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Abstract: The OOR (out-of-roundness) wheel is one of the main excitation sources causing vehicle vibration. 

However, the OOR wheel occurs randomly, indicating that the vibration behavior of a vehicle cannot be 

comprehensively evaluated using a deterministic approach. Thus, a probability analysis framework is proposed 

to obtain vehicle vibration characteristics while considering the randomness of the OOR wheel. The 

probability model of the random OOR wheel is derived by reducing the high-dimensional variables into a few 

independent variables of the radius, amplitude, and phase. Then, the vertical vehicle-track coupled system with 

OOR wheels is modelled. A DPIM (direct probability integral method) is further developed to analyze the 

evolution of excitation to response probabilities. Finally, the statistics of the random vibration of the vehicle 

are calculated. The proposed framework is verified using a numerical case. Results show that the PDF 

(probability density function) shape of the vehicle random vibration, induced by the Gaussian-distributed 

OOR wheel, deviates from the Gaussian distribution due to the nonlinear wheel/rail contact force. Instead, it 

exhibits a right-skewed shape, significantly impacting the dynamic performance. As the mean or coefficient 

of variation of the OOR wheel amplitude increases linearly, the reliability of the vehicle Sperling index 

experiences a quadratic or double-sloping decrease. Consequently, a maintenance threshold for OOR wheel 

amplitudes is given based on reliability considerations. Compared to Monte Carlo simulation, the proposed 

framework offers a computational efficiency improvement of at least one order of magnitude. 
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1 Introduction  

During the operation of railway vehicles, the OOR (out-of-roundness) of the wheel is commonly 

caused by uneven wear on the wheel surface along the rolling circles [1,2]. The OOR wheel can 

exacerbate wheel/rail interactions, resulting in a substantial increase in vehicle vibration [3,4]. In cases 
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where the OOR wheel amplitude is considerable, it can induce abnormal vibrations and component 

failures in the vehicle, significantly jeopardizing running safety [5,6]. 

Presently, the impact of a deterministic OOR wheel on vehicle vibration and dynamic performance 

has been extensively analyzed. Additionally, several maintenance strategies for addressing OOR wheel 

issues have been developed to improve overall vehicle service performance [3-6]. However, the out-of-

roundness (OOR) of the wheel is inherently stochastic owing to the complex operational environment of 

railway vehicles, manufacturing and material performance variations, and the dynamic nature of 

wheel/rail interactions. Consequently, even if their service mileage is identical, each OOR wheel exhibits 

a distinct shape [7,8]. Thus, the analysis of vehicle vibration based on a deterministic OOR wheel does 

not provide a comprehensive representation of the vehicle dynamic performance. As a result, the 

developed wheel maintenance strategies are limited. To this end, the probabilistic analysis and stochastic 

dynamics methods [9] should be utilized to investigate the vehicle vibration response and evaluate the 

dynamic performance. 

In the analysis of stochastic dynamics for the railway vehicle system, the system is commonly 

modelled as a linear system, and the random load is typically assumed to follow a Gaussian distribution. 

Jin et al. [10] employed a spectral approach to obtain the PDF (probability density function) of random 

vibrations in a bridge induced by random vehicle loads. To improve the computational efficiency of the 

spectral analysis approach, the PEM (pseudo excitation method) was proposed by Lin [11]. Zhou et al. 

[12] and Zhang et al. [13] established a computational framework for obtaining the random vibration 

response of railway vehicles using the PEM. 

The railway vehicle system has more commonly been considered as a nonlinear system. Huan et al. 

[14,15] conducted an investigation into the impact of random parameters on the random vibration 

response of the nonlinear pantograph-catenary coupled system with the FKP (Fokker-Planck-

Kolmogorov) equation. However, the exact solution of the FKP equation is only applicable to specific 

nonlinear systems [16]. To address this issue, Li [17,18] introduced the PDEM (probability density 

evolution method) based on the principle of probability conservation, aiming to obtain the random 

vibration response of nonlinear dynamic systems. Yu et al. [19] analyzed the random vibration response 

in a nonlinear train-track-bridge coupled system with PDEM, in which both system parameters and loads 

were considered as random variables. Xu et al. [20,21] evaluated the time-dependent reliability of the 

wheel/rail force in a nonlinear vehicle-track coupled system with PDEM, and developed a maintenance 

cycle for the track with random irregularities. However, the generalized probability density evolution 

equation in PDEM is a hyperbolic partial differential equation with an initial condition in the form of a 

Dirac delta function, which can reduce the efficiency of PDEM [22].  

In addition, MCS (Monte Carlo Simulation) can also be utilized to obtain the random vibration of 

nonlinear railway vehicle systems. Salcher et al. [23] studied the influence of the track random irregularity 



3 

on bridge vibration with MCS. Gregori et al. [24] investigated the effects of installation errors on the 

dynamic interaction force in a nonlinear pantograph-catenary system using MCS. When the samplings of 

MCS are sufficient, the resulting random vibration characteristics are highly accurate. However, the 

application of the MCS has been constrained by its high computational costs [25]. 

In summary, achieving a comprehensive understanding of the dynamic behaviors of a vehicle is 

unattainable with a deterministic OOR wheel. Consequently, the corresponding maintenance strategies 

cannot be universally applied to numerous random OOR wheels. Moreover, very few research exists on 

the effect of random OOR wheels on vehicle vibration, and the computational efficiency of stochastic 

dynamics methods within the existing probability analysis framework needs to be improved. To address 

these issues, this paper proposes a framework to analyze the probability distribution of the vehicle random 

vibration characteristics induced by random OOR wheels. Considering the nonlinear nature of the 

vehicle/rail contact force, an advanced DPIM (direct probability integral method) [26,27] with improved 

computational efficiency is developed for resolving the probability conservation equation of the railway 

vehicle system. Finally, the maintenance strategy of a great deal of OOR wheels is discussed based on 

the reliability of the vehicle Sperling index. 

The remainder of this paper is structured as follows: The probability model for random OOR wheels 

is derived in Section 2. Section 3 introduces the vertical vehicle-track coupled dynamic model. The 

developed DPIM for obtaining the PDF of vehicle random vibrations is presented, and the probability 

analysis framework is proposed in Section 4. In Section 5, an application is studied and discussed to 

verify the effectiveness of the proposed framework. Finally, Section 6 provides the conclusions drawn 

from this study. 

2 Probability model of the random OOR wheel  

2.1 The mathematical model of the OOR wheel 

During operation, uneven wear occurs on the wheel surface along the rolling circles resulting in 

OOR wheels, as depicted in Fig. 1(a). The mathematical model of the OOR wheel can be expressed as: 

 0( ) ( )R R Z = +  (1) 

where R, R0, and Z are the actual radius, nominal radius, and radial deviation of the wheel, respectively; 

θ is an angle coordinate. The angular coordinate θ in Eq. (1) is converted into the spatial coordinate x 

along the rolling circle, resulting in: 

 0( ) ( )R x R Z x= +  (2) 
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(a)                                                                                        (b) 

Figure 1. OOR wheel in (a) the angle coordinate and (b) the spatial coordinate. 

Fig. 1 shows spikes and pits in the OOR wheel data obtained from field measurement, which could 

have been caused by white noise signals. Signal processing techniques, including the removal of spikes 

and pits, as well as curvature processing, have been employed to obtain effective data on the OOR wheel 

[7,28]. 

(1) Spikes and pit removal: The spikes and pits in the radial deviation data of the OOR wheel can be 

identified by the first and second derivative criteria. 
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where dz/dx and d2z/dx2 are the first and second derivatives, respectively; sign[.] is the sign function. The 

identified spikes and pits are removed. 

(2) Curvature processing: Despite some minor spikes and pits whose values do not meet the criteria 

defined in Eq. (3) but are within the measurement range of the instrument, they can still be considered 

interference signals. These can be eliminated through curvature smoothing technologies, such as cubic 

spline interpolation. 

A discrete Fourier transform is performed for the effective OOR wheel data to yield a narrow band 

spectrum represented by the wavelength number domain. The wheel circumference is subsequently 

divided by the wavelength, enabling the narrow band spectrum to be expressed in terms of the harmonic 

order. As a result, the mathematical model of the OOR wheel can also be written as: 
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with, 
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where n, An, and φn are the order, amplitude, and phase of the harmonic wear for the OOR wheel, 

respectively; λn is the wavelength of the nth harmonic order. 

It can be found that the mathematical model of the OOR wheel can also be represented as the sum 

of the nominal radius and a series of sinusoidal functions. As a result, a significant reduction in variable 

dimensions is achieved, from 2πR0 + 1 in Eq. (2) to 2n + 1 in Eq. (5), where n is typically less than 20 to 

analyze the vehicle vibration [3-6]. 

2.2 The probability model 

The complex operating environment of vehicles, changing wheel/rail interaction, and material 

performance variations contribute to the randomness of OOR wheels. The expression for the random 

OOR wheel can be obtained from Eq. (4). 

  ( , , ) ; , ,Ω 0 n n 0 n nR R A φ R A φ Ω=    (6) 

where RΩ is the random OOR wheel;   is the mapping function represented by Eq. (4); R0, An, and φn 

are random variables of the random OOR wheel, collectively denoted as Θ; Ω is the domain of definition 

for random variables. 

The multi-dimensional random variables of the random OOR wheel can be written in the form of a 

matrix composed of sample data ΘΩ. 
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where s is the total number of random OOR wheel samples; R0,s is the nominal radius of the sth OOR 

wheel sample; An,s and φn,s are the amplitude and phase of the nth harmonic order for the sth OOR wheel 

sample, respectively. 

The characteristics of random variables are generally described by PDF. The joint PDF pΘ(Θ) of 

multi-dimensional random variables of the OOR wheel can be obtained using the estimator : 

 ( ) ( )Θ ΩΘ Θp =  (8) 

The PDF of one random variable for the OOR wheel is derived by the marginal distribution function: 

 1 1 1 2 1( ) ( )
n n n n np p d d d d

 

 − + +
− −

 =      Θ Θ  (9) 

Then, the CDF (cumulative distribution function) can be further expressed as: 

 CDF( ) ( )
n

nn n np d



−

 =    (10) 

Based on the joint PDF of multi-dimensional random variables, the probability model of the random 

OOR wheel can be derived with the principle of probability conservation. This principle will be discussed 

thoroughly in Section 4. 
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3 The vertical vehicle-track coupled dynamic model with OOR wheels 

The vertical vehicle-track coupled model [29] with OOR wheels is established in this section, as 

shown in Fig. 2. The vehicle system consists of one car body, two bogie frames, and four wheelsets. The 

bogie frames are connected to the carboy and wheelsets with the secondary and primary suspension 

systems, respectively. The governing equation for the motion of the vehicle system can be described as: 

 V V V V V V Z+ + =M A C S K D F  (11) 

where Mv, Cv, Kv, Av, Sv, and Dv are the mass, damping, stiffness, acceleration, velocity, and displacement 

matrices of the vehicle, respectively. FZ is the vertical wheel/rail contact force vector. 

 
Figure 2. Vertical Vehicle-track coupled dynamic model. 

The governing equation for the motion of the track system can be described as [30]: 

 T T T T T T Z+ + =M A C S K D F  (12) 

where MT, CT, KT, AT, ST, and DT are the mass, damping, stiffness, acceleration, velocity, and 

displacement matrices of the track, respectively. FZ is the vertical wheel/rail contact force vector. 

The vertical contact force Fz can be obtained with the nonlinear Hertz contact theory [31]. 

   
3/2

Z( ) ( )F l Z l G=   (13) 

with 

 

0.115 8

0

w r δ

3.86 10

( ) ( ) ( ) ( )

G R

Z l Z l Z l Z l

− − = 

 = − −

 (14) 

where G and ΔZ are the wheel/rail contact coefficient and the elastic compression value, respectively; l 

is the spatial domain coordinate, that is, the vehicle running distance; Zw and Zr are the vertical wheel and 

rail displacement, respectively; Zδ is the displacement generated by the radial deviation of OOR wheel 

and track irregularity u. 

For a vehicle speed v, the spatial domain coordinate for the vertical wheel/rail contact force is 

transformed into the time domain coordinate t by l = vt. 
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(15) 

In short, the vertical vehicle-track coupled system with OOR wheels can be modelled with Eqs. (11) 

~ (15). Also, the vertical wheel/rail contact force from Eqs. (13) ~ (15) becomes random when accounting 

for the randomness of the OOR wheels.  

4 Analysis of vehicle random vibration with DPIM 

4.1 The principle of probability conservation 

The governing equation for the motion of the vehicle system considering the randomness of the 

OOR wheel can be written as: 

 V V V V V V ( )M A C S K D F Θ+ + =  (16) 

where F(Θ) is the random force vector generated by the random OOR wheels. 

The Eq. (16) can be solved by the principle of probability conservation [17,18], which can be stated 

as follows: if the random factors involved in a stochastic dynamic system are retained, then the probability 

will be preserved in the state evolution process of the system [32]. 

 ( ) ( )
ΩΩ

χ Θ
χ Θ

χ χ Θ Θp d p d=   
(17) 

where χ is the generic term for random vibration response variables of the vehicle; p(χ) and pΘ(Θ) are the 

joint PDFs of multi-dimensional vibration responses and random OOR wheel variables, respectively.  

The mapping function g describing the OOR wheel excitation to the vehicle vibration response can 

be derived from [29].  

 ( )χ Θg=  (18) 

If g is a monotonic function, then Θ = g-1(χ) can be substituted into Eq. (17), and then the derivation 

is performed for χ to obtain: 
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where J is the Jacobi matrix and defined as Jg(Θ)(Θ) = ∂g(Θ)/ ∂Θ. Moreover, if g is a non-monotonic 

function, it can be divided into a series of piecewise monotonic functions with the Lebesgue integral 

method [33]. Then, Eq. (19) can be written as the sum of multiple monotone functions. 

In general, the mapping function g for the vehicle-track coupled system is implicit and nonlinear, 

indicating that obtaining g-1 or Jg(Θ)(Θ) is challenging. Consequently, Eq. (19) cannot be solved directly. 

To this end, the right-hand term of Eq. (19) is further simplified based on the Dirac delta function δ, which 

includes the sifting, transformation, and symmetry properties [34], as shown in Appendix A. 

Assuming that the multi-dimensional random variables of the OOR wheel are independent of each 

other, based on the sifting property of the Dirac delta function, the pΘ(Θ) can be written as: 

 ( ) ( ) ( )Θ ΘΘ x x Θ xp p d
+ +

− −
= −   (20) 

where 1 1 2 2 2 1 2 1( ) ( ) ( ) ( )x Θ n nx x x    + +− = − − − , and x is the vector of a variable. 

The transformation and symmetry properties of the Dirac delta function can be utilized to further 

simplify the ( )x Θ −  in Eq. (20), owing to the monotonic nature of the mapping function g. 
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The joint PDF of the vehicle random vibration response can be derived by substituting Eqs. (20)  and 

(21) into Eq. (19): 

 ( ) ( ) ( ( ))χ Θχ x χ x xp p g d
+ +

− −
= −   (22) 

The integral result cannot be determined by the variable symbol. To keep the variable symbols 

consistent, the symbol x in Eq. (22) is replaced with Θ, as follows: 

 ( ) ( ) ( ( ))χ Θχ Θ χ Θ Θp p g d
+ +

− −
= −   (23) 

The PDF of one component of the vibration response for the vehicle can be obtained by deriving it 

from the marginal distribution function. 
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where χς is one component of the random vibration response of the vehicle; gχς is the mapping function 

from the OOR wheel excitation to the χς component. 
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4.2 DPIM (Direct Probability Integral Method) 

The Dirac delta function in Eq. (24) is a high-dimensional function with a dimensionality consistent 

with that of the OOR wheel variables. Consequently, obtaining its solution through analytical methods 

proves challenging. For this purpose, an advanced numerical integration approach called the DPIM [26,27] 

is developed in this section to solve Eq. (24).  

First, the infinite space domain of random variables can be approximated by a finite space domain 

with the Lebesgue integral method. Therefore, Eq. (24) can be transformed into: 

 

 
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 (25) 

where Θq is the qth point in the finite space domain for random variables of the random OOR wheel, 

referred to as the qth representative point; Vq and Pq are the assigned volume and probability, respectively; 

m is the total number of representative points. The relationship between Θq, Vq, and Pq can be written as: 

 ( )Θ Θ Θ
q

q q
V

P p d=   (26) 

Also, the Vq can be obtained with the Voronoi cell [35]: 

   : , 1,2,Θ Θ Θ Θ Θ Θq q jV j m=  −  − =  (27) 

It can be seen that the determination of Θq is crucial in resolving Eq. (25). A state-of-the-art GF-

discrepancy approach [36] is employed to obtain the representative points set of the random OOR wheel. 

The detailed steps are outlined as follows: 

Step 1: The m initial points of the random variables of the random OOR wheel, denoted as Θ’
q,n, are 

generated from a Sobol points set Oq,n over a unit hypercube: 

 
' 1

, ,CDF ( )q n n q nO− =  (28) 

where CDFn
-1 is the inverse CDF of the nth random variable; q = 1, 2, …, m. 

Step 2: The transformation is carried out for each random variable to ensure that the assigned 

probabilities of the m initial points are close to each other: 
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Step 3: The probability P''
q of transformation point Θ''

q,n is estimated with Eq. (26), and Θ''
q,n can be 

further transformed to reduce the GF-discrepancy: 
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where Θq,n is adopted as the qth representative point, exhibiting a smaller GF-discrepancy for random 

variables of the random OOR wheel. 
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The set of representative points of the random OOR wheel obtained from Eq. (30) is used to calculate 

the PDF of the vehicle random vibration using Eq. (25). However, the resulting PDF might present strong 

numerical oscillations and inaccuracies due to the discontinuity of the Dirac delta function. To this end, 

the Dirac delta function is approximated with a smooth and continuous Gaussian function. 
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where μ and σ are the mean and variance of the Gaussian function, respectively.  

The smooth and stable solution for the vehicle random vibration response can be obtained by 

substituting Eq. (31) into Eq. (25): 
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The weighting of probabilities carried by non-representative points is controlled by σ. Following the 

concept of calculating the most optimal bandwidth in kernel density estimation [37], σ can be determined 

with: 
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where A is the adjustment factor, defined in the domain (0,1]; std is the standard deviation; iqr is the 

quartile. 

4.3 Statistic for vehicle random vibration 

Statistics such as quantile Q
α
, mean μ, variance σ, and coefficient of variation Cv are counted to 

characterize the random vibration of vehicles with the PDF obtained in the previous section. 
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Some indices have been proposed to evaluate the vehicle dynamic performance [38], such as the 

Sperling index detailed in Appendix B, which is used to evaluate the ride comfort of a vehicle. The vehicle 

dynamic performance under random OOR wheels can be evaluated by the reliability of the Sperling index: 

 ( ) { }WR W P W=   (35) 

where W and R(W) are the Sperling index and its reliability, respectively; ΩW is the limit value of the 

Sperling index. 

According to DPIM, Eq. (35) can be further transformed into: 
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where pw is the PDF of the Sperling index; gW(Θq) is the mapping function of the qth OOR wheel excitation 

to the Sperling index. 

In summary, the flowchart illustrating the probability analysis framework for obtaining vehicle 

random vibration characteristics, caused by the randomness of the OOR wheel, is presented in Fig. 3. 

  

Figure 3. Flowchart of the probability analysis framework. 

5 Case study 

In this section, the proposed framework is applied to derive the random vibration response and 

evaluate the reliability of the Sperling index for a metro vehicle using measured data of random OOR 

wheels. The effectiveness of the proposed framework is subsequently validated against the MCS. Finally, 

the maintenance threshold for a considerable number of random OOR wheel amplitudes is discussed 

based on this reliability assessment. 
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5.1 Measurement and probability analysis of OOR wheels 

The OOR levels of 240 wheels from vehicles running on a single track line were measured. The 

service mileage of the wheels on these vehicles ranged from 10000 to 150000 kilometers (from the last 

re-profiling), covering nearly an entire maintenance cycle for OOR wheels. The test field is shown in Fig. 

4. 

  

Figure 4. Measurement for the random OOR wheel. 

The measured sample data of random OOR wheels can be expressed by Eq. (8), in which the 

variables of random OOR wheels are independent of each other. Additionally, since the Sperling index 

relies on the amplitude at the low and middle frequencies and is independent of the phase, only the 

randomness of the 1st ~ 10th harmonic order amplitudes is considered in this study. 

The unit of harmonic order amplitude of the measured OOR wheels is transformed from the um to 

dB form to produce the sample date approaching the Gaussian distribution [39]. Maximum likelihood 

estimation is used to obtain the parameter values of the Gaussian-distributed harmonic orders amplitudes 

in dB, as shown in Table 1. 

 
0

10 2 log n
n

A
L

r
=  

(36) 

where r0 is the reference value, set at 1 um; Ln is the nth harmonic order amplitude of the OOR wheel in 

dB, defined as the roughness level. 

 

Table 1. Gaussian-distributed Parameters of the harmonic order roughness level. 

Order 1 2 3 4 5 6 7 8 9 10 

Mean, dB 30.8 23.5 19.2 18.3 15.7 14.7 12.3 11.2 7.6 5.9 

Coefficient of Variance  0.23 0.34 0.38 0.43 0.49 0.45 0.60 0.58 0.96 1.28 

 

The comparison between the estimated PDF and the measurement is shown in Fig. 5. It is evident 

that the estimated PDF accurately reflects the distribution characteristics of the roughness level for 

random OOR wheels. As the increase in harmonic order, the mean of the roughness level decreases, while 
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the coefficient of variation increases. This suggests that the roughness level of the low harmonic order is 

high, but the discreteness is low; whereas the roughness level of the high harmonic order is low, but the 

discreteness is high. 

       

(a)                                       (b) 

  

(c) 

Figure 5. PDF of the roughness level for the (a) 1st ~ 3th harmonic orders; (b) 4th ~ 6th harmonic orders; (c) 7th ~ 10th 

harmonic orders. 

5.2 Verification of vertical vehicle-track coupled system model 

The vertical vehicle-track coupled system with the OOR wheel is modelled with the parameters 

given in Appendix C, in which the measured OOR wheel and the AAR5 track irregularity spectrum are 

applied at a speed of 80 km/h. This model is then verified by comparing the vertical vibration results of 

the axle box from the model and measurement. Fig.6 shows that while there is a slight difference in 

amplitude at high frequencies between the two results, they have the same overall shape and amplitude. 

The similarity is particularly evident for the peak frequencies induced by the wheel OOR. The results 

indicate that the numerical model of the coupled system can be effectively employed to analyse the 

random vibration of the vehicle induced by the random OOR wheel. 
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(a)                                                                           (b) 

Figure 6. The vertical vibration of the axle box from the numerical model and the measurement are compared in (a) 

the time domain and (b) the frequency domain. 

5.3 Analysis for vehicle random vibration and reliability  

Based on the probability model of the random OOR wheel, a set of representative points of OOR 

wheels is generated using Eqs. (28) ~ (30) with m = 300. The vibration of the car body is calculated using 

the vertical dynamic model for each generated OOR wheel at a speed of 80 km/h. 

PSD (power spectral density) estimation is performed for the car body vibration response. Then, the 

PDF of amplitude at each frequency is resolved with Eqs. (32) and (33). Through a comparison with 

results from 5000 MCSs for random OOR wheels, the selection criteria for the empirical value A in Eq. 

(32) are determined. For instance, Fig. 7 shows a thorough comparison of the PDF of amplitude at 8 Hz 

generated using the 1st harmonic order. The comparison includes results obtained from MCS and different 

empirical values of A, serving as a demonstration to represent the selection criteria for the empirical value 

A. 

 

Figure 7. Comparison of PDFs of the amplitude at 8 Hz. 

It can be observed that the adjustment factor A significantly affects the shape of the PDF. The 

smoothness of the PDF curve improves with the increase in adjustment factor A. Conversely, smaller 

factors make the PDF shape closer to that obtained from the MCS. The mean and coefficient of variation 
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values obtained with A=0.3 exhibit greater consistency with the results obtained by MCS. Therefore, this 

particular adjustment factor, A =0.3, is employed in calculating the vehicle random vibration in this study. 

To assess the computing efficiency of the proposed framework, it is compared with MCS with 300, 

3000, and 5000 random OOR wheels samples, as shown in Fig 8. As the number of samplings in MCS 

increases, the obtained random vibration characteristics of the car body are gradually consistent with 

those obtained from the proposed framework. However, the computation amount of MCS is substantially 

higher than that of the proposed framework (300 samplings), with at least one order of magnitude 

difference. These results verify the effectiveness of the proposed framework. 

  
(a) 

  

(b) 

Figure 8. Probability analysis of vehicle random vibration. (a) A comparison of PDFs of the amplitude at 8 Hz 
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generated with the 1st harmonic order, which are obtained from the proposed framework and MCSs for different 

samplings; (b) PDFs of the amplitude generated with the 2th ~ 10th harmonic orders. 

Then, the 5%, 50%, and 95% quantiles of the amplitude at each frequency are counted to obtain the 

variation range of vehicle random vibration, as depicted in Fig. 9.  

    

Figure 9. Variation range of car body random vibration. 

It can be found that the amplitude of the car body random vibration varies over a wider range, 

especially in the frequencies generated by the harmonic orders. Specifically, the car body random 

vibration induced by the Gaussian-distributed OOR wheels deviates from the Gaussian distribution due 

to the nonlinear wheel/rail contact force. The PDF shape of the vehicle random vibration exhibits a right-

skewed shape, with a Cv exceeding 1. This indicates that the probability of a large vibration amplitude is 

higher than that of a small one. Consequently, the 95% quantile is considerably greater than the 50% and 

5% quantiles at each frequency. This characteristic significantly reduces the dynamic performance of the 

vehicle. 

 In addition, it has been found that the μ of the amplitude at 8 Hz generated by the 1st harmonic order 

is the largest, and the Cv of the amplitude at 25 Hz generated by the 3th harmonic order is the largest. 

These findings can potentially serve as objective functions for future research in car body vibration 

control. 

The reliability of the Sperling index can be calculated with Eq. (36), as shown in Fig. 10. 
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(a)                                                                           (b) 

Figure 10. Statistical analysis for the Sperling index. (a) PDF; (b) reliability. 

It can be seen that the PDF shape of the Sperling index fails to conform to the Gaussian distribution, 

exhibiting a right-skewed shape. The variation range of the Sperling index is between 2.12 (5% reliability) 

~ 2.93 (95% reliability), with an 82.7% reliability of achieving "qualified comfort" (= 2.5) in the vehicle 

dynamic performance. This reliability indicates that some vehicles may exhibit dynamic behavior, 

causing discomfort to passengers. For this reason, the maintenance of OOR wheels can be considered to 

reduce the wheel/rail contact force and vehicle vibration, thereby improving the vehicle operational 

performance.  

5.4 Discussion 

The correlation between the roughness level of harmonic orders and the Sperling index is analyzed 

using the Pearson correlation coefficient, based on representative points of the random wheel, as shown 

in Fig. 11. 

 
Figure 11. Correlation between roughness level and Sperling index. 

In Fig. 11, a strong correlation is observed between the Sperling index and the 1st harmonic order 

roughness level. This correlation is mainly attributed to the fact that the largest amplitude of harmonic 

frequencies of the car body is generated by the 1st order roughness level. Meanwhile, the Sperling index 

is significantly affected by the amplitude at low frequencies (0 ~ 20 Hz), as demonstrated by the 
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frequency-weighting function. Therefore, the influence of the mean and the coefficient of variation of the 

1st order roughness level on the reliability of the Sperling index is discussed. 

5.4.1 The influence of the mean on vehicle dynamic performance 

The influence of the mean of the 1st order roughness level on the Sperling index is investigated by 

setting its mean value to vary between 26 ~ 36 dB, while keeping the other parameters the same as in 

Table 1. The PDF and the reliability of the Sperling index for different mean values of the 1st order 

roughness level are then calculated, as depicted in Fig. 12. 

 
(a)                                                                                 (b) 

Figure 12. The influence of the mean of the 1st order roughness level on the Sperling index. (a) PDF of the Sperling 

index; (b) the change rule of reliability of the Sperling index (= 2.5). 

Fig. 12 suggests that as the mean value of the 1st order roughness level of the random OOR wheel 

increases, the PDF shape of the Sperling index changes from "tall and skinny" to "short and fat" and shifts 

to the right. The reliability of the Sperling index experiences a quadratic decrease with a linear increase 

in the mean value. To maintain this reliability above 95%, it is crucial to keep the mean of 1st order 

roughness level of OOR wheels below 26.4 dB with a re-profiling approach [40]. 

5.4.2 The influence of the coefficient of variation on vehicle dynamic performance 

An investigation of the influence of the coefficient of variation of the 1st order roughness level on 

the Sperling index is conducted by varying the coefficient of variation within 0.05 ~ 0.4 and retaining the 

other parameters unchanged. The PDF and the reliability of the Sperling index are then depicted in Fig. 

13.  
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(a)                                                                                          (b) 

Figure 13. The influence of the coefficient of variation of the 1st order roughness level on the Sperling index. (a) 

PDF of the Sperling index; (b) change rule of the reliability of the Sperling index (= 2.5). 

Fig. 13 shows that the PDF shape of the Sperling index transforms from "tall and skinny" to "short 

and fat" with an increase in the coefficient of variation of the 1st order roughness level. As the coefficient 

of variation value increases linearly, the reliability of the Sperling index is found to decrease linearly with 

a double slope. If the maintenance threshold of the coefficient of variation for the 1st order roughness 

level is set at 0.12, the reliability is greater than 95%. 

To sum up, the maintenance threshold for a large number of OOR wheel amplitudes is developed 

from the discussion of the influence of the random OOR wheel on the reliability of the Sperling index. In 

addition, it should be noted that the OOR wheel data in the case study comes from a particular track line. 

Therefore, the derived maintenance thresholds apply to vehicles serviced on this track line and may not 

necessarily be generalizable to other vehicles. Nevertheless, the proposed analysis framework is universal 

and can be adapted to different vehicle scenarios. 

6 Conclusion 

A probability analysis framework is proposed to obtain the vibration characteristics of vehicles 

induced by random OOR wheels. The probability model of the random OOR wheel involves high-

dimensional variables, which are efficiently reduced using the discrete Fourier transform approach. 

Furthermore, a developed DPIM is applied to the nonlinear vehicle-track system. In comparison to the 

MCS method, the proposed analysis framework demonstrates a computational efficiency improvement 

of at least one order of magnitude while maintaining the same level of accuracy. 

The proposed framework reveals the probability evolution characteristics from random OOR wheel 

excitation to random vehicle vibration. Specifically, the application of Gaussian-distributed OOR wheel 

excitation to the nonlinear vehicle-track system produces a non-Gaussian, right-skewed PDF shape for 

the vehicle random vibration. This implies that the probability of large amplitude vibrations occurring is 
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significantly higher than that of small amplitude vibrations, resulting in a decrease in the vehicle dynamic 

performance. Furthermore, the proposed framework can be applied to determine the maintenance 

threshold for numerous OOR wheels based on the reliability of the vehicle Sperling index. In the case 

study, thresholds of 26.4 dB or 0.12 are set for the mean or coefficient of variation of the 1st order 

amplitude of OOR wheels, respectively. 

The proposed framework, however, has some limitations. The interaction among multiple random 

wheel excitations is not considered, impacting the vibration results to a certain extent. Additionally, 

further research is needed to develop a more refined model that incorporates a flexible structure. 

Addressing these essential issues is imperative for future research endeavors. 
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Appendix 

Appendix A. The properties of the Dirac delta function 

The properties of the Dirac delta function used in Eqs. (20) and (21) are as follow: 

The sifting property: 0 0( ) ( ) ( )f x f x x x dx
+

−
= −  (A.1) 

The symmetry property: 
0 0( ) ( )x x x x − = −  (A.2) 

The transformation property： 

0

0

( )
( ) ( ( ))

x x

df x
x x f x

dx
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=

− =  

0( ) 0 and ( ) is a monotonic functionf x f x=  

(A.3) 

where x is a variable symbol; x0 is a constant; f is a mapping function.  

Appendix B. The algorithm of Sperling index 

The Sperling index W used to evaluate the vehicle ride comfort can be calculated: 
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where a is the amplitude spectrum (m/s2) transformed from the PSD [38]; f is the frequency in Hz; F(f) is 

the frequency weighting function that expresses the human sensitivity for vibration, as shown: 
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The scale of the Sperling index and their significance is featured in Table B1. 
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Table B1. Scale for the Sperling index. 

Sperling index Ride comfort 

1 Just noticeable 

2 Clearly noticeable 

2.5 More pronounced, but not unpleasant 

3 Strong, irregular, but still tolerable 

3.25 Very irregular 

3.5 Extremely irregular, unpleasant, annoying, prolonged exposure intolerable 

4 Extremely unpleasant, prolonged exposure harmful 

 

Appendix C. Parameters for vehicle-track dynamic system 

Table C1. Parameters for vehicle system. 

Parameters Value 

Wheelset mass mw = 1180 kg 

Bogie mass mb = 2026 kg 

Pitch moment of bogie Iby = 944 kg.m2 

Car body mass mc = 23124 kg 

Pitch moment of car body Icy = 1085179 kg.m2 

Primary vertical stiffness KPz = 9.11×105 N/m 

Primary vertical damping CPz = 1.5×104 N.s/m 

Secondary vertical stiffness KSz = 3×105 N/m 

Secondary vertical damping CSz = 4×104 N.s/m 

Distance between two axles  b1 = 2.5 m 

Longitudinal distance from wheelset center to gravity of car body b2 = 7.85 m 

Lateral distance of the primary suspension  bP = 2.1 m 

Lateral distance of the secondary suspension bS = 1.9 m 

Vertical distance from wheelset center to gravity of car body h1 = 1.439 m 

Vertical distance from wheelset center to gravity of bogie frame h2 = 0.137 m 

 

Table C2. Parameters for the track system. 

Parameters Value 

Rail mass per unit length Mr = 60 kg/m 

Rail bending stiffness  EI = 6.6×106 N.m2 

Vertical stiffness of fastener Kr = 8×108 N/m 

Vertical damping of fastener Cr = 1×105 N.s/m 

Distance between two fasteners Lf = 60 m 

 


