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ABSTRACT

Conventional vibration isolators are usually assumed to be massless for modelling purposes,
which tends to overestimate the isolator performance because the internal resonances (IRs)
due to the inertia of the isolator are neglected. Previous research on the IR problem does not
clarify all the characteristics of distributed parameter isolators. Furthermore, with the
development of active vibration isolation, which can avoid the compromise in the choice of
damping in conventional passive isolation systems, the effects of IRs in isolators on the control
performance and stability for commonly used control strategies need to be quantified. In this
study the effects of IRs on the control performance and stability of an absolute velocity feedback
(AVF) control system are presented. A stability condition for AVF control system is proposed
and a simple approach to stabilize the control system is studied. Experimental work to validate
the theoretical results is also presented.

1. INTRODUCTION

A conventional passive isolation system consists of a compliant isolator positioned between the
host structure and the equipment to be isolated, which can provide good isolation performance
at high frequencies in the isolation region [1]. However, conventional vibration isolators are
usually assumed to be massless for modelling purposes, which tends to overestimate the
isolator performance because the IRs (also referred to as wave effects) due to the inertia of the
isolator are neglected [2]. This is especially important for lightly damped metallic isolators, since
the smaller the loss factor of the isolator the more significant are the wave effects [3]. The
degradation effects of the IRs on vibration isolation have been noticed by many researchers and
some efforts have been made to suppress the effects by applying a high damping material in
parallel with the original isolator [4], inserting intermediate masses [5] or using dynamic vibration
absorbers [6]. However, previous research on the IR problem is not particularly comprehensive,
because it does not clarify all the characteristics of distributed parameter isolators. Furthermore,
with the development of active vibration isolation, which can avoid the compromise in the choice
of damping in conventional passive isolation systems [7], the effects of IRs in isolators on the
control performance and stability for commonly used control strategies need to be quantified.

The aim of this paper is to analyze an active vibration isolation system under AVF control
containing an isolator which is modelled as a distributed parameter system and investigate its
performance and stability in reducing vibration transmission from a vibrating base to a mounted
equipment structure. In Section 2 the theoretical model is described in terms of mobility and a
stability condition for AVF control system is proposed. Experimental validation is given in
section 3. Finally, the conclusions are presented in Section 4.

2. THEORETICAL ANALYSIS
A vibration isolation system containing a distributed parameter isolator is shown as represented
in terms of equipment mobility Y, , isolator impedance Z, and base mobilityY, in Figure 1. This
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corresponds to an isolated equipment mounted on a host structure that possesses its own
dynamics and is excited by an external forcef . The displacement of the mounted equipment
and base are given by x, and x, respectively. The isolator is represented by a finite elastic rod,

which has an impedance matrix [8]:
S _ {zﬂ le} ~ —iS\{E pcot(k/L) jSyE p/sin(k L)
r - - * . * . * *
Zn Zal |jsyE p/sin(k’L) —jSyE pcot(k'L)
where L, S, E*andp are the length, cross-sectional area, Young’'s modulus and density of the

rod, respectively; to account for damping in the isolator, the Young’'s modulus is assumed to be
complex, i.e.E" =E(1+jn,), wherer, is the loss factor; k' ~k (1-j7,/2)is the longitudinal

(Ea. 1)

wave number, where k, =\//)/7Ea), and o is angular frequency. A control actuator, which is in
parallel with the isolator, reacts between the equipment and the base. The control force f,
which is proportional to the velocity of the equipment mass v, is fed back with a gain—h, as
shown in Figure 1.
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Figure 1.-Block diagram for a vibration Figure 2.-Amplitude ratio of the vibration isolation
isolation system containing a distributed system under AVF control when g, =0.1,
parameter isolator under AVF control =05, 4 =0.1,7, =7, =0.01 and ¢, =0 (solid

line), £, =0.1 (dashed line), &, =1 (dotted line),
respectively

If the equipment has a mass-like mobility, i.e. Y, =1/ jom, and the base structure is modelled

as a mass m, on a complex spring, i.e. k;; =k,(1+ jn,) . where 7, is the lost factor, the

displacement amplitude ratio of the system under AVF control can be written as [3]:

X k Y,

e b, e (Eq. 2)

O Jo 1+h(Yee -Yep)
where o, =f/k, is the static deflection of the base, Y, is the input mobility of the equipment
when coupled to the rest of the system and Y, is the transfer mobility from the force on the
base to the equipment velocity when the system is coupled. Letting Q. = o/, ,
o, = \/ks Im, is the fundamental natural frequency, k; = ES/L is the static stiffness of the
isolator, ., = pSL/m, is the ratio of the mass of the isolator to that of the equipment,

e =Kkg Ik is the stiffness ratio, 1, = m, /m, is the ratio of the mass of the base to that of the

where

equipment and &, =h/2,/k;m, is the damping ratio due to AVF control, the amplitude ratio for

the system under AVF control with different values of active damping ratio ¢, is plotted in Figure

2. It can be seen that the resonance peak at the fundamental natural frequency of the mounted

equipment is attenuated with an increase of the active damping ratio. The resonance peak at

the natural frequency of the base, which is the second peak in Figure 2, is also attenuated if the
2
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feedback gain is high. However, the IR peaks in the isolator are reduced much less, especially
at relatively high frequencies, above the fundamental natural frequency, because the equipment
mass dominates the response at these frequencies. Also it should be noted that some IR peaks
inherent in the isolator, such as the third peak in Figure 2, are slightly amplified under AVF
control which might cause the system to become unstable.

The plant response from the actuator force to the equipment velocity for this system is given by
G =Yge —Yep (Eq. 3)
At a resonance frequency of a lightly damped isolation system, when only one mode dominates,
the plant response can be written as:
2 . .
|:¢él):| (1_¢él)/¢éJ))

(Eg. 4)
2KiM; ¢

where ¢{!) and {1 are the j™ mode shape evaluated at the equipment and base respectively,

G :Yee 'Yeb ~

and K; , M; and ¢; are modal stiffness, mass and damping ratio of the i™ mode with

corresponding natural frequency o; = /Kj /M; . Based on the Nyquist criterion, for stability, one
requires at a resonance frequency:
#7140 <1 (Eq. 5)

éj) if the mode shapes of the system evaluated at the equipment and base have

e |47 <
the same phase. This provides a simple method to determine the stability of the system in terms
of the mode shapes of the system. According to the definition of mode shapes ¢{ and g, this
stability condition means that if the displacement of the base is greater than the displacement of
the equipment and these two displacements are in phase at the j natural frequency, then the

system may become unstable. Therefore, to stabilize the control system the relative
displacement of the base at the troublesome natural frequency needs to be altered. In some
situations, this can simply be achieved by adding more damping in the isolator as discussed in
[9]. More mass could also be added to the base structure to change the mode shape in order to
stabilize the control system.

3. EXPERIMENTAL VALIDATION

A four-spring active vibration isolation system was built as shown in Figure 3. It consisted of an
equipment plate together with four actuators mounted on a base plate through four springs
under excitation of a primary vibrator. An aluminium plate (160x160x10mm) representing the

equipment was installed symmetrically on top of another aluminium plate (160 x160x10mm)
representing the base via four identical helical springs, each of which had a mass of 27.1g and

stiffness 0f1.73x10*N/m . A large electromagnetic vibrator underneath the base plate acted as
the primary force actuator, and the four small electromagnetic actuators fixed on the equipment
plate were the control actuators at each mount position. The equipment structure thus consisted
of the aluminium equipment plate and four actuators which had a mass of 5kg. Each helical
spring was bolted to the equipment plate through an aluminium washer underneath each
actuator. A stinger was connected between each actuator and the washer at each spring foot
through the inside of the spring. The base plate was fixed to the washers at each spring foot by
wax and bolted to the primary vibrator with four bolts. The base structure had an effective mass

of 1.18kg and effective stiffness 0f4.25x10*N/m .

To measure the open-loop frequency response, the four actuators fixed on top of the equipment
plate were driven with the same white noise signal through a power amplifier, while the large
vibrator was connected but inactive. The equipment acceleration responses were measured
along two central lines (ten points evenly at each line) of the equipment plate by five
accelerometers, and then passed through charge amplifiers to obtain velocity responses. The
open-loop frequency response of the system was measured and averaged using the input to the
power amplifier and the output from the charge amplifiers. The predicted and measured open-
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loop frequency responses of the four-spring active vibration isolation system are shown in
Figure 4(a). Apart from some differences in the resonant amplitudes, the theoretical results
match fairly well with the experimental measurements, except for the unmodelled rotational
modes around 32 Hz and 289 Hz, and the unmodelled flexural modal behaviour around 327 Hz
and in the frequency range above 404 Hz. The data below 3 Hz had low coherence due to the
low sensitivity in the instrumentation, so is not presented. The first IR in the helical springs was
identified at around 404 Hz and compared well with predictions. The second IR was strongly
coupled with some flexural modes in the equipment plate. The phase shift at low frequencies,
where the phase is larger than 90°, is due to the phase advances in the power amplifier and
charge amplifiers. The phase shift at high frequencies, where the phase tends to less than -90°,
is due to the phase lag in the low pass filters incorporated inside the charge amplifiers.
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Figure 3.-(a) Photograph and (b) schematic diagram of one corner of the four-spring active
vibration isolation system

The measured potential instability occurs at the first IR of the helical springs which forms a loop
on the left hand side of the Nyquist plot in Figure 4(b). This supports the stability analysis in the
theoretical study in Section 2 that the IRs may destabilize the AVF control system when the
mass of the isolators becomes significant. The flexural mode in the equipment plate at 327 Hz
also has a potential to destabilize the system, which is not considered in this study while it was
mentioned by Kim et al [9]. The cause of the instability in the experiment also includes the
phase advances in the power amplifier and charge amplifiers. The power amplifier has a phase
advance up to about 90° at very low frequencies (under 5 Hz). Furthermore, an additional phase
advance occurs in the charge amplifier. A phase advance of greater than 90° at very low
frequencies can cause the Nyquist plot of the plant response to cross the negative real axis,
and thus make the system unstable for a high gain. The two loops in the left half of the complex
plane in Figure 4(b) crossing the negative real axis are caused by the flexural mode in the
equipment plate at 327 Hz and the first IR in the helical springs at 404 Hz respectively. Also, the
Nyquist plot of the plant response crosses the negative real axis at very low frequencies due to
the phase advances in the power amplifier and charge amplifiers, which is not shown in Figure
4(b).

Based on the analysis in Section 2, one way to stabilize the system is to add mass to the base
structure. Therefore, a mass of 1.8 kg was attached to the base plate to investigate whether this
would stabilize the system. The measured open-loop frequency responses of the stabilized
system are shown in Figure 5(a), where the original open-loop frequency responses are also
shown for comparison. The base resonance was reduced to a lower frequency due to the
attachment of the mass. The amplitude and phase of the first IR are also changed with the
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phase lag being reduced from -235° to -175°. However, the flexural mode in the equipment plate
at 327 Hz is not affected because the change of the base dynamics does not affect the flexural
modal behaviour in the equipment plate. So adding mass to the base structure can eliminate the
instability caused by the first IR in the isolator, but it has no effect on the instability caused by
the flexural modal behaviour in the equipment plate. Figure 5(b) shows the Nyquist plot of the
open-loop frequency response between 350 and 450 Hz where only the first IR occurs for the
original and stabilized system. It can be seen that, for the stabilized system, the loop on the left
half of the complex plane due to the first IR in the spring is shifted to the third quadrant rather
than crossing the negative real axis.
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Figure 4.-(a) Measured (solid) and predicted (dashed) open-loop frequency response and (b)
Nyquist plot of the open-loop frequency response of the active vibration isolation system
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Figure 5.-(a) Measured open-loop frequency response and (b) Nyquist plot of the open-loop
frequency response between 350 Hz and 450 Hz, for the original system (solid) and the
stabilized system (dashed)

A single-channel absolute velocity feedback control was implemented on each of the four
springs with the equipment structure mounted onto the base structure. The large vibrator was
driven with white noise. The velocity responses of the equipment were also obtained with the
response at the centre of the equipment plate fed back into four actuators through a power
amplifier to generate the control forces. Each feedback channel had an equal, constant
feedback gain. Figure 6 shows the velocity response of the equipment plate per unit voltage to
the primary vibrator without control and with various control gains. The gain margin for the
higher feedback gain used was 1.8 dB. The instability occurred firstly at low frequencies due to
the phase advances in the high-pass filters incorporated in the charge amplifiers and power
amplifiers [10]. Responses less than 3 Hz are again excluded from the plots. The resonance
peaks at low frequencies, e.g. the equipment and base resonance peak are well attenuated as
the control gain is increased. However, the resonance peaks at high frequencies including the
first IR peak in the springs are not reduced because the mass of the equipment structure
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dominates the response in this frequency range rather than the active damping. In fact there is
a small increase in the amplitude at the first IR in the helical springs at 404 Hz. A similar
amplification in the amplitude occurs around 327 Hz.
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Figure 6.-Measured velocity response of the equipment plate per unit voltage to the primary
vibrator of the active vibration isolation system with various feedback gains: without control
(solid), low control gain (dashed) and high control gain (dotted).

4. CONCLUSIONS

The effects of IRs in distributed parameter vibration isolators on the control performance and
stability of an AVF control system have been investigated theoretically and experimentally. AVF
control is effective in reducing the resonance peaks at low frequencies, but it has little effect on
the resonance peaks at relatively high frequencies, including the IR peaks in the isolators,
because the equipment mass dominates the response in that frequency range. Furthermore the
IRs in the isolators may destabilize the AVF control system. A stability condition based on the
mode shapes of the system has been proposed. Based on the stability condition, it has been
shown that the AVF control system can be stabilized by adding more mass onto the base
structure.
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