STABLE EQUIVALENCE RELATIONS ON 4-MANIFOLDS
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ABSTRACT. Kreck’s modified surgery gives an approach to classifying smooth 2n-manifolds up to
stable diffeomorphism, i.e. up to connected sum with copies of S™ x S™. In dimension 4, we use a
combination of modified and classical surgery to study various stable equivalence relations which
we compare to stable diffeomorphism. Most importantly, we consider homotopy equivalence up
to stabilisation with copies of S2 x S2.

As an application, we show that closed oriented homotopy equivalent 4-manifolds with abelian
fundamental group are stably diffeomorphic. We give analogues of the cancellation theorems of
Hambleton—Kreck for homotopy equivalence up to stabilisations. Finally, we give a complete al-
gebraic obstruction to the existence of closed smooth 4-manifolds which are homotopy equivalent
but not simple homotopy equivalent up to connected sum with S2 x S2.

1. INTRODUCTION

Surgery theory, as developed by Browder, Novikov, Sullivan, Wall and others, gives a method
for determining when two closed n-manifolds which are (simple) homotopy equivalent are actually
diffeomorphic. These methods work well when n > 5. For n = 4, they break down in the smooth
category by Donaldson [Don87] but work in the topological category over good fundamental groups
by Freedman [Fre82, FQ90]. Kreck’s modified surgery [Kre99] is a method to classify manifolds up
the weaker notion of stable diffeomorphism. This applies in dimension 4, where two closed smooth
4-manifolds M, M’ are stably diffeomorphic if there exist k, k' > 0 and a diffeomorphism

M#k(S? x S?) = M'#K'(S? x S?).

The aim of this article is to introduce a wider range of stable equivalence relations on 4-manifolds
which can be studied using modified surgery. By [Kre99, Theorem C], two closed oriented smooth
4-manifolds M, M’ are stably diffeomorphic if and only if they have the same normal 1-type £: B —
BSO and they admit normal 1-smoothings as, Uas such that (M, vy), (M, 7y) are equal in the
group €24(&) of bordisms over & (see Section 2). Teichner [Tei92, Theorem 3.1.1] constructed a
spectral sequence converging to €4(€) which, in the case when M is almost spin, i.e. its universal
cover M is spin, has E2-term E2 = Hy(m; Qgpin) where m = w1 (M). It induces a filtration

16Z = HO(W;Qipin) =Fo4 < Fro < F31 < Fyo = Q4(§),

where there is no Fj s-term since Qgpin = 0. For a subgroup A < Q4(§) we say that M, M’ are
&-bordant mod A if there exist normal 1-smoothings Vs, Vass such that [(M, var)]—[(M',vp0)] € A.

Our main result establishes a correspondence between geometrically defined stable equivalence
relations and &-bordism mod A.

Theorem A. Let M, M’ be closed, oriented, almost spin, smooth 4-manifolds with normal 1-type
& = &(m,w). For each subgroup A < Q4(€) listed below, the manifolds M and M’ are &-bordant
mod A if and only if they are related by the geometric equivalence relation on the right.

(i) 0 < Stable diffeomorphism

(i) Foa <+ There exist simply connected spin 4-manifolds L,L'
such that M#L 2 M'#L'

(ii)  [ker(k§) Nker(w —~ —)] Simple homotopy equivalence up to stabilisations by S* x S?

(iv)  [ker(x}) Nker(w —~ —)]

(v) P2

T e

Homotopy equivalence up to stabilisations by S? x S?

T

There exist k, k' > 0 and a 2-connected degree one mormal
map f: M#k(S? x §%) — M'#K'(S? x S?)

(vi) F3.1 <+ There exist simply connected 4-manifolds K,K' such
that M#K = M'#K'.
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Here w3, kB : Ho(m;Z/2) — L5(Zn) denote the components of the surgery assembly maps and
[-] is the composition Ha(m; Z/2) = E3 5 — E5% — Fap < Q4(€) (see Section 2 for further details).

Remark 1.1. (a) Let M, M’ be manifolds as in Theorem A but not almost spin, i.e. the universal
covers are not spin. Then several of the geometric equivalence relations agree and otherwise
the difference is determined by the signatures. More specifically, we have:

(1) M and M’ are stably diffeomorphic if and only if they are (simple) homotopy equivalent.

(2) There exists a 2-connected degree one normal map f: M#k(S%xS?) — M'#k'(S?x52) for
some k, k" > 0 if and only if there exist simply connected spin 4-manifolds L, L’ such that
M#L = M'#L'. If so, M and M’ are stably diffeomorphic if and only if (M) = o(M’).

(3) If there exist simply connected 4-manifolds K, K’ such that M#K = M'#K’, then K and
K’ can be chosen to be spin if and only if (M) = o(M’) mod 8.

This follows from [Kre99, Theorem CJ, see also [KPT22, Lemma 2.1].

(b) We also prove a version of the theorem in the topological category (see Theorem 3.2).

(c) We can always take k' = 0 in (v) since the collapse map M'#k’(S? x S?) — M’ is a 2-connected
degree one normal map. It is also not immediately obvious that the geometric relation in (v)
is actually an equivalence relation. Whilst this is implied by the statement above, we check
this directly in Remark 3.3.

(d) The geometric interpretations of Fp 4 and Fs; follow directly from Kreck’s modified surgery
theory. In fact, the stable equivalence relation corresponding to F3; coincides with CP%-
stable diffeomorphism which was studied in [KPT22]. In the case of 2-dimensional fundamen-
tal groups, a connection between ker(kz) and 24(§) was previously established in [HKTO09,
Lemma 5.11]. The geometric interpretation of Iy 5 is new.

It was shown by Gompf [Gom84] that two closed oriented smooth 4-manifolds are stably home-
omorphic if and only if they are stably diffeomorphic. This equivalence relation also coincides with
being stably h-cobordant and stably s-cobordant by results of Wall [Wal64] and Lawson [Law78]
(see also [KPR22, Theorem 3.4]).

If = is an equivalence relation on closed 4-manifolds, then write =5 for the corresponding stable
equivalence relation, i.e. M =5 M’ if M#a(S? x S%) = M'#b(S? x S?) for some a,b > 0. We
refer to ~* (resp. ~5') as (simple) homotopy equivalent up to stablisation. We have intentionally
avoided use of the term ‘stably homotopy equivalent’ in order to avoid confusion with notions from
stable homotopy theory. Let =, denote homeomorphism. Then =" (resp. =) denotes stable
diffeomorphism (resp. homeomorphism), which coincide for closed oriented smooth 4-manifolds.

The proof of Theorem A involves a mixture of techniques from both surgery and modified
surgery. The geometric interpretation of Fh 5 in terms of degree one normal maps is used to
establish the interpretations of [ker(x3)] and [ker(x%)] (see Section 3).

1.1. Comparison between stable equivalence relations. Stable diffeomorphism has for ex-
ample been studied in [Tei92, HKT09, KLPT17]. From these references it follows that {-bordism
mod A is different for A = 0, Fy 4, Fa o, F51 and Fyg (see, for example, [Tei92, Theorem 4.4.9]).
For the other equivalence relations coming from Theorem A, we have:

stable diffeomorphism (=) simple homotopy equivalence homotopy equivalence up
(¢ stable homeomorphism (24 )) up to stablisations (~5') to stablisations (~5")

for closed oriented smooth 4-manifolds.

We will now consider the extent to which these equivalence relations coincide. In order to study
the difference between homotopy equivalence up to stabilisation and stable homeomorphism, we
will make the following definition.

Definition 1.2. A group 7 satisfies stable rigidity if any two closed oriented smooth homotopy
equivalent 4-manifolds M, M’ with fundamental group 7 are stably diffeomorphic.

Remark 1.3. This is equivalent to the same definition with ‘homotopy equivalent’ replaced by
‘homotopy equivalent after stabilisations’. In particular, 7 satisfies stable rigidity if and only if the
three stable equivalence relations coincide for 4-manifolds with fundamental group .

It follows from Theorem A that if s} is injective for a group 7, then 7 is stably rigid. This

recovers a result of Davis [Dav05, Theorem 1.4]. In general however, k} is not injective and
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Teichner gave examples of pairs of smooth manifolds with quaternionic [Tei92, Example 5.2.4] or
infinite dihedral fundamental group [Tei97, Proposition 3] that are homotopy equivalent but not
stably diffeomorphic. While s is not injective for abelian groups in general, we use Theorem A
together with known calculations of the assembly map to show the following.

Theorem B. If 7 is a finitely generated abelian group, then m satisfies stable rigidity. That is, if
M, M’ are two closed oriented smooth homotopy equivalent 4-manifolds with abelian fundamental
groups, then M, M’ are stably diffeomorphic.

Equivalently, homotopy equivalence up to stabilisations coincides with stably diffeomorphism
for closed oriented smooth 4-manifolds whose fundamental group is abelian. This can be viewed
as a generalisation of the result of Gompf [Gom84] stated above.

We will also consider the case where 7 is a finite group whose Sylow 2-subgroup is cyclic, quater-
nionic, dihedral, semi-dihedral or modular maximal-cyclic (see Section 4 for precise definitions).
The first four classes are the so-called basic groups. They have special significance in surgery
theory as basic subquotients determine surgery obstructions in the p-decorated L-groups Lf(Zm)
(see [HMS8O0, Section 2] and [HM93, Theorem A]). We completely determine which of these groups
satisfy stable rigidity in Section 4.

We will next consider the difference between simple homotopy equivalence up to stablisations
and homotopy equivalence up to stablisations. As in Remark 1.3, we would equivalently like to
know whether homotopy equivalence implies simple homotopy equivalence up to stabilisations.
The following reduces the existence of such examples to a problem concerning x5 and 4.

Theorem C. There exist closed oriented smooth 4-manifolds M, M’ that are homotopy equivalent
but not simple homotopy equivalent up to stabilisations if and only if there exists a finitely presented
group T with ker(k3) # ker(k}) C Ho(m;7/2).

Remark 1.4. If ker(k3) # ker(kk) for a group =, then the closed oriented smooth 4-manifolds
M, M’ constructed in the proof take a very particular form and have fundamental group m * 7.
It might not always be possible to find M, M’ with fundamental group w. This is because to
apply Theorem A it does not suffice to have ker(k3) # ker(x%) but we need the existence of a
w € H'(m;Z/2) such that

[ker(k3) Nker(w —~ —)] # [ker(kh) Nker(w ~ =)] < Qu(&(m, w)).

On the other hand, the proof can be used to construct topological 4-manifolds with fundamental
group 7 that are homotopy equivalent but not simple homotopy equivalent up to stabilisations.

Examples of closed topological 4-manifolds which are homotopy equivalent but not simple ho-
motopy equivalent were found only recently [NNP23]. It is currently open whether or not there
exist closed smooth 4-manifolds which are homotopy equivalent but not simple homotopy equiva-
lent. The above shows that examples exist provided there exists a group 7 with ker(x$) # ker(x%).
We therefore ask the following question.

Question 1.5. Does there exist a finitely presented group 7 such that ker(x3) # ker(x%)?!
We resolve this negatively for several classes of groups and thereby obtain the following result.

Theorem 1.6. Let w be a finitely generated abelian group or a finite group whose Sylow 2-subgroup
is abelian, basic, modular mazimal-cyclic, or of order at most 16. Then ker(x3) = ker(x%). In par-
ticular, closed, oriented, smooth 4-manifolds M, M’ with fundamental group ™ which are homotopy
equivalent are simple homotopy equivalent up to stabilisations.

1.2. Comparison between stable and unstable equivalence relations. Kreck’s modified
surgery makes it possible to classify closed oriented smooth 4-manifolds up to stable diffeomor-
phism (or equivalently stable homeomorphism) over special choices of fundamental group 7. By
Theorem A, the same can be said for (simple) homotopy up to stabilisations (see Section 1.1).

1While this paper was under revision, the authors were informed of upcoming work of Ian Hambleton and Ozgiin
Unlii showing the existence of groups for which ker(x§) # ker(ng). Hence Theorem C shows the existence of closed
smooth 4-manifolds which are homotopy equivalent but not simple homotopy equivalent (even up to stabilisations).
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In order to complete the classification up to homeomorphism (resp. (simple) homotopy equiva-
lence), it remains to solve the corresponding cancellation problem. In the case of homeomorphism,
which we denote by ., this asks for conditions under which

M#(S? % §2) Ziop N#(S* x §%) = M =, N.

This was studied by Hambleton-Kreck [HK93] and Crowley-Sixt [CS11].
The following allows us study the cancellation problem up to (simple) homotopy equivalence
and compare it to the homeomorphism case.

Theorem D. Let M, N be closed oriented topological 4-manifolds with good fundamental groups.
If M, N are (simple) homotopy equivalent up to stabilisations, then there exists a topological 4-
manifold N' which is (simple) homotopy equivalent to N and stably homeomorphic to M.

Remark 1.7. Homotopy equivalence up to stabilisations coincides with the equivalence relation
generated by homotopy equivalence and stable homeomorphism. Theorem D shows that, on the
class of closed topological 4-manifolds with good fundamental group, only a single homotopy
equivalence and a single stable homeomorphism are needed.

The proof is based on the observation that, if M, NV are closed oriented topological 4-manifolds
with good fundamental groups such that M ~ N#(S? x S?), then there exists a topological 4-
manifold N’ such that M =,, N'#(S? x 5%) and N ~ N’ (see Lemma 6.1). This is shown to be
a consequence of Freedman’s disc embedding theorem [Fre84] (see also [PRT21, Corollary 1.4]).

It was shown by Hambleton-Kreck that, if two closed oriented topological 4-manifolds M, N with
finite fundamental group are stably homeomorphic and have the same Euler characteristic, then
M#(S? x §%) 2, N#4(5? x S?) [HK93, Theorem B]. Combining this theorem with Theorem D,
we obtain the following homotopy cancellation result.

Corollary 1.8. Let M, N be closed oriented topological 4-manifolds with the same Fuler charac-
teristic and finite fundamental group which are (simple) homotopy equivalent up to stabilisations. If
M ~ My#(S%x S?) for a topological 4-manifold My, then M, N are (simple) homotopy equivalent.

In fact, we prove a much more general statement about the relationship between the cancellation
problems for homeomorphism and (simple) homotopy equivalence (see Theorem 6.7).

Organisation of the paper. In Section 2, we recall the basic definitions of Kreck’s modified
surgery [Kre99], in particular the réle the {-bordism group 24(€) as well as classical surgery. We
recall the description of [Dav05] (see also [HMTWS8]) of the surgery obstruction map. Our main
technical tools are given in Theorem 2.12 (due to Davis) and Theorem 2.14.

In Section 3, we restate Theorem A in topological category (Theorem 3.2) and give a proof.
To obtain Theorem A, we compare the topological (resp. smooth) bordism group 4(£%°P) (resp.
Q4 (¢4)) and identify the Kirby-Siebenmann invariant in 4 (£*°P) (Lemma 3.4).

In Section 4, we define (strong) stable rigidity for a group m. When = is finite, these properties
depend only of the 2-Sylow subgroup of 7 (Proposition 4.8). We prove Theorem B and determine
stable rigidity for quaternion (Section 4.4), dihedral or semi-dihedral groups (Section 4.5).

In Section 5, we algebraically describe the difference between homotopy and simple homotopy
equivalence up to stabilisations (Theorem C). We show that these equivalence relations are the
same if 7 is finite with 2-Sylow subgroups of order < 16 (Theorem 1.6).

In Section 6, we establish Theorem D and use it to find an explicit relationship between the
cancellation problems for 4-manifolds up to homeomorphism and (stable) homotopy (Theorem 6.7).

Conventions. Since the results proven are more general, we will work in the topological category
for the remainder of this article. Unless otherwise stated, all manifolds are assumed to be closed,
connected and oriented. All groups will be assumed to be finitely presented.
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2. SURGERY THEORY FOR 4-MANIFOLDS

In preparation for the proof of Theorem A, we will now recall methods from Kreck’s modified
surgery (Section 2.1) and classical surgery (Section 2.2). In Section 2.3, we include a result on
L-groups L4(Zm) which we will make use of in Section 4.

While the results in the introduction were stated in the smooth category, we will work in the
topological category from now on. Since two closed, oriented, smooth 4-manifolds are stably
homeomorphic if and only if they are stably diffecomorphic [Gom84], the results in the topological
category imply the analogous results in the smooth category.

Remark 2.1. Since it is not currently known whether topological 4-manifolds are homeomorphic
to CW-complexes, the usual definition of simple homotopy equivalence for CW-complexes may
not apply. A more general notion of simple homotopy equivalence, which applies to topological
4-manifolds, has been defined by Kirby-Siebenmann [KS77, III, §4]. The idea is to embed both
manifolds into a high dimensional Euclidean space, and say that a homotopy equivalence f: M —
N is simple if and only if the induced map between the induced normal disk bundles is a simple
homotopy equivalence (see also [NNP23, Section 2.1]). Throughout this article, we will take this
to be our definition of simple homotopy equivalence.

2.1. Kreck’s modified surgery. We start this section by reviewing Kreck’s stable classification
result. While [Kre99, Theorem C] holds for all even dimensional manifolds, we restrict to manifolds
of dimension 4. As before, all manifolds are assumed to be closed, connected and orientable.

Recall that a map between connected spaces is called 2-connected if it induces an isomorphism
on 7 and a surjection on 7. A map between connected spaces is 2-coconnected if it induces an
isomorphism on 7 for £ > 3 and an injection on 5.

By BSTop we mean the classifying space of stable orientable microbundles or equivalently stable
orientable fiber bundles with fibre some R™. This is in analogy with BSO the classifying space of
orientable stable vector bundles. An oriented topological manifold M naturally admits a stable
normal microbundle vy;: M — BSTop, see [Hir66] and [KS77, IV, Appendix A].

Definition 2.2. Let M be a 4-manifold. Its normal 1-type is a 2-coconnected fibration £: B —
BSTop such that the stable normal bundle vy;: M — BSTop of M admits a 2-connected lift
vy M — B along . Any such lift vy, is a normal 1-smoothing of M.

Remark 2.3. For every 4-manifold M there exists a normal 1-type, which is unique up to homotopy
equivalence over BSTop, and a normal 1-smoothing. This follows directly from the existence and
uniqueness of Moore—Postnikov sections [Hat02, Theorem 4.71] applied to the stable normal bundle
M — BSTop.

Definition 2.4. Let £&: B — BSTop be a fibration. Then the bordism group £2,(£) consists of
classes [M,vps] of n-manifolds M with lifts 7p;: M — B of their stable normal bundle along ¢
up to bordism over £. Here, a bordism between (M,7y;) and (N, V) consists of a bordism W
between M and N and a lift oy : W — B of the stable normal bundle of W that restrict to the
lifts vp; and vy, respectively.

Remark 2.5. Denote by Aut(§) the group of self homotopy equivalences B — B over £. It acts
transitively on the homotopy classes of normal 1-smoothings of M. The group Aut(§) acts on
Q4(&) by changing the &-structures. More details about this action will be given in Remark 2.8.

The following is a theorem by Kreck.

Theorem 2.6 ([Kre99, Theorem C]). Two 4-manifolds with normal 1-type & are stably homeo-
morphic if and only if their normal 1-smoothings represent the same class in Q4(€)/ Aut().

We now give an overview over the possible normal 1-types of 4-manifolds. For a more detailed
discussion of this, see for example [KLPT17, Section 4]. Let M be a manifold with w1 (M) = =.
If M is not spin, then the normal 1-type of M is £ := pry: Bm (M) x BSTop — BSTop and
Aut(¢) = Out(m(M)). Two 4-manifolds with normal 1-type pry: Bm x BSTop — BSTop are
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stably homeomorphic if and only if they have the same signature, the same Kirby—Siebenman
invariant and the images of their fundamental classes in Hy(m;Z)/ Out(7) agree.

To define the normal 1-type for almost spin manifolds we will make use of the following con-
struction.

Definition 2.7. Let X be a connected space and w € H%(X;Z/2). Then the fibration £(X,w) is
defined by the following homotopy pullback:

(X, w
Be(xuw) — L x

x| [

BSTop —2— K(Z/2,2)
Note that £(X, w) is unique up to homotopy equivalence over BSTop.

If M is almost spin, i.e. wg(],\‘/[/ ) = 0, and has fundamental group 7, then there exists a unique
w € H?(Bm;Z/2) that pulls back to wy(M) under the canonical map c¢: M — Bw. In particular,
in this case the normal 1-type £ is given by £ = £(7r, w) := {(Bw, w).

There is a James spectral sequence with E2-page Ef)’q (X,w) = Hy(X; Q;FOpSpi“) converging to
Qp1q(£(X,w)), see [Tei92, Theorem 3.1.1]. While E? (X, w) only depends on X, the differentials
in the spectral sequence also depend on w. The James spectral sequence induces a filtration

87 = Ho(X; Q,P%"™) = Fy 4(X,w) < Fao(X,w) < F31(X,w) < Fyo(X,w) = Qu(&(X, w)),

. . TopSpi
where there is no F 3(X, w)-term since Q3PP = 0.

The second differential of the James spectral sequence was computed in [Tei92, Theorem 3.1.3].
Namely, let Sqfv =8Sq® +— — w. Then

e For p < 4, the differential dy: H,(m; Q™) — H,_o(m; Q5"™) is the hom-dual of Sq?.
e For p < 5, the differential dy: H,(m; Q5P™) — H,_o(m; Q"™) is the mod 2 reduction
composed with the hom-dual of Sqfu.

For more information on the differentials, see also [OP23, Corollary 4.6].

Let M be a manifold with fundamental group 7 = 71 (M), wo(M) = 0, some w € H2(w,Z/2)
and a l-smoothing 7y, into & = &(m,w). We now recall the definition of primary, secondary and
tertiary invariants (pri, sec, ter) introduced in [Tei92], see also [KPT21]. Define pri(M) to be the
image of [M] under the edge homomorphism Fy o(§) — EZ%(§). If pri(M) = 0, we know that [M] €
F31(§) and define sec(M) to be the image of [M] under the homomorphism F3;(§) — E3(§).
Similarly if pri(M) = 0 = sec(M) define ter(M) to be the image of [M] under the homomorphism
Fy5(8) — E5%(§). In [KPT21], pri,sec and ter are identified with algebraic data about manifolds
in the spin case for many fundamental groups.

Now we recall some facts about the action of Aut(£) on the bordism group 24(§).

Remark 2.8. For & = &(m,w) denote by Aut(§) the group of self homotopy equivalences B — B
over £. In particular, we have a homomorphism Aut(§) — Out(w),, where the latter is the group of
outer homomorphisms of 7 fixing the class w. Note that Aut(£) acts on Q24(¢). By [Tei92, Corollary
3.1.2], we know that the action of Aut(£) on every page Ef* factors through Out(r),. However,
this does not mean that the same is true for the action of Aut(£) on the filtration of Q. (¢):

QPP = Fyy < Fap < Fyp < Fig = Qu(€).

As a corollary we see that, for any almost spin or spin manifold M with a 1-smoothing vy, to its
normal 1-type £ = £(m, w), we have that Aut(€) acts on pri(M) through Out(rw),. If pri(M) =0
the same is true for sec(M) and finally if pri(M) = sec(M) = 0 the same is true for ter(M).

As another consequence, assume that the images of the kernels of k% and k3 (see below for a
definition) in E5% differ for some group 7. Then after quotienting F» o with Aut(§) they will still
differ. This is because both mg and k5 are natural with respect to group homomorphisms.

2.2. Methods from classical surgery. We now review some aspects of classical surgery theory.
For details see [Bro72, Wal99, LM24].
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Definition 2.9. A degree one normal map is a pair (f, f) consisting of a map f: M — N between
manifolds such that f.[M] = [N], together with a Top-bundle ¢ over N and a lift f: vM — £ of
f. We denote by N (N) the group of bordism classes of degree one normal maps to N.

The structure set S"(N) is defined as a set of manifolds with a homotopy equivalence to N up
to h-cobordism. Similarly we define $*(NV) using simple homotopy equivalences and s-cobordisms.
For each X € {h, s}, there is an obvious map

n: S*(N) — N(N).
The group N'(N) of normal invariants can be identified with [V, G/Top]| (see [LM24, Theorem 7.10
and Remark 7.12]). There exists a 5-connected map G/Top — K(Z,4) x K(Z/2,2) [MM79;
KTO01, p. 397]. For a closed 2-manifold P, not necessarily orientable, the bijection [P, G/Top] —

Z/2 is called the Kervaire invariant. Now let N be an orientable 4-manifold. Then we have the
following identifications

N(N) = [N,G/Top] = H*(N;Z) ® H*(N;Z/2) = 7 & H*(N;Z/2).

The map N (N) to Z is given by (o(M) — o(N))/8. The map to H?(N;Z/2) corresponds geo-
metrically to assigning to f the cohomology class given by representing a homology class by a
2-dimensional submanifold P of N, making f transverse to P and assigning to [P] € Ha(N;Z/2)
the classical Kervaire invariant of the 2-dimensional normal map f~!(P) — P.

Definition 2.10. Following [Dav05, Definition 3.5], we call the image kerv(f) € H*(N;Z/2) of
f € N(N) the codimension 2 Kervaire invariant.

Let m be the fundamental group of an n-manifold N. The surgery obstruction is a map
0": [N,G/Top|] — L!(Zr). In dimensions higher then 4, the surgery obstruction of f is triv-
ial if and only if f is normally bordant to a homotopy equivalence [Wal99, KS77]. In dimension 4
this is only known for certain classes of fundamental groups [Fre82, FQ90, KQ00, FT95].

We will later use the following two implications from high-dimensional surgery theory which
continue to hold in dimension 4. Firstly, if f: M — N is a homotopy equivalence, we can view f as a
degree one normal map and then 6" (f) = 0. Secondly, for each € ker(#"), there exist k¥ € N and a
homotopy equivalence f: M — N#k(S?xS?) such that p.(f) = x, where p: N#k(S?xS?) — N is
the collapse map. Here we use that the collapse map induces a map p. : N'(N#k(S%x S?)) — N(N)
sending f to p o f. The second implication follows from the stable surgery exact sequence, see
[KTO01, Theorem 4].

We use the following proposition to relate 8" to a map k% : Hy(m;Z/2) — L (Zx). The following
is [Dav05, Proposition 3.6] (see also [HMTWS88, Theorem A] for the case where 7 is finite).

Proposition 2.11. Let m be a group, let N be a 4-manifold with fundamental group © and let
c: N — Bm be the identity on w1. There are homomorphisms

KB Ho(m;Z)2) — Li(Zn), Io: Z — LY (Zr)

so that for any degree one normal map f: M — N between 4-manifolds represented by f: N —
G/Top, one has the following characteristic class formulae:

Io((o(M) = o(N))/8) + 5 (c. (kerv(f) ~ [N])) = 6"(]).

Similarly, we have the simple surgery obstruction °: [N, G/Top] — L§(Zw), which, in higher
dimensions, measures whether a map is normally bordant to a simple homotopy equivalence. The
map s} factors as

Kb Ho(m7,)2) ™5 L3(Zr) — LM (Zm).
As for 0°, we have Iy((c(M) — o(N))/8) + k5 (cx(kerv(f) —~ [N])) = 6°(f). When the group 7 is
not clear from the context, we will write k4 = k% (7) and xk§ = k(7).

The following theorem of Davis will be the key ingredient in our proof of Theorem A since it
allows us to relate % to Kreck’s modified surgery.

Theorem 2.12 ([Dav05, Theorem 3.12]). Let f: M — N be a 2-connected degree one normal
map between closed, oriented, almost spin, smooth 4-manifolds with the same signature and let
P(N,wa(N)): Be(n,wy(ny) — N be the map defined in Definition 2.7. Then there are normal 1-

smoothings Uy and Upr in £ := (N, we(N)) such that
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(1) p(N, 'lUQ(N)) o DN = idN,
(ii) « := [M,vp] — [N,UnN] is in the filtration subgroup Fio(N,w2(N)) of the James spectral
sequence, and
(iv) a maps to kerv(f) —~ [N] in ESS(N,wa(N)) = Ho(N;Z/2).
An analogous statement is true in the topological category provided that, in addition, ks(M) =
ks(N).

We note that (i) and (ii) of Theorem 2.12 can be deduced from the proof in [Dav05].

Remark 2.13. Let f: M — N be a degree one normal map which is an isomorphism of fundamental
groups. Then f is 2-connected: for x € m2(N) = Ho(N;Zn) the element f*(PD~!(z)) ~ [N]is a
preimage of x under f,.

We note that in Theorem 2.12 EZ%, = E22’2 = H3(N;Z/2) because all differentials with target
E§72 vanish for trivial reasons unless k¥ = 2 in which case it vanishes using the calculation dy =
(Sq? +— — wa(N))*.

The statement of the above theorem is also true without assuming that M and N have the same
signature and Kirby—Siebenmann invariant and that the normal 1-smoothing of M is unique given
a fixed normal 1-smoothing on N, i.e. we show the following.

Theorem 2.14. Let f: M — N be a 2-connected degree one normal map between closed, ori-
ented, almost spin 4-manifolds. Let Un be a normal 1-smoothing on N in & = (N, wa(N)) with
p(N,wo(N))ovy = idy. Then there is a unique normal 1-smoothing Uy with p(N,we(N))ovy = f
such that a := [M,Vp| — [N, Un] is in the filtration subgroup Fa o( N, wa(N)) of the James spectral
sequence and a maps to kerv(f) —~ [N] in ESS(N,wa(N)) = Ho(N;7Z/2).

Proof. We can assume that there exists a point n € N with a neighbourhood U such that
fli=1@y: f7HU) — U is a homeomorphism. Consider the degree one normal map f#f: M#M —
N#N, where the connected sum is taking in f~'(U) and U, and M and N denote the manifolds
M and N with opposite orientation, respectively. Now sign(M#M) = 0 = sign(N#N) and
ks(M#M) = 0 = ks(N#N). Hence by Theorem 2.12 there are normal 1-smoothings 7; of M#M
and Uy of N#N in ¢ := E(N#N,wo(v(N#N))) such that

P(N#N, wy(N#N)) oty = f#[, p(N#N,wy(N#N)) oV = id 7,
B:=[M#M,11] — [N#N,1s] is in the filtration subgroup F2(¢’), and B maps to

kerv(f#£f) ~ [N#N] = (kerv(f) ~ [N], kerv(f) —~ N)
€ Ho(N#N;Z/2) = Hy(N;Z/2) & Ha(N; Z/2).

Let & := £(N®) wy(N)) and &= §(N(3)7w2(ﬁ)), where we choose a handle structure of N
with a single top handle, i.e. N®) = N \ D*. There are natural maps

—/

ig: Qu(€") = QuEW, we(N)), Tz UE) = QEN, wa(V), j: Q") OUE) = Qu(E).
Let a := [M,1|m] = [N, v2|n] € Qu(§(N, w2(N))), @ := [M, 1 |57] — [N, v2| 5] € Qu(§(N, w2(N))),
where we use that 7; is trivial over the separating sphere.

The class « is represented by [M#N, v |57# — U2|n], where the connected sum is taking in a
neighborhood around n such that M#N maps to N®). Hence there is a preimage of (a,@) in
Qu(¢") & Qu(€") under the map i3 @ i3. By construction, this maps to 8 € Q4(¢') since both
classes are represented by [M#M#N#N, v, — . Since Hs(N#N;7Z) = 0 and H3(N®);Z/2) —
H3(N#N;Z/2) is injective, it follows that « is in the filtration subgroup Fsa(N,w2(N)) of the
James spectral sequence. Furthermore, i3 ¢ i3 and j restrict to isomorphims on the F o filtration
steps. Since 3 maps to kerv(f#f) —~ [N#N], it follows that o maps to kerv(f) —~ [N] in
55 (N, wa(N)) = Ho(N:Z/2),

Finally we note that the group Aut(¢) has a transitive action on the &-structures on N and so
we can assume that |y = Uy. For the uniqueness of 7y we argue as follows. Different normal
1-smoothings vys of M in & with p(N,ws(N)) o vy = f are in 1-to-1 correspondence with null-

homotopies of the map M ENG QRN K(Z/2,2) which are a torsor over H'(M;Z/2). This can be



STABLE EQUIVALENCE RELATIONS ON 4-MANIFOLDS 9

viewed as changing the topological spin structure on f*vyn @ vps. Since f is an isomorphism on
71, the action is the same as the action of H'(N;Z/2) on Q4(€). The action of x € HY(N;Z/2)
changes the image of vy in E39 = H3(N;Z/2) by x ~ [N] by [Tei92, Proposition 3.2.4]. Hence
there can be only be one normal 1-smoothing with trivial image in E39. It follows that vy is
unique as claimed. O

Corollary 2.15. Let N be a closed, oriented, almost spin 4-manifold, £ := £(N,w2(N)) and Uy
a normal 1-smoothing. Let m:= m N and let c: N — Bm be the identity on m1.
There is an isomorphism
V:N(N) = Fao(N,wa(N))
sending f: M — N to [M,vy] — [N,Un]. Then the surgery obstruction map factors as

(o /8,ter) id,c, S
N(N) L Boa(N,wa(N)) 2 Z@Hy(N;2/2) ) 2y (m;2/2) 222 L3(2r) — Lh(Zn).

Proof. Using surgery, any normal bordism class has a 2-connected representative. Hence the map V'
is well-defined by Theorem 2.14. Using that N'(N) =2 Z® H?(N;7Z/2) given by sending f: M — N
to (M7 kerv(f)), we see from Theorem 2.14 that V is indeed an isomorphism given by the
identity on Z and Poincaré duality on H?(N;Z/2). Since the surgery obstruction map factors as
) idPD To+ri 4 N
N(N)2Z® H*(N;Z/2) = Z& Hy(N;Z/2) —= Lij(Zrn) — L (Z~),
it also factors through V as claimed. |

2.3. The transfer in L-theory. The following will be used in Section 4. For a subgroup H < G
of finite index, let tr: Hy(G;Z/2) — Ha(H;Z/2) be the transfer map.

Proposition 2.16. Fiz a choice of decoration X € {h,s}. Let H < G be a subgroup of finite
index. Then there exists a transfer map

p*: LY (ZG) — Ly (ZH)
such that for all x € Ho(G;7Z/2) we have p* (k5 (1)) = ka (tr(x)).

Proof. For each X € {h,s}, the transfer map p* is constructed in [LR88] and we will use the
following property. Let f: M — N be a degree one normal map with 71 (N) = G. Let g: M — N
be the covering of f with 71 (N) = H. By [LR88, Theorem 6.2] (see also [LM24, Equation 15.470]),
we have 6% (g) = p* (0% (f)) for X = h. This also holds for X = s by [LR88, Remark 9.7].

For any manifold N with a m-isomorphism ¢: N — BG one can show from the Serre spectral
sequence for M — M — BG that the map H2(N;Z/2) — H2(G;7Z/2) is surjective. Then for any
x € Hy(G;7Z/2) there exists a degree one normal map f: M — N such that x5 (z) = 0X(f), i.e.
such that x = c.(kerv(f) —~ [N]). Then

p*ry (ex(kerv(f) ~ [N])) = p*07 () = 6% (g) = k3 (L (kerv(g) ~ [N])),
where ¢’: N — BH is the identity on fundamental groups. It remains to show that
tr(c.(kerv(f) ~ [N])) = ¢ (kerv(g) ~ [N]).

By naturality of the transfer map, we have to show tr(kerv(f) —~ [N]) = kerv(g) —~ [N]. For finite
coverings of manifolds, the transfer map agrees with the Umkehr map and hence we have to show
that p*(kerv(f)) = kerv(g), where p: N — N. This follows from the definition of kerv. O

3. PROOF OF THEOREM A

Using the statements from the previous section, in particular Theorem 2.14 and Corollary 2.15
we can now prove our main theorem. For this we use the following proposition.

Proposition 3.1. Let w be a group and w € H?(w;Z/2), let p: Ho(m;Z/2) — ESS(E(m,w)) be the
projection and let M, N be two manifolds with normal 1-type {(mw,w). Then
(i) N is stably homotopy equivalent to M if and only if N and M have the same signature and
there exists a choice of a normal 1-smoothing such that ter(N#M) € p(ker(k%)).
(ii) N is stably simple homotopy equivalent to M if and only if N and M have the same signature
and there exists a choice of a normal 1-smoothing such that ter(N#M) € p(ker(x3)).
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Proof. (i) First assume that N is stably homotopy equivalent to M. Since the signature is a
homotopy invariant and unchanged by stabilisation, the signatures of M and N agree. Since ter
is unchanged by stabilisation, we can assume N and M are homotopy equivalent. Let f: N =M
be given. Then n(f) € N (M) is in the kernel of 6": N (M) — L%(Zr). Applying c.V sends n(f)
to ter(N#M) € Fy2(&(m,w)), where c¢: M — Br is the classifying map and for the definition of
V see Corollary 2.15. Hence ter(N#M) € p(ker(x%)), as claimed.

Now assume that there exists x € ker(k}) such that p(z) = ter(N#M). Since the surgery se-
quence in dimension four is exact stably, there exists a homotopy equivalence g: N’ =M #k(S?% x
5%) with n(g) = (z,0) € N(M#k(S?x S?)) = N (M)® H?(#k(S?x S?); Z/2). Then ter(N'#M) =
cxV(n(g)) = ter(N#M) and hence ter(N'#N) = 0. Since g is a homotopy equivalence, N’ has
the same signature as M and thus also the same signature as N. It follows that N and N’ are
stably homeomorphic. Hence N is stably homotopy equivalent to M as claimed.

(ii) The proof is the same as for (i), replacing 0" by 6° and x% by x3. O

We first show the following analogue of Theorem A in the topological category. Let =, denote
homeomorphism.

Theorem 3.2. Let M, M’ be closed, oriented, almost spin 4-manifolds with normal 1-type & =
&(m,w). Then, for each subgroup A < Q&) listed below, there is in one-to-one correspondence
between £-bordism mod A and a geometric equivalence relation as follows.

(i) 0 < Stable homeomorphism

(i) Fpa <> There exist simply connected spin 4-manifolds L,L’ such that

M#L =op M'#L'

(iii)  [ker(k3)] <> Simple homotopy equivalence up to stabilisations by S* x S

(V) [ker(ih)]

(v) P

Homotopy equivalence up to stabilisations by S? x S?

T e

There exist k,k' > 0 and a 2-connected degree one mnormal map
[ M#K(S? x S?) — M'#k'(S? x S?)

(vi)  Fi31 <+ There emist simply connected 4-manifolds K,K' such that
M#K >, M'#K'.

Proof. We begin by proving (i), (ii) and (vi). First note that (i) is [Kre99, Theorem C] and (vi)
is a reformulation of [KPT21, Theorem 2.1]. Next observe that (ii) follows from (i). Indeed,
two classes in Q4(¢) differ by an element of Fyy4 = Ho(Bm;Q;°"5P™) if and only if there exists
a simply connected spin 4-manifold representing the difference. So M and M’ admit normal 1-
smoothings such that the difference lies in Fj 4 if and only if there exists a simply connected spin
4-manifold L” such that M#L"” and M’ are stably diffeomorphic. Hence there exist k,l € N such
that M#L = M'#L' for L := L"#k(S? x S?) and L' := 1(S? x S?). Conversely, if M#L =
M'#L’', then there are normal 1-smoothings of M and M’ such that their difference is the same
as [L] — [L] € Ho(Bm; Q°P5P™) = Fy 4.

We now prove (v). Let £&: B — BSTop be the normal 1-type of M and M’. Assume that there
exist normal 1-smoothings f: M — B and f’: M’ — B such that their difference lies in F5 2(§).
The map Fyo(E(M',wo(M'))) <5 Fpo(€) is surjective. Hence there exists a degree one normal
map g: N — M’ with ¢,V (g) = [M, f] — [M’, f'] by Corollary 2.15. Surgering N if necessary, we
can assume that g is 2-connected. By construction, ¢,V is given by sending g to [N, vy] — [M’, f/]
for some normal 1-smoothing Uy of N. Therefore [M, f] = [N, Vy], and so it follows that M and
N are stably homeomorphic. Hence, as claimed, there exists a 2-connected degree one normal map

M#k(S? x S?) = N#K (5% x §?) — M'#k'(S* x S?).

Conversely, assume that there exists a 2-connected degree one normal map M#k(S? x S?) —
M'#K'(S? x S%). We can compose this with the canonical map M'#k'(S? x S?) — M’ to get a
degree one normal map g: M#k(S? x S?) — M’. Then by Theorem 2.14, there is a 1-smoothing
/g\l M#k}(SQ X 52) — Bf(M’,wz(M’)) such that

[M##k(S* x 5%),9) = [M',vM'] € Fa(§(M',wa(M)).

Composing with the map Be(as/ w,(a)) — B we obtain normal 1-smoothings of M’ and M such
that the difference lies in F52(£) as claimed.
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Next we prove (iv). Let f: M'#k(S? x S?) — M#I1(S? x S?) be a homotopy equivalence. Then
n(f) = (0,y) € Z ® Hy(M#1(S? x S?);7/2) with c.y € ker(k?). Hence ¢,V (n(f)) = [M'#M] =
[M'] — [M] € [ker(k%)] for some choice of ¢ structure on M’ and M.

Now assume that there are ¢-structures on M and M’ such that [M’#M] lies in the image
of ker(k%) in Fy5(¢). Then there exists a degree one normal map f: N — M with 6"(f) = 0
and ¢,V (f) = [M'#M)]. Since 0"(f) = 0, the exactness of the stable surgery exact sequence
[KT01, Theorem 4] implies the existence of a homotopy equivalence f': N’ =» M#k(S? x §2) such
that n(f’) maps to f € N (M) under the collapse map M#k(S? x S?) — M. Thus also [N'#M] =
eV (f') = [M'#M] and thus [N'] = [M’] € Q4(§) and N’ and M’ are stably diffeomorphic by (i).
Hence M’ is stably homotopy equivalent to M as claimed.

The proof of (iii) is same, replacing k% by x5 and 6" by 0°. |

Remark 3.3. A priori it is not obvious that the existence of a 2-connected degree one normal
map f: M#k(S? x S?) — M'#k'(S? x §?) is an equivalence relation. We briefly sketch a direct
argument, i.e. we show that if f: N — M is a degree one normal map that is 2-connected, then
there also exists an 2-connected degree one normal map M#k(S? x S?) — N#k'(S? x S?) for
some k, k" € N.

We can assume that the restriction of f to N is a homeomorphism to M) [FP95, Lemma
8.3], after possibly stabilising M. We can then consider the 2-connected degree one normal map
given by the connected sum over the 1-skeleton of f, id+ and idy;. Note that NV #1N#,M is stably
homeomorphic to M while M#,N#;M is stably homeomorphic to N. Thus after changing the
orientation and stablising if necessary, this yields a 2-connected degree one normal map M#k(S? x
S?) — N#k' (5% x S?) for some k, k' € N as needed.

To deduce Theorem A from Theorem 3.2, we need the following results.

Lemma 3.4. Let M be an oriented almost spin manifold with priM = secM = 0 and let w €
H2(m1M;7Z/2) be such that ciyw = wa(M). Then w: Ha(m(M);Z/2) — Z/2 factors through
ESS(E(m,w)), o(M) is divisible by 8 and ks(M) = o(M)/8 +w ~ terM mod 2.

Proof. Let N be a smooth 4-manifold with normal 1-type & := £(m,w) that is nullbordant, i.e.
represents 0 € Q4(€). Let ¢: N — Bm be a map inducing the chosen identification of funda-
mental groups such that ¢*w = wo(N). By Theorem 3.2, there exists a degree one normal map
f: M#Fk(S? x S?) — N. It follows that (M) = o(M) — o(N) is divisible by 8.

Let [f] = (6(M)/8,2) € Z ® Hy(N;Z/2) = N(N). By Theorem 2.14 there are l-smoothings
of M,N in &(N,wq(NN)) such that [M,vp] — [N,Un] € Fo2(§(N,w2(N))). The map ¢: N — Br
induces a map of structures {(INV,wy) — &(m,w) and we get that x is a lift of ter(M) along
Hy(N;Z/2) <5 Hay(m; Z/2) — ES%(€). By [KST77, p. 329],

ks(M) =ks(M) —ks(N) =o(M)/8+wa(N) ~z=0(M)/8+w —~ c,x mod 2.

Here ¢,z is a lift of ter(M) to Ha(m;Z/2). For any other lift y of ter(M) to Ha(m; Z/2), there exists
again a degree 1 normal map f': M’ — N such that [f'] = (c(M)/8,2') with 2’ a lift of y along
¢«. In particular, we choose M’ such that o(M’) = o(M). It follows from Theorem 2.14, that
M and M’ represent the same class in €4(¢) and thus are stably homeomorphic. In particular,
ks(M) = ks(M'). Again applying the formula from [KS77, p. 329] we have

ks(M) =ks(M') =ks(M') —ks(N) = o(M")/8 + wa(N) ~ 2’ =(M)/8+w ~y mod 2.

Comparing the two computations of ks(M) it follows that w —~ y = w —~ e,z and thus w factors
through E5%(&) as claimed and we obtain the proposed formula for ks(M). O

Corollary 3.5. Let M be a smooth, orientable, almost spin manifold with normal 1-type £*°P =
&(m,w) over BSTop. Let ¢4 be the normal 1-type of M over BSO defined by (mw,w). There
is an inclusion Fyo(¢4T) — Fy5(€%°P) and an element x of ker(k%) or ker(k3) is in the image
of Foo(€PM) if and only if w ~ x = 0. In particular, we can consider P -bordism modulo

[ker(xB) Nker(w —~ —)] or [ker(x$) Nker(w —~ —)].

Proof. Since we have QSpin o ToPSPin o 4 < 3 and the inclusion 87 = Qipin < Q:fOpSpi“ ~ 167,
the map Fo(£4) — Fy5(€%°P) coming from naturality of the James spectral sequence is an
inclusion. The image are those bordism classes with trivial Kirby—Siebenmann invariant. By
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Lemma 3.4, an element z of ker(k%) or x§ is mapped to the image of Fh5(£4) if and only if
z~w=0. g

Proof of Theorem A. (i), (ii) and (vi) are proven as in Theorem 3.2.

Let ¢4 be the normal 1-type of M over BSO and let £*°P be the normal 1-type of M over
BSTop. Since P = QI°P%P™ for « < 3, we have Eg% (%) = B35 (¢'°P), B3 (€9) = B39 (£1°P)
and E5% (¢diff) = E3%(£*°P) by naturality of the James spectral sequence. In particular, M and
M’ are £ _bordant mod Fh 2(£4#) if and only if they are £*°P-bordant mod Fy 2 (£'°P). Hence (v)
follows from Theorem 3.2 (v).

(iii) and (iv) follow from Theorem 3.2 using Corollary 3.5. O

4. STABLE RIGIDITY

Recall from Definition 1.2 that a finitely presented group 7 satisfies stable rigidity if any two
closed, oriented, smooth, homotopy equivalent 4-manifolds with fundamental group 7 are stably
diffeomorphic (or equivalently stably homeomorphic). This terminology is inspired by the Borel
conjecture which states that aspherical closed manifolds (in any dimension) are determined up to
homeomorphism by their homotopy type, i.e. by the fundamental group.

We will start by studying the analogous notion in the topological category, which we refer to
as strong stable rigidity (Definition 4.1), before establishing Proposition 4.4 and Corollaries 4.5
and 4.6 which are the basis for our analyses of whether given groups satisfy stable rigidity.

For the remainder of this section, we will then determine when stable rigidity holds for a range
of groups m. In Section 4.2, we relate stable rigidity for m to that of its odd index subgroups. In
Sections 4.3 to 4.6, we then determine stable rigidity for groups which are abelian, quaternion,
dihedral, semi-dihedral, or modular maximal-cyclic.

4.1. General results for (strong) stable rigidity. We begin by making the following key
definition. This can be viewed as the analogue of stable rigidity in the topological category.

Definition 4.1. A group 7 satisfies strong stable rigidity if any two closed, oriented, almost spin,
homotopy equivalent manifolds M and M’ with fundamental group 7 are stably homeomorphic.

Remark 4.2. (a) For any finitely presented group 7 there exist closed, oriented, homotopy equiv-
alent manifolds with fundamental group 7 that are not stably homeomorphic. A pair of such
manifolds can be constructed by starting with any closed, oriented manifold M with funda-
mental group 7 and considering M#CP? and M#xCP?, where *CP? is the Chern manifold
constructed by Freedman in [Fre82, p. 370]. For this reason Definition 4.1 is restricted to
almost spin manifolds.

(b) In contrast, two closed, oriented, smooth, totally non-spin manifolds M and M’ are stably
diffeomorphic if and only if they have the same signature and the images of their fundamental
classes in Hy(m;Z)/ Out(m) agree. This follows from [Kre99, Theorem CJ, see also [KPT22,
Lemma 2.1]. In particular, they are stably diffeomorphic if they are homotopy equivalent.

(c) A group 7 that satisfies strong stable rigidity also satisfies stable rigidity. This can be seen as
follows. Let M, M’ be a pair of closed, oriented, smooth, homotopy equivalent manifolds with
fundamental group 7. If M and M’ are totally non-spin, then they are stably diffeomorphic
by (b). If M and M’ are almost spin, they are stably diffeomorphic if 7 satisfies stable rigidity.

(d) We could define (strong) simple stable rigidity by changing homotopy equivalence to simple
homotopy equivalence in Definitions 1.2 and 4.1. Then the following results about (strong)
stable rigidity also hold for (strong) simple stable rigidity if ker(x}) is substituted by ker(x3).

As mentioned in the introduction, Theorem A recovers the result of Davis [Dav05, Theorem 1.4]
that a group satisfies strong stable rigidity if % is injective for m as a corollary. It turns out that
the converse is also true. While our proof of Theorem A uses the methods from [Dav05], there is
a shorter direct proof which we will give here.

Proposition 4.3. A group 7 satisfies strong stable rigidity if and only if kK% is injective for .

Proof (alternative). By definition of strong stable rigidity, we only consider manifolds that are

almost spin. Consider the composition p: N'(M) = H*(M;Z) ® H*(M;Z/2) — H*(M;Z/2). 1f

kB is injective, we claim that for every homotopy equivalence f: M’ — M the Poincare dual
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PD(p(n(f))) of the normal invariant n(f) of f is represented by an immersed sphere o: S% — M.
This is true since PD(p(n(f))) maps to zero in Ho(7; Z/2) because x4 is injective. Hence its image
in Hy(M;Z/2) comes from the universal cover and can thus be represented by an immersed sphere
as claimed. Since M is almost spin, ws (M) vanishes on this sphere. Using Novikov pinching [CH90,
Theorem 5.1], see also [KL22, Lemma 3.3], we can realize —n(f) by a self-homotopy equivalence
h: M — M that is the identity on ;. Then p(n(ho f)) = p(n(h)) + p(n(f)) = 0.

By the stable surgery exact sequence [KT01], M and M’ stably differ by the action of Ls(Zr).
In particular, they are stably homeomorphic.

Now assume that k% is not injective. Let x € Ha(m;Z/2) be in the kernel of k% and let
w € H?(m;Z/2) be such that w ~ z = 1. Let M be an almost spin 4-manifold with fundamental
group 7 and we(M) = ¢*w where ¢: M — Br is the classifying map. Let ' € Ho(M;Z/2) be
a preimage of x under ¢,. Again using the stable surgery exact sequence [KTO01], there exists a
homotopy equivalence f: M’ — M#k(S? x S?) with n(f) = (0,2') € Z & Ha(M;Z/2) = N (M)
for some k € N. By [KS77, p. 329],

ks(M) —ks(M') =wo(M) ~2' =w ~x =1

Hence M and M’ have different Kirby—Siebenman invariants and thus are not stably homeomor-
phic. It follows that 7 does not satisfy strong stable rigidity. O

The Farrell-Jones conjecture predicts that £} is injective for every torsion free group as observed
by Davis [Dav05], see also [Ham23, Lemma 3.3]. While the Farrell-Jones conjecture is not known
in general, it holds for many classes of groups, for example hyperbolic groups [BLR08], CAT(0)
groups [BL12, Weg12], 3-manifold groups [BFL14], and solvable groups [Wegl5].

See [Tei97, Proposition 1] for an example of homotopy equivalent, orientable, almost spin 4-
manifolds with fundamental group Z/2 and different Kirby—Siebenmann invariant. In particular,
7./2 does not satisfy strong stable rigidity. This can be viewed as a new proof that x? is not
injective for Z/2.

Proposition 4.4. Let a group © and w € H?(m;7Z/2) be given. There exists a pair of stably
homotopy equivalent but not stably homeomorphic manifolds with normal 1-type £ := £(m, w) if and
only if there exists an element x € ker(kh) < Hy(m;Z/2) that maps to a non-trivial element in
ES%. Moreover, there exists such a pair with the same Kirby—Siebenmann invariant if and only if
we can pick x such that w —~ x = 0.

Proof. Let x € ker k% and let T be the image of z in E3%. Then there exists a 4-manifold M with
normal 1-type { and a normal 1-smoothing f such that (M, f) = (0,%) € Fy2 and a manifold N
with normal 1-type ¢ and &-nullbordant normal 1-smoothing g. By Theorem 3.2, M and N are
stably homotopy equivalent since ([M, f] — [N, g]) = (0,Z) € Fy» is in the image of ker(x%) by
assumption. Since 0 # ([M, f] — [N, g]) € Fa2, M and N are not stably homeomorphic.

Conversely, assume that M and M’ are stably homotopy equivalent but not stably homeomor-
phic. Then there exists normal 1-smoothings f and f’ such that [M, f]—[M, f'] € F3 2 is non-trivial
but in the image of ker(x%) by Theorem 3.2.

The second statement follows from the fact that M and M’ with [M, f]—[M’, f'] = (0, [x]) € Fs2
have the same Kirby—-Siebenmann invariant if and only if w ~ 2 = 0 by Lemma 3.4. O

Corollary 4.5. Let w be a group. Then 7 does not satisfy (strong) stable rigidity if and only if
there is w € H*(m; Z/2) and x € ker(k}%) such that z maps to a nontrivial element in E3%(&(m,w))
(and in the case of strong rigidity we can find such x such that w ~x =0).

Proof. Most of the corollary follows directly from Proposition 4.4. We need to show that if there
is a w € H?(m;Z/2) and & € ker(r}) such that  maps to a nontrivial element in E5%(¢(m, w))
and w —~ x = 0 then we can find smooth manifolds representing x. Proposition 4.4 gives us a
pair of stably homotopy equivalent but not stably homeomorphic manifolds M, N with the same
Kirby—Siebenmann invariant. If ks(M) = ks(N) = 0, then M and N are stably smoothable. If
ks(M) = ks(N) = 1, then M#Fs and N#FEg are stably smoothable and [M#FEg] — [N#Eg| =
[M] — [N] = z. O

Corollary 4.6. Let m be a group such that E3%(§(m,0)) =0 and ES%(E(m,w)) = Z/2 for 0 #w €
H?(m;7/2). Then w satisfies stable rigidity.
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Proof. Let x € ker(k}%). Assume that there exists w € H?(m; Z/2) such that 0 # [z] € ES%(&(m, w)).
Then by assumption w # 0. By Lemma 3.4, w factors through E3%({(m,w)) = Z/2. Hence
w —~ z # 0 and it follows from Corollary 4.5 that  satisfies stable rigidity. O

4.2. Stable rigidity for subgroups of odd index. We now consider some results relating stable
rigidity of 7 to its 2-Sylow subgroup.

Lemma 4.7. Let f: G — 7 be a group homomorphism inducing a surjection on ker(x%). If G
satisfies (strong) stable rigidity, so does .

Proof. If G satisfies strong stable rigidity, then % is injective for G and hence also for 7 by
assumption. Thus 7 satisfies strong stable rigidity.

Let € Hy(m;Z/2) be in ker(k%) and w € H?(m; Z/2) such that w —~ x = 0. Then there exists
a preimage z’ € Hy(G;7Z/2) that also is in the kernel of x%. Since G satisfies stable rigidity and
ffwu—~a2'=w~x=0,0=[2] € ES%((G, ffw)). By naturality also 0 = [z] € ES%({(m,w)). Tt
follows from Proposition 4.4 that 7 satisfies stable rigidity. (|

Proposition 4.8. Let G < 7 be a subgroup of odd index. If G satisfies (strong) stable rigidity, so
does .

Proof. Let i: G — 7 be the inclusion. Let # € Ho(m;7Z/2) be in the kernel of k. Let 2’ := tr(z) €
Hy(G;7Z/2), where tr is the transfer map. Since G has odd index, troi, is the identity and thus z’
is a preimage of x. By Proposition 2.16, k4 (2') = p*(x%(z)) = 0. Hence 4 induces a surjection on
the kernel of x%. The proposition now follows from Lemma 4.7. |

Proposition 4.9. Let 1 - P - m — G — 1 be a short exact sequence with P a finite group of
odd order. If G satisfies (strong) stable rigidity, then 7 satisfies (strong) stable rigidity.

Moreover, if the above sequence splits, then the converse holds. That is, G satisfies (strong)

stable rigidity if and only if w satisfies (strong) stable rigidity.
Proof. If m does not satisfy stable rigidity, then Proposition 4.4 implies that there exists w €
H?(m;Z/2) and x € ker(kh) < Hy(m;Z/2) such that the image of z is non-trivial in Fpo <
Q4 (&(m,w)). Similarly, if 7 does not satisfy strong stable rigidity, then there exists w € H?(m;Z/2)
and z € ker(k%) Nker(— —~ w) < Hy(m;Z/2) with the corresponding properties.

Since H, (P;Z/2) = 0, the Lyndon-Hochschild-Serre spectral sequence gives us the isomorphism
of the reduced homology p,: H,(m;Z/2) — H,(G,Z/2) induced by the projection p: 7 — G.
Dually, p* is an isomorphism and there exists w’ € H?(G;Z/2) with p*w’ = w.

We now compare the spectral sequences for €4 ({(m,w)) and Q4(¢(G,w’)). Recall that the map
dy: Hy(m;Z/2) — Ha(m;Z/2) is given by Sq, +— —~ w. We have

Sda(p«y) + psy ~ W' =pu(Sapy +y ~ p'w’) = pu(Sapy +y ~ w).

Since py: Ha(m; Z/2) — H4(G;Z/2) is an isomorphism, we have an isomorphism
Hy(m;2/2)/ Imdy =5 Hy(G;Z/2)/ Im ds.
Consider the commutative diagram
ker(dy: Hs(m;Z) — Hs(m;Z/2)) —— ker(de: H5(G;Z) — Hs(G;Z/2))

J -

Hy(m;Z,/2)/ Tm dy = Hy(G;Z/2)/ Im dy

We get p. Im(ds) C Im(ds) C Ho(G;7Z/2)/ Imdy. This shows that p induces an injection
Hy(m;7,/2) /dods 225 Hy(G57,/2) /dods.
It follows the image of p.(z) € ker(k(G)) in Ha(G;7Z/2)/dads is non-trivial. If x —~ w = 0, then
P ~w' = pi(z ~ p*w') = pu(x ~ w) = 0. Hence G does not satisfy (strong) stable rigidity by
Proposition 4.4. This proves the first part of the corollary.

We now assume that the short exact sequence splits. In this case p,: Hs(m;Z) — H5(G;Z) is
surjective and it follows from the commutative diagram above, that

Hy(m;Z)2) ) dads 22 Hy(G3Z,/2)/dods
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is an isomorphism. Moreover, it follows from the naturality of k% that p, restrict to an isomorphism
on the kernels of . Thus the second part of the corollary again follows from Proposition 4.4. [

4.3. Abelian groups. In this subsection we prove Theorem B. We first show the following lemma
which will allow us to reduce to the case of finite abelian groups.

Lemma 4.10. Let A = @le Chp, be a finitely generated abelian group with C,, cyclic of order
n; € NU{oo}. Then ker(k%) = ker(x3) and

k
w = ()i, (y35)i3) € D Ha(CoisZ/2) & @ (Hi(Cri3 Z/2) ® Hi(Coy3 2/2)) = Hy(A; Z)/2)
i=1 i#j
is in the kernel of k% if and only if yij = 0 for all i, such that 4 divides n; or n; (which includes
the case that one of them is 0o).

Proof. First note that Hy(Cy,;Z/2) ® H1(Cy,;;7/2) = 0 if n; or n; is odd. In particular, y;; = 0
if n; or n; is odd. Also note that ker(x3) C ker(k%). Hence the statement follows if we show the
following two statements for every = € Ha(A;Z/2) as in the lemma statement.

(1) If y;; = 0 for all 4, j such that 4 divides n; or nj, then x € ker(x3).

(2) If there ecist i, j such that 4 divides n; or n; with y; ; # 0, then = ¢ ker(x%).

By [TW80, Theorem 4.1(b)], x5(G) is trivial for G cyclic or G = Cy x C. (This also follows
from [HMTWSS, Proposition 7.4] for G cyclic and, for G = C%, from the fact that Ho(C3;7Z/2) is
finite and L§(Z[C3]) is torsion-free by [Wal76, Theorem 3.4.5].) Hence if y;; = 0 for all 4, j such
that 4 divides n; or nj,  is in the kernel of 5. This shows (1).

We now show (2). Under the projection p: A — Cy, x Cy,; we have p.r5(x) = k5 (y;;). Hence it
suffices to show that k2 (y;;) # 0 for all i, j such that 4 divides n; or n;. By assumption there is a
projection p: A — Cy x Cy such that p.(y;;) # 0 € H1(Z/2;Z/2) @ H1(Z/4;Z/2). On p.(yi;), % is
non-trivial as shown by Morgan and Pardon (unpublished), see [MR&6, Section 4] for a proof. [

Corollary 4.11. Let A be a finitely generated abelian group. Let x € Hy(A;Z/2) be in the kernel
of k. Then there exists a finite subgroup A’ such that x is the image of some ' € ker(kh(A’)).
Furthermore o ~ x' = 0 for every o € H*(A’;7Z/2) with o* = 0.

Proof. Since Hy(Coo;Z/2) = 0, the existence of z’ follows from Lemma 4.10.

We now show that a ~ 2/ = 0 for every a € H?(A';Z/2) with o? = 0. If o = 0, then a =
> oy with g, 0 € Hi(A;Z/2) and a? = 0. It suffices to show (a;a;) —~ 2’ = 0 for all such
a;, a; or equivalently, that — —~ 2/ is trivial on the image of every H'(C;Z/2) ® H'(C'; Z/2) with
C 2 7/4k and C' =2 Z /2l for every map A’ — C x C’. This again follows from Lemma 4.10. O

Lemma 4.12. Let A be a finite abelian group, Let f: H*(A;Z/2) — Z/2 be a map that sends o
to zero if a®> = 0. Let w € H*(A;Z/2) be some element with f(w) = 0. Then there exists a map
f'r HY(A;2)2) — 7.2 such that f' o (Sq® +— — w) = f.

Proof. As Sq +— — w is linear, it suffices to show that the kernel of this map is contained in the
kernel of f. Let a € H?(A;7Z/2) satisty 0 = (Sq*(a) + @ — w) = a(a + w). By the structure
of H*(A;Z/2) this implies either a? = 0 and thus f(a) = 0 or (o +w)? = 0. In the latter case
fl@) = f(w) = 0. 0

Proof of Theorem B. Let M and M’ be stably homotopy equivalent with fundamental group A.
By Remark 4.2 (b), we can assume that M and M’ are almost spin. Let (A, w’) be their normal
I-type. Then there are normal 1-smoothings such that ter(M'LUIM) € Fy 2(£(A,w")) is the image of
an element ¢’ € ker(k}). If ks(M) = ks(M’), then w’ ~ ¢’ = 0 by Lemma 3.4. By Corollary 4.11,
there is a finite subgroup A’ of A such that ¢’ is the image of some ¢t € Ha(A’;Z/2). We now show
that ¢ is in the image of dy = (Sq® +— — w)*, where w is the restriction of w’ to A’. We have
w —~ t = 0. Furthermore, a« —~ t = 0 for every a € H*(A';Z/2) with o? = 0. By Lemma 4.12, ¢ is
in the image of ds.

Thus also ¢’ is in the image of do and M and M’ admit bordant normal 1-smoothings. Hence
they are stably homeomorphic by [Kre99, Theorem C]. |

Combining Theorem B with Proposition 4.8 we obtain the following result.
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Corollary 4.13. Let m be a finite group with abelian 2-Sylow subgroup, then m satisfies stable
rigidity.

4.4. Quaternion groups. The following determines stable rigidity for finite groups whose Sylow
2-subgroup is quaternion.

Proposition 4.14. Let 7 be a finite group such that its 2-Sylow subgroup @ is quaternionic.

(i) If |Q| > 8 and m = P x Q with P a group of odd order, then w does not satisfy stable rigidity.
(ii) If |Q| = 8 and m = P x Q with P a group of odd order, then 7 satisfies stable rigidity but not
strong stable rigidity.
(iii) If w is not of the form P x @Q, then m satisfies strong stable rigidity.

Remark 4.15. In [Tei92, Example 5.2.4], it is stated that no group with quaternionic 2-Sylow
subgroup satisfies stable rigidity. However the proof relies on [Tei92, Theorem 5.2.3] and the
condition in this theorem is only satisfied if |Q| > 8 and ©# & P x @ by [Tei92, Theorems 4.4.8
and 4.4.9]. The results above shows that this is not the case in general.

Proof. (i) The first case is [Tei92, Example 5.2.4].

(ii) If 7 = P x Q, then dimg s H?(m;Z/2) = 2 by [Tei92, Theorem 4.4.8]. By [Tei92, Proposi-
tion 5.2.2], for w # 0, the Kirby—Siebenmann invariant is not a homotopy invariant and hence 7
does not satisfy strong stable rigidity.

To show that 7 satisfies stable rigidity, it suffices to show that smooth homotopy equiva-
lent manifolds with fundamental group 7 are stably homeomorphic. By [Tei92, Theorem 4.4.9],
Fy5(€(m,0)) = 0 and in particular the image of ker(k%) in Fs2(&(,0)) is trivial. Hence we can
restrict to the case w # 0. By [Tei92, Theorem 4.4.9], the stable homeomorphism type is then
determined by the signature and the image of the fundamental class in Hy(7;Z).

(iii) If 7 is not isomorphic to P x @, then Hs(m;Z/2) = 0 by [Tei92, Theorem 4.4.8]. In
particular, % is injective and 7 satisfies strong stable rigidity by Proposition 4.3. |

The following can be found in [TW80, Theorem 4.1(b)] (see also [HMTWS88, Proposition 7.4]).

Lemma 4.16. The map k5: Ha(Qan;Z/2) — L5(Z[Qan]) is trivial for all n > 3. The same
conclusion holds for k%.

4.5. Dihedral and semi-dihedral groups. For a finite group , let O(w) denote the odd order
normal subgroup of m of maximal order (see, for example, [Ben22, Section 1.2]). This is unique
since, if N1, Ny < 7 are odd order normal subgroups, then N; - Ny < 7 is an odd order normal
subgroup which contains N7 and N,. We can therefore always view 7 as sitting in an extension

1—-0()—»7m—7/0(r) = 1.

By the Schur-Zassenhaus theorem, extensions of groups of coprime order split as semidirect prod-
ucts. Let S denote the Sylow 2-subgroup of 7. It follows that 7 = P x S for some group P of odd
order if and only if 7/0(7) = S, and in this case we necessarily have that P = O().

We will now discuss the group cohomology and extension properties of groups whose Sylow 2-
subgroup is dihedral or semi-dihedral. Different cases arise according to the number of conjugacy
classes of elements of order two (i.e. involutions) and order four there are in 7.

4.5.1. Dihedral groups. For n > 3, let Don = (z,y | 22,92, (xy)2n71> be the dihedral group. By
[AMO4, IV. Theorem 2.7], we have
H*(Dan; /2) = 1)2[z, y, u] /(xy = 0),

where x,y are the 1-dimensional classes dual to the generators in the above presentation and wu is
2-dimensional with Sq*(u) = (z + y)u.

From [Han93, Theorem 5.2] we get the calculation of the integral cohomology group of the
dihedral group Day» for n > 3

H*(Dgn N Z) = Z[CLQ, bg, Cc3, d4]/(2&2, 2b2, 2037 2k71d4, b% —|— Cl2b27 Cg —|— a2d4).

Lemma 4.17. With respect to the dual basis of {x°, vy, ¥*u, y3u, xu?, yu?}, the image of Hs(Dan,Z)
in Hs(Dan;7/2) is generated by (z°)*, (y°)*, (zu?)* and (yu?)*.

The following argument is similar to that of [Tei92, Lemma 2.3.7].
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Proof. Consider the cohomological universal coefficient short exact sequence [Spa95, Theorem
5.5.12] which is natural with respect to the reduction of coefficients ro: Z — Z/2. Hence we
have the following commutative diagram

0 — Ext(HS(Dyn; Z); Z) ——— H5(Dyn;Z) 0 0

- - J

0 —— Exty,(H%(Dgn;Z); Z/2) —— Hs(Don;Z/2) —=— Hom(H®(Dan;Z),7/2) — 0

"
o TTZ

Hom(H?(Dyn; Z)2), Z/2)

Here the vertical map on the left is an isomorphism since H®(Dqn;Z) = (Z/2)*. Tt follows that
the image of ro: Hs(Dan;Z) — Hs(Dan;Z/2) is ker(ev) which coincides with ker(r3).
By [Han93, Proof of the Theorem 5.5], the mod 2 reduction on cohomology is given by
ag = 41y, by = x, 3 = (T + y)u, dy — u?

and so the image in H°(Dan;Z/2) is (v%u,y?u). Hence Im(ry: Hs(Dan;Z) — Hs(Dan;Z/2)) is
generated by (2°)*, (v°)*, (zu?)*, (yu?)* since it is an annihilator of (z%u,y?u) as claimed. O

The following can be found in [TW80, Theorem 4.1(b)].

Lemma 4.18. The map k5: Hy(Dan;Z/2) — L5(Z[Dan]) is trivial for all n > 3. The same
conclusion holds for k.

Since [TW80] is unpublished, we include an alternate proof below.

Proof. First note that Hy(Dan, Z/2) is generated by its maps from Hs(H;Z/2) where H ranges over
the elementary abelian subgroups of Da» [Qui71, Lemma 4.6]. The elementary abelian subgroups
of Dan have the form H = Cyr for k < n or H = C3. By Lemma 4.10, we have that x35(H) = 0
for all these groups. Hence x§(Dgn) = 0 by Proposition 2.16. This implies that x%(Dgn) = 0 since
xB factors through 3. O

Proposition 4.19. For n > 3, the dihedral group Don does not satisfy stable rigidity.

The relevant James spectral sequence computation was done in [Ped17]. As this is not widely
available, we give a proof here.

Proof. Let 7 := Dan and let w := 22 + y2. We have ker(k%) = Hy(m;Z/2) by Lemma 4.18. By
Theorem A, it suffices to show that ES%(&(w, w)) = (Z/2)%.
We have
Sq*(2*) + 2% — w =Sq*(y*) +y* — w =0
and
Sq?(u) + u — w = u? + *u + y*u.
Hence we have E3 ,(£(m,w)) = (Z/2)? generated by the images of (*)* and (y)* in dual basis of
{22, y%, u}. It suffices to show that ds: E3 (&(m,w)) = E3 5(&(m,w)) is trivial.
We have
SP(z®) +2° — w=SCW*)+y  —w=0
and
Sq?(zu) + zu — w = zu?, Sq®(yu) + yu — w = yu>.
Hence by Lemma 4.17, E2 (§(m, w)) < Hs(m; Z) is generated by the images of Hs(Z/2; Z) under the
inclusions Z/2 — 7 given by x and y from the presentation given at the start of this subsection.
Note that w pulls back non-trivially to Z/2 under both of these inclusions. By naturality of
the James spectral sequence, it suffices to show that ds: EZ ((£(Z/2,2%)) — E3,(£(Z/2,27)) is
trivial, where H*(Z/2;7/2) = Z/2[z]. As a map Ho(Z/2;7/2) — Z/2, z* has to factor through
ES’,Q(f(Z/Q,f)) by Lemma 3.4. In particular, ES”Q({(Z/Q,ZQ)) # 0. Since Hy(Z/2;7./2) = 7./2,
this implies that d3 is trivial as needed. O

Lemma 4.20. Let w be a finite group such that its 2-Sylow subgroup Dan is a dihedral group of
order 2™ > 4. Then precisely one of the following cases holds, where ccls refers to the conjugacy
classes of group elements.
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imomtions | 15 ™/O(w) = Dye? | H?(m;Fa)
Case 1 1 No Fy
Case 2 2 No IF2
Case 3 3 Yes F3

Furthermore, in Case 2, we have H*(m;Fg) = Fala, b, ]/ (ac) where |a| =1, |b] =2 and |c| = 3.

Proof. In [Ben22, Section 2.7], it is shown that finite groups = whose Sylow 2-subgroups are
dihedral split into three cases according to number of conjugacy classes of involutions. Cases 1-3
in our table corresponds to Cases 2.7.1, 2.7.2 and 2.7.3 respectively. The information given there
determines 7/O(). In [AS93], such groups 7 are split into Cases (1)-(3) according to the conjugacy
of certain order two elements coming from the Sylow 2-subgroup Da» < 7. It can be deduced from
[AS93, Fact 1.1] that these cases correspond to Cases 1-3 above. The cohomology rings H*(m; F3)
are computed in each case [AS93, Main Theorem], from which the result follows. O

Proposition 4.21. Let 7 be a finite group such that its 2-Sylow subgroup Daon is dihedral of order
2" > 8. Then 7 satisfies stable rigidity if and only if m is not a semi-direct product P X Dan .

Proof. The group Dsn» does not satisfy stable rigidity by Proposition 4.19. Hence if 7 is a semi-
direct product P x Dayn it does not satisfy stable rigidity by Proposition 4.9.

We now show that 7 satisfies stable rigidity if it is not a a semi-direct product P x Dan. By
Lemma 4.20, in this case Ha(m;Z/2) has dimension 1 or 2.

We first consider the case where the dimension is 1. By Corollary 4.6, it remains to show that
ES%(&(m,0)) = 0. Since Hy(Dan; Z/2) — Ho(m; Z/2) is surjective, this follows from £3%(£(Dzn,0)) =
0, which can be seen as follows.

From the cohomology ring given above it can easily be verified that the Steenrod square
Sq?: H?(Dgn;Z/2) — H*(Dgyn;7/2) is injective, so the dual Sqy = do: H*(Dgn;Z/2) is surjective
and hence already E3 o(£(Dan,0)) = 0.

Next we consider the case where the dimension is 2. Then the cohomology ring is given by
H*(m;Z/2) 2 Z/2]a, b, c]/(ac) where deg(a) = 1, deg(b) = 2 and deg(c) = 3. Hence

Say: Ha(m;Z/2) — Ha(m;Z/2)

is surjective and E3 ,(£(,0)) = 0. By Corollary 4.6, it remains to show that E3%(&(m, w)) = Z/2
for w # 0. It is easy to see that for all choices of w # 0, the map

H*(m;72)2) — HY(m;Z/2), x+ Sq®(z)+ 2 — w
is non-trivial. Hence the second differential is non-trivial and E5%(§(m, w)) = Z/2 as needed. [
4.5.2. Semi-dihedral groups. We define the semi-dihedral group of order 2 to be
2k—1 2 2k—=2_1
SDyr = <x,y\x =y =1lyzy==2x >
with k£ > 4.

Lemma 4.22. The map k5: Ho(SDan;Z/2) — L5(Z[SD2x]) is trivial for all n > 4. The same
conclusion holds for k.

Proof. According to [Chi95a] the Z/2 cohomology of SD,x is detected by Dg and Qs, the dihedral
and quaternionic groups of order 8, i.e. H*(SDqyx;Z/2) — H*(Ds;Z/2) ® H*(Qs;Z/2) is injective.
It follows by duality that Hy(Ds;Z/2) & H2(Qs;Z/2) — Hz(SDox;Z/2) is surjective. So any
element in Hy(SDqr;Z/2) comes from Ho(Dg;Z/2) @ Ha(Qs;Z/2). We know that x5 vanishes on
dihedral and quaternionic groups. By naturality, x5 vanishes on SDgx. (|

Proposition 4.23. The group SDqyr does not satisfy stable rigidity.

Proof. For this proof we will use the presentation Do, = (2/,y | 2/™ = y'? = 1,¢y/z'y’ = 2’7 1)
for the dihedral group. Define a map f: SDox — Dgr—1 by sending z — 2/ and y — y'. By
[EP85, Lemma 3, p. 70], we have

H*(SDow; 2/2) = 7/2[1,y, P, us)/(2* = zy,2° = 0,usz = 0,u3 = P(a® +y%)),
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where deg(x) = deg(y) = 1, deg(u3) = 3 and deg(P) = 4. Let w € H?(Dyx-1;7Z/2) as in the proof
of Proposition 4.19. Since f*(2/) = z and f*(y') = y and E3 5(Dayx-1,w) is generated by (z*)* and
(y?)*, the induced map
fe: E§,2(5D2k’f*w) - E§72(D2k_1,w)
is surjective. Since E5%(Dor-1,w) = (Z/2)?, also E5%(SDayx, f*w) = Hy(SDax; Z/2) = (Z,/2)2.
Hence there exists = € ker(k%) = Hy(SDar; Z/2) such that 0 # [z] € ES%(E(SDoax, 0, f*w)) and
f*w —~x =0. Hence SDyx does not satisfy stable rigidity by Proposition 4.4. O

Lemma 4.24. Let m be a finite group such that its 2-Sylow subgroup SDan is semi-dihedral of
order 2" > 16. Then precisely one of the following cases holds, where ccls refers to the conjugacy
classes of group elements.

s of [ eesotoder [ 1 /0 ()  5Dy0? | H2(m:F)
Case 1 1 1 No 0
Case 2 2 1 No Fs
Case 3 1 2 No Fy
Case 4 2 2 Yes F3

To prove this, we use the Alperin—Brauer—Gorenstein theorem [ABG70] which classifies the finite
simple groups whose Sylow 2-subgroup is SDan. The classification is according to the possible
fusion systems on SDsyn. That is, for a subgroup «’ < 7, we will be concerned with the value of
Aut,(7") := Np(7")/Cr(7") where N and C are the normaliser and centraliser respectively.

Proof. Similarly to the case of dihedral groups, results in [Ben22, Section 3.5] show that finite
groups 7 whose Sylow 2-subgroups are semi-dihedral split into Cases 3.5.1, 3.5.2, 3.5.3, 3.5.4 ac-
cording to the number of conjugacy classes of involutions and order four elements. This cor-
responds to Cases 1-4 above. The information given there similarly determines 7/O(7). In
[Chi95b], such groups are split into Cases (1)-(4) and H?(m;F3) is determined for the groups
in each class. It therefore remains to find how Cases (1)-(4) match up with Cases 1-4 in our
table. In [Chi95b], the cases are determined according to whether 3 | | Aut,(C%)| and whether
3 | | Aut,(Qg)| for naturally defined subgroups C3, Qg < SDy» < 7. By [ABG70, Proposition 1],
we have |Aut,(C32)| = | Aut,(Qg)| = 6 in Case 1, | Aut.(C3)| = 2, | Aut.(Qs)| = 6 in Case 2,
| Aut,(C3)| = 6, | Aut,(Qsg)| = 2 in Case 3, and | Aut,(C3)| = | Aut,(Qs)| = 2 in Case 4. Hence
Cases 1-4 corresponds to Cases (1), (3), (2) and (4) in [Chi95b]. The result follows. O

Proposition 4.25. Let w be a finite group such that its 2-Sylow subgroup SDan is semi-dihedral
of order 2™ > 16. Then m satisfies stable rigidity if and only if ™ is not a semi-direct product
P x SD2n.

Proof. The group SDs» does not satisfy stable rigidity by Proposition 4.23. Hence if 7 is a semi-
direct product P x SDyn it does not satisfy stable rigidity by Proposition 4.9.

We now show that 7 satisfies stable rigidity if it is not a a semi-direct product P x SDgn.
By Lemma 4.24, in this case Ho(m;Z/2) has dimension 0 or 1. By Corollary 4.6, it remains to
show that E5%(¢(m,0)) = 0. Since Ho(SDan;Z/2) — Ho(m;Z/2) is surjective, this follows from
E3%(§(SD2n,0)) = 0, which can be seen as follows.

Recall that by [EP85] the cohomology ring of SDan is

H*(SD27UZ/2) = Z/Q[:E,y,P7 US]/(xz = :cy,x?’ = 03“31' == O7u§ = P(SC2 +y2))

Hence Sq*(2?) = 0 and Sq?(y?) = y* # 0. By [EPS85], there is a map ¥: Qg — SDsn such
that o*(z2) = ¢*(y2) = 72, where H*(Qs;Z/2) = Z/2[%,7, P|/(Z* + Z§ + %, 727 + 332). It
follows that E3,(£(Qs,0)) surjects onto E3 5(£(SDan,0)) = Z/2. By [Tei92, Proposition 4.2.1],
the differential ds: E2 ((£(Qs,0)) — E3 5(£(Qs,0)) is an isomorphism. By naturality of the James
spectral sequence, the differential ds: E3 ((£(SDan,0)) — E34(£(SDan,0)) is surjective. Hence
E$%(£(SD2n,0)) = 0 as needed. O
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4.6. Modular maximal-cyclic groups. Next note that, for all £ > 4, there are four isomorphism
classes of extensions of Cy with kernel Cor—1 (see, for example, [DF04, Chapter 5, Exercise 17]).
The groups are Cyr—1 X Co, Dok, SDyr or the following group:

My(2) = <”[/‘,y|ﬂcz”%1 =y’ =1yry = $2k72+1>
which is defined for k > 4. This is known as modular mazimal cyclic group of order 2F.

Proposition 4.26. The group My (2) satisfies stable rigidity.

Proof. There is a surjection f: My(2) — Cor—2 x Cy = {(a,b | a? 7’ b2, [a,b]) given by  — a and
y — b. Using the presentations as a start for a free resolution of Z as a Z[Mj(2)]- and Z[Cor—2 x Cs)-
module respectively, we can consider the relations as generators for the second homology. Since
k > 4, k% is non-trivial for Cyr—2 x Co as in the proof of Corollary 4.11. It follows that it is
non-trivial on the homology class represented by [a,b] and trivial on the classes represented by

a2 and b? since % vanishes on Cy and on Cyk—2. Under the map f the relation yry = 22

2k—2

corresponds to [a,b] = a . And thus the homology class represented by yxy = 22"+ has
non-trivial image under x%.
Now cousider the inclusion g: Cor—2 X Co = (a,b | a2k_2,b2, [a,b]) — My(2) given by a +— 22
and b — y. It maps the homology classes represented by a2" ™ and b? to those represented by
22" and y?, respectively. Thus g induces a surjection on ker(x%). Since Cyr—2 x Cy satisfies stable

rigidity, so does M (2) by Lemma 4.7. O
Combining Proposition 4.26 with Proposition 4.8 we obtain the following result.

Corollary 4.27. Let w be a finite group with 2-Sylow subgroup My (2), then m satisfies stable
rigidity.
Lemma 4.28. For My(2), we have ker(r3) = ker(x}).

Proof. Since kj is trivial for cyclic groups by [TW79, Theorem 4.1(b)], 3 is trivial by the homology
classes represented by the relations 227" =1 and y? = 1. As in the proof of Proposition 4.26, %

is non-trivial on the homology class represented by yzy = 22 ~+1. Since ker(x3) < ker(x%), the
claim follows.

5. COMPARISON OF HOMOTOPY AND SIMPLE HOMOTOPY UP TO STABILISATIONS
We will now prove the following theorem from the introduction

Theorem C. There exist closed oriented smooth 4-manifolds M, M’ that are homotopy equivalent
but not simple homotopy equivalent up to stabilisations if and only if there exists a finitely presented
group T with ker(k3) # ker(kh) C Ho(m;Z/2).

Proof. If ker(x3) = ker(k%) for a group G, then by Theorem A manifolds with fundamental group
G are homotopy equivalent up to stabilisation if and only if they are simple homotopy equivalent
up to stabilisation.

Now assume there exists € ker(k%(G)) which is not in the kernel of x§(G). Let w €
H?(G;7/2) = H*(G;Z/2)* be such that w(z) # 0 and w(y) = 0 for every y € ker(x3(G)).
Let m:= G % G and £ := {(m, (w, w)).

We will first show that (z,7) € Ha(m;Z/2) is in the kernel of x4 (7). It suffices to show that
(2,0) and (0,z) are in the kernel. The map Hy(G;Z/2) — Hy(w;Z/2) induced by the inclusion
G — G*G = 7 sends z to (z,0). Since x € ker(k%(G)), (z,0) is in the kernel of % () by naturality
of k. Similarly, (0, ) is in the kernel as claimed.

Next we show that (z,x) # 0 € ESS/[ker w3(m)]. Since ¢ ker(k5(Q)), (z,z) ¢ ker(k3(m)) by
naturality of 5. By naturality of the James spectral sequence (a,a’) € Hy(m;Z/2) = Hy(G;Z/2)®
H4(G;7Z/2) maps to (dS (a),dS (a')) € Ha(m;Z/2) = Ho(G;7Z/2)D Ha(G; Z/2) under the differential
d3, where d§' is the differential in E2  (£(G,w)). Similarly, df = (d§, dS). Hence it suffices to show
that x is not contained in x5 (7)+Imds, ds. By Lemma 3.4 and the definition of w, x5 (7)+Imdz, d3
is contained in ker w, while x ¢ kerw. Hence (z,z) # 0 € ES%/[ker r5(m)] as claimed.

Let M be a manifold with normal 1-type £, some 1-smoothing v, o(M) = 0, pri(M) = sec(M) =
0 and ter(M) = (z,z). Let M’ be a manifold with normal 1-type & that is &-nullbordant. Then M’
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and M are not stably diffeomorphic since ter(M) # 0 while ter(M’) = 0. According to Remark 2.8,
regardless of the choice of 1-smoothings we have ter([M] — [M']) = (z,z) ¢ [ker(k3(m))]. So they
are also not simple homotopy equivalent after stabilisation by Theorem A. However, they are
homotopy equivalent after stabilisation since ter([M] — [M']) = (z,z) € [ker(x%(7))].

By Lemma 3.4, ks(M’) = 0 and also

ks(M) = (w,w)(z,z) = w(x) +w(x) =14+1=0.

Hence after some number of stabilisations, M, M’ become smoothable and there is a pair of smooth,
homotopy equivalent manifolds that are not simple homotopy equivalent up to stabilisation. O

The following is the direct analogue of Proposition 4.8. The proof is essentially the same, but
is repeated here for the convenience of the reader.

Proposition 5.1. Let G < 7 be a subgroup of odd index. If ker(k}(G)) = ker(k3(G)), then
ker (k% (7)) = ker(x§(7)).

Proof. Not that ker(x3 (7)) < ker(x%(7)). Hence it remains to show the other inclusion. Leti: G —
7 be the inclusion and let = € Hy(7;Z/2) be in the kernel of k% (7). Let 2’ := tr(x) € Ho(G;Z/2),
where tr is the transfer map. Since G has odd index, tr oi, is the identity and thus z’ is a preimage
of x. By Proposition 2.16, k% (2") = p*(kk(z)) = 0. Hence 2z’ € ker(k}(GQ)) = ker(x3(G)). By
naturality of k5, = is in the kernel of k§(7) as needed. O

We will now establish the following result which was stated previously in the introduction.

Theorem 1.6. Let w be a finitely generated abelian group or a finite group whose Sylow 2-subgroup
is abelian, basic, modular mazximal-cyclic, or of order at most 16. Then ker(x3) = ker(x%). In par-
ticular, closed, oriented, smooth 4-manifolds M, M’ with fundamental group ™ which are homotopy
equivalent are simple homotopy equivalent up to stabilisations.

Proof. The case of finitely presented abelian groups is covered by Lemma 4.10. Now restrict to
the case where 7 is finite. By Proposition 5.1, it suffices to restrict to finite 2-groups. If 7 is
quaternionic, dihedral or semi-dihedral, then ker(k3) = ker(x4) = Ha(m;Z/2) by Lemmas 4.16,
4.18 and 4.22. If 7 is My(2), then ker(k3) = ker(x%) by Lemma 4.28. It remains to prove that
ker(x3) = ker(x%) for all finite 2-groups 7 with |7| < 16.

From the tables in GroupNames [Dok24], there are exactly five groups of order 2, 4, 8 or 16
which are not abelian, quaternion, dihedral, semi-dihedral or modular maximal-cyclic. Hence it
remains to show that ker(x%) = ker(k$) for these groups. The groups, which all have order 16, are
Dg x Cg, Qg X 027 G(16,3) = C% X 04, G(1674) = 04 X C4 and G(16,13) = 04 o Dg where G(n,m)
denotes the mth group of order n in GAP’s Small Groups library [GAP24].

Let 7 be one of these five groups. Using the HAP package [Ell24] in GAP, we can compute
Hy(m;Z/2). If i: G — = is a subgroup inclusion, then we can also compute the image of the
induced map i.: Hy(H;Z/2) — Ho(m;Z/2). By Lemmas 4.10, 4.16 and 4.18, the groups Cs, Cy,
C2, Cg, Dg, Qg and C3 have kb = k5 = 0, i.e. all groups of orders 2, 4 and 8 except Cy x Cy. Let
Hy(m;Z/2) < Hy(m;Z/2) denote the subgroup generated by the inclusions of any of these groups.
We then obtain the following using GAP.

™ Dg x Cy | Qs x Ca | Ge3) | G(i6,4) | Gie,13)
Hy(m;Z/2) | (Z/2)° | (Z/2)° | (Z/2)* | (Z/2)* | (Z/2)°
Hy(m;Z/2) | (Z/2)° | (Z/2)° | (Z/2)* | (Z/2)* | (Z/2)°

Since k§ = k3 () is functorial in 7 for each X € {h, s}, it follows that Ho(m;Z/2) = Ho(m;7/2)
implies that k% = k3 = 0. Hence the above table implies that, if 7 # G(16,4), then Kb =Ky =0
and so ker(k%) = ker(k3).

Let m = G(16,4)- By [Dok24], we have 7 = (z,y | x4, y* yry~lz). Consider the surjective group
homomorphism

f: ™= <$7y | $4,y47y:17y—11'> - <‘T7y | .’E27y27 [.’L’,y]> = CV2 X C4~
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The homology class in Hy(7;Z/2) represented by yay~ 'z maps onto the class ¢ € Hy(Co x Cy;Z/2)
represented by [r,y]. By Lemma 4.10, we have that x4 (c) # 0. It follows that x%(7) # 0. Since
Ho(m;Z/2)" < Ho(m;Z/2) has index two, it follows that ker(x%) = ker(x3) = (Z/2). O

6. COMPARISON OF STABLE AND UNSTABLE EQUIVALENCE RELATIONS

We will now prove the following Theorem from the introduction.

Theorem D. Let M, N be closed oriented 4-manifolds with good fundamental groups. If M, N
are (simple) homotopy equivalent up to stabilisations, then there exists a 4-manifold N’ which is
(simple) homotopy equivalent to N and stably homeomorphic to M.

The proof will make use of the following consequence of Freedman’s disc theorem [Fre84].

Lemma 6.1. Let M be a closed oriented 4-manifold whose fundamental group is good. If there
exists a 4-manifold N such that M ~ N#(S? x S?) (resp. M ~; N#(S? x S?)), then there exists
a 4-manifold N’ such that M =, N'#(S? x S?) and N ~ N’ (resp. N ~4 N’).

Proof. Let f: N#(S? x §?) — M be a homotopy equivalence. If follows from Freedman’s disc
theorem in the oriented case [Fre84, p. 647] (see also [PRT21, Corollary 1.4]) that f|g2yg2\ps is
homotopic to an embedding. Hence there exists a 4-manifold N’ and a homeomorphism g: M —
N'#(5% x §%). It remains to show that we have N ~ N’ (resp. N ~, N’)

By homotopy extension, we can assume that f|g2, g2\ ps is an embedding. Let p1,p2: S? —
N#(S? x S?) be the inclusions of the S? factors. Then there is a homotopy equivalence

Fi N S (N#(52 X 5%)) Uy, s (D*0 D) L4 (N7 4(52 x $%)) Uy, (DPUD3) S5 N

where f Uid is the map extended to the identity on D3 LU D3 and p} = g o f o p;.

Next suppose that f: N#(S?% x S?) — M is a simple homotopy equivalence, i.e. it is homotopic
to a sequence of elementary expansions and contractions of cells. Then the homotopy equivalence F'
above is simple. To see this, note that the first and last homotopy equivalences are just expansions
and contractions of cells. The middle homotopy equivalence f U id is simple since, by [Wal66,
Theorem 1], the expansions and contractions which comprise f can be taken to fix S? x $?\ D*
and so f Uid is also homotopic to a sequence of expansions and contractions. O

Proof of Theorem D. Suppose Ny := M#a(S? x S?) and N#b(S? x S?) are (simple) homotopy
equivalent, where a,b > 0. By applying Lemma 6.1 to Ny and N#(b — 1)(S? x S?%), we get that
there exists a 4-manifold Ny such that Ny op N1#(S? x S2) and Ny, N#(b—1)(S? x S?) are
(simple) homotopy equivalent. By applying the same argument inductively, we obtain 4-manifolds
N; for 2 < i < b such that N;—1 o, Ni#(S? x S?) and N;, N#(b — i)(5% x S?) are (simple)
homotopy equivalent for all 1 <4 < b. Let N’ = N,. Then M#a(S? x S?) ., N'#b(S? x S?)
and N, N#b(S? x S?) are (simple) homotopy equivalent. O

We will also give the following alternative proof using Theorem 3.2 (the topological verison of
Theorem A). The argument still relies on work of Freedman, but it is applied in a different way.

Proof of Theorem D (alternative). If N is totally non-spin, then M and N are already stably
homeomorphic. Hence we can assume that N is almost spin.

Let £: B — BSTop be the normal 1-type of N. Since M and N are (simple) stably homotopy
equivalent there exist x € ker(k%) (resp. x € ker(x3)) and &-structures on M and N, such that
[N] — [M] = [z] € Q4(E) by Theorem 3.2. Let 2’ € Ho(N;Z/2) be a lift of z. Since the surgery
obstruction of (0,2") € Z & Hy(N;Z/2) = N(N) is trivial by assumption on z, the fact that
m=m(N) is a good group implies that there exists a (simple) homotopy equivalence f: N’ — N
with n(f) = (0,2") [Fre82, Theorem 1.2; OPR21, Section 22.1.4]. By Theorem 2.14, there exist
&(N,wy)-structures on N’ and N which induce &-structures such that [N'] — [N] = [z] € Qu(&).
Hence there are &-structures on M and N’ such that [M]—[N'] = 0. It follows that M and N’ are
stably homeomorphic as needed. O
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6.1. Homotopy stable classes of 4-manifolds. Before moving on to our main application of
Theorem D (Theorem 6.7 below), we first give a reformulation of Theorem D in terms of manifold
sets. Let M be a closed oriented 4-manifold and define its homotopy stable class to be

MPSY (M) = {4-manifolds N | N =t M}/ ~ .

—top

This is the analogue of the set which was studied in the smooth category in [CCPS22] (and denoted
S3¢(M)). We can similarly define versions of this set for (simple) homotopy equivalence

MP(M) = {4-manifolds N | N = M}/ ~,  M3*(M) = {4-manifolds N | N ~5* M}/ ~ .
The following is a direct consequence of Theorem D.

Corollary 6.2. Let M be a closed oriented 4-manifold whose fundamental group w is good. Then
the natural inclusion maps MPP™ (M) = M3™ (M) = M"*(M) are bijections.

Remark 6.3. Since (simple) homotopy equivalence up to stabilisations extends in a reasonable
manner to the setting of finite Poincaré 4-complexes, we have that

{4-manifolds N | N ~** M}/ ~ < {finite PD4-complexes N | N ~* M}/ ~ .

Over good fundamental groups, Corollary 6.2 therefore gives an approach to studying M5* (M) by
first computing its analogue for finite Poincaré 4-complexes, and then determining which of these
complexes are homotopy equivalent to closed 4-manifolds.

6.2. Cancellation problems for 4-manifolds. We will now use Theorem D to establish a re-
lationship between the cancellation problems for homeomorphism and (simple) homotopy equiva-
lence. We will begin with the following definition.

Definition 6.4. The topological genus g*°P(M) of a closed oriented 4-manifold M is the maximal
number k such that there exists a 4-manifold My with M 2, Mo#k(S? x S?).

Similarly, define the (simple) homotopy genus g"(M) (resp. g*(M)) to be the maximal number
k such there exists a 4-manifold My with M ~ My#k(S? x S?) (resp. M ~, Mo#k(S? x S?)).

By Lemma 6.1, we have that g"(M) = g*(M) = g*°°(M) if M is a closed oriented 4-manifold
whose fundamental group is good.

Definition 6.5. The cancellation bound cb(w) for a finitely presented group 7 is the minimal
number k such that for every closed, oriented 4-manifold M of topological genus k£ and with
fundamental group 7w stable homeomorphism implies homeomorphism. That is,

cb(m) = min{k | if M =5 N, m (M) =7 and ¢*°P(M) = k, then M =, N }.

We set cb(m) = oo if no such k exists, i.e. if the above set is empty.
The corresponding bounds with homeomorphism replaced by (simple) homotopy equivalence
will be denoted by cb®(7) and c¢b™(7) respectively.

Note that the analogue in the smooth category was referred to as the cancellation genus in
[BCD*21, Problem 10].

Remark 6.6. It is not currently known whether there exists a finitely presented group m for which
c¢h(m) = oo, or even with cb(r) > 2. The bounds c¢b”"(7) and c¢b®(r) have analogues in the case
of finite 2-complexes with —#(S? x S?) replaced by — V S2. For each k > 2, examples where the
bounds are at least k were constructed in [Nic23, Theorem B| (and with bound oo in the non-finite
case [Nic23, Theorems C & 9.2]).

From these finite 2-complexes, it is possible to construct closed oriented smooth 4-manifolds by
taking the boundary of thickening in R®. Using this, it is shown in [Nic23, Theorem 1.4] that there
would exists a group 7 with the manifold cancellation bound cb(w) > k for each k provided certain
stably free Zm-modules are not free. Since the manifolds are smooth, such examples would also
give that cbdiﬁ(w) > k for the version of the bound in the smooth category.

Our main result on cancellation is the following.

Theorem 6.7. Let w be a good group. Then cb™(m) < cb®(m) < cb(r).
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Proof. We will start by proving that cb®(7) < c¢b(w). If ¢b(m) = oo, then there is nothing to prove,
so suppose cb(m) = k for some k > 0. Let M, N be closed oriented topological 4-manifolds with
fundamental groups 7 such that M ~5¢ N and M ~, My#k(S? x S?). By Theorem D, there exists
a 4-manifold N’ such that M %fgp N’ and N ~, N’. By repeated application of Lemma 6.1, we
get that there exists a 4-manifold M such that M =, M}#k(S? x S?). Since cb(r) = k, this
implies that M =,, N'. Since N ~; N’, this implies that M ~, N. In particular, cb®(7) < k as
required.

We can similarly obtain cb”(7) < cb®(x). Suppose M ~** N and M ~ My#k(S? x S2). Firstly,
Theorem D implies that there exists N such that M = N’ and N’ ~ N. In particular, we have
M ~5% N'. Secondly, Lemma 6.1 implies that there exists M{) such that M =, M{#k(S? x S?).
In particular, we have M ~, M} #k(S? x 5?). So, if cb®(7) = k, then the same argument as before

implies that cb”(7) < k, as required. O

Proof of Corollary 1.8. Let m be a finite group. It is shown in [HK93, Theorem B] that cb(w) <
1. Since finite groups are good [Fre84, p. 649], Theorem 6.7 now implies that Cbh(ﬂ') < 1 and
cb®(mr) < 1, as required. O

We can also similarly obtain the following. Recall that a finitely presented group w is called
polycyclic-by-finite if it has a subnormal series whose factors are finite or infinite cyclic C',. The
minimal number of copies of C', which arise in such a series is called the Hirsch length of m and
is denoted by H ().

Corollary 6.8. Let 7 be a polycyclic-by-finite group with Hirsch length H(w). Then
cb™ () < eb®(7) < H(w) + 3.

In particular, let M, N be closed oriented topological 4-manifolds with the same Euler character-
istic and polycyclic-by-finite fundamental group m which are (simple) homotopy equivalent up to
stabilisations. If M ~ Mo#k(S? x S?) for a 4-manifold My where k = H(r) + 3, then M, N are
(simple) homotopy equivalent.

Proof. Tt follows from [CS11, Theorem 1.1] that ¢(m) < H(w) + 3. The result now follows from
Theorem 6.7 since polycyclic-by-finite groups are good [Fre84, p. 649]. ]

REFERENCES

[ABG70] J. L. Alperin, Richard Brauer, and Daniel Gorenstein, Finite groups with quasi-dihedral and wreathed
Sylow 2-subgroups, Trans. Amer. Math. Soc. 151 (1970), 1-261.
[AMO04] Alejandro Adem and R. James Milgram, Cohomology of finite groups., 2nd ed., Grundlehren Math.
Wiss., vol. 309, Berlin: Springer, 2004.
[AS93] Tsunenobu Asai and Hiroki Sasaki, The mod 2 cohomology algebras of finite groups with dihedral Sylow
2-subgroups, Comm. Algebra 21 (1993), no. 8, 2771-2790.
[BCD*21] Jonathan Bowden, Diarmuid Crowley, Jim Davis, Stefan Friedl, Carmen Rovi, and Stephan Tillmann,
Open problems in the topology of manifolds, 2019-20 MATRIX annals, 2021, pp. 647-659.
[Ben22] David J. Benson, Classifying spaces of finite groups of tame representation type, 2022. Preprint, avail-
able at arXiv:2208.07913.
[BFL14] Arthur Bartels, F. Tom Farrell, and Wolfgang Liick, The Farrell-Jones conjecture for cocompact lattices
in virtually connected Lie groups, J. Amer. Math. Soc. 27 (2014), no. 2, 339-388.
[BL12] A. Bartels and W. Liick, The Borel conjecture for hyperbolic and CAT(0)-groups, Ann. of Math. (2)
175 (2012), no. 2, 631-689.
[BLRO8] Arthur Bartels, Wolfgang Liick, and Holger Reich, The K-theoretic Farrell-Jones conjecture for hyper-
bolic groups, Invent. Math. 172 (2008), no. 1, 29-70.
[Bro72] William Browder, Surgery on simply-connected manifolds, Ergebnisse der Mathematik und ihrer Gren-
zgebiete, Band 65, Springer-Verlag, New York-Heidelberg, 1972.
[CCPS22] Anthony Conway, Diarmuid Crowley, Mark Powell, and Joerg Sixt, Stably diffeomorphic manifolds and
modified surgery obstructions, 2022. Preprint, available at arXiv:2109.05632.
[CH90] T. D. Cochran and N. Habegger, On the homotopy theory of simply connected four manifolds, Topology
29 (1990), no. 4, 419-440.
[Chi95a] Angelina Chin, The cohomology rings of finite groups with semi-dihedral Sylow 2- subgroups, Bull.
Aust. Math. Soc. 51 (1995), no. 3, 421-432.
[Chi95b] Angelina Chin, The cohomology rings of finite groups with semi-dihedral Sylow 2-subgroups, Bull. Aus-
tral. Math. Soc. 51 (1995), no. 3, 421-432.
[CS11] D. Crowley and J. Sixt, Stably diffeomorphic manifolds and lag41(Z[x])., Forum Math. 23 (2011), no. 3,
483-538.



[Dav05)

[DF04)
[Dok24]
[Don87]

[E1124]
[EP85]

[FP95]

[FQ90]
[Fre82]
[Fres4]
[FT95]
[GAP24]
[Gom84]
[Ham23)
[Han93)]
[Hat02]
[Hir66]
[HK93]
[HKT09]
[HMSO0]
[HM93]
[HMTWS8S]
[KL22]
[KLPT17]
[KPR22]
[KPT21]
[KPT22]
[KQooO]
[Kre99]
[KS77)

[KTO1]

[LawT78]
[LM24]

[LRSS)
[MM79]

[MRS6]

STABLE EQUIVALENCE RELATIONS ON 4-MANIFOLDS 25

James F. Davis, The Borel/Novikov conjectures and stable diffeomorphisms of 4-manifolds, Geometry
and topology of manifolds, 2005, pp. 63—76.

David S. Dummit and Richard M. Foote, Abstract algebra, Third, John Wiley & Sons, Inc., Hoboken,
NJ, 2004.

T. Dokchitser, Groupnames, 2024. https://people.maths.bris.ac.uk/~matyd/GroupNames/ [Accessed:
2024].

S. K. Donaldson, Irrationality and the h-cobordism conjecture, J. Differential Geom. 26 (1987), no. 1,
141-168.

G. Ellis, HAP, Homological Algebra Programming, Version 1.62, 2024. Refereed GAP package.
Leonard Evens and Stewart Priddy, The cohomology of the semidihedral group, Conference on algebraic
topology in honor of Peter Hilton (Saint John’s, Nfld., 1983), 1985, pp. 61-72.

Steven C. Ferry and Erik K. Pedersen, Epsilon surgery theory (Steven C. Ferry, Andrew Ranicki, and
Jonathan M.Editors Rosenberg, eds.), London Mathematical Society Lecture Note Series, Cambridge
University Press, 1995.

M. H. Freedman and F. Quinn, Topology of 4-manifolds, Princeton Mathematical Series, vol. 39, Prince-
ton University Press, Princeton, NJ, 1990.

M. H. Freedman, The topology of four-dimensional manifolds, J. Differential Geom. 17 (1982), no. 3,
357-453.

Michael H. Freedman, The disk theorem for four-dimensional manifolds, Proceedings of the Interna-
tional Congress of Mathematicians, Vol. 1, 2 (Warsaw, 1983), 1984, pp. 647-663.

M. H. Freedman and P. Teichner, 4-manifold topology. I. Subexponential groups, Invent. Math. 122
(1995), no. 3, 509-529.

GAP, GAP - Groups, Algorithms, and Programming, Version 4.13.0, The GAP Group, 2024.

Robert E. Gompf, Stable diffeomorphism of compact 4-manifolds, Topology Appl. 18 (1984), 115-120.
Tan Hambleton, A stability range for topological 4-manifolds, Trans. Amer. Math. Soc. 376 (2023),
no. 12, 8769-8793.

David Handel, On products in the cohomology of the dihedral groups, Tohoku Mathematical Journal
45 (1993), no. 1, 13 —42.

Allen Hatcher, Algebraic topology, Cambridge University Press, Cambridge, 2002.

Moris W. Hirsch, On normal microbundles, Topology 5 (1966), 229-240.

Tan Hambleton and Matthias Kreck, Cancellation of hyperbolic forms and topological four-manifolds,
J. Reine Angew. Math. 443 (1993), 21-47.

I. Hambleton, M. Kreck, and P. Teichner, Topological 4-manifolds with geometrically two-dimensional
Sfundamental groups, J. Topol. Anal. 1 (2009), no. 2, 123-151.

Tan Hambleton and R. James Milgram, The surgery obstruction groups for finite 2-groups, Invent.
Math. 61 (1980), no. 1, 33-52.

Tan Hambleton and Ib Madsen, On the computation of the projective surgery obstruction groups, K-
Theory 7 (1993), no. 6, 537-574.

I. Hambleton, R. J. Milgram, L. Taylor, and B. Williams, Surgery with finite fundamental group, Proc.
London Math. Soc. (3) 56 (1988), no. 2, 349-379.

Daniel Kasprowski and Markus Land, Topological 4-manifolds with 4-dimensional fundamental group,
Glasg. Math. J. 64 (2022), no. 2, 454-461.

D. Kasprowski, M. Land, M. Powell, and P. Teichner, Stable classification of 4-manifolds with 3-
manifold fundamental groups, J. Topol. 10 (2017), no. 3, 827-881.

Daniel Kasprowski, Mark Powell, and Arunima Ray, Counterezamples in 4-manifold topology, EMS
Surv. Math. Sci. 9 (2022), no. 1, 193-249.

Daniel Kasprowski, Mark Powell, and Peter Teichner, Algebraic criteria for stable diffeomorphism of
spin 4-manifolds, 2021. arXiv:2006.06127, to appear in Mem. Amer. Math. Soc.

Daniel Kasprowski, Mark Powell, and Peter Teichner, Four-manifolds up to connected sum with complex
projective planes, Am. J. Math. 144 (2022), no. 1, 75-118.

V. S. Krushkal and F. Quinn, Subezponential groups in 4-manifold topology, Geom. Topol. 4 (2000),
407-430.

M. Kreck, Surgery and duality, Ann. of Math. (2) 149 (1999), no. 3, 707-754.

Robion C. Kirby and Laurence C. Siebenmann, Foundational essays on topological manifolds, smooth-
ings, and triangulations, Princeton University Press, Princeton, N.J.; University of Tokyo Press, Tokyo,
1977. With notes by John Milnor and Michael Atiyah, Annals of Mathematics Studies, No. 88.

R. C. Kirby and L. R. Taylor, A survey of 4-manifolds through the eyes of surgery, Surveys on surgery
theory, Vol. 2, 2001, pp. 387-421.

Terry Lawson, Decomposing 5-manifolds as doubles, Houston J. Math. 4 (1978), no. 1, 81-84.
Wolfgang Liick and Tibor Macko, Surgery theory: Foundations (with contibutions by Diarmuid Crow-
ley), 2024. Grundlehren der mathematischen Wissenschaften (Springer), to appear.

W. Liick and A. Ranicki, Surgery transfer, Algebraic topology and transformation groups, 1988, pp. 167—
246.

Ib Madsen and R. James Milgram, The classifying spaces for surgery and cobordism of manifolds,
Vol. 92, Princeton University Press, Princeton, NJ, 1979.

R. J. Milgram and Andrew Ranicki, Some product formulae for nonsimply connected surgery problems,
Trans. Am. Math. Soc. 297 (1986), 383—-413.


https://people.maths.bris.ac.uk/~matyd/GroupNames/

26

[Nic23]
[NNP23]
[OP23)

[OPR21]

[Pedl17]
[PRT21]

[QuiT1]
[Spa95]

[Tei92]

[Tei07]
[TW79]
[TWS0]
[Wal64]
[Wal66]
[Wal76]
[Wal99]
[Weg12]

[Wegl5]

DANIEL KASPROWSKI, JOHN NICHOLSON, AND SIMONA VESELA

John Nicholson, Stably free modules and the unstable classification of 2-complexes, 2023. Preprint,
available at arXiv:2108.02220.

Csaba Nagy, John Nicholson, and Mark Powell, Simple homotopy types of even dimensional manifolds,
2023. Preprint, available at arXiv:2312.00322.

Patrick Orson and Mark Powell, Mapping class groups of simply connected 4-manifolds with boundary,
2023. Preprint, available at arXiv:2207.05986.

Patrick Orson, Mark Powell, and Arunima Ray, Surgery theory and the classification of closed, simply
connected 4-manifolds, The disc embedding theorem. With an afterword by Michael H. Freedman, 2021,
pp. 331-351.

Riccardo Pedrotti, Stable classification of certain families of four-manifolds, 2017. Master’s Thesis,
Rheinische Friedrich-Wilhelms-Universitdt Bonn.

Mark Powell, Arunima Ray, and Peter Teichner, The j-dimensional disc embedding theorem and dual
spheres, 2021. Preprint, available at arXiv:2006.05209.

Daniel Quillen, The Adams conjecture, Topology 10 (1971), 67-80.

Edwin H. Spanier, Algebraic topology, Berlin: Springer-Verlag, 1995.

Peter Teichner, Topological 4-manifolds with finite fundamental group, Ph.D. Thesis, 1992. Shaker
Verlag, ISBN 3-86111-182-9.

Peter Teichner, On the star-construction for topological 4-manifolds, Geometric topology. 1993 Georgia
international topology conference, August 2-13, 1993, Athens, GA, USA, 1997, pp. 300-312.
Laurence Taylor and Bruce Williams, Surgery spaces: formulae and structure, Algebraic topology, Wa-
terloo, 1978 (Proc. Conf., Univ. Waterloo, Waterloo, Ont., 1978), 1979, pp. 170-195.

Laurence Taylor and Bruce Williams, Surgery on closed manifolds (1980). University of Notre Dame
(preprint).

C. T. C. Wall, On simply-connected 4-manifolds, J. London Math. Soc. 39 (1964), 141-149.

C. T. C. Wall, Formal deformations, Proc. London Math. Soc. (3) 16 (1966), 342-352.

C. T. C. Wall, Classification of Hermitian Forms. VI. Group rings, Ann. of Math. (2) 103 (1976),
no. 1, 1-80.

C. T. C. Wall, Surgery on compact manifolds, Second, Mathematical Surveys and Monographs, vol. 69,
American Mathematical Society, Providence, RI, 1999. Edited and with a foreword by A. A. Ranicki.
Christian Wegner, The K -theoretic Farrell-Jones conjecture for CAT(0)-groups, Proc. Am. Math. Soc.
140 (2012), no. 3, 779-793.

Christian Wegner, The Farrell-Jones conjecture for virtually solvable groups, J. Topol. 8 (2015), no. 4,
975-1016.

SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF SOUTHAMPTON, SOUTHAMPTON SO17 1BJ, UK
Email address: d.kasprowski@soton.ac.uk

SCHOOL OF MATHEMATICS AND STATISTICS, UNIVERSITY OF GLAsGow, U.K.
Email address: john.nicholson@glasgow.ac.uk

UNIVERSITAT BONN, REGINA-PACIS-WEG 3, BONN, GERMANY
Email address: vesela@math.uni-bonn.de



	1. Introduction
	1.1. Comparison between stable equivalence relations
	1.2. Comparison between stable and unstable equivalence relations
	Organisation of the paper
	Conventions
	Acknowledgements

	2. Surgery theory for 4-manifolds
	2.1. Kreck's modified surgery
	2.2. Methods from classical surgery
	2.3. The transfer in L-theory

	3. Proof of thmx:main-table
	4. Stable rigidity
	4.1. General results for (strong) stable rigidity
	4.2. Stable rigidity for subgroups of odd index
	4.3. Abelian groups
	4.4. Quaternion groups
	4.5. Dihedral and semi-dihedral groups
	4.6. Modular maximal-cyclic groups

	5. Comparison of homotopy and simple homotopy up to stabilisations
	6. Comparison of stable and unstable equivalence relations 
	6.1. Homotopy stable classes of 4-manifolds
	6.2. Cancellation problems for 4-manifolds

	References

