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Flux-balance laws for spinning bodies under the gravitational self-force
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The motion of an extended, but still weakly gravitating body in general relativity can often be
determined by a set of conserved quantities. Much like for geodesic motion, a sufficient number of
conserved quantities allows the motion to be solved by quadrature. Under the gravitational self-force
(relaxing the “weakly gravitating” assumption), the motion can then be described in terms of the
evolution these “conserved quantities”. This evolution can be calculated using the (local) self-force
on the body, but such an approach is computationally intensive. To avoid this, one often uses
fluz-balance laws: relationships between the average evolution (capturing the dissipative dynamics)
and the values of the field far away from the body, which are far easier to compute. In the absence
of spin, such a flux-balance law has been proven in [I] for any of the conserved action variables
appearing in a Hamiltonian formulation of geodesic motion in the Kerr spacetime. In this paper,
we derive a corresponding flux-balance law, to linear order in spin, directly relating average rates
of change to the flux of a conserved current through the horizon and out to infinity. In the absence
of spin, this reproduces results consistent with those in [I]. To linear order in spin, we construct
flux-balance laws for four of the five constants of motion for spinning bodies in the Kerr spacetime,
although not in a practical form. However, this result provides a promising path towards deriving

the flux-balance law for the (generalized) Carter constant.
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I. INTRODUCTION

Only idealized point particles in general relativity obey
the equivalence principle and follow geodesics in the back-
ground spacetime. More general bodies will fail to follow
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geodesics for two reasons: either they are sufficiently ex-
tended that they cannot be characterized only by their
mass and four-velocity, requiring spin and higher multi-
pole moments, or they are not sufficiently weakly gravi-
tating, so that they cannot be treated as test bodies in
some fixed background spacetime. When the test body
approximation is valid, the motion is described by the
Mathisson-Papapetrou-Dixon equations [2H6]. By going
beyond the test-body limit, one needs to include the ef-
fects of the gravitational self-force.

While the self-force is often neglected, there exist astro-
physical regimes where the gravitational self-force is quite
relevant. One such regime is in an extreme mass-ratio in-
spiral (EMRI): a stellar-mass compact object (which we
call the secondary, of mass m) orbiting a supermassive
black hole (the primary, of mass M > m). The mass
ratio, ¢ = m/M, measures how strongly the secondary
affects the surrounding spacetime, and is therefore a mea-
sure of the strength of the gravitational self-force. Due
to their low-frequency nature, gravitational waves emit-
ted by these systems are expected to be an important
source for the upcoming space-based detector LISA [7-
[I0]. However, in addition to the ever-present noise, there
will be many different sources that all contribute to the
signal seen by LISA [7,[I0]. The computation of detailed,
efficiently-produced gravitational wave models for EMRI
signals will be important for their detection, parameter
estimation, and any tests of general relativity that they
may provide.

It is with this goal in mind that, in recent years, there
has been much progress in understanding the gravita-
tional self-force; see for example [T11, [12] for reviews of the
more pragmatic aspects and progress on the computation
of waveforms, or more foundational reviews in [I3HI5].
While much of the work has focused on the simplest case,
where the secondary has vanishing spin and higher mul-
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tipoles, astrophysically relevant EMRIs may have secon-
daries with non-negligible spin. Failure to capture these
effects could result in biases in parameter estimation, or
in spurious “violations” of general relativity, and so there
have been significant recent efforts to compute the effects
of spin on self-forced motion (see, for example, [16H23]).
For black holes, the spin is constrained to be smaller
than the square of the mass, and so the effects of spin are
second-order in the mass ratio, and for bodies with O(1)
compactness, this will also be the case (this is why the
spin appears at second order in the discussion of [15]).
Because one would also need to generically include the
effect of higher spin-induced multipoles (as in Newtonian
theory; see for example Sec. 2.4.5 of [24]), we truncate
at linear order in spin, and neglect all higher multipoles,
which are similarly highly suppressed for compact bodies.
Despite the fact that it is somewhat inconsistent, in this
paper we neglect the full effects of second-order self-force,
leave such a discussion to future work, and consider the
effects of spin to be of part of the first-order self-force.

Up to certain caveats laid out in Footnote [9] below, the
motion in this case is described by a sort of generalized
equivalence principle: the motion of a self-gravitating
extended body is the same as that of a test extended
body in an “effective” metric g,p. This effective metric is
constructed from the background metric g, and a regu-
larized metric perturbation at the location of the body.
While this is certainly a simple prescription, solving for
the motion in this effective metric is computationally in-
tensive, due to difficulties in constructing this regularized
metric perturbation, or indeed any metric perturbation,
at the location of the body (see, for example, the exten-
sive discussion in [12]).

A more tractable approach, using fluz-balance laws,
has often been considered throughout the literature.
Here, instead of solving for this effective metric near the
body to get the exact motion of the body, a flux-balance
law relates the average motion of the body to the emit-
ted radiation that reaches the boundaries of the system:
infinity and the horizon of the black hole. An exam-
ple of a flux-balance law appearing in physics folklore
is in the decay of the classical atom: since accelerating
charges radiate, the emission of energy by an orbiting
electron should decrease its orbital energy, resulting in
a plunge towards the nucleus. This heuristic argument
can also be developed in general relativity in the widely-
separated, slow-motion limit, with varying levels of rigor
(see [25], [26] and references therein, and [27] for more
recent developments up to 4.5 post-Newtonian order).
Such flux-balance laws have provided a crucial test of
general relativity from the measurement of the changing
orbital period of the Hulse-Taylor binary pulsar [28§].

These examples highlight a key feature of flux-balance
laws: they allow for the direct computation not of (even
averaged) position or velocity, but of the slowly-evolving,
no-longer-conserved quantities of the background mo-
tion. In the Kerr spacetime, for example, there are four
constants of motion for a geodesic: the square of the mass

m?, the energy F, the azimuthal angular momentum L,
and the “Carter constant” K [29]. The Carter constant,
which like m? is quadratic in the four-momentum, is re-
lated to the square of the orbital angular momentum L2
in the limit where the primary black hole has no spin.
These are sufficient to determine geodesic motion, but
when the body has spin, in addition to generalizations
of each of these constants [30, 3], there exists a fifth
constant of motion, which we call the Riidiger constantﬂ
Y [30] For any sort of flux-balance law to be useful, it
must therefore provide average rates of change of these
quantities.

Two general approaches have been used in the litera-
ture in order to derive flux-balance laws. The first is to
use the properties of Green’s functions in the Kerr space-
time to derive relationships between the rates of change of
quasi-conserved quantities to the amplitudes of solutions
to the Teukolsky equation, which can be written as terms
defined at the horizon and infinity. This approach was
pioneered in [34] for computations of E and L, without
spin, which was then (at a much later date) extended to
the linear-in-spin case in [35] (whose derivation was later
corrected in [I6]). In order to determine the full motion
without spin, the evolution of the Carter constant K was
computed (once again in terms of asymptotic quantities)
in [36, B7], which was later extended in [I] to the case
of arbitrary constants of motion for geodesic motion in
Kerr. The conserved quantities considered in [I] were the
action variables in a Hamiltonian formulation of geodesic
motion, which they then show can be used to compute
the evolution of K.

The second approach to flux-balance laws is more phys-
ically motivated: much like in the “classical atom” case
above, the asymptotic quantities are the fluxes of a con-
served current (there, the Poynting vector) through the
horizon and null infinity. While such an idea is hinted
at in [34], such a flux-balance law was only rigorously
derived in [38] (without spin), for the case of conserved
quantities defined from spacetime symmetries, such as
FE and L,. However, this left the physical intuition for
the flux-balance law for K from [36, [37] opaque: the
conserved currents considered in [38] involved the stress-
energy tensor, and there was no known way to derive a
conserved current from the stress-energy tensor and the
Killing tensor K, from which K was defined [39]. More-
over, it was even shown that no conserved current could
be constructed from K, and 7% which had all of the
desired properties [40].

I Elsewhere in the literature (for example, [32] [33]), this constant
is referred to as the linear Riidiger invariant, in contrast to the
generalization of the Carter constant mentioned above, which
is often called the quadratic Riidiger invariant. For simplicity,
we instead use the term “Carter constant” to refer to both the
usual constant of motion for non-spinning particle motion and
its generalization to spinning-body motion. As such, “Riidiger
constant” in this paper refers only to the constant of motion
which is linear in the four-momentum and spin of the body.



Recently, however, it was shown in [41] that, at least
in the context of a scalar field theory and in the absence
of spin (where the evolution of the Carter constant was
derived in [42]), one can write the average evolution of
the action variables in terms of fluxes of an appropriate
conserved current through a local worldtube around the
body. This presented a partial physical explanation for
the results of [1I]. Moreover, by naively guessing how to
extend this flux-balance law all the way to the horizon
and null infinity, a derivation was presented in [41] for a
flux-balance law, for scalar fields, that was exactly anal-
ogous to the results in [I].

This paper begins where [41] ends, and provides an ex-
tension of this local flux-balance law beyond the limited
scope of that paper. As such, the goals of this paper are
threefold:

e to show that a local flux-balance law also holds for
gravity;

e to extend this into a global flux-balance law, de-
fined in terms of fluxes through the horizon and
null infinity; and

e to show that the global flux-balance law also exists,
at least in a limited sense, for a spinning body to
linear order in spin.

The main result of this paper is the following formula,
which holds generically for any black hole spacetime (that
is, a spacetime possessing a horizon J# and null infinity
#), for a spinning body (to linear order in spin) under-
going first-order self-forced motionﬂ
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Without describing the notation explicitly, we will briefly
describe this equation’s general features: first, the left-
hand side represents a notion of an average rate of change
of quantities defined on the worldline, and is defined in
Egs. and . For the right-hand side, the first
term is a flux of a conserved current through null infin-
ity and the horizon that is defined in terms of metric
perturbations in Eq. below, and the second term
is a derivative of an average “conservative” Hamiltonian
(defined in Sec. which generically appears, and is
important in the case of resonances [I].

Unfortunately, because of the presence of the conser-
vative Hamiltonian, this equation does not constitute a
flux-balance law relating rates of change on the worldline
to asymptotic fluxes of a conserved current, as this term
still involves computing the regularized metric perturba-
tion, from which the effective metric g, is constructed,

=17 [Fp + Ve(H(X"))-],

’

(1.1)

T

2 In general, there are situations where neither the left- nor right-
hand sides of this equation are well defined, which we will discuss
in more detail in Secs. m and @ below.

on the worldline. Moreover, the left-hand side is not di-
rectly related to averaged rates of change of perturbed
conserved quantities. As described in more detail in
Sec. [ITA] below, it is a covariantly-defined average of the
rate of change of 6T'4, the first-order deviation of the self-
forced motion from the background trajectory I' through
phase space. However, in order to make this average
covariantly defined on phase space [like the remaining
terms in Eq. }, one needs to include a bitensor in-
troduced in [41] called the Hamilton propagator, which
significantly complicates the interpretation in the case of
spin, as we discuss in Sec. [V B] below.

However, in the specific case where the motion on
phase space is integrable, namely there exists a suffi-
cient number of independent constants of motion P, that
one can construct action-angle variables on phase space,

Eq. simplifies, yielding:
(3Pa(r")) = =APa(00) P,

assuming that the background motion is non-resonant.
Here 9 represents the angle variables, A%, describes the
failure of the coordinates (9%, P,) to be canonical, and
(Ogs)AFa is the angle-variable component of F4. The
free index of F4 arises from a derivative acting on the
metric perturbation, and so this equation implies that it
is the derivative of the metric perturbation with respect
to the angle variables 9% (in a manner which we make
more precise through the body of this paper) which is
relevant to computing the evolution of the constants of
motion P,.

Unlike Eq. , Eq. is a true flux-balance law, as
the right-hand side only involves the computation of the
metric perturbation hgp, at null infinity and the horizon.
Moreover, the left-hand side is the average rate of change
of the perturbed conserved quantity §P,, in the usual
sense. In particular, this equation holds for non-spinning
motion in the Kerr spacetime, and is equivalent to the
results of [1]. However, in the case of spin, there no longer
exists a full set of action-angle variables on the entire
phase space, in a sense which we describe in more detail
in Sec. [VB] below. As such, our results are much more
limited: while we can still recover flux-balance laws for
generalizations of m?, E, L, and K, the evolution of the
Riidiger constant Y is less well-behaved. As mentioned
above, while flux-balance laws for £ and L, have already
been known [16] [35], the flux-balance law for K is new to
this work, and arises due to a “miracle” that we describe
in more detail in Sec. [ B] below. While the results of
this paper are somewhat abstract, they provide a path
towards explicit expressions for these flux-balance laws,
as discussed in [43] using recent results in [44].

The structure of the remainder of this paper is as fol-
lows. First, in Sec. [ we provide a review of pseudo-
Hamiltonian systems, a generalization of Hamiltonian
systems that allows for the presence of dissipative ef-
fects, such as the gravitational self-force. As can be seen
above, all of the results of this paper can be naturally de-
scribed in terms of quantities on phase space, and so this

(1.2)



is the natural arena in which to tackle the problem of flux-
balance laws. Next, in Sec. [[TT] we discuss three aspects
of perturbative field theory that are necessary for later
derivations: a conserved current (the symplectic current)
which we use to construct our fluxes at the boundaries
of the system, the field equations for the metric pertur-
bations that appear in the gravitational self-force, and a
relationship between the pseudo-Hamiltonian in Sec. [[]
and the stress-energy tensor sourcing these metric per-
turbations which we call the Hamiltonian alignment con-
dition. Putting together the results of Secs. [ and [T, we
derive a precursor to Eq. in Sec. for arbitrary
spacetimes. We then consider applications to the Kerr
spacetime in Sec. [V] and both derive Eq. for the
motion of a non-spinning body and discuss difficulties in
generalizing to linear order in spin. We conclude with a
summary and discussion of future work in Sec. [Vl

We use the following conventions and notation in this
paper. First, we use the mostly plus signature for the
metric, and we use the conventions for the Riemann ten-
sor and differential forms of Wald [45]. Moreover, we fol-
low the convention of using lowercase Latin letters from
the beginning of the alphabet (a, b, etc.) to denote ab-
stract indices on the spacetime manifold M, with Greek
letters (o, B, etc.) denoting spacetime coordinate indices,
and hatted Greek letters (&, B8, etc.) for component in-
dices along an orthonormal tetrad. Following [46], we
use script capital Latin letters (o, £, etc.) for general
“composite” indices denoting a collection of abstract in-
dices.

Following [41], for tensor fields on the phase space man-
ifold M, we use capital Latin letters from the beginning
of the alphabet (A, B, etc.) to denote abstract indices,
and capital Hebrew letters from the beginning of the al-
phabet (R, 3, etc.) for coordinate indices. We will also
use unhatted Greek letters for indices associated with
groupings of four coordinates on phase space, such as
the angle variables 9 or the conserved quantities P,.
A difficulty arises then in denoting the components of
tensors along these directions: as in Eq. above, we
resort to contracting tensors with (for example) the vec-
tor fields (9y«)? and (9p,)", which form a basis dual
to the usual one-forms (d¥%)4 and (dP,)4. Finally, for
quantities appearing on the spacetime manifold M, we
typically denote corresponding quantities on the phase
space manifold M with capitalized versions of the same
symbol; for example, the worldline v is determined by a
trajectory I' through phase space.

We use the notation for bitensors from [I3], and we use
a convention where indices at some point will have the
same adornments as the point itself, and we do not ex-
plicitly denote the dependence of a bitensor on the point
unless it is a scalar at that point (in particular, if the in-
dices being used are coordinate indices). As such, for ex-
ample, w® 4, (x) denotes a vector at 2’ € M, a one-form
at X" € M, and a scalar at x € M; its components would
be denoted by w*x(z’, X", z). We will also occasionally
use an index-free notation, either for (tensor-valued) dif-

ferential forms on the spacetime manifold or for tensorial
arguments to functionals, and describe where the “invis-
ible” indices lie if it is ambiguous. Tensors in this index-
free notation will be denoted in bold to make it clear that
indices are being suppressed.

Finally, parentheses and square brackets will typically
have their conventional meanings (that is, dependence
as a function vs. dependence as a functional/coincidence
limits [I3]), to which we add the additional notation that
curly braces will be used to indicate dependence as a
local, linear functionals (from [47]). In certain situa-
tions, however, when brackets of the same type would
be nested, such as in f(g(z)), we follow the usual con-
vention of cycling through alternative brackets; in this
example, we would use f[g(z)], even if f is not a func-
tional of its argument. That this replacement of brackets
has occurred should be clear from the surrounding con-
text.

II. (PSEUDO-)HAMILTONIAN
FORMULATIONS

In this section, we first review Hamiltonian and
pseudo-Hamiltonian formulations, which can be used to
describe the background and perturbed motion under the
gravitational self-force, respectively. We then describe
how this is explicitly done in the case of motion to linear
order in spin.

A. General framework

We start by briefly reviewing Hamiltonian systems.
Here, one starts with a phase space manifold M, which
has the structure of a fiber bundle over the spacetime
manifold M. For example, for point particle motion,
M is the cotangent bundle. Because it is a fiber bun-
dle, there is a natural projection map © : M — M.
The worldline of the body, which is given by a curve y
through M, is determined by the projection of a trajec-
tory I' through M:

y=mol. (2.1)
We denote the common parameter of v and I' by 7, as
it will represent the proper time of the body, so that 4
will be normalized.

We further assume that M is a Poisson manifold (for
a review, see Chapter 10 of [48]): there exists an antisym-

metric Poisson bivector IIAB | defining a Poisson bracket
{-,-} for scalar fields f and g by

{19} =1"%(d]) a(dg) 5, (2:2)
that satisfies the Jacobi identity:
{f:{g.h}y +{g.An f1r +{n.{f 93} =0, (23)



this is equivalent to the statement that the Schouten(-
Nijenhuis) bracket of II4P with itself vanishes (see The-
orem 10.6.2 of [48]). The equations of motion for ~ are
then given by a Hamiltonian formulation if there exists
a function H on M that satisfies Hamilton’s equations:

I =148V H. (2.4)
Here, V 4 is any covariant derivative on phase space; we
use this notation, instead of the exterior derivative no-
tation (dH)4, as it is clearer when we discuss pseudo-
Hamiltonians below. Note that we do not assume that
M is a symplectic manifold, which means that II4Z can
potentially be degenerate. As we will describe below,
while IT4# is nondegenerate for point particle motion, it
is degenerate at linear order in spin.

Now, we consider the more general case of a pseudo-
Hamiltonian system. Here, the idea is that what one
would typically think of as a Hamiltonian is not simply a
function of a point on phase space X, but a function also
of a trajectory through phase space I which is determined
by a point X through which I passes. Following [49-/51],
we call such a function a pseudo-Hamiltonian. In the
pseudo-Hamiltonian generalization of Hamilton’s equa-
tions, one takes a derivative with respect to X at X fixed,
and then takes X and X to lie along the same trajectory
I" in phase space. These systems allow for dissipation,
unlike “true” Hamiltonian systems [52]E|

Explicitly, consider the Hamiltonian flow map Ya :
M — M associated with the background motion. This
map is defined as follows: given some X € M, suppose
that

X =T(r), (2.5)
for some value of 7 along some trajectory I' in M that
passes through X and obeys Hamilton’s equations for the
background Hamiltonian H. We then define

TA(X)=T(r+A). (2.6)
The pseudo-Hamiltonian H () is a function of two points,
X and X, such that

H(X,X;¢) = H[X,Ta(X);e], (2.7)

3 Note that, while they sound somewhat exotic, the idea of pseudo-
Hamiltonian systems is far from new (see the discussion and ref-
erences in [52]). For an example from the gravitational radia-
tion literature, the Burke-Thorne potential for the leading-order
post-Newtonian radiation-reaction force (see the discussion in
Chapter 12 of [24]),

1 a5 7(ii)
OFR(g) = vt
can be thought of as the potential energy part of a pseudo-
Hamiltonian: the quadrupole moment I*/ depends on the trajec-
tory of the object undergoing radiation reaction, which is kept
fixed when ®1F is differentiated with respect to z* to find the
force {to see this, compare Eqs. (12.198) and (12.204) of [24]}.

where A € R is arbitrary. This captures the idea that
the dependence on X is only through the trajectory de-
termined by it. Moreover, we require that

H(X, X;0) = H(X); (2.8)
that is, when the small parameter € = 0, the system be-
comes Hamiltonian for the background motion that de-
termines Y [

Note that X and X are completely disconnected as
variables on which our pseudo-Hamiltonian depends; it
is only when we determine the trajectory that we neces-
sarily demand (for self-consistency) that X be along the
curve that passes through X. As such, for an arbitrary
parameter A, we define the trajectory to be such that
the tangent vector satisfies

I(e) =P (e)[VBH(X, X;o)lxrax)  (29)
The expression on the right-hand side is a coincidence
limit of the bitensorial expression in brackets, which is
defined simply by taking the limit X — Ya(X) after
taking the derivative. Coincidence limits arise naturally
in the discussion of bitensors; see, for example, the de-
scription in [I3]. Note that this is a slight generalization
of the expressions presented in [49H51], where it was as-
sumed that A = 0; we adopt this more general approach
as it will simplify the discussion later in Sec. [[V]

At this point, we now explicitly restrict to the first-
order formulation; here, it is the case that everything
which we need to know about the evolution of the per-
turbed trajectory I' is given by 6I'4, the tangent to the
congruence I'(7;¢) where 7 is fixed and e varies. That is,
for any scalar field f,

Of[L(7;¢)]

o (2.10)

A —
T4V aflpy) =

e=0

As we describe more explicitly in Sec. [[T] below, let us
also define the variation of any tensor Q by

§Q:@

o (2.11)

e=0

As shown in Sec. I1.B.2 of [41], the following evolution
equation for T4 follows from Eq. (2.9), using the no-
tation of the pseudo-Hamiltonian formalism (which was
only implicit in [41]):

L3674 =TTP[VpdH(X, X) 5 v a(x)s (2.12)

4 In order to describe self-force in the so-called “self-consistent for-
malism” [I5] 53], one would need to instead consider the Hamil-
tonian flow map associated with the exact motion in the defini-
tion of the pseudo-Hamiltonian, which we would denote Y a ().
However, since we are computing the first-order self-force, the
self-consistent formalism is not necessary, and so we just use the
background Hamiltonian flow map.



where we have also explicitly assumed that (as in [41])

S4B = 0. (2.13)

That is, the Poisson bracket structure is ﬁxecﬂ as a func-
tion of €. Note that this is a “gauge-dependent” state-
ment: it only holds in a certain class of coordinates [for
example, those in Eq. }, and if one performs an &-
dependent coordinate transformation (depending, for ex-
ample, on the metric perturbation), then Eq. will
necessarily change. It is for this reason that we work
in coordinates related to those in Eq. by field-
independent coordinate transformations.

In order to solve Eq. , one needs to integrate vec-
tors on phase space. On a general manifold, one does not
have a means of adding and subtracting vectors at dif-
ferent points, which is necessary in order to have a well-
defined notion of integration along a curve. On the space-
time manifold, one can typically use parallel transport,
that is, the parallel propagator bitensor g“/a, but there
is no natural notion of parallel transport on phase space.
However, on phase space there still exists a bitensor that
allows for transport for vectors along I', the Hamilton
propagator [AI]. This is a bitensor defined along I' by
the following equation: for any scalar field f, and any
pair of points X = I'(r) and X’ = T'(7’), the Hamilton
propagator YA, satisfies

Va(foXr ) =T AVAf. (2.14)

In other words, the Hamilton propagator is the pushfor-

ward of the Hamiltonian flow map YT AE and is a bitensor

that is a one-form at I'(7) and a vector at I'(7 + A)E]
In coordinates, the chain rule implies that

oXX(r")

TRo(r,7) = o 2.1
:l(T 77-) an(T) I ( 5)
where X™(7) denotes the coordinates of I'(r). That

is, in order to compute this bitensor, and so integrate
Eq. , one needs to solve for the background trajec-
tory in terms of initial data. We perform this explicit
calculation in the relevant cases in Secs. [V Al and [V Bl

5 When we say “fixed” here, we mean that it does not explicitly
depend on ¢; any possible implicit dependence due to being eval-
uated at a point which itself depends on ¢ is allowed, as can be
seen in the derivation in [41].

6 While the pushforward of a mapping from a manifold into itself
is not discussed in terms of bitensors in typical textbooks on
general relativity (such as, for example, Appendix C of [453]), it
is not unprecedented: see for example Sec. 1.4 of [54].

7 Note that this definition is slightly different from that originally
presented in [41]: there, TA/A was defined such that it was a
bitensor at any two points X and X’ along a given trajectory T,
by using a function which gave the difference A in proper times
between these two points. This allows one to take derivatives of
T4 4 with respect to either of X and X', entirely independently.
However, as we discovered while writing the present paper, such
a feature is not required for the derivation of flux-balance laws,
and so we do not include this part of the definition.

In addition to Eqs. (2.14) and (2.15), the Hamilton

propagator has a few very convenient properties. First,
as it is created from a map from the manifold into itself,
it has a natural composition property:

TANTY 4 = T4, TA4TY 5 =64 (2.16)
Next, consider the Lie derivative with respect to ['4 of
some tensor T, where 7 is some composite index. For
such composite indices, there exists a Hamilton propa-
gator N /d which uses T4’ 4 for mapping contravariant
indices at X to X', and Y4 4 for covariant indices. The
Lie derivative is then defined by {compare to Eq. (C.2.1)
of [45]}

d ,

T = lim — (Y9 T 1

Ly lim - ( o )’X,_F(TH) (2.17)
As such, from Eq. (2.16]) it follows that
Yy £0,T7 = lim 4 (Tﬂf’ MT“”)
A—0 d)\ X”:F(T’Jr)\)
_ 4 (Tﬁf o )
dr’ X/'=T(7") ’

(2.18)

by the chain rule. As such, if the Lie derivative of T is
known at all points along I', one can potentially integrate
this equation to solve for T .
We now use the Hamilton propagator to define a notion
of an average rate of change of §T'4: first, define
STA(F) = YA 4 £4,6TY (2.19)
where X’ = T'(7/), and then define, for any bitensor
fA(7') that is a scalar at 7/, the average
1 [
lim — / dr’ fA(r),
T—

(fA),, = (2.20)

AT—00 AT

where 71 = 7 £ A7/2. From this, we have that the
average rate of change of 6T'4 is given by

(o04(")) | = TP ([Vad H{Y p—(X), X5 ).
(2.21)

where we have used Eq. (2.14)), together with Eq. (2.18])
and the fact that

L8 =0, (2.22)

which follows from the Jacobi identity (see Proposi-
tion 10.4.1 of [48]). In principle, one can then use

Eq. (2.18) to show that
. T4, FA/ _TA,, FA”
<5FA(T’)> = lim A0 A0

! AT—00 AT

, (2.23)

where the points X’ and X” in the numerator on the
right-hand side are at 7+ A7 /2, respectively. This equa-
tion provides an alternative way of thinking about this



average rate of change, although we will not use it in this
paper.

Finally, we note that, in both Egs. and ,
care must be taken that the quantity being averaged
does, in fact, have a finite and well-defined average. As
we will see below in Sec. [VA] this is not always the case,
for particular components of these equations; however, in
such cases, it will be true that both the left- and right-
hand sides of Eq. will be ill-defined.

B. Linear-in-spin motion

In this section, we review the motion of spinning test
bodies, to linear order in the spin. The background mo-
tion is described in terms of three quantities: the four-
velocity 4* (which, for concreteness, we assume is nor-
malized using the metric g,, to have length —1), the
momentum p,, and the spin S®. These three quanti-
ties obey the Mathisson-Papapetrou-Dixon (MPD) equa-
tions [2H4]:

. 1 e
V'Vopa = =5 Ravea?" S + Fu, (2.24a)
YeVeS™ = 2pegeloqt + NP, (2.24b)

where F® and N are (respectively) forces and torques
that are due to the structure of the body, arising from
higher multipoles (such as the quadrupole moment, for
example). In this paper, we will neglect the presence of
these higher multipoles, applying the pole-dipole approx-
imation; due to the generic presence of a spin-induced
quadrupole, this requires us to also neglect quantities
which are second-order in spin, for consistency.

Equations do not provide a complete set of equa-
tions for the 13 unknowns 4%, p,, and S%: these are
only 10 equations, and so we must supplement them with
an additional choice in order to fix the location of the
worldline. Such a choice is called a spin-supplementary
condition, and we will adopt the Tulczyjew-Dixon condi-
tion [4, [55] for the remainder of this paperfy]

d* = S%p, = 0. (2.25)
This condition is a constraint that the mass-dipole mo-
ment, as measured in the rest frame of p®, vanishes. Un-
der this spin-supplementary condition, the MPD equa-
tions take on the following form, to linear order in spin:

8 As we are explicitly excluding the null case, we are free to ignore
the known pathologies of this spin-supplementary condition in
this case (see, for example, the discussion in [56] [57] and pg. 70
of [58]).

1
¥ = Egabpb +0(8?), (2.26a)
. 1 e
'vabpa = 7§Rabcd"}/b5 d, (226b)
V5% = 0(8?), (2.26¢)
where
m? = —g"papy, + O(S?), (2.27)

by the normalization of the four-velocity. For the remain-
der of this paper, we will implicitly neglect any O(S?)
terms.

Now, one thing to note about the motion described
by Egs. (2.26)) is that it is not, in fact, equivalent to
Egs. (2.24) with the Tulczyjew-Dixon condition satisfied:
instead, one can only prove from Eq. that

APVyd® = 0. (2.28)

Instead of considering the “true”, restricted phase space
for spinning bodies in this paper, we will be consider-
ing Eq. as given, and then apply d* = 0 as an
initial condition, which by Eq. implies that the
Tulczyjew-Dixon condition holds for all time. The Hamil-
tonian which we consider below is therefore for a “ficti-
tious” problem that does not correspond to the physical
motion, and the physical motion is only recovered when
the initial data are such that Eq. (2.25)) holds. This will
be sufficient for our purposes, and (as we will show below
in Sec. it is necessary for our results to hold in the
form they do.

We now discuss the Hamiltonian formulation of this
background motion, starting with the case where the spin
vanishes. This is exactly geodesic motion, given by

APV = 0. (2.29)

As one can straightforwardly show (see, for exam-
ple, [41]), this equation follows from Hamilton’s equa-
tions, where the coordinates on the (now 8-dimensional)
phase-space are given by

=()
Do)’

the Poisson bivector IT45’s non-zero components are de-
termined by

(2.30)

{:Ca,pg} = (5a5, (2.31)
and the Hamiltonian is given by
H(X)=-m(X), (2.32)

where we consider the mass m, as defined by Eq. (2.27]),
explicitly as a function on phase space. Hamilton’s equa-
tions also show that

(2.33)



directly enforcing the normalization of 4°.
For the spinning case, the situation is more subtle.
First, suppose that one uses

:L,O(

XN = Pa
o8

(2.34)

as coordinates on the 14-dimensional phase space. If one
uses the Poisson bivector given by

{'Tavpﬂ} = 0%,
1
{paapﬁ} = _§Raﬁ'y5576a

{wa’pv} — QF[awsﬁw,

{598 570 = 9(gol0 5718 _ ¢Bl6 grle)
(a natural choice appearing throughout the litera-
ture [59H61]), then the Hamiltonian for the MPD equa-
tions with the Tulczjew-Dixon spin supplementary con-
dition is still given by Eq. (see [62] for an extensive
discussion of the relationship between the choice of spin-
supplementary condition and Hamiltonian). This means
that II4% is metric-dependent, and as we will see below,
this implies that 61147 £ 0, which significantly compli-
cates the analysis.

Instead, following [60L 63], we define better coordinates
for this problem by first introducing the orthonormal
tetrad eg, defined by

gan(ea)*(ep)” = 145 (2.36)
Here, we denote tetrad indices using hatted Greek letters,
to distinguish them from spacetime coordinate indices.
The corresponding dual tetrad e® is defined by

(€%)aleg)® = 8%, (ea)(e®)p = 6%
(which are equivalent), from which it follows that
9" (€)a(e”)y = 0"

Moreover, we consider the connection one-form w 5 de-
fined by

(2.37)

(2.38)

(Wap)a = gve(ea)’Vales). (2.39)
Using these quantities, we define
da B B\ ca 1 aa B
5% = (eNale® 8™, Ta=pa— 5(@a5)a5,
(2.40)
and use the following coordinates on phase space:
IO&
X¥=| m |, (2.41)
§o

where S99 is antisymmetric.

Since, as mentioned above, H in the original coordi-
nates is given by Eq. , it follows that in these good
coordinates it is given by the same equation, but with m
defined as a function of 7, and S through a variable
which we call p,(X):

\/_g pa X)v (242)
where we have defined p,(X) by
1 868
Pa(X) =7 + i(waﬁ)as . (2.43)

What has changed is that the non-zero components of
the Poisson bivector are now determined by [60] [63]

(2.44a)
(2.44D)

{170‘,7'('/3} = 5aﬁ,
{558 §70Y = 9(yd8 GVIB _ P16 Glay,

Note that now IT*% no longer depends explicitly on gqp.

With the background motion now fully presented, we
can now consider the motion of the spinning particle un-
der the gravitational self-force. As shown in [64H66], for
a non-spinning particle, there exists an “effective” metric

Jab[7; €] (defined in Sec. [III B| below) such that

e the worldline « and the variable p, are now func-
tions of ¢,

e the metric g, is replaced with the effective metric
Jab[7; €], and

e all quantities which are constructed from the met-
ric (V, and 4® due to its normalization) are all
replaced with versions (V,[v; €] and 5%[y; ¢]) which
are all constructed from the effective metric.

This means that we can describe non-spinning self-force
motion using the following pseudo-Hamiltonian:

H(X,X) =—m(X,X), (2.45)

where m is defined in terms of the effective metric gqp,
considered as a function of some arbitrary point in phase
space through the trajectory (defined using the back-
ground Hamiltonian) that passes through X. That is,
m is defined as in Eq. , but with

Jab(X;€) = Jap[m 0 T.(X); €] (2.46)

replacing gqp, where Y.(X) abstractly denotes the curve

determined by considering T A (X) as a function of A.



For the case of spinning body motion, we assumeﬂ that
a similar prescription applies: in addition to the points
described above for non-spinning motion, the equations
of motion are the same as those described above in
Eq. , but with the following modifications:

e 5% is also a function of ¢, and

e the Riemann tensor R%;.q is replaced by R%eq [v; €l
which is constructed from the effective metric.

From this, the pseudo-Hamiltonian is given by modifying

Eq. (2.42) as in Eq. (2.45)):

H(X, X;€) = —\/ G2 (X: 0)pa (X, X: ) (X, X:),

(2.47)
where p, is defined analogously to how it is defined in
Eq. (2.43), except by using a (éa)*(X;e) and w,5(X;e)
that are defined from §u,(X;e) and its compatible co-
variant derivative, instead of g.,, using Eqgs. (2.36)
and (2:39), respectively. Note that (e%), does not ap-
pear in Eq. (2.43), and so (¢%),(X;¢) does not arise in
this equation. As mentioned above, since the components
of IT48 in these coordinates are independent of g,p, there

is no modification of 45 in this gauge to an analogous
145,

III. FIELD EQUATIONS

Next, we review the perturbative field equations in the
problem of spinning, self-forced motion. We start by de-
scribing the notation which we will use in the rest of this
section. Suppose that one has a tensor field Q[®] which
is a functional of some other tensor field ® ., whose in-
dices we collectively denote with the composite index ..
For example, one could consider the case where ®,, is
the metric g,p, in which case &7 represents ab. The func-
tional dependence of @ on ® is, in general, nonlinear,
although we will assume that it is still local.

Now, suppose that ¢, is a function of a single param-
eter X. It then follows that one can define, from Q, a
local, linear functional Q'(\) by writing

(0 P
e {5 }=%.

9 While the prescription above for non-spinning motion has been
shown to hold, even to O(e?), and regardless of the nature of the
body (that is, whether it is a black hole or some material body)
by [65] [66], using an effective metric defined in [67], the validity
of the analogous results to linear order in spin are somewhat
murkier (see the discussion in Sec. II.B of [16]). Notably, despite
the fact that this prescription for generating the equations of
motion is known to hold at O(e) for material bodies from [6§],
for a particular choice of effective metric, it is unclear if it also
holds for the effective metric in [65H67]. We thank Sam Upton
for confirming that work on extending the results of [65H67| to
the spinning case is still ongoing. See [16] for arguments for why
this prescription is plausible. For simplicity, we will assume that
this prescription holds.

(3.1)

where we have dropped the functional dependence on @,
on both sides, but we have explicitly included the depen-
dence on A. When we set A = 0, we write the partial
derivative as a variation § [as in Eq. (2.11])] and omit the
dependence on A from Q'

Q' {5®) = 5Q.

We use curly braces in these equations to indicate the fact
that Q' ()\) (or Q') is a local, linear functional of O® o, /OX
(or 6@ .). Occasionally, it is useful to consider local, lin-
ear functionals of a single argument as operators, which
can be accomplished by giving them an additional index
(dual to that of their argument), and in an index-free
context we denote their action on their argument with
a -. That is, for such a functional @ which we evaluate
with some argument ® ./, we can interchangeably write

(3.2)

Q{‘I)} = QE{‘I)Q{ =Q-P.

While Q'()\) reflects the linear dependence of Q on ®,
the quadratic dependence of Q on ® will also be occa-
sionally be relevant. This dependence can be recovered
from the remaining dependence of Q'(\) on @, which
we have neglected in the equations above. This can be
seen as follows: for any local functional Q(\), which de-
pends nonlinearly on ® . (\) and linearly on some ¢4 (),
we take a derivative with respect to A to define Q'(\):

oW {55 o0} = 22N gy {201

(3.4)
Unlike above, we explicitly eliminate any derivatives of
the arguments using the second term on the right-hand
side; in other words, we are taking the derivative with
respect to A, with the argument of @ fized. In the case
where we set A = 0, this becomes

(3.3)

Q'{0®, ¢} = 1Q{9} — Q{ia}. (3.5)
We can now use this procedure to define Q" by
Q"{qu), 52‘1’} = 51Q/{52@} — Q/{5152‘I’} (3 6)

=010:Q — Q'{015:®},

where the second line makes it apparent that Q”, which
is essentially the “quadratic part” of Q, is symmetric in
its two arguments. It follows from these definitions that

Q) =Q+XQ'{5®} + A; (Q'{5°®} + Q"{6®,5®})

+ 0. o)
3.7

With this notation established, in the remainder of
this section we first describe a local, bilinear current
w, the symplectic current, which is conserved when the
source-free, perturbative equations of motion are satis-
fied. We then turn to the discussion of the perturbative



field equations from which the effective metric Gup[y; €]
is constructed in the first-order gravitational self-force,
using the retarded, singular, and regular metric pertur-
bations hgp, hf;b, and haRb, respectively. We conclude with
a discussion of an important property relating the stress-
energy tensor from which these metric perturbations are
constructed and the pseudo-Hamiltonian which appears
in the self-force equations of motion.

A. Symplectic currents

As it is central for the definition of our flux-balance
law, we start by introducing a current, the symplectic
current, which will be conserved when the vacuum equa-
tions of motion are satisfied. The conservation of such
a current in vacuum regions is crucial for allowing flux-
balance laws to be promoted from being local to the par-
ticle to truly global flux-balance laws involving quantities
at the boundaries of spacetime.

The definition of the symplectic current begins with
considering the Lagrangian formulation of the theory in
question; while in this paper we only consider general rel-
ativity, the discussion here can be generalized to a the-
ory for an arbitrary field ®,. Unlike usual treatments
of the Lagrangian formulation, we adopt the approach
of [69, [70] in working entirely locally: instead of using an
action, we consider only the variation of the integrand
which appears in the action, which is naturally given by a
Lagrangian four-form L. This description has two advan-
tages over using the usual action approach: first, one does
not need to introduce a compensating boundary term in
theories such as general relativity where the Lagrangian
depends on second derivatives of the field. Second, the
boundary term arising in the variation, which is typi-
cally neglected at various points in the action approach,
appears far more prominently.

Upon variation of the Lagrangian four-form, one finds
that (subject to certain technical assumptions, such as
covariance [69])

6L = E7§®,, + d0{5®}. (3.8)
Here, the tensor-valued four-form E“ vanishes when the
equations of motion are satisfied, and the three-form 6
is the integrand of the usual boundary term which arises
when varying an action.

The three-form 6, often called the symplectic poten-
tial [69], can then be used to define the symplectic current
w as an antisymmetric, multilinear functional:

w{®', ®?} =0 {®', ®?} — (1 +— 2). (3.9)

By taking a second variation of Eq. (3.8)), one can show
that

dw{®', ®?} = oL (E)“{®?} — (1 +—2). (3.10)

That is, it is conserved when the linearized equations of

motion hold. This is the key property of the symplectic
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current which we will use throughout the remainder of
this paper.

Note, however, that there is an issue with using the
symplectic product in order to define a flux at infinity:
it is a bilinear, antisymmetric current, which requires
that we have two different field perturbations on the
background spacetime, each satisfying the equations of
motion, in order to construct a conserved current. On
the other hand, physically relevant fluxes are typically
quadratic in the field. However, if we were to have an op-
erator, which we denote by D%, which maps the space
of solutions to the vacuum equations of motion to itself,
we could resolve this issue by using such a map to define
a quadratic current from a single perturbation [70]. Such
an operator is called a symmetry operator [T1].

Explicitly, a symmetry operator is an operator D%
satisfying

(E"Y{D .68} = D7 5(E")? {59}, (3.11)
for some other operator D - In this sense, symmetry
operators “commute with (the perturbed) equations of
motion, up to equations of motion”. For any field theory,
one can always construct a symmetry operator from a
vector field £% as follows: consider the fields @ from which
the equations of motion E“ are constructed. In the case
of gravity, this is simply the (dynamical) field gqp, but for
theories with non-dynamical fields (such as Klein-Gordon
theory or electromagnetism on a fixed background space-
time) ¢ would include both ®,, and the non-dynamical
fields (such as the metric). If this vector field satisfies
£Lep = 0, then £¢ will be a symmetry operator. For
gravity, or for theories with a fixed metric that are lin-
earized off of a background where ®,, = 0, this is simply
the condition that £¢gq, = 0, or that £* generates isome-
tries. In addition, however, for specific theories and back-
grounds, there exist symmetry operators not associated
with isometries

e in the presence of a background, rank-two Killing
tensor, for Klein-Gordon theory [72];

e in the presence of a background, rank-two Killing-
Yano tensor for Dirac (and Weyl) fermions [73}, [74]
and electromagnetism [74H76]; and

e for linearized gravity on the Kerr spacetime [T
79], due to it being Petrov type D, and therefore
possessing a rank-two Killing-Yano tensor [39].

In this paper, we will, however, not be concerned with
any of these symmetry operators, and instead focus on a
symmetry operator introduced in [41] which arises only in
the case of solutions to the self-force equations of motion
given in Sec. [[ITB] below.

Inserting any symmetry operator into the symplectic
current, we can define a new current which satisfies

dw{®!, D - 8%} = 3!, D7 5(E')?{®*}

— (E')7{®"}D, 7%, (312



In particular, this current is now no longer antisymmetric
in @1, and ®%,, and can therefore be used to define a
quadratic current from a single perturbation 1, = ®2,.
In the case where @}Z{ and CI)if are both vacuum solutions
to the linearized field equations, it then follows that the
right-hand side of Eq. vanishes, and so the current
is conserved.

For concreteness, we now give the expression for this
symplectic current in the relevant theory, general relativ-
ity. The Einstein-Hilbert Lagrangian is given byE

L = —Re, (3.13)
which implies that
E™ = G, (3.14)
Moreover, the symplectic potential is given by
Oave{h} = —2(C) {h} g €qane, (3.15)

where (C")%,.{h} is the linearized connection coefficient
constructed from the metric perturbation h,,. The sym-
plectic current is then given by

Wabc{hla h2} —9 {(C')[def{hz}Pe]gfhh}]h
(3.16)
—(1+— 2)} €dabes

where

1
Pegfh = g(€|gg‘f)h _ 5gefggh (317)

is the trace-reversal operator.

B. Self-force

As promised above in Sec. [[TB] we now determine the
effective metric g,, which appears in the equations of
motion. First, consider the retarded solution h,, that
is sourced by the worldline v by the following partial
differential equation:

(E")**{R[]} = 87T [, (3.18)
where, from Eq. (and the fact that we are in a vac-
uum background spacetime), (E’)? is a differential-form
version of the linearized Einstein operator and T“b['y] is
a distributional source that is given below in Eq. (3.27)).
In particular, hgp is a vacuum solution off of . In a con-
vex normal neighborhood of v, one can split the retarded

10 Note that the overall coefficient in front of the Einstein-Hilbert
Lagrangian is arbitrary, so long as the stress-energy tensor, de-
fined in terms of the variation of the matter Lagrangian, is such
that G0 = 87T still holds. We adopt the choice in Eq.
such that Eq. takes a particularly simple form.

11

field hgyp into two fields, the singular field hasb, which is
the part which is not a vacuum solution, and in fact blows

up, on :
(B {h°[]} = 87T [y]; (3.19)

and the regular field hfb, which remains a smooth vacuum
solution, even on ~:

(E")*{h"[]} = 0. (3.20)
The effective metric is then defined by
Gab[v; €] = gap + b [A]. (3.21)

While it is unimportant for the discussion in this pa-
per, one can operationally compute these fields as follows:
first, up to a given order in distance from the source, hfb
has a known analytic form (given, for example, in [67]).
After solving for the full retarded solution hg,;, one can
then simply subtract off A, in order to obtain h%. Typ-
ically, this is only done at some truncated order in dis-
tance to the particle, but at sufficiently high order that
the value of A2 and its first derivative can be recovered
exactly. At second order, this discussion becomes more
complicated; see for example [80].

Finally, we need to describe the differential-form ver-
sion of the stress-energy tensor on the right-hand side of
Eqgs. and (3.19). In terms of the variables p, and
S it is given by [67]

o0 dT/ ga,dlpd/ ’
Tab [7] = / m(X/) gb ¢ pc’daba’b’
—00

+ Sb/c/vcé(ab)ca’b’c’> ,
(3.22)

where 2’ = v(7') and d4pca® & is a bitensor-valued four-
form distribution (note that the four-form indices are at
x, the same point as the first set of indices). This dis-
tribution is defined by the following property: when in-
tegrated against a tensor fo over some volume V', one

finds
/mwwsz
% 0

for any collections of indices &/ and Z. As such, this
stress-energy tensor is supported entirely on . Moreover,
the distribution 8 . satisfies the property that

eV

e (3.23)

(5%“@&{/(@/ = (5‘%’2{(@/@{/. (3.24)

Further, note that, upon taking a derivative Vj of

Eq. (3.23)), we find

/fmvbfﬁﬂw Z/(beﬂ)fswb',aw
v v

(3.25)

= —/ Fer V8" oy,
v



and so

Vb/&”g{/ = —Vb(sb'db/g{/. (326)

This implies that we can write
Tab[ ]7 /OO dr’ ga,d/pd’ ( b'c
Y= e m(X,) g Pc

Finally, we discuss a very useful property of the self-
force in both the non-spinning and linear-in-spin cases,
which we call Hamiltonian alignment. This is a rela-
tionship between the pseudo-Hamiltonian H(e) and the
stress-energy tensor which appears in the self-force equa-
tions of motion in Eq. - To introduce some nota-
tion, we define, for any tensor Q(X, X; ) which depends
on X and ¢ through ehlt (X), the tensors

o Sb’c’ vc/) 6(ab) b
(3.27)

0Q(X,X;e)

c1--cpab —

RE(X)=0

(3.28)
The Hamiltonian alignment property is that, for some
constant Cy,

T [roY.(X)]=C, / ar' T (X, "), (3.29)
where, defining X = Y,»_.(X) and 2" = 7(X"),
Ta’b’ (X, 7_//) _ (aH)C,l/”.C'/r:a//bN (X//)
2 (a0

1/
X Vc/l/ .. vc(/(sa b a’b!’ -

Note that, while such a relationship is plausible from the
generalized equivalence principle and the fact that both
the stress-energy tensor and the background Hamiltonian
must come from an action principle, we have not been
able to prove this result more generally. A version of this
relationship also holds for the scalar field theory consid-
ered in [41], which (although not emphasized there) was
key in the derivation of the flux-balance law in that pa-
per.
In the case of a point particle, first note that

(am)ab(X) _ g9 pcpd.

2o ) (3.31)

Using Eq. (3-30), and comparing with Eq. ( , we find
that the Hami toman alignment condltlon holds with

Cy = —1/2. There are no terms in Eq. ( - beyond
n = 0, since the pseudo-Hamiltonian in this case does
not depend upon derivatives of the metric perturbation.
To linear order in spin, we have that

_ g“pe(X)
X 2m(X)

o Jadgbepe (X)
(3.32)

+ (8wa3)dab$dﬁ .
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However, from Eq. (2.36)), we find that
1
(Dea)™* = =59 (ea)”, (3.33)

{compare Eq. (39b) of [50]}, and so

1
(aw&é)abc = (e&)(bva(eﬁ) e — ggdegd(b( )C)Va(e,é)e
1
— g9ae(a) Valg“*(e5)”)

=0,
(3.34)

where in the first equality we have used the fact that
V. only depends on V hb’i to linear order. As such, the
second term in Eq. (3.32) doesn’t contribute, and so

ac ,bd

a 90" (X)pa(X)
(OH)™(X) = — 2m(X)d

(3.35)

Now, we consider (0H )?(X), which is given by

cd \ .abc &ap
abc _ 9 pc(awdﬁ)d S
(OH)*(X) = 2m(X) (3.36)
We have that
(@)% = )| OO )1
] (3.37)
- 25abgf(c(€ﬁ)d)},
where
(ao)efabcd _

g9 (26" (10007 — 81657,
)

0 (8200 07 + 26" 6 67
(3.38)

reflects the dependence of the connection coefficients on
Vyh®.q. The first term on the second line of this equation
cancels with the term on the second line of Eq. ,
and so we find that

(Owsp)a" = =(era)(e)) 6% . (3.39)
This implies that
abe 9*pa(X)5)
(OH)™¢(X) = QSE(X)) (3.40)

By comparing Eqs. (3.35) and (3.40) to Eq. (3.27)

and (3.30), we see that, even in the linear-in-spin case,
the Hamiltonian alignment condition holds, with C, =
—1/2. We do not need to go beyond n = 1 in Eq.
because there are no terms in the pseudo-Hamiltonian
which depend on more than one derivative of the metric
perturbation.



It is at this point that we can comment on the reason
why it is necessary for us to work on the 14-dimensional,
“fictitious” phase space where the spin-supplementary
condition d* = 0 is not required to hold. An alterna-
tive approach would have been to use the Hamiltonian in
Eq. in coordinates where one has already restricted
to the surface where d* = 0. However, in writing these
coordinates in terms of the well-behaved coordinates in
Eq. , one needs to explicitly introduce factors of
the metric, which in passing to the self-force pseudo-
Hamiltonian would introduce an additional dependence
on A% (X). This would spoil the Hamiltonian alignment
condition, and so for simplicity we work on the larger,
14-dimensional phase space.

IV. GENERAL FLUX-BALANCE LAWS

We now discuss our approach to flux-balance laws in
general spacetimes. First, as discussed above, any metric
perturbation h; in this problem (for example, the full
retarded field hg;), depends on a worldline v [for exam-
ple, via Eq. (3.18)]. As such, as in Eq. (2.46)), it can be
considered as a function of a point X which lies along a
trajectory I' through phase space at some fixed time 7,
via the Hamiltonian flow map T:

hioi (X) = hip w0 T.(X)]. (4.1)

As in [41], we then consider the operation given by tak-
ing a derivative with respect to X, which (as before) we
denote by V 4. Note that derivatives of h;;,, (X) with re-
spect to X and z’ act independently since, considered as
a bitensor at X and ', h.;,, (X) does not impose any re-
lationship through its definition (unlike, say, A A). As
such, V4 and V, commute, and moreover V 4gq,4 = 0
(the background metric is not a function of X), so V4 is
a symmetry operator.

Using this symmetry operator, we can define a flux
integral over some hypersurface, which we generically
denote by (7, AT). We assume that this hypersurface
is a tube surrounding the worldline ~, with boundaries
which we denote by 9%X4. These surfaces 0¥+ are also
the boundaries of hypersurfaces ¥4 which intersect v at
~(r1), where 7 = 7+ A7/2. The two hypersurfaces we
will be integrating our fluxes over will consist of an outer
boundary B(7, A7), which we will later assume can be
extended down to the event horizon J# and out to null
infinity .#, and a worldtube W(r, At;r) of some proper
radius . Note that W(r, A7;7) needs to be within the
convex normal neighborhood of . As a visual aid, see

Fig.
In terms of a general surface (7, A7), our flux inte-
gral, as a function of two metric perturbations h}lb and
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B(r, AT)

T—AT/2

FIG. 1. The various surfaces surrounding the worldline ~ on
which the flux-balance laws are integrated: the inner world-
tube W(t, AT;r), the outer boundary B(r, A7), and the two
pairs of endcaps, W4 (r) and Bx. For clarity, we only label
(and shade) two of the endcaps, W4 (r) (at the top) and B_
(at the bottom).

h?,, will be given byE

Sepl 12y — 1 1 1 2
Falh' ko) = lim 87C,AT /E(T,AT)“’{" Vah'},
(4.2)
where X, the point at which V 4 is applied, is given by
I'(7); the integrand is evaluated at some point 2’ on the
surface (7, A7); and Cy is the constant (in gravity equal
to —1/2) appearing in the Hamiltonian alignment condi-
tion in Eq. .
Since hgp, the retarded field, is a vacuum solution in
the region between B and W, we find
FE{h,h} = F)V" {h, b} (4.3)
for any (well-defined, that is, sufficiently small) proper
radius r. This follows by Stokes’ theorem; note that,
in general, there will be an integral over the surfaces
Bi — W4i(r), but as this region is finite, and we divide

11 Note that, in this equation, the operator V 4 appears inside the
local, bilinear functional w, which is then integrated. The valid-
ity of a free index inside the functional is due to (bi)linearity and
locality, and the validity inside of an integral is due to the fact
that it is an index at a point which is not being integrated over.



by A7 and take the limit A7 — oo in the definition of
the fluxes, such a term goes away, and only integrals over
B(r, At) and W(r, AT;7) remainB In the remainder of
the paper, we will not discuss these “endcap” contribu-
tions which would otherwise appear from applications of
Stokes’ theorem, as they all vanish for this same reason.

At this point, by the bilinearity of our current, we can
now split the right-hand side into pieces which come from
haRb and hasb. As we will show in the next two sections,
the following result holds:

(s4(r")) | = HAB{;fg{h, hY + V5 (H(X"))r }
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Hamiltonian for the conservative dynamics described in
detail in [49H51]), and discussed in more detail in Sec.
below.

A. Local flux-balance laws

We first consider local flux-balance laws at the world-
tube W(r, At;r) around the particle. We start with
the fact that the chain rule, together with Eqs. (2.11])

and (3.28)), implies that

SH(X',X) =Y (9H) Y (X"\V -V b, (X).
gy OHOC ) = @M X Vg (0
(4.5)

where for brevity we write X’ = T.,_,(X), and H is the  Inserting Eq. (4.5) into Eq. , we find that

J
<5fA<Tf>>T/ =IAP < lVB > @H) Y (X)} Ve - Ve hE, (X)] > (4.6)
n=0 X—X
We then replace the factors of hf,b, with integrals over delta functions, so that, by using Eq. (3.30)),
(o04() =1t < Vs / B ()T (X, '>] > : (4.7)
g Viroor) 2ox/

where we have used the fact that the inner covariant
derivatives acting on h%,,(X) in Eq. are now ap-
plied to the delta functions, and where V(7, A7;r) is the
volume containing the Worldline ~ such that its boundary
is the worldtube:

V(r, At;r) = W(T, AT; 1) UW4(r) UW_(r) (4.8)
[and similarly OV(7, 00;7) = W(T, 00;r)]. What this has
done is “factor” the dependence on X onto something
which is now clearly is independent of X, and so (after
interchanging the order of the integrals) we can simply
set X = X. In interchanging the order of the integrals,
we can also switch the bounds on the 7 integral from 7+
to 200 and from the volume V(r, 00; ) to V(7, AT;71):

SA (I ” R
<5F (1 )>T, = A1713100 Ay /(T . Ry (X)

//b//
So far, the discussion Lds l§e¥1 S%e%’hat %(éory)
agnostic. However, in the case where the Hamﬂto@l@t}

12 Note that this relies on the assumption that hg/y (X) and
V ahgy (X) both remain finite as one takes 7/ — 7 — +o00; as
we will see below in Sec. E this is only true for certain com-
ponents of V gahgry (X). However, when V g4h,rp/ (X) blows up,
the flux F§{h, h} will also diverge, and so this is a case in which
we cannot use these flux-balance laws anyways.

(

alignment condition in Eq. (3.29)) holds, we can now write

HAB

() = i By VET""
<6 (T )>7—/ ATIEIOO C AT /V(T,AT;T) ha b VB ’
(4.10)

where (for brevity) we drop the dependence on X on
the right-hand side. We now use Stokes’ theorem and
Eq. (3.12]), which implies that

(o0A(r)) | =TAEFY R BT, (4.11)

This is the same sort of flux-balance law which was origi-
nally proven in [4I]: as it is constructed from the regular
and singular fields, it is only applicable near the world-
line.

Now, by bilinearity, there will be a contribution to the
flux term in Eq. ( coming from the same term that
appears on the rlght hand side of Eq. -, except with
hab and hab switched. We now compute this contribution.
First, note that Eq. (3.12)) implies that



W(T){hs hR} _

1"yt
/ Ta b vAht}z%”b” .
T_HXJ O At V(1,AT;r)
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(4.12)

By usmg the Hamiltonian alignment condition and reversing the factorization above, we can write Vah%,,, (X) as
[V ih ,,b,, (X)]%_ x, and then interchange the order of integrals as before, and we can undo the remaining steps that

appeared in deriving Eq. (4.11), obtaining

SN <

VA/ ha//b//( )Ta b ( q‘| >
V(rooir) <ox/ o+

(4.13)

- < [VA‘SH{TTLT(X% X}]X—>X>T/ .

Now, we finally use Synge’s rule, which states that, for
any bitensor Q(X, X’), the following coincidence limits
are related [13] [81]:

VA[Q(X7 X)]X’—>X = [VAQ(Xv X)]X’—>X

VA Dy, Y

As such, we find that [when combined with Eq. (2.21)]

Eq. - ) becomes

<5FA(T’)> = HAB{VB(zSH[TT/_T(X), X))
! (4.15)
+ 7R, hR}}.

In combination with Eq. (4.11]), together with the fact
that

FYORE R =0 (4.16)

[by Stokes’ theorem, Eq. (3.12)), and the fact that hf% is
a vacuum solution everywhere], it follows that

(o04()) = ;HAB{ng(”{h, h} — I55(r)

" vB<5H[TTf_T<X>,X}>T/},
(4.17)

where

155(r) = P RS 5. (4.18)

J

<%[T7/7T(X)}> = lim

/ GE o TV (X)T (X).
T AT—00 20 AT /V(T AT;T) /V(T AT;r) bratb ( ) ( )

Since the integrand is symmetric in the two copies of the

(

B. Conservative Hamiltonian

We now relate the third term on the right-hand side of
Eq. (4.17) to the conservative Hamiltonian which appears
in [49H51]. First, we have that

5H[T.,./_T(X), X} = 5H[T.,./_.,.(X), TT’—T(X)] (4 19)
=2 (X)), '
by the fact that H(e) does not depend on where on the
trajectory its second argument lies. We call ¢, which
is a true Hamiltonian (in the sense that it only depends
on one point in phase space) the “coincidence Hamilto-
nian”. An argument similar to that which is used to
derive Eq. (4.10) then shows that the average of the co-
incidence Hamiltonian is given by

. 1 a'b’

A%’lgoo 2CgAT x/V(T,AT;T) h /b/T ’
(4.20)

where for brevity we have dropped the dependence on X
in each term of the integral on the right-hand side.

We now consider how the regular field is sourced by the
stress-energy tensor: it is given in terms of an integral
against a “regular two-point function” GZ,, ..., [64]:

(Ao (X)), =

T

"yt

hal‘%/b/(X) \/v( )G(Ij/b/a//b//Ta (X)

a’b"! 4.21
= / Géz/b'a”b”T b (X) ( )
V(1,AT;r)

+ Rfj/b/ (X, A’T),

where R, (X, A7) is a “remainder” term that must go
to zero in the limit A7 — oco. As such, we find that

(4.22)

(

stress-energy tensor, it must therefore follow that we can



replace GE,, ..,/ with

: L R R
Z}/,lr;/l(rll}/b// - 5 (Ga/b/a//b// + Ga//b//a/b/) . (4.23)
From this two-point function, we can define a “symmet-

ric” part of the regular metric perturbation hfb by

symm. _ Symm. a'b’
hay' (X) = / Galyary T 7 (X)
V(7,00;T)
Symm. a’’ b’ 4.24
:/ avrany T (X) (4.24)
V(7,AT;r)

+ R (X, A1),

for a similar remainder R}, (X, AT). As such, we can
replace bt with 253™™ in Eq. ([4.19) directly, and so

<6H[TT/—T(X)7 X]>-r’ =2 <H[TT/—T(X)]> (4.25)

T/
where H(X) is given by #(X), but using 225™™" instead
of hft . As discussed in [49-51], this is the true Hamilto-
nian which appears in the conservative dynamics at first
order, and so we call it the “conservative Hamiltonian”.

C. Vanishing of the “divergent” contribution

To complete the proof, we finally show that

I55(r) = 0. (4.26)
To do so, we start by noting that 75°(r) is independent of
r, by Stokes’ theorem, Eq. , and the fact that hfb is
a vacuum solution off of 4. In particular, this means that
it does not diverge as r — 0, as one would naively expect
due to the fact that h2, blows up on 7. We therefore
formally evaluate I5°(r) as a power series in 7, and look
only at the term which is constant in r, which by the
above argument can be the only contribution.

Evaluating I5°(r) involves the computation of an in-
tegral over a sphere of radius r around 7. As such, deter-
mining the value of I5°(r) can be performed by investi-
gating the structure of the integrand as a function of the
normal vector n, = V,r: if it contains an odd number of
factors of n,, then it must vanish.

To show that this is the case, we consider the parity
structure of the various tensors which appear in this in-
tegrand: expanding such a tensor @ in powers of 7, we
have that (for some integer N)

o0

Q=)> 1mQ,. (4.27)

If the tensor @,, contains an even number of factors of n,
if n is even and an odd number of factors if n is odd, then
Q is said to have even parity. Similarly, if Q,, contains
an odd number of factors of n, if n is even and an even
number of factors if n is odd, then @ is said to have
odd parity. If either of these two cases (even and odd

16

parity) hold, then Q has definite parity, and otherwise
indefinite parity; fortunately, all tensors which appear in
the integrand of I5°(r) have definite parity.

As examples, any analytic function near v must have
even parity, from the Taylor expansion near «; this is the
case for the background metric, for example. However,
h3,, as can be seen from Eqgs. (98-100) and (124) of [67],
has odd parity in Lorenz gaugel | Similarly, the volume
element €V on W(r, Ar;r) has an explicit factor of n,
when compared to the spacetime volume element eﬂ

e=nnev, (4.28)
and so when one pulls w back to W(r, Ar;r), the in-
tegrand has an explicit factor of m which is introduced.
The product of two even (or two odd) parity tensors has
even parity, and the product of an odd and even parity
tensor has odd parity. Similarly, the covariant derivative
V. compatible with the background metric g4, must also
be even, in the sense that it maps even tensors to even
tensors and odd tensors to odd tensors; moreover, the
symmetry operator V4 also has this property.

From the examples given above, it therefore follows
that the integrand of I5°(r) must be odd, as it is con-
structed from two copies of hfb and the factor of n, from
pulling back the volume element to W(r, At;r), with
everything else that appears being even. Since we are
evaluating this integrand at an even power in its Tay-
lor series expansion (zero), it follows that I5°(r) is of
the form of an integral over the sphere of constant r of
an odd number of factors of n,, which vanishes. This

proves Eq. (4.26)), which [along with Eq. (4.25)] shows
that Eq. (4.17) becomes Eq. (4.4).

V. FLUX-BALANCE LAWS IN THE KERR
SPACETIME

We now consider the application of Eq. to the
Kerr spacetime. First, note that we can now take B to
null infinity and the horizon, since for any two surfaces B
and B’ at finite distance from the particle, the contribu-
tion from the endcap integrals over B/, — By vanishes in

13 Note that this particular part of the calculation is gauge-
dependent: in the “highly regular” gauges of [80], the parity
structure is quite different, and in the usual “radiation” gauges
used near null infinity and the horizon there are singularities
which appear near the particle [82]. As we do not need to com-
pute the metric perturbation except for asymptotically, we are
free to merely specify abstract properties for the gauge in which
we are working: near the particle, it should approach the Lorenz
gauge, and near null infinity and the horizon, it should approach
radiation gauge.

The plus sign here is due to the fact that r increases as one
approaches the surface W(r, A7;r) from the inside; see the dis-
cussion in Appendix B.2 of [45] to see why this is the orientation
that is compatible with Stokes’ theorem.
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the limit A7 — oco. In particular, note that we are mak-
ing the explicit choice of taking the limit where B(7; A7)
goes to the horizon and null infinity after taking the limit
A7 — o0o. Note that while ~, the background geodesic,
will not puncture B (assuming a bound orbit), the exact
worldline ~(g) will.

For concreteness, we now define a coordinate w such
that

w(r) = t(7) + h(r), (5.1)

where ¢ and r are in the usual Boyer-Lindquist coordi-
nates, and ¢(7) indicates the value of ¢ such that the
background worldline v has coordinate time ¢ at proper
time 7. We moreover suppose that h(r) has the property

h(?) — { *
-Tr

where rg is the location of the horizon and r* is the tor-
toise coordinate in Kerr, such that w becomes v (ingoing
Eddington-Finkelstein time) at the horizon and u (re-
tarded time) at null infinity. With w defined, we define
our outer region B such that By are surfaces of constant
u}(T:t).

Next, note that the retarded metric perturbation which
we are considering vanishes on the past horizon and on
past null infinity. This is just a consequence of the fact
that it is a field with retarded boundary conditions (that
is, no incoming radiation at null infinity, and no outgoing
radiation at the horizon). Our integral over B then be-
comes one over the future horizon and future null infinity.
However, we need to write the flux integral in Eq. in
terms of w, which is a good coordinate at these surfaces:
to do so, note that

r—TH (52)
r—o00 '

Tt
z(rh)dr’,

A= w(r) ~w(r) =

T—

(5.3)

where z = dt/dr is the redshift for the background world-
line. As such, we recover Eq. (|1.1]), where we define the
following flux term F4:

. (2(1")) {/
Fa= lim L2 w{h,Vh
Aw—so00 167ngAw I+ (Aw) { }

Jr/ w{h,VAh} ,
A+ (Aw)
(5.4)

where # T (Au) and ST (Av) are portions of future null
infinity and the future horizon of length Au and length
Awv, respectively. Note that this conserved current is de-
fined in terms of metric perturbations, and so to obtain
a more practical flux-balance law one should rewrite the
symplectic current in terms of Teukolsky variables by
metric reconstruction, as was done for example in [78].
A trick for circumventing such a calculation, using the
results of [1], is laid out in [43].
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In the next two sections, we consider the implications
of Eq. (1.1]) in the case of non-spinning particles, and for
spinning particles to linear order in spin.

A. Non-spinning particles

We first consider the non-spinning case. Here, the 8-
dimensional phase space is integrable: for the background
motion, there exists a set of four constants of motion P,
which are linearly independent, so that

(dPy) A--- A (dPy) #0, (5.5)
and are in involution, so that
{PouP,B}:O' (56)

Two of these constants of motion, E and L., are linear
in p, and related to the isometries of the Kerr spacetime:

E = —tapa, Lz = Qoapav (57)
where t* and ¢® are the Killing vectors generating ¢ and
@ translations, respectively, in Boyer-Lindquist coordi-
nates. The other two constants, m? and the Carter con-
stant K, are quadratic, and are given by

2

m? = —g"papy, K = Kup™p’, (5.8)

where K, is a second-rank Killing tensor satisfying

Vi(aKpe) =0 (5.9)
(note that the metric g4 is also, trivially, a second-rank
Killing tensor).

Since this system is integrable, there exist [83HRH]
action-angle variables (9%,.J,), which are canonical in
the sense that the only nonzero Poisson bracket is deter-
mined by

{9%,Jg} = 8%, (5.10)
and H is only a function of J,, so that Hamilton’s equa-
tions become

OH

g = O
0Jy’

Jou=0, (5.11)
where 0H/0.J, are the frequencies associated with the
action variables. Generically, one can instead use the
variables (9%, P, ), which have similar properties, except

they fail to be exactly canonical:
(5.12)

This set of coordinates is sufficient for the discussion in
this paper.
In the coordinates (9%, P,,), the fact that
9 =v*(P),

P, =0, (5.13)



for some frequencies v, implies that

Pa(T/) = Po(7),
9(r) = 9°(r) +

(5.14a)

(7" — T)v*(P). (5.14b)

Using Eq. (2.15]) for the Hamilton propagator in coordi-
nates, it follows that

TRo(r,7) = <5aﬂ (7" =7) glyvﬁ) .

0 55 (5.15)

As such, by taking the P, component of Eq.
finds from Egs. and ([5.15) that

(1), one

(3Pule) | = —A%{(aﬂfa)m

201t (0D (516)

+

098

In order to derive Eq. , we then need only show
that the second term on the right-hand side of this equa-
tion vanishes. This follows from an argument analogous
to that in Secs. 2.3 and 3.2 of [I], at least in the case
of non-resonant background orbits. There is another,
more straightforward way of understanding this argu-
ment which we present below.

First, note that we can Fourier expand §H (X, X) in
these coordinates adl’|

SHX. ) = 3 H (P50

n,n

(5.17)

However, note that the dependence of §H on X is only
through the full phase-space trajectory which passes
through X, and so

§H(X,X) =6H[X,Ta(X)]

_me P, P)e

i{na9*+nq[9*+A0*(P)]}

(5.18)

for any A. Comparing this with Eq. (5.17)), using the lin-
ear independence of the complex exponential, and using
the non-resonance condition

Ne #0 = nav*(P) #0, (5.19)
we therefore find that only H, ¢ can be non-zero. As
such, we can write

ZH

eina [19°‘+(T'—7—)1/“(P)];

HITo o (5.20)

15 That this is a Fourier series (and not a Fourier transform) for
the non-compact angle variable follows from the fact that the
background orbit from which this quantity is constructed is
(multi)periodic. In particular, we need to assume that the back-
ground orbit is bound.
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in general, if the only nonzero terms in the Fourier expan-
sion weren’t those with n® = 0, there could be different
quadruples of integers appearing in front of the ¥* and
v*(P) terms. Upon averaging this equation over 7, and
once again using the non-resonance condition, we find
that

<'H[TT/_.,-(X)]>T/ - HO(P)a

from which it follows that the second term in Eq. -
vanishes, and so Eq. . ) holds.
We conclude this section by considering the angle com-

ponents of Eq. (1.1)). Applying this equation naively, and
using Eqgs. (5.12)) and (5.15)), we would find that

<dd7'/ [619“(7’)—(7'—7)213 OFs(r )]>Tf

= 4% { 00, Fa + g (HITo— (X)) }.
(5.22)

(5.21)

This equation, however, is not entirely correct. First, the
left-hand side diverges: the quantity inside the average
does not have a well-defined average, as one can show
that it grows linearly with 7/ — 7. This is also reflected in
the right-hand side as well: the flux term also diverges,
as Opahgp (X) grows linearly with 7/ — 7, and so the
assumption that V 4hg (X) stays finite no longer holds.

There are two possible ways around this issue. First,
note that, in general, there can exist points in phase space
where A%, 0vP /OP, is no longer invertible: this will oc-
cur where the mapping between action variables and fre-
quencies is no longer injective; that is, along isofrequency
curves. As such, there will exist at least one dual vector
V., such that

o« OV
VLA ﬁc’)Pg =0, (5.23)
and so contracting V,, into both sides of Eq. would
give an expression which is well-defined, although it
would not be a true flux-balance law, as it would still in-
volve the local self-force through the conservative Hamil-
tonian. As another option, it may be possible to re-
cover useful results by generally considering both sides
of Eq. in a power series in 7/ — 7, and equating
terms of equal powers. As this begins to stretch the no-
tion of what one can mean by a “flux-balance law”, we
leave a more careful exploration of this possibility to fu-
ture work.

B. Spinning particles

We now consider the linear-in-spin case. There has
been much work on studying spinning test bodies in Kerr
in terms of conserved quantities and action-angle vari-
ables in the Hamiltonian formulation [33] [86HSS]; the de-
scription in this section is primarily based on that in [33].



Here, there do not exist a known set of action-angle
variables on the 14-dimensional phase space, for the back-
ground motion. This is due to the fact that, considering
the full 14-dimensional phase space, the motion is con-
strained to lie on a 10-dimensional physical phase space
P. While there exist action-angle variables on P itself,
when moving off of P, some conserved quantities are no
longer conserved. This significantly complicates the anal-
ysis, in particular the computation of the Hamilton prop-
agator.

Explicitly, let us denote the Poisson bivector on P by
42 and the corresponding bracket by {-,-}. The results
of [33] imply that there exist a set of action and angle
variables (©%, Jg) on P that have the following Poisson
bracket structure:

{6%, Ta} = o*a, (5.24)
where we are using card suits (d, #, etc.) for five-
dimensional indices on half of the ten-dimensional phase
space P.

Now, the action variables Jg are constructed from five
constants of motion: the first four are m?, E, L., and K,
but they are modified relative to their original definitions
in the absence of spin. The modification to the energy
and angular momentum is well-known [14], [30], and given
by

1 1
E=— (pat“ + QS“bVatb) v Ly =pap™ + 55‘“’%%.

(5.25)
The modification of K is less trivial, and related to the
existence of a Killing-Yano tensor Yy, in the Kerr space-
time from which the Killing tensor K, in the Kerr space-
time can be constructed [39):

Kap = Yo Y%, (526)
The modification to K is then given by [31] [33]
K= PanKab - 125d[bpc]yecV[de€b]. (527)

The final constant of motion, the Riidiger constant Y, is
given by [30] B3]

Y = 1eabcdwbscd.
4
In addition to these sets of variables, we also consider
a set of four “constraint” variables C*. Three of these
are just the components of d*, which we set to zero on
P. The fourth is a Casimir invariant C,, which we define
by [33]

(5.28)

1 A s
C, = in&mssaﬁsw — S, (5.29)
for any constant S, set by the initial value of the first
term such that C, = 0 for the physical background mo-
tion. It can be shown that this quantity obeys

I42(dC,) 4 = 0, (5.30)
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which shows that II47 is degenerate; as remarked above
in Sec. [[TA] this poses no issue. Similarly, there is an-
other Casimir invariant C, defined by [33]

_ 1 &aB aid
Co = 2833365 s,

(5.31)
where éaﬁag is the Levi-Civita symbol. Note that C\
vanishes on the physical background phase space as well,
and in fact by a suitable choice of coordinates C, can
be chosen to be one of the components of d*. As such,
explicitly, the components of C* are given by C,, C,,
and the two remaining independent components of d®.
The key property of the Riidiger constant is that it is
the only one of these constants in the Kerr spacetime
which requires that the spin supplementary condition
hold [33] B7]: denoting the collection of the first four
constants of motion by P,, as above, we find that

P,=0, Y =0(C). (5.32)
Similarly, while
{P,,C"} =0(C), (5.33)
we have that
{Y, P} #0, {yv,c} #0, (5.34)

even on P. However, there exists an alternative Riidiger
constant Y, defined b

1

Y = ﬁeabcdprCdpeYae, (5.35)
such that ¥ and YV agree on P, but that
{v,P,} =0(C), {Y,C%}=0(C). (5.36)
Similarly, we still have that
Y = 0(C). (5.37)

In summary, what we now have is the following situ-
ation: we can work in a set of coordinates near P given
by

, (5.38)

where we have split the angle variables ©%* into 9¥* and
v, such that

16 The author thanks Paul Ramond for pointing out that such a
quantity exists.



e the only nonzero components of II4Z(dP,)p and
I45(dY) g, once restricted to P, are given by

{U?Pa} = A(,w
{v,Y} = A4;

{9, Pg} = A%,
{97} = A°,

(5.39a)
(5.39b)

e the only nonzero components of IIZ(dC?) g, once
restricted to P, are given by

{C~,CPY = B, (5.40a)
{9*,C°y =D {v,0*} = D* (5.40D)
and
e off of P, Hamilton’s equations imply that
P, =0, (5.41a)
Y = E,C°, (5.41b)
C* = Fo5C", (5.41c)

where E, and F'®g are functions of all of the vari-
ables on P.

In the above paragraph, we have made no assumption
about the splitting of the five angle variables ©% into
¥% and v. One final assumption which we make is that
this angle variable is such that the retarded metric per-
turbation hgp, in terms of its dependence on initial angle
variables, can be split into two pieces,

hap = E R eime?” 4 E hN ginad®+Nv)

n n,N

(5.42)

where hZZ;N is O(S). This is the case, for example, in the
multiscale expansion in [43]. As such, we have that

(0,)4Fa = O(5%), (5.43)

and so terms proportional to (9,)4F4 can be neglected.

We now discuss the consequences of the existence of
these coordinates. First, from Eqs. (5.39) and (5.41al), it
follows that Eq. still holds:

<Pa(7/)>7, = — A% (898)" Fa. (5.44)

This implies that one can still write down flux-balance
laws for the P,, which in this case are given by m?2,
E, L,, and the generalization of the Carter constant
K. While such flux-balance laws have been known for
E and L, [T6] 5], this shows that straightforward gener-
alizations exist for two more of the constants of motion.
Note that, despite appearing to have the same form as
Eq. , the matrix A®g which appears in Eq.
can depend on spin, and so the explicit expressions will
not be exactly the same. Splitting the action variables
Ja into action variables .J, and YT, we have that

_ 0P
T aJ,’

A% (5.45)
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as before in Eq. . While an explicit full set of ac-
tion variables has recently been defined in [44], we leave
explicit computations of A%, and therefore an explicit
form of the flux-balance law, to future work [43].

That we were able to derive Eq. is due to the
“miraculous” coincidence that both m* and K, like I/
and L, but unlike Y, are still conserved even when the
spin-supplementary condition does not hold. Determin-
ing whether there exists a flux-balance law for Y is far
more difficult. In fact, since generically the constraints
also evolve, determining the average evolution of Y is
not even sufficient for determining the total, average mo-
tion. To see why the constraints evolve, note that while
C*(e) (that is, the constraints defined using the effec-
tive metric) vanishes when evaluated on the exact phase
space trajectory I'(e), and C* (the constraints in the
background metric) vanishes when evaluated on the back-
ground trajectory I', the quantity C'* is defined by
_0C*[I'(7;¢)]

= L CADEL | (5.46)

0C% (1) = STAVAC | e
e=0

which does not vanish; it would only vanish if C* on the
right-hand side were replaced with C¢.

Returning to the flux-balance law for the Riidiger con-
stant, the first, and greatest complication, is that the
Hamilton propagator no longer has the simple structure
that it has in Eq. , since solving for the Hamilton
propagator requires solving the equations of motion to
linear order, which will necessarily introduce constraint

terms. Explicitly, Eq. (5.41b) implies that
Y(r')=Y(r)+ / Eo (7" C(7")dr" + O(C?). (5.47)

Similarly, we find from Eq. (5.41c)) that

CH(r) = U%s(7',7)CP (1) + O(C?), (5.48)
where U%3(7/, 7) is the solution to
a (03 (o3
Dunsr) = P W) (549)
such that
Uaﬁ(T,T):5aﬂ. (550)
As such, writing
Vo (' 1) = / Eg(T’l)Uﬁa(T//,T)dT/l7 (5.51)
we find
Y (') =Y (1) + Vo (7', 7)C% 1) + O(C?). (5.52)

Due to the complications appearing in Egs. ((5.52))
and (5.48), the Y or C® components of the left-hand
side of Eq. are no longer simple. Using the Poisson
bracket structure in Eqs. and , we find that



dr’ ot

(i 0s(r (] = (B0

T

where [much like for Eq. (1.2)] we are assuming that we
are off resonance.

This equation shows two important features: first, that
the question “what is the average rate of change of Y and
C%” is not covariant on phase space: one should instead
ask questions about the left-hand sides of these equa-
tions. It should, however, be noted that it is not clear
if these quantities even remain finite, particularly in the
case of Eq. (5.53b) [Eq. (5.53a]) is saved by the fact that
the right-hand side is clearly finite]. We will leave to fu-
ture work the question of whether the quantities on the
left-hand side of these equations are useful for practical
calculations. The second important feature is that not all
terms on the right-hand side are purely asymptotic: they
depend on the average value of the conservative Hamil-
tonian. If this remains true with a more careful explo-
ration of this system, then this equation is not a “true”
flux-balance law.

VI. DISCUSSION

In this paper, under a very broad set of assumptions
(not even restricting to the Kerr spacetime), we have
shown that a type of quasi-local flux-balance law ex-
ists for motion under the gravitational self-force, both
for non-spinning and for spinning particles. This flux-
balance law is, unlike many derived previously in the
literature, explicitly constructed from a conserved cur-
rent in the background spacetime. By restricting to a
Kerr background, we have moreover confirmed the ex-
istence of true flux-balance laws, only involving asymp-
totic metric perturbations, for non-resonant orbits and
for non-spinning bodies [I]. Moreover, we have shown
that there are difficulties in extending this flux-balance
law to linear order in spin: while there exist flux-balance
laws for the generalizations of the conserved quantities for
geodesic motion (m?, E, L., and the Carter constant K),
the Riidiger constant Y and the constraint (that is, spin-
supplementary-condition) violation terms do not seem to
have flux-balance laws.

Our result here, however, should not be considered as
a no-go theorem for true flux-balance laws for spinning
bodies in the Kerr spacetime. We present here some op-
tions for potentially recovering flux-balance laws, to be
explored in future work. First, our results, at this stage,
are not entirely explicit: in this paper, the results have
mostly depended on the structure of many of the equa-
tions, and not in the particular expressions which appear,

<d (67 (') + Valr, T')aca(T/)D = — A%(9ya)AFa,
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(5.53a)

0
— D*%(898) " Fa + B o 25 (H(X, 7)) 7,

T (5.53b)

(

for example in the various quantities appearing on the
right-hand sides of Egs. @ , , and . It is
possible that, once an explicit calculation is completed,
many of the offending terms in Eq. will vanish,
or simply be higher order in spin. This is suggested by
recent results showing that Y, or rather a quantity triv-
ially related to it (the “parallel component of the spin
vector”), does not evolve on average in the linear-in-spin
approximation [23], 43]. That is, while the results of this
paper imply that there may not be a meaningful sense in
which Y possesses a flux-balance law, it may not matter.

While this could potentially resolve issues with the
evolution of Y, one remaining issue would be in deter-
mining the evolution of the constraint violation terms
C“. Note that these terms arise due to the fact that we
are using the Tulczyjew-Dixon spin supplementary con-
dition associated with the effective metric, but measur-
ing the deviations from this condition as computed from
the background metric. Using this choice of spin sup-
plementary condition is the most natural, from the per-
spective of the generalized equivalence principle. More-
over, it is a necessary ingredient in deriving the Hamilto-
nian alignment condition and therefore our main result
in Eq. (1.1). However, it may be easier to use the back-
ground Tulczyjew-Dixon spin supplementary condition,
and simply amend our result accordingly. In this case,
the constraint violation terms should not appear. Simi-
larly, it may be useful to consider the Hamiltonian for-
mulations for alternative spin supplementary conditions
considered in [62]. Since the choice of spin-supplementary
condition corresponds only to an arbitrary choice of
center-of-mass worldline for an extended body (in par-
ticular, there exist formulations which do not require an
explicit choice [14]), it is plausible that the asymptotic
metric perturbation may be independent of C'*, and so
its averaged evolution is not required.

Even if true flux-balance laws do not exist for the
Riidiger constant Y and the constraint violation terms
C*, flux-balance laws for the remaining constants of mo-
tion will still be useful. Moreover, expressions such as
Eq. will still hold, even if they cannot be used as
a computational shortcut. At the very least, they will
provide quasi-local checks of the validity of more direct
calculations of the gravitational self-force, and so may
still be of some use.

Finally, a future direction for this work is to extend the
results to second order in €. Here, there is a major con-
ceptual issue with the calculation in this paper: the first
order self-force as discussed in this paper is first-order in



the sense of a Taylor expansion in powers of e. However,
it is known [53] that such an expansion breaks down on
long times: even if the exact trajectory I'(e) is initially
close to the background worldline I', it will in general
diverge on long timescales. This is the motivation for us-
ing a self-consistent approach to gravitational self-force,
where one uses the exact trajectory I'(¢) as the source
for the metric perturbation, and self-consistently solves
for both order-by-order. The key difference between this
approach and usual perturbative expansions is that the
exact trajectory is mever expanded, and so the coeffi-
cients at each order in € are no longer e-independent.

This approach is, in a certain sense, the most “ele-
gant”, and in fact, preliminary investigations carried out
while working on this paper suggest that many of the
core features required for flux-balance laws, such as the
Hamiltonian alignment condition, already hold due to the
existence of the Detweiler stress-energy tensor (see [80])
at second order. However, there is a deep conceptual is-
sue that means that the self-consistent approach seems
unlikely to be useful for flux-balance laws: since the
self-consistent approach uses an exact trajectory I'(e),
it follows that «(¢) will necessarily plunge into the black
hole. This means that one can no longer perform infinite
proper-time averages over bound motion. The issue here
is essentially that flux-balance laws are very nonlocal in
time (in addition to space!), and so the self-consistent
approach is unlikely to yield useful results.

On the other hand, there is a different approach to
the gravitational self-force, known as a multiscale expan-
sion [12] 85, [89]. The general idea is that, by introducing
additional (“slow time”) variables, one can parametrize
the exact trajectory in such a way that the trajectory,
at fixed slow time, can be expanded in a usual Taylor
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expansion in terms of e-independent coefficients, and the
behavior on long timescales is captured by the evolution
of the slow time variables themselves. This gives the best
features of both usual perturbative expansions and the
self-consistent approach, but as we will show in upcom-
ing work [90], it comes with a catch when one attempts
to formulate flux-balance laws. With the introduction
of the slow time variables, the perturbative field equa-
tions at each order contain derivatives with respect to
these variables {see the discussion in Sec. 7.1.1 of [12], in
particular the second line of Eq. (396)}. As such, there
is no longer a sense in which the perturbative Einstein
equations hold at second order in €. By breaking the
perturbative Einstein equations, the machinery for con-
structing conserved currents in this paper will necessarily
fail. While that can be amended through careful choices
of additional, correcting currents [90], the ultimate con-
clusion is that one will still need to compute a portion
of the second-order metric perturbation on the worldline.
While this may diminish the utility of flux-balance laws
at second order, it remains to be seen how fatal this issue
may ultimately be.
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