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ABSTRACT

Motivated by future opportunities in gravitational-wave astronomy and the ongoing effort to constrain physics under extreme
conditions, we consider the signature of individual mode resonances excited during the inspiral of binary systems involving
neutron stars. Specifically, we quantify how each resonant mode contributes to the effective (frequency-dependent) tidal
deformability. The resonant solution is shown to be accurately represented by a new closed-form approximation, which sheds
light on the involved phenomenology, and which should be useful for the development of precise waveform models and future

parameter extraction efforts.
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1 INTRODUCTION

Two neutron stars circle around one another in a cosmic dance
that will eventually lead to their mutual demise. As the stars are
drawn closer together by the emission of gravitational waves they
are increasingly deformed by the tidal interaction. The associated
finite-size effects manifest as a dephasing of the gravitational-wave
signal, offering valuable information about the internal structure of
neutron stars and, in turn, constraining the equation of state of high
density nuclear matter (Flanagan & Hinderer 2008; Hinderer et al.
2010). The promise of this was clearly demonstrated with the first
direct detection of gravitational waves from a neutron star binary
(GW170817; Abbott et al. 2017, 2018).

The tidal driving — acting on a time-scale associated with the orbit—
induces the resonant excitation of individual oscillation modes of the
star. If the conditions are favourable, such resonances may leave an
observable imprint on the gravitational-wave signal from the system.
Because of its relatively strong coupling to the tidal potential, the
(fundamental) f-mode dominates the star’s dynamical tidal response
(Hinderer et al. 2016; Steinhoff et al. 2016; Andersson & Pnigouras
2020, 2021; Steinhoff et al. 2021; Hegade, Ripley & Yunes 2024;
Pitre & Poisson 2024), but additional (lower frequency) modes may
also come into play. The precise signature of these tidal resonances
depends on the detailed, extreme density, neutron star physics.
For example, low-frequency g-modes — owing their existence to
internal composition (or entropy) gradients — may be within reach
of observations with next-generation gravitational-wave instruments
like the Einstein Telescope and Cosmic Explorer (Andersson & Ho
2018; Kuanetal. 2022; Ho & Andersson 2023; Counsell et al. 2025b).
This possibility is exciting because such observations would provide
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unique insight — beyond global properties like mass and radius — into
the nature of matter at extreme densities and pressures. In addition,
recent work suggests that a resonance associated with an interface
mode (a close relative to g-modes that owes its existence to the
presence of a first-order phase transition) may provide a smoking gun
signature of the existence of exotic matter — like deconfined quarks —
at high densities (Lau & Yagi 2021; Miao, Zhou & Li 2024; Counsell
et al. 2025a). However, these additional (low-frequency) resonance
features are expected to be faint. Moreover, the properties of each
class of oscillation modes are sensitive to the state and composition
of matter, which makes them ideal probes for asteroseismology but
also makes the modelling more intricate. This does not mean that
we cannot make progress on it. It only means that any predictions
should come with caveats.

In this paper, we focus on modelling the signature of a resonance
and how the individual mode contributions to the star’s tidal response
can be combined into an ‘effective tidal deformability’ measure.
The idea is simple. We know that the neutron star tide has two
main components; a static contribution (represented by the familiar
Love numbers; Flanagan & Hinderer 2008; Hinderer 2008) and
a dynamical contribution (corresponding to mode resonances and
dominated by the star’s fundamental oscillation mode; see references
above). The pre-resonance evolution is dominated by the equilibrium
tide, with the star’s response locked to the tidal driving. As the system
approaches a resonance, the free oscillations of the star are excited,
impacting on the post-resonance solution. The resonant excitation
of the star’s oscillation modes by the time-dependent tidal driving
during the binary inspiral leads to a complicated ‘response function’
which encodes the physics of the neutron star. The argument is firmly
established — see, for instance, Lai (1994), Reisenegger & Goldreich
(1994), and Kokkotas & Schaefer (1995) —especially in the context of
Newtonian gravity, and the phenomenology is fairly well understood.
In this paper, we promote the view that the total tidal imprint should
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be considered in terms of a time/frequency-dependent effective tidal
deformability and establish for the first time the precise signature
of each mode resonance as a closed-form, analytical expression.
Making use of well-justified assumptions and approximations, this
expression works well for all relevant modes, avoiding divergent
behaviour near the resonances, and may be used to combine the
dynamical contributions of all the modes into a total effective
tidal deformability measure. This should, in turn, help inform the
development of the robust gravitational-waveform models required
to establish the detectability of individual resonances and, perhaps
in the extension, facilitate sensitive searches for these features in
observational data. This problem is expected to become relevant in
the next-generation era, with instruments like the Einstein Telescope
(Abac et al. 2025) and Cosmic Explorer (Reitze et al. 2019) able to
eke out fine-print details of binary neutron star inspiral signals.

The numerical solution of the problem is straightforward but of
limited use if we want to explore the actual dependence on the
parameters of the problem for gravitational-waveform modelling
and parameter estimation. We are thus led to consider approximate,
analytic solutions. Previous work in this direction explored the
pre- and post-resonance behaviour (Lai 1994) as well as solutions
valid through resonance obtained via matched asymptotics (see, in
particular, the steps laid out by Rathore, Blandford & Broderick 2005;
Flanagan & Racine 2007; and Poisson 2020). For our purposes it
makes sense to highlight the work by, first of all, Hinderer et al. (2016)
and Steinhoff et al. (2016), and secondly, Yu, Arras & Weinberg
(2024). The former studies follow a strategy very similar to the one we
adopt in the following (also notable for the fact that the result has been
implemented in a state-of-the-art waveform model for gravitational-
wave analysis; Abac et al. 2024). The latter effort involves a slightly
different approach based on isolating the equilibrium tide from the
mode excitation (involving a clever resummation of the solution)
and sheds light on the post-resonance features. The post-resonance
behaviour — not explored by Hinderer et al. (2016) and Steinhoff et al.
(2016), as their main focus was on the fundamental mode which is
unlikely to become resonant during binary inspiral — is particularly
important for low-frequency mode resonances. Our aim here is to
explore all relevant aspects in detail. The analysis will lead us to
a closed-form expression offering considerable intuitive insight and
which is demonstrated to be accurate to a few percent compared
to the numerical solution of the problem. Like previous work using
the mode-sum formalism for the description of the dynamical tide
(Andersson & Pnigouras 2020; Pnigouras et al. 2024), the basic
arguments are not tailored to particular assumptions about the neutron
star physics and can thus be easily extended to include effects
relating to, e.g. the neutron star’s elastic crust (Tsang et al. 2012;
Neill, Newton & Tsang 2021; Passamonti, Andersson & Pnigouras
2021), superfluid components (Yu & Weinberg 2017; Passamonti,
Andersson & Pnigouras 2022), exotic matter (Yu & Weinberg 2017),
or even relating to other types of systems, e.g. white dwarfs (Fuller
& Lai 2011, 2012). Furthermore, given that it allows us to easily
track the tidal response as the system evolves through resonance,
our results provide a natural foundation for future exploration of the
impact on the gravitational-wave signal.

2 FORMULATING THE TIDAL PROBLEM

2.1 The mode-sum approach

In Newtonian gravity, the tidal response of the (non-rotating) primary
star due to the presence of its binary companion is obtained from a
solution to the linear perturbation equations (see, e.g. Lai 1994):
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07Ei + —Vidp — —8pVip + Vid® = =V, (1)
P o

8p + Vi(pg') =0, 2

V2§D — 4w Gép = 0, 3)

where &' is the Lagrangian displacement vector that characterizes
the motion of the fluid elements, and p and p are the mass density
and pressure of the equilibrium star, respectively. The tidally-induced
(Eulerian) fluid perturbations are indicated by 6 and § ® represents the
perturbed gravitational potential, with G the gravitational constant.
The system of fluid equations is closed by a thermodynamic relation
that encodes the microphysics of the matter; the equation of state.

The tidal potential, y, is naturally expanded in spherical harmonics
associated with a spherical coordinate system (r, 6, ¢) centred on
the primary star and with its z axis aligned with the orbital angular
momentum (see, e.g. Press & Teukolsky 1977)

GM ! A
X =- = - Z Z vlmrlYlmei”n(D(t) ) (4)

i _ i -
lx' — Di(t)] Py

where
GM' Wlm
D+l

and M’ is the mass of the (here point-like) binary companion, D(t)
is the orbital separation, ®(7) is the orbital phase (not to be confused
with the gravitational potential!), and Y;" are spherical harmonics
of multipolar degree / and azimuthal order m. The constant W, is
non-zero only for even / 4+ m and is given by

4 ! I— !
Wiy = (4)“*’””%/%(1 — ) + m)! [2’ (%)v (Tm>'} . (6)

For the leading order contribution to the gravitational-wave sig-
nal (I =2) we need the coefficients Wy = —+/7/5 and W,y =
m, while WZ:EI =0.

In the mode-sum approach to the tidal problem (Lai 1994;
Kokkotas & Schaefer 1995; Andersson & Pnigouras 2020; Pnigouras
et al. 2024), the solution to equations (1)—(3) is expressed in terms
of the free oscillation modes of the star. This is natural since, at least
in the absence of dissipation, the modes form a complete basis (see,
e.g. Friedman & Schutz 1978 and Schenk et al. 2001). The solution
is then expressed as a sum over all normal modes (each labelled by

n)
£, x) =) a gl (7

n

, ®

Vim =

For non-rotating stars, the mode solutions {&,} are complex solutions
to equation (1) corresponding to (real) eigenvalues {w?}. The fact that
the eigenvalue is w,zl, rather than w,, is important because it leads to
the mode solutions of a non-rotating star being independent of the
sign of the mode frequency. Moreover, given the e azimuthal
dependence associated with the spherical harmonics, it is easy to
show that a (real-frequency) mode solution and its complex conjugate
are orthogonal (as they must be in order for the mode sum to be able
to represent a real-valued function). In order to obtain a complete
basis for the tidal response, we only need to include solutions with
positive frequencies, w, > 0, but we have to account for both of the
+m solutions in the mode sum. However, the negative m solutions
are easily included as the complex conjugates of the positive m ones.
This is the convention we adopt in the following. Moreover, we
label each oscillation mode by #n, implicitly including the / and m
of the relevant spherical harmonic (only making these labels explicit
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whenever it helps understanding). That is, we generally use w, rather
than w,;,,, (and similar for other variables associated with the modes).
This convention makes all expressions more compact and should not
cause any confusion.

Effectively, the mode sum transforms the tidal problem into that of
a driven harmonic oscillator (with a time-varying driving frequency),
where each mode amplitude, a,, is governed by

Vi () O o= im®()

an(t) + a)zan(t) = ?

(3)
The equation of motion (8) is obtained by substituting equation (7)
into equation (1) and using the mode eigenvalue equation (see Schenk
et al. 2001 or Pnigouras et al. 2024 for the detailed steps).

Each mode’s contribution to the orbital evolution is encoded in the
mass multipole moment associated with the fluid perturbation:

R
0, = / Spur'Tdr, ©)
0

where 8p,(r) encodes the radial dependence of the density pertur-
bation associated with a specific mode, obtained after expanding
perturbations as 80,(x") = 80,(r)Y; /"6, ¢) (and likewise for other
quantities). For real-frequency modes, 8p,(r) and hence Q, are both
real. Moreover, the constant

A = / £, pdV (10)

represents the chosen mode normalization. Finally, each individual
fluid mode is associated with an energy

By = 5 (1l + 0}la ) 42 (an

The formulation of the problem is standard and the nature of the
associated solutions is well understood, both via approximations and
numerical solutions. It is nevertheless worth revisiting this territory
given the potential detectability of individual resonances with next-
generation gravitational-wave instruments. This is an important
question given that features associated with g-modes (for example)
may provide insight into the state and composition of matter at
supranuclear densities. So far, the discussion has been based on
relatively simple energy estimates (Andersson & Ho 2018; Kuan
et al. 2022; Ho & Andersson 2023; Counsell et al. 2025b). In order
to draw more robust conclusions, we need to to better. Our aim here
is to develop a new approximate solution for the mode amplitude
as the system evolves through a given resonance, benchmark this
solution against numerical results and hence develop a model for the
contribution that each mode makes to the effective Love number/tidal
deformability. Provided this solution is simple enough — and we will
argue that it is! — we would then have a useful foundation for future
work on the corresponding gravitational-waveform models.

At this point it is worth noting that, as shown by Schenk et al.
(2001), the mode sum (7) is not practically useful in the case of
rotating stars, because the mode equations of motion (8) couple
to each other, owing to the fact that the modes obey a modified
orthogonality condition. To avoid this, the displacement and its
time derivative should be expanded simultaneously (in a phase
space decomposition). For completeness, we present the relevant
arguments in Appendix B, where we express the Love number and
the energy in phase space, obtaining the corresponding relations for
rotating stars. The derivation of the relevant expressions in phase
space is also necessary for comparing the results obtained here to
those by Yu et al. (2024), a point we return to later.
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2.2 The equilibrium tide

Itis useful to start by considering the orbital evolution. In the absence
of tides, we know from the (leading-order) quadrupole formula for
gravitational-wave emission that the binary orbit evolves according
to

) 96
Q= _—(GM)PQ"P (12)
5¢3

where the orbital frequency 2 follows from Kepler’s law
=M 13

=0 13)
Here, M = M, + M’ is the total mass of the system,

(M, M)

M= G (14)

is the so-called chirp mass, while M, is the mass of the primary.
Equation (12) reminds us of the well-known fact that the leading-
order post-Newtonian gravitational-wave signal only allows us to
determine this specific combination of the individual masses. If
we want to go beyond this, then we need to consider higher-order
contributions to the signal.

We see that we may introduce a characteristic inspiral time-scale

Q 5¢3
th=|= = (GM)P )™, 15
= (2)_-Eewra, "
with € the initial orbital frequency. Putting typical numbers in, this
leads to

12Mg\ " /100 Hz\ ¥?
1~ 0.9 , 16
=00 (55) (mar) a

where Mg is the solar mass. We have scaled the result to the chirp
mass expected for an equal mass 1.4 M, binary (the value is also
close to that for GW170817; Abbott et al. 2017, 2018, 2019) and a
frequency expected of the low-order g-modes of a realistic neutron
star (see, e.g. Counsell et al. 2025b). This estimate suggests that
these modes would become resonant about a second before merger,
i.e. very late in the binary inspiral.

It is also easy to argue that we may (safely) treat the inspiral
as adiabatic. Specifically, Taylor expanding the orbital separation
around fy, some chosen time when the binary evolution begins, we
have

D(t) D(1) ]

D(1y) + D(to)(t — 1) + ... = Dy [1 + m(r — 1)

2 /Q _ 2t —1
1—3<Q)Qo(t—t0)]_Do<l—3 P ).(17)

That is, as long as r — 7y < tp we have

Lo L[, 20D
DIty ~ D} 3 1 |

%

Dy

(18)

Effectively, we may take this to be constant (to leading order). Then,
equation (8) becomes

Uim (tO)Qn e_,‘mqy(,)
A2 '

In essence, the time dependence of the tidal driving — which must

be inherited by the mode solution, at least before resonance — is

entirely associated with the phase ®(¢). Moreover, given that ® = Q,
it follows immediately that the (particular) solution to the problem

(1) + wta,(t) ~ (19)
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is

Qnvim(to) e "0
A2 02— (mQ)?

This solution represents the instantaneous response to the tidal

driving, often referred to as the equilibrium tide. The corresponding
mode energy is

102 (GM/WIW)Z w2 +m2Q?

~ EI% DI+l (@2 — m*Q2)7 "
The static contribution is obtained by setting €2 = 0 in this expres-
sion.

In gravitational-wave astronomy, the tidal response is commonly
quantified in terms of the tidal deformability, which derives from the
so-called Love number. Within the mode-sum approach, it is easy to
write down the expression for the effective Love number. Starting
from the multipole expansion of the tidal potential (4),

xX=> xm¥", 22)
Im

a(t) ~ (20)

E, @2n

the Love number, k;,, quantifies the extent to which the star is
deformed by the tidal potential. It is defined by the relation

3Dy, = 2k Xim s (23)

where §®;,, is the gravitational potential perturbation induced by

Xim, both evaluated at the stellar surface. For a time-varying tidal

field the Love number encodes the dependence on the orbital motion

and can be used to represent both the static and the dynamical tide.
Noting that

5D = ZanSCD,, (24)

and using the fact that
4 G
21 + HRH!

(which follows after using the Green’s function for Poisson’s equa-
tion 3) we get

4G m
8@ = — Z WanQnY[

4Gy ! Ui 0,
2+ DR L[ — Q7]

5(1),,(R) = (o (25)

efimd)(t) Y[m , (26)

where R is the radius of the primary star. The sum in this expression
includes all the different oscillation modes of the star. Labelling the
subset of modes (f, p, g,...) for a given harmonic (/, m) by n’ (a
convention we adopt from here on, see Pnigouras et al. 2024 for
additional discussion) we have

AnG —imd(r) Q.
@l + DR Z A [w? — (m)?]
27

8P;(t, R) =

and it follows from equation (23) that the mode-sum expression for
the tidal response is

1
217G 0,
T 21+ DRYH! Z A2 [0? — (mQ)?]

kim = 5D,

(28)

It is convenient to express the result in terms of dimensionless
quantities (identified with a tilde here and in the following). To effect
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this, we use the convention that
A2 = M,R? (29)

and introduce

0, =MR'Q,, (30)
as well as

GM,\ _
W = ( 23 )wg @31

(and similar for ©2, although we note that the stellar density is
obviously not a natural parameter to use for the normalization of the
orbital frequency).We then have

21 QZ,
Kim = 2 32
! 2l+1za)§,—(msz)2 G2

~
representing the effective (manifestly frequency-dependent and di-
mensionless) Love number for the equilibrium tide. The solution is
evidently valid only away from resonance. If we want an expression
valid through resonance we need to do more work.

The static Love number follows in the limit & — 0 and the con-
tribution from each mode is simply given by (noting the degeneracy
in m)

0 2nG 0?

20 — 2 Qﬁ
"L+ HRYH Aw?

A1 @ 3

Before we proceed it is useful to comment on the validity of
equation (20). Introducing a new amplitude variable (also helpful for
the numerical solutions)

anp = bne_imd) ’ (34)
we see that equation (19) is replaced by

. ) i Vi (1) On

by —2imQb, + (0} — m*Q* — imQ) b, = % : (35)

and it follows that the equilibrium-tide approximation requires, in
particular,

w2 — m*Q% > |mQ| . (36)

This condition clearly cannot be satisfied close to resonance (as
the left-hand side then vanishes identically). In order to bridge the
evolution across the resonance, we need a different approximation.

3 APPROXIMATE ANALYTICAL SOLUTION

In principle, it is straightforward to solve the equation of motion
(19). The problem simply represents a driven harmonic oscillator
(although, with a time-varying driving frequency) and the general
solution takes the form a, = a¥ + aP, where

a’(lH) — Zl,(,l)ei‘”"’ 4 d’(IZ)efiw,,t (37)

is the solution to the homogeneous problem (representing the free
oscillations of the body) and

 alopt t
@ _ e O vy @ i@nt' +m®) 40
n 2 A2 Im
Wy n Jig
l'e—ia),,t Qn t ) .
: U]mez(w,,t md))dt/ (38)
2, A2 J,

is a particular solution obtained via the method of variation of
parameters (with 7, some suitable reference time). Taking this as
our starting point, we want to develop an approximate solution for
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the mode amplitudes that remains valid as the system evolves through
an individual resonance.

The first step is (naturally) provided by the equilibrium tide from
equation (20). If there is no resonance in the time interval of interest,
then the general solution to equation (19) takes the form

Qn vlm(t) e—im®
A w2 —(mQy

a, = ale’ " +aPein (39)
Evidently, we need the (constant) amplitudes of e’ to vanish in
the regime where equation (20) applies. This simply means that the
individual modes are not excited before resonance, which makes
sense because the frequency of the tidal driving is not (yet) well
matched to that of the mode we are focussing on.

3.1 Near resonance solution

In order to develop a solution valid through resonance, let us focus
on positive mode frequencies and m > 0, which means that the
resonance condition becomes 2 ~ w, /m. Using the stationary phase
approximation (see Steinhoff et al. 2016 for a similar calculation) to
evaluate the particular solution (38) we see that the integral that is
unaffected by the resonance — with our conventions, the first term —
oscillates rapidly and hence averages to zero, so it can be neglected.
The other integral also oscillates rapidly, except in the vicinity of the
resonance, which is where the main contribution is made.

With this behaviour in mind, we Taylor expand around the
resonance to get

w, .
Q@) ~ . + Q)@ — 1), (40)
where t, is the time at resonance. We then have
— 2maw, At )t — 1) X 0F — m* Q% 41)

The orbital phase is then given by (note that, as we expand with
respectto t = t,, this has a different reference phase compared to the
equilibrium tide solution from before)

t
P(t) = O(t,) + / Q(tHdt'
n
Wy . t—1,)?
~ Pt + — @ — 1)+ Q(tn)g- (42)
m 2
For the case we are considering we need
. . . e (= 1)
i(w,t —mP) ~ —imd(t,) + iw,t, — zmQ(t,,)T, 43)

which means that
t . , . t
/ v;me’(“’"’ 7m<I>)dt/ ~ U[m(l‘n)eilmq)" / e
) fo

where we have defined

=i/ DS =10)? g1

(44)

®, = cb(tn) - &tn- (45)
m

Recall that we assume that vy, varies slowly near the resonance,
in order to treat it as a constant in the integral. This argument
should be valid as long as the orbital evolution remains adiabatic
near resonance. This is expected to be the case for all low-frequency
resonances.

Making use of the the near-resonance expansion the solution can
now be written

7 r
1 e 2 : ~ ’ ) .
ay = Q; Vi (1) 1 D2E=10) / eI~ 1 | o=im®D (46)

fo
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Introducing u = t — ¢, and assuming that the resonance occurs a long
time after the evolution is initiated (at t = fy), we can set (fy — t,,) —
—o0 to get

i O, a2 [ o2 .
a, = [ Az vlm(tn)et(m/2)§l(1,l)u / e i(m/2)Sty )u du’] e tmd)(l)’
—00

€]

where the integral can be expressed in terms of the Gauss error
function:

/u i/ g, i |+ erf imQ(z,,)u
oo 2imS2(ty,) 2
(48)
Noting the asymptotic expansion (for w — 00)
e_"’2
erf(w)~1— ——, 49
(w) Jrw (49)
we have, well before resonance (when u is negative)
/u —i(m/2)S2t ) du _ L 1 — erf th(t,, |
. 2imQA(t,)
(50)
which leads to (for large |u|)
u X 2 efi(m/Z)Q(t,, Yu?
/ e Ry N T 51
oo im&2(t,)|u

This is an important result because it allows us to make the required
connection with the equilibrium tide. By comparing to equation (47)
we note that the exponential factors cancel in the asymptotic regime.
If we simply undo the near-resonance Taylor expansion, the solution
reduces to equation (20). Specifically, we have

1 0. 1 imd()

n ~ — —5 U m\*n 2 € m 9 52
a o A ) (52)
leading to, once we use equation (41) and replace vy, (¢,) with v, (),

Q e—im®(1)
a, ~ ﬁvlm( )7292 (53)

3.2 Beyond resonance

In order to capture the post-resonance behaviour of the mode
amplitude solution, we may follow the steps from the near-resonance
case, except that we no longer replace the orbital phase (outside the
integral) with the Taylor expansion (42). Instead, we use (as before,
for m > 0)

i " . . 2

a, = QZ Vg (1) On1 P / e/ DUt gy (54)
w, A2 —o00

(noting that, for the evaluation of the integral the Taylor expansion

of the phase still holds, as we are using the stationary phase

approximation).
In the limit where u# becomes large the integral becomes
u X 1/2 7i(m/2)Q(t,l)u2
/ im0 gy s | 2T _e ' 55)
o imS(t,) imQ(t,)u

The first term leads to

i Oy
a, = Twnxﬁvlm(fn) [m

’ 12
7 } e—i@ut+mut/) _ 5 g—iont

: dne
Q(t,)
(56)
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We see that the resonantly excited mode now oscillates at its natural
frequency (at a constant amplitude).

The second contribution to the solution leads to the equilibrium
tide (the argument for which should still hold away from the
resonance). To demonstrate this, we need

. 1 eftm<I>(t)
a, = &neilmnr - Q; lm( )
wy, A2 mQt,)u’
We then use the arguments from the pre-resonance solution (undo
the Taylor expansion and replace vy, (,) by vy, (t)) to arrive at

anlm(l) e—imd)
AZ ’21 _ mZQZ °

We now recognize the second term as the equilibrium tide.

(57)

~ L —lwpt

a, = d,e

(58)

3.3 A single, closed-form expression

The main take-home message at this point is that we can, by
paying careful attention to the asymptotic behaviour, extend the
near-resonance solution (47) into the asymptotic regime (both before
and after resonance) in such a way that we make contact with the
expected form of the solution. This is entirely in the spirit of matched
asymptotics expansions and it is crucial as it allows us to write down
a single, closed-form expression for the tidal response associated
with the mode resonance. However, in order to make the result
more ‘practically’ useful it may be better to work with real-valued
functions and build the model in terms of Fresnel integrals (adopting
the strategy used by Rathore et al. 2005; Flanagan & Racine 2007; and
Steinhoff et al. 2016). The expressions involving the error function
were helpful in identifying the equilibrium tide contributions to the
solution, but now that the strategy is laid down we can easily repeat
the steps for the Fresnel integrals.

As the detailed calculation involves somewhat lengthy expressions
we have relegated it to Appendix A. The steps involved are, however,
fairly obvious. First, we rewrite the integral we need in equation (47)
as

/u i/ g k3 l Lc mQ(tn)M
- me,) ) 2 p
Q tn
( " ( )
where
w 2
Cw) = / cos<”w )dw’ (60)
0 2
and

w 22
S(w):/ sin(”w )dw’ (61)
0 2

are the Fresnel integrals. Second, we use the asymptotic behaviour of
these integrals to connect with both equations (51) and (55). Third,
we confirm that the two solutions we obtain are continuous at the
resonance (as they have to be, given that they originate from the near-
resonance solution). Fourth, we join the solutions at the resonance
by means of the Heaviside step function H.

These steps lead to the final, composite expression for the mode
solution across resonance:

1 Qn —im®(1)
a, = zwnxﬁvlm(f)e m WJQZD
, \ 20+1)/3 2 2
+H(u) ( @ ) wdd e/ | (62)
ms mAt,)
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In this expression

mQ(t,)
T

u, (63)
J(z) is the (well-behaved) integral

J (@) = —imze ™ { [c @ - %] —i [8 @ - ﬂ } : (64)
and the phase ¥ (¢) is defined as

t
Y(t) = / (0, — mQ)dt’ = w,t — m(P — D). (65)
tn
We need to keep in mind that this expression is valid only for m > 0,
as discussed at the beginning of the calculation. By following exactly
the same arguments, it can be shown that the contribution from the
m < 0 resonance (with the same w, > 0 frequency) is given by
(—D™"a;.

The key point is that the expression (62) is valid across the
resonance and connects to the anticipated pre- and post-resonance
behaviour. Moreover, since 7 (z) vanishes at the resonance, the mode
amplitude remains non-singular. The regularity of the new resonance
solution makes it distinct from the result obtained by Steinhoff et al.
(2016), which involves an explicit subtraction of singular terms. This
should make our expression more amenable to practical applications.
As a first illustration of this, let us work out the corresponding
expression for the effective Love number.

3.4 The Love number

Given the closed-form expression for the mode amplitude (62), we
can easily write down the corresponding expression for the Love
number. Following the steps that led to equation (28) we see that the
contribution from a single mode is given by

2n G 1

km = 4,0, im<l>’ 66
"= @y DRI b, O (00)
which now leads to
27 G 02 2w
ki = "
=0+ DRI 2wnA2{wg g (12D
20+1)/3 27 vz
H : A 67
+ (”)( Q) (mQ(t,,)) ¢ ©7)

(the mode index n is omitted in this section, i.e. k;,, = k). If we
express the result in terms of the static Love number contribution
k,? from equation (33) and include the contribution from the m < 0
resonance (the complex conjugate), we get

kl 2&)2
W= \ar -

2w \'? b4
X <mQ(tn)> cos [w(t) - Z} } (63)

where we have introduced the real part

2
R(z) =Re J (1) =7z {sin (%) {C () - ﬂ

w72 1
— cos (T) {S (z) — 5} } . (69)

We compare the result from equation (68) to results obtained from
numerical solutions to equation (8) in Fig. 1. The accuracy of the
approximate solution is evident, with only a slight difference from

2(41)/3
R (12 + Hw) ()
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Figure 1. Individual mode contributions to the | = m = 2 effective Love number, for a polytrope p o« p" with I' = 2 and adiabatic index I'; = 2.1. We show
results for the real part of the contribution from the fundamental f-mode (left panel) and the first two gravity g-modes (middle and right panels, respectively),
using the mode parameters from Table 1 in equation (67). The results illustrate the general behaviour of the solution. The mode contribution to the effective
Love number grows as the system approaches resonance. The contribution peaks after resonance and then decays asymptotically while oscillating at the mode
frequency. The three examples clearly illustrate that, while the approximate f-mode contribution (in green) differs slightly from the numerical result (orange),
our approximate model is very accurate for the (lower frequency) g-modes. This is also reflected in each bottom panel, where we plot the absolute error of the
approximate analytical solution, compared to the numerical one. In addition to the mode amplitudes, the contribution of each mode to the static Love number is
shown (blue), showing that the contribution to the effective tidal deformability from each mode vanishes asymptotically, as well as vertical lines indicating the
location of the mode resonance (dashed line) and the merger distance (here simply taken to be the point when the two stars touch; red dotted line).

Table 1. Eigenfrequencies @, = w,/+/GM,/R?, mass multipole moments
0, = Q,/M,R?, and static Love number contributions kg of the f-mode
and the first five g-mode overtones with / = 2, for a polytrope p o< p' with
I' = 2, and adiabatic index I'} = 2.1.

Table 2. Eigenfrequencies @, = w,/+/GM,/R?, mass multipole moments
0, = 0,,/M,R?, and static Love number contributions kfl’ of the f-mode and
the i-mode with [ = 2, for one of the models considered in Counsell et al.
(2025a).

Mode [0 O, kg Mode [ O, kg

f 1.2277 5.5800 x 107! 2.5958 x 107! f 1.3896 4.5400 x 107! 1.3414 x 107!
g1 0.2566 3.4972 x 1073 2.3346 x 1074 0.4538 2.1700 x 1072 2.8739 x 1073
I 0.1770 8.3553 x 10~ 2.8013 x 1077

23 0.1361 2.4622 x 1074 4.1142 x 107°

& 0.1109 8.1322 x 1073 6.7611 x 1077

g5 0.0937 2.8808 x 1072 1.1885 x 1077

the numerical result near resonance for the f-mode and excellent
agreement through resonance for the first couple of g-modes.

4 THE MODE ENERGY

In addition to the evolution of the mode amplitudes, we need to keep
track of the energy deposited in the modes. After all, the rate at
which energy is transferred to the modes indicates the level at which
a resonance impacts on the orbital evolution (Lai 1994). In fact,
all current discussions of the detectability of low-frequency mode
resonances are based on simple energy estimates (see Andersson &
Ho 2018; Kuan et al. 2022; Ho & Andersson 2023; and Counsell
et al. 2025b for recent contributions). If we want to be more precise
than this then we need to consider the orbital evolution problem in
more detail. As a first step in this direction, we need to work out the
evolution of the mode energy.!

4.1 Approximate expression

The main additional step we need to take in order to determine the
mode energy involves working out the time derivative of the ampli-

'We postpone a discussion of the general orbital problem, which involves a
considerable amount of additional technical detail, to a companion paper.

tude. Keeping in mind that we will (later) need higher derivatives to
work out the rate of gravitational-wave emission, it makes sense to
design an efficient way of dealing with this problem. Luckily, this is
straightforward. Starting from the equation for the mode amplitude
(8) and introducing ¢, = a, we have

GM'W;,, 0, d [ 1 .
. 2 _ mxn im®
Cn tw,cp = A2 dr {D“’l € }
GM/Wm n —imQ i Vm n i
~ 1 Q ( rm ) —im® — l Q efzm(b (70)

& D Tt
where the last equality defines the function V},,(¢). Comparing to the
equation we solved for the amplitude, i.e. equation (8), and recalling
the steps in the derivation of the resonance solution (62), we can
write down a closed-form approximation also for ¢,. This argument
can be extended to higher derivatives as required.

The problems for a, and ¢, are clearly identical once we replace
v, With V;,. Going back to equation (62) we infer that

e = i%wm(t)e”""‘b(”{%.ﬂlzl)

+H (u) “/Z;((t:)) (méft)) - e—'W—”/‘”}. (71)
With
Vim = —imQuy, = Vip(ty) = —iw v (ty), (72)
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Figure 2. The mode energy obtained from equation (74) for the f-mode (left panel) and the first two g-modes (middle and right panels) for the same stellar
model as in Fig. 1 and / = m = 2. The corresponding mode contribution to the energy associated with the static tide (obtained from equation 21 with & = 0)
is also included (in blue), for comparison. Comparing the numerical results (orange) to the approximate solution (green), we see that the error in the energy
is similar to that of the amplitudes. As in Fig. 1, the absolute error of the approximate analytical solution, compared to the numerical one, is depicted in the
bottom panel, whereas the vertical lines indicate the location of the mode resonance (dashed) and the merger distance (red dotted). The results help motivate the

common assumption that the behaviour can be modelled as a more or less instantaneous transfer of energy at resonance.

we then get
. ~ 1 Q'l —im®(t) 26(),1 :
a, = ¢, X 2wn .A2 m[_lmgvlm(f)]jﬂﬂ)
o 2
+H )i, v ()] (mm )) e*’“”/‘”}, (73)

which allows us to work out the mode energy.
After some algebra, we arrive at

£, = 120 v (®)  wh(e; + m2)
n 2./4,% wg (w)zl_ 292)2
a),z, |:U[2m(tn):|
mSAt,) | v, (1)
wn(wn + mQ) |:Ulm(tn):| [ 271603 :|1/2
)

— m2Q? Ulm(t) mZQ(tn

x {Rcos (/ (wp —m)dt — 7T/4>
—7 sin (/[(a),l —mQ)dt — 7T/4>:| }, 74)

where we have introduced

2
I(2) =Im J(z) = -7z {Sin (HTZ) {5 () — ﬂ

w72 1
+cos <7> [C (z) — 5] } (75)
and

2 2.2 1 ’ 1 :
J? =%z (C(Z)— 5) + (S(@— 5) . (76)

In equation (74), we have chosen to write the energy in such a way
that the pre-resonance (equilibrium tide) energy is factored out.

Again, a comparison with numerical results shows that this
approximate expression is robust. Given the accuracy of the mode
amplitudes, the results provided for the energy in Fig. 2 are, perhaps,
not surprising. However, they do provide confidence in the strategy
we adopted for the time derivative of the amplitude. This will be
important if we go further and work out, say, the rate of gravitational-
wave emission which requires the third time derivative.

jZ

+ H(u)

+H()
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4.2 Simple energy estimate

The impact on the gravitational-wave phasing associated with
individual mode resonances is often assessed (see, for instance,
Andersson & Ho 2018; Kuan et al. 2022; Ho & Andersson 2023; and
Counsell et al. 2025b) using a simple energy estimate. Following Lai
(1994), the energy involved is taken to be given by the second term in
equation (74), which is constant after the resonance. In essence, this
model assumes that this energy is instantaneously transferred from
the orbit at resonance. This assumption is motivated by the behaviour
illustrated in Fig. 2, but obviously leaves out the contribution from
the equilibrium tide (before and after resonance) and the energy in
the free oscillations of the star.

Assuming that the additional energy loss is associated with a
distinct frequency, the change in the number of gravitational-wave
cycles is given by

dElldC 1
AN ~ — D. 77
/a f dD Eorb ( )
After integration, this leads to
AN ~ — (fA.Etidc> ~_ (é leAEtidc) , (78)
Eov /) p= 2 En ey

where AFEq. is the total energy transferred from the orbit to the
resonant mode, Ey is the (Newtonian) orbital energy, 7y, is the orbital
evolution time-scale equation (15) and the expression should be
evaluated at the resonance frequency f = f,. This then allows us
to estimate the induced change in the gravitational-wave phase and
assess to what extent the resonance we have considered may be
interesting from an observational perspective.
Specifically, from equation (74) we have

_ O [GM'W, P w
Bn=ou {D’*‘(tn)] <m9(fn)>’ ™

where the orbital parameters are evaluated at resonance. With
Woin = 4/37/10, assuming the leading-order (quadrupole) inspiral
rate and taking the orbit to be Keplerian, we have

GM 23 g\ 13
P="" _ D~ (ﬁ) (7> R, (80)
wfl M*
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Figure 3. Summed mode contributions to the energy obtained from equation (74), evaluated relative to the static tide energy (i.e. subtracting the static tide
energy obtained from equation (21) with = 0 and then dividing by it). The approximate (green) and numerical (orange) solutions are shown, for two different
stellar models and / = m = 2. The left panel corresponds to the polytropic model from Figs 1 and 2, for all the modes listed in Table 1. As in the previous plots,
the vertical dashed lines indicate the location of the various mode resonances, starting from the gs-mode resonance on the right and ending up with the f-mode
resonance on the left, right after merger (red dotted vertical line). The results indicate the modest impact of the low-order g-modes, which may nevertheless
be marginally detectable with next-generation gravitational-wave instruments (see, for example, Counsell et al. 2025b). The right panel corresponds to one of
the models from Counsell et al. (2025a) where an interface mode associated with a first-order phase transition contributes prominently. The interface mode
resonance (brown dashed line) is followed by the merger (red dotted line), with the f-mode resonance (purple dashed line) again occurring just after merger. The

mode parameters of this model are given in Table 2.

and the energy associated with the two |m| =2 modes (which
contribute equally because of the symmetries of the problem)
becomes

72 13 A2 Rc? 32 2 33 2
E,=—a& —_— —_— M,c*, 81
S () a(i) me 1)
where ¢ = M'/M, is the mass ratio. This result accords with the
expression used by, for example, Ho & Andersson (2023) and
Counsell et al. (2025b).

This energy is assumed to be extracted from the orbit at the
resonance frequency (for m = 2)

w, =2nf, =2Q=2nf. (82)
This corresponds to an orbital separation

4G M, (1 173
D, — {#@} ,

2
w;,

(83)
and it readily follows that the (Newtonian) orbital energy is

_ 1 GM.\ ., q 2
EN = _ﬁ ( R > w, (1 +q)1/3 M*C . (84)

Finally, equation (78) leads to

AR’ 1
AN ~ -4 x 107 *2”( ) _—, 85
Lo aM.) 0+q (85)
which is the result used to assess the mode detectability in Counsell
et al. (2025a, b).

5 FINAL REMARKS

In conclusion, we have provided an approximate, closed-form,
solution for the amplitude of a resonant stellar oscillation mode
in a binary system. Compared to numerical solutions for the mode
amplitude, the new model performs well in all relevant domains. In
particular, it remains valid as the system passes through resonance.
In terms of accuracy, the model is comparable to the previous

matched asymptotics expressions from Hinderer et al. (2016) and
Steinhoff et al. (2016). In fact, the current model is more amenable
to applications as it does not involve an explicit subtraction of terms
that become singular at resonance. Similar results have been obtained
by Yu et al. (2024), who derived analytical approximations for the
equilibrium and dynamical pieces of the driven mode response,
following a somewhat different logic. A direct comparison between
the two models, involving a reformulation of the expressions derived
here in phase space (see Appendix B), shows that the formulae of
Yu et al. (2024) perform as well as the ones presented here for g-
modes, but are less reliable for the f-mode. The difference likely
arises, as pointed out by Yu et al. (2024), because the f-mode
induces a significant back-reaction on the orbit and the impact of
this is treated differently in the two calculations. These comparisons
establish confidence in the results.

Given the expressions we have provided, the new approximate
solution for the resonant mode amplitudes is readily — once we
combine it with results for mode frequencies and mass multipole
moments — used to provide a mode-sum representation for the
effective tidal deformability. As as example of this, we show the
summed energies for two different stellar models in Fig. 3. The
summed effective Love number is shown, for the same two models,
in Fig. 4.

Evidently, the results we have provided allow us to make progress
on assessing the relevance of low-frequency mode resonances that
may leave an observable imprint on gravitational-wave signals from
binary inspirals involving neutron stars. However, in terms of the
impact of tides on the evolution of a binary system, our results only
address the response of the star to the presence of the companion.
In order to build a complete model, we need to consider also the
‘outer problem’; how the tidal excitation impacts on the binary orbit
and its evolution. From a conceptual point of view, the steps one
would have to take to complete such a model are clear. Taking the
solution for the static tide problem from Flanagan & Hinderer (2008)
as a guide, one would have to (i) work out how the excited modes
impact on the equilibrium orbit of the system (used in the adiabatic
evolution), (ii) quantify how this changes the energy of the system,

MNRAS 542, 1375-1387 (2025)
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Figure 4. Summed mode contributions to the (real part of the) effective Love number from equation (67), evaluated relative to the f-mode contribution (i.e.
subtracting the f-mode contribution and then dividing by it). The approximate (green) and numerical (orange) solutions are shown, for the same models as in
Fig. 3 and [ = m = 2. The modest impact of the low-order g-modes can be seen here too, compared to the larger by an order of magnitude contribution of the
interface mode. The divergence of the solution after the f-mode resonance is due to the f-mode Love number contribution crossing zero (see Fig. 1).

and (iii) estimate the rate of gravitational-wave emission (via the
standard post-Newtonian multipole formulas). Once this is done, the
mode-sum representation for the tide, including resonances, would
be developed to the same level as current models for the static tidal
deformability. Yu et al. (2024) have already taken important steps in
this direction by studying the coupled dynamics between the orbit
and the tide, focussing on the contribution of the f-mode (see also
Yu & Lau 2025). Our specific aim here was to provide an accurate
framework for the description of each mode response, including after
resonance. This regime is particularly relevant for low-frequency g-
modes and hence our results represent a notable step forward for
the modelling required to establish to what extent next-generation
gravitational-wave instruments will be able to probe neutron star
physics beyond mass and radius. The results we have discussed —
especially for the mode energy — prepare the ground for the required
models, but there is still a fair amount of work to be done. We expect
to report on relevant progress in the near future.
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APPENDIX A: THE DERIVATION OF THE
COMPOSITE MODE SOLUTION

The derivation of the closed-form mode solution (62) involves the
following steps. First, we rewrite the integral from equation (47) in
terms of the Fresnel integrals C and S as

/M i/ g1 U 1 Le mQ(fn)
—00 mQAt,) | 2 T
l mSZ(z,,
—i|= Al
i 2 ( , (Al
where
w 7Tw/2 ,
C(w):/ cos | — | dw (A2)
0 2
and
w ) 71w’2 ,
S(w):/ sin ([ — | dw’. (A3)
0 2

It is important to note that C and S are both odd functions. Then we
use the asymptotic behaviour

COy~ : 5t ! i (A4)
— sin [ 22
o\ 2
and
1 1 A2
S()\.) ~ 5 — ﬁ CoS <T) . (AS)

to make contact with both equations (51) and (55), adapting the logic
outlined for the Gauss error function in the main text.
For the post-resonance part of the solution, we start from

mes,
Q vlm(tn)et(mﬂ)fl(tu)u 1 (’l)u

Az - e—im@(l) , (A6)

an—

where

b4 12 ; 1
_ —in/4
I0) = ( '(tn)> {ﬁe + [C()\)f 2} i [S(A) “ . (AT
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This leads to

i O, o T 172 )
a, = = Vi (b )el(m/Z)Q(tn)u —im®(r) : \/Ee—m/zt
Wp 'A mQ(tn)

i Oy i0m/2)S2(t, ( T >]/2 mAt,) _ l
+ .A2 Ui (t,)e 7’”9([“) C — u 3
i {s (,/’”9(’")”> - 1] }eim‘vw . (A8)

b4 2

In the first term, we undo the near-resonance Taylor expansion (as
in Sections 3.1 and 3.2) and in the second term we simply change
Vi (ty) = Ui, (2) in order to match the equilibrium tide solution away
from resonance. We do not make the same change in both terms as we
know that the free mode oscillations should be at constant amplitude
after the resonance. This leads to

1 0, 2
an = Q Im(n)( -T[

1/2
) efi(w,lter(D,, —/4)

Wy AZ mS(t,)
. 172
i Oy T
+ — Ui ( o
2y A2V ®) (mQ(t,,))
e ) o [ [me) )1
b4 2
—ils Mu _ l eim®(®) (A9)
14 2

Further guided by the asymptotics, we rewrite this as

1 O, 2m 2 —i(wnt+m®,—1/4)
_ o - . i
a, 2(0" A2 vlm(n) (mQ(t,,)) €
O T 2 mSA(t, )u i(m)2)St )
+77 Vi (1) : : e
A2 mSAt,) m&(t,)u
Q 1
e fme 1
T 2
Q(t, 1 .
PR N Y ELC N R B QRO (A10)
T 2

and then undo the Taylor expansion in the denominator using
equation (41) to get

1 0 2
a, = 7%”[}710}1) ( -

172
) e ont+m®,—1/4)

2w, A2 mSAt,)

izwm(t) : lszzJ mi(t”)u e im0 (ALl
With
z= mi(’”)u, (A12)

the integral we need is

J (@) = —imze ™ { {C (2) — ﬂ —i {S (2) — %] } ; (A13)

which is well-behaved.
For the pre-resonance behaviour, we need to massage the solution
differently. In this case, when u < 0, the asymptotic behaviour
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suggests that we start from
i 0, (I)( pr3 >'/2 <m§z(t,,)u)
a, = — — T -
" 2w, A2 () mSUt,)u
xeim2eme ) | o ’"Q(t" me2), ) L
2
Q1) 1 .
—ils \/m ) -5 | pee. (A14)

In this case (again, undoing the Taylor expansion in the denominator,
like before), the amplitude becomes

Qn 1 mQ(l) —im
@ = ()T ul | 0 (ALS)

Finally, making use of

GM' W, v (L)
Vi (tn) = ) ~GM'W,,
DH1(¢,) GM
20+1)/3
Wy
~ v, | —— , Al6
v ()(mQ(I)> (A16)

and the Heaviside function, H (1), we arrive at the composite solution

1 0, 20,
W= Gy ") e

mQ(t)l | 0

1/2
1= R (- RS
Q mS2(t,)

which is equation (62) in the main text. The first term captures the
driving of the mode by the tide throughout the inspiral, whereas the
second one corresponds to the post-resonance free oscillation of the
mode. 7 (|z]) is of order unity before and after the resonance, and goes
smoothly to zero at the resonance. Although the limit value of the
first term at resonance is finite, it changes sign due to (w? — m*Q?)
passing through zero. This should not be a problem, however; when
the first term reaches its resonance value, the post-resonance mode
oscillation is turned on, thereby guaranteeing the continuity of the
solution at the resonance.

APPENDIX B: ADDING ROTATION: THE PHASE
SPACE FORMALISM

In the presence of rotation, the usual mode decomposition (7) gener-
ally leads to the mode equations of motion coupling to one another,
which practically makes the problem untractable. To circumvent this,
one should instead employ a phase space expansion (see Schenk
et al. 2001 for the relevant details), in which the displacement and
its derivative are decomposed simultaneously in terms of the basis

vectors (f;‘y’;, i a),,é,i) as follows:
* Ei*(xh)
Faw [—iwns:;*<x")] } - B

£, x") £ (x")
i i = n( )
{@E’(LJC’)] ;{ { nEp(xh)
Using the phase-space amplitudes ¢, and assuming that the orbital
angular momentum is aligned with the stellar spin, we obtain the
first-order equation of motion in the rotating frame as

. . i —im[®()—
Cp —1lWyCy = _B E vlm(l)ine imle()=21] ) (Bz)
n
!
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where €, is the angular velocity of the star, the constant B, is
defined through the mode orthogonality condition, generalized for
rotating stars, and the sourcing term no longer corresponds to a single
multipole degree /. The Love number may then be expressed as

272G eimle)—Q1]
= QI DRIy,

=~

S [ewen + o] B3
with the label n’ representing the modes with a given azimuthal
order m and the (+, —) subscripts dictating the sign of m inside
the corresponding quantity (e.g. Q, ; is the mass multipole moment
of the [-component of a mode with an azimuthal number equal to
—m; for the detailed steps and definitions, see Pnigouras et al. 2024).
Furthermore, the expression for the mode energy is

E, = |cu*w, B, (B4)

Even though the phase-space formalism results in elegant and
exact analytical expressions, their use in actual applications is far
from trivial, due to complications introduced into the problem by
rotation. To begin with, the background star is no longer spherical,
which introduces a polar dependence into the equilibrium quantities.
Second, the induced coupling between different multipoles com-
plicates the angular dependence of a mode, which can no longer
be described by a single spherical harmonic. Third, it splits the
modes corresponding to the same multipole degree / but to different
azimuthal orders m, which are degenerate in the non-rotating case.
Finally, a new mode family emerges, the inertial modes, which
mix with the normal fluid modes, introducing ambiguities in the
description of a mode. For these reasons, the price that is usually
paid is the use of the slow-rotation approximation, in which rotation
is treated perturbatively. Then, to obtain the rotational corrections
of (say) the Love number, one needs to calculate the corresponding
corrections to the mode eigenfrequencies and eigenfunctions (see
Pnigouras et al. 2024 for a systematic analysis). Up to first order in
the angular velocity, the Love number (B3) is expressed as

Ky 2nG eimlP)—y1] ZQ«/))
" (21 + 1)RYH! Vim n

n'

(O)+( " (0)* (11,)+(_1)mcil/)*
" .

Q«» (0, + =1y 00e) ] : (BS)

with the superscripts denoting the rotational order of the correspond-
ing quantity. The equations of motion for the zeroth- and first-order
piece of the amplitude ¢, may be derived from equation (B2) and are
given by

4 = 100 = — Qe R (36)
and
éizl) zw(o) (1) — lw(l) (0)
: (1) (1)
i O B .
v ) n —im[®()— Q1]
B(O) vlm(t)Qn ( ©0) B(Q)) € ) (B7)
n n n

respectively. Equation (BS5) can be simplified if we take a closer look
at the formalism. First, note that we have already assumed that Q,(gz =
Q0 = 0 this should be true as long as the same normalization is
used for the modes (at zeroth order), namely AL? = A2, Second,
the first-order correction to the multipole moment can be decomposed
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as

D]
Q(l) _ BEI
nl — 28,(10)

a consequence of the fact that the first-order correction to the mode
eigenfunction, £, has a component along & (which may be
eliminated by normalizing the first-order eigenfunctions such that
B = 0, leading to further simplifications). Third, since first-order
eigenfrequency and eigenfunction corrections scale with m;, we

00+ 0, (B8)

must have 0", = —Qf,lj , = —0"). Finally, the solution to the first-
order equation of motion (B7) can be written as
1 B
ay _ in n (0) ~(1)
D = - ) +¢é), (B9)
n ( leo) B;(») n n
where &1 is the solution to
D i@ = i), (B10)
which is simply given by
t
0 0
& = j@Deient / cWemient gy, (B11)
fo

Based on the above, equation (B5) for the Love number is written as

S oY

n'

271G eim[q)(t)—&'lsl]
km %
" Q@+ DRHEL

(1 ~(1
x| @+ (—l)mcfl(,)_)* + CL/) + (—l)’"cflf*

’
n’y +

- (B12)

n'

20
+22u (e = =)
Q * -
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In the absence of rotation, equation (B12) may be reduced to

271G eim®
= 2GS 0 [a 4 -1 ]

= _ B13
Q21 + DRI v, (B13)

The relation between the phase space amplitudes ¢, and the ampli-
tudes a, defined by the decomposition (7) is generally non-trivial,
but in the non-rotating case it yields

I .

Cn = = <_Lan +an> . (B14)
2 wp

From this relation we can infer that

Coy +(=D)"c;_ = ay,, (B15)

where we used the fact that a,,_ = (— l)’"a,*;+. Then, equation (B13)
takes us back to equation (66). Accordingly, from equation (11) we
can express the mode energy in phase space (for no rotation) as

E, = 2(0,% |Cn|2 A,2, (B16)

(the same result may also be obtained from equation B4). The
expressions above for the Love number and the energy, formulated
in terms of the phase space amplitudes, may be used to compare the
analytical relations derived in the current work to those obtained by
Yu et al. (2024).
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