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ABSTRACT: A mathematical model is developed to study the natural frequency of beams with embedded 
piezoelectric sensors and actuators. The piezoelectric sensors/actuators in a non-piezoelectric matrix (host 
beam) are analyzed as two inhomogeneity problems by using Eshelby’s equivalent inclusion method. The 
natural frequency of the beam is determined from the variational principle in Rayleigh quotient form, which is 
expressed as functions of the elastic strain energy and dielectric energy of the piezoelectric sensors/actuators. 
The Euler-Bernoulli beam theory and Rayleigh-Ritz approximation technique are used in the present analysis. 
Parametric studies show that the size, volume fraction and location of the piezoelectric inclusions signifi-
cantly influence the natural frequency of the beam.  
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1 INTRODUCTION 
 

Smart structures are important because of their rele-
vance to structural health monitoring, structural vi-
bration control and transportation engineering. This 
is because these systems incorporate particular func-
tions such as sensing, processing and actuation. The 
use of piezoelectric materials is a primary focus in 
the study of smart materials since these materials 
can function both as sensors and actuators (Tani et 
al., 1998). 

Vibration control and active damping are among 
the most studied areas using smart materials and 
structures (Chee, 1998). Extensive research has been 
done on the vibration control and suppression of 
structures using piezoelectric materials, as evident 
from numerous review articles (see for example 
Ahmadian and DeGuillio, 2001; Irschik, 2002; Su-
nar and Rao, 1999; Wetherhold and Aldrahem, 
2001). Many mathematical models for laminates and 
structures with piezoelectric sensors and/or actuators 
have been presented in the literature, and reviews of 
these models have been presented (see for example 
Chee et al.,1998; Chopra, 2002).  

An analysis of these reviews indicates that piezo-
ceramic materials are widely used as sensors and/or 
actuators. They are either in the form of patches or 
lamina. The piezoelectric patches are either bonded 
to or embedded within the structures, whereas the 
piezoelectric lamina are stacked together with a sub-
strate laminae to form a piezoelectric composite 
laminate. However, there are several factors that 
limit the use of piezoceramic materials, such as their 
brittle nature and low tensile strength, therefore lim-
iting their ability to conform to curved shapes, and 
the large add-on mass associated with using typical 
lead-based piezoceramic. The use of arrays of piezo-
electric sensors and actuators embedded within the 
structure would remedy the above mentioned restric-

tions. Due to their small size, these sensors/actuators 
have the flexibility to conform to curved shapes, and 
they add little weight to the structure. In addition, 
these piezoelectric sensors and actuators can be tai-
lored to achieve a particular smart structure design.  

Because of the small size of the piezoelectric sen-
sors and actuators relative to the size of the host 
structure, these sensors and actuators can be ana-
lyzed as inclusions in a non-piezoelectric matrix 
(host structure) by using a micromechanics ap-
proach. Fan and Qin (1995) analyzed a piezoelectric 
sensor embedded in a non-piezoelectric elastic ma-
trix by using Eshelby’s equivalent inclusion method 
(Eshelby, 1957; Mura, 1987). The piezoelectric 
problem was decoupled into an elastic inclusion 
problem and a dielectric inclusion problem con-
nected by some eigenstrain and eigen-electricfield. 

Irschik et al. (1998) analyzed the piezoelectric ac-
tuation for vibration and shape control of structures 
as an eigenstrain actuation. An eigenstrain technique 
was presented by Alghamdi and Dasgupta (1993a, 
1993b) for the vibration of beams with embedded ar-
rays of piezoelectric sensors and actuators. The em-
bedded sensors and actuators were analyzed as pie-
zoelectric ellipsoidal inclusion in an infinite matrix 
(host beam) by using Eshelby’s equivalent inclusion 
method. Using the variational principle in Rayleigh 
quotient form, they formulated an equation for the 
natural frequency of the beam, which was expressed 
as functions of the elastic strain energy and dielec-
tric energy of the beam. However, the piezoelectric 
inclusions were analyzed as elastic inclusions only, 
thereby neglecting the dielectric effects of the piezo-
electric inclusions. The influence of the mechanical-
electrical coupling of the piezoelectric sensors on 
the natural frequency was also neglected in their 
analyses.  

In this research, a mathematical model for the vi-
bration of beams with embedded arrays of piezoelec-



tric sensors and actuators is presented. The piezo-
electric sensors and actuators are analyzed as 
inhomogeneous ellipsoidal inclusions in a non-
piezoelectric matrix (host beam) by using Eshelby’s 
equivalent inclusion method (Eshelby, 1957; Mura, 
1987). The formulation for the piezoelectric inclu-
sion problem is decoupled into two equivalent inclu-
sion problems, an elastic problem and a dielectric 
problem. An equation for the natural frequency of 
the beam is determined using the variational princi-
ple in Rayleigh quotient form, which is expressed as 
functions of the elastic strain energy and dielectric 
energy of the piezoelectric inclusions. These ener-
gies are derived using Mura’s formulation for inho-
mogeneous inclusions. The Euler-Bernoulli beam 
theory and Rayleigh-Ritz approximation technique 
are used in the present analysis. In addition, the in-
fluences of the size, volume fraction and location of 
the piezoelectric inclusions on the natural frequency 
of the beam are studied.  

The research is presented as follows. First, the 
mathematical modeling is presented, which begins 
with the formulation of the equation for the natural 
frequency of a piezoelectric body. This is followed 
the analysis of a non-piezoelectric matrix with pie-
zoelectric ellipsoidal inclusions using Eshelby’s 
equivalent inclusion method. The energies of the 
piezoelectric inclusions are then formulated, and an 
explicit solution for the natural frequency of a beam 
with piezoelectric inclusions is obtained. Next, using 
the mathematical model presented, In addition, the 
influences of the size, volume fraction and location 
of the piezoelectric inclusions on the natural fre-
quency of the beam are studied.  

2 MATHEMATICAL MODELING 

2.1 Variational principle in Rayleigh quotient form 
Let Ω be a region occupied by a piezoelectric body 
and S be boundary surface of Ω. The constitutive re-
lations for a linear piezoelectric material are 

ij ijmn mn nij nC eσ ε= − E   in Ω                (1) 

i imn mn in nD e Eε κ= +   in Ω          (2) 

where σij, εij, Ei and Di  are the stress tensor, strain 
tensor, electric field vector and the electric dis-
placement vector, respectively. Cijmn, enij and κin are 
the elastic stiffness tensor, the piezoelectric tensor 
and permittivity tensor, respectively.  

For the time-harmonic free vibration of a piezo-
electric body with circular frequency  ω, the govern-
ing equations and boundary conditions in rectangu-
lar Cartesian coordinates are (Tiersten, 1969) 

( ) 2
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C u e uσ φ ρω= + =  in Ω     (3) 
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( ), , 0ij j ijmn m n nij n jn C u e nσ φ= + =  on S      (6) 
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( ), , 0i i imn m n in n iD n e u nκ φ= − =   on S            (8) 

where nj  is the outward pointing unit normal vector. 
Conventional indicial notation is utilized where re-
peated subscripts are summed over the range 1–3 
and the comma denotes partial differentiation.  

For stationary solutions, the Rayleigh quotient 
can be expressed as 
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which was obtained by Eernisse (1967) and Yang 
and Batra (1993). The numerator in Equation 9  is 
the internal energy of the system, which is the sum 
of the elastic strain energy and the dielectric energy. 
These energies will be analyzed using a microme-
chanics approach. 

2.2 Energies of piezoelectric inclusion 
The elastic strain energy of the piezoelectric inclu-
sion is obtained using the method presented in Mura 
(1987) for inhomogeneous inclusions. When a body 
D, containing an inhomogeneous inclusion Ω with 
eigenstrain εp

ij, is subjected to an external force Fi, 
the elastic strain energy is 

( )( )0 0
, ,
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p
e ij ij i j i j ij

D

W u uσ σ ε= + + −∫ dD                

(10) 

where 0
ijσ  is the uniform far field loading, 0

mnε  is the 
strain corresponding to the far field loading, ijσ  and 

mnε  are the disturbance stress and strains due to the 
presence of inhomogeneity, respectively, and p

mnε  is 
the eigenstrain due to the electromechanical cou-
pling of the piezoelectric actuator or the eigenstrain 
actuation (Irschik, et al., 1998). Applying Mura’s 
(1987) energy of inhomogeneous inclusion, Equa-
tion 10  can be expressed as 
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where the fictitious eigenstrain *
ijε  can be deter-

mined from 

( ) (* 0 * 0 * *
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) =



and ijσ  can be determined from 

( ) (* ** **p
ij ijmn mnab ab ab ijmn mnab ab abC S C S )**σ ε ε ε ε= − = −   (13) 

The elastic Eshelby tensor  Smnab  is only a func-
tion of the matrix Poisson’s ratio and the ellipsoidal 
aspect ratios. The components of the Eshelby tensor 
can be found in Mura (1987).  

Similarly, the dielectric energy can be determined 
using Mura’s method for elastic inhomogeneous in-
clusions. The dielectric energy is given by 
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nE  are the known far fields, and p
nE  

is caused by the mechanical-electrical coupling and 
where 
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and  

(0 * 0 p
i i in n n nD D E E Eκ+ = + −                   (16) 

where  can be determined from iD

( )* ** p
i in na a iD s E Eκ= −                       (17) 

The electric Eshelby tensor, snb, is only a function of 
the ellipsoidal aspect ratio and the components are 
presented in Hatta and Taya (1986). The details of 
the formulation can be found in Fan and Qin (1995). 

2.3 Natural frequency of a beam with piezoelectric 
inclusions  

Figure 1 shows a beam with piezoelectric inclusions. 
The piezoelectric inclusions in the one of the rows 
are considered to act as sensors and the other row, as 
actuators. Bending the beam induces strain in the 
sensors and it produces an output, which is used in a 
closed-loop constant-feedback-gain control circuit to 
activate the corresponding actuators. The actuation 
induces strain along the length of the beam causing 
an effect opposite to that caused by the initial bend-
ing. This results in a stiffening of the beam and an 
accompanying increase in the natural frequency (Al-
ghamdi and Dasgupta, 1993a, 1993b). 
 
 
 
 
 
 

 

Figure 1. Dimensions of the beam and piezoelectric materials. 
 

The Rayleigh quotient in Equation 9  is used here 
to determine the natural frequency of a non-
piezoelectric beam with piezoelectric inclusions, 
which can be written as  
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In order to perform the integration in Equation 
18, we make the following assumptions: 

a. The Euler-Bernoulli beam theory and plane 
stress assumption are used. 

b. Each of the embedded piezoelectric sensors 
and actuators is assumed to be a piezoelectric 
cylinder with elliptical cross-section, whose 
polarization is oriented along the thickness of 
the beam (x3-axis). 

c. The actuator will have both eigenstrain actua-
tion and fictitious eigenstrain, whereas the 
sensor will only have fictitious eigenstrain. 

d. Both sensors and actuators will have real ei-
gen-electricfield due to the direct piezoelec-
tric effect (applied stress on piezoelectric ma-
terials induces electric polarization). 
However, for the sensors, the fictitious eigen-
electricfield is zero, since the electric field is 
applied to the piezoelectric actuator.  

z

e = 25 mm 

L = 2000 mm 

a2 = 5.2 mm 
a3 = 2.6 

x3, u3 

  x2, u2 



Using the Rayleigh-Ritz technique, for a simply-
supported beam, the transverse displacement func-
tion is given by  

( ) 2
3
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where the x2-axis is oriented along the length of the 
beam, u3 is the transverse deflection in the x3 direc-
tion, ωn and an are the natural frequency and ampli-
tude of the nth mode. Only the fundamental fre-
quency (n = 1) is of interest in this study. In view of 
the Euler-Bernoulli beam theory and plane stress as-
sumptions, the only non-zero term in the bending 
strain field 0

ijε  is 0
2ε  and is determined by 
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where z is the distance of the piezoelectric device 
from the neutral axis of the beam. 

The only non-zero component of the actuation 
voltage vector is  E0

3  and is proportional to the 
bending strain ε0

2. The eigenstrain actuation  εp
ij  is 

determined by 
0p

mn kmn kd Eε =                                        (21) 

The non-zero terms of the eigenstrain actuation 
p

mnε  expressed in contracted Voight notation is  

(0
3 3 1 6p

q qd E qε = )= −                   (22) 

The eigen-electricfield due to the mechanical-
electrical coupling p

kE  is determined by  
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and the non-zero terms are 
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3 RESULTS AND DISCUSSIONS 
 

This section presents the results obtained using the 
mathematical model described above to study a sim-
ply supported beam with embedded piezoelectric 
sensors and actuators. The host beam is made of 
Alplex material and piezoelectric sensors/actuators 
are made of PZT-5H. Table 1 presents the properties 
of Alplex and PZT-5H, which is poled along the x3-
axis. The dimensions of the beam and the piezoelec-
tric inclusions are shown in Fig. 1.  

The normalized fundamental frequency ω/ω0 as a 
function of the actuator location is shown in Fig. 2, 
where ω0 is the fundamental frequency of the beam 
without the actuation effect. The number of actua-
tors, n, is identical to the number of sensors.  It can 

be seen that the frequency ω/ω0 increases as the ac-
tuator is located nearer to the beam surface. The fre-
quency further increases with increasing piezoelec-
tric volume fraction vf  and 0

2 2
pε ε , where 0

2 2
pε ε  is 

the normalized eigenstrain actuation. 
 

Table 1.  Properties of the the piezoelectric material poled 
along x3-axis. ___________________________________________________ 
             E  υ      d31      d33 d15    κ11 κ33 

         (GPa)           (10  m/V)      (10  C/Vm) ___________________________________________________ 
-12 -10

PZT-5H     64   0.39  -274 593 741     150 66 
ALPLEX   3.5   0.35   —  —  —      —  — ___________________________________________________ 
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Figure 2. Influence of the actuator location, d/e, on the funda-
mental frequency of the beam, ω/ω0, with various piezoelectric 
volume fraction vf. 

 
Figure 3 shows the influence of the aspect ratio of 
the ellipsoidal piezoelectric device a2/a3 on the fun-
damental frequency of the beam for different piezo-
electric volume fraction vf. It can be seen that the use 
of a flat piezoelectric device increases the natural 
frequency. Furthermore, the influence of  a2/a3  be-
comes more obvious at higher 0

2 2
pε ε . However, the 

influence of the aspect ratio a2/a3 on the frequency is 
less significant for  0

2 2 1pε ε = . 

4 CONCLUSIONS 
 
A mathematical model has been developed to study 
the natural frequency of beams with embedded pie-
zoelectric sensors and actuators. The variational 
principle in Rayleigh quotient form and the 
Eshelby’s equivalent inclusion method have been 
utilized to obtain an explicit solution for the natural 
frequency of a beam with embedded piezoelectric 
sensors and actuators. This equation was used to 
study the influence of the piezoelectric actuator on 
the natural frequency of the beam. The present solu-



tion is general and can be extended to include other 
inclusions, such as cracks with small volume frac-
tion. 

Figure 3. Influence of the actuator location, d/e, on the funda-
mental frequency of the beam, ω/ω0, with various aspect ratio 
a2/a3 of the piezoelectric sensors and actuators. 
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