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Inference for survey data needs to take account of the survey design. Failing to
consider the survey design in inference may lead to misleading results. The standard
analysis of categorical data, developed under the assumption of multinomial sampling,
is inadequate as the commonly used sampling schemes clearly violate this assump-
tion. Since, Kish (1965) introduced the idea of a design effect, many classical solutions
have been proposed, such as, first- and second-order corrections to Pearson chi-squared,

likelihood-ratio chi-squared, and Wald tests.

Our objective in this thesis is to present an investigation of a Bayesian approach to
the analysis of categorical survey data, arising from designs including simple random
sampling, finite population sampling, stratification, and cluster sampling. We focus on
Bayesian methods for model selection and model averaging, where Bayes factors and the
Bayesian Information Criterion (BIC) approximation have been offered as alternative
approaches. These Bayesian methods are reviewed, and comparisons made between
their performance. The effect of ignoring the complex sampling design is investigated.
Moreover, adjustments to the multinomial-based Bayes factor and BIC are produced

and evaluated.



With stratification, our results indicate that there is little effect in ignoring the
sampling design on the inferences using BIC, if the strata are homogeneous. When
the strata are highly inhomogeneous, BIC is affected by this sampling scheme. On the

other hand, the Bayes factor is sensitive and affected by stratification.

We investigate the effect of cluster sampling on Bayesian model selection. In a
goodness-of-fit test, the results of both the Bayes factor and BIC have the potential
to provide a misleading result. However, if the BIC is based on corrected statistics,:
which consider the sampling design, the results are acceptable. Moreover, we present
two simple adjustments to the multinomial-based Bayes factor which perform well in

simulations.

For testing of independence, our results indicate that the effect of the sampling
design is negligible. Therefore, there is no justification in practice for the use of a more

complex test statistic, unless the number of observations in each cluster is very small.

Finally, we demonstrate using risk analysis, how the Bayesian approach for estimat-
ing the cell probabilities, using a model averaged estimator, can be better than a pretest

estimate.
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Chapter 1

Introduction

1.1 Motivation

“More and more researchers are able to obtain data from complex samples, and to write
computer programs for complex analytical statistics. We need methods for dealing properly

with complex statistics from complex samples” Kish and Frankel (1974).

When using classical hypothesis tests for categorical survey data, it is now
widely recognized that survey design can have a substantial impact on the re-
sults of multinomial-based methods. This leads to misleading results if we fail
to make adjustments. Commonly used sample surveys for categorical data use
stratification and cluster sampling or both. The standard analysis of categorical
data, developed under the assumption of multinomial sampling, is inadequate as
the commonly used sampling schemes clearly violate this assumption. The well
known classical Pearson chi-squared test statistic is too liberal or too conser-
vative, depending on the sampling scheme, when applied to survey data (Holt,

Scott and Ewings, 1980, and Wilson and Warde, 1991).
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Since, Kish (1965, p.258) introduced the idea of a design effect, many re-
searchers have tried to overcome this problem. As a result, many classical solu-
tions have been proposed, such as first- and second-order corrections to Pearson
chi-squared, X?, likelihood-ratio chi-squared, G?, and Wald tests (see Kish and
Frankel, 1974, Shuster and Downing, 1976, Fellegi, 1980, Holt, Scott and Ew-
ings, 1980, Rao and Scott, 1981, 1984, 1987, Scott and Rao, 1981, Molina C.
and Smith, 1986, Wilson and Warde, 1991, Graubard and Korn, 1993), and for
a review see Thomas, Singh and Roberts (1996). '

The majority of these solution procedures belong to one of four main classes.
The first consists of methods based on the Wald statistic, as in Koch, Free-
man and Freeman (1975), and Binder (1983). The second is the class of Rao
and Scott tests consisting of correction to the classical X? and G? tests. The
methodology was developed by Rao and Scott (1981, 1984, 1987). Thirdly Brier
(1980) provided an alternative approach for the simple model for within-cluster
dependence for clusters that was proposed by Cohen (1976) and Altham (1976).
The fourth main class consists of methods based on Jackknifing the classical X?

and G? tests, as proposed by Fay (1985).

These alternative test procedures, which take account of the complexity of
design, are harder to apply. First-order corrections, using estimates of param-
eters of the population distribution, have the advantage that they only require
knowledge of the design effect, deff, for the individual cells and margins of a con-
tingency table. However, the second-order corrections, measures of variation of
the first-order estimates, and Wald tests require knowledge of the full covariance

matrix of the estimated cell proportions (Skinner, Holt and Smith, 1989).

Rao and Scott, in a series of papers together, (1981, 1984, 1987) presented a
classical approach to overcoming this problem. Together with Holt, Scott and
Ewings (1980) they illustrated the importance of assessing the impact of design

effect upon multinomial-based methods. Rao and Scott proposed new measures
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(or correction factors) for the Pearson chi-squared and the likelihood ratio chi-
squared test statistics for different applications, including two-way tables and

multi-way contingency tables.

The need for modified statistics is mainly due to the fact that summarized
data usually do not include the necessary information for constructing Wald

statistics and even second-order corrections. Unfortunately, for second-order

corrections we need access to the full covariance matrix, which may not be -

possible, since researchers usually do not have access to primary data. The
first-order corrections have the advantage that minimum information is needed,
but the tests based upon them can have a serious distortion if the correction
factor is fairly small and the size of the degrees of freedom are large (Rao and
Scott, 1981, Fellegi, 1980). The effect of the design on the nominal significance
level will depend on the size of the cell design effects and on the degrees of
freedom (Holt, Scott and Ewings, 1980). In addition, corrections proposed in
the classical approach are mainly conservative, in the sense that the actual type
I error rate is less than the nominal level «; i.e. loss of power. In Rao and
Scott’s approach, the correction to Pearson chi-squared, for example, tends to

underestimate the upper percentage points of the true asymptotic distribution.

In our research we argue that using Bayesian tests of hypotheses to overcome
this problem may gave researchers useful tools as a Bayesian approach seems to
offer potential benefits. Some of these advantages are as follows; see Kass and

Raftery (1995) and Wasserman (1997);

e When several models are considered initially, a Model Averaged Estimate
yields composite estimates or predictions that take account of model un-
certainty. We will show how model averaged estimates may have good

properties for estimating cell probabilities.

e Bayesian test of hypotheses are very general. Model-building can involve

the comparison of more than two models. Also, the models being compared
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(tested) do not require to be nested.

e The Bayes factor is evidence in favour of one scientific theory, represented
by a statistical model, which can be evidence in favour of a null hypothesis,

as first proposed by Jeffreys (1961, Appendix B).

e Algorithms, such as Occam’s Window, have been proposed that allow
model uncertainty to be taking into account when the class of models

initially considered is very large (Raftery, 1995).

e The Bayesian Information Criterion (BIC) gives a simple approximation
to the Bayes factor, which is easy to use for assessing competing models

and does not require evaluation of prior distributions.

e It is often easier to apply under statistical models that do not satisfy

common regularity conditions, see Raftery (1996b).

Under the exact multinomial sampling scheme, we will examine the perfor-
mance (or behaviour) of model averaged estimation compared with estimation
based on a pretest using the classical Pearson chi-squared test statistic. Our
objective is to present a comprehensive treatment of Bayesian model selection
approach to categorical survey data, encompassing simple random, stratified,
and cluster sampling. The ideas are implicit in existing literature, but a full

Bayesian treatment has been lacking.

1.2 Outline of the thesis

Our objective in this thesis is to present a comprehensive treatment of Bayesian
model selection approach to categorical survey data. Chapters 4, 6, 7 are
the core chapters. In these chapters, we demonstrate the effects of a complex

sampling scheme on Bayesian model selection, and somewhat on the classical
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hypotheses testing. In addition, we feel that chapters 2, 3, and largely 5 contain

review material which are essential to understand the thesis.

Chapter 2 reviews previous work on classical approaches. It describes some
basic ideas and concepts used in the survey context for categorical data and the
basic concepts of design effects. In addition, the effect of complex survey design
on the asymptotic distribution is discussed. Then, we review modifications to
the standard Pearson chi-squared test statistic for goodness of fit and indepen-. .
dence in a two-way contingency table; mainly Rao and Scott’s (1981) first and
second-order corrections. This survey considers the design effect under three

sampling schemes, finite population sampling, stratification, and clustering.

Chapter 3 describes the basic theory of Bayesian model selection. The Bayes
factor is described for two competing models. Unfortunately, sometimes it is
difficult to evaluate the Bayes factor analytically, thus, the Savage-Dickey density
ratio is presented as an approximation method for the Bayes factor. Estimating
a parameter of interest via Model Averaged Estimation is also discussed. Finally,
the Bayesian Information Criterion approximation is introduced as a criterion

for model selection.

The Bayesian approach to model selection for categorical survey data will be
considered in chapter 4 for three sampling schemes, simple random samples, a
finite population, and stratified samples. We show the effect of these sampling

schemes on the Bayesian model selection.

Reliable point density estimates are required to calculate the Savage-Dickey
density ratio, for estimating a Bayes factor. Therefore, we dedicate a complete
chapter, chapter 5, focussing on kernel density estimation. Virtually all non-
parametric algorithms for density estimation are asymptotically kernel methods

(Walter and Blum, 1979, and Scott, 1992).

Chapter 6 considers the complexity of the cluster sampling design, or two-
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stage sample. This chapter describes a Bayesian treatment for this sampling
scheme. The effect of ignoring the sampling design is also discussed. Markov
chain Monte Carlo (MCMC) algorithms are developed for sampling from a pos-
terior distribution. Two simple adjustments to the multinomial-based Bayes

factor are presented and evaluated.

In chapter 7 we discuss the effect of the survey design on tests of independence
in a 2x2 contingency table, and on the corresponding Bayesian model selection .
procedure. The other objective of this chapter is to investigate the behaviour
of point estimates both in the Bayesian approach and in the classical approach

with respect to risk.

Finally, we summarize our results in the first section of chapter 8. In the
second section, we give some recommendations for possible extensions and de-

velopment to this work.

1.3 Technical details

Almost all the results presented in this thesis rely heavily on numerical computa-
tion. All the routines for computing Bayes factor, BIC’s, first- and second-order
corrections, Markov chain Monte Carlo sampling algorithm and any associated
computations were written in Pascal. In addition, routines for generating ran-
dom numbers, matrix inversion and calculating determinants of a matrix are
adapted from Press et al. (1988), and Ahrens and Dieter (1974, 1982). The
results of all routines have been validated mainly by Maple and MINITAB. All
graphs and plots in the thesis have been produced using MINITAB and S-PLUS.
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1.4 Notation and terminology

Various notation conventions and abbreviations are used in the text. Through-
out this thesis we denote vectors by bold lower case letters, matrices by bold

capitals, and most greek letters represent parameters.

The most frequently occurring quantities are cell probabilities and cell fre-
quencies p, and n; respectively, which will usually take just one subscript ¢
(it = 1,...,K, where K is the total number of cells). Chapters 2 and 3 are
a review chapters, thus we will try to be consistent with the notation in the
sample survey literature. In chapter 2, p =(p,,... ,p,) represents the pop-
ulation proportions or probabilities, p, = (pu, N ) is the vector of the

population proportions for stratum [, and p; = (p N ) is the vector of

T
the population proportions for cluster ¢. The variance-covariance matrix of p
for the simple random sample design is equal to P = diag(p) — pp’. Also,
we used the standard sample survey notation n =(n;,... ,ng)’ for the observed
sample, where n = S°X ;.

In chapters 4, 6, 7, and 8, p represents the collection of population probabili-
ties, i.e. p =(p,, ... ,p,) for the simple random sample, p =(p,,...,P,, -, P, ),
where p, is the vector of the population proportions for stratum [ for strat-
ification, and p =(p',...,p%,...,p%), where p' is the vector of the population

proportions for cluster ¢ for cluster sample. For stratification and clustering, in

these chapters, we denote the marginal (over strata or clusters) probabilities by

q:(pli"' 7pK)'

Finally, the writer would like to apologise in advance if this terminology may
confuse the reader. Nevertheless, he hopes that the context will make it clear

what he is referring to.



Chapter 2

The effect of complex sampling

in surveys

We are first going to discuss the effect of complex survey design on the asymp-
totic distribution of Pearson chi-squared test statistics for goodness of fit X2
of prespecified multinomial probabilities and for independence X? in a two-way

contingency table, from the classical point of view.

In this review we are going to consider the design effect under three sam-
pling schemes, finite population sampling, stratification, and two-stage sampling.
This chapter reviews previous work on classical approaches to this problem, par-
ticularly the work of Rao and Scott (1981), Scott and Rao (1981), and Holt,
Scott, and Ewings (1981).

2.1 Multinomial distribution

Assume that Y is a discrete random variable taking K categories with probability

of occurrence p;; ¢ = 1,... , K. In a total sample of n independent observations
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of Y, the probability that the i** category is observed n; times for cellss = 1, ..., K

1S

K

n .

pr(n) = | |p:“. (2.1)
nl, ... ,nK i=1

where Zfil p; = 1. This distribution is known as the multinomial distribution.

2.2 Assumption of multinomial sampling

We assume that we have n independent observations concentrated on K cate-
gories and the observations are taken from a probability distribution with cell
probabilities p,, ...,p,. In this sampling scheme the observations are indepen-
dent and identically distributed, iid. Then the vector of counts n =(n,... ,n,)
of the number of observations in each of the K categories is a random variable

having a multinomial distribution.

We refer to the sampling scheme for those counts as multinomial sampling.

Therefore, the assumptions of this sampling scheme are:

a) Each of the observations are independent.

b) The total sample size n = Zfil n; is not a random variable.

Statistical inference based on multinomial sampling is valid only if those
assumptions are fulfilled (Agresti, 1990). Otherwise, if at least one of the
assumptions is violated, the inferential statistical procedure may not be valid.
In sample surveys the violated assumption is usually the independence of the

observations (Kish, 1965).
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2.3 Multinomial sample

Let us define a variable Y;; (i =1,... |K,j =1,... ,n), where

1 if j** sample element € #*" class
Y, = J P (2.2)
0 otherwise.

Then, we can write p;, the cell proportion, as a population mean of the variable
Y:;. Now, assuming that the Y;; are independently drawn, with replacement, -
from this population, then the cell counts (n,,...,n,) have a multinomial dis-
tribution with cell probabilities p = (p,,... ,p,). Letn=mn, 4+ --+n, and
p=(p,,... ,P,) denote the sample proportions, where p; = 3 "_, Yi;/n = n;/n.
Then,

E(Y;) =pr(Yy=1)=p;
EY ) =pr(Yy=1)=p

)

and
E(Y;Yy;) =0 if 7 # t. (2.3)
It follows in the multivariate context that, if Y; = (Y3y;,...,Yg;)
EY,))=p and cov(Y;)=P Vi=1,...,n

where P = [v;], with

vi = var(Yy) = E(Y]) — (E(Yy))® = pi — 0} = pi(1 — pi)
v = cov(Yyj, Vi) = E(YyYy) — E(Y)E(Yy;) = —pips Vi #t.

Il

So, the matrix P has the form
P = diag(p) — PP’ (2.4)

where diag(p) is the diagonal matrix with elements of p on the main diagonal.

Therefore,

pi(l“pz‘) V i=t

[Pl = .
—DpiPy V o i#t
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Since P is a sample mean of independent observations, p = Z?:1 Y ;/n, we have

cov(p) = P/n. Using the multivariate central limit theorem

Vn(p - p) 4 N(0,P) for sufficiently large n.

2.4 Goodness of fit test

Suppose we have a population split into K categories, classes, with population
proportions p,,...,p, , where Zﬁlpi = 1. Letn,,...,n, be the observed cell
frequencies in a sample, s, of n units drawn with replacement according to a
specified sampling design, pr(s), from N elements. The general Pearson chi-

squared statistic for testing,
Hy:pi = pos (t=1,...,K) where py, is specified

against the saturated alternative is given by
K
X*= nZ(ﬁz‘ — poi)?/pos (2.5)
=1

where p; is an unbiased (or consistent) estimator of p; under pr(s) and Zfi (D =

1. This can be expressed as,

where p = (P,,--- ,Px_1)s Po = (Pos,---,Pox_,)s Po is the value of P =
diag(p) — pp’ for p = po, and P /n is the covariance matrix of n/n for multino-

mial sampling where n = (n,,... ,n,_,).

Note that X? is a special case of the generalized Wald statistic X3, for testing
Hy, which is given by

-~

Xiy = n(D — po) V(P ~ po) (2.6)
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where V /n is an estimate of the covariance matrix, V/n, of p. The generalized
Wald statistic X7, is approximately distributed as a x% _, random variable under

Hy, for large n.

2.5 Pearson chi-squared, as a Wald statistic

The Pearson chi-squared statistic, for testing Hy, can be expressed in the multi-

variate context by,

X? =n(p —po)Ps (P — po)- (2.7)

The inverse of P is of the form,

1, 1 ’
P! = diag(;) + -~ J , where J=| . _ I (2.8)

1 .. .1

To check this assumption, we have to compute PP},

PP~ = (diag(p:) — pP’) (diag(;) + —1—J>

Y PK
diag(p;)di (1)+ 1al'ag(p)J pp’diag(l) 1pp’J
= diag(p;)diag(—) + —di DT — —) - —
9P gpi Pk Di Pk
p, 0 .. . 0 ;,1: 0
1
|0 : 0 5
= I+— . . J—p( D, Dy e pK_l)
Pk
0
0 0 pe_, 0
1

Prx—1
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PP
1 p2 pQ
PP~ = I+—
Px
pK—l pK—l
1
=I+2;—(p p)-(p
K
1
=I+;I;(p p>—<p
1-1
:H(—_ﬂz_1)<p
Pk

=L

D,
P, K-1
_pll_Zizl D
Py
Py
l-pk__,
_ pl
P ) PKr
) =2
p Dr p

K-1
, where Zpi =1-px

i=1

Therefore, we can conclude that equation (2.8) gives the inverse of P.

Now to prove the multivariate form of the Pearson chi-squared statistic (2.7),

let p/:(plﬂ"' 7p1\',1) and (Is—p()):a Then7
[PEI] _ Eoi_ p—(}; when 1=t .
" p—olK- when t©#t
Hence
K-1K-1
aPla= Z Z a; [ a;
i=1 t=1
K-1 K-1K-1
:Zai[ - -+zzaz Qg
i=1 i=1 t4i
K—2K-1
= Z a? [ + 2 Z Z a; aq
i=1 t>i
K-2K-1

()
Poi Dok

1 2 1 2
a; + E a;
po (

+23) )

=1 t>1
K—

2K-1

(5)
— ] Q;Q¢
Pk

+2> Zalat>

i=1 t>1
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Now,
1
aPla=— al + — a;
Do ; Dok (;
substitute the value of a; = (p; — pg;), we get
1 2
L S +_( o)
Z Dok Z( 2
K- 1 —p 1 2
Oz
(zpl zpm>
=1
but ZZK 11151 =1~ px and Zizz poi = 1 — pok,
K— 1 (i — p 1
7 01 N
= Z (1= px) — (1 = pox))?
pOK
K-1 5
— Pos 1 .
Z ) (—pPx + pOK)2 .
im1 POK
Therefore,
= (5~ pos)
(D —Po)Py (P —po) = Z L (2.9)
=1 Doq
Thus,
X* = n(p — po)'P(Yl(f) - po)
“ (p: — pui)
i T FOi
=n
; Po;
A 2
-3 (np: — npoi) (2.10)
i—1 Poi
|

2.6 Likelihood-Ratio statistics and asymptotic

distribution

The Likelihood-ratio test is a general way of testing a null hypothesis Hy against

an alternative hypothesis H;.

It is based on maximizing the likelihood under
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Hy, and also under the alternative. It assumed that the two hypotheses are
nested. Let A denote the ratio of the maximized likelihoods. Then the value of
the ratio never exceeds one. In 1935, Wilks showed that —21In(A) has a limiting
chi-squared distribution under Hy, as the sample size, n, gets larger. The degrees
of freedom is equal to the difference in the dimensions of the parameter spaces

under the alternative hypothesis and the null hypothesis.

For multinomial sampling in a contingency table, with K cells, the likelihood. -

is,
cl]rr (2.11)

where C is a constant and p, > 0 and Zfil p, = 1. Under Hy, consider p, to
be the maximum likelihood estimate for p,. For a general saturated alternative,

the likelihood is maximized when p, = 2. Therefore,

sup_ o L(p,n)
sup, ., L(p, n)

_ fjl (np/n>" (2.12)

where g is the null space and {2 is the alternative space for p. Now —21n(A),

which is denoted by G?, is called the likelihood-ratio chi-squared statistic. For

testing goodness-of-fit, it is equal to,

G* =2 Zi:n In (”—/") : (2.13)

p;

In this test the evidence favours the alternative hypothesis, as G? get larger.
For a general result for any null model, the likelihood-ratio statistic G* has an
asymptotic Chi-square distribution with (K — v — 1) degrees of freedom, where
v is the number of free parameters of the null model which can be estimated
efficiently from the data. To prove that G? is asymptotically equivalent to the

Pearson chi-squared statistic, X?, let K, the number of cells, be fixed, and
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assume all p, > 0. Then we can express G? as

- (ni/n)
G? = ZZni In (i—) (2.14)
—2anln(1+ ni/n) = >
22
Now, we apply the expansion
2
In(l+z)=z- %— + O(x?) for |z] < 1. (2.15)
considering x = %, we get
mifn) =5, L ((fn) =5\’
=2 L T g
Z [ 2 ( b, i

o Z (%) {W” %<——("i/2_@>2+"}

adding and subtracting p,,

Q? = QHZ[ﬁivL((m/n)“ﬁi)] [L@_ﬁ_%(%) T
e

i=1

131
+ 2n O, ((n,/n) )3

since ), ((nl/n) —p,) = 0. Now, we can write ((nl/n) —-p,) = ((ni/n) —p,) —
(p, — p,), both of which are O, (n_%). Thus

wofee

922n2w+2n Op(n“

i=1

)

= X240, (n‘%> . (2.16)
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This implies, that under the null hypotheses, the difference between the Pear-
son chi-squared statistic X? and the likelihood-ratio statistics G2 converges in
probability to zero. In fact, the limiting result for multinomial sampling also
apply to any sampling scheme (Agresti, 1990). For further details see Cressie
and Read (1989) and Bishop, Fienberg and Holland (1975).

2.7 The design effects

The design effect, deff, is a concept, used repeatedly since Kish (1965), defined
as “the ratio of the actual variance of a quantity to the variance of that quantity
under a simple random sample, srs, of the same number of elements”. This
definition is a natural measure of relative efficiency of a survey. It is a measure
of the inflation (deflation) in variance of the simple random sample due to the
design. Kish’s design effect, deff, for 6 is a measure comparing the variance
of the (randomization) distribution of 6 induced by the true complex design,
Vartrue(é), and the variance of the distribution of # induced by a hypothetical

srs design of the same sample size n, Varm(é),
deff(0) = Varyue(8)/Vareys(6). (2.17)
For categorical data, where srs with replacement is multinomial sampling
deff(p;) = Var(p)/pi(l —pi), V i=1,..,K—1. (2.18)
It follows in the multivariate context that,

deff(p) =PV, (2.19)

The matrix D = P7!'V can be thought of as the natural multivariate ex-
tension of the design effect. Here, D represents the inflation factor needed to
transform P, the covariance matrix under multinomial sampling, to V, the true

covariance matrix for the sampling scheme actually employed.
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Theorem 1 (Rao and Scott, 1981)

Under the null hypothesis Hy : p = py, X? may be written as Zf_:l 70,22, where
21y .., LKk-1 are asymptotically independent N(0,1) random variables and the
;s are the eigenvalues of D = P;'Vy (19, > 7o, > ... > Tor_, > 0) where

Vo/n denotes the covariance matriz V/n for p = py.

Proof:
X*=n(p - py)Py’ (b — py)
P;' is symmetric and p.d. matrix. So, we can write P5' = MM’
= n(p — po) MM'(p — py).

If we denote Dy = M’V M, then there is an orthogonal matrix I', such that
"Dyl is diagonal. Therefore,

X% =n(p — p,) MIT'M'(p — p,)
= (vVnI'M'(p — py)) (v/nI'M'(p — py))-
Now, let

T = (Val'M'(p - py)) ~ N(0,['M'VoMT)
X N(0,I'D,T)
X N(0, diag(Toi))

here, I'M'V MTI" = "Dl is a diagonal matrix, with entries equal to the eigen-
values of Dy, 7¢,(: = 1,...,K —1). Thus, T;’s are independent. Suppose that

I ;
Z; = N then we can write
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where Z; & N(0,1). Now,

Doe; = 19,€; where e; is an eigenvector
M'VoMe; = 7g.e; then, multiplying by M
MM'Vy(Me,) = 7,(Me,) but MM'= Py!
P, Vo(Me;) = 1o,(Me,).

Thus, 7, is an eigenvalue of P;'Vy and Me; is the corresponding eigenvector

of Py 1V,. With that, we have the following,

o 7, X N(0,1) and Z;’s are independent.
e T¢,’s are the eigenvalue of PalVo , under H,.

e P;lis p.d. and Vyis also p.d. = all 7¢,’s > 0.

We can arrange the orthogonal matrix to give us

To, Z’/’o2 Z...ZTOK_1>O.

Finally,
K-1 K-1
X2 ) o [NO,DP R Y o (2.20)
i=1 i=1

So, X? is distributed asymptotically as a weighted sum of independent x? random

variables.ll

Corollary 2 The correct asymptotic distribution of the Pearson chi-squared statis-

tic, X2, under multinomial sampling is x%_,.

Proof: by using the proof of the theorem, where V = P, under the multi-

nomial case. The eigenvalues 7o; will be the eigenvalues of I, i.e.

:‘>T0i:1 Vizl,...,K—l.
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Thus
K-1 K-1 K-1
X*=Y "r22=> 7}~ X
i=1 =1 =1
since
Zi % N(0,1)
K-1 .
L
= X*=Y Z} x5k, (2.21)

Hence X? is distributed asymptotically as chi-square distribution with (K — 1)
d.f. for p =py. M

Corollary 3
K-1
X210, <Y 72 (2.22)
i=1

K=l 9 - -l ST - 2
where 24_1 Z7 =n(p —py) Vo (D — py) ts distributed asymptotically as x5 _,

under Hy.
Proof:
K-1
X% = Z 10, Z2;  we know that 7o, > 7o, > ... > Tg._, >0
i=1
K-l To
X2/r — Yy 72 where 0 < (—) <1
/ 01 22:1:(7'()1 ) To,
K-1
< Z Zf. (2.23)
i=1
[ |

Using Corollary 3 we can construct a conservative test if we can find an upper

bound for the design effect of any linear combination of p;’s, ¢'p, or obtain a



2. The effect of complex sampling in surveys 21

consistent estimate 7, of 7, where we can write 7, as
’
7, = sup[c'Ve/c'Pc]
c

B Vv (ZK:? Cz‘f)i)
_slip v (Zi : cml/n>

where, V;,s denotes the variance operator under srs with replacement (multino-

(2.24)

mial sampling).

Corollary 4
X2/r =X (2.25)

for po if and only if V.= 7P for some constant T, that is, var(p;) = 7p;(1—p;)/n
and cov(Pi, pr) = —Tpipe/n.

Proof: by using the proof of the theorem, where V = 7P, we get the result
of Corollary 4.1

Corollary 4 implies that for X? ~ 7x%_,, we have to satisfy the following;
all individual cells have the same design effect 7, and the design effect for each

of the covariance terms must also be equal to 7.

2.7.1 Simple random sample without replacement

Consider an observed, simple random sample, srs, of 7 counts without replace-
ment from a finite population of size N units. Here, p is approximately (K —1)-
variate normal with mean p and covariance matrix V/n. The covariance matrix

V /n under this design is equal to,

v N (1 - 1) P. (2.26)
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Proof:

Let a; be a random variable which takes the value 1 if the j*® unit in the

population is in the sample and the value zero otherwise. Using the random

variable a;, we can rewrite p; as,

N
> a;Y;
7j=1

n

~

Di =

where the sum extends over all finite population units N. With this expression

the a;’s are random variables and the Y;; are a set of fixed numbers equal to zero

or one, i.e.

1 if 7** population element € i class

0 otherwise.

This implies, that a; has a Bernoulli distribution with probability of success

~- Therefore,

Emﬂ:r% & Vmﬂzg%(1——ﬁ. (2.27)

To find V (p;) we need the covariance of a; and a;, where the product a;a; is

tth

equal to 1 if the 5" and ¢*! units are in the sample and zero otherwise. Here,

Cov(aja;) = E(aja)) — E(a;)E(at)
_nn-1) (n)2

T N(N-1) \N
n n
S — 2.2
NN =1) (%) (2.28)
If we consider Y to be a (K — 1) by N matrix, then
1
p=-Ya
n
where a = (a1,... ,ay)’. Hence,
1
Cov(p) = Cov (;Y a)
1

= 'T?Y V(a) Y,
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where V(a) is equal to,

n n N 1
Via) = & ( _n - _ :
()=+(1 N) [N_ll N_l.]} (2.29)
Hence,
1 n N 1
Cov(p) =Y — (1~ ) -—1J| Y
) =Y Sl-F {N—l N-1 }
1 n
=— (1= —) NYY' - YJY'
AN(N — 1) ( N) | ]
N n 1 1
- (1 _) ~YY - —=YJY'
a(N 1) (-5 [N N? ]
where,
VR 21 VY T Yy Yk o)
N N N
1 Y7 VY yYE 7 Yo Yix-1);
N . . :
Y YY) 25 Yoy
Soo LRy N
= diag(p)
: - SIS XY
since Y;;Yy; = 0 for all 4 # ¢, and =5 = =L— =p,. Also,
2
(Zj—v Ylj) YY) Yoy T3 Vi 307 Vi,
N 2 N N
1 YIY' = 1 Zjv Ylj ZijQJ <Zj Y2j) Zj Y2j Zj Y(K—1)j
N? Nz . .
2
N
Ziv Ylj Zjv Y(K—l)j (Z] Y(K—l)j>
P PPy - PiPicy
_ | pp P Pape
PPi s e Py

=pp’.
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Therefore,
Cov(p) = (—N—N_—l) (1 - —]T\i[) [% (diag(p) — pp’)}
- (N]i 1) (1 - %) %‘ (2:0)

The factor ﬁ is redundant for a large population. Therefore, using Corol-

lary 2, where the finite population correction, 7 = (1 — n/N),
X'~ (1-n/N)xk

as both N and n — oo in such a way N —n — oo . So, the corrected Pearson

chi-squared statistic for finite population sampling will be,
X2=(1-n/N)"'X2~ X%, (2.31)

using, 7;, = 70; = 1 —n/N Vi=1,... ,K —1 for any P.

2.7.2 Stratified random sampling (proportional allocation)

More often, sampling is done independently within several subpopulations. For
designs involving stratification, we consider the subpopulations to be indexed by
Il =1,..., L. Therefore, the population of N units is divided into subpopulations
of Ny, Na, ..., N, units, respectively, where Zlel N, = N. These subpopulations
are not overlapping, and called strata. A simple random sample s; of size m; is
drawn with replacement from the I'* stratum , where >, m; = n; For more detail
see Cochran (1977) and Hansen et al. (1953). Consider ny; (i =1,... , K) to be
the observed cell frequency in stratum [ and let p;; be the proportion of elements
from stratum [ belonging to category 7. If the sampling design is stratification

with proportional allocation W, of the m;, then
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L m; N
P = ;I/leli, where W, = e = N
Therefore,
L - L
i ; %% e n;/n, where n; = ;nh.
1 2 e i K Total
s 1 niy Pru | M2 P2 | -.. | N Pu nig Pii my
t 2 na1 Po1 | Moz Pao | ... | N2 Po Mok Pok ms
r
a l np P | e Pz |- | M Pu Tk Pik my; = nW,
t
u L |\ np pri|nee Pra|--- | N Pri NLK PLK my,
m | Total | ny P ne P | ... | m P nig Px | n=D>,> M

With this design p is approximately (K — 1)-variate normal, when m; is large

with mean p and covariance matrix V/n. The covariance matrix V/n under

this design is equal to,

L

V=P-> Wip,—p)p,-p), (=P -H).

=1

Proof,

Mr«

cov(p;, pj) = cov|

-

I=1r

L
I/Vl]ali ’ Z Wrﬁr]']
r=1

=1

Il

W, W, cov(pi, Drj]

D)=

il

1

(2.32)
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but, correlation only exists within a stratum = [ =1r

L
Cov(ﬁhp] ZM/I cov(pluplj)

Wi (w)ss

I
T Mh 1

where v; = nil(diag(pl) — pip)) and n; = nW,

L
o 1
cov(pi, p;) = ZWIQ( o (diag(pr) ~ pzpﬁ))
, ij

1 _ ,

= <Z Widiag(p) = Y szzpz>
I 1 ij

1

= — | diag(p Z Wipip,
j

1 N ! / /

=~ | diag(p) — pp' — > Wipip; + pp
! /5

== ((diag(p) —pp’) — > _ Wilpi—p)(pi - p)’)

since p = Z]L:1 Wipi,

cov(pi, p;) = < ZVVI P —p)(p1 — ))

Hence,

L
V=P-> Wi(p,~p)p,~p)
=1
where p; = (p“, e 7le_1)l'-

Now, consider the eigenvalues of the generalized design effect, and the asymp-

totic distribution of X2, for goodness of fit.

c'Ve/c'Pc >0 since P is p.d. and V is p.d.
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So,

c'Ve/c'Pc = '[P — Zlel Wi(p,—p)(p,—p)lc

c'Pc
_ c'Pc _ <30, Wilpi—p)(p—p)lc
c'Pc c’Pc
>y Wile' (p—p)1?
=1- = ‘ <1 2.
c'Pc - (2.33)
or 7o, < 1 for any py and
K—1 K-1
0<X? = 022 <Y ZF =Xkt (2.34)
=1 i=1

Thus, the Pearson statistic X? is always asymptotically conservative in the
case of stratified random sampling. Rao and Scott (1981) consider the extent to

which X? could be conservative;

1. If L > K and the stratification is perfect, that is, all elements in a stratum

belong to the same category, then X? = 0.

l 1 2 1 K Total

1 nu Pu 0 o 0 . 0 my = ny

2 0 N9y Pag | ... 0 0 Mo = Moo
0 0 v | Ny Du 0 my = ny

L 0 0 0 . I npkg P | mp =npk

Total | ny=mny | na=noa | ... |\ ny=ny|... | ng =nrk n

2. If L < K, then
K K—-L K
x2=N"rz22=5 12+ Y. 1.7
i=1 i=1

K-L
2,2
> E Z7 = Xk-L
i=1
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since the rank of H, equation (2.32), is at most L—1. For a proof, consider

a column vector v, then the vector Hv lies in a space of dimension equal
to the rank of H. Now,

| l

p)(p,— )

vi{p,—p)

So, Hv is a linear combination of (p,—p). Therefore, rank of H is equal
to the dimension of the space spanned by (p,—p), which is at most L.
Because there are only L vectors of the form (p,—p). Furthermore, these
vectors are not linearly independent, since Zle Wi(p,—p) = 0. Hence,
they span a space of dimension at most L — 1.1

Since the rank of H is at most L — 1, and therefore at least K — L of the
7,’s must be equal to one, see equation (2.33). Thus X? is asymptotically

well approximated by x%_, if K is large and L be relatively small.

As an example, when L = 2

D=P'V

B <P -> Wz(pl—p)(pz—p)'>

=1 - WiW,P " (p,—p,)(p,—P2)
1A (2.35)

We can prove this using p = Y, Wip; = Wip1 + Waps, and Wy = 1~ W;. Since
A is of rank one (2— 1), K — 2 of its eigenvalues are zero and the remaining non

zero eigenvalue is,

K
tr(A) = W,W, Z(pli - p2i)2/pi =4

=1
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where 0 < 6" < 1. Hencer, =...=7, ,=1and 7,_, =1~ 6. This implies
K-
X2 = Z (1-6)2%_,
R Xic—a + (1= 80 (2.36)

where 8 is the value of 6" under Hy (for p = py). Unless K is small, X? is

asymptotically well approximated by x%_, in the two strata case.

2.7.3 Two stage sampling

Suppose we have C primary sampling unit, psu’s, with M; secondary units in
the t™ psu (¢ = 1,...,C;3., M, = N). Consider the following sample, ¢
(¢ < C) psu’s selected with replacement, with probability W, proportional to
size M,, as a first-stage. Then as a second-stage, considering subsamples each
of size ny = m;t = 1,... ¢, (m C M,;) drawn as simple random samples with
replacement independently from each selected psu. Hence, the sample size is

n = mc; For more detail see Cochran (1977) and Hansen et al. (1953).

Let n;; be the observed cell frequencies in sampled psu ¢ and let p; be the
proportion of the t'" psu belonging to category i, where ¢ = 1,... , K. Under

this design, we have

p= Z % =n/n ,where P; = (P11, Deas - - s Pex—1) 3 E(ng) =npi

“ Nys
pti:'T% v b= _ptz Zthn
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1 7 K Total

1 niy Pt |--- | R Pu MKk Pik m

t ng P | --- | Pu P Nk Dtk m

C Ne1 Pel Nes ﬁci NeK ﬁcK m

Total | nmy Py | ... | My Py | ... | Nk Dk n

With this design, p is approximately (K — 1)-variate normal, for large ¢, with

mean p and covariance matrix V/n, where

V=P+(m-1) Zwt —p) (2.37)
=P+ (m—-1)A.
Proof,
We know that,
V(p) = V[E(p|selection of psus)] + E[V (p|selection of psus)]. (2.38)
Starting with the first-stage sampling,
R L
E(®) = - > E(py)
t=1

E(plselection of psus) Z Kip:

where K, = Number of times t'" psu is selected.
1 ~
= -PK
c
where P = (p1, P2, --- ,Pc), and K'=(K;, Ko, ... , K¢).

V (plselection of psus) Z KV

= 02 ZKt (diag(pe) — P:P;)]-
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Now, for the second-stage,

V(E(plselection of psus)) = V(lPK)

M,
K ~ multinomial(c, W) where W, = _]Vt

= V(K) = ¢ (diag(W) — WW')
V(E(plselection of psus)) = lIND(diag(W) — WW')IB
c

~1

1~ ~ 1
= —P(diag(W))P — —=PWW'P
c ¢
C
1 !/ 1 !
==Y W.pp, — ~ppP
c c
t=1
since lgdiag(W)l; = Z W:p:p; and PW = p.

t=1

Also,

c
. . 1 1
E(V(p|selection of psus)) = E(C—2 tgzl K, E(dzag(pt) p,p:))

c

= %; E(Kt)%(diag(pt) ~pp,) ;where E(K;) = cW,

1 _ 1 & /

= ; Widiag(p:) — o tz:; Wip:p:-

Therefore,
1< 1
V(P) = (3 Wipew! — ;pP)
¢ C

1 1
- di _ W.0.:p
+ (Cm {;;1 Widiag(p:) o t§=1 tP:P;)

1

m
cm

Z W:pp, — mpp’ + Z Widiag(p:) Z W.p:p})
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where, ZtC:1 Widiag(p:) = diag(p) and n = mec.
c

V(D) = =((m—1)S_ Wip,p} — mpp’ + diag(p))

n
t=1

L , ~ oo
= —ﬁ(dzag(p) —-pp +(m—1) Zl W.p:p; — (m — 1)pp’)
t=

1 C
== (P + (m = 1)( Zthtpt PP ))
1 C C
== ( Z p)') , since p =Y _ W,p,
t=1 t=1
=V/n

So,

C
V=P+( Z .—p)"

The generalized design effect matrix D =PV is
D =P P+ (m—1)A]
where A = 3,2, Wy(p,—p)(P,~P)’

D = P'P+(m-1)P'A
= I+(m-1)P'A.

Let p, > p, > ... > p, _, > 0 be the eigenvalues of P™'A, which implies, that
Ti=14+(m—-1p (i=1,... K~1)

This gives,

K-1

X2 = "1+ (m—1)p )%

i=1
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where, p,, is the value of p. for p = py. Now, for the asymptotic distribution,

¢'Ve c'Ac
0< =1 —
S TPe + (m 1)C’Pc
and
c'Ac
“Pe <1 = pg, < 1.

Using this, we obtain

K-1 K-1
Y Z <N+ (m—1)p, )Y 22
i—=1 =1

< X?

K-1
<1+ (m—1)py] Z Z? ,since py, is the largest.
=1

K—1
< mXZZl2 ,since 0 < py < 1.
i=1

Thus X?/m gives an asymptotically conservative test whatever the values of the

9

X*< mZZi2 = X?/m < ZZE ~ 3.

If we can specify p,, or a consistent estimator p , a better conservative test
can be obtained. Rao and Scott (1981) called p ’s generalized measures of

homogeneity.

2.8 Modifications to X?

To modify X? we need to know the 7¢,’s or consistent estimates for 7;’s, which
is almost equivalent to knowing the full covariance matrix V under Hy or V =
(9i;), since the 7¢,’s are the eigenvalues of D = P5'V,. Moreover, if we had

Vo, then we could construct a generalized Wald statistic. Knowledge of 79,’s
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or 7;’s are often not available in practice. Therefore, a simple approximation
to the asymptotic distribution of X? is needed, which requires only very limited
information about V. Rao and Scott’s approach (Rao and Scott, 1981) is to

construct a modified statistic as,

X?=X?/% (2.39)
where
7 N A
(K-
and under Hy
K-1
Fo. = (—I—{—TO_—I) (2.40)

1

1

X2 under Hy, is distributed asymptotically as

K-1

T= i(TOi/TO.)Zf ~ X%(—r (2.41)

=1

The random variable 7" has the same expectation as x%_,, but the variance

K-1 2
To, — To.

Var(T) =2(K — 1)+ 2 =,
( ) ( ) ;( To. )

is larger than Var(x%_,) = 2(K — 1), unless all 7o,’s are equal. To prove this,

we compute the expected value and variance of 7',

K-1 | K=l
B(T) = B(Y_ 27} = — > TaE(Z)
=1 0 70
| K-l
=— 7, ;since Z7 ~xj = E(Z}) = land V(Z}) =2
To. 3
- (K — 1) ZTOi
Z To,

= (K - 1). (2.42)
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The variance is

Var(T) = V(Y 2222

2 V(Z3) since Z? 's are independent
_ 22;&
70.
g K-
=2(K - 1)+ = — —1
( ) + T%‘ ; T 2(K )
g K-1
=2(K —1) +;2~[ 5, — (K — 1)1
0. =1
9 K-1
= 2(K — 1) -+ — (7"01 - ’1'0')2
7o. =1
Thus,
e -1
Var(T) =2(K — 1)+ 2 <O’ O)
() =20k -1+ (2
||

So, treating X? as x%_; under Hy tends to underestimate the upper percent-

age point of true asymptotic distribution, since
Var(T) > Var(x5_,)- (2.43)

If the coefficients of variation, 7;, are not large, the effect will be small. With
this approach, the modification X? depends on 7o which depends on the cell

estimated variance ¥;; or equivalently the estimated cell design effects d1 , d K.
F=tr(PTIWV)/(K -1) (X2=X?%/%)

= Z[@ii/ﬁi( - 1]

} )d: )
:Z — Pi) ) where di:f———_—- (2.44)
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In empirical results for large study, 13000 households, analyzed by Rao and
Scott, they found the modified test based on X? gives good results, for nominal
size @ = 0.05. Also, if we use the ordinary X? test with a desired significance
level of five percent, the estimated (asymptotic) significance level can be as high
as 41 percent. With a fairly small value for 7 =" -(KTTU’ there can be a serious
distortion in size if the degrees of freedom, K — 1, are large.

2.9 Dirichlet-Multinomial distribution

Another classical approach for data from cluster samples was presented by Cohen
(1976), Altham (1976), and Brier (1980). Cohen (1976) proposed a simple model
for within-cluster dependence for ¢ psus or clusters of size two. Cohen (1976)
considered the following model for correlated responses within the same clusters

for cluster of size 2,

ppi+ (1 —p)p? ifi=j ,
Dij = (2.45)

(1= p)pip; ifo#j
where p;; = pr(first sibling is in category ¢ and the second sibling of the same
cluster is in category j) and p is the measure of within-cluster dependence, p;; > 0
Vi, 7 =1,...,K, since p < 0 might not be logical in practice. Altham (1976)

extended the Cohen results for a larger cluster size, n, = m. Altham obtained

V = m(l+p(m-1))P
= maP (2.46)

where m is equal to the cluster size, a = (1+p(m—1)), and P is the conventional

covariance matrix for n under multinomial sampling. Hence

1
(@) = P
cma

.

a
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Therefore,

(n—np)'(cV) (n—np) = }-(n—np)'(nP)—l(n—np)

=

1 npz

CL

- lx?.
a

Therefore, with simple correction, a, the standard Pearson chi-squared test
statistic, X2, computed under multinomial sampling, can be use for testing a |
simple null hypothesis for p under cluster sampling. Applying this requires
that (2.45) holds, and p is known.

On the other hand, Brier (1980) provided an alternative justification for
some results of Altham (1976) and extended the results to the case of unequal
cluster sizes. Brier assumed that p; are independent and identically distributed
with p ~Dirichlet(dw), see (4.1), where ' = (n,,...,7,) lies in the K — 1
dimensional simplex defined by ¥x = { (p,,...,p,.) : p, > 0,55 p. = 1}. He,
also, assumed that n;, for any psu, is multinomially distributed, conditional on
p: for that psu. That is for any cluster, n ~Multin(m; p), see (2.1). Thus the

unconditional distribution of n is then,

f(nlmd) = / pr(nlp) x pr(plm.d) dp

= DMg(m,w,d). (2.47)

Brier referred to this distribution as the Dirichlet-Multinomial distribution, and

denoted by DM (m, m,d). Mosimann (1962) shows that the mean of DM (m, m,d)
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is ma and the covariance matrix is mb(diag(w) — 7wn’), where b = 2. Thus
the covariance matrix is a constant, b, times the corresponding multinomial co-
variance matrix, P. This means that the constant, b, will play an important role
in the design effect function. Also, d is the structural parameter representing
the cluster effect. He also considers the intraclass correlation coefficient for this
distribution, p = ﬁ—&. This provides a justification for Altham’s (1976) results,

since by substituting the value of p in b will give

m+d

b = —1 2

1+d
1-p

m—/’
1-p

1+ >

= l4+pm—1)=a.

Brier’s (1980) Dirichlet-multinomial model is fairly restrictive since it implies
the same design effect for all individual cells. For the Dirichlet-multinomial
model Koehler and Wilson (1986) compared the results of using the exact co-
variance matrix with the Pearson chi-squared, Rao and Scott (1981) corrected
Pearson chi-squared, and Wald statistics. Using the exact covariance matrix
gives similar result to Rao and Scott (1981) corrected Pearson chi-squared, and

both are very close to the Wald statistic.

2.10 Testing independence

Let X and Y denote two categorical dependent discrete random variables, where
X has r levels and Y has c levels, with K = r x ¢ possible combinations of clas-
sifications. The responses (z,y) are assumed randomly chosen from population
having a joint probability distribution. The K categories are presented in a
rectangular table having r rows for the category of X and c columns for Y. If

the table contains frequency counts of outcomes, the table is'called a contingency
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table. A contingency table having r rows and ¢ columns is referred to as r-by-c

(or r x ¢) table.

The two variables X and Y are said to be stochastically independent if the
conditional distributions of ¥ are identical at each level of X. If the variables
are response variables, their relationship can be described by the conditional
distribution of one variable given the other, or by their joint distribution function.

When the property of all joint probabilities equals the product of their marginal -
probabilities, i.e. pij = piypy; , where piy = 37 pi; and py; = > 1 Pij, then

the two variables are called independent.

2.10.1 Chi-squared test in two-way table

For testing independence, in a two-way contingency table (r x ¢), the null hy-

pothesis of interest is the independence of rows and columns,

Ho : pij = piv Py, (i:17---,r§j:1’---a0)
or
HO . hij(p) = 0. (248)

where h;j(p) =pi; —pisps; (E=1,...,r=1j=1,...,c—1).

Then, the usual Pearson chi-squared statistic for testing Hy is
XP=n> > (bij — Dirbss)*/ BirPrs)- (2.49)
i=1 j=1

If we define the vectors of marginal probabilities,

C
Pr= (p1+,p2+, e 7P(r—1)+)/§ where p;, = Zpij
j=1

T
Pe = (P41, P42, - - - ,P+(c—1))/§ where py; = sz'j
i=1



2. The effect of complex sampling in surveys 38

is mm and the covariance matrix is mb(diag(w) — 7wn’), where b = 244, Thus
the covariance matrix 1s a constant, b, times the corresponding multinomial co-
variance matrix, P. This means that the constant, b, will play an important role
in the design effect function. Also, d is the structural parameter representing
the cluster effect. He also considers the intraclass correlation coefficient for this
distribution, p = —ljlrg. This provides a justification for Altham’s (1976) results,

since by substituting the value of p in b will give

m+d

b = T2

1+d
m+ =2
o

Trer
1+p

= 1l+pim—1)=a.

Brier’s (1980) Dirichlet-multinomial model is fairly restrictive since it implies
the same design effect for all individual cells. For the Dirichlet-multinomial
model Koehler and Wilson (1986) compared the results of using the exact co-
variance matrix with the Pearson chi-squared, Rao and Scott (1981) corrected
Pearson chi-squared, and Wald statistics. Using the exact covariance matrix
gives similar result to Rao and Scott (1981) corrected Pearson chi-squared, and

both are very close to the Wald statistic.

2.10 Testing independence

Let X and Y denote two categorical dependent discrete random variables, where
X has r levels and Y has ¢ levels, with K = r x ¢ possible combinations of clas-
sifications. The responses (z,y) are assumed randomly chosen from population
having a joint probability distribution. The K categories are presented in a
rectangular table having r rows for the category of X and ¢ columns for Y. If

the table contains frequency counts of outcomes, the table iscalled a contingency
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table. A contingency table having r rows and ¢ columns is referred to as r-by-c

(or r x c) table.

The two variables X and Y are said to be stochastically independent if the
conditional distributions of ¥ are identical at each level of X. If the variables
are response variables, their relationship can be described by the conditional
distribution of one variable given the other, or by their joint distribution function.
When the property of all joint probabilities equals the product of their marginal -
probabilities, i.e. pi; = piypy; , where piy = 3771 pi; and py; = D71, pyy, then

the two variables are called independent.

2.10.1 Chi-squared test in two-way table

For testing independence, in a two-way contingency table (r x c¢), the null hy-

pothesis of interest is the independence of rows and columns,

HO:pij:pi+p+j7 (’izl,...,T;j:l,...,C)
or

where h,zj(p) = Dij — Di+D+j (’L = 1, , = 1,] = 1, ,C — 1)

Then, the usual Pearson chi-squared statistic for testing Hy is
ng =n Z Z(ﬁij - ﬁi+ﬁ+j)2/(ﬁi+lﬁ+a‘)- (2.49)
i=1 j=1

If we define the vectors of marginal probabilities,

Pr = (P14, P24, - - ,p(r*1)+)l; where p;y = Zpij
7=1

Pec = (Py1:P42,- - 7P+(c—1))/; where py; = Zpij
i=1
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then, the Pearson chi-squared statistic can be generalized to,
2 NP S| ~
Xi=nh(p) (P, &P, )h(p)
where p;; is the estimate of p;; under the sampling design, h(p) is the column

vector of hy;(p)’s, and P, and P, are the values of P, = diag(p,) — p-p. and
P, = diag(p.) — p.p. for p = p.

The Wald statistic for testing Hy is given by
XIQ(w) = ”h(f)) \'ss 1h( ) s X(r—~ 1)(c—1)

but, as we noted before it may be difficult to gain access to the full covariance
matrix. As before, the asymptotic behaviour of X? under a general sampling

scheme, can be represented by,

(r-1)(c-1)
Xi= Y &7 (2.50)

where Z;’s are asymptotically independent N(0, 1) under Hy, and §;’s are eigen-
values of the matrix D = (P.'®P; 1)V, .

A modified statistic similar to X? for the goodness-of-fit problem is given by
Rao and Scott (1981),

where,

ZZ (r—1 (c”— 1p

i=1 j=1 pz+p+]
(1 = pic) (1 — Pay)dy;
= . 2.52
S5 DD (2.52)
i=1 j=1

Here 9;;(h)/n are the estimators of variance of h;;(p) and 6i; is the estimated
design effect of h;;(p), that is
bi;(h)

Si' = = N N N .
7 Pir(1 = P )Py (1~ Dyy)
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XIQ(C) requires the knowledge of the design effects of h;;(p)’s. However, such
information is seldom available in published reports. As an alternative, Rao and
Scott (1981) defined # = 3775 °%(1 — pij)di;/(rc — 1) in place of §. Empirical
results for X7 for the same large scale survey study, analyzed by Rao and Scott,
show that & is smaller than 7 in all cases. The distortion of significance level
tends to be less for the chi-squared test of independence than it was in goodness-
of-fit case. The distortion can still be severe and some modification is necessary.
The test based on X?/ 6. works well in every case, but if § is not available,
using X?2/7 seems reasonable. Using 7. gives conservative and sometimes very
conservative results, so a considerable loss of power may be found. But with
large-scale surveys (large samples) this effect will not be serious; see Rao and

Scott (1981) and Holt, Scott and Ewings (1980).

2.10.2 Log odds ratio test for 2 x 2 table

For testing independence in a 2 x 2 table, the log odds ratio converges to a
normal distribution more rapidly than the odds ratio (Agresti, 1996). Thus, we
will consider the log odds ratio, ¢, equal to m(%‘%)‘ When the two variables
are independent the odds ratio is equal to one. Thus, in case of independence

¢ = In(1) = 0. Consider testing hypotheses having the following form
Hy:9=¢,=0
VS
H1 I¢7é¢0. (253)

where ¢ =1n (ZME) )
P12P21

The test statistic for testing this hypothesis is
~2

¢
var(¢)

since E(¢) = 0, under the null hypothesis. Now, if our sampling design is a

X? =

(2.54)

~

multinomial sample, then the asymptotic estimator of var(¢) is equal to, Altham
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X]Z(C) requires the knowledge of the design effects of h;;(p)’s. However, such
information is seldom available in published reports. As an alternative, Rao and
Scott (1981) defined 7. = 377 3°%(1 — pi;)di;/(re — 1) in place of 6. Empirical
results for X7 for the same large scale survey study, analyzed by Rao and Scott,
show that & is smaller than # in all cases. The distortion of significance level
tends to be less for the chi-squared test of independence than it was in goodness-
of-fit case. The distortion can still be severe and some modification is necessary.
The test based on X2/ §. works well in every case, but if § is not available,
using X?2/7 seems reasonable. Using 7. gives conservative and sometimes very
conservative results, so a considerable loss of power may be found. But with
large-scale surveys (large samples) this effect will not be serious; see Rao and

Scott (1981) and Holt, Scott and Ewings (1980).

2.10.2 Log odds ratio test for 2 x 2 table

For testing independence in a 2 x 2 table, the log odds ratio converges to a
normal distribution more rapidly than the odds ratio (Agresti, 1996). Thus, we
will consider the log odds ratio, ¢, equal to ln(%}fz—f). When the two variables
are independent the odds ratio is equal to one. Thus, in case of independence

¢ = In(1) = 0. Consider testing hypotheses having the following form
Hy:¢= (150 =0
VS
Hy:¢+#0, (2.53)

where ¢ =1In <w> i
Pi12P21

The test statistic for testing this hypothesis is
~2

¢
var ()

since E(¢) = 0, under the null hypothesis. Now, if our sampling design is a

X% =

(2.54)

~

multinomial sample, then the asymptotic estimator of var(¢) is equal to, Altham
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(1976),
TaTsrs() = (= + — + — + —). (2.55)

The statistic X2, using the log odds ratio, is approximately distributed as a x?
random variable under Hy and for sufficiently large sample size, n. If the sample

is gathered by a more complex sampling design, then var(¢) can be estimated by

using, for example, the Jackknife method if full sample information is available.



Chapter 3

Bayesian Statistics

In this chapter, the basic theory of Bayesian model selection is developed. The
Bayes factor will be derived for two competing models, M;,k = 1,2. Un-
fortunately, sometimes it is difficult to evaluate the Bayes factor. Thus, the
Savage-Dickey density ratio is discussed as a way of approximating the Bayes
factor. Model averaged estimation is also presented as a Bayesian method for
estimating a parameter of interest. Finally, the Bayesian information criterion

approximation will be derived as a criterion for model selection.

3.1 Bayesian model selection methods

The standard Bayesian approach to the hypothesis testing and model selection
problem has three main features. First, we represent both the null and alter-
native hypothesis as parametric probability models. Second, we calculate the
key quantity, which is the marginal likelihood for each model, also known as the
integrated likelihood, or the marginal probability of the data. Third, we use the
marginal likelihood function to compute the Bayes factors for comparing two or

more competing models and hence posterior probabilities of models, using the

43
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prior probabilities. For a survey see Raftery (1995).

3.2 Bayes factor

Suppose that we are going to use the data, D, to compare two competing hy-
potheses; which represent the statistical models M; and M,, with parameters 6, ‘
and @3. The posterior probability that My, k = 1,2 is the correct model (using

Bayes’ theorem):

, _ pr(Mi, D)
p (Mle) - pr(D)
_ pr(D|My)pr(My)
= (D) 31
From that we get,
pr{Mg|D) o< pr(D|My) pr(My). (3.2)

We can write this as
Posterior « Marginal likelihood x Prior.

When we compare two models, the posterior odds for model M, against M, are,

pr(Ms|D) _ pr(D|Ma) y pr(Ma) (3.3)
pr(My|D)  pr(D|My) — pr(dMy) '

On the right-hand side of equation (3.3), the first factor is the ratio of the
marginal likelihoods of the two models and is known as the Bayes factor for
model M, against My, denoted by B;. The second factor is the prior odds. If
the prior odds are equal to 1, which is often the case, as it represents the absence
of a prior preference for either model, then the posterior odds are equal to the

Bayes factor.

The Bayes factor By; for comparing model M, against M; for observed data

D is the ratio of the marginal likelihood functions under the two models being
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compared,

_ pr(D|M>)

By = ——— 27,
“ 7 pr(DIMY)

(3.4)

The Bayes factor was first introduced by Jeffreys (1935) and in Jeffreys (1961,
Appendix B) he introduced an interpretation of By, for testing hypotheses. The
calculation of a Bayes factor depends only on the marginal likelihoods, which
can be computed by the integration of the likelihood function multiplied by the

prior over the parameter space,
pr(D|My) = / pr(D|0x, My)pr(0x|My)dby, k=1,2,..,T (3.5)
Ok

where 8}, is the parameter under model My, pr(D|6y, M) the likelihood function
of Oy, and pr(6x| My) is the prior density for 8; under model M. When By, > 1,
the data favour M, over M;; and when By < 1 the data favour M;. The
marginal likelihoods yield posterior probabilities for all models, by using Bayes’

theorem (Raftery, 1995):

pr(My| D) = Zﬁﬁ%%ﬁ%&) k=1,2,..,T. (3.6)

If we consider model M, in equation (3.4) to be the null hypotheses against
the alternative hypothesis, M;, then we can see the close relation between the
Bayes factor and the likelihood ratio statistic. The only difference in the two is
the method of eliminating 8, maximization is used in the likelihood ratio, while
integration is used in Bayes factor. In applications there are some differences.
For example the null model must usually be nested within the alternative for a

likelihood ratio test, while for a Bayes factor they do not have to be nested.

Careful consideration of the prior specification is needed when constructing
the Bayes factor, as it will be always sensitive to the prior. Throughout this the-
sis we use non-informative proper priors. Raftery in the discussion of O’Hagan
(1995) suggested that the approach of using proper priors that are fairly flat over

the region, where the likelihood could be substantial, is more promising than the
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compared,

r{(D| M-
By = i_—rED:Mi;' (3.4)
The Bayes factor was first introduced by Jeffreys (1935) and in Jeffreys (1961,
Appendix B) he introduced an interpretation of By, for testing hypotheses. The
calculation of a Bayes factor depends only on the marginal likelihoods, which
can be computed by the integration of the likelihood function multiplied by the

prior over the parameter space,

pr(DiMk):/e pr(D\0e, M)pr(0s|Mu)d6s, k= 1,2, .T  (3.5)
k

where 0y, is the parameter under model My, pr(D|6y, My) the likelihood function
of Oy, and pr(6x|My) is the prior density for 84 under model M. When By > 1,
the data favour M, over M;; and when By; < 1 the data favour M;. The
marginal likelihoods yield posterior probabilities for all models, by using Bayes’

theorem (Raftery, 1995):

pr(Mg|D) = Ziréﬁ%;}i’;;%ﬁk) k=12 ..T. (3.6)

If we consider model Ms in equation (3.4) to be the null hypotheses against
the alternative hypothesis, M;, then we can see the close relation between the
Bayes factor and the likelihood ratio statistic. The only difference in the two is
the method of eliminating 8, maximization is used in the likelihood ratio, while
integration is used in Bayes factor. In applications there are some differences.
For example the null model must usually be nested within the alternative for a

likelihood ratio test, while for a Bayes factor they do not have to be nested.

Careful consideration of the prior specification is needed when constructing
the Bayes factor, as it will be always sensitive to the prior. Throughout this the-
sis we use non-informative proper priors. Raftery in the discussion of O’Hagan
(1995) suggested that the approach of using proper priors that are fairly flat over

the region, where the likelihood could be substantial, is more promising than the
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approaches that ‘trick’ improper priors into giving reasonable Bayes factors, such
as the fractional Bayes factor, FBF, (O’Hagan, 1995) and intrinsic Bayes factor,
IBF, (Berger and Pericchi, 1996). Furthermore, our priors are compatible with
‘unit prior information’(Kass and Wasserman, 1995), where the amount of in-
formation in the prior equals to the amount of information in one observation.
However, sensitivity analysis remains important. It is more satisfactory if we
evaluate the Bayes factor over a range of specified priors under the competing

models.

Unfortunately, some times it is difficult to evaluate the Bayes factor, because
of the integral in equation (3.5), in such case we need to resort to approximation
methods, see Kass and Raftery (1995), Verdinelli and Wasserman (1995), and
for a review DiCiccio et al. (1997).

3.3 Savage-Dickey density ratio

The Savage-Dickey density ratio is one of the approximation methods to esti-
mates the Bayes factor when it is possible to simulates observation from the pos-
terior distributions via Markov chain Monte Carlo (MCMC) algorithms or other
techniques. It was developed by Dickey (1971) and generalized by Verdinelli
and Wasserman (1995). Spiegelhalter and Smith (1982) illustrate its applica-
tion for linear and log-linear models. The Savage-Dickey density ratio provides
a particular convenient way of calculating the Bayes factor when the two models
being tested are nested. It reduces computing the Bayes factor to the problem

of estimating the marginal posterior density at a specified point.

Suppose that the two models being tested are nested, My C M; and the
sample distribution of data D under My (k = 1,2) depends only on 6, where
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0, = [0, : '] such that
pr(D|Ms, 0;) = pr(D| M, 01,0 = 6) (3.7)

where 8 is a specified value. Also, consider prior densities pr(6;|My) for k =

1,2, in such a way that
pr(02| M) = pr(0:|My, 0 = 6y). (3.8)

Then, the Bayes factor for model M, against M; is

pr(D| M)

pr(D|M;)
B [ pr(D|Ma, 62)pr(02| M>)d6,
[ pr(D|My,0,)pr(6,|M)d6,

B21

from (3.7) and (3.8), we get

[ pr(DIMy,0,,0 = 00)pr(6,| M, 0 = 6,)d0,
[ pr(D|M;, 6,)pr(6,|M,)d6,
pr(D|My, 8 = 6o)
pr(D| M)

B21

Using the Bayes theorem,

pr(DaMlag = 90)
pr(Mbe = 90)

pr(D|My, 8 = 8y) =

pr(6@ = 64| D, My)pr(D, M)
pr(My,0 = 6y)
pr(D|Mi)pr(M)
pr(6 = 0o|M;)pr(M;)
pr(D| M)
pr(6 = 00| M)

= pr(6 = 60y|D, M)

= pT‘(0 = 001D,M1)

Therefore, the Bayes factor becomes

L pr(6=04D M)
L pr(6=6o|M)

(3.9)

Thus, applying the Savage-Dickey density ratio reduces computing the Bayes
factor to the problem of estimating the marginal posterior density pr(0]D, M),
at point 6.
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0, = [0, : 0] such that
pr(D|Ma,05) = pr(D|Mi, 61,0 = 6,) (3.7)

where 0y is a specified value. Also, consider prior densities pr(6x|My) for k =

1,2, in such a way that
pr(02|Ms) = pr(6,|M1, 0 = 6). (3.8)

Then, the Bayes factor for model M, against M, is

pr(D|Ms)
pr(D[M)

_ [ pr(D|Ma, 03)pr(02|M,)d0,
[ pr(D|M, 81)pr(6:|M1)d6,

By

from (3.7) and (3.8), we get

[ pr(D|My,0;,0 = 8,)pr(6:|M,,0 = 6,)d0;
[ pr(D|My,6,)pr(6:|M;)d6,
pr{D|M;, 08 = 8y)
pr(D|My)

BQI

Using the Bayes theorem,

pr(D. M50 = 60)
D|M;,0 = 0y) =
PPN, 0 =00 == 01,6 = 0,)

pr{@ = 6o|D, M;)pr(D, M)
pr(My,0 = 6,)
pr(D|M:)pr(Mi)
pr(0 = 0o|My)pr(M;)
pr(D|M)
pr(0 = 6o|M;)’

= pr(0 = 64| D, M)

= pr(@ = 6y|D, M)

Therefore, the Bayes factor becomes

B, — pr(@ = 00|D,M1)
2 pT(G = 90|M1) '

(3.9)

Thus, applying the Savage-Dickey density ratio reduces computing the Bayes
factor to the problem of estimating the marginal posterior density pr(6|D, M),
at point 6.
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3.4 Model Averaged Estimation

Model averaging refers to the process of estimating some quantity under each
model and then averaging the estimates according to how likely each model is.
We are going to use a model averaging approach to estimate the values of the
parameters éij. This requires the posterior distribution pr(Mg|D), k = 1,2, ..., T;
and the expected value of §,; under the marginal posterior distribution of 8 given
model M. |

Suppose that 8 is a parameter of main interest, which is well defined for each
model. Then for any model, My, Bayesian inference about @ is based on its
conditional posterior distribution given My, pr(6|D,My). For overall inference,

we may use the marginal posterior density of 8 given by

pr(6|D) = > pr(6|D,My)pr(My|D). (3.10)

k=1

Thus the full posterior distribution of 8 is a weighted average of its marginal pos-
terior distributions under each of the models, where the weights are the posterior
model probabilities, pr(My|D). Here, pr(6|D) takes full account of the model
uncertainty. Our interest is in estimating the parameter 8, using the posterior
mean, where the posterior mean is a Bayes estimator for 8 under squared-error

loss (Raftery, 1995, Kass and Raftery, 1995).

o

E(6|D)

B

o
il

1

Statistical inference based on selection of a single model M, will not effec-
tively take account of uncertainty about the parameter of interest 8, and will
underestimate the uncertainty associated with an estimator of 8; For a review

see Hoeting et al. (1999).
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3.5 Bayesian Information Criterion approxima-

tion

The Bayesian Information Criterion, BIC, approximation was first introduced
by Schwarz (1978). Raftery (1995) presents BIC as a measure for model selec-
tion that sidesteps many of the problems with P-value and classical hypotheses
testing. For example, with a large enough sample, researchers almost always -
favour the alternate hypothesis over the null. Raftery (1995) argues that BIC
overcomes these difficulties, since it estimates the probability that any given
model is the correct model given the data. Also, researchers can assign a BIC
to the null model, or a saturated model, or to any other model and each BIC
can then be compared; more likely models, those with lower BICs, are preferred.
Since the null model is always considered just as any other model, the BIC does
not exhibit the traditional preference for the null model with smaller samples
or against the null for large sample sizes, for example see Raftery (1986). In
addition, BIC gives a simple approximation to the Bayes factor, which is easy
to use for assessing competing models and does not require evaluation of prior
distributions. Thus, BIC may be utilised relatively easily to adjudicate between

models.

To derive the BIC approximation we apply Laplace’s method for integrals to
the marginal likelihood function for equation (3.5), e.g. see De Bruijn (1961) Sec-
tion 4.4. The Taylor series expansion of the function g(0) = In{pr(D|6,M)pr(8|M)}

about é, the value of @ that maximizes g(8), i.e. the posterior mode, is

9(6) = 9(B) + (6.~ 8)7g (B) + 50— 8)7¢"(6) (0 - 8) + O -8 ) (312)

T
here, the superscript 7 denotes matrix transpose, ¢'(8) = ( %‘%%2 S Qg_é%l )
is the vector of first partial derivatives of g(0), and ¢"(0) = ( G%ig)gj) is the ma-

trix of second partial derivatives of g(0), called the Hessian matrix. Now g¢(8) is

maximized at 8, this implies that the first derivative of (@) at point 8 is equal
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to zero, i.e. ¢'(8) = 0. Thus
9(6) ~ 9(8) + 5(6 - 8)"4"(8) (0 - ). (313)

This approximation will be good only if 8 is close to 8. But for equation (3.5),
when n is large the likelihood function pr(D|@y, My) is concentrated around its
maximum 6. This means the only values which contribute much to the integral
are those which are close to the maximum 6, where the effect of the prior is

minor for large n; see Tierney and Kadane (1986).
Using equation (3.13) we get,

pr(D|M) = / _exp{g(6)}d0

~ [ explo(®) + 50~ 6)75'(B) (6 - 8)}o
~explg®)] [ exnl(3(0 -8y @) (0~ O)as.  (314)
Be¢©

The integrand is proportional to a multivariate normal density, which gives us

1
2

pr(DIM) ~ (2m)% explg(8)] | -¢"(B) (3.15)

where d represent the number of parameters in the model M. Tierney and
Kadane (1986) show that in regular statistical models the relative error is of
order O(n™!) in equation (3.15), where n is the sample size. Here O(n™!)
represents any quantity such that [nO(n™!)| < constant as n — oo. So, by

taking the logarithm of pr(D|M), we get
- = d
In[pr(D|M)] = In[pr(D|0, M)] + In[pr(6|M)] + 5 In(27)

5 In|~g"(®)] + 0@, (3.16)

In large samples, 8 ~ 8 where 0 is the MLE, and —¢” (é) = ni, where 1 is the
expected Fisher information matrix for one observation. Thus, \— g ’(é)‘ ~nd|i|.

These two approximations, under the large samples, introduce an O(n"2) error



3. Bayesian Statistics 51

into equation (3.16),

mmumm]:1WmmaMn+mW@Mn+§m%)
d

1. _1
—5In(n) = 5 Inli| + O(n~%). (3.17)

In[pr(D|@, M)] is of order O(n) and £ 1n(n) of order O(Inn), while the other four

terms are of order O(1) or less, thus
In[pr(D|M)] = In[pr(D|6, M)] — gln(n) +0(1). (3.18)

So, the log-marginal likelihood, In[pr(D|M)], is equal to the maximized log-
likelihood, In[pr(D|@, M)], minus a correction term; see Raftery (1995).

The BIC approximation is based on equation (3.18), and the O(1) error
indicates that the approximation is somewhat crude, because the error does not
vanish even with an infinite amount of data. Nevertheless, Kass and Wasserman
(1995) show that under a particular choice of prior distribution, consistent with
‘unit prior information’, the error is of order O(n~2) rather than O(1). Their
definition of ‘unit prior information’ is equivalent to a normal prior with variance-
covariance matrix given by the inverse Fisher Information matrix for a single
observation. Empirical results, Raftery (1996), show that equation (3.18) is
more accurate in practice than the O(1) error term would suggest, under a
reasonable choice of prior. Because the right-hand side of equation (3.18) tends
to infinity as n goes to infinity, and so will eventually dominate, this ensures
that the relative error in In[pr(D|M)] will tend toward zero, and will have no

effect on the conclusion reached as n gets large.

Now to approximate the Bayes factor in equation (3.4), we get

In Byy = In[pr(D|M2)] — In[pr(D|M))
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Thus,

2ln By = 2 (ln[pr(D|9, M,)] - Infpr(D)|8, Ml)]> — (dy — d1) In(n).
(3.19)
If M, is nested within My , then the first two terms in the right-hand side of

equation (3.19) is the standard likelihood ratio test (LRT) statistic for testing

M; against M, , and equation (3.19) can be rewritten
2In By, ~ L,, — d,, In(n) (3.20)

where L, is the LRT statistic for testing M; against M, , and d,, = d2 — d;
is the number of degrees of freedom associated with the test. Now BIC is the
approximation of 21In Bsy, which is given by equation (3.20). BIC can be used
when several model are of interest, via a comparison of each of them in turn
with a baseline model, usually a saturated model, Mg, in which each data point
is fitted exactly. In general, suppose that the baseline model is saturated, Mg,
then the LRT statistic in equation (3.20) is often called the deviance. In this
case, BIC for model M} denoted by BIC is the approximation to 2 1n Bg; given
by equation (3.20), where Bgy is the Bayes factor for model Mg against model
My, ie.

BICk ~ Lk — dk ln(n) (321)

where Ly = Lgy , is the deviance for model My, and di is the number of degrees
of freedom of the test. For interpreting the BIC evidence in favour of a model,
Mg against My, the following table includes a rounded scale for interpreting Bgy,

based on Jeffreys (1961, Appendix B), and 21n Bg; used by Raftery (1996).

B, 21n Bgy | Evidence for Mg
<1 <0 Negative (Support M)
1to3 0 to 2.2 | Not worth more than a bare mention

3 to 20 2.2 to 6 | Positive
20 to 150 | 6 to 10 | Strong

> 150 > 10 Very strong
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Thus, when BIC, > 0, the saturated model is preferred to M, i.e. My does
not fit the data well. But if BIC, < 0, M, is preferred to the saturated model,
Mg. The smaller BIC,, the more negative, the better the fit of M. The
BIC can be considered as a Bayesian way of evaluating evidence in favour of
an alternative, model Mg. It takes sample size, n, directly into account, and
imposes a penalty for increasing the number of parameters in the model. For
further details see Kass and Wasserman, (1992), Kass and Raftery, (1995), and
Raftery (1996). '



Chapter 4

Bayesian inference for sample

SUrveys

The Bayesian approach using model selection for categorical survey data will be
presented in this chapter for three sampling schemes, simple random samples, a
finite population, and stratified samples. The sampling design for these samples

will be discussed, and the Bayes factor will be evaluated for a competing models.

In the simple random sample or multinomial sample, we show how the
Bayesian approach can compete with the classical approach.  This will be
demonstrated by comparing the results of estimating the population propor-
tion, p, using pretest estimator, for the classical approach, and using a model

averaged estimator, for the Bayesian approach, in a simulation study.

In addition, for the finite population and stratification sampling schemes, we
will discuss the design effects on the inference based on p. In this study we will

show when the design effects can be ignored.

o4
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4.1 Simple random sample

Consider a sample of n independent observations concentrated on K (r x c)
different categories. Let njy,...,n,. be the sampled observations which fall in
these categories. If we consider the p, (i = 1,2,...,7 and j = 1,2, ...c) to be the
probability that the (i7)" category is selected n;; times, where we assume that
each unit has the same probability of selection, then n =(ns1,... ,n,.)’ will have
a multinomial distribution with parameters n = ZZJC ng and p =(p,,,-.. ,p..) . |
This sampling design was explored and discussed in sections (2.1), (2.2), and
(2.3).

For this design, we postulate three competing models. Model Mg will pro-
pose a saturated model, whereas model M; will be the independence model and

M will be a model which specifies all cell probabilities for a 2 way table.

4.1.1 Bayes factor

Suppose that we want to use the data n =(ny1,... ,n..) to compare three mod-

els, which are represented by model Mg, M; and M.
e Model Mg (Saturated model),

Let n have a multinomial distribution with parameters n, and p, see equation
(2.1). The natural conjugate prior for the multinomial distribution is a Dirichlet

distribution with density function,

pr(p) = L T (4.)
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To calculate the Bayes factor, we have to compute the marginal likelihood, see

equation (3.5),
pr(n|Ms) = / pr(nlp, Ms)pr(p|Ms)dp

Ty az] al'—-l
/H]nJ|H 'LJJHJF( Hp J dpz]
7 3 z'j i ij

TL' +
i T i 4.2
Hz] nl] Hz] F CY” /H ( ) .

. . 7,c . __ T,c .
If we consider n = 3 1+ ny; and a = 7% o, then

prinits) = (Hn;%'> ) H (fFegd) e

e Model M, (independence model),

Let n have a multinomial distribution with parameters n and p;; p4j; ¢ =
1,2,...,7 and 7 = 1,2,...c. Also using an independent Dirichlet distribution
as a prior for both parameters p;; and p.;, we can compute the marginal (or

integrated) likelihood function by,

pr(n|M;) = / / pr(nlp, My) pr(p,, |My) pr(p,,|Mp)dp,, dp,,.

Therefore,

pr(n|M;) = / / mn ,l;[ i Pes)" H%(z:;ﬁp"” :

(>, o)
H N

-] [t

/Hpn it tong— ldp+ /sz;j+a+j_ldp+j.
j

H pirldp, dp,
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Thus,

r(n __n T'(a) 7° [ T(niy + ciy)
pr(n|M;) Hij nij! L’(n +a)} [ T(eis)
[T, D(ney + auy)
H]' F(O‘H)

Now the Bayes factor, Bjg, for comparing M; against Mg for observed data n

(4.4)

is,

B = S
st ne T (5d) 11 (Rgissd) [ (i)

(4.5)

To use equation (3.11) to compute the model averaged estimate, MAE, for the
competing models, we have to know the posterior distributions, equation (3.10),
for the parameters of model Mg and M; and the prior model probabilities. Here,
we assume that pr(Mg) = pr(M;) = %, which represents the absence of a prior

preference for either model.

For model Mg,
pln ~ Dir(n + ).
For model M; independently,

pi+|n ~ Dir(ni; + ouy)

P+jin ~ Dir(ng; + ay;).
So, to compute the estimate of p,_’s using the MAE,

f)-' - pr(Msln)E(pij ll’l, MS) + pT(Mlln)E(pH.pﬂ' In7 MI)

rJ

. 1 N+ Q5 i B;S(n) Ny + QH—) N+ oy
" 1+ Bis(n) \ n+a Bisn)+1\ n+a n+a )

(4.6)
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e Model M¢ (completely specified model),

Under this model , Mg, the parameter p = p, = (p, ,,--- ;D) is known.

Hence, the marginal likelihood pr(n|p,,M¢) is the usual multinomial likelihood,

” H s (4.7)

Then, the Bayes factor, the ratio of the marginal likelihoods, is,

(n‘poaMG

U

r{n|M
B = Pr0IME)
PT(H’MS)
- nl]' sz pn”
- n! F(OL) H” r(”13+aij)

1 mi! Tnta)  [1;; Taiy)
_T(n+a) ﬁ p?j;'l‘(aij) (4.8)
- T(e) ATy +ay) ) ‘

Hence, the Bayes factor, Bgg, for comparing M against Mg for observed data

n is,

F(le] + szg)

n+ o anO‘u
TR ()

4.1.2 Pretest estimate

In two-way contingency tables with multinomial sampling, a test of hypotheses is
often performed to test independence between the two variables. For example,
if the null hypothesis is of stochastic independence, Hy : p,;, = p,, p,, for all

and 7, then to test Hy we can use the statistic,

x=y Yy mm (4.10)

i=1 j=1
where 1;; = np,,p,,. This test statistic has an asymptotic chi-squared dis-

tribution with d.f. = (r — 1)(c — 1). We can use this to evaluate a pretest

estimate.
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The main idea of a pretest estimate is performing the estimation after per-
forming a test of hypotheses. In this research the estimators depend upon the
result of a Pearson chi-squared test for independence. If we do not reject the null
hypothesis Hy : p,; = p,, p,;, then we consider p,; = 242 otherwise, p,, = %2

Usually, we consider Xf = 3.84 as the critical value for a chi-squared test in a 2

by 2 contingency table.

4.1.3 Kullback-Liebler distance

Finally, we can compare the two estimates, MAE and the pretest estimate. For
this we are going to use the Kullback-Liebler distance, D, between the true

values and the estimates (Bishop, Fienberg and Holland, 1975),

i p,.
D=2 p;mnz= (4.11)
%‘: CPby '
So,
D(B) = ipij ln - pij and D(XIQ) — ipi]. ln _ pij -
ij D (B) 7 i (XI)
,c A“ X2
Diff = D(B) = D(X}) = > p, In J((B_I))' (412)

ij i

If the difference (Dif f) is less than zero we favour the model averaged estimate,
if it is equal to zero then the two methods are equal, otherwise the pretest
estimate performs better. The result indicates which of the estimation methods
is performing better. In general, p,; are unknown, but for our simulation study

they are known, so Dif f can be calculated.

4.1.4 Simulation study

We are going to consider the straightforward case of testing independence in a

two-way table. There is no violation of the multinomial sampling assumption,
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since we are going to generate samples from a multinomial distribution.

The program algorithms:

We wrote a Pascal program in order to do this simulation. This program

does the following;

Generate N samples from a Multinomial distribution.

Compute matrix inverse (Press et al., 1988).

Evaluate the Pearson chi-squared statistic, equation (4.10).

Evaluate the Pretest estimate of p.

Evaluate the Bayes factor, equation (4.5).

Evaluate the model averaged estimate, MAE, of p, equation (4.6).

Data

We generate 1000 realisations from three cases of the Multinomial distribu-
tion, with three different sample sizes, n = 40,200, and 1000. First, the inde-
pendent case, where p’ = (0.63,0.07,0.27,0.03), and the odds ratio %1% is equal
to 1. Second, not far from independence, where p’ = (0.64, 0.06,0.26,0.04), and
the odds ratio is equal to 1.64. The third case is a highly dependent case, where
p’ = (0.68,0.02,0.22,0.08), and the odds ratio is equal to 12.

4.1.5 Result

For the independent case, the following table presents a measure of central ten-

dency for the difference, Dif f, in the three sample sizes, where p'=(0.63,0.07,0.27,0.03),
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Variable | n Mean Median | StDev | Percentage of values < 0
Diff 40 -0.00410 | -0.00026 | 0.01293 51

Diff 200 | -0.00062 | 0.00000 | 0.00272 50.2

Diff 1000 | -0.00009 | 0.00000 | 0.00045 49

Thus, for the independent case the performance of the pretest estimate, PTE,
and the model averaged estimate, MAE, are very similar, figure(4.1). The
extreme observations in figure(4.1-¢) correspond erroneous rejection of Hy, in. -

PTE.
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Figure 4.1: Histogram for the difference, Dif f, between the pretest estimate, PTE,
and the model averaged estimate, MAE, for the independent case.(a) For n=40, (b)
For n=200, and (c) For n=1000.
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If we are not far from independence, then the table of the measure of central

tendency for distribution of the difference, Dif f, in the three sample sizes, where

p'=(0.64,0.06,0.26,0.04), is

Frequency

Variable | n Mean Median | StDev | Percentage of values < 0
Dif f 40 -0.00673 | -0.00195 | 0.01522 61
Diff 200 {-0.00121 | -0.00076 | 0.00203 80
Dif f 1000 | 0.00016 | -0.00010 | 0.00066 63
@ ®)
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o 1 .
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Figure 4.2: Histogram for the difference, Dif f, between the pretest estimate, PTE,
and the model averaged estimate, MAE, for the close to independent case.(a) For
n=40, (b) For n=200, and (c) For n=1000.

see figure(4.2), especially, when the sample size is small.

In this case, there is more evidence that MAE performs better than PTE,

Figure(4.2-c) shows



4. Bayesian inference for sample surveys 63

two different curves, one like the normal curve for the value less than zero and

values greater than zero have almost uniform shape.

In the case of high dependence, the measures of central tendency for the

difference, Dif f, in the three sample sizes, where p’=(0.68,0.02, 0.22,0.08), is

Variable | n Mean Median | StDev | Percentage of values < 0
Diff 40 -0.01392 | -0.00900 | 0.02099 79
Diff 200 | -0.00017 | -0.00004 | 0.00281 52
Diff 1000 | -0.00001 | -0.00001 | 0.00006 56
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Figure 4.3: Histogram for the difference, Dif f, between the pretest estimate, PTE,
and the model averaged estimate, MAE, for the dependent case.(a) For n=40, (b) For
n=200, and (c) For n=1000.



4. Bayesian inference for sample surveys 64

In the highly dependent case, clearly we again have evidence supporting MAE
as a better estimate than PTE, as shown in the measure of central tendency and

figure(4.3), especially, when the sample size is small.

4.1.6 Conclusion

The results of our simulation study, indicate that in cases of moderate and
highly dependence, the MAE may perform better. This approach considers the
uncertainty of the model by averaging the estimates according to how likely each

model is, especially, when the sample size is small.

Now after this encouraging result, we can proceed to generalize this process.
We are going to consider the design effect for more complex sample designs in
two-way tables, where there is violation of the multinomial assumption. Those

sampling designs are:

e Finite population.
e Stratification.

e Cluster sample.
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4.2 Finite population case

Consider an observed sample of n counts, where n =(ny,... ,ng)’, without
replacement from a finite population of elements N = (N,, N,, ..., N,.)', where
0<n, <N, N= Zszl N, ,and n = Zfil n,. It is common, where appropri-
ate, to assume that individuals who make up IV are, a priori, exchangeable, see
Ericson (1969, 1988), and O’Hagan (1994). For categorical data, Ericson (1969)

considered an exchangeable prior by first giving each unit Y; an independent |

Multinomial distribution with total one and probabilities p,
Y, % Multin(1,p) =p; Vi=1,...,K (4.13)

where p = (p,,... ,p, ) and Zfilpi = 1. That is, given the vector p, the finite
population of size NV, Y1,..., Yy, can be assumed to be the realisation of inde-
pendent and identically distributed observations each with distribution (4.13).
Thus, N has a Multinomial distribution, with total IV and cell probabilities p,
ie.

N

N =Y " Y; ~ Multin(¥, p) (4.14)

j=1
and the sampled units n have a Multinomial distribution, with total n and cell

probabilities p, i.e.
n ~ Multin(n, p). (4.15)

The cell probabilities p are then given a second stage prior, or hyperprior. For
any hyperprior on p this yields an exchangeable prior for the finite population
units, Yq,...,Yx. Ericson (1969) points out that for discrete data this ap-
proach does not have the disadvantage that strong prior information regarding
the shape of the finite population distribution is assumed, see also Binder (1982).
As in the exact multinomial case, we know that Dirichlet distribution is a conve-
nient choice of prior distribution for p, because, it is conjugate to the multinomial
distribution. Therefore, we will take as the prior on p the (K — 1)-dimensional

Dirichlet distribution (4.1), with parameters, .
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We now proceed to develop the posterior distribution of the N —n unsampled
units, with corresponding cell counts N — n. Given our prior specification and
any sample, no matter how selected, consisting of n distinct population units,

the posterior distribution of N — n will be
pr(N=njn) = [ pr(N=n,pln) dp
peEN
but given p, N — n are independent of n, thus
pr(N =~ xnln) = | pr(N = nlp)pr(pln) dp
pEN
Evaluating the marginal posterior density pr(p|n),

pr(pjn) o< pr(n|p) x pr(p|o)

n! - n; F(Z ' o;—1
) (HWH“) ¥ T L1

1 it 1

o H p?ipiai_l

R
R
~
=

This implies
pr(p|n) = Dirichlet(n + o). (4.16)

Now, pr(N — n|p) = Multin(N — n, p), and pr(p|n) = Dirichlet(n + a) hence,
we get
(N —n; F(n + a n;+o;—1
pr(N—nln) = /pEQ—__—H(N_nl'H p;" Tt o) Ii—[p dp
(N —n)! I'(n +a) Ni+ai-1
LNV = n ) T, T (ns + o) /;DEQ 1:[171' dp
(N —n)! C(n+a) JLTV:+ o)
TLWN: = n ) [, T + i) T(N+«a)
B (N = n)! T(n+a)\ or (TN + )
) (HK(N .Y ) <F<N T a)) Il (F(ni T a») '

1
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If we reparamterise the model by letting m; = N; —n; (= m = N —n), and

d; = n; + o;(= d = n+ «), then

This distribution is referred to as the Dirichlet-Multinomial distribution, and

denoted by DMg(m,d), see section (2.9). Mosimann (1962) shows that the

mean of DMk (m,d), or DMg(N, «), is
E(M;) = m—.

Therefore

n+ o

mm—mmqu—m(m+%>. (4.18)

Also, the covariance matrix is

V=m (%) (diag(p) — pP') .
Therefore
Var(N —n|n) = (N —n) (Tl]i—;r%> (diag(p) — pp) - (4.19)

Now, for model selection, we will derive the Bayes factor for three competing
models the saturated, independence, and completely specified models. The
marginal likelihood for the finite population under any model, M, is equal to,

prinfar) = [ pr(alp)  pr(pld1) dp (1.20)

peEQ
where pr(n|p) = Multin(n, p), see (4.15), and pr(p|M) = Dirichlet(ax). This
is equal to the marginal likelihood for M under the exact multinomial sampling

scheme, see equation (4.3).

e Model My , saturated model,

pr(n|Ms) = /pr(nip)pr(les)dp-
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Therefore,

T,C

o n () [(ni; + ;)
( ‘MS) H nz] (n + Oé) I;I ( F(aij) >

This result is equal to the marginal likelihood function under the exact

multinomial case equation (4.3).

e Model M, , independence model for 2-way contingency table

prnld) — - |n” < 2(?@))21—:1 <F Nip + iy ) lf[ ( nj + aﬂ)).

az—i— a+]

This is, also, equal to the marginal likelihood for M; under the exact multinomial
sampling scheme, see equation (4.4). This indicates that the Bayes factor Byg
for the independence model, M, against the saturated model, Mg, in the finite
population case is equal to the Bayes factor for the exact multinomial sampling,

or srs, equations (4.5).

Also, for the completely specified model, Mg, against the saturated model,
Mg, the Bayes factor Beg is equal to the Bayes factor for exact multinomial sam-
pling in equation (4.9). This indicates no inference effect in the finite population

case.

This result is equivalent to the standard model comparison result, which has
been stated by Rao and Thomas (1989), where the finite population is regarded
as a random sample from an infinite superpopulation. Then the Pearson statistic

X? is asymptotically correct, i.e. no finite population correction is necessary.
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4.3 Stratified sample

One Bayesian view of stratification is partitioning the population units in such a
way, that within each partition (stratum) the elements are roughly exchangeable
a priori. Prior exchangeability represents homogeneity within stratum. For
designs involving this, detailed in section (2.7.2), we will treat each stratum

independently as assumed in the design.

We will derive the Bayes factor for the competing models, the saturated
model, Mg, and the model of interest, which specifies all cell probabilities for a

2 way table, M.

4.3.1 Uncorrected Bayes factor

If the researcher ignores the stratification, and considers n to be drawn from
a multinomial distribution with parameters n, and the marginal (over strata)
probabilities q = (p,, p,, ..., P, )’s see equation (2.1), and a Dirichlet distribution
with probability function (4.1) as prior for q. Then, the marginal likelihood
pr(n|q,Ms) for the saturated model, Mg, will be equal to (4.3).

If we consider the model of interest to be the completely specified model
Mg, ie. @ =P, = (Po,sPoys Do, )s then the marginal likelihood pr(n|q,Mg)
is equal to (4.7). Therefore, the Bayes factor, Bgg, the ratio of the marginal
likelihoods, is exactly (4.9).

Unfortunately, this Bayes factor Bgs is not taking account of the true sam-
pling design, stratification, but instead it consider the multinomial sampling

scheme as the sampling design.
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4.3.2 Bayes factor, under stratification

e Model Mg, saturated model;

Since strata are independent, we can consider each stratum as a separate
finite population. ~Consider a sample of n/ = (n,,n,,...,n,) units sampled
without replacement from N'= (N, , N,,, ..., N, ) units, where n, denotes the i*"
cell total in stratum [ and n = Sp YK n, and N = S, 3K N, then
we may think of the class of prior distributions of the individuals who make
up Ny, = Zfil N,,, to be, a priori, independent and reflect exchangeability, see
Ericson (1969) and section (4.2). As in the finite population case, we consider
a (K — 1)-dimensional Dirichlet distribution (4.1) with parameters oy as the
prior on p;, where p; is the vector of the population proportions for stratum /[,
and p =(p,,p,,...,p,) are independent. Thus, pr(p|a) = [/, pr(pi|c:) and
the likelihood of n will be pr(n|p) = []~, pr(n|p;), since strata are indepen-
dent. Moreover, the marginal likelihood for the saturated model, Mg, under

stratification is equal to,

pr(n|Ms) = / _prinlp.bs) x pr(p|Ms) dp

li[ (nl\Pl) pr(piay)dp

/ r(ny|py) pr(pilou)dp;
/ K

nll (al) oy —1
P T o) LI P

I~ s @\

Therefore

L ] T(oy K I'(ny; + ay;
pr(n|Ms) = U (H nlz'F(m(+)al) H( (F(;Z) ))) .

If we consider q to be the marginal (over strata) probabilities under the saturated

model. Then, q are defined as

L
D, = Z w,p, (4.21)
=1
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where w;, = % and P, denote the probability of cell 7 in stratum [, for all

i = 1,..., K — 1. This means, that p, refers to a subclass across strata, of a

population.
e Model of interest M, where q = p,.

Suppose Model M is defined by q = p, = (po,, Po,, ---, Pog ), this is given by -
the constraint (4.21), i.e. po, = S/, wp .

In most cases the variables defining the domain cannot be observed before
sampling and so cannot be incorporated into the sampling design as a separate
stratum. Hence the subclasses usually cut across strata and contain an unknown
number of elements within each stratum. With this design, it is quite difficult
to evaluate the marginal likelihood function. Therefore, it is hard to compute

a Bayes factor.

Nevertheless, one possibility is to approximate the Bayes factor without ever
computing the marginal likelihood directly. Since, we are considering a prior
on p for the saturated model, Mg, conditioning on the constraint (4.21) in such
a way to be equal to the prior of our nested model, Mg, we can apply the
Savage-Dickey density ratio (Dickey, 1971), see section (3.3). Verdinelli and
Wasserman (1995) generalized the Savage-Dickey density ratio for general prior
choice. Using the Savage-Dickey density ratio, we can approximate the Bayes
factor without computing the marginal likelihood pr(n|Mg). The Savage-Dickey
density ratio reduces computing the Bayes factor to the problem of estimating
the marginal posterior density pr(p/n,Ms), at point p,. Under the saturated
model, the Bayes factor will be,

. pr(pu 'n7MS)

Bro = . 4.22
R V) (4.22)
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e Evaluating the marginal posterior density pr(p|n,Mjs),

pr(p/n,Ms) pr(nlp,Ms)Xpr(pla)
K

- ] a1
T, HH r(anrllp
x HHpnzl-%azz—l

— <Hpn11+all—1> X X <Hani+aLi—1>
Li

[

this implies,

L
pr(p|n,Ms) = H Dirichlet(n, + «,)

=1

where nj= (n,,,n,,...,n,), and o = (o, &

a, ), foralll=1,., L.

128 2"

e Computing pr(p|n,Ms) and pr(p|a) at point p,.

¢ Sample, using a Monte Carlo Method,

Using a Monte Carlo sampling method, we sample J, = 1000, ob-
servations of p (5 = 1,..,J) from the marginal posterior density,
pr(pin,Mg), where in the real data the observation n, are given.
Also we sample J observations of p,(j = 1,...,J) from the prior
pr(pla) = [],_,Dirichlet(cy,), independently. ~Then, we estimate
the marginal densities of pr(pin,Ms) and pr(p|a) at point p,.

4 Estimating the multivariate densities of pr(p|n,Ms) and pr(pla) at
point p,, using a kernel method. In the examples in this chapter, we

use a crude uniform kernel; for more details see section (5.5.3).

4.3.3 Simulation study

We are going to consider the case where we have two strata , L = 2, and three

parameters, K = 3, where the vector of parameters of the prior distribution,
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0.5](0.89 0.1 0.01)](0.01 01 0.89)
05} (02 02 06) |(06 02 02)

0.5 (06 032 008)[ (01 0.24 0.66)
0.5 (08 011 0.09)] (005 0.1 0.85)

Example | wi | p, P,
05§ 3 1) (13
05 (02 03 05) (05 0.3 0.2 )
05[(02 03 05) [(04 03 03)
(
(

J| | ¢ x| W N —

Table 4.1: Examples considered in the stratification case.

pr(pla), of=(3,%,%), I = 1,2, is equivalent to a single prior observation evenly

distributed over cells of both strata. For the posterior distribution, pr(p|n,Mg),
we consider cases where the strata are homogeneous and where they are not.

These cases are presented as seven examples in table (4.1).

In each example, of p,, | = 1,2, we generate 1000 samples using a Multino-
mial distribution, where n = 1000, and n, = wyn. Then, using a Monte Carlo
sampling method, for each stratum sample parameter n, + «,, we generate an-
other 1000 samples from the marginal posterior density pr(p;|n;,Ms) , which is
equal to a Dirichlet(n, + «,) distribution. For the prior distribution case, we

sample 1000 observations.

In this simulation we restricted the sample size to 1000 observations from two
strata, and w; = 0.5, where [ = 1,2. We compared the Bayesian Information
Criterion, BIC, see section (3.5), based on four statistics with 2 In(Bayes factor).
The statistics used are the Pearson chi-squared, X?, the first- and second-order
corrections to Pearson chi-squared (Rao and Scott, 1981), X%g, and X%, and
the Wald statistic, X2,. In section (2.6), we showed the well-known result that
the difference between Pearson chi-squared, X?, and the likelihood-ratio chi-
squared, G?, statistics converges in probability to zero, and this result can be

apply to any sampling scheme (Agresti, 1990). Thus, we can consider

2ln By ~ BIC(X?)
= X?—~d, In(n) (4.23)
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see equation (3.20). Unfortunately, using G? or equivalently X2 will not take
account of the design affect. Therefore, we consider BIC approximations based
on the first- and second-order corrections of Rao and Scott (1981) to the Pearson

chi-squared statistic

BIC(XIZ%SI) = X12251 - d21 ln(n) (4'24)
BIC(XIQ%SQ) = X?{SQ - d21 ln(n) (425)

and the Wald statistic
BIC(X3%,) = X3, — d,, In(n). (4.26)

Finally, we compare two times the logarithm of the uncorrected, multinomial-

based, Bayes factor with 2 In(Bayes factor).

4.3.4 The program algorithms

We wrote two programs in order to do this simulation. The first program does

the following;

e Generate s samples of n,from a multinomial distribution with parameter

n, = wyn and p: = (P Pigs 2 Pigc)-
e Compute matrix inverse and eigenvalues (Press et al.,1988).
e Evaluate the Pearson chi-squared statistic, equation (2.7).

e Evaluate the corrected Pearson chi-squared statistic by Rao and Scott(1981),
equation (2.39).

e Evaluate the Wald statistic, equation (2.6).

e Computes uncorrected, i.e. multinomial-based, Bayes factor, equation

(4.9).
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e Computes the BIC based on a Pearson chi-squared statistic, corrected Pear-

son chi-squared statistic and Wald statistic (see sections 2.8 and 3.5).

The second program is mainly to evaluate the Savage-Dickey density ratio, as
an approximation to the Bayes factor, for s = 1000 samples. Using the Monte
Carlo sampling method, we sampled from pr(p|n,Ms) = []~_, Dirichlet(n, + c,).
An efficient way to sample from Dirichlet(8) is to draw z1, ... ,zx from indepen- 4
dent gamma distributions with common scale (in our examples the scale is equal‘
to 1) and parameters 61, ... ,0k, and for each j, let 0, = —Z—%L—, see Gelman
et al. (1996). For sampling from Gamma distributions see AT}lr:ns and Dieter

(1974, 1982), and Press et al. (1988). Also, to evaluate the approximation, we
estimated the multivariate density of pr(p|n,Ms) and pr(pla) at p,.

4.3.5 Result

All the results we are going to discuss in this section are based on 1000 samples.
We ran the simulation for example (1), and as we expected, the values of all
the approximations of BIC are very similar to the values of 21n(Bayes factor).
This can be seen in figure (4.4). These results for example (1) indicate that
the true sampling design has no effect, if we ignore it and assume multinomial
sampling, as seen in figure (4.4-a), where the multinomial-based BIC is a good

approximation to 2 In(Bayes factor).
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Figure 4.4: Comparison of 2 In(Bayes factor) and the BIC’s for example (1), where
p/1 = (1 1 1)7 p; = (1 L l), and w, = 0.5.

3°3'3 3133
If we consider more variable strata, compared with example (1), such as
example (2), the results are very similar to the results of example (1). Figure
(4.5-a) indicates that if a researcher ignores the stratification by using BIC based

on the Pearson chi-squared statistic, the results will be very similar to considering

the true sampling design.
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Figure 4.5: Comparison of 21n(Bayes factor) and the BIC’s for example (2), where
p, = (0.2,0.3,0.5), p, = (0.5,0.3,0.2), and w; = 0.5.

For example (3) the results in figure (4.6) are also similar to both results in
examples (1), and (2). In all three examples the estimated values of 2 In(Bayes
factor) never exceed the value -5; This may be related to the crude density

estimator used to approximate the Bayes factor.
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Figure 4.6: Comparison of 2 In(Bayes factor) and the BIC’s for example (3), where
p, =(0.2,0.3,0.5), p, = (0.4,0.3,0.3), and w; = 0.5.

For example (4), where the strata are extremely inhomogeneous, the effect of
the design is clear in figure (4.7-a). The values of BIC(Chi), which is based on
the multinomial sampling design, underestimates the values of 2 In(Bayes factor).
Using the Rao and Scott first-order correction for the Pearson chi-squared statis-
tic as a base for the approximation of BIC provides better results than BIC(Chi),
see figure (4.7-b). In figure (4.7-¢) the values of the approximated BIC based

on Wald statistic are similar to the values of 2In(Bayes factor).



4. Bayesian inference for sample surveys 79

®

2*In (Bayes factor)
2*In (Bayes factor)

15

-5
BIC(Chi)

(¢)

0
—
&) o
2 -5 —
[av]
= [ ]
1 e
£
[5+]
A
Z 10—
+*
&N

15 —4 T T T

-15 -10 5

-5
BIC (W)

Figure 4.7: Comparison of 2 In(Bayes factor) and the BIC’s for example (4), where
p’ = (0.89,0.1,0.01), p, = (0.01,0.1,0.89), and w; = 0.5.

For the comparison of the values of 2 In(uncorrected Bayes factor), based on
multinomial sampling, with the values of 21n(Bayes factor), which considers the
true sampling design, figure (4.8) shows that 2 In(uncorrected Bayes factor) takes
values smaller than 2 In(Bayes factor), i.e. underestimates the true values. This

suggests that estimation of the Bayes factor is sensitive to this sampling design.
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Figure 4.8: Comparison of values of the Bayes factor, which take account of propor-
tional stratification and uncorrected Bayes factor, (a) for example (1), (b) for example
(2), (c) for example (3), and (d) for example (4).
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4.3.6 Discussion

In the simulation we ran all the seven examples presented in table (1). The
results of all those examples are supporting the model of interest, Mg, against
the saturated model, Ms. In the results we presented four of those examples
including homogeneous strata and inhomogeneous strata. For the homogeneous
strata the values of the design effect, 7 , averaged 1 for first example, 0.94 for the
second example, and 0.97 for the third example, see figure (4.9). This implies
that ignoring the true sampling design, proportional stratification, will not have

any serious effect on the analyses of the data.
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Figure 4.9: A histogram for the values of design effect, 7, in the 1000 samples of the
simulation, (a) for example 1, (b) for example 2, and (c) for example 3.
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Nevertheless, for inhomogeneous strata, ignoring this sampling design may
affect the results. This is clear in example 4 where the values of design effect,
7., averaged 0.57, see figure (4.10). Thus , using the Rao and Scott correction
is recommended. If the full covariance matrix is known, then using a Wald
statistic as a base for computing the BIC approximation will give similar results
to 21n(Bayes factor). The sensitivity of the estimation of the Bayes factor to
the sampling design is clear even under homogeneous strata and under example
(1). The effect of the crude density estimate on the large values of 21n(Bayes
factor) is visible. Since the values of 2In(Bayes factor) never exceed the value

—5, this will be more visible in the cluster sampling section (6.4.2).
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Figure 4.10: A histogram for the values of design effect, 7 , in the 1000 samples of
the simulation for example 4.

4.3.7 Conclusion

In all cases, we compared the Bayes factor under stratification with three BIC
values, each of which is based on different statistics, namely Pearson chi-squared,
corrected chi-squared (Rao and Scott, 1981), and Wald statistics. The results
are almost identical if the strata are homogeneous. The various BICs and
21n(Bayes factor) perform almost equally. This indicates that there is no effect

in ignoring the sampling design, proportional stratification, on the analysis of
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the data if the strata are homogeneous. This result has been mentioned in the
classical approach by Kish and Frankel (1974). In the simulations that we have
done, for proportional stratification, the values of the design effects, equation
(2.18), are almost equal to 1. This can also be seen in the empirical results of

Holt, Scott and Ewings (1980).

But if strata are highly inhomogeneous, such as example 4, ignoring this
sampling design may affect the results. Using BIC based on corrected Pearson -
chi-squared statistics will adjust the result, but with large variation. On the
other hand, the BIC based on Wald statistic is close to 2In(Bayes factor). In
this case the design effects averaged 0.57. Therefore, the BICs based on Pearson
chi-squared, and corrected chi-squared statistics did not perform as well as for
homogeneous strata. In all cases, the Pearson statistic X? is always asymptot-
ically conservative under stratified random sampling, see equation (2.34). The
result of using the second-order correction by Rao and Scott (1981) for the Pear-

son chi-squared statistic is always slightly better than first order correction.

Nevertheless, in comparing values of 2 In(Bayes factor), which take account of
proportional stratification equation (4.22), and multinomial-based, uncorrected,
Bayes factor, equation (4.9), the 2In(uncorrected Bayes factor) underestimates
the true values, 21n(Bayes factor), i.e. is conservative; see figures (4.8). This
indicates that estimation of the Bayes factor is sensitive to the effect of stratifi-

cation.

Finally, the effect of using a crude density estimate on the large values of
2 In(Bayes factor) is visible; This will be even more visible in the cluster sampling

scheme section (6.4.2).



Chapter 5

Kernel Density Estimator

Reliable point density estimates are required to implement the Savage-Dickey
method for estimating Bayes factors. In general, a good density estimate should
not only be close to the true density function, but should also reflect important
features of interest of the underlying density function. General features of
interest often include modes, or local maxima; antimodes, or local minima; the
number and location of modes and bumps, or regions where the second derivative
is negative; points of inflection, or the regions where the first and the second
derivative equal to zero. Our interest is estimating the density function at a

certain point. These features will affect our estimate.

The basic idea of nonparametric density estimation is to relax the paramet-
ric assumptions about the data, typically replacing these assumptions with ones
about the smoothness of the density. The most common and familiar non-
parametric estimator is the histogram, which, unfortunately, produces a non-
differentiable estimate, but which is still useful. Here the assumption is that
the density is fairly smooth. Unlike the histogram estimate the kernel density
estimate produces a smooth differentiable estimate of the density. Nonparamet-

ric methods eliminate the need for model specification. The loss of efficiency

84
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need not be too large and is balanced by reducing the risk of misinterpreting
data due to incorrect model specification. For a survey see Simonoff (1996),

Wand and Jones (1995), Scott (1992), and Tapia and Thompson (1978).

5.1 Simple density estimator

A simple density estimator, such as a Histogram or Frequency Polygon, can
give an informative result. Unfortunately, they do not represent most of the

important density features, discussed above. In order to solve this problem,

consider data {z1,--- ,z,} of size n. Then the definition of the density function
is,
d o Flzx+h)—F(z—h)
fla) = S F(z) = lim — . (5.1)

where F'(x) is the cdf. The histogram estimate is defined by considering h as
bin width, dividing the line into bins, and then replacing F'(x) with its empirical
value. Alternatively, this derivative may be estimated separately at each point
x by

f(x) _ #{z; € (a;;hh,a:wL h]} (5.2)

This can be rewritten as

fla) = %2K<$2x> (5.3)

where

if Ju) <1

K (u) = (5.4)

(e SIE

otherwise.
The form (5.3) is that of a kernel density estimator, with uniform kernel function

K on (—1,1).

Thus the kernel estimator originated as a numeric approximation to the

derivative of the cumulative distribution function. It is a very popular example
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of a nonparametric density estimation technique (Rosenblatt, 1956). Parzen
(1962) explored these ideas in more detail, and established the basic theory of
kernel estimation. In fact, virtually all nonparametric algorithms are asymp-
totically kernel methods, a fact demonstrated empirically by Walter and Blum
(1979) and proved rigorously by Terrell and Scott (1992). The kernel density

estimate at x is computed as

fh<a:>=§—,;i§:f((x;“) :%gmu—x», (55)

where K}, (t) = K(t/h)/h and K is known as the kernel. The kernel estimator is

equivalent to a mixture density. It places a probability mass of size %, i.e. equally
weighted, in the shape of the kernel, which has been scaled by the smoothing
parameter h, centered on each data point z;. fh(:z) is nonnegative and integrable
to one if the kernel K is assumed to be a density function, such as normal density
function. The kernel K is generally taken to be symmetric with mean zero and
finite variance. After K has been chosen, the remaining element to be specified
is the bandwidth, h, also referred to as a smoothing parameter. The bandwidth
is a rescaling factor which determines the extent of the region over which the

probability mass for point z; is spread.

5.2 Bandwidth selection

The choice of the smoothing parameter is quite crucial. If we consider a his-
togram estimate, as an example, then the variance may be controlled by making
h large so that the bins are wide and of relatively stable height; However, the
bias is then large. On the other hand, the bias may be reduced by making h
small so that the bins are narrow; However, the variance is then large. The
bias and variance may be controlled simultaneously by choosing an intermediate
value of the bin width, and allowing the bin to slowly decrease as the sample

size increases. The trade-off of bias versus variance that results from choosing
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the amount of smoothing can be quantified through a measure of accuracy of f ,

such as mean integrated squared error, MISE.

For the kernel density estimate, define the kernel K to be a bounded prob-
ability density function having finite fourth moment and symmetry about the
origin. Also, assume that the underlying density is sufficiently smooth, f” be-
ing continuous, square integrable, and ultimately monotone, i.e. monotone over
(—o0,—b) and (b, 00) for some b > 0. If h — 0 with nh — oo asn — oo, i.e. h -
approaches zero but at a rate slower than n™!, then by Taylor series expansions,

Wand and Jones (1995) show that

Bias[f(z)] = %h20'%< "(z) + o(h?). (5.6)

Clearly, f (z) is asymptotically unbiased, since the bias is of order h?, and de-
pends on the true density function f(z), through f”(z). Thus, if the absolute
value of f”(z) is large, such as in peaks where f”(z) is negative or valleys where

f"(x) is positive, the bias may be large.

The choice of optimal fixed bandwidth, A*, involves a bias-variance trade-off.
The resulting optimum will be relatively wider not only in the tails but also near
the mode where f'(z) is small , i.e. small changes in the density function. In
the regions where the density is rapidly changing, the optimal bandwidth will
be narrower. Thus, even assuming the best global choice for h, the fact remains
that no single value of h will perform well for all points . For more details see

Jones (1990) and Terrell and Scott (1992).

Unfortunately, the smoothing parameter, h, must be selected by the user, and
no completely satisfactory method of doing so has been found. In practice, given
real data from an unknown density, the smoothing parameter chosen will not be
an optimal bandwidth, A*, but instead be of the form h = rh*. Scott (1992)
shows that the departures of h from h* should be measured in a multiplicative

rather than additive fashion.
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5.3 Choice of kernel

The kernel density estimate is superior at recovering interesting structure, and
highly intuitive compared with other density estimates. Much of the first decade
of theoretical work focused upon various aspects of estimation properties relating
to the characteristics of a kernel. The quality of a density estimate is now widely
recognized to be primarily determined by the choice of smoothing parameter, and

only in a minor way by the choice of kernel.

The general advice on choosing a kernel based on the observations is to
choose a symmetric kernel that is based on a low-order polynomial, since higher
order kernels do not have much impact in practice, for a variety of reasons,
such as the need for huge sample size and the bandwidth being more complex
(Simonoff, 1996). There is no single kernel that can be recommended for all
circumstances. However, ordinary kernel estimates behave consistently if the
kernel is sufficiently differentiable and if wider bandwidths are selected. Larger
smoothing parameters are required as the derivative of a function is noisier than

the function itself.

One serious candidate, for the kernel function, is the normal kernel. An-
other is the Epanechnikov kernel, but the optimal Epanechnikov kernel is not

continuously differentiable and cannot be used to estimate derivatives.

In practice, the ability to switch between different kernels without having to
reconsider the bandwidth at every turn is convenient. Therefore, it is straight-
forward to convert a rule based on one kernel function, such as the normal kernel,
to any other kernel by using a simple multiplier. For example to switch from
normal kernel to Epanechnikov kernel the bandwidth is 2.214 times the normal
bandwidth (Simonoff, 1996). This task is easy to accomplish, but only for

kernels of the same polynomial order.
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5.4 Problem with kernel density estimation

Despite the apparent benefits of using a kernel density estimate, there are several
weaknesses, which are currently being investigated by researchers. The most
important shortcomings of this estimate are the use of a single bandwidth A and

its performance if the region of the data at hand is bounded.

The ordinary kernel estimator does not allow for different levels of smoothing
at different parts of the density, as it is controlled by the single bandwidth A.
This is related to the asymptotic MISE, which can not be uniformly minimized.
When the bandwidth is chosen to be appropriate to the narrowest feature, where
f is rapidly changing, the other features will be undersmoothed, with false modes
and bumps. On the other hand, if the bandwidth is chosen to be appropriate
to the widest feature, then narrower features may be completely lost or severely

biased downwards.

Currently, there is much research on density estimation, where the smoothing
parameter selection is one of the most intensively studied subjects. At present, no
method can claim to be the best. On the other hand, there are some candidates
for a general approach, such as adaptive, and spline density estimates; For details
see Simonoff (1996), and Scott (1992). Unfortunately, these are computationally
intensive and, for our examples, this would require complex computations with
long running times. Gelfand and Smith (1990) explored a Rao-Blackwellised
approach to estimate a density function, as they suggested that density esti-
mation such as kernel density estimation ignores the known form of conditional
distribution of the variable of interest. Where the conditional distributions are

available, this would be an interesting approach to explore.
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5.5 Multivariate kernel density estimator

Let the data z;; (j =1---,d, and ¢ = 1,--- ,n) be defined in a n x d matrix
form. Ina product kernel, the same (univariate) kernel is used in each dimension

but with a different smoothing parameter for each dimension.

e Z{HK (%)} )

=1

The estimate is defined pointwise, where x = (z1,--- ,z,). As in the univariate
case, the estimate places a probability mass of size % centered on each sample
point. Epanechnikov (1969) proved that as h; — 0 and nnjzl h; — oo the
empirical probability density (5.7) is a consistent estimator of the true proba-
bility density f(x) at each point of X. A more general approach is the general

multivariate kernel estimator, where we use a d X d nonsingular matrix H, a

bandwidth matrix, to scale the kernel

n

- 1

f(x) = oTH| 2. K (H ' (x - x;)) (5.8)

where |H| is the absolute value of the determinant of the matrix H. Thus, a
general multivariate kernel estimator will include not only an arbitrary multi-
variate density as a kernel, but also an arbitrary linear transformation of the
data. Here, K : R — R! is a kernel satisfying three moment conditions
K(u)du = 1
Rd

/%duK(u)du =0 (5.9)
/mduu’K(u)du = I,

If K is indeed a multivariate probability density, then the last two conditions
summarize many assumptions about the marginal kernels, { K (u;),j = 1,--- ,d}.

The second condition says that the means of the marginal kernels are all zero.
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The third condition states that the marginal kernels are pairwise uncorrelated
and that each has unit variance. Thus any simple dependence is assumed to be

captured entirely in the matrix H and not in the kernel.

The transformation matrix H in equation (5.8) can be incorporated into the
kernel definition. For example, it is equivalent to choose K to be N (0,%) with
H = I, or to choose K to be N (0,1;) with H = 53, Thus, it is possible to
choose a multivariate kernel with a simple covariance structure without loss of -

generality; for details see Simonoff (1996), and Scott (1992).

The general multivariate kernel estimator equation (5.8) requires specification
of the bandwidth matrix H. If the underlying data distribution is multivariate
normal with covariance matrix X, then the asymptotic optimal bandwidth matrix

is (Simonoff, 1996)
1
4 m 1 1
H= ( ) Yap @D (5.10)

As the dimension, d, varies, the constant in equation (5.10) ranges over the
interval (0.924,1.059), with a limit equal to 1. The constant is exactly 1 in
the bivariate case and smallest when d = 11. Hence, an easy-to-remember

data-based rule, based on Scott’s rule (Scott, 1992), is
H = i @D (5.11)

It follows that for univariate normal data h = on™5 is optimal, for large n. The

data based choice of H will be

~ 1
p

=8 @9 (5.12)

where S is an estimate of the covariance matrix of x. For the product kernel

this is equivalent to

hij=om @0 j=1,...d (5.13)
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5.5.1 Multivariate Normal Kernel

If we consider the multivariate normal distribution as a reference distribution,

and bandwidth matrix H as in equation (5.10). The Normal kernel density

estimator will be,

d n
r (27T)_§ 1 rg—1
= e ———(x—-x) X (X~ X; 5.14
T el e ) (514)
where x; = (z,,...,x,,) and ¥ is the true covariance matrix, estimated in

practice by S.

5.5.2 Epanechnikov Kernel

We also consider the spherically symmetric version of the Epanechnikov kernel,
using the same bandwidth matrix H as in equation (5.10). The Epanechnikov
kernel is

[@} I’(%)ﬂ_% (1-wu'u), ifuu<l

0, otherwise.

Thus, the resulting Epanechnikov kernel estimator is
d(d+2
{_( - >] r(d) n

=Y (1 — (H (x - x3))’ (B (x - xi))>

nr H| 3
dd+2) | prdy
_ & Z (1 _ —1—(x —x;) 27 (x ~ Xi)) (5.15)

n ad ]Z]% i—1 a’

f(x)
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if %(x—x%;)' 7} (x—x;)<1, and 0 otherwise. Unfortunately, the result using the
spherically symmetric version of the Epanechnikov kernel was not very promising

in our simulations.

5.5.3 Spherical Uniform Kernel

Consider a random sample {x;,- - - , X, } from a multivariate density f(x), and we
want to estimate this function at point xo € B(xg), where B(xg) is a hypersphere

with radius r, then

pr(x €B(xg)) = / f(x)dx = f(xq) x volume of B(xg)

B(xg)

if r is small. Thus

f(Xo) N pr(x €B(xp))

(5.16)

™ volume of B(xq)

where

n

Frx €Blxa) = = > 1(x)

1=1

and n is the total number in the sample and

1 if x;€ B(Xo)

=00 i x ¢ B,

The volume of the hypersphere B(xg) is given by

d
e x 732

Vol f B = —
olume of B(xp) I‘(%—i—l)

Substituting this in equation (5.16) we have,

P(g+1) 3 I(x)

d
nrir?

flxo) = (5.17)

where Y | I(x;) equal to the total number of points in B(xp). This provides

a crude estimate of the density at xg, for small values of r.
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This crude estimator can be viewed as kernel estimator, if we consider the
multivariate kernel estimator equation (5.8). Let the bandwidth matrix H =71,

where I is a d by d identity matrix, then

R NE+1) &
f X = 22 7 I X; —Xoil <r7r
o = S ol xal <
r¢+1) & L —
- (2—1.22]()(1 %0 <1) , since 7 > 0.
nrigz 3 r
If H =rl, then [H| = r% and H'=11I and
X; — X 1
K( " °) = K(-1(xi — x0))

= K (H_I(Xi — X())) .

The crude estimator will be,

- 1 < .
f(xo) = T Z; K (H™Y(x, — %0))

where
K(u) = F(i; Y1)
and
I(u) = 1 if Juli<1

0 if otherwise.

5.6 Simulation study

A simulation study was performed for estimating the values of the Dirichlet
density function (4.1) at two points in three different cases corresponding to

different levels of variation. We estimate the density function at the mode,
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where pg = (é, fe ,5)’ , and « takes three values indicating three different lev-

els of variation. The largest variation of the three settings, case 1, is a =

(2,2 then, in case 2, a = (12,--- 1) and the smallest, case 3, is
a= (1959, cee %)O)’. The second point, pi/2, at which we estimate the Dirich-

let density, is one whose density value is half the density of the mode, i.e.

fGredred o ta)=

In the simulation, we used different dimensions, 2, 3, 4, and 7. For the
bandwidth, we used H based on Scott’s rule, see equation (5.12). The bandwidth
matrix, H, is varied in a multiplicative fashion, i.e. H =cH where ¢ is a real

number.

Unfortunately, the simulation is controlled by many variables, such as the
bandwidth matrix, H, dimensions, d, interaction between H and d, (as d gets
larger the elements of H get smaller), and the sample size. Thus, in order to
have an overall analysis, we need to discuss each case and this is not our aim in
this research. Our aim of this simulation is simply to know how reliable is the
pointwise multivariate kernel density estimator based on the multivariate normal
distribution as a reference. We use a Dirichlet density function for investigation,

since this distribution is used as a prior for p in our research.

5.7 Result

20 ... 20y
d’ v d /o

In the first case, the variation is large, a = ( The estimates of the
Dirichlet density function depend on the dimension, d. When the dimension
d < 4, our estimates are good. As the bandwidth gets wider, the estimated
value of the Dirichlet density function at the mode is becoming smaller than it
should be, i.e. we underestimate the true density value, see table (5.1). On

the other hand, when the bandwidth gets smaller we sometimes overestimate
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the true density value. This result cannot be a systematic error and it may be

related to simulation error.

The situation of underestimate and overestimates is reversed, table (5.2),
when we estimate the Dirichlet density function at the second point, py/2. As
the dimension gets higher, d > 4, our estimated values have a large bias toward
underestimating the true values.

00 M)}
b

In the second and third cases, where the variation is smaller, a = (3%, - - | 5

1000 . 1000

R =g ), we have a similar case to case one. However, as the

and a = (
variation gets smaller the estimates are more accurate in smaller dimensions.
On the other hand, with higher dimension the error increases as the variation

decreases, see tables (5.3) and (5.4), and tables (5.5) and (5.6).

In conclusion, the multivariate normal kernel density estimator, with normal
based bandwidth (5.12), is reasonably reliable for two- and three-dimensional
data. For four-dimensional data, the estimated values are sensitive to the band-

width. Unfortunately, for higher-dimensional data the error seems to be large.
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Sample , ]?im 2| Diff Dim 3| Diff I?im 41 Diff Dim 7 Diff
o 1% | do 1% | fo | % | fo | %
500 2.8 -21.8 | 8.0 -50.1 ¢ 24.0 -71.9 1 894.9 -96.3
2000 3.00) 3.0 -14.3 1 10.1 -37.1 ) 32.8 -61.6 1365.2 -94.3
10000 3.2 -9.1 11.8 -26.4 | 455 -46.7 | 2384.5 -90.1
500 3.2 -8.3 13.0 -185 | 575 -32.7 | 8208.1 -65.8
2000 1.50 | 3.4 -3.4 14.7 -7.9 66.5 -22.1 9462.3 -60.5
10000 3.4 -3.2 14.6 -8.7 72.4 -15.2 12150.6 -49.3
500 3.3 -6.1 15.0 -6.1 74.3 -13.0 12976.6 -45.9
2000 1.00 | 3.5 -0.7 16.8 5.1 83.4 -2.3 13657.3 -43.1
10000 3.5 -1.6 15.3 -4.7 79.0 -7.4 17485.3 -27.1
500 34 -4.7 16.1 0.3 86.8 1.6 11774.7 -50.9
2000 0.75 3.5 0.5 18.0 12.7 93.9 10.0 16070.4 -33.0
10000 3.5 -0.6 15.5 -3.1 79.6 -6.8 19254.1 -19.7
500 3.5 -1.2 16.5 3.4 110.6 29.5 4551.6 -81.0
2000 0.50 1 3.6 1.8 19.1 19.5 108.5 27.1 31616.4 31.8
10000 3.6 1.0 16.0 -0.2 76.7 -10.2 17530.4 -26.9
500 3.7 4.9 14.5 -94 165.6 93.9 14.1 -99.9
2000 0.30 | 3.7 3.9 18.7 16.7 136.9 | 60.3 47511.8 98.1
10000 3.6 3.3 17.0 6.2 73.7 -13.7 1 5999.3 -75.0

Value of  f(.) 3.5 0.0 16.0 0.0 85.4 0.0 23982.0 0.0

Table 5.1: Estimates of the Dirichlet density function at the mode, using mul-
tivariate normal kernel density estimator and the percentage difference, under

case 1.
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Sample l?im 2/ Diff ]?im 3| Diff Dim 4] Diff Dim 7 Diff
sze | "L O 1% | FO 1% | FO % | FO %
500 1.9 3.9 5.5 -28.2 | 16.8 -60.5 | 697 -94.2
2000 3.00 1.9 3.9 6.4 -16.6 | 21.5 -49.4 1025 -91.5
10000 1.8 3.6 6.8 -10.9 | 28.0 -34.1 | 1654 -86.2
500 1.9 5.5 7.2 -6.0 28.9 -32.0 | 5769 -51.9
2000 1.50 1.8 3.4 7.4 -3.1 32.8 -22.9 | 6183 -48.5
10000 1.8 2.9 7.9 -1.2 38.2 -10.2 | 6971 -41.9
500 1.9 4.1 7.7 0.5 31.1 -26.9 12172 1.5
2000 1.00 1.8 2.7 7.7 0.9 36.1 -15.1 10469 -12.7
10000 1.8 1.9 7.5 -1.5 39.9 -6.1 9789 -18.4
500 1.8 3.5 8.1 9.7 31.5 -25.9 14537 21.2
2000 0.75 | 1.8 1.3 8.1 5.8 38.0 -10.6 | 13228 10.3
10000 1.8 0.7 7.3 -3.9 40.4 -4.9 12756 6.3
500 1.8 3.3 8.8 15.6 25.2 -40.7 | 6615 -44.9
2000 0.50 1.7 -3.1 8.9 16.1 37.1 -12.7 | 29078 142.4
10000 1.7 -2.1 6.9 -9.2 41.8 -1.6 30139 151.3
500 1.8 1.9 9.8 28.5 8.7 -79.5 | 39.3 -99.7
2000 0.30 1.6 -9.9 10.0 30.8 22.2 -47.7 1 50259 319.0
10000 1.7 -5.7 5.8 -234 | 51.1 20.2 62990 425.1

Value of  f(.) 1.8 0.0 7.6 0.0 42.5 0.0 11995 0.0

Table 5.2: Estimates of the Dirichlet density function at p, /> using multivariate
normal kernel density estimator and the percentage difference, under case 1.
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Sample , l?im 2| Diff I}im 3| Diff I?im 4| Diff IA)im 7 Diff
O 1% [ F0 | % | Fo | % | FO %
500 6.1 -23.2 1 36.8 -65.2 | 258.3 -74.3 | 97839 -97.2
2000 3.00| 6.9 -13.3 | 48.0 -41.6 | 375.6 -62.6 | 153134 -95.6
10000 7.3 -8.3 58.7 -28.5 | 484.7 -51.7 | 266240 -92.4
500 7.3 -8.0 59.4 =277 8717 -42.4 1 1056592 -69.9
2000 1.50 | 8.0 0.2 66.5 -19.0 1 733.3 -26.9 | 1168588 -66.8
10000 7.9 -1.2 72.9 -11.3 | 8104 -19.2 1441841 -59.0
500 7.6 -4.7 64.2 -21.8 | 650.0 -35.2 | 2239512 -36.3
2000 1.00 1 8.2 2.6 67.4 -17.9 | 839.3 -16.3 | 1891871 -46.2
10000 8.0 0.1 75.5 -8.0 899.4 -10.4 | 2055874 -41.5
500 7.7 -3.8 61.8 -24.8 | 636.1 -36.6 | 2874423 -18.2
2000 0.75 | 8.1 2.1 65.2 -20.7 | 855.3 -14.8 1990340 -43.4
10000 8.0 0.6 77.8 -5.3 928.4 -7.5 1953706 -44.4
500 7.7 -2.8 55.5 =325 | 491.9 -51.0 | 2289380 -34.9
2000 0.501 79 -0.8 61.2 -25.6 | 818.3 -18.4 | 1174313 -66.6
10000 8.1 1.6 83.2 1.3 953.6 -5.0 968979 -72.4
500 7.8 -1.4 55.1 -33.0 1 219.5 -78.1 106324 -97.0
2000 030 | 7.6 -3.9 o4.7 -33.4 1 647.3 -35.5 | 20411 -99.4
10000 8.2 3.5 91.3 11.1 923.7 -7.9 24097 -99.3

Value of  f(.) 8.0 0.0 82.2 0.0 1003.3 0.0 3515075 0.0

Table 5.3: Estimates of the Dirichlet density function at the mode, using mul-
tivariate normal kernel density estimator and the percentage difference, under

case 2.




5. Kernel Density Estimator 100
Sample - ]?im 2| Diff [A)im 3| Diff I}im 4| Diff I?irn 7 Diff
O 1% 1o | % | o | % | F0 %
500 4.0 3.4 28.4 -34.4 | 196.6 -60.7 | 74531 -95.7
2000 3.00 | 4.0 2.3 33.0 -23.9 1 260.1 -48.0 | 117182 -93.3
10000 4.1 4.1 36.6 -15.4 4§ 321.6 -35.7 | 196146 -88.7
500 4.1 4.7 39.6 -8.7 405.9 -18.9 | 561814 -67.7
2000 1.50 | 3.9 -0.3 41.0 -5.4 409.0 -18.3 | 703860 -59.6
10000 4.1 3.9 40.9 -5.5 460.5 -8.0 870200 -50.0
500 4.2 6.9 41.3 -4.6 487.9 -2.5 974886 -44.0
2000 1.00{ 3.9 0.1 44.0 1.5 414.6 -17.2 1315401 -24.4
10000 4.1 4.0 41.6 -4.0 486.8 2.7 1310107 -24.7
500 4.3 10.2 39.9 -7.8 521.1 4.1 1154098 -33.7
2000 0.75 3.9 0.3 45.4 4.8 377.4 -24.6 1877198 7.9
10000 4.1 3.7 41.3 -4.6 487.2 -2.7 1434532 -17.6
500 4.5 15.9 35.6 -17.8 | 555.7 11.0 728789 -58.1
2000 0.50 | 3.9 0.2 45.7 5.6 297.1 -40.6 | 1687188 -3.1
10000 4.0 2.5 40.7 -6.2 473.0 -5.5 1118028 -35.8
500 4.8 21.6 31.4 -27.6 | 645.8 29.0 7174 -99.6
2000 0.30 } 3.8 -1.6 45.5 5.0 228.3 -54.4 | 158367 -90.9
10000 3.9 0.3 40.3 -7.0 386.1 -22.8 | 67729 -94.4

Value of  f(.) 3.9 0.0 43.3 0.0 500.5 0.0 1740535 0.0

Table 5.4: Estimates of the Dirichlet density function at p;/, using multivariate

normal kernel density estimator and the percentage difference, under case 2.
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Sample l?irn 2y Diff Dim 3| Diff Dim 4 | Diff Dim 7 Dift
size 1O % fO) | % FO | % FO107 | %
500 19.1 -24.4 | 387.4 -53.1 7780 -75.8 | 8.26 -97.7
2000 3.00 | 21.6 -14.5 | 488.1 | -40.9| 11970 | -62.7| 13.96 -96.2
10000 22.8 -9.8 593.7 -28.2 15131 -52.8 | 25.27 -93.1
500 23.5 -6.9 624.8 -24.4 18470 -42.4 | 85.39 -76.6
2000 1.50 | 25.0 -0.9 681.2 | -17.6 | 23648 | -26.3 | 106.03 -70.9
10000 24.4 -3.1 765.1 | -74 24537 | -23.5| 140.47 -61.5
500 24.5 -2.9 702.6 -15.0 | 22734 -29.1 174.0 -52.2
2000 1.00 25.7 1.9 713.3 -13.7 | 26426 -17.6 188.15 -48.4
10000 25.0 -1.1 815.7 -1.3 26374 -17.8 | 224.30 -38.4
500 247 -2.1 749.1 -94 23832 -25.7 1 236.2 -35.2
2000 0.75 25.8 2.1 703.6 -14.9 | 25591 -20.2 256.66 -29.6
10000 25.2 -0.2 840.5 1.7 26347 -17.9 1 269.38 -26.1
500 24.5 -2.8 822.0 -0.5 21694 -32.4 | 392.11 7.6
2000 0.50 25.5 1.1 652.8 -21.0 | 22597 -29.6 | 542.00 48.7
10000 25.3 0.3 854.0 | 3.3 25815 | -19.5| 286.24 -21.4
500 23.8 -5.6 877.7 6.2 16318 -49.1 228.46 -37.3
2000 0.30 25.0 -0.8 556.4 -32.7 | 26530 -17.3 | 866.91 137.9
10000 25.1 -0.3 852.0 3.1 31225 -2.7 112.68 -69.1

Value of f() 25.2 0.0 826.4 0.0 32085 0.0 364.39 0.0

Table 5.5: Estimates of the Dirichlet density function at the mode, using mul-

tivariate normal kernel density estimator and the percentage difference, under

case 3.
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Sample Dim 2] Diff Dim 3| Diff Dim 4 | Diff Dim 7 Diff
size O % O | % fO | % fo17 | %
200 12.4 -2.9 287.3 -29.7 | 5744 -63.9 | 6.76 -96.3
2000 3.00 12.5 -1.6 326.7 -20.1 | 8445 -47.0 | 11.01 -93.9
10000 13.1 2.7 354.1 -13.4 | 10083 -36.7 1 18.78 -89.7
500 11.6 -8.6 391.7 -4.2 11542 =275 53.88 -70.3
2000 1.50 11.7 -8.2 392.3 -4.0 14435 -9.4 65.06 -64.2
10000 13.0 1.7 396.9 -2.9 14442 -9.3 83.67 -53.9
500 10.4 -18.1 411.7 0.7 13269 -16.7 | 93.21 -48.7
2000 1.00 11.3 -11.4 | 383.3 -6.2 15911 -0.1 94.2 -48.1
10000 12.9 1.3 404.3 -1.1 15702 -1.4 124.17 -31.6
500 9.4 -25.8 | 391.7 -4.2 13656 -14.3 | 100.24 -44.8
2000 0.75 11.2 -12.3 1 350.6 -14.2 | 16204 1.7 78.71 -56.6
10000 12.9 1.4 403.3 -1.3 16444 3.3 160.91 -114
500 8.5 -32.9 | 2949 -27.8 | 17613 10.6 46.90 -74.2
2000 0.50 | 11.5 -9.5 270.3 -33.9 | 16782 5.4 14.41 -92.1
10000 12.9 1.7 393.3 -3.8 16828 5.7 320.16 76.4
500 9.1 -283 | 1054 -74.2 | 30636 92.4 0.28 -99.8
2000 0.30 12.4 -2.2 141.4 -65.4 | 17252 8.3 0.01 -100.0
10000 12.8 0.9 378.4 -7.4 14241 -10.6 | 847.2 366.7

Value of  f(.) 12.7 0.0 408.8 0.0 15926 0.0 181.53 0.0

Table 5.6: Estimates of the Dirichlet density function at p,/, using multivariate
normal kernel density estimator and the percentage difference, under case 3.




Chapter 6

Cluster Sampling

In this chapter, we consider cluster samples obtained by a two-stage sampling
process, as described in section (2.7.3), with some changes in notation. The
clusters partition individuals into, C', mutually exclusive groups (clusters) where
cluster ¢ (t = 1,...,C) has N* = (N,,,N,,,..., N,.) units and N, = S8 N,

Consider a sample of ¢ clusters sampled from C. Then, as a second-stage, a

Moy -y M, ) Units is drawn with replacement from the N*

sample of n* = (n oy Moy

t1?
within each selected cluster, ¢ (¢ = 1,...,¢). We consider equal cluster sample
sizes n; = Zz‘il n,, = m, although our inferences can be obtained equally easily

for non equal cluster sizes.

Our primary interest is estimating the marginal (over clusters) probabilities
q=(p,p.) Let p’" = (p,,Py D), Where S P = 1, be a vector
of cell probabilities for the #** cluster. A priori, we assume that N* are multi-
nomially distributed with cell probabilities pt, and the vectors pt;t = 1,... ,c,
are independent and identically distributed with p*~Dirichlet(Aa), where o =
(o), 0y .oy p) and Zl}; a; = 1, and X is a parameter which represents the

cluster effect.

103
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If the value of X is large, then the variance of p* is small. This leads to a
smaller cluster effect. However, for a small value of A, the variance of p* will
be large and the cluster, design, effect will be also large. Then, we assume that
the vector of counts, n*, for any cluster is a multinomial distribution conditional

—n

on the vector p* and n; = 2.

6.1 Bayes factor

e Model Mg , saturated model;

Consider the parameters p,« and X. In the real data, the observations n'
are given. If we consider the n* are sampled from N!, and assuming the class
of prior distributions of N* are, a priori, independent and exchangeable within
cluster, then n' are distributed as independent Multinomial(n,, p*); see section
(2.1). As before, we know that the Dirichlet distribution is a convenient choice of
prior distribution for p?, because, it is conjugate to the multinomial distribution.
Therefore, we will take the prior on p’ to have a (K — 1)-dimensional Dirichlet

distribution (4.1), with parameters Ac.

To complete the prior specification at the second stage, a distribution needs to
be assigned to the hyperparameters «, and A. Various forms of informative prior
could be assigned. For computational convenience, let us assume a hyperprior for
« to be Dirichlet(3). Also, a general hyperprior for A is denoted pr(A), for now.

For the saturated model, we define the marginal (over cluster) probabilities, q,

C
b = § :wtpti
t=1
Ny

where w; = F and p,, denote the probability of cell 4 in family ¢, for all ¢ =
1,..., K —1. Therefore, p, is probability of a subclass across clusters. As C' — o0,

q and « coincide.
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e Model My, where @ = p, = (Po1, Pozs s Poxc )

Unfortunately, for computing the Bayes factor for model M, against Mg, we
face the same problem as in stratification see section (4.3.2). With this design,
it is quite difficult to evaluate the marginal likelihood function. Therefore, it is
hard to compute a Bayes factor. Nevertheless, one possibility is to approximate
the Bayes factor without ever computing the marginal likelihood, as in the strat-

ification case. Since, we are considering a prior for p

in the saturated model,
Mg, conditioning on the constraint (4.21) to give the prior for our nested model,
My, we can apply the Savage-Dickey density ratio (Dickey, 1971), see section
(3.3). Using the Savage-Dickey density ratio, we can approximate a Bayes fac-
tor without computing the marginal likelihood pr(n|My). The Savage-Dickey
density ratio reduces computing the Bayes factor to the problem of estimating
the marginal posterior density pr(p|n,Mg), at point p,. Under the saturated
model, the Bayes factor will be,

pr(p,|n,Ms)

Bos = )
‘ pr(polMS)

(6.1)

As the marginal density pr(p|n,Mg) is intractable and can not be written
down in closed form, we propose to sample from pr(p|n,Ms), and then, use a mul-
tivariate density estimator to estimate the marginal posterior density pr(p|n,Ms)

at point p,.

Now, consider the following random variables p’, a and A. Under the
saturated model, Mg, the joint posterior distribution of p, «, and A will be

K

pr(p o, An) o [H (Hp"”> x (Hp;“"”l};y; ﬂ (H&ﬁ‘ )XPT(A)

=1
¢ K pnt1+Aa1
= (D(\)° e A). 6.2
< (T ey ) = (e ) <. 02
From this we can see that pr(p’, o, Ajn) is awkward to generate from. Thus, we

are going to use a Markov chain Monte Carlo (MCMC) algorithm to generate a
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random sample for p*, and to estimate the marginal posterior density pr(p|n,Ms)

at point p,.

6.2 Markov chain Monte Carlo algorithms

Iterative simulation, especially Markov chain Monte Carlo (MCMC) algorithms,
have been increasingly popular in statistical simulation, most notably for drawing
simulations from Bayesian posterior distributions. See Tierney (1994), Tanner
(1996), and Gilks et al. (1996) for examples. One of the main reasons for the
popularity of MCMC is that integrations of the joint posterior distribution are
often extremely difficult to perform, either analytically or numerically. MCMC
methods involve simulating Markov Chains with particular stationary distribu-
tions, in order to sample indirectly from posterior distribution. The techniques
are based only on elementary properties of Markov chains. These elementary

properties, that the chain needs to satisfy, are

e It has to be irreducible, that is, from all starting points, the Markov chain
can reach any non-empty set with positive probability, in some finite num-

ber of iterations.

e [t has to be aperiodic, this stops the Markov chain from oscillating between

different sets of states in a regular periodic movement.

e Most importantly, it must be positive recurrent, this can be expressed in
terms of the existence of a stationary distribution f(.), say, such that if
the initial value X is sampled from f(.), then all subsequent iterates, I,

will also be distributed according to f(.).

If the chain satisfies these conditions, then the distribution of X; converges

to the required stationary distribution (Gilks et al., 1996).
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We are going to generate a set of random numbers p* using MCMC algo-
rithms. Several Markov chain methods are available for sampling from a pos-
terior distribution. After a suitable burn-in, we can use successive iterations
from a MCMC scheme as a dependent sample from the marginal posterior distri-
bution for any function of interest. The two most important MCMC methods
are the Gibbs sampler and the Metropolis-Hastings algorithm. They can be
used as techniques for generating random variables from a marginal distribution
indirectly, without having to calculate the density. Although most applications
of MCMC have been in Bayesian models, they can also be extremely useful in a

classical approach; see Tanner (1996).

6.2.1 Gibbs Sampler

An algorithm for extracting marginal distributions from the full conditional dis-
tribution was formally introduced as the Gibbs sampler in Geman and Geman
(1984), although its essence dates at least to Hastings (1970); For more discussion

see Gelfand and Smith (1990).

The Gibbs sampler is the most common of the MCMC algorithms. It is
an MCMC algorithm that requires all the full conditional distributions to be
ready to sample from. For the random variables X, Y, Z, suppose we are given
a joint density f(x,y,z), and our interest is in obtaining a sample from f(x).
Rather than compute or approximate f(x) directly, the Gibbs sampler allows

us effectively to generate a sample {xg,x1, ..., X} from f(x) without requiring

f).

Gibbs sampling is a Markovian updating scheme that proceeds as follows.
Given initial values of the variables Y = y, and Z = zy, we generate xg from
f(xlyo,29). Then, we draw y, from f(y|xq9,2,), also using y;, we draw z; from

f(z]x0,¥1). This will complete one iteration of the scheme. The I'" iteration
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would be

X ~ fx\Yr=y1,Z; = zp)
Y ~ f(y|Xr=x1,2%; = z)
ZI-H ~ f(ZIX[ = X17YI+1 = y1+1)' (63)

The iteration scheme of (6.3) produces a Gibbs sequence
Yo,Zo,Xo,Yl,Zl,Xl,... ,YI,Z[,X],... (64) '

After I such iterations we would arrive at X;. Gelfand and Smith (1990) showed
that under mild conditions X; % X ~ f (x) as [ — co. Thus for large enough

I, we can consider X; as a simulated observation from f(x).

6.2.2 Metropolis-Hastings algorithm

The Metropolis-Hastings algorithm is a MCMC method for generating samples
from arbitrary multivariate distributions; see Metropolis et al. (1953), Hastings

(1970), Tierney (1994), Chib and Greenberg (1995), and Gilks et al. (1996).

The objective of the Metropolis-Hastings algorithm is to generate samples
from the target density f(x) = @, where x € R, ¢(x) is the unnormalized
density, and a is the normalizing constant, possibly unknown. The Metropolis-
Hastings algorithm is an updating scheme, as the Gibbs sampler, but at each
step the proposed value is accepted with specified probability. Given the current
vector, state, x,, a sampled value y for the next state, I + 1, is generated from
a proposal distribution, g(.|x,). The sampled value y is then accepted with
probability

a(x,,y) = min {1 (6.5)

S(¥)g(x,1y) }
Tfx)glylx) )

Otherwise, the sampled value is rejected and the process remains at x,. The

choice of the proposal distribution, ¢(.|x,), is essentially arbitrary. This proposal
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distribution may or may not depend on the current vector x,. If g(.|x,) satisfies

the condition

f(x) x g(ylx) = f(y) x g(x|y)

or if f(x) = g(x|y), then we automatically accept every proposed new value.
This is clear from equation (6.5). Thus, the Gibbs sampler can be viewed as a
special case of the Metropolis-Hastings method where we accept every proposed

new value.

6.2.3 Generation of p' from pr(p‘|n’, o, \)

The Gibbs sampler will be applied for generating the p*’s from pr(p'|n’, o, \).
The Gibbs sampling method will sample iteratively from pr(pt|n’, o, ), pr(alp’, \),
and pr(A|p', ), i.e. the I'*" iteration will be

p, ~ pr(ptlntvan/\I)
« ~ pr(a\nt,pi,/\,)

o ~ pr(Ant,plag,,). (6.6)
This iteration scheme will produces what is called a Gibbs sequence
aov)‘o)p(tpan/\upi: s

with the property that, for large I, p! is effectively a sample point from pr(p|n‘, a, A)
(Gelfand and Smith, 1990, and Casella and George, 1992). These conditional

distributions can be driven from equation (6.2) as

c K
pr(p'in’, o, \) o HHpZti“r‘)\a,ﬁ—l

t=1 i=1

= Dirichlet (n* + Aax) . (6.7)
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Thus, the conditional distribution pr(p*la;, A) is a Dirichlet(nt + Aa).  The

conditional distribution pr(a|pt, \) is

c K Aa; K
t )\ pti /@i_l
pr(alp’,\) (EEF()‘%)> X <gaz

K a_ﬂi—1 N
— (H W) x (an ) (6.8)

For pr(A|p’, o),

¢ K

pr()\lpt,a) o (H Hp:\iai—l 1}(&2{)) X pr ()\) (69)

t=1 i=1

Let us assume that A\ has a Pareto prior distribution with parameters g = 1
and w = 1, ie. pr(\) = 5zI(A > 1), which is long tailed and therefore fairly
‘non-informative’ (Mood et al., 1974). Then,

C

K
1 . ()
- t Aa;—1
P ()‘{p va) & 7\5 HHpti F(/\CYZ)

t=1 =1

I'(A ¢ 1.5 K .
) (m) (FHHPH l)' (6.10)

t=1 i=1

Unfortunately, we can see that the forms of pr(a|p®, \) and pr(A|p’, «) are not
as easy to sample from as pr(p‘|a, A). In this case, we will use a hybrid MCMC
strategy. A hybrid strategy is a combination of two or more methods. Thus,
we will combine the Gibbs sampler with a Metropolis-Hastings algorithm. The
Metropolis-Hastings algorithm, can solve the difficulties of dealing with the forms
of pr(a|pt, A\) and pr(\|p', «). For convenience and simplicity in the program,

we are going to consider Inpr(alpt, \), Inpr(A\|pt, &). Thus,

K B;—1 c K
oo« ({1 ) - (1)

t=1 1=1

{(8; = 1)In(a;) —cln (FAe:))} + A D> " aoln(p,)

1 t=1 =1

= <{(ﬁi — Dln(a;) = cln (T(Aay))} + A Y In (pﬁ)> -(6.11)

1 t=1

L

1

=

7
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t I'(A) 111 A
Inpr(Alp’,a) o In [(W) ()\2 H Hp )}
r

1) t=1 =1
K c K
1=

A C
= ln< ()\2)) cz;ln (A;)) -1—)\;121:041111 D,.)
= In <FE\)\2)C> Z (,\alzln (p,) —cln (F(Aai))> . (6.12)

i=1 t=1

For the proposal distribution for a, we can use a Dirichlet (8), where 8 may or

may not depend on the current value of «,

K
gle) = == ][al™ (6.13)
< 1) 1

Ingla) = ln(F(ZHi))—I—Z{(&i—1)In(ai)—ln(F(¢9i))}

=1
Also, for A, we use Uniform (A + u, A — u), where u is a constant to be specified.
The ratio of the proposal densities does not depend on A, thus it will cancel out
in the probability of acceptance, a(A,, A in equation (6.5).

I+1)?

6.3 MOCMC analysis

We have described MCMC simulation algorithms, which generate the random
sample p' from pr(p‘|n, o, A). The p' generated using a Gibbs sampler where
the updating of both parameters A and o uses the Metropolis-Hastings algo-

rithm.

In this MCMC analysis, we will discuss the results of our MCMC simulations,
for three different sizes of the primary sampling unit, psu, ¢. Finally, we consider

conclusions based on our MCMC simulations.
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6.3.1 Simulation study 1

As discussed above, we used a hybrid MCMC strategy, which consists of a com-
bination of two algorithms, the Gibbs sampler and the Metropolis-Hastings al-
gorithm. In this simulation, indeed for all our simulations, we generate 1000
samples. In each, we have a sample size of n = 1000 observations, selected with
probability proportional to size from ¢ psus. The number of psus, ¢, varies be-
tween 10, 50 and 200, with equal numbers of units in each psu. For the MCMC

we consider 1500 iterations for each sample.

In the real data, the observations n* are given. For the proposed simulation
study, we assume K = 3, and we simulate a cluster population, i.e. pt, for the psu
t, from Dirichlet(Aa), assuming the values a = (—15, %, %)’, and A = 1000. Then,
we simulate n’ from Multinomial(n;, p*), where n; = 2. We chose A = 1000 to
give a design effect, 7, almost equivalent to the design effect of the large empirical
study, of two United Kingdom surveys, by Holt, Scott and Ewings (1980). The
following table presents the average design effect for different values of A\, where

111)/
’

a= (3733

A |10 30 | 60 100 | 150 | 300 | 1000
71101 47133628 |25 (23 |21

6.3.2 The MCMC program algorithms

For each sample, we simulate n* from Multinomial(n;, p*), where p is generated

from Dirichlet{Aa). Then,

1) Start iteration I = 0.

2) Consider the initial values of ap = (3,1, 3)" and Ag = 800. Then generate

a set of random numbers p!, where t = 1,... , ¢, from Dirichlet(n! + A, ¢, )
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equation(6.7), using a Gibbs sampler.

Generate a set of random numbers ¢, , from the proposal distribution,
Dirichlet(8), where 8 :(% +nq, % + ng, % +ng)’ for the first simulation and

0 =v«, in the second simulation where + is a real number.
Compute the acceptance probability, for this first M-H.

Update o, to a, , if the value of «v, , is accepted. Otherwise set o

1417 I+1 141

o,

Generate random number A, , from the proposal distribution, Uniform
(A, —u, A, + u) where u = 500 to allow large jumps in the values of A for

the second step of M-H.
Compute the acceptance probability, for this second M-H.

Update A, to A, , if the value of A, | is accepted. Otherwiseset A, , = A

I+10 I+1 I

Finish one iteration, see (6.6). Update the iteration I = I + 1, then go to
step (2).

After a fixed number of iterations stop, discard the burn-in iterations (z =
500 here) and consider the remaining iterations as a dependent sample

from the marginal posterior distribution.

6.3.3 Results 1

To illustrate the MCMC results, we select one sample size of a 1000 observations.

The MCMC output will be presented by plotting the sampled values for X, one

«; and one p; where ¢ = 1,2,3. Then, we will discuss the plots.

For 10 primary sampling units, psus, there are 100 observations in each. The

sample we selected had marginal cell totals of n =(314, 328,358)". In figure (6.1-

a), the sampled values for A\, using M-H algorithm, are not stable and support
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some high values of A. For the first cell, where n; is equal to 314, we would
expect the values of a; and p; to be distributed around 0.314. For the sampled
values of a1, using M-H algorithm, the sample quickly settled down. Thus, the
values of c; are almost stable, around a target distribution, see figure (6.1-b).
Nevertheless, the algorithm is not mixing well. It is rejecting many proposed
values. The aim of this simulation is to generate a set of random numbers p®
from it’s posterior distribution pr(p‘|n, a, \). After applying the constraint in
equation (4.21) for computing values of q, we can see from figure (6.1-c) that p,

seems settled down quickly to a stationary distribution.

(@) (b)
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o~ | - . 027 1 . .
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(c)
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o 031 — ' " I”l Ml! ‘ 1‘['!“" m i Ilq'
. J ' !
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0.29 — !
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0.27 —
T ] ! !
0 500 . 1000 1500
Iteration

Figure 6.1: Results of 1500 Iterations using a hybrid MCMC strategy, Metropolis-
Hastings within Gibbs sampler, based on three components A (Lambda), a; (Alph(1))
and p; (p(1)); for sample size of 1000 in 10 psu’s: (a) and (b) are sampled values for
A and «a; using Metropolis-Hastings algorithm. (c) sampled values for p; using Gibbs
sampler.
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For the case where there are 50 primary sampling units, each will have 20
observations. We selected an arbitrary sample. The sample has marginal cell
totals of n =(329,341,330). As in the previous case, the sampled values for
A, figure (6.2-a), are not stable and with more smaller values of X\. Again, the
method often rejects for smaller values of A. If we choose the first cell, where n,

is equal to 329, then we expect the values of «; and p; to be distributed around

0.329.

0.36 —

2000 — 0.35
0.34 —| NM
0.33 — 4“1 . )

1000 — 0.32 — r l
0.31 —

0.30 —

lambda
Alph (1)

0 — 0.29 —
T T T 7 T T I T

0 500 1000 1500 0 500 1000 1500
Iteration Iteration

.37 —
.36 —
.35 =

= T el ! .ml |n'

0.31 —

0.329

0.30 —

0.29 —

500 1000 1500
Ilteration

Figure 6.2: Results of 1500 Iterations using a hybrid MCMC strategy, Metropolis-
Hastings within Gibbs sampler, based on three components A (Lambda), ai; (Alph(1))
and p; (p(1)); for sample size of 1000 in 50 psu’s: (a) and (b) are sampled values for
A and a; using Metropolis-Hastings algorithm. (c) sampled values for p; using Gibbs
sampler.

For the sampled values of vy, using M-H algorithm, the sampled values settled
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down after 600 iterations (got stuck at one point for several iterations). Thus,
the values of «; are almost stationary around a target distribution, see figure
(6.2-b). The effect of the values «; on the sampled values of p; is visible in

figure (6.2-c).

When we have 200 primary sampling units, each psu has only 5 observations,
with n =(311, 364, 325)". Unlike the previous cases, the sampled values for A in
figure (6.3-a) are small, if compared with A = 1000.

(@) 0.34 — (®)
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8 500 =
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300 — L
200 — 0.31 — u L
100 — [ ; | - T T T
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.305 —f
300 —
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T | I
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Figure 6.3: Results of 1500 Iterations using a hybrid MCMC strategy, Metropolis-
Hastings within Gibbs sampler, based on three components A (Lambda), a;; (Alph(1))
and p; (p(1)); for sample size of 1000 in 200 psu’s: (a) and (b) are sampled values for
A and o using Metropolis-Hastings algorithm. (c) sampled values for p; using Gibbs
sampler.

We can see in figure (6.3-b) that a; has few jumps. In both cases, we can see
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that our MCMC algorithm is not working properly. Since, the M-H algorithm
is mixing slowly, i.e. the algorithm almost always rejects the sample values of A
and a;. This may be caused by the small numbers of observations in each psu, 5
observations only, or the large number of psus. The effect of poor application of
M-H in the sample values of p; can be seen in figure (6.3-¢). The sample values

of p; have been effected strongly by the sampled values of A and «;.

6.3.4 Discussion 1

The sampled values of A, in all cases, represent the uncertainty about the knowl-
edge of the distribution of A. In both cases, where the number of psus are
equal to 10 and 50, the values of X capture the true value, A = 1000, in it’s
domain. This may indicate that the chain is moving slowly toward the target
distribution. Thus, the need is for a longer run for A to converge to its posterior
distribution pr(A). If the M-H assumptions are satisfied with a reasonable pro-
posal distribution, we should see the sampled values of A distributed according

to its stationary distribution. For more detailed discussion of this see Gilks et

al. (1996).

Unfortunately, when the number of psus is 200, the sampled values of A are
small. This may indicate great uncertainty about the distribution of A due to

the small numbers of observations in each psu, ng, or large number of psus, c.

The first suggestion is supported by figure (6.4-a). The M-H algorithm
captures the target distribution of A directly when we increase the sample size
to 200000, 1000 observations in each psu. The same is true of the sampled values
of a1. In the case when there are 200 psus, for small n;, the sampled values of
oy are almost always rejected, see figure (6.3-b). Thus the M-H algorithm is
mixing badly, since the accepted sampled values of o are very small relative to

the number of iterations.
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Figure (6.4-b), again, shows the validity of the first suggestion. Thus, we
may say that the small numbers of observation in each psu caused the slow
mixing of the algorithm. A solution of this kind of problem is to change the

proposal distribution for pr(a|pf, \); see simulation 2.
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Figure 6.4: Results of 4500 Iterations based on 200000 observation in 200 psu’s. For
three components A (Lambda), oy (Alph(1)) and py (p(1)). (a) and (b) are sampled
values for A and «a; using Metropolis-Hastings algorithm. (c) sampled values for p;
using Gibbs sampler.

For the sample values of q, we can see that they are highly correlated with
« in all cases. In general, we can conclude that, when n, is large, the behaviour
of MCMC process are similar in all cases. In these cases, the sample values
of q converge to the target distribution, that is the posterior distribution of q,

directly.
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6.3.5 Simulation study 2

In this simulation, we try to overcome the weaknesses of our MCMC application
in the first simulation, which are slow mixing and the need for a large sample
size. This can be done by changing the M-H algorithm that generates the
sample values of « from an independence M-H to a M-H algorithm with proposal
centered at the current realisation. Thus, we are going to change the proposal
distribution of e, equation (6.13), from Dirichlet(0) where @ =(3+n1, 3 +no, 3+ v
n3) to 8=~y

,_,» where I stands for iteration index and < is a positive real

number.

6.3.6 Results 2

Before we start this simulation we have to determine a rough estimate for the
value of y. The value of v is important in this simulation, since it is a determinant
of the size of variation in the proposal distribution, roughly speaking, similar to

the value n;, ¢ = 1,... , K, in the previous proposal.

From our research we found out that, first, if the value of 7 is small, say
~v = 100, then the M-H algorithm for X is mixing well, and supporting large
values of A\. On the other hand, the M-H algorithm for « is mixing slowly, see
figure (6.5). Second, if the value of v is large, say v = 50000, then the M-H
algorithm for X\ is not stable, not working properly and rejecting many values of
A, while, for « the process is moving very fast with small jumps, which is related
to the very small variation in the proposal distribution. Thus, we have a slow

mixing chain, see figure (6.6).

The dependence on A and « of the sample values of p, through p?, are related

to the sample size; see the marginal posterior distribution pr(p*|a, A) equation
(6.7).
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Figure 6.5: Results of the second MCMC simulation , with 4500 Iterations. It is based
on v =100 and sample size of 10000 observation in 10 psu’s; For three parameters A
(Lambda), cr; (Alph(1)) and py (p(1)).

When the number of observations in each psu is small, say ny = 5, the
correlation is strong. Thus, the Gibbs sampler will be affected and will not
converge to the target distribution in a reasonable number of iterations. On
the other hand, if the sample size is large, say n; = 1000, the sample size gives
greater support to the sample estimate of p as in figures (6.5) and (6.6). The

mixing of A and « is also effected by the sample size.
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Figure 6.6: Results of the second MCMC simulation , with 4500 Iterations. It is based
on v =b0000 and sample size of 10000 observation in 10 psu’s; For three components
A (Lambda), a; (Alph(1)) and p; (p(1)).

This search for a value for 7, leads us to a simple, ad-hoc, rule which seems

to work reasonably in our cases, that is

~ = 50000 ('2%6> (6.14)

where c refers to the number of psu. The results of our second simulation using

equation (6.14) are considered for three situations, all with different psus, as in
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simulation one. The number of psus, ¢, varies between 10, 50 and 200, with
equal units in each psu. The first situation considered is a sample size of 1000
units, i.e. if ¢ = 10 psus then n; = 100, or 50 psus then n, = 20, and if ¢ = 200

psus then n; = 5.
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Figure 6.7: Results of the second MCMC simulation , with 4500 Iterations. It is based
on 1000 observation in 10 psu’s; For three components A (Lambda), a; (Alph(1)) and

p1 (p(1)).

Second, we considered all three cases where the psus are of size 100, i.e.

n; = 100, and for the third situation we increase the number of units in all three
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cases of the psus to 1000, i.e. m; = 1000. For the sample size of 1000, the
first case has 10 psus, with n, = 100. Figure (6.7) shows that the sampled
values of A almost capture the true value, A = 1000, in it’s domain. Also, the
sampled values of o are mixing reasonably in the M-H algorithm. For ), it
supports smaller values, and for a7, it is mixing a lot better compared with the

first simulation.
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Figure 6.8: Results of the second MCMC simulation , with 4500 Iterations. It is based
on 1000 observation in 50 psu’s; For three components A (Lambda), a; (Alph(1)) and

P (p(1)).
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As the number of observations in each psu, n;, gets smaller, such as the case with
50 psus, figure (6.8), the mixing process start to become slower for ;. The dis-

tribution of A supports larger values.

In figure (6.9), where the number of psus is 200 and n; = 5, it is clear that
the sampled values of A and a; are mixing slowly. In addition, the sample values

of o and p, through pt, are very highly correlated.
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Figure 6.9: Results of 4500 Iterations based on 1000 observation in 200 psu’s; For
three components A (Lambda), o1 (Alph(1)) and p; (p(1)).
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If we increase the number of observation in each psu, n;, to 100 for the cases
of 50, figure (6.10), and 200 psus, figure (6.11), then we have similar behaviour
of the MCMC algorithm as figure (6.7), with 10 psus. Actually, the mixing

process for the sample values of A is better.
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Figure 6.10: Results of the second MCMC simulation , with 4500 Iterations based
on 5000 observation in 50 psu’s, n; = 100; For three components A (Lambda), a

(Alph(1)) and p; (p(1)).

As a final illustration of the MCMC algorithm we increase the number of

observations in each psu, ng, to 1000 for all cases. In all cases, the behaviour of
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the MCMC process is similar.
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Figure 6.11: Results of the second MCMC simulation , with 4500 Iterations. It
is based on 20000 observation in 200 psu’s, n; = 100; For three components A

(Lambda), a; (Alph(1)) and p; (p(1)).

The MCMC algorithms are mixing well for A, «, and also for p. In addition,
they all converge to their target distribution directly. The results are represented

for the case with 50 psus and n, = 1000 in figure (6.12).
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Figure 6.12: Results of the second MCMC simulation , with 4500 Iterations. It
is based on 50000 observation in 50 psu’s, n; = 1000; For three components A
(Lambda), s (Alph(1)) and p; (p(1)).

6.3.7 Discussion 2

We have illustrated the effect of different inputs of the sample size and the value
of v in our simulation. It appears that the major factor that affects our MCMC

simulation is the number of observations in each psu, n;. If it is small then the



6. Cluster Sampling 128

high correlation of A\ and « affects the sample values of p?, generated using the
Gibbs sampler. Also, due to poor mixing q does not converge to its posterior
distribution. Then, the distribution of q is a multimodal distribution as in

figure (6.13). On the other hand, if n, is large enough then, we have a moderate
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>
Q
e
[
3
o
© 100 —
LL l]
0o — ... ||||||IHH|HI|IHHH|“|
T T T

| T
0.305 0.315 0.325 0.335 0.345 0.355 0.365

p (1)

Figure 6.13: A histogram for the sample values of p; (p(1)) using the second MCMC
simulation, with sample size of 1000 and 200 psu, n; = 5.

correlation. The distribution of q is approximately normal as in figure (6.14).
From this MCMC simulation, the behaviour of the process is heavily dependent
on the number of observations in each psu, n;. When, n; is small the chain of
A or « is mixing slowly. The effect of v on the mixing is strong. Thus, the
Gibbs sampler is affected and may well not converge to the target distribution
within a reasonable number of runs as in figure (6.9). On the other hand, if
ny is large enough, then the posterior distribution supports the sample values of
q as in figures (6.5) and (6.6). Eventually, the effect of v on p* weakens and
the sample values of p* converge to the target distribution, that is the posterior

distribution pr(p*in’, e, A), after burn-in.
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Figure 6.14: A histogram for the sample values of p; (p(1)) using the second MCMC
simulation, with sample size of 200000 and 200 psu, n; = 1000.

6.3.8 Conclusion

We have illustrated how the Bayesian approach for generating from a complex
Bayesian posterior distribution, pr(p!|n?, a, A), is performed via a MCMC algo-
rithm. We have discussed one way of using a hybrid MCMC strategy, which con-
sists of a combination of two algorithms, the Gibbs sampler and the Metropolis-

Hastings algorithm.

Finally, we have shown one strategy for improving the MCMC algorithm
which enables it to converge to the target distribution quickly, with large sample
sizes.  For small sample sizes, the need for more iterations is obvious even
in the second strategy. Unfortunately, if the computer program has complex
computations with long running times, such as in our case, this will not be a

plausible solution.

Now, after sampling from the marginal posterior density pr(p|n,Ms), and the

prior density pr(p|Ms), we have to estimate them. We are going to use a multi-
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variate density estimator to estimate the marginal posterior density pr(p|n,Ms),

and the prior density pr(p|Ms), at point p,, in order to apply the Savage-Dickey

density ratio. Two estimators will be used; a crude density estimator, section

(5.5.3), and the multivariate normal kernel density estimator, section (5.5.1).

6.4 The simulation study

For computing the approximation to the Bayes factor, we wrote a Pascal pro-

gram. We used a cluster sampling scheme and 1500 iterations in each simulation.

The cluster size in each run is variable. We used 10, 50 and 200 psus.

6.4.1 The program algorithms

e For the prior

1)

Generate X as the reciprocal of a U(0,1) random variable. We are
assuming that A\ has a Pareto distribution with parameters A\g = 1
and w = 1, which has advantage of being long-tailed, and hence fairly

non-informative.

Generate o from the Dirichlet distribution, with parameters af =

(111

355 5), representing unit prior information.

Generate a random observation from a Dirichlet distribution, with
parameters Aa, which we consider as the multinomial parameters p?,

for each cluster.
Then apply the function (4.21) on p to calculate q.

Compute the sample covariance matrix of q, its inverse and determi-

nant.

Finally use the multivariate density estimator, either the crude or the

multivariate normal kernel, to estimate the prior density at py.
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e For the posterior

1) Set A = 1000, &' = e = ( ).

Qo=

1
» 3

wi—=

2) Set sampling counter s = 1.

3) Generate a random observation from a Dirichlet distribution, with
parameters A, which we consider as the multinomial parameters p’,

for each cluster ¢.

4) Generate a random observation, n’, from the multinomial distribu-
tion, based on the random observation from the Dirichlet distribution

p’, for each cluster ¢.
5) Compute the design effect, 7 .

6) Using the MCMC algorithm, generate the random vectors p’ from
the posterior, see the MCMC program algorithms in page (112).

7) Then apply the function (4.21) on p to calculate q.

8) Compute the estimated covariance matrix for q, to derive the band-
width, H; We are considering # H to be the bandwidth in the multi-

variate normal kernel.

9) Estimate the marginal posterior density, by either the crude or the

multivariate normal kernel at point p,.

10) Compute the approximation to the Bayes factor, then calculate 2 In(Bayes

factor).

11) Update the sample counter s = s + 1, then go to step 3.

In addition to this program, we wrote a Pascal program for computing Pear-
son chi-squared, Rao and Scott first and second-order corrections for Pearson
chi-squared, Wald statistics, uncorrected (multinomial-based) Bayes factor, and
two adjustments for the uncorrected Bayes factor, BFRS1 and BFRS2, details

are in section (6.5), based on our samples. The cluster sizes used are 10, 50 and
200.
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The program algorithms:

10)

11)

6.4.

Start sample s = 1.
Use the simulated n', generated in the previous program at step 4.

Compute the covariance-variance matrix under cluster sampling, equation

(2.37).
Compute the Pearson chi-squared statistic for testing q = p, .
Compute the design effect for each sample.

Compute the Rao and Scott first and second-order corrections, then correct

the Pearson chi-squared statistic for testing q = p,.

Compute the Wald statistics, using the true covariance-variance matrix

under cluster sampling, for testing q = p,.

Compute the uncorrected, multinomial-based, Bayes factor, UBF, then

calculate 2 InUBF.

Compute the adjusted Bayes factors, BFRS1 and BFRS2, details are in
section (6.5), then calculate 2InBFRS1 and 2 InBFRS2.

Compute the BIC values, based on the Pearson chi-squared, Rao and Scott

corrected chi-squared, and Wald statistics.

Update the sample counter s = s + 1, then go to step 2.

2 Results 1

We ran the simulation first using the crude density estimator to estimate the

marginal posterior density pr(p|n,Ms), and the prior density pr(p|Ms), at point

Po-

This estimator produces sensible estimates when the point p, is close to the
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mode of the distribution. Unfortunately, when the point p, is faraway from the
mode, the crude density estimator is poor. The results of our simulation should
support model My, when we consider p, = (%, %, %), and reject model My, when

we consider p, to be any point other than the mode.

When we test our model My at p! = (0.32,0.3,0.38), the result of using
the crude density estimator is completely misleading as we see in figure (6.15),
when compared to the multivariate normal kernel estimator in figure (6.16).
Figure (6.15) supports model M; at p) = (0.32,0.3,0.38), since all the values of
2 In(Bayes factor) are negative. However, figure (6.16) does not support model
My at p, = (0.32,0.3,0.38), since most of the values of 2In(Bayes factor) are
positive. Thus, using the crude density estimator is not trustworthy, for this
cluster sampling case. As a result, we will use the multivariate normal kernel

estimator.

40 —

30 —

20 —

2*In (Bayes factor)

-10 —

-10 0 10 20 30 40
BIC(W)

Figure 6.15: Plot of 21n(Bayes factor), using the crude density estimator, and BIC
based on Wald statistics, BIC(W), for the model My at p, = (0.32,0.3,0.38). The
plot is based on 500 samples, each has 50 psus and a sample size of 5000 observations.
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Figure 6.16: Plot of 2In(Bayes factor), using the multivariate normal kernel es-
timator, and BIC based on Wald statistics, BIC(W), for the model My at p, =
(0.32,0.3,0.38). The plot is based on 500 samples, each has 50 psus and a sample
size of 5000 observations.

6.4.3 Results 2

All the results we are going to discuss in this section are based on 1000 samples.
We compare the Bayesian Information Criterion, BIC, see section (3.5), based
on four statistics, with 21In(Bayes factor). Those statistics are the Pearson chi-
squared, X?, first-order correction for the Pearson chi-squared by Rao and Scott
(1981), X%, second-order correction for the Pearson chi-squared, also, by Rao
and Scott (1981), X7g,, and Wald statistic, X2,; see section (4.3.3). In the first
simulation we restricted the sample size to 1000 observations and we ran the

program for 10, 50 and 200 psus, with equal sizes in each psu.

The results of using 10 psus are shown in figure (6.17), 10 observations with
extreme positive values of 21n(Bayes factor) have been omitted from the plot.
The figure indicates that all the BIC’s and 21ln(Bayes factor) have the same
conclusion supporting My, where q = p, = (3,3,3). The effect of the design

is clearly apparent. The approximation of 2In(Bayes factor) is better for the
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Wald, and the corrected Pearson chi-squared statistics, than for BIC(X?).
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Figure 6.17: Comparison of 2 In(Bayes factor) values with BIC for sample size of 1000
in 10 psus. (a) BIC based on the Pearson Chi-squared, (b) BIC based on first-order
correction for the Pearson Chi-squared , (¢) BIC based on second-order correction for
the Pearson Chi-squared, and (d) BIC based on Wald statistic.
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As the number of psus gets larger, the number of observations in each psu
gets smaller. In this case the approximation of 2In(Bayes factor) gets worse.
This clearly can be seen in figure (6.18) and (6.19), when we have 50 and 200
psus, where n, = 20 and 5. The number of outliers increases as the number of
observations in each psu decreases; This is caused by either the normal kernel

density estimator or the MCMC algorithm or both.

2*In (Bayes factor)
2* Ln (Bayes factor)

0 -5 -14 13 -12 -11 10 -9
BIC(RS1)

2* Ln (Bayes factor)
o
I

15 —|

-14 -13 -12 -11 -10 -9 -8
BIC(W)

Figure 6.18: Comparison of 2 In(Bayes factor) values with BIC for sample size of 1000
in 50 psus. (a) BIC based on the Pearson Chi-squared, (b) BIC based on first-order
correction for the Pearson Chi-squared, and (c) BIC based on Wald statistic.
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Figure 6.19: Plot of 2 In(Bayes factor) values with BIC based on Wald statistic, for
sample size of 1000 in 200 psus.

When n; is increased to 100 for 50 psus , the BIC values are reasonably close
to 2In(Bayes factor). Except, as the values of 2In(Bayes factor) get larger,
BIC(X?) tend to overestimate these values. This can be seen in figure (6.20),

(26 positive values of 21In(Bayes factor) are omitted).

When the number of psus increases to 200, with n; = 100, the BIC approx-
imations are similar to the case with 50 psus, but fewer values lie away from
the line; see figure (6.21). In this figure 13 positive values are omitted from

21n(Bayes factor).
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Figure 6.20: Comparison of 2In(Bayes factor) values with BIC for sample size of
5000 in 50 psus, n; = 100. (a) BIC based on the Pearson Chi-squared, (b) BIC based
on first-order correction for the Pearson Chi-squared, (c) BIC based on second-order
correction for the Pearson Chi-squared, and (d) BIC based on Wald statistic.
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Figure 6.21: Comparison of 2In(Bayes factor) values with BIC for sample size of
20000 in 200 psus, n; = 100. (a) BIC based on the Pearson Chi-squared, (b) BIC
based on first-order correction for the Pearson Chi-squared, (¢) BIC based on second-
order correction for the Pearson Chi-squared, and (d) BIC based on Wald statistic.
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If we increase n; to 1000, i.e. we have a vary large sample size, the asymptotic
relationship between 2 In(Bayes factor) and its approximation is clear in figures
(6.22), (6.23) and (6.24). That is, the values of BIC(X?) tend to overestimate
the true values, i.e. 2In(Bayes factor) values. While the BIC(X3g,), BIC(X2s,)
and BIC(X3,) tend to underestimate the true values, as they get larger and the

support for model My is weaker.

When we have 10 psus, with n, = 1000, figure (6.22-a) shows that BIC(X?)
severely overestimates the values of 21In(Bayes factor), as they get larger. For
large values of 2 In(Bayes factor), the end result of using BIC(X?), as determinant
of the model selection, is not supporting My, giving a misleading conclusion. On
the other hand, the BIC(X%g,), BIC(X3s,) and BIC(X3,) underestimate those
large values of 2 In(Bayes factor); BIC(X?,) has the best approximation of all.

For 50 psus, with n, = 1000, the relationship is clear. The values of BIC(X?)
tend to overestimates most the true values, i.e. 2In(Bayes factor) values. While
the BIC(XZ%g,), BIC(X3%s,) and BIC(X%,) tend roughly to underestimate all the
true values, figure (6.23).

When we have a large number of psus, such as 200 with n;, = 1000, figure
(6.24) shows that BIC(X?) often severely overestimates the values of 2 In(Bayes
factor). On the other hand, the BIC(X%,), BIC(X%4,) and BIC(XZ,) have
approximately the same performance. They underestimate nearly all values of

21In(Bayes factor).
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Figure 6.22: Comparison of 2In(Bayes factor) values with BIC for sample size of
10000 in 10 psus, n; = 1000. (a) BIC based on the Pearson Chi-squared, (b) BIC
based on first-order correction for the Pearson Chi-squared, (¢} BIC based on second-
order correction for the Pearson Chi-squared, and (d) BIC based on Wald statistic.
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Figure 6.23: Comparison of 2In(Bayes factor) values with BIC for sample size of
50000 in 50 psus, n; = 1000. (a) BIC based on the Pearson Chi-squared, (b) BIC
based on first-order correction for the Pearson Chi-squared, (¢) BIC based on second-
order correction for the Pearson Chi-squared, and (d) BIC based on Wald statistic.
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Figure 6.24: Comparison of 2In(Bayes factor) values with BIC for sample size of
200000 in 200 psus, n, = 1000. (a) BIC based on the Pearson Chi-squared, (b) BIC
based on first-order correction for the Pearson Chi-squared, (¢) BIC based on second-
order correction for the Pearson Chi-squared, and (d) BIC based on Wald statistic.
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6.4.4 Discussion

In almost all cases 2In(Bayes factor) and BIC support the null model M, the
exception being figure (6.22-a). In this case, where we have 10 psus and n, =
1000, using BIC(X?) for model selection may produce the misleading result of
rejecting My, when it is true. This does not indicate that under cluster sampling
the corrected BICs have a good result. In fact all BICs are affected by the
sampling design. In general, BIC(X?) overestimates the values of 2In(Bayes
factor) in all cases. This is related to the unsatisfied assumption that X*
asymptotically has a x? distribution with K — 1 degrees of freedom, as discussed
before. This can be seen in figure (6.25-a) if compared with the x? distribution
with 2 degrees of freedom in figure (6.25-c).

On the other hand, the BIC(X%g,), BIC(X?%4,) and BIC(X?,) tend to under-
estimate the large values of 2 In(Bayes factor), but not with the same magnitude
as BIC(X?). This is caused by the conservative values of the corrected X%,
X2, and X7, as shown in figure(6.25-b) for the Wald statistic, X2,, sample
values. In the statistical literature, there is evidence to suggest that the Wald
statistic may exhibit a poor behaviour in sample surveys (Thomas and Rao,
1987, Skinner, Holt and Smith, 1989). Fay (1985) presents his concerns regard-
ing the use of the Wald statistic, X32,, and Thomas and Rao (1987), in a Monte

Carlo study, confirm Fay’s concerns.

The results we present show the effect of cluster sampling on Bayesian model
selection. In this simulation two variables affect our results, the sample size,
or the number of observations in each psu, and the number of psus. These
variables affect our computation of the Bayes factor, through the number of
iterations needed in MCMC, and they affect our results in the approximation of

21In(Bayes factor).

In conclusion, BIC(X?) severely overestimates the true values of 2In(Bayes
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factor), as the number of psus, ¢, and n get larger. However, in this case, even
with BIC(X3,) the approximation to the true value of 21n(Bayes factor) is not
as we expected; The cluster sampling design affects its values. In fact, for large

c and n, BIC(X3,) underestimates almost all values of 2In(Bayes factor).
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Figure 6.25: A histogram for the sample values of (a) Pearson Chi-squared statistic,
X?, where we have 50 psus and n; = 1000, (b) Wald statistic, X3, where we have
50 psus and n; = 1000, and (c) x? distribution, with 2 degrees of freedom,

Finally, when n, is small, we are uncertain about the values of 2In(Bayes
factor). Because we have serious doubts that our MCMC algorithm is success-
fully generating from the marginal posterior distribution pr(p|n,Ms), the need

for further runs is obvious.
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6.5 Adjusting the multinomial-based Bayes fac-

tor

To this point we have focussed our discussion on the approximation of 2 In(Bayes
factor) using BIC, based on different classical statistics. In this section, we will
present and discuss results using two simple adjustments to the multinomial-
based Bayes factor. The first adjustment is dividing the cell total, n, by the
first-order correction of Rao and Scott (1981), 7, see section (2.8). The adjusted
cell total will be nyq = (’;—1, e ,1;5)’. The second adjustment is dividing the
cell total, n, by the second-order correction of Rao and Scott (1981). Then
we compute the Bayes factor by considering the multinomial-based Bayes factor
(see equation (4.9)), using the adjusted cell total, nsq; and compare its result

with the true values of 2In(Bayes factor).

The results of these adjustments are promising. We consider the sample
design with 10 psus, as a first case. When our sample has 1000 observations,
the 2 In(uncorrected Bayes factor) values tend to underestimate the small values
of 2In(Bayes factor), where it supports the model, M, and overestimate the
larger values of 2In(Bayes factor) otherwise, see figure (6.26-a). When we use
the first-order adjustment to the uncorrected Bayes factor, BFRS1, we have
slightly more reliable estimated values, as seen in figure (6.26-b). Using the
second-order adjustment to the uncorrected Bayes factor, BFRS2, gives us a

similar result to the first adjustment. This can be seen in figure (6.26-c).

As we increase the sample size to 10000 observations, n; = 1000, 2 In(uncorrected
Bayes factor) has the potential to introduce a misleading result, of rejecting
model M, while it is true, since it severely overestimates the true values as they
get larger. On the other hand, using the first-order adjustment, BFRS1, will
yield reliable estimated values. If we consider the second-order adjustment, the

result is very similar to the result of the first-order adjustment, figure (6.27).
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Figure 6.26: Comparison of 2In(Bayes factor) with uncorrected and adjusted

multinomial-based Bayes factors, for sample size of 1000 in 10 psus. (a) 2In(Bayes
factor) with 2 In(uncorrected Bayes factor), (b) 2In(Bayes factor) with 2 In(BFRS1)
using first adjustment of the multinomial-based Bayes factor, and (c) 2 In(Bayes factor)

with 2 In(BFRS2) using second adjustment.
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Figure 6.27: Comparison of 2In(Bayes factor) with uncorrected and adjusted
multinomial-based Bayes factors, for sample size of 10000 in 10 psus, n, = 1000.
(a) 21n(Bayes factor) with 2 In(uncorrected Bayes factor), (b) 2 In(Bayes factor) with
2In(BFRS1) using first adjustment of the multinomial-based Bayes factor, and (c)
2 In(Bayes factor) with 2 1In(BFRS2) using second adjustment.

If we consider the case where we have 50 psus, when the sample size, n, is
equal to 1000, the values of 2 In(uncorrected Bayes factor) mainly underestimate
the values of 2In(Bayes factor). Also, both adjustment for the multinomial-
based Bayes factor, BFRS1 and BFRS2, do not approximate the values of
2 1n(Bayes factor) reasonably. The cause of this may relate to the small number

of observations, n; = 20, in each psu and its direct effect on the actual values of
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21n(Bayes factor), figure (6.28).
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Figure 6.28: Comparison of 2In(Bayes factor) with uncorrected and adjusted
multinomial-based Bayes factors, for sample size of 1000 in 50 psus, n; = 20. (a)
2In(Bayes factor) with 2In(uncorrected Bayes factor), (b) 2In(Bayes factor) with
2In(BFRS1) using first adjustment of the multinomial-based Bayes factor, and (c)
2 In(Bayes factor) with 2In(BFRS2) using second adjustment.

However, when we increase the sample size to 5000, n; = 100, figure (6.29)

shows that the adjusted Bayes factor approximates the true values of 2 In(Bayes

factor) sensibly.
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Figure 6.29: Comparson of 2In(Bayes factor) with uncorrected and adjusted

multinomial-based Bayes factors, for sample size of 5000 in 50 psus, n; = 100. (a)
2In(Bayes factor) with 2ln(uncorrected Bayes factor), (b) 21ln(Bayes factor) with
2In(BFRS1) using first adjustment of the multinomial-based Bayes factor, and (c)
2 In(Bayes factor) with 2 In(BFRS2) using second adjustment.

As n gets larger, with n, = 1000, for 50 psus, the values of 2 In(uncorrected
Bayes factor) start underestimating the values of 2In(Bayes factor). As those
values get larger, 2 In(uncorrected Bayes factor) severely overestimates the true
values. On the other hand, both adjustments, BFRS1 and BFRS2, approximate

the values of 21n(Bayes factor) more accurately; see figure (6.30).
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Figure 6.30: Comparison of 2In(Bayes factor) with uncorrected and adjusted
multinomial-based Bayes factors, for sample size of 50000 in 50 psus, n; = 1000.
(a) 21n(Bayes factor) with 2 In(uncorrected Bayes factor), (b) 2 In(Bayes factor) with
2In(BFRS1) using first adjustment of the multinomial-based Bayes factor, and (c)
21In(Bayes factor) with 2 In(BFRS2) using second adjustment.

Finally, if we have 200 psus, the status will be almost identical to the case with
50 psus. Figure (6.31) shows the effect of small n, on the values of 2 In(Bayes
factor), such as figure (6.19), when n = 1000. When we increase the sample size,

n, to 20000, n, = 100, the adjusted Bayes factor approximates the true values
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of 2In(Bayes factor) sensibly, see figure (6.32), with slightly bigger variation

compared with the 50 psus case.
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Figure 6.31: Comparison of 2 In(Bayes factor) with first adjusted multinomial-based
Bayes factor, 2 In(BFRS1), for sample size of 1000 in 200 psus, n; = 5.

For a very large sample size, n = 200000, the asymptotic relationship is
visible. The 2In(uncorrected Bayes factor) underestimates the smaller values
of 2In(Bayes factor) and badly overestimates the true values as it get larger.
Nevertheless, both adjusted Bayes factors insignificantly overestimate the smaller
true values and slightly underestimate the large values of 2 In(Bayes factor), as
shown in figure (6.33). Nevertheless, they produce accurate estimates of the

true values of 2 In(Bayes factor).
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Figure 6.32: Comparison of 2In(Bayes factor) with uncorrected and adjusted
multinomial-based Bayes factors, for sample size of 20000 in 200 psus, n, = 100.
(a) 2In(Bayes factor) with 2 In(uncorrected Bayes factor), (b) 2 In(Bayes factor) with
2In(BFRS1) using first adjustment of the multinomial-based Bayes factor, and (c)
2 In(Bayes factor) with 2 In(BFRS2) using second adjustment.
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Figure 6.33: Comparison of 2In(Bayes factor) with uncorrected and adjusted
multinomial-based Bayes factors, for sample size of 200000 in 200 psus, n; = 1000.
(a) 21n(Bayes factor) with 2 In(uncorrected Bayes factor), (b) 2 In(Bayes factor) with
2In(BFRS1) using first adjustment of the multinomial-based Bayes factor, and (c)

2 In(Bayes ffactor) with 2In(BFRS2) using second adjustment.
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6.6 Comparison of adjusted Bayes factor with

BIC(X2)

In this section, we are going to present the first-order adjustment to the multinomial-
based Bayes factor, BFRS1. We will compare it with BIC(X3,), as they are
both approximations to the true values of 21n(Bayes factor). Results in sec-
tions (6.4.3) and (6.5), show the adjustment to the multinomial-based Bayes
factor, BFRS1 and BFRS2, are superior to BIC(X2,) in estimating the values
of 2In(Bayes factor), if the number of units in each psu is large. This result
is illustrated by comparing figure (6.22) with figure (6.27) for 10 psus, figure
(6.23) with figure (6.30) for 50 psus, and figure (6.24) with figure (6.33) for 200
psus. Unfortunately, if each psu has small numbers of units, the results in these
sections may not be considered, for reasons discussed previously. These factors

are the motivation behind this section.

When the number of observations in each psu, n, is small, the behaviour of
both factors is identical. They are linearly distributed along the line of equality
in figure (6.34), particularly, in the case of 200 psus with n, = 5. If n, = 100,
figure (6.35) shows clearly as the number of psus get larger, the values have
smaller variation between them and are concentrated slightly above the line of
equality, i.e. the values of BIC(X3,) are slightly smaller than 2In(BFRS1). As
n; gets larger the difference between the two factors get systematically larger.
The maximum difference is in the case of 200 psus. This difference is roughly
equal for all values, i.e. BIC(X%,) — 2In(BFRS1) = constant ~ —1. This error
may be related to the error associated with BIC approximation, which can be of

order O(1).
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Figure 6.34: Comparison of using the first-order adjustment to the multinomial-
based Bayes factor, BFRS1, for approximating the true values of 2In(Bayes factor)
with BIC(XZ,) , where n, is small. (a) under 50 psus and n; = 20, (b) 200 psus and
ny = 9.
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Figure 6.35: Comparison of using the first-order adjustment to the multinomial-
based Bayes factor, BFRSI, for approximating the true values of 21n(Bayes factor)
with BIC(X3), where 1; = 100 . (a) under 10 psus, (b) 50 psus, and (c) 200 psus.
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Figure 6.36: Comparison of using the first-order adjustment to the multinomial-
based Bayes factor, BFRSI, for approximating the true values of 2 In(Bayes factor)
with BIC(XZ,), where n; = 1000 . (a) under 10 psus, (b) 50 psus, and (c) 200 psus.

6.7 Conclusion

In this chapter, we have demonstrated the effect of the cluster sampling scheme

on Bayesian model selection, and somewhat on the classical hypotheses testing,
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through the Pearson chi-squared and the Wald statistics.

We have, also, demonstrated how the Bayesian approach for drawing sim-
ulations from a complex Bayesian posterior distribution, f(p*|n’,a, \), can be
performed via a MCMC algorithm. We have used a hybrid MCMC strategy,
which consists of a combination of two algorithms, the Gibbs sampler and the
Metropolis-Hastings algorithm. Moreover, we have advocated one particular
strategy for improving the MCMC algorithm which enables it to converge to
the target distribution more quickly. This is very important, especially, if the
computer program has complex computations with long running times, such as

the examples considered.

As discussed in section (3.5), the BIC approximation has error of magnitude
O(1). This indicates that the approximation is somewhat crude, because the
error does not vanish even with infinite amount of data. Kass and Wasserman
(1995) indicate that if the prior choice is consistent with a particular interpreta-
tion of “unit prior information”, then the error is of order O(n™%) rather than
O(1). This does not appear to be the case with our definition of “unit prior
information”, under the cluster sampling scheme, since the error does not vanish
or get smaller as n get larger. In fact, the error seems to get larger as n increases.
This argument is supported by figures (6.20) and (6.21), if compared with figures
(6.23) and (6.24). Nevertheless, our results seem to be consistent with Raftery’s
(1996) conclusion from his empirical result that BIC is more accurate in practice

than the O(1) error term would suggest.

We have presented two adjustments to the multinomial-based Bayes factor.
The first adjustment is obtained by dividing the cell total, n, by the first-order
correction of Rao and Scott (1981), 7, and the second adjustment is dividing the
cell total, n, by the second-order correction of Rao and Scott (1981). These ad-
justments yield reliable estimated values for the true values of 2 In(Bayes factor).

In fact, they seem to produce asymptotically better approximation of the values
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of 21n(Bayes factor) than BIC(XZ ). The performance of both adjusted Bayes

factors are nearly identical.

In our simulations we have encountered some difficulties when we have small
numbers of observations in each psu, n;, such as the case where we have 50
and 200 psus with sample size of 1000, n, = 20 and 5 consequently. When n;
is small, we are uncertain about our computation for the values of 21n(Bayes
factor). We have some doubt that our MCMC algorithm is adequately sam-
pling the marginal posterior distribution pr(p|n,Ms), and the need for more
runs is visible. Unfortunately, even with 10000 iterations it seems that our
MCMC algorithm does not reach our target distribution, the marginal posterior
distribution pr(p|n,Ms). Even, if the MCMC algorithm does reach our target
distribution (which we know ultimately it will) after 10000 iterations, that means
our program will takes approximately one month to run once, in the case of 200
psus, using Personal Computer with Pentium processor 120MHz and 32 RAM.
This lends further support to using BFRS1 for the Bayesian model selection.

We showed in section (6.5), that the result of using the adjustments to the
multinomial-based Bayes factor introduce improvement to the approximation of
the values of 2In(Bayes factor). Moreover, those adjustments are superior to
BIC(X% ), when each psu, n;, has a moderate or large number of observations,
since they seem to produce an asymptotically more reliable approximation of
the values of 2In(Bayes factor). On the other hand, when n; is small, both
approximations badly approximate the values of 21n(Bayes factor). This, as
we discussed above, may be related to our MCMC algorithm not reaching the
target distribution. Does our MCMC algorithm reach the marginal posterior
distribution pr(p|n,Mg), when n, is small? The answer for this question is
probably no. Thus, we can not consider our result, in these cases, as trustworthy.
Nevertheless, if we compare the values of both 2In(BFRS1) and BIC(XZ,) for
the same cases, n; is small, figure (6.34) shows that they are almost identical,

which adds further support for using BFRS1 for the Bayesian model selection,
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as it is easier to calculate.

We will conclude by giving some comparisons for the requirements to com-
pute the true values of 2In(Bayes factor), BIC(X3,), and 2In(BFRS1). Both
2 In(Bayes factor) and BIC(X3,) require full knowledge of the cluster samples. In
addition, 2 In(Bayes factor) requires a multivariate density estimator to estimate
the marginal posterior density pr(p|n,Ms), and the prior density pr(p|Ms), at
point p,. Also, it requires a MCMC algorithm for drawing samples from the
marginal posterior distribution, f(pf|n', &, A). Last but not least, it requires
a good knowledge of programing skills to write and tackle floating point prob-
lems, in approximately a thousand line program. This program has a running
time approximately between 6hr to 72hr, depending on the number of psus, in
a Personal Computer with Pentium processor 120MHz and 32 RAM. One run
is including 1000 samples and 1500 iterations, 500 of them is burn-in for the
MCMC algorithm.

Now, what does the first-order adjustment to the multinomial-based Bayes
factor BFRS1 require? Since, the performance of both adjusted Bayes factors are
nearly identical, choosing BFFRS1 is more sensible. BFRS1 requires computation
of a simple correction factor, which was proposed by Rao and Scott (1981). This
correction factor requires only the knowledge of variance estimates, or design
effects, for individual cells. Programing wise, it requires a simple program, with

about one minute running time.



Chapter 7

Tests of independence and

estimation 1n a 2x2 table

In this chapter we discuss the effect of the survey design on tests of independence
in a 2x2 contingency table, and on the corresponding Bayesian model selection
procedure. First, we discuss the well known simple random sample case. Then,
we discuss the effect of both stratified and cluster sampling on the results of
testing independence. The second objective of this chapter is to investigate
the behaviour of point estimates both in the Bayesian approach, using model
averaging, and in the classical approach, using an estimate based on a pretest.
We carry out a simulation to study the performance of those estimators with

respect to risk.

7.1 Test of independence

In section (2.10) we presented two approaches for testing independence, a chi-

squared test and a test based on log odds ratios. When the sampling design is

162
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multinomial, then we can directly test the independence hypothesis using the
chi-squared statistic in equation (2.49) or using the statistic in equation (2.54).
If we have a more complex sampling design, then these statistics may not be the
appropriate ones. We should try to adjust these statistics to take account of the
complexity of the sampling design. For the log odds ratio test in a 2x2 table,
we have estimated the variance of the log odds ratio, under the true sampling
design, using a Jackknife estimate, see for example Skinner, Holt and Smith
(1989, p. 53). The Jackknife method for estimating var(g) is

s T Ny — 1 o - _

var () = ‘; - ;«m - &)

t

where &_tl is the estimate of ¢, based on the data with individual [ from the
sampling design partition ¢ (such as strata or cluster) removed and ¢, is the

average of (Ab_tl over all individuals in partition t,
- 1 & -
&y = _7’L_t ; G_y

For each partition, we have K different possible values of <2>_tl depending on

which cell the removed individual is in. So, if we now use ¢_,q,... ,0_,x, tO

denote these K possibilities, var(¢) becomes

K
— 5 ng — 1 g =
() = 3 Y maldoaa — B (7.1)
t=1 't 4=l
where ¢, = }37 Z(If:] ntdéﬁ_td. As an illustration, in stratified sampling with

two strata, qAZ)Atd is the value of the log odds ratio for stratum ¢, but with one
observation [ excluded from cell d, i.e. in a 2 x 2 table

S ([("11 — Dwi + narwo][nigw + Tl24'w2])
—H (12w + noswal{nizwy + noswy) ’

for stratum ¢ = 1 and cell d = 1, where w; and w, are stratum weights. For the

log odds ratio test the design effect will be denoted by &, where

var(¢)

€ = A 7.
¢ varss(¢) (72
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For the chi-squared test, Rao and Scott (1981) present a correction, 5., to
the chi-squared statistics, see equation (2.52). To compute this correction an
estimate for v;;(h);i=1,... ,r,7 =1,,... ¢, the estimated variance of h;;(p) =
Dij — Pi+ Dy, 1s required. A Jackknife method for estimating v;;(h(p)) is applied.

Using the same terminology for computing var(¢), we get

k() = S - ! > (heu(®) — ha(p))”

where h;(p) = e hea(®) = 5 S i1 neah—ea(P)-

For Bayesian model selection in a 2 x 2 table, we will compute the approx-
imation to BIC, using the classical Pearson chi-squared statistic, X7, the cor-
rected Pearson chi-squared statistic, by the Rao and Scott correction, X?.g, the
log odds ratio statistic, X}?( 4); and the Wald statistic using the log odds ratio,
X4+ We will compare them with the values of 21In(Bayes factor), using the
multinomial Bayes factor and 2In(BFRS), using the multinomial Bayes factor
adjusted by the Rao and Scott (1981) correction, §., see equation (2.52), and
also adjusted by the design effect for ¢.

The Bayes factor was computed for comparing model M, the independence,
null, model against Mg, the saturated, alternative, model under each sampling
design. This Bayes factor was calculated using the MCMC sample from the
prior and posterior distributions of p, where p, = Zthl wp,,t = 1,... K,
extracted from a full sample of the prior and posterior distributions of pt. The
Savage-Dickey density ratio at point ¢ was then use to approximate the Bayes

factor.



7. Tests of independence and estimation in a 2x2 table 165

7.1.1 Simulation study

For computing the Bayes factor and the other classical statistics described above,
we adjusted our Pascal programs that were used in chapters 4 and 6. The esti-
mation of var(¢) and 9;;(h) using the Jackknife method was added as a proce-
dure in the Pascal programs. Three sampling schemes were used; multinomial
sampling or simple random sampling, stratified sampling, and cluster sampling.
In all these simulations 1000 samples were drawn. In all sampling schemes,
we initially considered the case of p = (0.25,0.25,0.25,0.25), where our results
should support the null, independence, model. For stratification, we consider
three cases, all with two strata. These cases differ in the degree of homogeneity
between strata. We concluded in section (4.3.7) that the design effect increases

if the strata are inhomogeneous for testing goodness-of-fit. For cluster sampling

the numbers of psus used are 10, 50, and 200.

7.1.2 Results

The results presented are based on a 1000 simulations. In the results, we discuss
testing for independence. Two approaches are used for computing the approx-
imation to the Bayesian information criterion, BIC, the Pearson chi-squared
statistic, and a chi-squared statistic based on the log odds ratio. Moreover, for
each approach we used uncorrected, assuming simple random sample design, and
corrected, given the true sampling design, statistics. As expected both design

effects give equivalent results.

7.1.3 Simple random sample

For multinomial sampling, there is no design effect, since the inference is based

on this design. Therefore, we will compare the values of 2In(estimated Bayes
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factor), using the Savage-Dickey density ratio, and the approximation of BIC,
using the classical Pearson chi-squared statistic, with 2 In(Bayes factor). Figure
(7.1-a) shows that using the Savage-Dickey density ratio will produce similar
values to the 2In(Bayes factor). On the other hand, the error associated with
the approximation of BIC is systematic and can be seen in figure (7.1-b) if
compared with 21n(Bayes factor). From the results discussed in section (3.5)

we know that this error can be of magnitude O(1).

(a)

2In (Bayes factor)

T 1 T T T T

Rl
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2ln (estimated Bayes factor)

2In (Bayes factor)

o

I
0
BIC(Chi)

Figure 7.1: Comparison of 1000 samples for 2 In(Bayes factor) with 2 In(estimated
Bayes factor) in (a), and with BIC(X?), based on Pearson chi-squared, in (b) for a
sample size of 1000.
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7.1.4 Stratified sample

In the stratified sampling scheme, we consider three cases of cell probabilities,
p, each in two strata, L = 2. The first case is p, = (0.25,0.25,0.25,0.25) and
p, = (0.25,0.25,0.25,0.25) with w; = 0.5;] = 1,2, the model selection method
in this case should support the null, independence, model. This sampling design
is effectively a multinomial sampling scheme. Thus, we expect the results to be

similar, also.

Figures (7.2-a) and (7.2-b) show that the BIC(X?), based on the Pearson chi-
squared, and BIC(X?,s), based on the Rao and Scott correction, have identical
results if compared with 21In(Bayes factor). These results are equivalent with
BIC based on the log odds ratio statistic using the multinomial variance, and
BIC(X EV( ¢)) based on the estimated true variance of the log odds ratio using the
Jackknife method. Figure (7.2-d) shows that BIC(X?) and BIC(X‘%V(@) are very
similar. In this sampling design the Pearson chi-squared and Wald statistics are
distributed as x?. On the other hand, the approximated BIC overestimates
the true value of 2In(Bayes factor). As in the multinomial case, this error is
associated with the BIC approximation. Figure (7.2-c) shows 2 In(Uncorrected

Bayes factor) has similar values to 21In(Bayes factor).

For the second case, the sample size used is 100 and the cell probabilities for
each stratum are p, = (0.3,0.2,0.2,0.3) and p, = (0.5,0.1,0.2,0.2) with w;, =
0.5;1 = 1,2. Thus, the marginal cell probabilities are q = (0.4,0.15,0.2,0.25).
The odds ratio is equal to 3.33. This means that we should support the saturated
model, Mg, and the true model is not the independence model, My. In this case,
the BIC approximations are very similar, as illustrated by figure (7.3). The
limited effect of the design is shown in figure (7.3-d).
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Figure 7.2: Comparison of 2In(Bayes factor) values with (a) BIC(X?), based on
the Pearson Chi-squared, (b) BIC(X?%,), based on Rao and Scott correction, (c)
2 In{uncorrected Bayes factor), and (d) BIC(XSV(@) with BIC(X?), for stratified sam-
pling design, with p; = (0.25,0.25,0.25,0.25), p, = (0.25,0.25,0.25,0.25) in a
sample size of 1000.

Moreover, using 2 In(Uncorrected Bayes factor) or 21In(BFRS), adjusted by
Rao and Scott (1981) correction, will yield equivalent results, see figure (7.4).
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But, if we compare them with the values of 2In(Bayes factor), there is a no-
ticeable difference for the large values. The difference for these large values is
probably related to the small design effect values, see figure (7.4-c) and the den-
sity estimator. The normal kernel density estimators produces sensible estimates
when the point p, is close to the mode of the distribution. Unfortunately, when
the point p, is faraway from the mode, the density estimator is not performing
sensibly. This is caused by the use of a single bandwidth. In Both figures
(7.3) and (7.4), as the values of 2In(Bayes factor) get larger than 10, where the
evidence is very strongly supporting the saturated model Mg, the discrepancy
between 2 In(Bayes factor) and BIC gets considerably larger. In figure (7.4-c),
the histogram presents the wide range of the design effect values. For this small
sample size there is a large variation in design effect values and the Bayes factor
favours the null model approximately 300 times out of 1000 samples indicating
uncertainty in the model selection. If we increase the sample size to 1000, then

they all favour the alternative model.

In the third case, the strata are highly inhomogeneous, and the cell probabili-
ties for each stratum are p, = (0.89,0.05,0.05,0.01) and p, = (0.05,0.89,0.05,0.01)
with w; = 0.5;1 = 1,2. This will produce marginal cell probabilities q =
(0.47,0.47,0.05,0.01). The odds ratio is equal to 0.2. This means, as in the
second case, we should supported the alternative model, that the true model is
not the independent model. Nevertheless, the strata in this case are highly inho-
mogeneous. Thus, we expect a large design effect. Our results in figure (7.5) and
figure (7.6) show the effect of the sampling design in all statistics used. In fact,
if we compare the highly inhomogeneous case in figure (7.5-d) with figure (7.3-d)
and the homogeneous case in figure (7.2-d), clearly the degree of design effect is
increasing as the strata become more inhomogeneous. Moreover, in this case
BIC(X?,5) and 2In(BFRS) gave a slightly better approximation, figure (7.5-b)
and figure (7.6-b). If we compare BIC(X?) and BIC(X?5s) with 2In(BFRS),
the values of BIC(X?) generally underestimate the values of 2In(BFRS), see
figure (7.6-d), while the values of BIC(X?;¢) underestimate the large values of
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2In(BFRS), see figure (7.6-c).
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Figure 7.3: Comparison of 2In(Bayes factor) values with (a) BIC(X?), based on
the Pearson Chi-squared, (b) BIC(X?,5), based on Rao and Scott correction, (c)
BIC(X7,( &> and (d) BIC(X{ () with BIC(X7), for stratified sampling design, with
p1 = (0.3,0.2,0.2,0.3), p2 = (0.5,0.1,0.2,0.2) and a sample size of 100.
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Figure 7.4: Comparison of 2 In(Bayes factor) values with (a) 2 In(Uncorrected Bayes
factor), multinomial-based Bayes factor, (b) 2In(BFRS), first adjustment of the
multinomial-based Bayes factor, and (c) Histogram for the values of the first-order Rao
and Scott correction, &, for stratified sampling design, with p; = (0.3,0.2,0.2,0.3),
p2 = (0.5,0.1,0.2,0.2) and a sample size of 100.
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Figure 7.5: Comparison of 2In(Bayes factor) values with (a) BIC(X?), based on
the Pearson Chi-squared, (b) BIC(X?zs), based on Rao and Scott correction, (c)
BIC(X 7, (4))> and (d) BIC(X{ 4)) with BIC(X}), for stratified sampling design, with
p1 = (0.89,0.05,0.05,0.01), p2 = (0.05,0.89,0.05,0.01) and a sample size of 1000.
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Figure 7.6: Comparison of 2In(Bayes factor) values with (a) 2 In(Uncorrected Bayes
Factor), multinomial-based Bayes factor, (b) 21n(BFRS), first adjustment of the
multinomial-based Bayes factor, (c) 2In(BFRS) with BIC(X?xs), and (d) 2 In(BFRS)
with BIC(X?), for stratified sampling design, with p; = (0.89,0.05,0.05,0.01),
p2 = (0.05,0.89,0.05,0.01) and a sample size of 1000.
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7.1.5 Cluster sampling

For cluster sampling, we will consider the same numbers of psus as before, i.e.
¢ = 10,50, and 200. We, also, consider & = (0.25,0.25,0.25,0.25). Thus, the
outcome of all statistics used should support the null , independence, model.
In the case where we have 10 psus and a sample size of 1000, n, = 100, the
effect on the MCMC is apparent. Nevertheless, the error associated with the
approximation of BIC can be seen in figure (7.7-a) if compared with figure (7.7-b)
and figure (7.7-d). Figure (7.7-c) shows the values of the design effect distributed
around 0.983. Therefore, ignoring the sampling design will not have strong effect

on the inference.

This can be demonstrated by increasing the sample size to 10000, i.e. n; =
1000, see figure (7.8). Figure (7.8-d), shows the similarity between the values of
the Rao and Scott correction for test of independence, 5_, and the design effects,

é, for the log odds ratio, ¢.

If the numbers of psus is equal to 50 with a total sample size equal to a
1000, the MCMC method does not work properly. Thus, we will consider
21n(BFRS) to be our baseline instead of 21In(Bayes factor); This is supported
by our previous results. Figure (7.9) shows the design effects on BIC(X?%), and
on 2In(Uncorrected Bayes factor). This effect is not serious, since 6. values are

distributed around 0.91, which is still close to one, see figure (7.9-d).

If we increase the sample size to 5000, the histogram for the values of §. in
figure (7.10), where the average values of ) equal 0.98, indicates no noticeable

design effect.
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Figure 7.7: Comparison for cluster sampling design where we have 10 psus and sample
size of 1000, (a) 2In(Bayes factor) values with BIC(X?), based on the Pearson Chi-

squared, (b) 2In(Bayes factor) values with BIC(X v2V( 4))> based on Wald statistic for

the odd ratio, (c¢) Histogram for values of ) _for the 1000 samples, and (d) 2 In(Adjusted

Bayes factor) values, based on é , with BIC(X&V( ¢)), based on Wald statistic.



7. Tests of independence and estimation in a 2x2 table 176

(a)

30

20 —

2*In (Bayes factor)

2
BIC(Chi)

(b) ©)

% A o=
o] 2
<
o
~ 207 8
2 z
E z
5 10 — 3
(9]
z e
-
S 0 g
=) =
% )
(a] S—
=
-10 —| N x
'“Q. -
H | I T T
-10 10

-6 -2 2 6
2*In (Uncorrected Bayes factor)

0.998 —

0.998 —

0.997 —

0.996 —

Delta

0.995 —

0.994 —

0.993 —

1 1 { 1 { { i
0.993 0.994 0.995 0.996 0.997 0.998 0.999
Xi
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Figure 7.9: Comparison for cluster sampling design where we have 50 psus for a sample
size of 1000 observations, (a) 2 In(BFRS) values with BIC(X?), (b) 2In(BFRS) values
with BIC(XI%V( ¢)) values, (¢) 2In(BFRS) values with 2 In(Uncorrected Bayes factor)

values, and (d) a histogram for the values of 3 for the 1000 samples.
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Figure 7.10: A histogram of the values of (AS.in the 1000 samples, where number of
psus are 50 and a sample size of 5000.

As the sample size gets even larger (50000) it seems that 2In(Uncorrected
Bayes factor) has almost identical values to 2 In(Bayes factor), see figure (7.11-a).
In this case the values of § are distributed around 0.997. Therefore, asymp-
totically it seems that ignoring the sampling design will not have effect in the
statistical inference, except the natural error associated with the approximation
of BIC, figure (7.11-b). With a large sample size, such as 50000, the Pearson
chi-squared statistic and the Wald statistic, which have identical values, do not
seem to be distributed as x?. Figure (7.11-c) shows how the Wald statistic is
greater than would be predicated by the x? distribution in figure (7.11-d).

When we increase the number of psus to 200 with a sample size of 1000, i.e.
n, = 5, both values of §_and £ are distributed around 0.64, see figure (7.12-d) for
5 . This sampling design affects the values of BIC(X?), since it overestimates
the small values of 2 In(BFRS) and underestimates the large values, figure (7.12-
a). In figure (7.12-b) the values of 2 In(Uncorrected Bayes factor) underestimate
the large values of 2In(BFRS). Using the Rao and Scott (1981) correction to
the Pearson chi-squared will improve the approximation of BIC, but the error

associated with it remains visible, see figure (7.12-c).
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Figure 7.11: Comparison for cluster sampling design where we have 50 psus with a
sample size of 50000, (a) 2 In(Bayes factor) values with 2 In(Uncorrected Bayes factor),
(b) 2 In(Bayes factor) values with BIC(X?), (c) a histogram for the values of the Wald
statistic, XVQV( ¢ in the 1000 samples, and (d) a histogram for a 1000 observation from

the x? distribution with one d.f.
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As the sample size increases to 20000, n; = 100, the result will improve,
since the values of 3 are now distributed close to one, with mean 0.98, see figure

(7.13).

If the sample size is equal to 200000, n, = 1000, 2In(Uncorrected Bayes
factor) has almost identical values to 21n(Bayes factor), see figure (7.14-a). In
this case both values of §_and £ are distributed around 0.997, see figures (7.14-¢)
and (7.14-d). Thus, we have an asymptotically identical result with the case of
50 psus, figure (7.14-b). Also, the values of the Pearson chi-squared statistic

and the Wald statistic, which are identical, do not seem to be distributed as xf.

Figure (7.15) shows how the Pearson chi-squared statistic is larger than would

be predicted by the x? distribution in figure (7.11-d).
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Figure 7.13: A histogram for the values of 3_in the 1000 samples, where number of
psus are 200 and sample size of 20000.
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Figure 7.14: Comparison for cluster sampling design where we have 200 psus each with
1000 observations, (a) 2In(Bayes factor) values with 21n(Uncorrected Bayes factor)
values, (b) 2 In(Bayes factor) values with BIC(X?), (c) values of é_for the 1000 samples
with é values, and (d) a histogram for the values of & in the 1000 samples.
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Figure 7.15: A histogram of the values of the Pearson chi-squared statistic, X?, in
the 1000 samples, where we have 200 psus and a sample size of 200000.

7.1.6 Discussion

In our simulation, two approaches are used for computing the approximation of
Bayesian information criterion, BIC. First, we used the standard way of testing
independence, based on the Pearson chi-squared statistic, X7, where we apply
the Jackknife method to estimate the variance v;;(h) for obtaining the Rao and
Scott correction. Second, we used the log odds ratio, where we used the same
method to estimate var(&)). Both tests, as expected, have equivalent results,

in all sampling schemes considered. In those schemes, we have illustrated the

effect of the sampling design on the model selection problem.

For multinomial sampling, we examined the performance of the estimated
Bayes factor, using the Savage-Dickey density ratio, and the approximation based
on the Bayesian information criterion, BIC. In this sampling scheme the obser-
vations are independent and identically distributed. The Savage-Dickey density

ratio produced very similar results to the actual Bayes factor.
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On the other hand, there are errors associated with the BIC approximation.
The error associated with the BIC approximation leads to underestimates of the
value of 2In(BFRS) in the goodness-of-fit test and overestimates the values of
2In(BFRS) in the independence test. Contrary to the results in the goodness-
of-fit test, where the error gets larger as n; increases in a cluster sample, in the

independence test the error get smaller as n; increases, the following table shows

the average difference of 2In(BFRS) and BIC(X&V( ) When the number of psus

is equal to 10, 50, and 200 for difference sizes of ny,

psu\n; | 5 20 100 1000

10 - - -1.123 | -1.1156
50 - -1.208 | -1.134 | -1.117
200 -1.555 | - -1.135 | -1.118

Figure (7.16) shows a histogram of the difference as an example. When
n; = 1000, the Pearson chi-squared, X?, and the Wald, X%V(¢), statistics are not
distributed as x?, but nearly 2x>. This is a worrying result, but Nathan (1975)
has similar results, in table (2) of his paper, for the log likelihood ratio and the
Wald statistics. Furthermore, in the statistical literature, there is some evidence
suggesting that as the sample size increase, the asymptotic size of the y2-test of
independence, under multinomial sampling, can be larger than its nominal level
(Loh, 1989). Also, there is evidence suggesting that the Wald statistic has a

poor behaviour in sampling surveys, which mentioned in section (6.4.4).

In stratified sampling, if the strata are homogenous, the error associated with
the approximation of BIC is visible. In this case, both the Pearson chi-squared,
X? and the Wald, XEV( ») Statistics are distributed as x?, under the null model.
If the strata are inhomogeneous, the error associated with the approximation of
BIC is not so visible. Figure (7.17) if compared with figure (7.6-c) shows the
effect of the sampling design in highly inhomogeneous strata, where the Rao and

Scott correction, (AS,, is distributed around 0.88. In this case, our true model is
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not the null, independence, model.
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Figure 7.16: Histogram for the difference between 2In(BFRS) and BIC(X&V(@) in
three cases in cluster sample, (a) for sample size of a 1000 in 10 psus, (b) for sample
size of a 5000 in 50 psus, and (c¢) for sample size of a 1000 in 200 psus.

For the cluster sampling scheme, asymptotically, with a large number of
observations in each psu, ignoring the sampling design will not have much effect
in testing independence, except in the error associated with the approximation
using BIC. Nevertheless, the Pearson chi-squared statistic and the Wald statistic,
which have identical values for large psu, do not seem to be distributed exactly
as Xf, and they have inflated type I error. For a small number of observations
in each psu, the MCMC method does not work properly. Thus, we consider
21n(BFRS) as a baseline instead of 2 In(Bayes factor). In this case, the effect of
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the cluster sample is visible and it is more serious if n; is very small.
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Figure 7.17: Comparison of 2In(BFRS) values with BIC(X?5s), for stratified sam-
pling design, with p; = (0.3,0.2,0.2,0.3), p2 = (0.5,0.1,0.2,0.2) and a sample size
of 1000.

7.1.7 Conclusion

We have investigated the effect of the sampling design on a test of independence.
The sampling design effect on the ordinary chi-squared test of independence is
less serious, in general, than in the goodness-of-fit. This result is consistent
with the evidence that the design effect for the difference between two sub-class
means tends to be much smaller than that for individual means, i.e. & is smaller
than 7, see Kish and Frankel (1974), Holt, Scott and Ewings (1980), Rao and
Scott (1981). In fact, unlike the goodness-of-fit test the sampling design effect

almost vanishes as the sample size gets larger.

On the other hand, for the cluster sampling design, the distribution of both
the Pearson chi-squared, X? and the Wald, X&,( 4 Statistics are distributed
almost as 2Xf, under the null model for large sample sizes, n; = 1000, in line

with the previous work, discussed earlier. This will not effect our results, since
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the approximation of BIC depends on the test statistic not on its asymptotic

distribution.

Nevertheless, concerning the error associated with the approximation of BIC
in a test of independence, our results are consistent with the observations of Kass
and Wasserman (1995), who indicate that if the prior choice is consistent with
“unit prior information”, then the error is of order O(n~2) rather than O(1),
and, also, with Raftery’s (1996) conclusion from his empirical research, that BIC

is more accurate in practice than the O(1) error term would suggest.

Finally, the results indicate that although there is an effect of sampling design
in the Bayesian information criterion (BIC) approximation based on the ordinary
Pearson chi-squared test statistic, X?, of independence, the difference between
using X? and any corrected statistic is negligible. ~ Therefore, in testing of
independence, there is no justification in practice for the use of a more complex

test statistic, unless the number of observations in each psu is very small.

7.2 Risk function

In this section, we determine the behaviour of point estimation in both the
Bayesian approach, using a model averaged estimate, MAE, and in the classical
approach, using an estimate based on a pretest, PTE. We will carry out a
simulation to study the risk performance of these estimators in a 2x2 contingency
table. In this simulation three sampling schemes were considered, simple random

sampling, stratified sampling, and cluster sampling.

The true cell probabilities, p, are known in our simulations. We will use the

Kullback-Liebler distance, described in section (4.1.3), as our loss function

L(p.p) =Y. p,Inz2. (7.4)
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Then, averaging the loss function over the simulation sample (1000 simulations),
gives an estimate of the risk function. The three main estimation procedures

considered in this simulation are,

e Model averaged estimation, MAE,

ﬁz‘j = E(pij!n)
= pr(Msln)E(p,|n, Ms) + pr(M;n)E(p,, p,;[n, M)

_ 1 ni; + Q5 Bls(n) Ny + (O FAN )(n+j + Qg
1+ Bis{n)' n+a Bis(n)+1" n+a n+«

)

where a;; = 0.25,4,5 = 1,2, and Bjg(n) is the multinomial Bayes factor
for the independence model, Mj, against the saturated model, Mg. For
stratified and cluster samples, we consider this estimator, and two other
approximations using an adjustment to the multinomial Bayes factor. The
first adjustment used is the Rao and Scott (1981) correction factor to the
chi-squared statistic for testing independence, equation (2.52). The second
adjustment used is based on the actual design effect for the log odds ratio,

&, see equation (7.2).

e Pretest estimator, PTE,

For the simple random sample, we consider the pretest estimator

2

) +—:+L if X% <3.84
=19 . (7.5)

- if X2 > 3.84.
For the stratified and cluster sampling schemes, in addition, the Rao and

Scott (1981) correction factor to the chi-squared statistic for testing inde-

pendence, and the Wald statistics for the log odds ratio were used.

e Maximum likelihood estimator for the saturated model, Sat, (Bickel and

Doksum, 1977)

(7.6)
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7.2.1 Simulation study

We ran a simulation for three sampling designs, simple random sampling, strat-
ified sampling, and cluster sampling and for a range of different dependence
structures. This simulation considered three sample sizes, small, moderate, and
large. To determine the true values of the cell probabilities, p, we assume that

the cell probabilities have the following structure

2(1+6) | 3(1—-6)]05
i(l—@) i(1+9) 0.5
0.5 0.5 1
If ¢ is the log odds ratio, then
e — 1
0 =— .
e? +1

Given a value of ¢, and hence 0, we can evaluate p, 7,7 = 1,2. In general, we
consider the values ¢ € [—10,10]; This will produce the values of p in Table
(7.1).

7.2.2 Simple random sample

For the simple random sample, the risk function is computed for three estimates.
First, the maximum likelihood estimate for the saturated model, Sat. Second,

the pretest estimate, PTE, and third the model averaged estimate, MAE.

For a small sample size, n = 40, the MAE has a small risk and it is superior to

the other estimators of ¢ between -1 and 1, and it is better than PTE elsewhere,
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¢ D, D, D, D,
-10.0 | 0.003 | 0.497 | 0.497 | 0.003

-7.0 1 0.015 | 0.485 | 0.485 | 0.015
-5.0 1 0.038 | 0.462 | 0.462 | 0.038
-4.0 | 0.060 | 0.440 | 0.440 | 0.060
-3.0 | 0.091 | 0.409 | 0.409 | 0.091
-2.0 1 0.134 | 0.366 | 0.366 | 0.134
-1.0 | 0.189 | 0.311 | 0.311 | 0.189
0.0 | 0.250 | 0.250 | 0.250 | 0.250
1.0 | 0.311 | 0.189 ] 0.189 | 0.311
2.0 |10.366 | 0.134 | 0.134 | 0.366
3.0 | 0.409 | 0.091 | 0.091 | 0.409
4.0 |0.440 | 0.060 | 0.060 | 0.440
5.0 10.462 | 0.038 { 0.038 | 0.462
7.0 | 0.485 | 0.015 | 0.015 | 0.485
10.0 | 0.497 | 0.003 | 0.003 | 0.497

Table 7.1: The values of ¢ considered in the simulation and the corresponding
cell probabilities.

where Sat is the best estimator. For extreme values of ¢ all estimators are

equivalent; see figure (7.18-a).

When we increase the sample size to n = 200, the MAE is still superior to the
other estimators in the cases of independence and not far from independence,
ie. ¢ € (—0.55,0.55). 1If the values of ¢ is far from independence then Sat is
the best estimate and PTE is better than MAE, figure (7.18-b).

Figure (7.18-c) presents the case for a large sample size, n = 1000; In this
case, the behaviour of all estimators is similar to the case of n = 200, where
the MAE is still superior to other estimators in the cases of independence and
not far from independence, ie. ¢ € (—0.2,0.2). If ¢ < —0.9 and ¢ > 0.9 all
estimators have the same risk, i.e. they are equivalent. The turning points in
the risk function for the different estimator are getting smaller as the sample size

gets larger.
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Figure 7.18: Risk function of the estimates of p in a simple random sample simulation
using the maximum likelihood estimate for the saturated model, Sat, pretest estimate,
PTE, and model averaged estimate, MAE, in three different sample sizes. (a) n = 40,
(b) n = 200, and (c) n = 1000.

7.2.3 Stratification

For a stratified sampling design, our design has two strata. The first stratum,
p1, is computed directly from the assumed values of ¢, now denoted by ¢/,

as in the simple random sample. The second strata, ps, is always equal to
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(0.25,0.25,0.25,0.25), where w; = wy = 0.5. As an example, assume that
¢’ = 2, this will produce p; = (0.366,0.134,0.134,0.366)', and p, is always
(0.25,0.25,0.25,0.25), then q =(0.308,0.192,0.192, 0.308)" with this the value of
the log odds ratio, ¢, equal to 1.29. Five estimators are considered in this case.
Two are model averaged estimates, two are pretest estimates, and one is the
maximum likelihood estimate for the saturated model. The risk functions are
presented for the estimates of q, in a stratified sampling design, for three different
sample sizes. The two model averaged estimators are based on the multinomial
Bayes factor, PBF, and on adjusted multinomial Bayes factor using the Rao and
Scott correction, PAABF. The pretest estimators are based on the chi-squared

statistic, PChi, and on the Rao and Scott corrected chi-squared statistic, PRS.

When the sample size is small, n = 40, figure (7.19-a) shows that the MAE
is superior to other estimators in the cases of independence and not far from
independence, i.e. ¢ € (—0.8,0.8). In this interval the difference between the
corrected or uncorrected estimator for both MAE and PTE is very small. The
risk of PBF is always smaller than PChi. Also, the risk of PAdBF is always
smaller than PRS. The behaviour of PAdBF and PRS near the boundary de-
serves further comment. PAdBF and PRS dominate the estimators that do not
take account of the sampling design, i.e. PChi and PBF. In these cases the
strata are inhomogeneous, and as we show in the previous section and in figure

(7.19-a) there is a design effect.

If we increase the sample size to 200, figure (7.19-b) shows the similarly
between PBF and PAdBF, also PChi with PRS. The model averaged estimator
is still superior with minimum risk in the cases where the values of ¢ represent
independence and not far from independence, i.e. ¢ € (=0.31,0.31). If ¢ is
between —1.53 and -0.6 or between 0.6 and 1.53 the PBF and PAdBF have a
large risk compared with other estimators. At the boundary, all estimators

behave equally.
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When the sample size is equal to 1000, figure (7.19-c) shows, again, the
similarly between PBF and PAdBF, and also PChi and PRS, indicating that the
design effect asymptotically vanishes. As in the previous cases MAE is superior
in the case of independence and around it, i.e. ¢ € (—0.23,0.23). On the other
hand, if ¢ € (—0.86,—0.23) or ¢ € (0.23,0.8) the MAE has a large risk compared

with the other estimators. At the boundary, all estimators have equal risk.
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Figure 7.19: Risk function for the estimates of p in a stratified sampling design for
the maximum likelihood estimate to the saturated model, Sat, pretest estimate, PTE,
using chi-squared statistic, PChi, and Rao and Scott corrected chi-squared statistic,
PRS, and model averaged estimate, MAE, using the multinomial Bayes factor, PBF,
and adjusted multinomial Bayes factor, PAABF, in three different sample sizes. (a)

n = 40, (b) n = 200, and (c) n = 1000.
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7.2.4 Clustering

For the cluster sampling design, we consider three numbers of psu, ¢ = 10, 50,
and 200, each with a small number of observations in each psu, n;, and, also,
with a total sample size of 1000. The estimators considered for estimating q

are the same five estimators considered in the stratification case.

For the first case, small n;, when the design has 10 psus, we consider the
case of n = 40, i.e. n; = 4. The result is shown in figure (7.20-a). The PBF
has the smallest risk among all estimators, then comes PAdBF as the second
best estimator, when the values of ¢ represent independence and not far from
independence, i.e. ¢ € (—0.85,0.85). The maximum likelihood estimate for the
saturated model, Sat, has the lowest risk if ¢ € (—2.0,—0.85) or ¢ € (0.85,2.0).
The design effect is clear in those intervals. At the boundary, the curves do not

seem symmetric. This may be caused by the simulation, i.e. Monte Carlo error.

As the number of psus increases to 50 and ny = 2, i.e. n = 100, the PBF is
still superior with minimum risk when the values of ¢ are between -0.5 and 0.5,
figure (7.20-b). Beyond that, the design affects the results of both PBF and
PChi, where they have large risk. At the tails, where ¢ < —2.2 and ¢ > 2.2, all

estimators have almost the same risk.

When we consider 200 psus with n, = 2, i.e. n = 400, figure (7.20-c) shows
clearly the effect of the design on both PBF and PChi, where they have large
risk when ¢ < —0.25 or ¢ > —0.25. If ¢ € (—0.25,0.25) the PBF still has the

smallest risk among all estimators.

If we consider a total sample size of 1000, figure (7.21-a) shows the results
of using 10 psus with n; = 100. The similarly between PBF and PAdBF, also
PChi with PRS is visible. The model averaged estimator, MAE, is still superior
with minimum risk in the cases where the values of ¢ represent independence

and not far from independence, i.e. ¢ € (—0.1,0.1). If ¢ is between -0.8 and
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-0.25 or between 0.25 and 0.8 the PBF and PAdBF have a large risk compared
with other estimators. Beyond that, at the boundary, all estimators behave the

same.

Risk*n

Risk*n

Figure 7.20: Risk function for the estimates of p in a cluster sampling design for
the maximum likelihood estimate to the saturated model, Sat, pretest estimate, PTE,
using chi-squared statistic, PChi, and Rao and Scott corrected chi-squared statistic,
PRS, and model averaged estimate, MAE, using the multinomial Bayes factor, PBF,
and adjusted multinomial Bayes factor, PAdBF, in a small sample size and three
different numbers of psus. (a) 10 psus with n = 40, (b) 50 psus with n = 100, and
(¢) 200 psus with n = 400.

Figure (7.21-b) shows the result when the design has 50 psus with n; = 20,
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approximately PBF and PAdBF, also PChi and PRS behave roughly the same.
The result in this case is not far from the design with 10 psus and n, = 100,
i.e. figure (7.21-a). When we consider 200 psus with n, = 5, the design has
an effect on the estimation if we consider PBF and PChi away from the center,

where ¢ ¢ (—0.2,0.2), see figure (7.21-c). At the boundary, all estimators have

equal risk.
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Figure 7.21: Risk function for the estimates of p in a cluster sampling design for
the maximum likelihood estimate to the saturated model, Sat, pretest estimate, PTE,
using chi-squared statistic, PChi, and Rao and Scott corrected chi-squared statistic,
PRS, and model averaged estimate, MAE, using the multinomial Bayes factor, PBF,
and adjusted multinomial Bayes factor, PAdBF, for three different numbers of psu and
a total sample size of 1000. (a) 10 psus, (b) 50 psus, and (¢) 200 psus.
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If we consider a very large sample size, 7 = 50000, where the design has 50
psus, i.e. ny; = 1000, the design effects vanish. Thus, all estimators appear to

be similar.

7.2.5 Discussion

We have demonstrated that, for estimating the cell probabilities, p, the model
averaged estimator, MAE, is superior to the pretest estimate, PTE, when the
sample size considered is small. In addition, when the sample size is moderate
or large, the central interval for the values of ¢, where the values of ¢ represent
independence and not far from independence, is dominated by MAE. In this case
the MAE has the smallest risk compared with PTE and the maximum likelihood

estimate for the saturated model, Sat.

7.2.6 Conclusion

We have illustrated how the Bayesian approach for estimating the cell proba-
bilities, p, using the model averaged estimator, MAE, can be better than the
pretest estimate, PTE. Estimation based on selection of a single model, say M,
will not effectively take account of uncertainty about the parameter of interest,
the cell probabilities, p. However, the MAE considers the uncertainty of the

model by averaging the estimates according to how likely each model is.

When the values of ¢ are reasonably far from independence and the sam-
ple size is not small, the MAE has greater risk than PTE and the maximum
likelihood estimate for the saturated model. For small sample size and when
the sampling design is complex, using the adjustment of the multinomial Bayes
factor or the correction of the Pearson chi-squared will make a significant dif-

ference in the risk of the estimator. As the sample size becomes larger the
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difference disappears. Thus, the design effect in this case is negligible and the
use of multinomial Bayes factor or Pearson chi-squared for estimating p is more

justified than using complex methods, unless the sample size is small.

Finally, the result of the risk function of MAE, using the design effect of
log odds ratio, &, as an adjustment for the multinomial Bayes factor, is always
between PBF and PAdBF, with smaller difference than PAdBF. Also, the risk
using the Wald log odds ratio for PTE is between PChi and PRS.



Chapter 8

Summary and recommendations

for further research

8.1 Summary of conclusions

Our objective in this thesis was to present a comprehensive investigation of a
Bayesian approach to model selection for categorical survey data, encompassing
simple random, finite population, stratified, and cluster sampling. We have
demonstrated the effects of a complex sampling scheme on Bayesian model se-
lection, and somewhat on classical hypothesis testing (through the Pearson chi-
squared, X?, the Rao and Scott (1981) first- and second-order corrections, X%,
X2%.,, and the Wald statistic, X2, and the log odds ratio statistics for testing
independence). We have illustrated how the well known classical Pearson chi-
squared test statistic is either too liberal or too conservative, depending on the
sampling scheme, when applied to survey data. Moreover, we have presented
two simple adjustments to the multinomial-based Bayes factor. Using these ad-
justments gave better estimation of 2 In(Bayes factor), compared with using the

Wald statistic, X7, in the Bayesian information criterion approximation (BIC).

199
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We have shown that effect of sample design on inference using the ordinary
chi-squared test of independence is less serious, in general, than on a test of
goodness-of-fit of specified probabilities. This result is consistent with the evi-
dence that the design effect for the difference between two sub-class means tend
to be much smaller than that for individual means, see Kish and Frankel (1974),

Holt, Scott and Ewings (1980), Rao and Scott (1981).

In the finite population case, we found that there is no effect on inference
when this design is ignored, if we consider the individuals who make up the
population to be, a priori, exchangeable, as suggested by Ericson (1969, 1988).
Equivalent results are stated by Rao and Thomas in Skinner, Holt and Smith
(1989, p. 92). Furthermore, for stratification the results indicate that there is no
effect in ignoring the sampling design, proportional stratification, on the analy-
sis of the data if the strata are homogeneous. This result has been mentioned
in the classical approach by Kish and Frankel (1973). But if strata are highly
inhomogeneous ignoring the sampling design may affect the results. In a test
of goodness-of-fit of a model My where all cell probabilities are specified, the
Pearson chi-squared statistic, X2, is always asymptotically conservative. On
the other hand, the BIC based on Wald statistic performs similarly to 2 In(Bayes
factor). In Bayesian model selection, when we compared the estimated true val-
ues of 2In(Bayes factor) and the values of 2In(uncorrected, multinomial-based,
Bayes factor), it underestimated the true values in all cases, i.e. with homoge-
neous and inhomogeneous strata. This indicates that estimation of the Bayes
factor is sensitive to the effect of stratification. Moreover, examples for test-
ing independence, in section (7.1.4), show existence of a design effect in highly

inhomogeneous strata, even for the corrected Pearson chi-squared statistic.

We have shown the effect of cluster sampling on Bayesian model selection, if
the sampling design is ignored. In a goodness-of-fit test, the BIC(X?) for model
selection may give a misleading result of rejecting the null model M,, when it

is true, since it overestimates the true value, 2In(Bayes factor) in all examples



8. Summary and recommendations for further research 201

considered. However, the BIC(X?%g,), BIC(X%s,) and BIC(X?,) tend to under-
estimate the large values of 2 In(Bayes factor), but not with the same magnitude
as BIC(X?). This is caused by the conservative values of the corrected X32g,,
X2, and X7 statistics. On the other hand, ignoring the sampling design
asymptotically will not have any effect on the statistical inference when testing
independence. The effect is visible with small sample sizes and more serious if

the number of the psus is large.

In this sampling scheme, asymptotically, the values of X2, for testing goodness-
of-fit are conservative. Moreover, for testing independence, the distribution
of both the Pearson chi-squared, X%, and the Wald statistics, XEV( 4) are dis-
tributed almost as 2xf, under the null model. This is a worrying result, but
Nathan (1975) has similar results, in table (2) of his paper, for the log likelihood
ratio and the Wald statistics. Furthermore, in the statistical literature, there is
some evidence to suggest that as the sample size increases, the asymptotic size
of the y%-test of independence, under the multinomial sampling, can be larger
than its nominal level (Loh, 1989). Also, there is evidence to suggest that the
Wald statistic has poor behaviour in sampling survey inference (Thomas and
Rao, 1987, Skinner, Holt and Smith, 1989). Fay (1985) presents his concerns
regarding the use of the Wald statistic, and Thomas and Rao (1987), in a Monte
Carlo study, confirm Fay’s worries. Nevertheless, this will not effect our results,
since the approximation using BIC depends on the likelihood test statistic not

its asymptotic distribution.

In a test of independence, unlike goodness-of-fit test, the results indicate
that although there is an effect of sampling design on the Bayesian information
criterion (BIC) approximation based on the ordinary Pearson chi-squared test
statistic, X2, of independence, the difference between using X2 or any corrected
statistic is negligible. Therefore, in testing of independence, there is no justifi-
cation in practice for the use of more complex test statistic, such as one based

on the Rao and Scott (1981) first- and second-order corrections, and the Wald
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statistic, unless the number of observations in each psu is very small.

We have presented two adjustments to the multinomial-based Bayes factor,
BFRS1 and BFRS2. These adjustments, 2In(BFRS1) and 2 In(BFRS2), yield
very reliable estimated values for the true values of 2 In(Bayes factor). Moreover,
these adjustments are superior to BIC(XZ,), when each psu has a moderate or
large number of observations and equivalent, when each psu has a small number
of observations. In fact, they seem to produce asymptotically better approxi-
mations of the values of 2In(Bayes factor) than BIC(X2,). The performance of

both adjusted Bayes factors are nearly identical.

In both stratification and cluster sampling schemes, we applied the Savage-
Dickey density ratio. In order to evaluate the Savage-Dickey density ratio, we
have to draw a sample from the marginal posterior density pr(p|n,Ms), and the
prior density pr(p|Ms), and then, estimate those densities at point p,. In strati-
fication, we use a Monte Carlo sampling method, and a crude density estimator.
The crude density estimate does not estimate the large values of 2In(Bayes
factor) well for this sampling scheme or (simulation 1) for the cluster sampling
scheme. For most examples in chapter (6) for cluster sampling and in chapter
(7), we use the multivariate normal kernel density estimator. We illustrated,
in chapter (5), that the multivariate normal kernel density estimator, with nor-
mal based bandwidth, is very reliable for two- and three-dimensional data. For
four-dimensional data, the estimated values are very sensitive to the bandwidth.

Unfortunately, for higher-dimensional data the bias seems to be large.

In the cluster sampling scheme, we encountered some difficulty in drawing a
sample from the marginal posterior density. We used a hybrid MCMC strat-
egy, which consists of a combination of two algorithms, the Gibbs sampler and
the Metropolis-Hastings algorithm. This MCMC strategy worked well when
each psu has a moderate or large number of observations. However, when the

number of observations in each psu is small, we are uncertain about the MCMC
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algorithm reaching the marginal posterior, target distribution, even with 10000
iterations. The possibility of considering more iterations is not a plausible so-
lution, since our program has complex computations with long running times;
For 1000 samples each with 200 psus and 10000 iterations the estimated running
time is about a month! Thus, when each psu has small number of observations,
we cannot consider our estimates for the true values of the Bayes factor under
cluster sampling to be trustworthy. Nevertheless, as the two adjustments to
the multinomial Bayes factor produced reliable estimates, we have compared the
values of both 2In(BFRS1), using adjustments to the multinomial-based Bayes
factor, and BIC(X2,), when the number of observations in each psu is small. We
show that they are almost identical. This adds further support for using BFRS1
for the Bayesian model selection, as it is easier to calculate. This adjusted Bayes
factor, BFRS1, requires only the knowledge of variance estimates, or design ef-
fects, for individual cells. Programing wise, it requires a simple program, with

fast running time.

We have shown mathematically the well known result that the BIC approxi-
mation has error of magnitude O(1). This indicates that the approximation is
somewhat crude, because the error does not vanish even with infinite amount
of data. Kass and Wasserman (1995) indicates that if the prior choice is con-
sistence with “unit prior information”, then the error is of order O(n‘%) rather
than O(1). This does not appear to be the case with our definition of “unit
prior information”, under the cluster sampling scheme, since, the error does not
vanish or get smaller as n gets larger in the goodness-of-fit test. In fact, the
error seems to get relatively larger as n increases. Nevertheless, our results are
consistent with Raftery’s (1996) conclusion from his empirical result that BIC
is more accurate in practice than the O(1) error term would suggest. In the in-
dependence test the error gets smaller as n; increases and is therefore consistent,

with Kass and Wasserman (1995), and Raftery (1996).

Finally, in section (4.1), we examined the performance of model averaged
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estimation (MAE) against pretest estimation based on the classical Pearson chi-
squared test statistic (PTE). In section (7.2), we generalised our result by con-
sidering all three sampling schemes. We demonstrated using risk analysis how
the Bayesian approach for estimating the cell probabilities, p, using MAE, can
be superior to the pretest estimate, PTE. Estimation based on selection of a
single model, say My, will not effectively take account of uncertainty about the
parameter of interest, the cell probabilities, p. However, the MAE considers
the uncertainty of the model by averaging the estimates according to how likely
each model is. Model averaged estimates based on adjusted Bayes factors seem

to work well for complex sample designs.

8.2 Recommendations for further research

Adjusting the multinomial-based Bayes factor provides an improved approxima-
tion to the value of the true Bayes factor. Moreover, these adjustments are
superior to approximation based on BIC(X3,), when each psu has a moderate
or large number of observations and identical to it for small numbers of obser-
vations. Nevertheless, a comprehensive study is needed to determine how good
is the adjusted Bayes factor. Further, theoretical justification for the adjusted
Bayes factor would be useful. The adjusted Bayes factor can be computed
for more models, such as three-way tables, using Rao and Scott’s (1984, 1987)

correction factors for nested log-linear models.

In our research we considered three cells (K = 3) in the goodness-of-fit and
a 2 by 2 contingency table in tests of independence. Thus considering more
dimensions is an important extension of this work. Since our programs are gen-
eralized for 2 way tables, this extension will be easy in practice. Unfortunately,
in computing the true values of 21n(Bayes factor), the precision of the multivari-

ate normal kernel density estimator will be poor for K > 4, so considering more
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advanced density estimators is essential. Possible examples include adaptive,
and spline density estimates, for details see Simonoff (1996), and Scott (1992).
We are uncertain about the MCMC algorithm reaching the marginal posterior,
target distribution, even with 10000 iterations, when the number of observa-
tion in each psu is small. Thus, the MCMC algorithm needs to be developed.
Both of these problems are related to computing the Savage-Dickey density ra-
tio. Therefore, an alternative for the approximation of the Bayes factor other
than the Savage-Dickey density ratio is a useful idea, for details see DiCiccio et

al. (1997) or Dellaportas, Forster, and Ntzoufras (2000).

Green (1995) introduced Reversible Jump MCMC. This method makes
it possible to construct reversible Markov chain samplers that jump between
parameter subspaces of different dimensionality, where the traditional MCMC
methods are restricted to situation where the dimensionality of the parameter
vector is fixed. Bridge sampling (DiCiccio, 1997) is another way of estimating
the Bayes factor via posterior simulation using MCMC. However, both methods
require generating samples from the reduced model, which in our case is defined
by the constraint (4.21), and this is a difficult task. Thus, using the Savage-
Dickey density ratio in our point of view, is preferable. On the other hand, it

is a potential interesting avenue of further research to find a way to apply these
other MCMC methods.

Careful prior specification is needed when constructing the associated Bayes
factor for model selection. In our thesis we applied non-informative proper
priors. If we consider the argument that the use of a non-informative improper
prior is more appropriate than using a non-informative proper prior for model
selection, then alternatives other than the conventional Bayes factor should be
considered.  There is increasing interest in developing statistical procedures
that allow Bayes factors to be calculated when using improper priors. Several
alternative Bayes factor have been introduced to address this problem. Among

these alternatives, the fractional Bayes factor (O’Hagan, 1995) and intrinsic
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Bayes factor (Berger and Pericchi, 1996) are the most promising. It would be
interesting to investigate these approaches. However, Kass and Wasserman

(1995) believe that using unit prior information is preferable to these alternatives.

Finally, this research can be explored for unequal strata and psus. However,
we expect the results to be broadly similar. Another possible extension to this

work is to study further sampling schemes, for example multi-stage sampling.
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