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Polyhedral products are a fundamental object in topology, unifying constructions

across toric topology, combinatorics and commutative algebra. Determining their

homotopy type is a major goal of study of these objects. In this work, we consider how

operations on the underlying simplicial complex change the homotopy type of the

associated polyhedral product, and the homotopy type of its loop space. There are

two major results in this work. The first is a homotopy equivalence for the loop space

of the polyhedral product associated with the polyhedral join product, and the second

uses this homotopy equivalence to determine when the loop space of a polyhedral

product associated with the polyhedral join product has the homotopy type of a

product of simply connected spheres and loops on spheres. In the process of proving

these results, many combinatorial properties of the polyhedral join product were

proven. These properties allow us to construct new simplicial complexes such that the

associated polyhedral product satisfies Anick’s conjecture.
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Chapter 1

Introduction

Polyhedral products are topological spaces formed by attaching products of spaces

together according to an underlying simplicial complex. The study of polyhedral

products is of interest across many different disciplines of mathematics, including

toric topology, combinatorics, geometric group theory, and complex geometry

(BBC20). Polyhedral products unify many constructions across these fields, and the

underlying combinatorics allows much to be said about their homotopy type.

Specifically, let K be a simplicial complex on [m] = {1, · · · , m} vertices. For 1 f i f m,

let (Xi, Ai) be a pair of pointed CW-complexes, where Ai is a pointed CW subcomplex

of Xi. Let (X, A) = {(Xi, Ai)}
m
i=1 be the sequence of CW-pairs. We can identify each

simplex σ ∈ K with the sequence (i1, · · · , ik) where i1, · · · , ik are the vertices of σ and

i1 < · · · < ik. Define (X, A)σ as

(X, A)σ =
m

∏
i=1

Yi, Yi =





Xi i ∈ σ

Ai otherwise.

The polyhedral product associated to K is defined as

(X, A)K =
⋃

σ∈K

(X, A)σ ¦
m

∏
i=1

Xi.

Important special cases of the polyhedral product are the moment-angle complex,

denoted ZK, and the closely related Davis-Januszkiewicz space, denoted DJK. Both are

key objects in toric topology. Much work has been produced on the homotopy type of

(X, A)K, Σ(X, A)K and Ω(X, A)K. In (BBCG10), a homotopy equivalence for the

suspension of any polyhedral product was given. Much research has been done on

when this decomposition desuspends, for examples, see

(GT13)(IK13)(GPTW16)(IK20). This work is largely focused on the loop spaces of

certain polyhedral products. Research determining the homotopy type of Ω(X, A)K

can be divided into two categories: determining the homotopy type of loop spaces of
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specific polyhedral products, (PT19) (Sta24a), and how the homotopy type of the

polyhedral product changes under simplicial operations (The22) (The24). This work

considers both of these questions.

1.0.1 The polyhedral join product

There are two components to the polyhedral product: the pairs (X, A) and the

simplicial complex K. It is natural to ask how changes to the simplicial complex

changes the homotopy type of the polyhedral product. It is well known that the

polyhedral product on the join of two simplicial complexes is the Cartesian product of

polyhedral products on each complex, and in (The22) a homotopy equivalence for the

loop space of the polyhedral product on the connected sum of simplicial complexes

was given. In Chapter 6, we consider how the homotopy theory of the moment-angle

complex changes under the polyhedral join product operation, which is defined

similarly to the polyhedral product operation, but with pairs of spaces (Xi, Ai) and the

Cartesian product being replaced with pairs of simplicial complexes (Ki, Li) and the

join operation.

To be exact, let M be a simplicial complex on [m]. For 1 f i f m, and let

(K, L) = {(Ki, Li)}
m
i=1 be a sequence of pairs of simplicial complexes, where Li is a

subcomplex on Ki, considered to be on the vertex set of Ki. We can identify each

simplex σ ∈ M with the sequence (i1, ..., ik) where i1, ..., ik are the vertices of σ and

i1 < · · · < ik. Define (K, L)∗σ as the following subcomplex of K1 ∗ · · · ∗ Km:

(K, L)∗σ =
m
∗

i=1
Yi, Yi =





Ki i ∈ σ

Li otherwise.

The polyhedral join product is defined as

(K, L)∗M =
⋃

σ∈M

(K, L)∗σ.

The polyhedral join product produces a new simplicial complex, but retains

combinatorial qualities of the ingredient complexes. Just as the polyhedral product

unifies various constructions of spaces across different fields, the polyhedral join

product construction unifies various constructions of simplicial complexes. In

(Ewa86), the concept of the simplicial wedge construction for toric varieties was

introduced, and this construction was first considered in regards to the polyhedral

product in (BBCG15). This was then generalised in (Ayz13) to the composition

complex (at the time, this was named the substitution complex, but has since

changed). The composition complex has applications in topological data analysis

(Kar20). This construction is similar, but different to the substitution complex in
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(AP19), where it was shown that specific substitution complexes are the smallest

simplicial complexes that realise iterated higher Whitehead products. Substitution

complexes have also been considered in geometric group theory (DO12). Recently, a

specific example of the substitution complex was used to prove a stability theorem for

bigraded persistent double homology (BLP+24). Both the substitution complex and

the construction complex are special cases of polyhedral join products, which was first

defined in (Ayz13). Polyhedral products and polyhedral join products have a nice

relation, as characterised in (Vid18), which is presented as Theorem 5.22 in text.

Recently, Steenrod operations with relation to polyhedral join products has been

explored (AGI+24).

In Chapter 4, we consider combinatorial properties of the polyhedral join product, and

find that the behavour of the polyhedral join product mirrors that of the polyhedral

product. For example, it is known that a pushout of simplicial complexes induces a

pushout of polyhedral products, and in Lemma 4.13, we recover a similar result for

the polyhedral join product. We also fully classify all full subcomplexes of the

polyhedral join product, and describe them in terms of the full subcomplexes of the

simplicial complexes Ki, Li and M.

1.0.2 Loop spaces and Anick’s Conjecture

The homotopy group πn(X) consists of based homotopy classes of maps [Sn, X] with

group structure given by comultiplication. Given a pointed space X, one may wish to

determine its homotopy groups, however, calculating the homotopy groups of a space

is a challenging task. One strategy is to instead consider the pointed loop space of X,

denoted ΩX. The loop space consists of based maps S1 → X, and there is a natural

isomorphism πn(X) ∼= πn−1(ΩX). One advantage of such an approach is that ΩX has

an inherent multiplication structure given by concatenating loops, and so

decomposing the loop space as a product of spaces for which the homotopy is

understood is a more achievable goal. A decomposition X ≃ ∏i∈I Yi induces an

isomorphism πn(ΩX) ∼= ∏i∈I πn(Yi), and so if we can find such a decomposition, this

informs us on the homotopy type of X. The first study of the homotopy type of based

loop spaces was in (Hil55), where a homotopy equivalence for loops on a finite type

wedge of simply connected spheres was given. This was later generalised in (Mil56).

In (Ser51), another fundamental result concerning the loop spaces of spheres was

given; localised away from the prime 2, there is a homotopy equivalence

ΩS2m ≃ S2m−1 × ΩS4m−1, for m g 1. Let P denote the collection of H-spaces

homotopy equivalent to a finite type product of simply connected spheres and loops

on spheres. Combining results of Hilton and Serre gives the following Theorem.
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Theorem 1.1. Localised away from 2,

Ω(
∨

i∈I

Sni) ∈ P .

McGibbon and Wilkerson introduced one approach for classifying spaces that

involved disregarding certain primes.

Theorem 1.2. (MW86) Suppose X is finite and has finitely many rational homotopy groups.

Then, localised at all but finitely many primes, ΩX ∈ P .

Such an approach can be used to show the loop space of a two-cone belongs to P

under certain hypothesis (Ani89). So far, we have only discussed torsion free spaces.

In a series of papers (CMN79b) (CMN79a) (Nei88), Cohen, Moore and Neisendorfer

considered loops on Moore spaces. In these papers, they defined torsion spaces

S2m+1{pr}, T2m+1{pr}, m g 1, r g 1 appearing in the loop space decompositions of

mod pr Moore spaces Pn(pr). More specifically, there are homotopy equivalences

ΩP2m+2(pr) ≃ S2m+1{pr} × ΩW2m+2,

ΩP2m+1(pr) ≃ T2m+1{pr} × ΩW2m+1,

where each W j is a certain (2j − 4)-connected wedge of mod pr Moore spaces and

H̃∗(S2m+1{pr}) and H̃∗(T2m+1{pr}) are all Zpr -torsion. The spaces S2m+1{pr} are

indecomposable, and with the exception of T3{p}, so are the spaces T2m+1{pr}. For

T3{p}, there is a homotopy equivalence T3{p} ≃ T2p+1{p} × U1, where U1 is an

indecomposable space.

In 1992, Anick conjectured the following.

Conjecture 1.3. (Ani92) Let X be a finite, simply-connected CW-complex. Localised at all by

finitely many primes, there is a homotopy equivalence

ΩX ≃ ∏
i∈α

Yi,

where each Yi is one of the following indecomposable H-spaces

• Sn, n ∈ {1, 3, 7};

• ΩSn, n g 1, n /∈ {2, 4, 8};

• S2m+1{pr}, r g 1, m g 1;

• T2m+1{pr}, r g 1, m g 1;

• U1, where T3{p} ≃ T2p+1{p} × U1.
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Recently, research into when Anick’s conjecture holds for polyhedral products has

been a popular topic, (PT19)(Sta24a) (Sta24b)(ST24).One type is simplicial complexes

such that the associated polyhedral product (CA, A)K belongs to the collection of

topological spaces which are homotopy equivalent to a finite type wedge of spheres,

denoted W . Much progress has been made in determining which families of

simplicial complexes give rise to such polyhedral products. For example, when K is

shifted (GT13), flag with chordal 1-skeleton (GPTW16), and most generally, a totally

fillable complex (IK13), then (CA, A)K ∈ W . If (CA, A)K ∈ W , then the Hilton-Milnor

theorem implies that Ω(CA, A)K ∈ P . Many polyhedral products are not in W , but

their loop space belongs to P , and recently much progress in this area has been made.

In (Sta24a), (Sta24b) and (ST24), it was shown for various families of simplicial

complexes that Ω(X, A)K ∈ P . In this thesis, we consider this conjecture for

polyhedral products associated with polyhedral join products. We approach from two

different angles. The first is by giving a homotopy equivalence for Ω(X, A)(K,L)∗M
in

terms of the ingredient spaces. The second is by considering when the polyhedral join

operation preserves the property of the associated polyhedral product belonging to P .

These results allow us to give a new collection of simplicial complexes that produce

polyhedral products that satify Anick’s conjecture.

1.0.3 Loop space homotopy equivalence

In Chapter 6, we obtain a homotopy equivalence for Ω(X, A)(K,L)∗M
. This is done by

generalizing an existing construction. In (FT09), the authors used the cube lemma to

describe the homotopy fibre of a map of polyhedral products, and in (The24), this was

generalised to give a homotopy equivalence for the loop space of polyhedral products

associated with a specific constructed simplicial complex. Here we generalise this

method further.

Theorem 1.4 (Theorem 6.3 in text). Let Q be a simplicial complex defined by the pushout

N ∗ L N ∗ K

M ∗ L Q.

There is a homotopy fibration

G ∗ H → (X, A)Q → (X, A)M × (X, A)K

where G is the homotopy fibre of (X, A)N → (X, A)M and H is the homotopy fibre of

(X, A)L → (X, A)K. This fibration splits after looping, giving a homotopy equivalence

Ω(X, A)Q ≃ Ω(X, A)M × Ω(X, A)K × Ω(G ∗ H).
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By utilising the construction of the polyhedral join product as described in Chapter 4,

we can use this to give a homotopy equivance for the loop space of the polyhedral

product associated with the polyhedral join product. Recall that the link of a vertex is

the subcomplex lkM(v) = {τ ∈ M | {v} ∩ τ = ∅, {v} ∪ τ ∈ K} and the restriction of a

vertex is the subcomplex M \ v = {τ ∈ M | {v} ∩ τ = ∅}.

Theorem 1.5 (Theorem 6.4 in text). Let (K, L)∗M be a polyhedral join product. There is a

homotopy equivalence

Ω(X, A)(K,L)∗M
≃

m

∏
i=1

Ω(X, A)Ki ×
m

∏
i=k

Ω(Gi ∗ Hi)

where Gi is the homotopy fibre of the map (X, A)(K,L)
∗lkM\{m,··· ,i+1}(i)

→ (X, A)(K,L)∗M\{m,··· ,i}
, Hi

is the homotopy fibre of the map (X, A)Li → (X, A)Ki and k ∈ [m] is such that

M \ {m, · · · , k} is a simplex.

Such a homotopy equivalence allows us to explore the homotopy type of

Ω(X, A)(K,L)∗M
, which is the second problem motivating this work.

1.0.4 Preserving properties of the loop space

Recall that P is the collection of topological spaces that are homotopy equivalent to a

finite type product of simply connected spheres and loops on spheres. We can then

consider when Ω(X, A)K belongs to P . This is part of a wider body of work

investigating Anick’s conjecture. Currently, there are two known types of simplicial

complexes that give rise to polyhedral products such that Ω(CA, A)K ∈ P that are not

limited by their dimension. These polyhedral products verify Anick’s conjecture

without the need to localise. In (Sta24a), it was shown that when K is the k-skeleton of

a flag complex, Ω(CA, A)K ∈ P and in (Vyl24) an explicit loop space decomposition

was given. Furthermore, in (Sta24b), it was shown that Ω(CA, A)K ∈ P if and only if

each full subcomplex KI with a complete 1-skeleton is such that Ω(CA, A)KI ∈ P .

However, the polyhedral join product produces large simplicial complexes, and it is

hard to classify all subcomplexes with a complete 1-skeleton, and so a different

approach is required. For the polyhedral join product, we prove the following.

Theorem 1.6 (Theorem 6.7 in text). Let M be a simplicial complex on [m] vertices. Let

(K, L)∗M be a polyhedral join product and let Ki be a simplicial complex on the vertex set [ki]

for i ∈ [m]. Let (CA, A) be a sequence of pairs (CAj, Aj) where 1 f j f k1 + · · ·+ km.

Suppose ΣAj ∈ W for all j. Let Hi be the homotopy fibre of the map (CA, A)Li → (CA, A)Ki

for i ∈ [m]. If Ω(CA, A)Ki ∈ P and ΣHi ∈ W for each i ∈ [m], then Ω(CA, A)(K,L)∗M
∈ P .

Theorem 6.7 gives the conditions under which polyhedral products associated with

polyhedral join products verify Anick’s conjecture; conditions that depend on the
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pairs (K, L) and the polyhedral product (CA, A)M. We use Theorem 6.7 in Chapter 6

to generate new families of simplicial complexes such that Ω(CA, A)(K,L)∗M
∈ P , but

the simplicial complex (K, L)∗M is neither the k-skeleton of a flag complex, nor is

(CA, A)(K,L)∗M
∈ W . To do this, we analyze the substitution complex, and use the

underlying combinatorial properties of discussed in Chapter 4.
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Chapter 2

Background

In this Chapter, we cover the necessary background results. This includes classical

results in homotopy theory, and properties of simplicial complexes, a key object in this

thesis.

2.1 Homotopy Theory

This section covers the background homotopy theory needed for this thesis. We cover

results concerning fibrations and cofibrations, and their generalisation to homotopy

fibrations and cofibrations. We recall some classic results concerning homotopy

decompositions, and finish by stating the cube lemma.

2.1.1 Fibrations and cofibrations

Definition 2.1. A sequence X → Y → Z is a homotopy fibration if it is equivalent up to

homotopy to a fibration. That is, if there is a homotopy commutative diagram

X Y Z

F E B

in which the vertical maps are homotopy equivalences and the bottom row is a

fibration.

Any map can be turned into a homotopy fibration using the following construction.

Let I be the interval [0, 1], and let Map(I, B) be the space of continuous maps between
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I and B. For a map f , define P̃f as

P̃f = {(a, b, λ) ∈ A × B × Map(I, B) | f (a) = λ(0), b = λ(1)}.

Theorem 2.2. Let f : A → B be a pointed, continuous map between path connected

topological spaces. Then there is a commutative diagram

A B

P̃f

f

φ
q

where φ is a homotopy equivalence and q is the fibration P̃f → A × B → B. □

We can also explicitly identify the fibre of q.

Lemma 2.3. The fibre of the map q : P̃f → B is Pf , the mapping path space of f , defined as

Pf = {(a, λ) ∈ A × PB | λ(0) = f (a)}.

Corollary 2.4. Let f : A → B be a pointed, continuous map between path connected

topological spaces. Then

Pf → A
f
−→ B

is a homotopy fibration. □

We can dualize the notion of fibre sequences and fibrations to that of cofibre sequences

and cofibrations.

Definition 2.5. A sequence B → Z → D is a homotopy cofibration if it is equivalent up

to homotopy to a cofibration. That is, if there is a homotopy commutative diagram

B Z D

A X C

in which the vertical maps are homotopy equivalences and the bottom row is a

cofibration.

Any map can be turned into a homotopy cofibration, and the cofibre can be identified.

For any pointed map f : A → X, define the reduced mapping cylinder of f as the

pushout

A X

(A × I)/({a0} × I) M f .

f

i j
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Theorem 2.6. Let f : A → X be a pointed map, where X has a nondegenerate basepoint.

Then there is a commutative diagram

A X

M f

f

p φ

where φ is a homotopy equivalence and p is a cofibration given by p(a) = (a, 1). □

We can also identify the cofibre of p.

Lemma 2.7. The cofibre of p is the reduced mapping cone X ∪ f CA. □

Corollary 2.8. Let f : A → X be a pointed, continuous map between path connected

topological spaces. Then

A
f
−→ X → X ∪ f CA

is a homotopy cofibration. □

We now give some classical results concerning homotopy fibrations, which will be

used throughout this work.

Lemma 2.9. The following hold:

1. Let Z
g
−→ X

f
−→ Y be a homotopy fibration and suppose g has a left homotopy inverse h.

Then the map X
f×h
−−→ Y × Z is a homotopy equivalence.

2. Let Z
g
−→ X

f
−→ Y be a homotopy fibration where X is a H-space. Suppose f has a right

homotopy inverse s. Then X ≃ Y × Z

3. Let Z
g
−→ X

f
−→ Y be a homotopy fibration where f is null homotopic. Then g has a right

homotopy inverse and Z ≃ X × ΩY.

Proof. 1. The homotopy fibration Z
g
−→ X

f
−→ Y induces a long exact sequence

· · · → πn(Z)
g∗
−→ πn(X)

f∗
−→ πn(Y) → · · ·

as the map g∗ has a left homotopy inverse, given by h∗, we obtain the short exact

sequence

0 → πn(Z)
g∗
−→ πn(X)

f∗
−→ πn(Y) → 0.

Furthermore, this short exact sequence splits, and so we obtain an isomorphism

πn(Z)· πn(Y) ∼= πn(X).
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given by h∗ × f∗. Let ρ denote the isomorphism

πn(A)· πn(B) → πn(A × B)

given by ρ(α, β) → i1∗(α) + i2∗(β) for α ∈ A and β ∈ B. Therefore we obtain an

isomorphism

πn(Z × Y) ∼= πn(X),

induced by the map h × f , and so by Whitehead’s Theorem, h × f is a homotopy

equivalnce, and X ≃ Z × Y.

2. Define the composite

θ : Y × Z
s×g
−−→ X × X

µ
−→ X

where µ is the standard H-space multiplication, that induces addition in the

homotopy groups. We will show θ induces a isomorphism on homotopy groups.

Let ρ denote the isomorphism

πn(A)· πn(B) → πn(A × B)

given by ρ(α, β) → i1∗(α) + i2∗(β) for α ∈ A and β ∈ B. Consider the diagram

πn(Y)· πn(Z) πn(X)· πn(X)

πn(Y × Z) πn(X × X) πn(X),

s∗·g∗

∼= ∼=
δ

(s×g)∗ µ∗

where δ(α, α′) = α + α′ for α, α′ ∈ πn(X). The square is commutative and as

µi1 ≃ id and µi2 ≃ id, the triangle also commutes. Therefore for α ∈ πn(Y) and

β ∈ πn(Z), θ∗ρ = s∗(α) + g∗(β). As s∗ has a left homotopy inverse, the map θ∗ρ

is an isomorphism. Therefore θ induces an isomorphism

πn(Y × Z) ∼= πn(X)

for all n, and by Whitehead’s Theorem, Y × Z ≃ X.

3. We first show that g has a right homotopy inverse. Consider the exact sequence

of pointed sets induced by the homotopy fibration

· · · → [X, Z]
g∗
−→ [X, X]

f∗
−→ [X, Y].

The induced map f∗ is null homotopic, so g∗ is surjective. Therefore, there exists

a map h : X → Z such that gh ≃ 1X, and so g has a right homotopy inverse.

Now we show Z ≃ X × ΩY. Consider the composite

φ : X × ΩY
s×1ΩY−−−→ Z × ΩY

θ
−→ Z,
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where θ : Z × ΩY → Z is the canonical action of loops on the base space on the

homotopy fibre. We show that φ∗ is an isomorphims. Consider the following

diagram of homotopy groups

πn(X)· πn(ΩY) πn(Z)· πn(ΩY)

πn(X × ΩY) πn(Z × ΩY) πn(Z),

s∗·1πn(ΩY)

∼= ∼=
λ

(s×1ΩY)∗ θ∗

where for α ∈ πn(Z), β ∈ πn(ΩY), the map λ(α, β) = α + δ∗(β), where δ∗ is

induced by the connecting map.The square is commutative and as θi1 ≃ id and

θi2 ≃ δ, the triangle also commutes. Therefore for α ∈ πn(X) and β ∈ πn(ΩY),

θ∗ρ = s∗(α) + δ∗(β). As s∗ has a left homotopy inverse, it is straightforward to

show that the map θ∗ρ is an isomorphism. Therefore θ induces an isomorphism

πn(X × ΩY) ∼= πn(Z)

for all n, and by Whitehead’s Theorem, X × ΩY ≃ Z.

We now state and prove the dual of Lemma 2.9 for homotopy cofibrations.

Lemma 2.10. The following hold:

1. Let A
i
−→ B

j
−→ C be a homotopy cofibration of simply connected spaces and suppose j

has a right homotopy inverse k. Then the map A ( C
i(k
−→ B is a homotopy equivalence.

2. Let A
i
−→ B

j
−→ C be a homotopy cofibration of simply connected spaces where B is a

co-H space. Suppose i has a left homotopy inverse t. Then B ≃ A ( C.

3. Let A
i
−→ B

j
−→ C be a homotopy cofibration of simply connected spaces where i is null

homotopic. Then j has a left homotopy inverse and C ≃ B ( ΣA.

Proof. 1. The homotopy cofibration sequence induces a long exact sequence

· · · Hn(A)
i∗
−→ Hn(B)

j∗
−→ Hn(C) → · · ·

and as the map j∗ is surjective, we obtain short exact sequences

0 → Hn(A)
i∗
−→ Hn(B)

j∗
−→ Hn(C) → 0.

Futhermore, this splits to give

Hn(A)· Hn(C)
i∗·k∗
−−−→ Hn(B).



14 Chapter 2. Background

Let µ : Hn(A ( C) → Hn(A)· Hn(C) be the isomorphism given by

µ(α) → (π∗
1(α), π∗

2(α)) for α ∈ Hn(A ( C). Then the map

(i ( k)∗ : Hn(A ( C) → Hn(B) induces an isomorphism on all homology groups,

and so by Whitehead’s Theorem, i ( k : A ( C → B is a homotopy equivalence.

2. Consider the map θ : B
c
−→ B ( B

t(j
−→ A ( C, where c : B → B ( B is the

comultiplication on B. We will show θ induces an isomorphism of homology

groups. Consider the following diagram

Hn(B) Hn(B ( B) Hn(A ( C)

Hn(B)· Hn(B) Hn(A)· Hn(C)

c∗

λ

(t(j)∗

∼= ∼=

t∗·j

where λ(β) = (β, β) for β ∈ Hn(B). The square commutes, and as π1c ≃ id and

π2c ≃ id, we obtain that the triangle commutes. Therefore µθ∗ = (t∗(β), j∗(β)).

As t has a right homotopy inverse, it is straightfoward to show that µθ∗ is an

isomorphism. Therefore θ induces an isomorphism

Hn(B) ∼= Hn(A ( C)

for all n, and so by Whitehead’s Theorem, B ≃ A ( C.

3. We first show j has a left homotopy inverse. Consider the long exact sequence of

pointed sets inducted by the homotopy cofibration

· · · → [C, B]
j∗
−→ [B, B]

i∗
−→ [A, B].

The induced map i∗ is null homotopic, and so the induced map j∗ is surjective.

Therefore there is a map h : C → B, such that j∗(h) = idB, and therefore the map

j has a left inverse. We now show C ≃ B ( ΣA. Consider the composite

θ : C
ϕ
−→ C ( ΣA

h(idΣA−−−→ B ( ΣA,

where ϕ is the canonical co-action of ΣA on C. We show θ induces an

isomorphism on homology. Consider the following diagram of homology

groups

Hn(C) Hn(C ( ΣA) Hn(B ( ΣA)

Hn(C)· Hn(ΣA) Hn(B)· Hn(ΣA).

ϕ∗

λ

(h(idΣA)
∗

∼= ∼=

h∗·id∗ΣA

where λ(α) = (α, ∂∗(α)), and ∂∗ is induced by the connecting map of the

cofibration. The square commutes, and as π1ϕ ≃ id and π2 ϕ ≃ δ, the triangle
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commutes. Therefore the map µθ∗(γ) = (h∗(γ), ∂∗(γ)). As the map h∗ has a

right homotopy inverse, it is straightfoward to show µθ∗ is an isomorphism, and

so the map θ induces an isomorphim

Hn(C) ∼= Hn(B ( ΣA)

for all n. Therefore, by Whitehead’s Theorem, C ≃ B ( ΣA.

Lemma 2.11. Let g : X ( Y → X × Y be the inclusion of the wedge into the product. The

map g : Ω(X ( Y) → Ω(X × Y) has a right homotopy inverse.

Proof. Let p1 : X × Y → X and p2 : X × Y → Y, ρ1 : ΩX × ΩY → ΩX,

ρ2 : ΩX × ΩY → ΩY be projections, and let i1 : X → X ( Y, i2 : Y → X ( Y,

j1 : X → X × Y, j2Y → X × Y be inclusions. Define µ : Ω(X × Y) → ΩX × ΩY as the

homeomorphism µ((ω, υ)(t)) → (ω(t), υ(t)). Note that ρ1µ = Ωp1 and ρ2µ = Ωp2.

We claim the map s : Ω(X × Y) → Ω(X ( Y), given by s = Ωi1Ωp1 + Ωi2Ωp2 is a

right homotopy inverse for Ωg. Observe that

Ωgs = Ω(gi1 p1) + Ω(gi2 p2).

To show Ωgs ≃ 1Ω(X×Y), we show that the composite µΩgs ≃ µ. It is equivalent to

show that ΩpkΩgs ≃ Ωpk for k = 1, 2. We obtain

ΩpkΩgs = Ω(pkgi1 p1) + Ω(pkgi2 p2) = Ω(pk j1 p1) + Ω(pk j2 p2)

which is clearly homotopy equivalent to Ωp1 if k = 1 and Ωp2 if k = 2. Therefore s is a

right homotopy inverse for g.

We now give the definition of a homotopy pullback and pushout.

Definition 2.12. Let f : A → C and g : B → C be pointed continuous maps between

pointed topological spaces. The pullback of f and g is

Q = {(a, b) ∈ A × B | f (a) = g(b)}.

This can be expressed as the commutative diagram

Q B

A C.

q

p g

f

Definition 2.13. Given maps f : A → C and g : B → C, the standard homotopy pullback

of f and g is Q′ = {(a, ω, b) ¦ A × PC × B | ω(0) = f (a), ω(1) = g(b)} with maps
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u : Q′ → A and v : Q′ → B such that u(a, ω, b) = a and v(a, ω, b) = b. Then the

homotopy commutative square

Q′ B

A C

v

u g

f

is called the standard homotopy pullback square.

Definition 2.14. Let

Q B

A C

q

p g

f

be a homotopy-commutative square. If there is a map λ : Q′ → Q that is a homotopy

equivalence such that λq ≃ v and λp ≃ u, then the given square is a homotopy pullback

square and Q is a homotopy pullback.

Definition 2.15. Given pointed, continuous maps f : X → Y and g : X → Z, the

pushout C is defined as the quotient space

C = (Y ⊔ Z)/ ∼

where f (x) ∼ g(x). This can be expressed as the commutative diagram

X Z

Y C

g

f j

i

where i and j are the composites Y ↪→ Y ⊔ Z → C and Z ↪→ Y ⊔ Z → C respectively.

Definition 2.16. Given maps f : X → Y and g : X → Z, the standard homotopy pushout

consists of a space C′ = (Z ( (X ë I) ( Y)\ ∼, where (∗, ïx, 0ð, ∗) ∼ ( f (x), ∗, ∗) and

(∗, ïx, 1ð, ∗) ∼ (∗, ∗, g(x)) for x ∈ X, with maps u : Z → C′ and v : Y → C′ such that

u(z) = ïz, ∗, ∗ð and v(y) = ï∗, ∗, yð. The square

X Z

Y C′

g

f u

v

is the standard homotopy pushout square.

Definition 2.17. A homotopy commutative square

X Z

Y C

f

g h

k
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is a homotopy pushout if there is a homotopy equivalence λ : C′ → C such that

λh ≃ u and λk ≃ v. Then C is a homotopy pushout and the given square is a homotopy

pushout square.

Lemma 2.18. There is a homotopy pushout

A × B A

B A ∗ B.

π1

π2

where π1, π2 are the projections onto the first and second factors respectively.

Proof. Recall that the reduced join of two pointed topological spaces A and B is the

quotient space

A ∗ B = (A × I × B)/ ∼

where (a, 1, b) ∼ (a′, 1, b), (a, 0, b) ∼ (a, 0, b′) and (∗, t, ∗) ∼ ∗ fot all a, a′ ∈ A, b, b′ ∈ B

and t ∈ I. We can view this as CA × B and A × CB glued over the common subspace

A × B. More formally, there exists a pushout

A × B A × CB

CA × B A ∗ B.

(2.1)

As both CA and CB are contractible, the maps A × B → CA × B and A × B → A × CB

are homotopy equivalent to projections A × B
π1−→ A and A × B

π2−→ B. Therefore from

the pushout 2.1, we obtain the homotopy pushout

A × B A

B A ∗ B.

π1

π2

Finally, we state Mathers’ Cube Lemma.



18 Chapter 2. Background

Lemma 2.19. (Mat76) Suppose there is a diagram of spaces and maps

E F

G H

A B

C D

where the bottom face is a homotopy pushout and the four sides are obtained by pulling back

with H → D. Then the top face is a homotopy pushout. □

A common construction of such a cube is to start with a homotopy pushout, and map

all four corners of this pushout into a space Z, and take the top face to be a diagram of

the homotopy fibres of these maps. This is equivalent to the statement that all four

sides are homotopy pullbacks, and so the diagram of homotopy fibres is a homotopy

pushout.

2.1.2 Relations between wedges of spheres and products of spheres and

loops on spheres

Let W denote the collection of topological spaces that are homotopy equivalent to a

finite type wedge of simply connected spheres, and let P be the collection of H-spaces

which are homotopy equivalent to a finite type product of spheres and loops on

simply connected spheres. Relations between spaces in P and W proved in this

section will be used throughout the paper. We begin by stating several results, the first

of which is the Hilton-Milnor Theorem. Throughout this section, we assume all spaces

are pointed and path-connected. Let L be the free, ungraded Lie algebra over Z on the

basis x1, · · · , xn. For a bracket B of elements xi, let ki(B) be the number of occurrences

of the generator xi in B. The weight of B is k(B) = ∑
n
i=1 ki(B). Denote the subset of

brackets of weight k as Lk. The union L = ∪∞
k=1Lk is a free basis for L.

Theorem 2.20 (Hilton-Milnor). (Mil56) There is a homotopy equivalence

ΩΣ(X1 ( · · · ( Xn) ≃ ∏
B∈L

ΩΣ(X
k1(B)
1 ' · · · ' X

kn(B)
n )

where Xk denotes the k-fold smash product. □

Corollary 2.21. If X ∈ W , then ΩX ∈ P .
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Proof. Let X ∈ W , so X ≃
∨

i∈I Sni ≃ Σ(
∨

i∈I Sni−1) for some indexing set I. By

Theorem 2.20 there is a homotopy equivalence

ΩΣ(
∨

i∈I

Sni−1) ≃ ∏
B∈L

ΩΣ((Sn1−1)k1(B) ' · · · ' (Snm−1)km(B)).

As Sn ' Sm ≃ Sn+m, and ΣSn ≃ Sn+1, the right hand side of this homotopy

equivalence becomes

∏
B∈L

ΩS(∑m
i=1 ki(B)(ni−1))+1)

which is clearly in P .

Theorem 2.22 (James construction). There is a natural homotopy equivalence

ΣΩΣX ≃
∞∨

i=0

ΣX'i.

Lemma 2.23. There is a homotopy equivalence

Σ(X × Y) ≃ ΣX ( ΣY ( (ΣX ' Y).

Proof. Including the wedge into the product produces the cofibration sequence

X ( Y → X × Y → X ' Y.

Note that the composite π1 : X ( Y → X × Y → X is the pinch map onto the left

wedge summand, and π2 : X ( Y → X × Y → Y is the pinch map onto the right

wedge summand. As X × Y is not a co-H-space, the two projections cannot be added

to produce a left homotopy inverse for the inclusion X ( Y → X × Y, but after

suspending this can be done. Therefore, by Lemma 2.10, the homotopy cofibration

ΣX ( ΣY → Σ(X × Y) → ΣX ' ΣY splits to give a homotopy equivalence

Σ(X × Y) ≃ ΣX ( ΣY ( (ΣX ' Y).

By inducting on Lemma 2.23 we obtain the following.

Lemma 2.24. Let X1, · · · Xn be spaces. Then there is a homotopy equivalence

Σ(X1 × · · · × Xn) ≃ (
∨

1fi1<···<ikfn

ΣXi1 ' · · · ' Xik
).

Lemma 2.25. If X ∈ P then ΣX ∈ W .

Proof. As X is homotopy equivalent to a finite type product of spheres and loops on

spheres,

X ≃ ∏
i∈I

Sni × ∏
j∈J

ΩSnj
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for some indexing sets I and J. Suspending, and applying Lemma 2.23 gives the

homotopy equivalence

ΣX ≃ Σ ∏
i∈I

Sni ( Σ ∏
j∈J

ΩSnj ( Σ(∏
i∈I

Sni ' ∏
j∈J

ΩSnj).

We show each term in this decomposition is in W . Recall that Sn ' Sm ≃ Sm+n.

Therefore, by Lemma 2.24, Σ ∏i∈I Sni ∈ W . Now consider Σ ∏j∈J ΩSnj . By Lemma

2.23, Σ ∏j∈J ΩSnj ≃
∨

j1,··· ,jk∈J ΣΩSnj1 ' · · · ' ΩSnjk . By Theorem 2.22, each

ΣΩSnj = ΣΩΣSnj−1 is in W , and by distributing the suspension over the wedge, we

obtain Σ ∏j∈J ΩSnj ∈ W . Finally, consider Σ(∏i∈I Sni ' ∏j∈J ΩSnj). By distributing the

suspension over the wedge, we obtain Σ(∏i∈I Sni ' ∏j∈J ΩSnj) ∈ W . Therefore

ΣX ∈ W .

Lemma 2.26. (Ame24) Suppose X ∈ W , and let A be a space which retracts off X. Then

A ∈ W

Proof. Suppose A is a homotopy retract of X, where X ≃
∨

α∈I Snα . Then there is a map

r :
∨

α∈I Snα → A that induces a surjection in homology. Furthermore, the Hurewicz

map induces the commutative diagram.

π∗(
∨

α∈I Snα) H∗(
∨

α∈I Snα)

π∗(A) H∗(A).

r∗ r∗

As both vertical maps, and the top horizontal map are surjective homomorphisms, the

map π∗(A) → H∗(A) is also a surjective homomorphism. As A is a retract of a finite

wedge of spheres, H∗(A) will be a graded free abelian group. Consider the Hurewicz

pre-images of the basis elements of H∗(A). By taking the wedge sum of these

elements, we obtain a map from a wedge of spheres into A that induces an

isomorphism in homology. Therefore, by Whitehead’s Theorem, A is homotopy

equivalent to a wedge of spheres.

Lemma 2.27. (Sta24a) Let X ∈ P , and let A be a space which retracts off X. Then A ∈ P . □

Lemma 2.28. Let X be a pointed CW-complex, and suppose ΩΣX ∈ P . Then ΣX ∈ W .

Proof. It is well known that if Y is a co-H space, then Y retracts off ΣΩY. As

ΩΣX ∈ P ,we obtain ΣΩΣX ∈ W by Lemma 2.25. Although X may not be a co-H

space, ΣX is, and so ΣX retracts off ΣΩΣX. As ΣX retracts off a space in W , by

Lemma 2.26, ΣX ∈ W .

To conclude, if X ∈ W , the loop space of X is in P , and if X in P , the suspension of X

is in W . These relations will be used extensively in Chapter 6.
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2.2 Combinatorics of simplicial complexes

We now move onto simplicial complexes, their fundamental properties, and simplicial

operations. Let [m] = {1, · · · , m}.

Definition 2.29. A simplicial complex K on vertex set [m] is a collection of subsets

σ ¦ [m] such that if σ ∈ K and τ ¦ σ, then τ ∈ K.

We refer to σ ∈ K as a simplex or face of K, and denote |σ| as the number of elements of

σ. The boundary of a simplex σ ∈ K, denoted ∂σ, is the simplicial complex consisting of

all the proper subsets of σ. We say that σ is a maximal face if no other face of K has σ as

a proper subface.

The dimension of σ is |σ| − 1, and the dimension of K is given by

dimK = max{dimσ∈Kσ}.

We always assume that ∅ ∈ K.

Let K be a simplicial complex on [m], and let L be a subcomplex on the vertex set

I ¦ [m]. The subcomplex L is a full subcomplex of K if every face of K on the vertex set I

is also a face of L. We denote a full subcomplex on a set I ¦ [m] as KI .

Any simplicial complex K on a vertex set [m] can be considered as a simplicial

complex on a larger vertex set, [n], by considering the elements of [n] that are not

vertices of K to be ghost vertices.

Let K be a simplicial complex on the vertex set [m]. For a vertex v ∈ K, the star,

restriction and link of v are the subcomplexes

stK(v) = {τ ∈ K | {v} ∪ τ ∈ K}

K \ v = {τ ∈ K | {v} ∩ τ = ∅}

lkK(v) = {τ ∈ K | {v} ∩ τ = ∅, {v} ∪ τ ∈ K} = stK(v) ∩ K \ v

Note that although K \ v is a full subcomplex of K by definition, lkK(v) is not

necessarily one.

The pushout of two simplicial complexes L and K over a common subcomplex M is

denoted by K ∪M L and is given by the standard set-wise union. This is always a
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simplicial complex. This can be expressed as the pushout

M L

K K ∪M L.

From the above definitions, we can see that there is a pushout of simplicial complexes

lkK(i) stK(i)

K \ {i} K.

(2.2)

A missing face of K is a subset ω ¦ [m] such that ω /∈ K. A minimal missing face of K is a

subset ω ¦ [m] such that ω /∈ K but ∂ω ¦ K.

Let K be a simplicial complex. For 0 f k f dimK, the k-skeleton of K is the collection of

simplices of K of dimension less than or equal to k.

2.2.1 Simplicial operations

Here we define some simplicial operations, and give some general properties.

Definition 2.30. Let L and M be two simplicial complexes on disjoint vertex sets. The

join of L and M is the simplicial complex

L ∗ M = {σ ∪ τ | σ ∈ L and τ ∈ M}.

From the definitions of the join and the link and star of a vertex, it follows that

stK(v) = lkK(v) ∗ {v}. Using this, we can generalise the pushout 2.2, as done in

(The24).

Let K be a simplicial complex on the vertex set [m] and let M be a simplicial complex

on the vertex set {m + 1, · · · , n}. Let L be a subcomplex of K and define the simplicial

complex K as the pushout

L L ∗ M

K K.

In Section 6.1, we will generalise this pushout construction further.
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2.2.2 Families of simplicial complexes

It is useful to group simplicial complexes together based on certain combinatorial

properties they possess. In this section, we define some families of simplicial

complexes.

Definition 2.31. Let K be a simplicial complex on [m] vertices. The complex K is shifted

if there is an ordering on its vertices such that whenever σ ∈ K and ν′ < ν, then

(σ − ν) ∪ ν′ ∈ K.

It may be helpful to interpret this definition in terms of ordered sequences. Let K be a

simplicial complex on [m] and order the vertices by their integer labels. If σ ∈ K with

vertices {i1, · · · , ik} where 1 f i1 < · · · f ik f m, then regard σ as the ordered

sequence (i1, ..., ik). The shifted condition states that if σ = (i1, · · · , ik) ∈ K then K

contains every simplex (t1, · · · , tl) with l f k and t1 f i1 f · · · f tl f il .

Definition 2.32. A simplicial complex K of dimension k is called pure if every maximal

face is of dimension k.

Definition 2.33. Let < σ1, · · · , σk−1 > denote the subcomplex of K generated by

σ1, · · · , σk−1. A simplicial complex K is shellable if there is an ordering of maximal faces

σ1, · · · , σt, called a shelling, such that < σk > ∩ < σ1, · · · , σk−1 > is pure and

(|σk| − 2)-dimensional for k = 2, · · · , t,

Definition 2.34. A simplicial complex K is called fillable if there is a collection of

minimal missing faces {σ1, · · · , σr} such that |K ∪ σ1 ∪ · · · ∪ σr| is contractible. If every

full subcomplex of K is fillable, then it is called totally fillable.

Lemma 2.35. (IK20) The family of shifted complexes is contained in the family of totally

fillable complexes.

Another family of simplicial complexes is the family of flag complexes. Flag

complexes are important in many areas of study, such as graph theory, metric spaces

and geometric group theory.

Definition 2.36. A simplicial complex K on the vertex set [m] is called a flag complex if

each of its minimal missing faces consists of at most two elements, or equivalently, any

set of vertices of K which are pairwise connected by edges spans a simplex.

A flag complex is completely determined by its one skeleton, as any flag simplicial

complex is the maximal simplicial complex that can be built on its one skeleton. Flag

simplicial complexes have nice combinatorial properties regarding subcomplexes.

Lemma 2.37. Let K be a flag complex on the vertex set [m] and let v be a vertex of K. Then

K \ {v}, stK(v), and lkK(v) are all flag complexes. □
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Lemma 2.38. (PT19) Let K be a flag complex on the vertex set [m] and let v be a vertex of K.

Then lkK(v) is a full subcomplex of K \ {v}. □

These families of simplicial complexes will be used in Chapter 6.
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Chapter 3

Polyhedral products

In this section, we define the polyhedral product, and state some functorial properties.

Polyhedral products arose as a generalisation of Davis-Januszkiewicz spaces and

moment-angle complexes, and study of the homotopy type of these objects has been

central to toric topology. For more on the history of these objects, see (BP15) and

(The17). We consider two main constructions of homotopy fibration sequences

regarding polyhedral products, and discuss how simplicial operations affect the

homotopy type of the polyhedral product.

Definition 3.1. Let K be a simplicial complex on [m] vertices. For 1 f i f m, let

(Xi, Ai) be a pair of pointed CW-complexes, where Ai is a pointed subspace of Xi. Let

(X, A) = {(Xi, Ai)}
m
i=1 be the sequence of CW-pairs. We can identify each simplex

σ ∈ K with the sequence (i1, ..., ik) where i1, ..., ik are the vertices of σ and i1 < ... < ik.

Define (X, A)σ as the subspace of ∏
m
i=1 Xi as

(X, A)σ =
m

∏
i=1

Yi, Yi =

{
Xi if i ∈ σ

Ai if i /∈ σ.

The polyhedral product is defined as

(X, A)K =
⋃

σ∈K

(X, A)σ ¦
m

∏
i=1

Xi.

Example 3.1.1. 1. Consider (X, A)∅. Then by definition, (X, A)∅ = A1 × · · · × Am.

2. Let (X, A) = (X, ∗), and let K be m disjoint points. For each face σ = {i}, we obtain

(X, ∗){i} =
m

∏
i=1

Yi = ∗ × ∗ × · · · × Xi × · · · × ∗ = Xi.
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As (X, ∗)i ⋃(X, ∗)j = Xi ( Xj, we obtain

(X, ∗)K =
⋃

σ∈K

(X, ∗)σ = X1 ( · · · ( Xm

When each pair (Xi, Ai) is identical, we write the polyhedral product as (X, A)K.

There are two particularly significant families of polyhedral products.

Example 3.1.2. 1. Let (Xi, Ai) = (D2, S1) for i = {1, · · · , m}. The polyhedral product

(D2, S1) is called the moment-angle complex, and is denoted ZK.

2. Let (Xi, Ai) = (CP∞, ∗) for i = {1, · · ·m}. The polyhedral product (CP∞, ∗)K is

called the Davis-Januszkiewicz space.

Example 3.1.3. Small changes to the homotopy type of the underlying simplicial complex can

have significant effect on the polyhedral product. Consider the following simplicial complexes.

FIGURE 3.1: Left: K1, Centre: K2, Right: K3.

Although these simplicial complexes have the same topology, ZK1
≃ S5, ZK2

≃ S3 × S3, and

ZK3
≃ (S4 × S3)#5 (McG79).

3.0.1 Functorial properties of polyhedral products

We now give some fundamental properties of the polyhedral product. The polyhedral

product consists of both spaces and simplicial complexes, and maps between these

underlying objects induces maps between the corresponding polyhedral products.

Lemma 3.2. (BBCG10) Let (X, A) and (Y, B) be m-tuples of pairs and let K be a simplicial

complex on [m]. Then

1. A map of pairs f : (X, A) → (Y, B) induces a map of polyhedral products

(X, A)K → (Y, B)K;

2. If L is a simplicial complex such that L ¦ K then the inclusion g : L → K induces a map

of polyhedral products G : (X, A)L → (X, A)K.

Proof. 1. The map of pairs f : (X, A) → (Y, B) induces a map of products

fσ : (X, A)σ → (Y, B)σ.
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Taking the union over the faces σ ∈ K gives a map

F : (X, A)K =
⋃

σ∈K

(X, A)σ →
⋃

σ∈K

(Y, B)σ = (Y, B)K.

2. Let K be on the vertex set [m], and let L be on the vertex set [n], where n f m

Consider σ ∈ L. As L ¦ K, σ is also a face of K. Let σ̄ denote σ when viewed as a

face of K. The simplicial inclusion g will send a vertex i ∈ L to the vertex

g(i) ∈ K. The map g therefore induces a map

(X, A)σ =
n

∏
i=1

Yi →
g(n)

∏
g(i)=1

Yg(i) ↪→
m

∏
j=1

Yj = (X, A)σ̄.

Taking the union over all the faces gives a map

G : (X, A)L =
⋃

σ∈L

(X, A)σ →
⋃

σ̄∈K

(X, A)σ̄
↪→

⋃

τ∈K

(X, A)τ = (X, A)K.

Lemma 3.3. (DS07) Let K be a simplicial complex on the vertex set [m] and let (X, A) be any

sequence of pointed, path connected CW-pairs. Let I = {i1, · · · , ik} ¦ [m], and let KI be a full

subcomplex of K on the set I. Then the following hold.

1. The inclusion ∏i∈I Xi → ∏
m
i=1 Xi induces a map (X, A)KI → (X, A)K that is the same

as that induced by the inclusion of simplicial complexes KI → K;

2. the projection ∏
m
i=1 Xi → ∏i∈I Xi induces a map (X, A)K → (X, A)KI ;

3. the composite (X, A)KI → (X, A)K → (X, A)KI is the identity map.

Proof. 1. Let f : I → [m] denote the inclusion of the subset I into [m]. This induces

a map f̄ : ∏i∈I Xi → ∏
m
i=1 Xi by sending Xi to X f (i) in ∏

m
i=1 Xi. Let σ ∈ KI . If σ is

viewed as a face of K, we shall denote it as σ̄. Consider the map

(X, A)σ = ∏
i∈σ

Yi → ∏
i∈σ

Yf (i) ↪→
m

∏
j=1

Yj = (X, A)σ̄.

By taking the union over all the faces we obtain a map of polyhedral products

(X, A)KI → (X, A)K.

2. Let g denote the projection ∏
m
i=1 Xi → ∏i∈I Xi. Consider (X, A)σ = ∏

m
i=1 Yi. It is

clear to see that there is a projection ∏
m
i=1 Yi → ∏i∈I Yi. If σ is a face of KI then

∏i∈I Yi = (X, A)σKI and if σ is not a face of KI , then τ = σ ∩ KI is a face of KI , and

so the projection induces a map from (X, A)σK → (X, A)τ. Taking the union over

all of the faces in K, we induce a map (X, A)K → (X, A)KI .
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3. Note that the composite X I → ∏
m
i=1 → X I is the identity map, and so as the

composite (X, A)σKI → (X, A)σ → (X, A)σKI is induced by this map, this implies

that it is the identity map on (X, A)σKI . Taking the union over all the faces of KI

shows that the composite (X, A)KI → (X, A)K → (X, A)KI is the identity.

3.0.2 Homotopy type of polyhedral products

The homotopy type of the polyhedral product has been studied at length. There are

three facets to this: study of the homotopy type of (X, A)K, the suspension Σ(X, A)K,

and study of the homotopy type of its loop space, Ω(X, A)K. We start with a

discussion of how the homotopy type of the polyhedral product changes under

certain simplicial operations.

3.0.3 Homotopy type with relation to simplicial operations

One key question regarding polyhedral products is how their homotopy type can

change under changes to the simplicial complex. Seemingly small changes to the

simplicial complex (adding an edge, for example) can generate massive changes in the

homotopy type of the polyhedral product. When it comes to simplicial operations,

one natural question is to what extent we can describe the homotopy type of the

polyhedral product in terms of the combinatorics of the simplicial operation. We begin

this section by recalling a well known homotopy equivalence for the polyhedral

product on the join.

Lemma 3.4. Let K = K1 ∗ K2, where K1 is on the vertex set {1, · · · , l} and K2 is on the

vertex set {l + 1, · · · , m}. Then

(X, A)K = (X, A)K1 × (X, A)K2 .

Proof. Consider (X, A)σ∪τ, where σ and τ are disjoint. By definition, this is ∏
m
i=1 Yi

where Yi = Xi if i ∈ σ ∪ τ and Ai otherwise. As σ and τ are on disjoint vertex sets,

∏
m
i=1 Yi can be written as ∏

l
i=1 Yi × ∏

m
j=l+1 Yj where Yi = Xi if i ∈ σ and Ai otherwise,

and Yj = Xj if j ∈ τ, and Aj otherwise. Therefore, (X, A)σ∪τ = (X, A)σ × (X, A)τ.

Now by definition of the join

(X, A)K1∗K2 =
⋃

σ∈K1,τ∈K2

(X, A)σ∪τ =
⋃

σ∈K1,τ∈K2

(X, A)σ × (X, A)τ =

( ⋃

σ∈K1

(X, A)σ
)
×

( ⋃

τ∈K2

(X, A)τ
)
= (X, A)K1 × (X, A)K2 .
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In (The22), the following result was proved regarding pushouts of simplicial

complexes over full subcomplexes.

The half-smash of two pointed spaces A and B is the quotient space

A ì B = A × B/ ∼

where (∗, b) ∼ ∗.

Proposition 3.5. (The22) Let K be a simplicial complex on the vertex set {1, · · · , m}, L a

simplicial complex on the vertex set {l + 1, · · · , n} and M a full subcomplex of both K and L

on the vertex set l + 1, · · · , m, where l < m < n. Then there is a homotopy fibration

(A ∗A′) ( (G ìA′) ( (Aë H) → (CA, A)K∪M L → (CA, A)M

where A = ∏
l
i=1 Ai, A

′ = ∏
n
i=m+1 Ai and G and H are the homotopy fibres of the retractions

(CA, A)K → (CA, A)M and (CA, A)L → (CA, A)M respectively. Further, this fibration

splits after looping to give a homotopy equivalence

Ω(CA, A)K∪M L ≃ Ω(CA, A)M × Ω((A ∗A′) ( (G ìA′) ( (Aë H)).

One illustration of how Proposition 3.5 informs us on the homotopy type of certain

polyhedral products is as follows. Let K and L be simplicial complexes, and let σ be a

maximal face of both K and L. Let K′ denote the simplicial complex K \ σ and let L′

denote the complex L \ σ. The connected sum of simplicial complexes K and L over σ is

defined as K#σL = K′ ∪∂σ L′. The deletion of σ from K and L implies ∂σ is a full

subcomplex of both K′ and L′. Therefore applying Proposition 3.5 gives the following

result concerning the loop space of the polyhedral product associated to the connected

sum.

Corollary 3.6. Let K and L be simplicial complexes and let σ be a maximal face of both K and

L on the vertex set {l + 1, · · · , m}. Let K′ be the subcomplex of K consisting of all the

simplices of K except σ, and let L′ be the subcomplex of L consisting of all the simplices of L

except σ. Let A = ∏i/∈σ,i∈K Ai, and let A′ = ∏j/∈σ,j∈L Aj. There is a homotopy fibration

(A ∗A′) ( (G ìA′) ( (Aë H) → (CA, A)K#σ L r
−→ (CA, A)∂σ

where G and H are the homotopy fibres of the composites

(CA, A)K′
→ (CA, A)K#σL

r
−→ (CA, A)∂σ

and

(CA, A)L′
→ (CA, A)K#σL

r
−→ (CA, A)∂σ.

Furthermore, this splits after looping.
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3.0.3.1 Pushouts of polyhedral products

We now prove a useful property of the polyhedral product, which has been a key tool

in determining the homotopy type of various polyhedral products. Given a pushout

of simplicial complexes, we can lift this to a pushout of polyhedral products. Recall

that, for a subcomplex L of a simplicial complex K, if we wish to consider L on the

vertex set of K, we denote L as L.

Proposition 3.7. (GT13) Let K be a simplicial complex on the vertex set [m], and suppose

K = K1 ∪L K2, that is, K is a pushout of K1 and K2 over L. Then, by regarding L, K1, K2 and

K as simplicial complexes on the vertex set [m], there is a pushout of polyhedral products

(X, A)L (X, A)K2

(X, A)K1 (X, A)K.

Proof. Since K = K1 ∪L K2 is a finite complex, we can divide the simplices of K into

three collections: (X), the simplices of L, (Y), the simplices of K1 that are not simplices

of L and (Z), the simplices of K2 that are not simplices of L. We can describe the

complexes L,K1,K2 and K as follows.

L =
⋃

σ∈X

σ,

K1 =
⋃

σ∈X

σ ∪
⋃

σ′∈Y

σ′,

K2 =
⋃

σ∈X

σ ∪
⋃

σ′′∈Z

σ′′,

K =
⋃

σ∈X

σ ∪
⋃

σ′∈Y

σ′ ∪
⋃

σ′′∈Z

σ′′.

Lifting to the polyhedral product, we obtain

(X, A)L =
⋃

σ∈X

(X, A)σ,

(X, A)K1 =
⋃

σ∈X

(X, A)σ ∪
⋃

σ′∈Y

(X, A)σ′
,

(X, A)K2 =
⋃

σ∈X

(X, A)σ ∪
⋃

σ′′∈Z

(X, A)σ′′
,

(X, A)K =
⋃

σ∈X

(X, A)σ ∪
⋃

σ′∈Y

(X, A)σ′
∪

⋃

σ′′∈Z

(X, A)σ′′
.
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As (X, A)L = (X, A)K1 ∩ (X, A)K2 and (X, A)K = (X, A)K1 ∪ (X, A)K2 , we have

(X, A)K = (X, A)K1 ∪(X,A)L (X, A)K2 .

It should be noted that the inclusion maps here are different from those in Lemma 3.2,

due to ghost vertices.

Recall that by (2.2), there any simplicial complex can be described as a pushout of the

form

lkK(i) stK(i)

K \ {i} K.

By Proposition 3.7, we obtain the pushout

(X, A)lkK(i) (X, A)stK(i)

(X, A)K\i (X, A)K.

By Lemma 3.4, we can rewrite (X, A)lkK(i), (X, A)stK(i) and (X, A)K\i as

(X, A)lkK(i) × Ai, (X, A)lkK(i) × Xi and (X, A)K\i × Ai respectively, where lkK(i) and

K \ i are now considered as simplicial complexes on the vertex set [m] \ i. We now

combine this into the following statement, which is a useful tool in analysing the

homotopy type of polyhedral products.

Corollary 3.8. There is a homotopy pushout

(X, A)lkK(i) × Ai (X, A)lkK(i) × Xi

(X, A)K\i × Ai (X, A)K.

where lkK(i) is regarded as a simplicial complex on the vertex set of K \ i.

The following section illustrates how Corollary 3.8 has been used to determine the

homotopy type of certian polyhedral products.

3.0.3.2 Polyhedral products that are homotopy equivalent to a wedge of spheres

Recall that W is the class of spaces homotopy equivalent to a finite type wedge of

1-connected spheres. One question of interest is when ZK is in W . Understanding the



32 Chapter 3. Polyhedral products

homotopy type of the moment-angle complex was motivated by open questions in

combinatorics. There is an equivalent description of the moment-angle complex as the

complement of a coordinate subspace arrangement. Specifically, for each simplicial

complex K on the vertex set [m], we can define the cooordinate subspace arrangement

CA(K) as the set of coordinate subspaces of Cm,

LI = {(z1, · · · , zm) ∈ C | zi1 = · · · = zik
= 0} where I = {i1, · · · , ik} is a subset of [m],

and I /∈ K. Denote the complement of CA(K) by U(K), so

U(K) = C
m \

⋃

I /∈K

LI .

By (BP99) there is a Tm-equivariant deformation retraction U(K) → ZK. Determining

when this complement is a wedge of spheres is a question of interest. Much progress

has been made in determining when ZK ∈ W . In this section, we look at the more

general case, (CA, A), for which the moment-angle complex is a specific example on

the pair (D2, S1). This is not new work, but illustrates the methods and tools used to

determine the homotopy types of polyhedral products. We start by determining the

homotopy type of (CA, A)K when K = ∂∆m−1.

Lemma 3.9. If K = ∂∆m−1 then (CA, A)K ≃ A1 ∗ · · · Am.

Proof. By definition of the polyhedral product,

(CA, A)∂∆m−1
=

m⋃

i=1

CA1 × · · · × Ai × · · · × CAm = A1 ∗ · · · ∗ Am

In the moment-angle complex case, we obtain that Z∂∆m−1 = S1 ∗ · · · ∗ S1 ≃ S2m−1.

It is easy to see when (CA, A)∂∆m−1
belongs to the class W .

Corollary 3.10. If ΣAi ∈ W , then (CA, A)∂∆m−1
∈ W .

In general, we cannot determine the homotopy type of ZK from definition. We

therefore have to employ different methods. One such approach is detailed below, and

makes use of the functorial relationship between the polyhedral product and the

underlying simplicial complex.

Lemma 3.11. Suppose that there is a homotopy pushout

A × B A

C × B Q

π1

∗×1 (3.1)

where π is the projection. Then Q ≃ (A ∗ B) ( (C ì B).
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Proof. Consider the map (∗ × 1) : A × B → C × B. This is equal to the composite

A
π2−→ B

i2−→ B → C × B where π2 is the projection onto the second factor, and i2 is the

inclusion of the second factor. We can write (3.1) as an iterated diagram of homotopy

pushouts:

A × B A

B A ∗ B

C × B Q.

π1

π2 ∗

∗

i2

The map ∗ : B → A ∗ B is homotopic to B → ∗ → A ∗ B, implying there is an iterated

homotopy pushout

B ∗ A ∗ B

C × B C ì B Q.

i2

As the right square is a homotopy pushout, we can see that Q ≃ (A ∗ B) ( (C ì B)

Recall that by Corollary 3.8 there is a homotopy pushout

(X, A)lkK(i) × Ai (X, A)lkK(i) × Xi

(X, A)K\{i} × Ai (X, A)K.

In the case where (X, A) = (CA, A) this homotopy pushout is equivalent, up to

homotopy, to the homotopy pushout

(CA, A)lkK(i) × Ai (CA, A)lkK(i)

(CA, A)K\{i} × Ai (CA, A)K

π

as Xi = CAi ≃ ∗. Therefore, if the map (CA, A)lkK(i) → (CA, A)K\{i} is null

homotopic, by Lemmma 3.11, there is a homotopy equivalence

(CA, A)K ≃ ((CA, A)lkK(i) ∗ Ai) ( ((CA, A)K\{i}
ì Ai). There are examples of null

homotopic maps of polyhedral products. The next Lemma is an example of such a

map.

Proposition 3.12. (GT13) Let K be a simplicial complex on the vertex set [m], and assume K

has no ghost vertices. Then the inclusion ∏
m
i=1 Ai → (CA, A)K is null homotopic.

To illustrate one use of Lemma 3.11, we consider the case when K is the k skeleton of a

simplex. For a simplicial complex ∆m−1
k , the link of any vertex is ∆m−2

k−1 and the
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restriction is ∆m−2
k . Expressed as a pushout, this is

∆m−2
k−1 ∆m−2

k−1 ∗ v

∆m−2
k ∆m−1

k

The following was proved in (Por66), but has been rephrased in terms of polyhedral

products, and the proof has been adapted from Lemma 4.8 of (Sta23b).

Lemma 3.13. The inclusion (CA, A)∆m−1
l → (CA, A)∆m−1

k is null homotopic for all l < k.

Proof. For 1 f i f m, let Hi : CAi × I → CAi be the homotopy which contracts the

cone to the cone point, and let the restriction of Hi to Xi × {1} be the constant map for

the respective Hi. Define a homotopy H : (CA, A)∂∆m−1
l × I → (CA, A)∂∆m−1

k by

H(((a1, t1), · · · , (am, tm), t) =





(H1((a1, t1), mt), (a2, t2), · · · , (am, tm)) t ∈ [0, 1
m ]

(∗, H2((a2, t2), mt − 1), (a3, t3), · · · , (am, tm)) t ∈ [ 1
m , 2

m ]...
...

(∗, ∗, · · · , ∗, Hn((am, tm), mt − (m − 1))) t ∈ [m−1
m , 1].

First, we check that H is well defined, in particular, that the image of H is in

(CA, A)∂∆m−1
k . Consider the interval [ i−1

m , i
m ] for 1 f i f m. The non-zero time

coordinates t1, · · · , tm in (CA, A)∂∆m−1
l are determined by the simplices of ∂∆m−1

l . By

definition of the k-skeleton of a simplex, if σ ∈ ∂∆m−1
l , then σ ∪ {i} ∈ ∂∆m−1

k , and so

we can introduce the non-zero time coordinate ti in Hi and obtain an element of

(CA, A)∂∆m−1
k . The map H is continuous since each Hi is continuous. At t = 0, the map

H(a, 0) is the inclusion, and at t = 1, the map H(a, 1) = ∗. Therefore the inclusion

(CA, A)∆m−1
l → (CA, A)∆m−1

k is null homotopic for all l < k.

Theorem 3.14. Let K = ∆m−1
k , and let ΣAi ∈ W for all I ∈ [m]. Then

(CA, A)K ≃
m∨

j=k+2

(
∨

ifi1<···<ijfm

(
j − 1

k + 1

)
Σk+1Ai1 ' · · · ' Aij

).

Furthermore, (CA, A)K ∈ W .

Proof. We proceed by induction on [m]. The base case is ∆0
0 = ∅, and this is trivially

true. Now assume that (CA, A)∆n−1
l ∈ W and our inductive formula holds for all
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n < m. Now consider (CA, A)∆m−1
k . By Corollary 3.8 there is a homotopy pushout

(CA, A)∆m−2
k−1 × Am (CA, A)∆m−2

k−1

(CA, A)∆m−2
k × Am (CA, A)∆m−1

k .

By Lemma 3.13, the map (CA, A)∆m−2
k−1 → (CA, A)∆m−2

k is null homotopic, and so by

Lemma 3.11, we obtain (CA, A)∆m−1
k ≃ ((CA, A)∆m−2

k−1 ∗ Am) ( ((CA, A)∆m−2
k ì Am).

Consider the term ((CA, A)∆m−2
k−1 ∗ Am). By the inductive formula, this is homotopy

equivalent to

m−1∨

j=k+1

(
∨

ifi1<···<ijfm−1

(
j − 1

k

)
Σk Ai1 ' · · · ' Aij

) ∗ Am.

As A ∗ B ≃ ΣA ' B, we obtain

m−1∨

j=k+1

(
∨

ifi1<···<ijfm−1

(
j − 1

k

)
Σk+1Ai1 ' · · · ' Aij

' Am).

Now consider the second term, ((CA, A)∆m−2
k ì Am). As, by induction,

(CA, A)∆m−2
k ∈ W , we obtain

((CA, A)∆m−2
k ì Am) ≃ (CA, A)∆m−2

k ( ((CA, A)∆m−2
k ' Am). By our inductive formula

we obtain the homotopy equivalence

m−1∨

j=k+2

(
∨

ifi1<···<ijfm−1

(
j − 1

k + 1

)
Σk+1 Ai1 ' · · · ' Aij

)

(
m−1∨

j=k+2

(
∨

ifi1<···<ijfm−1

(
j − 1

k + 1

)
Σk+1 Ai1 ' · · · ' Aij

' Am).

Combining like terms gives us our desired formula.

Specializing to the moment-angle case, we obtain the following result.

Corollary 3.15. Let K be the k skeleton of a m − 1 simplex. Then ZK ∈ W .

Corollary 3.15 can be vastly generalised. For specific families of simplicial complexes,

we can determine the homotopy type of (CA, A)K. By (BBCG10), there is a homotopy

equivalence

Σ(CA, A)K ≃ Σ
( ∨

I /∈K

|KI | ∗ ÂI
)

(3.2)



36 Chapter 3. Polyhedral products

where ÂI = Ai1 ' · · · ' Aik
. Much work has been done determining for which families

of simplicial complexes this homotopy equivalence desuspends.

Theorem 3.16. (GT13) (IK13) Let K be a shifted complex. Then there is a homotopy

equivalence

(CA, A)K ≃ (
∨

I /∈K

|KI | ∗ ÂI).

The k skeleton of a simplex belongs to the family of shifted simplicial complexes.

This again can be generalised. Recall that shifted complexes are contained in the class

of totally fillable complexes.

Lemma 3.17. If K is a totally fillable complex, the decomposition 3.2 desuspends.

Restricting to the moment angle complex, we obtain the following.

Theorem 3.18. (IK20) Let K be a totally fillable complex on the vertex set [m] with filling

F (KI) of KI for all ∅ ̸= I ¢ [m]. Then there is a homotopy equivalence

ZK ≃
∨

∅ ̸=I¢[m]

∨

σ∈F (KI)

S|σ|+|I|−1.

3.0.4 Homotopy theory of polyhedral products

We now consider some fundamental results about the homotopy theory of polyhedral

products, that is, how the polyhedral product interacts with fibrations of pairs. We

construct two homotopy fibrations sequences for the polyhedral product, and show

that these are equivalent.

Recall one construction of a homotopy fibre is as in Corollary 2.4, where for any map

f : A → B we can consider it to be a homotopy fibration sequence with homotopy

fibre Pf . The space Pf is the homotopy pullback of f and ev1 : PB → B, where

PB = Map∗(I, B) and ev1(ω) = ω(1) is the evaluation map. The following two

Lemmas where proved in (HST19), and included here for completeness.

Lemma 3.19. (HST19) Let K be a simplicial complex on the vertex set [m] and let (X, A) be a

pair of pointed, path-connected CW-pairs. Then there is a homotopy fibration

(CY, Y)K → (X, A)K →
m

∏
i=1

Xi

where for 1 f i f m, Yi is the homotopy fibre of the inclusion Ai → Xi.

Proof. The homotopy pullback of the identity map 1Xi
: Xi → Xi is PXi, the mapping

path space of Xi, and Yi is defined as the homotopy pullback of the inclusion



37

ji : Ai → Xi. Note that as ji is a subspace inclusion then Yi is exactly ev−1
1 (Ai) ¦ PXi.

Let σ ∈ K. Recall that (X, A)σ = ∏i∈σ Xi × ∏i∈[m]\σ Ai. Consider the homotopy

pullback

Q P(X1 × · · · Xm)

(X, A)σ X1 × · · · × Xm

ev1

iσ

where iσ is the inclusion. As P(X1 × · · · Xm) is homeomorphic to PX1 × · · · × PXm, ev1

is equivalent to a m-fold product of evaluation maps ev1 on each PXi. As the product

of pullbacks is a pullback, Q is homeomorphic to ∏i∈σ PXi × ∏i∈[m]\σ Yi. Therefore Q

is homeomorphic to (PX, Y)σ. Since iσ is a inclusion, (PX, Y)σ is the inverse image

image of the map (ev1 × · · · × ev1)
−1((X, A)σ) ¦ PX1 × · · · × PXm. As (X, A)K is the

union of (X, A)σ over all σ ∈ K, and inverse images preserve unions and intersections,

we obtain that the homotopy fibre of the map (X, A)K → ∏
m
i=1 Xi is (PX, Y)K. As PXi

is contractible, we can extend the map Yi → PXi to a map CYi → PXi which is a

homotopy equivalence, and so the induced map of pairs (CY, Y) = (PXi, Yi) is a

homotopy equivalence. Therefore the homotopy fibre of (X, A)K → ∏
m
i=1 Xi is

(CY, Y)K.

Lemma 3.20. (HST19) The fibration in Lemma 3.19 splits after looping, and so

Ω(X, A)K ≃
m

∏
i=1

ΩXi × Ω(CY, Y)K.

Proof. Consider the vertex i. The full subcomplex of K on i is just the vertex i. The

polyhedral product (X, A){i} = Xi by definition, and as i is a full subcomplex, Xi

retracts off (X, A)K. After looping ΩXi → Ω(X, A)K can be multiplied together to

obtain a map ∏
m
i=1 ΩXi → Ω(X, A)K which is a right homotopy inverse of the map

Ω(X, A)K → ∏
m
i=1 ΩXi. Hence, if µ is the loop multiplication on Ω(X, A)K then the

composite

(
m

∏
i=1

ΩXi)× Ω(CY, Y)K → Ω(X, A)K × Ω(X, A)K µ
−→ Ω(X, A)K

is a homotopy equivalence.

Example 3.20.1. Let (X, A) = (X, ∗). The homotopy fibre of the map ∗ → X is ΩX, and so

by Lemma 3.19 we obtain the homotopy fibration sequence

(CΩX, ΩX)K → (X, ∗)K →
m

∏
i=1

Xi.
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Furthermore, by Lemma 3.20 we obtain the homotopy equivalence

Ω(X, ∗)K ≃
m

∏
i=1

Xi × Ω(CΩX, ΩX)K.

Specialising further, let (X, ∗) = (CP∞, ∗). Then as ΩCP∞ ≃ S1, we obtain a homotopy

equivalence of pairs (CΩCP∞, ΩCP∞) ≃ (D2, S1). Therefore,

Ω(CP∞, ∗)K ≃
m

∏
i=1

ΩCP∞ × Ω(D2, S1)K.

There is another equivalent description of the loop space of a polyhedral product,

where the description is given in terms of the homotopy fibre of the map induced on

polyhedral products by including the link into the restriction. In Chapter 6,

Theorem 6.3, we give a more general version of this result, and a proof is deferred

until then.

Theorem 3.21. (The17) Let Gi be the homotopy fibre of the map

(X, A)lkk\{m,··· ,i+1}(i) → (X, A)K\{m,··· ,i}, and let Yi be the homotopy fibre of the map Ai → Xi.

Then there is a homotopy equivalence

Ω(X, A)K ≃
m

∏
i=1

ΩXi ×
m

∏
i=1

Ω(Gi ∗ Yi).

Example 3.21.1. 1. Let (X, A) = (X, ∗). Then there is a homotopy equivalence

Ω(X, ∗)K ≃
m

∏
i=1

ΩXi ×
m

∏
i=1

Ω(Gi ∗ ΩXi).

2. Let (X, A) = (CA, A). Then there is a homotopy equivalence

Ω(CA, A)K ≃
m

∏
i=1

Ω(Gi ∗ Ai).

Proposition 3.22. Let Yi be the homotopy fibre of the inclusion Ai → Xi. Then there is a

homotopy equivalence

Ω(CY, Y)K ≃
m

∏
i=1

Ω(Gi ∗ Yi)

where Gi is the homotopy fibre of the map (X, A)lkK\{m,··· ,i+1}(i) → (X, A)K\{m,··· ,i} and Yi is the

homotopy fibre of the map Ai → Xi.

Proof. By Theorem 3.21, we obtain

Ω(CY, Y)K ≃
m

∏
i=1

ΩCYi ×
m

∏
i=1

Ω(Fi ∗ Hi)
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where Fi is the homotopy fibre of (CY, Y)lkK\{m,··· ,i+1}(i) → (CY, Y)K\{m,··· ,i} and Hi is the

homotopy fibre of Yi → CYi. As CYi is contractible, Hi ≃ Yi. By Lemma 3.19, the

homotopy fibre of the map (X, A)lkK\{m,··· ,i+1}(i) → ∏
m−1
i=1 Xi is (CY, Y)lkK\{m,··· ,i+1}(i) and

the homotopy fibre of the map (X, A)K\{m,··· ,i} → ∏
m−1
i=1 Xi is (CY, Y)K\{m,··· ,i}.

Consider the homotopy fibration diagram

Fi (CY, Y)lkK\{m,··· ,i+1}(i) (CY, Y)K\{m,··· ,i}

Gi (X, A)lkK\{m,··· ,i+1}(i) (X, A)K\{m,··· ,i}

∗ ∏
m−1
i=1 Xi ∏

m−1
i=1 Xi.

Therefore Fi ≃ Gi, and hence Ω(CY, Y)K ≃ ∏
m
i=1 Ω(Gi ∗ Yi).

We now have two homotopy fibrations, Lemma 3.20 and Theorem 3.21, with two

equivalent ways of describing the loop space of the homotopy fibre of the map

(X, A)K → ∏
m
i=1 Xi. The second description breaks this homotopy fibre down into two

components. This second description will be used in Chapter 6.

3.0.5 Homotopy type of the suspension of ΣGi

In general, the homotopy type of the homotopy fibre Gi is mysterious, but in certain

cases, when the homotopy type of Ω(CA, A)K is known, we can determine the

homotopy type of suspensions of Gi.

Lemma 3.23. Let K be a simplicial complex on the vertex set [m]. Let Ω(CA, A)K ∈ P , and

let Gi denote the homotopy fibre of the map (CA, A)lkK(i) → (CA, A)K\i. Suppose Ai is

(k − 1)-connected. If ΣAi ∈ W , then ΣkGm ∈ W .

Proof. By Theorem 3.21 there is a homotopy equivalence

Ω(CA, A)K ≃ Ω(CA, A)K\i × ΩΣ(Gi ' Ai).

As Ω(CA, A)K ∈ P , by Lemma 2.27 we obtain Ω(ΣGi ' Ai) ∈ P . By Lemma 2.28,

ΣGi ' Ai ∈ W . As ΣAi ∈ W by hypothesis, ΣAi is homotopy equivalent to
∨

j∈α Sj for

some indexing set α. Therefore

ΣGi ' Ai ≃
∨

j∈α

Gi ' Sj ≃
∨

j∈α

ΣjGi.
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As each ΣjGi is retracting off ΣGi ' Ai, we obtain ΣjGi ∈ W by Lemma 2.26.

Furthermore, as Ai is (k − 1)-connected, ΣAi is k-connected. Therefore the smallest

j ∈ α is k, and so ΣkGi ∈ W .

Lemma 3.24. Let K be a simplicial complex on the vertex set [m] with no ghost vertices. If

(CA, A) is a sequence of pairs of spaces where each Ai path connected and at least

(k − 1)-connected for some k, then (CA, A)K is at least (2k − 2)-connected.

Proof. As each Ai is path connected, (CA, A)K is simply connected by (IK19). After

suspending, by (BBCG10) there is a homotopy equivalence

Σ(CA, A)K ≃ Σ
∨

I /∈K

|KI | ∗ ÂI

where |KI | is the geometric realisation of the full subcomplex on the vertex set I, and

ÂI is the iterated smash product Ai1 ' · · · AiI
. By assumption conn(Ai) g k − 1 for all

i ∈ [m], and so the connectivity of ÂI is at least k|I| − 1. Therefore the connectivity of

|KI | ∗ ÂI ≃ Σ|KI | ' ÂI is at least conn(|KI |) + k|I|+ 1. This is minimised when |I| = 2,

in which case |KI | ≃ S0. Therefore the lower bound for the connectivity of |KI | ∗ ÂI is

2k − 1, and so Σ(CA, A)K is at least (2k − 1)-connected. As there is a natural

isomorphism Hi+1(Σ(CA, A)K) = Hi((CA, A)K) for all i, we obtain (CA, A)K is at

least (2k − 2)-connected.

Corollary 3.25. Let L be a simplicial complex on the vertex set [m] with at least one ghost

vertex. If (CA, A) is a sequence of pairs of spaces where each Ai is at least (k − 1)-connected

for some k, then (CA, A)L is at least (k − 1)-connected.

Proof. Note that there is an equality

(CA, A)L = (CA, A)L × ∏
i/∈L

Ai

that follows from the definition of the polyhedral product. The lower bound for

connectivity immediately follows.

Lemma 3.26. Let K be a simplicial complex with no ghost vertices, and let L be a subcomplex

of K. Let H be the homotopy fibre of the map (CA, A)L → (CA, A)K. Suppose that each Ai is

at least (k − 1)-connected. Then H is at least (k − 1)-connected.

Proof. The fibration sequence H → (CA, A)L → (CA, A)K induces a long exact

sequence of homotopy groups. By Lemma 3.24 and Corollary 3.25 we obtain

πn((CA, A)K) = 0 for n f 2k − 2 and πn((CA, A)L) = 0 for n < k − 1. Therefore we
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obtain that πn(H) = 0 for n < k − 1. When n = k − 1, consider the following section

of the long exact sequence

πk((CA, A)K) → πk−1(H) → πk−1((CA, A)L) → πk−1((CA, A)K).

As (CA, A)K is at least (2k − 2)-connected by Lemma 3.24, this splits to give the

isomorphism

πk−1(H) ∼= πk−1((CA, A)L).

Therefore πk−1(H) is precisely as connected as πk−1((CA, A)L). By Corollary 3.25,

(CA, A)L is at least (k − 1)-connected, and therefore H is at least

(k − 1)-connected.

3.0.6 Loop spaces of polyhedral products that are homotopy equivalent to a

product of spheres and loops on spheres

A question that has recently generated much interest is when Ω(CA, A)K has the

homotopy type of a product of spheres and loops on spheres. We have already

encountered examples of such polyhedral products. If (CA, A)K ∈ W , then by the

Hilton-Milnor theorem, Ω(CA, A)K ∈ P . However, the family of simplicial complexes

such that Ω(CA, A)K ∈ P is far wider than this. Consider simplicial complexes of the

form Pm, where Pm is the boundary of a m-gon. Then, by (McG79), the moment-angle

complex ZPm
∼= #m−1

k=3 (S
k × Sm+2−k)#(k−2)(m−2

k−1 ). This clearly does not belong to W ,

however, after looping, by (BT14), we obtain ΩZPm ≃ ΩS3 × ΩSm−1 × ΩS(Pm), where

S(Pm) is a wedge of simply-connected spheres, and therefore, ΩZPm ∈ P . This is

related to Anick’s Conjecture. Let T be the collection of H-spaces which are homotopy

equivalent to a finite type product of indecomposible spaces that appear in the loop

space decomposition of a wedge of Moore spaces. Anicks’ conjecture states that if X is

a finite, simply connected CW-complex, then, for all but finitely many primes,

ΩX ∈ P ∪ T . In this work, our interest is on polyhedral products such that

Ω(CA, A)K ∈ P without needing to localize away from any primes.

Lemma 3.27. (Sta24a) Let K be a simplicial complex defined as the pushout

L K1

K2 K

where either L = ∅ or L is a full proper subcomplex of K1 and K2. If ΣAi ∈ W for all i,

Ω(CA, A)K1 ∈ P and Ω(CA, A)K2 ∈ P , then Ω(CA, A)K ∈ P .

A version of the following result first appeared in (PT19), although stated differently.
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Lemma 3.28. Let K be a flag complex on the vertex set [m] and A1, · · · , Am be path

connected CW-complexes such that ΣAi ∈ W for all i ∈ [m]. Then Ω(CA, A)K ∈ P .

Proof. We proceed by strong induction on the vertex set [m]. When m = 1,

Ω(CA, A)K = ΩCA1 ∈ P . Assume that for all flag complexes L on a vertex set [n]

where n < m, Ω(CA, A)L ∈ P . Now consider a flag complex K on the vertex set [m].

If, for all vertices i ∈ [m], stK(i) contains all vertices of K, then as K is flag, K must be a

simplex, and so our result holds. Assume there exists a vertex i such that stK(i) is on

strictly less vertices than K. By (2.2), K can be defined as the pushout

lkK(i) stK(i)

K \ i K.

By Lemma 2.37, lkK(m), stK(m) and K \ m are all flag complexes, and furthermore,

they are all on a vertex set strictly less than m. Therefore, by our inductive assumption

Ω(CA, A)stK(m) ∈ P , and Ω(CA, A)K\m ∈ P . Furthermore, lkK(m) will either be

empty, or by Lemma 2.38 will be a full subcomplex of both stK(m) and K \ m.

Therefore, by Lemma 3.27, we obtain Ω(CA, A)K ∈ P by strong induction.

This was generalised in (Sta24a).

Theorem 3.29. (Sta24a) Let K be the k-skeleton of a flag complex, and suppose ΣAi ∈ W for

all i ∈ [m]. Then Ω(CA, A)K ∈ P .

Recently, more work has been done in this area to expand the collection of simplicial

complexes such that ΩZK ∈ P .

Theorem 3.30. (Sta24b) Let K be a 2-dimensional simplicial complex. Then ΩZK ∈ P ∪ T .

Furthermore, if for all KI with full 1-skeletons H∗(|KI |; Z) is torsion free, then ΩZK ∈ P .

Theorem 3.31. (ST24) Let K be either the triangulation of a connected, orientable, closed

surface on [m], or a triangulation of S3 on [m]. Then ΩZK ∈ P .
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Chapter 4

The polyhedral join operation

In this section, we introduce the polyhedral join product, and prove many

fundamental combinatorial results. The polyhedral join product was first defined in

full generality in (Ayz13).

Definition 4.1. Let M be a simplicial complex on [m] vertices, and let

(K, L) = {(Ki, Li)}
m
i=1 be a sequence of pairs of simplical complexes. Define (K, L)∗σ as

(K, L)∗σ =
m
∗

i=1
Yi, Yi =





Ki i ∈ σ

Li otherwise.

Then the polyhedral join product is

(K, L)∗M =
⋃

σ∈M

(K, L)∗σ.

We now consider some examples of polyhedral join products on pairs of simplicial

complexes.

Example 4.1.1. 1. Let (K, L) be a sequence of pairs of simplicial complexes, and let

M = ∆m−1. Then (K, L)∗M = K1 ∗ · · · ∗ Km.

2. Let (K, L) be a sequence of pairs of simplicial complexes, and let M = ∅. Then

(K, L)∗M = L1 ∗ · · · ∗ Lm.

3. Let (K, L) be a sequence of pairs of simplicial complexes, where each pair

(Ki, Li) = (i, ∅). Then (K, L)∗M = M.

4. Let (K, L) be a sequence of pairs of simplicial complexes, where each pair

(Ki, Li) = (i, i). Then (K, L)∗M = ∆m.

There are two important families of the polyhedral join product.
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Example 4.1.2. Let M be a simplicial complex on the vertex set [m], and let K1, · · · , Km be

simplicial complexes on the vertex sets [k1], · · · , [km] respectively.

1. The substitution complex M(K1, · · · , Km) as introduced in (AP19) is the polyhedral

join product on the pairs (Ki, ∅).

2. The composition complex MïK1, · · · , Kmð as introduced in (Ayz13) is the polyhedral

join product on the pairs {(∆mi−1, Ki)}
m
i=1.

Example 4.1.3. Let M = ∂∆2, let K1 = {1}, K2 = {2}, and let K3 = ∆1. Then the

substitution complex M(K1, K2, K3) is the following simplicial complex

FIGURE 4.1: The substitution complex M(1, 2, K3).

4.1 Combinatorics of the polyhedral join product

We now prove some combinatorial properties of the polyhedral join product. We

begin with a description of the minimal missing faces of the polyhedral join product.

Proposition 4.2. (Sta23a) Let M be a simplicial complex on [m], and let

(K1, L1), · · · , (Km, Lm) be simplicial pairs on the vertex sets [k1], · · · , [km] respectively. Then

MF((K, L)∗M = MF(K1) ⊔ · · · ⊔ MF(Km) ⊔
{ ⊔

i∈N

Ji|N ∈ MF(M), Ji ∈ MF(Li), Ji ∈ Ki

}
.

4.1.1 Full subcomplexes

Lemma 4.3. Let M be a simplicial complex on the vertex set [m], and let N be a subcomplex

on the vertex set [n] where n f m. Then (K, L)∗N is a subcomplex of (K, L)∗M. Furthermore,

if N is a full subcomplex of M on [n], (K, L)∗N is a full subcomplex of (K, L)∗M on the vertex

set [k1 + · · ·+ kn].

Proof. Let τi denote a simplex in Ki and let ωi denote a simplex in Li. Every simplex

σ ∈ N will generate simplices of the form (∪i∈στi) ∪ (∪i/∈σωi). As N is a subcomplex

of M, σ ∈ M, and so (∪i∈στi) ∪ (∪i/∈σωi) ∈ (K, L)∗M for all σ ∈ N. Therefore (K, L)∗N

is a subcomplex of (K, L)∗M. Now let N be a full subcomplex of M. Assume (K, L)∗N
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is not a full subcomplex of M, that is, there exists a simplex σ′ on the vertex set of

(K, L)∗N such that σ′ ∈ (K, L)∗M, but σ′ /∈ (K, L)∗N . By definition,

σ′ = (∪i∈στi) ∪ (∪i/∈σωi) for some σ ∈ M. As N is a full subcomplex of M, σ ∈ N. By

the definition of the polyhedral join product, (∪i∈στi) ∪ (∪i/∈σωi) will form a simplex

in (K, L)∗N , contradicting the claim that σ′ /∈ (K, L)∗N . Therefore (K, L)∗N is a full

subcomplex of (K, L)∗M.

Corollary 4.4. The simplicial complex Ki is a full subcomplex of (K, L)∗M for all 1 f i f m.

Proof. As each vertex i is a full subcomplex of M, (K, L)∗i = Ki is a full subcomplex of

(K, L)∗M on the vertex set [ki].

Lemma 4.5. Let (K, L)∗M be a polyhedral join product, and for all i ∈ [m], let K̄i denote the

full subcomplex of Ki on the vertex set [k̄i]. Let L̄i denote the restriction of Li to the vertex set

[k̄i]. Then (K̄, L̄)∗M is a full subcomplex of (K, L)∗M on the vertex set [k̄1 + · · ·+ k̄m].

Proof. Let τ̄i denote a simplex in K̄i and let ω̄i denote a simplex in L̄i. Simplices of

(K̄, L̄)∗M are of the form (∪i∈στ̄i) ∪ (∪i/∈σω̄i). Suppose there exists some simplex in

(K, L)∗M on the vertex set [k̄1 + · · ·+ k̄m] that is not in (K̄, L̄)∗M. Simplices of (K, L)∗M

are of the form (∪i∈στi) ∪ (∪i/∈σωi), and so for this simplex to not be in (K̄, L̄)∗M, there

are two possibilities. The first is that τi /∈ K̄i for some τi. As τi is on the vertex set [k̄i],

and K̄i is a full subcomplex on this vertex set, this is a contradiction. The second

possibility is that ωi /∈ L̄i. But as L̄i is the restriction of Li to the vertex set [k̄i], the

subcomplex L̄i will contain all simplices of Li on this vertex set, which is a

contradiction. Therefore, (K̄, L̄)∗M must be a full subcomplex of (K, L)∗M.

Specialising to the substitution complex, we give specific results concerning full

subcomplexes.

Lemma 4.6. Let M be a simplicial complex on [m] vertices, and let L be a full subcomplex of

K on [l] vertices where l f m. Then L(K1, · · · , Kl) is a full subcomplex of M(K1, · · · , Km).

Proof. This follows from Lemma 4.3.

Corollary 4.7. Let M(K1, · · · , Kn) be a substitution complex. Then each Ki is a full

subcomplex on its original vertex set.

Lemma 4.8. Let M(K1, · · · , Kn) be a substitution complex. Then M(K1, · · · , Kn) contains a

full subcomplex M′, such that there is a simplicial equivalence M′ = M.

Proof. This follows from Lemma 4.5.
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In general, the polyhedral join product does not contain a copy of the original simplex

M as a full subcomplex. For example, take (∆n, L)∗∂∆1
, where L1 = L2 = ∂∆1. This

property is unique to the substitution complex.

Lemma 4.9. All full subcomplexes of (K, L)∗M can be described as (K̄, L̄)∗N where K̄i is a full

subcomplex of Ki, L̄i the full subcomplex of Li restricted to the vertex set of K̄i of L and N is a

full subcomplex of M.

Proof. We first show (K̄, L̄)∗N is a full subcomplex. If N = M or (K̄, L̄) = (K, L) we

have shown these are full subcomplexes. Without loss of generality, let N be on the

vertex set [n], where n < m. Consider the vertex set of (K̄, L̄)∗N . This will be of the

form {[k̄1], · · · [k̄n]}. Suppose there exists another subcomplex that contains (K̄, L̄)∗N .

Simplicies of (K, L)∗M are of the form (∪i∈στi) ∪ (∪i/∈σωi), and so for this simplex not

to be in (K̄, L̄)∗N , there are three possiblities

• σ /∈ N,

• τi /∈ K̄i for some i ∈ [k̄i],

• ωi /∈ L̄i for some i ∈ [k̄i].

These contradict our assumptions on N,K̄i and L̄i respectively.

Now let X be a full subcomplex of (K, L)∗M such that X does not have the form

(K̄, L̄)∗N . We will show a contradiction by a partitioning of the vertex set of X. We can

describe the vertex set of X as

{{j11, · · · , j1k1
}, {j21, · · · j2k2

}, · · · , {jm
1 , · · · jm

km
}}

Where {ji
1, · · · , ji

ki
} ¦ [k̄i]. Note that some sets {ji

1, · · · , ji
ki
} may be empty. Each non

empty set {ji
1, · · · , ji

ki
} will correlate to a vertex {i} in M. Let N denote the full

simplicial complex of M on this vertex set. Furthermore, for each nonempty

{ji
1, · · · , ji

ki
}, take K̄i to be the full subcomplex on this vertex set, and let L̄i be the full

subcomplex of Li on this vertex set. Then (K̄, L̄)∗N clearly contains X. By our earlier

argument, (K̄, L̄)∗N is a full subcomplex. As X is also a full subcomplex, X must be

equal to (K̄, L̄)∗N , and we have a contradiction.

4.1.2 Pushouts and the polyhedral join product

The goal of this section is to construct a pushout description of the polyhedral join

product in an analogous matter to the pushout (2.2). To do this, we discuss how the

polyhedral join product commutes with the join operation, and consider polyhedral

join products on simplicial complexes with ghost vertices. We begin with a general
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description of how pushouts of simplicial complexes induce pushouts of polyhedral

join products.

Lemma 4.10. Let
N MB

MA M

be a pushout of simplicial complexes. Then

(K, L)∗N (K, L)∗MB

(K, L)∗MA (K, L)∗M

is a pushout of simplicial complexes, where M is on the vertex set [m] , and N, MA and MB

refer to N, MA, MB regarded as simplicial complexes on the vertex set of M.

Proof. As M is finite, the faces in M can be sorted into three categories: (X) the faces in

N, (Y) the faces in MA that are not in N, and (Z) the faces in MB that are not in N.

Therefore we obtain that

N =
⋃

σ∈X

σ,

MA =
( ⋃

σ∈X

σ
)
∪
( ⋃

σ′∈Y

σ′
)
,

MB =
( ⋃

σ∈X

σ
)
∪
( ⋃

σ′′∈Z

σ′′
)
,

M =
( ⋃

σ∈X

σ
)
∪
( ⋃

σ′∈Y

σ′
)
∪
( ⋃

σ′′∈Z

σ′′
)
.

By the definition of the polyhedral join product, we obtain (K, L)∗M =
⋃

σ∈M(K, L)∗σ.

Therefore

(K, L)∗N =
⋃

σ∈X

(K, L)∗σ,

(K, L)∗MA =
( ⋃

σ∈X

(K, L)∗σ
)
∪
( ⋃

σ′∈Y

(K, L)∗σ′)
,

(K, L)∗MB =
( ⋃

σ∈X

(K, L)∗σ
)
∪
( ⋃

σ′′∈Z

(K, L)∗σ′′)
,

(K, L)∗M =
( ⋃

σ∈X

(K, L)∗σ
)
∪
( ⋃

σ′∈Y

(K, L)∗σ′)
∪
( ⋃

σ′′∈Z

(K, L)∗σ′′)
.

As (K, L)∗MA ∪ (K, L)∗MB = (K, L)∗M and (K, L)∗MA ∩ (K, L)∗MB = (K, L)∗N , the result

holds.
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We now consider how the polyhedral join product interacts with the join.

Proposition 4.11. There is an equality of simplicial complexes

(K, L)∗(M∗N) = (K, L)∗M ∗ (K, L)∗N .

Proof. Simplices in M ∗ N will be of the form σ ∪ τ, where σ ∈ M, τ ∈ N. Consider

(K, L)∗(σ∪τ). By definition, this is ∗m
i=1Yi where Yi = Ki if i ∈ σ ∪ τ and Li otherwise. As

σ and τ are on disjoint vertex sets, ∗m
i=1Yi can be written as (∗l

j=1Yi) ∗ (∗
m
k=l+1Yk) where

Yj = Kj if j ∈ σ and Lj otherwise, and Yk = Kk if k ∈ τ, and Lk otherwise. Therefore,

(K, L)∗(σ∪τ) = (K, L)∗σ ∗ (K, L)∗τ. Now

(K, L)∗(M∗N) =
⋃

σ∈M,τ∈N

(K, L)∗σ∪τ =
⋃

σ∈M,τ∈N

(K, L)∗σ ∗ (K, L)∗τ =

( ⋃

σ∈M

(K, L)∗σ
)
∗
( ⋃

τ∈N

(K, L)∗τ
)
= (K, L)∗M ∗ (K, L)∗N .

Lemma 4.12. Let N be a simplicial complex on the vertex set [m − 1], and let N be the

simplicial complex N considered as a simplicial complex on [m]. Then

(K, L)∗N = (K, L)∗N ∗ Lm.

Proof. Let σ denote a simplex in N, and let σ denote the same simplex viewed as a

simplex in N. Consider (K, L)∗σ. By definition, this is
m
∗

i=1
Yi = ( ∗

i∈σ
Ki) ∗ ( ∗

i/∈σ
Li). As m is

a ghost vertex, m /∈ σ for all σ ∈ N, and so

(K, L)∗σ = ( ∗
i∈σ

Ki) ∗ ( ∗
i/∈σ,i ̸=m

Li) ∗ Lm = (K, L)∗σ ∗ Lm

where σ is now considered a simplex of N. Taking the union over all faces σ ∈ N gives

the required result.

We are now able to deconstruct the polyhedral join product in terms of the underlying

simplicial complex.

Corollary 4.13. There is a pushout

(K, L)∗lkM(i) ∗ Li (K, L)∗lkM(i) ∗ Ki

(K, L)∗M\i ∗ Li (K, L)∗M.

where lkM(i) is regarded as a simplicial complex on the vertex set of M \ i.

Proof. This follows directly from Lemma 4.12, Lemma 4.10 and the pushout (2.2).
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4.1.3 Sequential construction

We now use this pushout to show that the polyhedral join product can be constructed

sequentially. This is shown in Lemma 4.16. We first set up notation and some technical

lemmas. Define M(i) as the polyhedral join product (Pi, Qi)∗M where the sequence

(Pi, Qi) is defined as

(Pi
j , Qi

j) =




(Kj, Lj) j f i

({j}, ∅) j > i.

The vertex set of M(i) shall be regarded as

{{j11, · · · , j1k1
}, {j21, · · · , j2k2

}, · · · , {ji
1, · · · , ji

ki
}, i+ 1, · · · , m} = {[k1], · · · , [ki], i+ 1, · · · , m}

This allows us to keep track of the original vertex set of M and the new vertices added

by the polyhedral join operation.

Note that M(m) = (K, L)∗M, M(0) = M, and each M(i) is a subcomplex of M(i + 1).

Lemma 4.14. Let (K, L) be a sequence of pairs of simplicial complexes, and let (P, Q) be a

sequence of simplicial complexes such that

(Pj, Qj) =




(Kj, Lj) j ̸= i

({i}, ∅) j = i.

Then there is an identity of simplical complexes

(K, L)∗M\i = ((P, Q)∗M) \ i.

Furthermore, there is an identity of simplical complexes

(K, L)∗lkM(i) = lk(P,Q)∗M(i)

where lkM(i) is considered on the vertex set of M \ i and lk(P,Q)∗M(i) is considered on the

vertex set of ((P, Q)∗M) \ i.

Proof. Let τj denote a simplex in Kj and let ωj denote a simplex in Lj. The simplices of

(K, L)∗M\i are all of the form (∪j∈στj) ∪ (∪j/∈σ,j ̸=iωj) for σ ∈ M \ i. As every simplex of

M \ i is a simplex of M, all such simplices will be contained in ((P, Q)∗M). As i /∈ σ,

these simplices will be unchanged under the deletion of i from ((P, Q)∗M). Therefore

(K, L)∗M\i ¦ ((P, Q)∗M) \ i. The simplices of ((P, Q)∗M) \ i will be of two forms: those

induced by γ ∈ M, such that i /∈ γ, and those induced by κ ∈ M such that i ∈ κ. The

simplices of ((P, Q)∗M) \ i induced by γ are clearly in (K, L)∗M\i. If κ ∈ M contains i,

then κ generates simplices of the form ((∪j∈κτj) ∪ (∪j/∈κωj)) \ i =
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((∪j∈κ,j ̸=iτj) ∪ (∪j/∈κ,j ̸=iωj) ∪ {i}) \ {i} = (∪j ∈κ,j ̸=iτj) ∪ (∪j/∈κωj). As κ ∈ M and i ∈ κ,

we obtain κ \ i ∈ M \ i. Therefore, (K, L)∗M\i contains all simplices of the form

(∪j∈κ,j ̸=iτj) ∪ (∪j/∈κωj). As all simplices of ((P, Q)∗M) \ i are contained in (K, L)∗M\i,

we obtain ((P, Q)∗M) \ i ¦ (K, L)∗M\i. We therefore have (K, L)∗M\i = ((P, Q)∗M) \ i.

Now let us consider the second statement. Simplices of (K, L)∗lkM(i) are of the form

(∪j∈στj) ∪ (∪j/∈σωj) where ω ∪ i ∈ M. By Lemma 4.3, (K, L)∗lkM(i) is a subcomplex of

(K, L)∗M\i, and so by the above equality, (K, L)∗lkM(i) is a subcomplex of (P, Q)∗M \ i,

and so (∪j∈στj) ∪ (∪j/∈σωj) is contained in (P, Q)∗M \ i. As σ ∈ lkM(i), σ ∪ i ∈ M, and

therefore (∪j∈στj) ∪ (∪j/∈σ,j ̸=iωj) ∪ i is a simplex of (P, Q)∗M. By the definition of the

link of a vertex, the simplex (∪j∈στj) ∪ (∪j/∈σ,j ̸=iωj) is contained in lk(P,Q)∗M)(i).

Therefore (K, L)∗lkM(i) ¦ lk(P,Q)∗M)(i). Now consider a simplex in lk(P,Q)∗M(i). Such

simplices have the form (∪j∈γτj) ∪ (∪j/∈γ,j ̸=iωj) where

(∪j∈γτj) ∪ (∪j/∈γ,j ̸=iωj) ∪ i ∈ (P, Q)∗M. As (∪j∈γτj) ∪ (∪j/∈γ,j ̸=iωj) ∪ {i} is a simplex of

(P, Q)∗M, this implies that γ ∪ {i} is a simplex of M. Therefore for all γ such that

(∪j∈γτj) ∪ (∪j/∈γ,j ̸=iωj) ∈ lk(P,Q)∗M(i), the simplex γ ∈ lkM(i). Therefore

(∪j∈γτj) ∪ (∪j/∈γ,j ̸=mωj) ∈ (K, L)∗lkM(j), and so lk(P,Q)∗M(i) ¦ (K, L)∗lkM(i). We therefore

have the equality (K, L)∗lkM(i) = lk(P,Q)∗M(i).

Lemma 4.15. Let (K, L) be a sequence of pairs of simplicial complexes, and let (P, Q) be a

sequence of simplicial complexes such that

(Pj, Qj) =




(Kj, Lj) j ̸= i

({i}, ∅) j = i.

Let (P, Q)∗M be the simplicial complex defined by the pushout

lk(P,Q)∗M(i) ∗ Li lk(P,Q)∗M(i) ∗ Ki

(P, Q)∗M \ i ∗ Li (P, Q)∗M.

Then there is an identity of simplicial complexes

(K, L)∗M = (P, Q)∗M.

Proof. By Lemma 4.14 we can rewrite (P, Q)∗M \ i and lk(P,Q)∗M(i). Thefore the

pushout defining (P, Q)∗M can be written as

(K, L)∗lkM(i) ∗ Li (K, L)∗lkM(i) ∗ Ki

(K, L)∗M\i ∗ Li (P, Q)∗M.
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By Lemma 4.13, (P, Q)∗M = (K, L)∗M.

Recall that M(i) is defined as polyhedral join product (Pi, Qi)∗M where the sequence

(Pi, Qi) is defined as

(Pi
j , Qi

j) =




(Kj, Lj) j f i

({j}, ∅) j > i.

By Lemma 4.15, with (K, L) = (Pi+1, Qi+1) and (P, Q) = (Pi, Qi), we obtain M(i + 1)

from M(i) via the pushout

lkM(i)(i + 1) ∗ Li+1 lkM(i)(i + 1) ∗ Ki+1

M(i) \ {i + 1} ∗ Li+1 M(i).

We therefore obtain the following result.

Lemma 4.16. The polyhedral join product can be constructed sequentially. That is, given a

simplicial complex M on the vertex set [m], we can obtain (K, L)∗M via the following sequence

M ¢ M(1) ¢ M(2) ¢ · · · ¢ M(m) = (K, L)∗M

where at each point, M(i + 1) is obtained from M(i) via the pushout

lkM(i)(i + 1) ∗ Li+1 lkM(i)(i + 1) ∗ Ki+1

M(i) \ {i + 1} ∗ Li+1 M(i + 1).
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Chapter 5

A survey of results concerning the

polyhedral join product

The polyhedral join product is a relatively new concept, and various aspects of the

topological properties of the polyhedral join product are beginning to be studied. The

polyhedral join product unifies various constructions across both homotopy theory

and combinatorics. In this section, we survey current results across the literature

concerning the polyhedral join product, and consider how these results can be used to

determine the homotopy type Z(K,L)∗M and ΩZ(K,L)∗M .

5.1 The homotopy type of Z(K,L)∗M

In Section 2.2.2, various families of simplicial complexes were given such that

ZK ∈ W . In general, the polyhedral join product does not produce moment-angle

complexes with the homotopy type of a wedge of spheres.

Theorem 5.1. Let (K, L)∗M be the polyhedral join product. Assume (CA, A)M, (CA, A)Ki

and (CA, A)Li are all in W . If for some Ki, Kj such that i and j share an edge in M neither Ki

or Kj is a simplex, (CA, A)(K,L)∗M
is not in W .

Proof. Assume that there exists i,j such that (i, j) is a simplex in M. This is a full

subcomplex on the vertex set {i, j}. Then by Lemma 4.7, (K, L)∗(i,j) = Ki ∗ Kj is a full

subcomplex, and so by Lemma 3.3, (CA, A)Ki∗Kj retracts off (CA, A)(K,L)∗M
. But

(CA, A)Ki∗Kj ≃ (CA, A)Ki × (CA, A)Kj , and is therefore not in W .

Theorem 5.1 tells us that polyhedral join products that produce moment-angle

complexes in W are far more limited. However, for a specific family of polyhedral join

products, we can determine more about the homotopy type of ZK ∈ W .
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5.1.1 Composition complexes and combinatorics

We begin by considering work concerning the composition complex. Recall that the

composition complex is the polyhedral join product on the pair (∆n, L). The

composition complex has appeared in (Ewa86),(Ayz13), (BBCG15),(Kar20).

The simplicial wedge was first defined in (PB80). Specifically, the simplicial wedge

operation at the vertex v is defined as

M(v) = lkM(v) ∗ ∆1 ∪ M \ v ∗ ∂∆1.

The simplicial wedge construction forms the base step of an iterative definition of the

reduced join operation.

Definition 5.2. The reduced join of M with ∂∆n with respect to v is the simplicial

complex

M ∗v ∂∆n = ∂∆n ∗ M \ v ∪ ∆n ∗ lkM(v).

Note that this is exactly the first step of the sequential construction of the polyhedral

join product on the pair (∆n, ∂∆n)∗M as described in Lemma 4.16.

Lemma 5.3. The simplicial complex (∆n, ∂∆n)∗M can be formed by iterative applications of

the simplicial wedge operation at each vertex.

Proof. By (Kar20), M ∗v ∂∆n = ∂∆n ∗ M \ v ∪ ∆n ∗ lkM(v) is formed by applying the

simplicial wedge operation to the vertex v n times. Combining this with Lemma 4.16

proves the asserted Lemma.

Lemma 5.3 tells us that if we want to consider when (∆n, ∂∆n)∗M preserves properties

of M, it is enough to consider when the simplicial wedge preserves these properties.

Definition 5.4. A simplicial complex M is vertex-decomposable if M is a simplex, or if M

contains a vertex v such that

• both M \ v and lkM(v) are vertex-decomposible, and,

• every maximal simplex of M \ v is a maximal simplex of M.

Definition 5.5. A simplicial complex M is called shellable if its maximal simplexes can

be arranged in a linear order σ1, σ2, · · · , σt in such a way that subcomplex(⋃k−1
i=1 ïσið

)
∩ ïσkð is pure and (dimσk − 1)-dimensional for all k = 2, · · · , t.

Definition 5.6. A pure simplicial complex M is called constructible if it can be obtained

by the following recursive procedure:
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• any simplex is constructible,

• if M1 and M2 are constructible simplicial complexes of the same dimension, d,

and if M1 ∩ M2 is a constructible simplicial complex of dimension d − 1 then

M1 ∪ M2 is a constructible simplicial complex.

If M is a simplicial complex and i g 0, let Mïið be the subcomplex of M generated by

the faces such that |σ| g i. A simplicial complex M is sequentially acyclic over Z if Mïið

has the property that H̃r(Mïið) = 0 for all r < i f dimM.

Definition 5.7. A simplicial complex M is sequentially Cohen-Macaulay over Z if

lkM(σ) is sequentially acyclic over Z for all σ ∈ M.

The following sequence of implications are known

shifted =⇒ shellable =⇒ constructible =⇒ sequentially Cohen − Macaulay

Definition 5.8. The Alexander dual of a simplicial complex M is the simplicial complex

M◦ = {σ ¦ [m]|[m] \ σ /∈ M}.

Theorem 5.9. (GT16, Theorem 6.6) Let M be a simplicial complex on the vertex set [m]

whose Alexander dual is sequentially Cohen-Macaulay. Then the decomposition 3.2

desuspends, and ZM ∈ W .

Corollary 5.10. (GT16) For a simplicial complex M, if the dual of M is vertex decomposable,

shellable, or constructible, then ZM ∈ W .

The combinatorial properties of a specific composition complex was looked at in

(Kar20). Specifically, properties of polyhedral join products of the form (∆n, ∂∆n)∗M.

These complexes were referred to as mixed wreath products.These complexes can be

constructed by repeatedly applying the simplicial wedge operation to M. The

following was proved.

Proposition 5.11. The polyhedral join product (∆n, ∂∆n)∗M is vertex-decomposable, shellable

or constructible if and only if M is.

Proof. By Lemma 5.3, it is enough to show M(v) preserves these properties. By (PB80),

M(v) is vertex-decomposable if and only if M is, and by (JL05), M(v) is shellable or

constructible if and only if M is. Therefore, (∆n, ∂∆n)∗M is vertex-decomposable,

shellable or constructible if and only if M is.

Theorem 5.12. (Zhe17) Let (∆n, L)∗M be a composition complex. Then

((∆n, L)∗M)◦ = (∆n, L◦)∗M◦
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Example 5.12.1. Let (∆n, L)∗M be a composition complex, and let Li be ni disjoint points for

all i. Then

((∆n, L)∗M)◦ = (∆n, ∂∆n)∗M◦
.

Proposition 5.13. Let (∆n, L)∗M be a composition complex, and let Li be ni disjoint points for

all i. If M is such that M◦ is one of

1. vertex-decomposable,

2. shellable,

3. constructible,

then Z(∆n,L)∗M ∈ W .

Proof. By Corollary 5.10, Z(∆n,L)∗M ∈ W if ((∆n, L)∗M)◦ is vertex-decomposable,

shellable, or constructible. By Example 5.12.1, ((∆n, L)∗M)◦ = (∆n, ∂∆n)∗M◦
, and by

Proposition 5.11, (∆n, ∂∆n)∗M◦
is vertex-decomposable, shellable, or constructible if

M◦ is. Therefore, under our assumptions on M◦, we have that ((∆n, L)∗M)◦ has the

necessary qualities, and therefore, Z(∆n,L)∗M ∈ W .

5.1.2 Composition complexes and homotopy theory

The previous section focused on when composition complexes preserved certain

properties. However, we can consider a different method that is focused on the maps

between spaces. In (BBCG15), the relation between a specific example of the

composition complex and moment angle complexes was explored. An analogous

construction to the polyhedral join product (∆n, ∂∆n)∗M was defined, and then used to

construct an infinite family of toric manifolds associated to a specific toric manifold. In

this work, a precursor to Theorem 5.22 appeared, which has been reworded here in

the notation of the polyhedral join product.

Theorem 5.14. Let M be a simplicial complex with [m] vertices and let (X, A) be a family of

CW pairs. For N = (n1, · · · , nm), define a new family of pairs (Y, B) by

(Yk, Bk) = (Xk, Ak)
nk . Then there is an equality

(X, A)(∆
n,∂∆n)∗M

= (Y, B)M

Theorem 5.15. There is a homeomorphism of polyhedral products

(C(∗J A), ∗J A)M = (CA, A)Mï∂∆j1−1,··· ,∂∆jm−1ð
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Proof. By (BBCG15), Lemma 8.1, there is a homeomorphism of pairs

(C(A ∗ A), A ∗ A)
f
−→ (CA × CA, (CA × A ∪ A × CA)) = (CA, A)2. This map iterates

to give a map (C(∗J A), ∗J A)
f J
−→ (Y, B). Combining this with Lemma 5.22 gives the

asserted result.

Theorem 5.16. Let M be a simplicial complex such that if ΣXi ∈ W for all i ∈ [m], then

(CX, X)M ∈ W . If ΣAj ∈ W for all j, then

(CA, A)(∆
n,∂∆n)∗M

≃ (
∨

I /∈M

|MI | ∗ (∗N A)'I),

and furthermore, (CA, A)(∆
n,∂∆n)∗M

∈ W .

Proof. By Theorem 5.15, we have (CA, A)(∆
n,∂∆n)∗M

= (C(∗N A), ∗N A)M. As each

ΣAj ∈ W , ∗N Aj ∈ W , and therefore the homotopy equivalence 3.2 de-suspends to

give the asserted homotopy equivalence.

This construction gives us simplicial complexes that preserve the property of ZK ∈ W

without worrying about combinatorial properties being preserved.

5.1.3 Actions of the Steenrod algebra

In (AGI+24), actions of the mod 2 Steenrod algebra on polyhedral products related to

polyhedral join products were described. Using fundamental facts about the

polyehdral join product, the authors showed that Steenrod operations on a given

simplex could be propagated to Steenrod actions on the polyhedral join product, and

through the Hochester fomula, actions on the associated moment angle complex. We

begin by referencing results concening the homotopy type of composition complexes

and subsitution complexes.

Lemma 5.17. (Ayz13) There is a homotopy equivalence

(∆n, L)∗M ≃ M ∗ L1 ∗ · · · ∗ Lm.

Lemma 5.18. (AGI+24) There is a homotopy equivalence

M(K1, · · · , Km) ≃ M ( lkM(1)(1) ∗ K1 ( · · · ( lkM(m)(m) ∗ Km

Proposition 5.19. (AGI+24) Let (∆n, L)∗M be a polyhedral join product. If none of

M, L1 · · · , Lm is contractible, then non trival steenrod operations on K, L1, · · · , Lm propagate

to non-trivial Steenrod operations on the moment-angle complex on (∆n, L)∗M.
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Proof. By the Hochster formula and Lemma 5.17, a suspension of

(∆n, L)∗M ≃ M ∗ Li ∗ · · · ∗ Lm appears as a summand in the cohomology ring of the

moment-angle complex. Therefore non-trival Steenrod operations on M, L1, · · · , Lm

propagate to the moment-angle complex.

We can also consider the substitution complex.

Proposition 5.20. Let (K, ∅)∗M be a polyhedral join product. Then the non trivial steenrod

operations on K, K1, · · · , Km propagate to non-trivial Steenrod operations on the

moment-angle complex on (K, ∅)∗M.

Proof. By the Hochster formula, the cohomology of the moment-angle complex over

(K, ∅)∗M decomposes as the direct sum of the cohomology of all (suspended) full

subcomplexes of the substitution complex. As M, K1, · · · , Km are all full

subcomplexes, all the Steenrod operations on their cohomology will propagate to give

non trivial Steenrod actions on the moment-angle complex.

We can generalize this slightly with some known results about polyhedral join

products.

Proposition 5.21. Let (K, L)∗M be a polyhedral join product. Then non-trivial Steenrod

operations on K1, · · · , Km extend to to non trival steenrod operations on the moment angle

complex on (K, L)∗M.

Proof. By the Hochster formula, the cohomology of the moment-angle complex over

(K, L)∗M decomposes as the direct sum of the cohomology of all (suspended) full

subcomplexes of the polyhedral join product. By Corollary 4.4, we have (K, L)∗i = Ki

is a full subcomplex for all i ∈ [m], and so Steenrod operations on the cohomology of

K1, · · · , Km will propagate to non-trivial Steenrod actions on the moment-angle

complex.

5.1.4 Equivalences of polyhedral products associated with polyhedral join

products

In (Vid18), the cohomology of polyhedral products over the two families of polyhedral

join products were considered. Spectral sequences were used to give a complete

description of the cohomology ring for specific families of polyhedral join products. In

the course of (Vid18), the following result that generalises Theorem 5.15 was stated.

Theorem 5.22. (Vid18) Let (X, A) be Σi∈[m]ki pairs of pointed CW-complexes. Let M be a

simplicial complex on [m] vertices, and let (K, L) be m pairs of simplicial complexes, where



5.1. The homotopy type of Z(K,L)∗M 59

each Ki is a simplicial complex on [ki] vertices, and each Li is considered to be a simplicial

complex on [ki] vertices with potential ghost vertices. Then

(X, A)(K,L)∗M
= ((X, A)K, (X, A)L)M

Proof. Let σ ¦ [m], τi ∈ Ki and ωi ∈ Li. Consider ((X, A)K, (X, A)L)σ. This

decomposes as

((X, A)K, (X, A)L)∗σ = ∏
i∈σ

(X, A)Ki × ∏
i∈[m]\σ

(X, A)Li =

∏
i∈σ

⋃

τi∈Ki

(X, A)τi × ∏
i∈[m]\σ

⋃

ωi∈Li

(X, A)ωi =

∏
i∈σ

⋃

τi∈Ki

(∏
j∈τi

Xj × ∏
j∈[ki ]\τi

Aj)× ∏
i∈[m]\σ

(
⋃

ωi∈Li

(∏
j∈ωi

Xj × ∏
j∈[ki ]\ωi

Aj)).

Therefore

((X, A)K, (X, A)L)∗M =
⋃

σ∈K

(
∏
i∈σ

⋃

τi∈Ki

(∏
j∈τi

Xj × ∏
j∈[ki ]\τi

Aj)× ∏
i∈[m]\σ

(
⋃

ωi∈Li

(∏
j∈ωi

Xj × ∏
j∈[ki ]\ωi

Aj))
)
.

Let σ′ ∈ (K, L)∗M. Note that σ′ = (∪iıστi) ∪ (∪i∈[m]\σωi). Therefore

(X, A)σ′
= (X, A)∪i∈στi × (X, A)∪i∈[m]\σωi = ∏

i∈σ

(X, A)τi × ∏
i∈[m]σ

(X, A)ωi

= ∏
i∈σ

⋃

τi∈Ki

(∏
j∈τi

Xj × ∏
j∈[ki ]\τi

Aj)× ∏
i∈[m]\σ

(
⋃

ωi∈Li

(∏
j∈ωi

Xj × ∏
j∈[ki ]\ωi

Aj))

As (X, A)(K,L)∗M
=

⋃
σ′∈K(X, A)σ′

=
⋃

i∈σ(X, A)∪i∈στi × (X, A)∪i∈[m]\σωi , we have that

(X, A)(K,L)∗M
= ((X, A)K, (X, A)L)M.

Recall that we can consider the substitution complex as a special case of the polyhedral

join operation, where (Ki, Li) = (Ki, ∅i). We therefore obtain the following result.

Corollary 5.23. Let M(K1, · · · , Km) be a substitution complex. Then

(X, A)M(K1,··· ,Km) = ((X, A)K, ∏
j∈K

Aj)
M.

Corollary 5.24. Let MïK1, · · · , Kmð be a composition complex. Then

(X, A)MïK1,··· ,Kmð = (∏
j∈K

Xi, (X, A)K)M.
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5.1.5 Whitehead products and the substitution complex

Composition complexes are not the only examples of polyhedral join complexes that

give rise to moment-angle complexes in W . For this, we consider substitution

complexes associated to Whitehead products. Given maps fi ∈ [ΣXi, Y] for i = 1, 2, the

generalised Whitehead product [ f1, f2] ∈ [ΣX1 ' X2, Y] is the homotopy class of the map

[ f1, f2] : X1 ∗ X2
ρ
−→ ΣX1 ( ΣX2

f1( f2
−−−→ Y ( Y

▽

−→ Y

where ω : X1 ∗ X2 → ΣX1 ( ΣX2 is the restriction of the map

CX1 × CX2 → ΣX1 × ΣX2 to X1 ∗ X2, and ▽ : Y ( Y → Y is the fold map.

We can extend this to higher Whitehead products as outlined in (Sim23). Consider

spaces X1, · · · , Xm, Z. Given maps fi : ΣXi → Z for i = 1, · · · , m denote

ω( f1, · · · , fm) = {φ : FW(ΣX1, · · · , ΣXm) → Z | φ|ΣXi
≃ fi for i = 1, · · · , m}

as the set of extensions up to homotopy of
∨

fi :
∨

ΣXi → Z to FW(ΣX1, · · · , ΣXm).

Then the higher generalised Whitehead product of the maps fi is the set of homotopy

classes

[ f1, · · · , fm] = {[φρ] | φ ∈ ω( f1, · · · , fm) ¦
[
∗m

i=1 Xi, Z],

where ρ : X1 ∗ · · · ∗ Xm =
⋃m

i=1 CX1 × · · · × Xi × · · · × CXm → FW(ΣX1, · · · , ΣXk) is

the restriction of the product of quotient maps CXi → ΣXi.

We will consider higher Whitehead products generated by maps of the form

µi : ΣS1 → (CP∞, ∗)K. Our higher Whitehead products will be the homotopy class of

the map

[µ1, · · · , µm] : S2m−1 → (CP∞, ∗)K.

General iterated higher Whitehead products are higher Whitehead products whose

agruments can be themselves higher Whitehead products. A special case of this is

nested iterated higher Whitehead products

w =
[
[· · · [[µi11

, · · · , , µi1p1
], µi21

, · · · , µi2p2
], · · · ], µin1

, · · · , µinpn
] : Sd(w) → (CP∞, ∗)K.

Definition 5.25. A simplicial complex K realises a higher iterated Whitehead product

w if w is a non-trivial element of π∗(ZK)

Proposition 5.26. (AP19) Let ∂∆w be defined as the following substitution complex

∂∆w = ∂∆(∂∆w1
, · · · , ∂∆wq , i1, · · · , ip)
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where each wj = ∂∆pj−1. Then ∂∆w is the smallest simplicial complex that realises the iterated

higher Whitehead product

w = [w1, · · · , wq, µi−1, · · · , µip
].

where µi is the ith coordinate map

µi : (D2, S1) → S2 ∼= CP∞ → (CP∞)(m → (CP∞)K

and wj = [µj1 , · · · , µjpj
], j = 1, · · · , q are nontrivial single higher Whitehead products.

In general, moment-angle complexes associated with ∂∆w will not belong to W by

Theorem 5.1. However, for ∂∆w realising a nested iterated higher Whitehead product,

we can determine Z∂∆w
∈ W .

Proposition 5.27. If K = ∂∆pm(∂∆pm−1(· · · (∂∆p2(∂∆p1 , i0
1, · · · i0

p1
)) · · · ), im

1 , · · · , im
pm
), then

ZK ∈ W .

Proof. We proceed by induction. Assume that for

K = ∂∆pm−1(∂∆pm−2(· · · (∂∆p2(∂∆p1 , i1
1, · · · i1

p1
)) · · · ), im−1

1 , · · · , im−1
pm−1

),

then ZK ∈ W . Consider

K′ = ∂∆pm(∂∆pm−1(· · · (∂∆p2(∂∆p1 , i1
1, · · · i1

p1
)) · · · ), im

1 , · · · , im
pm
).

By Corollary 4.13, K′ can be written as the following pushout

∂∆pm−1 ∂∆pm−1 ∗ K

∆pm−1 K′

.

By Lemma 3.7, on the level of polyhedral products we have the homotopy pushout

Z∂∆pm−1 × ∏i∈K S1
i Z∂∆pm−1 ×ZK

Z∆pm−1 × ∏i∈K S1
i ZK′

1×i

f

where i is the inclusion induced by the simplicial inclusion ∅ → K and f is the

inclusion induced by the simplicial inclusion ∂∆pm−1 → ∆pm−1. The polyhedral

product Z∆pm−1 is contractible, and the map i is null homotopic by Lemma 6.9. We can
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therefore rewrite our homotopy pushout as

Z∂∆pm−1 × ∏i∈K S1
i Z∂∆pm−1 ×ZK

∏i∈K S1
i ZK′

1×∗

π

and by Lemma 3.11 we have

ZK′ ≃ Z∂∆pm−1 ∗ ∏
i∈K

S1
i ( (ZK ìZ∂∆pm−1).

There is a homotopy equivalence Z∂∆pm−1 ∗ ∏i∈K S1
i ≃ Σ(Z∂∆pm−1 ' ∏i∈K S1

i ), and as

Z∂∆pm−1 ≃ S2pm−1, this becomes Σ(S2pm−1 ' ∏i∈K S1
i ). Distributing the suspension over

the product, and applying Lemma 2.24 gives

Z∂∆pm−1 ∗ ∏
i∈K

S1
i ≃

|p1+···+pm−1|∨

k=1

(
|p1 + · · ·+ pm−1|

k

)
S2pm+k.

As ZK is a suspension by induction, we have (ZK ìZ∂∆pm−1) ≃ ZK ( (ZK ' S2pm−1).

Combining this gives the homotopy equivalence

ZK′ ≃
( |p1+···+pm−1|∨

k=1

(
|p1 + · · ·+ pm−1|

k

)
S2pm+k

)
( ZK ( (ZK ' S2pm−1).

By induction, ZK ∈ W , and so ZK′ ∈ W .

Corollary 5.28. For K = ∂∆(∂∆(j1, · · · , jq), i1, · · · , ip) there is a homotopy equivalence

ZK ≃ S2p+2q−2 ( S2q−1 (
( q∨

k=1

(
q

k

)
S2p+k

)
.

By Lemma 5.26, the complex ∂∆(∂∆(j1, · · · , jq), i1, · · · , ip) will realise the higher

Whitehead product [[µj1 , · · · , µjq ]µi1 , · · · , µip
]. For example, S2(p+q−1) corresponds to

[[µj1 , · · · , µjq ]µi1 , · · · , µip
].

Example 5.28.1. Consider K = ∂∆(∂∆(1, 2, 3), 4, 5). Then the associated moment-angle

complex is homotopy equivalent to S8 ( S7 ( (S6)(3 ( (S5)(4, and each sphere is a Whitehead

product, as described in (AP19).
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5.2 The homotopy type of ΩZ(K,L)∗M

5.2.1 Substitution complexes and Whitehead products

In (AP19), the substitution complex was used to study the realisability of iterated

higher Whitehead products with relation to moment-angle complexes. For any

iterated higher Whitehead product w, the substitution operation was used to produce

a simplicial complex that realized w. In general, the associated moment-angle complex

will not belong to W , but we can determine the loop space of Z∂∆w
.

5.2.1.1 Polyhedral products associated with substitution complexes of the form

∂∆w = ∂∆(∂∆w1
, · · · , ∂∆wp , i1, · · · , iq)

Proposition 5.29. There is a homotopy equivalence

ΩZ∂∆n−1(∂∆p1−1,··· ,∂∆pq−1,iq+1,··· ,in)
≃

q

∏
i=1

ΩS2pi−1 × ΩW

where W = Σ2n−2q−1(
∧q

i=1((
∨pi

j=1 (
pi

j )S
j+1) ( (

∨pi

j=1 (
pi

j )S
j+1 ' ΩS2pj−1) ( ΣΩS2pj−1)).

Proof. By Theorem 5.22, there is an equivalence

Z∂∆n−1(∂∆p1−1,··· ,∂∆pq−1,i1,··· ,ip)
= (CX, X)∂∆n−1

, where

(CXi, Xi) =




(Zpi−1, ∏

pi

i=1 S1) if i ∈ {1, · · · , q}

(D2, S1) otherwise.

By Lemma 3.20, there is a homotopy equivalence

ΩZ∂∆n−1(∂∆p1−1,··· ,∂∆pq−1,i1,··· ,ip)
≃

q

∏
i=1

ΩZ2pi−1 ×
n

∏
i=q+1

ΩD2
i × Ω(CH, H)∂∆n−1

where Hi is the homotopy fibre of the map ∏j∈∂∆pi−1 S1
j → Z∂∆pi−1 for i f q and the

homotopy fibre of the map S1
i → D2

i for i > q. As Z2pi−1 ≃ S2pi−1 and ∏
n
i=q+1 ΩD2

i is

contractible, this simplifies to the first term in our homotopy equivalence. By Lemma

6.9, for all i, Hi is the fibre of a null homotopic map, and so

Hi =





∏j∈∂∆pi−1 S1
j × ΩZ∂∆pi−1 i f q

S1
i i > q.

By Lemma 3.9, Z∂∆pi−1 ∈ W , and so ΩZ∂∆pi−1 ∈ W . Therefore each Hi ∈ P , and so by

Lemma 2.25, ΣHi ∈ W . By Lemma 3.9,
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(CH, H)∂∆n−1
≃ H1 ∗ · · · ∗ Hn ≃ Σn−1H1 ' · · · ' Hn. For i f q,

ΣHi ≃ Σ( ∏
j∈∂∆pi−1

S1
j × ΩZ∂∆pi−1) ≃ Σ ∏

j∈∂∆pi−1

S1
j ( ΣΩZ∂∆pi−1 ( Σ ∏

j∈∂∆pi−1

S1
j ' ΩZ∂∆pi−1 .

As Σ ∏j∈∂∆pi−1 S1
j ≃

∨
1fjfpi

(pi

j )S
j+1 and ΩZ∂∆pi−1 ≃ S2pi−1, this simplifies to

ΣHi ≃
∨

1fjfpi

(
pi

j

)
Sj+1 ( ΣΩS2pi ( (

∨

1fjfpi

(
pi

j

)
Sj+1 ' ΩS2pi−1).

For i > q, Hi ≃ S1, and so Hq+1 ' · · · ' Hn ≃ S1 ' · · · ' S1 ≃ Sn−q. Combining all of

this, we get

(CH, H)∂∆n−1
≃ Σn−1−q(

q∧

i=1

((
pi∨

j=1

(
pi

j

)
Sj+1)( (

pi∨

j=1

(
pi

j

)
Sj+1 'ΩS2pj−1)(ΣΩS2pj−1))'Sn−q

≃ S2n−2q−1 ' (
q∧

i=1

((
pi∨

j=1

(
pi

j

)
Sj+1) ( (

pi∨

j=1

(
pi

j

)
Sj+1 ' ΩS2pj−1) ( ΣΩS2pj−1)).

as required.

Spheres of dimension 2pi − 1 correspond dimensionally to higher Whitehead products

[µj1 , · · · , µjpi
], and the sphere of dimension 2n − 2q − 1 corresponds to the higher

Whitehead product [µq+1, · · · , µn].
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Chapter 6

Polyhedral products associated with

polyhedral join products

This chapter draws from (Eld24), and is concerned with describing a loop space

homotopy equivalence for the polyhedral product associated with the polyhedral join

product, and considers how this changes the homotopy type of the polyhedral

product.

6.1 A generalized loop space decomposition for certain

polyhedral products

In this section, we generalize results from (The24). Let K be the simplicial complex

defined as the following pushout

L L ∗ M

K K.

Then, by (The24), we can determine a homotopy equivalence for Ω(X, A)K in terms of

the component spaces. Here we generalise this result as follows. Let M be a simplicial

complex on [m], and let N be a subcomplex of M. Let K be a simplicial complex on [k],

and let L be a subcomplex of K. Consider N and L to be on the vertex sets of M and K

respectively. Define Q to be the pushout

N ∗ L N ∗ K

M ∗ L Q.

(6.1)
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The simplicial complex Q is considered to be on the vertex set [m + k]. Applying

Lemma 3.4 and Lemma 3.7 gives the following result

Lemma 6.1. There exists a pushout

(X, A)N × (X, A)L (X, A)N × (X, A)K

(X, A)M × (X, A)L (X, A)Q.

There are inclusion maps from M ∗ L and N ∗ K into M ∗ K, and the inclusions M ∗ K

coincide on N ∗ L. Therefore there is a pushout map Q → M ∗ K. This induces the

following pushout map on topological spaces:

(X, A)N × (X, A)L (X, A)N × (X, A)K

(X, A)M × (X, A)L (X, A)Q

(X, A)M × (X, A)K.

Θ

(6.2)

The maps N ∗ K → M ∗ K and M ∗ L → M ∗ K are both the join of an inclusion and the

identity, and so on the level of polyhedral products, they induce the maps

(X, A)N × (X, A)K g×1
−−→ (X, A)M × (X, A)K

and

(X, A)M × (X, A)L 1×h
−−→ (X, A)M × (X, A)L.

If all four corners of the pushout (6.2) are included into (X, A)M × (X, A)K, we obtain

homotopy fibrations

F → (X, A)Q Θ
−→ (X, A)M × (X, A)K

G → (X, A)N × (X, A)K g×1
−−→ (X, A)M × (X, A)K

H → (X, A)M × (X, A)L 1×h
−−→ (X, A)M × (X, A)K

G × H → (X, A)N × (X, A)L h×i
−−→ (X, A)M × (X, A)K

where F is the homotopy fibre of Θ, G is the homotopy fibre of the map g, and H is the

homotopy fibre of h. As the homotopy fibres are the result of mapping each corner of
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the pushout into a common base, we obtain the homotopy commutative cube

G × H G

H F

(X, A)N × (X, A)L (X, A)N × (X, A)K

(X, A)M × (X, A)L (X, A)Q

(6.3)

in which all four sides are homotopy pullbacks. Since the bottom face is a homotopy

pushout, by Lemma 2.19, the top face is a homotopy pushout.

Lemma 6.2. The maps G × H → G and G × H → H in (2) can be chosen to be projections,

implying that there is a homotopy equivalence F ≃ G ∗ H.

Proof. Consider the following diagram

G × H (X, A)N × (X, A)L (X, A)M × (X, A)K

∗ × H (X, A)M × (X, A)L (X, A)M × (X, A)K.

g×h

∗×1

1×h

g×1

As the fibrations are taken over the common base (X, A)M × (X, A)K, the left square is

the homotopy pullback appearing in the rear face of the cube. This diagram is the

product of the fibration diagram for the factors on the left and the fibration diagram

for the factors on the right. Observe ∗ × 1 is the projection of the righthand factor.

Thus the map G × H → G is homotopic to the projection. The argument for the map

G × H → G being a projection is similar. It is well known that the homotopy pushout

of projections is a join, and so the homotopy pushout in the top face of the cube

implies that F ≃ G ∗ H.

Theorem 6.3. Let Q be the pushout 6.1. There is a homotopy fibration

G ∗ H → (X, A)Q → (X, A)M × (X, A)K

where G is the homotopy fibre of (X, A)N → (X, A)M and H is the homotopy fibre of

(X, A)L → (X, A)K. This fibration splits after looping, giving a homotopy equivalence

Ω(X, A)Q ≃ Ω(X, A)M × Ω(X, A)K × Ω(G ∗ H).

Proof. If F is the homotopy fibre of the map Θ : (X, A)Q → (X, A)M × (X, A)K, then

by Lemma 6.2, F ≃ G ∗ H. This establishes the asserted homotopy fibration. For the
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splitting, consider the composite (X, A)M × (X, A)L → (X, A)Q → (X, A)M × (X, A)K

which is 1 × h. Restricting to (X, A)M gives inclusion into the left factor. Similarly,

restricting the composite (X, A)N × (X, A)K → (X, A)Q → (X, A)M × (X, A)K to

(X, A)K gives inclusion into the right factor. Taking the wedge sum of these therefore

gives the composite

(X, A)M ( (X, A)K → (X, A)Q → (X, A)M × (X, A)K

which is the inclusion of the wedge into the product. The inclusion of the wedge into

the product has a right homotopy inverse after looping, so the map

Ω(X, A)Q → Ω(X, A)M × Ω(X, A)K has a right homotopy inverse, implying that the

fibration splits after looping.

6.2 Loop spaces of polyhedral products associated with

polyhedral join products

In this section, we give two descriptions of a loop space homotopy equivalence for

Ω(X, A)(K,L)∗M
.

By Corollary 4.13 there exists a pushout

(K, L)∗lkM(m) ∗ Lm (K, L)∗lkM(m) ∗ Km

(K, L)∗M\m ∗ Lm (K, L)∗M.

This is a special case of the pushout in 6.1, where N = (K, L)∗lkM(m), L = Lm,

M = (K, L)∗M\m and K = Km. Applying Theorem 6.3, we obtain a homotopy

equivalence

Ω(X, A)(K,L)∗M
≃ Ω(X, A)(K,L)∗M\m

× Ω(X, A)Km × Ω(Gm ∗ Hm),

where Gm is the homotopy fibre of the map (X, A)(K,L)∗lkM(m)
→ (X, A)(K,L)∗M\m

and Hm

is the homotopy fibre of the map (X, A)Lm → (X, A)Km . By iterating this homotopy

equivalence with respect to the vertices of M, we prove Theorem 6.4.

Theorem 6.4. Let (K, L)∗M be a polyhedral join product. There is a homotopy equivalence

Ω(X, A)(K,L)∗M
≃

m

∏
i=1

Ω(X, A)Ki ×
m

∏
i=k

Ω(Gi ∗ Hi)
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where Gi is the homotopy fibre of the map (X, A)(K,L)
∗lkM\{m,··· ,i+1}(i)

→ (X, A)(K,L)∗M\{m,··· ,i}
, Hi

is the homotopy fibre of the map (X, A)Li → (X, A)Ki and k ∈ [m] is such that

M \ {m, · · · , k} is a simplex.

Proof. By Theorem 6.3, there is a homotopy equivalence

Ω(X, A)(K,L)∗M
≃ Ω(X, A)(K,L)∗M\m

× Ω(X, A)Km × Ω(Gm ∗ Hm).

Now consider (K, L)∗M\m. If M \ m is a simplex, then by Example 4.1.2,

(K, L)∗M\m = K1 ∗ · · · ∗ Km−1, and so (X, A)(K,L)∗M\m
≃ (X, A)K1 × · · · × (X, A)Km , and

the result follows. If not, the simplicial complex (K, L)∗M\m is a polyhedral join

product, and therefore can be constructed as in 6.1, with N = (K, L)∗lk∗M\m , L = Lm−1,

M = (K, L)∗M\{m,m−1} and K = Km−1. We can apply Theorem 6.3 to (X, A)(K,L)∗M\m
to

obtain a homotopy equivalence

Ω(X, A)(K,L)∗M\m
≃ Ω(X, A)(K,L)∗M\{m,m−1}

× Ω(X, A)Km−1 × Ω(Gm−1 ∗ Hm−1).

Substituting this into our previous expression gives a homotopy equivalence

Ω(X, A)(K,L)∗M
≃ Ω(X, A)(K,L)∗M\{m,m−1}

×
m

∏
i=m−1

Ω(X, A)Ki ×
m

∏
j=m+1

Ω(Gj ∗ Hj).

We continue this process on (X, A)(K,L)∗M\{m,m−1}
until we reach the vertex k such that

M \ {m, · · · , k} is a simplex.

This is, however not the only loop space decomposition for polyhedral products

associated with the polyhedral join product. Recall that by Theorem 5.22, we have the

equality

(X, A)(K,L)∗M
= ((X, A)K, (X, A)L)M.

Theorem 6.5. There is a homotopy fibration

(CH, H)M → (X, A)(K,L)∗M
→

m

∏
i=1

(X, A)Ki

where Hi is the homotopy fibre of the map (X, A)Li → (X, A)Ki . Furthermore, this fibration

splits after looping to give the homotopy equivalence

Ω(X, A)(K,L)∗M
≃ Ω(CH, H)M ×

m

∏
i=1

Ω(X, A)Ki .

Proof. By Theorem 3.20, we have the homotopy fibration

(CH, H)M → ((X, A)K, (X, A)L)M →
m

∏
i=1

(X, A)Ki
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that splits after looping. Applying Theorem 5.22 to this gives the asserted homotopy

fibration and loop space homotopy splitting.

We now have two equivalent descriptions of the loop space of the polyhedral product

associated with the polyhedral join product.

6.3 Simplicial operations preserving the property of being in

the class P

In Chapter 2, it has been shown that, under certain conditions, the simplicial

operations of the join and the connected sum preserve the property of being in P . We

now extend this to the polyhedral join operation. Recall that P is the full subcategory

of topological spaces that are homotopy equivalent to a product of spheres and loops

on spheres. Restricting to the case where (X, A) = (CA, A), let M be a simplicial

complex such that Ω(CA, A)M ∈ P . The polyhedral join product (K, L)∗M can be

considered as an operation on simplicial complexes, and as such, it is natural to ask

when such an operation preserves the property of having a loop space on an

associated polyhedral product in P . In this section we give some general conditions

that ensure Ω(CA, A)(K,L)∗M
∈ P . We then determine that for the substitution complex

and the composition complex, we can guarantee some of these conditions will always

be met.

Theorem 6.6. Let M be a simplicial complex on the vertex set [m], and let Ki be a simplicial

complex on the vertex set [ki]. Let (CA, A) be a sequence of pairs (CAj, Aj) where

j ∈ [m − 1 + ki]. Suppose ΣAj ∈ W for all j ∈ [m − 1 + ki]. Suppose Ω(CA, A)M ∈ P , and

let Q be the simplicial complex defined by the following pushout

lkM(i) ∗ Li lkM(i) ∗ Ki

M \ i ∗ Li Q.

Let Hi be the homotopy fibre of the map (CA, A)Li → (CA, A)Ki . If Ω(CA, A)Ki ∈ P and

ΣHi ∈ W then Ω(CA, A)Q ∈ P .

Proof. Applying Lemma 3.21 to (CA, A)M gives

Ω(CA, A)M ≃ Ω(CA, A)M\i × Ω(ΣGi ' Ai). As Ω(CA, A)M ∈ P , and both

Ω(CA, A)M\i and Ω(ΣGi ' Ai) retract off Ω(CA, A)M by Lemma 2.27 both

Ω(CA, A)M\i and Ω(ΣGi ' Ai) are in P . By Lemma 2.28, Σ(Gi ' Ai) ∈ W . Now

consider (CA, A)Q. Applying Theorem 6.3 gives

Ω(CA, A)Q ≃ Ω(CA, A)M\i × Ω(CA, A)Ki × Ω(ΣGi ' Hi).
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As ΣHi ∈ W , and ΣHi is at least as connected as ΣAi by Lemma 3.26, ΣGi ' Hi ∈ W .

Therefore ΩΣ(Gi ' Hi) ∈ P by Lemma 2.21. Hence each element on the right hand

side of the homotopy equivalence is in P , and therefore Ω(CA, A)Q ∈ P .

Recall that by Lemma 4.16, the polyhedral join product can be constructed

sequentially via an iterated pushout construction. More specifically, there is a

sequence of simplicial complexes

M ¢ M(1) ¢ M(2) ¢ · · · ¢ M(m) = (K, L)∗M

where at each point, M(i + 1) is obtained from M(i) via the pushout

lkM(i)(i + 1) ∗ Li+1 lkM(i)(i + 1) ∗ Ki+1

M(i) \ {i + 1} ∗ Li+1 M(i + 1).

This, combined with Theorem 6.6, allows us to prove Theorem 6.7.

Theorem 6.7. Let M be a simplicial complex on [m] vertices. Let (K, L)∗M be a polyhedral

join product and let Ki be a simplicial complex on the vertex set [ki] for i ∈ [m]. Let (CA, A)

be a sequence of pairs (CAj, Aj) where 1 f j f k1 + · · ·+ km. Suppose ΣAj ∈ W for all j.

Let Hi be the homotopy fibre of the map (CA, A)Li → (CA, A)Ki for i ∈ [m]. If

Ω(CA, A)Ki ∈ P and ΣHi ∈ W for each i ∈ [m], then Ω(CA, A)(K,L)∗M
∈ P .

Proof of Theorem 6.7. We proceed by induction on M(i). The base case is M(1). The

simplicial complex M(1) is defined as the pushout

lkM(1) ∗ L1 lkM(1) ∗ K1

M \ 1 ∗ L1 M(1).

By assumption Ω(CA, A)K1 ∈ P and ΣH1 ∈ W , so by Theorem 6.6, we obtain

Ω(CA, A)M(1) ∈ P . Now suppose that for all j < i, Ω(CA, A)M(i) ∈ P . Consider M(i).

This simplicial complex is defined by the pushout

lkM(i−1)(i) ∗ Li lkM(i−1)(i) ∗ Ki

M(i − 1) \ i ∗ Li M(i + 1).

By induction, Ω(CA, A)M(i−1) ∈ P , and by assumption, Ω(CA, A)Ki ∈ P and

ΣHi ∈ W . Therefore we can apply Theorem 6.6, with M = M(i − 1) to obtain
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Ω(CA, A)M(i) ∈ P . Therefore Ω(CA, A)M(i) ∈ P for all i ∈ [m] by induction. When

i = m by definition M(m) = (K, L)∗M, and so the result holds.

Theorem 6.7 tells us that given M such that Ω(CA, A)M ∈ P , we can construct a new

simplicial complex (K, L)∗M such that Ω(CA, A)(K,L)∗M
∈ P , subject to conditions on

Ki and the homotopy fibre Hi. Guaranteeing ΣHi ∈ W is not so simple. We can give

conditions on the map (CA, A)Li → (CA, A)Ki to ensure ΣHi ∈ W .

Lemma 6.8. Let M be a simplicial complex on [m] vertices. Let (K, L)∗M be a polyhedral join

product and let Ki be a simplicial complex on the vertex set [ki] for i ∈ [m]. Let (CA, A) be a

sequence of pairs (CAj, Aj) where 1 f j f k1 + · · ·+ km. Suppose the pairs (K, L) are such

that the map (CA, A)Li → (CA, A)Ki is null homotopic. If Σ(CA, A)Li ∈ W and

Ω(CA, A)Ki ∈ P for all i, then Ω(CA, A)(K,L)∗M
∈ P .

Proof. As the map (CA, A)Li → (CA, A)Ki is null homotopic, its homotopy fibre,

denoted Hi, will be homotopy equivalent to (CA, A)Li × Ω(CA, A)Ki . Therefore

ΣHi ≃ Σ(CA, A)Li ( ΣΩ(CA, A)Ki ( Σ((CA, A)Li ' Ω(CA, A)Ki).

As Σ(CA, A)Li ∈ W by assumption, and ΣΩ(CA, A)Ki ∈ W by Lemma 2.25, all

elements on the right hand side are in W . Therefore we have ΣHi ∈ W . By Theorem

6.7, this implies that Ω(CA, A)(K,L)∗M
∈ P .

The conditions laid out in Lemma 6.8 are generally easy to fulfill. For example, the

pairs (∆ni−1
k , ∆

ni−1
k−1 ) satisfy such a condition, as (CA, A)∆n−1

k ∈ W for 0 f k f n − 1

((IK13)), and the map (CA, A)∆n−1
k → (CA, A)∆n−1

k+1 is null homotopic by Lemma 3.13.

Recall that by (BBCG10) there is a homotopy equivalence

Σ(CA, A)K ≃ Σ
( ∨

I /∈K

|KI | ∗ ÂI
)
.

Therefore, if for all I /∈ K, |KI | ∈ W and ΣAi ∈ W for all i ∈ [m], then Σ(CA, A)K ∈ W .

More generally, we can show that the substitution complex satisfies this condition. We

first require the following proposition.

Proposition 6.9. (GT13) Let K be a simplicial complex on the vertex set [m], and assume K

has no ghost vertices. Then the inclusion ∏
m
i=1 Ai → (CA, A)K is null homotopic, and the

homotopy fibre of this map is
(

∏
m
i=1 Ai

)
× Ω(CA, A)K.

Lemma 6.10. Let the sequence of pairs (CA, A) be as in Theorem 6.7. Let M(K1, · · · , Km) be

a substitution complex. If Ω(CA, A)K, Ω(CA, A)K1 , · · · Ω(CA, A)Km ∈ P , then

Ω(CA, A)M(K1,··· ,Km) ∈ P .
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Proof. Recall that the substitution complex is a special case of the polyhedral join

product on the simplicial pairs (Ki, ∅). Therefore Hi is the homotopy fibre of the map

∏j∈Ki
Aj → (CA, A)Ki . By Lemma 6.9, this map is null homotopic. As by assumption,

ΣAj ∈ W for all j, the conditions of Lemma 6.8 are satisfied, and

Ω(CA, A)M(K1,··· ,Km) ∈ P .

Lemma 6.11. Let the sequence of pairs (CA, A) be as in Theorem 6.7. Let KïK1, · · · , Kmð be

a composition complex. If Ω(CA, A)K ∈ P and Σ(CA, A)Ki ∈ W for all i ∈ [m], then

Ω(CA, A)KïK1,··· ,Kmð ∈ P .

Proof. Recall that the composition complex is a special case of the polyhedral join

product on the simplicial pairs (∆[ki−1], Ki). Therefore Hi is the homotopy fibre of the

map (CA, A)Ki → ∏j∈Ki
CAj. As ∏j∈Ki

CAj is contractible, this map is null homotopic,

so Hi ≃ (CA, A)Ki . By assumption Σ(CA, A)Ki ∈ W , and so by Lemma 6.8,

Ω(CA, A)M(K1,··· ,Km) ∈ P .

There are other pairs of simplicial complexes (K, L) for which we can determine if

ΣHi ∈ W .

Proposition 6.12. Suppose (K, L) are pairs such that for each i ∈ [m], the simplicial complex

Li is a full subcomplex of Ki. Let (CΩX, ΩX) be a sequence of pairs where ΩXi ∈ P for all

i ∈ [m]. Suppose Ω(CΩX, ΩX)M ∈ P , and suppose Ω(CΩX, ΩX)Ki ∈ P for all i ∈ [m].

Then Ω(CΩX, ΩX)(K,L)∗M
∈ P .

Proof. To apply Theorem 6.7 we need to show ΣHi, the homotopy fibre of the map

(CΩX, ΩX)Li → (CΩX, ΩX)Ki is an element of W . First consider Ω(X, ∗)M. By

(GT07) there is a homotopy fibration

(CΩX, ΩX)M → (X, ∗)M →
m

∏
i=1

Xi

that splits after looping

Ω(X, ∗)M ≃
m

∏
i=1

ΩXi × Ω(CΩX, ΩX)M.

As every element on the right hand side of this homotopy equivalence is in P , we

obtain Ω(X, ∗)M ∈ P . Via an identical argument, Ω(X, ∗)Ki ∈ P for all i ∈ [m]. Let Fi

denote the homotopy fibre of (X, ∗)Li → (X, ∗)Ki . As Li is a full subcomplex of Ki, by

Lemma 3.3 this map has a left homotopy inverse, and so the connecting map

δ : Ω(X, ∗)Ki → Fi has a right homotopy inverse. We therefore have a homotopy

equivalence Ω(X, ∗)Ki ≃ Ω(X, ∗)Li × Fi. If Ω(X, ∗)Ki ∈ P , by Lemma 2.27, the

homotopy fibre Fi is also in P . By Lemma 2.25, ΣFi must therefore be in W . Now we
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can determine the homotopy type of ΣHi. Consider the following homotopy fibration

diagram

Hi (CΩX, ΩX)Li (CΩX, ΩX)Ki

Fi (X, ∗)Li (X, ∗)Ki

∗ ∏
mi
j=1 Xj ∏

mi
j=1 Xj

≃

=

where the homotopy fibrations in the middle and right column are exactly as defined

in (GT07). From this diagram, there is a homotopy equivalence Fi ≃ Hi, and as

ΣFi ∈ W we obtain ΣHi ∈ W . As all the conditions of Theorem 6.7 have been met, it

follows that (CΩX, ΩX)(K,L)∗M
∈ P .

It is natural to ask if the condition ΣHi ∈ W is always satisfied under the conditions

given on (CA, A)Ki . We end this section with an example that shows this is not the

case.

Example 6.12.1. Let K′ be the 6-vertex triangulation of RP2, as depicted in (GPTW16). Let

K = K′ \ {6} and let L = lkK(6). By (GPTW16), we have

ΩZK′ ≃ Ω(ΣW ( Σ7
RP2)

where W is a wedge of spheres, and so there is torison present in the loop space homology. By

Lemma 3.21, we also have

ΩZK′ ≃ ΩZK × ΩD2 × Ω(ΣH ' S1),

where H is the homotopy fibre of ZL → ZK. By Lemma 3.28 we obtain ΩZK ∈ P , and so all

torsion present must be contained in ΩΣH ' S1. Finally, as ΣH ' S1 ≃ Σ2H, this 2-torsion

must be contained in H itself.

6.4 The substitution complex and new examples

In this section we show that the substitution operation can be used to generate new

examples of simplicial complexes such that Ω(CA, A)M ∈ P . Recall that there are five

known cases of simplicial complexes where Ω(CA, A)M ∈ P :

1. M such that (CA, A)M ∈ W ,

2. M that are k-skeletons of a flag complexes,
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3. 2-dimensional simplicial complexes M such that the cohomology of all full

subcomplexes will complete 1-skeletons is torsion free,

4. M such that M is a triangulation of a connected, orientable, closed surface,

5. M such that M is a triangulation of S3.

We wish to construct new examples of simplicial complexes where Ω(CA, A)M ∈ P ,

such that M does not fall under any of these existing cases. The last three cases are

easily dealt with. The polyhedral join operation produces large simplicial complexes,

and it is easy to create polyhedral join complexes that have dimension greater than 3

such that Ω(CA, A)(K,L)∗M
∈ P . Therefore to generate new examples, we only need to

consider the first two conditions. To do this, we focus on the substitution complex, as

we can determine some full subcomplexes in this case. We first give sufficient

conditions to ensure that (CA, A)M(K1,··· ,Km) is not in W .

Lemma 6.13. Let M(K1, · · · , Km) be a substitution complex where at least one Ki is such

that (CA, A)Ki /∈ W . Then (CA, A)M(K1,··· ,Km) /∈ W .

Proof. Assume that (CA, A)M(K1,··· ,Km) ∈ W . By Corollary 4.7, Ki is a full subcomplex

of M(K1, · · · , Km). Therefore by Lemma 3.3 ,(CA, A)Ki retracts off (CA, A)M(K1,··· ,Km).

By Lemma 2.26 this implies that (CA, A)Ki is in W , giving a contradiction. Therefore,

(CA, A)M(K1,··· ,Km) cannot belong to W .

Lemma 6.14. Let M(K1, · · · , Km) be a substitution complex and let M be such that

(CA, A)M /∈ W . Then (CA, A)M(K1,··· ,Km) /∈ W

Proof. Assume that (CA, A)M(K1,··· ,Km) ∈ W . By Corollary 4.7, there is a copy of M

contained in M(K1, · · · , Km) which is a full subcomplex. Therefore by Lemma 3.3, we

have (CA, A)M retracting off (CA, A)M(K1,··· ,Km).By Lemma 2.26 this implies that

(CA, A)M ∈ W , giving a contradiction. Therefore (CA, A)M(K1,··· ,Km) is not in W , as

(CA, A)K /∈ W .

We now wish to show that we can build substitution complexes that are not the

k-skeletons of flag complexes. We first deal with the case where M is not flag. Recall

that a simplicial complex M is flag if every set of vertices of M that are pairwise

connected by edges form a face of M, and the k-skeleton of a simplicial complex M is

the collection of simplices of dimension k or less. A minimal missing face of M is a

subset ω ¦ [m] such that ω /∈ K but every proper subset of ω is a simplex in M. We

denote the set of missing faces of M as MF(M), and the set of minimal missing faces

of M as MMF(M). If M is a flag complex, its minimal missing faces are on no more

than two vertices.
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Lemma 6.15. (AP19) The minimal missing faces of M(K1, · · · , Km) are precisely the

following

MMF(K1) ⊔ · · · ⊔ MMF(Km) ⊔
⊔

∆(i1,··· ,ik)∈MMF(M)

MMFi1,··· ,ik
(M(K1, · · · , Km))

where

MMFi1,··· ,ik
(M(K1, · · · , Km)) = {∆(j1, · · · , jk) | jl ∈ Kil

, l = 1, · · · , k}.

Lemma 6.16. Let M be a simplicial complex on the vertex set [m] that is not flag. Then the

complex M(K1, · · · , Km) is not flag.

Proof. Relabeling vertices as required, let {1, · · · , k}, k g 2 be a set of pairwise

connected vertices that do not form a face of of M. Let vi denote a vertex in Ki, and

consider the vertex set {v1, · · · , vk} ∈ M(K1, · · · , Km). This does not form a simplex in

M(K1, · · · , Km) as {1, · · · , k} is not a face of M. However, as each pair

{i, j} ¦ {1, · · · , k} is connected by an edge in M, the pairs {vi, vj} ¦ {v1, · · · , vk} are

connected by an edge in M(K1, · · · , Km), and so the set {v1, · · · , vk} is pairwise

connected. Therefore, we have found a collection of pairwise connected vertices in

M(K1, · · · , Km) that does not form a face, and so M(K1, · · · , Km) cannot be flag.

Lemma 6.17. Let M be a simplicial complex that is not flag. For at least one vertex v in a

minimal missing face of M, suppose that Kv, that is, the simplicial complex substituted into M

at vertex v, contains a 1-simplex. Then M(K1, · · · , Km) is not the k-skeleton of any flag

complex.

Proof. As M is not flag, it will have a minimal missing face on at least 3 vertices.

Reordering vertices if necessary, let {1, · · · , j} be a minimal missing face of M, and

suppose that Kj has at least one 1 simplex. By Lemma 6.15, {v1, · · · , vj} is a minimal

missing face in M(K1, · · · , Km), and as the boundary of (1, · · · , j) is contained in M,

the boundary of (v1, · · · , vj) is contained in M(K1, · · · , Km). As {v1, · · · , vj} is a

minimal missing face of M(K1, · · · , Km), if M(K1, · · · , Km) was the k-skeleton of a flag

complex, it could only be the j − 1-skeleton of a flag complex. Therefore it could not

contain any simplices of dimension greater than j − 1. Let v1
j and v2

j denote two

vertices of Kj that are joined by a edge. The link of j in M will contain the simplex

(1, · · · , j − 2), and so by definition of the substitution operation, we have

(v1, · · · , vj−2, v1
j , v2

j ) ∈ M(K1, · · · , Km), a contradiction. Therefore M(K1, · · · , Km)

cannot be the k-skeleton of any flag complex.

We now consider the case when M is flag.

Lemma 6.18. Let M be a flag complex on [m] vertices. If at least one Ki substituted into M is

not flag, then M(K1, · · · , Km) is not flag.
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Proof. By Lemma 6.15, all missing faces of each Ki are missing faces of M(K1, · · · , Km).

Therefore M(K1, · · · , Km) will contain all the missing faces of Ki, and so cannot be

flag.

Lemma 6.19. Let M be a k-dimensional simplicial complex. If M is the k-skeleton of a flag

complex, and M ̸= ∆k, it must have a minimal missing face of dimension k + 1.

Proof. As M is the k-skeleton of a flag complex, it must have at least one face of

dimension k, and no higher faces. Let M f denote the minimal flag complex on the

same 1-skeleton as M, so M is the k-skeleton of M f . Up to a reordering of vertices, let

(1, · · · , k + 2) be a (k + 1)-simplex of M f . In M, the set {1, · · · , k + 2} does not form a

simplex, as the dimension is greater than k, but the boundary is contained in M,

because each k simplex in the boundary is in the k-skeleton of M f , which is M.

Therefore {1, · · · , k + 2} is a minimal missing face of M.

Lemma 6.20. Let M be a flag complex. If a) at least one Ki is not the k-skeleton of a flag

complex or b) Ki is the k-skeleton of a flag complex and the link of i in M is non-empty, then

M(K1, · · · , Km) is not the k-skeleton of a flag complex.

Proof. If at least one Ki is not the k-skeleton of a flag complex, then by combining

Lemma 6.15 and the argument from Lemma 6.18, M(K1, · · · , Km) cannot be the

k-skeleton of some flag complex. So now consider case b). As Ki is the k-skeleton of a

flag complex, it will have a minimal missing face on at least k + 2 vertices, by Lemma

6.19. Reordering vertices if necessary, let {1, · · · , k + 2} be a minimal missing face of

Ki. Therefore, if M(K1, · · · , Km) is the skeleton of a flag complex, it must be a

k-skeleton. By assumption, the link of i is non empty, and so there exists a σ such that

σ ∪ {i} ∈ K. By definition of substitution, for all τ ∈ Ki σ ∪ τ ∈ M(K1, · · · , Km). More

specifically, as the boundary of (1, · · · , k + 2) is contained in Ki, (1, · · · , k + 1) ∪ σ is a

simplex in M(K1, · · · , Km). But then we have a face of M(K1, · · · , Km) of a dimension

that is strictly larger than k, and so M(K1, · · · , Km) is not the k-skeleton of a flag

complex.

We end this section by building some substitution complexes such that

Ω(CA, A)M(K1,··· ,Km) ∈ P , but (CA, A)M(K1,··· ,Km) /∈ W and M(K1, · · · , Km) is not the

k-skeleton of a flag complex. We do this by substituting into the boundary of a

m-simplex.

Lemma 6.21. There are simplicial equivalences (∂∆l−1 \ {l})(K1, · · · , Kl−1, l) and

∆l−2(K1, · · · , Kl−1) and lk∂∆l−1(K1,··· ,Kl−1,l)(l) and ∂∆l−2(K1, · · · , Kl−1).

Proof. These follows from Lemma 4.14, where (K, L) = (K, ∅).
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Applying Theorem 6.4 to (CA, A)∂∆m−1(K1,··· ,Km) we obtain

Ω(CA, A)∂∆m−1(K1,··· ,Km) ≃
m

∏
i=1

Ω(CA, A)Ki × Ω(Gm ∗ Hm)

Where Gm is the homotopy fibre of the map

(CA, A)∂∆m−2(K1,··· ,Km−1) → (CA, A)∆m−2(K1,··· ,Km−1) and Hm is the homotopy fibre of the

map ∏l∈Km
Al → (CA, A)Km .

when we consider the substitution complex on ∂∆m−1, we can describe the homotopy

type of Gm fully.

Proposition 6.22. The homotopy fibre of the map

(CA, A)∂∆i−1(K1,··· ,Ki) → (CA, A)∆i−1(K1,··· ,Ki)

is homotopy equivalent to

Gi ≃ ∗i
j=1(∏

l∈Kj

Al × Ω(CA, A)Kj)

Proof. We proceed by induction. Our base case is the homotopy fibre of

∏j∈K1
Aj → (CA, A)K1 , which we have established by Lemma 6.8 as

∏j∈K1
Aj × Ω(CA, A)K1 . Assume that the homotopy fibre of the map

gi−1 : (CA, A)∂∆i−2(K1,··· ,Ki−1) → (CA, A)∆i−2(K1,··· ,Ki−1) is

Gi−1 ≃ ∗i−1
j=1(∏l∈Kj

Al × Ω(CA, A)Kj), and consider the substitution complex

∂∆i−1(K1, · · · Ki). By Lemma 6.21 and Lemma 4.13 we have the pushout

∂∆i−2(K1, · · · Ki−1) ∂∆i−2(K1, · · · Ki−1) ∗ Ki

∆i−2(K1, · · · Ki−1) ∂∆i−1(K1, · · · Ki).

By Lemma 3.7, this pushout induces a homotopy pushout on the level of polyhedral

products

(CA, A)∂∆i−2(K1,···Ki−1) × ∏j∈Ki
Aj (CA, A)∂∆i−2(K1,···Ki−1) × (CA, A)Ki

(CA, A)∆i−2(K1,···Ki−1) × ∏j∈Ki
Aj (CA, A)∂∆i−1(K1,···Ki).

recall that by Example 4.1.1 , ∆i−2(K1, · · · Ki−1) = K1 ∗ K2 ∗ · · · ∗ Ki−1, and therefore

(CA, A)∆i−2(K1,···Ki−1) ≃ ∏
i−1
j=1(CA, A)Kj . Note that this is a special case of Theorem 6.4
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with N = ∅, and therefore we have the following homotopy fibration sequence

Gi−1 ∗ (∏
j∈Ki

Aj × Ω(CA, A)Ki) → (CA, A)∂∆i−1(K1,···Ki) →
i

∏
j=1

(CA, A)Kj .

By induction, Gi−1 ≃ ∗i−1
j=1(∏l∈Kj

Al × Ω(CA, A)Kj), and therefore

Gi ≃ ∗i
j=1(∏l∈Kj

Al × Ω(CA, A)Kj).

Corollary 6.23. There is a homotopy equivalence

Ω(CA, A)∂∆m−1(K1,··· ,Km) =
m

∏
i=1

Ω(CA, A)Ki × (∗m
i=1(∏

j∈Ki

Aj × Ω(CA, A)Ki).

By Corollary 6.23, the homotopy type of Ω(CA, A)∂∆m−1(K1,··· ,Km) is completely

determined by the homotopy type of Ω(CA, A)Ki . Therefore, we obtain

Ω(CA, A)∂∆m−1(K1,··· ,Km) ∈ P if all Ω(CA, A)Ki ∈ P . This is enough to show that the

substitution complex can be used to create new examples of simplicial complexes such

that Ω(CA, A)M(K1,··· ,Km) ∈ P .

Theorem 6.24. Let ∂∆(K1, · · · , Kn) be a substitution complex such that for each Ki, we have

Ω(CA, A)Ki ∈ P . Furthermore, suppose least one Ki is such that (CA, A)Ki /∈ W . Then we

have (CA, A)∂∆(K1,··· ,Kn) /∈ W , ∂∆(K1, · · · , Kn) is not the k-skeleton of a flag complex for any

k, and Ω(CA, A)∂∆(K1,··· ,Kn) ∈ P .

Proof. As for all i ∈ [m], we have Ω(CA, A)Ki ∈ P , we obtain Ω(CA, A)∂∆(K1,··· ,Kn) ∈ P

by Corollary 6.10. As there exists an i such that (CA, A)Ki /∈ W , by Lemma 6.13, we

obtain that (CA, A)∂∆(K1,··· ,Kn) /∈ W . As (CA, A)Ki /∈ W , we have that Ki must have at

least one edge, as otherwise Ki would be the disjoint union of points, and (GT07)

established that if Ki is of this form, then (CA, A)Ki ∈ W . As ∂∆n−1 is not flag,

Theorem 6.16 implies ∂∆(K1, · · · , Kn) is not the k-skeleton of a flag complex.

To conclude this section we give a concrete example of a family of new simplicial

complexes such that the moment-angle complex ZK(K1,···Km) ∈ P .

Example 6.24.1. Let K = ∂∆n−1, and let each Ki be the boundary of an ni-gon, denoted Pni
,

where ni g 4. Observe that ZP4
≃ S3 × S3, and that for m > 4, by (McG79) we have

ZPn
∼= #n−1

k=3 (S
k × Sn+2−k)#(k−2)(n−1

k−1). Therefore, for ni g 4 we have that ZPni
/∈ W . As

ΩZPn ≃ ΩS3 × ΩSn−1 × ΩS(Pm) (BT14), where S(Pn) is in W , we have ΩZPn ∈ P . By

Theorem 6.24, Z∂∆m−1(Pn1
,··· ,Pnm ) ∈ P .
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6.4.1 A specific example

In this subsection, we give a detailed example of a substitution complex that is not the

k skeleton of a flag complex, or such that the associated moment angle complex is in

W . Consider (CA, A)∂∆(K1,2,3) where K1 is the boundary of a square, and on the vertex

set {4, 5, 6, 7}.

4

5 6

7

2

3

By Lemma 6.13, the polyhedral product (CA, A)∂∆(K1,2,3) /∈ W , as (CA, A)K1 retracts

off (CA, A)∂∆(K1,2,3). By Lemma 6.17, the complex ∂∆(K1, 2, 3) is not the k-skeleton of

any flag complex.

By Corollary 6.23, there is a homotopy equivalence

Ω(CA, A)∂∆(K1,2,3) ≃ Ω(CA, A)K1 × Ω(H1 ∗ H2 ∗ H3)

where K1 is on the vertex set {4, 5, 6, 7}, H1 ≃ ∏
7
j=4 Aj × Ω(CA, A)K1 , H2 = A2 and

H3 = A3. As K1 is the boundary of a square, (CA, A)K1 ≃ (ΣA4 ' A7)× (ΣA5 ' A6).

By Lemma 3.9, both (CA, A){4,7} and (CA, A){5,6} are in W , and so

Ω(CA, A)K1 ≃ Ω(ΣA4 ' A7)× Ω(ΣA5 ' A6) ∈ P . We now describe the homotopy

fibre H1 ∗ H2 ∗ H3. By Lemma , we have

H1 ∗ H2 ∗ H3 ≃ Σ2H1 ' H2 ' H3 ≃ Σ2(
7

∏
j=4

Aj × Ω(CA, A)K1) ' A2 ' A3 ∈ W .

By Lemma 2.23, Σ(A × B) ≃ ΣA ( ΣB ( Σ(A ' B), and so

Σ(
7

∏
j=4

Aj × Ω(CA, A)K1) ≃ Σ(
7

∏
j=4

Aj) ( ΣΩ(CA, A)K1) ( Σ((
7

∏
j=4

Aj) ' Ω(CA, A)K1).

(6.4)

There is a homotopy equivalence

Σ(
7

∏
j=4

Aj) ≃
∨

4fj1<···jkf7

ΣAj1 ' · · · ' Ajk . (6.5)



6.4. The substitution complex and new examples 81

Therefore,

Ω(CA, A)∂∆(K1,2,3) ≃ Ω(ΣA4 ' A7)× (ΣA5 ' A6)× Ω(ΣW)

where W is the wedge of spheres

Σ(Ω(ΣA4 ' A7) ( ΣΩ(ΣA5 ' A6)) ( Σ(Ω(A4 ( A7) ' Ω(A5 ( A6))

(
∨

4fj1<···jkf7

ΣAj1 ' · · · ' Ajk) ( (
∨

4fj1<···jkf7

ΣAj1 ' · · · ' Ajk ' (Ω(ΣA4 ' A7)

( (
∨

4fj1<···jkf7

ΣAj1 ' · · · ' Ajk ' Ω(ΣA5 ' A6)))

( (
∨

4fj1<···jkf7

ΣAj1 ' · · · ' Ajk ' (Ω(A4 ( A7) ' Ω(A5 ( A6))

Let us now specialise to the moment-angle case, so each Aj = S1. Then as

Sm ' Sn ≃ Sm+n and ΣSn ≃ Sn+1, (6.5) becomes

(S2)(4 ( (S3)(6 ( (S4)(4 ( S5.

As ZK1
≃ S3 × S3, ΩZ ∈ ΩS3 × ΩS3 and by Lemma 2.25, ΣΩZK1

∈ W . Therefore, W

becomes

(S2)(4 ( (S3)(6 ( (S4)(4 ( S5 ( ΣΩS3 ( ΣΩS3 ( Σ(ΩS3 ' ΩS3)

( (((S2)(4 ( (S3)(6 ( (S4)(4 ( S5) ' ΩS3 ( ΩS3 ( (ΩS3 ' ΩS3))).

Finally, we can combine these results to realize the homotopy equivalence for

ΩZ∂∆(K1, 2, 3).

ΩZ∂∆(K1, 2, 3) ≃ ΩS3 × ΩS3 × Ω((S2)(4 ( (S3)(6 ( (S4)(4 ( S5) ( Σ(Ω(S3 × S3))

((((S2)(4 ( (S3)(6 ( (S4)(4 ( S5) ' (Ω(S3 × S3)))).
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Chapter 7

Further Results

7.1 Rational type of polyhedral products associated with

substitution complexes

Let X be a simply connected finite CW complex. The space X is elliptic if it has finitely

many non-trivial rational homotopy groups and hyperbolic if it has infinitely many

non-trivial rational homotopy groups. The homotopy exponent of X at a prime p is the

least power of p that annihilates the p-torsion in the homotopy groups of X.

Conjecture 7.1. (Moore’s Conjecture) Let X be a finite, simply-connected CW-complex.

Then the following are equivalent:

• X is elliptic;

• X has a finite homotopy exponent at every prime p;

• X has a finite homotopy exponent at some prime p.

Theorem 7.2. (HST19) Let K be a simplicial complex on the vertex set [m] and let (X, A) be

any sequence of pairs (Dni , Sni−1) with ni g 2 for 1 f i f m. Then:

• (X, A)K is elliptic if and only if the minimal missing faces of K are mutually disjoint;

• Moore’s conjecture holds for (X, A)K.

Theorem 7.3. (HST19) Let K be a simplicial complex on the vertex set [m] and let (X, A) be

any sequence of pointed, path-connected pairs. For 1 f i f m, let Yi be the homotopy fibre of

the inclusion Ai → Xi and suppose that each Yi is rationally nontrivial. Then the polyhedral

product (X, A)K is elliptic if and only if three conditions hold:

1. each Xi is elliptic;
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2. all the minimal missing faces of K are mutually disjoint;

3. if v is a vertex of a minimal missing face of K then Yv is rationally homotopy equivalent

to a sphere.

Recall that by Lemma 6.15, the minimal missing faces of K(K1, · · · , Km) are

MMF(K1) ⊔ · · · ⊔ MMF(Km) ⊔
⊔

∆(i1,··· ,ik)∈MMF(K)

MMFi1,··· ,ik
(K(K1, · · · , Km))

where

MMFi1,··· ,ik
(K(K1, · · · , Km)) = {∆(j1, · · · , jk) | jl ∈ Kil

, l = 1, · · · , k}.

Lemma 7.4. (BBCG17) If all the minimal missing faces of a simplicial complex K are

mutually disjoint, there is a simplicial isomorphism K = K0 ∗ K1 ∗ · · · ∗ Km where K0 is a

simplex and, for 1 f j f n, Kj is the boundary of a simplex.

Theorem 7.5. Let K be a simplicial complex on the vertex set [m], let L1, · · · , Ln be simplicial

complexes. The substitution complex K(L1, · · · , Lm) has mutually disjoint minimal missing

faces if and only if

1. all the minimal missing faces of K are mutually disjoint;

2. all the minimal missing faces of each Li are mutually disjoint;

3. if the vertex i of K is contained in a minimal missing face of K, Li = {i} for some n.

Proof. Assume conditions 1-3 hold. By condition 1, all the minimal missing faces of K

are mutually disjoint, and so by Lemma 7.4 we have that K is of the form

K0 ∗ K1 ∗ · · · ∗ Km, where each Kj, i f j f n corresponds to a minimal missing face of

K. Then by condition 3, we can only make non-trivial substitutions into the vertices of

K0, which by Lemma 7.4 is ∆n−1 for some n, and so K(L1, · · · , Lm) can be rewritten as

∆n−1(L1, · · · , Ln) ∗ K1 ∗ · · · ∗ Km. By Example 1.2, we have

∆n(L1, · · · , Ln) = L1 ∗ · · · ∗ Ln, and so we can rewrite our substitution complex as

L1 ∗ · · · ∗ Ln ∗ K1 ∗ · · · ∗ Km. Finally, by condition 2, all the missing faces of each Li are

mutually disjoint, and so each Li is of the form Li0 ∗ Li1 ∗ · · · ∗ Lin
. where for each i, Li0

is a simplex and Lij
is the boundary of a simplex. The join K0 ∗ L10

∗ · · · ∗ Lnn will be a

simplex. Therefore the substitution complex K(L1, · · · , Ln) will have the form of a join

of simplices and boundaries of simplices, and so all minimal missing faces of

K(L1, · · · , Ln) are disjoint.

Conversely, assume that K(L1, · · · , Ln) has mutually disjoint minimal missing faces.

Lemma 6.15 gives a decomposition of these missing faces. We immediately obtain

condition 2 from Lemma 6.15. Assume the minimal missing faces of K are not disjoint,
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so there are at least two missing faces σ1 and σ2 that intersect non-trivially. Then the

sets MFσ1
and MFσ2 will also intersect non-trivially. By Lemma 6.15, we have that

every element of these sets are minimal missing faces, implying that K(L1, · · · , Ln) has

at least two missing faces that intersect non-trivially, contradicting our assumption.

Therefore K must have mutually disjoint minimal missing faces. Finally, let

∆(i1, · · · , ik) be a minimal missing face of K, and let each Lij
have mutually disjoint

missing faces. Without loss of generality, let Li1 have a minimal missing face on the

vertex set {l1, · · · , ln}. By Lemma 6.15, there will be minimal missing faces of the form

∆(1, j2, · · · , jk) where l1 ∈ Li1 , jp ∈ Lip
in K(L1, · · · , Lm). All minimal missing faces of

this form will intersect with the minimal missing face on {l1, · · · , ln} in Li1 , which is

also a minimal missing face of K(L1, · · · , Lm) by Lemma 6.15. Therefore, if

∆(i1, · · · , ik) is a minimal missing face of K, to ensure disjoint minimal missing faces,

each Lij
must have no missing faces. Assume that at least one Lij

is a simplex on at

least 2 vertices, and without loss of generality, let Li1 be this simplex. Denote these

vertices as l1 and l2. Let ∆(i1, · · · , ik) be a minimal missing face of K. Then by Lemma

6.15, ∆(l1, j2, · · · , jk) is a missing face in K(L1, · · · , Lm), where l1 ∈ Li1 , jp ∈ Lip
. We

also have that ∆(l2, j2, · · · , jk) is a missing face in K(L1, · · · , Lm), and so we have two

minimal missing faces that are not disjoint. So for K(L1, · · · , Ln) to not have any

intersecting faces, we must have condition 3.

We can now consider Moore’s conjecture for polyhedral products associated with the

subsitution complex.

Lemma 7.6. Let K be a simplicial complex on the vertex set [m], let L1, · · · , Ln be simplicial

complexes, and let (X, A) be any sequence of pairs (Dni , Sni−1) with ni g 2 for 1 f i f m.

Then:

• (X, A)K(L1,··· ,Lm) is elliptic if and only if the conditions from Theorem 7.5 hold;

• Moore’s conjecture holds for (X, A)K(L1,··· ,Lm).

Proof. By Theorem 7.2, (X, A)K(L1,··· ,Lm) is elliptic if and only if K(L1, · · · , Lm) have

mutually disjoint missing faces, and this only occurs if all conditions of Theorem 7.5

are satisfied. By Theorem 7.2, Moore’s conjecture holds for (X, A)K(L1,··· ,Lm).

Combining Theorem 7.3 and Theorem 7.5 gives the following.

Corollary 7.7. Let K be a simplicial complex on the vertex set [m], let L1, · · · , Ln be simplicial

complexes,(X, A) be any sequence of pointed, path-connected pairs. For 1 f i f m, let Yi be

the homotopy fibre of the inclusion Ai → Xi and suppose that each Yi is rationally nontrivial.

Then the polyhedral product (X, A)K(L1,··· ,Lm) is elliptic if and only if three conditions hold:

1. each Xi is elliptic;
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2. K(L1, · · · , Lm) is as described in Theorem 7.5;

3. if v is a vertex of a minimal missing face of K then Yv is rationally homotopy equivalent

to a sphere.

7.2 Composition complexes and manifolds

Our final section considers further results concerning the composition complex. Using

(Ayz13), we show that by using properties of the polyhedral join product, we can

determine that there are moment-angle manifolds associated with non-flag simplicial

complexes such that ΩZK ∈ P . For a simplicial complex K such that K is a simplicial

sphere, the associated moment-angle complex has a manifold structure (BP99).

First recall that, by Proposition 4.2, the minimal missing faces of the polyhedral join

product are given by

MF((K, L)∗M = MF(K1) ⊔ · · · ⊔ MF(Km) ⊔
{ ⊔

i∈N

Ji|N ∈ MF(M), Ji ∈ MF(Li), Ji ∈ Ki

}

We can use this result to describe when the polyhedral join complex is flag.

Lemma 7.8. If any Ki is not flag, then (K, L)∗M is not flag.

Proof. As Ki is not flag, it will have a missing face on at least 3 or more vertices. By

Proposition 4.2 we have that this missing face will also be a missing face of (K, L)∗M,

and so by definition, (K, L)∗M is not flag.

Lemma 7.9. Let M have at least one missing face on {1, · · · , k}. If for some i ∈ {1, · · · , k}

Li is not flag, then (K, L)∗M is not flag.

Proof. As Li is not flag, Li will have a missing face on at least three vertices. Denote

this missing face by Ji. By Proposition 4.2, J1 ⊔ · · · ⊔ Jk is a missing face of (K, L)∗M. In

particular, Ji will be a missing face of (K, L)∗M, and so (K, L)∗M is not flag.

Note that this result holds if M is flag.

Corollary 7.10. (Ayz13) Let ∆[n]−1 = {∆[ni ]−1}m
i=1 denote the sequence of simplices on the

same vertex set as each Li. For all simplicial complexes M, L1, · · · , Lm with non empty vertex

sets, there is a homotopy equivalence (∆[n]−1, L)∗M ≃ L1 ∗ · · · ∗ Lm ∗ M. □

The following Theorem has been restated in polyhedral product notation.

Theorem 7.11. (Ayz13) Suppose M is a simplicial sphere. Then if each Li = ∂∆ni−1.

(∆n−1, L)∗M is a simplicial sphere.
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Proposition 7.12. Let Ki = ∂∆ki−1, and let M be a flag simplicial sphere. Then

ΩZ(∆[k]−1,K)∗M ∈ P , and (∆[k]−1, K)∗M is not flag.

Proof. The simplicial complex (∆[k]−1, K)∗M is a simplicial sphere by Theorem 7.11. By

Theorem 5.15, we have that

Ω(CA, A)(∆
[k]−1,∂∆[k]−1)∗M

≃ Ω(C(CA, A)∂∆[k]−1
, (CA, A)∂∆[k]−1

)M.

As M is flag and Σ(CA, A)∂∆[k]−1
∈ W , then by Lemma 6.11

Ω(CA, A)(∆
[k]−1,∂∆[k]−1)∗M

∈ P . Specialising to the case where (CA, A) = (D2, S1), each

(CA, A)∂∆ki−1
≃ S2ki−1, and we obtain the homotopy equivalence

ΩZ(∆[k]−1,∂∆[k]−1)∗M ≃ Ω(D2k, S2k−1)M.

As M is flag and ΣSki−1 ∈ W for all ki, we have that Ω(D2k, S2k−1)M ∈ P , and so

ΩZ(∆[k]−1,∂∆[k]−1)∗M ∈ P . The simplicial complex (∆[k]−1, K)∗M is not flag by

Lemma 7.9.
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