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ABSTRACT:

This study investigates how Langmuir turbulence (LT) driven by Stokes drift shear affects the heated

ocean surface boundary layer (OSBL) based on turbulence-resolving large eddy simulations (LES)

and assesses an analytic vertical mixing parameterization based on a simplified second-moment

closure (SMC) approach. Diurnal solar heating forces OSBL shoaling to generate a diurnal warm

layer (DWL) in which heat and momentum are trapped. Without LT, relatively weak turbulent

mixing results in a near-surface jet that is associated with enhanced turbulent kinetic energy (TKE)

production of shear-driven turbulence (ST), which approximately balances TKE dissipation rates.

Conversely, LT maintains strong mixing, delaying the DWL formation and preventing the TKE

dissipation enhancement by generating a less sheared jet. However, sufficiently strong heating

destroys TKE to ultimately reduce mixing and to create more sheared jets, which effectively shifts

the LT to a ST dominated regime. A second-moment turbulence budget analysis suggests that

a) the near-surface OSBL responds rapidly to the surface forcing, b) Stokes drift impacts heat

and momentum budgets in profoundly different ways, and c) buoyancy terms are to leading order

negligible. Building on these findings and introducing a physics-based mixing length, we develop

a simplified SMC model that can be solved for near-surface expressions for key turbulent variables

and mixing coefficients in terms of known variables. For ST, these expressions are consistent with

Monin-Obukhov similarity theory. For LT, these expressions reveal a fundamental dependence of

turbulent variables on Stokes drift shear.
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1. Introduction27

The ocean surface boundary layer (OSBL) periodically shoals and warms due to daytime solar28

radiation under light and moderate wind speeds, generating a diurnal warm layer (DWL). This29

DWL persists for several hours after the heating ends and gradually erodes and disappears under30

the influence of cooling convection during the night. In the presence of the DWL, momentum and31

heat are trapped in a relatively shallow layer, restricting their penetration deeper into the ocean.32

Consequently, this results in an accelerated near-surface velocity (diurnal jet) with speeds up to 0.133

m/s and an increment of sea surface temperature (SST) of up to 2-3 ◦C (Price et al. 1986; Prytherch34

et al. 2013; Sutherland et al. 2016). The enhanced velocity is crucial for the horizontal transport of35

buoyant materials in the ocean (Kukulka et al. 2016). The diurnal variability of SST is a key factor36

in air-sea interaction processes, influencing extreme weather and climate change (Fairall et al.37

1996; Kawai and Wada 2007; Van Sebille et al. 2020). Furthermore, the restratification process38

associated with the DWL modulates upper ocean turbulence, which affects the vertical transport of39

momentum, heat, and dissolved matters in the OSBL (Webster et al. 1996; Weller and Anderson40

1996; Moulin et al. 2018). Despite extensive studies on the DWL, its parameterization, particularly41

under the influence of Langmuir turbulence (LT) driven by surface wave-induced Stokes drift,42

remains limited. A key challenge lies in incorporating the LT effects into traditional mixing43

schemes. Large et al. (2019a, 2021) extend the Monin-Obukhov similarity theory (MOST, Monin44

and Obukhov 1954) to resolve LT effects. A recent study validates the capability of a second-45

moment closure (SMC) mixing model considering LT in reproducing LT dynamics (Schmitt et al.46

2024). Motivated by this, we simplify an SMC model to retain key dynamics within the LT-driven47

surface layer, validated using large eddy simulation (LES) results, with the aim of improving our48

understanding of OSBL dynamics under LT and heating conditions.49

In low wind conditions associated with a weakly turbulent OSBL, the DWL is thin, with a depth50

of 1-2 m and maximum stratification at the ocean surface (Soloviev and Lukas 1997; Hughes51

et al. 2020a). We focus on moderate wind conditions accompanied by a fully turbulent OSBL. In52

this scenario, turbulence distributes the injected solar radiation to greater depths (Hughes et al.53

2020b), forming a deeper DWL with a depth of approximately 10 to 20 m. Unlike the low wind54

scenario, which exhibits minimal turbulence, the DWL in the moderate wind scenario results from55

the competition between heating-induced stabilization and turbulence driven by wind and wave56
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forcing. Previous observations have shown that strong stratification reduces turbulence intensity in57

the OSBL (Webster et al. 1996; Weller and Anderson 1996). Conversely, strong turbulence leads58

to a deeper DWL and can even prevent DWL formation (Soloviev and Lukas 1997; Kawai and59

Wada 2007). The interaction between stratification and turbulence is crucial in determining the60

characteristics and evolution of the DWL under moderate wind conditions.61

Recent microstructure measurements have significantly contributed to the understanding of DWL62

dynamics. These studies report enhanced near-surface turbulent dissipation around the heating63

peak (Moulin et al. 2018; Sutherland et al. 2016), which is thought to be related to the Kelvin-64

Helmholtz shear instability generated by the diurnal jet (Soloviev and Lukas 2013). However, the65

growth of this shear instability is limited under more stratified conditions, even in cases with a66

small Richardson number (Hughes et al. 2021). These studies reveal the transient nature of the67

DWL and highlight the need for further investigation to better understand the complex interaction68

among stratification, shear instability, and turbulence in the development and evolution of the69

DWL, particularly LT effects, which have not been explicitly considered in these studies.70

Despite improved understanding of DWL dynamics from recent observations, wave effects71

are usually not included because they are challenging to assess directly in field experiments.72

Nevertheless, ocean surface gravity waves play a key role in the OSBL mixing, leading to nonlocal73

transport. These wave effects control OSBL turbulence in two primary ways: (1) wave breaking74

injects turbulent kinetic energy (TKE) into the near-surface ocean layer, resulting in strong mixing75

that diminishes significantly within one significant wave height (Terray et al. 1996); (2) non-76

breaking surface gravity wave-induced Stokes drift interacts with wind-generated Eulerian current77

shear to generate LT, efficiently mixing ocean properties throughout the OSBL (Craik and Leibovich78

1976; Thorpe 2004). To focus on the LT effects, this study does not explicitly include wave breaking79

effects.80

The dynamics of LT have been successfully investigated through the turbulence-resolving LES81

model based on the filtered Craik-Leibovich equation (Skyllingstad and Denbo 1995). The82

LES model successfully captures important observed LT features (e.g., McWilliams et al. 1997;83

McWilliams and Sullivan 2000; Grant and Belcher 2009), such as enhanced vertical velocities84

(Gargett et al. 2004; Weller et al. 1985) and organized surface convergent regions (Farmer and Li85

1995; Plueddemann et al. 1996). Additionally, some hypotheses about LT obtained through LES86
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experiments have been confirmed by observations (e.g., Gargett and Wells 2007; D’Asaro et al.87

2014; Gargett and Grosch 2014; Wang et al. 2022). Regarding the interaction between LT and88

diurnal heating, LES studies suggest that LT-induced strong mixing usually leads to a deeper and89

less stratified DWL (Min and Noh 2004; Kukulka et al. 2013; Pearson et al. 2015), which has90

recently been demonstrated by observations in conjunction with LES (Wang et al. 2023).91

It is still challenging to accurately incorporate DWL dynamics in general ocean models with LT.92

In those models, turbulent fluxes within the OSBL are typically parameterized through Reynolds-93

Averaged Navier-Stokes (RANS) models. Many of the RANS models are built upon the MOST,94

an important scaling near the ocean surface (i.e., upper 10% of OSBL). MOST states that the non-95

dimensional vertical gradients of velocity and scalar are functions of a dimensionless height within96

the near-surface layer, under horizontally homogeneous and stationary conditions. However, several97

factors could lead to deviations of MOST from observations, such as wave effects and penetrative98

effects of heating (Fox-Kemper et al. 2022).99

Several studies have integrated LT effects into RANS models and confirmed their importance100

in controlling the profiles of OSBL properties (e.g., Reichl et al. 2016; Harcourt 2013; Li and101

Fox-Kemper 2017; Zheng et al. 2021). However, these parameterizations are predominantly tested102

under non-heating conditions, and their applicability under heating conditions still requires further103

development and assessment. Recently, Large et al. (2019a) extends the traditional MOST scaling104

by introducing a surface-layer bulk parameter to include the LT effects. This surface scaling is105

later applied to K-profile parameterization model to reproduce the evolution of DWL with LT106

effects (Large et al. 2021). Moreover, Schmitt et al. (2024) utilize a SMC-LT model proposed by107

Harcourt (2015) to examine the LT effects and propose key non-dimensional parameters for DWL108

evolution at different latitudes. Previous studies indicate the commonalities between MOST and109

the SMC model (e.g., Brost and Wyngaard 1978; Craig 1996; Kantha and Clayson 2004; Zheng110

2023). The success in reproducing the DWL evolution in Large et al. (2021) and Schmitt et al.111

(2024) encourages the application of these commonalities to LT conditions, which is critical for112

improving our understanding and parameterization of LT-driven processes. Notably, several studies113

emphasize the critical role of the Coriolis force in determining the depth and parameterization of114

the DWL (Noh and Choi 2018; Wang et al. 2023; Schmitt et al. 2024). However, within the115

near-surface layer, where our scaling is focused, the profiles of velocity shear and stratification are116

5



less affected by the Coriolis force due to the large Rossby number associated with the small length117

scale.118

Using the LES approach and a simplified SMC model, we examine key DWL dynamics with119

and without LT. Guided by solutions of our simplified model, we develop scaling of the near-120

surface layer under heating and LT conditions. The structure of this work is as follows: Section121

2 introduces the LES model and methods used in this study, along with the experimental settings.122

Section 3 presents our simplified, analytically solved second-moment mixing model and discusses123

key findings from this model. Section 4 utilizes LES results to examine the key characteristics of124

the OSBL during diurnal heating for both shear-driven turbulence (ST, without wave) and LT. In125

Section 5, we compare near-surface-layer results calculated from LES and scaling based on the126

simplified SMC model. Finally, the study concludes with Section 6.127

2. Methods128

a. LES Model129

This study conducts turbulent-resolving LES experiments based on the Craik-Leibovich equation130

(McWilliams et al. 1997) under heating conditions. The LES approach decomposes oceanic131

variables (e.g., current velocity, temperature, and pressure) into resolved components and subgrid-132

scale components (Moeng 1984; Sullivan et al. 1996).133

We adopt the LES experiments used in Wang et al. (2023), including two transient experiments134

driven by time-varying diurnal heat flux and over 40 stationary experiments driven by constant135

forcings. For the transient experiments, the heat flux 𝑄 consists of a penetrative heat flux 𝐼0 and a136

non-penetrative heat flux 𝑄0. The penetrative heat flux at each depth is expressed as,137

𝐼 (𝑧) = 𝐼0

(
𝑅𝑒𝑧/𝜁1 + (1−𝑅)𝑒𝑧/𝜁2

)
, (1)

where 𝑅 = 0.62, 𝜁1 = 1.5 m, and 𝜁2 = 20 m are constant coefficients (Paulson and Simpson 1977).138

𝑧 indicates the vertical Cartesian coordinate positive upward with 𝑧 = 0 at the ocean surface. The139

non-penetrative heat flux is only applied for cooling conditions, thus 𝑄 = 𝑄0 when 𝑄 < 0 and140

𝑄 = 𝐼0 when 𝑄 > 0.141
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Both transient experiments are driven by the same friction velocity 𝑢∗ and 𝑄, with the only142

difference being the inclusion of LT. The wave effect for LT is described by monochromatic143

waves, with the Stokes drift expressed as 𝑢𝑠 (𝑧) = 𝑈𝑠𝑒2𝑘𝑧, where 𝑈𝑠 is surface Stokes drift and144

𝑘 = 2𝜋/𝜆 is wavenumber corresponding to a constant wavelength of 𝜆 = 60 m (McWilliams et al.145

1997). For transient cases, the wind and wave forcing are held constant, with 𝑢∗ = 0.0061 m/s146

and 𝑈𝑠 = 0.068 m/s, representing typical open ocean LT conditions with a turbulent Langmuir147

number of 𝐿𝑎𝑡 =
√︁
𝑢∗/𝑈𝑠 = 0.3 (Belcher et al. 2012). During the diurnal heating cycle,𝑄 gradually148

increases from initial cooling with 𝑄 = −200 W/m2 to peak heating with 𝑄 = 500 W/m2 within149

8 hours, and then decreases to the initial cooling value over the subsequent 8 hours. Notably, the150

heat flux imposed on our LES is expressed as the kinematic heat flux 𝑄/(𝜌𝑐𝑝). To clearly show151

the heating level, we convert it to the standard heat flux 𝑄.152

For stationary experiments, the forcings consist of various combinations of heat flux, friction153

velocity, and surface Stokes drift velocity for monochromatic waves with 𝜆 = 60 m (Table 1). Heat154

fluxes in the stationary experiments are penetrative (i.e., 𝑄 = 𝐼0). Most experiments are driven155

by a wind forcing of 𝑢∗ = 0.0061 m/s, so that the change in 𝐿𝑎𝑡 primarily is controlled by the156

wave effects. Additionally, to focus on the heating effects, the wind and wave are aligned for both157

transient and stationary simulations.158

The domain size of the transient and stationary LES experiments is [150, 150, 90] m. In order to164

capture the small-scale turbulence under strong heating conditions, most of the LES experiments165

use resolution with [500, 500, 720] evenly-spaced grid points for the along-wind, crosswind, and166

vertical directions, respectively. Some experiments conducted under weak heating conditions use167

a relatively coarse resolution of [250, 250, 360] grid points (Table 1). Sensitivity tests have been168

deployed to validate the chosen domain and resolutions, and our diagnostic analysis confirms that169

our resolution resolves at least 85% of TKE and is generally smaller than the Ozmidov scale in the170

vertical. A constant Coriolis parameter of 𝑓 = 0.0001 1/s is used for the LES simulations, with171

sensitivity tests conducted to evaluate the effects of Coriolis forcing (Table 1). These sensitivity172

tests for different 𝑓 indicate obvious Coriolis effects on the DWL depth, while showing negligible173

effects on the near-surface layer, where MOST is usually applicable (Appendix A1). The initial174

mixed layer depth of all simulations is 50 m, over a thermocline with temperature gradient of175

0.04 ◦C/m. All simulations spin up for 12 hours with their initial forcing to stabilize turbulence.176
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Table 1. Forcing description for stationary LES experiments, including wind speed at 10 m (𝑈10), friction

velocity (𝑢∗), turbulent Langmuir number (𝐿𝑎𝑡 ), surface Stokes drift (𝑈𝑠), and solar radiation at the ocean surface

(𝐼0). Simulations with coarse resolution are denoted by the superscript ∗, while those with finer resolution are

presented without this superscript. The superscript + indicates simulation driven by additional Coriolis parameters

of 𝑓 = 0.00005 1/s and 𝑓 = 0.00014 1/s.

159

160

161

162

163

𝑈10 (m/s) 𝑢∗ (m/s) 𝐿𝑎𝑡 𝑈𝑠 (m/s) 𝐼0 (W/m2 )

5 0.0061 0.2 0.153 200, 500, 700

5 0.0061 0.3 0.068 0*, 25*, 50*, 100, 200, 500+, 700, 1200

5 0.0061 0.4 0.038 100, 200, 300, 500, 700, 1200

5 0.0061 0.45 0.03 0*, 25*, 50*, 100, 200, 500

5 0.0061 0.52 0.023 0*, 25*, 50*, 100, 200, 500

5 0.0061 0.7 0.012 0*, 25*, 100

5 0.0061 0.9 0.008 25*, 100

5 0.0061 ∞ 0 0*, 50, 200, 500

7 0.0087 0.3 0.096 0*, 100, 200, 500, 700

7 0.0087 0.36 0.068 100, 200, 500

b. MOST Scaling and Modifications for Penetrative Heating177

In MOST, the profiles of mean velocity shear and temperature gradient are expressed as:178

𝜕𝑢

𝜕𝑧
=
𝑢∗
𝜅𝑧
𝜙𝑚,

𝜕𝜃

𝜕𝑧
=
𝜃∗
𝜅𝑧
𝜙𝑠,

(2)

where overbar denotes the horizontal average; 𝑢 is velocity and its direction is not considered in179

the MOST scaling; 𝜃 is the potential temperature and 𝜃∗ =𝑄/(𝑐𝑝𝜌0𝑢∗); 𝜙𝑚 and 𝜙𝑠 are the stability180

functions, expressed as:181

𝜙𝑚,𝑠 = 1+𝐶𝜙
|𝑧 |
𝑙𝑀𝑂

, (3)
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for stable conditions with |𝑧 |/𝑙𝑀𝑂 ≥ 0. 𝐶𝜙 is empirical coefficient and varies for different conditions182

and studies (Wyngaard 2010). 𝑙𝑀𝑂 is the Monin-Obukhov (MO) length, defined as:183

𝑙𝑀𝑂 =
𝑢3
∗𝑐𝑝𝜌0

𝜅𝛼𝑔𝑄
, (4)

where 𝜅 = 0.4 is von Kármán constant; 𝛼 is the thermal expansion coefficient of seawater; 𝑐𝑝184

is the heat capacity; 𝜌0 = 1024 kg/m3 is the typical seawater density; and 𝑔 = 9.81 m/s2 is the185

gravitational acceleration.186

The traditional MOST is designed for scenarios where heating is applied directly at the ocean187

surface. However, in the natural ocean, heating is penetrative due to the solar radiation, distributing188

heat vertically even without turbulence. Compared to penetrative heating, surface heating generates189

a steeper near-surface density gradient, resulting in a water column with a greater potential energy190

anomaly (PEA). Furthermore, penetrative heating can reach below shallower DWL, reducing191

heating effects in the DWL. These impacts suggest that traditional MOST overestimates heating192

effects when directly applied to penetrative heating conditions.193

To incorporate the penetrative heating effects, we modify MOST based on PEA, similar to the194

method used in Schmitt et al. (2024). Here, we consider a still water column exposed to surface or195

penetrative heating over a time period, 𝑡0. Assuming the column is subsequently homogenized by196

turbulence, we use PEA as a proxy for heating effects on the ocean stratification. Given a linear197

relationship between density and temperature, PEA is expressed as:198

𝑃𝐸𝐴 =

∫ 0

−ℎ
(𝜌𝑚 − 𝜌ℎ)𝑔𝑧𝑑𝑧

=
𝛼𝑔𝑡0
𝑐𝑝𝜌0

∫ 0

−ℎ

(
𝜕𝐼

𝜕𝑧
− 𝐼0 − 𝐼 (−ℎ)

ℎ

)
𝑧𝑑𝑧,

(5)

where 𝜌ℎ represents the density profile of the heated water column, and 𝜌𝑚 is the average density199

of 𝜌ℎ between the surface and boundary layer depth ℎ. For the surface heating scenario, where200

𝜕𝐼/𝜕𝑧 = 0 and 𝐼 (−ℎ) = 0, PEA reaches its maximum, indicating the strongest stratification and201

heating effect. Therefore, the ratio of PEA under penetrative heating to that under surface heating,202

denoted as 𝑅ℎ, can quantify the relative impact of penetrative heating on stratification compared203

to surface heating. Since traditional MOST is formulated for surface heating, replacing 𝑄 with204
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𝑄𝑅ℎ in (4) extends the MOST framework to account for penetrative heating effects, thereby205

accommodating both heating scenarios.206

c. Eddy Viscosity and Diffusivity207

In RANS models, the turbulent fluxes for momentum and heat are typically parameterized208

through eddy viscosity 𝐾𝑚 and heat diffusivity 𝐾𝑠:209

−u′
⊥𝑤

′ = 𝐾𝑚
𝜕u⊥
𝜕𝑧

, (6)

210

𝜃′𝑤′ = −𝐾𝑠
𝜕𝜃

𝜕𝑧
, (7)

where u = [𝑢, 𝑣,𝑤] is the Eulerian velocity vector, prime is the deviation from the horizontal211

average; and ⊥ indicates the horizontal components. As this study focuses solely on thermal212

effects, we will henceforth refer to eddy heat diffusivity simply as eddy diffusivity.213

For LT, a simple adjustment to the parameterization of turbulent momentum flux is to replace214

Eulerian velocity shear with Lagrangian velocity shear to ensure alignment between Reynolds stress215

and velocity shear, commonly used in LT K-profile parameterization models (e.g., McWilliams216

et al. 2012; Reichl et al. 2016), shown as:217

−u′
⊥𝑤

′ = 𝐾𝑚𝐿
𝜕 (u+u𝑠)⊥

𝜕𝑧
, (8)

where 𝐾𝑚𝐿 is the Lagrangian eddy viscosity and 𝐾𝑚𝐿 = 𝐾𝑚 for the ST case.218

3. A Simplified SMC Mixing Model219

To provide a simple conceptual framework for illustrating key turbulent variables along with220

mixing coefficients in the DWL, we introduce a mixing closure model by simplifying an SMC221

approach and incorporating LT effects, hereafter referred to as the simplified model. Similar222

to MOST, this simplified model applies to the near-surface layer, where turbulent fluxes are223

approximately constant, such that −𝑢′𝑤′ ≈ 𝑢2
∗, −𝑣′𝑤′ ≈ 0, and −𝑤′𝜃′ ≈𝑄/(𝑐𝑝𝜌0).224

We start by reviewing the governing second-moment budget equations for 𝑢′
𝑖
𝑢′
𝑗

and 𝑢′
𝑗
𝜃′ with LT225

effects following Harcourt (2013), where 𝑖, 𝑗 = [1,2,3] denote the components in the along-wind,226
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crosswind, and vertical directions, respectively. Using simplified expressions for some budget227

terms, inspired by Brost and Wyngaard (1978), we derive expressions of key turbulent variables228

and mixing coefficients based on the simplified model.229

a. Second-moment Turbulence Equations230

The second-moment budget equations for turbulent momentum and heat fluxes are (Harcourt231

2013)232

𝜕𝑢′
𝑖
𝑢′
𝑗

𝜕𝑧
+

(
𝑢𝑘 +𝑢𝑠𝑘

) 𝜕𝑢′𝑖𝑢′𝑗
𝜕𝑥𝑘

=−
𝜕𝑢′

𝑘
𝑢′
𝑖
𝑢′
𝑗

𝜕𝑥𝑘
−

(
𝑢′
𝑖

𝜕𝑝′

𝜕𝑥 𝑗
+𝑢′

𝑗

𝜕𝑝′

𝜕𝑥𝑖

)
−

(
𝑢′
𝑖
𝑢′
𝑘

𝜕𝑢 𝑗

𝜕𝑥𝑘
+𝑢′

𝑗
𝑢′
𝑘

𝜕𝑢𝑖

𝜕𝑥𝑘

)
−

(
𝑢′
𝑖
𝑢′
𝑘

𝜕𝑢𝑠
𝑘

𝜕𝑥 𝑗
+𝑢′

𝑗
𝑢′
𝑘

𝜕𝑢𝑠
𝑘

𝜕𝑥𝑖

)
−𝛼(𝑔 𝑗𝑢′𝑖𝜃′+𝑔𝑖𝑢′𝑗𝜃′)

− 𝑓𝑘 (𝜖 𝑗 𝑘𝑙𝑢′𝑖𝑢′𝑙 + 𝜖𝑖𝑘𝑙𝑢
′
𝑗
𝑢′
𝑙
) + 𝜈∇2𝑢′

𝑖
𝑢′
𝑗
−2𝜈

𝜕𝑢′
𝑖

𝜕𝑥𝑘

𝜕𝑢′
𝑗

𝜕𝑥𝑘
,

(9)

𝜕𝑢′
𝑗
𝜃′

𝜕𝑧
+

(
𝑢𝑘 +𝑢𝑠𝑘

) 𝜕𝑢′𝑗𝜃′
𝜕𝑥𝑘

=−
𝜕𝑢′

𝑘
𝑢′
𝑗
𝜃′

𝜕𝑧
− 𝜃′𝜕𝑝

′

𝜕𝑥 𝑗
−𝑢′

𝑗
𝑢′
𝑘

𝜕𝜃

𝜕𝑥𝑘
−𝑢′

𝑘
𝜃′
𝜕𝑢 𝑗

𝜕𝑥𝑘
− 𝜃′𝑢′

𝑘

𝜕𝑢𝑠
𝑘

𝜕𝑥 𝑗
−𝛼𝑔 𝑗𝜃′𝜃′

− 𝑓𝑘𝜖 𝑗 𝑘𝑙𝑢′𝑙𝜃′+
𝜕

𝜕𝑥𝑘

(
𝜅𝜃𝑢

′
𝑖

𝜕𝜃′

𝜕𝑥 𝑗
+ 𝜈𝜃′

𝜕𝑢′
𝑖

𝜕𝑥 𝑗

)
− (𝜅𝜃 + 𝜈)

𝜕𝑢′
𝑖

𝜕𝑥𝑘

𝜕𝑢′
𝑗

𝜕𝑥𝑘
,

(10)

where 𝑝 is the generalized pressure; 𝑔𝑖 = [0,0,−𝑔]; 𝜈 and 𝜅𝜃 are molecular viscosity and diffusivity;233

and 𝜖 𝑗 𝑘𝑙 is the Levi-Civita tensor. According to (9), the TKE (=0.5𝑢′
𝑖
𝑢′
𝑖
) equation is with the form234

of:235

0.5
𝜕𝑞2

𝜕𝑡
= −𝑢′

𝑖
𝑤′𝜕𝑢𝑖
𝜕𝑧

−𝑢′
𝑖
𝑤′𝜕𝑢

𝑠
𝑖

𝜕𝑧
+𝛼𝑔𝑤′𝜃′− 𝜕

𝜕𝑧

(
𝑢′
𝑖
𝑢′
𝑖
𝑤′

2
+𝑤′𝑝′

)
− 𝜀, (11)

where 𝑞 is the turbulent velocity scale and 0.5𝑞2 is defined as TKE. 𝜀 indicates the TKE dissipation236

rate due to 𝜈.237

b. A Simplified SMC Approach238

We adopt the closure approach from Brost and Wyngaard (1978) and use their parameterizations239

for turbulence dissipation and pressure terms but with a modified mixing length scale as discussed240
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below. Additionally, we neglect terms that are not of leading-order, such as those related to241

buoyancy and transport. However, given the key role of buoyancy under heating conditions, its242

effects are implicitly incorporated into a prescribed mixing length 𝑙. These assumptions will be243

assessed later using LES results. The budget equations for TKE, 𝑢′𝑤′, 𝑤′2, 𝑢′2, 𝜃′𝑤′, and 𝜃′𝑢′ are,244

respectively,245

0 = 𝑢2
∗
𝜕𝑢

𝜕𝑧
+𝑢2

∗
𝜕𝑢𝑠

𝜕𝑧
− 𝑐𝜀

𝑞3

𝑙
(12a)

246

0 = −𝑤′2 𝜕𝑢

𝜕𝑧
−𝑢′2 𝜕𝑢

𝑠

𝜕𝑧
− 𝐴1𝑢′𝑤′𝑞

𝑙
(12b)

247

0 = 2𝑢2
∗
𝜕𝑢𝑠

𝜕𝑧
− 2

3
𝑐𝜀
𝑞3

𝑙
− 𝐴1

𝑞

𝑙
(𝑤′2 − 𝑞

2

3
) (12c)

248

0 = 2𝑢2
∗
𝜕𝑢

𝜕𝑧
− 2

3
𝑐𝜀
𝑞3

𝑙
− 𝐴1

𝑞

𝑙
(𝑢′2 − 𝑞

2

3
) (12d)

249

0 = −𝑤′2 𝜕𝜃

𝜕𝑧
−𝑢′𝜃′𝜕𝑢

𝑠

𝜕𝑧
−𝐵1𝑤′𝜃′

𝑞

𝑙
(12e)

250

0 = 𝑢2
∗
𝜕𝜃

𝜕𝑧
−𝑤′𝜃′

𝜕𝑢

𝜕𝑧
−𝐵1𝑢′𝜃′

𝑞

𝑙
(12f)

where 𝑐𝜀, 𝐴1, and 𝐵1 are positive constants that have been previously specified as 𝑐𝜀 = 0.139,251

𝐴1 = 0.51, and 𝐵1 = 1.35 (e.g., Brost and Wyngaard 1978).252

We simplify the SMC approach substantially by imposing a physically motivated 𝑙 that aligns253

with MOST and the mixing length proposed by Brost and Wyngaard (1978). Consistent with254

MOST, for weak heating 𝑙 → 𝜅 |𝑧 |, whereas for strong heating 𝑙 → 𝜅𝐺−1
1 𝑙𝑀𝑂 , where 𝐺1 = 4.8 is255

a constant coefficient adopted from the MOST stability function (Högström 1988). Interpolation256

between both extreme cases via the harmonic mean yields257

𝑙 = 𝜅
|𝑧 |

1+𝐺1
|𝑧 |
𝑙𝑀𝑂

. (13)

Note that with LT, 𝜅 and 𝐺1 need to be modified to take LT mixing into account. For example, one258

may replace 𝑙𝑀𝑂 with the Langmuir stability length for strong LT (Belcher et al. 2012), which will259

be assessed later based on LES results.260
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For given mixing length 𝑙, these six equations in (12) can be solved for the six dependent variables261

𝑞, 𝜕𝑢/𝜕𝑧, 𝑤′2, 𝑢′2, 𝜕𝜃/𝜕𝑧, and 𝑢′𝜃′. According to (12a-12d), the turbulent velocity scale 𝑞 can be262

obtained through the governing sixth order polynomial equation, expressed as:263

𝑞6

𝑢6
∗
+ 12
𝐴1 −2𝑐𝜀

𝑙

𝑢∗

𝜕𝑢𝑠

𝜕𝑧

𝑞3

𝑢3
∗
−

3𝐴2
1

(𝐴1 −2𝑐𝜀)𝑐𝜀
𝑞2

𝑢2
∗
− 12
(𝐴1 −2𝑐𝜀)𝑐𝜀

(
𝑙

𝑢∗

𝜕𝑢𝑠

𝜕𝑧

)2
= 0. (14)

This equation implies that the normalized turbulent velocity scale 𝑞/𝑢∗ can be expressed as a264

function of non-dimensional parameter:265

𝜒 =
𝑙

𝑢∗

𝜕𝑢𝑠

𝜕𝑧
. (15)

Although the analytical solution of (14) is obtainable, its complexity motivates the use of a266

numerical solution. Thus, we define 𝑞/𝑢∗ = 𝐹𝑞 (𝜒), where each 𝜒 corresponds to a unique value267

of 𝐹𝑞 (𝜒) greater than zero (Figure 1a).268

For fixed 𝑙 and 𝑢∗, larger values of 𝜒 correspond to greater Stokes drift shear, which usually269

indicates stronger LT conditions. In the ST case (i.e., 𝜒 = 0), 𝑞/𝑢∗ remains constant, consistent with270

classical scaling (e.g., MOST), which uses 𝑢∗ as the turbulent velocity scale. In the LT case (i.e.,271

𝜒 > 0), 𝐹𝑞 exhibits a non-monotonic response to increasing 𝜒. 𝑞/𝑢∗ initially decreases, reaching272

a minimum at approximately 𝜒 = 0.34, and subsequently increases. This behavior suggests that273

increased LT effects do not always lead to enhanced TKE. Furthermore, the expression for 𝜒274

indicates a weakening of LT effects due to strong heating. Specifically, for conditions of strong275

heating with fixed 𝑢∗ and 𝜕𝑢𝑠

𝜕𝑧
, 𝜒 approaches zero as 𝑙→ 0, leading 𝑞/𝑢∗ to converge to its ST value.276

To further investigate the response of 𝑞/𝑢∗ to varying LT effects and to facilitate later comparison277

with LES results, we employ another insightful non-dimensional parameter:278

𝜂 = 𝑢2
∗
𝜕𝑢𝑠

𝜕𝑧

𝑙

𝑐𝜀𝑞
3 = 𝜒

𝑢3
∗

𝑐𝜀𝑞
3 = 𝜒

𝐹𝑞 (𝜒)3

𝑐𝜀
=

𝜕𝑢𝑠

𝜕𝑧

𝜕𝑢𝑠

𝜕𝑧
+ 𝜕𝑢
𝜕𝑧

. (16)

This parameter, derived from (12a), represents the ratio of production from Stokes drift shear to279

that from Lagrangian shear. 𝜂 is directly linked to LT strength. Stronger LT typically corresponds280

to larger Stokes drift shear and smaller Eulerian shear, leading to higher 𝜂. Large et al. (2019a)281

introduced a similar parameter for the near-surface layer (top 10% of the mixing layer). The282
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primary difference is that 𝜂 neglects buoyancy production but accounts for the depth dependence283

of Stokes drift. According to (16), 𝜂 can be expressed as a function of 𝜒. As shown in Figure 1a,284

𝜂 increases with 𝜒 but approaches a constant value for larger 𝜒, suggesting that increased Stokes285

drift shear does not indefinitely enhance LT strength.286

The expression for 𝑞, in terms of 𝜂, is much simpler than the solution expressed in 𝜒,287

𝑞

𝑢∗
=

©­«
3𝐴2

1
(𝐴1−2𝑐𝜀)𝑐𝜀

− 12𝑐𝜀
𝐴1−2𝑐𝜀 𝜂

2 + 12𝑐𝜀
𝐴1−2𝑐𝜀 𝜂+1

ª®¬
1
4

= 𝐹̃𝑞 (𝜂). (17)

𝐹 with tilde indicates a function of 𝜂 while 𝐹 without tilde depends on 𝜒. Similar to 𝐹𝑞, 𝐹̃𝑞 (𝜂)288

first decreases and then increases. Notably, its value at 𝜂 = 1 (the maximum value for the idealized289

model as velocity shear needs to be positive) approximately equals that of the ST case, suggesting290

relatively small dependence of TKE on LT strength. To further investigate this relationship, we291

derive the expressions for normalized velocity variance 𝑤′2/𝑢2
∗ and 𝑢′2/𝑢2

∗ according to (12c) and292

(12d), which are also functions of 𝜂:293

𝑤′2

𝑢2
∗
=
𝑞2

𝑢2
∗
( 𝐴1 −2𝑐𝜀

3𝐴1
+ 2𝑐𝜀
𝐴1
𝜂) = 𝐹̃𝑤𝑤 (𝜂), (18)

294

𝑢′2

𝑢2
∗
=
𝑞2

𝑢2
∗
( 𝐴1 +4𝑐𝜀

3𝐴1
− 2𝑐𝜀
𝐴1
𝜂) = 𝐹̃𝑢𝑢 (𝜂). (19)

These functions illuminate the LT impacts on turbulence anisotropy (McWilliams et al. 1997).295

Specifically, for the ST case (i.e., 𝜂 = 0), 𝑢′2 > 𝑤′2. As 𝜂 increases, 𝑤′2 rises while 𝑢′2 decreases,296

resulting in 𝑤′2 > 𝑢′2 for sufficiently strong LT. Throughout this process, the changes in 𝑤′2 and 𝑢′2297

are non-linear. For 0 < 𝜂 < 0.5, 𝑤′2 increases more slowly than 𝑢′2 decreases, while for 0.5 < 𝜂 < 1,298

it increases more rapidly (Figure 1b), which results in the non-monotonic response of 𝑞.299
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c. Eddy Mixing Coefficients300

According to the 𝑢′𝑤′ budget (12b), the eddy viscosity defined in (8) can be split into contributions301

from Eulerian shear 𝐾𝑚 and Stokes drift shear 𝐾 𝑠𝑚 (Harcourt 2013), expressed as:302

𝐾𝑚 =
1
𝐴1

𝑙

𝑞
𝑤′2 = 𝑞𝑙

(
2𝑐𝜀
𝐴2

1
𝜂+ 𝐴1 −2𝑐𝜀

3𝐴2
1

)
= 𝑢∗𝑙 𝐹̃𝑚 (𝜂), (20)

303

𝐾 𝑠𝑚 =
1
𝐴1

𝑙

𝑞
𝑢′2 = 𝑞𝑙

(
−2𝑐𝜀
𝐴2

1
𝜂+ 𝐴1 +4𝑐𝜀

3𝐴2
1

)
= 𝑢∗𝑙 𝐹̃

𝑠
𝑚 (𝜂). (21)

By substituting the expressions of 𝑤′𝑤′ and 𝑢′𝑢′ from (18) and (19) into (12b), 𝐾𝑚𝐿 can be304

expressed as305

𝐾𝑚𝐿 =
𝑢2
∗

𝜕𝑢
𝜕𝑧

+ 𝜕𝑢𝑠

𝜕𝑧

= 𝑞𝑙

(
−4𝑐𝜀
𝐴2

1
𝜂2 + 4𝑐𝜀

𝐴2
1
𝜂+ 𝐴1 −2𝑐𝜀

3𝐴2
1

)
= 𝑢∗𝑙 𝐹̃𝑚𝐿 (𝜂). (22)

Moreover, using the 𝑤′𝜃′ and 𝑢′𝜃′ budgets, (12e) and (12f), we solve for the eddy diffusivity306

𝐾𝑠 = 𝑞𝑙
©­­«
𝜂𝑐𝜀

𝑞2

𝑢2
∗
+𝐵1𝐹̃𝑤𝑤 (𝜂)

𝜂(𝜂−1)𝑐2
𝜀
𝑞6

𝑢6
∗
+𝐵2

1
𝑞2

𝑢2
∗

ª®®¬ = 𝑢∗𝑙 𝐹̃𝑠 (𝜂). (23)

Consistent with (17)-(19), these mixing coefficients can be expressed as a function of 𝜂 once311

normalized by 𝑢∗ and 𝑙 (Figure 1b).312

For the ST case, 𝐾𝑚 = 𝐾𝑚𝐿 , and 𝐾 𝑠𝑚 is irrelevant due to the zero Stokes drift shear. We find for313

the stability functions 𝜙𝑚 and 𝜙𝑠 based on the model-derived 𝐾𝑚 and 𝐾𝑠314

𝜙𝑚,𝑠 =
𝜅𝑧𝑢∗
𝐾𝑚,𝑠

=
1

𝐹̃𝑚,𝑠 (0)
𝜅𝑧

𝑙
∝ 1+𝐺1

|𝑧 |
𝑙𝑀𝑂

(24)

consistent with the MOST expression (3). This consistency aligns with a previous study (Zheng315

2023), which shows that the MOST stability functions can be numerically solved in a classical316

SMC framework (Kantha and Clayson 1994), expressed in terms of 𝑧/𝑙𝑀𝑂 . The agreement with317

Zheng (2023) suggests that our simplified model successfully captures the fundamental physical318
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Fig. 1. The response of non-dimensional factors to non-dimensional parameters (a) 𝜒 from (15) and (b, c) 𝜂

from (16). These factors are derived based on our simplified model. The results in (a) stem from the numerical

solution of (14) and the results in (b, c) are solved using (17)-(23). When 𝜒, 𝜂 = 0, the results are shown for ST

condition.

307

308

309

310

processes underlying the SMC framework. Since 𝐾𝑚 is a special case of 𝐾𝑚𝐿 , we refer to 𝐾𝑚𝐿 as319

the eddy viscosity hereafter.320

For the LT case, the mixing coefficients retain the form of MOST but exhibit varied responses321

to 𝜂 (Figure 1c). For example, 𝐹̃𝑚 and 𝐹̃𝑠 increase with 𝜂, consistent with the fact that larger322

Stokes drift shear results in enhanced mixing. Conversely, 𝐹̃𝑠𝑚 decreases with 𝜂 due to reduced 𝑢′2.323

The decreased 𝐹̃𝑠𝑚 indicates that as Stokes drift increases, the efficiency of its contribution to the324

turbulent stress decreases. This opposing behavior of 𝐹̃𝑚 and 𝐹̃𝑠𝑚 leads to an increase in 𝐹̃𝑚𝐿 for325

small 𝜂 and a decrease at large 𝜂, overall resulting in relatively small changes of 𝐹̃𝑚𝐿 .326
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Notably, the constants adopted from Brost and Wyngaard (1978) may generate inconsistencies327

in the mixing coefficients. A direct example of this is the Prandtl number, 𝑃𝑟 = 𝐾𝑚𝐿/𝐾𝑠, which is328

approximately 2.6 for the ST case based on the simplified model (Figure 1c). While in MOST, 𝑃𝑟 is329

typically expected to be around 1 (Businger et al. 1971; Högström 1988; Foken 2006). Using (22)330

and (23), we obtain that 𝑃𝑟 = 𝐵2/𝐵1 for 𝜂 = 0, suggesting that the large value of 𝑃𝑟 is likely due331

to the chosen constants. This conclusion is further supported by other SMC models. For instance,332

the model by Kantha and Clayson (1994) uses similar values for 𝐵2 and 𝐵1 to parameterize the333

pressure term in the SMC equations. Our study finds that the inconsistencies in mixing coefficients334

can be effectively addressed by adjusting the value of 𝐵2, a correction that will be discussed in335

more detail in later sections.336

According to (16), each 𝜂-dependent factor, 𝐹̃𝑋 (𝜂), can be expressed in terms of 𝜒, denoted as337

𝐹𝑋 (𝜒). This transformation arises naturally from the direct relationship between 𝜂 and 𝜒. These338

𝜒-dependent factors indicate that mixing coefficients can be expressed as functions of known 𝑢𝑠,339

𝑢∗, and 𝑙 (Figure 1a). Overall, our simplified model elucidates the fundamental characteristics of340

key turbulent variables and mixing coefficients for both ST and LT cases. Notably, heating effects341

in the momentum equations are incorporated solely through the mixing length, indicating that the342

findings of our simplified model are also applicable to neutral cases. In the following sections,343

we will use LES results to validate the assumptions of our simplified model and corroborate its344

findings.345

4. OSBL Response to Diurnal Heating for ST and LT346

In this section, we examine LES results driven by diurnal heating.347

a. Evolution of Velocity, Temperature, and Turbulence348

We first investigate the responses of temperature and velocity to the diurnal heating (Figure 2).349

During this process, the DWL depth is defined as the mixing layer depth ℎ𝑏, where the magnitude350

of turbulent momentum flux |u′
⊥𝑤

′| decreases to 5% of its surface value (i.e., 0.05𝑢2
∗).351

For the ST case, the OSBL rapidly shoals after the heating onset (𝑡 = 0 h) and remains shallow356

and relatively stable throughout the rest of the heating period and into the cooling period (Figure357

2a). This process is consistent with the morning detrainment and afternoon entrainment processes358
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Fig. 2. OSBL evolution for (a, b) temperature, (c, d) along-wind velocity, and (e, f) crosswind velocity for the

(left) ST and (right) LT cases. Red dashed lines represent the LES mixing layer depth ℎ𝑏. The Y-axis is divided

into two regions with distinct scalings, separated by a horizontal black line. The temperature in (a, b) is shown

as the deviation from its initial value. Yellow lines in (a, b) indicate the surface heat flux 𝑄.

352

353

354

355

reported in Large et al. (2021). We define the time of DWL formation as the end of the rapid OSBL359

shoaling, which occurs at approximately 𝑡 = 2 h for the ST case. The formation of the DWL leads360

to significant increases in both temperature and velocity as heat and momentum fluxes are trapped361

within this shallow DWL (Figures 2a,c,e). Moreover, these increased temperature and velocity362

correspond to enhanced stratification and velocity shear compared to the period prior to the DWL363

formation, consistent with earlier observations and model results (e.g., Large et al. 1994; Noh et al.364

2009; Sutherland et al. 2016; Moulin et al. 2018; Hughes et al. 2021).365

For the LT case, the DWL forms ∼ 1 hour later than the ST case (Figure 2b). This delay suggests366

that LT suppresses the DWL formation, aligning with a previous study focusing on strong swell367

conditions (Kukulka et al. 2013). Compared to the ST case, both temperature and velocity in the368

LT case are substantially lower, with smaller vertical gradients (Figure 2). During the DWL period369

(2− 9 h), the time-mean and maximum SST increments for LT are reduced by 63% and 45%,370
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respectively, compared to ST, highlighting the significant impact of LT on the diurnal warming of371

the ocean surface. Additionally, the mean DWL depth for ST is approximately 25% shallower than372

that for LT. These findings suggest that LT moderates ocean surface warming by distributing the373

injected heat flux more uniformly and to greater depths.374

It is worth noting that the differences between the LT and ST cases, evident in the temperature375

and velocity profiles, are to some extent consistent with the assumptions of previous bulk mixed376

layer models. For example, the Price-Weller-Pinkel model, proposed by Price et al. (1986),377

assumes homogeneous properties within the boundary layer, akin to the LT case whose enhanced378

mixing leads to weak stratification and velocity shear. In contrast, the modified Price-Weller-379

Pinkel model (i.e., Fairall et al. 1996) assumes linear decreases in temperature and velocity with380

depth, which is typical of the ST case. Given the good agreement between these layer models and381

observational results, as confirmed in previous studies (e.g., Price et al. 1986; Fairall et al. 1996;382

de Boyer Montégut et al. 2004; Plueddemann and Farrar 2006), this consistency suggests that LT383

effects might be implicitly included in the bulk mixed layer models by defining the profiles of384

properties within the mixed layer.385

To further elucidate the OSBL response to diurnal heating, we examine the evolution of TKE386

and vertical velocity variance 𝑤′2. As shown in Figure 3, TKE and 𝑤′2 decrease after the onset of387

heating due to increased stratification in both ST and LT cases. During the rapid OSBL shoaling,388

TKE and𝑤′2 remain relatively high at greater depths due to earlier cooling. This residual turbulence389

reflects active mixing, which counteracts heating-induced restratification and delays the formation390

of the DWL. Furthermore, the higher TKE and 𝑤′2 in the LT case in the cooling period likely391

causes a longer delay in DWL formation compared to the ST case.392

During the DWL period,𝑤′2 in the LT case is approximately 3 to 4 times larger than in the ST case.396

This elevated 𝑤′2 for LT facilitates efficient vertical transport, resulting in weaker stratification.397

Notably, near the ocean surface (|𝑧 | < 3 m), TKE in the LT case shows no significant enhancement398

compared to the ST case and is even lower than its ST value, consistent with findings from the399

simplified model (Figures 1a,b).400
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Fig. 3. The LES evolution of normalized (a,b) TKE 0.5𝑞2/𝑢2
∗ and (c,d) vertical velocity variance 𝑤′2/𝑢2

∗ for

(left) ST and (right) LT cases. The Y-axis is divided into two regions. The red and yellow lines are the same as

those in Figure 2.

393

394

395

b. Responses of 𝐾𝑠 and 𝐾𝑚𝐿 to Diurnal Heating401

To better understand the limitations of current OSBL parameterizations during diurnal heating,402

we investigate the evolution of eddy viscosity (8) and diffusivity (7) for ST and LT (Figure 4). For403

most of the heating period, these mixing coefficients inversely correlate with𝑄. Additionally, they404

increase with depth near the surface, consistent with MOST scaling.405

During the rapid shoaling of the OSBL, these coefficients remain significant due to the devel-406

opment of turbulence, particularly at greater depths. Shortly after the onset of heating, 𝐾𝑠 briefly407

becomes negative due to the lag between the turbulence response and changes in temperature408

gradients. Specifically, penetrative solar radiation induces positive temperature gradients, while409

the turbulent heat flux, −𝜃′𝑤′, remains negative due to its relatively slow response. These findings410

highlight the challenges in predicting this evolution based on parameterization, as previously re-411

ported by Large et al. (2019b). However, this period is typically brief and occurs only during the412

early heating phase, accompanied by negligible changes in temperature and velocity, as shown in413

Figure 2.414

Figure 4 reveals clear differences in mixing coefficients between the ST and LT cases. In the LT419

case, 𝐾𝑚𝐿 and 𝐾𝑠 exceed their ST counterparts, reflecting enhanced mixing driven by LT. These420
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Fig. 4. (a) Eulerian eddy viscosity 𝐾𝑚 and (b) eddy diffusivity 𝐾𝑠 for ST and (c) Lagrangian eddy viscosity

𝐾𝑚𝐿 and (d) eddy diffusivity 𝐾𝑠 for LT calculated by LES results. Color scales are shown in logarithmic form.

Only values at depths above ℎ𝑏 and positive values are shown. Red and yellow lines are the same as those in

Figure 2.

415

416

417

418

larger values of 𝐾𝑚𝐿 and 𝐾𝑠 are consistent with the results of the simplified model that 𝐹̃𝑚𝐿 and 𝐹̃𝑠421

are smallest for the ST case (Figure 1).422

To further investigate the differences between ST and LT, we calculate the turbulent Prandtl423

number (𝑃𝑟 = 𝐾𝑚𝐿/𝐾𝑠). For ST, 𝑃𝑟 remains approximately constant throughout most of the DWL424

and is close to 1 (Figure 5a), consistent with MOST scaling. In contrast, for LT, 𝑃𝑟 depends425

on both depth and heat flux. At a fixed heat flux, 𝑃𝑟 initially decreases with depth, reaching a426

minimum around 𝑧 = −3 m. At a fixed depth, 𝑃𝑟 correlates with the heat flux. While previous427

parameterizations for LT often consider 𝑃𝑟 = 1 when utilizing Lagrangian velocity eddy viscosity,428

these results highlight the need for additional focus on the variability of 𝑃𝑟 induced by LT effects.429

Notably, since 𝐾𝑚𝐿 is used to calculate 𝑃𝑟 , the small 𝑃𝑟 observed in LT is primarily due to the430

Stokes drift shear, which is independent of the flow field (Large et al. 2019a). This small value431

does not imply that momentum mixes less than heat.432

Our simplified model qualitatively explains the 𝑃𝑟 differences between the ST and LT cases.436

According to (22) and (23), the simplified model predicts that 𝑃𝑟 is constant for ST and increases437

with 𝜂 for LT. Figure 5c shows that 𝜂, which is based on LES results, increases away from the438

surface, further supporting the predictions of the simplified model. Using this LES-derived 𝜂, we439
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Fig. 5. The turbulent Prandtl number 𝑃𝑟 = 𝐾𝑚𝐿/𝐾𝑠 derived from LES results for the (a) ST and (b) LT cases

during the heating period. (c) The non-dimensional factor 𝜂 for the LT case, as derived from LES results. (d) 𝑃𝑟

calculated from the simplified model using (22) and (23), with 𝜂 values derived from LES results in (c).

433

434

435

calculate 𝑃𝑟 for LT based on the simplified model solution (Figure 5d), which qualitatively aligns440

with the LES results. For both ST and LT cases, 𝑃𝑟 from the simplified model is larger than the441

LES results due to the untuned constants in the simplified model.442

c. Budget Analyses for Turbulent Variables443

In the simplified model (Section 3), we only consider the balance of leading-order terms in444

the budgets of TKE and second-moment turbulent variables. To assess the validity of these445

simplifications and to further elucidate the mechanism of turbulence evolution, particularly the446

differences with and without the wave effect, we conduct budget analyses for TKE and turbulent447

fluxes. For clarity, all analyzed budget terms are listed in Table 2.448

Figure 6 shows the evolution of key terms in the TKE budget equation (11). We present each451

term with its corresponding symbol for clarity, shown as:452

0.5
𝜕𝑞2

𝜕𝑡
= 𝑃𝑇𝐾𝐸𝐸 +𝑃𝑇𝐾𝐸𝑆 +𝐵𝑇𝐾𝐸 +𝑇𝑇𝐾𝐸 − 𝜀 + 𝑆𝐺𝑆, (25)

where 0.5𝜕𝑞2/𝜕𝑡 is the TKE temporal changing rate; 𝑃𝑇𝐾𝐸
𝐸

and 𝑃𝑇𝐾𝐸
𝑆

represent TKE production453

from Eulerian velocity shear and Stokes drift shear, respectively; 𝐵𝑇𝐾𝐸 is the buoyancy flux, which454

acts as a sink for TKE under heating conditions; 𝑇𝑇𝐾𝐸 denotes TKE transport; 𝜀 is the TKE455

dissipation; and 𝑆𝐺𝑆 represents the sum of minor subgrid-scale terms (Table 2).456
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Fig. 6. The evolution of TKE budget terms based on LES results, as described in (11): (a, b) TKE changing

rate, (c, d) Eulerian shear production 𝑃𝐸 , (e, f) TKE dissipation rate 𝜀, (g, h) buoyancy term 𝐵, (i, j) gradients

of TKE transport 𝑇 , and (k) Stokes production 𝑃𝑆 for (left) ST and (right) LT. The Y-axis is divided into two

regions, and the red and yellow lines are the same as those in Figure 2. Colors are displayed in logarithmic form

and values smaller than 10−9 are considered as 0.

457

458

459

460

461
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Table 2. A list of budget terms analyzed in Section 4c, including their symbols, mathematical expressions,

descriptions, and corresponding locations.

449

450

Symbol Mathematic Expression Describtion Location of Associated Equation and Figure

𝑃𝑇𝐾𝐸
𝐸

−𝑢′𝑤′ 𝜕𝑢
𝜕𝑧

− 𝑣′𝑤′ 𝜕𝑣
𝜕𝑧

TKE production from Eulerian velocity shear (25), Figure 6

𝑃𝑇𝐾𝐸
𝑆

−𝑢′𝑤′ 𝜕𝑢𝑠
𝜕𝑧

− 𝑣′𝑤′ 𝜕𝑣𝑠
𝜕𝑧

TKE production from Stokes drift velocity shear (25), Figure 6

𝐵𝑇𝐾𝐸 𝛼𝑔𝑤′ 𝜃 ′ Buoyancy flux (25), Figure 6

𝑇𝑇𝐾𝐸 𝜕
𝜕𝑧

(
𝑢′
𝑖
𝑢′
𝑖
𝑤′

2 +𝑤′𝑝′
)

Vertical gradient of TKE transport (25), Figure 6

𝜀 TKE dissipation rate due to molecular viscosity (25), Figure 6

𝑃𝑢𝑤
𝐸

𝑤′𝑤′ 𝜕𝑢
𝜕𝑧

Turbulent stress production from Eulerian velocity shear (26), Figure 7

𝑃𝑢𝑤
𝑆

𝑢′𝑢′ 𝜕𝑢
𝑠

𝜕𝑧
Turbulent stress production from Stokes drift velocity shear (26), Figure 7

𝐵𝑢𝑤 −𝛼𝑔𝑢′ 𝜃 ′ Turbulent stress contribution due to buoyancy (26), Figure 7

Π𝑢𝑤 𝑢′ 𝜕𝑝
′

𝜕𝑧
+𝑤′ 𝜕𝑝′

𝜕𝑥
Turbulent stress contribution due to pressure (26), Figure 7

𝑃𝜃𝑤
𝜃

−𝑤′𝑤′ 𝜕𝜃
𝜕𝑧

Turbulent heat flux production from temperature gradient (27), Figure 8

𝑃𝜃𝑤
𝑆

−𝑢′ 𝜃 ′ 𝜕𝑢𝑠
𝜕𝑧

Turbulent heat flux production from Stokes drift velocity shear (27), Figure 8

𝐵𝜃𝑤 𝛼𝑔𝜃 ′ 𝜃 ′ Turbulent heat flux contribution due to buoyancy (27), Figure 8

Π𝜃𝑤 −𝜃 ′ 𝜕𝑝
′

𝜕𝑧
Heat flux contribution due to pressure (27), Figure 8

For both ST and LT cases, 0.5𝜕𝑞2/𝜕𝑡 is negligible compared to other major terms, except at462

greater depth during the rapid OSBL shoaling (Figures 6a,b). This suggests that turbulence in the463

upper OSBL remains quasi-stationary during diurnal heating, with transient effects only significant464

at greater depths. This quasi-stationary process supports the validity of our simplified model, which465

focuses on the surface layer.466

In the ST case, the primary balance is between 𝑃𝑇𝐾𝐸
𝐸

and −𝜀 (Figures 6c,e). During the heating467

period, the magnitudes of 𝐵𝑇𝐾𝐸 and 𝑇𝑇𝐾𝐸 are approximately one order of magnitude smaller than468

those dominant terms (Figures 6g,i), particularly in the upper DWL. 𝐵𝑇𝐾𝐸 exhibits a convex vertical469

profile due to the penetrative heating (Pearson et al. 2015), with a maximum around 𝑧 = −3 m.470

However, during the detrainment period, 𝐵𝑇𝐾𝐸 becomes a critical sink term for TKE, substantially471

contributing to the decay of turbulence.472

For the LT case, the primary balance is between 𝑃𝑇𝐾𝐸
𝑆

and −𝜀, with 𝑃𝑇𝐾𝐸
𝐸

being significant near473

the surface (Figures 6d,f,k). Furthermore, 𝑃𝑇𝐾𝐸
𝐸

exceeds 𝑃𝑇𝐾𝐸
𝑆

at the base of the DWL for 𝑡 > 6474

h, indicating the dominant role of shear instabilities in the entrainment process, consistent with475
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previous work (Kukulka et al. 2010). Compared to the ST case, 𝐵𝑇𝐾𝐸 and 𝑇𝑇𝐾𝐸 are larger in476

the LT case, suggesting stronger vertical transport due to LT, although still much smaller than the477

dominant terms in the upper OSBL.478

In the ST case, 𝜀 undergoes an enhancement during diurnal heating, which is attributed to the479

increased 𝑃𝑇𝐾𝐸
𝐸

due to increased velocity shear associated with the diurnal jet (Figures 2c,e), con-480

sistent with microstructure observations from Sutherland et al. (2016). However, this enhancement481

in 𝜀 is not observed in the LT case (Figure 6f), which arises from the nearly constant 𝑃𝑇𝐾𝐸
𝑆

because482

of the imposed Stokes drift velocity and the approximately constant turbulent stress (Figure 6k).483

Notably, as heating increases, the changes in 𝑃𝑇𝐾𝐸
𝑆

and 𝑃𝑇𝐾𝐸
𝐸

indicate a decreasing importance of484

LT, consistent with the response of 𝜂 to 𝜒 in the simplified model. Using LES under varying heating485

and LT conditions (Appendix A2), we find that the LT effect varies with heat flux. Specifically,486

for a constant 𝐿𝑎𝑡 , the dominance of Stokes production typically decreases as the normalized MO487

length scale 𝑙𝑀𝑂 𝑓 /𝑢∗ decreases (i.e., under strong heating conditions), indicating a weakening of488

the LT effect.489

Next, we examine the turbulent stress budgets. Since the turbulent stress generally aligns with490

the Lagrangian velocity shear, which is approximately in the along-wind direction, we focus on the491

budget for −𝑢′𝑤′, with its simplified form given by:492

𝜕−𝑢′𝑤′

𝜕𝑡
= 𝑃𝑢𝑤𝐸 +𝑃𝑢𝑤𝑆 +𝐵𝑢𝑤 +Π𝑢𝑤 + 𝑆𝐺𝑆. (26)

where the left-hand side represents the temporal changing rate of turbulent stress; the first four493

terms on the right-hand side correspond to the contributions from Eulerian velocity shear, Stokes494

drift shear, buoyancy, and pressure (as detailed in Table 2); the last term, 𝑆𝐺𝑆, represents the sum495

of subgrid-scale terms and other minor contributions such as those due to Coriolis force.496

Similarly to TKE, the primary production terms for −𝑢′𝑤′ are 𝑃𝑢𝑤
𝐸

in the ST case and 𝑃𝑢𝑤
𝑆

in the497

LT case, both of which are approximately balanced by the pressure term Π𝑢𝑤. Although 𝑃𝑢𝑤
𝐸

in498

the LT case is small near mid-depth of the DWL, it contributes significantly near the surface and at499

the DWL base (Figure 7b). Notably, 𝑃𝑢𝑤
𝐸

below 2 m depth is negative, opposed to 𝑃𝑢𝑤
𝑆

, indicating500

a suppression effect on the turbulent stress development. This negative 𝑃𝑢𝑤
𝐸

may result from the501

non-local transport where 𝜕𝑢/𝜕𝑧 < 0, which induces Eulerian shear opposite the wave direction502
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(McWilliams et al. 2014). Additionally, 𝑃𝑢𝑤
𝐸

becomes positive near the heating peak, as strong503

heating weakens the LT mixing causing the Eulerian velocity to become more sheared.504

Fig. 7. The evolution of budget terms for along-wind momentum flux−𝑢′𝑤′ based on LES results, as described

in (26): (a, b) production term due to Eulerian shear 𝑃𝑢𝑤
𝐸

, (c, d) buoyancy term 𝐵𝑢𝑤 , (e, f) pressure term Π𝑢𝑤 ,

and (g) production term due to Stokes drift shear 𝑃𝑢𝑤
𝑆

for (left) ST and (right) LT. The Y-axis is divided into two

regions, and the red and yellow lines are the same as those in Figure 2. Colors are displayed in logarithmic form

and values smaller than 10−9 are considered as 0.

505

506

507

508

509

Compared to the ST case, 𝐵𝑢𝑤 for the LT case is smaller, which is opposite of what is observed510

for 𝐵𝑇𝐾𝐸 , suggesting that LT leads to weaker turbulent heat transport in the along-wind direction.511

Nevertheless, for both ST and LT, 𝐵𝑢𝑤 remains relatively small compared to the major terms,512

especially near the ocean surface, consistent with the TKE budgets. These small buoyancy terms513

justify neglecting them in equations (12a)-(12c) of the simplified model for near-surface ocean514
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regions. Notably, neglecting buoyancy does not imply that our model ignores heating effects.515

Instead, the heating effect is incorporated into 𝑙 through 𝑙𝑀𝑂 . This approach implicitly captures516

heating effects without explicitly including heat flux terms in the budget, for example, it captures517

the turbulence shutdown due to extreme heating. Specifically, under extremely large heat flux, 𝑙518

becomes very small, leading to large velocity shear and temperature gradients. Since both heat519

flux and momentum flux are finite, this strong shear results in a thinner boundary layer, indicating520

a shutdown of turbulence at deeper positions.521

In addition to dropping the buoyancy terms in the TKE and momentum budget equations, we522

also neglect the buoyancy term in the 𝜃′𝑤′ budget equation, which motivates an analysis of its523

budget. Its original budget equation is shown as:524

𝜕𝜃′𝑤′

𝜕𝑡
= 𝑃𝜃𝑤𝜃 +𝑃𝜃𝑤𝑆 +𝐵𝜃𝑤 +Π𝜃𝑤 + 𝑆𝐺𝑆. (27)

The left-hand side represents the turbulent heat flux temporal changing rate; the first four terms525

on the right-hand side are related to mean temperature shear, Stokes drift shear, buoyancy, and526

pressure (see Table 2); the last term, 𝑆𝐺𝑆, denotes the sum of subgrid-scale terms and other minor527

contributions.528

For the ST case, the primary production term is 𝑃𝜃𝑤
𝜃

, whereas in the LT case, both 𝑃𝜃𝑤
𝜃

and 𝑃𝜃𝑤
𝑆

529

contribute significantly (Figure 8). Notably, 𝑃𝜃𝑤
𝑆

dominates near the surface, while 𝑃𝜃𝑤
𝜃

dominates530

near the DWL base (Figures 8b,d). Although we neglect 𝐵𝜃𝑤 in (12e) in order to derive the solution531

for the SMC model, it is important to note that while 𝐵𝜃𝑤 is smaller than the dominant production532

terms, it is more important than 𝐵𝑢𝑤.533

5. Insights on Mixing Parameterizations539

The above section provides evidence for the applicability of our assumptions underlying the540

simplified SMC model based on LES results and demonstrates qualitative consistency between541

the LES data and the solution from the simplified model. In this section, we further compare the542

results from the simplified model with those of LES to provide insights into surface scaling in the543

presence of LT and heating.544
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Fig. 8. The evolution of budget terms for turbulent heat flux 𝜃′𝑤′ based on LES results, as described in (27):

(a, b) production term due to temperature gradient 𝑃𝜃𝑤
𝜃

, (c, d) buoyancy term 𝐵𝜃𝑤 , (e, f) pressure term Π𝜃𝑤 ,

and (g) production due to Stokes drift shear 𝑃𝜃𝑤
𝑆

for (left) ST and (right) LT. The Y-axis is divided into two

regions, and the red and yellow lines are the same as those in Figure 2. Colors are displayed in logarithmic form

and values smaller than 10−9 are considered as 0.
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538

a. Effects of Penetrative Heating and LT on Mixing Length545

As we prescribe the mixing length 𝑙 in the simplified model, it is necessary to determine a546

reasonable expression for 𝑙 before comparing the results of the simplified model with those of LES.547

According to (12a), we calculate the LES mixing length:548

𝑙 = 𝑐𝜀
𝑞3

𝜀
, (28)
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where 𝑞 and 𝜀 are from LES results. As shown in Figures 3a,b, the LES-derived mixing length,549

denoted as 𝑙𝐿𝐸𝑆, increases with depth and decreases with increasing heating. These trends are550

consistent with 𝑙 from (13) in our simplified model. Within the DWL, 𝑙𝐿𝐸𝑆 for LT is larger than for551

ST, as the LT structure usually generates relatively larger eddies, which are associated with a larger552

mixing length. This suggests a need to consider LT effects when prescribing 𝑙 in the simplified553

model.554

Figures 9c,d show the ratio of 𝑙𝐿𝐸𝑆 to the prescribed 𝑙 using MOST coefficient 𝐺1 = 4.8. For555

both ST and LT cases, 𝑙𝐿𝐸𝑆 is significantly larger than the MOST-based 𝑙, especially near the ocean556

surface, suggesting the influence of other factors on the mixing length in addition to LT. Since557

this deviation is also observed in the ST case, the most likely cause is penetrative heating, where558

the MOST-based 𝑙 is applied under surface heating conditions. As shown in Figures 6g,h, the559

turbulent buoyancy flux 𝐵𝑇𝐾𝐸 exhibits a convex shape with a small magnitude near the surface.560

Therefore, using MOST scaling based on surface heat flux may overestimate the heating effects561

under penetrative heating, leading to an underestimation of 𝑙.562

Fig. 9. The (a,b) mixing length based on LES results, 𝑙𝐿𝐸𝑆 , and the ratio of the LES mixing lengths to (c,d)

the MOST-based mixing length 𝑙 (13) and to (e,f) the modified mixing length 𝑙∗ (29) for the (left) ST and (right)

LT cases.

563

564
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Here, we modify (13) to account for the effects of LT and penetrative heating, resulting in the566

form:567

𝑙∗ =
𝜅 |𝑧 |

1+ 4.8𝑅ℎ |𝑧 |
𝑙𝑀𝑂 (1+𝐿𝑎−2

𝑡 )

, (29)

where 𝑅ℎ represents the reduction in heating effects due to penetrative heat flux (Section 2b), and568

1+𝐿𝑎−2
𝑡 is a factor unifying both ST and LT cases, with a form consistent with Large et al. (2019a).569

To validate the modifications for penetrative heating and LT separately, we assess the modified570

𝑙∗ for penetrative heating by comparing the velocity shear predicted by traditional MOST using571

𝑙∗ with LES results for the ST case. As shown in Figure 10a, the velocity shear predicted by572

traditional MOST aligns with the LES results in terms of evolution, but with larger magnitudes. In573

contrast, the modified MOST, which incorporates penetrative heating, significantly improves the574

prediction (Figure 10b). For the ST case, the average DWL depth is approximately 8 m, with an575

associated 𝑅ℎ value of 0.39 (Figure 10c). The modified MOST captures the substantial reduction576

in the heating effects due to penetrative heating.577

For the assessment of the LT modification, Figures 9e,f compares the ratio of the mixing length581

from LES and the modified mixing length based on (29). Compared to 𝑙 without modification582

(Figures 9c,d), the difference in the ratio between the two cases significantly decreases, indicating583

that the factor 1+ 𝐿𝑎−2
𝑡 successfully accounts for the LT effects. The agreement of 𝑙∗ with 𝑙𝐿𝐸𝑆 is584

much improved, although 𝑙∗ is somewhat smaller. Nevertheless, 𝑙∗ performs well in the subsequent585

scaling of mixing coefficients.586

b. Scaling for Near-surface Eddy Viscosity and Diffusivity587

As suggested in our simplified SMC model, the normalized mixing coefficients can be expressed588

as functions of 𝜂. Using the modified mixing length 𝑙∗, we compare 𝐾𝑚𝐿/(𝑢∗𝑙∗) and 𝐾𝑠/(𝑢∗𝑙∗) in589

the near-surface layer between the results from LES and the simplified model. The near-surface590

layer is defined as |𝑧 | < 0.1ℎ𝑏, consistent with the applicable depth range of MOST. The budget591

analyses have indicated that turbulence in the near-surface layer is in quasi-equilibrium during592

diurnal heating. Therefore, to include a greater range of LT conditions for testing the general593

applicability of our mixing parameterization, we utilize the stationary LES experiments listed in594

Table 2 for this comparison. The first three vertical points near the ocean surface are excluded595
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Fig. 10. Comparison of near-surface velocity shear magnitude between LES-ST and the MOST scaling for (a)

without and (b) with consideration of penetrative effects. (c) Penetrative ratio 𝑅ℎ for different boundary layer

depths.

578

579

580

from the comparison, because small-scale eddies are not sufficiently well resolved very close to596

the boundary.597

The LES-obtained 𝐾𝑚𝐿/(𝑢∗𝑙∗) varies by a factor of 2 with 𝜂 (Figure 11a) but variations are598

significantly smaller than those of 𝐾𝑠 (Figure 11b), suggesting its weak sensitivity to LT effects.599

The relatively small variation in 𝐾𝑚𝐿/(𝑢∗𝑙∗) despite significant changes in Stokes drift shear across600

different LT strengths suggests a compensating effect between Stokes drift shear and Eulerian601

velocity shear in the near-surface layer. In contrast, 𝐾𝑠/(𝑢∗𝑙∗) from LES exhibits significant602

dependence on 𝜂, with maximum values up to four times larger than minimum values (Figure 11b).603

This highlights the pronounced impact of LT on temperature mixing near the ocean surface. Since604

𝜂 reflects the degree of dominance of Stokes drift shear, the result suggests that when Stokes drift605

shear is sufficiently strong, LT drives mixing, even in the presence of strong stratification.606
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Fig. 11. Comparison of normalized (left) Lagrangian eddy viscosity 𝐾𝑚𝐿/(𝑢∗𝑙∗) and (right) eddy diffusivity

𝐾𝑠/(𝑢∗𝑙∗) for surface layer (|𝑧 | < 0.1ℎ𝑏) between LES results (points) and solution based on the simplified model

(lines). The comparison is shown in terms of (top) 𝜂, as described in (16), and (bottom) 𝜒, as described in (15).

Colors of the points indicate simulations driven by wind speeds of 5 m/s (purple) and 7 m/s (green). Lines in (a)

and (b) are solutions of (23) and (22), respectively, and lines in (c) and (d) are the same solution by expressing 𝜂

with 𝜒 through (16). Notably, we adjust 𝐵1 to 0.51 in the simplified model to set 𝑃𝑟 = 1 for ST.

607

608

609

610

611

612

The dependence of the ratio of 𝐾𝑚𝐿 to 𝑢∗𝑙∗ and the ratio of 𝐾𝑠 to 𝑢∗𝑙∗ on 𝜂 is both qualitatively613

and quantitatively consistent with the relationships derived from the simplified model (Figures614

11a,b). Given the varying LT conditions used in these comparisons, the consistency between LES615

results and the prediction from simplified model further validates the approach for incorporating616

LT into the mixing length, as shown in (29). Surprisingly, the simplified model for 𝐹̃𝑚𝐿 , using the617

constants from Brost and Wyngaard (1978), aligns well with the LES results. Given this strong618

agreement, we adjust the value of 𝐵1 to 0.51 in 𝐹̃𝑠 to match the ST condition with 𝑃𝑟 = 1, which619

also aligns well with LES results.620

As shown in (16), 𝜂 is a function of 𝜒, which is expressed in terms of known variables.621

Accordingly, we compare the non-dimensional mixing coefficients as function of 𝜒 (Figures 11c,d).622
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The results based on 𝜒 are in good agreement with the LES results, indicating the feasibility of near-623

surface scaling derived from known forcing inputs. This agreement also highlights the dependence624

of these scalings on the Stokes drift profiles.625

To further assess the scaling from the simplified model, we compare its predicted temperature626

gradient based on different scalings with the LES results. Considering penetrative heating, we627

assume −𝜃′𝑤′ + 𝐼 (𝑧)/(𝜌𝐶𝑝) ≈ 𝑄/(𝜌0𝐶𝑝) in the near-surface layer. The temperature gradient is628

then calculated as:629

𝜕𝜃

𝜕𝑧
=
𝐼0 − 𝐼 (𝑧)
𝜌𝐶𝑝𝐾𝑠

. (30)

As shown in Figure 12, the prediction based on the simplified model scaling exhibits the best630

agreement with LES results. In contrast, prediction using traditional MOST scaling typically631

overestimates the temperature gradient by a factor of 4− 5. Although including modifications632

for penetrative heating reduces this overestimation, the results remain significantly larger than633

those from LES. Therefore, these results demonstrate the applicability of the simplified model and634

highlight the importance of accounting for LT effects in DWLs. Notably, the expressions for the635

mixing coefficients in the simplified model do not include Coriolis effects, consistent with our636

results in Appendix A1 that the Coriolis effects are small within the near-surface layer. However,637

for the parameterization of deeper depths, Coriolis effects may play an important role in the profiles638

of mixing coefficients (Schmitt et al. 2024).639

6. Conclusion645

In this study, we use large eddy simulations (LES) to investigate the heated ocean surface646

boundary layer (OSBL) under the influence of Langmuir turbulence (LT) and evaluate a vertical647

mixing scheme derived from a simplified second-moment closure (SMC) model.648

Driven by diurnal heating, LES results show that the diurnal warm layer (DWL) develops649

following a rapid shoaling of the ocean surface boundary layer (OSBL) after heating begins. Once650

formed, the DWL traps heat, intensifying OSBL stratification and impeding downward momentum651

fluxes, thereby sustaining a shallow, stable layer through the cooling phase. LT strongly influences652

DWL evolution by enhancing mixing. For example, the formation of DWL takes longer with LT653

than with shear turbulence (ST, i.e., without waves). Furthermore, LT-induced mixing reduces654

stratification and velocity shear within the DWL, resulting in lower sea surface temperature and655
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Fig. 12. Comparison of temperature gradient for surface layer (|𝑧 | < 0.1ℎ𝑏) between LES results and scaling

predictions based on different diffusivity scalings: modified MOST scaling considering LT and penetrative

heating effects 𝐾𝑠 = 0.72𝐹𝑠/𝐹𝑠 (0)𝑢∗𝑙∗ (purple points), modified MOST scaling only considering penetrative

heating effect 𝐾𝑠 = 𝑢∗ 𝜅 |𝑧 |
1+ 4.8𝑅ℎ |𝑧 |

𝑙𝑀𝑂

(red points), and traditional MOST scaling 𝐾𝑠 = 𝑢∗ 𝜅 |𝑧 |
1+ 4.8|𝑧 |
𝑙𝑀𝑂

. Black line indicates

𝑦 = 𝑥.

640

641

642

643

644

velocity compared to the ST case. Additionally, the inclusion of Stokes drift shear decreases the656

turbulent Prandtl number for LT relative to ST, highlighting the need for distinct parameterizations657

of Lagrangian eddy viscosity and diffusivity.658

Budget analyses of various turbulent variables are conducted to investigate their evolution. The659

turbulent kinetic energy (TKE) budget analysis indicates that turbulence in the DWL adjusts660

rapidly to diurnal heating, suggesting quasi-equilibrium turbulence. Non-equilibrium turbulence661

primarily occurs during the initial phase of heating and at greater depths, with insignificant impact662

on the change of surface velocity and temperature. In the near-surface layer, where Monin-663
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Obukhov similarity theory (MOST) is typically applied, buoyancy contributions are relatively664

small compared to the primary budget terms due to penetrative heating. LT exerts a significant665

influence on these turbulence budgets. For instance, in the ST case, increased velocity shear666

enhances TKE Eulerian production and dissipation, which does not occur in the LT case due to the667

dominance of Stokes production. Similarly, Stokes production dominates the budgets for turbulent668

stress and heat flux, altering the dynamics of these turbulent variables, as also noted in previous669

studies (e.g., Harcourt 2013; Pearson et al. 2015; Wang and Kukulka 2021).670

Building on the LES findings, we propose a simplified SMC model for the near-surface layer,671

retaining only the leading-order terms and incorporating a mixing length parameter to account for672

heating effects. The mixing length is derived from MOST with modifications to capture LT and673

penetrative heating effects, informed by LES results. A key outcome of this model is the extension674

of traditional MOST to LT conditions, expressed explicitly through the non-dimensional parameter675

𝑙
𝑢∗
𝜕𝑢𝑠

𝜕𝑧
. The solutions of the simplified model effectively explain LES-observed phenomena, such as676

LT-induced turbulence anisotropy and variations in the turbulent Prandtl number. Furthermore, the677

near-surface scaling guided by the simplified model successfully reproduces the LES results under678

a wide range of heating and LT conditions, addressing the consistent overestimation of stratification679

near the surface observed in traditional MOST scaling.680

Recently, several studies have led to comprehensive modifications of the K-profile parameteri-681

zation model, incorporating the effects of LT (Large et al. 2019a,b, 2021). These modifications682

include surface scaling, non-local transport, and entrainment/detrainment processes, advocating683

for separate treatments of these distinct processes. Unlike previous LT parameterizations, our684

research demonstrates the dependence of near-surface layer scaling on a non-dimensional param-685

eter explicitly expressed by Stokes drift shear. This finding enhances the understanding of OSBL686

dynamics. The incorporation of this new non-dimensional parameter into OSBL parameterization687

is poised to improve the accuracy of future models, offering more precise predictions of ocean688

mixing processes and their interaction with atmospheric forcing.689
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APPENDIX701

A1. Influence of Coriolis Force on DWL702

In this study, most simulations are conducted at mid-latitudes with Coriolis parameter 𝑓 =703

0.0001 1/s (Table 1). However, recent studies indicate the critical role of the Coriolis force in704

determining the depth and parameterization of the DWL (Noh and Choi 2018; Wang et al. 2023;705

Schmitt et al. 2024). However, the scaling of mixing coefficients developed in this study focuses on706

the near-surface layer, where MOST is typically applicable. Therefore, we conducted sensitivity707

tests for different Coriolis parameters and found that the Coriolis effects on the near-surface layer are708

negligible. Figure A1 demonstrates that the vertical gradients of temperature and velocity, along709

with their associated mixing coefficients, are largely independent of variations in the Coriolis710

parameter. This limited influence can be attributed to the small length scale and large velocity711

scale in this region, leading to a large Rossby number, which renders the Coriolis force’s effect712

negligible.713

A2. Weakening LT due to Strong Heating719

Both the simplified SMC model and transient LES results imply that strong heating may weaken720

the LT effects. Here we investigate this LT weakening based on stationary LES results, which721
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Fig. A1. Profiles of (a) Eulerian velocity shear magnitude, (b) temperature gradient, (c) Lagrangian eddy

viscosity 𝐾𝑚𝐿 , and (d) eddy diffusivity 𝐾𝑠 under low (red line), middle (blue line), and high (green line) latitudes.

Profiles are based on stationary LES results driven by constant forcing (𝑢∗ = 0.0061 m/s, 𝐿𝑎𝑡 = 0.3, 𝑄 = 500

W/m2). Horizontal lines indicate the mixing layer depths (dashed line) and their 10% positions (dash-dotted

line).

714

715

716

717

718

provide a wider range of LT conditions. We quantify the dominance of LT by calculating the ratio722

of Stokes drift production to total TKE production integrated over the mixing layer, denoted as723

𝑅𝑇𝐾𝐸 =

∫ 0
−ℎ𝑏 𝑃

𝑇𝐾𝐸
𝑆

𝑑𝑧∫ 0
−ℎ𝑏 (𝑃

𝑇𝐾𝐸
𝐸

+𝑃𝑇𝐾𝐸
𝑆

)𝑑𝑧
. (A1)

Figure A2 shows that for increasing heating (decreasing 𝑙𝑀𝑂/(𝑢∗/ 𝑓 )), 𝑅𝑇𝐾𝐸 decreases at constant724

𝐿𝑎𝑡 , indicating that the relative LT strength decreases for strong heating. The change of 𝑅𝑇𝐾𝐸725

is primarily due to the heating-induced jets. Increased heating typically results in shallower and726

more stratified surface layers, which restrict the vertical mixing, yielding more sheared jets. This727

enhanced shear amplifies 𝑃𝑇𝐾𝐸
𝐸

, thereby reducing the relative contribution of 𝑃𝑇𝐾𝐸
𝑆

, manifesting as728

LT weakening. Note also that Stokes drift shear production over the OSBL happens in a shallower729

DWL, which also contributes to reduced LT effects (Harcourt and D’Asaro 2008; Kukulka and730

Harcourt 2017).731
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Fig. A2. Distribution of integrated TKE production ratio of Stokes production to total production 𝑅𝑇𝐾𝐸 as a

function of the normalized MO length scale and turbulent Langmuir number 𝐿𝑎𝑡 .

732
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Högström, U., 1988: Non-dimensional wind and temperature profiles in the atmospheric surface775

layer: A re-evaluation. Topics in micrometeorology. A Festschrift for arch dyer, 55–78.776

Hughes, K. G., J. N. Moum, and E. L. Shroyer, 2020a: Evolution of the velocity structure in the777

diurnal warm layer. Journal of Physical Oceanography, 50 (3), 615–631.778

Hughes, K. G., J. N. Moum, and E. L. Shroyer, 2020b: Heat transport through diurnal warm layers.779

Journal of Physical Oceanography, 50 (10), 2885–2905.780

Hughes, K. G., J. N. Moum, E. L. Shroyer, and W. D. Smyth, 2021: Stratified shear instabilities in781

diurnal warm layers. Journal of Physical Oceanography, 51 (8), 2583–2598.782

Kantha, L. H., and C. A. Clayson, 1994: An improved mixed layer model for geophysical applica-783

tions. Journal of Geophysical Research: Oceans, 99 (C12), 25 235–25 266.784

Kantha, L. H., and C. A. Clayson, 2004: On the effect of surface gravity waves on mixing in the785

oceanic mixed layer. Ocean Modelling, 6 (2), 101–124.786

Kawai, Y., and A. Wada, 2007: Diurnal sea surface temperature variation and its impact on the787

atmosphere and ocean: A review. Journal of oceanography, 63 (5), 721–744.788

Kukulka, T., and R. R. Harcourt, 2017: Influence of stokes drift decay scale on langmuir turbulence.789

Journal of Physical Oceanography, 47 (7), 1637–1656.790

Kukulka, T., K. L. Law, and G. Proskurowski, 2016: Evidence for the influence of surface heat791

fluxes on turbulent mixing of microplastic marine debris. Journal of Physical Oceanography,792

46 (3), 809–815.793

Kukulka, T., A. J. Plueddemann, and P. P. Sullivan, 2013: Inhibited upper ocean restratification in794

nonequilibrium swell conditions. Geophysical Research Letters, 40 (14), 3672–3676.795

40



Kukulka, T., A. J. Plueddemann, J. H. Trowbridge, and P. P. Sullivan, 2010: Rapid mixed layer796

deepening by the combination of langmuir and shear instabilities: A case study. Journal of797

Physical Oceanography, 40 (11), 2381–2400.798

Large, W. G., J. C. McWilliams, and S. C. Doney, 1994: Oceanic vertical mixing: A review and a799

model with a nonlocal boundary layer parameterization. Reviews of geophysics, 32 (4), 363–403.800

Large, W. G., E. G. Patton, A. K. DuVivier, P. P. Sullivan, and L. Romero, 2019a: Similarity theory801

in the surface layer of large-eddy simulations of the wind-, wave-, and buoyancy-forced southern802

ocean. Journal of Physical Oceanography, 49 (8), 2165–2187.803

Large, W. G., E. G. Patton, and P. P. Sullivan, 2019b: Nonlocal transport and implied viscosity804

and diffusivity throughout the boundary layer in les of the southern ocean with surface waves.805

Journal of Physical Oceanography, 49 (10), 2631–2652.806

Large, W. G., E. G. Patton, and P. P. Sullivan, 2021: The diurnal cycle of entrainment and807

detrainment in les of the southern ocean driven by observed surface fluxes and waves. Journal808

of Physical Oceanography, 51 (10), 3253–3278.809

Li, Q., and B. Fox-Kemper, 2017: Assessing the effects of langmuir turbulence on the entrainment810

buoyancy flux in the ocean surface boundary layer. Journal of Physical Oceanography, 47 (12),811

2863–2886.812

McWilliams, J. C., E. Huckle, J. Liang, and P. P. Sullivan, 2014: Langmuir turbulence in swell.813

Journal of physical oceanography, 44 (3), 870–890.814

McWilliams, J. C., E. Huckle, J.-H. Liang, and P. P. Sullivan, 2012: The wavy ekman layer:815

Langmuir circulations, breaking waves, and reynolds stress. Journal of Physical Oceanography,816

42 (11), 1793–1816.817

McWilliams, J. C., and P. P. Sullivan, 2000: Vertical mixing by langmuir circulations. Spill Science818

& Technology Bulletin, 6 (3-4), 225–237.819

McWilliams, J. C., P. P. Sullivan, and C.-H. Moeng, 1997: Langmuir turbulence in the ocean.820

Journal of Fluid Mechanics, 334, 1–30.821

41



Min, H. S., and Y. Noh, 2004: Influence of the surface heating on langmuir circulation. Journal of822

physical oceanography, 34 (12), 2630–2641.823

Moeng, C.-H., 1984: A large-eddy-simulation model for the study of planetary boundary-layer824

turbulence. Journal of the Atmospheric Sciences, 41 (13), 2052–2062.825

Monin, A., and A. Obukhov, 1954: Osnovnye zakonomernosti turbulentnogo peremeshivanija v826

prizemnom sloe atmosfery (basic laws of turbulent mixing in the atmosphere near the ground).827

Trudy geofiz. inst. AN SSSR, 24 (151), 163–187.828

Moulin, A. J., J. N. Moum, and E. L. Shroyer, 2018: Evolution of turbulence in the diurnal warm829

layer. Journal of Physical Oceanography, 48 (2), 383–396.830

Noh, Y., and Y. Choi, 2018: Comments on “langmuir turbulence and surface heating in the ocean831

surface boundary layer”. Journal of Physical Oceanography, 48 (2), 455–458.832

Noh, Y., G. Goh, S. Raasch, and M. Gryschka, 2009: Formation of a diurnal thermocline in the833

ocean mixed layer simulated by les. Journal of Physical oceanography, 39 (5), 1244–1257.834

Paulson, C. A., and J. J. Simpson, 1977: Irradiance measurements in the upper ocean. Journal of835

Physical Oceanography, 7 (6), 952–956.836

Pearson, B. C., A. L. Grant, J. A. Polton, and S. E. Belcher, 2015: Langmuir turbulence and837

surface heating in the ocean surface boundary layer. Journal of Physical Oceanography, 45 (12),838

2897–2911.839

Plueddemann, A., and J. Farrar, 2006: Observations and models of the energy flux from the wind840

to mixed-layer inertial currents. Deep Sea Research Part II: Topical Studies in Oceanography,841

53 (1-2), 5–30.842

Plueddemann, A. J., J. A. Smith, D. M. Farmer, R. A. Weller, W. R. Crawford, R. Pinkel, S. Vagle,843

and A. Gnanadesikan, 1996: Structure and variability of langmuir circulation during the surface844

waves processes program. Journal of Geophysical Research: Oceans, 101 (C2), 3525–3543.845

Price, J. F., R. A. Weller, and R. Pinkel, 1986: Diurnal cycling: Observations and models of the846

upper ocean response to diurnal heating, cooling, and wind mixing. Journal of Geophysical847

Research: Oceans, 91 (C7), 8411–8427.848

42



Prytherch, J., J. T. Farrar, and R. A. Weller, 2013: Moored surface buoy observations of the diurnal849

warm layer. Journal of Geophysical Research: Oceans, 118 (9), 4553–4569.850

Reichl, B. G., D. Wang, T. Hara, I. Ginis, and T. Kukulka, 2016: Langmuir turbulence parameter-851

ization in tropical cyclone conditions. Journal of Physical Oceanography, 46 (3), 863–886.852

Schmitt, M., H. Pham, S. Sarkar, K. Klingbeil, and L. Umlauf, 2024: Diurnal warm layers853

in the ocean: Energetics, nondimensional scaling, and parameterization. Journal of Physical854

Oceanography, 54 (4), 1037–1055.855

Skyllingstad, E. D., and D. W. Denbo, 1995: An ocean large-eddy simulation of langmuir circu-856

lations and convection in the surface mixed layer. Journal of Geophysical Research: Oceans,857

100 (C5), 8501–8522.858

Soloviev, A., and R. Lukas, 1997: Observation of large diurnal warming events in the near-surface859

layer of the western equatorial pacific warm pool. Deep Sea Research Part I: Oceanographic860

Research Papers, 44 (6), 1055–1076.861

Soloviev, A., and R. Lukas, 2013: The near-surface layer of the ocean: structure, dynamics and862

applications, Vol. 48. Springer Science & Business Media.863

Sullivan, P. P., J. C. McWilliams, and C.-H. Moeng, 1996: A grid nesting method for large-eddy864

simulation of planetary boundary-layer flows. Boundary-Layer Meteorology, 80 (1), 167–202.865
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