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Polyhedral products associated with polyhedral join products

by Briony Helen Eldridge

Polyhedral products are a fundamental object in topology, unifying constructions
across toric topology, combinatorics and commutative algebra. Determining their
homotopy type is a major goal of study of these objects. In this work, we consider how
operations on the underlying simplicial complex change the homotopy type of the
associated polyhedral product, and the homotopy type of its loop space. There are
two major results in this work. The first is a homotopy equivalence for the loop space
of the polyhedral product associated with the polyhedral join product, and the second
uses this homotopy equivalence to determine when the loop space of a polyhedral
product associated with the polyhedral join product has the homotopy type of a
product of simply connected spheres and loops on spheres. In the process of proving
these results, many combinatorial properties of the polyhedral join product were
proven. These properties allow us to construct new simplicial complexes such that the

associated polyhedral product satisfies Anick’s conjecture.
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Chapter 1
Introduction

Polyhedral products are topological spaces formed by attaching products of spaces
together according to an underlying simplicial complex. The study of polyhedral
products is of interest across many different disciplines of mathematics, including
toric topology, combinatorics, geometric group theory, and complex geometry
(BBC20). Polyhedral products unify many constructions across these fields, and the
underlying combinatorics allows much to be said about their homotopy type.
Specifically, let K be a simplicial complex on [m] = {1,- - ,m} vertices. For 1 <i < m,
let (X;, A;) be a pair of pointed CW-complexes, where A; is a pointed CW subcomplex
of X;. Let (X, A) = {(Xj, A;) }I".; be the sequence of CW-pairs. We can identify each
simplex o € K with the sequence (i1, - - - ,ix) where i1, - - - , iy are the vertices of o and
i1 < -+ < iy. Define (X, A)” as

m X, i€eco
(XA =]V, Yi=
=1

i A; otherwise.

The polyhedral product associated to K is defined as

(X, A% = | (x4 <TT %

cek i=1

Important special cases of the polyhedral product are the moment-angle complex,
denoted Zj, and the closely related Davis-Januszkiewicz space, denoted D Jk. Both are
key objects in toric topology. Much work has been produced on the homotopy type of
(X, A)K, 2(X, A)K and O(X, A)X. In (BBCG10), a homotopy equivalence for the
suspension of any polyhedral product was given. Much research has been done on
when this decomposition desuspends, for examples, see
(GT13)(IK13)(GPTW16)(IK20). This work is largely focused on the loop spaces of
certain polyhedral products. Research determining the homotopy type of (X, A)K
can be divided into two categories: determining the homotopy type of loop spaces of
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specific polyhedral products, (PT19) (Sta24a), and how the homotopy type of the
polyhedral product changes under simplicial operations (The22) (The24). This work
considers both of these questions.

1.0.1 The polyhedral join product

There are two components to the polyhedral product: the pairs (X, A) and the
simplicial complex K. It is natural to ask how changes to the simplicial complex
changes the homotopy type of the polyhedral product. It is well known that the
polyhedral product on the join of two simplicial complexes is the Cartesian product of
polyhedral products on each complex, and in (The22) a homotopy equivalence for the
loop space of the polyhedral product on the connected sum of simplicial complexes
was given. In Chapter 6, we consider how the homotopy theory of the moment-angle
complex changes under the polyhedral join product operation, which is defined
similarly to the polyhedral product operation, but with pairs of spaces (X;j, A;) and the
Cartesian product being replaced with pairs of simplicial complexes (K;, L;) and the

join operation.

To be exact, let M be a simplicial complex on [m]. For 1 < i < m, and let

(K, L) = {(K;, L;) }[ | be a sequence of pairs of simplicial complexes, where L; is a
subcomplex on K;, considered to be on the vertex set of K;. We can identify each
simplex o € M with the sequence (iy, ..., ix) where iy, ..., iy are the vertices of o and
i1 < -+ < i. Define (K, L)* as the following subcomplex of Kj * - - - % Ky

Ki ieo

(K L) =5% Y, Y= {

L; otherwise.

The polyhedral join product is defined as

(K/L)*M — U (K1L>*U-
ceM

The polyhedral join product produces a new simplicial complex, but retains
combinatorial qualities of the ingredient complexes. Just as the polyhedral product
unifies various constructions of spaces across different fields, the polyhedral join
product construction unifies various constructions of simplicial complexes. In
(Ewa86), the concept of the simplicial wedge construction for toric varieties was
introduced, and this construction was first considered in regards to the polyhedral
product in (BBCG15). This was then generalised in (Ayz13) to the composition
complex (at the time, this was named the substitution complex, but has since
changed). The composition complex has applications in topological data analysis
(Kar20). This construction is similar, but different to the substitution complex in



(AP19), where it was shown that specific substitution complexes are the smallest
simplicial complexes that realise iterated higher Whitehead products. Substitution
complexes have also been considered in geometric group theory (DO12). Recently, a
specific example of the substitution complex was used to prove a stability theorem for
bigraded persistent double homology (BLP*24). Both the substitution complex and
the construction complex are special cases of polyhedral join products, which was first
defined in (Ayz13). Polyhedral products and polyhedral join products have a nice
relation, as characterised in (Vid18), which is presented as Theorem 5.22 in text.
Recently, Steenrod operations with relation to polyhedral join products has been
explored (AGI*24).

In Chapter 4, we consider combinatorial properties of the polyhedral join product, and
find that the behavour of the polyhedral join product mirrors that of the polyhedral
product. For example, it is known that a pushout of simplicial complexes induces a
pushout of polyhedral products, and in Lemma 4.13, we recover a similar result for
the polyhedral join product. We also fully classify all full subcomplexes of the
polyhedral join product, and describe them in terms of the full subcomplexes of the
simplicial complexes K;, L; and M.

1.0.2 Loop spaces and Anick’s Conjecture

The homotopy group 71,(X) consists of based homotopy classes of maps [S", X] with
group structure given by comultiplication. Given a pointed space X, one may wish to
determine its homotopy groups, however, calculating the homotopy groups of a space
is a challenging task. One strategy is to instead consider the pointed loop space of X,
denoted QX. The loop space consists of based maps S' — X, and there is a natural
isomorphism 71, (X) = 71,1 (QX). One advantage of such an approach is that (X has
an inherent multiplication structure given by concatenating loops, and so
decomposing the loop space as a product of spaces for which the homotopy is
understood is a more achievable goal. A decomposition X ~ [];c; Y; induces an
isomorphism 71, (Q2X) = [Ticr 71 (Y;), and so if we can find such a decomposition, this
informs us on the homotopy type of X. The first study of the homotopy type of based
loop spaces was in (Hil55), where a homotopy equivalence for loops on a finite type
wedge of simply connected spheres was given. This was later generalised in (Mil56).
In (Ser51), another fundamental result concerning the loop spaces of spheres was
given; localised away from the prime 2, there is a homotopy equivalence

Q8?1 ~ §2m=1 % 0§41 for m > 1. Let P denote the collection of H-spaces
homotopy equivalent to a finite type product of simply connected spheres and loops
on spheres. Combining results of Hilton and Serre gives the following Theorem.
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Theorem 1.1. Localised away from 2,

a(\/s") e P.

icl

McGibbon and Wilkerson introduced one approach for classifying spaces that
involved disregarding certain primes.

Theorem 1.2. (MW86) Suppose X is finite and has finitely many rational homotopy groups.
Then, localised at all but finitely many primes, QX € P.

Such an approach can be used to show the loop space of a two-cone belongs to P
under certain hypothesis (Ani89). So far, we have only discussed torsion free spaces.
In a series of papers (CMN79b) (CMN79a) (Nei88), Cohen, Moore and Neisendorfer
considered loops on Moore spaces. In these papers, they defined torsion spaces
§2m1fpry T2y m > 1,r > 1 appearing in the loop space decompositions of
mod p" Moore spaces P"(p"). More specifically, there are homotopy equivalences

QP2m+2(p1’) ~ S2m+1{Pr} % szm+2,

QP2m+1(Pr) ~ T2m+1{pr} % szm+1,

where each W/ is a certain (2j — 4)-connected wedge of mod p" Moore spaces and
H. (s> {p"}) and H,(T?*"*1{p’}) are all Z,-torsion. The spaces 5>"*1{p"} are
indecomposable, and with the exception of T?{p}, so are the spaces T?"*1{p"}. For
T3{p}, there is a homotopy equivalence T*{p} ~ T?**1{p} x U?, where U is an
indecomposable space.

In 1992, Anick conjectured the following.

Conjecture 1.3. (Ani92) Let X be a finite, simply-connected CW-complex. Localised at all by
finitely many primes, there is a homotopy equivalence

OX ~ HY,’,

icn

where each Y is one of the following indecomposable H-spaces

s".ne{1,3,7}

Qs n>1,n¢{2,4,8};
° 52m+1{pr}’ r>1,m>1;

o T2 r>1,m>1;

Ul, where T*{p} ~ T?**1{p} x UL



Recently, research into when Anick’s conjecture holds for polyhedral products has
been a popular topic, (PT19)(Sta24a) (Sta24b)(ST24).One type is simplicial complexes
such that the associated polyhedral product (CA, A)X belongs to the collection of
topological spaces which are homotopy equivalent to a finite type wedge of spheres,
denoted W. Much progress has been made in determining which families of
simplicial complexes give rise to such polyhedral products. For example, when K is
shifted (GT13), flag with chordal 1-skeleton (GPTW16), and most generally, a totally
fillable complex (IK13), then (CA, A)X € W. If (CA, A)X € W, then the Hilton-Milnor
theorem implies that QO(CA, A)X € P. Many polyhedral products are not in W, but
their loop space belongs to P, and recently much progress in this area has been made.
In (Sta24a), (Sta24b) and (ST24), it was shown for various families of simplicial
complexes that Q(X, A)K € P. In this thesis, we consider this conjecture for
polyhedral products associated with polyhedral join products. We approach from two
different angles. The first is by giving a homotopy equivalence for (}(X, A) (KL)™ in
terms of the ingredient spaces. The second is by considering when the polyhedral join
operation preserves the property of the associated polyhedral product belonging to P.
These results allow us to give a new collection of simplicial complexes that produce
polyhedral products that satify Anick’s conjecture.

1.0.3 Loop space homotopy equivalence

In Chapter 6, we obtain a homotopy equivalence for Q(X, A) (KL)™ This is done by
generalizing an existing construction. In (FT09), the authors used the cube lemma to
describe the homotopy fibre of a map of polyhedral products, and in (The24), this was
generalised to give a homotopy equivalence for the loop space of polyhedral products
associated with a specific constructed simplicial complex. Here we generalise this
method further.

Theorem 1.4 (Theorem 6.3 in text). Let Q be a simplicial complex defined by the pushout

NxL —— N=xK

l |

ML —— Q.
There is a homotopy fibration
GxH— (X, A)% = (X, A" x (X, A)F

where G is the homotopy fibre of (X, A)N — (X, A)YM and H is the homotopy fibre of
(X, A)L — (X, A)X. This fibration splits after looping, giving a homotopy equivalence

O(X, AR~ (X, AM x (X, A)X x Q(G * H).
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By utilising the construction of the polyhedral join product as described in Chapter 4,
we can use this to give a homotopy equivance for the loop space of the polyhedral
product associated with the polyhedral join product. Recall that the link of a vertex is
the subcomplex lky(v) ={t € M | {v} N1 =00, {v} Ut € K} and the restriction of a
vertex is the subcomplex M\ v = {t € M | {v} N7 = O}.

Theorem 1.5 (Theorem 6.4 in text). Let (K, L)*M be a polyhedral join product. There is a

homotopy equivalence

where G; is the homotopy fibre of the map (X, A)(KL)ﬂkM\{m’m'M}m — (X, A) KL g,
is the homotopy fibre of the map (X, A)bi — (X, A)Xi and k € [m] is such that
M\ {m,--- ,k} is a simplex.

Such a homotopy equivalence allows us to explore the homotopy type of
QX A) (K'L)*M, which is the second problem motivating this work.

1.0.4 Preserving properties of the loop space

Recall that P is the collection of topological spaces that are homotopy equivalent to a
finite type product of simply connected spheres and loops on spheres. We can then
consider when (X, A)K belongs to P. This is part of a wider body of work
investigating Anick’s conjecture. Currently, there are two known types of simplicial
complexes that give rise to polyhedral products such that Q(CA, A)K € P that are not
limited by their dimension. These polyhedral products verify Anick’s conjecture
without the need to localise. In (Sta24a), it was shown that when K is the k-skeleton of
a flag complex, Q(CA, A)K € P and in (Vyl24) an explicit loop space decomposition
was given. Furthermore, in (Sta24b), it was shown that Q(CA, A)X € P if and only if
each full subcomplex K; with a complete 1-skeleton is such that Q(CA, A)X1 € P.
However, the polyhedral join product produces large simplicial complexes, and it is
hard to classify all subcomplexes with a complete 1-skeleton, and so a different
approach is required. For the polyhedral join product, we prove the following.

Theorem 1.6 (Theorem 6.7 in text). Let M be a simplicial complex on [m] vertices. Let

(K, L)*M be a polyhedral join product and let K; be a simplicial complex on the vertex set [k;]
fori € [m]. Let (CA, A) be a sequence of pairs (CAj, A;) where 1 < j <ki+ -+ k.
Suppose A; € W for all j. Let H; be the homotopy fibre of the map (CA, A)Li — (CA, A)Xi
fori € [m]. IFQ(CA, A)Xi € Pand £H; € W for each i € [m], then Q(CA, A)KL™ ¢ P,

Theorem 6.7 gives the conditions under which polyhedral products associated with
polyhedral join products verify Anick’s conjecture; conditions that depend on the



pairs (K, L) and the polyhedral product (CA, A)M. We use Theorem 6.7 in Chapter 6
to generate new families of simplicial complexes such that Q(CA, A) KL™ ¢ P, but
the simplicial complex (K, L)*M is neither the k-skeleton of a flag complex, nor is

*M

(CAA) (KL)™ e W. To do this, we analyze the substitution complex, and use the
underlying combinatorial properties of discussed in Chapter 4.






Chapter 2
Background

In this Chapter, we cover the necessary background results. This includes classical
results in homotopy theory, and properties of simplicial complexes, a key object in this
thesis.

2.1 Homotopy Theory

This section covers the background homotopy theory needed for this thesis. We cover
results concerning fibrations and cofibrations, and their generalisation to homotopy
fibrations and cofibrations. We recall some classic results concerning homotopy
decompositions, and finish by stating the cube lemma.

2.1.1 Fibrations and cofibrations

Definition 2.1. A sequence X — Y — Z is a homotopy fibration if it is equivalent up to
homotopy to a fibration. That is, if there is a homotopy commutative diagram

— Y ——

™
o =
W <— N

—— E ——

in which the vertical maps are homotopy equivalences and the bottom row is a

fibration.

Any map can be turned into a homotopy fibration using the following construction.
Let I be the interval [0,1], and let Map(I, B) be the space of continuous maps between
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I and B. For a map f, define Ps as
Py ={(a,b,A) € AxBx Map(I,B) | f(a) = A(0),b = A(1)}.

Theorem 2.2. Let f : A — B be a pointed, continuous map between path connected
topological spaces. Then there is a commutative diagram

ALB

e

where ¢ is a homotopy equivalence and q is the fibration Py — A x B — B. O

We can also explicitly identify the fibre of 4.
Lemma 2.3. The fibre of the map q : Py — B is Py, the mapping path space of f, defined as

Pr = {(a,A) € Ax PB| A(0) = f(a)}.

Corollary 2.4. Let f : A — B be a pointed, continuous map between path connected
topological spaces. Then

Pf — A i) B
is a homotopy fibration. O

We can dualize the notion of fibre sequences and fibrations to that of cofibre sequences

and cofibrations.

Definition 2.5. A sequence B — Z — D is a homotopy cofibration if it is equivalent up
to homotopy to a cofibration. That is, if there is a homotopy commutative diagram

— 7 —

D —
< —— N

N<«—UT

— X —

in which the vertical maps are homotopy equivalences and the bottom row is a

cofibration.

Any map can be turned into a homotopy cofibration, and the cofibre can be identified.
For any pointed map f : A — X, define the reduced mapping cylinder of f as the
pushout

A X

I b

(Ax 1)/ ({ag} x T) —— M.
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Theorem 2.6. Let f : A — X be a pointed map, where X has a nondegenerate basepoint.
Then there is a commutative diagram

f

A—— X
AN
4l
Mg
where ¢ is a homotopy equivalence and p is a cofibration given by p(a) = (a,1). O]
We can also identify the cofibre of p.
Lemma 2.7. The cofibre of p is the reduced mapping cone X Uy CA. O

Corollary 2.8. Let f : A — X be a pointed, continuous map between path connected
topological spaces. Then

Al x s xupca

is a homotopy cofibration. O

We now give some classical results concerning homotopy fibrations, which will be
used throughout this work.

Lemma 2.9. The following hold:

1. Let Z % X i) Y be a homotopy fibration and suppose g has a left homotopy inverse h.

Then the map X Py« Zisa homotopy equivalence.

2. Let Z 5 X L Ybea homotopy fibration where X is a H-space. Suppose f has a right

homotopy inverse s. Then X ~Y X Z

3. LetZ 5 X L Yea homotopy fibration where f is null homotopic. Then g has a right

homotopy inverse and Z ~ X x QY.

Proof. 1. The homotopy fibration Z 8 x L5 Y induces a long exact sequence

o= (Z) S (X)) S (YY) —

as the map g. has a left homotopy inverse, given by &, we obtain the short exact

sequence

0= ma(Z) 55 a(X) L5 ma(Y) = 0.

Furthermore, this short exact sequence splits, and so we obtain an isomorphism

T (Z) ® 11 (Y) = 1, (X).
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given by h. x f.. Let p denote the isomorphism
7, (A) @ 11, (B) — 1, (A X B)

given by p(a, B) — i1, () + ip,(B) for &« € A and B € B. Therefore we obtain an
isomorphism
T (Z xY) = m,(X),

induced by the map & x f, and so by Whitehead’s Theorem, /i x f is a homotopy
equivalnce, and X ~ Z x Y.

. Define the composite

9Y><Z X><X—>X

where y is the standard H-space multiplication, that induces addition in the
homotopy groups. We will show 6 induces a isomorphism on homotopy groups.
Let p denote the isomorphism

1, (A) @ 11, (B) — 1, (A X B)

given by p(a, B) — i1, (a) + iz, (B) for « € A and B € B. Consider the diagram

* *

Ta(Y) @ m0(Z) =25 71,(X) @ ma(X

= |+ \\\\

(Y x Z) —8 (X x X) — M (),

where §(a,a') = a + &’ for a,a’ € 71,,(X). The square is commutative and as

pip ~ id and pip ~ id, the triangle also commutes. Therefore for a € 77,,(Y) and
B € mu(2), 0% =s*(a) + g*(B). As s* has a left homotopy inverse, the map 6*p
is an isomorphism. Therefore 6 induces an isomorphism

(Y X Z) = 11,(X)

for all n, and by Whitehead’s Theorem, Y x Z ~ X.

. We first show that ¢ has a right homotopy inverse. Consider the exact sequence

of pointed sets induced by the homotopy fibration

= 1X%,2) 55 1%, X 25 X,y

The induced map f, is null homotopic, so g. is surjective. Therefore, there exists
amap h: X — Z such that gh ~ 1x, and so g has a right homotopy inverse.
Now we show Z ~ X x Q)Y. Consider the composite

p:XxQy 2 7oy bz,
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where 0 : Z x Q)Y — Z is the canonical action of loops on the base space on the
homotopy fibre. We show that ¢* is an isomorphims. Consider the following
diagram of homotopy groups

(Bl
7T0(X) @ 710 (QY) S ,(Z) @ 71 (QY)

= =

(X x QY) =220 7 ay) — S 1(2),

where for a € 71,(Z), B € 7,(QY), the map A, B) = a + J.(B), where 6, is
induced by the connecting map.The square is commutative and as 6i; ~ id and
fiy ~ §, the triangle also commutes. Therefore for « € 71,(X) and B € 71,(QY),
0% p = s*(a) + 0*(B). As s* has a left homotopy inverse, it is straightforward to
show that the map 6*p is an isomorphism. Therefore  induces an isomorphism

T (X x QY) = 1, (2Z)

for all n, and by Whitehead’s Theorem, X x QY ~ Z.

We now state and prove the dual of Lemma 2.9 for homotopy cofibrations.

Lemma 2.10. The following hold:

1. Let A~ B L Chea homotopy cofibration of simply connected spaces and suppose |
has a right homotopy inverse k. Then the map AV C MK Bisa homotopy equivalence.

2. Let A3 B Chea homotopy cofibration of simply connected spaces where B is a
co-H space. Suppose i has a left homotopy inverse t. Then B ~ AV C.

3. Let A5 B L Chea homotopy cofibration of simply connected spaces where i is null
homotopic. Then j has a left homotopy inverse and C ~ BV X.A.

Proof. 1. The homotopy cofibration sequence induces a long exact sequence

%

C Ha(A) % H,(B) I Hu(C) — -

0— H,(A) 5

Futhermore, this splits to give



14

Chapter 2. Background

Letp: Hy,(AV C) — Hy(A) ® H,(C) be the isomorphism given by

u(w) — (75 (a), 5 () for « € Hy(A V C). Then the map

(ivk)": H,(AV C) — H,(B) induces an isomorphism on all homology groups,
and so by Whitehead’s Theorem, i V k: AV C — B is a homotopy equivalence.

. ConsiderthemapQ:B%B\/Bij)A\/C,wherec:B—>B\/Bisthe

comultiplication on B. We will show 6 induces an isomorphism of homology
groups. Consider the following diagram

H,(B L(BvB) —"" g (AvQ)
(B) -~ H,(A) @ Hy(C)

where A(B) = (B, B) for B € H,(B). The square commutes, and as 7r1c ~ id and
Toc =~ id, we obtain that the triangle commutes. Therefore u6* = (t*(B),j*(B))-
As t has a right homotopy inverse, it is straightfoward to show that p6* is an

isomorphism. Therefore 6 induces an isomorphism
Hy(B) = Hy(A vV C)

for all n, and so by Whitehead’s Theorem, B ~ AV C.

. We first show j has a left homotopy inverse. Consider the long exact sequence of

pointed sets inducted by the homotopy cofibration

i*

~[c,B] L [B,B] % (4, B

The induced map i* is null homotopic, and so the induced map jx is surjective.
Therefore there is a map h : C — B, such that j*(h) = idp, and therefore the map
j has a left inverse. We now show C ~ B V 2 A. Consider the composite

9:CHcvsa M pysa

where ¢ is the canonical co-action of 2 A on C. We show 6 induces an
isomorphism on homology. Consider the following diagram of homology
groups

Ho(C) — 5 Hy(Cvza) “ W) g (BvzA)

\ l S

)4 +(B) @ Hy(ZA).

where A(a) = (x,0%(a)), and 0* is induced by the connecting map of the

cofibration. The square commutes, and as 711 ¢ ~ id and ¢ =~ 6, the triangle
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commutes. Therefore the map u6*(y) = (h*(7),0*(7)). As the map h* has a
right homotopy inverse, it is straightfoward to show uf* is an isomorphism, and

so the map 60 induces an isomorphim
H,(C) = H,(BVXA)

for all n. Therefore, by Whitehead’s Theorem, C >~ BV XA.

Lemma 2.11. Let g: X VY — X X Y be the inclusion of the wedge into the product. The
map ¢ : QX VY) — Q(X x Y) has a right homotopy inverse.

Proof. Letp; : X xY = Xand pr: X XY = Y, p1 : QX x QY = QX,

P2 : X x QY — QY be projections, and leti; : X -+ XVY,i: Y =+ X VY,

j1: X = X XY, Y - X x Y beinclusions. Define y1 : Q(X x Y) — QX x QY as the
homeomorphism pu((w,v)(t)) — (w(t), v(t)). Note that p1u = Qpy and pop = Qpo.
We claim the map s : Q(X x Y) - Q(X VYY), given by s = Qi1 Qp; + QirQpr is a
right homotopy inverse for (0g. Observe that

QOgs = Q(gi1p1) + Q(giap2)-

To show Qgs ~ 1 xy), we show that the composite p(1gs ~ . It is equivalent to
show that Qp;Qgs >~ Qpy for k = 1,2. We obtain

QpQgs = Q(prgirp1) + Qprgizp2) = Qprjip1) + Q(prjap2)

which is clearly homotopy equivalent to Qp; if k = 1 and Qp; if k = 2. Therefore s is a
right homotopy inverse for g. O

We now give the definition of a homotopy pullback and pushout.

Definition 2.12. Let f : A — C and g : B — C be pointed continuous maps between
pointed topological spaces. The pullback of f and g is

Q={(ab)c AxB]|f(a)=g(b)}
This can be expressed as the commutative diagram

Q ——

b

A —— C.

Definition 2.13. Given maps f : A — C and g : B — C, the standard homotopy pullback
of fand gis Q' = {(a,w,b) C A X PC x B| w(0) = f(a), w(1) = g(b)} with maps
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u:Q — Aandv: Q' — Bsuch that u(a,w,b) = a and v(a,w,b) = b. Then the
homotopy commutative square

Q —— B

ok

AL>C

is called the standard homotopy pullback square.
Definition 2.14. Let

B
l#

Q"1
IE
AL, c

be a homotopy-commutative square. If there is a map A : Q" — Q that is a homotopy
equivalence such that Ag ~ v and Ap ~ u, then the given square is a homotopy pullback
square and Q is a homotopy pullback.

Definition 2.15. Given pointed, continuous maps f : X — Yand g: X — Z, the

pushout C is defined as the quotient space
C=(yuz)/ ~

where f(x) ~ g(x). This can be expressed as the commutative diagram

X 2,7
f l}'
Y%C

where i and j are the composites Y — YU Z — Cand Z — Y U Z — C respectively.

Definition 2.16. Givenmaps f : X — Y and g : X — Z, the standard homotopy pushout
consists of a space C' = (ZV (X x I) VY)\ ~, where (%, (x,0), %) ~ (f(x),*, %) and
(%, (x,1),%) ~ (x,%,g(x)) forx € X, withmapsu : Z — C'and v : Y — C’ such that
u(z) = (z,%,%) and v(y) = (*,*,y). The square

is the standard homotopy pushout square.

Definition 2.17. A homotopy commutative square

Kﬁx
OTN
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is a homotopy pushout if there is a homotopy equivalence A : C' — C such that
Ah >~ u and Ak ~ v. Then C is a homotopy pushout and the given square is a homotopy

pushout square.

Lemma 2.18. There is a homotopy pushout

AxB ™ 4 A

=

B —— AxB.

where 711, 713 are the projections onto the first and second factors respectively.

Proof. Recall that the reduced join of two pointed topological spaces A and B is the
quotient space
AxB=(AXIxB)/ ~

where (a,1,b) ~ (a’,1,b), (a,0,b) ~ (a,0,b") and (x,t,%) ~ x fotalla,a’ € A, b, b’ € B
and t € I. We can view this as CA x B and A x CB glued over the common subspace
A X B. More formally, there exists a pushout

AxB — AxCB

l l (2.1)

CAXxB —— AxB.

As both CA and CB are contractible, the maps A x B+ CA x Band A x B —+ A x CB
are homotopy equivalent to projections A x B X Aand A x B ™% B. Therefore from
the pushout 2.1, we obtain the homotopy pushout

AxB —" 4 A

=

B— AxB.

Finally, we state Mathers” Cube Lemma.
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Lemma 2.19. (Mat76) Suppose there is a diagram of spaces and maps

F

\G \H

|

N ™

\

,

C D

where the bottom face is a homotopy pushout and the four sides are obtained by pulling back
with H — D. Then the top face is a homotopy pushout. O

A common construction of such a cube is to start with a homotopy pushout, and map
all four corners of this pushout into a space Z, and take the top face to be a diagram of
the homotopy fibres of these maps. This is equivalent to the statement that all four
sides are homotopy pullbacks, and so the diagram of homotopy fibres is a homotopy
pushout.

2.1.2 Relations between wedges of spheres and products of spheres and
loops on spheres

Let VW denote the collection of topological spaces that are homotopy equivalent to a
finite type wedge of simply connected spheres, and let P be the collection of H-spaces
which are homotopy equivalent to a finite type product of spheres and loops on
simply connected spheres. Relations between spaces in P and WV proved in this
section will be used throughout the paper. We begin by stating several results, the first
of which is the Hilton-Milnor Theorem. Throughout this section, we assume all spaces
are pointed and path-connected. Let L be the free, ungraded Lie algebra over Z on the
basis x1, - - - , x,. For a bracket B of elements x;, let k;(B) be the number of occurrences
of the generator x; in B. The weight of B is k(B) = Y} ; ki(B). Denote the subset of
brackets of weight k as £y. The union £ = U;? , Ly is a free basis for L.

Theorem 2.20 (Hilton-Milnor). (Mil56) There is a homotopy equivalence

OZ(X; V-V X)) = [T R A A X Py
BeL

where X* denotes the k-fold smash product. O

Corollary 2.21. If X € W, then QX € P.
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Proof. Let X € W, 50 X = \/;¢; S" =~ %(\/;¢; S™ 1) for some indexing set I. By
Theorem 2.20 there is a homotopy equivalence

QZ(\/ Snﬁl) ~ H QZ((Snrl)h(B) A A (Snm—l)km(B)).
iel BeLl

As S" A S™ >~ St and X.S" ~ §"*1 the right hand side of this homotopy

equivalence becomes
I QS EL ki(B)(ni=1))+1)
Bel

which is clearly in P. O

Theorem 2.22 (James construction). There is a natural homotopy equivalence
TOXX ~ \/ ZXM. m
i=0

Lemma 2.23. There is a homotopy equivalence

S(XXY)~ZXVIYV(EXAY).

Proof. Including the wedge into the product produces the cofibration sequence
XVY = XxY = XAY.

Note that the composite 711 : X VY — X x Y — X is the pinch map onto the left
wedge summand, and 71> : X VY — X X Y — Y is the pinch map onto the right
wedge summand. As X X Y is not a co-H-space, the two projections cannot be added
to produce a left homotopy inverse for the inclusion X VY — X x Y, but after
suspending this can be done. Therefore, by Lemma 2.10, the homotopy cofibration
EXVIY — (X xY) = XX AZY splits to give a homotopy equivalence
L(XxY)~EZXVIYV (ZXAY). O

By inducting on Lemma 2.23 we obtain the following.

Lemma 2.24. Let Xy, - - - X, be spaces. Then there is a homotopy equivalence

S(Xyx-eex X))~ (/) ZX

1§i1<~--<ik§n

A A X 0

i
Lemma 2.25. If X € P then ©X € W.

Proof. As X is homotopy equivalent to a finite type product of spheres and loops on

X ~ HS”" X HQS”f

iel je]

spheres,
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for some indexing sets I and J. Suspending, and applying Lemma 2.23 gives the
homotopy equivalence

X~ X[[sHVE]TOS VE( ]S ATQS™).
i€l j€J i€l j€j

We show each term in this decomposition is in WW. Recall that S” A §™ ~ S"+",
Therefore, by Lemma 2.24, X ];c; " € W. Now consider Z[];c; (5". By Lemma
2.23, 21  QS" = Vj, .. j ey ZOQS" A -+ - A QS"ik. By Theorem 2.22, each
YOS% = 2OxS% isin W, and by distributing the suspension over the wedge, we
obtain X ]T;c; OS" € W. Finally, consider £(IT;c; S™ ATjej Q2S™). By distributing the
suspension over the wedge, we obtain X([ic; S A [1je; QS™) € W. Therefore
X ew. O

Lemma 2.26. (Ame24) Suppose X € W, and let A be a space which retracts off X. Then
AeW

Proof. Suppose A is a homotopy retract of X, where X ~ \/,; S". Then there is a map
7 Vaer S™ — A that induces a surjection in homology. Furthermore, the Hurewicz
map induces the commutative diagram.

n*(\/ael SW) B H*(\/ael Sna)

I I

. (A) ——— H.(A).

As both vertical maps, and the top horizontal map are surjective homomorphisms, the
map 7t.(A) — H.(A) is also a surjective homomorphism. As A is a retract of a finite
wedge of spheres, H,(A) will be a graded free abelian group. Consider the Hurewicz
pre-images of the basis elements of H,(A). By taking the wedge sum of these
elements, we obtain a map from a wedge of spheres into A that induces an
isomorphism in homology. Therefore, by Whitehead’s Theorem, A is homotopy
equivalent to a wedge of spheres. O

Lemma 2.27. (Sta24a) Let X € P, and let A be a space which retracts off X. Then A € P. [

Lemma 2.28. Let X be a pointed CW-complex, and suppose QXX € P. Then X € W.

Proof. Tt is well known that if Y is a co-H space, then Y retracts off QY. As

02X € P,we obtain 20> X € W by Lemma 2.25. Although X may not be a co-H
space, XX is, and so XX retracts off X(OX.X. As XX retracts off a space in VW, by
Lemma 2.26, 2X € W. O

To conclude, if X € W, the loop space of X is in P, and if X in P, the suspension of X
is in W. These relations will be used extensively in Chapter 6.
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2.2 Combinatorics of simplicial complexes

We now move onto simplicial complexes, their fundamental properties, and simplicial
operations. Let [m] = {1,--- ,m}.

Definition 2.29. A simplicial complex K on vertex set [m] is a collection of subsets

o C [m] such thatif c € Kand T C o, then T € K.

We refer to o € K as a simplex or face of K, and denote |o| as the number of elements of
o. The boundary of a simplex o € K, denoted do, is the simplicial complex consisting of
all the proper subsets of 0. We say that ¢ is a maximal face if no other face of K has ¢ as

a proper subface.

The dimension of o is |o| — 1, and the dimension of K is given by

dimK = max{dimyexc}.

We always assume that @ € K.

Let K be a simplicial complex on [m], and let L be a subcomplex on the vertex set
I C [m]. The subcomplex L is a full subcomplex of K if every face of K on the vertex set I
is also a face of L. We denote a full subcomplex on a set I C [m] as K.

Any simplicial complex K on a vertex set ] can be considered as a simplicial
complex on a larger vertex set, [n], by considering the elements of [n] that are not
vertices of K to be ghost vertices.

Let K be a simplicial complex on the vertex set [m]. For a vertex v € K, the star,
restriction and link of v are the subcomplexes

stg(v) ={r € K| {v}UT €K}

K\v={teK|{v}nt=0}
lkg(v) ={reK|{v}Nt=0,{v} Ut € K} =stg(v)NK\v
Note that although K \ v is a full subcomplex of K by definition, lkg(v) is not
necessarily one.

The pushout of two simplicial complexes L and K over a common subcomplex M is
denoted by K Uy L and is given by the standard set-wise union. This is always a
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simplicial complex. This can be expressed as the pushout

M——— L

| |

K —— KUyL.

From the above definitions, we can see that there is a pushout of simplicial complexes

le(Z) E— StK<i)

l l (2.2)

K\ {i} —— K.

A missing face of K is a subset w C [m] such that w ¢ K. A minimal missing face of K is a
subset w C [m] such that w ¢ Kbut dw C K.

Let K be a simplicial complex. For 0 < k < dimK, the k-skeleton of K is the collection of
simplices of K of dimension less than or equal to k.

2.21 Simplicial operations

Here we define some simplicial operations, and give some general properties.

Definition 2.30. Let L and M be two simplicial complexes on disjoint vertex sets. The
join of L and M is the simplicial complex

LxM={cUt|o€eL and T € M}.

From the definitions of the join and the link and star of a vertex, it follows that
stx(v) = kg (v) * {v}. Using this, we can generalise the pushout 2.2, as done in
(The24).

Let K be a simplicial complex on the vertex set [n] and let M be a simplicial complex
on the vertexset {m +1,--- ,n}. Let L be a subcomplex of K and define the simplicial
complex K as the pushout

N

—— LxM
l
—— K.

In Section 6.1, we will generalise this pushout construction further.
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2.2.2 Families of simplicial complexes

It is useful to group simplicial complexes together based on certain combinatorial
properties they possess. In this section, we define some families of simplicial
complexes.

Definition 2.31. Let K be a simplicial complex on [m] vertices. The complex K is shifted
if there is an ordering on its vertices such that whenever ¢ € K and v < v, then
(c—v)Uv e K

It may be helpful to interpret this definition in terms of ordered sequences. Let K be a
simplicial complex on [m] and order the vertices by their integer labels. If o € K with
vertices {i1,- -+ , it} where1 <i; < --- < i} < m, then regard ¢ as the ordered
sequence (i1, ..., i ). The shifted condition states thatif o = (i, - - - , i) € K then K
contains every simplex (t1,--- ,f;) withl <kand f; <i; <--- <t; <.

Definition 2.32. A simplicial complex K of dimension k is called pure if every maximal

face is of dimension k.

Definition 2.33. Let < ¢y, - - ,0x_1 > denote the subcomplex of K generated by

oy, -+ ,0k—1. A simplicial complex K is shellable if there is an ordering of maximal faces
oy, -+, 01, called a shelling, such that < oy > N < 0y, , 01 > is pure and

(lox| — 2)-dimensional fork = 2,- - - , ¢,

Definition 2.34. A simplicial complex K is called fillable if there is a collection of
minimal missing faces {0y, - - - , 0} such that [KU oy U - - - U 0;| is contractible. If every
full subcomplex of K is fillable, then it is called totally fillable.

Lemma 2.35. (IK20) The family of shifted complexes is contained in the family of totally
fillable complexes.

Another family of simplicial complexes is the family of flag complexes. Flag
complexes are important in many areas of study, such as graph theory, metric spaces
and geometric group theory.

Definition 2.36. A simplicial complex K on the vertex set [m] is called a flag complex if
each of its minimal missing faces consists of at most two elements, or equivalently, any

set of vertices of K which are pairwise connected by edges spans a simplex.

A flag complex is completely determined by its one skeleton, as any flag simplicial
complex is the maximal simplicial complex that can be built on its one skeleton. Flag

simplicial complexes have nice combinatorial properties regarding subcomplexes.

Lemma 2.37. Let K be a flag complex on the vertex set [m] and let v be a vertex of K. Then
K\ {v}, stx(v), and Ik (v) are all flag complexes. O
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Lemma 2.38. (PT19) Let K be a flag complex on the vertex set [m] and let v be a vertex of K.
Then lkg (v) is a full subcomplex of K\ {v}. O

These families of simplicial complexes will be used in Chapter 6.
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Chapter 3
Polyhedral products

In this section, we define the polyhedral product, and state some functorial properties.
Polyhedral products arose as a generalisation of Davis-Januszkiewicz spaces and
moment-angle complexes, and study of the homotopy type of these objects has been
central to toric topology. For more on the history of these objects, see (BP15) and
(Thel7). We consider two main constructions of homotopy fibration sequences
regarding polyhedral products, and discuss how simplicial operations affect the

homotopy type of the polyhedral product.

Definition 3.1. Let K be a simplicial complex on [m] vertices. For 1 <i < m, let

(Xi, A;) be a pair of pointed CW-complexes, where A; is a pointed subspace of X;. Let
(X, A) = {(Xi, A;i) }I" | be the sequence of CW-pairs. We can identify each simplex

o € K with the sequence (i, ..., ix) where i, ..., iy are the vertices of o and i1 < ... < i.
Define (X, A)? as the subspace of [T/ ; X; as

. < i
(x,4° =] Yi:{ e
i=1

Ai if 1%0’

The polyhedral product is defined as

(XA = (x4 [

oeK i=1
Example 3.1.1. 1. Consider (X, A)?. Then by definition, (X, A)® = Ay X -+ X Ay.

2. Let (X, A) = (X, %), and let K be m disjoint points. For each face o = {i}, we obtain

. m
(X,f){l}:HYi:*x*x---xXix---x*:Xi.
i=1
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As (X, %) UX, *x) = X; Vv X, we obtain

(X, 5K =X x =XV VX

ek

When each pair (X, A;) is identical, we write the polyhedral product as (X, A)X.
There are two particularly significant families of polyhedral products.

Example 3.1.2. 1. Let (X;, A;) = (D?,SY) fori = {1,---,m}. The polyhedral product

(DZ, Sl) is called the moment-angle complex, and is denoted Zx.

2. Let (X;, A;) = (CP*®, %) fori = {1,- - - m}. The polyhedral product (CP®,*)K is
called the Davis-Januszkiewicz space.

Example 3.1.3. Small changes to the homotopy type of the underlying simplicial complex can
have significant effect on the polyhedral product. Consider the following simplicial complexes.

FIGURE 3.1: Left: Kj, Centre: K;, Right: Ks.

Although these simplicial complexes have the same topology, Zx, ~ S°, Zx, ~ S x S°, and
Zx, =~ (8* x 83)® (McG79).

3.0.1 Functorial properties of polyhedral products

We now give some fundamental properties of the polyhedral product. The polyhedral
product consists of both spaces and simplicial complexes, and maps between these
underlying objects induces maps between the corresponding polyhedral products.

Lemma 3.2. (BBCG10) Let (X, A) and (Y, B) be m-tuples of pairs and let K be a simplicial
complex on [m). Then

1. A map of pairs f : (X, A) — (Y, B) induces a map of polyhedral products
(X, A)f = (v, B)Y;

2. If L is a simplicial complex such that L C K then the inclusion g : L — K induces a map
of polyhedral products G : (X, A)t — (X, A)K.

Proof. 1. The map of pairs f : (X, A) — (Y, B) induces a map of products



27

Taking the union over the faces ¢ € K gives a map

F: (X A= (X A)"— JB) =Bk

2. Let K be on the vertex set [m], and let L be on the vertex set [n|, where n < m
Consider o € L. As L C K, ¢ is also a face of K. Let & denote ¢ when viewed as a
face of K. The simplicial inclusion g will send a vertex i € L to the vertex
g(i) € K. The map g therefore induces a map

g(n) m
(X, 4)7 HY = 11 Yo = [1v=
8(i)=1 j=1

Taking the union over all the faces gives a map

G:(XA)=JXA) » JXA = JXA=XA"
oeK Tek

cel

O]

Lemma 3.3. (DS07) Let K be a simplicial complex on the vertex set [m] and let (X, A) be any
sequence of pointed, path connected CW-pairs. Let I = {i1,--- ,ix} C [m], and let K be a full
subcomplex of K on the set 1. Then the following hold.

1. The inclusion [T;e; X; — [T/~ X; induces a map (X, A)X1 — (X, A)X that is the same

as that induced by the inclusion of simplicial complexes K; — K;
2. the projection [T X; — Tlic; X; induces a map (X, A)X — (X, A)K

3. the composite (X, A)K1 — (X, A)K — (X, A)Ki is the identity map.

Proof. 1. Let f : I — [m] denote the inclusion of the subset I into [m]. This induces
amap f: [Tic; Xi — I1%4 X; by sending X; to Xy inTiL; Xi. Leto € Kp. If ois
viewed as a face of K, we shall denote it as 7. Consider the map

(X,A)Y HY—>HYf ‘—>HY_XA
i€o i€o
By taking the union over all the faces we obtain a map of polyhedral products
(X, A)% = (X, A)K.

2. Let g denote the projection [T X; — [T;c; X;. Consider (X, A)” =TT", Y;. Itis
clear to see that there is a projection [T, Y; — [T;c; Yi. If o is a face of K; then
[Tic; Yi = (X, A) and if o is not a face of Kj, then 7 = ¢ N K] is a face of Kj, and
so the projection induces a map from (X, A)’ — (X, A)". Taking the union over
all of the faces in K, we induce a map (X, A)X — (X, A)K1.
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3. Note that the composite X! — [T, — X! is the identity map, and so as the
composite (X, A)™ — (X, A)” — (X, A) is induced by this map, this implies
that it is the identity map on (X, A)?%. Taking the union over all the faces of K;
shows that the composite (X, A)X1 — (X, A)X — (X, A)X is the identity.

3.0.2 Homotopy type of polyhedral products

The homotopy type of the polyhedral product has been studied at length. There are
three facets to this: study of the homotopy type of (X, A)X, the suspension ©(X, A)X,
and study of the homotopy type of its loop space, (X, A )K We start with a
discussion of how the homotopy type of the polyhedral product changes under

certain simplicial operations.

3.0.3 Homotopy type with relation to simplicial operations

One key question regarding polyhedral products is how their homotopy type can
change under changes to the simplicial complex. Seemingly small changes to the
simplicial complex (adding an edge, for example) can generate massive changes in the
homotopy type of the polyhedral product. When it comes to simplicial operations,
one natural question is to what extent we can describe the homotopy type of the
polyhedral product in terms of the combinatorics of the simplicial operation. We begin
this section by recalling a well known homotopy equivalence for the polyhedral
product on the join.

Lemma 3.4. Let K = Ky * Ky, where Ky is on the vertex set {1, -- ,1} and Ky is on the
vertexset {I+1,---,m}. Then

(X, A = (XA x (X, A).

Proof. Consider (X, A)?Y7, where ¢ and 7 are disjoint. By definition, thisis [T, Y;
where Y; = X; if i € 0 U T and A; otherwise. As ¢ and 7 are on disjoint vertex sets,
[T, Y; can be written as ngl Y; X H}”:l 11 Yjwhere Y; = X; if i € 0 and A, otherwise,
and Y; = X;if j € T, and A; otherwise. Therefore, (X, A)7"" = (X, A)” x (X, A)".
Now by definition of the join

(X, A)frke — U XA = |J XA (XA =
ek, Te, ey, Te,
(U XA x(JXAT)=XA%x (XA
ey TEK,
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In (The22), the following result was proved regarding pushouts of simplicial
complexes over full subcomplexes.

The half-smash of two pointed spaces A and B is the quotient space
AXB=AXxB/~

where (x,b) ~ *.

Proposition 3.5. (The22) Let K be a simplicial complex on the vertex set {1,--- ,m}, La
simplicial complex on the vertex set {l +1,--- ,n} and M a full subcomplex of both K and L
on the vertex set 1 +1,--- ,m, where | < m < n. Then there is a homotopy fibration

(Ax AYV(GxA)V (Ax H) — (CA AL 5 (CA, AM

where A = [Ti_; A;, A =TT, 41 Aiand G and H are the homotopy fibres of the retractions
(CA,A)X — (CA, A)Mand (CA, A) — (CA, A)M respectively. Further, this fibration
splits after looping to give a homotopy equivalence

Q(CA, A)KME ~ O(CA AM x Q((A*x A)V (Gx A)V (Ax H)). O

One illustration of how Proposition 3.5 informs us on the homotopy type of certain
polyhedral products is as follows. Let K and L be simplicial complexes, and let ¢ be a
maximal face of both K and L. Let K’ denote the simplicial complex K \ o and let L’
denote the complex L \ 0. The connected sum of simplicial complexes K and L over ¢ is
defined as K#,L = K’ Uy, L'. The deletion of ¢ from K and L implies do is a full
subcomplex of both K" and L'. Therefore applying Proposition 3.5 gives the following
result concerning the loop space of the polyhedral product associated to the connected

sum.

Corollary 3.6. Let K and L be simplicial complexes and let o be a maximal face of both K and
L on the vertex set {l +1,--- ,m}. Let K" be the subcomplex of K consisting of all the
simplices of K except o, and let L' be the subcomplex of L consisting of all the simplices of L
except 0. Let A = [Tigq ik Ai, and let A" = [Tjg 1 Aj. There is a homotopy fibration

(Ax A)V(Gx AV (Ax H) = (CA A 5 (CA A
where G and H are the homotopy fibres of the composites
(CA A)X — (CA A)K#,L 5 (CA A

and
(CA A — (CA A)K#L 5 (CA A)P.

Furthermore, this splits after looping. [
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3.0.3.1 Pushouts of polyhedral products

We now prove a useful property of the polyhedral product, which has been a key tool
in determining the homotopy type of various polyhedral products. Given a pushout
of simplicial complexes, we can lift this to a pushout of polyhedral products. Recall
that, for a subcomplex L of a simplicial complex K, if we wish to consider L on the
vertex set of K, we denote L as L.

Proposition 3.7. (GT13) Let K be a simplicial complex on the vertex set [m], and suppose
K = Ky UL Ky, that is, K is a pushout of Ky and Ky over L. Then, by regarding L, Ky, Ky and
K as simplicial complexes on the vertex set [m), there is a pushout of polyhedral products

(XA —— (X Ak
(X, K —— (X, A)K.

Proof. Since K = K; Ur, K; is a finite complex, we can divide the simplices of K into
three collections: (X), the simplices of L, (Y'), the simplices of K; that are not simplices
of L and (Z), the simplices of K; that are not simplices of L. We can describe the

complexes L,K;,K; and K as follows.

L=Jo

ceX

Kn=JoulJ 7,

ceX o'ey

K= |Jou | o,

ceX o'ez
K=|JoulJdu | "
ceX o’'eYy o'eZ

Lifting to the polyhedral product, we obtain

ceX
x Ak =JxA)u XA,
ceX o'ey
(X, A% = |J(x,A)7U |J (X A)7,
ceX o''eZz

(XA =X A7uJEXA U XA

ceX o'ey o'eZ
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As (X, A)F = (X, AN N (X, AR and (X, A)K = (X, A)X U (X, A)R2, we have

t
It should be noted that the inclusion maps here are different from those in Lemma 3.2,
due to ghost vertices.

Recall that by (2.2), there any simplicial complex can be described as a pushout of the

form
H(K(l) E— StK(i)

| |

K\ {i} —— K.

By Proposition 3.7, we obtain the pushout

(X/ A)lkk(i) SN

(X,A)StK(i)
(X, A)K.

(X, AN —— (X, A)

By Lemma 3.4, we can rewrite (X, A)le(i), (X, A)StK(i) and (X, A)TV as

(X, A)ke() A, (X, A)le(i) x X;and (X, A)K\i x A; respectively, where lkg (i) and
K\ i are now considered as simplicial complexes on the vertex set [m] \ i. We now
combine this into the following statement, which is a useful tool in analysing the
homotopy type of polyhedral products.

Corollary 3.8. There is a homotopy pushout

(X, Ak 5 A, —— (X, A0 x X;

| !

(X AV x A ——— (X, A)X.
where 1k (i) is regarded as a simplicial complex on the vertex set of K\ i. [

The following section illustrates how Corollary 3.8 has been used to determine the

homotopy type of certian polyhedral products.

3.0.3.2 Polyhedral products that are homotopy equivalent to a wedge of spheres

Recall that W is the class of spaces homotopy equivalent to a finite type wedge of

1-connected spheres. One question of interest is when Zx is in WW. Understanding the
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homotopy type of the moment-angle complex was motivated by open questions in
combinatorics. There is an equivalent description of the moment-angle complex as the
complement of a coordinate subspace arrangement. Specifically, for each simplicial
complex K on the vertex set [m], we can define the cooordinate subspace arrangement
CA(K) as the set of coordinate subspaces of C™,

Li={(z1,--- ,zm) €C|zy =--- =z =0} where I = {iy,-- - , i} is a subset of [m],
and I ¢ K. Denote the complement of C.A(K) by U(K), so

U(K)=C™\ (J L.
I¢K

By (BP99) there is a T™-equivariant deformation retraction U(K) — Zx. Determining
when this complement is a wedge of spheres is a question of interest. Much progress
has been made in determining when Zx € V. In this section, we look at the more
general case, (CA, A), for which the moment-angle complex is a specific example on
the pair (DZ, Sl). This is not new work, but illustrates the methods and tools used to
determine the homotopy types of polyhedral products. We start by determining the
homotopy type of (CA, A)K when K = 9A™~ 1.

Lemma 3.9. If K = 0A" ! then (CA, A)X ~ Ay x -+ Ay,
Proof. By definition of the polyhedral product,

m
(CA, AP = | JCA X - X Aj X -+ X CAy = A%+ % Ay,
i=1

In the moment-angle complex case, we obtain that Zyym 1 = S! -+ St ~ §2m~1,

It is easy to see when (CA, A)?A" " belongs to the class W.
Corollary 3.10. If SA; € W, then (CA, A)?Y" " e W. O

In general, we cannot determine the homotopy type of Zx from definition. We
therefore have to employ different methods. One such approach is detailed below, and
makes use of the functorial relationship between the polyhedral product and the

underlying simplicial complex.

Lemma 3.11. Suppose that there is a homotopy pushout

AxB 2, A

lm l (3.1)

CxB——Q

where 7T is the projection. Then Q ~ (A% B) V (C x B).
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Proof. Consider the map (x x 1) : A x B — C x B. This is equal to the composite
A% B l—2> B — C x B where 7 is the projection onto the second factor, and i; is the
inclusion of the second factor. We can write (3.1) as an iterated diagram of homotopy
pushouts:
AxB—"— A

| b

B—-— AxB

Js |

CxB—— Q.

The map * : B — A x B is homotopic to B — * — A x B, implying there is an iterated
homotopy pushout

B * AxB

Js ! |

CxB—CxB— Q.

As the right square is a homotopy pushout, we can see that Q ~ (A*B) vV (CxB) O

Recall that by Corollary 3.8 there is a homotopy pushout

(X, Al 5 A, —— (X, A)kc() x X;

| |

(X, A\ A ——— (X A)K

In the case where (X, A) = (CA, A) this homotopy pushout is equivalent, up to
homotopy, to the homotopy pushout

(CA, A x A; — T (CA A

(CA AR x A ——— (CA, A)X

)1k1<(i)

as X; = CA; ~ . Therefore, if the map (CA, A)*<() — (CA, A)K\M} is null
homotopic, by Lemmma 3.11, there is a homotopy equivalence

(CA, A)K ~ ((CA, A1) x A)) v ((CA, AYKMI % A;). There are examples of null
homotopic maps of polyhedral products. The next Lemma is an example of such a
map.

Proposition 3.12. (GT13) Let K be a simplicial complex on the vertex set [m)|, and assume K

has no ghost vertices. Then the inclusion [T/~ A; — (CA, A)K is null homotopic.

To illustrate one use of Lemma 3.11, we consider the case when K is the k skeleton of a

simplex. For a simplicial complex A}, the link of any vertex is Akmjlz and the
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restriction is AZZ’Z. Expressed as a pushout, this is

A,’f_’f — AZ:Z *

| |

A2 ——— AP

The following was proved in (Por66), but has been rephrased in terms of polyhedral
products, and the proof has been adapted from Lemma 4.8 of (Sta23b).

Lemma 3.13. The inclusion (CA, A)A'"™ — (CA, A)A" is null homotopic for all I < k.

Proof. For1 <i <m,let H; : CA; x I = CA, be the homotopy which contracts the
cone to the cone point, and let the restriction of H; to X; x {1} be the constant map for
the respective H;. Define a homotopy H : (CA, A)?"" " x I — (CA, A" by

(Hi((a1, t1),mt), (az, t2), -+, (@m, tm)) telo,1]
H((a1,t1), -+, (am ), £) = § (oo Hal(a2,t2),mt =1), (a3, 83), -, (am b)) £ € [ ]

'(*,*,---,*,Hn((am,tm),mt—(m—l))) ;‘e (=1 1].

First, we check that H is well defined, in particular, that the image of H is in

(CA, A)? ", Consider the interval [=1, L] for 1 < i < m. The non-zero time
coordinates t1,- - -, t,, in (CA, A)aAlm " are determined by the simplices of 8A;”’1. By
definition of the k-skeleton of a simplex, if o € aA;”_l, then o U {i} € aA,’(”_l, and so
we can introduce the non-zero time coordinate t; in H; and obtain an element of

(CA A )aA,T ' The map H is continuous since each H; is continuous. At t = 0, the map
H(a,0) is the inclusion, and at t = 1, the map H(a,1) = *. Therefore the inclusion
(CA,A)A = (CA AN isnull homotopic for all I < k. O

Theorem 3.14. Let K = A", and let ©A; € W for all I € [m]. Then

1
Can= \/ ( V <1]<+1>Zk+1‘4 N AAL).

J=k+2 i<ip < <ij<m

Furthermore, (CA, A)K € W.

Proof. We proceed by induction on [m]. The base case is A) = @, and this is trivially
true. Now assume that (CA, A )Ayf € W and our inductive formula holds for all
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n < m. Now consider (CA, A )AZ'_l. By Corollary 3.8 there is a homotopy pushout

(CA, A)NT x A, —— (CA, AN
(CA, AN " x Ay —— (CA AN

By Lemma 3.13, the map (CA, A )AZ:2 — (CA, A)Alrc" ~ is null homotopic, and so by
Lemma 3.11, we obtain (CA, A)% ' ~ ((CA, A) i Am)V ((CA, A)M ™ X Ap).

Consider the term ((CA, A)Ain:lz * Ay ). By the inductive formula, this is homotopy
equivalent to

m—1 i1
VoV <Jk >ZkAi1/\---/\Aij)*Am.
j=k+1 i<ip <o <ij<m—1
As Ax B ~ XA A B, we obtain

VoV (] ; >Zk+1Ai1/\---/\Aij/\Am).

j=k+1 i<iy<--<ij<m—1

Now consider the second term, ((CA, A)AZI_2 X Ap). As, by induction,

(CA, A2 € W, we obtain

((CA, A)M " x Ay) ~ (CA, AN *V ((CA, A)M 7 A Ay). By our inductive formula
we obtain the homotopy equivalence

m—1 .
-1
VOV ()=rmnna

j=k+2 i<y <o <ij<m—1

m—1 .
vV oV <] 1>Zk+1AilA---AAijAAm).

j=k+2 i<iy<--<ij<m—1 k+1

Combining like terms gives us our desired formula. O

Specializing to the moment-angle case, we obtain the following result.

Corollary 3.15. Let K be the k skeleton of a m — 1 simplex. Then Zg € W.

Corollary 3.15 can be vastly generalised. For specific families of simplicial complexes,
we can determine the homotopy type of (CA, A)X. By (BBCG10), there is a homotopy

equivalence

S(CA AR ~2(\/ K|+ AT) (3.2)
I¢K
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where Al = Aj N+ N A, Much work has been done determining for which families

of simplicial complexes this homotopy equivalence desuspends.

Theorem 3.16. (GT13) (IK13) Let K be a shifted complex. Then there is a homotopy
equivalence

(CA, A)K ~ (\/ |Kq| =« A).
I¢K

The k skeleton of a simplex belongs to the family of shifted simplicial complexes.

This again can be generalised. Recall that shifted complexes are contained in the class
of totally fillable complexes.

Lemma 3.17. If K is a totally fillable complex, the decomposition 3.2 desuspends.

Restricting to the moment angle complex, we obtain the following.

Theorem 3.18. (IK20) Let K be a totally fillable complex on the vertex set [m] with filling
F(Ki) of Ky for all @ # 1 C [m]. Then there is a homotopy equivalence

Zy ~ \/ \/ S\a\+|1|71'

Q£IC|m] ceF(K))

3.0.4 Homotopy theory of polyhedral products

We now consider some fundamental results about the homotopy theory of polyhedral
products, that is, how the polyhedral product interacts with fibrations of pairs. We
construct two homotopy fibrations sequences for the polyhedral product, and show
that these are equivalent.

Recall one construction of a homotopy fibre is as in Corollary 2.4, where for any map
f : A — B we can consider it to be a homotopy fibration sequence with homotopy
fibre Pr. The space Py is the homotopy pullback of f and ev; : PB — B, where

PB = Map.(I, B) and ev; (w) = w(1) is the evaluation map. The following two
Lemmas where proved in (HST19), and included here for completeness.

Lemma 3.19. (HST19) Let K be a simplicial complex on the vertex set [m) and let (X, A) be a
pair of pointed, path-connected CW-pairs. Then there is a homotopy fibration

K = (X, )X - ﬁXZ-

(CY,Y
i=1

where for 1 < i < m, Y; is the homotopy fibre of the inclusion A; — X;.

Proof. The homotopy pullback of the identity map 1x, : X; — X; is PX;, the mapping
path space of X;, and Y; is defined as the homotopy pullback of the inclusion



37

ji + Ai = X;. Note that as j; is a subspace inclusion then Y; is exactly ev; 1(Ai) C PX,.
Let o € K. Recall that (X, A)? = [Tjcs Xi X [Ticm)\s Ai- Consider the homotopy
pullback

5 P(Xy X - X))

Q
1 b

(X,A)7 —s Xy % x X

where 17 is the inclusion. As P(X; X - - - X;;;) is homeomorphic to PX; X - - - x PX,,, evq
is equivalent to a m-fold product of evaluation maps ev; on each PX;. As the product
of pullbacks is a pullback, Q is homeomorphic to [T;cy PXi X [ Tic[m)\o Yi- Therefore Q
is homeomorphic to (PX,Y)?. Since i’ is a inclusion, (PX,Y) is the inverse image
image of the map (evy x -+ x ev1) "} ((X, A)?) C PXy X -+ X PXpy. As (X, A)K is the
union of (X, A)? over all ¢ € K, and inverse images preserve unions and intersections,
we obtain that the homotopy fibre of the map (X, A)K — [T", X; is (PX, Y)K. As PX;
is contractible, we can extend the map Y; — PX; to a map CY; — PX; whichisa
homotopy equivalence, and so the induced map of pairs (CY,Y) = (PX;, Y;) isa
homotopy equivalence. Therefore the homotopy fibre of (X, A)X — [T, X; is

(CY, V)X, 0

Lemma 3.20. (HST19) The fibration in Lemma 3.19 splits after looping, and so

m
QX A ~TTax; x Q(Cy, )X
i=1

Proof. Consider the vertex i. The full subcomplex of K on i is just the vertex i. The
polyhedral product (X, A){i} = X, by definition, and as i is a full subcomplex, X;
retracts off (X, A)K. After looping QX; — Q(X, A)K can be multiplied together to
obtain a map [T, QX; — Q(X, A)X which is a right homotopy inverse of the map
Q(X, A)K — TT, QX;. Hence, if u is the loop multiplication on Q(X, A)X then the
composite

m
[T0X:) x QCY, V)X — Q(X, A)X x (X, A)K 5 (X, A)K
i=1
is a homotopy equivalence. O

Example 3.20.1. Let (X, A) = (X, x). The homotopy fibre of the map x — X is QX, and so

by Lemma 3.19 we obtain the homotopy fibration sequence

m
(COX, OX)* — (X, )X = [ Xx
i=1
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Furthermore, by Lemma 3.20 we obtain the homotopy equivalence
m
QX ) ~ T Xi x Q(CQX, QX)X
i=1

Specialising further, let (X, x) = (CP*, ). Then as QCP® ~ S!, we obtain a homotopy
equivalence of pairs (CQCP®, QCP*) ~ (D?,S). Therefore,

m
Q(CP%, x)X ~ JTQCP® x O(D? sHX.
i=1

There is another equivalent description of the loop space of a polyhedral product,
where the description is given in terms of the homotopy fibre of the map induced on
polyhedral products by including the link into the restriction. In Chapter 6,
Theorem 6.3, we give a more general version of this result, and a proof is deferred
until then.

Theorem 3.21. (Thel7) Let G; be the homotopy fibre of the map
(X, A)Rom iy () 5 (X, AYKMm 4} and let Y; be the homotopy fibre of the map A; — X;.
Then there is a homotopy equivalence
m m
QXA ~TTOX x TG = Y)). D
i=1 i=1

Example 3.21.1. 1. Let (X, A) = (X, x). Then there is a homotopy equivalence

m m

O(X, %)X ~ Haxi X HQ(GZ- * QX;).

2. Let (X, A) = (CA, A). Then there is a homotopy equivalence

.

Il
—

Q(CA, A ~TTOG; * A).

1

Proposition 3.22. Let Y; be the homotopy fibre of the inclusion A; — X;. Then there is a

homotopy equivalence

m
Q(CY, V)X ~ [T1QGi*Y;)
i=1

where G; is the homotopy fibre of the map (X, A)*<\om- i) — (X, AYK\Mm 3 and Y is the
homotopy fibre of the map A; — X;.

Proof. By Theorem 3.21, we obtain
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where F; is the homotopy fibre of (CY, X)le\{"""le}(i) — (CY, X)K\{m""'i} and H; is the
homotopy fibre of Y; — CY;. As CY; is contractible, H; ~ Y;. By Lemma 3.19, the
homotopy fibre of the map (X, A)le\{"""vf+l}(i) — ]—H”:_ll X;is (CY, X)le\{mr"v"“}(i) and
the homotopy fibre of the map (X, A)K\Mm-it — [T 1 X; is (CY, Y) K\l
Consider the homotopy fibration diagram

(Q,X)le\{nz,u,iJrl}(i) SN (Q,X)K\{m""fi}

! |

s (X, AR i)y (X, AR}

l |

-1 -1
— X —— [T X

|

Therefore F; ~ G;, and hence Q(CY, Y)K ~ 1", Q(G; * ;). O

We now have two homotopy fibrations, Lemma 3.20 and Theorem 3.21, with two
equivalent ways of describing the loop space of the homotopy fibre of the map

(X, A)X — TT", X;. The second description breaks this homotopy fibre down into two
components. This second description will be used in Chapter 6.

3.0.5 Homotopy type of the suspension of 2G;

In general, the homotopy type of the homotopy fibre G; is mysterious, but in certain
cases, when the homotopy type of Q(CA, A)X is known, we can determine the
homotopy type of suspensions of G;.

Lemma 3.23. Let K be a simplicial complex on the vertex set [m]. Let Q(CA, A)X € P, and
let G; denote the homotopy fibre of the map (CA, A)*() — (CA, A)X\'. Suppose A, is
(k — 1)-connected. fLA; € W, then £¥G,, € W.

Proof. By Theorem 3.21 there is a homotopy equivalence
O(CA, AKX ~ Q(CA, A)KV x Q%(G; A A)).

As Q(CA, A)X € P, by Lemma 2.27 we obtain Q(XG; A A;) € P. By Lemma 2.28,
XGiNA; € W. AsLA; € W by hypothesis, 2. A; is homotopy equivalent to Viea S/ for
some indexing set . Therefore

SGiNA ~\/G NS ~\/ TG,

jEa jEa
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As each ¥/G; is retracting off >.G; A\ A;, we obtain TG ew by Lemma 2.26.
Furthermore, as A; is (k — 1)-connected, LA, is k-connected. Therefore the smallest
j € wisk, and so Z¥G; € W. O

Lemma 3.24. Let K be a simplicial complex on the vertex set [m] with no ghost vertices. If
(CA, A) is a sequence of pairs of spaces where each A; path connected and at least
(k — 1)-connected for some k, then (CA, A)K is at least (2k — 2)-connected.

Proof. As each A; is path connected, (CA, A)K is simply connected by (IK19). After
suspending, by (BBCG10) there is a homotopy equivalence

S(CA AR =2 \/ |K | * AT
I¢K

where |K|| is the geometric realisation of the full subcomplex on the vertex set I, and
Al is the iterated smash product Aj, A -+ A;,. By assumption conn(A;) > k — 1 for all
i € [m], and so the connectivity of Alis at least k |I| — 1. Therefore the connectivity of
|K;| % AT ~ Z|K;| A Al is at least conn(|K;|) + k|I| + 1. This is minimised when |I| = 2,
in which case |K;| ~ S°. Therefore the lower bound for the connectivity of |K;| * A’ is
2k —1,and so Z(CA, A)X is at least (2k — 1)-connected. As there is a natural
isomorphism H;,1(Z(CA, A)K) = H;((CA, A)X) for all i, we obtain (CA, A)X is at
least (2k — 2)-connected. O

Corollary 3.25. Let L be a simplicial complex on the vertex set [m] with at least one ghost
vertex. If (CA, A) is a sequence of pairs of spaces where each A; is at least (k — 1)-connected
for some k, then (CA, A)L is at least (k — 1)-connected.

Proof. Note that there is an equality

(CA A" = (CA A <[4
i¢L
that follows from the definition of the polyhedral product. The lower bound for
connectivity immediately follows. O

Lemma 3.26. Let K be a simplicial complex with no ghost vertices, and let L be a subcomplex
of K. Let H be the homotopy fibre of the map (CA, A)E — (CA, A)K. Suppose that each A; is
at least (k — 1)-connected. Then H is at least (k — 1)-connected.

Proof. The fibration sequence H — (CA, A)L — (CA, A)X induces a long exact
sequence of homotopy groups. By Lemma 3.24 and Corollary 3.25 we obtain
7, ((CA, A)X) =0 forn < 2k — 2 and 71, ((CA, A)) = 0 for n < k — 1. Therefore we
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obtain that 77, (H) = 0 for n < k — 1. When n = k — 1, consider the following section
of the long exact sequence

e ((CA, A)) = 1 (H) = mea ((CA,A)Y) = mea((CA, A)F).

As (CA, A)X is at least (2k — 2)-connected by Lemma 3.24, this splits to give the
isomorphism
M1 (H) = 1 ((CA A)Y).

Therefore 71;_q(H) is precisely as connected as 7r¢_1 ((CA, A)L). By Corollary 3.25,
(CA, A)lis at least (k — 1)-connected, and therefore H is at least
(k — 1)-connected. O

3.0.6 Loop spaces of polyhedral products that are homotopy equivalent to a
product of spheres and loops on spheres

A question that has recently generated much interest is when Q(CA, A)X has the
homotopy type of a product of spheres and loops on spheres. We have already
encountered examples of such polyhedral products. If (CA, A)X € W, then by the
Hilton-Milnor theorem, Q) (CA, A )K € P. However, the family of simplicial complexes
such that Q(CA, A)X € P is far wider than this. Consider simplicial complexes of the
form P,,, where P, is the boundary of a m-gon. Then, by (McG79), the moment-angle
complex Zp, = #]' ! (Sk x smF2k )#(k—z)(Z’jf ). This clearly does not belong to W,
however, after looping, by (BT14), we obtain QZp ~ Q8> x QS"~! x QS(P,,), where
S(Py) is a wedge of simply-connected spheres, and therefore, O Zp, € P. This is
related to Anick’s Conjecture. Let 7 be the collection of H-spaces which are homotopy
equivalent to a finite type product of indecomposible spaces that appear in the loop
space decomposition of a wedge of Moore spaces. Anicks’ conjecture states that if X is
a finite, simply connected CW-complex, then, for all but finitely many primes,

QX € PUT. In this work, our interest is on polyhedral products such that

Q(CA, A)X € P without needing to localize away from any primes.

Lemma 3.27. (Sta24a) Let K be a simplicial complex defined as the pushout

L*>K1

o

K2*>K

where either L = @ or L is a full proper subcomplex of Ky and Ky. If ZA; € W for all i,
Q(CA,A)K € Pand Q(CA, A)X2 € P, then Q(CA, A)X € P.

A version of the following result first appeared in (PT19), although stated differently.
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Lemma 3.28. Let K be a flag complex on the vertex set [m] and Ay, - - -, Ay, be path
connected CW-complexes such that Z.A; € W for all i € [m]. Then Q(CA, A)X € P.

Proof. We proceed by strong induction on the vertex set [m]. Whenm =1,

Q(CA, A)X = QCA; € P. Assume that for all flag complexes L on a vertex set [11]
where n < m, Q(CA, A)L € P. Now consider a flag complex K on the vertex set [m].
If, for all vertices i € [m], stx (i) contains all vertices of K, then as K is flag, K must be a
simplex, and so our result holds. Assume there exists a vertex i such that stg (i) is on
strictly less vertices than K. By (2.2), K can be defined as the pushout

le(l) e StK(i)

! |

K\i — K.

By Lemma 2.37, Ik (m), stg (m) and K \ m are all flag complexes, and furthermore,
they are all on a vertex set strictly less than m. Therefore, by our inductive assumption
Q(CA, A)m) ¢ P, and Q(CA, A)K\" € P. Furthermore, lkg (m) will either be
empty, or by Lemma 2.38 will be a full subcomplex of both stx(m) and K \ m.
Therefore, by Lemma 3.27, we obtain Q(CA, A)K € P by strong induction. O

This was generalised in (Sta24a).

Theorem 3.29. (Sta24a) Let K be the k-skeleton of a flag complex, and suppose Z.A; € W for
alli € [m]. Then Q(CA, A)K € P.

Recently, more work has been done in this area to expand the collection of simplicial
complexes such that OZg € P.

Theorem 3.30. (Sta24b) Let K be a 2-dimensional simplicial complex. Then QZx € PUT.
Furthermore, if for all Ky with full 1-skeletons H*(|K|; Z) is torsion free, then QZg € P.

Theorem 3.31. (ST24) Let K be either the triangulation of a connected, orientable, closed
surface on [m), or a triangulation of S® on [m]. Then QZk € P.



Chapter 4
The polyhedral join operation

In this section, we introduce the polyhedral join product, and prove many

fundamental combinatorial results. The polyhedral join product was first defined in

full generality in (Ayz13).

Definition 4.1. Let M be a simplicial complex on [m] vertices, and let

(K,L) = {(K;, L;) }[.; be a sequence of pairs of simplical complexes. Define (K, L)*”

K, ieo
(KL= %Y, V=4 "
= L; otherwise.

Then the polyhedral join product is

(K/L)*M — U (K/L)*U-
ceM

We now consider some examples of polyhedral join products on pairs of simplicial

complexes.

Example 4.1.1. 1. Let (K, L) be a sequence of pairs of simplicial complexes, and let
M = A", Then (K, L)*M = Ky * - - - x Ky,

2. Let (K, L) be a sequence of pairs of simplicial complexes, and let M = @. Then
(K,L)*M = Ly % -+ % Ly,

3. Let (K, L) be a sequence of pairs of simplicial complexes, where each pair

(Ki/ Ll) - (l,@) Then (K,L)*M e M

4. Let (K, L) be a sequence of pairs of simplicial complexes, where each pair

(Ki,L;) = (i,i). Then (K, L)*™ = A™.

There are two important families of the polyhedral join product.

43
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Example 4.1.2. Let M be a simplicial complex on the vertex set [m], and let Ky, - - - , Ky, be
simplicial complexes on the vertex sets [ki], - - -, [ku] respectively.

1. The substitution complex M(Ky, - - -, Ky,) as introduced in (AP19) is the polyhedral
join product on the pairs (K;, @).

2. The composition complex M(Kj, - - - , Ky,) as introduced in (Ayz13) is the polyhedral
join product on the pairs {(A™~1, K;)}r,.

Example 4.1.3. Let M = 9A?, let K1 = {1}, Ky = {2}, and let K3 = A'. Then the
substitution complex M (K1, Ky, K3) is the following simplicial complex

FIGURE 4.1: The substitution complex M(1,2, K3).

4.1 Combinatorics of the polyhedral join product

We now prove some combinatorial properties of the polyhedral join product. We
begin with a description of the minimal missing faces of the polyhedral join product.

Proposition 4.2. (Sta23a) Let M be a simplicial complex on [m], and let
(K1, L1),- -, (Ku, L) be simplicial pairs on the vertex sets [k1],- - - , [km| respectively. Then

MF((K,L)*™ = MF(Ki) U - - UMF(Ky) U { || iIN € MF(M), J; € MF(L;), J; € Ki}.
iEN

4.1.1 Full subcomplexes

Lemma 4.3. Let M be a simplicial complex on the vertex set [m], and let N be a subcomplex
on the vertex set [n] where n < m. Then (K, L)*N is a subcomplex of (K, L)*M. Furthermore,
if N is a full subcomplex of M on [n], (K, L)*N is a full subcomplex of (K, L)*M on the vertex
set [ky + - + k).

Proof. Let 7; denote a simplex in K; and let w; denote a simplex in L;. Every simplex

o € N will generate simplices of the form (U, 7;) U (Ujgow;). As N is a subcomplex
of M, 0 € M, and so (Uic,T;) U (Ujgow;) € (K,L)*M for all o € N. Therefore (K, L)*N
is a subcomplex of (K, L)*™. Now let N be a full subcomplex of M. Assume (K, L)*N
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is not a full subcomplex of M, that is, there exists a simplex ¢’ on the vertex set of

(K, L)*N such that ¢’ € (K,L)*M, but ¢’ ¢ (K, L)*N. By definition,

0" = (UieoeTi) U (Ujgow;) for some o € M. As N is a full subcomplex of M, o € N. By
the definition of the polyhedral join product, (Uic,T;) U (Ujgow;) will form a simplex
in (K, L)*N, contradicting the claim that ¢’ ¢ (K, L)*N. Therefore (K, L)*N is a full
subcomplex of (K, L)*M. O

Corollary 4.4. The simplicial complex K; is a full subcomplex of (K,L)*M forall 1 < i < m.

Proof. As each vertex i is a full subcomplex of M, (K, L)*i = K; is a full subcomplex of
(K, L)*M on the vertex set [k;]. O

Lemma 4.5. Let (K, L)*M be a polyhedral join product, and for all i € [m], let K; denote the
full subcomplex of K; on the vertex set [k;]. Let L; denote the restriction of L; to the vertex set
[k;]. Then (K, L)*M is a full subcomplex of (K, L)*M on the vertex set [k1 + - - - + k).

Proof. Let T; denote a simplex in K; and let ; denote a simplex in L;. Simplices of

(K, L)*M are of the form (U;c,T;) U (U;z,@;). Suppose there exists some simplex in

(K, L)*M on the vertex set [ky + - - - + ky,| that is not in (K, L)*M. Simplices of (K, L)*M
are of the form (U;c,7;) U (Ujgow;), and so for this simplex to not be in (K, L)*M, there
are two possibilities. The first is that 7; ¢ K; for some 7;. As T; is on the vertex set [k;],
and K; is a full subcomplex on this vertex set, this is a contradiction. The second
possibility is that w; ¢ L;. But as L; is the restriction of L; to the vertex set [k;], the
subcomplex L; will contain all simplices of L; on this vertex set, which is a
contradiction. Therefore, (K, L)*M must be a full subcomplex of (K, L)*M . O

Specialising to the substitution complex, we give specific results concerning full
subcomplexes.

Lemma 4.6. Let M be a simplicial complex on [m] vertices, and let L be a full subcomplex of
K on [1] vertices where | < m. Then L(Ky,- - ,K;) is a full subcomplex of M(Ky, - -+, Kyy).
Proof. This follows from Lemma 4.3. ]

Corollary 4.7. Let M(Kj, - - -, Ky,) be a substitution complex. Then each K; is a full
subcomplex on its original vertex set.

Lemma 4.8. Let M(Ky, - -+ ,Ky,) be a substitution complex. Then M(Ky, - - -, Ky,) contains a
full subcomplex M/, such that there is a simplicial equivalence M' = M.

Proof. This follows from Lemma 4.5. O
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In general, the polyhedral join product does not contain a copy of the original simplex
M as a full subcomplex. For example, take (AZ, L)*aAl, where L; = L, = 9dA!. This
property is unique to the substitution complex.

Lemma 4.9. All full subcomplexes of (K, L)*M can be described as (K, L)*N where K; is a full
subcomplex of K, L; the full subcomplex of L; restricted to the vertex set of K; of L and N is a
full subcomplex of M.

Proof. We first show (K, L)*N is a full subcomplex. If N = M or (K,L) = (K, L) we
have shown these are full subcomplexes. Without loss of generality, let N be on the
vertex set [11], where n < m. Consider the vertex set of (K, L)*N. This will be of the
form {[k1], - - - [kn] }. Suppose there exists another subcomplex that contains (K, L)*N.
Simplicies of (K, L)*M are of the form (U;c,T;) U (Uj¢ow;), and so for this simplex not
to be in (K, L)*N, there are three possiblities

e 0 ¢N,
e 7; ¢ K; for some i € [k;],

e w; ¢ L;forsomei € [k;].

These contradict our assumptions on N,K; and L; respectively.

Now let X be a full subcomplex of (K, L)*M such that X does not have the form
(K,L)*N. We will show a contradiction by a partitioning of the vertex set of X. We can
describe the vertex set of X as

o b AR it A i

Where {ji, - - - ’]719} C [ki]. Note that some sets {ji, - - - ,];C]} may be empty. Each non
empty set {ji,- -, ]llq} will correlate to a vertex {i} in M. Let N denote the full
simplicial complex of M on this vertex set. Furthermore, for each nonempty

{i,-, ];ﬁ }, take K; to be the full subcomplex on this vertex set, and let L; be the full
subcomplex of L; on this vertex set. Then (K, L)*N clearly contains X. By our earlier
argument, (K, L)*V is a full subcomplex. As X is also a full subcomplex, X must be
equal to (K, L)*N, and we have a contradiction. O

4.1.2 Pushouts and the polyhedral join product

The goal of this section is to construct a pushout description of the polyhedral join
product in an analogous matter to the pushout (2.2). To do this, we discuss how the
polyhedral join product commutes with the join operation, and consider polyhedral
join products on simplicial complexes with ghost vertices. We begin with a general
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description of how pushouts of simplicial complexes induce pushouts of polyhedral

join products.

Lemma 4.10. Let
N —— Mg

Lo

MA*>M

be a pushout of simplicial complexes. Then

is a pushout of simplicial complexes, where M is on the vertex set [m] , and N, M and Mg
refer to N, M o, Mp regarded as simplicial complexes on the vertex set of M.

Proof. As M is finite, the faces in M can be sorted into three categories: (X) the faces in
N, (Y) the faces in M4 that are not in N, and (Z) the faces in Mp that are not in N.
Therefore we obtain that

N=Jo

ceX

Ma=(UJo)u(U ),

ceX o'ey

Mp=(Uo)u(U o),

ceX o'ez

M=(Uou(U)u(U o).

ceX o'ey o'ez

By the definition of the polyhedral join product, we obtain (K, L)*™ = [J, (K, L)*.

Therefore

ceX
(KL)™M = (JKL)U( U EKL™),
ceX o'ey
(K,L)™M = (| J (K L)) u( | (KL,
ceX o'e”Z
KLM=(UJEL)u(JEL)u( U KL
ceX o'ey o'e”Z

holds. O
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We now consider how the polyhedral join product interacts with the join.

Proposition 4.11. There is an equality of simplicial complexes

Proof. Simplices in M * N will be of the form o U T, where ¢ € M, T € N. Consider

(K, L)*(‘T uT), By definition, this is */* ;Y; where Y; = K; if i € 0 U T and L; otherwise. As
o and T are on disjoint vertex sets, /" ; ¥; can be written as (*}ZlYi) * (*[L, 1 Yk) where
Y; = K;if j € 0 and L; otherwise, and Y} = K if k € 7, and Ly otherwise. Therefore,
(K’L)*(O’UT) — (K,L)W " (&L)*T Now

(K’L)*(M*N) _ U (&L)*UUT _ U (K/L)*U* (K’L)*r _
ceM, TeN ceM,TeN

(U EL*) (U EKLT) = (KL™x(KL)™

ceM TEN

Lemma 4.12. Let N be a simplicial complex on the vertex set [m — 1], and let N be the
simplicial complex N considered as a simplicial complex on [m]. Then
(K,L)™N = (K L)"™N * Ly.

Proof. Let o denote a simplex in N, and let & denote the same simplex viewed as a
simplex in N. Consider (K, L)*?. By definition, this is _111 Y= (xKj) (. ;ﬁLi). Asmis
1= eo 1£0

a ghost vertex, m ¢ v forall v € N, and so

(KL = («K)*( * L)*Ly= (KL %Ly,

T ico i¢oitm

where ¢ is now considered a simplex of N. Taking the union over all faces ¢ € N gives
the required result. O

We are now able to deconstruct the polyhedral join product in terms of the underlying
simplicial complex.

Corollary 4.13. There is a pushout

(K;L)*lkM(i) * Li - (K,L>*lkM(i) % Kz’

| !

where 1k (1) is regarded as a simplicial complex on the vertex set of M \ i.

Proof. This follows directly from Lemma 4.12, Lemma 4.10 and the pushout (2.2). O
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4.1.3 Sequential construction

We now use this pushout to show that the polyhedral join product can be constructed
sequentially. This is shown in Lemma 4.16. We first set up notation and some technical
lemmas. Define M(i) as the polyhedral join product (P!, Q")*M where the sequence

(P!, Q%) is defined as
(P, Q) = {(Kff L) jsi
" =i

{jr@) j>i
The vertex set of M(i) shall be regarded as

b AR et A i b+ my = Akl el i+ 1, m)

This allows us to keep track of the original vertex set of M and the new vertices added
by the polyhedral join operation.

Note that M(m) = (K, L)*M, M(0) = M, and each M(i) is a subcomplex of M(i + 1).

Lemma 4.14. Let (K, L) be a sequence of pairs of simplicial complexes, and let (P, Q) bea
sequence of simplicial complexes such that

(Kj,Lj) j#i
(P, Q) =
o {({z’},@) j=i

Then there is an identity of simplical complexes
(K L)V = (B, Q") \ i
Furthermore, there is an identity of simplical complexes
(K, L) = Tk (p,g)m (i)

where 1k (i) is considered on the vertex set of M \ i and 1k p oy.m (i) is considered on the
vertex set of (P, Q)*M) \ i.

Proof. Let 7; denote a simplex in K; and let w; denote a simplex in L;. The simplices of
(K, L)*M\ are all of the form (Uje,Tj) U (Ujgo j2iw;) for o € M\ i. As every simplex of
M \ i is a simplex of M, all such simplices will be contained in ((P, Q)*M). Asi ¢ o,
these simplices will be unchanged under the deletion of i from ((P, Q) *M)_ Therefore
(K, L)*M\i C ((P,Q)*M) \ i. The simplices of ((P, Q)*M) \ i will be of two forms: those
induced by v € M, such that i € 7, and those induced by x € M such thati € x. The
simplices of ((P, Q)*M) \ i induced by v are clearly in (K, L)*M\\. If x € M contains i,
then x generates simplices of the form ((Uje,Tj) U (Ujgewj)) \ i =
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((UjeK,j;éiTj) U (U]-g,(,#iwj) U {l}) \ {l} = (Uj GK,]‘#T]') U (Ujg,{(dj). Ask € Mandi € x,
we obtain k \ i € M \ i. Therefore, (K, L)*M\i contains all simplices of the form
(Ujex,j2iTj) U (Ujgrwj). As all simplices of (P, Q)*M) \ i are contained in (K, L)*M\},
we obtain ((P, Q)*M)\ i C (K, L)*M\i. We therefore have (K, L)*M\| = ((P,Q)*M) \ i.

Now let us consider the second statement. Simplices of (K, L)*lkM(i) are of the form
(UjeoTj) U (Ujgow;) where w Ui € M. By Lemma 4.3, (K, L)**() is a subcomplex of
(K, L)*M\i, and so by the above equality, (K, L)**() is a subcomplex of (P, Q)*M\ i,
and so (UjesTj) U (Ujgow;) is contained in (P, Q)*M\ i. As o € Iky (i), 0 Ui € M, and
therefore (UjeTj) U (Ujgo,jziw;) Ui is a simplex of (P, Q)*M. By the definition of the
link of a vertex, the s'implex (UjeoT) U (Ujgo jiwj) is contained in 1k p g)-m) ().
Therefore (K, L)*km() C Ik (p,g)em) (7). Now consider a simplex in Ik(p g)em (). Such
simplices have the form (Uje, 7j) U (Ujg,, j£iw;) where

(UjeqyTj) U (Ujgy,jziw;) Ui € (P,Q)*M. As (Ujey Tj) U (Ujgq,j2iw;) U {i} is a simplex of
(P, Q)*M, this implies that y U {i} is a simplex of M. Therefore for all 7y such that
(Ujeq Tj) U (Ujgy jziw;) € Ik(p,oy-m (i), the simplex 7 € Ikp(i). Therefore

(UjeqTj) U (Ujgq jzmw;) € (K, L)), and so Ik(p,g)m(i) € (K, L)*kun() We therefore
have the equality (K, L)*m() = Ik(p g)-m (). O

Lemma 4.15. Let (K, L) be a sequence of pairs of simplicial complexes, and let (P, Q) be a

sequence of simplicial complexes such that
(Kj Lj) j#i
(P Q) =q "
{i},2) j=i.

Let (P, Q)*M be the simplicial complex defined by the pushout

Ik (p,g)- (i) % Li —— Tkp gy (i) # K;

! |

(B,Q)*M \ixL; —— (P,Q)*M.

Then there is an identity of simplicial complexes

(K L)™M = (P, Q)M

Proof. By Lemma 4.14 we can rewrite (P, Q)*M \ i and Ik(p g)-m (7). Thefore the

pushout defining (P, Q)*M can be written as

(K,L)*lkM(i) %L —— (K’L)*lkM(i) « K

(K,Ly"M\ixL; ——— (P,Q)*M.
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By Lemma 4.13, (P, Q)*M = (K, L)*M. O

Recall that M(i) is defined as polyhedral join product (P, Q')*M where the sequence
(P!, Q') is defined as
o (K, L) j<i
(BLQ) =1 m o o
{1 @) j>i.

By Lemma 4.15, with (K, L) = (P*!, Q"*1) and (P, Q) = (P, g), we obtain M(i + 1)
from M(i) via the pushout

gy (P 4+ 1) * Liyy —— Ty (i + 1) * Kiyg

| |

M)\ {i+1}*Liyy ——— M(i).

We therefore obtain the following result.

Lemma 4.16. The polyhedral join product can be constructed sequentially. That is, given a
simplicial complex M on the vertex set [m], we can obtain (K, L)*M via the following sequence

McC M(1) Cc M(2) C---C M(m) = (K,L)*M
where at each point, M (i + 1) is obtained from M(i) via the pushout

kpg(iy (i + 1) % Liyn —— Iky(y (1 +1) % Kigq

| l

M@\ {i+1} % Liyy —— M(i+1).
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Chapter 5

A survey of results concerning the
polyhedral join product

The polyhedral join product is a relatively new concept, and various aspects of the
topological properties of the polyhedral join product are beginning to be studied. The
polyhedral join product unifies various constructions across both homotopy theory
and combinatorics. In this section, we survey current results across the literature
concerning the polyhedral join product, and consider how these results can be used to
determine the homotopy type Z g )-m and Q.Z g | y-m.

5.1 The homotopy type of Z g ;).

In Section 2.2.2, various families of simplicial complexes were given such that
Zx € W. In general, the polyhedral join product does not produce moment-angle
complexes with the homotopy type of a wedge of spheres.

Theorem 5.1. Let (K, L)*M be the polyhedral join product. Assume (CA, A)M, (CA, A)Ki
and (CA, A)Yi are all in W. If for some K, K such that i and j share an edge in M neither K;
or Kj is a simplex, (CA, A) (KL)'™ is not in W.

Proof. Assume that there exists i,j such that (i, j) is a simplex in M. This is a full
subcomplex on the vertex set {i,j}. Then by Lemma 4.7, (K, L)*() = K; % Kjis afull
subcomplex, and so by Lemma 3.3, (CA, A) KiKj retracts off (CAA) (KL)™ Byt
(CA,A)X*Ki ~ (CA, A)Ki x (CA, A)K, and is therefore not in W. O

Theorem 5.1 tells us that polyhedral join products that produce moment-angle
complexes in WV are far more limited. However, for a specific family of polyhedral join
products, we can determine more about the homotopy type of Zx € W.
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5.1.1 Composition complexes and combinatorics

We begin by considering work concerning the composition complex. Recall that the
composition complex is the polyhedral join product on the pair (A", L). The
composition complex has appeared in (Ewa86),(Ayz13), (BBCG15),(Kar20).

The simplicial wedge was first defined in (PB80). Specifically, the simplicial wedge

operation at the vertex v is defined as
M(v) = lkp(v) * ALUM \ v % 9AL.

The simplicial wedge construction forms the base step of an iterative definition of the

reduced join operation.

Definition 5.2. The reduced join of M with dA" with respect to v is the simplicial
complex
M x, A" = dA" x M\ v U A" x Ikp(0).

Note that this is exactly the first step of the sequential construction of the polyhedral
join product on the pair (A", dA")*M as described in Lemma 4.16.
Lemma 5.3. The simplicial complex (A", dA")*M can be formed by iterative applications of

the simplicial wedge operation at each vertex.

Proof. By (Kar20), M #, 0A" = 0A™ + M\ v U A" x Ikp(v) is formed by applying the
simplicial wedge operation to the vertex v n times. Combining this with Lemma 4.16
proves the asserted Lemma. O

Lemma 5.3 tells us that if we want to consider when (A”, 9A™)*M preserves properties
of M, it is enough to consider when the simplicial wedge preserves these properties.
Definition 5.4. A simplicial complex M is vertex-decomposable if M is a simplex, or if M
contains a vertex v such that

* both M \ v and lky(v) are vertex-decomposible, and,

e every maximal simplex of M \ v is a maximal simplex of M.

Definition 5.5. A simplicial complex M is called shellable if its maximal simplexes can
be arranged in a linear order o1, 07, - - - , 0y in such a way that subcomplex
(U=} () N (o) is pure and (dimoy — 1)-dimensional forallk =2, - - , .

Definition 5.6. A pure simplicial complex M is called constructible if it can be obtained
by the following recursive procedure:
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¢ any simplex is constructible,

e if M and M are constructible simplicial complexes of the same dimension, 4,
and if M; N M, is a constructible simplicial complex of dimension d — 1 then
M; U M, is a constructible simplicial complex.

If M is a simplicial complex and i > 0, let M ) be the subcomplex of M generated by
the faces such that |o| > i. A simplicial complex M is sequentially acyclic over Z. if M)
has the property that H,(M) = 0 forall » < i < dimM.

Definition 5.7. A simplicial complex M is sequentially Cohen-Macaulay over Z if
Ikar(0) is sequentially acyclic over Z for all o € M.

The following sequence of implications are known
shifted = shellable = constructible = sequentially Cohen — Macaulay
Definition 5.8. The Alexander dual of a simplicial complex M is the simplicial complex
M® = {o C [m][[m] \ o & M}.

Theorem 5.9. (GT16, Theorem 6.6) Let M be a simplicial complex on the vertex set [m]
whose Alexander dual is sequentially Cohen-Macaulay. Then the decomposition 3.2
desuspends, and Zy; € W.

Corollary 5.10. (GT16) For a simplicial complex M, if the dual of M is vertex decomposable,
shellable, or constructible, then Zp € W.

The combinatorial properties of a specific composition complex was looked at in
(Kar20). Specifically, properties of polyhedral join products of the form (A", 9A")*M,
These complexes were referred to as mixed wreath products. These complexes can be
constructed by repeatedly applying the simplicial wedge operation to M. The

following was proved.

Proposition 5.11. The polyhedral join product (A", dA™)*M is vertex-decomposable, shellable
or constructible if and only if M is.

Proof. By Lemma 5.3, it is enough to show M(v) preserves these properties. By (PB80),
M(v) is vertex-decomposable if and only if M is, and by (JL05), M(v) is shellable or
constructible if and only if M is. Therefore, (A%, BAE)*M is vertex-decomposable,
shellable or constructible if and only if M is. O

Theorem 5.12. (Zhel7) Let (A, L)*M be a composition complex. Then

(&7, L)™M)7 = (a7, 1)™
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Example 5.12.1. Let (A", L)*M be a composition complex, and let L; be n; disjoint points for
all i. Then
(A%, L)"M)° = (a7, 281

Proposition 5.13. Let (A%, L)*M be a composition complex, and let L; be n; disjoint points for
all i. If M is such that M° is one of

1. vertex-decomposable,
2. shellable,

3. constructible,
then Z(AQ/L)*M E W

Proof. By Corollary 5.10, Z(pn )-m € W if (A, L)*M)® is vertex-decomposable,

shellable, or constructible. By Example 5.12.1, ((A, L)*M)° = (A%, 9A")*M", and by
Proposition 5.11, (AZ, aAﬂ)*MO is vertex-decomposable, shellable, or constructible if
M is. Therefore, under our assumptions on M°, we have that ((A%, L)*)° has the

necessary qualities, and therefore, Z( AnLyM € W. ]

5.1.2 Composition complexes and homotopy theory

The previous section focused on when composition complexes preserved certain
properties. However, we can consider a different method that is focused on the maps
between spaces. In (BBCG15), the relation between a specific example of the
composition complex and moment angle complexes was explored. An analogous
construction to the polyhedral join product (A", 9A")*M was defined, and then used to
construct an infinite family of toric manifolds associated to a specific toric manifold. In
this work, a precursor to Theorem 5.22 appeared, which has been reworded here in
the notation of the polyhedral join product.

Theorem 5.14. Let M be a simplicial complex with [m] vertices and let (X, A) be a family of
CW pairs. For N = (ny, - - -, ny,), define a new family of pairs (Y, B) by
(Yx, Bx) = (Xx, Ax)". Then there is an equality

(X, AW = (1, B

)M
Theorem 5.15. There is a homeomorphism of polyhedral products

(ClryA), 7 A)M = (CA, AYMERTTrma8)
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Proof. By (BBCG15), Lemma 8.1, there is a homeomorphism of pairs
(C(AxA),AxA) IR (CAxCA,(CAx AUA x CA)) = (CA, A)%. This map iterates
to give a map (C(xjA),*jA) EIN (Y, B). Combining this with Lemma 5.22 gives the

asserted result. O

Theorem 5.16. Let M be a simplicial complex such that if 2 X; € W for all i € [m], then
(CX, X)M e w. IfXA; € W forall j, then

(CA, A)P=2™M o (\/ |My| % (x5 A)),
I1¢M

and furthermore, (CA, A)(A"28™ ¢ Wy,

Proof. By Theorem 5.15, we have (CA, A)YBAA™M — (C(xyA), xnA)M. As each
LA; €W, xNA; € W, and therefore the homotopy equivalence 3.2 de-suspends to
give the asserted homotopy equivalence. O

This construction gives us simplicial complexes that preserve the property of Zx € W
without worrying about combinatorial properties being preserved.

5.1.3 Actions of the Steenrod algebra

In (AGI'24), actions of the mod 2 Steenrod algebra on polyhedral products related to
polyhedral join products were described. Using fundamental facts about the
polyehdral join product, the authors showed that Steenrod operations on a given
simplex could be propagated to Steenrod actions on the polyhedral join product, and
through the Hochester fomula, actions on the associated moment angle complex. We
begin by referencing results concening the homotopy type of composition complexes
and subsitution complexes.

Lemma 5.17. (Ayz13) There is a homotopy equivalence
(AL, LY*M ~ M %Ly %% Ly,.
Lemma 5.18. (AGI"24) There is a homotopy equivalence
M(Ky, -+, Km) = MV Ikp) (1) % Ky Vo= VK (1) % Ko
Proposition 5.19. (AGI"24) Let (A", L)*M be a polyhedral join product. If none of

M, Ly -+, Ly, is contractible, then non trival steenrod operations on K, Ly, - - - , Ly, propagate

to non-trivial Steenrod operations on the moment-angle complex on (A", L)*M.
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Proof. By the Hochster formula and Lemma 5.17, a suspension of
(A", L)*M ~ M % L; % - - - x L, appears as a summand in the cohomology ring of the
moment-angle complex. Therefore non-trival Steenrod operations on M, Ly, - - -, Ly,

propagate to the moment-angle complex. O

We can also consider the substitution complex.

Proposition 5.20. Let (K, ?)*M be a polyhedral join product. Then the non trivial steenrod
operations on K, Ky, - - - , Ky, propagate to non-trivial Steenrod operations on the

moment-angle complex on (K, @)*M.

Proof. By the Hochster formula, the cohomology of the moment-angle complex over
(K, @)*M decomposes as the direct sum of the cohomology of all (suspended) full
subcomplexes of the substitution complex. As M, Ky, - - - , K, are all full
subcomplexes, all the Steenrod operations on their cohomology will propagate to give

non trivial Steenrod actions on the moment-angle complex. O

We can generalize this slightly with some known results about polyhedral join

products.

Proposition 5.21. Let (K, L)*M be a polyhedral join product. Then non-trivial Steenrod
operations on Ky, - - - , Ky, extend to to non trival steenrod operations on the moment angle
complex on (K, L)*M.

Proof. By the Hochster formula, the cohomology of the moment-angle complex over
(K, L)*M decomposes as the direct sum of the cohomology of all (suspended) full
subcomplexes of the polyhedral join product. By Corollary 4.4, we have (K, L)* = K;
is a full subcomplex for all i € [m], and so Steenrod operations on the cohomology of
Ki, - -+, Ky will propagate to non-trivial Steenrod actions on the moment-angle

complex. O

5.1.4 Equivalences of polyhedral products associated with polyhedral join
products

In (Vid18), the cohomology of polyhedral products over the two families of polyhedral
join products were considered. Spectral sequences were used to give a complete
description of the cohomology ring for specific families of polyhedral join products. In

the course of (Vid18), the following result that generalises Theorem 5.15 was stated.

Theorem 5.22. (Vid18) Let (X, A) be Zc |y, k; pairs of pointed CW-complexes. Let M be a
simplicial complex on [m] vertices, and let (K, L) be m pairs of simplicial complexes, where
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each K; is a simplicial complex on [k;] vertices, and each L; is considered to be a simplicial
complex on [k;| vertices with potential ghost vertices. Then

(X, A)ED™ = (X, A)K, (X, A)LYM

Proof. Leto C [m], 7; € K; and w; € L;. Consider ((X, A)X, (X, A)L)?. This

decomposes as

(X A5 X AH =T]XAx J] (X, A" =

ico iem)\o
[TUXA < T U X A=
i€0 1€K; ie[m)\o w;eL;
[TUdIxx IT 4)x IT CUdIXx IT 4)
iconek, jen  jelki\n i\ wel; jews  jelkw;
Therefore
(X245 X AN ™= (IT U JIxx Apx TT CU TXix TT 49)-
ceK €0 rekK; JET jelki\ iem|\c w;el; jEw; jelki]\w;

Let o’ € (K, L)*™. Note that ¢’ = (UjyT;) U (U )\ owi). Therefore

(X,A) = (X,4)7= x (X, 4) e = T](X,A)" x T (X, 4)

ico ie(mlo
=TT Ud@Ix> IT A4px IT (U (IIXx IT 4))
ico ekK; jeT jelki\T i€[m]\o w;eL; jew jelki\wi

As (X, A)ED™ = Upeg (X, A)7 = Ujeo(X, A)VrT x (X, A) Ve, we have that

)*M

(X, A)ED™ = (X, )X, (x, A)HHM

O
Recall that we can consider the substitution complex as a special case of the polyhedral
join operation, where (K;, L;) = (Kj, @;). We therefore obtain the following result.

Corollary 5.23. Let M(Kj, - - -, Ky,) be a substitution complex. Then

(X, MK n) = K TTa)M

jeEK

Corollary 5.24. Let M (K3, - - - ,Ky,) be a composition complex. Then

(X, )M Sl = ([T X, (X, A)M
j€K
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5.1.5 Whitehead products and the substitution complex

Composition complexes are not the only examples of polyhedral join complexes that
give rise to moment-angle complexes in V. For this, we consider substitution
complexes associated to Whitehead products. Given maps f; € [£X;, Y] fori = 1,2, the
generalised Whitehead product [f1, f2] € [£X1 A Xp, Y] is the homotopy class of the map

I, ] X v X B sxivexs M yvy Sy

where w : X; * X = XX; V XX is the restriction of the map
CX1 xCXy -+ XX xXXpto X1 xXp,and V : Y VY — Y is the fold map.

We can extend this to higher Whitehead products as outlined in (Sim23). Consider
spaces Xi,- -+ , Xy, Z. Givenmaps f; : LX; — Zfori=1,--- ,m denote

w(fi, - fm) ={¢ : FWEXq, -, ZXm) = Z | ¢|sx, > fifori=1,--- ,m}

as the set of extensions up to homotopy of \/ f; : VEX; — Z to FW (XX, - -+, XXp).
Then the higher generalised Whitehead product of the maps f; is the set of homotopy
classes

Lo ful = {lgp) | ¢ € w(fr, -+, fin) C [+ X0, Z],
wherep: Xy %--- % X, = UL CXy x - - X Xj X -+ X CXpy = FW(XXq, -+, 2Xj) is

the restriction of the product of quotient maps CX; — XX;.

We will consider higher Whitehead products generated by maps of the form
Ui xSt — (CP=, x )K . Our higher Whitehead products will be the homotopy class of
the map

(1, ] 2 S2 = (CP2, )",

General iterated higher Whitehead products are higher Whitehead products whose
agruments can be themselves higher Whitehead products. A special case of this is
nested iterated higher Whitehead products

W= ([ i oo iy Vi B2y D iy s iy, ] 2 ST — (CP, ).

Definition 5.25. A simplicial complex K realises a higher iterated Whitehead product
w if w is a non-trivial element of 71, (Zk)

Proposition 5.26. (AP19) Let 0A, be defined as the following substitution complex

A = Ny, -+ 3Dy i1, -+ i)
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where each w; = dAPI ~L. Then 9A, is the smallest simplicial complex that realises the iterated
higher Whitehead product

W= [wy, e, W i, i)
where y; is the ith coordinate map
u; . (D% 8Y) — §* = CP® — (CP™®)V™ — (CP®)X
and wj = [pj, -, ﬂjpj]/j =1, ,q are nontrivial single higher Whitehead products.

In general, moment-angle complexes associated with dA,, will not belong to W by
Theorem 5.1. However, for A, realising a nested iterated higher Whitehead product,
we can determine Z5, € W.

Proposition 5.27. If K = dAP» (9AF»=1(- - - (9AP2(dAP, 1Y, - - ~i21)) o) A0 ), then
Zx € W.

Proof. We proceed by induction. Assume that for

K = 9APm-1(9APm2 (. .. (aAPz(aAm,z},. . ‘izlﬂl)) . ),ilmfll. .. imfl),

then Zg € W. Consider
K' = 9AP" (NP1 (. - - (8A”2(BAP1,1},- . 'l}n)) )i ,igm),
By Corollary 4.13, K’ can be written as the following pushout

OAPm—1 —y 9APn—1 4 K

| |

APt — 5 K
By Lemma 3.7, on the level of polyhedral products we have the homotopy pushout

1xi
Zyam—1 X [iex S — Zaprm— X 2k

b !

1
ZApm—l X HiEK Si —_— ZK/

where i is the inclusion induced by the simplicial inclusion @ — K and f is the
inclusion induced by the simplicial inclusion APt — AP»~1. The polyhedral

product Z,,,-1 is contractible, and the map i is null homotopic by Lemma 6.9. We can
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therefore rewrite our homotopy pushout as

1Ix*
Zoaon1 X Tliek ST — Zapm1 X 2k

& !

[Tiex S} Zgr

and by Lemma 3.11 we have

Zygr ~ ZBA””’* * 1—[511 V (ZK X ZaApm—l).
iekK
There is a homotopy equivalence Zyap 1 * [Ticx St =~ E(Zpam-1 AlTicx S}), and as
Zyapm—1 ~ S~ this becomes £(5%Pn~1 ATT;cx S}). Distributing the suspension over
the product, and applying Lemma 2.24 gives

Zyamm-1 % Hszl = \/

icK k=1

lp1+--+pm-1]
< k

lpr+- -+ Pm—l\) G2pmtk

As Zy is a suspension by induction, we have (Zx X Zyppm-1) == Zg V (Zg A S2Pn—1).
Combining this gives the homotopy equivalence

[prt- e+ Pl

[p1t-+pm-1]
( k

Ze=( V

)szpm+’<) V Zg V(2 A S,
k=1

By induction, Zx € W, and so Zg € W. O

Corollary 5.28. For K = 0A(0A(j1, - -+ ,jg),11,- - - ,ip) there is a homotopy equivalence

q
Zp ~ G222 g2y ( \/ <Z> 52p+k)' =
k=1

By Lemma 5.26, the complex 0A(A(j1, - - - ,jy),i1,- - -, ip) will realise the higher
Whitehead product [[pj,, - - -, pj |pti,, - -+, i, ). For example, S2(P+1-1) corresponds to

| A | AR A P
Example 5.28.1. Consider K = dA(dA(1,2,3),4,5). Then the associated moment-angle

complex is homotopy equivalent to S8\ S7\/ (S®)V3 v (S°)V4, and each sphere is a Whitehead
product, as described in (AP19).
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5.2 The homotopy type of 0.2 g ;).um

5.2.1 Substitution complexes and Whitehead products

In (AP19), the substitution complex was used to study the realisability of iterated
higher Whitehead products with relation to moment-angle complexes. For any
iterated higher Whitehead product w, the substitution operation was used to produce
a simplicial complex that realized w. In general, the associated moment-angle complex

will not belong to WV, but we can determine the loop space of Zj, .

5.2.1.1 Polyhedral products associated with substitution complexes of the form
aAw = aA(aAwlr e /aAwp/ill e /lq)

Proposition 5.29. There is a homotopy equivalence

9
~ H 2pi—1
QZ&A”*(SA’“*],-“,aqu_l,i,’H,w,in) — L QS ! X QW

where W = 2720~ (AL (VIL, (F)SH) v (V] (7)) ST+ A Q8?7 v ZQSHIT).

Proof. By Theorem 5.22, there is an equivalence
Z

ANTL(AAPI L DAPT iy i) T (Cixlx)aMfll where
(ZPi—LHZP;l sy ifie{1,--,q}

(CX;, Xi) = _
(D?,Sh) otherwise.

By Lemma 3.20, there is a homotopy equivalence

q n
) n—1
QZaAnfl(aAPrl,‘..,aAprllil,...,l'p) = HQZZp,v—l X H QD1‘2 X Q(@/H) A
i=1 i=g+1

where H; is the homotopy fibre of the map [T;cyppi-1 S} — Zyapi-1 fori < g and the
homotopy fibre of the map S} — D? fori > q. As 25,1 ~ S?Pi"! and [} —g+1 QD?is
contractible, this simplifies to the first term in our homotopy equivalence. By Lemma
6.9, for all i, H; is the fibre of a null homotopic map, and so

HjEBApi_l S]l X QZaApi—l i S q

Hi= st i>
i q-

By Lemma 3.9, Z;,,1 € W, and so 2, ,,,-1 € W. Therefore each H; € P, and so by
Lemma 2.25, X H; € WW. By Lemma 3.9,
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(CH,H)®"" ~ Hy%---xH, ~ X" 'Hy A--- A Hy.Fori < g,

SHi~3( [T SixQZy1)~2 [] S;VEQZy,aVE [ SIAQZ .
jeanri—1 jeanri—1 jeanri—1

As ZTTicoar S = Vi<j<y, (l}i)SHl and QZ,,,, 1 ~ S2Pi~ 1, this simplifies to

“H;~ \/ (pf) sttvzas¥iv( \/ (’g.") ST AQSHT).

1<j<p; 1<j<pi

Fori > g, H; ~ Sl and so Hy1 AN--- ANHy =~ SIA-. ASt~ g1, Combining all of
this, we get

q pi ) ) pi ) )
(@Iﬂ)aAﬂfl ~ Zn—l—ﬂ(/\ ((\/ <7l> S]+1) Vi (\/ <pl> S]+1 A 052])]'—1) \/2052]7]-—1)) A S

i=1 j=1 j=1

~ G221 A (/\(({7 <pf> Sithyv (<] <’;) ST A QST v ZOSHITL).

i=1 j=1 ] j=1
as required. O
Spheres of dimension 2p; — 1 correspond dimensionally to higher Whitehead products

(i, -+, pj, ], and the sphere of dimension 21 — 2q — 1 corresponds to the higher
Whitehead product [pg41,- - -, pin).
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Chapter 6

Polyhedral products associated with
polyhedral join products

This chapter draws from (Eld24), and is concerned with describing a loop space
homotopy equivalence for the polyhedral product associated with the polyhedral join
product, and considers how this changes the homotopy type of the polyhedral
product.

6.1 A generalized loop space decomposition for certain

polyhedral products

In this section, we generalize results from (The24). Let K be the simplicial complex

defined as the following pushout

N

—— LxM

— K.

Then, by (The24), we can determine a homotopy equivalence for Q(X, A )K in terms of
the component spaces. Here we generalise this result as follows. Let M be a simplicial
complex on [m], and let N be a subcomplex of M. Let K be a simplicial complex on [k],

and let L be a subcomplex of K. Consider N and L to be on the vertex sets of M and K
respectively. Define Q to be the pushout

NxL —— NxK

l l (6.1)

M*L —— Q.
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The simplicial complex Q is considered to be on the vertex set [m + k|. Applying

Lemma 3.4 and Lemma 3.7 gives the following result

Lemma 6.1. There exists a pushout

O]

There are inclusion maps from M * L and N * K into M * K, and the inclusions M * K
coincide on N * L. Therefore there is a pushout map Q — M * K. This induces the

following pushout map on topological spaces:

(X, AN

™ x
l

(6.2)

The maps N * K — M * Kand M * L — M x K are both the join of an inclusion and the
identity, and so on the level of polyhedral products, they induce the maps

(X, AN x (X, A)F £5 (X, AM x (X, A)K

and
(X, AM x (X, A)F BB (X, AWM x (X, A)E.

If all four corners of the pushout (6.2) are included into (X, A)M x (X, A)K, we obtain

homotopy fibrations

T
+
b
B
N
X
=
B
<
<
b
B
S
X
b
B
=

where F is the homotopy fibre of ®, G is the homotopy fibre of the map g, and H is the
homotopy fibre of /. As the homotopy fibres are the result of mapping each corner of
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the pushout into a common base, we obtain the homotopy commutative cube

GxH G
(X, AN x (X, A)F (X, AN x (X, A)F h
— l ~
(X, M x (X, A)* (X, A)°

(6.3)

in which all four sides are homotopy pullbacks. Since the bottom face is a homotopy
pushout, by Lemma 2.19, the top face is a homotopy pushout.

Lemma 6.2. The maps G x H — G and G x H — H in (2) can be chosen to be projections,
implying that there is a homotopy equivalence F ~ G x H.

Proof. Consider the following diagram

GxH — (X, AN x (X, A)F = (X, A)M x (X, A)¥

|- b |

s x H — (X, AMx (X, A)F 2 (X, AM x (X, A)K.

As the fibrations are taken over the common base (X, A)M x (X, A)X, the left square is
the homotopy pullback appearing in the rear face of the cube. This diagram is the
product of the fibration diagram for the factors on the left and the fibration diagram
for the factors on the right. Observe * x 1 is the projection of the righthand factor.
Thus the map G x H — G is homotopic to the projection. The argument for the map
G x H — G being a projection is similar. It is well known that the homotopy pushout

of projections is a join, and so the homotopy pushout in the top face of the cube
implies that F ~ G * H. O

Theorem 6.3. Let Q be the pushout 6.1. There is a homotopy fibration
GxH = (X, 4)% — (X, A)™ x (X, A)*

where G is the homotopy fibre of (X, A)N — (X, A)YM and H is the homotopy fibre of
(X, A)L — (X, A)X. This fibration splits after looping, giving a homotopy equivalence

O(X,A)° = (X, A)M x Q(X, A) x Q(G + H).

Proof. 1f F is the homotopy fibre of the map O : (X,A)% = (X, AM x (X, A)X, then
by Lemma 6.2, F >~ G * H. This establishes the asserted homotopy fibration. For the
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splitting, consider the composite (X, A)M x (X, A)L — (X, A)? = (X, A)M x (X, A)K
which is 1 x h. Restricting to (X, A)M gives inclusion into the left factor. Similarly,
restricting the composite (X, A)N x (X, A)X — (X, A)% — (X, A)M x (X, A)X to

(X, A)K gives inclusion into the right factor. Taking the wedge sum of these therefore
gives the composite

(X, AMV (X, A)K = (X, A)° = (X, AM x (X, A)¥

which is the inclusion of the wedge into the product. The inclusion of the wedge into
the product has a right homotopy inverse after looping, so the map

O(X,A)° — O(X, A)M x Q(X, A)X has a right homotopy inverse, implying that the
tibration splits after looping. O

6.2 Loop spaces of polyhedral products associated with
polyhedral join products

In this section, we give two descriptions of a loop space homotopy equivalence for
Q(X, A)KLD™,

By Corollary 4.13 there exists a pushout

(K, L)yt s Ly —— (K, L)t 5 K

| !

(K, Ly*M\" 5 L, —— (K,L)*M,

This is a special case of the pushout in 6.1, where N = (K, Lytu(m) 1, =1,
M = (K, L)*M\" and K = K,,. Applying Theorem 6.3, we obtain a homotopy

equivalence

Q(X, A)ED™ ~ (X, A)ED™" % (X, A" x QG + Hy),

*M\m

where Gy, is the homotopy fibre of the map (X, A) (KL kM _ (X, A) (K.L) and H,,
is the homotopy fibre of the map (X, A)'» — (X, A)K». By iterating this homotopy
equivalence with respect to the vertices of M, we prove Theorem 6.4.

Theorem 6.4. Let (K, L)*M be a polyhedral join product. There is a homotopy equivalence

Q(X, A)EL™ =~ TTQ(X, AN x [[QUG + Hy)
i=1 i=k
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where G; is the homotopy fibre of the map (X, A) N (X, A) KL
is the homotopy fibre of the map (X, A)bi — (X, A)Xi and k € [m] is such that
M\ {m,--- ,k} is a simplex.

Proof. By Theorem 6.3, there is a homotopy equivalence

M *M\m

O(X, A)EL™ ~ (X, )KL 5 (X, A x QG % Hy).

Now consider (K, L)*M\"_ Tf M\ m is a simplex, then by Example 4.1.2,

(K,L)*M\" — K % - .- % K,,_1, and so (X,A)@L)*M\m ~ (X, A)K x ... x (X, A)Kn, and
the result follows. If not, the simplicial complex (K, L )*M\m is a polyhedral join
product, and therefore can be constructed as in 6.1, with N = (K, L) A [ =1, 4,
M= (K L) *M\{mm—1} and K = K,,;_1. We can apply Theorem 6.3 to (X, A) (KL)™M™ 4o

obtain a homotopy equivalence

«M\{m,m—1}

Q(X, A)ED™" ~ 0 (x, A)KL) X (X, A1 x (Gt % Hyn_1).

Substituting this into our previous expression gives a homotopy equivalence

«M\{m,m—1}

Q(X, A)ED™ ~ 0(x, A)KL) X }]’[ QX A% x T QG+ H;).

i=m—1 j=m+1

We continue this process on (X, A) (KL)™M1 4 htil we reach the vertex k such that

M\ {m,- -k} is a simplex. O

This is, however not the only loop space decomposition for polyhedral products
associated with the polyhedral join product. Recall that by Theorem 5.22, we have the
equality

(X, A)FD™ = (X, A)K, (X, AP

Theorem 6.5. There is a homotopy fibration

m
(CH,H)M — (X, A)ED™ S T[(x, A

[y

i=

where H; is the homotopy fibre of the map (X, A)% — (X, A)Xi. Furthermore, this fibration
splits after looping to give the homotopy equivalence

Q(X, 4)ED™ ~ a(cH HM x T]Q(X, A)K.
i=1

Proof. By Theorem 3.20, we have the homotopy fibration

(CHHM — (X, A)K, (X, A/ — T[(X, A)%
i=1
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that splits after looping. Applying Theorem 5.22 to this gives the asserted homotopy
fibration and loop space homotopy splitting. O

We now have two equivalent descriptions of the loop space of the polyhedral product
associated with the polyhedral join product.

6.3 Simplicial operations preserving the property of being in
the class P

In Chapter 2, it has been shown that, under certain conditions, the simplicial
operations of the join and the connected sum preserve the property of being in P. We
now extend this to the polyhedral join operation. Recall that P is the full subcategory
of topological spaces that are homotopy equivalent to a product of spheres and loops
on spheres. Restricting to the case where (X, A) = (CA, A), let M be a simplicial
complex such that Q(CA, A)M € P. The polyhedral join product (K, L)*™ can be
considered as an operation on simplicial complexes, and as such, it is natural to ask
when such an operation preserves the property of having a loop space on an
associated polyhedral product in P. In this section we give some general conditions
that ensure Q(CA, A) (KL)™ ¢ P. We then determine that for the substitution complex
and the composition complex, we can guarantee some of these conditions will always
be met.

Theorem 6.6. Let M be a simplicial complex on the vertex set [m], and let K; be a simplicial
complex on the vertex set [k;]. Let (CA, A) be a sequence of pairs (CA;, A;) where

j € [m—1+ki]. Suppose LA; € W forall j € [m — 1+ k;]. Suppose Q(CA, A)M € P, and
let Q be the simplicial complex defined by the following pushout

l l

M\isxLi — Q.

Let H; be the homotopy fibre of the map (CA, A)Y — (CA, A)Ki. If Q(CA, A)Ki € P and
YH; € W then Q(CA,A)R € P.

Proof. Applying Lemma 3.21 to (CA, A)M gives

Q(CA, AM =~ Q(CA, AYMVi x O(G; A A;). As Q(CA, A)M € P, and both
O(CA, AYMV and QO (ZG; A A;) retract off Q(CA, A)M by Lemma 2.27 both
Q(CA, A)MV and Q(ZG; A A;) are in P. By Lemma 2.28, (G; A A;) € W. Now

consider (CA, A). Applying Theorem 6.3 gives

Q(CA, AR ~ O(CA, A)MV x Q(CA, AN x Q(ZG; A Hy).
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AsY.H; € W, and L H; is at least as connected as X A; by Lemma 3.26, >G; A H; € W.
Therefore OX(G; A H;) € P by Lemma 2.21. Hence each element on the right hand
side of the homotopy equivalence is in P, and therefore )(CA, A)° € P. O

Recall that by Lemma 4.16, the polyhedral join product can be constructed
sequentially via an iterated pushout construction. More specifically, there is a

sequence of simplicial complexes
Mc M(1) c M2) C---C M(m) = (K,L)*M
where at each point, M(i + 1) is obtained from M(i) via the pushout

lkM(z)(l + 1) *Lij g —— lkM(l)(l + 1) * Kiyq

| |

M)\ {i+1} 5 Lyt ——— M(i+1).

This, combined with Theorem 6.6, allows us to prove Theorem 6.7.

Theorem 6.7. Let M be a simplicial complex on [m] vertices. Let (K, L)*™ be a polyhedral
join product and let K; be a simplicial complex on the vertex set [k;] for i € [m]. Let (CA, A)
be a sequence of pairs (CA;, A;) where 1 < j < ki + - -+ ky. Suppose ZA; € W for all j.
Let H; be the homotopy fibre of the map (CA, A)ti — (CA, A)Xi fori € [m]. If

QO(CA, AKX € Pand ZH; € W for each i € [m], then Q(CA, A)ED™ ¢ P,

Proof of Theorem 6.7. We proceed by induction on M(i). The base case is M(1). The
simplicial complex M(1) is defined as the pushout

lkM(l) * L1 — lkM(l) * Kl

| |

M\1xL, — M(1).

By assumption Q(CA, A)X1 € P and ZH; € W, so by Theorem 6.6, we obtain
O(CA, A)MO) ¢ P. Now suppose that for all j < i, Q(CA, A)M() € P. Consider M(i).
This simplicial complex is defined by the pushout

kpp(i—1y (7) * Li — Tkpq(i—1) (i) * K

| |

M(i—1)\ixLi —— M(i+1).

By induction, Q)(CA, A)M(Fl) € P, and by assumption, Q(CA, A)Xi € Pand
Y.H; € W. Therefore we can apply Theorem 6.6, with M = M(i — 1) to obtain
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Q(CA, A)M(i) € P. Therefore Q) (CA, A)M(i) € P for all i € [m] by induction. When
i = m by definition M(m) = (K, L)*M, and so the result holds. O

Theorem 6.7 tells us that given M such that Q)(CA4, A)M € P, we can construct a new
simplicial complex (K, L)*M such that Q(CA, A) (KL™M ¢ p, subject to conditions on
K; and the homotopy fibre H;. Guaranteeing >.H; € W is not so simple. We can give
conditions on the map (CA, A)Y — (CA, A)Ki to ensure ZH; € W.

Lemma 6.8. Let M be a simplicial complex on [m] vertices. Let (K, L)*M be a polyhedral join
product and let K; be a simplicial complex on the vertex set [k;| for i € [m]. Let (CA, A) bea
sequence of pairs (CAj, A;j) where 1 < j < ki + - - - + kj. Suppose the pairs (K, L) are such
that the map (CA, A)Y — (CA, A)Xi is null homotopic. If Z(CA, A)L € W and

QO(CA, A)Xi € P forall i, then Q(CA, A)KD™ ¢ P,

Proof. Asthe map (CA, A)Li — (CA, A)Xi is null homotopic, its homotopy fibre,
denoted H;, will be homotopy equivalent to (CA, A) Lix Q(CA, A)Xi. Therefore

SH; ~ %(CA, A) VEQ(CA, AN VE((CA AL AQ(CA, A)N).

As %(CA, A)li € W by assumption, and ZQ(CA, A)X € W by Lemma 2.25, all
elements on the right hand side are in V. Therefore we have XH; € WW. By Theorem
6.7, this implies that Q(CA, A)KD™ ¢ P, O

The conditions laid out in Lemma 6.8 are generally easy to fulfill. For example, the
pairs (AZ"_l, Azi__ll) satisfy such a condition, as (CA, A)At?i1 EWfor0<k<n-—1
((IK13)), and the map (CA, A)Al?fl — (CA, A)Alﬁll is null homotopic by Lemma 3.13.
Recall that by (BBCG10) there is a homotopy equivalence

S(CA AKX ~2(\/ K| * AT).
I¢K

Therefore, if forall I ¢ K, |K;| € Wand ZA; € W foralli € [m], then Z(CA, A)X € W.

More generally, we can show that the substitution complex satisfies this condition. We

tirst require the following proposition.

Proposition 6.9. (GT13) Let K be a simplicial complex on the vertex set [m], and assume K
has no ghost vertices. Then the inclusion [T, A; — (CA, A)X is null homotopic, and the
homotopy fibre of this map is (TT/L, A;) x Q(CA, A)K.

Lemma 6.10. Let the sequence of pairs (CA, A) be as in Theorem 6.7. Let M(Ky, - - -, Ky,) be
a substitution complex. If Q(CA, A)X,Q(CA, A)K,- .- Q(CA, A)Xn € P, then
Q(CA, A)ME ) € P.
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Proof. Recall that the substitution complex is a special case of the polyhedral join
product on the simplicial pairs (Kj, @). Therefore H; is the homotopy fibre of the map
[Tjek, Aj — (CA, A)Ki. By Lemma 6.9, this map is null homotopic. As by assumption,
YA; € W for all j, the conditions of Lemma 6.8 are satisfied, and

Q(CA, A)ME - Kn) € P, O

Lemma 6.11. Let the sequence of pairs (CA, A) be as in Theorem 6.7. Let K(Ky,- - -, Ky,) be
a composition complex. If Q(CA, A)K € P and £(CA, A)Xi € W for all i € [m], then
Q(CA, A)KEKLKn) ¢ P,

Proof. Recall that the composition complex is a special case of the polyhedral join
product on the simplicial pairs (A%i—1, K;). Therefore H; is the homotopy fibre of the
map (CA, A)X — TTjek, CA;. As [Tjek, CA is contractible, this map is null homotopic,
so H; ~ (CA, A)X. By assumption £(CA, A)X € W, and so by Lemma 6.8,

Q(CA, A)ME - Kn) € P, O

There are other pairs of simplicial complexes (K, L) for which we can determine if
>H; e W.

Proposition 6.12. Suppose (K, L) are pairs such that for each i € [m], the simplicial complex
L; is a full subcomplex of K;. Let (CQX, QX)) be a sequence of pairs where QX; € P for all

i € [m]. Suppose Q(CQX, QOX)M € P, and suppose Q(CAX, QX)X € P forall i € [m].
Then Q(COX, QX)®L™ ¢ P,

Proof. To apply Theorem 6.7 we need to show XH;, the homotopy fibre of the map
(COX, OX)li — (COX, QX)X is an element of W. First consider Q(X, x)M. By
(GT07) there is a homotopy fibration

that splits after looping

QX )M ~ ﬁQXZ- x Q(COX, OX)M.
i=1

As every element on the right hand side of this homotopy equivalence is in P, we
obtain Q(X, *)M € P. Via an identical argument, Q(X, *)% € P for alli € [m]. Let F;
denote the homotopy fibre of (X, x)li — (X, x)Xi. As L; is a full subcomplex of K;, by
Lemma 3.3 this map has a left homotopy inverse, and so the connecting map
5 : Q(X, x)% — F has a right homotopy inverse. We therefore have a homotopy
equivalence Q(X, *)% ~ Q(X, x)b x F. If O(X, )X € P, by Lemma 2.27, the
homotopy fibre F; is also in P. By Lemma 2.25, 2F; must therefore be in V. Now we
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can determine the homotopy type of X H;. Consider the following homotopy fibration
diagram

H; —— (COX, OX)l —— (COX, QX)K

Fi ——— (X, #)l ———— (X, %)

* Zzl)g‘ = 7 IIZZl)g

where the homotopy fibrations in the middle and right column are exactly as defined
in (GT07). From this diagram, there is a homotopy equivalence F; >~ H;, and as

2.F; € YW we obtain ZH; € W. As all the conditions of Theorem 6.7 have been met, it
follows that (CQX, QX)KLD™ ¢ P, 0

It is natural to ask if the condition 2 H; € W is always satisfied under the conditions
givenon (CA, A) Ki, We end this section with an example that shows this is not the

case.

Example 6.12.1. Let K’ be the 6-vertex triangulation of RP?, as depicted in (GPTW16). Let
K =K'\ {6} and let L = 1kg(6). By (GPTW16), we have

OZyp ~ Q(ZW V Z'RP?)

where W is a wedge of spheres, and so there is torison present in the loop space homology. By
Lemma 3.21, we also have

OZy ~ OZg x QD? x Q(ZH A SY),

where H is the homotopy fibre of Z; — Zg. By Lemma 3.28 we obtain OZx € P, and so all
torsion present must be contained in QX.H N st Finally, as *XH N\ Sl ~ ¥2H, this 2-torsion
must be contained in H itself.

6.4 The substitution complex and new examples

In this section we show that the substitution operation can be used to generate new
examples of simplicial complexes such that Q(CA, A)M € P. Recall that there are five
known cases of simplicial complexes where Q(CA, A)M € P:

1. M such that (CA,A)YM e W,

2. M that are k-skeletons of a flag complexes,
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3. 2-dimensional simplicial complexes M such that the cohomology of all full
subcomplexes will complete 1-skeletons is torsion free,

4. M such that M is a triangulation of a connected, orientable, closed surface,

5. M such that M is a triangulation of S°.

We wish to construct new examples of simplicial complexes where Q(CA, A)M € P,
such that M does not fall under any of these existing cases. The last three cases are
easily dealt with. The polyhedral join operation produces large simplicial complexes,
and it is easy to create polyhedral join complexes that have dimension greater than 3
such that Q(CA, A)KL)™ ¢ P. Therefore to generate new examples, we only need to
consider the first two conditions. To do this, we focus on the substitution complex, as
we can determine some full subcomplexes in this case. We first give sufficient
conditions to ensure that (CA, A)MKiKn) js notin W.

Lemma 6.13. Let M(Ky, - - - ,Ky,) be a substitution complex where at least one K; is such
that (CA, A)Xi ¢ W . Then (CA, A)ME1Ku) ¢ Wy,

Proof. Assume that (CA, A)M&1Kn) € W, By Corollary 4.7, K; is a full subcomplex
of M(Ky,- -+ ,Ky). Therefore by Lemma 3.3 ,(CA, A)Xi retracts off (CA, A)M(Kl"”'K"l).
By Lemma 2.26 this implies that (CA, A)Xi is in W, giving a contradiction. Therefore,
(CA, AYMKiKn) cannot belong to W. O

Lemma 6.14. Let M(Ky, - - - ,Ky,) be a substitution complex and let M be such that
(CA, AYM ¢ W. Then (CA, A)MEKi - Kn) ¢ Wy

Proof. Assume that (CA, A)M&KKn) ¢ W. By Corollary 4.7, there is a copy of M
contained in M(Kj, - - - , K;;) which is a full subcomplex. Therefore by Lemma 3.3, we
have (CA, A)M retracting off (CA, A)M(Ki-Kn) By Lemma 2.26 this implies that

(CA, A)M € W, giving a contradiction. Therefore (CA, AYMK1 Kn) §s not in W, as
(CA AR ¢W. O

We now wish to show that we can build substitution complexes that are not the
k-skeletons of flag complexes. We first deal with the case where M is not flag. Recall
that a simplicial complex M is flag if every set of vertices of M that are pairwise
connected by edges form a face of M, and the k-skeleton of a simplicial complex M is
the collection of simplices of dimension k or less. A minimal missing face of M is a
subset w C [m] such that w ¢ K but every proper subset of w is a simplex in M. We
denote the set of missing faces of M as MF(M), and the set of minimal missing faces
of M as MMF(M). If M is a flag complex, its minimal missing faces are on no more

than two vertices.
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Lemma 6.15. (AP19) The minimal missing faces of M(Ky, - - - , Ky, ) are precisely the
following

MMF(Ky) U - - U MMF(Ky,) U L] MMF;.... ; (M(Ky, -+ ,Kpy))
A(i1, - i) EMMEF (M)
where
MMFi1,~~,ik(M(K1/’ .- ,Km)) = {A(j1,~ .- /jk) ‘]1 c Ki],l = 1,- . ,k}. ]

Lemma 6.16. Let M be a simplicial complex on the vertex set [m| that is not flag. Then the
complex M(Kjy, - - - , Ky, is not flag.

Proof. Relabeling vertices as required, let {1,--- ,k}, k > 2 be a set of pairwise
connected vertices that do not form a face of of M. Let v; denote a vertex in K;, and
consider the vertex set {vy, -, v} € M(Ky, - - ,Ky,). This does not form a simplex in
M(Kyq, -+ ,Ky)as{1,--- ,k} is not a face of M. However, as each pair

{i,j} €{1,--- ,k} is connected by an edge in M, the pairs {v;, v;} C {vy,--- vt} are
connected by an edge in M(Kj, - - - , K, ), and so the set {vy, - - - , v} is pairwise
connected. Therefore, we have found a collection of pairwise connected vertices in
M(Ky, - -+ ,Ky,) that does not form a face, and so M(Ky, - - - ,K;,) cannot be flag. O

Lemma 6.17. Let M be a simplicial complex that is not flag. For at least one vertex v in a
minimal missing face of M, suppose that K,, that is, the simplicial complex substituted into M
at vertex v, contains a 1-simplex. Then M(Ky, - - - , Ky,) is not the k-skeleton of any flag

complex.

Proof. As M is not flag, it will have a minimal missing face on at least 3 vertices.
Reordering vertices if necessary, let {1, - - - , j} be a minimal missing face of M, and
suppose that K; has at least one 1 simplex. By Lemma 6.15, {01, - - -, v;} is a minimal
missing face in M(Kj, - - - ,Ky,), and as the boundary of (1, - - - ,j) is contained in M,
the boundary of (vy, - - - ,v]-) is contained in M(Ky, - -+, Ky,). As {vy,- -~ ,vj} isa
minimal missing face of M(Ky, - - -, Ky,), if M(Ky, - - -, K, ) was the k-skeleton of a flag
complex, it could only be the j — 1-skeleton of a flag complex. Therefore it could not
contain any simplices of dimension greater than j — 1. Let 0]1 and 0]2- denote two
vertices of K; that are joined by a edge. The link of j in M will contain the simplex
(1,---,j—2), and so by definition of the substitution operation, we have

(1, ,0j_2, v},vjz.) € M(Ky,---,Ky), a contradiction. Therefore M(Ky, - -+, Ky)
cannot be the k-skeleton of any flag complex. O

We now consider the case when M is flag.

Lemma 6.18. Let M be a flag complex on [m] vertices. If at least one K; substituted into M is
not flag, then M(Ky, - - - , Ky,) is not flag.
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Proof. By Lemma 6.15, all missing faces of each K; are missing faces of M(Ky, - - - , Ky,).
Therefore M(Kj, - - -, K;;) will contain all the missing faces of K;, and so cannot be
flag. O

Lemma 6.19. Let M be a k-dimensional simplicial complex. If M is the k-skeleton of a flag
complex, and M # A¥, it must have a minimal missing face of dimension k + 1.

Proof. As M is the k-skeleton of a flag complex, it must have at least one face of
dimension k, and no higher faces. Let M/ denote the minimal flag complex on the
same 1-skeleton as M, so M is the k-skeleton of M/. Up to a reordering of vertices, let
(1,--- ,k+2)bea (k+1)-simplex of M/. In M, the set {1,-- -,k + 2} does not form a
simplex, as the dimension is greater than k, but the boundary is contained in M,
because each k simplex in the boundary is in the k-skeleton of M/, which is M.
Therefore {1, - - ,k + 2} is a minimal missing face of M. O

Lemma 6.20. Let M be a flag complex. If a) at least one K; is not the k-skeleton of a flag
complex or b) K; is the k-skeleton of a flag complex and the link of i in M is non-empty, then
M(Ky, - -+ ,Ky) is not the k-skeleton of a flag complex.

Proof. If at least one K; is not the k-skeleton of a flag complex, then by combining
Lemma 6.15 and the argument from Lemma 6.18, M(Kj, - - - , Ky;) cannot be the
k-skeleton of some flag complex. So now consider case b). As K; is the k-skeleton of a
flag complex, it will have a minimal missing face on at least k + 2 vertices, by Lemma
6.19. Reordering vertices if necessary, let {1, - - - ,k + 2} be a minimal missing face of
K;. Therefore, if M(Ky, - - - ,Ky,) is the skeleton of a flag complex, it must be a
k-skeleton. By assumption, the link of i is non empty, and so there exists a ¢ such that
o U{i} € K. By definition of substitution, forall T € K;c Ut € M(Kj,--- ,Ky;,). More
specifically, as the boundary of (1, -- -,k + 2) is contained in K;, (1,--- ,k+1)Ucisa
simplex in M(Ky, - - - ,Ky,). But then we have a face of M(Kj, - - - ,K;,) of a dimension
that is strictly larger than k, and so M(Kj, - - - ,Ky,) is not the k-skeleton of a flag
complex. O

We end this section by building some substitution complexes such that
Q(CA, AYMEKn) ¢ P but (CA, AYMKLKu) ¢ W and M(Ky,- - - ,Ky) is not the
k-skeleton of a flag complex. We do this by substituting into the boundary of a

m-simplex.

Lemma 6.21. There are simplicial equivalences (A~ \ {I})(Ky, - -- ,K;_1,1) and
N=2(Ky, -+ Ki—q) and Wy g, ..o g,y (1) and 9A2(Ky, - -+, Kj_q).

Proof. These follows from Lemma 4.14, where (K, L) = (K, D). O
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Applying Theorem 6.4 to (CA, A)aA"'_l(Klr'" Kin) we obtain

m
Q(CA, AP ) ~ TTO(CA, A x Q(G * Hin)
i=1
Where Gy, is the homotopy fibre of the map
(CA, A)aA"HZ(Klf”"Knifl) — (CA, A)A"HZ(KL'“'K"HH and H,, is the homotopy fibre of the
map [Tjex, Ar = (CA, A)Sn.

when we consider the substitution complex on dA™ !, we can describe the homotopy
type of Gy, fully.

Proposition 6.22. The homotopy fibre of the map

(%A>6Az;1(1<1,...,1<,-) %(%A)Ai’l(Kl,---,K,-)

is homotopy equivalent to

Gi ~+_ (T A xQ(ca A)%)
lEK]'

Proof. We proceed by induction. Our base case is the homotopy fibre of
[Tick, Aj — (CA, A)K1, which we have established by Lemma 6.8 as
[Ticx. Ai x Q(CA, A)K1. Assume that the homotopy fibre of the ma

jeKy 4] } : |94 p
gi-1: (CA APN W) 5 (CA, A)Y - Kan) is
Gi_1 ~ " [Tk A X Q(CA, A)X), and consider the substitution complex

]_] ZGK] p

dA"1(Ky,- - - K;). By Lemma 6.21 and Lemma 4.13 we have the pushout

N2 (Ky, - Kimt) —— 982 (Ky, - Kiop) * K

| !

A2(Ky, - Kiq) —— ALKy, - -+ K;).

By Lemma 3.7, this pushout induces a homotopy pushout on the level of polyhedral

products

(CA, A)PPN * (K Kit) s [ Aj —— (CA, AP *(KiKin) 5 (CA,

! !

(CA, AN " Ki) 5 T Aj —————— (CA, AP (KK,

AR

recall that by Example 4.1.1, A"2(Ky, - - - K;_1) = Ky % Ky % - - - % K;_1, and therefore
(CA, A)Al*Z(Klf”‘Kf—l) ~ H;;% (CA, A)Ki. Note that this is a special case of Theorem 6.4
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with N = @, and therefore we have the following homotopy fibration sequence

Gir+ ([T Aj x Q(CA, A)K) — (CA, AP 'Kk H
jeki
By induction, G;_1 ~ ; (HIGK A; x Q(CA, A)X), and therefore
Gj ~ *§:1(Hlel<j Ap x Q(CA, A)N). u

Corollary 6.23. There is a homotopy equivalence

m
Q(CA, A" (K = TTO(CA A% x (1 (TT Aj x Q(CA, A)F).
i=1 JEK;

By Corollary 6.23, the homotopy type of Q(CA4, A)aAm_l(Kl"“ Kn) is completely
determined by the homotopy type of Q(CA, A)Xi. Therefore, we obtain

Q(CA, A)?A" (K Kn) e P if all O(CA, A)Ki € P. This is enough to show that the
substitution complex can be used to create new examples of simplicial complexes such
that Q(CA, A)MKiKn) ¢ P,

Theorem 6.24. Let dA(Kj, - - - , K, ) be a substitution complex such that for each K;, we have
Q(CA, A)Xi € P. Furthermore, suppose least one K; is such that (CA, A)% ¢ W. Then we
have (CA, A)?(KiK) ¢ W, dA(Ky, - - -, Ky) is not the k-skeleton of a flag complex for any
k, and Q(CA, A)?2Ki - Kn) ¢ P,

Proof. As for alli € [m], we have Q(CA, A)Ki € P, we obtain Q(CA, A)?2KrKu) ¢ P
by Corollary 6.10. As there exists an i such that (CA, A)Kf ¢ W, by Lemma 6.13, we
obtain that (CA, A)BA(KV“ Kn) ¢ W. As (CA, A)Xi ¢ W, we have that K; must have at
least one edge, as otherwise K; would be the disjoint union of points, and (GT07)
established that if K; is of this form, then (CA, A)Xi € W. As 9A" ! is not flag,
Theorem 6.16 implies dA(Kj, - - - , K;) is not the k-skeleton of a flag complex. ]

To conclude this section we give a concrete example of a family of new simplicial
complexes such that the moment-angle complex Zg g, ..x,) € P-

Example 6.24.1. Let K = 9A""1, and let each K; be the boundary of an n;-gon, denoted Py,,
where n; > 4. Observe that Zp, ~ S3 x S3, and that for m > 4, by (McG79) we have

Zp, = #5(SF x S””‘k)#(k_z)(zill). Therefore, for n; > 4 we have that Zp, & W. As
OZp, ~ 08 x OS" 1 x QOS(Py,) (BT14), where S(Py) is in W, we have QZp, € P. By
Theorem 6.24, ZaAm—l(pnl,.,,’pnm) cP.
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6.4.1 A specific example

In this subsection, we give a detailed example of a substitution complex that is not the
k skeleton of a flag complex, or such that the associated moment angle complex is in
W. Consider (CA, A)aA(Klfzf’) where K; is the boundary of a square, and on the vertex
set {4,5,6,7}.

By Lemma 6.13, the polyhedral product (CA, A)aA(Kl'm) ¢ W, as (CA, A)X retracts
off (CA, A)BA(K1'2'3). By Lemma 6.17, the complex dA(Kj, 2, 3) is not the k-skeleton of
any flag complex.

By Corollary 6.23, there is a homotopy equivalence

Q(CA, A2 K123 ~ O)(CA, A) x Q(Hy * Hp = Hs)

where Kj is on the vertex set {4,5,6,7}, H; ~ H]724 A; x Q(CA, A, Hy = A and
Hz = As. As Kj is the boundary of a square, (CA, A)X1 ~ (ZA4 A A7) X (A5 A Ag).
By Lemma 3.9, both (CA, A){4f7} and (CA, A){5'6} are in W, and so

Q(CA, AKX ~ O (ZAL A A7) x Q(ZA5 A Ag) € P. We now describe the homotopy
fibre Hy * Hp * H3. By Lemma , we have

7
Hix Hp« H3 ~ £*Hy A Hy A Hz = S2([ JAj x Q(CA, A)S) A Ay AN Az € W.
j=4

By Lemma 2.23, £(A X B) XAV EBV XL(AAB), and so

N
N

S([TA;x (€A A)) = ([ TA) vEO(CA, 4Y) vE([ ] 47) A O(CA A,
j=4

j=4 j=4
(6.4)
There is a homotopy equivalence
7
S[14) = V  ZA A N4 (6.5)
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Therefore,

O(CA, A)?PK23) ~ (YT AL A A7) X (ZA5 A Ag) X Q(ZW)

where W is the wedge of spheres

Z(Q(ZA4 A A7) V ZQ<2A5 N A6)) \Y Z(Q(A4 \% A7) A Q(A5 \Y Aé))
( V ZA ANV ZALAANAL A (QEALN Ay)

A<y < <7 4<ji < s <7
VIV ZA A ANALNQEAS A Ag)))
4<j1 <k <7
V(I DA A ANAL AN (Q(ALV A7) ANQ(As V Ag))
4<j1 <-- k<7

Let us now specialise to the moment-angle case, so each Aj = S'. Then as
S™ A S" ~ §"H and 26" ~ "1 (6.5) becomes

(52)v4 V; (53)V6 V; (54)v4 V; 55.

As Zg, ~ S$3xS3,0Z e 0S® x 0OS% and by Lemma 2.25, X Zk, € W. Therefore, W
becomes
(SH)VEV (83)Ve v (s%)V4v $° v ENS® v NS v E(0SP A QS°)
V(((SH)VEV (83H)Ve v (sH)V4v ) A QS v QS vV (QS3 A NOS%Y)).

Finally, we can combine these results to realize the homotopy equivalence for
OZya(Kq,2,3).

0237 (K1,2,3) ~ Q8% x QS x Q((S%)V4 v (82)Ve v (§4)V4 v $%) v Z(O(S® x §2))
V(((8%)" v (8%)70 v (8%)"* v 8°) A (Q(S® x %))
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Chapter 7

Further Results

7.1 Rational type of polyhedral products associated with

substitution complexes

Let X be a simply connected finite CW complex. The space X is elliptic if it has finitely
many non-trivial rational homotopy groups and hyperbolic if it has infinitely many
non-trivial rational homotopy groups. The homotopy exponent of X at a prime p is the

least power of p that annihilates the p-torsion in the homotopy groups of X.
Conjecture 7.1. (Moore’s Conjecture) Let X be a finite, simply-connected CW-complex.
Then the following are equivalent:

* X is elliptic;

* X has a finite homotopy exponent at every prime p;

* X has a finite homotopy exponent at some prime p.
Theorem 7.2. (HST19) Let K be a simplicial complex on the vertex set [m] and let (X, A) be
any sequence of pairs (D", S" 1) with n; > 2 for 1 < i < m. Then:

* (X, A)Xis elliptic if and only if the minimal missing faces of K are mutually disjoint;

* Moore’s conjecture holds for (X, A)K.

Theorem 7.3. (HST19) Let K be a simplicial complex on the vertex set [m] and let (X, A) be
any sequence of pointed, path-connected pairs. For 1 < i < m, let Y; be the homotopy fibre of
the inclusion A; — X; and suppose that each Y; is rationally nontrivial. Then the polyhedral

product (X, A)X is elliptic if and only if three conditions hold:

1. each X; is elliptic;
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2. all the minimal missing faces of K are mutually disjoint;

3. if v is a vertex of a minimal missing face of K then Y, is rationally homotopy equivalent
to a sphere.

Recall that by Lemma 6.15, the minimal missing faces of K(Kj, - - - , K,,,) are

MMEF(K1) U+ - U MMF(Kyy ) U | | MMF;, .. ; (K(Ky, -+, Ky))
A(i],"- ,ik)EMMF(K)

where
MMFil,-~~,ik(K(Kll' o IKVH)) - {A(]ll o /]k) ‘]l S Killl - 1/' o /k}~

Lemma 7.4. (BBCG17) If all the minimal missing faces of a simplicial complex K are
mutually disjoint, there is a simplicial isomorphism K = Ko * Ky * - - - x Ky, where Ko is a
simplex and, for 1 < j < n, K; is the boundary of a simplex.

Theorem 7.5. Let K be a simplicial complex on the vertex set [m], let Ly, - - - , Ly, be simplicial
complexes. The substitution complex K(Ly, - - - , Ly, ) has mutually disjoint minimal missing

faces if and only if

1. all the minimal missing faces of K are mutually disjoint;
2. all the minimal missing faces of each L; are mutually disjoint;

3. if the vertex i of K is contained in a minimal missing face of K, L; = {i} for some n.

Proof. Assume conditions 1-3 hold. By condition 1, all the minimal missing faces of K
are mutually disjoint, and so by Lemma 7.4 we have that K is of the form

Ko * Ky * - - - * Ky, where each K, i < j < n corresponds to a minimal missing face of
K. Then by condition 3, we can only make non-trivial substitutions into the vertices of
Ko, which by Lemma 7.4 is A" ! for some n, and so K(Ly, - - -, L;;) can be rewritten as
A" Y(Ly,- -+ ,Ly) * Ky % - - - % K. By Example 1.2, we have

A"(Ly,---,Ly) =Ly *---xL,, and so we can rewrite our substitution complex as

Ly #---% L, x Ky * - - - % Ky,. Finally, by condition 2, all the missing faces of each L; are
mutually disjoint, and so each L; is of the form L;, * L;, * - - - * L; . where for each i, L;
is a simplex and L;, is the boundary of a simplex. The join Ko * Ly, * - - - * Ly, will be a
simplex. Therefore the substitution complex K(Ly, - - - , L,) will have the form of a join
of simplices and boundaries of simplices, and so all minimal missing faces of
K(Ly,---,Ly) are disjoint.

Conversely, assume that K(Ly, - - - , L, ) has mutually disjoint minimal missing faces.
Lemma 6.15 gives a decomposition of these missing faces. We immediately obtain

condition 2 from Lemma 6.15. Assume the minimal missing faces of K are not disjoint,
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so there are at least two missing faces 01 and o, that intersect non-trivially. Then the
sets MF,, and MF,, will also intersect non-trivially. By Lemma 6.15, we have that
every element of these sets are minimal missing faces, implying that K(L;, - - - , L) has
at least two missing faces that intersect non-trivially, contradicting our assumption.
Therefore K must have mutually disjoint minimal missing faces. Finally, let

A(iy, - -+, ix) be a minimal missing face of K, and let each L;; have mutually disjoint
missing faces. Without loss of generality, let L;, have a minimal missing face on the
vertex set {I1,--- ,I,}. By Lemma 6.15, there will be minimal missing faces of the form
A(1,j2, -+ ,jx) where ly € Ly, j, € L;, in K(Ly, -+ ,Ly). All minimal missing faces of
this form will intersect with the minimal missing face on {Iy,-- - ,1,} in L;, which is
also a minimal missing face of K(Ly, - - - , L;,) by Lemma 6.15. Therefore, if

A(iy, - - - 1) is a minimal missing face of K, to ensure disjoint minimal missing faces,
each L; must have no missing faces. Assume that at least one L;, is a simplex on at
least 2 vertices, and without loss of generality, let L;, be this simplex. Denote these
vertices as I and . Let A(iy, - - - , ix) be a minimal missing face of K. Then by Lemma
6.15, A(l1,j2,- - - , ji) is a missing face in K(Ly,- - -, L;,), where Iy € L, j, € Li,. We
also have that A(ly, jo, - - - , jx) is a missing face in K(Ly, - - - , Ly ), and so we have two
minimal missing faces that are not disjoint. So for K(Ls, - - - , L,) to not have any

intersecting faces, we must have condition 3. O

We can now consider Moore’s conjecture for polyhedral products associated with the
subsitution complex.

Lemma 7.6. Let K be a simplicial complex on the vertex set [m], let Ly, - - - , L, be simplicial
complexes, and let (X, A) be any sequence of pairs (D", S~ 1) withn; > 2 for 1 <i < m.
Then:

o (X, A)K(Lun) s elliptic if and only if the conditions from Theorem 7.5 hold;

e Moore’s conjecture holds for (X, A)K(Li /L),
Proof. By Theorem 7.2, (X, A)K(Llf“"L'”) is elliptic if and only if K(Ly, - - -, Ly,) have
mutually disjoint missing faces, and this only occurs if all conditions of Theorem 7.5
are satisfied. By Theorem 7.2, Moore’s conjecture holds for (X, A)X(E1/Ln), O

Combining Theorem 7.3 and Theorem 7.5 gives the following.

Corollary 7.7. Let K be a simplicial complex on the vertex set [m], let Ly, - - - , L, be simplicial
complexes,(X, A) be any sequence of pointed, path-connected pairs. For 1 <i < m, let Y; be
the homotopy fibre of the inclusion A; — X; and suppose that each Y; is rationally nontrivial.
Then the polyhedral product (X, A)K(LvLn) s elliptic if and only if three conditions hold:

1. each X; is elliptic;
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2. K(Ly,- -+, Ly) is as described in Theorem 7.5;

3. if v is a vertex of a minimal missing face of K then Y, is rationally homotopy equivalent
to a sphere.

7.2 Composition complexes and manifolds

Our final section considers further results concerning the composition complex. Using
(Ayz13), we show that by using properties of the polyhedral join product, we can
determine that there are moment-angle manifolds associated with non-flag simplicial
complexes such that ) Zx € P. For a simplicial complex K such that K is a simplicial

sphere, the associated moment-angle complex has a manifold structure (BP99).

First recall that, by Proposition 4.2, the minimal missing faces of the polyhedral join

product are given by

MF((K,L)*M = MF(Ky) U+ - - UMF(Ky) U{ | | iIN € ME(M), J; € MF(L)), J; € K;}
ieEN

We can use this result to describe when the polyhedral join complex is flag.

Lemma 7.8. If any K; is not flag, then (K, L)*M is not flag.

Proof. As K; is not flag, it will have a missing face on at least 3 or more vertices. By
Proposition 4.2 we have that this missing face will also be a missing face of (K, L)*M,
and so by definition, (K, L)*M is not flag. O

Lemma 7.9. Let M have at least one missing face on {1, - -- ,k}. If for somei € {1,--- ,k}
L; is not flag, then (K, L)*M is not flag.

Proof. As L; is not flag, L; will have a missing face on at least three vertices. Denote
this missing face by J;. By Proposition 4.2, J; LI - - - Ll Ji is a missing face of (K, L)*M. In
particular, J; will be a missing face of (K, L)*™, and so (K, L)*M is not flag. O

Note that this result holds if M is flag.

Corollary 7.10. (Ayz13) Let A1 = {A[”i]_l};”zl denote the sequence of simplices on the
same vertex set as each L;. For all simplicial complexes M, Ly, - - - , L, with non empty vertex
sets, there is a homotopy equivalence (A=1, L)*M ~ Ly % .- % L, * M. O

The following Theorem has been restated in polyhedral product notation.

Theorem 7.11. (Ayz13) Suppose M is a simplicial sphere. Then if each L; = 9A" 1.
(A1, L)*M is a simplicial sphere. [
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Proposition 7.12. Let K; = 0AY~1, and let M be a flag simplicial sphere. Then
QZ pu1 gyom € P, and (A1, K)*™M is not flag.

Proof. The simplicial complex (Am_l, K) *Mis a simplicial sphere by Theorem 7.11. By
Theorem 5.15, we have that

(k-1

(CA, A 1M,

a(ca, 4) ™M~ 0(c(ca, A

As M is flag and % (CA, A)‘Mm*l € W, then by Lemma 6.11
Q(CA, A)(Amfl’aA[k]fl)*M € P. Specialising to the case where (CA, A) = (D?,S!), each
(CA, A)?" ~ §%i~1 and we obtain the homotopy equivalence

QZ -1 pp1-1)u == Q(D*, SEHM,

As M is flag and Y.5ki—1 € W for all k;, we have that Q(Dzk, Szk_l)M € P, and so
QZ p-1pm-1y-m € P. The simplicial complex (AK=1, K)*M is not flag by
Lemma 7.9. ]
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