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Millisecond pulsars, representing the older neutron star population, are believed to have under-
gone a prolonged period of dark matter accumulation, resulting in a higher dark matter content.
Their extreme rotation makes them unique laboratories for studying rapidly rotating neutron stars
admixed with dark matter. In this work, we model uniformly rotating neutron stars with a dark
matter component that rotates independently from the baryon matter, allowing for the investiga-
tion of both co-rotating and counter-rotating scenarios. We examine the impact of dark matter
rotation on the macroscopic properties of neutron stars, including the mass-radius relation, the
mass-shedding Keplerian limit, and moments of inertia, for various dark matter particle masses and
total fractions, considering both core and halo distributions. Our findings provide a more compre-
hensive understanding of how dark matter influences the equilibrium properties of rotating neutron
stars, offering new insights into the astrophysical implications of self-interacting dark matter.

I. INTRODUCTION

Neutron stars (NSs) are among the most extreme as-
trophysical bodies, serving as invaluable natural labo-
ratories for modern physics. While predicted already
in 1934 [1], their first observation was made possible
by the radio pulses of the star today known as PSR
B1919+21 [2]. In 1982 the first millisecond pulsar, PSR
B1937+21, was discovered [3], characterized by a period
of around 1.55 ms; the fastest-spinning pulsars currently
known are PSR J1748-2446ad, discovered in 2004 [4],
with a period of only 1.4ms (716.36 Hz) and 4U 1820-30
(J1820-30A) with a spin frequency of 716 Hz [5].

Such rapid rotation can be attained as a result of stellar
evolution in closely interacting binary systems, whereas
the NS not only accretes mass but also gains angular mo-
mentum from its non-degenerate companion star due to
the conservation of angular momentum. This mechanism
is called “recycling” spin-up [6].

The millisecond pulsars have a weak magnetic field,
exhibit extremely slow spin-down rates, and can be sev-
eral billion years old [6-8]. If these long-lived stars reside
in regions such as the cores of galaxies or globular clus-
ters, their strong gravitational field could allow them to
accrete a significant fraction of dark matter (DM) [9, 10].

In contrast to symmetric DM which undergoes
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particle-antiparticle annihilation, asymmetric DM is
steadily accumulated during the lifetime of the stellar ob-
ject, forming gravitationally stable configurations. The
measurement of heavy pulsars with masses above 2Mg
and the detection of old NSs [9, 11-16] put a constraint
on the DM particle mass and the allowed relative frac-
tion based on the scenario in which accumulated asym-
metric DM exceeds the Chandrasekhar mass, leading to
gravitational collapse into a black hole and disrupting
the star [17, 18]. However, the presence of a repulsive
self-interaction is sufficient to prevent this gravitational
collapse, which would otherwise occur when a critical
amount of DM is accreted.

The concept of self-interacting DM (SIDM) has gained
significant interest as a potential solution to several dis-
crepancies where the Lambda cold dark matter (ACDM)
cosmological model falls short [19]. These mismatches are
particularly evident when comparing theoretical predic-
tions to observational data for dwarf galaxies [20]. Thus,
the core-cusp problem refers to the inconsistency between
the observed flat DM density profiles in dwarf galaxies
and the steeply rising distributions predicted by simula-
tions [21]. Another striking case is the well-known Bullet
Cluster (1E 0657-56), often cited as one of the strongest
pieces of evidence for the particle nature of DM [22, 23],
along with other merging galaxy clusters such as Pan-
dora’s Cluster (Abell 2744) and MACS J0025.4-1222 [24—
26]. However, the estimated collision velocity of the Bul-
let Cluster, around 1000 km/s, appears highly unlikely
within the ACDM model [27]. SIDM in the form of a
strongly-coupled, dilute Bose-Einstein condensate would
solve these problems and more [19, 28]. Nevertheless,
bosonic DM is not the only candidate, self-interacting
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or non-interacting fermionic DM is a realistic DM model
as well [29, 30]. In the latter case, the Fermi pressure
provides stability against gravitational collapse [31, 32].

In the scenario in which DM is effectively self-
interacting and has negligible coupling with particles of
the Standard Model, we can consider gravity as the only
relevant force at play. This assumption is fully justi-
fied by comparing the DM-BM cross-section constraints
coming from the on-ground DM direct detection experi-
ments [33] and astrophysical constraints, e.g. the Bullet
Cluster [26], with the strength of the nuclear interaction,
which is at least 21 orders of magnitude higher. Thus,
two gravitationally interacting fluids can coexist within
the same gravitational well, forming DM-admixed NSs
(DMANSSs). This scenario can be realistically realized in
two ways [34-39]. Heavier DM particles (mpum 2 1 GeV)
tend to condense into a compact core, resulting in a re-
duction of both the star’s maximum gravitational mass
and tidal deformability A due to the increased gravita-
tional pull the BM feels [40-42]. In contrast, lighter DM
particles (mpy ~ 100 MeV) typically form an extended
halo around an NS, leading to an increase in the star’s
outer radius and tidal deformability. The inclusion of
rotation introduces another scenario. Since the two com-
ponents interact only gravitationally, it is expected that
DM and BM have different rotational frequencies, it is
possible to build a mixed configuration in which the equa-
torial radius of the baryonic component is bigger than the
radius of the DM one while in the polar direction, along
the axis of rotation, the opposite happens.

The accumulation of DM within NSs is influenced by
factors such as local DM density, scattering cross-sections
(i.e. self-interaction cross-section and with BM), and the
star’s evolutionary history [10, 11, 43]. While conven-
tional accretion models predict low DM fractions—on
the order of one-hundredth of a percent [31]—alternative
scenarios, such as the accretion of DM clumps or the
presence of high-density DM subhalos [44], could lead
to significantly higher values. An overdense DM spike
is expected at the Galactic center, concentrated around
the supermassive black hole [45]. However, rapid DM
accumulation in such a spike would be most pronounced
for NSs located in the central regions of the galaxy. All
these processes become particularly important in the case
of millisecond pulsars. Rapidly rotating NSs can also
form after the merger of two NSs. The long lifespans of
both cases provide sufficient time for interactions with
surrounding DM, leading to potentially substantial DM
fraction. Over such extended periods, even feeble DM-
BM interactions or low local DM densities could result
in non-negligible DM accumulation.

Studying rapidly rotating DMANSSs is especially inter-
esting in the framework of the X-ray observations by the
NICER telescope. Thus, as it was shown in Refs. [46-50]
DM could affect the x-ray pulsar pulse profiles, and con-
sequently the mass-radius constraints inferred from the
NICER observations.

The properties of non-rotating DMANSs have been

thoroughly studied for both isolated and binary configu-
rations [51-55] and the first results have been published
for the rotating case [56-59]. In this work, we investigate
the impact of rotation on the macroscopic properties of
DMANSs. Using an in-house developed extended ver-
sion of the RNS code [60, 61], we investigate scenarios
with varying DM fractions, particle masses, and rota-
tion. We analyze both core and halo configurations of
DM, focusing on their influence on the maximum mass
and rotational properties of NSs.

In contrast to [56, 57], we do not restrict our analysis
to the slowly rotating limit, allowing us to explore config-
urations up to the mass-shedding limit. This broader ap-
proach enables a more comprehensive examination of the
parameter space, capturing a wider range of astrophys-
ical scenarios. Moreover, unlike [58], we extend beyond
core configurations, encompassing structures from small,
compact cores to very large halos. In addition, we sys-
tematically explore the maximally rotating, Kepler limit,
models.

The paper is organized as follows. Section II presents
the equations of state (EoSs) for both BM and DM, while
Section III outlines the framework for constructing rotat-
ing DMANS models along with the modifications imple-
mented in the RNS code. In Section IV, we analyze repre-
sentative configurations and discuss their characteristics.
Finally, Section V provides a summary of our findings
and future perspectives. We use, unless otherwise speci-
fied, natural units in which A=c=G = 1.

II. BARYONIC AND DARK MATTER EOS
A. Baryonic matter EoS

The properties of hadronic matter are modeled em-
ploying the relativistic density functional DD2npY-T
EoS [62]. This EoS accounts for both nucleonic and hy-
peronic degrees of freedom and satisfies several key ob-
servational constraints. Specifically, it is consistent with
the maximum mass requirement for NSs [63-65], the tidal
deformability constraints inferred from the LIGO/Virgo
observations of the GW170817 and GW190425 binary NS
mergers [66, 67], and the NICER measurements of pul-
sars [68-72]. For densities below the nuclear saturation,
the EoS is complemented by a crust model based on the
generalized relativistic density functional [73]. This crust
model describes nuclei arranged in a body-centered cu-
bic lattice surrounded by a uniform electron background,
with an additional neutron gas present above the neu-
tron drip density. The transition between the crust and
the DD2npY-T EoS is implemented consistently within
a unified framework.

To address the effect of BM uncertainties at high den-
sities, in Section IV C, we perform calculations for two
additional EoSs. The first, DD2 [74], includes n, p, e, and
u degrees of freedom. Compared to the DD2npY-T EoS,
which includes hyperons, the DD2 EoS is significantly



stiffer and allows for a maximum NS mass of 2.4 M.

Finally, we consider the Induced Surface Tension (IST)
EoS which incorporates the hard-core repulsion fitted to
the hadron yields measured in a wide range of the center
of mass heavy-ion collisions energies [75], the long-term
attraction and asymmetry energy formulated in agree-
ment with the NSs observations and tidal deformability
from the GW170817 binary NS merger [76, 77]. The IST
EoS accurately models the nuclear liquid-gas phase tran-
sition, including its critical endpoint [78]. In the present
work, we utilize the set B of the IST EoS that includes
n, p, and e degrees of freedom and was developed in [77].

Those three EoSs, i.e. DD2npY-T, DD2, and IST, were
chosen to represent different classes of models with vary-
ing nuclear matter properties at the saturation density,
particle compositions, and stiffness.

B. Dark matter EoS

The model of DM employed in this work describes self-
interacting bosons. The dynamics is governed by the
Lagrangian [79]

2
L= 0000 "Dgts - 2R, (1)
where ¢ is a complex scalar field, mpy is the mass of the
DM particle and A\ is a dimensionless coupling constant.

At sufficiently low temperatures this scalar field forms
a Bose-Einstein condensate, allowing stable configura-
tions to exist. A detailed derivation of the EoS in
the total condensation limit, corresponding to the zero-
temperature regime, is provided in [80]. Introducing the
chemical potential upy, the relevant quantities are given
by

npM = /J’%M (#2DM - szM) ) (2a)
Ppy = % (1dy — m12:>1\/1)2 ; (2b)
epm = 3Ppum + 2mpy PDTM , (2¢)
hpm = log Hpm , (2d)

mpm

representing, respectively, the DM number density, pres-
sure, energy density, and specific enthalpy.

III. NUMERICAL FRAMEWORK
A. Equilibrium and structure equations

Two ideal fluids in hydrostatic equilibrium can be de-
scribed within a simple model when they uniformly ro-
tate along the same axis and interactions among them are
neglected. Writing the total energy-momentum tensor as

Tiot = Tin + Tow » 3)

that is to say, ignoring energy transfer between the two
fluids, the continuity equation V, T, = 0 implies that
both V,Thy, = 0 and V,T5(; = 0. For non-rotating
configurations it is easy to recover a generalized form of
the Tolman—Oppenheimer—Volkoff (TOV) equations [81,
82]:

dPem _ (em + Pom) (Mot + 477° Pot) (4a)
dr r2(1 — 2Mer) ’
dPom _ (epm + Pom) (Mot + 477° Prot) (4b)
dr r2(1 — 2t !
dM
dfM = 4nriepum , (4c)
dM
dfM = drr’epu, (4d)

where Mot = My + Mpwm and similarly Pyt = Pev +
Ppur.

Masses of DM and BM star components can be also
defined as an integral over the entire stellar volume of
V=9(—2T§ 4+ T}), which can be computed for each fluid
as

00 /2
My = 47r/d7“ r2/ dfsin @ e***7 (ex +3Px), (5)
0 0

where we indicate with the subscript X either the BM or
the DM and the metric fields « and v are defined below
in Eq. (7). In general, it is true that the total mass
Mo, obtained either from Egs. (4¢) and (4d) or through
Eq. (5), is equivalent since this is an invariant quantity
for the system. However, this is not valid for the single
components.

These equations can be solved simultaneously by em-
ploying the standard Runge-Kutta method. Initial con-
ditions are specified at » = 0 imposing zero mass and cen-
tral pressures interpolated from the respective EoS for a
given central energy density. The metric fields can finally
be reconstructed from the matter fields and complete the
construction of a spherically symmetric spacetime.

The radii of each of the components are found using
the zero-pressure condition at the surface. At the same
time, the BM and DM distributions defined by the central
energy density or chemical potential values scale propor-
tionally. As was shown in [31] the values of the chemical
potentials of BM and DM are related as

dlnppv _ dlnppym Moy + 4773 Pyot (6)
dr A r2(1 — L{“’t) .

To consider rotating configurations, the Einstein field
equations can be solved in axial symmetry by employ-
ing the Komatsu-Eriguchi-Hachisu (KEH) scheme [83],
incorporating the modifications proposed in [84]. In par-
ticular we have modified the RNS' code [60, 61], straight-
forwardly generalizing the original algorithm as follows.

L github.com/cgca,/rns
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The general line element is expressed in quasi-isotropic

coordinates as
ds? = — ?Pd? 4+ e2*(dr? + r?d6?) ™
+ e Pr?sin® O(dg — wdt)?,

where 7, p, a, and w represent the metric potentials,
each depending on r and 6. The circumferential radius
is recovered from r as

R=re2". (8)
Each fluid’s four-velocity uk is defined as
e—(r+p)/2
ul = —— (1,0,0,0x) , (9)
1—ov%

where vx = (Qx —w)rsinf e ? and Qx is the fluid angu-
lar velocity. The sign of Qx determines if the fluid rotates
counter-clockwise or clockwise. For most of our stud-
ies we will assume that both fluids rotate in a counter-
clockwise rotation (Qx > 0); in Section IVB we will
explore the other interesting case in which the DM fluid
counter-rotates with respect to the BM (Qpy < 0).

Eq. (9) implies that even if one of the two components
has zero angular velocity 2x, the linear velocity vx re-
mains nonzero as a result of the frame-dragging effect
induced by the other component.

The 4-velocity u) enters in the energy momentum ten-
sor as

T;(w = (5X + Px)ui’ug( + ng'u’y s (10)

where g"” is the inverse metric tensor.

Studying the non-vanishing Einstein field equations, it
is possible to show that the structure of the equations
to be solved is analogous to the one-fluid case reported
n [83]. The explicit form of these equations is reported
in Appendix A.

The computation of the metric fields, alongside the
matter distribution, begins with an initial guess, typi-
cally a previous iteration or a non-rotating star. From
the initial metric fields, a value of the angular velocity
is determined through the first integral of the hydrosta-
tionary equilibrium

hx — Inuk = const, (11)

where hx is the specific enthalpy. By coupling Eq. (11)

with a prescribed ratio rX,. between the polar radius

(rX) and equatorial radius () for each fluid, it is pos-

sible to compute

X
X pX 7 X pX ofe

X \/ Tp D e e
QX = W, + 1—e 2 X

€

@

and thus vx. The metric fields are evaluated at either
the equatorial radius of the respective fluid (subscript e)
or the polar radius (subscript p)—e.g.

M = (r=rM 0 =7/2) (13)
’VEM :Ay(r :rEM, 9:0) . (14)

4

Note that when Qx < 0 the square root in Eq. (12) ac-
quires the negative sign.
The specific enthalpy distribution is computed using

hx=%h§+p§f—w—p—ln(l—v§<)}~ (15)
The matter distributions, i.e. the energy densities ex
and pressures Px, are computed from Eq. (15) starting
from a fixed value of the central energy density eX. The
metric potentials are then recalculated, and this iterative
process is repeated until convergence is achieved.

Of particular importance for our studies is the choice
of a definition for the DM fraction

Mpwm
Mtot .

fom = (16)

It is well known [85] that in general relativity there is
no unique definition of an object’s mass. In the previous
paragraph, we discussed the different mass definitions of
the non-rotating case. While Eq. (5) can be readily gen-
eralized to rotating stars, there is no straightforward ro-
tating version of Eqgs. (4¢) and (4d). Thus, for rotating
stars, we define the DM and BM masses as

S w/2
Mx = 47T/dT r2/ dfsin @ etV x
0 0

P
[Ei(—i_v;( (1 + 'U)2( + 2wrvx e~ sin 9) +2Px| ,
- X
(17)

and of course, the total mass is the sum of the two.
The rest mass of each component MY can also be cal-
culated using an integral throughout the star

00 w/2
MY = 47 / dr dO/—gWp , (18)
0 0

where W = 1/4/1 — v% denotes the Lorentz factor of the
fluid element, and p$ = (ex + Px) e~ "X represents the
rest mass density. Naturally, the total rest mass of the
star is the sum of the two components.

Another important parameter of the rotating stars is
the Keplerian angular velocity Q. It represents the an-
gular velocity of a particle on a circular orbit around the
star’s equator at zero altitude and is the maximum an-
gular velocity allowed for stable configurations. For the
metric element given in Eq. (7) it can be expressed as

X
OFf = WX + e ot (19)
Te

where vX is the equatorial orbital velocity measured

by an observer with zero angular momentum in the ¢-
direction. QX in general, depends parametrically on
both the central energy density of the fluid X and its
angular velocity 2x. Note that Eq. (19) can be used to
compute the Keplerian angular velocity regardless of the
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FIG. 1. Density profiles in the y— z plane at & = 0 for a NS rotating at QBM, Qpym = 0 and foum = 5%. Left: core configuration,
Moy = 2Mg, mpm = 1 GeV, QRM = 8068 Hz. Right: halo configuration, Mo, = 2.08 Mg, mpum = 250 MeV, QEM = 6841 Hz.

configuration we choose for the DM since the velocity of
a particle in circular orbit on the equator depends only
on the metric fields:

e~Pr20,w
T 257 (0 — Ovp)
\/ r(0ry + Orp) e 2074 (0,w)?
2470y —0rp) | 2470y — Bp)]
As before, the minus sign is acquired when the fluid X is
counter-rotating.

Another important quantity to study for rotating NSs
is their moment of inertia, defined as

_ JeMm + JpMm
Qx ’

where the angular momentum Jx is computed from

s= [ @n g,

e (7)

(20)

Ix (21)

oo w/2
=4r / dr 7'3/ dfsin? 9T ~° (ex + Px) 1)7)(2 .
0 0 I-wvx

(22)

In the two-fluid system the moment of inertia could be
defined for each of the components separately, or the total
one [57, 86]. Since this quantity measures the object’s
resistance to changes in rotational frequency and depends
on the mass distribution of both components, it serves as
a potential probe of DM, which will be discussed in the
following section.

Interestingly, the core configurations of DM are im-
pressively similar to superfluid NSs where the two flu-
ids correspond to the normal and superfluid compo-
nents [87, 88]. This similarity could bring new insights
to the DM topic.

IV. RESULTS

In this section, we present the results of our analysis of
rotating DMANSSs at the mass-shedding limit. Hereafter,

as the most representative case, we employ two distinct
DM configurations: a DM core obtained for the particle
mass mpy = 1GeV and a halo for mpy = 250 MeV.
Note, that the self-interaction strength value in both
cases is fixed to A = 247. This choice is arbitrary and
made in order to obtain in the non-rotating core limit a
maximum mass close to 2 Mg.

A. Non-rotating dark matter

Fig. 1 shows a slice of the density profiles for both BM
and DM on the x = 0 plane for two representative con-
figurations: a core (left panel) and a halo (right panel).
These models correspond to systems with a total gravi-
tational mass of 2Mg (left) and 2.08 Mg (right), a DM
fraction of fpy = 5%, Qpm = 0Hz, and Qpy = QBM.
Both panels highlight the characteristic cusp that devel-
ops at the BM mass-shedding limit because of the very
rapid increase of the equatorial radius Rpy when increas-
ing Qg [89]. We can notice how the deformation due to
DM, at least for this particular choice of parameters, is
very weak. This is a reflection of the fact that the DM
and BM components interact only gravitationally.

A first analysis of the impact of non-rotating DM on
spinning NSs can be carried looking at the top panel
of Fig. 2. Here we report the relation between the total
mass given by Eq. (17) and the equatorial radius RZM for
static DMANSs (thin lines) and maximally rotating stars
(thick lines). Thin dotted lines between the two depict
sequences with fixed rotational rate, namely f = 716Hz,
corresponding to the fastest spinning pulsar as discussed
above. Naturally, for low masses, it ends at the Kepler
limit sequences. The colors distinguish the different DM
configurations: red shows a core configuration, blue is a
halo, and finally black is the standard case of no DM. All
allowed uniformly rotating stars with fpm = 5% (solid
lines) lie in the region bounded by these curves. Finally,
the dashed blue lines show another realization of the halo
configuration for fpy = 15%. Note that such a high DM
fraction was chosen to illustrate the effect at its extreme.
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FIG. 2. Sequences of configurations with non-rotating DM
Qpm = 0 and two fixed DM fractions fpm = 5% (solid lines)
and fpm = 15% (dashed lines). With red (blue) we indicate
the curve that characterizes a core (halo) case with particles of
1 GeV (250 MeV). The two star symbols represent the models
reported in Fig. 1. Top: The total NS mass as a function of
its equatorial radius. Thin lines represent non-rotating BM
as a reference. Dotted lines show the sequences rotating at
constant angular frequency vgm = 716 Hz (or equivalently
an angular velocity Qv = 4498 Hz). The pink and light
red bands represent the lo constraints on the mass of PSR
J1810+1744 [64], and PSR J0348+0432 [63]. The NICER
measurement of PSR J0030+0451 [68, 69] is shown with the
purple and yellow contours, the gold and orange contours rep-
resent the PSR J07404+-6620 measurement [70, 71], while light
blue (95% CL) and light blue dashed (68% CL) contours rep-
resent the PSR J0437-4715 measurement [72]. LIGO-Virgo
detections of GW170817 [66] and GW190425 [67] binary NS
mergers are shown in light green. Bottom: Mass depen-
dence of the Keplerian angular velocity for DMANS with non-
rotating DM (thick lines on the top panel).

Rotation generally tends to increase the maximum
mass by approximately 20% and the radius by about 40%
for pure BM NSs [89]. In the case of a DM core, in the
static limit the additional mass present with respect to
the fpm = 0 case mimics a softening of the nucleonic
EoS. The effect is a reduction of the maximum mass and

radius. Rotation of the BM at the Kepler frequency has
the same effect as before, increasing the maximum mass
and radius by approximately 15% and 40% respectively.
The case of a DM halo exhibits a more peculiar behav-
ior. In the static limit for fpm = 5%, we do not observe
the expected increase in mass and radius, as predicted
by previous studies [29, 90, 91]. This deviation arises
from the specific choice of parameters fpy, mpw, and
A. Thus, lighter DM particles of mpy ~ 100 MeV would
form a more extended and dilute halo [80]. Notably, if
we keep mpy and A fixed while increasing the DM frac-
tion beyond 10%, the expected growth in mass and ra-
dius emerges, as illustrated by the dashed blue line for
/om = 15%. When BM rotates at its Kepler angular
velocity, the maximum mass and radius for fpy = 5%
increase by approximately 20% and 40%, respectively.

The DM component, currently assumed to be non-
rotating, is only marginally affected by the rotation of
the NS, except in the most massive systems. In both
core and halo configurations, low-mass systems are asso-
ciated with a small Keplerian angular velocity Q2M and a
weak frame-dragging potential w. This results in a min-
imal deformation of the DM distribution: the equatorial
radius RPM exceeds the polar radius R;E)M by less than
0.1%. Near the last stable configuration this deformation
increases but remains modest, with a maximum differ-
ence of approximately 2%. In contrast, the BM exhibits
significantly larger deformations, with the equatorial ra-
dius exceeding the polar radius by about 50% even for
low-mass systems. This percentage gradually increases
as the system approaches the last stable configuration.

Higher DM fractions partially change this considera-
tion, e.g. the blue dashed line in Fig. 2 for a halo con-
figuration with fpy = 15%. While the deformation from
spherical symmetry remains small, the change in RPM
that is found with the current setup is much bigger, lead-
ing to the formation of a mixed sequence where at low
masses the DM forms a halo. In contrast, at high masses,
it is characterized by REM > RDM but REM < REM.
This is what happens for the dashed line on the upper
panel of Fig. 2; the switch happens at a mass of 1.44 Mg,.
The blue dot highlights the specific configuration mark-
ing this transition.

The bottom panel of Fig. 2 shows a comparison be-
tween the Kepler frequencies across the three configura-
tions for varying total gravitational masses. Core config-
urations consistently exhibit higher rotational frequen-
cies compared to both the halo and fpy = 0 cases.
The stronger gravitational pull at the equator requires
an increased centrifugal force to reach the mass-shedding
limit, and hence a higher angular frequency. Halos show
instead much smaller deviations from the pure BM case:
only for masses above 1.5 Mg there is an appreciable dif-
ference between the two. Increasing the DM fraction in
this last case has the expected behavior of increasing the
maximum angular velocity while maintaining the same
qualitative trajectory. A higher DM fraction at the fixed
total mass implies a higher DM mass, thus a lower radius
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FIG. 3. Both panels show the stable configurations of maxi-
mally rotating (Kepler) sequences with varying central energy
density eBM. Top: Oblateness as a function of the angular

velocity Qpm = QBM. Bottom: Oblateness as a function of
the BM equatorial radius RZM.

and a higher angular velocity.
Fig. 3 show the two key aspects of the maximally ro-
tating sequences, presenting the oblateness, defined as

RBM\ 2
e= 1—(R1]”3M>. (23)

The top panel of Fig. 3 shows e as a function of the an-
gular velocity Qv = QEM. All four profiles show similar
behavior. Low-mass stars rotating at angular velocities
on the order of hundreds of Hz exhibit only a slight in-
crease in oblateness with growing angular velocity Qpn—
and hence with the total mass. As Qg increases, the
oblateness reaches a maximum value. The angular ve-
locity at which this peak occurs is consistent between all
configurations: they closely follow the fpy = 0 reference
at Qv ~ 6kHz. Then the oblateness tends to decrease
until the last stable configuration is reached.

The bottom panel of Fig. 3 illustrates a comparison
of oblateness against the baryonic equatorial radius of
the maximally rotating configurations. At high radii—i.e.,
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FIG. 4. Moment of inertia for various configurations of
DMANSs as a function of the total mass. Here Jpm = 0.
Dotted lines illustrate the sequences rotating at constant an-
gular velocity Qsm = 4498 Hz (or equivalently an angular
frequency of vgm = 716 Hz), while the rest of the lines corre-
spond to maximally rotating configurations.

low masses and low angular velocities—the configurations
show a similar trend towards slowly changing values of
the oblateness. It is intriguing to observe that as the sys-
tems approach lower radii, halos, and cores become de-
generate while decreasing linearly with the radius. They
exhibit the same deformation, despite having drastically
different masses, angular velocities, and DM configura-
tions. Specifically, as the difference between the config-
urations becomes very small, the DM halo has a radius
several kilometers larger than the NS, while the DM core
is always such that REM ~ 3RDM. Changing the DM
fraction shifts the location of this linear regime to lower
radii while keeping the slope approximately the same.
Note that when the oblateness reaches its maximum the
system is already in the mixed configuration character-
ized by REM > RDM byt REM > REM.

Finally, Fig. 4 presents the moment of inertia of
BM, Ipwm, as defined in Eq. (21), for the different NSs
configurations as a function of the total gravitational
mass. Solid lines represent maximally rotating stars
with the DM fraction of 5%, dotted lines represent the
sequences of stars at a constant angular frequency of
vpm = pm/27 = T16Hz, and the dashed line corre-
sponds to the maximally rotating halo sequence for the
15% DM fraction. For low-mass stars, the moment of
inertia changes at the same rate regardless of the config-
uration considered. Core configurations tend to signifi-
cantly decrease, together with the maximum mass, the
maximum moment of inertia allowed for stable configu-
rations. Halos similar to before follows closely the pure
BM case, only slightly decreasing the values of Igy al-
lowed for stable configurations. Increasing the DM con-
tent from fpm = 5% to fpm = 15% results in a deviation
from the BM case for a given mass, effectively decreasing
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FIG. 5. Top: Comparison between the M-R curves of a max-
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the maximum Igy allowed.

B. Rotating dark matter

In the previous subsection, we considered DMANSs
configurations with a rotating BM component and a non-
rotating DM component. This approach allowed us to
establish a baseline for understanding how DM impacts
the structure of NSs without contributing directly to the
rotational dynamics. Here, we lift the assumption of non-
rotating DM, enabling both components to rotate inde-
pendently.

Fig. 5 reproduces Fig. 2 with the same color scheme
and line styles as in the previous subsection; dash-dotted
lines represent the configurations characterized by fpm =
5%, QM = QEM and Qpy = Q?{M. This is practically
the fastest rotation of the DM component that can be
imposed and is thus useful to see the maximum difference

with the Qpy = 0 regime.

Firstly, it is important to highlight that the blue dash-
dotted line in Fig. 5 does not represent a halo of DM
surrounding an NS anymore. It is instead a very large
core with RPM ~ RBM_ The low-mass halo of DM ex-
pands, due to rotation, less than the BM does, ultimately
becoming engulfed by the NS. For convenience, we will
refer to it as “halo” nonetheless, to underline the value
of the DM particle.

The core configurations increase the maximum mass of
the sequence by about 4.5% while the halo configurations
reduce it by about 2.5%, going from the thick solid lines
to the dash-dotted ones. Comparing—where possible— the
equal mass configurations, we notice that rotating cores
tend to increase the equatorial radius of the NS while
rotating halos tend to significantly decrease it. The Ke-
pler frequency reflects this change: at a constant mass,
it decreases for cores and increases for halos.

Lastly, Fig. 6 compares two core configurations with
Mtot = QMQ, fDM = 5%, and ‘QDM| = QBM = QEM In
the left panel, both fluids co-rotate with the same angular
velocity (Qpum = QEM > 0), representing a system that
has synchronized over time and reached dynamic equi-
librium. In this case, the deformation of the DM com-
ponent remains moderate, with the mass-radius relation
showing only minor deviations from the corresponding
non-rotating case.

In the right panel of Fig. 6, the two fluids are instead
counter-rotating with Qpy = — ‘QEM‘ A notable differ-
ence in this configuration is the deformation of the DM
component. While in the co-rotating case, the ratio of
polar to equatorial radius is approximately rgltvi[o ~ 0.51,
in the counter-rotating case it decreases significantly to

DM
DM~ 0.34.

The interplay between the metric fields in Eq. (7), the
fluid angular velocity Eq. (12) and the Kepler angular
velocity Eq. (19) is complex. Significant insight is given
by Fig. 7: in the top panel we report the relation be-
tween the absolute value of the DM angular velocity for
co-rotating (red) and counter-rotating (blue) core config-
urations; the bottom panel shows instead the dependence
of Qpym on the total gravitational mass. We use solid
lines for Qpym = |Qpum| = QEM and dash-dotted lines for
QBM = |QDM‘ = QEM/Q

For both values of the angular velocity, low mass sys-
tems behave as expected: increasing the required angu-
lar velocity (i.e., decreasing the input parameter rglz/{o)
the deformation of the DM fluid has to increase (i.e.,
rPM has to decrease). It is unexpected to notice how-
ever that co-rotating configurations can only achieve the
desired angular velocity for much smaller values of rP2M
with respect to counter-rotating ones. As the total mass
and angular velocity increase, counter-rotating configu-
rations favor more deformed systems; on the other hand,
the co-rotating sequence at some point inverts this trend
and starts increasing the angular velocity while also de-
creasing the deformation (moving towards higher values
of ¥PM . The DM is “pushed” by the frame-dragging

ratio
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FIG. 6. Density profiles in the yz plane at = 0 for a NS rotating at QEM, M. = 2Mg, mpm = 1GeV and fou = 5%.
Left: core configuration, QEM = 8076 Hz and two fluids co-rotating with the same angular velocity Qpy = QEM. Right: core

configuration QE™ = 7279 Hz and two fluids counter-rotating with the same angular velocity Qpy = —QRM.
91 Line color caused by the BM when they co-rotate. To reach high an-
o _ Eg;r::::_':iatmg gular velocities a lower relative angular velocity Qpy —w
is therefore necessary, which is reflected in a smaller de-
7] formation from spherical symmetry. The opposite sit-
~ uation occurs for counter-rotating configurations, that
T 61 move against frame-dragging.
= In Fig. 7 the line for the counter-rotating configuration
57 ends before it reaches its last stable configuration. This is
G l most probably a numerical issue related to the difficulty
' of obtaining solutions having extreme deformation with
3{ '}'{;: 'fﬁg&” the RNS code.
|Qom|= QR"
- B
.DM - . . . . . C. Effect of the variation of the BM EoS
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Fati As the performed analysis incorporates two underly-
27 L Lclr;ergggczlrn ing EoSs, for BM and DM, their choice would introduce
o] — Counter_rftating some uncertainties, while qualitatively the conclusions
One pateern will remain the same. To address the uncertainties of
7. Quy = AR the dense BM EoS we now turn our attention to the
- LQ"Mi:Q?,f/Z DD2 EoS introduced in Section ITA. The top panel of
2647 o= a2 J Fig. 8 presents the M-R diagram, where the thin solid
= ,/ lines denote static configurations, thick solid lines corre-
= > _.-7 i spond to maximally rotating BM with non-rotating DM,
G, "' and dash-dotted lines represent both fluids at their re-
spective maximum angular velocities. Colors once again
31 distinguish between core and halo configurations.
In the absence of DM, the DD2 EoS, in comparison to
2 /,/' the DD2npY-T EoS, allows a significantly higher max-
imum mass, around 2.41 Mg. As a result, even static
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FIG. 7. Comparison between co-rotating (red) and counter-
rotating (blue) core configurations for mpm = 1GeV, fpm =
5% and Qpm = |Qpum| = QRM (solid line) or Qpm = |Qpu| =
QM /2 (dash-dotted line). Top: Relation between the angu-
lar velocity |Q2pwm| and the ratio of polar to equatorial radius
rPM " of the corresponding configuration. Bottom: Relation
between the angular velocity |QDM| and the total mass of the

system.

core configurations with fpy = 5% can satisfy the ob-
servational data on heavy pulsars: PSR J0348+0432
M = 2.01 £ 0.04Mg [63] and barely fall below the
M = 2.13 £ 0.04 Mg of PSR J1810+1744 [64]. Intro-
ducing DM rotation in core configurations has the same
effect that could be seen in Fig. 5: the maximum allowed
mass increases and the corresponding radius slightly de-
creases. On the other hand, halo configurations are al-
most identical whether or not the DM fluid rotates. This
is because the extended halo surrounding the NS, with
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FIG. 8. Top: M-R diagram for the DD2 EoS. Thin lines repre-
sent static configurations for reference, while thick solid lines
represent maximally rotating NSs with non-rotating DM.
Dash-dotted lines represent sequences with Qpy = QBM and
Opm = ORM. With red (blue) we indicate the curves that
characterize the core (halo) configuration with particle mass
of 1 GeV (250 MeV) at constant DM fraction fom = 5%.
Since halo configurations with a non-rotating DM and DM
rotating at its Kepler limit cannot be visually distinguished,
we plot the latter with diamonds appearing on top. Bottom:
Comparison of the moment of inertia computed for three EoSs
for QM = QEM and OQpm =0 at fDM =5%.

an equatorial radius much larger than that of the BM,
has a significantly lower Kepler frequency (approximately
2kHz) than that of the baryonic component (approxi-
mately 7kHz). Consequently, the effect of DM rotation
is negligible.

Lastly, we show how the moment of inertia depends
on the choice of the BM EoS. To provide a more com-
prehensive analysis, in addition to the stiffer DD2npY-T
and DD2 EoSs we also consider a softer IST EoS. The se-
quences are reported in the bottom panel of Fig. 8 with,
respectively, solid, dashed, and dash-dotted lines. The
values are computed at fpy = 5% for maximally rotat-
ing NSs and non-rotating DM.
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In general, softer BM EoSs correspond to a smaller mo-
ment of inertia [92]. A similar effect can be achieved with
the accumulation of heavy DM in the NS core, whereas
light DM forming an extended halo increases the mo-
ment of inertia. Additionally, we present a transition
case where a halo with a low DM fraction also leads to a
decrease in the moment of inertia.

V. SUMMARY AND CONCLUSIONS

Due to their fast spin and long evolution history, mil-
lisecond pulsars are ideal laboratories to study the effect
of DM on NSs. In addition, millisecond pulsars repre-
senting old NSs are expected to contain a higher DM
fraction, particularly important for this analysis. To al-
low the study of rapidly rotating DM-admixed NSs we
have modified the public code RNS to include a second
fluid. We have assumed the two fluids interact only grav-
itationally, are cold, and rotate rigidly around a shared
axis. The DM distribution is automatically determined
by the corresponding EoS and the central energy density
value. The rotation is considered to be freely defined in
both magnitude and direction.

DM is modeled by a bosonic self-interacting fluid with
a quartic repulsive potential. To describe BM we have
utilized three EoSs representing different classes of mod-
els with varying particle compositions, stiffness, and nu-
clear matter properties at the saturation density. Partic-
ularly, the DD2npY-T and DD2 EoSs with and without
hyperons, respectively, formulated within the relativistic
density functional approach and the parametric IST EoS.
RNS is however not limited to these choices, and other
EoSs can be studied as simply as they can be tabulated.

Since this is a multi-parameter system, we have chosen
to present sequences with a fixed DM fraction while con-
sidering two cases for the BM angular frequency: one cor-
responding to the Keplerian limit, where the star rotates
at its maximum allowed frequency, and another for a re-
alistic millisecond pulsar rotating at 716 Hz, the fastest
observed spin rate to date [4, 5].

Our results indicate that incorporating DM in NSs pre-
serves the overall qualitative behavior observed for pure
baryonic stars. However, the quantitative changes de-
pend strongly on the chosen parameters for both BM
and DM components, with the DM particle mass and
self-interaction playing a key role in distinguishing the
core from the halo configurations in the static limit. In-
troducing BM rotation may blur this distinction—e.g., a
halo may shift to a mixed state where the BM equato-
rial radius exceeds the DM'’s, but the DM’s polar radius
remains larger. Notably, at high masses, we observe a
degeneracy of the oblateness among different DM con-
figurations (at fixed baryonic radius and DM fraction).
The oblateness peaks and then decreases linearly with the
baryonic equatorial radius with nearly identical slopes for
different DM particle masses. The moment of inertia also
shows significant changes, decreasing for both core and



halo configurations relative to the pure baryonic case.

The impact of rotation of the DM component at its
Keplerian limit depends on its configuration: cores in-
crease the maximum mass—as rotation provides an ap-
parent force that counteracts gravity— while halo config-
urations are highly sensitive to the parameters of both
EoSs. In some cases, the DM remains as an extended
halo with a minimal effect on the mass-radius diagram.
This is due to the low Kepler frequency at which the DM
component can rotate when compared to BM. In other
cases DM becomes engulfed by the NS, effectively form-
ing a very large core.

Finally, we examined consistently the case when DM
rotates with the same absolute value of the angular
velocity as BM, either co-rotating or counter-rotating,
reaching the BM Keplerian limit. An interesting ob-
servation for the core DM configurations is the follow-
ing. For low-mass systems, where the BM Kepler angu-
lar velocity is low, configurations with co-rotating DM
need a larger deformation of the DM component than
counter-rotating DM. As the mass increases and frame-
dragging effects grow, co-rotating configurations achieve
higher angular velocities with a smaller deformation. In
contrast, counter-rotating configurations require progres-
sively larger deformations to reach the BM Kepler limit,
reaching very oblate DM configurations with a ratio of
the polar to the equatorial DM radius lower than 0.35.

This analysis can be further extended in various ways.
In particular, it would be interesting to investigate how
the presented results depend on the variation in the self-
interaction strength A\ of the DM field, as described by
Eq. (1). Comparison with experimental data could ex-
clude portions of the (\,mpn) parameter space. This
can already be glimpsed for the DD2npY-T EoS look-
ing at our results where, for the chosen A and DM frac-
tion, static core configurations with mpy = 1 GeV are
below the 2Mg measurement [70, 71]. Maximally ro-
tating stars would instead be driven below the same
threshold for higher values of the mass. Another pos-
sibility is to move beyond the assumption of uniform ro-
tation—suitable for old, isolated stars—and explore dif-
ferential rotation, which is more relevant for remnants of
binary neutron star mergers [93-98].

The physical mechanisms driving dark matter rotation
in admixed systems remain an open question, with sev-
eral intriguing scenarios proposed. These include the in-
heritance of angular momentum from preexisting struc-
tures, asymmetric accretion as the neutron star moves
through the surrounding dark matter halo (similar to the
proposed seasonal modulation of dark matter flux due to
the Earth’s motion relative to the galactic halo [99]) and
the aftermath of dark matter-admixed binary neutron
star mergers [100].

The analysis performed in this work has significant im-
plications for both current and future radio and X-ray ob-
servations of compact stars. The Square Kilometre Array
(SKA) radio telescope [101], along with other radio tele-
scopes, will focus on precise measurements of NS moment
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of inertia, pulsar timing, and other NS properties. How-
ever, it is crucial to understand how accumulated DM
might affect these quantities. As demonstrated in this
study, the M(R) relations and moment of inertia exhibit
a high degree of degeneracy, making it challenging to dis-
entangle the effects of DM from the BM EoS. Therefore,
measuring only the NS radius at a given mass would not
be sufficient to distinguish DM effects or accurately probe
the dense matter EoS.

On the other hand, present and future X-ray missions,
such as NICER, eXTP (Enhanced X-ray Timing and
Polarimetry Mission), and NewAthena (New Advanced
Telescope for High-Energy Astrophysics), may encounter
another effect related to DM — a potential impact on the
formation and observation of hotspots [47, 48].

The presence of dark matter in neutron stars could
be probed with static and dynamic effects. They in-
clude measuring the mass and radius of neutron stars
with a few-percent accuracy [102], modification of the
pulsar pulse profile due to the extra light-bending [103]
and/or gravitational microlensing in the case of the exis-
tence of a dark halo, modification of the cooling rate of
compact stars [104] as well as the aforementioned dark
matter-admixed binary neutron star systems [100]. This
is the subject of ongoing research.

In conclusion, this analysis highlights that interpreting
X-ray, radio, and gravitational wave observations with-
out considering the presence of accumulated DM could
lead to missing crucial information or even misinterpret-
ing the properties of strongly interacting matter at high
densities. This becomes particularly relevant for NSs lo-
cated in the Galactic center or dense DM regions, where
DM density is expected to be high.
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Appendix A: Implementation details of the RNS code
1. Model inputs and computational parameters

The algorithm outlined in Section III A requires the
specification of input parameters for RNS. Both metric
and matter fields are fully characterized by two values:
the central energy density, ¢X, and the desired ratio be-
tween the polar and equatorial radii, rX.. . Note that
this ratio is imposed not for the circumferential radius
(8), but for the radii in the coordinates of metric (7).

Other physical quantities, e.g., mass, DM fraction, or
angular velocity, can also be specified. However, these
models are computed iteratively by adjusting the ap-
propriate fundamental parameter until a configuration
is found within a specified tolerance. The relative error
in determining these parameters is set to 102 by de-
fault. This should not be confused with the numerical
tolerance required for the convergence of the equilibrium
equations’ solution, which is set to 107!, The general
algorithm used goes as follows.

e Initial conditions are computed solving the TOV
equations (4) for some central energy densities X,
taken as first guesses.

e The four free parameters eBM, ¢DM ,BM

c 1 € 5 Tratior and
rDM " can either be given as input or fixed with four
nested root finding loops to achieve some desired
property of the computed system. For instance,
eBM is changed to find constant mass sequences,

eDM to fix the DM fraction, r3M  and 7DM - allow
to achieve the target angular velocity for the re-
spective fluid. For each iteration of the innermost
root finding, the equilibrium equations are solved,

and the properties of the system are computed.

e Once convergence is achieved, the final model with
J
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desired parameters is recomputed, and key stellar
properties, including mass, radius, and angular mo-
mentum, are calculated.

It is worth mentioning that algorithms for finding roots
in multidimensional spaces do exist, but their implemen-
tation here is not straightforward. Instead, the algorithm
described navigates the parameter space in small, incre-
mental steps. This approach ensures that the initial guess
is sufficiently close to the solution, guaranteeing conver-
gence. More sophisticated methods, such as Broyden’s
algorithm [105], are available but typically involve larger
steps through the parameter space, at least in the be-
ginning. These larger steps often result in failures when
solving the equilibrium equations, making them less reli-
able in this context.
2. Einstein field equations for rotating systems

Einstein’s field equations

G =811, (A1)
need to be solved to specify the metric (7). Follow-
ing [106] and replacing T}, with Eq. (3), it is possible
to compute the non-trivial fields equations from the tt,
t¢, and ¢¢ components. Defining u = cosf to avoid
the singularity in the pole of cot 6, the equations for the
metric fields p, v and w are

Alper?) =5,,  (A2)
19 1 0
-7 _ /2 —
(A + o r2u8u> ve Sy, (A2b)
20 2 0
2z (v=2p)/2 _
(A + ) r2uau> we S (A2¢)

with A the Laplacian operator in spherical coordinates
and
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The method for solving these equations, detailed in [83],
involves converting them into integral equations using
multi-dimensional Green’s functions. In particular, we

obtain
e —v/2
p= /dr /du Sp, (A4)
e—’y/2 2m B
rsinfy = /df/d9772sin910g|r—f'|5’v, (A5)
0 0
and finally

e(2p 7)/2
rsinfcospw = ———

/dr/d@/ ~3sm 900r¢5w.

(A6)

- (0w + 51— ) @) |}

(

This automatically results in the correct asymptotic be-
havior of the metric fields, i.e. p ~ O (1), v ~ O (%)
and w ~ O (7). Finally, the potential « is determined
from the other metric fields solving Eq. (36) of [83].
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