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1 Introduction and summary

The primary fields of two-dimensional rational conformal field theories (RCFTs) assemble
themselves into finitely many blocks of a symmetry algebra. For two-dimensional minimal
model conformal field theories (CFTs) this symmetry algebra is the Virasoro algebra and
these minimal models consist of finitely many primary fields. More general RCFTs possess
infinitely many primary fields that assemble themselves into a finite number of blocks with
respect to the extended chiral algebra of the CFT.!

For a given continuous family of two-dimensional CFTs each member corresponds to
a point in the moduli space M of that family of theories. A natural question to ask is
which members of this family furnish RCFTs or more generally what is the set R of RCFTs
and its properties in the moduli space M? An important property for a given family of
two-dimensional conformal fields theories is whether the set R is dense in M [5-12], because
the denseness of the set R would imply that any CFT in M can be approximated arbitrarily
well in terms of a RCFT from the set R.

Determining the set R of RCFTs for a given family M of two-dimensional CFTs is in
general a difficult question to answer [5, 8, 10-12]. For families M of toroidal CFTs, which
are free two-dimensional CFTs of scalar fields that parametrize a toroidal target space 7%,
rationality can be checked explicitly and therefore the set R of RCFTs is known [6, 7, 13].
Furthermore, the set R is dense in the moduli space M of toroidal CFTs [5-7].

'For a review on RCFTs and their properties, see for instance refs. [1-4].



For families M of two-dimensional CF'Ts that are more general than toroidal CFTs —
such as families of infrared fixed-points of two-dimensional non-linear sigma models with
Ricci-flat target spaces and supersymmetric extensions thereof — not much is known about
the set R of RCFTs [8, 10-12]. For instance, the question about the denseness of RCFTs in
the moduli spaces M is not answered in general. Nevertheless, some of the two-dimensional
CF'Ts have submoduli spaces that are described by orbifolds or orientifolds of two-dimensional
toroidal CFTs [6, 14-20]. Along such subfamilies the rationality is readily determined from
the unorbifolded family of toroidal CFTs. From such subfamiles one can hope to infer
properties of RCFTs even in the large family M of CF'Ts, for instance by applying methods
of conformal perturbation theory [10, 21, 22].

Prominent examples of families of two-dimensional CFTs with subfamilies of orbifolds of
toroidal CF'Ts arise from (supersymmetric extensions of) two-dimensional non-linear sigma
models with polarized K3 surfaces or higher dimensional Calabi-Yau manifolds as their
target spaces [16, 17, 19, 20]. Due to the even-dimensionality of Calabi-Yau manifolds,
the orbifold toroidal subfamilies also arise from even-dimensional target space tori. Less
studied examples are families of non-linear sigma models with seven-dimensional Gs-target
spaces [23, 24]. As moduli spaces of G-manifolds are less understood than moduli spaces of
Calabi-Yau manifolds, families of two-dimensional CFTs based on non-linear sigma models
with Ga-target space manifolds are even more challenging to explore. Nevertheless, there
are also examples of families of Ga-manifolds with orbifolds of seven-dimensional tori 77 as
submoduli spaces [25-27]. In the associated family M of two-dimensional CFTs along the
sublocus of orbifolds of 77, rationality can again be deduced from the rationality of toroidal
CFTs with seven-dimensional toroidal target spaces.

The aim of this note is to describe rational toroidal CFTs explicitly by decomposing their
partition functions into finite sums of products of characters of certain minimal extensions
of the (1) current algebras. For rational toroidal CFTs with target space tori T, D > 1,
such a decomposition is finer than the decomposition into characters with respect to their
whole extended chiral algebra, but it is not unique. As explained in the main text, the
decomposition depends on a choice of sublattice of the even self-dual lattice I'p p of signature
(D, D) of the CFT. While the decomposition of rational toroidal partition functions into
characters of their whole extended chiral algebra is well-studied (in particular in the context of
even-dimensional target space tori), the systematic decomposition into characters of minimal
extensions of 1i(1) current algebras is less explored in the literature.? Our motivation for
considering such decompositions into blocks of extended (1) current algebras is two-fold. On
the one hand, such minimal decompositions are universally applicable for target space tori of
any dimension, as long as the target space torus is related to a rational toroidal CFT. On
the other hand, as these decompositions do not rely on the symmetry of the entire extended
chiral algebra, such finer decompositions can be useful to explicitly describe specific orbifolds
or orientifold of such rational toroidal CFTs. We hope that the technical result of this short
note proves useful in testing some of the deeper questions about RCFTs.

The characters of the extension of the u(1) current algebras relevant for this work already
appear for the two-dimensional CFTs of a real free boson ¢ on a circle and are discussed in

2See ref. [28], where similar decompositions are considered in a different context.



detail, for instance in refs. [1, 3, 4]. The partition function for this CFT reads®

Za(Ry= Lo Y AEEREGER goew )

in terms of the modular parameter 7 in the Siegel upper half plane, the Dedekind eta function
n(7), and the radius R of the circle S*. It is well known that for the radius R = \/? with
positive co-prime integers p and p’ the CFT is rational, because the u(1) current algebra of
the free boson generated by the chiral primary field 0¢ is extended by the primary fields
eii\/ﬂ‘p, see for instance refs. [1, 3]. Following ref. [1], we denote this extension of the
u(1) current algebra by 1(1),,, and we often refer to them as minimal extensions of the
u(1) current algebra. Then the partition function (1.1) simplifies to [1]

Zg‘alt (T;p,p/) = Z K:w)\,pp/ (7_) IC)\,pp’ (7—) ) (1'2)
xe{0,1,...,.2pp’ —1}

where w = pr + p's for a Bézout pair (7, s) obeying pr — p’s = 1. Furthermore, Ky o(7) are
the irreducible characters of (1), defined for any positive integer « as

1 (2an+>\)2
]C)\, (T) - N q da ) A S Z7 (13>
¢ n(7) Eg
with the symmetry properties
IC)\,Oc(T) = ’C)\-i-QOc,a(T) ) KA,a(T) = K—A,a(T) . (1.4)

The main result of this note concerns the decomposition of the partition function of
rational toroidal CFTs with a target space T” into the characters (1.3)

Z{ﬁ% (1) = ZIC)\l’al(T) o Kopap(T) IC;\hdl(T) . ;\DV&D(T) , (1.5)
Ael
for suitable positive integers asi,...,ap,@1,...,&p and for a finite set I of 2D-tuples

(AL, s ADy AL -- o, AD).

This decomposition (1.5) is based on the existence of an orthogonal (not necessarily
primitive) sublattice O, @ Op of the even self-dual charge lattice I'p p of signature (D, D)
of the rational toroidal CFT with target space T°. We show that the summands in the
decomposition (1.5) are in one-to-one corresponds with the cosets of I'p p/Or, @ Ogr. As a
consequence there is always a universal summand in each expansion (1.5) that is attributed
to the sublattice Of, @ Op itself. We present a construction that explicitly determines such
expansions for any dimension D. As explained in the main text our construction amounts to
identifying a 2D-tuple of positive integers (aq,...,ap, a1, ...,ap) and a 2D x 2D-dimensional
integral matrix H from the partition function of the rational toroidal CFT with target space
TP. After determining the Hermite normal form of the matrix H — for which well-developed
algorithms are implemented in most computer algebra packages — we can unambiguously
read off the expansion (1.5). We illustrate our findings with explicit examples, which for

3In this note we use the convention o’ = 2.



ease of presentation we limit to rational toroidal CFTs with two- and three-dimensional
toroidal target spaces.

The structure of this work is as follows: in section 2 we introduce the partition functions
for toroidal CFTs with a D-dimensional target space TP, and we review the known criteria
for such theories to be rational. We show that the partition function of any rational toroidal
CFT can be decomposed into the form (1.5), and we compare this decomposition to the
decomposition into characters of the whole extended chiral algebra of rational toroidal CFTs.
In section 3 we present our construction to explicitly calculate the decomposition (1.5). For
ease of presentation we first focus on rational toroidal CFTs with target space T2. We explain
that the derived construction for two-dimensional toroidal target spaces carries over — without
any further modification — to rational toroidal CFTs with target space T° for any dimension
D. In section 4 we present explicit examples of decompositions of rational toroidal partition
functions into the form (1.5) for two-dimensional and three-dimensional toroidal target spaces.

2 Rational toroidal conformal field theories

In this section we first review the partition functions of CFTs with toroidal target spaces T
and the well-known conditions for them to be rational. In subsection 2.1 we show that the
rationality property allows us to rewrite the partition functions of these theories in a form
which admits an expansion into characters of u(1), introduced in the introduction — see
eq. (1.3). In subsection 2.2 we compare the expansion into such characters with the more
conventional expansion into characters of the whole extended algebra of rational toroidal CFTs.

2.1 Rational toroidal conformal field theory partition functions

To set the stage let us introduce the partition function of toroidal CFT. Let us realize the
target space torus TP of such toroidal CFTs in terms of the quotient

TP ~RP/A, (2.1)

where A is a D-dimensional lattice in R”, which induces its pairing from the standard scalar
product of RP. The lattice A is referred to as the torus lattice, and we explicitly represent
it in terms of a D x D-matrix A, whose columns are the lattice generators. The partition
function of toroidal CFT with target space T'” takes the well-known general form [4, 6, 29, 30]

1 1.2 1.9 .
Zpp(T) = )PP > PP, q=e""". (2.2)

p=pr+PrE'D D
Here I'p p is the even self-dual lattice of signature (D, D) for the momenta p € I'p p, which
decompose into left- and right-moving momenta as p = pr + pr. The toroidal CFT has an
infinite number of Virasoro primary fields, because each point in the lattice I'p p gives rise

2 2
to a Virasoro primary of conformal weight (hr,hr) = (%, 2E). In addition to the target

space TP described in terms of the lattice A — encoding the metric G of the torus TP as
G = ATA — the toroidal CFT is entirely determined by a choice of anti-symmetric B-field

B. Following ref. [6], this data parametrizes the left-moving and right-moving momenta as

(u—§>\+>\), pRzi(u—ﬁx—A), (2.3)

1
Pr==>1r2 V2



with (u,A) € A* @ A in terms of the D-dimensional lattice A* dual to the D-dimensional
torus lattice A.

The toroidal CFT with target space TP and anti-symmetric tensor field B is rational if
and only if all conformal weights (hz,hg) of the primary fields are rational [2, 6, 8, 13]. This
condition is equivalent to the requirement that the metric and the anti-symmetric B-field
represented in terms of the matrices G = ATA and B = ATBA are rational as well, namely

G € Symp(Q), B € Skewp(Q), (2.4)

where Symp(Q) and Skewp(Q) denote the spaces of symmetric and skew-symmetric D x
D matrices with values in the rational numbers Q. As a result any partition function (2.2)
of a rational toroidal CFT has the general form

D

25 (1) = )12D ) Hq““ (ol mbin) H i (2:5)

m,neZbP i=1 j=1

with integers a;,a; € Z~o and integral vectors a;, a;, b;, Ej ezZP fori,j=1,...,D.

Another consequence of the rationality of the toroidal CFT is that the there is a sublattice
I'z,0 @ o g of the even self-dual I'p p, where the summands I'y, o and I'g g are D-dimensional
even mutually orthogonal lattices of left- and right-moving momenta pr and pg, see for
instances refs. [6, 8]. Moreover, the lattices I'1, o and I'g g have sublattice O, and Og of
finite index respectively, which both have mutually orthogonal generators. We denote the
generators of O and Og by 01,...,0p and 01, ...,06p, respectively. They all have an even
norm (length squared) due to the evenness of I'p p. We then arrive at the following hierarchy
of finite index sublattices

Or®OrCl'Lo@TorCIDD. (2.6)

Restricting the summation in the partition function (2.5) to the sublattice Or, @ Og
yields the contribution

D
ZIO“BEBOR(T = ’2D H (Z g+ ) (Z 7+ I:IICO ai(MKoa, (), (2.7)

kEZ kEZ i=1

where ICy o are the u(1), characters (1.3) and «; := ; and &; := %

62,i=1,...,D,
are positive integers.

The remaining contributions to the partition function (2.5) arise from the lattice points
I'p,p that do not reside in the sublattice O, ® Og. Let n 4 1 be the index of the sublattice
Or, ® Or embedded in I'p p, and let p1,...,p, € I'p p be n lattice vectors that represent,
together with a vector pg € O, @ Og, the cosets of the quotient I'p p/Or, & Or. Then any
lattice point p € I'p p, p ¢ O & Og, obeys p — p, € O & Op for some a € {1,...n}.
Furthermore, p, has the following expansion in terms of the generators o; and 6;

Pa = Pa,101 + ...+ PanOp + Pa,101 + ... + PanOn , a=0,....n, (2.8)

where the coefficients p,; and p,; are rational numbers. Without loss of generality, we
can always assume that these coefficients reside in the interval [0,1), because adding an



integer to any of these coefficients does not change the equivalence class of p, in the quotient
I‘D7D/OL ® Og. Moreover, since p, € I'p p, the product of p, with generators o; and 6,
must be an integer. Thus, using 0? = 2«; and 67 = —2d;, we obtain

Pa0O; = 2paic € L, Pa0Oi = —2pq,iC; € L, (2.9)

which implies

A\
Pai = % with )\a,i S {0, e, 20 — 1},
o
5 ‘ (2.10)
Pai = 2; with  A\g; € {0,...,28; — 1}.
As such, the D-dimensional vector (pg.1,- -, pa,p) in the basis of 0; is an element of O, and
likewise (pq,1, -, Pa,p) € OR, where O} and Oj are the dual lattices.

We now have all the ingredients at hand to rewrite the lattice sum in the partition
function (2.5). In addition to the contribution from the sublattice Op, & Og (2.7), the
contribution from remaining lattice points in I'p p is obtained by summing over p,+ (O &OR)

for all @ = 1,...,n. All in all, we obtain
2 ) A\ 2
Zrat( ) Zjowlﬁ@OR( |2D Xn: H (Z qozz( 5o ) )(Z qai(k—l- Qdi> )
a=1i=1 \keZ keZ (211)

n D
= Z H IC)\a,i,ai(T) ICS\GJ,&Z- (7).
a=01=1
This is indeed of the general form (1.5).

To summarize, in order to arrive at the expansion (2.11), we need to first determine the
generators o; and 0;, 1 = 1, ..., D, of the sublattice O, ® Og. In the second step we determine
the lattice vectors p,, a = 1,...,n. This data readily determines the expansion (2.11).
Note that the expression (2.11) is not unique because it depends on the choice of the
sublattice Op ® Opg, according to eq. (2.6). Different choices for Op @ Og give rise to
different expansion (1.5) into distinct products of the characters (1.3) of extensions of u(1)
current algebra.

2.2 Comparison of extended chiral algebras of toroidal CFTs

As discussed in the previous subsection, a criterium for a toroidal CFT to be rational is
the existence of even D-dimensional lattices I';, g and I'g g that are mutually orthogonal
such that the orthogonal sum I'y o @ I'g,r is a sublattice of the even self-dual lattice I'p p.
Conversely, starting from the lattices I'r o and I'g g, there is a procedure to reconstruct
the embedding self-dual lattice I'p p. This process is called gluing, and it is a well-known
lattice construction [31, 32].

In fact, the construction of I'p p may also be done through gluing primitive sublattices
I'roand I'gr = (FL’O)L NI'p p. On the level of the partition function this amounts to

1 Z Z %“’L-HJL)2 $(wr+vr)? , (2.12)

T () [2D
()] vr+vR€lG wr el o
wRGFo,R

Zrat ( )



where the first sum is over a finite set I'¢ C I'p p of glue vectors v, +vg that are decomposed
into the vectors vy, € I'] ; and vg € I .
We define the holomorphic and anti-holomorphic lattice theta functions for I'r o and

Lor as
erLo (1) 3 gzwstv)? - glor(z) = } = > g2 (Wrtv)? (2.13)
G ) wrel o NT)Y T
The partition function (2.12) then takes the form
ZE(r) = Y O (1) 8,5% (7). (2.14)

vp+vr€ela

The lattice theta functions @vL 2 and @ To.r are the characters of the extended chiral and
anti-chiral algebra of the rational toroidal CFT, respectively. The lattices I'z, o and I'g g are
the root lattices with respect to the extended chiral and anti-chiral algebras. The chiral

algebra associated to the lattice T'f, o is a W-algebra W(2, |k1|?, ..., |kp|?) labelled in terms
of the squares of the generators v/2k;, i = 1,..., D, of the lattice I' L0, see for instance ref. [4].
Analogously, the characters of the anti-chiral W-algebra W(2, |&1|%, ..., |&kp|?) are associated

to the generators /2&;, i = 1,...,D, of the [o,r lattice.

If the sublattice Oy, is isometric to I'z, o, then the lattice generators V/2k; can be identified
with the generators o, — see above eq. (2.6). In this case, the holomorphic characters of the
extended chiral algebra defined in eq. (2.13) factorize into the characters (1.3) of extensions
of the u(1) current algebra, namely

% (r H K2 (7) (2.15)

where the labels \; are obtained from the expansion wy = % (Mo;+ ...+ Apop). If in
addition the sublattice Og is isometric to I'g g, then our construction coincides with the
gluing construction [31, 32].

On the other hand, if the lattice O, is not isometric to the lattice I'z g, then the
holomorphic characters @ELL’O (1) do not decompose further into products of characters
K a(7) of extended current algebras Jl\) o> but instead become a sum of such products. In
this case the more general construction described in section 2.1 must be applied in order to
arrive at the decomposition (1.5) for the holomorhic part of the partition function. Similar
considerations apply to the anti-holomorhic sector.

From a geometric perspective, factorizations of the form (2.15) of the extended chiral
characters occur if the metric G of the target space torus T is both rational and diagonal,
and if the B-field B vanishes. The torus TP is then a product S x ... x St of D circles as
a Riemannian manifold, and Ky | H2|( 7) are the characters of the extended current algebra

—

u(l )| K2| associated to each rational circle S'. However, factorizations (2.15) can also accur
for more general target space tori and choices of the B-field.



3 The decomposition construction

In this section we present an explicit construction to calculate the decomposition (2.11) of
the partition function of rational toroidal CFTs. After reviewing rational toroidal CFTs
with target space T2 and their partition functions, we explicitly derive our construction
for rational toroidal CFTs with two-dimensional target space tori. However, the described
procedure works for any dimensions, and we show that the decomposition construction for
two-dimensional target space tori — without any further modification — carries over to
rational toroidal CFTs with target space tori of arbitrary dimension.

3.1 Rational conformal field theories with target space T2

A toroidal CFT with target space T2 is unambiguously determined by its complex structure
modulus v and complexified Kéhler modulus ¢, which both take values in the Siegel upper
half space X = {z € C|Imz > 0}, i.e.,

u,t € H. (3.1)

In terms of these moduli the metric G and the skew-symmetric B-field B of the target

2y (1 0 t
G==2(""), B=2 aF (3.2)
ug \up |ul —11 0

where u; = Rew, ug = Imu, t; = Ret, and t3 = Imt. Furthermore, the squares of the right-

space torus T2 read

and left-moving momenta py, and pg are given by (e.g., ref. [30])

1 1
2tous 2toug

p3 = Ima — umy + t(ng +uns)|?, pk= |mg — umy +t(ng +ung)|?.  (3.3)
Here the lattice quantum numbers m = (mi,m2) € Z? and n = (n1,n2) € Z? entering
p3. and p% determine the partition function Zp2(7;u,t), which with eq. (2.2) becomes a
function of u and t.

The toroidal CFT with target space T? is rational, if the metric G and the B-field B
are rational, cf., eq. (2.4). From eq. (3.2) it is straight forward to see that this implies that
both complex structure modulus v and the complexified Kéhler modulus ¢ take values in a
quadratic algebraic number field Q(v/—D) for some positive square-free integer D [2, 6, 7].

That is to say, altogether with eq. (3.1) we have

u=a+bv—D, t=c+dv—-D, (3.4)
a,ce€Q, b,deQsg, D € Z~¢y and D square-free, '

which geometrically implies that both the complex structure modulus u and the complexified
Kaéhler modulus p describe a torus of complex multiplication.
Inserting the expression (3.4) into eq. (3.3), we find

(—ami + my + cny + (ac + Dbd)ny)? N (bmy + dny + (ad — be)ns)?

2 __

br = 2bdD 2bd ’ (3.5)
o (—ami+ma +cny + (ac — Dbd)nQ)2 (—=bmy + dny + (bc + ad)n2)2

Pr= 2bdD * 2bd ’



which — by multiplying the numerators and denominators of the summands of these rational
expressions with the smallest common denominators — can be rewritten into

Pl = (ale + b?n)2 N (aQTm + bgn)2

2a1 2a9
. (afm +Bfn)’ . (afm + Bfn)’

2&1 2d2

2
, a; € Z~o, a;,b; € 27,

(3.6)

, di€Z>0,&i,EiEZ2.

The positive integral constants a;, a;, ¢ = 1,2, and the integral constant vectors a;, b;, a;, b;,
i = 1,2, are functions of the rational numbers a, b, ¢, d, which define the moduli u and ¢
in eq. (3.4). Inserting the above equations into the general expression (2.2), we explicitly
see that the partition function ZM% (7;u,t) is of the form (2.5). Eq. (3.6) holds for target
spaces T?% in any dimension.

3.2 Minimally extended u(1) current algebra decomposition

Our starting point to work out the decomposition of the toroidal partition with target space
T? are the squares of the left- and right-moving momenta as stated in eq. (3.6). We collect
the defining vectors and denominators in these equations in the 4 x 4-matrices H and D

T T
(1,1 b1 2(11
a; by
~T 1T 9 ~
aj b —2a1
~T "'T ~
a2 b2 —2&2

(3.7)

By construction both matrices have only integral entries and their determinants are non-
vanishing.

As the integral intersection pairing ¥ : Z* x Z* — 7Z of the even self-dual lattice 'y 2
is induced by the norm |(m,n)|*> = p2(m,n) — pk(m,n) for (m,n) € Z* in terms of
the momenta squares (3.6), we find that the pairing 3 is explicitly given by the integral

symmetric 4 X 4-matrix
S =H'D 'H c Maty(Z). (3.8)

The partition function (2.5) for rational toroidal CFT with target space T2 reads

(m, n) HTT(r)H (:)

1
ZE(rut) =~ Y e , (3.9
R, 2,
with the diagonal matrix
inT
2a1 )
InT
T(r)= 2 s : (3.10)

2a1
_inT
2a2




Since the lattice I'y 2 is unimodular, the inverse matrix >~ ! is integral as well. Thus,
from eq. (3.8) we get

T
2 =H'D(H') €Maty(Z), (3.11)
which implies
D=H (= 'H"). (3.12)

Due to the integral entries of the matrices H and X~!, we observe that the columns of the
diagonal matrix D are integral linear combinations of the columns of the matrix H in terms
of the columns of the integral matrix (2*1H T).

We can now interpret the columns of the matrix H as generators of the lattice I's 2 together
with the intersection paring given by the inverse matrix D~'. Furthermore, as a consequence
of the integral linear relation (3.12) the columns of the matrix D realize a sublattice Or, & Og
of Iy o because it has mutually orthogonal generators. This sublattice Or, @ Og also respects
the chain of inclusions (2.6) that are required for the decomposition of the partition function
into the characters Ky , of the form (2.11). Evaluating the sum in the partition function (3.9)
only on the sublattice Or, @ Opg yields the contribution (2.7), which reads

(mm)orion(")

1 : ) 1
Z9FEOR (1 t) = TG dooe = [ Ko.a: () Ko,a,(7) - (3.13)
i=1

m,neZ?

We now construct the remaining terms of the partition function. Let the index of the
sublattice generated by the columns of D within the lattice generated by the columns of H
be n+ 1. Then — as discussed in section 2.1 — we need to construct n + 1 vectors po, ..., Pn
representing the n + 1 distinct cosets of the quotient of the lattice of H by the sublattice
of D. Note that the index of this sublattice is given by

det D _ 4a1a2d1d2

n+1:detH_ det H

= det H . (3.14)

Here the last equality is a consequence of det 3 = 1 together with eq. (3.8).
Without loss of generality let us assume that the integral matrix H is in (column)
Hermite normal form?*

hi17 0 0 O
hot hos 0 O
h31 h3z h3z 0
har has hy3 hag

€ Maty(Z), (3.15)

41f the matrix H is not in this form, it can always be brought into Hermite normal form because for any
integral matrix M there exists a uni-modular matrix U such that the matrix product MU = H is in Hermite
normal form. Moreover, since the multiplication with a uni-modular matrix realizes a lattice automorphism,
any lattice generated by the column vectors of M can be represented by a matrix H in Hermite normal
form. To transform a matrices M into Hermite normal form H, there are standard algorithms, which are
implemented in most modern computer algebra software packages.
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and the diagonal entries of the inverse matrix H~! read

0 L ... ...

H! haa : (3.16)
0 0 e 1
0 0 0 7=

Due to eq. (3.12) the matrix product H~!D is integral with the diagonal entries

hi1
0 2az ...

H'D= 0 h82 Coa € Maty(Z), (3.17)
0 0 833 — 202

haa
which in particular establishes the important result

2a1 2a9 2a1
S1= 77—, 82=7"—, S1= 17—, 52
h11 haa h33

23y

=—cZ. 3.18
™ (3.18)

Next we determine the lattice vectors pg, p1,- - ., pn representing the cosets associated
to the sublattice of the diagonal matrix D. Based on the Hermite normal form (3.15) of
the matrix H, we construct the set of lattice vectors

ri€{0,...,5i—1}, 7 €{0,...,5—1} for i=1,2 . (3.19)

Now we proof that all elements of the set C mutually represent distinct cosets. To
show this, let us pick two lattice vectors p,o € C, which are obtained from the integers
ri,7y €{0,...,8, —1},...,7,7 € {0,...,s; — 1}, respectively. These two lattice vectors
represent the same coset if and only if their difference p — o is a point on the sublattice
generated by the columns of the matrix D. This difference explicitly reads

Arl h11 Arl
Arg ho1Ary + hooAre
—o=H = , 3.20
P AR ha1 Ay 4 haaArs + hagArs (3.20)
AV ha1 Ary + hyo Arg + hazArs + hygAry

where Ar; = r; —r],..., A7y = 7y — 7. Note that — due to the relations (3.18) —
|Ary| < s1 = %, and therefore we have that the absolute value of the first entry of the
vector p — o is smaller than 2a;. Hence, looking at the difference entry, the vector p — o
can only be on the sublattice of D), i.e., can only be an integral multiple of the first column
vector of D, if Ary = 0. If Ar; = 0 then we look at the second entry of the vector p — .
For Arq = 0 the term proportional to he; vanishes, and we can repeat the same argument as
for the first entry. Namely, in this case the second entry is smaller in absolute value than
as. Thus, by considering the first and the second entry, we find that p — o can only be on
the sublattice if both Ar; = 0 and Ary = 0. Repeating this argument again inductively for
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the remaining entries of p — o, we conclude that p — o is only a point on the sublattice, if
and only if Ary = Are = A7y = Afe = 0, which is equivalent to p = o. Thus, altogether
we conclude that all the lattice vector in the set C defined in eq. (3.19), describe distinct
cosets with respect to the sublattice of D.

According to egs. (3.14) and (3.18), the cardinality of the set C is given by

o 4 Q1020102
‘C‘ = 51525189 = 2 m =n+1, (3.21)
which shows that the vectors in the set C represent all the cosets with respect to the sublattice
D. We denote the n + 1 elements of C in the following by the lattice vectors pg,..., pn
(where pg is the zero vector of the set C).
With the vectors p,, a =0, ...,n, at hand, we can now express the decomposition of the

entire partition function Z{Fa; (1;u,t) explicitly in terms of the characters KCy , as

n 2
Z%a?t (T; u, t) = Z H ICPa,iaai (T)’Cpa,i+2764i (T) ) (3'22)
a=01i=1
where p,; are the entries of the column vectors p,, a = 0,...,n. Note that the contribu-

tion (3.13) of the sublattice corresponds to the trivial coset given by the null vector pg.
Let us stress that the presented construction for the decomposition (3.22) of rational

toroidal CFTs with target space T2 applies without any further modification to any rational

toroidal CFTs with target space TP for any dimension D. Namely, starting with the partition

function ZX3(7) in the form (2.5), we can read off a 2D x 2D-dimensional matrix H and
the 2D x 2D-dimensional diagonal matrix D = Diag (2a4,...,2ap, —2a1,...,—2ap). As

illustrated for the target space T2, the columns of D also generate a sublattice of the lattice
generated by the columns of H for general target space dimension D. By calculating the
Hermite normal form of H, we read off (analogously as for D = 2) the character expansion
of the form (2.11). We illustrate this construction explicitly with an example of a rational
toroidal CFT with target space T2 in the following section.

4 Examples

In this section we illustrate the general decomposition construction described in the previous
section with concrete representative examples. We focus on rational toroidal CFTs with
two- and three-dimensional target space tori.

4.1 Target space T?: extended 51(3); chiral algebra

Consider the s5u(3); diagonal partition function with the affine Lie algebra s1(3); at level
one as its extended chiral algebra. The lattices I'r, g and I'g g are both the root lattice of
su(3). This can be realized by setting both the complex structure and the complexified

Kéhler modulus of target space torus 72 to u =t = —% + —V;?’ The associated partition
function explicitly reads
Zi{;(g)l (7_) — 1 Z q%(m1+2m2—n1+2n2)2qi(m1+n1)2
4
R, 2,
. qllfz(m1+2m2—m—n2)2qi(ml—nﬁ—nz)Q . (4'1)
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From eq. (2.5) we read off the constants

~ - - 1 - 1
ar=a1=3, a=a=1, al—al—<2>a 02—0,2—<0>,

(). ()

which determine the diagonal 4 x 4-matrix D and an integral 4 x 4-matrix according to
eq. (3.7). The latter matrix has the Hermite normal form

1000
12

= |1200] (4.3)
1030

1012

Note that the integers aj, a9, a,as fulfill the relation (3.14), and with eq. (3.18) give rise
to the integers

s1=6, sp=1, §=2, §=1, (4.4)

such that the partition function decomposes into

- 5 1
Z ) = 303 Ko a(1) Ky 1 (1)Ko 1371.8(7) Koy 40 1. (7) - (4.5)
r1=0

71=0

Using the symmetries (1.4) of the characters Ky o, — which for instance imply Ko 1 = Ko 1,
Ks3 = K13, K43 = Ko 3, we arrive at the explicit expansion

er;uz(B)l (1) = Ko1Ko3K01Kos + K1.1K33K01K03 + 2K11K1 3K11K1.3
+ 2K01K2,3K11K1,3 + 2K1,1K1,3K01K2,3 + 2K0,1K23K0,1Ka 3
+ K0.1K03K11K33 + K1,1K33K11K3.3

? * + [xo01(7)I?,

(4.6)

= |x100(7)|" + |x010(7)

with
x100(7) = Ko1(7)Ko3(7) + K1,1(7)K33(7)
x010(7) = K11(7)K1,3(7) + Ko1(7)K2,3(7) (4.7)
x001(7) = K1,1(7)K1,3(7) + Ko,1 (7)K2,3(7) -
Here x100(7), Xo010(7), Xo001(7) are the irreducible specialized characters of the affine Lie
algebra 5u(3); at level one. These characters are obtained from the Kac-Weyl character for
5u(3); upon taking a certain limit as for instance introduced in ref. [1].

The Gram matrices G, and G g for the chiral and anti-chiral lattices I';, o and I'g r are
calculated to be the Cartan matrix of the simple Lie algebra su(3), i.e.,

Gp =GR = (_f _;> : (4.8)
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Therefore, generators of the lattices I'r o and I'g g cannot be mutually orthogonal, which
implies that the specialized characters of 5u(3); do not factor into characters of the extended
current algebras @(1),. Instead they can only be a sum of such characters, as given in
eq. (4.7). These particular expansions arise from the maximally diagonal sublattices Oy, and
Opr of I'r o and I'g g with mutually orthogonal generators with the Gram matrices

20
GOL = GOR = (0 6) : (4'9)

Note that the decompositions (4.7) can easily be calculated. For instance, the vacuum
character x100(7) enjoys the expansion

1

1.2 3 2
X100(7) = 7](7_)2 Z q4m1q4(m1+2m2) 7 (4.10)

mi,maoE€Z

which by substituting the summation index m; by 2m} + « for a € {0,1} and by replacing
mg by m)| + mj yields

1
X100(T) = n(7)?

(mi+%)° Bms+32)’ _ ek o (P 411
> g q 0,1(7)Ko3(T) + K11(7)Ca3(7) . (4.11)
m) ,mLEL
ae{0,1}

This is in agreement with eq. (4.7).

4.2 Target space T?: moduli u =t = % + —”2_5

In this example we consider the target space torus 72 with complex structure modulus and
complexified Kéhler modulus both set to u =t = % + @ This example is generic in the
sense that the maximally extended chiral algebra is not given by an affine semi-simple Lie
algebra, but instead by a more general W-algebra. The partition function of this rational
toroidal CFT is determined by the data

1 1
m=a1=5, a=ay=1, a1:&1:<2>, a2=&2:<0>,
(4.12)

()l () )

which gives rise to the 4 x 4-matrix H in Hermite normal form

1000

g |00 (4.13)
65100

100 2
Applying the described decomposition construction we find
ZE (15 u,t) = Ko.1Ko 5K0,1 K05 + Ko1Ks 5K05K1.1 + 2K1,1K45K01K15
+2K11K1 5K11K1 5 +2K01Ka5K01K25 + 2 Ko 1K35K1.1K2,5
+ 2K11K2,5K0,1K3,5 + 2 K1.1K3 5K1,1K3,5 + 2 Ko 1K15K0,1Ka 5
+2K01K1,5K11Ka5 + K1,1K05K0,1Ks55 + K1,1K5,5K1,1K55 -

(4.14)
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4.3 Target space T?: moduli u =t = % + —T’

In this example we consider the target space torus 72 with complex structure modulus and
complexified Kdhler modulus both set to u =t = i + @. This example illustrates that
generically the summands in the decompositions factor into characters Ky , with distinct
indices a. For these moduli the partition function of the rational toroidal CFT is given by

CL1:3, CL2:1, &1:12, &2:4,

w1 N w— (1 s (2

1— 4 ) 1= _8 ) 2 = 0 ) 2 = 0 ) (415)
-1 - -2 1 - -2

The associated 4 x 4-matrix H in Hermite normal form reads

1000
0100
5360
3128

(4.16)

which determines the decomposition

ZE (15 u,t) = Ko,1K0,3K0,4K0,12 + 2 Ko 1K1 3K1,4K1 12 + 2 K1,1K1 3K9,4K2 12
+ 2 K0,1K2,3K2.4K2 12 + 2 K1,1K2,3K3.4K1,12 + 2K1,1K0 3K1,4K3,12
+ 2 K0,1K3.3K34K3 12 + K1.1K33K44K0.12 + 2K1,1K1 360 4K 12
+ 2 K0,1K0,3K1.4K 112 + 2 K1,1K2,3K1,4K512 + 2 Ko,1K1,3K3,4K5,12
+ 2 K0,1K0,3K2,4K6,12 + 2 K1,1K3,3K2,.4K6,12 + 2 Ko,1K1,3K1,4K7 12 (4.17)
+2K1,1K0,3K5 4K7 12 + 2 Ko,1K2,3K0,4Ks,12 + 2 K1,1K1 3K4,4K8,12
+ 2 K0,1K3,3K14K9 12 + 2 K1,1K0,3K3,4K0 12 + 2 K11K1,3K2,4K10.12
+ 2 K0,1K2,3K24K 10,12 + 2 K1.1K23K1 4K 11,12 + 2 K0 1K1,3K3 4K 1112
+ K1.1K3,3K0.4K 12,12 + Ko1K 3K4,4K12.12 -

Note that the modular PSL(2, Z)-transformation 2 — 22 maps both moduli u = t =

i + @ to u = t = /=3, which realizes the target space T2 as a product of circles S! x S*
with radii v/2 and v/6 and vanishing B-field. Thus, due to this duality relation the discussed
partition function also enjoys the expansion

2y (riu,t) = 273 (1;V/=3,V/=3)
= (KO,llCOJ +/C1,1/€1,1> (’CO,SKO,S+2K1,3]€1,3+2K2,3’€2,3+K3,3,€3,3)a (4.18)

where the individual factors are the decompositions (1.2) of the rational circular CFTs with
radii v/2 and v/6, respectively.
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4.4 Target space T?: moduli u = % ++v—1land t=+—-1

In this example we consider the target space torus 72 and B-field for which the complex
structure modulus u = % + +/—1 and the complexified Kédhler modulus t = y/—1 are distinct.
These moduli yield a rational toroidal CFT with a non-factorizable target space torus 772
Such CFTs possess a non-generic Zo symmetry, as for instance recently studied in ref. [33].

For these moduli the CFT is determined by

1 2
ar=a1 =4, a=ay=4, a1:d1:<2>, az=&2=<0>,

(%) ()

which gives rise to the 4 x 4-matrix H in Hermite normal form

1000
0100
1480
4708

From this data we extract that the integers (3.18) become
81282:8, 51252:1,
such that there are 64 cosets (3.19). The resulting decomposition reads

ZEE (T3 u,t) = Ko .4Ko aKo aKoa + 4 K1 4Ka4KoaK1 4 + 4 K3.4K34K1,4K1 4
+ 4 K0, 4K2. 4K 4K 4 + 8 K1 4Ko 4K1 4K 4 + 4 Ko 1Ko 4KCo 4K 4
+ 4 K3 4K 4,4K0 4KC5 4 + 8 K1 4K 4K 1 4K5.4 + 8 K2,4K3 4K24K35.4
+ 4 K1 4K1,4K5 4KC5 4 + 2 Ko aKs 4K 4K s + 4 Ko 4K1 4K1 4K 44
+ 4 Ko 4Ky aKCo aKs s + 4 K0 4K3 4K3 4Ksa + KaaKaaKaaKas -

4.5 Target space T3: extended s1(4); chiral algebra

(4.19)

(4.20)

(4.21)

(4.22)

The rational toroidal CFT with the su(4); diagonal partition function arises from a three-
dimensional target space torus 73, for which the three-dimensional lattices I' o0 and I'g r
are the root lattices of the simple Lie algebra su(4). This CFT is associated to the target

space metric G and the B-field B with the rational entries

O = =
Ol =Nl
|
—_ N= O
I
|
— e O
= O olw
O = =

,16,
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from which — following ref. [6] — we determine the defining data

ay=a1=1, a=a=3, az3=a3=06,

1 1 1
a; = 0 N as = 2 N as = 2 N
0 0 3
1 3 6
bl - -2 ) b2 - 0 ) b3 - O )
-1 -3 0 (4.24)
1 1 1
a=101, a=121, as= |21,
0 0 3
-1 3 6
bi=|-1|, bo=|-3|, bsy=]| 0
-1 -1 —4
The resulting integral 6 x 6-matrix H in Hermite normal form becomes
100000
120000
12
o [12300 0 (4.25)
000100
000120
9634812

The integers aq, a9, as, a1, az, ag fulfill the relation (3.14), and with eq. (3.18) give rise to
the integers

81:2, 82:3, 53:4, 51:2, 52:3, 5321 (4.26)
such that the partition function decomposes into

1 2
28 = 3 S S Kt (1) Ky 42003(7) Koy 204305.6(7)

r1,71=0rg,7a=0r3=0

I 1(T) Ky 4270 3(T) Koy +-6ra+3rs i +870,6(T) ,  (4.27)

which can be written in the specialized characters of the affine Lie algebra su(4); as

Zips_ gy, (T) = Ix1000(7) % + [x0100 (7)1 + [x0010(7)|* + |x0001 (7)[” (4.28)
with
X1000(T) = Ko,1K0,3K0,6 + K1,1K3,3K0,6 + 2K 1,11 3K4,6 + 2K0,1K2,3K 46,
Xo100(7) = K1,1K1,3K1,6 + Ko,1K2,3K1,6 + Ko,1K0,3K3,6
+ K11K33K3,6 + K1,1K1,3K5,6 + Ko,1K2,3K56 (4.29)

X0010(7) = Xo100(7) ,
X0001(T) = 2K 1,11 3K2,6 + 2K0,1K2,3K26 + Ko,1K0.3K6,6 + K1,1K3,3K6.6 -
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These specialized characters of 51(4); arise from the Kac-Weyl character for s1(4); upon
taking a certain limit as for instance detailed in ref. [1]. As the lattices I'z o and I'g r are
the root lattices of su(4), their intersection form becomes the Cartan martix of the simple
Lie algebra su(4), namely

2-1 0
GL=Gr=|-1 2-1]|. (4.30)
0-1 2

The maximally diagonal sublattices Or, and Og of I'1, o and I'g g with mutually orthogonal
generators have the 3 x 3 Gram matrices

200
Go, =Go, =06 0| . (4.31)
0012
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