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Abstract

In this paper, we consider the monotone inclusion problems involving three opera-
tors using a novel generalized inertial forward-reflected-backward splitting algorithm
(IRFBA) in real Hilbert spaces. We propose a new double inertial extrapolation step
that enhances the acceleration of the splitting algorithm and presents a trade-off be-
tween the parameters of the inertial step. In contrast to the existing literature, the
proposed method does not require a prior estimate of the Lipschitz constant of the op-
erators in the summand. Afterward, the weak and linear convergence of the method is
studied under mild conditions. We validate the performance of our proposed IFRBA
algorithm using a real-world machine learning dataset. To assess its effectiveness,
we compared our algorithm with three other state-of-the-art training algorithms. In
the comparison, we formulated regression problems based on extreme learning ma-
chine concepts and conducted multiple experiments to examine the robustness of our
IFRBA algorithm thoroughly. The analysis of various metrics, including average mean
square error, coefficient of determination, average mean absolute error, average root
Mean square error, and convergence speed, consistently demonstrated the efficient
performance of our proposed IFRBA algorithm.
Keywords: Splitting algorithms; Inertial method; Monotone Inclusion; Extreme
learning machine; Neural network
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1 Introduction

Throughout this paper, H denotes a real Hilbert space endowed with induced norm ∥ · ∥
and inner product ⟨·, ·⟩. We consider the following monotone inclusion problem:

Find x̄ ∈
{
zer(A+B + C) := {x̄ ∈ H | 0 ∈ Ax̄+Bx̄+ Cx̄}

}
, (1)
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where A : H → 2H is a maximal monotone set-valued operator, B : H → H is a
single-valued monotone and Lipschitz continuous operator and C is a cocoercive oper-
ator. Indeed, such inclusion problems arise in various fields (see, e.g., [21–23,25,40]), our
motivation is to solve convex minimization problems formulated in the form of (1) arising
in machine learning. An ideal example for Problem (1) is the constrained optimization
problem

min
x̄∈C

f(x̄) s.t. g(x̄) ≤ 0, (2)

where f : H → R is convex and differentiable with its gradient ∇f being Lipschitz
continuous, C ⊂ H is a nonempty, closed and convex set and g : H → R is a C1 and
convex function. The Lagrangian function of the optimization problem (2) takes the form

L(x̄, λ) := ιC(x̄) + f(x̄) + λg(x̄)− ιR+(λ), (3)

which, under some standard constraint qualification conditions, can be found by solving
the monotone inclusion problem (see [42])

0 ∈ A(x̄, λ) +B(x̄, λ) + C(x̄, λ),

where A : (x̄, λ) 7→ NC(x̄)×NR+(λ) is maximally monotone, B : (x̄, λ) 7→ (λ∇g(x̄),−g(x̄))
is monotone and continuous and C : (x̄, λ) 7→ (∇f(x̄), 0) is cocoercive [42]. Furthermore,
if f, g, h : H → R ∪ {+∞} are proper, convex and lower semicontinuous functions, it is
well known that the subdifferential ∂f is a maximal monotone operator and if g is in
addition differentiable with a Lipschitz-continuous gradient ∇g, then the gradient ∇g is
cocoercive [6]. Consequently, defining F := f + g + h, the set of minimizers of F verifies

argmin F = zer(∂f +∇g +∇h). (4)

Therefore, identifying A with ∂f, B with ∇g and C with ∇h allows us to solve

min
{
F (x) := A(x) +B(x) + C(x)

}
. (5)

The monotone inclusion problem (1) is fairly general, and many iterative methods have
been proposed for finding its solution. Essentially, these methods leverage the properties
of the operators contained in the summand. As we shall see, a crucial property used in
solving inclusion problem is the resolvent of the maximal monotone operator A denoted
by JA which is defined by

JAx := y ⇔ x ∈ y +Ay.

Computing the resolvent at a point x ∈ H is in itself an inclusion problem that can be
solved explicitly. Such a method is properly used in the literature after its development
by Martinet [38] (in the case of minimization problem) and Rockafellar [42] (in the case
of the inclusion problem). Another interesting iterative algorithm used to solve inclusion
problems involving two operators in the summand is the splitting algorithm which eval-
uates the operators individually rather than their sum. Lions and Mercier devised the
forward-backward splitting algorithm [33] which features one forward evaluation of B and
a backward evaluation of A as follows:

xk+1 = JγA(x
k − γBxk), k ≥ 0, (6)

where JγA := (I + γA)−1 and γ > 0. This method is known to converge weakly to a
solution zer(A+B) when B is α−1-cocoercive and γ ∈ (0, 2

α). Apart from the cocoercivity
assumption on B, other assumptions which guarantees the convergence of [45] is the strong
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monotonicity of A + B [17]. Note that monotonicity and Lipschitz continuity are much
weaker assumptions than coercivity and strong monotonicity. To weaken the cocoercivity
assumption on B, the following Tseng proposed the forward-backward-forward (FBF)
splitting algorithm [49]:

yk = JγA(x
k),

xk+1 = yk − γ(Byk −Bxk), k ≥ 0. (7)

Though the FBF requires an additional forward evaluation of B, it suggests a result with
the assumption that B is monotone and L-Lipschitz continuous. Also, motivated by the
projected reflected gradient algorithm studied for monotone variational inequalities in [37],
Cevher and Vũ [14] studied a reflected forward-backward (RFB) splitting algorithm for
the monotone inclusion problem (1) with the sum of one maximal monotone operator A
and one single-valued Lipschitz continuous monotone operator B{

yk = 2xk − xk−1

xk+1 = JγkA(x
k − γkByk)

(8)

and obtained weak convergence results provide γk ∈
(
0,

√
2−1
µ

)
, where µ is the cocoercive

constant of B. The splitting algorithm (8) features one forward evaluation of B and one
backward evaluation of the set-valued maximal monotone operator A per iteration. This
property can reduce computational complexity encountered in (7).

In the case of three monotone inclusion problems with three operators (1), Briceño-Arias
and Davis [12] proposed the following iterative method called Forward-Backward-Half
Forward Splitting Algorithm (FBHFSA):{

zk = JγkA(x
k − γk(B + C)xk)

xk+1 = zk + γk(Bxk −Bzk),
(9)

and proved a weakly convergent result provided that γ ∈
(
0, 4β√

1+16µ2α2

)
. Also, Malit-

sky and Tam [36], presented the following method called a Forward-Reflected-Backward
algorithm (FRBA) for solving monotone inclusion problems with three operators:

xk+1 = JγA(x
k − 2γBxk + γBxk−1 − γCxk), k ≥ 0. (10)

It is observed that the Forward-Backward-Half Forward Algorithm (9), as a modification
of the Forward-Backward-Forward Splitting Algorithm [49], requires twice the evaluation
of a Lipschitz continuous, monotone operator per iteration. This feature could lead to
numerical complexity for specific inclusion problems. Other methods which have been
introduced for solving (1) include [3, 5, 9, 10, 24, 31, 41, 43, 44]. Let us also mention the
splitting method coupled with the inertia extrapolation technique for solving problem (1).
The inertial step is based on a discrete version of a second-order dynamic system known
for its efficiency in accelerating the performance of optimization algorithms. The inertial
version of the FB can be found in [34]. For inertial FBF, see [9], and for inertial FRB,
see [36]. Recently, Zong and Tang [51] proposed the following Inertial semi-RFB splitting
method (IsRFBA):

xk+1 = JγkA(x
k − γkBxk − γk−1(Bxk −Bxk−1) + α(xk − xk−1)− γkCxk), k ≥ 0. (11)

The authors proved the convergence of the method using a variable stepsize with the
condition {γk} ⊂ [γ, 2αϵ], where ϵ ∈ (0, 1), γ > 0, and α is the Lipschitz constant of B.
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Very recent results on the monotone inclusion problem with three operators having similar
computational structure have been studied in [19,20,30,46,50] .

Our Contributions.

• The contribution in this paper touches on several different aspects. Motivated by
the results from [12,14,36,53], we study a new generalized inertial forward-reflected-
backward splitting algorithm for solving monotone inclusion problems with three
operators in the summand. We show the weak convergence of this method under
reasonable assumptions for a solution to the inclusion problem. Furthermore, we
proved the R-linear rate of convergence of the sequence generated by the proposed
method. The algorithm consists of two inertial extrapolation steps based on the
previous iterates and a variable step size, which is updated via a self-adaptive process.
This helps avoid finding a prior estimate of the Lipschitz constant of the Lipschitz
operator in the summand and consequently improves the algorithm’s performance.

• Furthermore, we tested the performance of our proposed algorithm using a real-life
machine-learning dataset, where we validate the effectiveness of our algorithm and
compare it with other state-of-the-art training algorithms. In the comparison, we
formulated regression problems based on extreme learning machine concepts, and
multiple experiments were conducted to examine the robustness of our algorithm
thoroughly. The analysis of various metrics, including average Mean Square Er-
ror, coefficient of determination, average Mean Absolute Error, average Root Mean
Square Error, and convergence speed, consistently demonstrated the efficient perfor-
mance of our proposed algorithm.

Organization. The remainder of the paper is organized as follows. Section 2 provides
some relevant definitions and useful lemmas used in the manuscript. The proposed al-
gorithm is presented in Section 3, and its weak convergence and linear convergence rate
results are studied in this section. Afterward, in Section 4, we present a numerical ex-
periment based on the application of the proposed algorithm, combined with an extreme
learning machine, to predict the quality of white wine using a real-life dataset. The paper
is finalized with some concluding remarks in Section 5.

2 Preliminaries

The graph of A : H ⇒ H, denoted by gra (A) is defined by

gra (A) := {(x, u) ∈ H ×H : x ∈ dom (A), u ∈ A(x)},

where we define the domain (or effective domain) of A as the set dom (A) := {x ∈ H :
Ax ̸= ∅}. We say that the operator A is

(i) monotone if
⟨u− v, x− y⟩ ≥ 0, ∀(x, u), (y, v) ∈ gra (A);

(ii) maximal monotone if it is monotone and gra(A) ⊃ gra(B) where B is any other
monotone operator;

(iii) η-strongly monotone if there exists η > 0 such that

⟨u− v, x− y⟩ ≥ η∥x− y∥2, ∀(x, u), (y, v) ∈ gra (A);
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(iv) We say that B : H → H is L-Lipschitz continuous if there exists a number L ≥ 0,
such that

∥Bx−By∥ ≤ L∥x− y∥, ∀x, y,∈ H.

Observe that the maximal monotone of A is equivalent to: if for any (x, u) ∈ H × H,
⟨u− v, x− y⟩ ≥ 0 for all (y, v) ∈ gra(A), then it follows that x ∈ dom (A) and u ∈ A(x).
We use the following identities in our convergence analysis.

Lemma 2.1. Suppose x, y, z ∈ H. The following identities hold:

(i) 2⟨x− y, z − x⟩ = ∥z − y∥2 − ∥x− y∥2 − ∥z − x∥2.

(ii) 2⟨x, y⟩ = ∥x∥2 + ∥y∥2 − ∥x− y∥2 = ∥x+ y∥2 − ∥x∥2 − ∥y∥2.

Lemma 2.2. Let x, y, z ∈ H and a, b ∈ R. Then

∥(1 + a)x− (a− b)y − bz∥2 = (1 + a)∥x∥2 − (a− b)∥y∥2 − b∥z∥2 + (1 + a)(a− b)∥x− y∥2

+b(1 + a)∥x− z∥2 − b(a− b)∥y − z∥2.

The lemma below is well-known and plays a crucial role in proving the weak convergence
of sequences in a Hilbert space.

Lemma 2.3. ( [7, Corollary 4.18]
Let K be a nonempty subset of a Hilbert space H and let {xn} be a bounded sequence

in H. Assume the following two conditions are satisfied:

• limn→∞ ∥xn − x∥ exists for each x ∈ K,

• every weak cluster point of {xn} belongs to K.

Then {xn} converges weakly to a point in K.

3 Main results

In this section, we present our iterative algorithm and discuss some results guaranteeing
its convergence. In the sequel, we assume that the following conditions are satisfied:

Assumption 3.1. (i) A : H ⇒ H is set-valued maximal monotone;

(ii) B : H → H is a single-valued monotone and L1-Lipschitz continuous;

(iii) C : H → H is 1
L2

-cocoercive.

(iv) The solution set zer(A+B + C) of inclusion problem (1) is nonempty.

Assumption 3.2. Given δ, γ1 > 0 and µ as chosen in Algorithm 1, let α ∈ [0, 1), θ ∈ [0, 1)
and β ∈ (−∞, 0] be selected such that

(i) α < 1−µ
2 ;

(ii) 3α− β + γ1
ϵ (1 + θ) < 1

2 + δ − µ;

(iii) 3α− 3β − 4αβ + γ1
ϵ (1 + θ) < 2δ,

where ϵ = 1
L2

.
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We propose our algorithm with self-adaptive step sizes as follows.

Algorithm 1 Inertial Forward-Reflected-Backward Algorithm (IFRBA)

1: Pick δ ∈ (0, 14), µ ∈ (δ, 1−2δ
2 ), γ0 = γ1 > 0. Select inertial parameters α, β and θ such

that Assumption 3.2 is satisfied. Choose x−1, x0, x1 ∈ H arbitrarily. Set k = 1.
2: Given xk−2, xk−1 and xk, compute xk+1 via:

uk = xk + α(xk − xk−1) + β(xk−1 − xk−2)
vk = xk + θ(xk − xk−1)
xk+1 = JγkA(u

k − γk(Bxk + Cvk)− γk−1(Bxk −Bxk−1)),
(12)

where

γk+1 =

{
min

{
µ∥xk−xk+1∥

∥Bxk−Bxk+1∥ , γk

}
, if Bxk ̸= Bxk+1,

γk, otherwise.
(13)

3: Set k ← k + 1, and go to Step 2.

Remark 3.3. (a) Algorithm 1 involves one forward evaluation of B and C and one back-
ward evaluation of the set-valued maximal monotone operator A per iteration, which could
be advantageous numerically over Forward-Backward-Half Forward Algorithm (9) that
involves two evaluations of B at each iteration.

(b) No estimate of the Lipschitz constant of Lipschitz continuous monotone operator B is
needed as an input parameter in Algorithm 1.

Remark 3.4. (a) When α = β = 0 and C ≡ 0, our Algorithm 1 reduces to [26, Algorithm
3.1].

(b) Suppose α = β = 0 = θ and γk = γ,∀k. Then Algorithm 1 becomes the Forward-
Reflected-Backward Splitting Algorithm [36, equation (5.2)].

Lemma 3.5. The sequence {xk} generated by Algorithm 1 is bounded when Assump-
tion 3.1 and Assumption 3.2 are satisfied.

The weak convergence result of {xk} is given next.

Theorem 3.6. The sequence {xk} generated by Algorithm 1 converges weakly to a point
in zer(A+B + C) when Assumption 3.1 and Assumption 3.2 are satisfied.

Remark 3.7. Our Theorem 3.6 is an extension of [36, Section 4] from a two-operator split-
ting algorithm to a three-operator splitting algorithm with double inertial extrapolation
steps.

Now we analyze the linear convergence rate of the iterates {xk} generated by Algorithm 1.

Theorem 3.8. Let A : H ⇒ H be a maximal and m-strongly monotone for some m > 0,
B : H → H a L1-Lipschitz continuous monotone and C : H → H a 1

L2
-cocoercive with

zer(A+B+C) ̸= ∅. Assume that Assumption 3.2 is satisfied and 0 ≤ α < min
{

δ
2 , δ−γ1(1+

θ)L2,
1−µ
2

}
. Suppose {xk} is generated by Algorithm 1 with β = 0. Then {xk} converges

R-linearly to the unique point of zer(A+B+C) whenever γ1 <
δ−α
L2

and 0 ≤ θ < δ−α
γ1L2
−1.

Remark 3.9. The linear convergence results obtained in [36, Theorem 2.9] and in [26,
Section 3.2] are special cases of our Theorem 3.8 with α = β = 0 = θ, γk = γ,∀k,C ≡ 0
and α = β = 0 = θ, C ≡ 0, respectively.
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4 Numerical experiments

In this section, we present a numerical experiment for the implementation of Algorithm
1, which complements our theoretical results.

4.1 Comparison of the proposed method with other related methods

First, we consider the following optimization problem

min
y0≤x≤y1

(α1

2
∥Ax− z∥2 + α2∥Mx∥1

)
, (14)

where y0 = (η0i )1≤i≤N , y1 = (η1i )1≤i≤N are vectors in RN , α1 and α2 in (0,∞), A : RK×N ,
z ∈ RK and M : RN → RN−1 : (ζi)1≤i≤N 7→ (ζi+1 − ζi)1≤i≤N−1 is the discrete gradient.
This problem appears when computing the fusion estimator in fused LASSO problems
[39,48]. Note that problem (14) can be rewritten equivalently as

min
x∈H

(f(x) + g(Lx) + h(Ax)),

where H = RN , f = iC , C = ×N
i=1[η

0
i , η

1
i ], g = α2∥ · ∥1, h = α1∥ · −z∥2/2 and L = M.

Clearly, f, g and h is convex, differentiable and ∇h = α1(I−z) is α1-Lipschitzian, ∥L∥ = 2.
Note that optimization problem (14) can be solved by Algorithm 1 while the resolvent
operator Jλ∂f reduces to the projection operator which is defined by

PC : (ζi)1≤i≤N 7→
(
max{min{ζi, η1i }, η0i }

)
1≤i≤N

.

We compare the performance of the proposed method (IFRBA) with other methods in-
troduced for solving monotone inclusion problems involving three operators: FRBA (10),
FBHFSA (9), and ISRFBA (11). Our aim in this subsection is to compare the per-
formance of the algorithm for solving problem (14). In particular, we take α1 = 2 and
α2 = 0.5 The matrices A ∈ RK×N and z ∈ RN are randomly generated with uniformly
and normal distributed entries in MATLAB. Note that the average value of ∥A∥ increases
as K increases, which affects algorithms that involve a prior estimate of the Lipschitz con-
stant. The starting point in each example is also randomly generated while we consider
the following sizes of the matrices:
Case I: N = 300 and K = 100,
Case II: N = 800 and K = 250,
Case III: N = 1500 and K = 400,
Case IV: N = 5000 and K = 500.
We measured the performance of the method using the mean square error (MSE) defined
by MSE := 1

N ∥x
k−x∥, where xk is the estimated value of x. The algorithms are stopped if

MSE < 10−6. The computational results can be found in Table 1 and Figure 1. From the
numerical results, it is clear that Algorithm 1 performs better than the existing methods
in the literature.

4.2 Application of the proposed method to extreme learning machine

We then consider the extreme learning machine (ELM), which is a single-layer feed-forward
neural network. We rewrite the inclusion problem as a least square regularization problem
originating from the ELM, which consists of three layers, namely, a hidden layer, an input
layer, and an output layer. We then apply our algorithm to solve a regression problem
using a real-life data set of white quality wine (WQW), which is obtained from the UCI
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Table 1: Computation result comparing the performance of Algorithm 1 with other
existing methods.

IFRBA FRBA ISRFBA FBHFSA

Case I No of Iter. 11 16 15 32
CPU time (sec) 0.7861 1.3566 1. 7730 4.9791

Case II No of Iter. 11 16 14 32
CPU time (sec) 0.7458 1.0739 1.1058 4.0869

Case III No of Iter. 11 13 12 28
CPU time (sec) 6.6806 8.9206 9.0470 16.2840

Case IV No of Iter. 11 16 15 32
CPU time (sec) 17.9359 57.6131 74.9715 154.9947
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Figure 1: Comparison of the performance of Algorithm 1 with other methods. Top Left:
Case I; Top Right: Case II; Bottom Left: Case III; Bottom Right: Case IV.

machine learning repository [4]. Then, we compare the performance of Algorithm 1 with
the family of iterative shrinkage thresholding algorithms [8, 15, 32, 47], which have been
the most widely used algorithms with ELM.

4.3 Model formulation using ELM

The Extreme Learning Machine (ELM) model is widely recognized as a versatile machine
learning model capable of approximating any function [28]. By employing an adequate
number of hidden nodes, an ELM network can achieve this universality. In the ELM
architecture, the weights (W) and bias (b) connecting the input layer to the hidden layer
are randomly generated and remain fixed during network training.
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In the hidden layer, the product of the input data and the corresponding weights,
along with the bias, is computed. Subsequently, a nonlinear activation function (e.g.,
sigmoid or Gaussian) is applied to the obtained result. The output of these hidden nodes
is then passed on to the output layer, where the output weights (beta) are computed. The
mathematical formulation of the ELM can be summarized as follows: Given a training
dataset.

K := {(xk, ξk) : xk ∈ Rd, ξk ∈ Rm, k = 1, . . . , N},

where N is arbitrary distinct samples, xk := [x1, . . . , xN ] is an N dimensional input
training data and ξk is a training target. Suppose that there are L hidden nodes in the
ELM network. Then, the output of the ELM network is given by

f(x) =

L∑
j=1

βjhj(x) =

N∑
j=1

βjh(ajxk + bj), (15)

where β = [β1, . . . , βL], and βj denotes the output weight of the j-th hidden layer, hj :
R→ R is the activation function of the j-th node, aj is the randomly weight and bj is the
bias at the j-th hidden node. The above equation can be written compactly as

Hβ = T, (16)

where

H =

 h(a1x1 + b1) . . . h(aLx1 + bL)
... . . .

...
h(a1xN + b1) . . . h(aLxN + bL)

 , β =

 β⊤
1
...
β⊤
L

 , and T =

 ξ⊤1
...
ξ⊤N

 .

The matrix H is called the hidden layer output matrix, the j-th column of H is the j-th
hidden node output with respect to inputs x1, x2, . . . , xN ; h1(x), . . . , hj(x) is called the
hidden node feature mapping; the j-th row of H is the hidden layer feature mapping with
respect to the k-th input xk. To find the output weight β of the model training, we solve
the linear problem (16) using the following regularized least square method, assuming
that the Moore-Penrose generalized inverse matrix of H does not exist:

min
β
∥Hβ −T∥22 + λ∥β∥1, (17)

where λ is the regularized parameter, ∥·∥2 is the Frobenius (or Euclidean) norm. Problem
(17) is a typical example of (5) by substituting f(β) = λ∥β∥1, g(β) = ∥Hβ − T∥22 and
h(β) = 0. Note that the function g is differentiable and its gradient ∇g(β) = H⊤(Hβ−T)
is monotone and Lipschitz continuous with Lipschitz constant Lg = ∥H⊤H∥. Also, f is
nonsmooth, but the subdifferential of f is maximally monotone. In this case, the resolvent
of ∂f is the proximal operator given by

proxγf (x) = Jγ∂f (x) : H → H 7→ argmin
y

{
γf(y) +

1

2
∥x− y∥2

}
.

Several closed-form formulas for explicitly calculating the proximal operator can be ob-
tained in [7, Chapter 24].

The ELM is an important training model for neural networks, which includes unsuper-
vised, semi-supervised, and supervised training [16,18,28,29]. The fundamental principle
of its architecture is the random assignment of weights and biases in the hidden layer, and
the analytical determination of the weights in the output layer, where the least squares
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method is applied to a system of linear equations [27]. The simplicity of this model, its
reduced number of training parameters, and its high generalization capacity make it a
more suitable model for classification, regression, and clustering problems. It has been
applied to solve problems involving the classification of building energy [1], weak signals
caused by long transmission paths [35], and a visual object tracking scheme [52], among
others. Furthermore, due to the desirable ability of the shrinkage-thresholding algorithms
to minimize optimization problems involving sparse regularization, they have been used
to find the optimal value of the optimization problem in ELM (17). Specifically, the fast
iterative shrinkage thresholding algorithm (FISTA) [8] and its variants, including greedy-
FISTA [32] and linear convergent (LC-FISTA) [13, 15], were used as optimizers of the
ELM objective function in [52]. The FISTA is characterized by its high rate of conver-
gence speed and level of efficiency. This motivated the implementation of Algorithm 1 for
solving the ELM problem. To this end, we describe how we implement our algorithm for
this purpose as follows: First, the training and test data were standardized to the range
[0, 1] using the formula

y =
yk − ymin

ymax − ymin

where yk is the actual value to be standardized, ymin and ymax are the minimum and
maximum of the actual values. In the hidden layer, the weights and biases are random
values generated using a uniform distribution in the ranges [-1, 1] and [0, 1]. Figure 2
illustrates the concepts of the input-output of the ELM. We choose the required parameters
and implement Algorithm 1.

Figure 2: A single-layer feed-forward network

4.4 Experimental setup

To solve the problem, we formulate it as an optimization problem given by

Jβ = min
β
||Hβ − y||2 + λ||β||1 (18)
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where H = f(XW ), X is the input data set. Using the ELM concept, it should be
noted that W is a randomly generated weight, and f(.) is an activation function. In our
experiment, non-linear activation, namely the popular ”relu” function commonly used in
deep learning frameworks, is utilized as the activation function.

For our experiments, we choose δ = 0.2, µ = 0.025, θ = 0, γ1 = 0.001, ϵ = 1. To select
the inertial parameters α, β, we plot the trade-off diagram for the two parameters such
that all the conditions in Assumption 3.2 are satisfied. This indicates that the values
of α ∈ (0, 0.133) and β ∈ (−0.133, 0] satisfied Assumption 3.2. The trade-off between
the inertial parameters is presented in Figure 1. Thus, we take choose α = 0.013 and
β = −0.013. Furthermore, we choose the maximum iteration M = 2000 and the iteration
is terminated if iter = M . The details of the data set are presented in Table 2 and Table 3.

Table 2: Details of the datasets

Dataset Number of samples Number of features

WQW 1,599 12

Table 3: Data size and the properties of the data sets

Size of the Data set used per trial
Each trial from (1st to 9th trial ) The 10th trial

Data set Number of Samples per Data set Training set Size Test set Size Training set Size Test set Size

WQW 1,599 1,439 160 1,440 159

In the data set, the problem is to perform regression tasks. In other words, the problem
is to predict the quality of wine using the given features in Table 2.

Figure 3: Trade-off between the inertial parameters α and β with
δ = 0.2, µ = 0.025, θ = 0, ϵ = 1 and γ1 = 0.001 in Assumption 3.2.

Furthermore, to obtain the optimal output weight β̄ we utilize Algorithm 1 to op-
timize (18). In addition, we compare the proposed IFRBA algorithm with three other
state-of-the-art algorithms, namely the iterative shrinkage thresholding algorithm (ISTA),
Fast iterative shrinkage thresholding algorithm (FISTA), Linear convergence fast iterative
thresholding algorithm (LC-FISTA). For a fair comparison, we utilize the same experi-
mental settings for all the comparison algorithms.
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To evaluate the efficiency of Algorithm 1, we compare the performance of the algorithm
with ISTA [8], FISTA [8, 32] and LC-FISTA [13, 15] on the same datasets. We use the
mean square error (MSE), mean absolute error (MAE), coefficient of determination (R2),
and root mean square error (RMSE) between the actual output and the output of the
network, which are presented in Table 4. The lower the values of these measures, the
higher the algorithm’s efficiency. We also measure the convergence of the algorithms in
terms of the optimal value of the objective function (18).

Table 4: Measures used to evaluate the performance of the algorithms

Measure Definition Formula

MSE Mean Square Error 1
n

n∑
k=1

(yk − ỹk)
2

MAE Mean Absolute Error 1
n

n∑
k=1

|yk − ỹk|

R2 R-square 1−

n∑
k=1

(yk−ỹ)2

n∑
k=1

(yk−ȳ)2

RMSE Root Mean Square Error

√
1
n

n∑
k=1

(yk − ỹk)2

where yk, ỹk denotes the k-th value of the actual and the predicted values, respectively, ȳ is the
average of the actual values and n is the number of data points.

4.5 Results and Discussion of Experiments

4.5.1 Experiment 1: Convergence of the comparison algorithms and sparse-
ness of the trained weight

In this experiment, we compare the convergence speed of the algorithms using the wine
data set. We split the dataset into a training set and a test set, using a ratio of 75:25,
respectively. The detail of the split is given in Table 2. The training set is used to train the
network, while the test set is used to evaluate the network’s performance. Additionally,
each algorithm is employed to optimize the network’s weight. Furthermore, we present
the sparseness of the trained weights for each algorithm and the performance in terms of
MSE, RMSE, MAE, and R2.

For a fair comparison, we stop each algorithm at the 2000-th iteration, and the 2000-
th updated weight is used as the final weight. Figure 4 shows the convergence of each
algorithm in terms of the mean square error (MSE) From the figure, it is evident that
the proposed IFRBA algorithm has a better convergence speed than ISTA and LCFISTA.
Furthermore, it has a similar convergence speed to FISTA. On the other hand, when
we compare the algorithms in terms of RMSE, MSE, R2, and MAE using the test set.
For instance, using the MSE score, the proposed IFRBA algorithm achieves an MSE of
0.079339, which is minimal. However, the MSEs of ISTA, FISTA, and LCFISTA are
0.089532, 0.084421, and 0.101432, respectively, and they are larger than that of the pro-
posed IFRBA algorithm. It is demonstrated that the MSE performance of the proposed
IFRBA algorithm outperforms that of ISTA, FISTA, and LCFISTA. In essence, the pro-
posed IFRBA can learn more efficiently with greater accuracy.

Additionally, we observe similar performances in other evaluation metrics. Table 5
presents the summary of the performance. For instance, when we use the coefficient of

12



Figure 4: The convergence speed of each compared algorithm in terms of each training
iteration’s Mean Square Error (MSE).

Table 5: The performance of the comparison algorithms, namely ISTA, FISTA,
LC-FISTA, and IFRBA

Training set Test set
Algorithms MSE RMSE R2 MAE MSE RMSE R2 MAE

IFRBA 0.068191 0.113701 0.512161 0.068191 0.079339 0.123115 0.387428 0.079339

ISTA 0.080270 0.136418 0.297753 0.080270 0.089532 0.131138 0.304990 0.089532

FISTA 0.071833 0.112010 0.526567 0.071833 0.084421 0.127497 0.343048 0.084421

LCFISTA 0.089015 0.147251 0.181797 0.089015 0.101432 0.141626 0.189372 0.101432

determination, R2, as the metric to evaluate the performance of the comparison algorithms,
the proposed IFRBA algorithm has R2 = 0.512161 for the training set and R2 = 0.387428
for the test set. The two R2 scores are better than those of other comparison algorithms,
as shown in the table. That is, from the table, using the test set, it should be noticed
that the R2 scores of ISTA, FISTA, and LCFISTA are 0.984548, 0.9999981, and 0.93659,5,
respectively, and it is obvious that the R2 scores of Algorithm 1 are better than the other
comparison algorithms.

Further to the above, we evaluate the sparseness induced by each comparison algorithm
by presenting histograms of the trained weights. The sparsity induced by each algorithm
has several benefits, including feature selection, model interpretability, and potentially
improved prediction performance by reducing the impact of irrelevant or redundant pre-
dictors. Figure 5 presents the sparseness of the trained weights using each algorithm.

Based on the figure, it is evident that a significant portion of the trained weight values
for all the algorithms is closer to zero values. This indicates that the proposed IFRBA
exhibits a good level of sparsity and demonstrates its capacity to promote sparsity.
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(a) (b)

(c) (d)

Figure 5: The sparsity induced by each algorithm. (a) is for ISTA, (b) is for FISTA, (c)
is for LCFISTA, and (d) is for IFRBA

4.5.2 Experiment 2: Tenfold Cross Validation

In this section, we build upon the initial experiment by conducting a more rigorous exper-
iment and performing a numerical analysis. This subsection utilizes two specific datasets:
the WQW dataset and the Building Energy dataset. For a comprehensive understanding
of the data and its distribution across each fold, please refer to Table 3.

In addition, this experiment incorporates the concept of 10-fold cross-validation. In
other words, each data set is divided into 10 distinct folds, and each of the comparison
algorithms (ISTA, FISTA, LC-FISTA, and IFRBA) is executed 10 times to train the
model.

During the first run, the training set consists of 9 out of the 10 groups from the split
data, while the remaining group serves as the test set. The model is trained using the
training set and then tested on the test set. Similarly, in the second run, a different group
is selected as the test set, while the remaining nine groups function as the training set.
This process continues until the 10th run, ensuring that each group serves as the test set
once.

For each run, we collect and store the Mean Squared Error (MSE), Root Mean Squared
Error (RMSE), R-squared (R2), and Mean Absolute Error (MAE) for each comparison
algorithm. The average scores for each metric, along with their standard deviations,
are then reported. Table 6, Table 7, Table 8, and Table 9 summarize the result of the
comparison algorithms using the WQW data set

From the Tables, the performances of the proposed IFRBA are better than those
of other algorithms, namely, ISTA, FISTA, and LC-FISTA. For instance, in Table 6, the
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Table 6: The performance of the comparison algorithms, namely ISTA, FISTA,
LC-FISTA, and IFRBA, in terms of average MSE

ISTA FISTA LC-FISTA IFRBA

mean 0.648309 0.639736 0.648473 0.629985
std 0.072797 0.072847 0.073081 0.060135
min 0.578045 0.557520 0.578150 0.582819
25% 0.586370 0.602569 0.585803 0.587324
50% 0.626939 0.605638 0.627309 0.589661
75% 0.715720 0.707951 0.716592 0.682324
max 0.734468 0.725001 0.734509 0.707798

Table 7: The performance of the comparison algorithms, namely ISTA, FISTA,
LCFISTA, and IFRBA, in terms of average RMSE

ISTA FISTA LCFISTA IFRBA

mean 0.804170 0.798804 0.804264 0.793005
std 0.044991 0.045381 0.045165 0.037545
min 0.760293 0.746673 0.760362 0.763426
25% 0.765748 0.776253 0.765378 0.766371
50% 0.791795 0.778228 0.792028 0.767894
75% 0.846003 0.841398 0.846517 0.826029
max 0.857011 0.851470 0.857035 0.841307

Table 8: The performance of the comparison algorithms, namely ISTA, FISTA,
LCFISTA, and IFRBA, in terms of average MAE

ISTA FISTA LCFISTA IFRBA

mean 0.496468 0.483025 0.496279 0.484467
std 0.013399 0.012710 0.012915 0.009392
min 0.480740 0.467332 0.481950 0.476637
25% 0.488467 0.471762 0.486635 0.477237
50% 0.492297 0.489318 0.493414 0.479060
75% 0.510201 0.490195 0.509154 0.494122
max 0.510636 0.496519 0.510240 0.495276

average MSE of ISTA is 0.648309 with a standard deviation (STD) of 0.072797, the average
MSE of FISTA is 0.639736 with a standard deviation of 0.072847, the average MSE of
LC-FISTA is 0.648473, and its standard deviation (STD) is 0.073081. Additionally, the
average MSE of the proposed IFRBA is 0.629985, with a standard deviation (STD) of
0.060135. From this result, it is evident that the proposed IFRBA has the best average
MSE and STD. Similarly, in other metrics from Tables 7, 8, and 9, it should be noted that
the proposed IFRBA achieves the best performance in terms of average RMSE, average
MAE, and average R2 scores.Furthermore, for a quick overview, we summarize the results
given in Tables 6–9. We utilize the Boxplot to present a summary of the results. The
boxplots are given by Figure 6
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Table 9: The performance of the comparison algorithms, namely ISTA, FISTA,
LCFISTA, and IFRB,A in terms of average R2

ISTA FISTA LCFISTA IFRBA

mean 0.350001 0.358106 0.349874 0.367509
std 0.068755 0.073776 0.068602 0.066972
min 0.259898 0.286619 0.259857 0.286773
25% 0.313580 0.294618 0.314243 0.309728
50% 0.349806 0.341375 0.349014 0.380145
75% 0.386569 0.413425 0.386207 0.429738
max 0.440150 0.454492 0.440049 0.431163

(a) (b)

(c) (d)

Figure 6: The performance of each comparison algorithm using the bar chart of
evaluation metrics. (a) is for MSE, (b) is for RMSE, (c) is for MAE, and (d) is for R2

5 Conclusion

We have given weak and linear convergence results of a proposed generalized inertial
forward-reflected-backward splitting algorithm for solving monotone inclusion with three
operators of maximal monotone, Lipschitz continuous monotone, and cocoercive in real
Hilbert spaces. The step sizes in our algorithm are self-adaptive, and no knowledge of
the Lipschitz constant is needed. Popular and recent splitting algorithms for monotone
inclusion problems are recovered. Numerical tests from a real-life machine-learning dataset
where we analyzed average Mean Square Error (MSE), coefficient of determination (R2),
average Mean Absolute Error (MAE), average Root Mean Square Error (RMSE), and
convergence speed of our algorithm and related ones are given and show that Algorithm 1
is fast and competitive with other related algorithms in the literature. Part of our future
projects involves studying the stochastic versions of our proposed splitting algorithm.
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Appendix

We give the full proofs of boundedness of the sequence of iterates {xk} stated in Lemma
3.5, weak convergence of {xk} stated in Theorem 3.6 and linear convergence of {xk} stated
in Theorem 3.8 in Section 3.

Proof of Lemma 3.5: Let x∗ ∈ zer(A+B + C). Then

−γk(B + C)x∗ ∈ γkAx
∗. (19)

From (12) that

xk+1 = JγkA(u
k − γk(Bxk + Cvk)− γk−1(Bxk −Bxk−1))

and this implies

uk − xk+1 − γk(Bxk + Cvk)− γk−1(Bxk −Bxk−1) ∈ γkAx
k+1. (20)

By the monotonicity of A, we obtain

0 ≤ ⟨xk+1 − uk + γkBxk + γk−1(Bxk −Bxk−1) + Cvk − γk(B + C)x∗, x∗ − xk+1⟩
≤ ⟨xk+1 − uk, x∗ − xk+1⟩+ γk⟨Bxk −Bx∗, x∗ − xk+1⟩

+γk⟨Cvk − Cx∗, x∗ − xk+1⟩+ γk−1⟨Bxk −Bxk−1, x∗ − xk+1⟩. (21)

Using the fact that C is co-coercive, we obtain that

γk⟨Cvk − Cx∗, x∗ − xk+1⟩ = γk⟨Cvk − Cx∗, x∗ − vk⟩+ γk⟨Cvk − Cx∗, vk − xk+1⟩

≤ − γk
L2
∥Cvk − Cx∗∥2 + γk∥Cvk − Cx∗∥∥vk − xk+1∥

≤ − γk
L2
∥Cvk − Cx∗∥2 + γkϵ

2
∥Cvk − Cx∗∥2

+
γk
2ϵ
∥vk − xk+1∥2. (22)

By the monotonicity of B, we obtain

γk⟨Bxk −Bx∗, x∗ − xk+1⟩ ≤ −γk⟨Bxk+1 −Bxk, x∗ − xk+1⟩. (23)

Also, note that

2⟨xk+1 − uk, x∗ − xk+1⟩ = ∥uk − x∗∥2 − ∥xk+1 − x∗∥2

−∥xk+1 − uk∥2. (24)

Applying (22), (23) and (24) into (21), we obtain

0 ≤ 2⟨xk+1 − uk, x∗ − xk+1⟩+ 2γk⟨Bxk −Bx∗, x∗ − xk+1⟩
+2γk⟨Cvk − Cx∗, x∗ − xk+1⟩+ 2γk−1⟨Bxk −Bxk−1, x∗ − xk+1⟩

= ∥uk − x∗∥2 − ∥xk+1 − x∗∥2 − ∥xk+1 − uk∥2

−2γk⟨Bxk+1 −Bxk, x∗ − xk+1⟩+ 2γk−1⟨Bxk −Bxk−1, x∗ − xk+1⟩
+2γk⟨Cvk − Cx∗, x∗ − vk⟩+ 2γk⟨Cvk − Cx∗, vk − xk+1⟩

= ∥uk − x∗∥2 − ∥xk+1 − x∗∥2 − ∥xk+1 − uk∥2

−2γk⟨Bxk+1 −Bxk, x∗ − xk+1⟩+ 2γk−1⟨Bxk −Bxk−1, x∗ − xk⟩
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+2γk−1⟨Bxk −Bxk−1, xk − xk+1⟩+ 2γk⟨Cvk − Cx∗, x∗ − vk⟩
+2γk⟨Cvk − Cx∗, vk − xk+1⟩

≤ ∥uk − x∗∥2 − ∥xk+1 − x∗∥2 − ∥xk+1 − uk∥2

−2γk⟨Bxk+1 −Bxk, x∗ − xk+1⟩+ 2γk−1⟨Bxk −Bxk−1, x∗ − xk⟩

+2γk−1∥Bxk −Bxk−1∥∥xk − xk+1∥ − 2γk
L2
∥Cvk − Cx∗∥2

+γk

(
ϵ∥Cvk − Cx∗∥2 + 1

ϵ
∥vk − xk+1∥2

)
≤ ∥uk − x∗∥2 − ∥xk+1 − x∗∥2 − ∥xk+1 − uk∥2

−2γk⟨Bxk+1 −Bxk, x∗ − xk+1⟩+ 2γk−1⟨Bxk −Bxk−1, x∗ − xk⟩

+
γk−1µ

γk

(
∥xk − xk−1∥2 + ∥xk − xk+1∥2

)
−γk

( 2

L2
− ϵ

)
∥Cvk − Cx∗∥2 + γk

ϵ
∥vk − xk+1∥2. (25)

Since µ ∈ (δ, 1−2δ
2 ), we obtain limk→∞

γk−1µ
γk

= µ < 1
2 − δ. Hence, there exists k̄0 ∈ N such

that
γk−1µ
γk

< 1
2 − δ, ∀k > k̄0. Therefore, from (25), we get ∀k > k̄0,

0 ≤ ∥uk − x∗∥2 − ∥xk+1 − x∗∥2 − ∥xk+1 − uk∥2

−2γk⟨Bxk+1 −Bxk, x∗ − xk+1⟩+ 2γk−1⟨Bxk −Bxk−1, x∗ − xk⟩

+
(1
2
− δ

)
∥xk − xk−1∥2 +

(1
2
− δ

)
∥xk − xk+1∥2

−γk
( 2

L2
− ϵ

)
∥Cvk − Cx∗∥2 + γk

ϵ
∥vk − xk+1∥2. (26)

Therefore,

∥xk+1 − x∗∥2 ≤ ∥uk − x∗∥2 − ∥xk+1 − uk∥2

−2γk⟨Bxk+1 −Bxk, x∗ − xk+1⟩+ 2γk−1⟨Bxk −Bxk−1, x∗ − xk⟩

+
(1
2
− δ

)
∥xk − xk−1∥2 +

(1
2
− δ

)
∥xk − xk+1∥2

−γk
( 2

L2
− ϵ

)
∥Cvk − Cx∗∥2 + γk

ϵ
∥vk − xk+1∥2. (27)

By (12), we have

uk − x∗ = xk + α(xk − xk−1) + β(xk−1 − xk−2)− x∗

= (1 + α)(xk − x∗)− (α− β)(xk−1 − x∗)− β(xk−2 − x∗)

Therefore, by Lemma 2.2, we obtain

∥uk − x∗∥2 = ∥(1 + α)(xk − x∗)− (α− β)(xk−1 − x∗)− β(xk−2 − x∗)∥2

= (1 + α)∥xk − x∗∥2 − (α− β)∥xk−1 − x∗∥2 − β∥xk−2 − x∗∥2

+(1 + α)(α− β)∥xk − xk−1∥2 + β(1 + α)∥xk − xk−2∥2

−β(α− β)∥xk−1 − xk−2∥2. (28)

Using Cauchy-Schwarz inequality, we have

−2α⟨xk+1 − xk, xk − xk−1⟩ ≥ −2α∥xk+1 − xk∥∥xk − xk−1∥, (29)

−2β⟨xk+1 − xk, xk−1 − xk−2⟩ ≥ −2|β|∥xk+1 − xk∥∥xk−1 − xk−2∥, (30)
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and

2αβ⟨xk − xk−1, xk−1 − xk−2⟩ = −2αβ⟨xk−1 − xk, xk−1 − xk−2⟩
≥ −2|β|α∥xk − xk−1∥∥xk−1 − xk−2∥. (31)

By (29), (30) and (31), we obtain

∥xk+1 − uk∥2 = ∥xk+1 − (xk + α(xk − xk−1) + β(xk−1 − xk−2))∥2

= ∥xk+1 − xk − α(xk − xk−1)− β(xk−1 − xk−2)∥2

= ∥xk+1 − xk∥2 − 2α⟨xk+1 − xk, xk − xk−1⟩
−2β⟨xk+1 − xk, xk−1 − xk−2⟩+ α2∥xk − xk−1∥2

+2αβ⟨xk − xk−1, xk−1 − xk−2⟩+ β2∥xk−1 − xk−2∥2

≥ ∥xk+1 − xk∥2 − 2α∥xk+1 − xk∥∥xk − xk−1∥
−2|β|∥xk+1 − xk∥∥xk−1 − xk−2∥+ α2∥xk − xk−1∥2

−2|β|α∥xk − xk−1∥∥xk−1 − xk−2∥+ β2∥xk−1 − xk−2∥2

≥ ∥xk+1 − xk∥2 − α∥xk+1 − xk∥2 − α∥xk − xk−1∥2

−|β|∥xk+1 − xk∥2 − |β|∥xk−1 − xk−2∥2 + α2∥xk − xk−1∥2

−|β|α∥xk − xk−1∥2 − |β|α∥xk−1 − xk−2∥2 + β2∥xk−1 − xk−2∥2

= (1− |β| − α)∥xk+1 − xk∥2 + (α2 − α− |β|α)∥xk − xk−1∥2

+(β2 − |β| − |β|α)∥xk−1 − xk−2∥2. (32)

Substituting (28) and (32) into (27), we get

∥xk+1 − x∗∥2 ≤ ∥uk − x∗∥2 − ∥xk+1 − uk∥2

≤ (1 + α)∥xk − x∗∥2 − (α− β)∥xk−1 − x∗∥2 − β∥xk−2 − x∗∥2

+(1 + α)(α− β)∥xk − xk−1∥2 + β(1 + α)∥xk − xk−2∥2

−β(α− β)∥xk−1 − xk−2∥2 − (1 + β − α)∥xk+1 − xk∥2

−(α2 − α+ βα)∥xk − xk−1∥2 − (β2 + β + βα)∥xk−1 − xk−2∥2

−2γk⟨Bxk+1 −Bxk, x∗ − xk+1⟩+ 2γk−1⟨Bxk −Bxk−1, x∗ − xk⟩

+
(1
2
− δ

)
∥xk − xk−1∥2 +

(1
2
− δ

)
∥xk − xk+1∥2

−γk
( 2

L2
− ϵ

)
∥Cvk − Cx∗∥2 + γk

ϵ
∥vk − xk+1∥2. (33)

Therefore,

∥xk+1 − x∗∥2 − α∥xk − x∗∥2 − β∥xk−1 − x∗∥2

+2γk⟨Bxk+1 −Bxk, x∗ − xk+1⟩
≤ ∥xk − x∗∥2 − α∥xk−1 − x∗∥2 − β∥xk−2 − x∗∥2

+2γk−1⟨Bxk −Bxk−1, x∗ − xk⟩+ (1 + α)(α− β)∥xk − xk−1∥2

−β(α− β)∥xk−1 − xk−2∥2 − (1 + β − α)∥xk+1 − xk∥2

−(α2 − α+ βα)∥xk − xk−1∥2 − (β2 + β + βα)∥xk−1 − xk−2∥2

+
(1
2
− δ

)
∥xk − xk−1∥2 +

(1
2
− δ

)
∥xk − xk+1∥2

−γk
( 2

L2
− ϵ

)
∥Cvk − Cx∗∥2 + γk

ϵ
∥vk − xk+1∥2

= ∥xk − x∗∥2 − α∥xk−1 − x∗∥2 − β∥xk−2 − x∗∥2
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+2γk−1⟨Bxk −Bxk−1, x∗ − xk⟩

+
[
(1 + α)(α− β) +

(1
2
− δ

)]
∥xk − xk−1∥2 − (α2 − α+ βα)∥xk − xk−1∥2

+
(1
2
− δ

)
∥xk − xk+1∥2 − (1 + β − α)∥xk+1 − xk∥2

−β(α− β)∥xk−1 − xk−2∥2 − (β2 + β + βα)∥xk−1 − xk−2∥2

−γk
( 2

L2
− ϵ

)
∥Cvk − Cx∗∥2 + γk

ϵ
∥vk − xk+1∥2. (34)

Hence,

∥xk+1 − x∗∥2 − α∥xk − x∗∥2 − β∥xk−1 − x∗∥2

+2γk⟨Bxk+1 −Bxk, x∗ − xk+1⟩+
(
1 + β − α−

(1
2
− δ

))
∥xk − xk+1∥2

≤ ∥xk − x∗∥2 − α∥xk−1 − x∗∥2 − β∥xk−2 − x∗∥2

+2γk−1⟨Bxk −Bxk−1, x∗ − xk⟩ − β(α− β)∥xk−1 − xk−2∥2

−(β2 + β + βα)∥xk−1 − xk−2∥2 +
[
(1 + α)(α− β) +

(1
2
− δ

)]
∥xk − xk−1∥2

−(α2 − α+ βα)∥xk − xk−1∥2 − γk

( 2

L2
− ϵ

)
∥Cvk − Cx∗∥2

+
γk
ϵ
∥vk − xk+1∥2. (35)

Now,

∥xk+1 − vk∥2 = ∥xk + θ(xk − xk−1)− xk+1∥2

= ∥(1 + θ)(xk − xk+1)− θ(xk−1 − xk+1)∥2

= (1 + θ)∥xk − xk+1∥2 − θ∥xk−1 − xk+1∥2

+θ(1 + θ)∥xk − xk−1∥2

≤ (1 + θ)∥xk − xk+1∥2 + θ(1 + θ)∥xk − xk−1∥2. (36)

Using (36) in (35), we obtain

∥xk+1 − x∗∥2 − α∥xk − x∗∥2 − β∥xk−1 − x∗∥2

+2γk⟨Bxk+1 −Bxk, x∗ − xk+1⟩+
(
1 + β − α−

(1
2
− δ

))
∥xk − xk+1∥2

≤ ∥xk − x∗∥2 − α∥xk−1 − x∗∥2 − β∥xk−2 − x∗∥2

+2γk−1⟨Bxk −Bxk−1, x∗ − xk⟩ − β(α− β)∥xk−1 − xk−2∥2

−(β2 + β + βα)∥xk−1 − xk−2∥2 +
[
(1 + α)(α− β) +

(1
2
− δ

)]
∥xk − xk−1∥2

−(α2 − α+ βα)∥xk − xk−1∥2 − γk

( 2

L2
− ϵ

)
∥Cvk − Cx∗∥2

+
γk
ϵ

[
(1 + θ)∥xk − xk+1∥2 + θ(1 + θ)∥xk − xk−1∥2

]
∥vk − xk+1∥2.

Therefore,

∥xk+1 − x∗∥2 − α∥xk − x∗∥2 − β∥xk−1 − x∗∥2

+2γk⟨Bxk+1 −Bxk, x∗ − xk+1⟩

+
(
1 + β − α−

(1
2
− δ

)
− γ1

ϵ
(1 + θ)

)
∥xk − xk+1∥2
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≤ ∥xk − x∗∥2 − α∥xk−1 − x∗∥2 − β∥xk−2 − x∗∥2

+2γk−1⟨Bxk −Bxk−1, x∗ − xk⟩

+
(
1 + β − α−

(1
2
− δ

)
− γ1

ϵ
(1 + θ)

)
∥xk − xk−1∥2

−
[
β(α− β) + β2 + β + βα

]
∥xk−1 − xk−2∥2

+
[
3α− 1 + (1− 2δ)− 2β(1 + α) +

γ1
ϵ
(1 + θ)

]
∥xk − xk−1∥2

−γk
( 2

L2
− ϵ

)
∥Cvk − Cx∗∥2. (37)

Define ∀k > k̄0,

ak : = ∥xk − x∗∥2 − α∥xk−1 − x∗∥2 − β∥xk−2 − x∗∥2

+2γk−1⟨Bxk −Bxk−1, x∗ − xk⟩

+
(
1 + β − α−

(1
2
− δ

)
− γ1

ϵ
(1 + θ)

)
∥xk − xk−1∥2. (38)

We show that ak ≥ 0,∀k > k̄0.

ak = ∥xk − x∗∥2 − α∥xk−1 − x∗∥2 − β∥xk−2 − x∗∥2

+2γk−1⟨Bxk −Bxk−1, x∗ − xk⟩

+
(
1 + β − α−

(1
2
− δ

)
− γ1

ϵ
(1 + θ)

)
∥xk − xk−1∥2

≥ ∥xk − x∗∥2 − α∥xk−1 − x∗∥2 − β∥xk−2 − x∗∥2

+
(
1 + β − α−

(1
2
− δ

)
− γ1

ϵ
(1 + θ)

)
∥xk − xk−1∥2

−2γk−1∥Bxk −Bxk−1∥∥x∗ − xk∥
≥ ∥xk − x∗∥2 − α∥xk−1 − x∗∥2 − β∥xk−2 − x∗∥2

+
(
1 + β − α−

(1
2
− δ

)
− γ1

ϵ
(1 + θ)

)
∥xk − xk−1∥2

−γk−1µ

γk

(
∥xk − xk−1∥2 + ∥xk − x∗∥2

)
=

(
1− γk−1µ

γk

)
∥xk − x∗∥2 − 2α∥xk − xk−1∥2

−2α∥xk − x∗∥2 − β∥xk−2 − x∗∥2 − γk−1µ

γk
∥xk − xk−1∥2

+
(
1 + β − α−

(1
2
− δ

)
− γ1

ϵ
(1 + θ)

)
∥xk − xk−1∥2

=
(
1− γk−1µ

γk
− 2α

)
∥xk − x∗∥2 − β∥xk−2 − x∗∥2

+
(
1 + β − 3α−

(1
2
− δ

)
− γ1

ϵ
(1 + θ)− γk−1µ

γk

)
∥xk − xk−1∥2. (39)

Observe that
lim
k→∞

(
1− γk−1µ

γk
− 2α

)
= 1− µ− 2α > 0,

since α < 1−µ
2 . Also,

lim
k→∞

[
1 + β − 3α−

(1
2
− δ

)
− γ1

ϵ
(1 + θ)− γk−1µ

γk

]
= 1 + β − 3α−

(1
2
− δ

)
− γ1

ϵ
(1 + θ)− µ > 0,
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since

3α− β +
γ1
ϵ
(1 + θ) <

1

2
+ δ − µ

and

µ <
1

2
+ δ.

It then follows that there exists k1 ∈ N such that ∀k ≥ k1 ≥ k0,

1− γk−1µ

γk
− 2α > 0

and

1 + β − 3α−
(1
2
− δ

)
− γ1

ϵ
(1 + θ)− γk−1µ

γk
> 0.

Therefore, we have from (39) that

ak ≥ 0, ∀k ≥ k1.

We have from (37) that

ak+1 − ak ≤
[
3α− 1 + (1− 2δ)− 2β(1 + α) +

γ1
ϵ
(1 + θ)

]
∥xk − xk−1∥2

−β(1 + 2α)∥xk−1 − xk−2∥2 − γk

( 2

L2
− ϵ

)
∥Cvk − Cx∗∥2

≤
[
3α− 1 + (1− 2δ)− 2β(1 + α) +

γ1
ϵ
(1 + θ)

]
∥xk − xk−1∥2

−β(1 + 2α)∥xk−1 − xk−2∥2

= c1

[
∥xk−1 − xk−2∥2 − ∥xk − xk−1∥2

]
−c2∥xk−1 − xk−2∥2, (40)

where
c1 := −

[
3α− 1 + (1− 2δ)− 2β(1 + α) +

γ1
ϵ
(1 + θ)

]
and

c2 := −3α+ 2δ + 3β + 4αβ − γ1
ϵ
(1 + θ)

]
.

Observe that c1 > 0 since

3α− 2β(1 + α) +
γ1
ϵ
(1 + θ) < 2δ. (41)

Also, c2 > 0 since

3α− 3β − 4αβ +
γ1
ϵ
(1 + θ) < 2δ. (42)

Since 3β + 4αβ < 2β + 2αβ, we have that

3α− 2β(1 + α) +
γ1
ϵ
(1 + θ) < 3α− 3β − 4αβ

+
γ1
ϵ
(1 + θ).

Consequently, we have that (41) and (42) hold if

3α− 3β − 4αβ +
γ1
ϵ
(1 + θ) < 2δ.
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Let us define
bk := ak + c1∥xk−1 − xk−2∥2.

Then, we obtain from (40) that
bk+1 ≤ bk.

Consequently, {bk} is monotone non-increasing and thus limk→∞ bk exists. Furthermore,
we have from (40) that

lim
k→∞

c2∥xk−1 − xk−2∥2 = 0.

Thus,

lim
k→∞

∥xk−1 − xk−2∥ = 0. (43)

Furthermore, we have from the first inequality of (40) that

lim
k→∞

∥Cvk − Cx∗∥ = 0. (44)

By (43), we have

∥xk+1 − uk∥ ≤ ∥xk+1 − xk∥+ α∥xk − xk−1∥
+|β|∥xk−1 − xk−2∥ → 0, k →∞ (45)

and

∥uk − xk∥ ≤ α∥xk − xk−1∥+ |β|∥xk−1 − xk−2∥ → 0, k →∞. (46)

Since limk→∞ ak exists and limk→∞ ∥xk − xk−1∥ = 0, we have from (39) that {xk} is
bounded.

Proof of Theorem 3.6: By Lemma 3.5 that {xk} is bounded, then {xk} has a weakly
convergent subsequence. Suppose x̄ is a sequential weak cluster point. Then, we have
from Algorithm 1 that

sk : =
1

γk−1

(
uk−1 − xk + γk−1(Bxk −Bxk−1) + γk−2(Bxk−2 −Bxk−1)

)
+γk−1(cx

k − cvk−1) ∈ (A+B + C)xk. (47)

Using (43), (45) and (46) in (47) (noting that B is Lipschitz continuous), we have
sk → 0, k → ∞. Since A + B is maximal monotone and C is co-coercive, we have that
A + B + C is maximal monotone and its graph is closed in the weak-strong topology in
H ×H (see [7, Proposition 20.37 (ii)]) and this implies that x̄ ∈ zer(A+B +C). We now
show that xk ⇀ x̄ ∈ zer(A+B + C). Suppose that {xkj} ⊂ {xk} and {xkm} ⊂ {xk} such
that xkj ⇀ x̄ and xkm ⇀ z̄. We show that x̄ = z̄.

Note that
2⟨xk, x̄− z̄⟩ = ∥xk − z̄∥2 − ∥xk − x̄∥2 − ∥z̄∥2 + ∥x̄∥2, (48)

2⟨xk−1, x̄− z̄⟩ = ∥xk−1 − z̄∥2 − ∥xk−1 − x̄∥2 − ∥z̄∥2 + ∥x̄∥2, (49)

and
2⟨xk−2, x̄− z̄⟩ = ∥xk−2 − z̄∥2 − ∥xk−2 − x̄∥2 − ∥z̄∥2 + ∥x̄∥2, (50)
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Therefore,

2⟨−αxk−1, x̄− z̄⟩ = −α∥xk−1 − z̄∥2 + α∥xk−1 − x̄∥2

+α∥z̄∥2 − α∥x̄∥2 (51)

and

2⟨−βxk−2, x̄− z̄⟩ = −β∥xk−2 − z̄∥2 + β∥xk−2 − x̄∥2

+β∥z̄∥2 − β∥x̄∥2. (52)

Addition of (48), (51) and (52) gives

2⟨xk − αxk−1 − βxk−2, x̄− z̄⟩ =
(
∥xk − z̄∥2 − α∥xk−1 − z̄∥2 − β∥xk−2 − z̄∥2

)
−
(
∥xk − x̄∥2 − α∥xk−1 − x̄∥2 − β∥xk−2 − x̄∥2

)
+(1− α− β)(∥x̄∥2 − ∥z̄∥2).

Since lim
k→∞

ak exists, B is Lipschitz continuous and lim
k→∞
∥xk−1 − xk∥ = 0, we have from

(38) that

lim
k→∞

[
∥xk − x∗∥2 − α∥xk−1 − x∗∥2 − β∥xk−2 − x∗∥2

]
(53)

exists. Hence,

lim
k→∞

[
∥xk − x̄∥2 − α∥xk−1 − x̄∥2 − β∥xk−2 − x̄∥2

]
exists and

lim
k→∞

[
∥xk − z̄∥2 − α∥xk−1 − z̄∥2 − β∥xk−2 − z̄∥2

]
exists. Consequently,

lim
k→∞
⟨xk − αxk−1 − βxk−2, x̄− z̄⟩

exists. Now,

⟨z̄ − αz̄ − βz̄, x̄− z̄⟩ = lim
m→∞

⟨xkm − αxkm−1 − βxkm−2, x̄− z̄⟩

= lim
k→∞
⟨xk − αxk−1 − βxk−2, x̄− z̄⟩

= lim
j→∞
⟨xkj − αxkj−1 − βxkj−2, x̄− z̄⟩

= ⟨x̄− αx̄− βx̄, x̄− z̄⟩,

and this yields
(1− α− β)∥x̄− z̄∥2 = 0.

Since β ≤ 0 < 1 − α, we obtain that x̄ = z̄. Hence, {xn} converges weakly to a point in
A−1(0). This completes the proof.

Proof of Theorem 3.8: We choose s, p ∈ (0, 1) such that

µ

p
+ 2α < s < 1, 2α+ µp <

p

2
(54)
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pick r ∈ R such that

1 < r < min
{
1 +

2(δ − α)

1− p
− 2γ1(1 + θ)L2

1− p
, 1 +

2mγ

1− s

}
, (55)

where lim
n→∞

γk = γ. We take ϵ := 1
L2

.

Let us further define

dk := (1− s)∥xk − x∗∥2 + (1− p)

2
∥xk − xk−1∥2, k ≥ 1,

ek : = s∥xk − x∗∥2 − α∥xk−1 − x∗∥2 + p

2
∥xk − xk−1∥2

+2γk−1⟨Axk −Axk−1, x∗ − xk⟩, k ≥ 1.

CLAIM A: There exists k2 ∈ N such that dk ≥ 0, ek ≥ 0,∀k ≥ k2.

Proof of CLAIM:

ek = s∥xk − x∗∥2 − α∥xk−1 − x∗∥2 + p

2
∥xk − xk−1∥2

+2γk−1⟨Bxk −Bxk−1, x∗ − xk⟩

≥ k∥xk − x∗∥2 − α∥xk−1 − x∗∥2 + p

2
∥xk − xk−1∥2

−2γk−1∥Bxk −Bxk−1∥∥xk − x∗∥

≥ k∥xk − x∗∥2 − α∥xk−1 − x∗∥2 + p

2
∥xk − xk−1∥2

−2γk−1µ

γk
∥xk − xk−1∥∥xk − x∗∥

≥ k∥xk − x∗∥2 − α∥xk−1 − x∗∥2 + p

2
∥xk − xk−1∥2

−γk−1µ

γk

[1
p
∥xk − x∗∥2 + p∥xk − xk−1∥2

]
≥ k∥xk − x∗∥2 − 2α∥xk − xk−1∥2 − 2α∥xk − x∗∥2 + p

2
∥xk − xk−1∥2

−γk−1µ

γk

[1
p
∥xk − x∗∥2 + p∥xk − xk−1∥2

]
=

(
s− γk−1µ

pγk
− 2α

)
∥xk − x∗∥2

+
(p
2
− 2α− γk−1µp

γk

)
∥xk − xk−1∥2.

Noting that

lim
k→∞

(
s− γk−1µ

pγk
− 2α

)
= s− µ

p
− 2α > 0,

since µ
p + 2α < s < 1. Furthermore,

lim
k→∞

(p
2
− 2α− γk−1µp

γk

)
=

p

2
− 2α− µp > 0,

since 2α+ µp < p
2 . Therefore, there exists k2 ≥ k1 such that ek ≥ 0,∀k ≥ k2.
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Clearly, ∀k ≥ k2,

dk = (1− s)∥xk − x∗∥2 + (1− p)

2
∥xk − xk−1∥2 ≥ 0,

since s, p ∈ (0, 1).

CLAIM B: There exists ρ > 0 and k3 ≥ k2 such that ρek ≤ dk, ∀k ≥ k3.

Proof of CLAIM:

ek = s∥xk − x∗∥2 + 2γk−1⟨Bxk −Bxk−1, x∗ − xk⟩

−α∥xk−1 − x∗∥2 + p

2
∥xk − xk−1∥2

≤ k∥xk − x∗∥2 − α∥xk−1 − x∗∥2 + p

2
∥xk − xk−1∥2

+
γk−1µ

γk

[1
p
∥xk − x∗∥2 + p∥xk − xk−1∥2

]
=

(
s+

γk−1µ

pγk

)
∥xk − x∗∥2

+
(γk−1µp

γk
+

p

2

)
∥xk − xk−1∥2

−α∥xk−1 − x∗∥2. (56)

Suppose

ρk := min
{ 1− s

s+
γk−1µ
pγk

,
1−p
2

p
2 +

γk−1µp
γk

}
. (57)

We then follows from (56) and (57) that

ρkek ≤ dk. (58)

Suppose ρ is chosen such that

0 < ρ < min
{ 1− s

s+ µ
p

,
1−p
2

p
2 + µp

}
. (59)

Since lim
k→∞

γk−1

γk
= 1, we have from (57) that

lim
k→∞

ρk = min
{ 1− s

s+ µ
p

,
1−p
2

p
2 + µp

}
> ρ > 0.

Therefore, there exists k3 ≥ k2 such that ρk > ρ,∀k ≥ k3. It follows from (58) that
ρek ≤ dk,∀k ≥ k3.

CLAIM C: rdk+1 + ek+1 ≤ dk + ek, ∀k ≥ k3, where r is as defined in (55).

Proof of CLAIM: Following similar arguments from (19)- (37) (noting that A ism-strongly
monotone), we obtain

(1 + 2γkm)∥xk+1 − x∗∥2 − α∥xk − x∗∥2
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+2γk⟨Bxk+1 −Bxk, x∗ − xk+1⟩

+
[
1− α− (

1

2
− δ)− 2β(1 + α)− γ1

ϵ
(1 + θ)

]
∥xk − xk+1∥2

≤ ∥xk − x∗∥2 − α∥xk−1 − x∗∥2

+2γk−1⟨Bxk −Bxk−1, x∗ − xk⟩

+
[
1− α− (

1

2
− δ)− γ1

ϵ
(1 + θ)

]
∥xk − xk−1∥2

−γk
( 2

L2
− ϵ

)
∥Cvk − Cx∗∥2

+
[
3α− 1 + (1− 2δ) +

γ1
ϵ
(1 + θ)

]
∥xk − xk−1∥2. (60)

Thus, we have from (60) that

(1 + 2γkm)∥xk+1 − x∗∥2 − α∥xk − x∗∥2

+2γk⟨Bxk+1 −Bxk, x∗ − xk+1⟩

+
1

2
∥xk+1 − xk∥2 +

[
δ − α− γ1

ϵ
(1 + θ)

]
∥xk − xk+1∥2

≤ ∥xk − x∗∥2 − α∥xk−1 − x∗∥2

+2γk−1⟨Bxk −Bxk−1, x∗ − xk⟩

+
1

2
∥xk−1 − xk∥2 − (δ − 2α)∥xk − xk−1∥2

−γk
( 2

L2
− ϵ

)
∥Cvk − Cx∗∥2

≤ ∥xk − x∗∥2 − α∥xk−1 − x∗∥2

+2γk−1⟨Bxk −Bxk−1, x∗ − xk⟩

+
1

2
∥xk−1 − xk∥2

= dk + ek, (61)

since α < δ
2 . Note that δ−α− γ1

ϵ (1+ θ) > 0 since α < δ− γ1
ϵ (1+ θ). Using the definitions

of {ek} and {dk}, we have

rdk+1 + ek+1 ≤ (r(1− s) + s)∥xk+1 − x∗∥2 − α∥xk − x∗∥2

+
(r(1− p)

2
+

p

2

)
∥xk+1 − xk∥2

+2γk⟨Bxk+1 −Bxk, x∗ − xk+1⟩. (62)

It can easily be seen that

r(1− p)

2
+

p

2
−

[1
2
+ δ − α− γ1

ϵ
(1 + θ)

]
< 0 (63)

since

r < 1 +
2(δ − α)

1− p
− 2γ1(1 + θ)L2

1− p
.

Furthermore, noting that γ ≤ γk, we obtain

r(1− s) + s < 1 + 2mγ ≤ 1 + 2mγk, (64)

since r < 1 + 2mγ
1−s . Using (63) and (64) in (62), we have (noting (61))

rdk+1 + ek+1 ≤ (1 + 2γkm)∥xk+1 − x∗∥2 − α∥xk − x∗∥2
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+
1

2
∥xk+1 − xk∥2 +

[
δ − α− γ1

ϵ
(1 + θ)

]
∥xk − xk+1∥2

+2γk⟨Bxk+1 −Bxk, x∗ − xk+1⟩
≤ dk + ek,∀k ≥ k3. (65)

CLAIM D: {xk} converges R-linearly to the unique point xk ∈ zer(A+B + C).

Proof of CLAIM: Let us choose ζ ∈ (0, 1) and we set

ξ := min{ζ, 1 + ρ(r − ζ)} > 1.

By CLAIM B, we obtain
ρek+1 ≤ dk+1, ∀k ≥ k3

and so

rdk+1 = ζdk+1 + (r − ζ)dk+1

≥ ζdk+1 + ρ(r − ζ)ek+1

= (ζdk+1 + (1 + ρ(r − ζ))ek+1)− ek+1

≥ ξ(dk+1 + ek+1)− ek+1. (66)

Combining (66) and CLAIM C, we get

ξ(dk+1 + ek+1) ≤ rdk+1 + ek+1

≤ dk + ek,∀k ≥ k3.

Therefore, ∀k ≥ k3,

dk+1 + ek+1 ≤
(1
ξ

)k−k3+1(
dk3 + ek3

)
. (67)

By the definition of {dk+1} alongside ek+1 ≥ 0, ∀k ≥ k3 and by (67), respectively, we
obtain

(1− s)∥xk+1 − x∗∥2 ≤ dk+1

≤ dk+1 + ek+1

≤
(1
ξ

)k−k3+1(
dk3 + ek3

)
. =

(1
ξ

)k
M∗, ∀k ≥ k3,

where M∗ :=
dk3+ek3

(1−s)ξk3−1 .
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