™" harmonic order.

It can be found that the mathematical model of the OOR wheel can also be represented as the sum
of the nominal radius and a series of sinusoidal functions. As a result, a significant reduction in variable
dimensions is achieved, from 2Ry + 1 in Eq. (2) to 2n + 1 in Eq. (5), where 7 is typically less than 20 to

analyze the vehicle vibration [3-6].
2.2 The probability model

The complex operating environment of vehicles, changing wheel/rail interaction, and material
performance variations contribute to the randomness of OOR wheels. The expression for the random

OOR wheel can be obtained from Eq. (4).

Rn:{S'R(F\)O"A‘n!(I)n)};Ro'Anv(PnEQ (6)
where Rg is the random OOR wheel; R is the mapping function represented by Eq. (4); Ro, An, and @n
are random variables of the random OOR wheel, collectively denoted as @; Q is the domain of definition
for random variables.

The multi-dimensional random variables of the random OOR wheel can be written in the form of a

matrix composed of sample data @q.

Rop Ar = Ar @ - @

R
T LAy v

RO,S Ai,s Ah,s Dis 0 Dns

where s is the total number of random OOR wheel samples; Ro; is the nominal radius of the s™ OOR
wheel sample; A, and ¢, are the amplitude and phase of the n™ harmonic order for the s™ OOR wheel
sample, respectively.

The characteristics of random variables are generally described by PDF. The joint PDF pe(®) of

multi-dimensional random variables of the OOR wheel can be obtained using the estimator 7 :
Pe (©) =71(0,,) (8)
The PDF of one random variable for the OOR wheel is derived by the marginal distribution function:
Po, ©.)= [ po(©)dO,---dO, ,dO, ,--dO,,, ©)
Then, the CDF (cumulative distribution function) can be further expressed as:
CDF(®,) =" po, (©,)dO, (10)

Based on the joint PDF of multi-dimensional random variables, the probability model of the random
OOR wheel can be derived with the principle of probability conservation. This principle will be discussed

thoroughly in Section 4.



3 The vertical vehicle-track coupled dynamic model with OOR wheels

The vertical vehicle-track coupled model [29] with OOR wheels is established in this section, as
shown in Fig. 2. The vehicle system consists of one car body, two bogie frames, and four wheelsets. The
bogie frames are connected to the carboy and wheelsets with the secondary and primary suspension

systems, respectively. The governing equation for the motion of the vehicle system can be described as:
MU A, +C,S, +K,D, =F, (11)
where M., C,, K,, A, S,, and D, are the mass, damping, stiffness, acceleration, velocity, and displacement

matrices of the vehicle, respectively. F7 is the vertical wheel/rail contact force vector.
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Figure 2. Vertical Vehicle-track coupled dynamic model.

The governing equation for the motion of the track system can be described as [30]:

M, A, +C;S; +K;D; =F, (12)
where Mr, Cr, Kr, Ar, St, and Dr are the mass, damping, stiffness, acceleration, velocity, and
displacement matrices of the track, respectively. F7 is the vertical wheel/rail contact force vector.

The vertical contact force £ can be obtained with the nonlinear Hertz contact theory [31].
F.()=[az(1)/G]" (13)
with

G =3.86R, " x10°°

{Aza)=zw(l)—zr(l>—zs(l> (14)
where G and AZ are the wheel/rail contact coefficient and the elastic compression value, respectively; /
is the spatial domain coordinate, that is, the vehicle running distance; Z,, and Z; are the vertical wheel and
rail displacement, respectively; Zs is the displacement generated by the radial deviation of OOR wheel
and track irregularity u.

For a vehicle speed v, the spatial domain coordinate for the vertical wheel/rail contact force is

transformed into the time domain coordinate ¢ by / = vz.



AZ(t)=Z,,(t)-Z,(t) - Z;(1)
=2, -Z,0)-u®-2()

| (15)
=2, (t)-Z (t)—u(t) —Zﬁsin(gt +9,)

In short, the vertical vehicle-track coupled system with OOR wheels can be modelled with Egs. (11)
~ (15). Also, the vertical wheel/rail contact force from Egs. (13) ~ (15) becomes random when accounting

for the randomness of the OOR wheels.

4 Analysis of vehicle random vibration with DPIM

4.1 The principle of probability conservation

The governing equation for the motion of the vehicle system considering the randomness of the

OOR wheel can be written as:
M, A, +C,S, +K,D,, =F(®) (16)
where F(®) is the random force vector generated by the random OOR wheels.
The Eq. (16) can be solved by the principle of probability conservation [17,18], which can be stated

as follows: if the random factors involved in a stochastic dynamic system are retained, then the probability

will be preserved in the state evolution process of the system [32].
[, p.mdx=, po(®@)® (17)

where y is the generic term for random vibration response variables of the vehicle; p(x) and pe(®) are the
joint PDFs of multi-dimensional vibration responses and random OOR wheel variables, respectively.
The mapping function g describing the OOR wheel excitation to the vehicle vibration response can

be derived from [29].

x1=9(0) (18)
If g is a monotonic function, then @ = g"'(y) can be substituted into Eq. (17), and then the derivation

is performed for y to obtain:

1897 () ey | L -1
px(x)——ax Pe (97 (1)) 51 Pe (97 ()
o97' () (19)
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Tra (@) Pe (©)




where J is the Jacobi matrix and defined as Jq0)(®) = 0g(®)/ 00. Moreover, if g is a non-monotonic
function, it can be divided into a series of piecewise monotonic functions with the Lebesgue integral
method [33]. Then, Eq. (19) can be written as the sum of multiple monotone functions.

In general, the mapping function g for the vehicle-track coupled system is implicit and nonlinear,
indicating that obtaining g! or Jye)(®) is challenging. Consequently, Eq. (19) cannot be solved directly.
To this end, the right-hand term of Eq. (19) is further simplified based on the Dirac delta function J, which
includes the sifting, transformation, and symmetry properties [34], as shown in Appendix A.

Assuming that the multi-dimensional random variables of the OOR wheel are independent of each

other, based on the sifting property of the Dirac delta function, the pe(®) can be written as:
Po(®) =]+ pe()5(x—@)dx (20)
where 0(X-0) =0(x, —0,)0(x, -0,)---5(X,,,, —9,,.,), and X s the vector of a variable.

The transformation and symmetry properties of the Dirac delta function can be utilized to further

simplify the §(x—0) in Eq. (20), owing to the monotonic nature of the mapping function g.

6(x=0)=J,6)(0)5(9(x) - 9(0))

= 3,6/ ©)5(I(X) ~ 1) = I, ) (@) — I (X)) (21)

The joint PDF of the vehicle random vibration response can be derived by substituting Egs. (20) and
(21) into Eq. (19):

=" ()5~ g(x))dx (22)

The integral result cannot be determined by the variable symbol. To keep the variable symbols

consistent, the symbol X in Eq. (22) is replaced with @, as follows:

P, =["[" po (@5~ 9g(®)dO (23)
The PDF of one component of the vibration response for the vehicle can be obtained by deriving it
from the marginal distribution function.

P, )= T[T o (@)51 - 0(0))dd 1y d 07y A 2

=[] e (G){ff: ]t 9(@))0'%1‘"d%gfldzﬁl---dzm}dﬂ (24)

[ 0o (©)8(1.~9, (©))dO

where y. is one component of the random vibration response of the vehicle; g, is the mapping function

from the OOR wheel excitation to the y. component.



4.2 DPIM (Direct Probability Integral Method)

The Dirac delta function in Eq. (24) is a high-dimensional function with a dimensionality consistent
with that of the OOR wheel variables. Consequently, obtaining its solution through analytical methods
proves challenging. For this purpose, an advanced numerical integration approach called the DPIM [26,27]
is developed in this section to solve Eq. (24).

First, the infinite space domain of random variables can be approximated by a finite space domain

with the Lebesgue integral method. Therefore, Eq. (24) can be transformed into:

b, (1) =1im > {p,(©,)5(. -9, OV,
L (25)
=> {6(t.~9, (O )P}

g=1
where @, is the ¢™ point in the finite space domain for random variables of the random OOR wheel,
referred to as the g™ representative point; V, and P, are the assigned volume and probability, respectively;

m is the total number of representative points. The relationship between @, V,, and P, can be written as:
R = qu Po (©,)dO (26)

Also, the V;, can be obtained with the Voronoi cell [35]:

v,~{0<0, 0-0,[<[0-0,|.j-L2.m] o)

It can be seen that the determination of @, is crucial in resolving Eq. (25). A state-of-the-art GF-
discrepancy approach [36] is employed to obtain the representative points set of the random OOR wheel.
The detailed steps are outlined as follows:

Step 1: The m initial points of the random variables of the random OOR wheel, denoted as ®';,,, are

generated from a Sobol points set O,, over a unit hypercube:
' -1
0,, =CDF, (Oq'n) (28)

where CDF,! is the inverse CDF of the n'" random variable; ¢ =1, 2, ..., m.
Step 2: The transformation is carried out for each random variable to ensure that the assigned

probabilities of the m initial points are close to each other:
S} =CDF’1(Zm:£I{®' <0 }+i)
q,n n —m in a.n 2m (29)

Step 3: The probability P, of transformation point @'y, is estimated with Eq. (26), and ©®';, can be
further transformed to reduce the GF-discrepancy:
N b . 1_.
®,,=CDF,*Q_ P I{O, <06 q‘n}+§ P) (30)
i-1
where ©,, is adopted as the ¢ representative point, exhibiting a smaller GF-discrepancy for random

variables of the random OOR wheel.



The set of representative points of the random OOR wheel obtained from Eq. (30) is used to calculate
the PDF of the vehicle random vibration using Eq. (25). However, the resulting PDF might present strong
numerical oscillations and inaccuracies due to the discontinuity of the Dirac delta function. To this end,

the Dirac delta function is approximated with a smooth and continuous Gaussian function.

. 1 2
S(X—x.) = lim———g %2
(x=%) =1im—=— (32)

where u and o are the mean and variance of the Gaussian function, respectively.
The smooth and stable solution for the vehicle random vibration response can be obtained by

substituting Eq. (31) into Eq. (25):

z 1 (g, (020
S R,
v K qz; J2ro q (32)

The weighting of probabilities carried by non-representative points is controlled by o. Following the

concept of calculating the most optimal bandwidth in kernel density estimation [37], o can be determined

with:

iar(g, . (@)q))} @)

A
°” Wqﬂnm{ﬁd(gxg ©)) =5

where A is the adjustment factor, defined in the domain (0,1]; std is the standard deviation; iqr is the

quartile.
4.3 Statistic for vehicle random vibration

Statistics such as quantile O, mean y, variance o, and coefficient of variation C, are counted to

characterize the random vibration of vehicles with the PDF obtained in the previous section.
Q. 1p, . (x .<Q", )=

. =f:xg P, (e )dx.

o’ =[ .~m, )b, (). (34)
c, =
Hy

Some indices have been proposed to evaluate the vehicle dynamic performance [38], such as the
Sperling index detailed in Appendix B, which is used to evaluate the ride comfort of a vehicle. The vehicle

dynamic performance under random OOR wheels can be evaluated by the reliability of the Sperling index:

RW)=PW eQ,} (35)
where W and R(W) are the Sperling index and its reliability, respectively; Qu is the limit value of the
Sperling index.

According to DPIM, Eq. (35) can be further transformed into:
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E(_:;(wfgw(@q))/20—2 P }}dw (36)
where p,. is the PDF of the Sperling index; gw(@,) is the mapping function of the g™ OOR wheel excitation
to the Sperling index.

In summary, the flowchart illustrating the probability analysis framework for obtaining vehicle

random vibration characteristics, caused by the randomness of the OOR wheel, is presented in Fig. 3.
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Figure 3. Flowchart of the probability analysis framework.

5 Case study

In this section, the proposed framework is applied to derive the random vibration response and
evaluate the reliability of the Sperling index for a metro vehicle using measured data of random OOR
wheels. The effectiveness of the proposed framework is subsequently validated against the MCS. Finally,
the maintenance threshold for a considerable number of random OOR wheel amplitudes is discussed

based on this reliability assessment.
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5.1 Measurement and probability analysis of OOR wheels

The OOR levels of 240 wheels from vehicles running on a single track line were measured. The
service mileage of the wheels on these vehicles ranged from 10000 to 150000 kilometers (from the last
re-profiling), covering nearly an entire maintenance cycle for OOR wheels. The test field is shown in Fig.

4.

Measuring
Tooling

Figure 4. Measurement for the random OOR wheel.

The measured sample data of random OOR wheels can be expressed by Eq. (8), in which the
variables of random OOR wheels are independent of each other. Additionally, since the Sperling index
relies on the amplitude at the low and middle frequencies and is independent of the phase, only the
randomness of the 1%t ~ 10" harmonic order amplitudes is considered in this study.

The unit of harmonic order amplitude of the measured OOR wheels is transformed from the um to
dB form to produce the sample date approaching the Gaussian distribution [39]. Maximum likelihood
estimation is used to obtain the parameter values of the Gaussian-distributed harmonic orders amplitudes

in dB, as shown in Table 1.
_ A
L, =10v/2log . (36)

where ry is the reference value, set at 1 um; L, is the n™ harmonic order amplitude of the OOR wheel in

dB, defined as the roughness level.

Table 1. Gaussian-distributed Parameters of the harmonic order roughness level.

Order 1 2 3 4 5 6 7 8 9 10

Mean, dB 30.8 235 19.2 18.3 15.7 14.7 12.3 11.2 7.6 5.9
Coefficient of Variance 0.23 0.34 0.38 0.43 0.49 0.45 0.60 0.58 0.96 1.28

The comparison between the estimated PDF and the measurement is shown in Fig. 5. It is evident
that the estimated PDF accurately reflects the distribution characteristics of the roughness level for

random OOR wheels. As the increase in harmonic order, the mean of the roughness level decreases, while
12



the coefficient of variation increases. This suggests that the roughness level of the low harmonic order is

high, but the discreteness is low; whereas the roughness level of the high harmonic order is low, but the

discreteness is high.
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Figure 5. PDF of the roughness level for the (a) 1 ~ 3" harmonic orders; (b) 4™ ~ 6" harmonic orders; (c) 7% ~ 10™

harmonic orders.

5.2 Verification of vertical vehicle-track coupled system model

The vertical vehicle-track coupled system with the OOR wheel is modelled with the parameters
given in Appendix C, in which the measured OOR wheel and the AARS track irregularity spectrum are
applied at a speed of 80 km/h. This model is then verified by comparing the vertical vibration results of
the axle box from the model and measurement. Fig.6 shows that while there is a slight difference in
amplitude at high frequencies between the two results, they have the same overall shape and amplitude.
The similarity is particularly evident for the peak frequencies induced by the wheel OOR. The results
indicate that the numerical model of the coupled system can be effectively employed to analyse the

random vibration of the vehicle induced by the random OOR wheel.
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Figure 6. The vertical vibration of the axle box from the numerical model and the measurement are compared in (a)

the time domain and (b) the frequency domain.
5.3 Analysis for vehicle random vibration and reliability

Based on the probability model of the random OOR wheel, a set of representative points of OOR
wheels is generated using Egs. (28) ~ (30) with m = 300. The vibration of the car body is calculated using
the vertical dynamic model for each generated OOR wheel at a speed of 80 km/h.

PSD (power spectral density) estimation is performed for the car body vibration response. Then, the
PDF of amplitude at each frequency is resolved with Eqgs. (32) and (33). Through a comparison with
results from 5000 MCSs for random OOR wheels, the selection criteria for the empirical value A in Eq.
(32) are determined. For instance, Fig. 7 shows a thorough comparison of the PDF of amplitude at 8 Hz
generated using the 1* harmonic order. The comparison includes results obtained from MCS and different
empirical values of A, serving as a demonstration to represent the selection criteria for the empirical value
A.

160 -
— = MCS-5000, u=0.022276 CV =3.11

——— A=0.1; p=0.022280 CV:3‘0920
120 - ——A=0.3; n=0.022279 Cv=3.0924
——A=0.4; p=0.022282 CV:3.0922

140 -

100
" A=0.5; p=0.022288 C =3.0909
SER —— A=0.7; 4=0.022324 C_=3.0836
v
0L - A=0.9; ;1=0.022354 C =3.0778
401 4
20

0 0.01 0.02 0.03 0.04 0.05 0.06
PSD, (m/s>)*/Hz

Figure 7. Comparison of PDFs of the amplitude at 8§ Hz.

It can be observed that the adjustment factor A significantly affects the shape of the PDF. The
smoothness of the PDF curve improves with the increase in adjustment factor A. Conversely, smaller

factors make the PDF shape closer to that obtained from the MCS. The mean and coefficient of variation
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values obtained with A=0.3 exhibit greater consistency with the results obtained by MCS. Therefore, this
particular adjustment factor, A=0.3, is employed in calculating the vehicle random vibration in this study.

To assess the computing efficiency of the proposed framework, it is compared with MCS with 300,
3000, and 5000 random OOR wheels samples, as shown in Fig 8. As the number of samplings in MCS
increases, the obtained random vibration characteristics of the car body are gradually consistent with
those obtained from the proposed framework. However, the computation amount of MCS is substantially
higher than that of the proposed framework (300 samplings), with at least one order of magnitude

difference. These results verify the effectiveness of the proposed framework.
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Figure 8. Probability analysis of vehicle random vibration. (a) A comparison of PDFs of the amplitude at 8§ Hz
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generated with the 1% harmonic order, which are obtained from the proposed framework and MCSs for different

samplings; (b) PDFs of the amplitude generated with the 2" ~ 10" harmonic orders.

Then, the 5%, 50%, and 95% quantiles of the amplitude at each frequency are counted to obtain the

variation range of vehicle random vibration, as depicted in Fig. 9.
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Figure 9. Variation range of car body random vibration.

It can be found that the amplitude of the car body random vibration varies over a wider range,
especially in the frequencies generated by the harmonic orders. Specifically, the car body random
vibration induced by the Gaussian-distributed OOR wheels deviates from the Gaussian distribution due
to the nonlinear wheel/rail contact force. The PDF shape of the vehicle random vibration exhibits a right-
skewed shape, with a C, exceeding 1. This indicates that the probability of a large vibration amplitude is
higher than that of a small one. Consequently, the 95% quantile is considerably greater than the 50% and
5% quantiles at each frequency. This characteristic significantly reduces the dynamic performance of the
vehicle.

In addition, it has been found that the x of the amplitude at 8 Hz generated by the 1% harmonic order
is the largest, and the C, of the amplitude at 25 Hz generated by the 3™ harmonic order is the largest.
These findings can potentially serve as objective functions for future research in car body vibration
control.

The reliability of the Sperling index can be calculated with Eq. (36), as shown in Fig. 10.
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Figure 10. Statistical analysis for the Sperling index. (a) PDF; (b) reliability.

It can be seen that the PDF shape of the Sperling index fails to conform to the Gaussian distribution,
exhibiting a right-skewed shape. The variation range of the Sperling index is between 2.12 (5% reliability)
~ 2.93 (95% reliability), with an 82.7% reliability of achieving "qualified comfort" (= 2.5) in the vehicle
dynamic performance. This reliability indicates that some vehicles may exhibit dynamic behavior,
causing discomfort to passengers. For this reason, the maintenance of OOR wheels can be considered to
reduce the wheel/rail contact force and vehicle vibration, thereby improving the vehicle operational

performance.
5.4 Discussion

The correlation between the roughness level of harmonic orders and the Sperling index is analyzed

using the Pearson correlation coefficient, based on representative points of the random wheel, as shown

in Fig. 11.
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Figure 11. Correlation between roughness level and Sperling index.

In Fig. 11, a strong correlation is observed between the Sperling index and the 1° harmonic order
roughness level. This correlation is mainly attributed to the fact that the largest amplitude of harmonic
frequencies of the car body is generated by the 1% order roughness level. Meanwhile, the Sperling index

is significantly affected by the amplitude at low frequencies (0 ~ 20 Hz), as demonstrated by the
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frequency-weighting function. Therefore, the influence of the mean and the coefficient of variation of the

1% order roughness level on the reliability of the Sperling index is discussed.

5.4.1 The influence of the mean on vehicle dynamic performance

The influence of the mean of the 1% order roughness level on the Sperling index is investigated by
setting its mean value to vary between 26 ~ 36 dB, while keeping the other parameters the same as in
Table 1. The PDF and the reliability of the Sperling index for different mean values of the 1% order

roughness level are then calculated, as depicted in Fig. 12.
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Figure 12. The influence of the mean of the 1% order roughness level on the Sperling index. (a) PDF of the Sperling
index; (b) the change rule of reliability of the Sperling index (= 2.5).

Fig. 12 suggests that as the mean value of the 1* order roughness level of the random OOR wheel
increases, the PDF shape of the Sperling index changes from "tall and skinny" to "short and fat" and shifts
to the right. The reliability of the Sperling index experiences a quadratic decrease with a linear increase
in the mean value. To maintain this reliability above 95%, it is crucial to keep the mean of 1*' order

roughness level of OOR wheels below 26.4 dB with a re-profiling approach [40].
5.4.2 The influence of the coefficient of variation on vehicle dynamic performance

An investigation of the influence of the coefficient of variation of the 1* order roughness level on
the Sperling index is conducted by varying the coefficient of variation within 0.05 ~ 0.4 and retaining the
other parameters unchanged. The PDF and the reliability of the Sperling index are then depicted in Fig.

13.
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Figure 13. The influence of the coefficient of variation of the 1% order roughness level on the Sperling index. (a)

PDF of the Sperling index; (b) change rule of the reliability of the Sperling index (= 2.5).

Fig. 13 shows that the PDF shape of the Sperling index transforms from "tall and skinny" to "short
and fat" with an increase in the coefficient of variation of the 1* order roughness level. As the coefficient
of variation value increases linearly, the reliability of the Sperling index is found to decrease linearly with
a double slope. If the maintenance threshold of the coefficient of variation for the 1 order roughness
level is set at 0.12, the reliability is greater than 95%.

To sum up, the maintenance threshold for a large number of OOR wheel amplitudes is developed
from the discussion of the influence of the random OOR wheel on the reliability of the Sperling index. In
addition, it should be noted that the OOR wheel data in the case study comes from a particular track line.
Therefore, the derived maintenance thresholds apply to vehicles serviced on this track line and may not
necessarily be generalizable to other vehicles. Nevertheless, the proposed analysis framework is universal

and can be adapted to different vehicle scenarios.

6 Conclusion

A probability analysis framework is proposed to obtain the vibration characteristics of vehicles
induced by random OOR wheels. The probability model of the random OOR wheel involves high-
dimensional variables, which are efficiently reduced using the discrete Fourier transform approach.
Furthermore, a developed DPIM is applied to the nonlinear vehicle-track system. In comparison to the
MCS method, the proposed analysis framework demonstrates a computational efficiency improvement
of at least one order of magnitude while maintaining the same level of accuracy.

The proposed framework reveals the probability evolution characteristics from random OOR wheel
excitation to random vehicle vibration. Specifically, the application of Gaussian-distributed OOR wheel
excitation to the nonlinear vehicle-track system produces a non-Gaussian, right-skewed PDF shape for

the vehicle random vibration. This implies that the probability of large amplitude vibrations occurring is
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significantly higher than that of small amplitude vibrations, resulting in a decrease in the vehicle dynamic
performance. Furthermore, the proposed framework can be applied to determine the maintenance
threshold for numerous OOR wheels based on the reliability of the vehicle Sperling index. In the case
study, thresholds of 26.4 dB or 0.12 are set for the mean or coefficient of variation of the 1% order
amplitude of OOR wheels, respectively.

The proposed framework, however, has some limitations. The interaction among multiple random
wheel excitations is not considered, impacting the vibration results to a certain extent. Additionally,
further research is needed to develop a more refined model that incorporates a flexible structure.

Addressing these essential issues is imperative for future research endeavors.

Declaration of Competing Interest

The authors declare that they have no known competing financial interests or personal relationships that

could have appeared to influence the work reported in this paper.

Data Availability

The data that support the findings of this study are available from the corresponding author upon

reasonable request.

Acknowledgments

The authors gratefully acknowledge the financial support from the National Natural Science Foundation
of China ([N0.52302477], [No.52375115]); the Natural Science Foundation of Shanghai
[No.21ZR1467100]; the Shanghai Soft Science Youth Project [N0.23692118500].

References

[1] JS Zhou. Vibration and control on railway vehicles. Shanghai: Fudan University Press; 2020. (in
Chinese).

[2] XS Jin, L Wu, JY Fang, et al. An investigation into the mechanism of the polygonal wear of metro
train wheels and its effect on the dynamic behavior of a wheel/rail system. Veh Syst
Dyn 2012;50(12):1817-1834.

[3] ZW Wang, P Allen, G Mei, et al. Influence of wheel-polygonal wear on the dynamic forces within
the axle-box bearing of a high-speed train. Veh Syst Dyn 2019;58(9):1385-1406.

[4] JT Wang, X Ding, ZD Liu, et al. An experimental study on abnormal vibration of metro trains caused
by out-of-round wheels. Proc IMechE Part F: J Rail Rapid Transit 2022.

[5] KY Wang, YF Yang, YF Yang, et al. An experimental investigation of the mechanism and mitigation
measures for the coil spring fracture of a locomotive. Eng Failure Anal 2022135:106157.

[6] H Wu, PB Wu, FS Li, et al. Fatigue analysis of the gearbox housing in high-speed trains under wheel
polygonization using a multibody dynamics algorithm. Eng Failure Anal 2018;132(2):709-721.

[71 GQ Tao, ZF Wen, XR Liang, et al. Measurement and assessment of out-of-round electric locomotive
wheels. Proc IMechE Part F: J Rail Rapid Transit 2018;232(1):275-287.

[8] WB Cai, XW Wu, MR Chi, et al. High-order wheel polygonal wear growth and mitigation: A

parametric study. Mech Syst Signal Pr 2023;186:109917.
20



[9] MA Carlton, JL Devore. Probability with Applications in Engineering, Science, and Technology.
Springer, Berlin, 2017.

[10] ZB Jin, GQ Liu, SL Pei, et al. Vehicle-induced random vibration of railway bridges: a spectral
approach. Int J Rail Trans 2017;5(04):191-212.

[11] JH Lin. Pseudo excitation method for random vibration. Beijing: Science press; 2004. (in Chinese).

[12] K Zhou, TW You, D Gong, et al. Effects of uncertain suspension parameters on dynamic responses
of the railway vehicle system. Probabilist Eng Mech 2023;71:103405.

[13] YW Zhang, Y Zhao, YH Zhang, et al. Riding comfort optimization of railway trains based on pseudo-
excitation method and symplectic method. J Sound Vib 2013;332(21):5255-5270.

[14] RH Huan, WQ Zhu, F But, et al. The Effect of High-Frequency Parametric Excitation on a
Stochastically Driven Pantograph-Catenary System. Shock Vib 2014; (pt.1):1-8.

[15] L Andersen, SRK Nielsen. Vibrations of a track caused by variation of the foundation stiffness.
Probabilist Eng Mech 2003;18(2):171-184.

[16] WQ Zhu, Nonlinear stochastic dynamics and control in Hamiltonian formulation, Appl Mech Rev
2006;59:230-248.

[17] J Li. Stochastic Dynamics of Structures, John Wiley & Sons, Singapore, 2009.

[18] J Li, Probability density evolution method: Background, significance and recent developments,
Probabilist Eng Mech 2016;44:111-117.

[19] ZW Yu, JF Mao. A stochastic dynamic model of train-track-bridge coupled system based on
probability density evolution method. Appl Math Model 2018;59:205-232.

[20] L Xu, WM Zhai, JM Gao. A coupled model for train-track-bridge stochastic analysis with
consideration of spatial variation and temporal evolution. Appl Math Model 2018;63:709-731.

[21] L Xu, WM Zhai. A novel model for determining the amplitude-wavelength limits of track
irregularities accompanied by a reliability assessment in railway vehicle-track dynamics. Mech Syst
Signal Pr 2017;86:260-277.

[22] G Liu, K Gao, QS Yang, et al. Improvement to the discretized initial condition of the generalized
density evolution equation. Reliab Eng Syst Safe 2021;216:107999.

[23] S Patrick, A Christoph, K Anna. A stochastic view on the effect of random rail irregularities on
railway bridge vibrations. Struct Infrastructure 2019;15(12):1649-1664.

[24] G Santiago, T Manuel, ET Jose, et al. Stochastic Monte Carlo simulations of the pantograph-catenary
dynamic interaction to allow for uncertainties introduced during catenary installation. Veh Syst Dyn
2019;57(4):471-492.

[25] A Uhlherr. Parallel Monte Carlo simulations by asynchronous domain decomposition. Comput Phys
Commun 2003;155(1):31-41.

[26] GH Chen, DX Yang. Direct probability integral method for stochastic response analysis of static and
dynamic structural systems. Comput Method Appl M 2019;357:112612.

[27] GH Chen, DX Yang. A unified analysis framework of static and dynamic structural reliabilities based
on direct probability integral method. Mech Syst Signal Pr 2021;158:107783.

[28] EN 15610: 2009. Railway applications-Noise emission-Rail roughness measurement related to
rolling noise generation.

[29] WM Zhai, ZL Han, ZW Chen, et al. Train-track-bridge dynamic interaction: A state-of-the-art review.
Veh Syst Dyn 2019;57:984-1027.

[30] ZB Jin, WZ Liu, L S, et al. Probabilistic assessment of vehicle derailment based on optimal ground
motion intensity measure. Veh Syst Dyn 2021;59(11):1781-1802.

[31] R Lewis, U Olofsson. Wheel-rail interface handbook. CRC Press, Boca Raton, 2009.

21



[32] J Li, JB Chen. The principle of preservation of probability and the generalized density evolution
equation. Struct Saf 2008;30:65-77.

[33] KB Athreya, SN Lahiri. Measure Theory and Probability Theory. Springer, New York, 2006.

[34] RF Hoskins. Delta Functions: Introduction to Generalised Gunctions. Elsevier, London, 2009.

[35] C Jiang, HB Qiu, Z Yang, et al. A general failure-pursuing sampling framework for surrogate-based
reliability analysis. Reliab Eng Syst Safe 2019;183:47-59.

[36] JB Chen, JY Yang, J Li. A gf-discrepancy for point selection in stochastic seismic response analysis
of structures with uncertain parameters. Struct Saf 2016; 59: 20-31.

[37] QS Wang, JS Zhou, TF Wang, et al. Extrapolation of the dynamic stress spectrum of train bogie
frame based on kernel density estimation method. Fatigue Fract Eng M 2021; 44(7):1783-1798.

[38] CX Deng, JS Zhou, D Thompson, et al. Analysis of the consistency of the Sperling index for rail
vehicles based on different algorithms. Veh Syst Dyn 2019;59(02):313-330.

[39] M Ma, MH Li, XY Qu, et al. Effect of passing metro trains on uncertainty of vibration source
intensity: Monitoring tests. Measurement 2022;193:110992.

[40] YD Fu, DB Cui, YL Wu, et al. The re-profiling threshold of the 3D polygonal wheel from
comprehensive dynamics characteristics. Veh Syst Dyn 2022.

Appendix
Appendix A. The properties of the Dirac delta function

The properties of the Dirac delta function used in Egs. (20) and (21) are as follow:

The sifting property: F00) =] f(05(x—x,)dx (A1)
The symmetry property: S(X—%,) =X —X) (A.2)
The transformation property: df (x
5(x—x) = T8 5(£00)
dx |y, (A3)

f (%,) =0 and f (x) is a monotonic function
where x is a variable symbol; xo is a constant; f'is a mapping function.

Appendix B. The algorithm of Sperling index

The Sperling index W used to evaluate the vehicle ride comfort can be calculated:

3

W, = 3.5710/‘1—i F(f)
| 1/10

W = (Zwﬁf’j

where a is the amplitude spectrum (m/s?) transformed from the PSD [38]; fis the frequency in Hz; F(f) is

(B.1)

the frequency weighting function that expresses the human sensitivity for vibration, as shown:

0.325f*  (f =0~5.9 Hz)
F(f)=<400/f?  (f =5.9~20 H2) (B.2)
1 (f > 20 Hz)

The scale of the Sperling index and their significance is featured in Table B1.
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Table B1. Scale for the Sperling index.

Sperling index Ride comfort

1 Just noticeable
2 Clearly noticeable
25 More pronounced, but not unpleasant
3 Strong, irregular, but still tolerable
3.25 Very irregular
35 Extremely irregular, unpleasant, annoying, prolonged exposure intolerable
4 Extremely unpleasant, prolonged exposure harmful

Appendix C. Parameters for vehicle-track dynamic system

Table C1. Parameters for vehicle system.

Parameters Value
Wheelset mass my = 1180 kg
Bogie mass my, = 2026 kg
Pitch moment of bogie loy = 944 kg.m?
Car body mass me = 23124 kg

Pitch moment of car body
Primary vertical stiffness
Primary vertical damping
Secondary vertical stiffness
Secondary vertical damping

ley = 1085179 kg.m?
Kp; = 9.11x10° N/m
Cp; = 1.5x10* N.s/m
Ks; = 3x10° N/m
Cs; = 4>10% N.s/m

Distance between two axles b1=25m
Longitudinal distance from wheelset center to gravity of car body b,=7.85m
Lateral distance of the primary suspension bp=2.1m
Lateral distance of the secondary suspension bs=19m
Vertical distance from wheelset center to gravity of car body h1 =1.439m
Vertical distance from wheelset center to gravity of bogie frame h,=0.137 m

Table C2. Parameters for the track system.
Parameters Value
Rail mass per unit length My = 60 kg/m
Rail bending stiffness El = 6.6><10° N.m?
Vertical stiffness of fastener Kr = 8x108 N/m
Vertical damping of fastener Cr=1x10°N.s/m
Distance between two fasteners Li=60m
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