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In the context of holographic conformal field theories (CFTs), a system of linear partial differential
equations was recently proposed to be the higher-dimensional analog of the null-state equations in d = 2
CFTs at large central charge. Solving these equations in a near-light-cone expansion yields solutions that
match the minimal-twist multistress tensor contributions to a heavy-light four-point correlator (or a thermal
two-point correlator) computed using holography, the conformal bootstrap, and other methods. This paper
explores the exact solutions to these equations. We begin by observing that, in an expansion in terms of the
ratio between the heavy operator’s dimension and the central charge, the d = 2 correlator involving the
level-two degenerate scalars at each order can be represented as a Bessel function; the resummation yields
the Virasoro vacuum block. We next observe a relation between the d = 2 correlator and the d = 4 near-
light-cone correlator involving light scalars with the same conformal dimension. The resummed d = 4
correlator takes a simple form in the complex frequency domain. Unlike the Virasoro vacuum block, the
resummation in d = 4 leads to essential singularities. Similar expressions are also obtained when the light
scalar’s dimension takes other finite values. These CFT results correspond to a holographic computation
with a spherical black hole. In addition, using the differential equations, we demonstrate that the correlators

can be reconstructed via certain modes. In d = 2, these modes are related to the Virasoro algebra.
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I. INTRODUCTION

The aim of the present work is to obtain some analytic,
exact structures relevant to a four-point scalar correlator in a
class of higher-dimensional conformal field theories (CFTs)
that have an Einstein gravity dual description. Rather than
performing a gravity computation, our approach here is to
solve a set of linear partial differential equations.

A. Motivations and assumptions

A motivation behind this work is the desire to develop
field-theoretic approaches to better organize the computa-
tional complexity of strongly coupled quantum field theories
(QFTs). From the renormalization group perspective [1],
defining a QFT is equivalent to understanding continuous
phase transitions described by CFTs. Since the 1984 land-
mark paper by Belavin et al. (BPZ) [2], which introduced a
powerful analytic framework for solving a class of d =2
systems, i.e., minimal models, by leveraging the Virasoro
symmetry and the conformal bootstrap, the CFT formulation
has been extended and further elaborated over the past four
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decades, yielding a vast array of remarkable results in both
two- and higher-dimensional theories. Recent advances in
the conformal bootstrap are reviewed in, e.g., [3-6].

An analytic approach to d > 2 CFTs is the light cone
bootstrap, which is based on the universal observation
that every CFT has a large-spin expansion accessible via
the near-light-cone limit of the crossing equations [7,8]; see
also [9,10]. In the near-light-cone regime, the 7-channel
operator product expansion (OPE) is controlled by the
minimal-twist operators, where the twist of an operator is
the difference between its conformal dimension and its spin.
In general, it is challenging to explicitly sum over contribu-
tions from all relevant minimal-twist exchanged operators. In
this work, we would like to make progress in the context of
holographic CFTs. According to [11], these CFTs require a
large central charge C; — oo and a large gap to the lightest
spin-£ > 2 single-trace primary. Related discussions can be
found in, e.g., [12-18]. In this paper, we focus on the
contributions from minimal-twist multistress tensors, i.e., the
stress tensor and its infinite number of composites, to a four-
point correlator involving two heavy scalars with a large
dimension Ay — oo and two light probe scalars with certain
restricted, finite dimensions A; = A.

Another motivation arises from the quest to understand
the nature of black holes and quantum gravity via the
holographic framework [19-21] in a higher-dimensional
setting. A substantial amount of work has been devoted to
the lower-dimensional cases. Of particular relevance to the
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motivation of this paper is the exact expression of the d = 2
Virasoro vacuum block at large central charge, which
presents the resummation of all minimal-twist multistress
tensors in d =2 [22,23] and captures many important
aspects of two-dimensional CFTs and three-dimensional
quantum gravity, e.g., [24—74]. In particular, the exchanges
of multistress tensors in d = 2 are dual to the exchanges of
multigravitons in three-dimensional anti-de Sitter space
(AdS3), describing how light probe fields interact with a
heavy object such as a Bafiados-Teitelboim-Zanelli (BTZ)
black hole [75]. Higher-dimensional CFTs are less con-
strained, and the dual gravity theories involve propagating
gravitational waves, making the higher-dimensional sys-
tems more complex.

In [76], a computational scheme was developed to
analytically solve the bulk scalar field equation in
higher-dimensional AdS gravity with a black hole back-
ground, enabling one to compute multistress tensor con-
tributions to the thermal two-point scalar correlator (in
position space). The thermal correlator is interpreted as a
heavy-light four-point correlator, where two heavy scalar
operators create a thermal background. This scheme relies
on a near-boundary expansion and a choice of variables,
allowing one to also incorporate higher-derivative correc-
tions to the gravitational action. In the case of AdS;, this
scheme reproduces the d =2 Virasoro vacuum block at
large central charge.1 Some extensions can be found in
[77-83]. Using the OPE coefficients computed via holog-
raphy with a spherical black hole, a simple closed-form
expression that represents summing over d = 4 double-
stress tensor exchanges, which already involve an infinite
number of operators, was obtained in [84]. Based on such a
computational scheme in holography, a recent paper [83]
showed that the information about the black hole singu-
larity is encoded in the multistress tensor exchanges.2

We note that, in the geodesic limit, where the conformal
dimension of the light scalars is large, using holography
with a planar black hole, the work [90] obtained an exact
scalar correlator in d = 4. Utilizing a connection with the
Nekrasov-Shatashvili partition function [91], the work [92]
computed the exact d =4 thermal scalar correlator via
holography with a Schwarzschild black hole. Related
holographic computations can be found in, e.g., [93-103].

Here we are interested in the same CFT observable, but we
would like to make progress toward computing the exact
correlator that encapsulates all minimal-twist multistress
tensor contributions at finite A, without relying on a gravity
computation. In addition, we would like to know how to
resum all the contributions explicitly in the field theories.

'"The scheme does not determine the double-trace contribu-
tions made out of two light probe scalars, as these contributions
depend on an interior boundary condition.

*See also [85-89] for previous works on probing the black hole
singularity via conformal correlators.

Several CFT approaches have been developed to com-
pute the d > 2 multistress tensor contributions in an
OPE expansion. Using the Lorentzian inversion formula
[104,105], the d =4 double-stress tensor contributions
were computed in [106,107]. The light cone bootstrap
was employed in [108,109] to obtain the closed-form
expressions for both double- and triple-stress tensor
exchanges in d =4 by adopting a correlator ansatz.
More recently, Refs. [98,102] applied the ambient space
approach [110,111] to compute the d =4 multistress
tensor contributions. To our knowledge, the available
results obtained via CFT and holography methods are
mutually consistent, providing nontrivial cross-checks for
each method.

This paper builds on the previous work [112], which put
forward a set of linear partial differential equations as the
higher-dimensional generalization of the d = 2 null-state
differential equations at large central charge. In a near-light-
cone expansion, the solutions to these equations are
consistent with the available results pertaining to the
contributions from the minimal-twist multistress tensors
to the heavy-light correlator at large central charge. In this
paper, we discuss the exact solutions to these linear
differential equations, assuming their validity. The exact
solutions then represent the resummation of all minimal-
twist multistress tensors. For concreteness, we will focus on
d = 4 as the higher-dimensional example and compare our
results with those obtained in the more familiar d = 2 case.

A restriction of this type of linear differential equations is
that the corresponding correlators at large central charge
require the light scalars to have certain negative integer
conformal dimensions. Specifically, at large central charge
¢, the level-two degenerate scalar in d = 2 has the follow-
ing conformal dimension:

=t-liol).

This required value can be derived using the Virasoro
algebra [2]. While having a nonunitary value may seem like
a significant limitation, the information about the Virasoro
blocks at general A may be obtained by analytically
continuing the correlators involving degenerate operators;
see, e.g., [43] for a related discussion.

It remains an intriguing question whether analogous
degenerate states exist in higher dimensions as a conse-
quence of a symmetry structure hidden within a class (or a
subsector) of higher-dimensional CFTs with a simple dual
gravity description. Here, we shall simply assume that
similar degeneratelike scalars exist, with conformal dimen-
sions taking three special values at large central charge Cr,

d=2:

d=4: A:-l,-2,—3+o<i>. (2)
Cr
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It was observed that certain patterns of the d = 4 thermal
scalar correlator at large C; emerge at these three special
values [76]. See also [78] for a closely related discussion.
Furthermore, the work [79] noted that certain nonminimally
coupled bulk interactions affect the d = 4 near-light-cone
correlator, but the corrections vanish at these three special
values. While this paper assumes CFT's with a simple gravity
dual, it would be interesting to better understand why these
special scalars do not “feel” the nonminimally coupled bulk

|

interactions and how generalizable this phenomenon is.
Moreover, it would be useful to identify physical quantities
that are insensitive to the A dependence, which could be
probed by these degeneratelike fields in higher dimensions.

At large central charge, the enhancement due to heavy
scalars plays an important role. We take C;— oo and
Ay — oo, with the ratio Ay/Cr held fixed. We denote
the (normalized) heavy-light scalar correlator in d=2 and
d=4as

L2t rg - CHIOLIO00N |
4=2 F&) =10, ()0u(0)0, 00, 0)) | ~ 25 ¢ G)
L (Ou(e0)0 (DO, (1 =21 - 20,0) | &
d=4 ) = lm o o OO =1 =2 ~ 22O @)

where 7" indicates the exchanged operators made out of n
stress tensors (and derivatives). The holomorphic d = 2

correlator has an expansion in terms of 7 ~ A— while the
2 Note

that the d = 4 expression assumes a near—hght cone limit
which, in our convention, is z — 0. If one begins with the
full d = 4 correlator, one may perform an expansion in u
and subsequently an expansion in Z, retaining the leading Z
term. In both d = 2 and d = 4, the A-dependent functions
G,(z) satisfy Gy(z) =1,G,-;(0) = O—these will be
treated as boundary conditions of the differential equations
we consider in what follows.

The parameters # and u are related to the Hawking
temperature 7y of the BTZ black hole and the AdSs-
Schwarzschild black hole, respectively [113],

d = 4 correlator has an expansion in term of y ~ Z&

1
d=2: Ty=5-+/24-1. (5)
/4
1 4u+1
d=4: Ty= . 6
i aa\[VarFi-1 (6)

The AdS radius is set to 1. A planar black hole, i.e., a black
brane, is often adopted as a simplification that corresponds
to the high-temperature limit in which g approaches
infinity. In this case, the relation between y and Ty is
simplified to u = (zTy)*. In this work, we expect that our
correlator results correspond to a holographic computation

3This ratio is the coefficient of the first correction to the AdS
bulk metric in a near-boundary expansion. In the convention of,
e.g., [76], 7 = 5%, u = 19 2% where the proportionality constants
will not be important in the analysis of this paper. In d = 2, the
(heavy-light) Virasoro vacuum block corresponds to summing

over all orders of contributions in an expansion in terms of this
ratio [22,23]; see also, e.g., [33,57].

|
with a spherical black hole. In d = 4, for simplicity, we
will often absorb the parameter y into Z in the near-light-
cone expression.

We will consider a linear ordinary differential equation in
d = 2, which is the level-two null-state equation at large ¢
applied to the four-point scalar correlator, and three linear
partial differential equations in d = 4, proposed in [112].
The equations that require A = —1 will serve as our
primary examples; they may be succinctly represented as

(7)
(8)

with ¢, = 6, x = 1 — z,and y = —Z. We have rescaled 7 to
absorb p in d = 4. The relations between the correlators
and the functions u(z) and u(z,z) in d =2 and d = 4 are
given by u(z) = zF(z) and u(z,z) = (z2)F(z, 2), respec-
tively. The exact solution to the d = 2 equation corresponds
to the large-c¢ Virasoro vacuum block, evaluated at the
degenerate value A = —1. The d = 4 equation is straight-
forward to solve in a small-Z expansion using the boundary
conditions mentioned above; these solutions are consistent
with the available results computed via holography and
CFT methods. In this paper, we will discuss the exact
solution. Similar d =4 equations for the A = -2 and
A = —3 cases were also proposed in [112], and we will
discuss their exact solutions as well.

The underlying reason why the d =4 large-C7 corre-
lator satisfies a set of linear differential equations at special
A remains to be better understood. In this work, we assume
the validity of these differential equations and focus on
solving them. One of our primary motivations is to explore
the implications of these differential equations as the new
results may help test their validity and potentially shed light
on the reason for their existence in higher dimensions.

d=2: x*u, +cou=0,

d=4: Xug,, +u=0,
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B. Summary of the main results

Here we provide a brief summary of the simplest
expressions from the A = —1 case. Other cases will be
discussed later in the text.

We adopt a convenient variable » = In(1 — z), which
helps identify patterns in the solutions and simplifies
|

Gﬁ:_l(Z) - _ (_6)’1\/77"(1 -

d=2:

I'n+1) z

2Vx

d=4: Gi='(z) =

n+11 v
)

various intermediate computations. Using the differen-
tial equations, we find that, for any number n of the
multistress tensor exchanges, the scalar correlators can be
written in terms of the modified Bessel function of the
first kind,

; ©)

v=In(1-z)

We will refer to these n-dependent expressions as
O(n) correlators. Even in the d =2 case, the explicit
n-dependent structure involving degenerate scalars, to our
knowledge, has not been pointed out in the literature.
Summing over n in d =2 yields the large-c Virasoro
vacuum block, evaluated at A = —1.

A direct summation in d = 4 is more challenging, but we
find that the expression simplifies in the complex frequency
domain, i.e., the s plane. We can express the exact,
resummed correlator as an inverse Laplace transform.
This method is also applicable to the d =2 case. The
results are

v " l’
dt(v — 1)"e3 I [ =
S D, A0 "+%<z>

(10)

v=In(1-z) '

In this d = 4 expression, the parameter y is absorbed into Z
and we assume v # 0. An interesting feature of the d = 4
correlator is its presence of essential singularities in the s
plane. We also obtain the resumed expressions for the cases
with A = =2 and A = =3 in d = 4, which exhibit similar
essential singularities.

We will derive the above exact expressions using two
distinct methods: (i) By examining correlator patterns in an
expansion, we obtain the explicit O(n) expressions, then
we sum over n. (i) We solve the linear differential
equations in the s plane with suitable boundary conditions.
The first method allows us to obtain the O(n) expressions,
while the second method yields the exact results directly.

d=2: FA1(z)= _1 Yom 1 (v) Another independent observation based on the differ-
' Z s(s—1)+6n v:ln(l—z)’ ential equations is that the correlators can be expressed as
(11) certain mode summations. In d = 2, these modes corre-
spond to the Virasoro modes L,,, which form a closed
2(1-2) . algebra. We find similar mode representations for the d = 4
d=4: F*(z.7) =———=L"! {e»ﬂfz*l) }( ) . correlator. Denoting {k;} as a set of independent modes, we
o2 v=In(l-2) find that the contributions of multistress tensors at large
(12) central charge can be organized as follows:
|
B 00 ¢S] 6>n n (k _ 1) N v
d=2: F~ _] :1—|— |: : }’]”ZZ[:lk’
,,2::1 ;;2 Hl 1(2 )( Lk 1)
>, 6(k; — . 36(ky — 1) (ky — 1)1 1 5 3
= n+ n+O0m), 13
;::2 1(k1+ kl%::zkl(kl+1)(k1+k2)(k1+k2+1) ) (13)
-1y v (k= D)(ki=2)) S
d=4: FA="z.2)=1+ [ - N ' 7172 ik
; {§3 2T+ 2) [T (S k) (T Kt DS ki +2)]
(ki — 1) (ky —2)(ky — 1) (kp —2)2M 2

kl—l k1—2>Z1 _ ©
—=1-
Z4k1(k1+1 k1+2)“L Z

+0O(Z).

Z
2k (ky + 1) (ky +2) (ky + ko) (ky + ko 1) (ky + Ky +2)

(14)

“The shifting property of the inverse Laplace transform can be used to adjust expressions in the s plane, but this does not alter the

results in position space.
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Similar mode expressions for A = —2, -3 are also worked
out based on the corresponding d = 4 differential equa-
tions. In d = 2, the mode pattern can be orgamzed in a
diagrammatic way for any A, as developed in [35].7 While
we have not found the organizing rules in d = 4, we hope
that these mode representations of the near-light-cone
correlator will be helpful in developing an effective field
theory in higher dimensions.

The remainder of this paper is organized as follows: In
Sec. II, we use the level-two null-state equation at large
central charge to show that the d =2 correlator in an
expansion can be expressed as a Bessel function. We show
the resummation gives the Virasoro vacuum block. We then
point out a relation between the d =2 and d = 4 corre-
lators, both evaluated at A = —1. This enables us to
consider the resummation in d = 4. In Sec. III, we observe
a simple pattern in the s plane which facilitates the
computation. We also discuss the A = —2,-3 cases in
d=4. In Sec. IV, we solve both the d =2 and d =4
equations directly in the s plane and verify the resummation
results. Using the differential equations, in Sec. V we show
that the correlators can be expressed as mode summations.
In Sec. VI, we conclude with some future questions. Some
explicit O(n) correlators are collected in Appendix A, and
we list the mode expressions in the first few orders in
Appendix B.

II. MULTISTRESS TENSOR EXCHANGES
AS A BESSEL FUNCTION

In this section, we begin by revisiting the more familiar
context of d = 2 CFTs at large central charge, focusing on
the heavy-light four-point scalar correlator with the level-
two degenerate light scalars. We find that the contributions
to the correlator from any number of the exchanged stress
tensors can be written as a Bessel function. This expression
is useful as it allows us to see the explicit n dependence of
the correlator, where n is the power of the expansion
parameter 5. Furthermore, by focusing on the light scalars
with A = —1, we observe that the d = 4 correlator in the
near-light-cone expansion can be related to the d =2
correlator in a simple way. Consequently, the contributions
of the d = 4 minimal-twist multistress tensors at O(n) are
given by a Bessel function as well. We present the d = 4
resummation result as double integrals. We will revisit the
resummation structure in the next section, where we will
also discuss the correlator with the other values of A
ind=4.

A.d=2

The level-two null-state equation [2], when applied to the
(holomorphic) heavy-light four-point correlator at large

5An extension to the d = 2 W-vacuum blocks, determined by
the higher-spin symmetries [114], can be found in [70].

central charge, can be written as an ordinary differential
equation,

61 _
& A=-1(z) =0, 15
(24 2s) e 13
where 7 ="¢=25¢ The equation for F2~!(z) =
1081 () s
2 6
<a2+ 9, +—1 >FA_1(Z):O. (16)
(1-2)

Note the equation transforms covariantly under z — %,
which corresponds to the crossing symmetry due to the
exchange of two identical light scalars.

We can solve the d = 2 equation exactly, but instead, we
will adopt an expansion in powers of #, which enables us to
derive a closed-form O(n) expression valid at all orders.
This approach will allow us to uncover the detailed
structure of the correlator, and we will apply a similar
strategy in d = 4 later.

We write®

and require

Go(z) =1, 1limG;(z) =0

(for i >0). (18)
z—0
The solutions satisfy a recursive relation [112]

G+1(@) = ~RE (@),

RAf—l
RAS(z ——6/ a’sz/ dni slz) (19)

with R}="!(z) =z as the initial condition. The O(n)
solutions correspond to n numbers of stress-tensor
exchanges.

To identify a general pattern, we adopt the following
variable:

v=1In(l —z). (20)

The solutions to the d = 2 differential equation in the first
few orders can be written as

RY='(v) =1-¢", (21)

®In d = 4, we write F(z,7)

= ZZO:O G, (Z)Zn
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RA="1(v) = 6<v Y2 4e(v— 2)), (22)
RA="'(v) = 18(v2 F6v+12—e" (12 —6u+ 12)), (23)

RA="(0) = 36(1;3 +120% + 600 + 120

+e'(v3 = 120 + 600 — 120)), (24)

Ry~ (v) =54 <v4 +200° 4 1800° 4 8400 + 1680

—e"(v* — 2003 + 18002 — 8400 + 1680)).
(25)

Higher-order solutions can be worked out readily, and we
collect more explicit expressions in Appendix A.
Let us make some observations on these d = 2 solutions.
(i) The overall coefficients satisfy

6}’[
_—. 26
I(n+1) (26)
(i) The e” part of the solutions is completely fixed by
the part not multiplied by e”; one can write R, (v)
as A,(v) — e"A,(—v).

(iii) Focusing on the part not multiplied by e”, the
coefficients are listed as follows:

n=0: {1} (27)
n=1: {1,2} (28)
n=2: {1,612} (29)
n=3: {1,12,60,120} (30)
n=4: {1,20,180,840, 1680} (31)
n=5: {1,30,420,3360,15120,30240}  (32)

n=6: {1,42,840,10080,75600,332640,665280}
(33)

{1,56,1512,25200, 277200, 1995840,
8648640, 17297280} (34)

For a fixed n, the sequence can be organized by

(n+m)!

omyme M= OL23n (3)

The power of v is given by n — m. One may verify
this pattern using higher-order terms.” The O(n)
correlator, G,(v), can be obtained by summing over
m with a range set by n.
Putting everything together, including the part multiplied
by eV and the overall coefficient (26), we obtain, to our
knowledge, a new expression in d = 2,

1
G (v) = 7= R ()
—e
1 i 6" (n+m)!
Cl—e"4<T(n+1)(n—m)!m!
% (Un—m _ ev(_v)n—m)
(=6)"\/m e 4 v
=—— ¥ (5, 36
F(n+1)e”—1v 2n+%2 ( )

where 7,,.(3) is the modified Bessel function of the

2
first kind.
Therefore, the resumed d = 2 correlator is

1 v oo n
At _\/Eviei (—6) ; v\
) = Zor(nﬂ)v Lg\g )1 B7)

_\/Ev%é =~ (=24n)" (v\" v
et —1 Z n! 4 Ty 2 (38)

n=0

where, in the second line, we have arranged the expression
to fit the multiplication theorem of the Bessel function,

*® 2 1) /x\n
L =3 () w9

e n!
Leta =4, x =4 and
21 =24y, (40)

which has two solutions, 4 = 4+/1 —24#. The different
sign choices give the same F(z). We obtain

Jatetly (% = 24ny)
v 1
e’ —1 (m)z

=z sinh (§yT=28nIn(1 - 2))

- . (41
4 VT =24 (41)

This reproduces the d = 2 Virasoro vacuum block at large ¢

obtained in [22,23]. (For n > ﬁ, the sinh becomes a sine.)

FA="1(z) =

v=In(1-z)

"This pattern appears as the sequence A/60481 in the Online
Encyclopedia of Integer Sequence [115].
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As we start with the null-state differential equation, this
correlator result requires the level-two degenerate scalars.

In this work, we focus on the A = —1 case in d = 2 and
the A = —1,-2, -3 cases in d = 4. To study from a first
principle the d =2 correlators involving higher-level
degenerate scalars, one needs to consider other null-state
equations. We will not discuss these higher-order differ-
ential equations in d = 2.

B.d=4

In [112], three linear partial differential equations were
proposed as the governing equations for the heavy-light
scalar correlator in the near-light-cone regime in d =4
CFTs with a simple gravity dual description. These
equations are restricted to specific values of A. Despite
this, we hope that the analysis presented in this paper could
provide further insights into the analytic structure of a more
general d = 4 correlator at different values of A.

The simplest case requires A = —1. The equation
is [112]

_ 6 6 HZ 1/ =
{(1 +Zaz)(03+gf)§+z—zaz> +(1 _Z)J FA="1(z,z) =0.

(42)

In this expression, we adopt a conformal frame in which
all four scalars live on a two-dimensional plane, and we
keep the explicit 4 dependence; in what follows, we will
absorb y into Z. The equation transforms covariantly under
the crossing symmetry due to the presence of two identical
light scalars. This is a Fuchsian-type equation, with
factorized z- and Z-derivative parts. Denote

=(z0.),  Df=(z0)". (43)
Equation (42) can be represented as
3 2 2’z A=—1
(14 D:)(D: +6D: +6D,) +m FA="1(z,2) =0.
(44)

As mentioned in [112], a concise form of the equation is

1
(azag + = Z)3> 041(z,2) =0, (45)

where 04=71(z,z) = z22F2="!(z, Z). The equation can be
solved order by order in a small-Z expansion using the
boundary conditions (18). In such an expansion, the
solutions satisfy a recursion relation [112]

QA——I Z Z

ZRA——I n+1

RA——I
Ry (2) = dsz/ dsz/ ds, (’i_ssl)

(46)

with the initial condition Ry~="!(z) = z%. For n > 1, the
corresponding solution contains the contributions from an
infinite number of primary operators built from stress
tensors and derivatives.

Given the d = 2 O(n) expression in Sec. II, let us try to
find the corresponding expression in d = 4. Using the v
variable, the d = 4 solutions in the near-light-cone expan-
sion are given by

RE='(v) = (1-e"), (47)
1

RE(0) =3 (v + 3+ ¢¥(v=3) +-4e™v). (48)

RA="1(1) = v (v 4+ 9v + 24 — 8e"(v* + 6)
+ e (v? = 9v + 24)), (49)

A=-1
R (1) = (1) 11807 + 1230 + 315
+ 16e?(v? +24)v
+ 2 (13 — 1807 + 123v — 315)>, (50)
RA="1 4 3 2422

(v) = 2e050 (U + 3003 + 37502 4 22950 + 5760

—32e"(v* 4 6002 + 360)

+ €2 (v* = 3007 + 3750% — 22950 + 5760)).

(51)

We collect more expressions in Appendix A.

The pattern is less transparent compared with the d = 2
case, but we observe a connection between the d = 4 and
d = 2 correlators in the similar expansion,

(_l)nJrl evRA:—l(U)
213" (n+2) " =2’

(52)

IRy (0) gy =

The functions RA=~!(v)|,_, were discussed in Sec. IL. It is
straightforward to verify this relation to high orders.

Using the relation (52) and the O(n) expression of the
d = 2 function R4=~!(v) obtained in (36), we obtain the
corresponding expression in d = 4,
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_ 1 _
Gy~ (V)| 4=a :(I_—ev)zRﬁf 1(”)|d:4

2Vx
C(1=e")T?(n+ 1)[(n+2)

v ; t
X / dt(v—t)”e%t”%l,q#(—). (53)
0 2\2

To perform the (n + 1)-fold integrals, we have used the
Cauchy reduction formula

[ f [

_(k—l)'/ (x = )1 A(1)dr, (54)

- J0O

FA 1 (0.2)] 4o = Zz"GA:- o

Note that o\RA=- (0)|y—9.4—4 =0 for k=nn-1,
n—2,...,0.

To sum over n, we may adopt the following integral
representation of the Bessel function:

iy 1
I,(x) =———— 1 — 6?2 "do. (55
0= ey ), 0= (55)
Setting a = n +%, x =14, using the expression (53) we

obtain a resummed d = 4 correlator

l—ev>2/ dt/ da[te Ho-3) F3<,1,1,2 (- ”)iaz_l)zﬂ. (56)

In a small-z expansion, this gives the first few orders of

RA="1(v)|,_, listed in Appendix A.

ITII. PATTERNS IN THE s PLANE

The d = 4 resummed correlator (56) is more complex
than the d =2 Virasoro vacuum block at large central
charge (41). However, we observe that the d = 4 structure
simplifies in the complex frequency domain.

Let s be a complex variable. Define the Laplace trans-
form as

A(s) = L{A()}(s) = A " Aw)e-sidv.  (57)

The inverse transform is

1 y+ico
AW) = AN 0) =5 [T aerds. (58)
271 Jyioo
where a constant y > 0 is chosen so that the integration
contour lies to the right of all singularities in A(s).
Transforming R3=~!(v)|,_4 obtained in (53) to the s plane
gives

Ry~ (8)|yes =

o) -

Performing an inverse transform leads to

o 261)1}3n+2
Ry~ (0)ges =

T(n+2)0(3n +3)

3n 3 3n v?
7+§,7+2,Z>. (60)

The function G,(v) can be obtained via G,(v) =
(1 —e”)™2R,(v) in this d = 4 case.

We may sum over n directly in the s plane. Using (59),
we obtain a simple form

3 ZRA= (s ( :%<em—l>. (61)
o d=4 %

The correlator FA="!
inverse transform

X 1F2<n—|— 1;

(v,7)|,_4 then can be expressed as an

2

FA:—I ’— =
(0,2)] 44 (1—e")?z

e -1}). (62)

This is one of our main results. It is remarkable that such a
simple structure encodes the complete information about all
minimal-twist multistress tensors probed by the light
scalars with A = —1. This structure effectively encapsu-
lates the complexity of minimal-twist multigraviton inter-
actions in the dual gravity.

We may further simplify the expression (62) by noting
that £7'{-1} = —5(v) can be dropped for v #0 (i.e.,
z# 0). In addition, recall the shifting property of the
inverse Laplace transform
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LYA(s +a)}(v) = e ®A(v). (63)

By shifting s — s + 1 and focusing on the correlator at
v # 0, we write

e Ga! (4

We remark that the previous expression (62) in a small-z

expansion does not produce a —= ( ) term, as it is canceled by
the constant, —1, piece. leferent expressions that can be
related by (63) should be considered equivalent.

Because of the essential singularities from the exponential
term, the inverse Laplace transform of the resummed d = 4
correlator in the s plane is challenging to carry out. However,
it is straightforward to perform the inverse transform in a
small-Z expansion, giving the results that are consistent with
the previously listed functions R3==!(v)],_4-

Several immediate questions arise: What does the d = 2
correlator look like in the s plane? And how about the
d = 4 correlator at other values of A? We will discuss these
questions in what follows. In particular, we will find that
essential singularities are absent in the d = 2 case, and we
will see that these singularities arise due to the additional Z
derivative in the partial differential equations in higher
dimensions.

A.d=2

Motivated by the above observation, let us revisit the
d = 2 structure. Focusing on the level-two degenerate scalar,
the d = 2 solutions (21)—(25) (see also Appendix A) can be
organized in a simple way in the s plane,

RY=71($)] =y = 6" <S (s__l ])>HH. (65)

The inverse transform gives the Bessel function (36).
Summing over #n in the s plane gives

-1
”RA:‘l _ . 66

The inverse transform gives the Virasoro vacuum block at
large central charge (41), when multiplied by the overall
factor (1 —e") = z.

B.d=4
The A = —1 case was discussed and now we consider
the A = —2, —3 cases. We assume that the scalars with A at
these three values are at the “same level” in d =4 at

large Cr.

1. A= -2 case

The corresponding Fuchsian-type linear differential
equation is [112]

{(2_,_ a)<54 253 ﬁaz i4az>
-

which can be written as

{(2 + D;)(D* 4+ 12D? + 36D? +24D.)

6737 3(2-72) Aenl o
= (DZ T ZQ}F (22)=0. (68)

where, again, we have rescaled 7 to absorb u. The equation
transforms covariantly under the exchange of two identical
light scalars. A simpler form is [112]

6 9
TETERRR T

(0202‘ + ) 04 2(z,2) =0,  (69)

where Q4=72(z,z) = 73Z2F*=72(z, 2). The boundary con-
ditions in a small-Z expansion are given in (18); the
solutions satisfy a recursion relation [112]

ZRAf—z n+2

R = / ds / dsy / ds,

Py

(70)

QA—ZZZ

with the initial condition R§="2(z) = z°.

The solutions in the first few orders are listed in
Appendix A. We find that these solutions can be organized
in a simple way in the s plane,

RE=2(1) = - —%))’”1}<U)'

(71)

2n+23n+1 » s
I'(n+3) ((s*=2)(s?

We have used the shifting property of the inverse transform
to adjust the expression. Summing over n gives
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FA="2(v, Z)

i=e) SZRA— 2(v)z"
3
e

mﬁ {95‘ + 8S_1 (253 - SS + 122)
—e

— -2 2_2 2_1 )

1657 s 1)\ mg)e (v). (72)

In a small-Z expansion this result reproduces R3="2(v)

listed in Appendix A. Like the A = —1 case in d = 4, the

resummation at A =—2 also produces essential singularities.
We may simplify the expression by dropping the contact

terms ~6(v) in the part that does not involve the essential

singularities and write

|

FA=2(,7)

3v

e2
- @ (9v+96z
48(1—e”)322< o

—16L7! {s-2 <s2 —z> <s2 —i> e«@%éf@w}(v)). (73)

Note that the role of the part that does not involve the
essential singularities is to cancel the divergences at orders
1/7% and 1/Z in a small-Z expansion. Thus, the relevant
correlator structure is fully encoded in the term involving
the essential singularities.

2. A= -3 case
The corresponding d = 4 equation is [112]

20 120
[(3 + 20;) <05 —o+—a+
Z Z
21puz 8—5z
+ 02 + 0, +
(1—Z)3<Z (1-2)z°

We can express the equation as

240 120
—@2 az>
2472 — 847 + 84
FA="3(z,7) = 0. 74
7(1 = z)*2? )] &2 )

{(3 + D:)(D3 +20D% + 120D3 + 240D? + 120D.)

217°z

247> — 847 + 84

Ty (-2

8-5
<D§+ ZDZ+

T(1=2)72 )}FA:J(LZ) =0, (75)

where the parameter y has been absorbed into z.* A compact expression is [112]

63

72

21
S 2
(()ZOZ —|—(1 _Z)3OZ +(1

where Q4=73(z,7) = 423 FA=73(¢
other through a recursion relation [112]

ZRA —3 n+3

QA—%ZZ

RA —3

with R}=73(z) = 2%

T2RA=73(sy)

9, + 5> 0% (z.7) =0, (76)

)

(1-2)

,Z). In a small-z expansion, the solutions between different orders are related to each

630, Ry =3(s1) 2105 Ry=(s1)

n+1 , n+4/ dS5/ dS4/ dS';/ dS2/ dS1|:

(77)

(1—5,)° (1—sp)* (1=sy)°

The solutions in the first few orders are collected in Appendix A. We find that these solutions can be organized in a simple way,

16e2v3n+2

(7s* —4)"

R0 = Ty a)

BEreE

o 78)

The shifting property of the inverse transform has been used to simplify the expression.

*In passing, we note that, using DX =
have the remaining z-dependent coefﬁc1ents only via z°Z.

(z0.)* and D¥ = (z0:)*, the resulting d = 4 differential equations for all A = —1, -2, =3 cases
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Summing over n leads to

3 1 TN
FA=T3(0,2) = mZRﬁ— 3(v)z"
n=0

B 621) E—l 8
(1 =e")*3 3(7s% = 4)°

3(752-4)z

7 (252(s2 = 1)2(s? —4)?e 707 — 9(7s? — 4)77

—25%(s? = 1)%(s? —4)? — 65(7s> —4)(s> = 1)(s*> — 4)2)}(1}). (79)

Essential singularities again appear. Dropping the contact terms gives

FA:—3(U _) B 6211 1
T U= ey F 823543

- 12f7<(1zv +3432)% + 2156) sinh(

In a small-Z expansion this result reproduces R5=3(
Appendix A.

We remark that the role of the cosh and sinh pieces in
(80) is to cancel the divergences at orders 1/z%,1/z2, and
1/Z in a small-Z expansion. Therefore, like the A = —1, -2
cases, the information of minimal-twist multistress tensor
exchanges is completely encoded in the term involving the
essential singularities.

v) in

IV. SOLVE THE EQUATIONS DIRECTLY
IN THE s PLANE

In this section, we solve the linear differential equations
directly in the s plane, in both d = 2 and d = 4, with suitable
boundary conditions. While this approach does not allow us
to obtain explicit O(n) expressions for the correlators, it
provides a streamlined computation for verifying the exact,
resummed correlators relevant to the minimal-twist multi-
stress tensor exchanges at large central charge.

A.d=2

We start with the d =2 case, again focusing on the
simplest, level-two null-state equation at large c. Using the
v variable, Eq. (15) can be written as

(02 =0, + 6n) Q(v) = 0. (81)
We drop the superscript A = —1. In this form, the coef-

ficients are constants. Transforming the equation to the
s plane, we find

(sts=1)+61) L{Q()}Hs) = (s~ 1)Q(0) + Q'(0), ~ (82)

where Q(0) and Q'(0) =0,0(v)|,_, are evaluated in
position space. To be consistent with the boundary

2
(3024(220 + 343%) cosh (—”>

20

V7

V7

)+ BeHE o )

|
conditions (18), we impose Q(0) =0 and Q'(0) = —1,
which do not refer to a small-n limit. The equation then
reduces to

(sts =1 +6n)c{Q@)}(s) = -1 (83)

which gives

Q(v) = E_l{m}(v)

—et sinh (4 /T="2470)
- . (84)
% V1 =124y

Recall Q(v) = (1 — €")F(v) in the d = 2 case. The result
is consistent with (66), reproducing the large-c Virasoro
vacuum block (41) involving the level-two degenerate
scalars, which we previously obtained through an explicit
summation.

B.d=4

1. A= -1 case
The d = 4 Eq. (45) can be written as

(azaz —3020. + 20,0- — 1) 0(n.z) =0, (85)

where the coefficients are independent of coordinates.
Again, the A = —1 superscript is dropped. Transforming
the equation to the s plane gives
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L{V(v,2)}(s) —s(s = 1)(s = 2)0:L{O(v,Z) }(s)
+ (s = 1)(s =2)0"D(0.2) + (s —3)0D(0.2)

+0@(0,z) = 0. (86)

We impose Q(>1)(0,z) =2 and Q"1 (0,2) =01 (0,2)=0
to be consistent with the boundary conditions (18). Here the
more general boundary conditions are imposed without
requiring a small-Z expansion. The equation becomes

L{O(v,2)}(s) = s(s = 1)(s =2)9:L{Q(v, 2) }(5) +2 = 0.
(87)

Therefore, we have

L{Q(v,2)}(s) = c1(s)eTTE= - 2. (88)

To determine the function ¢;(s), we consider a small-Z
expansion,

lall

%i_l)lgﬁ{(l —e")?F(v,2)}(s) = limﬁ{%}(s)

=0

_ald =2, o),
Z

(89)

(9= 65)L{Q(v,2)}(s) +s(s = 1)(s =

where we have included the relative factor z2Z between the
functions F and Q. Setting c;(s) =2 to remove the
divergence, we obtain

F(v,z) = mQ(uZ)
2 - T — v
:mg e 1}w). (90)

This agrees with the result (62) obtained through a
summation.

As a by-product of this computation, we see that the
essential singularities from exp(m) originate from the

Z-derivative part of the d = 4 partial differential equation.
(This is also the case when A = —2, —3, which we discuss
next.) The corresponding d =2 equation is an ordinary
differential equation and essential singularities are absent.

2. A= -2 case
We write the corresponding d = 4 Eq. (69) as

(a‘;az — 603, + 11020, — 60,0. — 60, + 9) 0(.7) =0,
91)

where the coefficients are constants and we drop the
superscript. In the s plane, we have

2)(s = 3)0:L{Q(v,2)}(s)

—00BD(0,2) = (s =6)021(0,2) — (s — 1) (s — 2)(s — 3)0©1(0,2)

— (s(s = 6) + 11)01(0,2) +60(0,2) = 0.

(92)

Requiring in this case 03 (0,z) = =12z, 0(0,z) = 0V (0,z) = 01(0,z) = Q>(0,z) = 0, which are motivated by
the boundary conditions (18) on the function F, the equation reduces to

(9—65)L{0(v,2)}(s) +s(s — 1) (s —=2)(s — 3)0:L{Q(v,Z) }(s) + 127 = 0. (93)
The solution is
£ ) = TSI EOETR (e, (94)
As before, we determine the function ¢;(s) by examining the small-z behavior,
, . _ L fO(.7)
iy c((1-e)F(0.)(0) - e { 24
1 As(s—1)(s=2)(s=3) ol 17 4 3(25s=3)c(s) _
_22< 3(3-25)2 el ))+z<2s—3+s(s—1)(s—2)(s—3)>+O(ZO)' (95)
To remove the divergences, set
= 4 1 2 3 96
1) = 3= gep S~ D=2 -3) (96)
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We obtain

1

3-2 Q(Uv Z)

F(U,Z) :m

4
3(1 —e?)37? (3 —2s)?

—s(s=1)(s=2)(s 3)e%) }(v).

After shifting s — s + %, this agrees with (72) obtained via
a summation.

3. A= -3 case

Equation (76) can be written as

(030: — 10040 + 35030 — 50020; — 210> + 240,0-
+ 840, -72)0(v,z7) =0 (98)
with constant coefficients in this form. The superscript is

dropped. After transforming the equation to the s plane and
|

1
F(v,2) = w2

(1=
8

(s(s —1)(s=2)(s=3)+302s-3)z

97)

[
imposing 0+ (0,z)=72z% and Q®)(0,2)=0*1(0,z) =

01:9(0,2)=019(0,2) =0*(0,z) = 0(0.2) =0, which
generalize (18), the equation reduces to

3(7s(s —4) +24)L{O(v,2) }(s)
—s(s=1)(s =2)(s = 3)(s —=4)0:L{Q(v, Z) }(5)

+ 727 = 0. (99)

The rest of the computations are essentially identical to the
previous cases. Let us state the result,

3(7(s=4)s+24)z
+ 6k(5) (7(s = 4)s + 242+ 9(7(s = 4)s + 242 = 22(s)e” = | }(v),

where k(s) = s(s — 1)(s —2)(s — 3)(s —4). After shifting
s — s + 2, this result agrees with (79), which was obtained
via a summation.

As previously discussed, in all A = —1,-2, -3 cases,
the information about minimal-twist multistress tensors at
large central charge is fully encoded in the term involving
the essential singularities.

V. CORRELATORS FROM MODES

In this section, we discuss an alternative approach to
probing the correlator structure. By focusing on minimal-
twist multistress tensor exchanges at large central charge,
we demonstrate that the relevant part of the conformal
correlators may be reconstructed from certain modes. Our
derivations are based on the linear differential equations.

A.d=2

Let us start with the d =2 case. The basic idea is to
replace the (1 — )72 factor in the recursion relation (19) by
a summation

3(1 —ev)*z? E_l{(7(s —4)s +24)3 [

2% (s)

(100)
i _15)2 =3 (m— 1), (101)
m=2

We then write

R (@) ==6 (m=1) [“dsy [“dsistmy 51
0 0

m=2

(102)

with R}="!(z) = z. After performing the integrals, the

correlator involving the level-two degenerate scalars with

A = —1 can be represented purely as summing over modes.
In the first few orders, we have

A=—1 2 —6(m — 1)z"*+!
K =2 amr 103
RS m; m(m+ 1) (103)
—1 o S 36(m - 1)(71 — l)zm+n+1
R (2) = Z m(m~+1)(m+n)(m+n+1) (104)

m,n=2
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R3A=—1<Z) _ f: =216(m—1)(n—1)(q — l)zm+n+q+1

mm+1)(m+n)(m+n+)(m+n+q)(m+n+qg+1) (105)

m,n,q=

In these expressions, we use m, n, g to represent modes. Higher-order expressions can be readily worked out. Recall
F(z) =z7'0(z) = 7' ¥ n/R;(z) in this d = 2 case.

To evaluate these summations, we introduce the following auxiliary-variable method. Taking R3(z) as an example, we
can write (104) as

m—1)(n-1)(g—1 _
RA="1(7) = —216 lim ds2 / ds, / dt / dr, ) i(q ) prenmigninsat - (106)

1
L= mnq 2 m )

where #; is an auxiliary variable whose role is to generate the (m + n)(m + n + 1) factor in the denominator via the double
integrals. The summations over modes m, n, ¢ in this form are simpler to carry out. After performing the integrals, the result
reproduces (24). More auxiliary variables are required to evaluate higher-order mode summations. This method can be used
to compute the similar summations in d = 4 which we will consider later.

After working out higher-order solutions, we identify a pattern—the d = 2 correlator can be represented as

[e] n {'l:](ki_l) Zn k.
n 'z imimt ™ (107)
Zi ,1k)( kit 1)

n:1 {k[

Ms

FA=1(2) =1+

with independent modes k; (e.g., k; = m).” As this result is B.d=4
derived from the differential equation, we are restricted to
the level-two degenerate field.

We note that, in d = 2, a set of diagrammatic rules was
developed in [35], enabling the computation of the corre-
lator via mode summations for any A; see also Appendix D

First we consider the simplest case with A = —1. Using
the identity

in [33] for a related computation based on the Virasoro 1 1 3
. ; . : =2 (m—1)(m—2)s" (108)
algebra. Summing the diagrams is the same as counting the (1-s)3 2
numbers of certain on-shell tree diagrams with vertices, i.e., =3
the Catalan numbers. The mode summations we derived
from the linear differential equation are consistent with the
d = 2 diagrammatic rules. we write the recursion relation (46) as

_ 18
Rﬁ;fl(Z)ZTE (m= Llm ~2) n—|-2 / ds3/ dsz/ dsys)" Ry (sy)
(109)

with R{=71(z) = z%. After carrying out the integrals, we can organize the correlator structure order by order as mode
summations. Explicit expressions in the first few orders are collected in Appendix B. After working out higher-order terms,
a pattern emerges and we find that the corresponding correlator can be written as

e [T (6 = D)k - 2) N
P = ”Zz{z"rwzml O YA AR TR (110)

n=1 {i)=3

[Se]

with independent modes k;. These d = 4 modes exhibit a striking similarity to those in the d = 2 case.
The d =4 recursion relations for the A = -2 and A = —3 cases are given in (70) and (77), respectively. The
computations are more complicated than the A = —1 case but the basic idea is the same—we express the factors

°In this expression, n is the order of the expansion instead of modes.
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(1= (1 =57 (1=5)7
search for a pattern. We find

iy (ki = 1) (ki = 2)) T

etc., as mode summations, e.g., (108). After performing the integrals, order by order we

Lk >0 ki +3)

o0
FA=72(2,2) —1+Z

n=1

{1;3 Ln T( ”+3)H7=1[( i1 ki)(

00 ) n+1
FA‘3ZZ—1+ZZ[n1F vy
=3

n=1 {k;}

(T (&

X

k4 1)(

= D)(ki =2) [T1 [Tk (02 ki +2) + 701 ki) Oiz) ki +4) + 247 + 24 o0k

Z1z "f] 111
g gLi=l s
L k2 ki +3) (i)

[T [y k) (i ki 1)(

In Appendix B, we present explicit expressions in the first
few orders.

Our motivation behind these observations pertaining to
the mode structures is not to evaluate the correlator at
special A. Indeed, we already obtained the corresponding
correlator in a more efficient way in the preceding section.
Instead, the motivation here is that these modes may
provide a path to search for the general rules governing
the d = 4 correlator more broadly. It would be interesting
to develop an effective field theory to organize these higher-
dimensional mode structures.

VI. DISCUSSION

In this paper, we discuss the exact solutions to the d = 4
linear partial differential equations proposed in [112].
Assuming the validity of the equations, the exact solutions
represent the resummation of all minimal-twist multistress
tensor contributions to the heavy-light correlator, evaluated
at specific values of A, in d = 4 CFTs with a simple gravity
dual description. These correlator results correspond to a
holographic computation with a spherical black hole. We
find that the resummed d = 4 correlator at large central
charge has essential singularities in the s plane. We also
show that the correlator can be expressed as mode
summations.

There are two immediate questions:

(1) What are the origin and the scope of validity of the

d = 4 partial differential equations?

(2) Can one obtain the corresponding d =4 exact
correlator at more general values of A using a
field-theoretic method?

Let us conclude with some thoughts on how to approach

these questions.

To approach the first question, it may be useful to
investigate whether these differential equations can be
embedded within a larger set of differential equations that
incorporate the contributions from higher-twist multistress
tensors as well. Alternatively, it could be useful to explore
whether these differential equations have an interpretation
as a limit of a bulk equation of motion via holography.

ki +2)(

. ] (112)

ki +3) (0 ki +4)]

|

It would be interesting to construct a relevant null state in
d = 4 at large Cr and, in a similar spirit to the d = 2 BPZ
approach, derive the d = 4 null-state differential equations
from CFT first principles. To construct a relevant null state,
one may explore possible higher-derivative operators in
d = 4. Tt is, however, crucial to incorporate the enhance-
ment from the heavy operators. Note that the d =4
differential equations depend on the central charge through
u. Although this parameter can be absorbed into Z in the
near-light-cone limit, this does not imply that we consider a
vanishing p. It might be necessary to construct a d =4
analog of the L_, operator, which is used to construct the
d =2 level-two null state. It seems natural to try to
construct such an object by integrating over the d = 4
stress tensor near a two-dimensional plane with a suitable
regularization. However, like the d = 2 case, this object
may not have a transparent geometric interpretation. (For
example, the work [116] attempted to isolate relevant
stress-tensor OPE contributions in the near-light-cone
regime. An algebraiclike structure was obtained by assum-
ing a certain limiting procedure. It might be interesting to
see if such a structure has an observable consequence or to
consider possible deformations.)

To address the second question, it may be useful to
investigate whether the d = 4 correlator evaluated at A =
—1, =2, —3 exhibits a pattern that holds for a broader range of
A.Ind = 2, ananalytic continuation was employed in [35] to
compute the correlator at general A using the correlator
involving degenerate fields. It would be interesting to explore
whether a similar approach could be extended to d = 4. On
the other hand, it is desirable to establish a connection
between our work and the effective field theory approaches
developed in [54,63]. To compute the multistress tensor
contributions in higher-dimensional CFTs, developing a
generalized effective field theory is of great interest.

It is also important to emphasize that our results do not
account for the double-trace contributions made from two
light scalars. It would be interesting to obtain the corre-
sponding exact correlators in higher dimensions.

These investigations are left to future work.
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APPENDIX A

In this appendix, we collect some O(n) expressions in both d =2 and d = 4.

1. d=2 correlator at A= -1

RS (0)
=042+ 00-2),

1-e¢",

RA=1(v) = 18(v2 + 60+ 12— ¢" (v —6v + 12)>’

RA="1(v) = 36(1)3 + 1202 + 60v + 120 + ¢ (v* — 120% 4 60v — 120)>,

RY="(v) = 54(v4 +200* + 1800% + 8400 + 1680 — e”(v* — 200 + 18002 — 840v + 1680)),
R§='(v) = 35ﬁ (vS +300* + 4200% + 336002 + 151200 + 30240,

+ e"(v> — 300* + 4200° — 33600 + 151200 — 30240))

324
R~ (v) = 5 (v6 +420° + 8400* + 100800° + 756000 + 3326400 + 665280

— e (v® — 4207 + 840v* — 1008003 + 756000% — 3326400 + 665280)),

1944
RA=1(v) = S5 (1)7 +562° + 15120° + 252000* + 2772000° + 19958400 + 86486400 + 17297280

+ (v = 5605 + 15120° — 252000 + 27720003 — 199584002 + 86486401 — 17297280)).

2. d=4 correlator at A= -1

Ry (o) = (1- )2,

1
RA="l(v) = (v +3+e¥(v-3)+ 46”1)),

4
1
R (o) = o (1)2 + 90+ 24 — 8¢ (12 + 6) + 2 (v — 9v + 24)),
1
R (o) = —= (113 11802 + 1230 + 315 + 16e” (1% + 24)v + €2 (v — 1802 + 1230 — 315)),
1
Ry (0) = 4o (v* + 300% + 37507 + 22950 + 5760 - 32¢"(1* + 6007 + 360)

+ e (v* = 300° + 37507 — 22950 + 5760)),

RA="1(p) = (1/5 + 450% 4 8850° + 945007 + 544950 + 135135

2764300
+ 64e (v} + 12002 + 2520)v + €2 (05 — 450* + 88503 — 945002 + 54495y — 135135)),
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1
RA="1 :7( 0+ 630v° + 1785v* + 289800° + 28318512
e~ (v) 533743700 v° 4+ 630v° + v+ v+ v

+ 15734250 + 3870720 — 128¢”(v° + 210v* + 100802 + 60480)

+ €2 (v® — 6317 + 1785v* — 2898003 + 2831850 — 15734250 + 3870720)),

1
R=1 :—< 7+ 840° 4 323420° + 737100* + 10706852° + 988281002
2= (v) 260112384OOU+ v° + v’ + v+ v’ + v
+ 535314150 + 130945815 + 256¢? (v + 3360* + 3024002 + 604800)v + (v’

— 840° + 32341° — 737100* + 1070685v* — 98828100 + 535314150 — 130945815)).

3. d =4 correlator at A= -2

RE™2 () = (1= e'),

1
R (0) =5 (1= e")(v+3 +4e"v + (v - 3)),
1
1
RE™2(v) = 355 (31;3 + 4807 + 2930 + 675 4 9¢" (7 — 120 4- 39 - 75)

—9e? (13 + 1207 + 390 + 75) + (=303 + 480% — 2930 + 675)),
1
RA-2(p) = — (91}4 +2340% + 255307 + 137490 + 30631 — 27¢" (v* — 220° + 15312

15360
—603v + 1179) + 27" (v* + 220 + 153v? + 603v + 1179)

+ 3 (=9v* + 23403 — 255302 4 13749 — 30631)),

R (0) -

5 13450 + 582503 2 12712 251
358400(91; 13450 4 58250° + 5385002 - 2712050 + 592515

+27e" (v’ = 350* + 42503 — 28500 + 120450 — 21945)
— 27 (v + 35v* + 4250 + 28500% + 120450 + 21945)

+ €3'(=91° + 3450* — 5825v% + 538500% — 271205 + 592515)),

1
103219200
+ 125737265 — 243¢" (v% — 510° + 960v* — 9960v° + 68445v% — 2790450 + 514485)

+ 24362 (10 + 5107 + 9600v* + 99600° + 6844502 + 2790450 + 514485) + €3¥(—812°

RA=2(v) = (81116 +42932° + 1031400* + 14317200° + 120636450% + 58288035

+42930° — 1031400* + 14317200° — 120636450% + 582880350 — 125737265)),

1
4335206400
+ 16362641750 + 3498489225 + 243¢"(v” — 700° + 18900° — 283500 + 28444513

— 190512002 + 76497750 — 14397075) — 243¢%* (v + 700° + 18900° + 28350v*
+ 2844450% + 19051200 + 76497750 + 14397075) + €3 (—81v7 + 56700°

R=2(v) = (81v7 +56700° + 1833300° + 35374500* + 4385524503 + 3482988601

— 1833300° + 35374500 — 438552450 + 348298860v% — 16362641750 + 3498489225)).
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R () =

RY=(0) =

RS (1) =

Ry () =

R () =

R0

R0 -

4. d =4 correlator at A= -3

(l _ 61/‘)4,
(1—e")?(v+3+4e’v + e*(v—3)),
1
0 (181;2 + 1410 + 325 — 267 (902 — 1230 + 176)

+54e (207 + 1) = 237(90 4 1230 + 176) + e*' (180> — 141v + 325)),

1
160 (61}3 + 870 + 4810 + 1006 + e’ (3v° — 960° + 647v — 857) — 18> v(20% — 3)

+ &3 (3v® + 960% + 6470 + 857) + ** (60 — 87v? + 481v — 1006)),

1
17920 (72v4 + 165603 + 16014v? + 767430 + 152972 — 2¢”(9v* — 52203 + 829522

— 40857v + 68224) + 216¢2* (20* — 1802 — 153) — 23 (9v* + 52207 + 829512
+ 40857 + 68224) + €4 (720* — 16560 + 160140% — 76743v + 152972)),

3 X ) . 2
—acos (14407 +48000% 47070007 + 5728500° 4 25433300 + 4930765

+ 2¢?(9v° — 825v* + 2382503 — 26310002 + 11853050 — 2378215) — 432> v (20*
— 500 — 885) + 2¢%"(9v° + 825v* + 2382503 + 26310007 + 1185305 + 2378215)

+ % (14405 — 48000 + 7070003 — 5728500 + 25433300 — 4930765)),

1
154828800
+ 1738983400 — 2¢"(810° — 10773v° + 4923450* — 970200003 + 88522245v% — 404456955

+ 870410240) + 3888¢2” (415 — 2100* — 567002 + 945) — 263" (8115 4 107731 + 4923450*
+ 970200003 + 8852224507 + 4044569550 + 870410240) + €**(25920° — 1179360°

(25921)6 + 1179360° + 2441880v* + 293580000° + 2155059902 + 9130408350

+ 24418800* — 293580002 + 215505990v% — 913040835v + 1738983400)),

1
3612672000
+ 519682411502 + 21338803990 + 40150046895 + e” (8107 — 147420° + 978264+°

—30248190v* + 4726130850 — 395347092007 + 185953351850 — 40478016495)
— 3888e2Pw(405 — 378v* — 132300% + 57645) + €3 (8107 + 1474205 + 97826403
+ 30248190v* + 4726130850 + 395347092002 + 185953351850 + 40478016495)
+ e*(259207 — 15422405 + 425628003 — 70454160v* + 7536293102°

(25921;7 + 1542240° 4 42562800° + 704541600* + 75362931003

— 51968241150 + 213388039900 — 40150046895)).
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APPENDIX B

This appendix includes some explicit expressions of the d =4 modes at A =

—1,-2,-3, as follows:

(m=1)(m—=2)(n—1)(n—-2)z""7z?

FA~(z,2) =1 -

(m—=1)(m-2)z"z io:
4m( 1)(m+2) — 24m(m + 1)(m +2)(m + n)(m +n+1)(m +n +2)
m— 1)(m—2)(n - 1)(n-2)

@MS ‘Mg

(
L 3<192m(m + 1) (m +2)(m +n)(m +n+1)(m +n +2)

(g = 1)(g —2)zmm+az?

(m+n+q)m+ntq+1)im+n+q+2)
3m—=1)(m=2)(n—=1)(n—-2)2m + n + 3)7"*"z?

) +0O(z%),

N _ D(m=2)2"7 &
Pt Z2m<m+ 1(m+2) m.zn;316m<m+1>(m+2)(m+n>(m+n+1><m+n+2><m+"+3>

o

m,n,qg=3

(6] - 1)(6] - 2) (2m +2n+qg+ 3)Zm+n+q23

Z ( Im—-1)(m=2)(n—1)(n—-2)2m +n+3)
160m(m+ 1) (m+2)(m+n)(m+n+1)(m+n+2)(m+n+3)

(m+n+q)(m+n—|—q+1)(m—|—n+q—|—2)(m+n—|—q+3)

Py =1- Z am mli(nimzfz)z

> +0(z%),

2) (7m2 + 7m(n + 4) + 2(n2 +Tn + 12))Zm+nZZ

(m=2)(n=1)(n—
+Z4om )(n = 1)

—1)(m=2)(n—-1)(n-

Dm+2)m+n)(m+n+1)(m+n+2)(m+n+3)(m+n+4)
2)(Tm? + Tm(n + 4) + 2(n> + Tn + 12))

- 3 (o=

Lla=1)g-

2)(Tm? +Tm(2n + q +4) +Tn* + Tn(q + 4) + 2(q

+)(m+2)m+n)(m+n+1)(m+n+2)m+n+3)(m+n+4)

2+7q+ ]2))Zm+n+q23

(m+n+q)(m+n+q+1)(m+n+q+2)(m+n+q+3)(m+n+q+4)

) +0(z*).
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