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1 Introduction

Compactifying string and M-theory yields lower dimensional theories of quantum gravity
whose physical features depend on geometrical properties of the underlying compact man-
ifolds. An important aspect of such a construction is the stability of the lower dimensional
theory, an issue related to whether the theory is supersymmetric or not. Indeed, a key
question about superstring/M-theory is: does it predict low energy supersymmetry, say,
below the compactification or GUT scale? In [1] this question was addressed for com-
pactifications well approximated by Riemannian manifolds and it was pointed out that a
necessary condition for an affirmative answer is that all physically stable, compact Ricci flat
manifolds must have special holonomy. In real dimension three, this conjecture asserts that
the 3-torus, T3, with its supersymmetric spin structure is the only stable, compact Ricci
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flat manifold. There are six topological types of compact, orientable, Ricci flat 3-manifolds,
labeled as G1-G6 in [2], and they admit a total of 28 spin structures. The 3-torus with
totally periodic spin structure is the only supersymmetric case, see [3, Theorem 2]. It was
shown in [1] that 26 out of the 27 non-supersymmetric classes of compactifications suffer
from generalised Witten Bubble of Nothing instabilities [4]. The last case was also shown
to admit such an instability in [5] which extended the analysis of [1] considerably. This
proves the conjecture in dimension three.

One of the main motivations for the present paper is to further investigate these dimen-
sion three examples from the string theory worldsheet point of view. After all, all of these
examples are locally flat and, hence, in principle should be amenable to exact worldsheet
methods. Whilst the analysis of [1, 5] was valid at compactification lengths larger than the
string length, we will be able to investigate here the small radius region, complementing
the previous studies. We will find certain universal properties of the non-supersymmetric
backgrounds including the appearance of tachyonic stringy winding states at small radius,
which also seems very much consistent with the conjecture. At large radius the tachyons
disappear and the 1-loop cosmological constant is negative, reflecting the existence of more
massless bosons than fermions in the spectrum.

Spin structures played a crucial role in the analyses of [1, 5] and we will have to inves-
tigate how different spacetime spin structures are manifested at the level of the worldsheet
conformal field theory and we will see the interplay between these and modular invariance.
Spin structures modify the GSO projection leading to a dependence on string winding
modes in addition to fermion number operators. Modular invariance then entails half-
integer shifts in momentum modes of spacetime fermions, corresponding to anti-periodic
boundary conditions. More generally, one would like to construct worldsheet theories with
target spaces being compact manifolds which admit multiple spin structures. We consider
the above three dimensional target spaces in the present paper and leave a detailed analysis
of some higher dimensional cases for upcoming work [6].

Compactifications with anti-periodic spin structure on the circle have been already
studied in the literature [7–9]. In dimension two, the only compact, orientable, closed Ricci
flat manifold is the torus, T2. In dimension three one has Ricci flat orientable manifolds
which are not diffeomorphic to tori. These manifolds are all of the form (T2×S1)/G, where
G is a finite group which acts by rotating T2, together with translations along the S1. As
such, G acts freely on T2×S1. Considering the anti-periodic spin structure only along the
S1 and periodic spin structures along the directions of the torus yields a higher dimensional
generalisation of the models mentioned above. We refer to these as class I models. New
models are constructed when we consider putting anti-periodic spin structures along all
three directions. We denote these as class II models. Note that even though (T2 × S1)/G
is a smooth manifold, we will use worldsheet orbifold formalism regarding the background
as an orbifold of T2 × S1 by G. As we will see, G-invariance imposes constraints on spin
structures. We will determine the worldsheet realisation of class I and class II models
and analyse the stability behaviour associated with their spin structures. The resulting
theories exhibit typical tachyonic instabilities as in many other non-supersymmetric string
compactifications studied previously, see e.g. [7, 8, 10–26] for constructions in the NSR
formalism.
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The plan of this paper is as follows. In section 2 we first construct the modular
invariant partition function of the (T2×S1)/G theories and then compute their spectrum.
We also look into the operator interpretation and the consistency of the operator product
expansion (OPE) in class II models. In section 3 we consider the 1-loop cosmological
constant Λ of the worldsheet theories. To begin we make an analytical estimation of Λ in
the limit where the radius of the circle is large and tachyons are absent in the spectrum.
We then compute Λ numerically for finite radius, which enables us to assess the onset of
instability due to emergence of tachyons for each model. In section 4 we present some
salient features of higher dimensional counterparts of these worldsheet theories, leaving the
details of the analysis and results for upcoming work. Section 5 is devoted to a summary
of our results and a discussion of potential interesting directions to pursue. Appendix A
contains definitions and properties of the Jacobi theta functions and lattice sums which we
use throughout the paper.

2 T3/ZN backgrounds

In this section we consider compactification of type II strings on T3/ZN , including all
possible spin structures. To begin, in subsection 2.1 we discuss the purely toroidal case,
corresponding to the models denoted as G1 in tables 2 and 3 of [1]. We will then construct
models by gauging the worldsheet ZN symmetry, which are the G2-G5 models in the tables
in subsection 2.2. We classify these modelss into two classes: class I which can have anti-
periodic spin structure only along one direction (concretely along the circle in T2×S1), and
class II which can have anti-periodic spin structures along all three directions. The latter
are apparently new models in the literature and as such, we study their properties in more
detail in subsection 2.3. We first analyse the operator interpretation in class II models and
then show that the algebra of the worldsheet conformal field theory is consistent, namely
that the operator product expansion (OPE) is closed. Finally, the matter spectrum of our
theories and in particular, the tachyonic states, will be studied in section 2.4.

2.1 T3 with generic spin structure

The target space T3 is taken to be the product of three orthogonal circles of radii R1, R2 and
R3, i.e. the torus lattice generators are a1 = (R1, 0, 0), a2 = (0, R2, 0), and a3 = (0, 0, R3).
The B-field background is set to zero. By SO(3, 3) transformations we can reach a generic
point in the moduli space of the toroidal compactification. The spin structures along the
lattice generators are denoted (s1, s2, s3). They can take the values si = 0, or si = 1,
corresponding respectively to space-time fermions being periodic or anti-periodic along the
ai cycles. There are then in total 8 possible spin structures. The generalization to the
d-torus Td is straightforward and we will consider it in the following.

We want to write down the partition function for type II string theory compactified on
Td with generic spin structures. As usual, the contribution of worldsheet NSR fermions will
be expressed in terms of Jacobi Theta functions ϑ(a,b)(z, τ), whose definition and properties
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are summarised in appendix A.1. Relevant combinations are

V = 1
2

(ϑ4
3 − ϑ4

4)
η12 , Sc = 1

2
(ϑ4

3 + ϑ4
4)

η12 , Sp = 1
2

(ϑ4
2 + ϑ4

1)
η12 , Sp′ = 1

2
(ϑ4

2 − ϑ4
1)

η12 ,

(2.1)
where the ϑi(τ) are defined in (A.4), and η(τ) is the Dedekind eta function, cf. (A.14).
We have dropped the τ dependence for conciseness. The labels refer to SO(8) conjugacy
classes: scalar (Sc), vector (V), spinor (Sp), and conjugate spinor (Sp′).

On the other hand, the contribution of worldsheet bosons will include a lattice sum
over quantised winding and momenta. It is useful to introduce the general sum over a
(d, d) lattice Γ given by

ZΓ(τ, x, y;u, v) :=

∑
k,w∈Zd

q

1
2

d∑
i=1

(
ki+xi

2Ri
+(wi+yi)Ri

)2

q̄

1
2

d∑
i=1

(
ki+xi

2Ri
−(wi+yi)Ri

)2

e
2πi

d∑
i=1

(
ui(ki+xi)+vi(wi+yi)

)
,

(2.2)

where q = e2πiτ , x, y, u, v are d-dimensional real vectors, and we have set α′ = 1
2 . Here

we have chosen the d-dimensional target space torus to be a product orthogonal circles
with radii Ri, and have turned off the B-field background, but of course by SO(d, d)
transformations we can extend this definition to the entire moduli space of d-dimensional
toroidal compactification. Properties of ZΓ(τ, x, y;u, v) are collected in appendix A.2.

The spacetime spin structures are realised by modifying the GSO projection as

(−1)FL,R −→ (−1)FL,R(−1)

d∑
i=1

siwi
, (2.3)

where wi are the winding numbers along the ai cycles and FL and FR are the left and right
moving fermion number operators, respectively. Modular invariance then implies that for
space-time fermions the quantised momentum ki will be shifted by si

2 .
This can be understood from a more general sigma model point of view1 as follows: a

sigma model is based on maps Φ : Σ→M from the worldsheet Σ to spacetime M . Let Φ
be a fixed map to M with some chosen spin structure S. The pullback to Σ of S using Φ
is a spin structure s on Σ. Then the worldsheet theory will have a GSO projection PGSO
associated to s. Now, if H1(M,Z2) is non-trivial then there exists more than one spin
structure on M . If S′ is such a spin structure, then S′ = S⊗ε, where ε is a real line bundle
and, pulled back to the worldsheet s′ = s ⊗ ε, where ε is some real line bundle on Σ. ε
provides additional signs as fermions go around the 1-cycles of Σ and this will be reflected
in a modified GSO projection:

PGSO −→ PGSO ⊗ ε (2.4)

This is how (2.3) arises.

1We thank E. Witten for explaining this — see also [9].
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Returning now to our specific models, schematically, the type IIB partition function
will contain pieces

(NS,NS) : (V,V)Z(e)
Γ + (Sc, Sc)Z(o)

Γ ,

(R,R) : (Sp, Sp)Z(e)
Γ + (Sp′, Sp′)Z(o)

Γ ,

(NS,R) : (V, Sp) Ẑ(e)
Γ + (Sc, Sp′) Ẑ(o)

Γ ,

(R,NS) : (Sp,V) Ẑ(e)
Γ + (Sp′, Sc) Ẑ(o)

Γ ,

(2.5)

where Z(e)
Γ and Z

(o)
Γ stand for the lattice sum ZΓ(τ, 0, 0; 0, 0) with

∑
i siwi being even

and odd, respectively, whereas Ẑ(e)
Γ and Ẑ

(o)
Γ are Z(e)

Γ and Z
(o)
Γ with shifted momenta

ki → ki + si
2 . More precisely,

Z
(e)
Γ = 1

2

[
ZΓ(τ, 0, 0; 0, 0) + ZΓ

(
τ, 0, 0; 0, s2

)]
,

Z
(o)
Γ = 1

2

[
ZΓ(τ, 0, 0; 0, 0)− ZΓ

(
τ, 0, 0; 0, s2

)]
,

Ẑ
(e)
Γ = 1

2

[
ZΓ

(
τ,
s

2 , 0; 0, 0
)

+ ZΓ

(
τ,
s

2 , 0; 0, s2

)]
,

Ẑ
(o)
Γ = 1

2

[
ZΓ

(
τ,
s

2 , 0; 0, 0
)
− ZΓ

(
τ,
s

2 , 0; 0, s2

)]
,

(2.6)

where s is a vector with components si ∈ {0, 1}, and ZΓ(τ, x, y;u, v) is the lattice sum
defined in (2.2).

The spin-structures on the d-cycles of Td are encoded in the vector s. As expected,
spacetime supersymmetry is broken unless s = 0, in which case the odd lattice sums
vanish while the even ones reduce to ZΓ(τ, 0, 0; 0, 0). On the contrary, the spectrum is
non-supersymmetric whenever one, or several, of the spin structures takes the value si = 1.
In particular, there are tachyons for generic radii.

In order to write a compact expression for the full partition function we start by
substituting (2.1) and (2.6) in eq. (2.5) to obtain

(NS,NS) : 1
4
[
(3, 3) + (4, 4)

]
ZΓ(τ, 0, 0; 0, 0)− 1

4
[
(3, 4) + (4, 3)

]
ZΓ

(
τ, 0, 0; 0, s2

)
,

(R,R) : 1
4
[
(2, 2) + (1, 1)

]
ZΓ(τ, 0, 0; 0, 0) + 1

4 [(2, 1) + (1, 2)]ZΓ

(
τ, 0, 0; 0, s2

)
,

(NS,R) : 1
4
[
(3, 2)− (4, 1)

]
ZΓ

(
τ,
s

2 , 0; 0, 0
)

+ 1
4
[
(3, 1)− (4, 2)

]
ZΓ

(
τ,
s

2 , 0; 0, s2

)
,

(R,NS) : 1
4
[
(2, 3)− (1, 4)

]
ZΓ

(
τ,
s

2 , 0; 0, 0
)

+ 1
4
[
(1, 3)− (2, 4)

]
ZΓ

(
τ,
s

2 , 0; 0, s2

)
.

(2.7)

where (i, j) := ϑ4
i (τ)ϑ4

j (τ̄)/|η(τ)|24.
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From (2.7) it then follows that the partition function for the d-dimensional toroidal
models is given by

ZTd = 1
4

∫
F

d2τ

τ
6− d2
2

1
|η12(τ)|2

∑
αL,βL,αR,βR={0, 1

2}

C(αL, βL, αR, βR)× (2.8)

×ϑ4
(αL,βL)(τ) ϑ̄4

(αR,βR)(τ̄) ZΓ
(
τ, (αL + αR)s, 0; 0, (βL + βR)s

)
,

where F is the SL(2,Z) fundamental domain, and the ϑ(α,β)(τ) := ϑ(α,β)(0, τ) are defined
in appendix A.1. To avoid cluttering we introduced the constant C(αL, βL, αR, βR), which
reads2

C(αL, βL, αR, βR) := (−1)2(αL+αR)(−1)2(βL+βR)(−1)4(αLβL+αRβR) . (2.9)

Modular invariance of the partition function is then straightforward to establish using
transformation properties of the ϑ functions, as well as of the lattice sum ZΓ, outlined in
appendix A.

Although our main focus is on ZT3 , we would like to briefly comment on the case of
circle compactification, i.e. d = 1. For non-standard spin structure s1 = 1, the partition
function in (2.8) agrees with well known results obtained from Scherk-Schwarz reductions [7,
8], or by modifying the GSO projection [9]. It has also been considered as an interpolating
model [16], which breaks supersymmetry at finite R1 but, as one can easily check, tends to
type IIB at R1 →∞, and to type 0B at R1 → 0.

2.2 (T2 × S1)/ZN with general spin structure

We now consider quotients of ZT3 by a discrete symmetry group ZN generated by g which
involves a rotation by 2π/N in the plane spanned by basis vectors a1 and a2, together with
a translation by a3/N in the orthogonal direction, see [1, table 2]. The data in our notation
is conveniently summarised in table 1. Notice that ZN is freely acting on T2 × S1 due to
the translation. In momentum space the translation part of g will be of the form e2πi k3

N

on the bosons. On fermions, the rotational part of g, say Rg, is lifted to Spin(3) = SU(2)
according to Rg → (−1)sg e

iπ
N
σ3 , where σ3 is the third Pauli matrix and sg ∈ {0, 1}. The

translational part of g acting on fermions is e
2πi
N

(k3+ s3
2 ). Altogether, the action on fermions

is generated by
g
∣∣∣
fermions

= e
2πi
N

(k3+ s3
2 )eiπsgei

π
N
σ3 . (2.10)

The requirement that gN = 1 leads to the condition

(−1)Nsg+s3 = −1 . (2.11)

We conclude that necessarily s3 = 1 for N even, while sg = 1 + s3 mod 2 for N = 3.
2The factor (−1)4(αLβL+αRβR) is associated with the choice of ϑ4

2 +ϑ4
1 and ϑ̄4

2 + ϑ̄4
1 in the GSO projection

in the Ramond sector for type IIB models. The other choice, namely a relative minus sign between ϑ4
1 and

ϑ4
2 in both left and right moving Ramond sectors would just replace this factor with (+1). For type IIA

models, the GSO projection has opposite relative signs in the left and right moving Ramond sectors which
would then result in factors (−1)4(αLβL) or (−1)4(αRβR) and corresponds to exchanging Sp ↔ Sp′ in the
right moving sector of eq. (2.5). Note that this factor is modular invariant.
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Model Group Lattice Spin structures # Class

G1 1 a1 = (R1, 0, 0), a2 = (0, R2, 0), a3 = (0, 0, R3) s1, s2, s3 ∈ {0, 1} 8 —

G2 Z2 a1 = (R1, 0, 0), a2 = (0, R2, 0), a3 = (0, 0, R3) s1, s2 ∈ {0, 1}, s3 = 1, sg ∈ {0, 1} 8 I, II

G3 Z3 a1 = (L, 0, 0), a2 = (−1
2L,

√
3

2 L, 0), a3 = (0, 0, R3) s1 = s2 = 0, s3 ∈ {0, 1}, sg = s3 + 1 2 I

G4 Z4 a1 = (L, 0, 0), a2 = (0, L, 0), a3 = (0, 0, R3) s1 = s2 ∈ {0, 1}, s3 = 1, sg ∈ {0, 1} 4 I, II

G5 Z6 a1 = (L, 0, 0), a2 = (1
2L,

√
3

2 L, 0), a3 = (0, 0, R3) s1 = s2 = 0, s3 = 1, sg ∈ {0, 1} 2 I

Table 1. Spin structures on (T2 × S1)/ZN . si = 0 and si = 1 correspond respectively to periodic
and anti-periodic spin structures along the ai cycles, whereas sg appears in the lift of the rotation
by 2π/N to Spin(3). For class I models (s1, s2) = (0, 0), while (s1, s2) 6= (0, 0) for class II.

The rotational part of g must be an automorphism of the projected lattices in Z
(e)
Γ ,

Z
(o)
Γ , Ẑ(e)

Γ , and Ẑ
(o)
Γ . This means it must be an automorphism of the original lattice Γ

together with a grading defined by si. This is because in the spectrum (2.7),
∑
i siwi even

and odd appears with different SO(8) conjugacy classes. For Z2, as (a1, a2)→ (−a1,−a2),
the grading defined by si is automatically satisfied for any si. However, g2 = 1 on fermions
implies that s3 = 1, but s1, s2, and sg are arbitrary. Thus there are 8 possibilities. For Z4,
as (a1, a2) → (a2,−a1) invariance of the grading defined by si requires s1 = s2, whereas
g4 = 1 again enforces s3 = 1, so there are 4 possible spin structures. For Z3 the basis vectors
are transformed as (a1, a2)→ (a2,−a1−a2), which implies s2 = s1 and s2 = s1 +s2 mod 2.
Therefore, in the Z3 case s1 = s2 = 0, and sg = 1 + s3 mod 2 from (2.11). For Z6, actually
equal to Z2 × Z3, we again have s1 = s2 = 0, and necessarily s3 = 1. So again there are
2 possibilities given by sg equal to 0 or 1. The results for all possible spin structures are
collected in table 1. They completely agree with Theorem 3.3 in [2], see also [1, table 3].3

The partition function must include all sectors (gr, gp), r, p ∈ {0, · · · , N − 1}, where
the first and second entries refer to the boundary conditions along the worldsheet σ and
t directions, respectively [27, 28]. More precisely, the full partition function Z takes the
form

Z = 1
N

N−1∑
r=0

N−1∑
p=0
Z(gr,gp) . (2.12)

The sum in r is over twisted sectors while the sum in p implements the projection over the
ZN action. In operator language, the term Z(gr,gp) computes TrHrgpqL0 q̄L̄0 , where Hr is
the gr twisted Hilbert space. Since we already know how gp acts on the untwisted Hilbert
space H0, we can unambiguously calculate the partition function in the (1, gp) sectors. By
the S-transformation, τ → − 1

τ , we can obtain the results for (gp, 1). Repeatedly applying
the T -transformation, τ → τ + 1, gives the sectors (gp, gmp). Now, if m is the least
positive integer such that mr = 0 mod N , then the partition function in the (gr, 1) sector
should be invariant under τ → τ +m. This requirement gives the level matching condition

3The case of the 3-manifold with holonomy group Z2×Z2 is more complicated (as in the RNS formulation,
we will not be able to bosonise the worldsheet fermions and will have to deal with Majorana fermions) and
will not be discussed here.
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m(L0 − L̄0) ∈ Z. It follows that if N is prime, then in all the twisted Hilbert spaces (i.e.
r 6= 0), N(L0 − L̄0) ∈ Z ensures modular invariance [29].

If N is not prime, e.g. N = 6, the g2, g3, g4 twisted sectors can have some subtleties.
For instance, in Z6 the (g3, 1) sector is unambiguously obtained by S transformation on
(1, g3) sector, but τ → τ+n can only determine (g3, g3). The sectors (g3, gp), with p = 1, 2,
can be found acting with (TST )(3−p) transformations on (g, gp). Then T -transformations
will give (g3, g4) and (g3, g5). In all the three cases, (g3, g), (g3, g2) and (g3, g3), the level
matching condition 2(L0 − L̄0) ∈ Z ensures modular invariance. However, one still has to
check that there is a proper operator interpretation, namely, that there exists a definition
of the g-action on H3 such that the partition function in the (g3, gp) sectors obtained
by modular transformations indeed computes TrH3g

pqL0 q̄L̄0 for p = 1, 2, 3. For the well
studied toroidal Abelian orbifolds with supersymmetric spin structure, such an operator
interpretation exists [30]. Since ZN acts as a rotation only on T2, these issues will not arise
when the spin structures s1 and s2 are trivial. We will refer to models with (s1, s2) = (0, 0)
as class I, and with (s1, s2) 6= (0, 0) as class II. Class I models can occur for all N , but
class II only for N = 2, 4, according to previous findings condensed in table 1. In the next
sections we will discuss in more detail the differences between the two classes. For class II
we will also address the question of the g-action in twisted sectors as well as the closure of
their operator algebra in subsection 2.3.

2.2.1 (1, 1) sector

When r = 0 and p = 0 we have the purely toroidal partition function with periodic or
antiperiodic fermions along the cycles ai according to whether si = 0 or si = 1, respectively.
Thus, Z(1,1) is obtained by setting d = 3 in eq. (2.8). Actually, the result in (2.8) is valid
when T3 is the orthogonal product of 3 circles. However, for N = 3 and 6, this is not the
case since ZN has to be an automorphism of the T2 lattice whose basis vectors {a1, a2} are
given in table 1. In these two cases we just have to replace ZΓ(τ, x, y;u, v) defined in (2.2)
by a generalization that can be expressed as

ZΓ(τ, x, y;u, v) = ZΓ(2,2)(τ,x,y; u,v)ZΓ(1,1)(τ, x3, y3;u3, v3). (2.13)

The 1-dimensional sum ZΓ(1,1) conforms to (2.2), while x, y, u, v are 2-dimensional vectors
and

ZΓ(2,2)(τ,x,y; u,v) =
∑

ki,wi∈Z2

q
1
2P

2
L q̄

1
2P

2
Re

2πi
2∑
i=1

(
ui(ki+xi)+vi(wi+yi)

)
. (2.14)

Turning off the B-field background to simplify, PL,R =
(
ki+xi

2 ± ai · aj(wj + yj)
)
a∗i, where

the a∗i are the dual lattice vectors.
It is important to note that we are considering backgrounds of the form T3 = T2×S1,

where the rotational part Rg acts only on T2. We have therefore assumed factorised lattices
for T3 such that in all (gr, gp) sectors the invariant sublattices of Γ are even and self-dual.
A systematic analysis of higher dimensional cyclic models of the form (Td × S1)/ZN will
be presented in upcoming work [6]; see section 4 for more discussion on this.
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2.2.2 (1, gp) sector

Using the action of g on bosons and fermions, we can now construct the partition functions
in these sectors. Upon complexification, gp acts on the T2 bosons by a phase e2πi p

N . Thus,
instead of (ηη̄)−2, these bosons will give:

|q−
1

12 |2
∞∏
n=1

∣∣∣(1− e 2πip
N qn)−1(1− e−

2πip
N qn)−1

∣∣∣2 =
∣∣∣2 sin

(
πp

N

)
η(τ)

ϑ( 1
2 ,

1
2 )
( p
N , τ

) ∣∣∣2 , (2.15)

where p ∈ Z and 0 < p < N . Next, we can group the 8 lightcone fermions into 4 complex
fermions and bosonise them. Then the rotational part of gp acts as:

ϑ(0,β)(τ)4 −→ ϑ(0,β)(τ)3 ϑ(0,β)

(
p

N
, τ

)
,

ϑ( 1
2 ,β)(τ)4 −→ eiπpsgϑ( 1

2 ,β)(τ)3 ϑ( 1
2 ,β)

(
p

N
, τ

)
, (2.16)

where in the second line eiπpsg appears because ϑ( 1
2 ,β)(τ)4 arises from the spacetime spinor

spinor′ and g includes this factor; see the discussion above eq. (2.10). The translational part
of gp acts as e2πi p

N
k3 on bosons and e2πi p

N
(k3+ s3

2 ) on fermions. Finally, the GSO projection
is modified according to (2.3).

Combining all ingredients, the partition function in the (1, gp) sector is found to be:

Z(1,gp) = 1
4

∫
F

d2τ

τ
9
2

2

∣∣∣∣ 2 sin(πpN )
η9(τ)ϑ( 1

2 ,
1
2 )(

p
N , τ)

∣∣∣∣2∑
αL,βL,αR,βR={0, 1

2}

C(αL, βL, αR, βR) [ε (−1)psg ]2(αL+αR)×

× ϑ3
(αL,βL)(τ)ϑ(αL,βL)

(
p

N
, τ

)
ϑ̄3

(αR,βR)(τ̄)ϑ̄(αR,βR)

(
p

N
, τ̄

)
ZΓ

(
τ, (αL + αR)s3, 0; p

N
, (βL + βR)s3

)
,

(2.17)

where Γ is now the (1, 1) lattice corresponding to the S1 and C is defined in eq. (2.9). The
T2 lattice drops out because the gp boundary condition forbids both quantised momenta
and windings. This further implies that in class II models with (s1, s2) 6= (0, 0), fermions,
i.e. (NS,R) and (R,NS), will not contribute. The reason is that for fermions the quantised
momenta (k1, k2) cannot be zero because they have to be shifted by 1

2(s1, s2). This is
taken into account by introducing the parameter ε to keep track of spacetime bosons and
fermions. By expanding Z(1,gp) in powers of ε we see that even powers (i.e. 1 and ε2)
come with bosons, and the odd powers come with spacetime fermions. In class I models,
(s1, s2) = (0, 0), both spacetime bosons and fermions contribute to Z(1,gp) so we obtain
the result by just setting ε = 1. On the other hand, in class II, the absence of spacetime
fermions in Z(1,gp) follows by expanding in powers of ε, discarding the odd power terms,
and then setting ε = 1.

One notable feature of class II models is that the dependence on sg drops out com-
pletely, as can be easily seen from (2.17), where sg only appears with the linear terms
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in ε. The physical reason is simply that in the (1, gp) sectors there are no spacetime
fermions. Notice also that in class II, the factor ε2(αL+αR) can be replaced by a projec-
tor 1

2(1 + (−1)2(αL+αR)). In other words, the partition function of class II models can be
obtained by inserting this projector into the partition function of class I models in which
ε = 1.

One can check that Z(1,gp) is invariant under p → p + N provided the condition in
eq. (2.11) is satisfied, i.e. (−1)Nsg+s3 = −1. With the same condition it is also invariant
under p → N − p, apart from ϑ1 terms (which pick a minus sign) but the latter anyway
vanish at the level of the partition function.

2.2.3 (gr, 1) sectors

The partition function in the (gr, 1) sectors is obtained from the S modular transformation
of Z(1,gr). Applying properties of ZΓ in eq. (A.22) and of the ϑ functions in eq. (A.9)
leads to:

Z(gr,1) = 1
4

∫
F

d2τ

τ
9
2

2

∣∣∣∣ 2 sin(πrN )
η9(τ)ϑ( 1

2 ,
1
2 )
(
rτ
N , τ

) ∣∣∣∣2∑
αL,βL,αR,βR={0, 1

2}

C(αL, βL, αR, βR)[ε (−1)rsg e−πi
r
N
s3 ]2(βL+βR)×

× ϑ3
(αL,βL)(τ)ϑ(αL,βL)

(
rτ

N
, τ

)
ϑ̄3

(αR,βR)(τ̄)ϑ̄(αR,βR)

(
rτ̄

N
, τ̄

)
ZΓ

(
τ, (αL + αR)s3,

r

N
; 0, (βL + βR)s3

)
,

(2.18)

where we used (A.17).
It is instructive to write Z(gr,1) in a way such that the spectrum of states is manifest. To

this end we introduce Z(e)
Γ (x, rN ; 0, 0) and Z(o)

Γ (x, rN ; 0, 0), defined to be the 1-dimensional
lattice sum ZΓ(τ, x, rN ; 0, 0) restricted to windings w3 with (−1)w3s3 = ±1, respectively (if
s3 = 0 then Z(o)

Γ is null and Z(e)
Γ = ZΓ). We can then recast (2.18) as:

Z(gr,1) = 1
4

∫
F

d2τ

τ
9
2

2

∣∣∣∣ 2 sin(πrN )
η9(τ)ϑ( 1

2 ,
1
2 )(

rτ
N , τ)

∣∣∣∣2×
×
[{

(|A|2 + |B|2)Z(e)
Γ

(
τ, 0, r

N
; 0, 0

)
+ (|A′|2 + |B′|2)Z(o)

Γ

(
τ, 0, r

N
; 0, 0

)}
+

−
{

(AB̄ + BĀ)Z(e)
Γ

(
τ,
s3
2 ,

r

N
; 0, 0

)
+ (A′B̄′ + B′Ā′)Z(o)

Γ

(
τ,
s3
2 ,

r

N
; 0, 0

)}]
,

(2.19)
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where

A := ϑ3
(0,0)(τ)ϑ(0,0)

(
rτ

N
, τ

)
− ε(−1)rsgϑ3

(0, 1
2 )(τ)ϑ(0, 1

2 )

(
rτ

N
, τ

)
,

A′ := ϑ3
(0,0)(τ)ϑ(0,0)

(
rτ

N
, τ

)
+ ε(−1)rsgϑ3

(0, 1
2 )(τ)ϑ(0, 1

2 )

(
rτ

N
, τ

)
,

B := ϑ3
( 1

2 ,0)(τ)ϑ( 1
2 ,0)

(
rτ

N
, τ

)
+ ε(−1)rsgϑ3

( 1
2 ,

1
2 )(τ)ϑ( 1

2 ,
1
2 )

(
rτ

N
, τ

)
,

B′ := ϑ3
( 1

2 ,0)(τ)ϑ( 1
2 ,0)

(
rτ

N
, τ

)
− ε(−1)rsgϑ3

( 1
2 ,

1
2 )(τ)ϑ( 1

2 ,
1
2 )

(
rτ

N
, τ

)
.

(2.20)

The first curly bracket in (2.19) is the partition function of the spacetime bosons and the
second curly bracket that of the spacetime fermions. Notice that the latter comes with an
overall minus sign.

Several comments are in order:

a) In the operator formulation, the partition function Z(gr,1) should equal TrHrqL0 q̄L̄0 ,
with the trace computed over the Hilbert space Hr in the sector twisted by gr. In
particular, this means that there must be no phases and every spacetime boson must
come with a positive integer while spacetime fermions come with a negative integer.

b) Using properties in appendix A one can check that Z(gr,1) = Z(gN−r,1), apart from a
minus sign for ϑ1 terms that vanishes at the level of the partition function. This flip
in the sign for ϑ1 terms means that the SO(8) spinor and spinor′ get exchanged in
the Hr and HN−r Hilbert spaces both in the left and right moving sectors, but this
will not change the partition functions.

c) The factor |2 sin(πrN )|2 gives the analogue of the number of “fixed points” in the gr or
gN−r twisted sectors. There are of course, strictly speaking, no fixed points because
we have a freely acting orbifold. The appearance of the number of fixed points of
the rotational part of the orbifold group can be understood as follows. Writing the
worldsheet coordinate fields for T2 and S1 as Y and Y3, the boundary conditions in
the sector twisted by g are (Y (σ+2π), Y3(σ+2π)) = (RgY (σ), Y3(σ)+2πR3

N ). Then,
the minimum length that a string can acquire occurs when the Y field takes values
at a fixed point of the rotation Rg acting on T2. We will loosely refer to such states
as being localised at fixed points in what follows. Such strings, localised at the fixed
points on T2 will give rise to a Hilbert space coming from fluctuations (i.e. oscillator
modes). Thus, even though the ZN action is fixed point free geometrically, there are
nonetheless twisted Hilbert spaces associated with the fixed points of the discrete
rotation of the torus T2.

d) In class I models, the partition function is ZI
(gr,1) = Z(gr,1)

∣∣
ε=1. In class II, the

prescription is to expand in powers of ε, discard linear terms and then set ε = 1.
Thus, in class II, the parameter sg drops out, as expected. As mentioned earlier,
the partition function ZII

(gr,1) of class II can be obtained by inserting the projector
1
2(1 + (−1)2(βL+βR)) in ZI

(gr,1).
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e) It can be verified that Z(gr,1) is invariant under τ → τ +m, where m is the smallest
positive integer such that mr is a multiple of N . Thus, the level matching condition
m(L0 − L̄0) ∈ Z is satisfied.

f) Although SO(8) is broken by the orbifold action, it is still convenient to speak of V,
Sc, Sp and Sp′ classes related to the combinations A, A′, B and B′. For instance, in
class I, in (NS,NS) |A|2 corresponds to (V,V) or (Sc,Sc) depending on whether rsg is
even or odd.

2.2.4 (gr, gp) sectors

We next compute the partition function in (gr, gp) sectors, r, p ∈ Z and 0 < r, p < N . To
this end we first consider the (gr, g) sector, which is particularly important because from
Z(gr,g) we can learn how g acts on the gr-twisted Hilbert space Hr and check consistency
with its interpretation as TrHrgqL0 q̄L̄0 . The partition function Z(gr,g) is obtained from
Z(1,g), cf. (2.17), by applying the modular transformation (TST )r. On the basis of the
action of g in Hr we can then determine Z(gr,gp). We shall dispense with the details of the
computation and outline the results for the two classes of models I and II.

Class I models: (s1, s2) = (0, 0). Comparing the partition function in the sectors (gr, 1)
and (gr, g) we verify that the action of g on Hr amounts to the expected phases that arise
as shifts by 1/N in the arguments of ϑ functions and ZΓ. We can also check that the
action of g on the T2 fixed points of gr is properly taken into account. In particular, the
fixed points that survive in the (gr, g) sector are the ones fixed with respect to g. We then
conclude that the class I partition function is

ZI
(gr,gp) = 1

4

∫
F

d2τ

τ
9
2

2

∣∣∣∣ 2 sin(gcd(r,p)π
N )

η9(τ)ϑ( 1
2 ,

1
2 )(

rτ
N + p

N , τ)

∣∣∣∣2 ∑
αL,βL,αR,βR={0, 1

2}

C(αL, βL, αR, βR) ×

× (−1)2sg
(
p(αL+αR)+r(βL+βR)

)
ϑ3

(αL,βL)(τ) ϑ(αL,βL)

(
rτ + p

N
, τ

)
ϑ̄3

(αR,βR)(τ̄)ϑ̄(αR,βR)

(
rτ̄ + p

N
, τ̄

)
×

× e−2πi(βL+βR) r
N
s3 ZΓ

(
τ, (αL + αR)s3,

r

N
; p
N
, (βL + βR)s3

)
,

(2.21)

where gcd(r, p) is the greatest common divisor4 of r and p. Note that gcd(r, p) is a modular
invariant quantity, i.e. if under a modular transformation (r, p)→ (r′, p′), then gcd(r′, p′) =
gcd(r, p). The level matching condition can be proven since we have already shown that
Z(gr,1) satisfies it. Z(gr,gp) is obtained by applying gp on the Hilbert space of gr twisted
states which gives only phases to different states and does not alter the values of L0 and
L̄0.

From (2.21) it follows that the gr and gN−r twisted sectors are equivalent (for the same
sg). More precisely, one can prove the property

ZI
(gr,gp) = ZI

(gN−r,g−p) = ZI
(gN−r,gN−p) . (2.22)

4We are using the convention gcd(r, 0) = gcd(0, r) = r.
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There are also some useful relations between ZI
(gr,gp) with sg = 0 or sg = 1, in the same

model. In particular, in the Z2 case we find ZI
(gr,gp)(sg = 0) = ZI

(gr,gp)(sg = 1), and it can
be shown that the spectrum with sg = 0 and sg = 1 is the same. For the Z4 and Z6 models,
the bosonic (NS,NS) and (R,R) terms in the gr twisted sectors, with even r, coincide for
sg = 0, 1. However this is not true for fermions where sg enters in the projection over
ZN -invariant states.

To study the spectrum it is helpful to recast ZI
(gr,gp) as in (2.19), with the aux-

iliary definitions in (2.20). We refrain from writing the explicit formulas. Comparing
with (2.19), we just make replacements ϑ(α,β)( rτN , τ)→ ϑ(α,β)( rτ+p

N , τ), Z(e)
Γ (τ, 0, rN ; 0, 0)→

Z
(e)
Γ (τ, 0, rN ; p

N , 0), and so on. There is also an additional factor (−1)psg multiplying the
fermionic (NS,R)/(R,NS) terms. The advantage of rewriting ZI

(gr,gp) explicitly is twofold.
First, we immediately identify the type of lattice sum. Second, the combinations A, A′, B
and B′ readily indicate the corresponding SO(8) classes, e.g. in (R,R) |B|2 signifies (Sp,Sp)
or (Sp′, Sp′) depending on whether rsg is even or odd. As already mentioned, although
SO(8) is broken by the ZN action, it is still useful to label states in terms of V, Sc, Sp and
Sp′ classes. Our conventions for these classes is analogous to (2.1), namely

V =
ϑ3

(0,0)(τ)ϑ(0,0)( rτ+p
N , τ)− ϑ3

(0, 1
2 )(τ)ϑ(0, 1

2 )(
rτ+p
N , τ)

2η9(τ)ϑ( 1
2 ,

1
2 )(

rτ+p
N , τ)

,

Sp =
ϑ3

( 1
2 ,0)(τ)ϑ( 1

2 ,0)(
rτ+p
N , τ) + ϑ3

( 1
2 ,

1
2 )(τ)ϑ( 1

2 ,
1
2 )(

rτ+p
N , τ)

2η9(τ)ϑ( 1
2 ,

1
2 )(

rτ+p
N , τ)

.

(2.23)

Changing the relative sign between the two terms in the numerator gives the expressions for
Sc and Sp′. We did not include the arguments (r, p) for the classes to streamline notation.

Class II models: (s1, s2) 6= (0, 0). We recall that in (1, gp) sectors, for p 6= 0, the
spacetime fermions are absent, while for spacetime bosons the partition function is the
same as that in class I models with sg = 0, see below eq. (2.17). Therefore, we can write
the class II partition function in these sectors as the projector 1

2(1 + (−1)2(αL+αR)) applied
on the corresponding class I partition function. Now, the partition function in the (gr, gp)
sector can be obtained from that in the (1, ggcd(r,p)) sector by the modular transformation( p

gcd(r,p) b
r

gcd(r,p) d

)
, pd− rb = gcd(r, p) . (2.24)

Under this transformation, (−1)2(αL+αR) −→ (−1)2 p(αL+αR)+r(βL+βR)
gcd(p,r) , as can be seen

from (A.9). Thus, in the (gr, gp) partition function there will be a projector

P(αL, αR, βL, βR; r, p) = 1
2

(
1 + (−1)2 p(αL+αR)+r(βL+βR)

gcd(p,r)

)
. (2.25)

The effect of P(αL, αR, βL, βR; r, p) is exactly equivalent to the ε prescription used in
eqs. (2.17) and (2.18).
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Inserting the projector P(αL, αR, βL, βR; r, p) in (2.21) leads to

ZII
(gr,gp) = 1

4

∫
F

d2τ

τ
9
2

2

∣∣∣∣ 2 sin(gcd(r,p)π
N )

η9(τ)ϑ( 1
2 ,

1
2 )(

rτ
N + p

N , τ)

∣∣∣∣2 ∑
αL,βL,αR,βR={0, 1

2}

C(αL, βL, αR, βR) ×

× 1
2

(
1 + (−1)2 p(αL+αR)+r(βL+βR)

gcd(p,r)

)
ϑ3

(αL,βL)(τ) ϑ(αL,βL)

(
rτ + p

N
, τ

)
ϑ̄3

(αR,βR)(τ̄) ϑ̄(αR,βR)

(
rτ̄ + p

N
, τ̄

)
×

× e−2πi(βL+βR) r
N
s3 ZΓ

(
τ, (αL + αR)s3,

r

N
; p
N
, (βL + βR)s3

)
.

(2.26)

Notice that there is no sg dependence, since the projector enforces
(−1)2sg(p(αL+αR)+r(βL+βR)) = 1 for sg = 0 or 1. This can be understood from the
fact that, in the (1, ggcd(r,p)) sector, there are no spacetime fermions in class II models as
fermions carry some momenta shifted by half along the directions rotated by ggcd(r,p). As
a result, sg never enters in the (1, ggcd(r,p)) sector and consequently in none of the other
sectors that are related to it by a modular transformation. The level matching condition
is clearly satisfied because these states are a subset of corresponding class I states where
we have already shown that the level matching condition is satisfied.

It can be shown that ZII
(gr,gp) = ZII

(gN−r,gN−p), in analogy with eq. (2.22) for class I.
Moreover, comparing the partition functions of class I, in (2.21), and class II, in (2.26), we
deduce the relation

ZII
(gr,gp) = 1

2
[
ZI,sg=0

(gr,gp) + ZI,sg=1
(gr,gp)

]
, for gcd(r, p) = 1 . (2.27)

Class II models arise only for the Z2 and Z4 cases. In the Z2 case, taking into account
an identity mentioned above, we readily conclude that ZII

(gr,gp) = ZI,sg=0
(gr,gp) = ZI,sg=1

(gr,gp), for
(r, p) 6= (0, 0) (since s1 and s2 are not both zero this is obviously not true for ZII

(1,1)).
The relation (2.27) proves helpful in computations of the spectrum and the cosmological
constant in class II models, given the results in class I — see subsection 2.4.

2.3 Operator interpretation in class II models

We now address the important question of how the twisted sector contributions to the class
II partition function, i.e. ZII

(gr,gp), r 6= 0, can be understood at the operator level, namely
as arising from TrHrgpqL0 q̄L̄0 , where Hr is the gr-twisted Hilbert space. Actually, we only
need to consider r = 0, 1, 2 since class II models exist only for the Z2 and Z4 cases.

For r = 1, an explicit form of ZII
(gr,gp) can be neatly derived from the average rela-

tion (2.27) so let us first go back to class I. For p = 0, ZI
(g,gp), is given in (2.19), setting

ε = 1, and for p 6= 0 the generalization is straightforward. For r = 1, the SO(8) classes
corresponding to A, A′, B and B′ are respectively V, Sc, Sp and Sp′ for sg = 0, but Sc, V,
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Sp′ and Sp, for sg = 1. Schematically, in the g-twisted sector in class I we then have

ZI,sg=0
(g,gp) ∼ χ(g,gp)

{[(
(V,V)+(Sp,Sp)

)
Z

(e)
Γ(1,1)

(0, 1
N ; p

N ,0)+
(
(Sc,Sc)+(Sp′,Sp′)

)
Z

(o)
Γ(1,1)

(0, 1
N ; p

N ,0)
]

−
[(

(V,Sp)+(Sp,V)
)
Z

(e)
Γ(1,1)

( s3
2 ,

1
N ; p

N ,0)+
(
(Sc,Sp′)+(Sp′,Sc)

)
Z

(o)
Γ(1,1)

( s3
2 ,

1
N ; p

N ,0)
]}
, (2.28)

ZI,sg=1
(g,gp) ∼ χ(g,gp)

{[(
(Sc,Sc)+(Sp′,Sp′)

)
Z

(e)
Γ(1,1)

(0, 1
N ; p

N ,0)+
(
(V,V)+(Sp,Sp)

)
Z

(o)
Γ(1,1)

(0, 1
N ; p

N ,0)
]

−(−1)p
[(

(Sc,Sp′)+(Sp′,Sc)
)
Z

(e)
Γ(1,1)

( s3
2 ,

1
N ; p

N ,0)+
(
(V,Sp)+(Sp,V)

)
Z

(o)
Γ(1,1)

( s3
2 ,

1
N ; p

N ,0)
]}
.

Here we dropped the argument τ in the lattice sums and wrote the number of simultaneous
fixed points of gr and gp as χ(gr, gp) :=

∣∣2 sin(gcd(r,p)π
N )

∣∣2. The label in Γ(1,1) stresses that
it is the S1 lattice, in distinction to the (3, 3) lattice Γ appearing in ZT3 , cf. (2.8). The
SO(8) classes are defined in (2.23).

Substituting the above results in the average relation (2.27) yields

ZII
(g,gp)∼

1
2 χ(g,gp)

{[
(V,V)+(Sc,Sc)+(Sp,Sp)+(Sp′,Sp′)

)
]
(
Z

(e)
Γ(1,1)

(0, 1
N ; p

N ,0)+Z(o)
Γ(1,1)

(0, 1
N ; p

N ,0)
)

−
[
(V,Sp)+(Sp,V)+(−1)p

(
(Sc,Sp′)+(Sp′,Sc)

)][
Z

(e)
Γ(1,1)

( s3
2 ,

1
N ; p

N ,0)+(−1)pZ
(o)
Γ(1,1)

( s3
2 ,

1
N ; p

N ,0)
]}
,

(2.29)

For the Z4 case we also need results for the g2-sector. It turns out that for p = 0, 2, ZII
(g2,gp)

has the same structure as ZII
(g,g

p
2 )
, except for obvious changes. Instead, for p = 1, 3,

ZII
(g2,gp)∼ χ(g2,gp)

{[
(V,V)+(Sp,Sp)]Z(e)

Γ(1,1)
(0, 2

N ; p
N ,0)+

[
(Sc,Sc)+(Sp′,Sp′)

]
Z

(o)
Γ(1,1)

(0, 2
N ; p

N ,0)
}

(2.30)
Notice that the fermionic pieces (R-NS)/(NS-R) are absent, as implied by the projector in
eq. (2.25). This also occurs in ZII

(1,gp), p 6= 0, in both Z2 and Z4, as we already observed.
We now want to verify that the action of gp on Hr is consistent with ZII

(gr,gp). The
action of the rotational part of g is certainly captured correctly in the arguments of ϑ
functions and the lattice sums, but this alone is not enough to reproduce for instance the
fact that in the Z4 model there are no fermions in ZII

(g2,g). The missing ingredient is the
action of g on the fixed points on T2. Under g, fixed points go into fixed points modulo
vectors in the lattice generated by (e1, e2). For spacetime bosons the shift by lattice vectors
does not matter because bosons are periodic along e1 and e2. On the contrary, in presence
of non-trivial spin structures (s1, s2) spacetime fermions are anti-periodic along one or two
of the cycles and the shifts do matter.

The combinations (Z(e)
Γ(1,1)

+ Z
(o)
Γ(1,1)

) in (2.29) are entire lattice sums ZΓ(1,1) , but it
is important to understand the action on the fixed points. Roughly speaking, what the
partition function for class II says is that only half of the fixed points contribute for each
of the SO(8) classes with even and odd windings. To be more precise, let us examine the
fixed points for the Z2 model. Choosing e1 = (1, 0) and e2 = (0, 1) as a basis (note that
the notation is slightly simplified here as compared to table 1), we have 4 fixed points with
coordinates

f1 = (0, 0), f2 =
(1

2 , 0
)
, f3 =

(
0, 1

2

)
, f4 =

(1
2 ,

1
2

)
. (2.31)
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f1

(V,V)Γ(e)
(1,1) + (Sc,Sc)Γ(o)

(1,1)

f3

(V,V)Γ(e)
(1,1) + (Sc,Sc)Γ(o)

(1,1)

f2

(V,V)Γ(e)
(1,1) + (Sc,Sc)Γ(o)

(1,1)

f4

(V,V)Γ(e)
(1,1) + (Sc,Sc)Γ(o)

(1,1)

(a) Class I, sg = 0

f1

(V,V)Γ(e)
(1,1) + (Sc,Sc)Γ(o)

(1,1)

f3

(V,V)Γ(e)
(1,1) + (Sc,Sc)Γ(o)

(1,1)

f2

(V,V)Γ(o)
(1,1) + (Sc,Sc)Γ(e)

(1,1)

f4

(V,V)Γ(o)
(1,1) + (Sc,Sc)Γ(e)

(1,1)

(b) Class II, s1 = 1, s2 = 0

Figure 1. Lattices associated to (NS,NS) states sitting at fixed points in class I and class II Z2
models. V and Sc refer respectively to vector and scalar SO(8) classes.

These fixed points obey (1− g)fa = 0, e1, e2, e1 + e2, respectively. Therefore, they carry a
Z2 grading associated to the spin structures (s1, s2) given by (1, (−1)s1 , (−1)s2 , (−1)s1+s2),
respectively. For any choice of (s1, s2) 6= (0, 0), there are two fixed points with grading
(+1) and two with grading (−1). This grading is linked to the grading of the S1 lattice,
which is the lattice appearing in (2.29), because the projection as defined in the original
toroidal theory (i.e. in the untwisted sector), as given in (2.3), comes with (−1)

∑3
i=1 siwi .

This can be seen more physically by looking at the OPE of two twisted states, the right
hand side of which will necessarily be given by untwisted states, or equivalently computing
a 3-point amplitude involving two twisted and one untwisted state. If the two twisted
states are localized at fixed points fa and fb respectively, then there is a selection rule
forcing the untwisted state to have T2 winding (1 − g)(fa − fb) mod 2v, with v a lattice
vector — see e.g. [31]. Since the untwisted states carry the grading given in (2.5), this
selection associates gradings to the fixed points. The upshot is that each SO(8) conjugacy
class will appear with Γ(e)

(1,1) for two fixed points with identical grading, and Γ(o)
(1,1) for the

remaining two fixed points. This is illustrated in figure 1.
For the Z4 model the story is similar. In this case the generator acts on the T2 basis

as g : (e1; e2) → (e2,−e1). There are two fixed points in the g-twisted sector, namely f1
and f4, cf. (2.31), which satisfy (1 − g)f1 = 0 and (1 − g)f4 = e1. Now, recall that in the
Z4 class II, the spin structures along the T2 cycles are s1 = s2 = 1. Hence, the gradings for
f1 and f4 are (+1) and (−1) respectively. One can check that the same fixed points and
gradings appear in the g3-sector. The g2-twisted sector is totally analogous to the twisted
sector in the Z2 case. Thus, in all cases, half of the fixed points come with grading (+1)
and the other half with (−1).

The proposal for the twisted Hilbert space is then the following. We start with the
original untwisted Hilbert space given in (2.5). In any given gr-twisted sector there will be
some fixed points on T2, denoted by fa, with a ranging over the number of fixed points.
Each fa satisfies the condition (1− gr)fa = n

(a)
1 e1 + n

(a)
2 e2, with n(a)

1 , n
(a)
2 ∈ Z. We assign

a grading da to the fixed point fa defined by da = (−1)n
(a)
1 s1+n(a)

2 s2 . Now, in (2.5), Γ(e) and
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Γ(o) are respectively 1
2(1±(−1)w1s1+w2s2(−1)w3s3) inserted in the full signature (3,3) lattice

Γ. In the twisted sectors, momenta and windings in T2 are zero, but there is a remnant
action of da on the fixed points. Concretely, the above projector operator on Γ becomes
1
2(1 ± da(−1)w3s3) inserted in the S1 lattice Γ(1,1). Hence, for fixed points fa with even
grading da = 1, the pairing of SO(8) classes with even/odd lattice sums is as in (2.5), but
for fixed points fb with odd grading db = −1, even and odd sums over Γ(1,1) are exchanged.
We will shortly check that this proposal is consistent with the OPE.

We now explain how the action on fixed points manifests itself in ZII
(gr,gp). We will first

consider the simpler Z2 model in which the fixed points fa are shown in (2.31). With the
concrete choice (s1, s2) = (1, 0), the gradings for the fa are d1 = d3 = 1 and d2 = d4 = −1.
Then, in ZII

(g,1) the assignment of lattices and states sitting at the fixed points is

states lattice for f1, f3 lattice for f2, f4
(V,V) + (Sp, Sp) Γ(e)

(1,1) Γ(o)
(1,1)

(Sc, Sc) + (Sp′, Sp′) Γ(o)
(1,1) Γ(e)

(1,1)

(V, Sp) + (Sp,V) Γ̂(e)
(1,1) Γ̂(o)

(1,1)

(Sc, Sp′) + (Sp′, Sc) Γ̂(o)
(1,1) Γ̂(e)

(1,1)

(2.32)

Since g : (f1, f2, f3, f4) → (f1, f2 − e1, f3 − e2, f4 − e1 − e2), g acts as the iden-
tity on bosons and as diag(1,−1, 1,−1) on fermions. Thus, ZII

(g,g) contains all
the bosons with two copies each of Γ(e)

(1,1) and Γ(o)
(1,1), while for fermions we have

−2[(V, Sp) + (Sp,V)− (Sc, Sp′)− (Sp′, Sc)
][
Ẑ

(e)
Γ(1,1)

− Ẑ(o)
Γ(1,1)

]
, which agrees with (2.29). To sim-

plify the expressions we are using the shorthand notation Γ(e)
(1,1) = Γ(e)

(1,1)(0,
r
N ; p

N , 0),
Γ̂(e)

(1,1) = Γ(e)
(1,1)(

s3
2 ,

r
N ; p

N , 0), and similarly for the odd lattices.
Let us now look at the Z4 case in which s1 = s2 = 1. The fixed points in the g-twisted

sector are f1 and f4, with gradings d1 = 1 and d4 = −1. The spectrum in ZII
(g,1) is also

given in (2.32) (obviating f2 and f3). Now g : (f1, f4) → (f1, f4 − e1) and g2 : (f1, f4) →
(f1, f4 − e1 − e2). Therefore, g acts trivially on bosons and as diag(1,−1) on fermions,
while g2 acts as the identity on both. It is easy to check that this action of gp, p = 1, 2, is
properly encoded in ZII

(g,gp) in (2.29). We finally come to the more interesting g2-twisted
sector, which has fixed points f1, f2, f3 and f4 with gradings d1 = d4 = 1 and d2 = d3 = −1.
The spectrum can be read from (2.32), exchanging f3 and f4. In particular, the spectrum
is the same for f2 and f3, consistent with g : (f1, f2, f3, f4)→ (f1, f3, f2−e1, f4−e1). Since
f2 ↔ f3, for bosons and fermions these two sectors vanish upon inserting g and taking
the trace. For bosons we are left with the fixed points f1 and f4, which altogether give
two copies of Γ(e)

(1,1) for (V,V) + (Sp, Sp) and two copies of Γ(o)
(1,1) for (Sc, Sc) + (Sp′, Sp′). For

fermions there is an additional minus sign for f4 but not for f1. Therefore these two sectors
cancel among themselves and fermions are absent from the (g2, g) sector. The results for
bosons and fermions agree exactly with ZII

(g2,g) in (2.30). One may verify that the action of
g is also consistent with ZII

(g2,g2). We skip the details because this is completely analogous
to ZII

(g,g) in the Z2 case.
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2.3.1 Closure of OPEs

As we have seen, the proposal for the action of g on fixed points in the twisted Hilbert
spaces for class II models reproduces the ZII

(gr,gp) constructed independently by requiring
modular invariance. We now want to confirm that the structure of these Hilbert spaces is
consistent with the operator product expansion.

In practice we will check that the product of two vertex operators associated to phys-
ical states yields a third vertex operator of another physical state present in the spectrum.
We refer to [31] for the construction of vertex operators in orbifold twisted sectors. One
important fact to recall is that vertex operators of NS and R states appear with canonical
ghost charge, (−1) and (−1

2), respectively. Thus, picture changing (p.c.) might be neces-
sary to identify the state corresponding to the product. For example, for the product of
NS states in the vector class, V−1 ⊗ V−1 = Sc−2

p.c.−−→ V−1. In the following we will drop
the subscript for the ghost charge and simply write the result after picture changing (if
needed), e.g. V⊗V = V, V⊗ Sc = Sc, and so on.

In general we consider products A⊗B = C, where A and B represent states in twisted
sectors which are attached to definite fixed points and lattices, as in (2.32). To determine
the resulting C we need to take into account the ZN selection rule for the equivalent 3-point
amplitude. For instance, for the Z2 case, if A and B are in the g-twisted sector at fixed
points fA and fB, then C is in the untwisted sector with a particular winding vC . Labelling
untwisted states as U and states in the gr-twisted sector as T r, the 3-point amplitude in
question is denoted 〈TATBUC〉. The selection rule says that the product of space group
elements for A, B and C must include the identity (1, 0).5 More precisely, in the example
at hand

(g, (1− g)(fA + vA))(g, (1− g)(fB + vB))(1, vC) = (1, 0) ⇒ vC = (1− g)(fB − fA + v),
(2.33)

where vA, vB and vC are vectors in the T2 lattice and v = vB − vA. Notice that for Z2,
(1− g)v = 2v.

Let us now investigate the class II Z2 model with spin structures (s1, s2) = (1, 0), as
taken in (2.32). Consider the OPE depicted in figure 2.a, equivalent to 〈TATBUC〉. In this
example, A is a state of type (V,V) in the g-twisted sector at fixed point f1, which has
grading d1 = 1 so that the lattice is Γ(e)

(1,1). The state B is also chosen to be (V,V) but the
lattice is Γ(o)

(1,1) because it sits instead at fixed point f2 with grading d2 = −1. According
to the space group selection rule, the product yields a state in the untwisted sector, with
T2 winding vC = (2m + 1)e1 + 2`e2, m, ` ∈ Z. The winding w3 in C is odd because it
comes from the sum of w3 even in A and odd in B. Therefore, the full (3,3) lattice of the
untwisted state C is even. This is consistent with the fact that untwisted (V,V) states must
appear with Γ(e)

(3,3), cf. (2.5). The OPE in figure 2.b, and many others involving fermions
as well, can be worked out in a similar way.

In the Z4 case the space group selection rule allows 3-point couplings involving twisted
sectors which are of the form 〈TAT 3

BUC〉, 〈T 2
AT

2
BUC〉 and 〈TATBT 2

C〉. We will only discuss
5We follow the notation of [31] and denote the elements of the space group as (g, v), where g and v

correspond to rotations and translations in the torus lattice, respectively — see [31, section 3].
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(V,V)U Γ(e)
(3,3)

(V,V)f1 Γ(e)
(1,1)

(V,V)f2 Γ(o)
(1,1)

(a)

(Sc,Sc)U Γ(o)
(3,3)

(V,V)f1 Γ(e)
(1,1)

(Sc,Sc)f2 Γ(e)
(1,1)

(b)

Figure 2. 3-point vertices in class II Z2 models.

the last one, since the first two containing untwisted states are analogous to the previous Z2
example. For A and B in the g-sector, the fixed points fA and fB can be either f1 or f4, and
the space group element is as in eq. (2.33). For C in the g2-sector, the fixed point could be
any of f1, f2, f3 or f4, and the space group element is of the form (g2, (1−g2)(gkfC +vC)),
with k = 0, 1 when fC is f2 or f3. The distinction is necessary because f2 ↔ f3 under g.
Imposing that the product of space group elements includes (1, 0) leads to

(1− g2)(gkfC − fB) = (1− g)(fA − fB + v) + 2u , (2.34)

where v = vA − vB and u = vB − vC are vectors in the T2 lattice. It is easy to prove that
when fA = fB, fC is necessarily f1 or f4, but when fA 6= fB, in which case we can take
fA = f1 and fB = f4, then fC must be equal to f2 or f3. We can now select particular
bosonic or fermionic states in the A and B channels, with lattices assigned according to
the gradings of the fixed points, and then determine the state in C from A ⊗ B. Some
examples are

TA TB T 2
C

(V,V) f4 Γ(o)
(1,1) (Sc, Sc) f4 Γ(e)

(1,1) (Sc, Sc) f1, f4 Γ(o)
(1,1),

(V,V) f1 Γ(e)
(1,1) (V, Sp) f1 Γ̂(e)

(1,1) (V, Sp) f1, f4 Γ̂(e)
(1,1),

(Sc, Sc) f1 Γ(o)
(1,1) (Sc, Sp′) f4 Γ̂(e)

(1,1) (V, Sp) f2, f3 Γ̂(o)
(1,1).

(2.35)

The results for C are consistent with the content of the Hilbert space for the g2-sector,
which can be read from (2.32) exchanging f4 and f3.

2.4 Spectrum

We have so far computed the partition function for (T2×S1)/ZN models with non-standard
spin structures. In each of these theories we now want to determine the spectrum, which is
encoded in the full partition function (2.12) for class I and class II models. In particular,
we are interested in the spectrum of tachyonic states. We will see that the existence of
tachyons depends on the S1 radius, namely R3 := R.

The masses can be read off from the exponents of q and q̄ upon expanding ZI
(gr,gp)

and ZII
(gr,gp). The contribution of worldsheet fermions to the partition functions (2.21)
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and (2.26) is of the form, see eq. (A.1):(∑
pLi

q
1
2 (p2

L1
+p2

L2
+p2

L3
+(pL4+ r

N
)2)
e2πi(pL4+ r

N
) p
N

)(∑
pRi

q̄
1
2 (p2

R1
+p2

R2
+p2

R3
+(pR4+ r

N
)2)
e−2πi(pR4+ r

N
) p
N

)
,

(2.36)
where pL = (pL1 , pL2 , pL3 , pL4) and pR = (pR1 , pR2 , pR3 , pR4) are SO(8) weights associated
to the left and right moving sectors, respectively. pLa , pRa ∈ Z or Z+ 1

2 correspond to the NS
or Ramond sectors, respectively. In the untwisted sector the modified GSO projection (2.3)
imposes the constraint that

∑
a pLa and

∑
a pRa are odd or even depending on the grading

of the winding numbers
∑
i siwi along the cycles of the torus, see eq. (2.5). In the twisted

sectors the GSO projection further depends on the spin structure sg, see eq. (2.20). There
are also contributions to the q and q̄ expansions from the bosonic part of the partition
functions (2.21) and (2.26), namely the ϑ( 1

2 ,
1
2 ) and η in the denominator, as well as the

lattice sums.
All in all, the masses of the NS sector states in the left moving gr twisted sector are

given by [32]:

α′m2
L(gr) = α′

4

(
k3
R

+
(
w3+ r

N

)
R

α′

)2
+ 1

2

(
p2
L1 +p2

L2 +p2
L3 +

(
pL4 + r

N

)2
)

+NL+E0−
1
2 ,

(2.37)
where NL = n

N , n ∈ Z≥0 is the oscillator number, the normal ordering factor (−1
2) arises

from the q expansion of the η and ϑ functions in the denominator of Z(gr,gp), and

E0 = 1
2
r

N

(
1− r

N

)
(2.38)

is the twisted sector vacuum energy. In the untwisted sector E0 = 0, NL ∈ Z≥0, and an
additional term 1

2P
2
L for the momenta of the T2 lattice has to be added to the mass formula.

A similar expression holds for the right moving NS sector:

α′m2
R(gr) = α′

4

(
k3
R
−
(
w3+ r

N

)
R

α′

)2
+ 1

2

(
p2
R1 +p2

R2 +p2
R3 +

(
pR4 + r

N

)2
)

+NR+E0−
1
2 .

(2.39)
The Ramond sector masses are given by shifting the momenta k3 → k3 + s3

2 in the above
expressions.

Allowed states must satisfy the level matching condition m2
L = m2

R and have to be
invariant under the ZN action. The projection in the sector twisted by gr follows from the
sum in p in (2.12). Taking into account the p-dependent phases accompanying powers of q
and q̄, and summing over p, we find that

1
N

(
pL4 − pR4 + k3 + ∆I(II) +mosc

)
∈ Z . (2.40)

Heremosc/N , mosc ∈ Z, arises when oscillators from T2 bosons are present. The term ∆I(II)

is non-vanishing only in fermionic (NS,R) and (R,NS) sectors, and its form is different for
class I and class II models. For class I models we have ∆I = 1

2(s3 + Nsg). Interestingly
enough, this implies that for fermions, since pL4 ∈ Z and pR4 ∈ Z + 1

2 , or viceversa, the
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invariance requirement can be satisfied only if (s3 + Nsg) = 1 mod 2. Therefore, the
condition (2.11) is necessary to have fermions in the spectrum. Since class II models exist
only for Z2 and Z4, ∆II can be simply read directly from (2.29) and (2.30).

We have in total 24 models taking into account the different values of N and spin
structures, see table 1. The spectrum follows from the above mass formulae after imposing
level matching and ZN -invariance. Below we shall first discuss one specific example in some
detail in subsection 2.4.1 and then summarise the main results for the spectrum of other
theories in subsection 2.4.2.

2.4.1 (T2 × S1)/Z3

The particular model we examine in some detail here is type IIB theory on the (T2×S1)/Z3
background. The reason for this choice is that this is the only model that allows both
periodic and anti-periodic spin structures along the S1 (of course, apart from the purely
toroidal models). All the other cases have anti-periodic spin structure along the circle
because N is even, see table 1. Additionally, s1 = s2 = 0 for Z3.

Periodic spin structure, si = 0. In this case we have s3 = 0 and sg = 1. We compute
the mass spectrum using eqs. (2.37) and (2.39) with N = 3, and r = {0, 1, 2}. Since the si
are all zero, the odd lattice sum Z

(o)
Γ drops out and Z(e)

Γ = ZΓ.

Untwisted sector. From (2.5), as well as from (2.19), we see that in the untwisted sector
(r = 0), the terms that appear in (NS,NS) are only (V,V) and in (R,R) only (Sp,Sp). Hence,
there are no tachyons. There are massless bosons in the (NS,NS) sector which include the
metric, antisymmetric tensor, and dilaton in 7 dimensions, as well as vectors and scalars.
The massless states in the (R,R) sector comprise antisymmetric tensors, vectors, and scalars
in 7 dimensions.

An important feature of the T3/Z3 model with this spin structure is that it admits
massless spacetime fermions in the (NS,R) and (R,NS) untwisted sectors. Even though the
Dirac operator has no zero modes, the existence of massless fermions in this case can be
expected on the following grounds: the gravitino fields in ten dimensions are sections of the
spin bundle of the 3-manifold with values in the tangent bundle. Because the manifold is
flat, the structure group of the spin bundle reduces to Z3. For this particular choice of spin
structure both vectors and spinors transform in the same real reducible representation of
Z3 and, hence their tensor product contains two Z3 singlets. Hence, there are two modes
of each gravitino field which are effectively scalars on the 3-manifold.

Twisted sector. It is enough to consider the gr-twisted sector with r = 1, since the sector
with r = 2 is analogous. Eq. (2.20) shows that in there are tachyons in the (NS,NS) sector,
from the |A|2 term, which appear below radius R√

α′
< 2
√

3. In the (R,R) sector there
are no massless nor tachyonic states. Finally, in the (NS,R) and (R,NS) sectors massless
fermions could exist but that requires tuning R. For instance, in the (R,NS) sector for
p2
L = 1, pL4 = −1

2 , p
2
R = 0, NL = NR = 0, k3 = −1, and w3 = 0 we find

m2
L = m2

R = α′

4

(
R

3α′ −
1
R

)2
. (2.41)

However, to have mL = mR = 0, requires R below the tachyon bound R√
α′

< 2
√

3.
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The conclusion is that tachyons appear in the twisted sectors below a particular radius.
For arbitrary large R there are neither tachyons nor massless states in the twisted sectors.

Anti-periodic spin structur.e We now have s3 = 1 and sg = 0. The GSO projection
depends on whether the winding number w3 is even or odd, see section 2.1. Moreover,
modular invariance requires that the quantised momentum k3 is shifted by 1

2 in the Ramond
sector.

Untwisted sector. For even windings there are no tachyons. The (NS,NS) and (R,R)
sectors have massless spacetime bosons for NL = NR = 0, k3 = w3 = 0, and PL = PR = 0.
There can be no massless spacetime fermions because in (NS,R) and (R,NS) sectors the
quantised momentum k3 is shifted by 1

2 : fine-tuning R cannot givem2
L = m2

R = 0. However,
the ZN invariance and level-matching does allow towers of massive spacetime fermions
in (NS,R) and (R,NS) sectors: they correspond to massive Rarita-Schwinger fields and
fermions in 7 dimensions.

For odd windings there can be tachyons in the (NS,NS) sector appearing below the
bound R√

α′
=
√

2. In (R,R) sector there are neither tachyons nor massless bosons. To have
massless fermions in the (NS,R) and (R,NS) sectors would again require special values of R.

To recap, in the untwisted sector there are massless bosons including the graviton,
antisymmetric tensors, and scalars. Massless fermions could exist for particular values of
R for which, however, there would be tachyons.

Twisted sectors. The g and g2 sectors are analogous. For even windings, the (NS,NS) sec-
tor has tachyons below the bound R√

α′
<
√

6. The (R,R) sector has no tachyons nor mass-
less states. In (NS,R) and (R,NS) sectors the level-matching condition prevents tachyons.
There could be massless states for special values of R which are below the tachyon bound.

For odd windings, there are tachyons in (NS,NS) sector. In the (R,R) sector all states
are massive. In the (NS,R) and (R,NS) sectors there could again be massless fermions for
special values of R which are, however, below the tachyon bound.

We observe that the periodic and anti-periodic spin structures models mainly differ in
the untwisted sector. In the former, tachyons are absent and there are massless fermions.
In the latter, there are tachyons, towers of massive fermions and massless fermions only for
a particular value of the circle radius. The matter content of both models in the twisted
sectors is similar: tachyons occur and massive fermions can become massless at special
radii which, however, lie at a value for which tachyons are present. Tachyons are absent at
a sufficiently large radius.

2.4.2 (T2 × S1)/ZN

We now discuss the spectrum of (T2 × S1)/ZN backgrounds.

Class I. The analysis for the remaining class I models is completely analogous to the Z3
models discussed in the previous subsection. In all cases tachyons appear below a bound
on the size of the radius of the circle. Let us first consider the untwisted sector. Among
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Z2 Z3 Z4 Z6

sg 0 1 0 1 0 1 0 1
r 0 1 0 1 0 1 0 1 0 1 2 0 1 2 0 1 2 3 0 1 2 3
R√
α′

√
2 2

√
2 2

√
2
√

6 − 2
√

3
√

2 2
√

2 2
√

2 2
√

6 2
√

2 2
√

3
√

6 2
√

2 2
√

15
√

6 2

Table 2. Tachyon bounds on the radius of S1 for ZN class I models. In Z2, Z4 and Z6, s3 = 1,
while s3 = (1 + sg) mod 2 in Z3.

the (NS,NS) states in (Sc,Sc), which couple to the odd winding lattice Z(o)
Γ , tachyons will

always be present for
R√
α′
<
√

2 . (2.42)

In the gr twisted sectors, the possible tachyons can be determined from the explicit form
of the partition function in (2.19) and (2.20). Now (Sc, Sc) terms couple as |A′|2 to Z(o)

Γ if
rsg = even, but as |A|2 to Z(e)

Γ if rsg = odd. Tachyons will emerge at radii

R√
α′
<

√
2N
N − r

, rsg = even , w = odd , (2.43)

R√
α′
<

√
2N(N − r)

r
, rsg = odd , w = even .

Contrary to the untwisted sector, tachyons can also arise from (V,V) terms. Specifically,
tachyons are present at

sg = odd , w = odd , (2.44)
R√
α′
<

√
2Nr

N − r
, rsg = odd , w = odd , (2.45)

R√
α′
<

√
2N
r
, rsg = even , w = even .

The results for the tachyon bounds in class I models are summarised in table 2. Since the
partition function in the gr and gN−r twisted sectors are equivalent (see the discussion at
the end of subsection 2.2.2), we only include r ≤ bN2 c.

It is straightforward to check that in the (R,R) sector there are no tachyons; in the
untwisted sector there are massless as well as massive bosonic states and in the twisted
sectors only massive bosons. In the (NS,R)/(R,NS) sectors there are untwisted and twisted
massive fermions which could become massless at special radii lying below the tachyon
bound.

Class II. These models arise only for Z2 and Z4. Recall that the possible spin structures
are s3 = 1 and (s1, s2) = (1, 0), (0, 1), (1, 1) for Z2 and (s1, s2) = (1, 1) for Z4. Let us begin
by discussing the spectrum of the untwisted sector where there are contributions from
Kaluza-Klein momenta ki and winding modes wi from all T2 and S1 directions (i = 1, 2, 3).
Even though the expressions for the masses are the same for both class I and class II
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models, the constraint on winding modes s1w1 + s2w2 + w3 = odd(even) depending on
the sector considered (see (2.5)), leads to different spectra. The lowest masses values arise
from the (Sc, Sc)Z(o)

Γ(3,3)
sector with pLa = pRa = 0 (a = 1, . . . , 4) and NL = NR = 0. For

these states the level matching condition reads k1w1 +k2w2 +k3w3 = 0, while the odd sum
selects s1w1 + s2w2 + w3 = odd. The solution ki = 0 leads to tachyonic states for radii
values satisfying

w2
1R

2
1 + w2

2R
2
2 + w2

3R
2 < 2α′ , (2.46)

where R := R3 as before. In particular, notice that if say, s1 = 1, we can choose w2 =
w3 = 0 and tachyons will arise for R1 <

√
2α′, independently of the R2 and R values. This

is different from class I models where there are no tachyons for R ≥
√

2α′, independently
of R1 and R2.

Another interesting result regarding the untwisted sector is that no massless fermions
are allowed, in contrast with class I models. For instance, in (Sc, Sp′) Ẑ(o)

Γ(3,3)
, since si = 1

for i = 1 and/or 2 and s3 = 1, the Kaluza-Klein momenta will be shifted as k3 + 1
2 , and

ki + si
2 . It is easy to check that these shifts, and the condition s1w1 + s2w2 + w3 = odd,

force the masses to be positive.
For the analysis of the spectrum in twisted sectors it proves helpful to recall (2.27).

In particular, for the Z2 models we observed that the partition function in the g-twisted
sector coincides in class II and class I models, implying that in class II tachyons are avoided
for R√

α′
> 2, as in class I. For the Z4 class II, from (2.27) we conclude that the partition

function in gr-twisted sectors, r = 1, 3, is the average of class I models with sg = 0 and
sg = 1. As a consequence, in these sectors, tachyons will appear at radius R√

α
′ < 2

√
6 (see

table 2). In the g2-twisted sector, cf. (2.29) and (2.30), we find that tachyons appear in
the (NS,NS) sector for R√

α
′ < 2, whereas only massive bosons arise in the (R,R) sector. We

also find that in this sector massless fermions can arise at the specific value of the radius
R√
α
′ = 1 in both (V, Sp) + (Sp,V) and (Sc, Sp′) + (Sp′, Sc).

3 1-loop vacuum energy

As we have seen, the (T2 × S1)/ZN models are non-supersymmetric and have tachyons
unless the circle radius is above a certain bound. Thus, the 1-loop vacuum energy, essen-
tially a potential for the moduli and denoted Λ, is expected to be non-zero and finite in
the regime where tachyons are avoided. In this section we will compute Λ, which up to
normalization is given by

Λ = −Z . (3.1)

Here Z is the full partition function in (2.12), namely the sum over contributions from
all (gr, gp) sectors. When (r, p) 6= (0, 0), the summands in class I and class II models are
ZI

(gr,gp), cf. (2.21), and Z
II
(gr,gp), cf. (2.26). Besides, both Z

I
(1,1) and Z

II
(1,1) are read from ZT3

in (2.8). We will explicitly consider class I models with s1 = s2 = 0 and drop the labels in
the following. Some features of Λ in class II can be extracted taking into account relations
such as (2.27).
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To begin, the integral over the fundamental domain will be approximated analytically
in the limit where the size of the circle is much larger than the size of the torus. The
outcome will be an estimate for the leading behaviour of Λ as a function of the circle
radius R. We will then report on the results of a numerical estimate of Λ. In particular,
the numerical findings will show the divergences at the values of R where tachyons emerge
and confirm the large R behaviour found analytically.

3.1 Analytical results

We want to estimate the leading behaviour of Λ in the limit where the radius of the circle
R is much larger than the torus radii, Ri, i = 1, 2, which in turn are kept to be of the
order of the string length

√
α′. The assumption on the Ri ensures that neither the Kaluza-

Klein nor the winding modes on T2 approach the continuum limit. On the other hand, in
the limit of large R the winding modes on S1 can be neglected. The reason is that their
contribution is of the form e−2πτ2w2

3R
2 and is exponentially suppressed in the large R limit,

since in the fundamental domain τ2 ≥
√

3
2 . Now, in the gr-twisted sectors the winding

modes are shifted by w3 → w3 + r
N , r 6= 0. Therefore, the twisted sector states in the limit

are very massive and drop out at leading order. By the same argument untwisted states
with non-zero winding can be neglected. The upshot is that the leading approximation to
Λ comes purely from states with zero winding in the untwisted sector, namely

Λ
∣∣
largeR = − 1

N

N−1∑
p=0
Z(1,gp)

∣∣
wi=0 . (3.2)

These are essentially the contributions which arise in the field theory limit from Type II
supergravity. Furthermore, notice that, if present, the odd lattice sums, ZΓo and ẐΓo , will
vanish since they run over windings with

∑
i siwi = odd.

Let us first consider the contribution from Z(1,1), which is given by the purely toroidal
partition function in eq. (2.8). After restricting to zero winding, we perform a Poisson
resummation and evaluate the integrals. The τ1 integral imposes the level matching con-
dition m2

L = m2
R. To do the integral over τ2 we split the integration over two regions: one

above and one below Ra, with 1 < a < 2. The region above gives the leading contribution
in the large R limit. Moreover, the terms in the momentum sum dominate over terms
involving positive integer powers of e−2πτ2 . In this way we find that for the periodic spin
structure the integral over the fundamental domain is approximated by

Zs3=0
(1,1) = 2

√
2RΓ(4)

(2πR2)4 (Nb −Nf )ζ(8) , (3.3)

where Nb and Nf are the number of massless bosonic and fermionic modes, respectively,
ζ(a) is the Riemann zeta function, and Γ(4) = 3!. For the anti-periodic spin structure we
instead obtain

Zs3=1
(1,1) = 2

√
2RΓ(4)

28 (2πR2)4

[
(Nb −Nf )ζ(8) + (Nb +Nf )ζ

(
8, 1

2

)]
, (3.4)
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where ζ(a, b) is the Hurwitz zeta function. In the compactification of type IIB theories
that we have been studying, Nb = Nf = 128. Thus Zs3=0

(1,1) = 0, as expected since for the
periodic spin structure the toroidal theory is supersymmetric. On the other hand,

Zs3=1
(1,1) = 2

√
2RΓ(4)

(2πR2)4 ζ

(
8, 1

2

)
. (3.5)

This non-zero result reflects supersymmetry breaking for the anti-periodic spin structures,
as expected.

The leading order of Z(1,gp), cf. (2.17), can be obtained using the same procedure to
approximate the τ2 integral. The general expression for class I ZN models turns out to be

Z(1,gp) = 128
√

2RΓ(4)
(2πR2)4

{(
sin8

(
πp

2N

)
+ cos8

(
πp

2N

))(
ζ

(
8, p
N

)
+ ζ

(
8, 1− p

N

))
+ (−1)psg

28

(
sin8

(
πp

2N

)
− cos8

(
πp

2N

))[
ζ

(
8, p

2N

)
+ ζ

(
8, 1− p

2N

)
+ (−1)s3

(
ζ

(
8, 1

2 + p

2N

)
+ ζ

(
8, 1

2−
p

2N

))]}
.

(3.6)

Note that Z(1,gp) is invariant under p → N − p, since the spin structures s3 and sg are
related through the condition (2.11), namely (−1)Nsg+s3 = −1. Observe also that the first
term is due to spacetime bosons, while the second with the prefactor (−1)psg , is due to
spacetime fermions. It is easy to check that in the limit p → 0 we recover the previous
results for Z(1,1). The dependence on R is also consistent with dimensional analysis.

We now specialize to the Z3 model, which is the only theory admitting both periodic
and anti-periodic spin structures along S1, i.e. s3 = 0 or s3 = 1. Our motivation is to
examine whether there is a different behaviour of Λ depending on s3. All in all, for the Z3
model we then find the large R behaviour of Λ to be

Λs3=0
Z3

= −2
√

2RΓ(4)
3(2πR2)4 81

[
ζ

(
8, 1

3

)
+ ζ

(
8, 2

3

)]
. (3.7)

for the periodic spin structure and

Λs3=1
Z3

=−2
√

2RΓ(4)
3(2πR2)4

{
ζ

(
8, 12

)
+ 1317

32

[
ζ

(
8, 13

)
+ζ

(
8, 23

)]
− 5

32

[
ζ

(
8, 16

)
+ζ

(
8, 56

)]}
.

(3.8)
for the anti-periodic spin structure. The analytical results in the large R limit show that
the 1-loop cosmological constant is negative for both models, tends to zero as R−7, and

Λs3=0
Z3

Λs3=1
Z3

≈ 59 . (3.9)

As such, there is no qualitative difference between the two models with periodic and anti-
periodic spin structures on the S1.

For other class I ZN models the leading order of Λ for large R can be easily obtained
from the previous results, setting s3 = 1. In all cases Λ = −c/R7, where the constant c is a
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function of N and sg. The negative sign is a consequence of having more massless bosons
than fermions in the spectrum. In fact, only the Z3 with s3 = 0 has massless fermions for
large R. For Z2 there is no dependence at all on sg, as expected from the fact that the Z2
models with sg = 0 and sg = 1 are equivalent.

For class II models we can make the same assumptions to estimate Λ, i.e. winding
states are neglected and only the untwisted sector is included. The contributions from
ZII

(1,gp) can be read from (3.6), discarding the term with prefactor (−1)psg because fermions
are absent. In ZII

(1,1) we can use techniques similar to those in class I to approximate the
τ2 integral in the large torus volume limit. However, to probe the effect of anti-periodic
spin structures (s1, s2) we need to keep the ratios R1/R and R2/R finite; this leads to the
appearance of Epstein zeta functions depending on these ratios, as opposed to Hurwitz zeta
functions. We did not pursue this approach to greater extent since we are mostly interested
in qualitative features that can be determined by numerical integration as discussed below.

We remark that these computational techniques and formulae for the large R behaviour
of Λ resemble computations of Casimir energies in string theory — see for example [33, 34].6

3.2 Numerical results

The integration over the 1-loop fundamental domain can be implemented numerically, as
has been done for other non-supersymmetric toroidal string compactifications in order to
obtain the dependence of Λ on the moduli [14–16, 35]. In our case the relevant modulus is
the circle radius R. The radii of the T2 are kept fixed at values of the order of the string
length.

Figure 3 depicts the results, depending on whether the spin structure sg is 0 or 1, for
the models that only admit class I with (s1, s2) = (0, 0), namely the Z3 and Z6 models.
The results for Z2 and Z4 cases, that admit both class I and class II with (s1, s2) 6= (0, 0),
are shown in figure 4. For the Z2 case there is only one curve for sg = 0 because in
class I the model with sg = 1 is equivalent, and in class II, as remarked below eq. (2.27),
ZII

(1,g) = ZI,sg=0
(1,g) . The purely toroidal contributions are different in class I and class II, but

the disparity is numerically insignificant. For the Z4 case there are curves for class II and
each of the two class I cases.

The numerical results are found by integrating at fixed R and then interpolating to
obtain a smooth curve. They confirm the large R behaviour found in the analytical ap-
proach. In all backgrounds Λ tends to zero from below as R−7 at large R. The negative
sign is expected because in the (T2× S1)/ZN models there are more massless bosons than
fermions. In figure 4, Λ for the class II Z4 models can be seen as the average of the class
I results for sg = 0 and sg = 1, in agreement with exact properties of ZII

(1,gp) discussed
previously

The plots clearly show that Λ diverges at small R when tachyons emerge in the spec-
trum. The precise values of R match the results in table 2, determined from the analysis
of the spectrum. To compare contributions from untwisted and twisted sectors, we plot Λ
for each sector separately for the Z6 model (the other model show a similar behaviour).

6We thank the referee for pointing this out.
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sg = 0 sg = 1

1 2 3 4 5 6 7

R
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-0.5

0.0

Λ
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-2

0

Λ

(a) Z3

1 2 3 4 5 6 7

R

α′

-0.4

-0.3

-0.2

-0.1

0.0

Λ

2 4 6 8 10 12 14

R

α′

-25

-20

-15

-10

-5

0

Λ

(b) Z6

Figure 3. 1-loop Λ for N = 3, 6, class I (T2 × S1)/ZN models with spin structures sg = 0 and
sg = 1. The vertical and horizontal axis correspond respectively to Λ and the circle radius in units
of
√
α′.

1 2 3 4 5 6 7

R

α′

-5

-4

-3

-2

-1

0

Λ

(a) Z2

1 2 3 4 5 6 7

R

α′

-15

-10

-5

0

Λ

(b) Z4

Figure 4. 1-loop Λ for N = 2, 4, (T2 × S1)/ZN models. For Z2 the curve represents Λ in the
class I model with sg = 0. For Z4, solid blue, the large dashed green and short dashed red curves
correspond respectively to class I sg = 0, class I sg = 1 and class II with (s1, s2) = (1, 1).

This is presented in figure 5 for sg = 0 and sg = 1. Since the twisted sectors gr and gN−r

have the same partition functions we only included r = 1, 2, 3 as well as the untwisted
r = 0. In each sector the position of the vertical asymptotes agrees with the bound on R

given in table 2. We also observe that for large R the untwisted sector dominates, as we
argued in the analytic approach. The twisted sectors are suppressed because they always
host winding modes that become infinitely massive as R→∞.
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(d) r = 3

Figure 5. Contribution from gr-twisted sectors to 1-loop Λ in class I Z6 models with sg = 0, 1.

4 (Td × S1)/ZN backgrounds

In this section we briefly comment on the generalisation of these models to higher dimen-
sions. A detailed study of these theories will be presented in [6]. We consider Td, d = 4, 6,
with one extra circle. Let g = (Rg, Tg) be the generator of ZN which acts as rotations (Rg)
on various planes of T4 or T6 and a translation7 (Tg) on S1.

7If we set the translation equal to zero, then we get an orbifold with fixed points and in that case S1 is
a spectator and can be decompactified (after choosing the periodic spin structure on S1), without affecting
the results.
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We consider T6 and diagonalise Rg by using appropriate complex coordinates:

Rg : (z1, z2, z3)→ (e2πin1
N z1, e

2πin2
N z2, e

2πin3
N z3) (4.1)

where ni are integers with 0 ≤ ni < N , and satisfying p(n1
N ,

n2
N ,

n3
N ) /∈ Z3, for p ∈ Z and

0 < p < N . This last condition just says that the quotient group is really ZN , and not
a subgroup thereof, because there is no p such that Rpg = 1. We also allow one or two of
the ni to be possibly zero, so that the general formula we will get below for the partition
functions can also describe (T4 × S1)/ZN and (T2 × S1)/ZN , respectively, by setting n2
and/or n3 to zero.

The order N and the integers ni are constrained by the requirement that there must
exist a torus lattice where the rotation Rg acts crystallographically. It is well known that
the order must be N = 2, 3, 4, . . . through 10, 12, 14, 15, 18, 20, 24, 30 [28], see also [36]
where the possible ni are tabulated. Imposing that supersymmetry is unbroken would give
additional constraints but here we keep the discussion general. Given an allowed Rg one
still has to specify the lattice where it acts as an automorphism. In the supersymmetric
case such lattices have been classified [37]. To simplify our analysis we will assume that
the lattice has some properties to be stated shortly.

Finally, we take the translation part Tg to be the shift by t
NR on S1 where R is the

radius of S1 and t is an integer with 0 ≤ t < N . If we want a truly freely acting orbifold
then t should be non-zero and, moreover, coprime with respect to N . The reason for the
latter condition is, that if (t,N) are not coprime then there exist integers p and q with
p < N such that pt = qN . This would then mean that gp sector will have fixed point
singularities. Note that we could have also included translations along the planes rotated
by Rg, but they are irrelevant, since in all the twisted sectors (gr, gp) where (r, p) 6= (0, 0),
the momenta along these directions are zero.

The action of g in momentum space is given by:

g |k;W1,W2,W3,W4〉 = e
2πi
N
tke

2πi
N

(n1W1+n2W2+n3W3)|k;W1,W2,W3,W4〉 , Wi ∈ Z (4.2)

for SO(8) bosons and

g |k + s7
2 ;W1,W2,W3,W4〉 =

(−1)sg e
2πi
N
t(k+ s7

2 )e
2πi
N

(n1W1+n2W2+n3W3)|k + s7
2 ;W1,W2,W3,W4〉 , Wi ∈ Z + 1

2

(4.3)

for SO(8) fermions. Here Wi are SO(8) weights, si, i = 1, · · · , 7, correspond to spin
structures along T6 × S1, and sg is the spin structure associated with the g-action on
fermions. The gN = 1 condition acting on bosons is clearly satisfied, as all the weights Wi

are integers. On fermions, since weights are shifted by half, imposing gN = 1 gives the
constraint

(−1)Nsg+ts7+n1+n2+n3 = 1 . (4.4)

This is exactly the same constraint as (2.11) that we obtained for T3 models for n1 = t = 1
and n2 = n3 = 0.

– 30 –



J
H
E
P
0
4
(
2
0
2
1
)
0
2
6

We next consider the partition function in the (gr, gp) sectors for class I models, i.e.
si = 0 for all i corresponding to planes that are rotated by g. To simplify the analysis we
will assume that the T6 lattice is such that for all sectors the invariant sublattices of Γ
(including winding and momenta) that appear are even and self-dual. There could still be
shifts and phases encoded in the arguments (x, y;u, v) of the lattice sum ZΓ, as in eq. (2.2).
The steps to construct the partition function are then the same as in the (T2 × S1)/ZN
models. If gcd(r, p)niN /∈ Z, i = 1, 2, 3, we find the partition function:

Z(gr,gp) = 1
4

∫
F

d2τ

τ
5
2

2

∣∣∣∣ 1
η3(τ)

3∏
i=1

2 sin(gcd(r, p)π niN )
ϑ( 1

2 ,
1
2 )(

rni
N τ + pni

N , τ)

∣∣∣∣2 ∑
αL,βL,αR,βR={0, 1

2}

C(αL, βL, αR, βR)×

× (−1)2sg
(
p(αL+αR)+r(βL+βR)

)
(−1)−2πi(βL+βR) r

N
s7×

× ϑ(αL,βL)(τ)
( 3∏
i=1

ϑ(αL,βL)

((rτ + p)ni
N

, τ

))

ϑ̄(αR,βR)(τ̄)
( 3∏
i=1

ϑ̄(αR,βR)

((rτ̄ + p)ni
N

, τ̄

))
×

× ZΓ(r,p)

(
τ, (αL + αR)s7,

rt

N
; pt
N
, (βL + βR)s7

)
,

(4.5)

where Γ(r,p) is the sublattice of Γ that is invariant under gr and gp simultaneously. If,
as it is assumed above, gcd(r, p)niN /∈ Z for all i = 1, 2, 3, then Γ(r,p) is just the lattice of
momenta and windings along S1. If on the other hand, gcd(r, p)niN ∈ Z for some i, then the
ith plane will not be rotated by both gr and gp, and the lattice Γ(r,p) will include momenta
and windings along those ith planes as well. From our assumption on the T6 lattice, Γ(r,p)
will still be even and self-dual. Actually, the above formula holds even if the spin structures
along those ith planes are non-zero, provided these si are taken into account in the lattice
sum.

The partition functions for class II models are given by eq. (4.5) upon inserting the
projector P(αL, αR, βL, βR; r, p) defined in (2.25), see eq. (2.26). As a result, in class II
models, sg drops out completely just as we observed before for T2 × S1 quotients.

5 Conclusions

In this paper we studied compactification of type II string theory on 3-dimensional non-
simply connected compact Ricci flat spin manifolds which are all smooth quotients of
the form (T2 × S1)/ZN . These manifolds admit multiple spin structures which can be
both periodic and ant-periodic along the 1-cycles of T2 and S1. Except from the original
toroidal compactification on T3 (with totally periodic spin structure), all the remaining
models provide instances of non-supersymmetric compactifications of string theory.

One goal was to develop the worldsheet conformal field theory of string/M-theory
compactification on manifolds with spin structures in various dimensions, in order to un-
derstand the nature of instabilities at the quantum level and its connection to geometrical
properties of the manifold. In this paper, we focused on the lowest dimension where such
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manifolds exist, namely dimension three [1, 2]. (In dimensions one and two the only ori-
entable compact manifolds are S1 and T2, respectively). We constructed models which
explicitly realise the spacetime spin structures in the worldsheet conformal field theory.
We computed the 1-loop partition function and spectrum of these theories and found that,
except for the supersymmetric T3, all of them contain tachyons in their spectrum, and that
the tachyons emerge only for sufficiently small circle radii.

We classified these models into two groups: those which have anti-periodic spin struc-
ture only along the S1, which we dubbed class I models, and those which have anti-periodic
spin structures along the 1-cycles of the T2, which are termed class II models — see table 1.
Class I models are the higher dimensional generalisation of circle compactifications con-
structed in earlier works [7–9]. On the other hand, class II models are not studied in detail
in the literature and we analysed them carefully. In particular, we studied the structure of
their twisted Hilbert spaces and examined the closure of their operator algebras.

In order to probe these non-supersymmetric theories to greater extent, we computed
the 1-loop vacuum energy density, Λ, both analytically and numerically. We find that all
backgrounds (T2 × S1)/ZN have the same qualitative behaviour in developing instabilities
for type II compactifications. In particular, there is no qualitative difference between the
two families of Z3 theories with periodic and anti-periodic spin structure along the circle,
which is the only model with this property in the constructions of [2, 5]. The numerical
calculations confirmed the analytical estimates at large radius and showed that all class I
models have the same instability behaviour at small radius.

One next natural step is to study higher dimensional generalisations of these models.
This is briefly discussed in section 4 and will be extended in [6]. The higher dimensional
models offer many families of non-supersymmetric compactifications of string and M-theory
and understanding their instability behaviour is of great interest in particular in the context
of compactifications into four spacetime dimensions.

Another interesting direction to explore is the dynamics of tachyon condensation in
these theories. The worldsheet theory has enhanced superconformal symmetry (N = 2 or
higher) for particular values of R. In this case one can study tachyon condensation analyti-
cally through analysing the RG flow of the worldsheet theory from UV to IR. Switching on
tachyon condensation deforms the worldsheet theory with relevant operators and as such,
breaks the conformal symmetry. However, the N = 2 (or higher) worldsheet supersym-
metry is preserved and provides a concrete way of analysing the RG flow by studying the
chiral ring of the theory. In particular cases, the tachyon might become massless under
some conditions, e.g. at specific radii, and the perturbation yields an exactly marginal
deformation of the original CFT. References [38] and [39] developed this technique and
studied deformations of non-compact orbifolds, e.g. Cd/Zn, through tachyon condensation
of closed strings.8 Moreover, [38] studied compact orbifolds and realised the RG flow in the
mirror description of the theory. It would be interesting to study the mirror description of
these theories and to understand tachyon condensation at least at special radii where the
worldsheet supersymmetry is accidentally enhanced.

8Other approaches to tachyon condensation of non-compact orbifolds are studied in, e.g. [40–42].
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A Theta functions and lattice sums

The basic ingredients in the partition function of strings on toroidal orbifolds are Jacobi
Theta functions and lattice sums. In this appendix we offer a handy summary of definitions
and fundamental properties.

A.1 Theta functions

The Jacobi Theta functions ϑ(α,β)(z, τ) are defined as

ϑ(α,β)(z, τ) =
∞∑

n=−∞
eiπτ(n+α)2+2iπ(n+α)(z+β) . (A.1)

There is also a product form

ϑ(α,β)(z, τ) = e2πiα(z+β)q
α2
2

∞∏
n=1

(1−qn)(1+e2πi(z+β)qn+α− 1
2 )(1+e−2πi(z+β)qn−α−

1
2 ) , (A.2)

where q = e2iπτ . In particular,

ϑ( 1
2 ,β)(z, τ) = 2 cosπ(z + β) q

1
8

∞∏
n=1

(1− qn)(1 + e2πi(z+β)qn)(1 + e−2πi(z+β)qn) . (A.3)

It is conventional to introduce the special cases

ϑ(0,0)(0, τ) :=ϑ3(τ) , ϑ(0, 1
2 )(0, τ) :=ϑ4(τ) , ϑ( 1

2 ,0)(0, τ) :=ϑ2(τ) , ϑ( 1
2 ,

1
2 )(0, τ) :=ϑ1(τ) .

(A.4)
They satisfy the ‘abtruse’ identity

ϑ4
3(τ)− ϑ4

4(τ)− ϑ4
2(τ)∓ ϑ4

1(τ) = 0 . (A.5)

Although ϑ1(τ) vanishes identically, it is convenient to keep it throughout.
We will need several properties under transformations of the characteristics (α, β) and

the arguments (z, τ). From the definition we can easily derive

ϑ(−α,−β)(z, τ) = ϑ(α,β)(−z, τ) , (A.6)

ϑ(α+m,β+m′)(z, τ) = e2πim′αϑ(α,β)(z, τ) . (A.7)
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Under z → z +m1τ +m2 for m1,m2 ∈ Z, the ϑ functions transform as

ϑ(α,β)(z +m1τ +m2, τ) = e−πim
2
1τ−2πim1z+2πi(m2α−m1β)ϑ(α,β)(z, τ) . (A.8)

Under a modular transformation by an SL(2,Z) element h =
(
a b

c d

)
, and with τ ′ = h(τ) =

aτ+b
cτ+d and z′ = h(z) = z

cτ+d , we have

ϑ(α,β)(z, τ) = ε((α, β), h) 1√
cτ + d

e−πi
cz2
cτ+dϑ(α′,β′)(z′, τ ′) (A.9)

where α′ = h(α) = dα− cβ + 1
2(c− d+ 1) and β′ = h(β) = −bα+ aβ + 1

2(b− a+ 1), and
ε((α, β), h) is a phase to be discussed shortly. Note that for α, β ∈ {0, 1

2}, α
′ and β′ can

also be brought to take values 0 or 1
2 by using the relation (A.7)

An important property of equation (A.9) is that it satisfies the SL(2,Z) group composi-
tion rule, namely if we express ϑ(α′,β′)(z′, τ ′) on the r.h.s. in terms of another transformation
by h′, using the same relation with h replaced by h′, then the result is the same as starting
from ϑ(α,β)(z, τ) and using the transformation h′h, since the phase ε satisfies

ε((α, β), h)ε(h(α, β), h′) = ε((α, β), h′h) . (A.10)

For our purposes we do not need the explicit form of the phase ε((α, β), h) but rather the
results for standard T and S transformations given by
1) for T : τ ′ = τ + 1, which corresponds to a = b = d = 1 and c = 0 in (A.9):

ϑ(α,β)(z, τ) = eπiα(α−1)ϑ(α,β−α+ 1
2 )(z, τ

′) (A.11)

2) for S : τ ′ = −1/τ , which corresponds to a = d = 0 and b = −c = −1 in (A.9):

ϑ(α,β)(z, τ) =
√
−iτ ′eπiz2τ ′e2πiαβϑ(β,−α)(zτ ′, τ ′) (A.12)

Note that in these two transformations the phase is determined explicitly. One can in
principle obtain ε((α, β), h) for an arbitrary SL(2,Z) transformation by repeatedly applying
S and T transformations. However, we really need only the (α, β) dependence of the fourth
power of this phase since every term in the partition function appears with 4 powers of
ϑ functions, namely of the form

∏4
i=1 ϑ(α,β)(zi, τ). The correct expression for the fourth

power of this phase turns out to be [30, 43]

ε((α, β), h)4 = e4πi(bdα2−2cbαβ+acβ2−ab(dα−cβ))ε̃(h) (A.13)

where ε̃(h) is ±1 and depends only on the SL(2,Z) element, which will again not be needed,
since the same ±1 appears both in the left and right moving sectors and therefore will
cancel out. One can check that (A.13) agrees with the result for S and T transformations
given above. Furthermore, it furnishes a representation of the SL(2,Z) group in the sense
of (A.10).
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To conclude we recall the definition of the Dedekind η-function

η(τ) = q1/24
∞∏
n=1

(1− qn) . (A.14)

The T and S transformation rules are

η(τ) = e−iπ/12 η(τ ′), τ ′ = τ + 1, η(τ) =
√
−iτ ′ η(τ ′), τ ′ = −1

τ
. (A.15)

A.2 Lattice sums

In section 2.1 we introduced the lattice sum ZΓ(τ, x, y;u, v) defined as

ZΓ(τ, x, y;u, v) :=

∑
k,w∈Zd

q

1
2

d∑
i=1

(
ki+xi

2Ri
+(wi+yi)Ri

)2

q̄

1
2

d∑
i=1

(
ki+xi

2Ri
−(wi+yi)Ri

)2

e
2πi

d∑
i=1

(
ui(ki+xi)+vi(wi+yi)

)
,
(A.16)

where x, y, u, v are d-dimensional real vectors with components xi, yi, ui and vi. Shifting
x and y by integers can be undone by redefining k and w, so x, y ∈ Rd/Zd. Shifting u and
v by integers, however, multiplies the lattice partition function by overall phases. One can
show easily that for mi ∈ Zd, i = {1, . . . , 4}:

ZΓ(τ, x+m1, y +m2;u+m3, v +m4) = e2πi(m3.x+m4.y)ZΓ(τ, x, y;u, v) . (A.17)

Furthermore, under SL(2,Z) modular transformations τ ′ = aτ+b
cτ+d ,

(τ2)
d
2ZΓ(τ, x, y;u, v) = e2πi(acuv−bcux−bcvy+bdxy)(τ ′2)

d
2ZΓ(τ ′, x′, y′;u′, v′) , (A.18)

where τ = τ1 + iτ2 and(
x′

v′

)
=
(
d −c
−b a

)(
x

v

)
,

(
y′

u′

)
=
(
d −c
−b a

)(
y

u

)
. (A.19)

This equation can be derived by first doing a Poisson resummation over k to go to the
Lagrangian description where the modular transformation is manifest. Afterwards one
again Poisson resums the windings along the new t cycle to get (A.18). Observe that under
modular transformations (x, v) mix only among themselves, and likewise (y, u) mix only
among themselves. Note also that SL(2,Z) descends to PSL(2,Z) since the element with
a = d = −1, b = c = 0 leaves ZΓ(τ, x, y;u, v) invariant due to the identity

ZΓ(τ, x, y;u, v) = ZΓ(τ,−x,−y;−u,−v) . (A.20)

Two special modular transformations of interest are

T : τ ′ = τ + 1, ZΓ(τ, x, y;u, v) = e2πixyZΓ(τ + 1, x, y;u− y, v − x) , (A.21)

S : τ ′ = −1
τ
, ZΓ(τ, x, y;u, v) = e2πi(ux+vy) 1

(τ τ̄)
d
2
ZΓ

(
−1
τ
, v, u;−y,−x

)
. (A.22)
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