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The CAT(0) dimension of 3-generator Artin

Groups
by Paul Edward Hanham

The three generator Artin groups A(m,n,2) are known to be have CAT(0)
dimension strictly greater than two if both m and n are odd [BC]. In Chapter
1 we introduce the notions of CAT(0) dimension and three generator Artin
groups.

In Chapter 2 we show that if one of m or n is even. then the three generator
Artin group has CAT(0) dimension two.

In Chapter 3 we extend work by Noel Brady and John Crisp [BC] to
enlarge the subclass of groups A(m,n,2) known to have CAT(0) dimension
three.

In Chapter 4 we classify the structure of a canonical cell complex which
the group A(m,n,2) acts on for the case where m is even, greater or equal to
six and not divisible by four and n is prime, greater or equal to five.

Finally, in Chapter 5 we use the results of Chapter 4 to exhibit classes of
rank four Artin groups with CAT(0) dimension two. and a class of rank six

Artin groups with CAT(0) dimension two.
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Chapter 1

Dimensions of Groups

In this chapter we review algebraic and geometric dimensions of discrete
groups finally considering the CAT(0) dimension of a discrete group. We

begin with the cohomological dimension of a group.

1.1 Cohomological dimension

Let R be a ring. A free R-module is an R-module which is a direct sum of
copies of R. Given any surjective homomorphism = of R-modules, 7 : A —+ B
and any free module " with a homomorphism ¢ : F' — B, one may construct
a homomorphism 6 : F — A such that ¢ = 7¢. Any module F (not
necessarily free) with this property is said to be projective.

Let M be an R-module. A projective (respectively free) resolution of M

is an exact sequence of the form
...Pn—>Pn_1"'—‘>_P1—>P0‘——>.\/[—‘>O

where each P, is a projective (respectively free) R-module. We can always
construct a projective resolution by choosing a free R-module £}y with basis

in 1 — 1 correspondence with a set of generators of M. This projects onto M



with kernel Ky. Repeating the process for Ky instead of M we obtain a free

module F) by iterating the process an exact sequence of free R-modules
F,—. .. —>Fp—->M

Since each free module is projective this is a projective resolution for M.
By making each element of G act as the identity and extending the action

linearly to the group ring ZG we make Z a ZG-module. The cohomological

dimension of G, ¢cdG, is the minimal integer n such that there is a projective

resolution of length n,
0—=FP, =P,y — - —=F—=1Z

If there is no such finite integer n then we sayv the group has cohomological

dimension co.

Lemma 1.1.1. Let G be a discrete group. The cohomological dimension of

G is 0 if and only of G is trivial.

Proof. Suppose G is the trivial group. Then Z is a free ZG module, and
hence projective. So taking Py = Z,

0 =72 =372 —0

is a projective resolution.

Conversely suppose that cdG = 0 then there is a projective resolution
0>F —-Z—=0

Thus Fy = Z is a projective ZG-module. Every projective module is the
summand of a free module. Since Z cannot be a summand of ZG unless G

is trivial, ZG = Z, and G is trivial. O



If H < G then the P, may also be viewed as ZH-modules, so cdH < cdG.

Note that since free modules are projective, a free resolution will give an
upper bound on the value of cdG. If G acts freely on a contractible simplicial
complex then the free modules C; generated by the i-dimensional cells form
a free resolution, so the dimension of this complex gives an upper bound on
the cohomological dimension of the group.

The Cayley graph of a non-trivial free group with respect to any free basis
is a tree [DD]. So any free group acts freely on a l-dimensional complex,
hence for a free group the cohomological dimension is less than or equal to
1. Since the group is non-trivial the cohomological dimension is 1. In the
1960’s Stallings and Swan [Swa69, Sta68] showed that if cdG = 1, then G is
free. Hence cdG =1 if and only if G is free.

This geometric upper bound on the cohomological dimension prompts

another definition of the dimension of a group.

1.2 Geometric dimension

In this section we give a geometric version of dimension for a discrete group.
A CW-complex is a Hausdorff space X with a cell decomposition with

the following properties:

1. For each n-cell e, there is a continuous map ¢, : D" — X mapping
the unit n-disc into X, such that ¢, takes the interior of D" homeo-
morphically onto the cell e, and the boundary of D™ into the union of

(n — 1)-cells.
2. The closure of each cell intersects only finitely many other cells.

3. A subset Y C X is closed in X if and only if the intersection of ¥ with

the closure of each cell is closed.



Given a discrete group G, a G-CW-compler is a CW-complex with a
topological G-action which maps cells to cells homeomorphically such that if
an element g € G maps a cell e to itself, then ¢g.z = « for all points z € e.

A complex is said to be a free G-CW-complex if the stabiliser of each cell
is trivial, {g € Glg.e = e} = 1.

The complex X is contractible if there is a homotopy equivalence of X to
a point.

A complex X is said to be an FEilenberg-MacLane complex for GG, or
K (G, 1) if the fundamental group of X is G, m(.X') = G and the universal
cover of X is contractible.

A free G-CW-complex X is said to be a model for EG if X/G is an

Eilenberg-MacLane complex K (G, 1) for GG, or equivalently X is contractible.

Given a discrete group G, the geometric dimension of G, gdG is the
minimal dimension of a model for EG. From the geometric upper bound on
the cohomological dimension, it is clear that c¢dG < gdG.

In the 1950’s Eilenberg and Ganea showed that for any G,
gdG < maz {cdG, 3} [EG57]. Tt follows from this and the previous results
that,

cdG =1 G isfree & cdG =1
cdG > 3 = gdG = cdG
gdG > 3 = gd@ = cdG

Or equivalently ¢cdG = gdG unless ¢dG = 2 and gdG = 3. The statement
that no such a group exists is known as the Eilenberg-Ganea conjecture.
Counter examples have been proposed by M. Bestvina and M. Davis [Bes93]
and by M. Bestvina and N. Brady [BB97].



It is known that the cohomological dimension of a non-trivial finite cyclic
group is infinite [Ev]. It follows from this and the fact gdG' < max {cdG, 3}
that any group containing torsion has both infinite geometric and cohomo-
logical dimension, a drawback as many infinite groups contain ‘some’ torsion.

For example triangle groups.

Ezample 1.2.1. A (p, q,r)-triangle group has presentation

(@ B,7le" = 8% =47 = (ad) = (67)" = (va) = 1)

and acts on a 2-complex by reflecting a triangle with internal angles %7_7(11’%
along its edges. Thus in some sense the dimension of each triangle group is
2, however these groups contain torsion, so the cohomological dimension and
geometric dimension is co. Note that the complex formed is hyperbolic (has
negative curvature) if ¥ = % + % + 7 < 7, Buclidean it ¥ = 7, and spherical

ity >m.

1.3 Proper dimension

In order to deal with torsion, we allow a group to act with finite stabilisers.

A group acts on a CW-complex X with finite stabilisers if the stabiliser
of each cell in the complex is finite. It follows from this that there are only
a finite number of group elements mapping any cell to any other. Given
any compact subset K C X, K is contained in a finite union of cells. If a
group element ¢ is such that ¢.K N K # () then ¢ maps at least one cell in
this union to another. Since there are only finitely many cells, and a finite
number of ways of doing this for each cell, the number of such ¢’s is finite.
Hence the finite stabilisers condition is equivalent to proper discontinuity of

the action: A group G acts properly discontinuously on a CW-complex if for



any compact subset K of this complex, {g|g.K' N K # (0} is finite. A proper
G-CW-complex is a G-CW-complex in which the action is proper.

We say a proper G-CW-complex is a model for EG if for every finite
H < G the fixed point set of H in X is contractible. Note that since the
trivial group is a subgroup, acting as the identity, the complex X itself must
be contractible. The proper geometric dimension of G, gdG is the minimal
dimension of a model for EG. Again it is clear that for < G = gdH < gdG
[BLNO1].

Note that we do not have the alternative definition using the quotient
complex of a model for EG that we had for the definition of a model for EG,
as G does not act freely on the complex. An example of this is given by the
triangle groups. If the group has no torsion however, it does act freely, and
we may consider the universal cover of an Eilenberg-MacLane complex as a

model for £G. Here gdG = gdG.

FEzample 1.3.1. If a group is finite the stabilisers of any point are necessarily
finite, so it acts properly on a single point. Hence for finite &, gdG = 0 #
gdG = oo moreover if G acts properly on a 0-dimensional contractible CW-

complex then the complex must be a point, hence G must be finite.

Ezample 1.3.2. Let Dy, = (a,b|0* = 1,b7'ab = a™!) be the infinite dihedral
group. Let Dy, act on the real line by a.x = a4+ 1 and b.x = —z. This is
aG-actionas b’z =b. —rx=zand b labzr =bla. —2 =0t —x+1=

z—1=a"tz. Since ab=ba"!

we can write any group element g as a?b? for
some p,q € Z. Hence if g.x = z for some g, a?b%.2 =z sop=0and g =0 or

1. Thus the stabiliser of x is finite and gdD. = 1.
For each version of geometric dimension a contractible complex is used.

In practice it is difficult to construct complexes we know to be contractible.

Constructing complexes is in some sense a local operation (gluing cells along
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faces), however contractibility is a global property. We require local prop-
erties which ensure a complex is contractible. The class of CAT(0) spaces
allows this since for some given group G we may construct locally CAT(0)
complexes with fundamental group G (hopefully) and the universal covers of

these complexes are contractible.

1.4 The CAT(0) property

In this section we define the CAT(0) property, give a useful method for
checking a cell complex is CAT(0) and observe that CAT(0) spaces are con-
tractible.

Let X be a metric space with metric dy and z,y, z three points in X.
A geodesic from x to y in X, is an isometric map v of the closed interval
[0,d(x,vy)] into X such that v(0) = z and ~v(d(z,y)) = y. Denote such a
geodesic by [z, ], but note that in general the geodesic [z, y] may not be
unique. We may form a geodesic triangle with vertices x,y.z by choosing
three geodesics [z,y], [y, z] and [z, z] and taking the union of these. Denote
this triangle by A. A comparison triangle for A is a geodesic triangle A =
(z,7]U[7, Z]U]z, 7] in the Euclidean plane with the usual metric dg such that
dx(z,y) = dg(Z,7), dx(y,2) = de(y, Z) and dx(z,x) = dg(Z,2). Note that
given any geodesic triangle A, A is unique (up to translation, rotation and
reflection), as geodesics are unique in the Euclidean plane.

Let p be a point on the geodesic [z,y] € A. The comparison point for
pisp € [Z,7] C A such that dx(z.p) = dg(z,p). We may similarly define
comparison points for other edges of our geodesic triangle.

The geodesic triangle A is said to satisfy the CAT(0) inequality if for any
pair of points p,¢ € A and comparison points p, § € A we have dx(p,q) <
de(p,q). A geodesic metric space is said to be CAT(0) if every geodesic
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triangle in the space satisfies the CAT(0) inequality.

We form the analogous definition of a CAT(1) space by replacing in the
previous definitions instances of E with S? and CAT(0) with CAT(1). We
compare triangles in a metric space X with triangles on the unit sphere S
However, we note that the maximum perimeter of a geodesic triangle on the
unit sphere is restricted, so we compare triangles with perimeter less than
or equal to 2r. We define a metric on the sphere by defining the distance
between any two points z and y to be the angle between the two lines joining
the centre of the sphere to these points.

A metric space X is said to be [ocally CAT(x) for k = 0,1 if for every
point z € X, there is an open neighborhood of z on which the induced metric
is CAT (k).

A simple example of a CAT(0) space is the Euclidean plane. A compar-
ison triangle for any triangle in the Euclidean plane is the triangle itself. A
piecewise Euclidian simplicial complex X is a simplicial complex where each
simplex is equipped with a Euclidean metric and gluing maps are isome-
tries. If X has only finitely many isometry types of simplices then extending
the metric on each simplex gives a complete metric on the complex X (see
[BH99]). The Cartan-Hadamard Theorem (see [BH99}) can be used to show
that a complete metric space is CAT(0) if and only if it is locally CAT(0)
and simply connected. The link condition allows us to check if a complex is
locally CAT(0).

Let C be a geodesic n-simplex. The geometric link Lk(z,C) of a point z
in C is the set of equivalence classes of geodesic segments between z and all
other points y in C' where two geodesic segments are said to be equivalent
if they share a common initial segment. A metric is imposed on Lk(z,C)

by taking the distance between two geodesic segments to be the Alexandrov
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angle between them. The geometric link of a point z in a simplicial complex
X is the union of links Lk(z,C) over all simplices C' which contain z.

We may think of the link of a simplex ¢ as a simplicial complex with n-
cells corresponding to the n + 1-cell containing o. If X is a two dimensional
complex, then the link of every vertex is a graph (a union of edges and
vertices), the link of every edge is discrete (finite if .X is locally finite) and
the link of every face is empty.

A piecewise Euclidean complex X is said to satisfy the link condition if
for each vertex v € X the link of v, Lk(v, X) is a CAT(1) space with respect

to the Alexandrov metric.

Lemma 1.4.1. [Bri91] A piecewise Euclidian complex (with finitely many
isometry types of simplices) is locally CAT(0) if and only if it satisfies the

link condition.

Lemma 1.4.2. [Bri91] A piecewise spherical complex (for example a link
complez) is CAT(1) if and only if it satisfies the link condition and every

embedded circle has length at least 27.

In the case of a 2-dimensional Euclidean complex, the link of each vertex
is a graph so this clearly satisfies the link condition. This enables one to

establish the following lemma.

Lemma 1.4.3. [Bri91] A 2-dimensional complex is CAT(0) if and only if

the link of each vertex contains no embedded circles of length less than 2.

1.4.1 An algorithm for the link of a 1-dimensional com-
plex

We now produce an algorithm which, in a special case, may be used to verify

that a 1-dimensional link complex is CAT(1). The input to this algorithm
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will be a matrix representing the link, and a choice of diagonal entry on the
matrix. On the level of the graph, the operation corresponds to deleting a
vertex and possibly adding extra edges between it neighbours to preserve
distances between them.

Let £ be a l-dimensional link complex. The complex £ is a graph with
vertex set V' = {v;,...,v,}. Suppose there are two edges e; and e, between
vertices v; and v;. The edges e, and ey form a closed non-trivial loop of
length |e| 4 |ea]. If this length, |e;|+|ey| is strictly less than 27 then the link
complex L is not CAT(1). Suppose |e;|+ |es] > 27. Let £’ denote the metric
graph formed by removing the longer of the two edges e; and e;. Suppose
e; is removed. Any loop in £’ is a loop in £, similarly, any loop in £, not
containing the edge e; is a loop in L'. If there is a loop in £ containing e;
then this loop is longer than the loop obtained from it by replacing e; with
eo. Thus L' is CAT(1) if and only if £ is CAT(1). We therefore have the

following lemma,

Lemma 1.4.4. Let L be a 1-dimensional link complex. Suppose that for
every pair of vertices joined by two edges, the sum of the length of these two
edges 1s greater or equal to 2w. Let L' be the complex formed by removing the
longer of each of these pairs of edges. Then L is CAT(1) if and only if L' 1s
CAT(1).

Suppose now that £ is a 1-dimensional link complex with at most 1 edge
between each pair of vertices. We construct a weighted adjacency matrix for
L. This is an n x n matrix which records the length of edges between any

pair of vertices.
Definition 1.4.5. Let Dist(£) be an n x 1 matrix with entries d;; where d;;
is the length of the single edge joining v; and v;. We take d;; to be 0 if there

is no edge.
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It is immediate from the definition that Dist(£) is a symmetric matrix.
The diagonal entries represent loops for which the initial and terminal vertices
coincide. If any of these diagonal entries are less than 27 then L is not
CAT(1).

Given an n x n symmetric matrix D = (d;;) we may construct a graph £p
with vertex set {v1,...,v,} by attaching edges between v; and v; of length
d;; if dij # 0. Then Dist(Lp) = D.

Suppose that the diagonal entries of Dist(L) are all zero. Suppose also
that the i row of Dist(£) contains 7 > 2 non-zero entries dj,. .., d;,
say. If in some other row of the matrix there is a non-zero entry d; ;, for
1 < s,t <, then there is a triangle in the graph with vertices v;, v;, and v;,

and edge length d; ;, + d;;, + d;,;.

Definition 1.4.6. Define the following operation p for the matrix Dist(L):
Fors#te{l,...,(r-1)},

1. ifd;,;, # 0 and dj,;,+d;;, +d;;, < 27 then £ is not CAT(1), terminate

operation.

Else
2. 1f djsjt = 0 then set djsjt = djtjs = dijs -+ dijt or,

3. 1f djsjt 75 0 and djsjt + dijs + dijg > 27 set
djsjt = djtjs = min {djsjt7 dijs + dijt}-

4. Then for k = ]., caay (T‘ — 1), set dijk = dj,;-i = dijk“l = djk+1i = 0.

Denote the new matrix by Dist(£)". This new matrix has zeros in the i

row and column.
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Lemma 1.4.7. Suppose every edge in £ has length greater or equal to 5
Suppose Dist(L) is a weighted adjacency matriz for £ with all diagonal en-
tries zero. Let Dist(L)" be the matriz oblained by an application of p on
Dist(L) where p does not terminate in step 1. Then L is CAT(1) if and only
if L= Lpisycy 1s CAT(1).

Proof. By a reordering of {vy,...,v,} we may assume that p is applied to
the 1% row of Dist(L) with r > 2 non-zero entries dys,dy3, . -, digra1)-

We will show that if v is a loop in L then there exists a loop v in L' of
shorter length. Thus £ is CAT(1) implies £ is CAT(1). Similarly we show
that if 4" is a loop in £’ then there exists a loop of shorter length in L.

Let v be a non-trivial edge loop in £. If v does not pass through vy,
then v is a loop in £'. Suppose v does pass through v;. Since 7 is an edge
path, v passes through 2 edges connecting v; to v; and v; to v; for some
2 <145 <r+1 If vy, =v, then the removal of these two edges forms a
shorted loop in £ and we may reapply this process to that loop. If v; # v
there is a path in v between v; and v; via vy comprising of 2 edges of total
length dy; + di;. In L' there is an edge path between v; and v; of length
min {d,;, dy; + di;} if di; # 0 and of length dy; + dy; if d;; = 0. Substituting
this path, we obtain a loop v/ in £’ of shorter length than that of v. Thus if
L' is CAT(1) then £ is CAT(1).

Now let ' be a non-trivial edge loop in £'. Suppose v does not contain
a triangle comprising of the distinct vertices v;,v; and vy 2 < 2,7,k <r+1
and the single edges between these vertices. Then either 4" is a loop in £ or,
replacing the edge between v, and v,, 2 < s <t < r -+ 1 with the two edges
v, t0 v, and v; to v, we obtain a loop in £ of the same length as +'.

Consider the triangle £’ with vertices v;, v; and vy 2 <1 < j <k <r+1

and single edges joining these vertices. Taking d; = oo if d;; = 0 and simi-
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larly for d’; and diy, the triangle has edge length & = min {d’- dy; + dlj} +

YR

min {d}k, dij + dig} + min{d},, di; +dix}. There are four cases to consider;

1.

[N}

¥ =dj; +dj + djy. Then the triangle is a loop in L.

Y= d;j + d;-k + dy; + dig. Then the edge path in £ comprising of the
edges (v, v1), (v1, vk), (vk, v;) and (vj, v;) is a non-trivial loop in £ with

the same edge length as +'.

Y= d;j +dy;+dyg+dy+dig. Then the triangle in £ with vertices vy, v;
and v; is a non-trival loop in £ with edge length d; + dy; + dy; < Z.

Y =dy +diy+di; +diy+dy +dig. Then £ > 6 x % since every edge

has length as least . Hence the length of 4 is greater or equal to 27.

So if 7' is a loop containing this triangle, the edge length of +' is at least

27.

Thus if £ is CAT(1) then so is £'. O

By repeatedly applying the operation p a finite number of times we may,

if the operation does not terminate in step 1, reduce the matrix Dist(L) to

a matrix with at most 1 non-zero entry in each row. If the matrix Dist(L

has at most 1 non-zero entry in each row then cach vertex in £ is connected

to at most 1 other vertex. Thus £ is CAT(1).

Hence we have the following algorithm.

Let £ be a 1-dimensional link complex with n vertices.

1.

For each pair of vertices v;, v;, check the length of bigons between v;
and v;. If the length of the bigon is strictly less than 27 then L 1s
not CAT(1) and terminate the algorithm. If the length of the bigon is

greater or equal to 27 then remove the longer of the 2 edges.
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2. Let D = (di;) be a matrix equal to the matrix Dist(£). For each
1 <1< n,

o If 0 < dj; < 27 then £ is not CAT(1). Terminate the algorithm.

o If d“’ Z 271 or d“ = O, then set d“' = 0.

3. Repeatedly apply the operator p to D until an application of p termi-
nates with the result that £ is not CAT(1), or until there is at most 1

non-zero entry in each row. In this case £ is CAT(1).

In practice when applying this algorithm by hand, it is easier to apply
each operation p to a row with small numbers of non-zero entries. Hence we
always apply p to the row containing the least number of entries. Also, a
row (and column) containing just zero entries corresponds to a vertex in the
link complex which is not the initial or terminal vertex of any edges, hence

we may remove this row (and column) from the matrix D.

Recall that for a complex to be a model for EG it must be contractible.

This is ensured by the Cartan-Hadamard theorem [BH99, 11.4.1].

Theorem 1.4.8. The Cartan-Hadamard Theorem.[BH99]

Let X be a complete connected metric space. If the metric on X 1s locally
CAT(0) then the induced metric on the universal covering X is (globally)
CAT(0). In particular there is a unique geodesic path joining each pair of

points in X and geodesic paths in X vary continuously with their endpoints.

It follows from this theorem that there is a geodesic segment connecting
every pair of points in a CAT(0) space X. Homotopically retracting along

these geodesics shows that a CAT(0) space is contractible.
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Just as the CAT(0) property strengthens the notion of contractibility, the
notion of a cellular G-action needs to be strengthened to that of a semi-simple

G action on a CAT(0) complex.

1.5 Semi-simple actions

In this section we introduce the notion of a semi-simple isometry. We give
examples of G-actions which are semi-simple and actions which are not. We
also state a theorem which we shall use later.

Let X be a metric space and + an isometry of X. The translation length

of v in X, is defined to be |y

x =inf{dx(x,v.2)]z € X}. The set of points
where v attains this infimum is called the minset of v and is denoted Min(7).
The minset of a group is defined to be the set of points lving in the minset

Min(v).

of every element in that group Min(T') := () ./

The following proposition lists some properties of minsets which will be

used later.

Proposition 1.5.1. [BH99] Let X be a metric space and vy an isometry of
X. Then,

1. Min(~) is v-invariant.

2. Let o be an isometry of X. Then |ava™"| = |y| and Min(aya™t) =
a.Min(y)

3. If X is CAT(0), then Min(v) is conver.

4. IfC C X is non-empty, complete, convex and CAT(0). and v invariant.

then |v|x = [7le

Proof. 1. Since v is an isometry d(v.xz,v*.z) = d(z,v.z), so z € Min(y) =

v.x € Min(7).
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2. Jaya™t = inf {d(z, aya~tz)|z € X}
= inf{d(a"'z,v.07 z)|z € X} = inf {d(y,v.y)ly € X} = |7|. The sec-

ond result follows directly.

3. Let z and y be two points in Min(7) and let = be a point on the geodesic
in X between x and y. The points z, y and v.z form a geodesic triangle,
as do the points y,v.y and v.z. Let Z,3, 7T, 7.5 be comparison points.
We may choose comparison triangles in the Euclidean plane such that
the triangles share the common edge between 7 and 7°Z. The points z
and .z have comparison points Z and 7.2 respectively. The geodesic
in E? between Z and 7% intersects the geodesic between §j and 7% at
a point p say, the comparison point for the point p on the geodesic
between y and v.y in X. In E?, d(z,p) + d(p,72) = d(z.7.Z) = |v|.
Since X is CAT(0), we have d(z,v.z) < d(z,p) +d(p,v.z) < d(z,D) +
d(p,¥.Z) = |vy|. Hence d(z,7v.2) = |v| and z € Min(~).

4. There is a projection p of X onto C' see [BH99, 11.2]. It is a fact that
v.p(xz) = p(v.z) and d(z,v.2) > d(p(z),p(y.x)) for all z in X. The
result follows.

O

An isometry v is said to be semi-simple if Min(~) is non-empty. The
action of a group by isometries is said to be semi-simple if all the group
elements are semi-simple.

An isometry 7 is said to be hyperbolic if |v|x = 0. Given any point z €
Min(v), v.z € Min(v) and hence by convexity of Min(v) [z, v.x] C Min(y).
The line formed by ~™.[z,v.z] is a geodesic in Min(y) called a translation

axis of .

Ezample 1.5.2. Let G = Z xZ = {(a, blub = ba) act on the Euclidean plane E?
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(with the usual metric) by translations, a.(x,y) = (z + 1,y) and b.(z,y) =
(z, 4+ 1). Taking unit squares to be a cellularisation of the plane we see
that it is a G-CW-complex and the action is free by isometries. If (z1, ;)
and (z,y2) are any two points in the plane then d((zy,41),9.(21,41)) =
d((z2,y2),9-(T2,y2)). Thus every point in E? is in Min(g) for any ¢ € G.
Since the action is free, the only group element which fixes any point is the

identity, so every non-trivial group element is hyperbolic.

Ezxample 1.5.3. The previous example can be generalised to show that the
natural action of Z" on E" is a free Z-action by semi-simple isometries with
every element hyperbolic.

Ezample 1.5.4. Let T? be a regular Euclidean trapezium with parallel edges

L

ph, and p,; of lengths - and 5

respectively. Label the non-parallel edges

V3

by di, and d4"'. Let T' have internal angles 7 and sz so the height is St

We construct a cell complex by taking the union |, ., U, .y 77% identifying
the edges labeled p in 7! _, and T! and the edges d’ in 7' and T} for all
n and ¢. This forms a CW-complex as each cell is homeomorphic to a disc
and the closure of each cell intersects only 8 other cells.

Let G = (g) = Z act on this complex by ¢.T? = T:™'. This action is free.
It is not semi-simple.

Example 1.5.5. By embedding the previous example in the Euclidean plane
we see that ¢°.7 = T so here C, = (g|¢g® = 1) acts properly on the complex.

Again the action is not semi-simple. See figure 1.1

Ezxample 1.5.6. Suppose K is a connected simplicial complex with only finitely
many types of simplices up to isometry. Let v be an isometry of K.

Let {z,},cy be aset of points in K such that d(y.z,,, z,) — || in a strictly
decreasing sequence. Since there are only finitely many types of simplex,

there is an infinite number of points in the sequence contained in simplices
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Figure 1.1: A CW-complex with a non-semi-simple G-action

of one type. Choose a subsequence such that the sequence is contained in
simplices of that type. Each geodesic [z,,~.z,] crosses a finite combination
of simplices. Since d(y.zn,z,) is bounded above by d(v.z1,z1) and there are
only finitely many types of simplex there are an infinite number of points
with geodesics [z, y.z,] which cross the same combination. Again choose a
subsequence so that the same combination is crossed for each point. Hence
there is an infinite subsequence where the action on each simplex is the same
for each point, so we may assume that there is a subsequence contained in a
single simplex. Since each simplex is compact we may choose a subsequence
again, which converges to a point y in the simplex. For this point d(v.y,vy) =

|7|- So Min(v) # 0, and the action is semi-simple.

Lemma 1.5.7. Let G, a group, act properly discontinuously and cocompactly

by isometries on a metric space X. Then G acts semi-simply.

Proof. Let K be a compact subset of X such that G.K = X. Fix an element



22

g € G. Let {z,} be aset of points in X such that d(g.z,, z,) — |g| as n — oo.
For each n choose an element g,, € G such that g,.z, € K. This creates a new
sequence {Yn = gn.Zn} in K such that d(g,g97" Yn, Yn) = d(Gng-Tn, Gn-Tn) =
d(g.2n, Tn) — |g]. So for any = € K, d(gngg; .z, z) is bounded and we can
find a compact set containing K and every point in g,gg;'K. Since the
action is proper, there must be an infinite number of g,gg, "' which are the
same group element, say . Choose a subsequence of {y,} for which each
9n997" = 77, 50 {yn} is a sequence in K such that d(7.yn, ys) — |g|. Since
K is compact we may pass to another subsequence which converges to a
point y € K. Consider the point g, '.y. For this point d(gg; .y, g, y) =
(9,995 Y. y) = d(v.y,y) = Umd(v.yn, yn) = limd(g, 2, z,) = |g]. O

1.6 CAT(0) dimension

We define the CAT(0) dimension of a discrete group G to be the minimal
dimension of a CAT(0) proper G-CW-complex where the action is by semi-
simple isometries. We take the dimension to be oo if no such complex exists.

It is obvious that CAT(0) dimension > geometric dimension.

In 1994 Kapovich [K94] produced an example of a hyperbolic group with
geometric dimension 2 which does not act properly discontinuously by isome-
tries on a 2-dimensional CAT(0) complex. So in general the geometric di-
mension of a group G is not equal to the CAT(0) dimension.

Tom Brady [Bra00] showed that Artin groups (see Chapter 3) of finite
type with less than or equal to three generators act cocompactly and 1somet-
rically on CAT(0) spaces of dimension 3.

Following results of Charney and Davis [CD95] and the results of Tom
Brady, Noel Brady and John Crisp showed that an infinite subclass of the

Artin groups A(m,n,2) have geometric dimension 2 and CAT(0) dimension
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3. It is these groups that we will study in more detail.

1.7 Coxeter groups and Artin groups

The notion of a triangle group may be generalised to that of a Coxeter group.
Let n be a natural number and S = {s;,55,...,5,} aset. Annxn symmetric
matrix (mg;), mi; € {2,...} U {oo} for i # j and my = 1 for each i is said
to be a Coxeter matrix. The Coxeter group W has presentation of the form
W = (S|(sss5)™ = 1). If m;; = co we take the associated relation to be the
empty relation.

Closely related to Coxeter groups are Artin groups. Let (a,b),, = aba . ..

be the alternating product of a and b of length m. A presentation for an

Artin group A with generating set S and associated Coxeter matrix (m;) is
A= <S|(Si7 Sj)mij - (Sjv Si)mﬂ> -

We say that A is of finite type if the associated Coxeter group (the Coxeter
group with the same Coxeter matrix) is finite.

A dihedral group D(n) is a group with presentation
(rylz" =19 =1y oy =a"").

The last relation is equivalent to yzyx = 1, so substituting z = yz we see

D(n) has presentation

(y,2ly* =22 =1, (zy™1)").

! we immediately see that D(n) is a Coxeter group. The

Replacing y by y~
Artin group associated to D(n) is called a Dihedral Artin group and denoted

A(n). This group has presentation

A(n) = (a,b|(a,b), = (b, a)n) .
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Observe that if n is odd then a.(a,b), = (a,b),.b and if n is even then
a.(a,b)n = (a,b)n.a. Hence if n is odd, define z to be (a, b)s, and if n is even
z = (a,b)n, then a.z = z.a and b.z = 2.b.

Let A; and Ay be two Artin groups with generator sets S = (s1...,8,)
and T = (t1,...,tm). Let H, and H; be subsets of S and T of equal size.
We may suppose, without loss of generality, that H; = {s; ..., sz} and Hy =
{t1,...,tx}. Suppose that ¢ is a isomorphism from F; to H, defined by
#(s;) = t;. Then the amalgam A; 4 A; is also an Artin group.

Define the Artin group A(p, ¢, r) by the presentation

Alp,q,7) = (a,b,c[{a,b), = (b,a),, (b,c)y = (c,b),, (c,a), = (a.¢),) .

For any Artin group, it may be show (see [VdL]) that the subgroup gen-
erated by a subset of the Artin generators is itself an Artin group, subject
only to those Artin relations that contain only those generators. Thus the
subgroups A(p), A(q) and A(r) of A(p,q,r) generated by {a,b},{b,c} and

{a, ¢} respectively are dihedral Artin groups with presentations,

A(p) = (a,6'(a, 1), = (¥, 0)) ,
Alg) = (b, 1(b, )y = (', b)),
A(r) = (e, d|(c,a’), = (a', c).),

Any Artin group is isomorphic to the colimit (or amalgam) of its 1- and 2-
generator Artin subgroups, essentially because each relation involves only two
generators. This amalgam is not in general a graph of groups decomposition
however.

A lot of work has been done on calculating the dimension of 3-generator

Artin groups. R. Charney and M. Davis [CD95] showed that the Artin group

A(p, ¢, ) has geometric dimension 2 if i + % +% < 1 and geometric dimension
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3 if % —+ % + % > 1. Three dimensional locally CAT(0) CW-complexes were
constructed by T. Brady [Bra00]. He showed these to be Eilenberg-MacLane
complexes for 3-generator Artin groups of finite type (ie. when %+%+% > 1).
It follows that these Artin groups have CAT(0) dimension < 3. T. Brady and
J. McCammond [BMcC00] showed that the CAT(0) dimension of 3-generator
Artin groups is 2 if p,q,r > 3.

To summarise, for finite type 3-generator Artin groups the CAT(0) di-
mension and the geometric dimension equal 3. For infinite type 3-generator
Artin groups A(p,q,r) the geometric dimension is 2 and if p.gq,r > 3 this
coincides with the CAT(0) dimension. This left unresolved the CAT(0) di-
mension for non-finite Artin groups A(p, g, 7) if one of p,q or r equals 2. N.

Brady and J.Crisp proved the following 2 theorems,

Theorem 1.7.1. [BC] Let m,n be odd integers > 3. The Artin group
A(m,n,2) does not act properly discontinuously by semi-simple isometries

on any 2-dimensional CAT(0) complex.

Theorem 1.7.2. [BC] All but finitely many of the 3-generator Artin groups
A(m,n,2) are the fundamental groups of compact locally CAT(0)

3-dimensional precewise Euclidean complezes.

It 1s a direct result of this that for all but finitely many of the Artin
groups A(p, ¢,2) where both p and ¢ are odd. the CAT(0) dimension is 3.
For all but finitely many of A(p,q,2) where at least one of p and ¢ is even
the CAT(0) dimension is < 3.

In fact theorem 1.7.2 deals with all but 65 of the non-finite Artin groups.
In chapter 3 we extend theorem 1.7.2 to cover all but 41 of these groups.
This leaves, by a result of chapter 2, just 19 groups with unknown CAT(0)
dimension: A(3,2n +1,2) for 3 <n <19 and A(5,2n +1,2) for 2 <n < 3.
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In chapter 2 we exhibit 2-dimensional locally CAT(0) piecewise Euclidean
Eilenberg-MacLane complexes for all non-finite 3-generator Artin groups

A(2p, q,2). Hence for these groups the CAT(0) dimension is 2.



Chapter 2

Locally CAT(0) K(G, 1)
2-complexes for A(2m,n,?2)

In this chapter we prove the following theorem:

Theorem 2.0.3. The 3-generator Artin groups A(2m,n,2) of non-finite type
are the fundamental groups of 2-dimensional locally CAT(0) piecewise Eu-

clidean complezxes.

We prove this by exhibiting 2 classes of piecewise Euclidean simplicial
complexes. Both classes are compact and locally CAT(0). One class has
fundamental group A(2m, 3,2), n > 3 and the other 4(2m,n,2), m > 2 and
n > 4. Since the geometric dimension of these groups is known to be 2, it
follows from this that the CAT(0) dimension is also 2. Recall that the Artin

group A(m,n,2) has the following presentation (see section 1.7) :

A(m,n,2) = {(a,b,cl(a,b)m = (b,a)m, (b,c), = (¢.b), ac = ca)

2.1 A complex for A(2m,3,2), m >3

We construct a finite simplical complex X; which is locally CAT(0) and has

fundamental group A(2m,3,2), m > 3. The complex X is the union of m—1

27
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vertices, om — 2 directed edges of unit length and 4m unit equilateral Eu-
clidean triangles. Label the vertices v, ..., vm_s, and the edges ey, . . ., €5m_3.

2)

For each triangle T; orient the edges clockwise and label them tl(l),t,g and

t§3) respectively. We define a map ¢ from the disjoint union [[Z7;[]e; ] ve
to X such that ¢ restricted to a single cell in the union is an orientation pre-
serving isometry. We use the notation e™! to represent the edge with initial
vertex 7e and terminal vertex te. The map ¢ is defined on the cells in the
following way. Note that for clarity we omit the map ¢ from our description,

hence Te; = v; should be read as ¢(re;) = o(v;).

Figure 2.1: Complex for A(2m,3,2), m > 3



Building the 1-skeleton, attaching edges to vertices:

e = 0<i<m—2
Vi—m+1 m-lS/LSQm—‘3
Viom+3 2m —2 <1< 3m—3

I

= 1 Sm—4<1<4dm -7
= Vj—dm+7 4m — 6 _<_ 1 f_ Sm—9
= bm—8 <1 <b5m—3
TE; = Uit 0<i<m—3
T€m-—2 = TUp
T = Vjepey m—1<1<2m—4
T€rm-3 = Vg
T€ = Vj_omsz 2m—2<1<3m—2>5
T€ = Uigmas om—4 <1 <4dm -7
TE;, = Uy 4m—6§z§5m—3

Building the 2-skeleton, attaching triangles to edges:

tgl) = E3m~-7
B = (esmt)”!
75(13) = (esm—6)""
tl(l) = Eym—_8+i 2<1<m
2 = (esma)t 2<i<m-—1
t§3’ = €3m-64i 2<1<m—1
ta = (esm—5)"
53) = (esm-1)""
t'&rlzl-l = (65771—6)~1
tglrl = €5m-3
tn = (esm—s)™!
tgglrz = €sm-7
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O €641 m+2<i<om-—1
2 .
tg ) = (ecm—n4s)7? m+2<1i<2m
3 .
Y = €3m—9+i m+2<i<2m
g = €5
(1)2m - Sm-—-T7
bymrr = (€sm—s)™!
t(g) e
%gr)H-l 5m—3
tomt1 = Esm-3
1 .
tg) = e 4. 2m+2<1<3m—-1
tEQ) = (e-9m-21i) 2m+2 <1< 3m
tP = e 2m +2 < i< 3m
1 -
t:(}ri - (65m—6> !
tm = e
;(3'2,?_5.1 - 3m—8
t?f?)H_l = €5m-3
tme1 = (eom—6>
t(l) = e
?$+2 - m—1
t?§?+2 = (e0)™"
tamiz = (eam-o)_l
tgl) = €_9m_ 34 3m+3 <1 <4m
t§2) = (6¥3m_2+1‘)_1 3m+3<1<4m
9 = e s 3m+3<i<4m

Checking the CAT(0) property

To prove that this complex is locally CAT(0) we need to check that the link
of each vertex is CAT(1) (see lemma 1.4.3). For a given vertex we need to
know which edges have ends identified with this vertex, and then for each of

these edges which faces of which triangles they are identified with.



31

Forie {l...m—-2}andje {1...6},

Vg = g = em—14+i = L€am—34q
= leam-_74i =TE = TE€m—2+i
; = TCm-34+i = T€3m—544
an
Vg = l€3m-54i = L€g = 1€y 1
= lesm-9+j T Tlum-74i T T€m2
= T€xm-3 = T€3m—9+j
e = (fo)! i=0,...,m=2
= (tgr)w»z-'ri)—l
= (tg2m+2+i)_l
€ = tgr:il—?ﬁ—i = téir)H—B—i-i v=m—1,....2m~3
e, = tiﬁi = t&glr:-)ﬂ r=2m—2,...,3m — 293
e = t(_1%m+6+i = t(j,%m%ﬂ 1=3m—4, ..., dm — 7
e = t(fgm—HH—i = t(_lim+8+i L= 4m — 6 ,om —9
€5m-8 — ti(?jv)z—H - 752m-i—1
Esm—7 = tgl) = tﬁi
= tl, = th,
em-s = ()70 = ()
= () = ()
eom-s = (fa)™' = (i)
= (tgln)1+1)“1 = (tg’3rBL+2)~1
€sm-4 = (tﬁz))”l =1 m
€sm—3 = tfﬁll = tgzrzL—H
timnt
Consider the vertex v; for i € {1,...,m — 2}. From the above data we

see that v; is identified with 8 initial or terminal vertices of edges, these
edge vertices correspond to the vertices in the link of v,. The vertices of the
triangles which these edges are identified with are shown below. Note that

for a triangle T, it = 7t®), 1) = 1t and t® = 7.
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o (2) - (2) _ 42
&g = T t(gl)_;_Q+i = Tlhmirtir = Thimiow
_ 1
m—1+i = ooy = Ulagio.
Le o= ) = )
2m—3+i = llopiqyy = apio
Le ;= t(?’) = )
dm—T+1 Wbor; = U,
A B (2) . (2) _ (2)
TEé_1 = LtT;)Hi = Lt27{L+1+z‘+ = U3
Tem—2+i = Tlypyiyy = Tl
T€im-3+i = Tlym 1oy, = Tlynioy;
_ (1 3
T€im-5+i = Tlpi.; = Tt(lli
From this we see that there are 9 edges [,,....ly in the link;

L = (Aei, 6€4m-7+i), ly = (Lei: Lem—l—f—i); I3 = (Lffi-, bezm—3+z‘)

ly = (tem—1+i, T€am—31i), ls = (team—31i, T€m—nsi), ls = (Leum—71i, T€3m_543),
lr = (Tei_1, Tesm-s+i), ls = (T€iz1, Teom—3+i). lo = (T€i1, T€m_21:)

To check that this link is CAT(1) we apply the algorithm developed in
section 1.4.1. Since each 2-cell in X, is a Euclidean equilateral triangle, each
edge has length % so the algorithm is applicable. There are only single edges
between any pair of vertices so we may proceed directly to step 2 of the
algorithm. The weighted adjacency matrix Dist(L) for this link is a multiple

by % of the adjacency matrix. Since every entry in Dist(L) is a multiple of

Z we consider 2Dist(L) and check for loops of length strictly less than 6.
01110000
10000010
10000100
3. 1 0000O0O0T1
ZPsO =1 000001 11
00101000
01001000
0600011000

The diagonal entries of Dist(L) are all zero, so we proceed to step 3.
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We form a new matrix D = %Dist(ﬁ) and apply the operation p to row

2 which has just two non-zero entries in columns 1 and 7. Now dy7 = 0, so

we set, d17 = d71 = d21 + d27 = 2, d12 = d21 = d27 = d72 = 0 and remove the

row of zeros (row 2). The resulting matrix is as follows;

0110
1000
1000
D=100200
0101
2 001
0011

Similarly we apply the same operation

following matrix;

I
DO N OO
— = OO
OO DO =N

OO =N

0

0
1
0
1
0
0
0
to

OO O = O O N
O DO = OO

rows 2 and 3. We obtain the

(o BN evERas BN -l NV}

Now applying the operation p to row 3, d3; = 2, d3z = 1 and dy; = 0. We

set d21 = dlg - d31 -+ d32 =3 and dgl = d13 = d32 = d23 = 0 and remove row

3.

D =

N O

3
0
1

O =N

210

O =N

0

Again we apply p, this time to row 3. The entry d3; is 2, d32 is 1 and dy5

is 3. Now d3; + dss + dio = 6 # 0. The minimum of dy, and dg; + d32 1s 3, s0
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23 = 0 and remove row 3.

Applying p to row 1, di2 = 3, di5 = 2 and dy; = 1. The sum of these
edges is equal to 27 0 we set dy3 to min {dys, d1s + di3} = 1 and dis = doy =
di3 = d3; = 0. The matrix D has just two non-zero elements, one in row 2

and one in row 3, so we may conclude that the link complex £ is CAT(1).

We now construct the link of vg. We observe that the vertex vy is
identified with the following initial and terminal vertices of edges;
For 1<i<m-2, 1<;7<6
L€y, lem—_1, TE€m—2, TEom—3
Le€3m—5+is TE€Adm—T+i
Le3m—9+5; TE5m—9-4j
Thus the link of vy in X, has 2m+12 vertices. The vertices of the triangles
which these edge vertices are identified with are listed below. We label the
vertices in the link Iy, 1 < k& < 2m + 12 and use otV = 73, 112 = 74

1#3) = 7t to show each identity in the form xe, = £\,

Ii = e = Tt,EiZLQ = t,g)w
= Ttgi;)h% = [’ts?;T)H-Q
= Tl = W
ly =temea = /,lfgi,)ﬁ_g
= Lt;(a/ln)huz
Iy =Tepms = Ltfﬁz
= ity
= it
ly = Teom_y = Ttéil = /t(;)l

(1 2)
= Tt472L = Ltim



lati

lm+2+i

l2m+l

l2m+2

l2m+3

l2m+4

l?m+5

Z2m+6

12m+7

12m+8

l2m+9

= Le3m—544

= T€am—T7+i

‘= TE5m—6

Il

Il

I

Il

i

I

I

I

I
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it 1 <i<m-—2
(3)
”51-3H‘
Ttiﬂl—?-‘,—i LtErlL)+2+, l<i<m-—2
ey e
(113” 1+i
Lt?§;+1
(2294 11
Ltgl)
LtS’L)
Ltg,,)l
(3)
Ltm+2 \
Tt§3) = Ltgl’

1) (2

b =t
1

Tt?$+1 = Lt:(i;n—i—l
Tt?g,)l = Lt?,‘n),l
1

7jm.—{»l = Lt'r()L+1
T tgrlz) = Ltg,;)

3 (1)
i =
thgnﬂ =ty
thc“) Lt](j) 1<k<m

2
/t%;?+l
Ltg(ﬁ“ @)

t?gr)‘rH Lt‘('ln)L-ﬁ-l
T T e

1 2

t =it
rt&?) = Lt,(nll)
T =t
THos Hoho
Ltgd)

(1)
R
Lamr1
Lf(l)
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om0 = Tesm_s =,

|
;;\
—
A
>
A
3

l2m+11 ‘= TEesm—-4

[
\]
S

lomt12 = T€5m—3

(2) (3)
3me1 aman

Using this data we build the adjacency matrix for this link. There are

=Tt

6m + 44 triangles listed above, so there are 3m + 22 edges in the link. To

make the matrix easier to read, we replace the zero entries with a point.

m m 2m 2m 2m
1 6 +2 +3 -1 2
. 1 . . . . . . 1 . 1 .
1 . . . . . . . . 1 . .
. 1 . . . . . . . 1 1 . .
1 . . . . . . . . . 1 .
. . . . . . . 1 1 . .
. . 1 . . . . 1 . . .
. . . 1 . . . i . . .
1 . . . . . . . 1
. 1 . . . . . 1
. . 1 . . . 1
. . . 1 . . . . 1
1 . 1 . 1 . 1 . .
1 . . 1 1 . 1 . .
1 . . . . . . 1 1
1 1 — 1 . . 1 . . 1
. . . 1 1 1 . .
. . . 1 . . 1
1 1 . . . . 1 1
1 . . 1 1 . . 1
1 . 1 1 . 1
1 — 1 1 1 1 .
. 1 1 1

Again the weighted adjacency matrix is § times the adjacency matrix, so
we work with the adjacency matrix and check for loops of length strictly less
than 6.

For i € {6,...,m+ 2} row 7 has 2 non-zero entries, dy,-3+;) = 1 and
diam+s) = 1. NoW dm—s4i)2m+s) = 0, so applying p to row ¢ we set

dim—s+i2m+5) = G@m+s)m=3+i) = 2 and dign_345) = dom-341)i = dim+s) =
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dom+s) = 0. We observe that (m —3+1),(2m+5) >ifori=6,...,m+2,
so we may apply p in exactly the same way to row 7 for i = 6,...,m + 2.
This reduces row 6 through to m + 2 to zeros.

Now, fori € {m +3,...,2m — 1} row i has 2 non-zero entries, d;2m+5) =
2 and digm+11) = 1. The entry diypisyom11) is 0. We apply p to row m + 3.
We set dimis)em+s) = dmasyom+1ny = 0 and dmes)ame1) = 3

Now consider the application of p to row 7 € {m +4,...,2m — 1}. We
have, diom+s) = 2, digm+11) = 1 and dgmas)2me11) = 3, 50 we set djgm4s) =
diizm+11) = 0 and dmysyem+11) = 3. Thus we may apply p to all of these
rows. The result is a matrix with zeros in rows 6 to 2m—1. We may therefore

remove these rows to produce the following 19 x 19 matrix:

R L |
1 o1
1 1 1.
1 |
: . .1
1 . 1
. 1 1
1 1. .1 .1
1 11 1
1 . 1 T .1
1 .. 1
11 1 :
: 1 1
1 .1 . 11
1 11 . . 1
1 . 11 1
1 1 :
1 11

Rows 2,4,5,6,7 and 13 have two entries:

Row 2 d211 = d2’10 =1, and d1,10 =0,
Row 4 d4)3 = d4,15 = 1, and d3,15 = O,
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Row 5 dsii=ds1u =1, and di14 =0,
Row 6 dss=ds1r =1, and dg;7 =0,
Row 7 drg=dr13=1, and dy15=0,
Row 13 diz12 = di36 = 1, and  dy 16 = 0.

We apply p to each of these rows setting dy 19 = d315 = di114 = dg17 =
do1s = di216 = 0 and reducing to zero the rows 2,4,5,6,7 and 13. The

matrix formed by removing these zero rows is as follows,

1 2 . 1
1 . 1 2
1 1 1 . 2
11 1 2
2 1 .1 1
1 . 21
1 1 . 2
1 2 11 .
2 11 . 1
1 . 21 1
2 1 1.
2 11

Apply p to row 1 and row 2,

Rowl dis=1,dis=2,di1o=1 dss=0,d310=0,ds10=0
Soset diz=dis=di10=0 and dss=3,d310=2, ds10=3.
Row 2 doy=1,dog=1,dog=2 dys =0,dyg=0,dgg=0
Soset dyg=dyg=dog=0 and dss=2, dyg=3, dgg=23.

Again, we remove the zero rows (rows 1 and 2) and obtain the following
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matrix,

.31 . . .22 .
1 1 2 3 2
3 1 .1 31
1 : 2 1

11 . 2

2 . 2 3 1
311 003
2 .3 .21
2 .1 . .1 . .

2 R I |

Apply p to row 4, 5, 9 and 10,

Rowd dyy=1,dss=2,ds7=1 dyg=0,d17=0,ds7=3
Soset dyy=dig=di7=0 and dig=23,d ;=2 ds7=3.
Rowd dsp=1,ds3=1,dss=2 do3=0,dog=0,d35=3
Soset dsp=ds3=ds5=0 and do3=2,doyg=3,d35=3.
Row 9 dg1=2,dgs=1,dgg=1 dy3=3.dig=3 d36=0
Soset dgy=dg3=1dog=0 and di3=23,dig=3, dsg=2.
Row 10 dio2 =2, dwyr=1,dios =1 dor =3, dog=3,drs=0
So set  dipo =di,7 = diog =0 and dy7 =3, dog = 3, dr s = 2.

Again remove the zero rows;

.1 33 2 2
1 .2 2 3 3
3 2 2 1 3

D—32 .31
2 313 . 2
2 3 1 2

Rather than repeatedly apply p, we recall that the link is CAT(1) if and
only if the graph £ associated with D has no non-trivial edge loops of length
strictly less than 6. Since £ has no bigons, any loop must contain at least 3

edges. Let v be an edge path of 3 edges. Every edge in £ has length 1, 2 or
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3 so the length of v is less than 6 if and only if it contains an edge of length
1. Let us suppose the second (or central) edge of v has length 1. We observe
that for 1 < 4,7 <6and k #14,j7,if d;; = 1 then d;, + dy; = 5 thus v has
length at least 6 and hence any non-trivial loop in £ has length at least 6,
so the link is CAT(1).

Lastly, we check that the complex has the correct fundamental
group. Suppose the triangle 7" has 2 distinct vertices, say tf; and tty. We
may homotopically contract the edge ¢; to «¢; forming a bigon with edges
to and t3. We may then homotopically retract the interior of the bigon on
to these edges, identifying ¢, with t;'. Hence if a cell complex contains a
triangle with two distinct vertices, we may contract that triangle to an edge,
identifying the two vertices, without changing the fundamental group of the
complex.

Observe that the sets of three triangles T, 0.1:, Tomios; and Ty, 04y for
1 <1 < m — 3 each share an edge ¢;, and each have two distinct vertices
v; and v;.,. Homotopically retracting 7,94, Tomaoe; and 5,404, via the
shared edge e; we identify the edges e€gm_74: = (€3m_4s:) " and egpn_34; =
(em_14+i)"" = €m_24;. Finally retracting e, o on to vg = 7e,_2 we identify
the edges esm_g with (esm_7)7!, esm_s with (ey,,_3) " and with es,,_s. We
obtain a complex with 1 vertex, vy, m + 1 edges, and m + 5 triangles (see
figure 2.2).

The m + 11 edges are labeled eg, €1, €3m—3, €3m—2, - - -, C4m—7, €5m—3,
€5m—17:- -+, Esm—3. Observe that the edges €1, €3m—a, €3m—3, - .., €am—7 and
esm—s are each an edge of exactly 2 triangles. Thus we may remove these
edges and consider (by extending ey) the union of the triangles 15,4, and
T3m4o as a parallelogram C, the triangles T,,.; and 15, ..., T}, as a trapez-

ium C and the triangles To,, 411 and 3,41 as a parallelogram Cs. We now have
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Figure 2.2: Partly reduced complex

a complex with 1 vertex vg, 6 2-cells T1,T,,, 111, Ch, Co and C3, and 5 edges
€05 €5m—71 €5m—6s €5m—3, Esm—a and €s,_3. Relabel the edges 0 := ep,a :=

€5m—7,0 = €5m_6,C = €5m_5,L 1= €554 and y 1= e5,, 3 (see figure 2.3).

Figure 2.3: Presentation complex for X;

Since we now have just one vertex, every edge is a loop, so may represent
a generator in a presentation for the fundamental group of the complex. The
boundary of any 2-cell is a loop which may be homotopically retraced to a
point (via the 2-cell), thus the boundary of a 2-cell represents a relator in
the presentation. So we may read a presentation for the fundamental group
directly from the complex in figure 2.3.

m(X1) = (a,b,c,0,z,y] zca ! bra t bey™!

yby~te ™t 0b0 e az™ 2l )

We make the following Tietze transformations to the presentation:
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Taking o = bz and y = bc to be definitions of these generators, we may

remove them from the presentation;
m(X1) 22 (b, ¢, 6, zlzcx™ b7 bebe b e Gb6 e bx™ tbad )

Now take 6 = bx™ *bz to be a definition and remove ¢ from the presen-

tation;
m(X1) = (b, ¢, zlzex™ b bebe—1b" e b ™ hrb(bz ™ Hbx) et

We now add a generator a := b~'c 'zc and then remove the generator
z = cbac™!. Equivalently we substitute chac™* for z;

m(X1) = (a,bc| cbac teca b7 e 07 bebemthT e
b(cbac™ bebac™thea ™t e b (chac™h) T pT )

In the group m (X1) beb = cbe (the second relation) so

chac Yeca b e = chacac b e = chaca e b e

and chaca™?

¢ ¢t =1 if and only if aca™'c™! = 1. Thus the first relation
is equivalent to aca ¢! = 1.

Now (cbac™!)" = c¢(ba)"¢™* for all € Z so the third relation is equivalent
to bc(ba)m;1c_lbcbac“lbccflb_lc_lb‘lc“l(bc)“(m‘l)c"llflc_1 and by the sec-
ond relation this is equivalent to
be(ba)™ e Lebeac  bea e b e e(ba) ™ Ub e 17 Cancelling adjacent
inverses and using the first relation we find it is equivalent to,
b=Y(ba)™ tbaba= b~ (ba) "™~V = (ab)™(ba)~™. Thus;

(X)) = (a,b,cl(ab)™(ba)"™ bebe b7 e acaT e )
= (a,b,cl(a, b)am = (b, a)am, (b, ¢)s = (¢, b)s, (a,¢)2 = (¢, a)2)
> A(2m,3,2)

as required.
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2.2 A complex for A(2m,n,2), m > 2, n >4

In this section we construct a finite simplicial complex X, which is locally
CAT(0) and has fundamental group A(2m, n,2), m > 2, n > 4. The complex
X, is a union of m + 1 vertices, 5m +n + 4 edges and 4m + n + 4 equilateral
triangles. Label the vertices vy, ..., v, the edges eg, ..., esminss and the
triangles 77, ..., Tyninia. Label and orientate the edges of each triangle as
for the previous complex (see section 2.1). As before we define a map ¢ from
the disjoint union [[ 7; [T e; [J vk to X3. Again, for simplicity we omit ¢ from
our definition.

Attaching the 1-skeleton;

Ly = Up

e, =y 1<:<m—-1
Lem = g

e, = Uiim1 m+1<2<2m

I

Vj—o2m—1 2m +1 S 1 S 3m
Von, 3m+1<i<4dm
Vi—dm—-1 dm +1 < 7 _<_ om

tsm+1 = Vo
Lesmi42 — Um
Le; = g om-+3<1<5m+4
Lsm+5 = Unm
e, = g dm+6<i<dm-+n+3
TEY = Unm
Te; = Vi1 1<1<m
TE = Up m+1<11<2m
= Vi_om—1 2m+1 <1< 3m
= VUj_am 3Im+1<:1<4m —1
TE = Vi—am dm <1 <dm—1
TE;, = U om <1 <5dm+1
T€sm+2 = Um
Tesm+3 = Yo
T€sm+a — Um

m+n—+3

Ut

Te; = U dm+5 <1



Attaching the 2-skeleton;

£V
£
A3

(1
e
¢
R
¢
#?
£
e

3m
tt)
#?
£
i
s
s
s
s
s

Il

i

I

€itm+1
€o

€i+3m
€m+1
€itom
€i—m

€;

€i+1
€i—2m
€i+om
€om+1
€itm
€i—3m
€i—-m
€5m+4
(errH-l)_1
€sm+1
€5m+2
(em+1 ) -
€5m+4
€5m+5
(e4m) a
€5m+2
€5m+3
(€4m)_1
€5m+5

€53m+6

(eamt1) ™"

€5m+3

€5m—+1

(€2m+1)_1

€5m+6

1<21<m—-1
1<:<m
1<:<m

m+1<i<2m
m+1<1<2m
<2

m+1<z m
2m+1 <1< 3m
2m+1 <1 <3m
2m+1<1<3m

Im+1<1<4dm
3m+1<1<4dm
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£
o
t4m+k+5
£V
e
dm+2k+5
#?
£
®)
t4m+k‘+6
£
no)
4m~+2k+5

Il

I

€itmtk—1
€5m+4
€5m+2k+2
€itm—k+1
€5m-+4
€5m+6
€i—m
€5m+3
€itm—1

€5m+2k+4

if n even

if n odd

if n odd

if n odd

4m +

~
VAN

[N

dm + k + 4

dm+k+6<i<4dm—+2k+4

dIm+7<1<4dm+n-+4
Im+T7<i<4dm+k-+5

Im+k+7<:<4m+2k+4

We now examine the links of the vertices. We begin by listing the edge

vertices each v; is attached to, and then the faces of the triangles which each

edge is identified with.

for
o

and for

Vs

and
Um

l

dm+6 <1

LEm
L€sm+4
T€am+1
TEsm
TE;

i

I

Il

I

1<i<m-—1

L€itmt1
L€om+it1
TE€3m+i

Lej
7‘6]'
LEy
TEy

I

N

om4n—+3
LE€sm+1

Le;

TE3m
TEsm+1
Leoam+1

LE;
TE€i+1
TCam+i

L€5m+3
TEY
T€im

TE€5m+3
= €m 41

LCam i1
TeQ'rrL+i+l

3m+1<j<4m
m+1<j<2m

LE5m+-4

T€5m+5



€9
€;

€m+1

€

€om+1

€;

€4

€4m

€;

€5m+1

€5m+2
€5m+3
€5m+4
€5m+5

€5m+6

€;

)

!

fl

I

fl

i

I

Il

!

fl

I

Il

I
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2 _
(t8) )

m+2<1<2m

43

3?‘5-1
(t4m+6> -t

2m+ 2 <14 < 3m
dm+1<i<4dm—1
thy

2 _
(£ )"

dm+1<i<5m

if n even

if n odd
(3)

Sm+k+6<1<5m+n+3



Consider the

vertices.

e e e e
(3] n s =M [
T | R B VR

i

The adjacency matrix for this link is;

link of v; for 1 <4+ <m—1. We

2

Le; =
T iy = ot
i+l T gy
_ 41
T€3m+: =
_ 41
TC4am—+i Lt?m—i-z
(3)
TE€it1 Wrniv
1
Leitm+1 = Ltg )
Le; = t(l)
itdm+l T blag i
1
Leitom+l = Ly

O DO O O = =D
O = O OO OO
OO H OO OO -
OO oo oo+
== =0 OO O OO

47

see that this link has &

2)
Ltifam

(3)
Uil

OO O O OO

OO O = OO
OO O = O OO

Observe that this adjacency matrix is exactly the same matrix as the

first one dealt with in section 2.1. Thus by the same argument this link is

CAT(1).

Counsider the vertex v,,.

L€3m+i
LE4m
43

= Llgmis
TEm+1

The link of this vertex has 6 4+ 2m vertices

= /,t‘f’)
AL‘STB{)

1<i<m-—1

3

m+2<3<2m
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loma1 = teg = Lt§-2> 1<y7<m
lomsa := Teq = Lfé»g) I1<7<m
. 1 3
lomys = lesmt+2 = Ltgxn)wz tELrlH»iS
I — _ t(S) _ 7L(Z)
2m—+4 - T€sm+2 = llymio = llypis
3 2)
lomis == Tesmey = Ltguiﬂ = Ltin)w?
l e _ . t(l) . (3)
2m+6 - Lesmts = Ulgmiy = Llimig

Each edge has length % so we build the adjacency matrix and apply the

algorithm to % this time, checking for loops of length strictly less than 6.

1 2 mmm m 2m o 2m?2m 2m 2m 2m 2m
-1 +1 +2 -1 +1 42 +3 +4 +5 +6
1 . 1
1 1
. .1 .
1 1 1 . 1
1 . 11
1 . 1
1 . . 1
1 . 1
. 11 ... 11
11 11 .
1 . . 1
1 1
e
T

Consider row 7, for 1 <7 < m—1. There are 2 non-zero entries d; (44 = 1
and d; (2m+2) = 1. The entry dimiq@m+2) is 0, so apply p and set di(m+i) =
dim+i)i = diom+2) = dem+2)i = 0 and danmigomes) = dimeoyme) = 2. We
have not altered the entries in row 7 + 1 for « < m — 1, nor in row m -+ 1,

so we may repeatedly apply p to rows 1,...,m — 1 obtaining the following
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matrix:
1 11 . .1
1 2 1 1
1 2
) 1 2
1 ) 1
11 ... 11
1 2 2 2 :
1 .
1 1
T
) |
Row ¢ for 3 < 7 < m contains 2 non-zero entries, di(m+2y = 1 and

dimy3y = 2. Now dimi2)m+s) = 0, so we apply p to row ¢ to set dj my2) =
dim+2)i = dim+3) = dima3); = 0 and dimioym+3) = dm+3)(ms2) = 3. Hence
we may apply p to all row 3,...,m setting these rows to zero and entry

A(m+2)(m+3) = A(m+3)(m+2)t0 3.

1 . 11 1
1 2 11
1 . 1 .
11 3
1 2 3 :
. 1
1 S 1
. 1
1 1
3 2

[
J N

Apply p to rows 3, 6 and 7, then 8 and 9;

— N o
DD
o -

(V)



1 2

Lastly apply p to row 1 to obtain the matrix; 3

1.
2 3 .

This matrix represents a CAT(1) graph as it is the complete graph on
three points, a loop, with edges of length 1, 2 and 3. So the total length is 6.

Now consider the link of the vertex of v5. This vertex is the initial and
terminal vertex of e; for 5m +7 < j < 5m+n+ 3. Observe that these edges
are each the edges of exactly two triangles. We may therefore amalgamate
these pairs of triangles and remove the corresponding edges. We do this in
two stages. Firstly we remove edges e;, 5m +7 < j < 5m+ k + 5, combining
T; and Tjig-1 to form a rhombus. We then remove e;, 5m + k+6 < 7 <
5m + 2k + 3 so the rhombi form a parallelogram with edges, (clockwise)
(€5m16)""1, esma3, (€smas) F T and (esme1) ™t if nis even, or (esminss) b ifn
1s odd.

We have now simplified our consideration of the link of vg. This link now
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has 16 vertices when n is even and 18 when n is odd;

Zl'
ZQZ

I3

l4l
Z5Z

lg :

I

Il

L€,
Lem+1
L€2m+1
Leam—+1
LE€sm+1
L€5m+3
Le5m+4
LEsm—+6
Tem
TE€om+1
TE4m
TE3sm
T€sm+1
TE5m+3
T€5m4-5

TE€5m+6

I

Il

i

[l

oy = it
L g} = Ltgill
Ltg?z = tg?’i—f—l
ti(%ir)ﬁ-l = Lt(;v)ﬁ—l
Ltgjr)we = tfl:ir)L+l
Ltilrztﬂ = Ltfgr)wa
Ltgm)zﬂ = Ltz(jv)wz
Ltgr)ws» = tEL?;T)L+b
tgg)ﬂ = Ltéi)mﬂ
Lt:(s?r)z = ti(’)'ln)*b—rl
Ltgi = ctw
R
Ltgr)h'—(i = [’tSjT)H—l
LtfrlﬁA = t5§’177)1+5
LtSLZTZLH = Ltilriﬂ
= Ltﬁﬁ LtglrgLfe

We observe that in addition to the edges

information there are the following edges;

2k — 2)
1
1

—_ =

7 — arcs between

2—371 — arc between
3 — arc between
if n is even
2Zm _ arc between
if nis odd
Z — arc between
7 — arc between

™

arc between

5
f — arc between

= it

= "tii)wl = Ltz(;:ii;,‘z

R
[/t-'(S:'grr)L+1

= utns = i
Ltfn)wa = Ltﬁiﬂ

in the link given by the above

ZS and l16
114 and llg
lg and 113

lg and [;

llg and Z5
llg and lg
li7 and lig
Ii7 and g

Since each arc between lg and [y including the arc via l7, is of length ,

any pair makes a loop of length 27, thus we may remove all but 1 of them.

Every pair of vertices now has at most one edge between them. Vertex I3 is
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adjacent to exactly 2 edges so we may remove this vertex and combine the
edges to form an arc of length 2{ between g and /5, thus reducing the case
to when 7 is even. Every edge is a multiple of  so we construct the matrix
%D’I;St where Dist is the weighted adjacency matrix and check for loops of

length strictly less than 6.

. o111
1 . 1 1 1
1 11 . 1
o101
1 2 . 1
o1 . 1
1 :
12 1 3
.11 1 .
1 1 1 1
1 1 . 1 1
1 1 .
11 1 )
1 1 2
1 . 1
1 3 1 2
2 o1
1 .1 2
2 1 1
.1 .02 . 1
Apply p to rows .12 2 1 3
4,6,7,12, 15 and 13: 1 .2
1 i 2 2 1
1 1 3 o1
1 1 2




.23 31 2 2
2 .1 3 .
2 :
Apply p to rows S 2 L3
3 3 2 . 2 1
1,4, and 6:
1 3 2 .1
2 1 .1 2
2 1 2
1 3 3
1 .2 41 3
2 2 1
Apply 7
pply p to row 2 3 4 9 1
1 1. 2
31 2
o202
Apply p to row 1,5 and 6 2 2
2 2

This matrix represents a triangle with each edge length 2, thus the total is 6

and we conclude that the link of vy is CAT(1).

We now check the complex has the correct fundamental group.
The edges €;, 1 <1 < m—1 each have two distinct vertices v;_; and v;. Con-
tract e; onto v;_1. This retracts the triangle 7,1, identifying the edges e, 1;
and (€3.,4:) 7}, the triangle Th,,4; identifying the edge ey, ; with (egmy14s) ™"
and the triangle Ts,,.; identifying the edges ey, 4, and (egm ;) "' Contracting
e; identifies the vertices v; with v;_1, so contracting for each 1 <7< m —1

we form a complex with 2 vertices, vg and v,,, m +n + 8 edges and m +
n + 7 triangles and fundamental group m(X,). Observe that the edges
€2y - -+ s €2ms €5ms E3ma2s €5mid, €5mrs and €s5;,17. ..., €smin+1 each are faces
of exactly two triangles. We may amalgamate each pair of triangles and
remove these edges without altering the fundamental group of the complex.

We now have 7 2-cells, 11 edges and 2 vertices vy and v,,. Homotopically we



contract the edge e,,.; which identifies the vertices vy and v,,, and identifies
the edges esm and (ey)™'. We now have a complex with 1 vertex, 6 2-cells
and 9 edges.

We may take the edge loops as generators for a presentation for the funda-
mental group. We relabel them, o 1= (eg) ™!, 2 := (e,,) 74 b 1= (€9me1) ™F, ¢ =
€s5m+1, S 1= €sm+3 and ¥ 1= (esmyq) ™" (see figure 2.5. We may read relators
for a presentation from the boundaries of 2-cells:

a™z71 bzb~1z71

asa"le! L

cby~t, bsy~t,

and sy?~'c™ly~(5Y if nis even or sy™T ~lely=("F7) if n is odd.

Taking z = o™ and s = b~y to be definitions we may replace them in
the relators;
—1

ba™b e ™, ab T lya e eby

1

and b~ly% ¢ Ly~ if nis even and by"F ¢~y (T if n is odd.

Remove y by substituting cb:
ba™b o™ b leba et and

b=l (ch) e (cb) ™Y if n is even or b(ch) T ¢ (ch)""T) if nis odd.

These last two relators are (b, ¢),, = (¢, b),. Adding a new generator a := ab™*

and removing the generator «, the first relator becomes b(ab)™b~"(ab)™™ or

equivalently (a, b)2m = (b, @), and the second relation becomes aca™'¢™t, or

(a,c)y = (c,a)s. Thus a presentation for the fundamental group is;

m(X2) = {a,b,cl(a,b)am = (b, a)am, (b, ¢)n = (€,b)n. (a.¢)2 = (¢, a)2)

A(2m,n,2)

1121
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2.3 Biautomaticity

An important property of some groups is biautomaticity. In particular biau-
tomatic groups have solvable word problem and solvable conjugacy problem.

For more information of automatic and biautomatic groups see [E92].

Definition 2.3.1. A finite state automaton over A is a quintuple (S, A, 1, Y, s¢),
where S is a finite set called the state set, A a finite set called the alphabet,
@S x A— S is a function, called the transition function, ¥ a subset of S

called the subset of accept states and sy € S is called the start state.

The idea is that the finite state automaton is a machine into which a string
of letters (or a word) of A is fed. The machine has a number of recognised
states, S, and starts at state sgp. The machine reads each letter in order, one
at a time changing state depending on the letter and the current state (using
the map u). If after reading the whole word the state of the machine is in
Y, then the word is accepted. The set of words accepted by a finite state
automaton M is called the language accepted by M and denoted L(M). The
set of formal inverses of strings in L(M) is denoted by L(M)™*.

Definition 2.3.2. Let G be a group. An automatic structure on G consists
of a set A of semigroup generators of G, a finite state automaton W over A
and a finite state automaton M, over (A4, A) for z € AU {¢}, satisfying the

following conditions:
1. The map 7 : L(W) — G is surjective.
2. For r € AU {e}, we have (w1, wq) € L(M,) if and only if wiz = w,.

Definition 2.3.3. Let G be an automatic group with automatic structure

(A, L), where A is closed under inversion. We say that the structure is
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biautomatic if (A4, L7!) is also an automatic structure. The group G is said

to be biautomatic if such a biautomatic structure exists.

In [GSQO] Gersten and Short showed that groups acting freely and prop-
erly discontinuously on CAT(0) 2-complexes, in which every cell is uniformed
as an equilateral or isosceles right angled triangle, admits a biautomatic struc-
ture. The complexes we build in theorem 2.0.3 all admit such metrics, so we

obtain,

Theorem 2.3.4. The 3-generator Artin groups A(2m,n,2) of non-finite type

are biautomatic.

Note that none of these groups are covered by the results of Charney

[C92], Peifer [Pei96] or Brady and MacCammond [BMcC00].
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Figure 2.4: Complex for A(2m,n,2), m >2,n >4
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Figure 2.5: Simplified complex for A(2m,n,2), m > 2, n > 4



Chapter 3

3-Dimensional Complexes

In this chapter we explain how to build finite 3-dimensional locally CAT(0)
Eilenberg-MacLane complexes for all but finitely many of the groups A(m,n, 2).
Recall that the Artin group A(m,n,2) has the following presentation (see

section 1.7) :
A(m,n,2) = (a,b,c/{a,b)m = (b,a)m, (b, )y = (¢, D), ac = ca)

We begin by recounting the construction given by Brady and Crisp [BC]
of a 3-dimensional Eilenberg-Maclane complex for 3-generator Artin groups
of type A(m,n,2) and the method used to show that all but 65 are locally
CAT(0). We then generalise their construction to cover all but 41 of these
groups. As a result of this and chapter 2 there are just 19 non-finite 3-
generator Artin groups with unknown CAT(0) dimension.

The construction of the 3-dimensional complexes follows three stages;

1. Construct a 3-dimensional Eilenberg-Maclane complex for each dihe-

dral Artin group, and check this complex is locally CAT(0)

3

2. ‘Glue’ these complexes together and check that the resulting complex

is an Eilenberg-Maclane complex for A(m, n,2),

59
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3. Check that this complex is locally CAT(0).

We use the following theorem to calculate the fundamental group of each

complex.

Theorem 3.0.5 (Van Kampen’s theorem). Suppose X is the union of
two subsets U and V', and suppose U,V,U NV and X are connected. Let
(S1|Ry) be a presentation for mi(U), (Sa|Ra) be a presentation for w1 (V) and
(S3|R3) be a presentation for m (U NV). The inclusion mapsi:UNV — U
and 7 : UNV < V induce homomorphisms i* : m (U N V) — m(U) and
JFm(UNV) —=m (V).

Then a presentation for the fundamental group of X is given by:
T(X) = (ST USRI U R U{(i™s)(j"s) ' 1 s € S3})

Suppose X is a connected complex with disjoint connected subcomplexes
U and V and a homeomorphism f : U — V. The homeomorphism induces
a homomorphism on the fundamental groups f* : 7 (U) — 71 (V). Define a
new complex Y as the quotient complex of the disjoint union X [[(U x [0, 1])
by identifying each u € U with (u,0) and each (u, 1) with f(u).

Let = (S|R) be a presentation for 7;(X). Then

(V) = (SU{p}RU{p tup = f(p) forall uwem(U)})

The group 71(Y") is a HNN extension of 7 (X).

3.1 An Eilenberg-Maclane complex for dihe-
dral Artin groups.

We construct a 3-dimensional locally CAT(0) Eilenberg-Maclane complex
X,, for each dihedral Artin group A(m) = (a,b|(a,b)m = (b,a)m), m > 3.
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We take X, to be the flat torus formed by identifying opposite edges of a
square. This complex is described by Brady and Crisp [BC].

Let M be a regular m-gon centred at the origin in the ry-plane, R2.
Consider the product M x R C R®. Define a homeomorphism ¢ : R® — R®
by, ¢(r,0,z) = (r,0+ %f, z+k) for some constant k& with coordinates given as
cylindrical polar coordinates. The map ¢ rotates about the z-axis by %’T and
translates in the z-direction by k. Let E be the union of subsets of M x R
of the form v x R where v is a vertex of M and n € Z. Thus E is the set of
edges of M x R. The quotient M x R/¢? is a solid torus (see fig.3.1). Define
T, to be the quotient of M x R by ¢?. Let X,, denote the quotient of T}, by
the induced action of ¢|g on T,,.

We now describe the construction and show that the fundamental group
is as required. We split into two cases depending on whether m is odd or

even.

3.2 The complex X,, for odd m

If m is odd there is a single edge, E/#?, running around the surface of
T, m times. The map ¢|g identifies opposite points on this edge. This
identification given by ¢|r may be obtained homotopically by attaching S* /v
to T;, by a cylinder St x I, where v : (1,0) + (1,6 + 7) is the antipodal
map.

Take U to be the union of T, and the cylinder S' x I, and V' to be the
union of S'/v and the cylinder. Since U NV is connected we may apply
Van Kampen’s theorem to find the fundamental group of X,, = UUV. The
space Ty, is a solid torus so 7 (U) = Z = (z). If we take y to be the loop
((1,6)6 € [0,7]) in S'/+¢ then 71 (V) = (y) = Z. The intersection UNV is a

cylinder so 7 (UNV) = Z = (z). As the edge runs around the torus m times
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I.m

= z and by the antipodal map y* = 2. So the group has presentation
T (Xm) = (2, ylz™ = y?).
We now demonstrate that this presentation for 7, (X,,) is in fact a pre-
sentation for A(m) and thus X, is an Eilenberg-Maclane complex for A(m).
Let v be a vertex of the m-gon M. Denote the geodesic in M x R/¢?
between ¢~ '(v) and v by a and the geodesic between v and ¢(v) by b (see

fig. 3.1).

o(v)

Figure 3.1: M x I

The loop ab in T,, is a generator for w1 (U), so it is a representative for
z € m(U) = (z). A representative for the generator y € (V) is the image of
v x [0, mk] (under the map ¢?) in T},,. By considering M x [0, mk] and noting
that T}, is a solid torus, we can see that this loop is homotopic to (a, b),,. This
motivates an isomorphism between (z,y|z™ = y*) and (a, b{(a, b);m = (b, @)m)

given by z +— ab and y — (a,b)n.
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3.3 The complex X,, for even m >4

In the case of m > 4 even, T, is again a solid torus, but with 2 parallel
edges, S and T', running % times around the core of the solid torus. The
map ¢|g identifies these 2 edges. This identification is homotopy equivalent
to attaching a cylinder S' x [0, 1] between S and T. So 71(X,,) is a HNN
extension with base m,(X/$?) by Van Kampen’s theorem.

Choose 2 adjacent vertices of M, v; and vy. The edge S is the image of
vy x [0, 2] under ¢? and T is the image of vy x [0, 521 The identification
of S with S x {0} and T with S* x {1} is given by p: SUT — S! x {0,1}
where pls : v1 X {2} = (1, 2%) x {0} and pir : vs x {2} — (1, E%) x {1}

Now as T, is a solid torus, 7 (X/¢?) = (z) = Z. The edges S and T
are homotopic to S' and each pass round the torus % times, so m;(S) =
(s) 2 Z with s ~ 2% and m(T) & (¢t) & Z with t ~ 2% . Hence m (X,,) =
(z,yly~'sy = 7(t)) where 7 : m(S) — m(T) is the isomorphism 7 : s > t.
).

We now show that the above presentation for 71(X,,) is a presentation

w3

So m(Xm) & (z,yly 2ty =2

for A(m). As in the case where m is odd, let v be a vertex of M and denote
the geodesic of T, from ¢~'(v) to v by a and the geodesic between v and
é(v) by b. Again ab represents a generator for 71(7,,). The element y is
given by the addition of the cylinder, so a representative for y is the image
of the geodesic a under the map ¢|g. We observe that  — ab and y — a
defines an isomorphism from 7,(X,,) to A(m).

In the case where m is 2, we take X, to be a torus, formed by identifying

the opposite edges of a square. This complex is locally CAT(0).
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3.4 Relative sizes of X,,

In the following section we glue the complexes X,,, X,, and X, together. To
do this we need to ensure that the loops which we will identify have the same
length in each space. We do this by showing that we can vary the ‘sizes’ of
the spaces without limitations.

Label the angle in M x R between v x R and b by §. Note that ¢ is also
the angle between ¢~'(v) x I and a.

The complex X, comes equipped with the metric induced by the Eu-
clidean metric on M x R. Note this induced metric depends on the area of
M and the translation length k of ¢.

By careful choice of k and the area of M we can guarantee that a and b
have unit length and enable § to take any value in the open interval (0, %).

2
We write X,,,(d) when we wish to indicate the value of ¢ used in X,,.

3.5 X,, is locally CAT(0).

In this section we will show that the complex X,, is locally CAT(0). We
make use of the link condition. We proceed by identifying the links of points
in X, and show that they are CAT(1). By lemma 1.4.1 and 1.4.2 we need
only check that the link of every vertex contains no nontrivial loop of length
strictly less than 2.

Up to isomorphism there are 2 types of link in X,,,. These are represented
by the link of v, any point in the image of E' and the link of w, the image of
any point not in the image of F. If w is an interior point of X, then the link
is a sphere. If w is a point on the boundary of X, then w is an interior point
on the face of a 3-cell, so the link is a hemisphere. In each case the link is

CAT(1). Locally the vertex v is contained in the common edge of 2 3-cells.
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The link is therefore the union of 2 spherical identical 2-cells, see figure 3.2.
The metric on the link is given by the angle based at v following a path in
the link. So d(a™,b%) =d(a™, 2%) +d(z*, b").

Figure 3.2: Link of v.

We can choose a*,b* and z* so that Lk(v,X,,) lies on a sphere, so
d(z},, 2;) = m. Since any locally geodesic loop must pass through both z,
and z_,, every loop has length at least 2m. Therefore the link of every vertex
in X,, is CAT(1), and hence X, is locally CAT(0).

3.6 ‘Gluing’ Xm, X, and Xo.

In this section we construct a 3 dimensional complex whose fundamental
group is A(m,n,2) and in most cases show that this has a locally CAT(0)
metric, so is a K(G,1). We do this by combining the complexes X, (dm),
Xn(9,), and X5(62).

The images of the geodesics a and b in Xm are generator curves for
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I, (X, v). Label the curves in X,, by a,, and b,,, the curves in X, by
by, and c,, and the curves in X5 by ¢y and as.

Consider b, C X,, and b, C X, as subsets and define a homeomor-
phism ¢y : by, — b, which maps v,, to v,. Let Y] be the quotient com-
plex (X, [[ Xn),/ é1. Consider the complexes X,, and X, as subcomplexes
of Yi. The complexes X,,, X,,Y; and X,, N X, are all connected. We
know 7 (Xm) = (am, bl (@m, bn)m = (b G )m ), T1{XR) = by, cnl(bn, Co)n
= (€n, bp)n) and m (X, N X,) = (by) = (b,). By Van Kampen’s theorem
(Y1) = (@m, b, by Col (G b)) = (Biny @)y (B €0 ) = (Cy b))y b = b))
= (A, b, ol (@my b)) = by @ )ms (B €0 ) = (€ Do ) -

Let ¢o : ¢, — ¢ be a homeomorphism mapping v, to vy. Define a
complex Y5 to be the quotient of ¥ [ Xa by ¢2. Again Y7, X3, Y1 N X, and

Y, are connected. The fundamental groups are,

77-1(}/1) = <am7 bm: Cn;(amy bm)m = (bm; am)ma (bm7 Cn)n = (Cn: bm)n) )

1 (Xo) = {ag, calascs = caas) , and
T (Y1 N Xy) = (e2) = (cn)
Hence, by Van Kampen’s theorem,

7T1(Y2) =

(am, ms Cny €2, a2|(amv bm)m = (bm: Urn)m
(b, Cn)n = (Cny b)), G2Co = Cati2, Cp = C2)
(

(b

1R

Gy Oy Cny G2} (@ B )on = (Biny G )y
s Cn)n = (Cny b )ny G2Cn = CpQ2)

In Y, the subcomplexes a,, and as are homeomorphic. Let X be the
HNN extension formed by identifying a,, and a; in Y5 then the fundamental
group of X is the HNN extension of m;(Y3) formed by quotienting by the sub-
group generated by ana;’. Thus 71 (X) = {az, b, cnl(a2, byn)m = (bm, 62)m,

(brm Cn)n - (Cna bm)n; aoCp = Cna2}-
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3.6.1 When is X locally CAT(0)?

We will show that each link is CAT(1) and hence the space is locally CAT(0).

In the combined complex X the links are of three possible types; links of
points lying in a single X,,, links of points common to 2 of the contributing
complexes and the link of v the vertex common to all 3 of the contributing
complexes. The first type of link is CAT(1) as before. The second type of
link corresponds to a vertex of X,, N X,,. This is the union of the link of v,
in X, and the link of v,, in X,, with points b% and bF identified. Since the
distance between b and b, is 7 and the distance between b and b, is 7
any locally geodesic loop must have length at least 27, so the link is CAT(1).

The link of v in X is the union of the links of v,, in X,,,, v, in X,, and v,
in X, with identifications, b= = b¥, ¢* = ¢ and a; = a,. Each contributing
link and, by the above, the union of each pair of contributing links is CAT(1),
thus any loop of length less than 27 must pass through each contributing link.
Since the common points shared by the links are ™, b* and ¢* the loop must
pass through these points. It is therefore sufficient to check that the complete
graph of geodesics between these points in each contributing link is CAT(1).
This graph is a schematic of the distances between these vertices in thié link,
see figure 3.3.

Let o = d{a™,b") = d(a™,b7), ay = d(b%,c?) = d(b~,¢7), i =
d(at,b”) =d(a™,b"), and fo = d(bt,c7) =d(b™,c")

Lemma 3.6.1 gives a relationship between these distances.

Lemma 3.6.1. [BC, lemma 4.1] Let m > 3 be an integer and § = 22T

m
Then cos3 + (I—J’%O—SQ) cosa + (2¢) = 0.

For a proof see [BC, Lemma 4.1]
By choosing o = [ Brady and Crisp reduce the equation to cosa =

_ cosf—1 . T>9
cosf3 = P and we need only ensure that oy + g + 7 > 27.
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d, a o oz c n/2 g
P B2 P B2 o/
T \ T T T
/2
a a 5 QL c /2 a

Figure 3.3: Combined link

m n
316<n<43
414<n<18
5 15<n<1l
6| 6<n<9
7 7

Table 3.1: Cases not covered by Brady and Crisp.

These inequalities hold in all but the finite number of cases shown in

table 3.1.

3.7 Extending the construction.

In the construction of the locally CAT(0) Eilenberg-Maclane 3-dimensional
complexes for A(m,n,2), Brady and Crisp made two restrictions which make
the calculations easier and cleaner. In this section we remove these restric-
tions and thus gain more freedom in our choice of o; and 3;. In doing this we
may choose suitable values not previously available and construct CAT(0)

Eilenberg-Maclane 3-complexes for 13 of the remaining 65 groups.
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3.7.1 Removing the restrictions

The first restriction made was to construct X,, a 2-torus, by identifying the
edges of a square. By changing the metric we may construct X, by identifying
the edges of a rhombus. Taking the 2 geodesic loops in X; to be the edges
of the rhombus, we can define the rhombus by the angle, v between them,
v€(0,3).

The link of v in X5, Lk(v, X;) is a circle divided by 4 vertices a™,a™, c¢*,c™.
The distances between these vertices are given by, d(a™,c¢%) = d(a™,¢7) =
v,d(at,a7) =d(ct,e7) =7 Sod(a™,c7) =d(a",c") =7 — 7.

The resulting schematic of the combined link of X,,(d,,), Xn(6n), Xa2(d2)
is shown in figure 3.4 with a,, = 26,,(= a1), a, = 20,(= an), and v = 24,.

+

O+_ i b o2 g Y _ a
=y
B B B B
T ' T T
n—y
a o 5 [0 5] C. Y a

Figure 3.4: New combined link

The second restriction Brady and Crisp made was «; = ;. If we remove

this, there are 4 inequalities that we need to satisfy to ensure this link is

CAT(1),
O + Qn + 77 2 27
B+ B +y > 2w
am+ﬁn+ﬂ-—’72 27
Bm +an+m—7v2>27m
We may rearrange the equation given in lemma 3.6.1 to give (8 in terms
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(m, n) Qm On B By Y
(3,41) 103.30 179.99 > 94.44 > 171.21 | 94.35
(4,16) 121.00 175.00 > 104.00 | > 157.50 | 98.50
(5,9) 154.00 179.99 > 110.11 | > 140.00 | 109.89
(6,7) 179.00 179.00 > 120.00 | > 128.50 | 111.50
(7,7) 179.00 179.00 > 128.50 | > 128.50 | 104.00

Table 3.2: Possible solutions to the set of inequalities. Angles given in de-
grees.

of o and 6,
IB — COS*I{(COSQH—I) _ (c0520+1) cos Oé]

Table 3.2 shows some purposely selected values of «; and the correspond-

ing values of ;.
Each of the choices shown in the table satisfy the inequalities. So for these
5 cases the space may be constructed. The following lemma and corollary

show the above results resolve 13 of the 65 cases.

Lemma 3.7.1. If a,, @y, B, Bn can be chosen for given (m,n) which satisfy
the following inequalities, then suitable o1 and 3,4, can be chosen so that

On, O 1y Omy Bna1 also satisfy these inequalities.

m + G +y 2 27

B+ Bn+7v =27
O+ O+ 7~y 227
B+ o +m—7 =27

Proof. Suppose the above inequalities are satisfied for o, and «, and the
computed values G, B, and 7.

Let app1 = ov,. Recall by lemma 3.6.1

11— 108
/Bn+1 = COS 1(*—"—'——(:05 Gntl COS 9n+1 - & '2_L_+1 - %)
— —1{1l=cosa cosan __ 1
= COS (—2—l CcOs 9n+1 — —2—" 2)
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+1)-2
where 0, = (—("—nll—)l
Now 0 < "—;—QW < (l;%lw < 7w S00 <6, <0, <mand cosbpy <

cos 8,. Note that 1—‘“;5& >0 so

oS ﬂn—i—l —_ l—cgsan cos en—i-l _ cosr)an _ %
1-cosa cos arn 1 .
< “21(:089” - —Qi -5 = COS,Bn.

But 8y, Bnt1 € (0,7), so 8,41 > 5,. Hence the values oy, Bm, Q18041 and

v satisfy the inequalities. O
This immediately gives the following corollary.

Corollary 3.7.2. If A(m,n,2) acts properly discontinuously by semi-simple
isometries on a CAT(0) 3-complez, then so does A(m,n+1.2).

We have proved the following theorem,

Theorem 3.7.3. If (m,n) # (1,2),...,(1,19) and (m,n) # (2,2), (2, 3) then
the Artin group A(2m + 1,2n+ 1,2) has CAT(0) dimension 3.



Chapter 4

Classifying the 2-complexes for
A(2m,n,2), n > 3, odd

In this chapter we study the minsets for the action of A(2m.n,2) on CAT(0)
2-complexes.

We recall the following definitions:

Definition 4.0.4. If v is an isometry of a metric space (X, dy), the trans-
lation length of v in X, |v|x is defined to be inf {dx(z,v.z)|z € X}.
The minset of vy in X is the set Miny (v) := {z € Xl|dx(z,v.z) = |v|x}-

In this chapter we assume that all actions of groups on complexes are
properly discontinuous by semi-simple isometries. We assume that G is a
group with such an action on a CAT(0) 2-complex X.

In the case that a free abelian group acts on a CAT(0) complex, the

structure of the minsets is particularly nice.

Theorem 4.0.5. (Flat torus theorem: [BH99, 11.7.1])
Let A be a free abelian group of rank n acting properly discontinuously by
semi-simple isometries on a CAT(0) complex X. Then Min(A) splits as a

metric product Y x E* where each a € A acts as the identity on Y and by

72



73

translation on the E* factor. Moreover the quotient of each {y} x E* by A

18 an n-torus.

[t follows directly from this that any group containing a free abelian
subgroup of rank n does not act properly discontinuously by semi-simple
isometries on a CAT(0) complex of dimension less than n.

Let A be a rank 2 free abelian group acting on a 2-dimensional CAT(0)
complex. The set Min(A) must have dimension at most equal to the dimen-
sion of the complex, 2. By the Flat Torus theorem, the dimension of Min(A)
is at least 2, hence dim Min(A) = 2. If there is any A-invariant plane in X

then this plane is a subset of Min(4), hence we have the following corollary.

Corollary 4.0.6. If (a,b) is a rank 2 free abelian group acting properly dis-
continuously by semi-simple isometries on a 2 dimensional CAT(0) space X,

then Min({a, b)) is the unique (a, b)-invariant plane in X.

Proof. By the Flat torus theorem Min({a, b)) is a plane. The 2-dimensionality
forces any (a, b)-invariant plane in X to lie in Min({a, b)), and hence this plane

is the unique (a, b)-invariant plane in X. O

Definition 4.0.7. If {(a,b) is a rank 2 free abelian group acting properly
discontinuously by semi-simple isometries on a 2 dimensional CAT(0) space

X, then denote the unique {(a, b)-invariant plane by,
[1(a,b) := Min(a) N Min(b)

By proposition 1.5.1 ¢.11(a, b) = g(Min(a)NMin(b)) = gMin(a)NgMin(b) =
Min(gag™!) N Min(gbg™!) = II(gag™*, gbg~'). If g commutes with b, then
9-1(a,b) = Il(gag™",b).

If TI; and II, correspond to the abelian subgroups (h;,g) and (hs, g) of
G then both II; and IT, are contained in Min(g). This restricts the possible
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configurations of these planes. Note that the following lemma does not ex-
plain the configuration of planes corresponding to subgroups {gi, g2), (g3, g4)

where g; # gf fori# jand all k € Z.

Lemma 4.0.8. [BC, lemma 1.4] Let G be a group acting properly discon-
tinuously by semi-simple isometries on a 2-dimensional CAT(0) complex X .
Let II; # Ilo be flat planes corresponding to subgroups (hi,g) and (hz,g)
respectively of G. Then the convez closure of I, UIly 25 one of the following,

1. H-type. Here I, N1ly = () and the planes are connected by an infinite
strip R x I (where I = [p,q] C R is a closed interval) with {p} xR a
g-azis in Iy and {q} x R a g-azis in I1,. \

2. B-type. Here 11} N1y 4s an infinite strip, a closed interval times R
folliated by g-azes.

3. X-type. Here Il; N1, s a single g-azis common to both planes.

Proof. By the constraint of 2-dimensionality, ¥ is necessarily an R-tree. The
result follows from the observations that both II; and II, are contained in

Min(g) (which is convex) and Min(g) 2 Y x R. O

Consider now a subgroup H generated by h;, h, and ¢g. The generators of
H satisfy the relations [hy, g] = [he, g] = 1. This subgroup acts properly dis-
continuously by semi-simple isometries on the set of translates of the planes
I1, and II, by elements of H. This set is a subset of Min(g) which splits as
a metric product ¥ x R. We may project along R on to Y, then H/ (g) acts
on this tree. In the light of this we study the actions of isometries of R-trees.

We use the notation v, to refer to a translation axis of a. Since these
axes share a common band we may refer to v, being transverse (respectively
parallel) to v, as a and b segments are transverse (respectively parallel) on
B(a,b).
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Lemma 4.0.9. Let a and b be hyperbolic isometries of an R-tree T such that
ab has a fized point z. Then,

1. The translation azes vy, and v, for a and b intersect.

2. This wintersection contains an interval J of length min{|al, |b|}.
3. a and b translate in opposite directions as defined on J.

4. If la] # |b] then va Ny = J.

5. If |la| > |b| then there exists a unique point p in vy, such that abp = p

and [a~'p, p] is central about J.

Proof. If ¢ is a hyperbolic automorphism of T and z any point in 7T then
[z, g(z)] is the union of the intervals [z, z,], [2,, 9(z,)] and [g(z,), g(z)] where
T4 is the projection of z on to 74, the translation axis of g.

Note that d(z, z,) = d(g(z), g(z4)), s0 [z4, g(z,)] is central in [z, g(x)).

Let z be a point in T fixed by ab. So bz = a"'z.

The interval [z,a™'z] is the union [z, z,] U [z4, a7 2] U [a7 24,077 2]

The interval [z, bz] is the union [z, zp] U [2p, bzp] U [bzy, bz].

But [2,a7'2] = [2,b2], 50 [2,24) U [20,a7 2] U [a7 20, a7 2] = [2,25] U

2] and [z, bzp) is central

(25, bzs] U [bzs, bz]. Since [z,,a7 2] is central in [z, a”
in [z, bz] we must have either J := [z, a7 z,] C [2,02)], or J := [z, bz] C
(24,07 2]

Now (24, a7 2] C 7, and [z, bzy] C v, hence (1). The length of [2,, a7 z,]
is I(a) and the length of [z, bz] is I(b), hence (2).

The elements a~! and b translate in the same direction on .J, hence (3).

Lastly, suppose {(a) > [(b). Then [z,,a 'z,] = v, N [z,a7'2] properly
contains [z,, bz] = 1N [z,a7'z]. So YNV = VNN [z, a7 2] = (2, b2) = J.
Hence (4).
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If la] > [b] then [z,2] D [z,2,] so b.[z, 2] D bz, 2] and [b.z,b.25] D
[b.z,b.20], but [b.z,b.z] D [bz,a ™tz = [a7tz,a7 ay] so atz,, b2, €

[b.2,b.23] and d(b.z,a™".2,) = d(b.2,b.2,). So a~!.2, = b.z,. Hence 5. O

We use these results in the following section to describe the structure of

minsets for the dihedral Artin groups.

4.1 Minsets for dihedral Artin groups

We recall that the 3-generator Artin group A(m,n,2) contains the dihedral
groups A(m), A(n) and A(2) as subgroups [VdL]. With this in mind, we
study the structure of minsets for dihedral Artin groups.

Recall that a dihedral Artin group A(m), m > 2 is a group with two

generators and presentation,
A(m) = (a,b|(a, b)m = (b, a)m)

We suppose that A(m) is acting properly discontinuously by semi-simple
isometries on a CAT(0) 2-complex X.

Let z,, denote the element (a,b),, if m is even and (a, b)s, when m is
odd. Then (z,) is the centre of A(m). It follows, by the Flat Torus theorem,
that there are two distinguished flat planes [I(a, z.5) = Min(a) N Min(z, )
and I1(b, z,5) = Min(b) N Min(z, ) with intersection B(a,b). The following
proposition was proved by Brady and Crisp. It shows that B(a,b) is non

empty, and gives some strong results particularly in the case that m is odd.
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Proposition 4.1.1. [BC, Proposition 2.2] Suppose that A(m), m > 3 acts

properly discontinuously by semi-simple isometries on a 2-dimensional CAT(0)

space X.
Then

1. B(a,b) = [p,q] x R where [p, q] is a non trivial closed interval and each

R-fibre is a z,p-azis.

2. The a and b-azes intersect B(a,b) transversely.

If m s odd we also have:

3. The edge I = {p} x R is a ba-azis and I' = {q} x R is an ab-azis.
Moreover a(l) ts an ab azis which lies in B(a,b) and b(l') is a ba-azis

also in B(a,b).

4. For g,h € {a,b,2,,} write 6(g,h) for the angle in B(a,b) between a

positively oriented g-azis and a posittively oriented h-azis. Then
0 <8(a,b) =0(a,zep) +0(b,zp) <7

and 0(a, z.p) = 0(b, z4p). In particular the a-segments are transverse

to the b-segments in B(a,b).

Since (a,b)'a(a,b), = b for m odd, the translation lengths |a| and |b]
are equal in both X and T,,. In order to obtain a bound on the width the
band B(a,b) we use the following data.

Definition 4.1.2. We may create a vector basis for [I(a, z,,) by taking the
vector defined by z,, and a vector normal to this. Since the translation
axes for a are transverse to the translation axes for z,,, we may define the

translation lengths of a in the directions of the basis vectors. Denote the
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translation length of @ in the direction of z,, by |a|, and the translation
length of a normal to z,, by Ialﬁa ,- When it is clear that we refer to z,, we

may simply use the notion |a|* and |b|*.

Lemma 4.1.3. The width of B(a,b) is strictly less than the sum |a|* + |b]*

and greater or equal to |a|* = [b|*.

Proof. If the width of B(a,b) is greater or equal to |a|* + |b|* there exists
a point x in B(a,b) such that b~'a"lba.x = 2. But b~'a 'ba has infinite
order, contradicting the properly discontinuous action. The second part of

the lemma follows directly from proposition 4.1.1 (3). O

Let Oy, denote the subcomplex of X formed by all translates of the planes
[I(a, z4p) and TI(b, z,,) by the elements of A(m). This complex is a connected
subcomplex of Min(z,,). In fact O,, splits as a product ¥ x R where Y is
an R-tree. Hence O, is convex in Min(z,,) and hence in X. Thus O,
is CAT(0). Any 2-dimensional CAT(0) complex X which the group A(m)
acts on properly discontinuously by semi-simple isometries, contains such a
subcomplex O.

By projecting O,, along a z,; axis we obtain a tree 7T,,. The quotient
group A(m)/ (zap) acts properly discontinuously by semi-simple isometries

of T,,. We use this action on T,, to study the action of A(m) on O,,.
4.1.1 A quotient space for A(m) when m is odd

In the case when m > 3 and odd we can say more about the structure of O.

Lemma 4.1.4. Let m > 3 and m odd. Then a and b translate opposite edges
of B(a,b) to each other.

Proof. Throughout this proof we are working in the R-tree and will use |a|

and b to denote the translation lengths in this tree. By propostion 4.1.1 (3)
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we know that [y, N v| > |af = |b]. Let us suppose that |y, 0| > |a|. Label
the vertex of v, My, which a translates into v, N, by 2. Then the geodesic
[z, az] G va N and (bz, az]) N (v, N y) = [br, 2] N (v, N %) = {z}. Choose
a point y € (7,ax) = [r,az]\ {z,az} such that ay € ~,N~,. This is possible
since |y, N v| > |al.

Observe that since z,y € v, N7, and |a| = |b], az = 'z and ay = b~ 1y.

Hence
(@0 )z = (a0 ) T g since m is odd,
= (a"lb”l)m_'-;ga‘lb_lx
= (a0 )" T alaz  since az = b 'z,
= (o )"z
=z

and similarly (a™!, 67 )1y = y. Also (b,a)m2 = (a,b)nz = az, s0
br = (a7 07 1ax.
Consider the geodesic in Ty, [z, az]. Now (a7t 671), 1z, az]
=[(a ', b7 ) mo1z, (a7t b7 o1az] = [z, bz]. Since y € [z, az] and
(@™, b7 ) o1y = v, it follows that y € [z, bz] and y € [x, az] N [z, bz] = {z},

a contradiction. O
We immediately obtain the following corollary.

Corollary 4.1.5. If m is odd then width(B(a,b)) = |a|} = |b|}.

By considering the image of the edge [z, bz] under the map (b,a), =
(a,b), we find that (a,b),, fixes exactly one point in 7,, and rotates T,
about this point.

Consider the edge v, N v = [z,bx] C T,,. Suppose there is a point
p € (z,az) such that ap € v, \ (7 N %) and bap € v, \ (va N 7). Then
the same is true for [p, bz). Observe that [abap, z] = aba[p,bz] T (v N V)
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and (b, a)m[abap, z] = [p, bz, ie (b, a)mabap = p. Hence p = (b, a)misp =
(6, 0)m+3(b, @)m+3p = (b, @)amyep 50 p = (b, a)ep.

Now 2m = 6k + i for some k € N and ¢ = 0,2,4 but (ba) and baba do not
fix p, so 2m = 6k, ie 3 divides m.

Similarly if p € v, Ny, such that (a,b),p € v, N and (a,b);&v, Ny, for
i < n then n|m.

If r is the mid point of [z, bz] fixed by aba then (aba)*r = r for all k € Z.
Hence, by proper discontinuity of the action, m = 3. There is a sequence of
integers p;, ¢ = 0,...k and points z; € [z,r] such that py = 1, p;|m, pilpis1
and py = m, 1o = T, 25 = 7 and (a, b)ap, fixes [zg, z;], but (a,b)sp, does not
fix {@o, zk) \ [%o, x4]-

We consider first the case where £ = 1 and [z, bz] is fixed by only (a, b)om.
Note that if m is prime, then this is the only possible case.

We begin by describing a fundamental domain for the action of A(m) on
Op,. Since O,, is the set of translates of I1(a, z,5) U II(b, 2,) by elements
of A(m), a fundamental domain is contained within this union, II(a, z4p) U
II(b, z5). Since both a and b map a side of B(a, b) to the other by translation,
[I(a, z,5) = (a) B(a,b) and (b, z,4) = (b) B(a,b). Hence a fundamental
domain is contained in B(a,b). Let F,, be a regular trapezium contained
in B(a,b) with parallel edges z,,-segments, and non-parallel edges, an a-
segment and a b-segment of length |a| = |b]. Let the longer of the parallel
edges have length ™ |a|cos 30(a,b). Then F, is a fundamental domain for
the action of A(m) on O,,. By observing that the group element (a,b)
identifies the non-parallel a and b-segments of F' and the group elements a
and b identify 2, ,-segments of length |a|cos 36(a, b) on the parallel edges of
F,, we form the quotient complex O,,/A(m) (see figure 4.1).

It is useful to note that the o and b axes translate across Fj, with
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m+i -ed
S5 eredges

Figure 4.1: The quotient complex O,,/A(m) for m > 3 odd

0(a, zap) = 0(b,zap). So we may choose any 2 such intersecting edges in
F,, to represent generator loops for a and b in the fundamental group. Ex-
amples are shown in figure 4.1.

We check that the complex has the required fundamental group and is
locally CAT(0). This complex has one vertex, 2 edges and 1 2-cell, so a

presentation for the fundamental group is,

m—1 m+1
p 2
<el, exe1ey ? €1 = e, >

The homomorphism defined by e; — a and ey — ab is an isomorphism from
this group to A(m).

By lemma 1.4.3 we need only check the link of the vertex is CAT(1).
There are two edges, so 4 vertices in the link, [} .= wes, Iy 1= Teq, I3 := 1e9,
and Iy := Tep. The edges are: ([1,13) and (I, l4) of length %Q(a,b), (I1,14) and
(I2,13) of length m — 20(a,b) and m — 2 edges of length 7, (I3,{s. Since the
edges (l3,l4) have length 7 we may remove all but one from our consideration.
We construct the weighted adjacency matrix. Let 6 := 6(a,b).

) T —6
) . n—0 6
0 T—0 ) T
T —0 6 7
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Apply p to row 1;
T—6 6
-0 ) T

) T
This represents a triangle with edge lengths 6, 7 — 6 and 7. Thus the edge
sum is 27 and we may conclude that the link is CAT(1) and the complex,

therefore, locally CAT(0). We call this quotient complex and fundamental
domain, odd of type 1.

We now consider the situation where k > 1 (see definition 4.1.2). Observe
that |abl, = |ba|, = 2|a|cosb(a, z,5). Since [z,7] = [z, 2,] U [z1, 2] U - -~ U
[xk—1,7] where each [z;, ;1] is fixed by (ab)P* for some divisor p; of m, a
fundamental domain for this action is a union of rectangles, Ry U --- U Ry

where each R; is the product of an interval of length p;|abd

. with [1L'i_17$i].
By skewing these rectangles we may suppose that they are parallelograms,
the union of a (or b) segments. Also we may split each parallelogram into

2 trapeziums, 1 with shorter edge of length 2:L and the other with length

2

’—’i—;—l. We therefore form a fundamental domain which is a subset of the
fundamental domain, ‘odd of type 1’.

By identifying the edges we obtain a quotient complex. See figure 4.2 for
when m = 9.

We call the quotient complex odd of type .

The fundamental domain always contains a parallelogram with a (or b)
edges of length |a| and z,, edges of length |a]cos 30(a, b).

The following is a useful lemma for when m = 3.

Lemma 4.1.6. If m = 3, then the group element a maps a strip the same
width as B(a,b) in II(b, zep) adjacent to B(a,b) to a similar strip on the
other side of B(a,b) in I1(b, z,5). More over if the group element a maps a
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e,
954(’ ﬁa
€, e\d e \
e, Xje‘
& S €, \é
e ‘X e TTrtrTsSTT
o A=s
L \
€, e,

Figure 4.2: A quotient complex for Og/A(9) for k = 2.

strip in I1(b, z4p) adjacent to B(a,b) to a similar strip on the other side of
B(a,b) in II(b, z4p) then m is a multiple of 3.

Proof. Consider the tree T' obtained by projecting O,, in the direction of
Zap- Let [y, ay] denote the intersection ~y, N ~,. The point b.y is in v, \ 7. It
is sufficient to show that ab.y = b™!ay. Since aba = bab, abay = baby. But
bay = y, so baby = ay, hence result.

We have already demonstrated the second part. U

4.1.2 A quotient space for A(m) when m > 4 is even

For even values of m we do not have such good constraints on the quotient
complex, however if we restrict ourselves to actions where |a|® > |b|1 then

we are able to describe the complexes in much the same way as for m odd.

Lemma 4.1.7. If m > 4 is even and |al} > |b|T, then there exists a z4p-azis
lin (a, zap) \ Bla,b) fized by ba and ' := a.l C I{a, z.5) \ B(a.b) fized by
ab.

This follows from lemma 4.0.9.
Consider the tree T,,. Let z and bx be the vertices of v, Ny, and y the
point in v, such that bay = y. Observe that the stabiliser of the edge [z, bz]
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is ((a,0)m). However, as for when m is odd, we may divide the edge [bz, ]
into intervals [z;, Zi41], 7 = 0,..., k where 29 = ¥, 7, = bz and [z, 2;] is fixed
by (b,a)sp, where pipis1, pr = 2, po = 2 and each p; is even. Also (b, a)ap,
does not fix any point of [z;, z] \ [z¢, T;].
 As with the odd case, a fundamental domain F in O,, for A(m) is the
union of rectangles R; = [z;, z;,1] x [0, 2p;|abl.].

Again we may skew these rectangles in the z,, axis, so each is now a
parallelogram formed by a union of a (or b) segments.

We may form a quotient complex for F, see figure 4.3. The z,, edges of
R; are divided into 1%1— edges labeled z; on one side and p—p’—l edges labeled
zi+1 on the other, except for R, which has 1 edge labeled z, on both sides,
and Ry which has 1 edge labeled z; on one side and 2 edges labeled zy on

the other.

A . T

nY

Figure 4.3: A quotient complex for the action of A(m) on O, for m > 4
ever.

We call the quotient complex, even of type k.
Note that if there are no even divisors of %, ie 4 does not divide m, then
the quotient complex is necessarily even of type 1. See figure 4.4 for A(6).

The following is a useful lemma specific to the case where m is 4.
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Figure 4.4: A quotient complex for the action of A(6) on Ok.

Lemma 4.1.8. Suppose A(4)/ (z.p) acts properly discontinuously on a tree
T such that |a] > |b]. Let [y,b.y] = v, N . There exists a point T € v,
such that d(x,b.y) = d(a.z,y). Then there is a z € v, such that d(z,y) =
2d(a.x,y) = 2d(a.x, z) and b.z € ~,.

The proof of this follows directly from the fact that abab fixes all points

in T. This lemma provides a useful corollary.

Corollary 4.1.9. For A(4) acting properly discontinuously by semi-simple
L

Za,b’

L
Za,b

isometries on O, with |al% | > |blE ., b maps a strip of width |al;;, — [b]
adjacent to B(a,b) in I1(a, z43) to a similar strip on the other side of B(a,b)

in I1(a, z4p)-

4.2 Minsets in A(2m,n,2)

We suppose that A(2m,n,?2) acts properly discontinuously by semi-simple
isometries on a CAT(0) 2-complex X. In this section we examine the minsets
of this action. We begin by showing that for any action of A(m,n,2) on a
CAT(0) 2-complex there is a canonical convex subcomplex invariant under
the action of A(m,n,2).

Throughout this section we will have the following standard presentation
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for A(m,n,2):
(a,b,c|(a,b)m = (b,a)m, (b,¢)n = (¢,b)n, ac = ca)

Since A(m) = (a,b|(a,b)m = (b,a)m), A(n) = (b, [(b,¢)n = (¢,b),), and A(2) =
{a, clac = ca) are subgroups of A(m,n,?2) these groups act properly discon-
tinuously by semi-simple isometries of X. Thus X contains the subcom-
plexes O,,, O, and O, as defined in the previous sections. Note that since
A(2) =2 Z x Z, Oy is a single {a, c)-invariant plane.

We recall that Oy, = A(m).(I1(a, z4,5) UIL(b, z45)), On = A(n).(I1(b, 2 ) U
[(c, zp.)), and Oy = A(2).I1(a, ¢) = (a,c).

Let O4 denote the convex closure of A(m,n,2).(Il(a, z,5) U II(b, z45) U
(b, zpc) U (¢, zpc) U Il(a,c)) € X. The group A(m,n,2) acts properly
discontinuously by semi-simple isometries on the CAT(0) 2-complex O 4. We
examine the structure of @4 and obtain restrictions on this structure and
the actions of A(m,n,2) for m even.

We make use of the following useful definitions:
Definition 4.2.1.

1. H{a) is defined to be the convex closure of T(a, z,4) U Il(a,¢) in X.
H(b) is defined to be the convex closure of I1(b, z,,) U II(b, 2) in X.
H(c) is defined to be the convex closure of I1(c, z,.) U Il(a,c) in X.

2. X(a,b) :=1l(a, z4p) UTL(D, z4p)
(b, c) :=TI(b, zp.) UTl(c, zp )

By proposition 4.1.1 these sets are connected.

3. If TI(a, zqp) N I(a,c) # O then denote this intersection by S(a). If
(a, zep) N II{a,c) = O then let S(a) denote the closure of H(a) \
((a, z45) UIl(a,¢)) in X. In both cases, by lemma 4.0.8, S(a) is an
infinite strip. Similarly define S(b) and S(c).
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4. Let Y denote the abstract union of H(a), H(b) and H(c) identified
along the flat planes which are common between them in X. Note that

Y is a connected subset of X.

4.3 Y is simply connected

In this section we show that H(a) and H(c) are not H-type. We deduce from
this that II(a, zap) N II(D, 245) NIL(, 2,.) N T (c, 2,.) N I1(a,c) # 0.

Suppose that H(a) is H-type. Here [1(a, ¢) and I1(a, z,,;) are joined by an
infinite strip [—1, 1] X R with each line {£1} x R identified with an a-axes in
the two planes I1{a, ¢) and II(a, z,5). Let p denote the line {0} xR in the strip
and express H(a) and the union T"U, T" where T = I1(a, z,) U ([0, 1] x R)
and T" = TI(a,c) U ([—1,0] x R). Let p and p’ denote the preimages of pin T
and T respectively and h : p+— p' denote the identifying homeomorphism.

Cutting Y along p we obtain a piecewise Euclidean space Z = T Up(qy)
H(b) Upp,e) H(c) Unigae) T, such that Y = Z/(z h{z),for all z € ).

Brady and Crisp observe that both Z and Y are CAT(0), and Y is locally
CAT(0). Also m1(Y) = Z. They use this to prove the following lemma.

Lemma 4.3.1. [BC]

There erists a closed geodesic v in'Y which lifts to a geodesic path 7 :
[0,1] — Z with the following properties.

1. %(0) € p and 5(1) = h(7(0)) € 1/,
2. There exist 0 < top < tpe < teq <1 such that
Y(tap) € B(a,b), Y(tse) € B(b,c), F(tea) € [la,c)
and

?([Ovta,b]) € T’ :Y([ta,batb,c]) € H(b), :Y([tb,mtc,a]) € H(C)r i([tc,av 1]) eT".
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The path 7 is a geodesic path in Z. Each path ([0, ¢, 5| U(tca, 1]) € H(a),
([taps toe]) C H(b), ¥([toer tea]) C H(c) is contained in a convex subset of
X so is mapped to a geodesic path in X. For s € {a,b, ¢} denote by J; the
above geodesic contained in H(s). The three geodesics ¢,, d, and J. form
either a geodesic triangle (if all ¢, have nonzero length) or a geodesic bigon
(if one of &, has zero length). Denote the vertices by ¢, ,, as the endpoint of
the two geodesics 4, and d;.

Observe that since H(a) is H-type, ¢, has nonzero length, thus we cannot
have typ = the = tcq.

Brady and Crisp consider the links of the points t,,, ts., and t., and
show that for ¢,, and t, . the diameter of the link at most < 57” and for ¢,
the diameter of the link at most < 2T,

This together with the following lemma implies that the triangle (d,, dp, d¢)
in X has angle sum > 7 in the nondegenerate case, and is otherwise a geodesic
bigon with at least one non-zero angle. Each of these outcomes contradicts

the assumption that X is CAT(0), thus completing their proof that H(a) in
not H-type.

Lemma 4.3.2. [BC, lemma 8.4] Suppose that f : U — V is a locally tsomet-
ric map from a geodesic space U to a CAT(1) space V. Suppose thatp,q € U
are such that dy(p,q) > 7. Then

dv(f(p), f(q)) > 27 — du(p, q).

The important part of Brady and Crisp’s proof is contained in the exam-
ination of the links in Y of the three vertices ¢4, t,. and t., and the fact
that these links, considered as subspaces of Y embed locally isometrically in
X.

The link of ¢, , in Y is the union of the links Lk(t, ;, H(r)), Lk(t,s, 2(r, s))
and Lk(t,s, H(s)) identified along the common arcs.
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Every point of Lk(t,;,Y) is contained in a neighbourhood which is a
subset of one of these links. This assertion uses the fact that the translation
axes are transverse since both m and n are odd.

The embedding of H(r), H(s) and X(r, s) as convex subspaces shows the
link Lk(t,5,Y") embeds locally isometrically in X.

We begin with a short lemma which shows we may suppose d,, & and J,
form a nondegenerate geodesic triangle. We then begin to build information
about the space Y. We show that parts of H(a) fold on to H(b) and break
into cases depending on the ‘amount’ of folding. In the more interesting case,
where the least folding occurs, we examine the links of ¢, , and t;, . to obtain

inconsistent inequalities, and hence a contradiction.

Lemma 4.3.3. If H(a) s H-type and n is odd, then t,y, to. and t.q are

distinct points in Y.

Proof. By [BC, lemma 3.3] there is a geodesic triangle (possibly degenerate),
A with vertices t4p, 8¢, to and edges &, = [t. 5, t,,]. We know that t,5 €
B(a,b), ts. € B(b,c) and t,. € (a,c).

We show that |d,| # 0 for all r € {a, b, c}.

Since H(a) is H-type, |8,] > 0.

Suppose |8 = 0, 80 t,p = tp.. We know that t,, € B(a,b) C Min(a),
and t,. € B(b,c) C Min(c). Ast,p = ty, it follows that t,, € Min(a) N
Min(c) = TI(a,c). Hence t,; € Il(a, z.p) N II(a, c), contradicting H(a) as
H-type.

The remainder of this proof shows that |6, > 0.

If H(c) is H-type, then we are done, so we may assume that H(c) is X or
B-type.

We suppose for a contradiction that [6.] = 0, so t, := t,c = tp.. The

triangle A is therefore degenerate and forms a bigon with edges d, and J,.
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It is sufficient to show that at least one of the internal angles (6, or 6, the
angle at t.) in this bigon is non-zero.

We begin by showing that H(b) is not X or B-type. Suppose that 0, =
fac = 0, 50 0, = & in X, hence |§,] = [6y]. It also follows from 8, = O that
0oL, and 0y Lyy. Suppose that t,£9S(b). The link Lk(¢.,Y") is isomorphic to
a sublink of one of th two links shown in figure 4.5. If in case 1 71 —80 —p # 0,
then these two links have diameter strictly greater than 7 and strictly less
than 27 and these links embed locally isometrically in Lk(¢., X). Hence the
angle 8. > 0, a contradiction. If 7 = 6 + p, then z,jfc = ¢~ and this link may
collapse in X. However a segment if maximum length 6 < J in [a¥,a™] and
[zl;fc, Zz:c] may be identified. Since d,1 7, and the corresponding points in this
link are distinct, hence 8, > 0.

We may therefore assume that ¢, € 9S(b). Suppose H(b) is X-type. We
know t. € 0S(b) and t,, € 95(b) so &, (with end points ¢, and t,) is parallel
to vs.

Now suppose H(b) is B-type. The above argument shows that ¢, and
t,» are on opposite sides of S(b). We know that ¢,, € intB(a,b), so since
Yz, is not parallel to v, there exist points p € dj \ (tg U toc) M Bla,b) and
q € 6, \ (fap Uta,) such that p is identified with ¢ in X. Since p € II(a, z,5),
q € Il(a, z,p), & contradiction as 6, NII(a, zap) = tap

So H(b) must be H-type.

We now examine the link Lk(t.,Y) for each case H(c) being H, X or
B-type. Again we suppose for a contradiction that 8,, =6, = 0.

Consider the link Lk(t.,Y"). This link is the union of the three sublinks
Lk(t., H(r)), r € {a,b,c}.

The link Lk(t., H(a)) is a sublink of a §-graph with valance 3 vertices

labeled by a* and a~ and 2 other distinguised antipodal points ¢t and c.
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H(c) B-type

Figure 4.5: Possible links of ¢, with largest diameter.

The link Lk(t., H(b)) is a f-graph or (similarly) a union of 4 7 arcs with
valence 3 (or 4) vertices b+ and b~, 2 antipodal points z;, and z;, and we
may assume a third point on the arc [b™, 27, b7 labeled ¢ with d(c™, z,) =
d(b*, z;7), see figure 4.6.

If H(c) is X-type then Lk(t., H(c)) is a union of 47 arcs joined at 2 points
labeled ¢* and ¢~ with a™, a™, z;, and z,, each on separate 7 arcs such that
a* and a” are antipodal, as are z; and z;,.

If H(c) is B-type then Lk(t., H(c)) is a #-graph with valance 3 vertices
labeled by ¢ and ¢~ and 2 pairs of antipodal points, a® and zlf:c such that
exactly one of zbjtC is on the 7 arc not shared by a® or a™.

The link Lk(t.,Y) is formed by identifying these links Lk(t., H(r)) for
r € {a,b, ¢} along the common arcs in each.

We first consider the link if H(c) is B-type. The link takes one of two
forms shown in figure 4.7.

We may assume that 0, is 0, so the angle between ¢, and v, is § as is the
angle between J, and 7,. Hence the points in the link Lk(¢.,Y") corresponding
to 8, and &, are the mid points of the 7-arcs joining ot and a~, and b and

b=. We will label these points 6, and .
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H(a) H(b) H(c) X-type H(c) B-type

Figure 4.6: Links of ¢, in H(a), H(b) and H(c).

Figure 4.7: The two possible forms of Lk(t.,Y) when H(c) is B-type.

+

We initially suppose d(a™, z,,) > 0 and in type 2 d(a*,b”) > 0 so these

links embed locally isometrically in the link in X.

The angle 0, is the distance d(8,, 8) if d(84, 65) < 7, 0r b, 0 > 27 ~d (4, O5)

if d(8,,05) > 7. Now, d(a,0) > d(ba,a™) + d(b*,8,) = 7, 50 0,0 > 27 —
d(0q, 85). So it is sufficient to show that min {d(a*, b*)} < 7 for both types

of Lk(t.,Y).

For link of type 1.

min {d(a*,b%)} < min {7 — 204,20 + 7 = p,20 + p,0 + d(a”, z,,)}



93
This is at least 7 if and only if § = T and p = § and § +d(a™, 2;,) = 7.
Since p <m—0,d(a”, 2;)) =7 —p—0 =%, s00+d(a", z,) = 37” < 7. Hence
min {d(a*, b*)} < 7.

For link of type 2 it is immediate that
min {d(a®, %)} < d(a*,07) <7

Now consider type 1 and type 2 for a™ = z,_. In this case a segment of
the [aT,a”] m-arc at a™ may collapse on to a segment of the [z, 2, ] m-arc
at z,, in Lk(t., X). The loop [z,,,b7, 25, ¢t a7, ¢, z,.] has length 27 + 26,
so at most these segments have length ¢ < 7. Hence d(ga, 5,,) >mr—-20 >0
since &, and 9, are the mid points of arcs [a*, a~] and [b*,b67].

Now suppose that d(a™,b7) = 0 in type 2 with a segment [a™, s] of length
v in arcs [b+,b7] and [a*,a”] identified, see figure 4.8. Since §, and 4, are
the mid points of {a™, e~} and [b¥,57], if v < § then we are done. So suppose

that v > 7.

Figure 4.8: Link at ¢, when o™ =b7.
We must ensure that the link remains CAT(1) so the loops [s, 6%, 25, ¢t, a7, 3]
and [s,b%, z,,, ¢, a”, s] of lengths 27 — 2y + 46 and 4m — 20 — 27 are greater
than 27. So, 20 > yand 7 > 6 + .
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Let 5 denote the other vertex of 9S(a)NS(c) (recall that we are assuming
H(c) is B-type). Suppose t; € intB(b,c). Then the link of ¢, is as shown in
figure 4.9.

20 c

Figure 4.9: The link of ¢, € intB(b, ¢).

Since the common convex region in H(a) and H(b) in X contains ¢, and
0S(a) N S(c), a segment of this link Lk(ty,Y) contained on the arcs [at, a™]
and [b*,b7] must collapse in X. Say of length v5. Hence 2 — 27, + 46 > 27
and 4m — 27y — 40 > 27, 50 20 > v, and m > v, + 26, hence § > 7. See
figure 4.10

B(a,b)

Figure 4.10: The identified region of H(a).
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Since 8,5 = 0, we know that a convex region containing 9S(a) N B{a, b)
in H(a) is identified with a similar region in H(b). By studying the links of
the vertices of 05(a) N B(a, b) we know that the internal angles of this region
at the vertices of 9S(a) N B(a,b) are strictly less than §. This contradicts
3= 7

Hence both vertices of 9S(a) N S(c) are contained in the boundary of
B(b,c).

The above argument regarding the convexity of the identified regions in
H(a) and H(b) shows that the internal angles of the region at the vertices
of 0S(a) N S(c) are strictly greater than %, so 7, > 5. Hence 20 > v, > 3
and m—260 > v, > I, therefore § > Z > 6, a contradiction. Thus H(c) is not
B-type.

Now we suppose that H(c) is X-type. The link of ¢, is as shown in figure
4.11.

Figure 4.11: The link of ¢, if H(c) is X-type.

We consider d(8,, ;) = 7+, min {d(a*,b*)} = 7+min {0, 7 — o }+min {d(b*, c*)}
= 7 +min {0, — 0} +min {20, 7 — 26}. Hence = < d(d,,8,) < 27. Thus we

are done, unless 0 = % and 6 = 7.
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Suppose that ¢ = 5 and 0 = T+ We are again finished unless ¢, = 4 in
Lk(ts, X). Observe that if d, and &, are be identified in this link then just
these points are identified. So the region on H(a) identified with a region in
H(b) in X near ¢, is a segment of §,, but this contradicts this region being

convex. Thus H(c) is not X-type.
O

If the a and b-axes are parallel in B(a,b) as is possible when m is even,
we may still apply Brady and Crisp’s work to show the angle at t.,, 0, is
at least § and the angle at ty., 0 is at least .

However we cannot apply this to find the angle at ¢, ;.

We now prove an initial lemma regarding the intersection of H(a) and

H(b).

Lemma 4.3.4. Suppose v, is parallel to v, in B(a,b), v, 1s transverse to v,

in B(b,c), . is transverse to v, in l(a,c) and H(a) 1s H-type. Then
B(a,b) N dS(a) N aS(b) # 0.

Proof. Suppose the lemma is false.

Case 1 Suppose S(b) N dS(a) N B(a,b) = §. Then we may choose ¢, €
B(a, b)\ (S(b)Us(a)). The link of ¢, will then be wholly contained in X(a, b),
so embeds locally isometrically in X. Thus Brady and Crisp’s proof applies

to show the angle 8,, > Z and the required contradiction.
g s 3 q

Case 2 Suppose B(a,b) N 3dS(a) Nint(S(b)) # 0. So H(b) is B-type and
S(a) intersects the interior of this band. Again we may choose o5 € B(a,b)N
int(S(b)) \ 8S(a). Again the link of ¢, is wholly contained in X(a,b) and

the contradiction is obtained as before. O
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As a result of the previous lemma we may assume that top 1S an element
of B(a,b) N dS(a) N AS(h). The link of this point is shown in fig 4.12.

It is clear that at least one of the points a™ in Lk(#,,,Y") considered as a
subspace of Y is an element of both H(a) and H (b) ie, in B(a,b). This allows
for the possibility that Lk(t,;, X) does not embed locally isometrically in
Lk(t,p, X). The following lemma shows that if this is the case then ‘folding’
does occur in H(a) U H(b). If the link does embed locally isometrically, then
we may apply Brady and Crisp’s work to show H(a) is not H-type.

Figure 4.12: Possible links of ¢,

Lemma 4.3.5. Suppose H(a) is H-type, v, is parallel to v, in B(a,b) and
v 15 transverse to . in B(b,c). Suppose the link of t,, in Y does not
embed locally isometrically in the link of t,p in X. Then some region of
S(a) containing t.p and properly containing B(a,b) N S(a) is identified with
a region of H(b) \ I1(b, 2, ,) in X.

Proof. By lemma 4.3.4, t,, € 0S(a) M 9S(b). The link of ¢, in Y is the

union of the links in H(a) and H(b) identified along common arcs in £(a, b).
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Each point of Lk(t,5,Y) embeds locally isometrically in Lk(t,s, X) ex-
cept both the points a® and a™ if ¢, is an interior point of B(a,b), or one
of these if t,, € 0B(a,b).

Suppose a” is one of these points. A neighbourhood of ™ in Lk(tys,Y)
is a cross with two opposite arms in B(a,b) one arm in S(a) and one arm in
H(b) \I1(b, z., ,)-

If this neighbourhood does not map isometrically into Lk(t,5, X) then,
since B(a, b) is convex in X the arms of the cross S(a) and H(b) \ TI(b, 2, ,)
must be identified.

The result follows directly. O

So we know in the situation we are considering some region of S(a) is
identified with a region in H(b) \ TI(b, z;, ,). These regions extend to a maxi-
mal pair of connected regions A, C H(a)\I(a, z,,) and A, C H(D)\IL(b, z4)
which are identified in X.

We use the following two useful lemmas to locate the positions of ¢, . and

thc
Lemma 4.3.6. t., € 905(a) N 05(c) C I(a,c).

Proof. We know from lemma 4.3.1 that t., € I(q, c). Suppose t., € II{a,c)\
(0S(a) U dS(c)). Then the link of ¢., in YV is a single circle. The diameter
of this circle is 7, so the maximum distance between any two points of it
is m. Hence by lemma 4.3.2 the angle 6,, > 7. Since 6, > 5 the sum
Bap + O+ b6, > 7, a contradiction.

Suppose then that t., € (II(a,c)\ dS(c)) NdS(a). Here the link of t., in
Y is theta graph of three 7 arcs (if H(a) is H-type or B-type) or the union
of four 7 arcs (if H(a) is X-type) joined at two common points. Again the

diameter is 7 and 6, > 7.
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The case where ¢, € (Il(a, c) \ dS(a)) NS (c) is dealt with in exactly the
same way observing that we may assume that ¢, . ¢ B(b, ¢) since t,. # ty,

and we are left with the possibility given in the statement of the lemma. O

Lemma 4.3.7. If b-azes are transverse to c-azes in B(b,c) we may assume
that ty. € 0S(b)NAS(c)NB(b,c). Moreover if t,. € OS(b)NAS(c)NintB(b, c)

then Oy = 5 =0, and 0, = 0.

Proof. Suppose t,, € B(b,c) \ (S(b) U S(c)). Then the link of ¢,.in Y is a
theta graph or a circle. The diameter of which is 7 hence the angle at ¢, is
.

Suppose ty. € (B(b,¢) N S(b)) \ S(c). Then the link of ¢, is a circle
if tp. € intB(b,c) N S(b) and a theta graph if ¢,, € intB(b,c) N AS(b) or
intS(b) N B(b, c).

Suppose tp. € 0B(b,c) N 9S(b) \ S(c). Then the link of ¢, is a theta
graph with an additional 7-arc joined at antipodal points on a great circle

at a distance strictly less than § from the valency 3 vertices. The diameter

3

of this is strictly less than =

and hence 6y, > 7. Thus Oy + 0, > 7, a
contradiction.

Similarly . & (B(b,¢) N S(c)) \ S(b).

Therefore t, . € B(b,c) N S(b) N S(c). This is the intersection of three
pairwise transverse strips (S(b) and S(c) may have zero width).

The above arguments apply if ¢, € intS(b) or ¢, € intS(c), so tp, €
9S(b) N dS(c) N B(b,c).

If tp. € OS(b)NOS(c)NintB(b, c) then the link of ¢, . is a circle with four
distinct points on it; b*, ¢, with b antipodal to b~ and ¢ antipodal to ¢,
and one or two 7 arcs joining b and one or two 7 arcs joining ¢*. In this
case the diameter of this link is < 2F see [BC, lemma 3.6] so 6. > 5. Thus

O + 6y > 7 so must equal m and 0, = 0y = 5 and 6,, = 0. O
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Lemma 4.3.8. If H(a) is type, then H-H(c) is H-type.

Proof. The link of ¢, is circle a with two pairs of distinguished antipodal
points a* and ¢* and a 7 arc joining a* and one or two arcs joining c¢*. Since
ts,. € 0S(c), the point s, representing the geodesic d, lies on the arc of length
7 containing ¢* and just one of a*. The point s, representing the geodesic
dq lies on the 7 arc joining a=. The maximum distance between s, and s, in
this link is 7, so by lemma 4.3.2, 8, . = . This cannot happen since 8, . > 0,

hence H(c) cannot be X or B-type. O

Let v denote the vertex of the edge S(a) N B(a,b) in A,. If A, and A,
are identified locally about v, then the link of v embeds locally isometrically
in the link of v in X since A, and A, are maximal. This link is shown in

figure 4.13. We assume that o < 7.

[l ®)

Figure 4.13: Showing the lengths of arcs in the link of v.

Since X is CAT(0), this link is CAT(1), so 2(w — p) + 20 > 2m, ie.
o > p. The diameter of this link is max {7, min {27 — 0 — p, 20 + 2p}} which
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is maximised at %,1.

Thus we have the following lemma
Lemma 4.3.9. The above link has diameter at most T

We now split into four cases depending on the size of A, and A,.

Case 1. Suppose A, N1I(a,c) # 0 and A, C H(b) \ B(b,¢).

Denote a subset A}, C A, to be A/ := S(a)NA,. Let A} the points in A,
identified with A. Let Y’ be the subset of X formed by identifying A/ with
Ay in Y. Since A, C H(b) \ B(b,c), m(Y") = Z. Note that Y is also locally
CAT(0). We construct a geodesic triangle with vertices ¢, ,, t, ., and . as
in the proof of Brady and Crisp, observing that t, . € Il(a,c), t,. € B(b,c)
and t, , € OA.

If ¢, , € Il(a, c) then the union of the geodesics d, U d, is a local geodesic
in H(c) which is convex in X and hence CAT(0). So ¢, U, forms a geodesic
and we may assume t,, = t, .. Thus ¢, , and ¢, . are the vertices of a bigon
with nonzero angle at t; .. Hence t,, € 0A; \ ll(a, ).

Since we have made the identification A/ ~ A} we know that locally the
link of ¢ , in Y’ embeds locally isometrically in the link in X. This link is
one of two types. If ¢, & B(a,b) then the link is a theta graph and the
diameter is 7. Hence the angle at ¢, , is 7. If ¢, , € B(a,b) then by lemma

4.3.9 the diameter of the link is at most & and so the angle is 2F.

Case 2. Suppose A, C S(a) \II(a,c) and A, N B(b, c) # 0.
Denote by A} the closure in Y of A, N (H (b) \ I1(b, 2

case 1.

}). Proceed as in

Zb.c
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Case 3. Suppose A, N1l(a,c) # 0, Ay N B(b,c) # (). Observe that in X,
(a,c)NB(b,c) # 0. So H(c) is not H-type. However by lemma 4.3.8 this is
a contradiction.

We are left with the following case.

Case 4. Suppose A, C S(a) \ [I(a,¢) and A, ¢ H(b)\ B(b,c). This is a
slightly more interesting case and will be dealt with by the next few lemmas.
The method is to make a similar identification as made in cases 1-3 and
construct the geodesic triangle, 6, U &, U .. We show exactly where the
vertices of this triangle are and examination of the links of these vertices
allows us to deduce that H(c) is H-type. The resulting possibilities for the
links of two of the vertices and the fact that H(a), H(b) and H(c) are all
H-type allow us to construct inconsistent inequalities, a contradiction.

Let us now construct a space Y’ by identifying the regions A, and A,
in Y to form the region A € Y’. Since H(a) is H-type and A, C S(a),
m1(Y") 2 Z and we may construct a geodesic triangle in Y'. Again we have
vertices tp . € B(b,c) and t,. € [I{a, c), but this time ¢, , € IA. We observe
that our previous work applies for ¢, . and t., and now consider the link of

tab-
Lemma 4.3.10. A is conver.

Proof. Suppose there exists points p, ¢ € A such that the geodesic [p, ¢} € A.
Clearly p, g are elements of H(a) and H(b), so the geodesic [p, ¢] is contained
in H(a) and H(b). Hence these points are identified in X, and thus must be
in A. O

In the following lemma we use the link of ¢, to show that in fact 6, . <

[SIE]

Lemma 4.3.11. t,, € 3S(b) N 9S(c) N B(b,c) and B, < 5.
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Proof. It is sufficient to show that 6,, > 0.

Now t,5 € OAN(S(a)\II(a,c))N(H(b)\ B(b,c)). So the link of £, is the
union of two circles (one in S(a)\I(a,c) and one in H(b)\ B(b, c)) identified
along the common points in A. Note that since A is convex the identified
region is a non trivial interval. A point on each circle denotes the geodesics
o and d,. These points are not in A as the geodesics lie outside this region.
If 6,5, = 0 then these two points are equal. Clearly this produces a short loop

in this link, contradicting X being CAT(0). O

We have a space Y’ containing a geodesic triangle which embeds in X
as a non trivial geodesic triangle. This triangle must bound a solid convex

triangle T in X.
Lemma 4.3.12. TNY' = §, U U 4,.

Proof. H(r)NT is convex for any r € {a,b, c}.

Suppose for some s € {a,b,c}, H(s) N'T # &,. Let p be a point on the
boundary of (H(r)NT)\é, r € {a,b} and g on the boundary of (H(c)NT)\ 4.
If one of p or g does not exist then take it to be on the boundary of 7. However
at least one of p and ¢ does exist.

Consider the geodesic [p,¢q] in Y’. Let u be a point in [p, ¢|N H(c) N H(r).
Then [p,u] is a geodesic in H(r) and [u, g] a geodesic in H(c), hence both
are geodesics in X. So p,q,u are the vertices of a geodesic triangle in X.
Note that the link of « in Y’ embeds isometrically in the link of » in X. The
diameter of this link must be > 7 so the internal angle of this triangle at u
is m. Note also that the angles at p and ¢ are non zero, as otherwise these
would be internal points of TN H(r) or TN H(c). Hence this triangle has
internal angle sum > 7, a contradiction.

Hence either TY’' =6, UdyUd, or TNY’' = T. The latter is impossible
as in Y’ 6, U &, U d. bounds a non trivial loop. O
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We know t,. € II(a,c) N dS(a) N 3S(c) and both H(a) and H(c) are
H-type. The link of ¢, , in ¥ embeds locally isometrically in X. However the
link of ¢, , in X has an additional arc corresponding to the triangle 7". This

link is shown in figure 4.14.

Figure 4.14: Lirk of ¢.,

From this link we establish the following inequalities:

1. 6(67,65)+6(6;,a") —~0(a™,c")+0(6F.¢c7) >

a’’c

2. 0(6;,65) —0(6,,at) +6(aT,cT)+0(0}, ) >

Adding these and dividing by two we obtain, 8(6,,07) + (65, ¢™) > .
From the link of ¢, . we obtain the following two inequalities,
L 8z, c%) + 0z b%) + 0007, 65) = 0057, %) + 0057 ,b7) = =

2. 7 — 0(z,,¢7) = Oz, ) +0(85,67) — (67, ¢t) — 6(6;,b7) = 0
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Figure 4.15: Link of %,

Adding we get, 6(6;,6;) > 0(6.,cT).

Figure 4.16 shows H (c) which we know is H-type from lemma 4.3.8. Thus
0(67,ct)y=0(0F,c7).

We also know that since T is a triangle in a CAT(0) space and 0(5;, 6, ) >
0 that 6(6;,07) +6(6;,6;) < .

a’c
|
o) 0(5:.c")

B3 )
' (c.z, )

Figure 4.16: H{(c)
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So 8(6;,0,) = 0(6;,¢") = 0(6F,¢™) > 7 —0(67,5F) > 0(5.6,), a con-

a’-c

tradiction.

We have proved that H(a) is not H-type if m is even and n odd. It
remains to show that H(b) and H(c) are not H-type. The following two

lemmas prove this.
Lemma 4.3.13. H(c) is not H-type.

Proof. We know that H(a) is not H-type. We may assume t,, € S(a) and
tac € S{a). Consider the link of ¢, .. Suppose H(c) is H-type. Then this link
is a theta graph with the point representing ¢, at a valency three vertex and
the point representing d. on a w-arc. Since the geodesics d, U d, form a local
geodesic, the distance in the link between these two points must be 7, hence

the angle at t,. is 7. |
Lemma 4.3.14. H(b) is not H-type.

Proof. If v, it v and vy I 7. then [BC] applies and we are done.

Suppose that v, || 7s. v

If S(b) N B(a,b) € 8S(a) N B(a,b) then again done, by [BCI.

So S(b) N B(a,b) C 8S(a) N B(a,b).

We also know that @ # S(¢) N B(b,¢) C I(a,c) NTL(D, zpc).

S(b) N B(a,b) N S(a) is a b-segment.

S{c) N B(b, c) is a union of c-segments.

Let R = 0S(b) N1I(b, z.) N I(a,c), a b-segment. R C S(c) N B(b,c).

The convex closure of (S(b) N B(a,b)NS(a))U(S(c)N B(b,c)) in I(a, z)
is identified with the convex closure in H(b).

Let A, denote the region of S(b) identified with a region of II{a, z.),
denote this by A,.. Then Ay, N S(c) N B(b,c) = R in H(b).

R C AN S(c) N B(b,c) in (a, 2).
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Either R is a point or p € (A,. NS(c) N B(b,c)) \ R # 0.

If Ris a point the A, U (S(c) N B(b,¢)) is not convex in H(b).

Ifp € (AucNS(e)NB(b, c))\R # O thep € S(b)N(S(c)NB(b,c)) C 1(a, z.),
so p € S(c) NTI(b, z;, ) N II(a, z.) C R a contradiction. Hence result. a

So we have shown that H(a), H(b) and H(c) are each either X-type or
B-type. In the following section we use this to examine the widths of S(a),

S(b), S(¢), B(a,b) and B(b,c) and the angles between the translation axes.

4.4 Limits on the structure of Y

In this section we assume that H(a), H(b) and H(c) are not H-type and
that n is odd. We know by the previous section that this is true for the
group A(2m,n,2). Since H(a) is not H-type, we know that the intersection
I(a, ze) NII(a, ¢) is non empty. So, by definintion, S(a) is this intersection.
Similarly S(b) = (b, z4p) N IL(b, zp.) and S(c) = (¢, zp.) N H(a,c). We
make the following definitions.

Definition 4.4.1.

R := Min(a) N Min(b) N Min(c)

R{a,b) := RN Min(z,)
R(b,c) := RN Min(z,)

Observe that
R(a,b) = Min(ae) N Min(b) N Min(c) N Min(z,,)
= Il(a, z4p) NII(b, 2z4) N1L(a,c)
= S(a) N B(a,b)
This set is non empty as both S(a) and B(a,b) are transverse bands (S(a)
may have zero width) in II(a, 2,5). Thus R(a,b) is the union of non trivial
a-segments. Similarly R(b, c) is the non empty union of c-segments, S(c) N

B(b, c). It is clear that R contains both R(a,b) and R(b, c), hence R contains
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at least one non trivial a-segment and one non trivial c-segment. Since a and

¢ axes are transverse, i must be 2-dimensional. This enables us to prove the

following lemma.

Lemma 4.4.2. If H(a), H(b) and H(c) are all not H-type, then R(a,b) N
R(b,c) is non empty.

Proof. Let p € R{a,b) and ¢ € R(b,c). Then p € T1(b, z,,) and ¢ € [1(b, 2 ).
Thus the geodesic [p, ¢] is contained in H(b) and there exists a point r € [p, ¢]
such that r € S(b). However p € R(a,b) C II(a,c) so p € II(a,¢). Similarly
q € Il(a, ¢) and hence [p, g] C I(a,c) and r € I(a,c). So S(b) NT1i(a,c) # 0,
ie. Min(b) N Min(z,5) N Min(z,.) N Min(a) N Min(c) # 0, hence result. O

We include the following lemma as a matter of interest. We are concen-
trating on the groups A(2m,n, 2), n odd, for which we have shown that H(a),
H(b) and H(c) are not H-type. We have not, however, shown this for the
groups A(2m, 2n, 2) although it does seem likely. A lot of our results rely on
the fact that if a-segments and b-segments are parallel, then b-segments and

c-segments are transverse. This is proved in the following lemma.

Lemma 4.4.3. If H(a), H(b), and H(c) are all not H-type, and vy, is parallel
to vy in B(a,b) then v, is not parallel to v, in B{b,c).

Proof. Let r € S(b) N1Il(a,c) = R(a,b) N R(b,c).

Suppose 7, || 7 in B(a,b) and v, || 7. in B(b, ¢).

Consider the link of r in Y. This is the union of the links Lk(r, £(a, b)),
Lk(r,3(b,c)) and Lk(r,I(a, z.)) identified along the appropriate arcs.

The link Lk(r, II(a, c)) is a circle with two pairs of distinguished antipodal
points, a* and ¢*. Note that these points are all distinct as 7, is not parallel

to v, in I(a, c).
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The link Lk(r,3(s,b)) for s € {a,c} is either a circle with a pair of
distinguished points s* = b~ and s~ = b, or a theta graph with valence
three vertices zib and three distinguished points, one on each arc with two

of these points antipodal on a great circle to the other point. See figure 4.17.

Link of r in I(a,c)

Possible links of r in £(s,b)

Figure 4.17: Links of r.

If both S(a) and S(c) are X-type then Lk(r,X(a,b)) is identified with
Lk(r,II(a,c)) only at the points a®. Similarly Lk(r,2(b,c)) is identified
with Lk(r,I(a, 2.)) only at the points c*.

The links Lk(r,X(a,b)) and Lk(r,2(b,c)) are identified at at least the
points b=. Hence the endpoints of one of the arcs [a®,c¥], [a™, ct], [aT, 7]
or [a”,c¢”] in Lk(r,II(a, z.)) are identified, forming a loop of length < 7,
contradicting this space being CAT(0).

Suppose that S(a) is B-type. Then Lk(r,I1(a, ¢)) is a subset of Lk(r, 3(a, b))
and hence the points ¢* € Lk(r, £(a,b)). These two points are distinct from
the points a® and b* in Lk(r,(a,b)). If S(b) is not X-type this gives an
immediate contradiction, otherwise a short loop is formed in Lk(r, 3(a,b))
as either ¢t = b~ or ¢ = b™ in Lk(r,2(b, c)).

Hence result. O
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Because of lemma 4.4.3 we may assume that 7, is not parallel to -, in
B(b,c). We begin now to establish results concerning the width of S(a) and
S(b). The following lemma is taken from lemma 3.7 [BC].

Lemma 4.4.4. If v, is not parallel to v, in B(b,c) then R = R(b,c).

Proof. R(b,c) is a union of c-segments. If it is two dimensional it is bounded
by c-segments and z, .-segments.

We know that R is a two dimensional subset of I1(a, z.). Suppose that
there exists a point € R(b,c¢) in the closure of R\ R(b,c). Then Lk(z, R)
contains a theta graph with valence three vertices at either ¢ or zbi,c. How-
ever R C Min(b) contradicting [BC, proposition 1.2(2)] since the b-axes are

transverse to both the ¢ and z; .-axes. O
Corollary 4.4.5. S(c) is B-type.

Proof. This result is immediate from previous lemma, R(b, ¢) = S(c)NB(b, ¢),

c and z; .-segments are transverse and R is two dimensional. O

Since n is odd, 7. is not perpendicular to v;, ., so R = R(b, c) is a parallel-
ogram (not a rectangle). Similarly, if R(a,b) is 2-dimensional it is a parallel-
ogram. Thus we may refer to the acute angled vertices of R(b, c) or R(a,b).
We know that R{a,b) C R(b,c). Suppose that a vertex of R(a, b) is contained
in the interior of R(b, ¢). Consider the link of this vertex in Y. This link con-
tains a non-trivial loop of length 26(a, z,,) (or 2(m — 6(a, z45))) formed from
two arcs of length 0(a, z,5) (or 2(m —6(a, 24p))) in [(a, z4p) \ (S(a) U B(a, b))
and I1(b, z,5) \ B(a,b). This contradicts the CAT(0) property since both
0(a, z4p) and 7 — 6(a, z,,) are strictly less than 7. So we have the following

lemma.

Lemma 4.4.6. The vertices of R{a,b) are contained in the boundry of R(b, ).
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Lemma 4.4.7. S(a) is X-type if and only if S(b) is X-type. Moreover if
S(a) s X-type then v, || v and if o || v then width S(a) = width S(b).

Proof. Observe that S(a) N B(a,b) = R(a,b) C R(b,c) = S{c) N B(b,c) =
Min(a) N Min(b) " Min(c) N Min(z.). So S(a) N B(a,b) = Min(a) N Min(b) N
Min(e) N Min(z,) N1 Min(zs.) = S(b)N1(a,c), ie. R(a,b) = S(a)NB(a,b) =
S(b) N1I(a,c). Hence if S(b) is X-type then S(a) is X-type.

We know that v, #f e, 7 ff 7z, and 7. ¥ v.,. and S(c) and B(b,c) are
B-type, so S(b) Nn1l{a,c) = S(b) N B(b,¢) N S(¢) is a union of b-segments. It
follows that if R(a,b) is 1-dimensional then it is a b-segment.

If S(a) is X-type then S(a) N B(a,b) is a single non trivial a-segment, so
S(b) N1II(a, c) is also a single non trivial b-segment.

g

4.4.1 The structure of Y when ~, v,

Let us consider the structure of ¥ when v, } v and v }f .. In this case
we know, by [BC, Lemma 3.7], that R = R(a,b) = R(b,c). Since v, {f 7.
we must have v, || s, and ve || ¥,.- As R(a,b) = S(a) N B(a,b) and
R(b,c) = S(c) N B(b,c) we also know that S(a) and S(c) are bands and
moreover, the widths of S(a) and B(b,c) are equal and the widths of S(c)
and B(a,b) are equal.

Now consider S(b) = II(b, z,5) N TI(b, 2,c). Since R = R(a,b) C II(b, z,)
and R = R(b,c) C II(b, z5c), S(b) must contain R. Suppose v is an acute
angled vertex of R with angle # and suppose v is contained in the interior
of S(b). Consider the link of v in Y as a subspace of Y. There are four
arcs in this link of length & forming a non trivial loop. One arc lies in
(a, zep) \ (S(a) U B(a,b)), one in II(a,c) \ (S(a) U S(c)), one in II(c, z) \

(S(c) U B(b,c)) and one in S(b). Since § < % this loop has length strictly
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less than 2, contradicting the CAT(0) property. Hence the acute angled
vertices of R are contained in the boundary of S(b).

Suppose now that |a| = |b]. Since |b| = |¢|, v is fixed by the group element
cba (or ¢7'b~'a™t). This element has infinite order (see [BC, 3.2] for a proof),
so this contradicts proper discontinuity, hence |a| # |b].

Since 0(b, z.) = 0(c,z.), a and b act transversely across B(a,b) and
b and c act transversly across B(b,c), it follows that the a and z,. axes
are oppositely oriented, so are the ¢ and z,;, axes. Also 0(a, z,p) is acute.
Thus 8(a, z.p) = 0(c, 26c) = 0(b, 2.), B(a,c) = 7 — 0(a, z,) and O(b, z,5) =
T —20(a,24p).

So we are able to describe Y in terms of |a|*/|b|* # 1 and 0(a, z44).

4.4.2 The structure of Y when ~, || v

We now cousider the structure of ¥ when ~, |[ 7 and v, §f v.. we begin with

a lemma concerning the relationship between R(a,b) and R(b,c).

Lemma 4.4.8. If v, | v and vy } 7., then the acute angled vertices (or,
the vertices, if R(a,b) is I-dimensional) of R(a,b) coincide with the obtuse
angled vertices of R(b,c).

Proof. Let v be an acute angled vertex of E(a,b).

If v € intS(c) N OB(b, c) then there exists a loop of length
2min {0(a, zap), ™ — 0(a, 20p) } +2min{0(b, z,.), ™ — 0(b, 2,c) } < 27 since v,
is not perpendicular to 7., ,-

If v € intB(b, c) N dS(c) then there exists a loop of length
2min {#(a, zes), ™ — (0, 2,4)} + 2min{f(a,c), 7 — B(a,c)} < 27 since v, is
not perpendicular to vz, ,. So v is a vertex of R(b,c).

If v is an acute angled vertex of R(b,c) then there is a loop of length
2min {0(a, zep), ™ — 0(a, Zap)} +2min {8(c, zc), ™ = b(c, 2c)} < 27 O
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It follows that if S(a) and S(b) are B-type, then 7,,, || 7. and Yo #f 7z,
OF Yz p || Va4 a0d Yo f e

Lemma 4.4.9. Suppose v, || v» and v §f 7. Then,

1. If S(a) is X-type then lal;; , < [bl5, < b5, > lcl5; .-

Za.b Zp,c

2. If S(a) is B-type and 7., , || ¥z, then |al;, < |bly, © lbi;L,,,c - |c|j;'c.

Za,b Za,b

3. If S(a) is B-type and v, || 7., then Ialj;,b < |blL . and ]blfm < |c|jb,c.

Za,b

S(b) S(b)

B(a,b)
=B(b,c)

Case 1 Case 2 |

Figure 4.18: Showing S(b), B(a,b) and B(b,c) with II(b, z,5) overlayed by
T1(b, z3,c) for |a|* < [b]*. ,

Proof. In cases 1 and 2 if [a[i;,b & ]bl;}a‘b then b does not map one side of
B(a,b) to the other, and hence b does not map one side of B(b,c) to the
other. So [bl3; > el .- See figure 4.18.

In case 3 it is clear that if |a|j;,b > [blj;‘b then |b| is too short to map one
side of B(b,c) to the other. This is a contradiction. A similar contradiction
is reached if |b|5; . < [cf;; - See figure 4.19. a
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Note that since v, || 7, |aly # |b|5, so if S(a) is B-type and v, , || Yz,

and [b|* = |c|* then |a|f > |b|~.

SE)

Figure 4.19: Case 3

It follows that we may split our consideration into four cases. We list
these cases below and some of the relevant data applicable to each case. In
the following sections we deal with each case in turn

Case 1. Where v, }f 7»-

Case 2. Where v, || 7» and S(a) is X-type.

Case 3. Where 7, || 76, V2., || 7c and S(a) is B-type.

Case 4. Where 7, || 7, Yz, Il 72, and S(a) is B-type.

In the following 4 sections we explore these 4 cases. We restrict ourselves

to the situation where m is not divisible by 4 and n is prime.

4.5 Lase 1

‘We list the follow facts concerning the structure of Y for this case which we

have already proved. We assume that n is odd.

s winab sl Tl
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Hie.Z)

Figure 4.20: Showing the structure of ¥ for Case 1.

S(a), S(b), S(c), B(a,b) and B(b,c) are all bands.

widthS(a) = widthB(b, ¢) = b5 = |c% -

widthS(c) = widthB(a, b) = min { lal 1Bl }

Za b

R = R(a,b) = R(b,¢) is a parallelogram, not a rectangle.

widthS(b) is such that the acute angled vertices of R = R(a,b) =
R(b, c) are contained in 95(b).

lal;l;,(, # lbl,‘zl;,b ®

The a and 2, axes are oppositely oriented, as are the ¢ and 2, axes.
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i 6(047 za,b) = 9(b7 Zb,c) -~ 0(07 Zb,c); 0(b7 Za,b) =T = 20(@, Za,b)7 9(0’7 C) =

T —0(a, zqap).

We consider the link of the acute vertex v of R = R(a,b) = R(b,c)
again. There are three arcs of length 8(a, z,), one in Lk(v,Y) NI1{c, 25) \
(B(b,c) U S(c)), another in Lk(v,Y) N Il{a,c) \ (S(a) U S(c)) and one in
Lk(v,Y) N 1I(a, zap) \ (B(a,b) U S(a)). These arcs form a path of length
36(a, z,p) and the endpoints are joined by two arcs in Lk(v,Y") N H(b), one
with length 27 — 360(a, z,) and the other with length 30(a, z,,). Hence T >
0(a,z45) > 3. Note, the upper bound is given since 0(a, zo5) = (¢, 26.c) < 5.

We now consider the cases |al} | < |b];- and |al; > |bl7 , separately.

b

4.5.1 |alz, <0l

Za,b

£
Za,b

Suppose |aly., < |bl; . Then a maps one side of S(c) to the other hence

there are three cases to consider. The plane II{c, z,.) is split into a strip,

S(c) and two half planes H, and H, on either side of S(c).
1. CLH} = H2 (Or a“lHl = HQ)
2. forall z € Hy, axH, (or for all z € Hy,a ‘o g Hy)

3. there exists z,y € H, such that ax&€H, and ay € H, (or a” 'z € H,
and a”'y € Hy)

We use the following lemma.

Lemma 4.5.1. If |al3,, < [bl;,, then 8(a, z4p) = 5

Zu.,b’ 3

Proof. 1t suffices to show § > 0(a, 2,5). Let z be a point in H1NIB(b, ¢)NS(b)
in such that a.z € B(b,c). Note that z € II(b, z,;) so we may choose z
sufficiently close to B(a, b) such that a.z € TI(b, z, ;). But II(b, z,5)NB(b,c) C
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S(b) so a.z € S(b). It follows that 0(a, z,5) < (b, 2,) and hence 0(a, zqp) <
T — 20(a, z,p), or equivalently 3 > 0(a, z44). L]

In case 1, a vertex v of R is fixed by ba~'bac, contradicting proper dis-
continuity.

The group element ¢ maps a strip of IT(b, z, ;) bounded on one side by an
edge of B(a, b) to the other side of B(a,b). This strip intersects S(b)NB(b, c)
non trivially, hence there are points in both this strip and H;. These points
are mapped to H, by a. Hence case 2 does not occur.

We may assume therefore that case 3 occurs. Let y be as in case 3 and
z € d5(c)N Hy. Then the geodesic [y, z] is mapped by a to Hy. Thus the set
of points x as in case 3, form an infinite strip in H, adjacent to S(c) which
is mapped by a to an infinite strip in Hy adjacent to S(c). Label the strip in
H; by S,.

It follows that a2 | = |a[sin Z = Ljafand b2 | = [b]5 = el = b
and |a| < [b] = |c|.

Lemma 4.5.2. If lal;; | < [bl; then ¢ maps an infinite strip in T1(a, z4)
adjacent to S(a) to the other side of S(a) in Il(a, z,p) only if n = 3k for
some k € N.

Proof. If ¢ maps an infinite strip in Il(a, z,,) adjacent to S(a) to the other
side of S(a) in II(a, z.p), then it follows that ¢ maps a strip in II(b, 2 )
adjacent to B(b, ¢) to the other in II(b, z, ). Hence by lemma 4.1.6, n = 3k
for some k € N. O

We now begin to build a quotient complex for the action of 4(m,n,2),

m even and n odd, on O4. We begin by considering tundamental domains

for the actions of A(m), A(n) and A(2) on the subcomplexes O,,, O, and
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II(a,c) and examine how these fundamental domains intersect in ©@4. We
then use these to form the quotient complex for A(m,n,2).

Let F, be a fundamental domain for A(2) in [I(a, ¢). We may choose the
set F5 to be a parallelogram bounded by 2 c-segments and by 2 a-segments.
Thus we may assume F, = R.

Since n is prime, we know that F,, a fundamental domain for A(n) is
of type 1. This is a trapezium contained in B(b,c) with parallel edges 2
zp c-segments of length ”—é*—llb} and "—;—lib1 The diagonal edges are a b-segment
and a c-segment each on length |b] = |¢|. We may choose F,, to be centred
on R, so that F, = R C F,.

As m is not a multiple of 4, we know that £}, is of type 1. We may assume
Fr CI1(b, 24). The fundamental domain F}, is as described in section 4.1.2.

It contains a parallelogram in B(a, b) with width equal to B(a,b) and length

| NP . . !
%‘ﬂ;ﬂ Since m > 6, %M;w[ > 3‘“1;“7‘ > |b| = |¢| so we may assume that
FQ = R C Fm

Figure 4.21 shows the parts of F,,, F}, and F, which intersect in O4 and
gives identifications on them given by the action of A(m,n,2). The similarly
cross hatched regions are identified in O4/A(m,n, 2).

From this we produce the quotient complex shown in figure 4.22.

We observe that the complex has 4 vertices. We check that each link is
CAT(1) (see appendix A.1) to show that the complex is locally CAT(0). By
homotopically retracting the edges labeled ¢5, 25 and s, we obtain a complex
with just one vertex (see figure 4.23). From this we read a presentation for
the fundamental group of this complex:

Lyxe, aca e gy,

L

Wl(‘X) = <a7 C, 617527€7I757t;y,y/‘t(52a_
1’611/_1, y€‘11 518(1-1, Salet‘lé;lf_l, yIIL‘-
y'zazaty tatzTla T r s 7Y
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Figure 4.21: Showing parts of B(b, ¢) and II(b, z, ) for case 1, Wﬁ;,;, < ]b]j;’b

By adding a generator b = a~'y and applying Tietze transforms we are able
to reduce this to the standard presentation for A(m,n,2).

Note that for this case where |a|* < |b|*, m is not a multiple of 4, and
n > 5 prime, these complexes are unique up to scale.

'Observe that all of these complexes may be triangulated by equilateral

triangles so each gives a biautomatic structure on A(m,n, 2).
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5 y edges

L23 {x,0x,) edges

Figure 4.22: A quotient complex for O4/A(m,n,2) m > 6, n > 5, |al* < |b]*

4.5.2 alz, > [0z,

R
Za,b

Now suppose that |al; , > yby;b. Again we let m > 6 be even and m not
divisible by 4, and n > 5 a prime.

The set R = R(a,b) = R(b,c) is a parallelogram with 2 c-segment edges
(length |c|y) and 2 z, -segment edges such that b maps an obtuse vertex of

E to the other.

As before F} is a parallelogram centred on R bounded by 2 a-segments and
2 c-segments of lengths |a| and |¢| respectively. Since {a|= > |b|*, F; properly
contains R. The domain F, is a trapeszium as described in section 4.1.1, and
F,, is the domain described in section 4.1.2 for {a] > [b]. Again, both F,
and F,, are of type 1. We observe that Fy N F,,, = Fy and F, N F, = R.

The intersection S(b) N B(a,b) is a parallelogram consisting of i and two
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s
c 5, € 5,
Dé—5 (ax) edges
A
X a X
e \
N
\
| \
\
\\
. A
Y
e e - L X
S~ S~
a X a X

%Ci (ax) edges

Figure 4.23: A presentation complex for O4/A(m, n,2), case 1, |a

€L 4
Za.b < ‘blza,b

triangles 77 and Tb such that S(b) N B(b,c) = RU LTy Ub LT, Hence we
may choose F), such that F,, N F,, = RUT, UT,. By identifying the edges of
these domains we form a quotient complex for O4/A(m, n,2) for n > 5, see
figure 4.24.

Again we check that it has the correct fundamental group, see appendix
B.1, and the links of the 2 vertices are CAT(1), appendix A.2.

We briefly consider the case when n = 3.

Lemma 4.5.3. If n = 3 then 0(a, z,5) = .
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Figure 4.24: Showing a quotient complex for @4/A4(m,n,2) in case 1 where
m >4 even, n. > 5 odd, and |al; , > |b

1
Zab

Proof. Let ay be an a-segment in 9S(a) such that ja,

s = 3l — 10

)
axNB(a,b) is the terminal vertex of ap and c.ap C 9S(a). By construction, o
is oriented in the same direction as the a-axes and 6(ay, z4p) = 0(a, z4p) = 0.
The segment c.cy is also an a-segment so 0(c.cws, z,,) = 6. The group element
b~! reflects cas in the z,, axis and translates to the other side of B(a,b) in

T(a, zap). Thus (b cas, z4p) = 6 and O((bca) ™", zap) = 7 — 6.

1 1

Since n = 3 ¢! maps (b7'cay) to the other side of S(a) via a reflection
in the a-axis. Thus #((c™ 07 cag) ™}, 245) = 30 — 7w and ¢ b teay C B(a, b).
Now ((be™ 07 )™, z4p) = 30 — 7 and be™'b " aw C Bla, b) if and only

if30—7 <0 Butn=3,50bc b7t =cblc, 5030 —7 =0and § = -
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n-26
bc.a, b ay ;
2 -]
B > a, a, cb.a
9 € sNA@ c 39-7 S
%79 %5
a a, 8 c¢'bec.a
t 9 3 3 -0 2
S} . 6 2-20 36-1

‘y € (? c SRS 9
Bt
c.a, a, bc'b g,

Figure 4.25: Showing the translations of a

Note that in case 1 for |a|* > |b|* with n prime and when m is not

a multiple of 4, the family of quotient complexes (up to isometry) is a 2

parameter family, parameterised by 7 < #(a, z,p) < 5 and la|/|b].

4.6 Case 2

Recall the following data concerning the structure of Y for case 2 when n is

odd.

Yo Il Yo, 10 4 Ve

widthS(a) =widthS(b) = 0.

widthB(a, b) = |b‘i;,b'

widthB(b, ¢) = W}!},,C = Ict;‘-b’c.

R(a,b) is a single line.

widthS(c) is such that the vertices of R(a,b) are contained in 85(c).

lalz,, > Iblz, ,» 1ol = |cl.

2a,b
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I(b,z,) (a,z,) I(a,c)

S(a)

I(b,z,)

Figure 4.26: Showing the structure of ¥ for Case 2.

o 9(b,zpe) = Z(c, 2pc)-

Thus Y may be defined by the data 6(a, z,,), 0(b, z,.) and |a|/|b].

Observing that 6(a,c) + 26(b, z,.) = 7, an examination of the link of
an end vertex of R(b,c) gives the inequalities, 0(a,z,p) > 0(b, 2.) and
0(a, zap) > ™ —0(b, 2,c). Thus T > 6(a, z,p) > § and 6(a, 24p) > 0(b, 25,c) >
$(m — 0(a, zap)).

Letting F5, F,, and F,, denote fundamental domains for the actions of
A(2), A(m) and A(n) on Oy, O, and O,, respectively, then F;, may be chosen
to be a parallelogram bounded by 2 a and ¢ segments of length |a| and ||
respectively. We may choose F, to contain R(b,c) centrally. The set F, is
a trapezium in B(b,c) with edges a b segment of length |b|, a ¢ segment of
length |c| = |b| and parallel edges z, -segments of length 25|b| Sin(ég’gﬁc—)),

and 232 || sin(é—(b’;ﬁl). We may choose F, so that it contains R(b, c).
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The fundamental domain F}, is again of type 1, see section 4.1.2. The
intersection F,,, N F; is a single a-segment of length |a|, F}, N F, is a single
b-segment of length |b| and F,, N F> = R(b,c).

We form a quotient complex as before. Figure 4.27 shows this quotient
separating the quotient complexes Xy = Oy, X,y = Oy, and X,, = O,,. The
region R(b,c) is shaded and R(a,b) is the edge labeled b. The intersection
F,, N F; is the union of the edges labeled «y, o and b.

Figure 4.27: A quotient complex for O 4/A(m,n,2). Shaded region is R(b, c)

We check the link and fundamental group as before see appendix A.3 and
B.2. We observe that 8(a, zap) = 0(b, 2ap) = § so in fact O4/A(m,n,2) is
defined by |a|x/|b|x-

Observe that the complex is also CAT(0) if we use F3, of type k for any
k € N. Also the complex is CAT(0) if F), has at least 2 edges labeled y along
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its shorter edge. If n is a multiple of 3, and there is a single y edge on the
shorter side of F},, then there is a short loop in the link passing through the
points sT,¢™, a7, a7, s*. So this quotient complex is an Eilenberg MacLane
complex for A(m,n,2), m even, n > 5 odd. Also if n = 3 and 7, || 7» then
S(a) is not X-type.

4.7 " Caie 3

I(b,z,) I(a,z,) I(a,c)

Figure 4.28: Showing the structure of ¥ for Case 3.

Recall the following data concerning case 3 when n is odd.

o v {9 wlbe Jales
o laly, <[blz,. 6] = lc|.

za,b’

e width B(a,b) = |al% ,.
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e widthS(c) = widthB(a,b) = [bl% .

e widthS(a) = widthS(b) are such that the acute angled vertices of
R(a,b) coincide with the obtuse angled vertices of R(b,c).

o 0(a,z.p) >

o3

o 20(a,zap) = 0(b,zp.) = 0(c, 2p.).

T —0(a, z4p) = (b, 2,p) = 0(a,c).

Thus Y is defined by the parameters |a|/|b| and 8(a, z, ).
Let @ denote the angle 7 — 6(a, z,). Since n is odd, we know 8(b, z,.) =

0(c, z.) = ”2—_Q

Consider the link of the vertex at an acute angle of £(a,b). There is a

loop of length 7 + 30, so 8 > 2. See figure 4.29.

Figure 4.29: The link of a vertex of R(a,b) in YV’

L
Za,b

the other side of B(a,b) in II(b, z,,). Label this strip S,. Since S, is a union

Since la|y , < 16{%%17177 a maps a strip in (b, z,,) adjacent to B(a,b) to
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of z,p-axes, S, N S(b) # 0, and aS, N S(b) # 0. Also S, N B(b,c) # @ and
a8, N B(b,c) # 0. It follows that ¢ maps a strip, S, in II(c, 2.) adjacent to
B(b, ¢) to a similar strip in I1(c, z,.) adjacent to B(b,c).

If & > % then we may choose z € B(b,c) N dS(b) with a.z¢B(b, ¢), such
that x is close to R(a,b) in I1(c, z.) s0 a.z € II(c, 2) since a.S, C (c, 2.
Also z € TI(b, z,), so we may choose z sufficiently close to R(a,b) so that
a.x € 11(b, z,). Hence a.z € B(b,c), a contradiction. Thus 6 < %, and hence
6 =%

We now examine S, and find bounds on its width.

Lemma 4.7.1. The minimal width of S(c) is Y2 (I(b) — i(a)).

Proof. The region B(b,c) N S(b) is a parallelogram. It is divided into three
regions by S(b) N S(c), two equilateral triangles and a parallelogram (S(b) N
S(c)). We divide each triangle into a smaller equilateral triangle (17 and T5)
and a trapezium (77 and 73) of equal height, so that the trapezium has base
on S(c).

Since B(b,¢) N S(b) C II(b, z4), @ maps T; onto T2 by a reflection in the
zqp-axis and a translation.

The region ¢ ".II(c, z5.) N II(c, z,.) is a union of an edge of S(¢) and Tz.
Hence this region is not convex and hence the complex is not CAT(0), a
contradiction. ‘

The height of T} is —‘é—s(l(b) — [(a)) and the height if 77 is ?(l(b) —(a)).
Hence the minimal width if S(c) is ?([(b) —(a)).

O

Lemma 4.7.2. If m =4 then S(c) has width > %—?(l(b) —l{a)).

Proof. A fundamental domain for X,, is given by S(b) N .S(c), 77 and T7. It
is easy to check that baba.(a”'b71.T7) = b1 T, and hence a7y = Ty. The

result follows from a similar argument to the previous lemma.



Lemma 4.7.3. If the width of S(c) is strictly greater than ‘@(l(b) — (a))

then m = 4k for some k € 7.

Proof. Suppose the width of S(c) is strictly greater than %(Z(b) —I(a)). Then
by the same argument as the previous lemmas o= 'h~1.7; N S(b) is translated
along S(b) by the group element baba, ie abab fixes a point in 7,. It follows

that m is therefore a multiple of 4. O

It follows from these lemmas that if m is not a multiple of 4, then the
width of S, is fixed at X2 (I(b) — I(a)).

We assume m is not divisible by 4 and n > 5 is prime. The fundamental
domains F,, and F,, are both of type 1. As before, F5 is a parallelogram
bounded by a-segments of length |a| and c-segments of length |c|. We may
choose each to be centred on R(a,b). Observe that F,, N Fy = Fy = R(b, ¢),
Fo.NFy,=R(a,b) C R(b,c), and F,, N F, = S(b) N B(b, c).

The common regions of F,,,, F,, and F; and identifications are shown in
figure 4.30, and a quotient complex is displayed in figure 4.31. The links are
shown to be CAT(1) in appendix A.4 and the fundamental group is shown
to be A(m,n,2) in appendix B.3.

Thus for case 3 with n > 5 prime and m even, not divisible by 4, the
family of quotient complexes for a given A(m,n,2) is a one parameter family,

up to scale. The parameter is |a|/|b]|.

4.8 Case 4

We recall the follow facts concerning the structure of ¥ for this case.

o Yo |l Vo, Yo Ml Yer Ve Il Yz



e S(a), S(b), S(c), B(a,b) and B(b,c) all bands.

widthB(a, b) = widthB(b, c) = |b|% |

widthS(a) = widthS(b)

?

widthS(c) is minimal containing R = R(a, b).

o lalz, > Pl 1B, = el
o 0(a, zap) = 0(b, zpe) = 0(c,2p), O(a,c) = 7 —20(a, z,5) and (b, z4p) =

w—0(a, zq.p)

Hence Y is defined by the parameters 0(a, z, ), |al/|b| and the width of
S(a). We will show that in fact 0(a, z,5) = §
Consider. There is a non trival loop in the link of an acute vertex of

R(a,b) of length 66(a, z,), hence 8(a, z,p) > %

Lemma 4.8.1. If A(2m,n,2) acts properly discontinuously by semi-simple
isometries on a CAT(0) 2-complez satisfying the conditions of case 4, then

n = 3k for some k € N.

Proof. Consider the set R(b,c) = S(¢) N B(b,c). This is the union of R =
R(a,b) and 2 triangles T} and Ty such that ¢ '.7} and ¢.Ty are contained
in S(a) N S(c). Since |al;, > Ib‘i,w b maps a strip S in (a, z,,) adjacent
to B(a,b) to the other side of B(a,b) in II(a, z,,). Now c.15 shares an edge
with R(a,b) , so SMNe¢. Ty is a non empty intersection. Hence S{a) N (SNe.Th)
is non empty and is contained in S(c) sharing an edge with B(b,c). Also
b.(S(a) N (SNe.Ty)) is contained in S(c¢) sharing an edge with B(b, ¢). Hence
b maps a strip adjacent to B(b,¢) in I{c, zp.) to a similar strip on the other
side of B(b,¢). Thus by lemma 4.1.6 n = 3k for some k € N. O
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Lemma 4.8.2. If A(2m,n,2) acts properly discontinuously by semi-simple
isometries on a CAT(0) 2-complexr satisfying the conditions of case 4, then

b(a,z.p) = 3.

Proof. We may choose z € (05(a)) N S(c)\ R{a,b) close to R(a,b) such that
bz € S(a) C Ua,c). I O(a, z,p) > T then bz S(c). But z € S(a) N S(c) C
(e, zp), so b.x € I(c, z,.) and hence b.x € I(a,c) N 1l{c, 2) = S(c), a

contradiction. O

4.9 Results

We finally state some theorems we have proved in this chapter.

Theorem 4.9.1. For the three generator Artin group A(m,n,2), m = 4j+2
for some 7 > 1 and n > 5 a prime, the complexes O, may be classified by
the following two parameters:

e 0{a, z4p), the angle between positively oriented a and z,p-azes, and

e |a|t/Ib|t, the ratio of the translation lengths perpendicular to the z,p-

axis.

Theorem 4.9.2. For the three generator Artin group A(m.3,2), with m =

45 + 2 for some j > 1, the angle 0(a, zop) is either T or 2T,
, 3 3

More over 8(a, z,,) = % if and only if 7, || v and |a

x < |blx.

Note that in each case 0(a, z,,) determines the angles between each of
the translation axes for a, b, ¢, zap, and z,,. We therefore may deduce the

following corollary.

Corollary 4.9.3. For the three generator Artin group A(m,3.,2), with m =

x/|b

single isometry type of equilateral triangle.

47 + 2 for some 7 > 1, if |a

x € Q then Oy may be triangulated by a
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0.3 x-edges S

Figure 4.31: A quotient complex for A(m,5,2) in case 3
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Figure 4.32: Showing the structure of ¥ for Case 4




Chapter 5

Applications

In chapter 4 we classified the quotient complexes O4/A(m,n,2) up to isom-
etry for m even, not divisible by 4, and for n > 5, prime. In this chapter
we consider the group A(6, 5, 2), which falls into this category, and construct
higher rank Artin groups by amalgamating copies of A(6,5,2). We use the
results of chapter 4 to show in each case that the group has CAT(0) dimension
2 or we prove it does not.

We showed in chapter 4 that the complex O4 for A(m,n,2) falls into 1
of 4 classes: 2 classes from case 1 (section 4.5), and one from each of case 2

and 3 (sections 4.6 and 4.7). We refer to a complex O, for A(6, 5, 2) being of
L

Za,p?

type 1i if it falls into case 1 and |a|z, < |b[; ,, of type lii if it falls into case

1 and |a|; , < bl , and of type 2 or 3 if it falls into case 2 or 3 respectively.
These types are shown in figure 5.1.
We recall the following information about each type of complex for m > 6,

4 frm and n > 5 prime. Let 8 denote the angle 0(a, z,) and w; = cos(:6).

135
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Figure 5.1: Complexes of type 2 and 3 for the group A(6,5,2)

Type 1z Type 122 Type 2 Type 3
Angles
6(a, z4) i T : 7
0(b, Za,b) s T — 20 = E
U< <o
f(a,c) z T — 972 . -
™ T
s
lalx <|blx | lalz, > bz, | lalx > blx | lalx <|blx
IZa,le Tlalx +blx) | F(alxwi —|b|xw2) Z(lalx = blx) | F(blx —la|x)

Let G; = (a;, b;, cil(ai, b:)e = (biy a:)s, (bi, ¢i)3 = (ci, bi)s, aici = cia;) be a
family of the Artin groups A(6,5,2) indexed by 7 € N. In this section let O;
denote the quotient complex O4/G; for each G;.

In the following 4 sections we consider the following amalgams;

Gl * GQ, G1 * GQ, G1 * GQ, Gl * GQ

aj=a ay=by ayj=ay aj=cy
by =by by =agy c1=cy c1=ay

We show that these groups each have CAT(0) dimension 2.
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Note that the results of the following sections do not use the fact that

m = 6 and n = 5. In fact these results hold for a lot more combinations of

G1 = A(ml, ny, 2) and G2 = A(TTLQ,TLQ, 2)

5.1 The amalgam G; *x%1=2 (5,

€1=a3

In this section we consider the amalgam

G, * Gy = <a1,b1,cl,b2\(a1,b1)5 = (blaa1)67 (51761)5 = (01751)5,

ap=cy
c1=ay

aic1 = a1, (1, b9)s = (ba, ¢1)s, (b2, 01)5 = (a1, b2)5)

This is a rank 4 Artin group with associated Coxeter matrix,

1 6 2 5
6 1 5 o
2 5 1 6
5 o0 6 1

We may form a complex for this group by identifying generator loops
for a with generator loops for ¢ in the quotient complexes O, and Os.
Since |ai| = |ez| and |as] = le;] we may not choose 2 types of complex
where |a|x > |b]x for both types or |a|x < |b
the ordered pair (O, 0;) cannot be of typé (14,19), (2,2), (3,3), (14, 3) or
(3,14). Similarly we require 6(ai, c;) = 6(aq, ), so (O1,O;) cannot be of
type (14,2), (14,3), (141, 2), (1i4, 3), (2, 14), (3, 14), (2, 1ii) or (3,1i). Thus we
may use the types (1i, 1), (142, 1%), (144, 1¢2) ,(2,3) or (3,2). Note that if

X, SO the combination (14, 14) is

x for both types. Thus

0(a, z,p) = § for type lii then |alx > [b
only possible if 6(a, 2,5) > §. By symmetry we have the possible combina-
tions (14, 144), (141, 122) and (2, 3).

Amalgamating these groups in this way is equivalent to identifying the
subcomplexes X, in O and O, by identifying a; loops with ¢, loops and ¢

loops with a; loops. By Van Kampen’s theorem the amalgamated complex
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has the correct fundamental group. As an example, consider constructing
the complex from a type 2 complex and a type 3 complex. To check that
this complex is CAT(0), it is sufficient to check the link of any point in the
common parts of O; and O,. The link of any of these points is the union of
the link in O; with the link in O, identified along a common circle of length

27. The resulting link is therefore CAT(1).

5.2 The amalgam G; *%1Z% (7,

C1=C2
In this section we consider the amalgam

G * Gy = <a17b1701752’(a1,51)6 = (517011)67 (51,005 = (01; 51)57
(11:(12
Cl=C2

a6y = €14y, (ab b2)6 = (a2701)67 (b‘z, 01)5 = (01752)5>

This is a rank 4 Artin group with associated Coxeter matrix;

1 6 2 6
6 1 5 o
2 5 1 5
6 oo 5 1

As in the previous section if we ensure that O; and O, may be identified
on Il(ay, c1) and II(as, c2) via an isometry, we know the complex has the cor-
rect fundamental group and is CAT(0). To ensure the identification is via an
isometry we require |a1|x = |as|x, |c1]lx = lea]x and 8(ai, 1) = O{az, c2). As
before, consideration of the angle shows the following combinations are not
applicable; (1i,2),(11,3), (114,2), (193,3). We list these as unordered pairs,

as the amalgam is symmetrical. The restriction on lengths implies that

lai|x < |b1|x if and only if |az|x < |b2

x. Hence the following combinations
are not usable; (14,2), (17, 1¢1), (142, 3), and (2, 3). This leaves the following
combinations (17, 17), (14, 14), (2, 2) and (3, 3). For these 4 combinations the
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identification is via an isometry. Thus this amalgam has CAT(0) dimension
2.

5.3 The amalgam G, *'-.2 G5
b1=b9
Now we consider the amalgam

G, x Gy = <a17b1701702‘(a1:bl)6 = (blaal)fia (bl,C1)5 = (Clab1)57
ay=ag
by =bo

a1C; = c1ay, (61762)5 = (02751)5,a162 = 020/1>

This is the rank 4 Artin group with associated Coxeter matrix,

UL Ut = D
R A

2

5

1
o0

DN N Oy

Here 24,5, = (a1, 01)m = (a2,02)m = Zayp,- Hence 0(ay, zq,p,) = 0(az, Zayp,)
and (b, za,p,) = 0(ba, 24,5, ). This eliminates the following as possible combi-
nations for (01, O,): (1, 3), (14, 3), (2, 3), (3, 14i), (3, 1%), (3, 1), and (113, 2),
(1i,2) ,(2, 14d), (2, 1d).

Consider the pair (1¢,14). Here 6(a;, za00,) = 5 and 6(by, zap;) = 5, 50
Ix(a; > Ix(b) = Ix(b2) > Ix(a2) = Ix(a1), a contradiction. By symmetry
the same contradiction applies for (17, 17).

This leaves the following possible combinations for this amalgam: (11, 11),
(14, 144), (1,1), and (2, 2).

Again, as in the previous sections, since we are attaching O; to O, along
the connected regions Og (the complex associated to A(6)), by Van Kampen’s
theorem the amalgamated complex has the correct fundamental group. As
an example consider the complex formed by 2 copies of type 2. We may

identify the cells as shown in figure 5.1. Here the link of any point in the
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identified region is the union of the links in O, and O, joined along either a

circle or a f-graph. Again the link is CAT(1).

5.4 The amalgam G, *211:23 Gy

We now consider the amalgam

Gy i } G, = <a1;b1701762|(a17b1)6 = (517@1)67 (51701)5 = (017b1)57
by=bgy

a1C; = G104y, (01702)5 = (027611)57 bicy = 02b1>

This is the rank 4 Artin group with associated Coxeter matrix,

16 2 5
6 1 5 2
25 1 o©
5 2 oo 1

Again we ensure the identification of the complexes O and O is via an
isometry. Again z,p, = (a1,01)m = (b2,02)m = Zap.pe, 50 0(a1, 201 p,) =
0(ba, Zay p,) and (b1, 24, p,) = 6(a2,24y5,). This shows the following un-
ordered pairs for (O, Os) do not work: (11,2), (1i1,2), (2,2), (3, 11), (3, 141),
(3,3). Consideration of the translation lengths shows |ai|x < |by|x if and
only if |as|x > |ba]x. So (1¢,17) cannot be used. Also if the pair (14, 14i) is

used then 6(a1, zq, p,) = T — 20(a2, 24, p,) and 0(as, 245 p,) = 7 — 20(a1, Za, p, ),

80 (a1, Zay py) = 0(a2, 2ay0,) = 5. Hence |as|x > |bi|x. But this contradicts
the translation length restriction. Hence we are left with the following un-
ordered pairs which provide an identification via an isometry: (14, 1i1) and
(2,3).

Consider constructing the complex from a type 2 and a type 3 complex.
As in the previous section the link of the common subcomplex is the union
of two CAT(1) links identified along either a circle or #-graph, so the link is

CAT(1).
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The results of these four sections may easily be generalised to larger
classes of groups. We have proved in these four sections the following theo-

rem.

Theorem 5.4.1. Formy,my > 6, even and not divisible by 4, andni,ng > 5,
prime the four generator Artin groups with the following associated Cozeter

matrices have CAT(0) dimension 2.

1 my 2 2
m;y 1 ny no
2 n 1 o
2 ny oo 1

A(my, g, 2) 552252 A(my, ng, 2)

1 my 2 o

my 1 np 2 oy Lar=by
9 m 1 oo A(my, ny, 2) 22 A(ma, ng, 2)

A(m17 ny, 2) *al:az A(m27 o, 2)

c1=c2

A(my,my, 2) x8152 A(mg, g, 2)

5.5 A CAT(0) dimension 2 Artin group of
rank 6

In this section we use these rank 4 Artin groups to create an Artin group

H of rank 6 with the following associated Coxeter group for the generators
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a1, b1, ¢, b, c3, by.

R om >R w;
o~ oo R Y

00

00
5

00
6
1

TR Y oo o=
RREE oo

1.
3

Consider the amalgam

, a(l)=c(2) a(2)=a(3) a(3)=c(4)
H: =G % Gy * G3 % Gy

c=a(2)  B@=(3)  e()=a(d)

with G = {a;, b, ¢;l(as, b)e = (bi, as)e, (bi, ci)s = (¢, bi)s, a0 = ¢;a;}. This
group has six generators: a;(= ¢a), by, c1{= a2 = a3 = ¢4), ba(= b3), c3(= a4)
and by. By examining the relations between these generators one may observe
that this group H' is isomorphic to the Artin group H. We show this for the
generators a; and b;. From G; we know that (ai,b1)s = (b1, a1)s. However
a; = Co, but there is no relationship given between ¢y and b1, hence the only
relationship between a, and by is (a1,b1)s = (b1,a1)6. In other cases the
relationships given by the contributing G; match, eg. a3 = ¢; and ¢3 = ay.

By the previous work there are just four possible types for each O;.
We have (Oy, 0y, 05, 04) of type (14, Lid, 141, 1i), (14, 14, 14, 142), (2,3,3,2)
or (3,2,2,3).

We will consider the complex of type (3,2,2,3). We know that pairwise,
the subcomplexes forming this amalgamated complex are locally CAT(0). It
suffices then, to check the link of the common vertex. This is the endpoint
of the edge labeled ¢ in O,. Denote this vertex by v.

The link of this vertex restricted to a subcomplex of type 2 is shown in
figure A.9 and restricted to type 3 is the union of the links shown in figures
A.12 and A.13. Figure 5.2 shows the link of v in Oy.

A schematic for the link of v in Oy is shown in figure 5.3. It is easy to
check from this that the link is CAT(1).
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Note that the complexes of type 1iz are a family with one of the param-
eters given by 6(a, z,3). In this amalgamated group, this angle is fixed at Z,
x/

number of isometry types of equilateral triangle. Moreover, the identifica-

hence if |a;

b;|x is rational, the complex may be triangulated by a finite

tions given by the amalgam give the following restriction of the translation

lengths:

a1

x = |balx = |bslx = |as|x and |bylx = las|x = las|x = |ba|x
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Figure 5.2: Link of v in Oy
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y(1] 1 cflj=c(4) vabi
3 3 3
2
2 2
(1) 3 clj=c(4] (1)

y(4Y. 1 ofif=c4f vy 3 cllj=c4]
3 3 3 3
2 2
2 2
y(4)” 3 c(lj=c(4) v{4) 1 c(l)=c(4)

Figure 5.3: A schematic of the Link of v in Oy. Edge lengths are multiples
of £
3



Appendix A
Links

We show that certain links are CAT(1). Each link is a union of CAT(1)
sublinks joined on common vertices. For each sublink we produce a graph
showing the distances between these common vertices and deduce from this

graph that the link has no loops of length strictly less than 27, and hence
the link is CAT(1).

A.1 Links from Case 11

In this section we check the links of a quotient complex for O4/A(m,n,2)
for m > 6, n > 5 and |al;;, < |b|;;,, see figure 4.22. There are 4 links to
consider. In figure 4.22 they are represented by a black circle, a white circle,
a black square and a white square. The black circle v; is the end point of the
edge labeled by a, the white circle v, the endpoints of the edge y, the black
square v the initial vertex of €, and the white square v4 the terminal vertex

of e.
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n-4 of each

Figure A.1: The link of v; in case 1i. All edges have length J

A.1.1 The link of 1;

The link of v; is shown in figure A.1. We may remove from our consideration
the 2n — 8 edges of length 7, [a7,z]] and [z;,a™] since there are paths of
length ™ between these points in the other parts of the link. There are now
three parts to the link, each CAT(1), with common vertices z5, ¢] and a™,
a” and s3, 1. A schematic diagram showing the lengths of the shortest
paths in each link between these vertices is shown in figure A.2. From this
diagram it is clear that there are no non trivial loops with length strictly less

than 27.

A.1.2 The link of vy

The link of vy is shown in figure A.3. We may remove from our consideration
the n — 4 edges of length 7, [z7,z5]. There are two parts to the link. We
reduce each to a diagram showing the distances between the common vertices:
z3, z7, s7 and tF, see figure A.4.

Since the distance between each pair of points is at least 7, any loop must

have length at least 27, so the link is CAT(1).



148

Figure A.2: Showing the shortest paths between the common vertices in each
of the 3 parts of the link of v;. Edge lengths given in multiples of %

n-4
edges

Figure A.3: The link of vy in case 1i. All edges have length 5

A.1.3 The links of v; and vy

These two links are the union of two 7 arcs joined at antipodal points to a

circle. This construction is always CAT(1).

A.2 Links from Case 1ii

In this section we show the links of a quotient complex for O4/A(m,n,2)
are CAT(1) for case 1lii, see figure 4.24. There are two links, v, represented

by a black circle, the end points of the edge labeled ¢, and vy represented
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TC + +
X‘: tz Xt n tz
4
Tt _375 /
Ir
T T T 3
45
n &
X, T S X/ 7 St

Figure A.4: Showing the shortest paths between the common vertices in the
2 parts of the link of v,

by a white circle, the end points of the edge y;. We denote by 6 the angle

0(a, z,») between positively oriented a and z,, segments.

A.2.1 The link of v

We may removed from our consideration the n — 6 edges [a7, a3 ] of length
m as there are other paths between these points with this length. There are
now three parts to the link, each CAT(1). We reduce these to diagrams
showing the distances between the common vertices a], aj, a; and a3, see
figure A.7.

From this diagram one can see that the link is CAT(1) if and only if
6>

wiA

A.2.2 The link of vy

This link is formed by attaching 7 arcs to antipodal points on a circle. This

construction is always CAT(1).
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S,

Figure A.5: The links of v3 on the left and vy on the right in caseli. All
edges have length 7

a: 7—28 a"
7 \
| \ ¢
¢ Ll a-‘ 9
-]
a+ -8
a : a
n-6 edges

Figure A.6: The links of vy in caselii

A.3 Links from Case 2

In this section we show the links of a quotient complex for O4/A(m,n,2)
are CAT(1) for case 2, see figure 4.27. There are two links, v; represented
by a black circle, the end points of the edge labeled b, and vy represented
by a white circle, the end points of the edge z. We denote by 8, the angle
6(a, z,5) between positively oriented ¢ and z,, segments and 6, the angle

(b, zp..) between positively oriented b and z,, segments.
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Figure A.7: Showing the distances between common points in each part of
the link of v; in caselii

A.3.1 The link of vy

We may remove from our consideration the n — 4 edges [y™,y~] with length
.
The link is now formed from three CAT(1) sublinks with common vertices,
b*, a;, and of, b~ and y*, y~. We reduce the link to a diagram showing
the distances between these common points in each sublink, see figure A.10.
We see that this link is CAT(1) if and only if
20, + 30y + 0, > 27
20, + 27 — 36, + 0, > 27

=20, +30,+ 7 —0, > 21
m—20,+21m =30, +7 — 0, > 27

It follows that this link is CAT(1) if and only if 6, = 0, = 3.

A.3.2 The link of vy

This link is formed by attaching 7 arcs to antipodal points on a circle. This

construction is always CAT(1).
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1 -6

Yy y— y
™~ %-2 of eoch/

Figure A.8: The links of vy in case 1ii

A.4 Links from Case 3

In this section we show the links of a quotient complex for O4/A(m, n,2) are
CAT(1) for case 3, see figure 4.31. There are three links, v; represented by a
black circle, the end points of the edge labeled a, vy represented by a white
circle, the end points of the edge s,, and v3 represented by a black square,

the end points of z.

A.4.1 The link of vy

We may remove from our consideration the n — 3 edges, [y, b5 ], with length
7. We are left with a link made from two parts with common vertices a*, a~
and b]. We observe that in the first part the distances between each pair are
as follows: d(a™,a”) =7, d(a™,b7) = % and d(b7,a”) = 7. In the second,
the distances are the same, except for d(a™,b7) = 2—375, hence every loop has

length at least 27.
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n-4 edges

Figure A.9: The links of v; in case 2

b+ 26, o min{36,27-36,} VY 9, b+
T 70,

i T T
n~20, 70,

o ‘ M

2 26, b 9, Yy~ min{30,27-36,} A,

Figure A.10: Showing the distances between common points in each part of
the link of v; in case 2

A.4.2 The link of vy

We may remove from our consideration the n — 3 edges, [y;, v |, with length

7. We are left with a link made from two parts with common vertices s7, s7,
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X " X

%—2 edges

a—i—

1

Figure A.11: The links of vy in case 2

y; and y;. The distances between these points in each link are as follows:

first part second part total

d(sy,s7) = T i 27
d(sy,o0) = 5 = 2m
d(sy,y3)= & = 27
S S S
d(sT,ys) = T ™ 27
dyr,y3)= 7 i 21

- Hence every loop has length at least 27.

A.4.3 The link of vs

We may remove from our consideration the n—4 edges, [y; , b5 |, with length 7
and the 2t —4 edges, [z™, z*], with length 7 as there are other paths between
these vertices with length 7. We are left with two parts to the link, each

CAT(1), with common vertices =, z*, by and y;. The distances between



n-3 edges

Figure A.12: The links of v; in case 3

these points in each link are as follows:

first part second part total

dz=,z7) = T
dlz=,y3)=  F
d(z=,b;)=
dlat,ys) = F
d(z*,b3) = 3
dlys,by) = u

Hence every loop has length at least 27.

9 wlgelEulien 3

27
27
27
2
2
2
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n-3 edges

Figure A.13: The links of v5 in case 3

S,
i - b,
n-4 edges )
X" 5 X
§ 3.2 edges
v

Figure A.14: The links of v3 in case 3
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Appendix B

Tietze Transforms

We show that the fundamental groups of the quotient complexes produced
in chapter 4 are the groups A(m,n,2). We use Tietze transforms to change
the presentation of the group. To help choose the correct transforms we use

GAP on specific instances, eg A(10,11,2) and then generalise to A(m, n, 2).

B.1 Case 1ii

In this section we show the fundamental group of the complex produced in
section 4.5.2 is A(m,n, 2).

The complex is shown in figure 4.24. There are two vertices, the end
points of ;. We may homotopically retract s to a point and contract any
bigons formed to single edges. This identifies the edges e with y; ' and y;

with a;. We may then read a presentation from the complex:

(a1,83,¢,8,t,y0,0] sas’ tal™>2, tasys', Ysascas’, azsc
Stotsl caryaalt, af(y2a1)7’25*1>
We number our generators 1 :=q;, 2 :=a3, 3:=c¢,4:=5,5:=1,6:=ys,
and 7 := §. And enter the presentation into GAP. We make the substitutions

a=ayaz and b= clagl.
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The following is the output for m = 10 and n = 11.

gap > m:=10;n:=11;
10

11

gap > F:=FreeGroup( 7, "G”);;

Gi=F/

F.4*F.2 A ((n-3)/2)*F.5*F.2 A ((5-n)/2),
F.5%F.2%F.6 A -1,

F.6%F.2%F.3*F.2 A -1,

F.2*F . 4*F.3,

F.7*F.5%F.7 A -1%F 4 A -1,
F.3*F.1*F.6*F.1 A -1,

F.1 A 2%¥(F.6*F.1) A ((m/2)-2)*F.7 A -1
J;

H:=SimplifiedFpGroup(G);
RelatorsOfFpGroup(H);
P:=PresentationFpGroup(G);
TzPrintPresentation(P);
a:=GeneratorsOfPresentation(P)[1];
A:=GeneratorsOfPresentation(P)[2];
c:=GeneratorsOfPresentation(P)[3];
[4];
[5};
P)l6];
P)[7];

(P)
s:=GeneratorsOfPresentation(P)
t:=GeneratorsOfPresentation(P)

y:=GeneratorsOfPresentation(
d:=GeneratorsOfPresentation(
# 1 generators:

# 1 1. G1 7 occurrences
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# 12. G2 11 occurrences

# 1 3. G3 3 occurrences

# 1 4. G4 3 occurrences

# 15. G5 3 occurrences

# 16. G6 6 occurrences

# 1 7. G7 3 occurrences

# I relators:

# 11 G4*G2 A 4*G5*G2 A -3

# 12, G5*G2*G6 A -1

#13. G6*G2*G3*G2 A -1

# 14 G2*G4*G3

# 15 GT*G5*GT7 A -1*G4 A -1

#16. G3*G1*G6*G1 A -1

# 17 Gl A22*G6*G1*G6*G1*G6*G1*GT A -1

gap > TzSubstitute(P,a*A);

# I there are 7 generators and 7 relators of total length 36

# I now the presentation has 8 generators, the new generator is x8
# I substituting new generator x8 defined by G1*G2

gap > TzSubstitute(P,c A -1*A A -1);

# I there are 8 generators and 8 relators of total length 39

# I now the presentation has 9 generators, the new generator is x9
# I substituting new generator x9 defined by G3 A -1*G2 A -1
# I there are 9 generators and 9 relators of total length 42

gap > TzEliminate(P,d);TzPrintRelators(P);

# I there are 8 generators and 8 relators of total length 47

# 11 G5*G2*G6 A -1

# 12 G2*¥G4*G3



#13.
#14.
#15.
#16.
#17.
#18.
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<8 A -1*G1*G2

X9 A -1*G3 A -1*G2 A -1

G6*G2*G3*G2 A -1

G3*G1*G6*G1 A -1

G4*G2 A 4*G5*G2 A -3

G1 A 2*G6*G1*GH6*G1*G6*G1*G5*GL A -1*G6 A -1*G1 A -1*G6 A -1*G1

A -1*G6 A -1*

GL A -

gap >

2*G4 A -1
TzEliminate(P,t); TzPrintRelators(P);

# I there are 7 generators and 7 relators of total length 46

#11.
#12.
#13.
#14.
#15.
#16.
#17.

G2*G4*G3

x8 A -1*G1*G2

X9 A -1*G3 A -1*G2 A -1

G6*G2*G3*G2 A -1

G3*G1*G6*G1 A -1

G4*G2 A 4*G6*G2 A 4

G1 A 2*G6*G1*G6*G1*G6*¥*G1*G6*¥*G2 A -1¥G1 A -1¥G6 A -1*G1 A -1*G6

A -1*G1 A -1%

G6 A -

gap >

1*G1 A -2%G4 A -1
TzEliminate(P,s); TzPrintRelators(P);

# I there are 6 generators and 6 relators of total length 45

#11.
#12
#13.
#14.
#15.
#16.

x8 A -1*G1*G2

X9 A -1*G3 A -1*G2 A -1

G6*G2*G3*G2 A -1

G3*G1*G6*G1 A -1

G2 A -1*G3 A -1*G2 A 4*G6*G2 A -4

G1 A 2*G6*G1*G6*G1*G6*G1*¥*G6*G2 A -1*GL A -1*G6 A -1*G1 A -1*
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G6 A -1*G1 A -1*G6 A -1*G1 A -2*G3*G2

gap > TzEliminate(P,A);TzPrintRelators(P);

# I there are 5 generators and 5 relators of total length 54

#I1. x9A-1*G3 A -1*x8 A -1*G1

# 12 G3*G1*G6*G1 A -1

#13. G6*G1 A -1*¥ x8*G3* x8 A -1*G1

# 14 x8 AN-1*GI*G3 A -1*G1 A -1* x8*G1 A -1* x8*G1 A -1* x8&*

G1 A-1* x8*G6* x8 A -1*G1* xB A -1*G1* x8 A -1*G1* x8 A -1*G1

# 15 G1 A2*G6*G1*G6*G1*G6*GL*G6* _x8 A -1*G6 A -1*G1 A -1¥G6 A -1F
G1 A -1*G6 A -1*G1 A -2*G3*G1 A -1* x8

gap > TzEliminate(P,y);TzPrintRelators(P);

# I there are 4 generators and 4 relators of total length 50

#I1. x9AN-1T*G3 A -1*x8 A -1*G1

#12 G3A-1*x8*G3*x8 A -1

#13. G1*G3 A -1*G1*G3 A -1*G1*G3 A -1*G1*G3 A -1*G1* x8 A -1*

G1 A -1*G3*GL A -1*G3*G1 A -1*G3*G1 A -1*G3*G1 A -1* %8

# 14, x8 A-1*GI*G3 A -1*G1 A -1* x8*G1 A -1* x8*G1 A -1*_x8*

Gl A -1*x8*G1 A -1*G3 A -1*G1* x8 A -1*G1* x8 A -1*G1* x8 A -1*G1* x8 A
-1*G1

gap > TzEliminate(P,a);TzPrintRelators(P);

# I there are 3 generators and 3 relators of total length 68

#I11. G3 A-1*x8¥G3*x8 A -1

#12. G3*x9*G3 A -1*x9 A -1*G3 A -1*x9 A -1*¥*G3 A -1%x9 A -1*G3 A -1*x9
A -1*G3 A -1*

X9 A -1*G3 A -1* x8 A -1*G3 A -1*_x8*G3* x9*¥G3* x9*G3* x9*G3* x9*G3* _x9
#13. x8%G3* x9*G3 A -1* x8*G3* x9*G3 A -1* x8*G3* x9*G3 N -1* x8*G3*_x9*G3
A
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-1* x8*G3* x9* x8 A -1*x9 A -1*G3 A -1*x8 A -1*G3* x9 A -1*G3 A -1 x8 A
-1*G3* x9 A -1*G3

A -1*x8 A -1¥G3*_x9 A -1*G3 A -1*x8 A -1*G3* x9 A -1*G3 A -1

gap > TzGo(P);

# I there are 3 generators and 3 relators of total length 46

gap > TzPrintPresentation(P);

# 1 generators:

# 1 1. G3 13 occurrences

# 12. x8 12 occurrences

# 13. x9 21 occurrences

# 1 relators:

#I1. G3A-1*x8*G3*x8 A -1

# 12 x9*% x8% x9* x8% x9* x8* x9* x8* x9* x8 A -1* x9 A -1* x8 A -1*
XINA-1* X8 A -1*x9 A -1%x8 A-1*x9 A -1* x8 A -1% x9 A -1* x8

#13. G3*x9*G3 A-1¥x9 A -1*G3 A -1*x9 A -1*G3 A -1*x9 A -1*G3 A -1* %9
A -1*G3 A -1*

x9 A -1*G3 A -1* x9*G3* x9*G3*_x9*G3* x9*G3* x9

# I there are 3 generators and 3 relators of total length 46

This produces the correct relations for A(10,11,2).

Using this we may trace G2* through and replace it with G2"% and
replace (G6xG1)% with (G6+G1)7 2 at the stage before we remove G2 = as.
We revert back to the original letter for easier reading:

#11. atajas
#12. b7l tag?
#13. yQagcagl
#14. calygaf1
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R
# 15 a3 ca3® yaas

# 16. a?(y201) % %205 (1201) T Pa cay

Remove a3 = a; 'a:

#11. b ¢ tatay

# 12 ypa7 aca™ ay

# 1 3. calygal_l

# 14 alacHa]'a) T ya(a] a) T

# 15, a?(y201) 7 20 ay (y201) " (F " Pa %cal a
Eliminate yo = a] 'ac'a"la;:

#11. b tcta g

#12 cacla™t

#13. ataycYa'a) T ¢ Hajta)" "7

#14. ayfac o ay)? ta  ac™ e ay) 5 PaeaT e

Reduce using I 2. :
#11. b lcla ey
#12. cacla™!

#13. alarc (a7 ) T e ate)" T

#14. a(c'a))t ta e tay) B Valla

Eliminate a; = acb
#11. cac™la™!
# 12 che (bl ) T (b te )~
# 13. acb(c ™ ach) ~a™ (¢ ach) ™5V (ach) a
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And reduce using I1. :
#11. cacta™t
£ 12 ¢ Hble ) T (¢ ) T b
#13. (ab)%(ba)"%

These are the required relators.

B.2 Case 2

There are 2 vertices. Homotopically contract cy and contract the resulting
bigons identifying ¢ = s and z = «;. We read a presentation from the

resulting complex:

-1 -1 -1 ,,—1
(an,b,¢,8,y,z] aisay ¢t byt bsy™!,

i _ =3 l—n
bzb lz7l ol 27l sy T ey >

We apply Tietze transforms to the relators.
Remove y = cb:
aysa el bsbTicTl,

bzb~tz7, al%z_l, s(ch)"T¢(ch) T

m
Eliminate z = o :
aysa;te™t, bsbTleTh,

ba?b“la;%, s(cb) =" c(ch) ="

Remove s = b~ l¢ch:
b~ tebas e,
m

ba?b‘la; 2 b(eh)"T e(ch) T

Add generator a = a;b7! and remove a; = ab:
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abb~tebb~la"le™l,  b(ab)Fb7Hab)"F  b7Y(ch) T c(ch) T

Rearrange:
aca™tc™t,  (ba)T(ab)"F,  b7M(ch)*T c(ch) "

These are the required relations.

B.3 Case 3

There are three vertices. Homotopically contract b, and y;. Contract the
resulting bigons identifying z = ¢; = s;' = b;7! and § = ¢;. We read a

presentation for the fundamental group from the resulting complex:

f113
m_]
2 —1 —1
<a;bl702,31,y1,€’ b1 €, 51€4€ ", 1Y10Cy
n— "
2

2 l1—n
-1 -1 3 —1 3 -1
sibiaby ", s1coy S oy B cobl Tyt by >

We apply Tietze transforms:

m_ -z -z
Remove € = b} : 510, *a=0b; °

Yyia = Co
slbla = b1
S1C2 =11

n—2 n—1

CleTC2:blleb1

Eliminate y = sjc¢o:

1-Z 1-2
81b1 Za:bl 2

§1C2a = Cy
Slbla = b1
§1Co = 81C2

Ca(5109) "7 ¢a = by (516)"T by
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Eliminate s; = CQa_lcglz

111 -3
ey, by Ca=10
02a'102_1b1a = b1

1 1

ca(caa™ CQ'ICQ)"—EECQ = by(cza7 ey ey) T by

Rearrange:
PR EE SRS
cza‘lcglbla = b1

CQ(CQG_l)n—;_zCQ = bl(CQQ——l)nT_lb]_

Add generator ¢ = b]'c, and remove ¢y = bc:
m m
2 2
abf =bla
cla t =ac™

blc(blca_l)nT—zblc = bl(blca“l)"T_lbl

1

Add generator b = b;a™! and remove b; = ba:
a(ba)? = (ba)%a

clat =ac™!

bac(baca™1)"F" bac = ba(baca™!) " ba

Rearrange:
a(ba)? = (ba)%a
clat = ac™?

n—-2

c(be) " be = (be)"T b

These are the required relators.
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