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NEIGHBOURHOODS FOR SEQUENCING PROBLEMS IN COMBINATORIAL

OPTIMISATION.

by Richard K. Congram

In this thesis, we study neighbourhoods of exponential size that can be searched

in polynomial time. Such neighbourhoods are used in local search algorithms for

classes of combinatorial optimisation problems. We introduce a method, called

dynasearch, of constructing new neighbourhoods, and of viewing some previously

derived exponentially sized neighbourhoods which are searchable in polynomial time.

We produce new neighbourhoods by combining simple well-known neighbourhood

moves (such as swap, insert, and k-opt) so that the moves can be performed together

as a single move.

In dynasearch neighbourhoods, the moves are combined in such a way that the

effect of the combined move on the objective function is equal to the sum of the

effects of the individual moves from the underlying neighbourhood. Dynasearch

neighbourhoods can be formed using dynamic programing from underlying moves:

• nested within each other;

• disjoint from each other;

• and in the case of the TSP overlapping one another.

Our dynasearch neighbourhoods made from underlying disjoint moves are suc-

cessfully implemented within well-known local search methods to form competitive

algorithms for the travelling salesman problem and state-of-the-art algorithms for

the total weighted tardiness problem and linear ordering problem.

By viewing moves from some known travelling salesman problem neighbourhoods

as a combination of underlying moves, each reversing a section of the tour, greater

insight into the structure of the neighbourhoods may be obtained. This insight has

both enabled us to calculate the size of a number of neighbourhoods and demonstrate

how some neighbourhoods are contained within others.
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Chapter 1

Introduction

1.1 Sequencing problems and their solution

Many real life problems involve the sequencing of discrete objects or events. Com-

mon examples include routing delivery vehicles and scheduling manufacturing and

computer systems. It is often easy to come up with a solution to these types of

problem if there are no constraints and the quality of the solution is not of interest.

However, it is usually quite difficult to find a good solution, and sometimes almost

impossible to find the best solution. There are generally a very large finite number

of possible solutions from which to chose.

It is theoretically possible to calculate the value of all the possible solutions and

select the best; this is known as complete enumeration. However, from a practical

perspective, it is infeasible to follow such a strategy, particularly with large problems.

Generally the number of possible solutions grows very quickly as the problem size

increases. An example of a simplified real life problem with this characteristic is

known as the travelling salesman problem, a description of which is as follows. Given

a number of cities and the distance between any pair of cities, the travelling salesman

problem consists of finding the shortest round-trip, visiting each city exactly once. If

a particular travelling salesman problem contains 5 cities, there exist only 12 possible

solutions. However, the number of possible solutions grows rapidly as the number

of cities in the problem increases. For a problem containing 10 cities there already

exist 181,440 possible solutions and for a travelling salesman problem containing 50

cities there exist over 3 x 1062 possible solutions! Clearly for problems over a certain

size, it is not going to be possible to follow a strategy of complete enumeration.

A considerable amount of work has been done over the last five decades, devel-

oping methods which are capable of finding the best solution, without resorting to
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the explicit examination of each possible alternative solution (i.e. complete enumer-

ation). However, for some large problems in industry, even these methods take an

impractical length of time. It is in this situation that methods known as heuristics

are used. Heuristic algorithms often find good solutions in practice but do not guar-

antee to find the best solution. In fact, many heuristic algorithms give no guarantee

on solution quality.

1.2 Local search

Local search refers to a group of heuristics which, when properly implemented,

have been shown to be particularly effective in finding good solutions to both large

randomly generated test problems and real industrial problems in reasonable time

periods. Their popularity, particularly with practitioners in industry, has been aided

by their easy implementation in modern computer languages, and the rapid improve-

ment in computer power on which they are reliant.

Local search in some way mirrors the process by which a manager works in

industry. When seeking to improve the operation of an existing plant, a manager

may produce a new strategy from scratch without reference to previous strategies.

However, following this approach is unlikely to yield a better strategy than the

current one. A better and more widely used approach is as follows. Make a small

change to the current strategy to form a new strategy. Trial the new strategy, and

if it proves better than the previous strategy, then keep it; otherwise, return to the

previous strategy. This process is normally repeated continually.

A local search algorithm starts with an initial solution and then continually

tries to find better solutions by making small predefined changes to the current

solution. For example, a predefined defined change may be swapping the positions

of any two jobs in a sequence of jobs to be processed by a single machine. The

solutions reachable by small predefined changes to the current solution are said to

be in the current solution's neighbourhood. The local search algorithm searches the

current solution's neighbourhood for a better solution. If a better solution exists,

then one such solution is selected as the current solution and the search is repeated.

Eventually, all of the solutions in the neighbourhood of the current solution will be

worse than the current solution, and the algorithm terminates. The solution found

may not be the best solution to the problem, but it is often quite a good one.
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Above is a description of the simplest local search procedure. Many more com-

plex local search procedures have been produced which, while often taking longer

to run, usually produce much better quality solutions.

In designing a local search procedure, the size of the neighbourhood used is very

influential in determining its effectiveness. A larger neighbourhood is generally ca-

pable of find a better quality solution, at the expense of taking longer to search. This

thesis is concerned with the study of large neighbourhoods which can be searched

quickly, as well as demonstrating how with the right implementation some of these

neighbourhoods can be of practical interest. The neighbourhoods in question are

very large (in fact they are of exponential size) and yet they can be searched in poly-

nomial time, which is necessary if they are to be of practical use. Many of the new

polynomially searchable exponential neighbourhoods (PSEN) studied have a unique

characteristic, in that a single move in their neighbourhood is often equivalent to a

series of moves in other widely used neighbourhoods.

The effectiveness of one particular PSEN studied has been demonstrated, by its

involvement in producing state-of-the-art local search algorithms for two types of

problems, namely the single machine total weighted tardiness problem and the linear

ordering problem. The neighbourhood's effectiveness is also demonstrated on the

well known travelling salesman problem, which is described earlier in this chapter.

1.3 Sequencing problems studied

In this thesis we study in detail three types of sequencing problems. These problems

are all widely studied in the operational research literature, and hence are suitable

for testing our new local search algorithms. The single machine total weighted

tardiness problem is a scheduling problem in which a set of jobs must be processed

by a single machine. Each job has a date by which it should preferably be completed.

If a job is not completed on time, it costs a set amount for each time period it is

late. The objective is to minimise the total cost caused by late jobs.

The linear ordering problem can be viewed as a set of tasks, where between each

pair of tasks there is a preference as to which task is performed first. The strength

of preference is measured by a weight. The objective is to find the order of the

tasks which maximises the sum of weights of the individual preferences that are

satisfied. Although the above description makes the linear ordering problem sound
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of little practical interest, this is not the case; its applications include triangulating

input and output matrices in economics, ordering archaeological objects in time,

and suppressing feedback in electrical circuits.

The travelling salesman problem (TSP) specifies a number of cities and the

distance between any pair of cities. It is required to find the shortest round-trip

visiting each city exactly once.

1.4 An outline of the thesis

The remainder of this thesis is structured as follows. Chapter 2 gives a general in-

troduction to combinatorial optimisation problems and the types of methods, both

exact and heuristic, that can be applied to them. Chapter 3 gives an introduction to

local search heuristics. Chapter 4 reviews some previous work done on polynomially

searchable exponential neighbourhoods and introduces one of our new neighbour-

hoods, disjoint dynasearch. The next three chapters give accounts of dynasearch

applied to the total weighted tardiness problem, the linear ordering problem and

the travelling salesman problem, respectively. Chapters 8 and 9 introduce a number

of new polynomially searchable exponential neighbourhoods for the linear ordering

problem and the travelling salesman problem, respectively. Finally in Chapter 10 we

draw some conclusions, and comment on some possible extensions and interesting

loose ends.



Chapter 2

Combinatorial Optimisation
Problems

2.1 Introduction

A combinatorial problem is one where discrete choices must be made, and there

exist a finite or a countably infinite number of feasible solutions to the problem.

A set of choices is referred to as feasible, if it gives a valid solution. Each feasible

solution has a value which is normally determined by a function called the objective

function. The solution to the optimisation problem is the feasible solution which

has the best objective function value. The best objective function value is the

smallest objective function value for a minimisation problem and the largest for a

maximisation problem. There may be more than one optimal solution. For example,

in a single machine scheduling problem, with penalties for jobs finished late, the first

two jobs in an optimal schedule A, B may be early and remain early if their order

is reversed B, A; the other jobs remaining unaffected by the swap. .

2.2 Methods for solving combinatorial optimisa-
tion problems

For some combinatorial optimisation problems, rules have been discovered which

quickly and efficiently construct an optimal solution. By quickly and efficiently we

really mean in polynomial time, a term which will be explained shortly in the section

on computational complexity: for example, consider a scheduling problem where the

objective is to minimise the maximum lateness of n jobs. Each job takes a given

time to be processed by the single machine, and has a due date by which it should

preferably be completed. A job's lateness is defined as its completion time minus its
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due date. An optimal solution can be obtained by processing the jobs in the order

of their due dates, earliest to latest. It takes polynomial time to order the jobs in

this way. More precisely, it requires O(n log n) time (see computational complexity

section 2.3), which is a relatively small time interval.

For many combinatorial optimisation problems, no polynomial time algorithm

is known, and it is in this situation that mathematical programming is often used.

Mathematical programming methods include dynamic programming, branch and

bound, as well as more general (mixed) integer programming methods. General

methods, which do not make use of any specific properties of the class of problems,

tend to be more time consuming.

A simple, but inefficient, method for solving combinatorial optimisation problems

is complete enumeration; where every possible solution is calculated in turn and

the solution with the best objective function is returned as the optimal. Implicit

enumeration methods such as branch and bound and dynamic programming attempt

to rule out groups of solutions as non-optimal without calculating them explicitly.

2.2.1 Dynamic programming

At each stage, sub-problems of increasing complexity are solved recursively using

knowledge obtained from subproblems solved in previous stages of the algorithm.

The subproblems determine more and more features of the optimal solution(s) until

the problem is solved. Obviously, the method hinges on the ability to break the

problem down into stages, which enable the subproblems in each stage to be solved

by an efficient recursive algorithm from the solutions in the previous stage. Although

dynamic programming is generally much more efficient than complete enumeration,

it is still not in general a polynomial time algorithm.

2.2.2 Branch and bound

A branch and bound approach can in theory be used to solve virtually all combi-

natorial optimisation problems. However, the problem instance should not be too

large, as the approach does not have polynomial time complexity.

To solve a combinatorial optimisation problem, we must find the best of a large

number of possible solutions. Suppose we are dealing with a minimisation problem

(an equivalent method exists for a maximisation problem). The method separates

the possible solutions into subsets. It is possible to calculate a lower bound on the
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objective function values in any subset (this will be discussed later). If the lower

bound of a subset is greater than the best objective function value found so far, the

optimal solution of the problem cannot lie in the subset and the subset is referred

to as fathomed. No further work needs to be done on a fathomed subset.

The search of subset can be represented as a tree. The set of all possible solutions

is represented by the first node. The set of solutions represented by a node N may

be partitioned into subsets, which are also represented as nodes, joined by edges to

node N.

Figure 2.1: A general set of solutions in the tree and its subsets in the next level of
the tree

At any point in time a decision must be made either to:

a) partition the set of solutions at an existing node forming new nodes, or

b) calculate a lower bound for the set at an existing node in an attempt to fathom

the node.

At each successive level of the tree, the sets of solutions represented by the

nodes become smaller, until at the final level each node represents a single solution.

Eventually, the method terminates with all nodes fathomed.

Generally the tighter/better the lower bound at a node, the longer it takes to

calculate, but the greater the chance of the node being fathomed. So there is usually

a trade off between the speed of calculation and the quality of the bounds to be used

in any branch and bound procedure.
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2.3 Complexity theory

As indicated previously, in principle it is possible to find the optimal solution to

any combinatorial problem. However, in practice to solve some large problems

to optimality may take an unacceptable length of time, by all known algorithms.

Very informally, complexity theory classifies problems in terms of the relative time

frame in which optimal solutions can be found for large problem instances. (A

problem instance is obtained by specifying particular values for all the problem

parameters.) More significantly, computational complexity has also shown that the

hardest combinatorial optimisation problems are in some sense all equivalent. In

fact if an algorithm could be found capable of efficiently solving all instances of

just one such problem, it would enable all of the difficult problems to be solved

efficiently. The claims made will become clearer as a slightly more technical non-

rigorous introduction to computational complexity is now given. Firstly it is useful

to define some terms.

• The formal measure of the size of an instance is the input length. The input

length for an instance 7 of a problem II is roughly defined to be the number of

symbols in the description of I obtained from a reasonable encoding scheme

forll.

• Algorithms are general, step by step procedures for solving problems.

• The time complexity function for an algorithm expresses its time requirements

by giving, for each possible input length, the largest amount of time needed

by the algorithm to solve a problem instance of that size.

• Let f(n), g(n) be functions from the positive integers to the positive reals.

(a) f(n) = O(g(n)) if there exists a constant c > 0 such that, for large enough

n, f(n) < cg(n)

(b) f(n) = n(g(n)) if there exists a constant c > 0 such that, for large enough

n, f(n) > cg(n)

(c) / (n) = Q(g(n)) if there exist constants c,c' > 0 such that, for large

enough n, cg(n) < f(n) < c'g(n)

• A polynomial time algorithm is one whose time complexity function is

O{p{inputlength)) for some polynomial function p. Any algorithm that is
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not a polynomial time algorithm is defined to be an exponential time algo-

rithm; this includes non-exponential functions of the input length such as

O((inputlength)\) and O{(inputlength)lo^inputlen9t^).

• A problem is referred to as intractable if it is so hard that no known polynomial

time algorithm can solve it to optimality.

• A decision problem is a problem to which the solution is either yes or no.

Every optimisation problem has a related decision problem as illustrated by a

general minimisation problem and a specific combinatorial optimisation problem,

the travelling salesman problem below.

Minimisation problem

a) Optimisation problem

What is the optimal solution?

b) Decision problem

Is there a solution with an objective function value less than kl

(where A; is a given constant)

Travelling salesman problem (TSP)

where a salesman has to find a route visiting each of n cities once and only once.

a) Optimisation problem:

Which route minimises the total distance travelled?

b) Decision problem:

Is there a route for which the total distance travelled is less than k?

The interest in decision problems stems from the following characteristic. Given

a candidate that is supposed to prove that "yes" is the correct answer to a decision

problem, one has only to calculate the candidate's objective function value to ver-

ify the claim. For many problems this calculation can be performed in polynomial

time. However, verifying the optimality of a candidate solution to an optimisation

problem is as difficult in terms of computational complexity as it would be to find

the optimal solution without any prior knowledge.

There is a class of decision problems called NP, which can be 'solved' by a

polynomial time nondeterministic algorithm. Informally a problem can be 'solved'
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by such an algorithm if, for every instance of the problem, it is possible to guess

a solution from which one can verify in polynomial time, that "yes" is the correct

answer to the decision problem. Obviously, this is not the same as solving a problem

in polynomial time because in practice it is impossible to guess the desired solution.

The class of decision problems for which there is a known polynomial time algo-

rithm capable of solving any problem instance is known as P. Clearly, P is a subclass

ofNP.

No polynomial time algorithm is known for a large number of combinatorial

problems, and it is a wide spread belief that it is impossible to solve many of these

problems in polynomial time and therefore P 7̂  NP. Although no progress has been

made on (dis)proving the conjecture P 7̂  NP, insight into the class NP has been

gained through dividing the class into subclasses. Any problem in the subclass of

NP called NP-complete problems has the property that all NP problems can be

polynomially reduced to it. The significance of the class NP-complete is explained

below. If problem II can be reduced to problem IT in polynomial time and a polyno-

mial algorithm for solving problem II' is found, then problem II can also be solved in

polynomial time. Problem II can be solved in polynomial time as follows: Problem

II is reduced to problem II' in polynomial time and then solved by the polynomial

time algorithm for problem II'. This means that if a polynomial time algorithm is

found for any NP-complete problem then all problems in the class NP can be solved

in polynomial time, i.e. P=NP.

Unary NP-complete (sometimes called strongly NP-complete) and binary NP-

complete (sometimes known as NP-complete in the ordinary sense) form a partition

of NP-complete problems. These concepts were introduced by Garey & Johnson

1978, and Lageweg, Lawler, Lenstra & Rinnooy Kan 1978. If a problem is unary

NP-complete, then it is NP-complete even when the encoding scheme is allowed to

represent numbers using unary notation (a string of n l's representing the number

n). The point of this differentiation is that binary NP-complete problems may have

pseudo-polynomial algorithms that only display exponential behaviour with instances

containing exponentially large numbers, and instances of this sort may be rare for

the application of interest.

If p jk NP then it has been shown that there must exist problems that are neither

in P nor NP-complete, this class is known as NPI (I standing for 'intermediate').
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Figure 2.2: A simple diagram of NP (assuming P ^ NP)

So far we have only discussed the decision version of a problem. The term NP-

hard is used to describe the corresponding optimisation problem of an NP-complete

decision problem.

As indicated in this section, computational complexity gives some insight to the

relative difficulty of a problem. However, time complexity is a worst-case measure,

and therefore may give a misleading indication as to the difficulty of solving com-

monly faced real life instances of the problem. Only one instance of a given problem

need have exponential time complexity for the problem to have exponential time

complexity. There may be a corresponding discrepancy between an algorithm's

time complexity and its expected running time in practice.
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2.4 Heuristics

Given that many problems are NP-hard, see Garey and Johnson (1979), and it is

widely believed that NP-hard problems cannot be solved to optimality in polynomial

time (discussed in previous section), heuristics that find near-optimal solutions in

reasonable running times are of great practical use.

A heuristic (sometimes known as an approximation algorithm) is defined by

Reeves &; Beasley (1995) as "a technique which seeks good (i.e. near-optimal) so-

lutions at a reasonable computational cost without being able to guarantee either

feasibility or optimality, or even in many cases to state how close to optimality a

particular feasible solution is."

Heuristics can be divided into two broad classes; constructive heuristics and

local search methods. This thesis is concerned with the latter, although simple

constructive heuristics are often used as the starting solutions for local search to

improve.

A local search heuristic superimposes a neighbourhood structure on the solutions

of an optimisation problem, that is, one specifies for each solution a set of 'neigh-

bouring' solutions. Given a neighbourhood, a local search heuristic generally works

as follows

A general local search heuristic

1) Obtain an initial solution to use as the first current solution,

(this may be randomly chosen or from a constructive heuristic).

2) Generate one or more solutions from current solution's neighbourhood.

3) Use a given criteria to decide whether to:

a) accept a neighbour as the new current solution and restart at step 2;

b) continue searching by returning to step 2;

c) stop the heuristic giving a solution, often the best found.

The simplest local search is descent (sometimes known as iterative local improve-

ment). This heuristic only allows improving moves, i.e. a neighbour is only accepted

if it has a better objective function value. The algorithm keeps moving to a bet-

ter neighbour, as long as one exists, until finally it terminates at a locally optimal

solution (one that does not have a better neighbour).
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Many local search techniques have evolved which allow uphill (worsening) moves

under certain conditions. Even if a particular local search heuristic has been se-

lected, there are often many further decisions to be made. There may be parameter

values which control the timing, frequency and size of uphill moves. The size/type

of neighbourhood must be determined, and in some cases how much of it is to be

searched before considering making a move.

2.4.1 The computational complexity of local search

Although using local search is a practical way of obtaining reasonable solutions to

NP-hard optimisation problems in a reasonable time, the time taken by the lo-

cal search algorithms to find a local minimum is rarely known to be polynomially

bounded. Formally, a local search problem is obtained from an optimisation prob-

lem, by defining a neighbourhood on the solution set. The problem is then as follows:

given an instance, compute a locally optimal solution (i.e. a solution that does not

have a strictly better neighbour). To produce theoretical results, we also require a

standard local search algorithm to use on our local search problem. The standard

local search algorithm starts from an initial solution and then moves iteratively from

a solution to a better neighbouring solution, as long as there is one, until it finally

terminates at a locally optimal solution. Note that if there is more than one better

neighbouring solution, a selection rule is used to choose the particular neighbour to

which the search should move. The selection rule used in the search may affect the

computational complexity of the local search problem.

For a local search heuristic to be effective on a particular optimisation problem

it must be possible, in polynomial time, to:

i) generate an initial solution;

ii) evaluate the cost of solutions;

iii) search the neighbourhood.

The above is true for all well-known local search problems. Formally, local search

problems for which the above properties hold are members of the PLS (polynomial

time local search) class. Within the class PLS lies a class of problems called PLS-

complete. A problem is said to be PLS-complete if every problem in PLS can be

reduced to it (note the similarity with the classes NP-complete and NP). So, if a
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PLS-complete problem is found that can be solved in polynomial time, it will enable

all PLS-complete problems to be solved in polynomial time. Sadly, it is not even

known whether many of the famous local search problems such as the travelling

salesman problem (TSP) under the standard a) Lin Kernighan b) 3-opt or c) 2-opt

neighbourhoods (using the standard selection rules) are PLS-complete.

Under a particular selection rule, the 2-opt heuristic for the Euclidean TSP

problem can take an exponential number of iterations (Lucker 1976). The Euclidean

TSP local search problem can be solved in O(nz) time with a sub-neighbourhood of

2-opt, where only 2-opt moves that involve edges that currently cross on the plane are

considered (van Leeuwen & Schoone 1980). Thus the standard local search algorithm

only requires O(n3) time to reach a local minimum. In this sub-neighbourhood any

tour which has no crossing edges on the plane is a local minimum.

Finally, for practical purposes the average running time may be far more sig-

nificant than the computational complexity of the running time (which is only a

measure of the worst-case running time). The simplex local search method for solv-

ing linear programming problems is a prime example. Note that the simplex method

for linear programming problems is an exact neighbourhood which means that every

local optimum is also a global optimum. Therefore, the solution to the local search

problem is the solution to the optimisation problem. Under most selection rules the

simplex problem has been shown to take exponential time; however, in practice it

is a very effective, widely-used algorithm that appears to have a very good average

running time. Further, non-local search methods exist that are known to take a

polynomially bounded time (ellipsoid Khachiyan 1979; interior point method Kar-

markar, 1984, Grotschel, Lovasz & Schrijver, 1988) which on some types of problem

instance are outperformed by simplex local search method. This is not to devalue

the ellipsoid or interior point method's contribution to the field of computational

complexity. The papers showed that the linear programming decision problem is in

the class P, and not as Garey and Johnson in 1979 conjectured in NPI.
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Traditional Local Search Methods

3.1 Introduction

In this chapter we will describe some of the most widely used local search methods;

in addition we will introduce some of the less established local search methods. For

the less established local search methods we quote a few results from the literature in

an attempt indicate their current ability to compete with other local search methods.

Throughout the chapter we will used f(s) to denote the objective function of

the solution s.

3.2 Descent

Most local search heuristics superimpose a neighbourhood structure on the solu-

tions of an optimisation problem, that is, one specifies for each solution a set of

neighbouring solutions. Descent (iterative local improvement) is the simplest local

search procedure, which as the name suggests just descends to a local minimum by

moving to a neighbouring solution with a lower objective function than the current

solution at every step of the algorithm. Note: In some applications of descent using

the acceptance criterion f(s') < f(s), which allows neutral moves, may be more

effective as long as the search is not allowed to cycle.

First improve descent algorithm

begin

Get initial solution : So

s = s0

repeat

generate solution i.e neighbour s' from s

if acceptance criterion: f(s') < f(s) is satisfied then s = s'
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until f(s') > f(s) for all neighbours s' of s

end

With such a simple algorithm there are few choices to be made. We need to

decide, as for all neighbourhood heuristics, how to obtain the initial solution and

define the procedure by which neighbours are produced.

The initial solution can be chosen at random or produced by a constructive

heuristic. For fast simple local search heuristics, like first improve descent, the choice

of the initial starting solution may have a large effect on the quality of the solution

returned by the algorithm. As can be seen in this thesis, for more powerful local

search techniques involving longer searches the quality of the final solution given by

the algorithm may be virtually independent of the initial solution. Generally for

single runs of less powerful fast local search algorithms, such as descent, it is well

worth using a constructive heuristic to find a good initial solution. Even for multiple

runs of descent, it is usually more effective to use a constructive heuristic with a

random element, than to use a series of totally random starting solutions.

The neighbourhood used is quite problem specific. A particular solution can

often be represented as an assignment, partition, sequence or graph. For exam-

ple, a particular solution of a single machine scheduling problem can usually be

represented as a sequence, giving the order in which the jobs should be processed.

There are two basic neighbourhoods for single machine scheduling problems: swap

and insert. The smallest swap neighbourhood is transpose, sometimes known as

adjacent pairwise interchange, where any two adjacent jobs in the current permu-

tation may be swapped. For example, A, B, D, C,E is a neighbour of A, B, C, D, E

because C and D can be swapped. A generalisation of this is the swap or gen-

eral pairwise interchange neighbourhood where any two jobs may be swapped. For

example, A,D,C, B, E is a neighbour of A, B,C, D,E because B and D can be

swapped. The second basic neighbourhood is the insert neighbourhood, where a job

is removed from one position in the schedule and inserted in another. For example,

A, D, B, C, E is a neighbour of A, B, C, D, E because D can be removed from the

sequence and inserted between jobs A and B. A generalisation of this is block in-

sert, where a subsequence of jobs may be removed from one position in the sequence

and inserted in another. For example, C, D, A, B, E is a neighbour of A, B, C, D, E

because A, B can be removed from the sequence and inserted between jobs D and
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E.

There are other types of descent algorithms. Instead of selecting the first im-

proving move that is found, a subset of the neighbourhood can be searched before a

move is selected. In a best improve descent algorithm, the whole neighbourhood is

searched, and the algorithm then moves to the best solution in the neighbourhood.

The method is often referred to as steepest descent for obvious reasons. The first

improve variant of the algorithm is more widely used because, although it generally

settles in a slightly worse local minimum, it is usually much faster.

3.3 Threshold accepting

Threshold algorithms, first introduced by Dueck & Scheuer (1990), can be thought

of as a generalisation of descent in which uphill moves can be accepted.

In a threshold acceptance algorithm, neighbouring solutions are produced in a

similar fashion to first improve descent. However, unlike in the descent algorithm,

uphill moves may be accepted if the increase in the objective function 5 is less

than a threshold value r^. The threshold value r^ is traditionally a non-increasing

function of k, the number of iterations performed by the algorithm, i.e r^ > Tfc+1.

The threshold values are gradually lowered eventually becoming equal to 0, from

which point only improving moves are accepted. Once the threshold value is 0, the

remainder of the search is identical to a first improve descent.

Threshold accepting algorithm

begin

Get initial solution : so

s = s0

k = 0

repeat

generate solution s' from s

calculate the increase in the objective function 5 = f(s') — f(s)

if acceptance criterion: 5 < T^ is satisfied then s = s'

k = k + l

until stopping criterion is satisfied

end
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Another way of viewing threshold accepting is as a simplification of the more

widely used method of simulated annealing; (the subject of the next section) where

the probabilistic acceptance criterion used in simulated annealing is replaced by

a deterministic criterion as described above. Although only a small amount of

research has been performed on threshold accepting particularly in comparison with

simulated annealing, because of the connection between the two methods many of

the results from research performed on simulated annealing are directly relevant to

threshold accepting. Some of the discussions on cooling schemes in the next section,

are particularly relevant to the corresponding schemes by which the threshold values

may be lowered.

3.4 Simulated annealing

Simulated annealing can be viewed as a generalisation of threshold acceptance, al-

though it was introduced earlier by Kirkpatrick, Gelatt & Vecchi (1983) and Cerny

(1985). The idea, as the name suggests, originates from physics and from an at-

tempt to simulate the evolution of a solid as it is slowly cooled from a liquid by

Metropolis, Rosenbluth, Rosenbluth, Teller & Teller (1953). The particles, if cooled

slowly enough, eventually settle in their ground state arranged in a highly structured

lattice which minimises the energy of the system.

Kirkpatrick, Gelatt & Vecchi (1983) and Cerny (1985) independently showed that

the Metropolis algorithm could be applied to combinatorial optimisation problems

by mapping the elements of the physical cooling process onto the elements in the

optimisation problem, summarised by table 3.1 (Dowsland 1995).

Thermodynamic simulation
System states

Energy
Change of state

Temperature
Frozen state

Combinatorial optimisation
Feasible solutions

Cost
Neighbouring solution

Control parameter
Heuristic solution

Table 3.1: Mapping elements from the physical cooling process

As mentioned earlier simulated annealing can be described as a generalisation

of threshold accepting, where the deterministic acceptance criterion is replaced by
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a non deterministic one. The probability of acceptance pk is given by :

_ f 1 if 6 < 0
Pk ~ I exp(-5/tk) if 5 > 0,

where 5 is the increase in the objective function due to the candidate move. Here

the temperature £* is gradually lowered until only improving moves are accepted,

and a local minimum is found and returned by the algorithm.

The behaviour of the simulated annealing algorithm with varying temperature

can be modelled as a non-homogeneous Markov chain. A large amount of research

has been done on the statistical behaviour of simulated annealing. One interesting

paper by Hajek (1988) shows a connection between the shape of the objective func-

tion landscape, in particular the depth of the deepest local minimum, and the rate

of cooling to guarantee asymptotic convergence to the global minimum. Unfortu-

nately, the time taken to achieve the required convergence grows exponentially in

terms of problem size, and often requires more iterations than an exhaustive search.

However, simulated annealing has often been shown to be effective in a practical

context, where considerably less time is allowed. With a sensible cooling scheme,

good local minima can often be obtained.

Simulated annealing algorithm

begin

Get initial solution : s0

s = s0

repeat

generate solution s' from s

calculate the increase in the objective function 6 = f(s') — f(s)

accept solution s' i.e s = s' with probability pt

f 1 if (5 < 0
where Pk = ( exp{_6/tk) i f 5 > Q

Ki —— Ki ~T~ J.

until stopping criterion is satisfied

end

The idea in any cooling scheme is to obtain the best quality solution in a given time.

Any simulated annealing algorithm can give better quality solutions if more itera-

tions are allowed at each temperature. After all, even random sampling over the
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solution space will eventually produce the optimal solution. So it is only meaningful,

as with other heuristics, to compare algorithms over the same time scale.

The choice, therefore, is what fraction of the time available to spend at different

temperatures. How high should the cooling scheme start? One idea is to save time by

starting at a moderately low temperature but from a good initial solution obtained

from a constructive heuristic. If the cooling scheme starts at a high temperature,

the more traditional approach, there appears little point wasting time constructing a

good initial starting solution which will soon be destroyed by the large uphill moves

allowed early in the algorithm, leaving little correlation between the quality of the

initial solution and the quality of the final local minimum in which the algorithm

terminates. There is clearly a grey area in the choice of the quality of initial solutions

for starting temperatures between the two extremes.

Obviously if all the objective functions in a problem instance were multiplied by

a large constant the underlying problem would be unchanged but the temperatures

required in an effective simulated annealing cooling scheme would need to be scaled

up. So the temperatures used in the scheme are in some ways dependent on the

instance.

The cooling scheme can be solely determined before the execution of the algo-

rithm, which is a static cooling scheme, or adaptively changed during the execution

of the algorithm, which is a dynamic cooling scheme.

Even for static cooling schemes, there are endless combinations of temperature

value and number of iterations at each temperature. The gaps between temperature

values could be smaller at lower temperatures. More iterations could be performed

at the lower temperature values. There could be many temperature values with only

one iteration performed at each, or a few temperature values with many iterations

at each.

In dynamic cooling schemes, the temperature may even be cycled in the cooling

scheme, starting high, cooling and then raising the temperature again. This may

effectively produce successive periods of diversification and intensification (much

as Glover (1990) advocates in tabu search). It may be worth recording the local

minimum found at the end of each intensification stage as the final local minimum

may not be the best visited.

Chained local search, a variant of iterated local search, introduced by Martin,

Otto & Felten (1991,1992) uses simulated annealing to move around a neighbour-
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hood of local minima (see subsection 3.7). This method also uses successive periods

of diversification to move away from the current local minimum by means of a 'kick'

and intensification to attempt to find a new local minimum.

3.5 Tabu search

Tabu search was formalised by Glover (1986), but the basic ideas were also sketched

by Hansen (1986). There is less theoretical interest in the technique; unlike simulated

annealing no proof of convergence exists. However, its proven effectiveness on many

problems has made it popular with the local search practitioner.

A significant difference between simulated annealing and tabu search is their

use of memory. Simulated annealing has no memory, whereas tabu search consults

information collected about previous moves before each new move is made.

Tabu search algorithm

begin

Get initial solution : so

s = s0

repeat

find s' the best legal neighbour of s

update tabu list and aspiration criterion which define legal neighbours.

s = s'

until stopping criterion satisfied

end

In many early implementations of tabu search the whole neighbourhood is searched

and the best neighbouring solution found is moved to. So initially the search de-

scends like a best improve descent to a local minimum. If the best solution in the

current solution's neighbourhood was always selected, without restriction, the search

would be likely to just cycle, repeatedly returning to the local minimum. This is

not allowed because the tabu list restricts the search returning to recently visited

solutions. So, at every point in the search, the best legal move is selected, even

if this move results in an increase in the objective function. A move is illegal if

an attribute of the move or the solution to be moved to is on the tabu list, unless

the aspiration criterion is also satisfied. The aspiration criterion is satisfied if the
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solution has particularly good characteristics. In this way, the tabu list forces the

search out of the current local minimum and into other basins of attraction.

As indicated previously, the main purpose of a tabu list is to avoid cycling back

into previously searched local minima. A decision to be made is what should be

held on the tabu list. The objective function values of previous solutions visited

could be held on the list, this may be too restrictive if a problem has large flat

areas of solution space, and therefore a large number of solutions with the same

value. Holding the solution itself in the tabu list would overcome this problem, but

produces a greater memory requirement and a longer checking time. An attribute

of the solution may have a much lower memory requirement. Holding a solution

attribute on the tabu list can be effective, particularly if an aspiration criterion is

used. Alternatively the inverse of moves previously made or moves with certain

attributes may be made tabu, where again the effectiveness of the search may be

improved if an aspiration criterion is used in an attempt to prevent good solutions

being missed. The reasoning behind holding the inverse of moves recently made on

the tabu list is to stop previous moves made being reversed and thereby hopefully

avoid cycling.

If there is a very good solution in the neighbourhood, for example one with the

best objective function found so far, an aspiration criterion attempts to ensure that

a move is made to this solution, even if an attribute of the solution is tabu.

The length of the tabu list may be a crucial factor in determining the effectiveness

of a search. The shorter the tabu list the more likely the search is to cycle. The

longer the tabu list the more likely good solutions are to be missed even with an

aspiration criterion. The length of an effective tabu list is much shorter than may

be expected; often a length of only 7 is quite adequate.

The most common aspiration criterion is based on quality, often defined by the

objective function of a candidate neighbour. The aim is to intensify the search in

a promising area. However, an allowance can be made for the influence of the can-

didate neighbour. A candidate neighbour may be influential if it has a significantly

different structure to the current solution, thus diversifying search into new areas of

the solution space.

Smaller neighbourhoods than those used in simulated annealing may be most

effective in tabu search, due to the time requirement to search the whole neighbour-

hood before the best legal move is chosen.
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Generally, it appears to be a good idea to use a constructive heuristic to find

an initial solution because of the time saved descending to the first local minimum.

However, the quality of the final solution found by tabu search, for reasonable run

times, appears to show little correlation with the quality of the initial solution.

Therefore, for long runs, the use of a constructive heuristic becomes unimportant as,

the time saved descending to the first local minimum becomes a negligible fraction

of the total search time.

3.6 Genetic algorithms

Genetic algorithms are modelled on reproduction in nature, each individual in the

population represents a solution to the combinatorial optimisation problem. The

survival of the fittest principle is used to attempt to guide the search towards an ever

improving population of solutions. The quality of a particular solution is determined

by a monotonic transformation of the objective function, which is usually referred

to as the fitness score, a term from theoretical biology.

Although the ideas behind genetic algorithms stem from sexual reproduction in

living things, in the context of producing high quality solutions to combinatorial

problems there appears little reason to restrict algorithms to mimic nature in ev-

ery characteristic. The genetic local search algorithm is an example of a hybrid

of a pure genetic algorithm and local search (Miihlenbein, Georges-Schleuter, and

Kramer 1988). In the recombination part of the algorithm, two or more solutions

are recombined to produce an offspring. Mutation may be used to produce further

variation. In nature, mutations are normally caused by randomly occurring copying

errors in the replication of sections of chromosomes. Mutations in the algorithm may

be produced by randomly selecting a neighbour of the offspring solution. In the next

part of the algorithm, local search is used to improve the offspring solutions. Finally

a selection procedure is used to reduce the population back to its original size (in

nature, this is the so called survival of the fittest, since only the proportion of the

population which are best adapted survive, a cold winter for example, to reproduce

in the following spring).
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Genetic local search algorithm

begin

Initialise. Construct an initial population of M solutions.

Improve. Use local search to replace the M solutions in the population

by M local optima.

repeat

Recombine. Augment the population by adding m offspring solutions;

the population size now equals M + m.

Improve. Use local search to replace the m offspring solutions

in the population by m local optima.

Select. Reduce the population to its original size by selecting M

solutions from the current population.

until stopping criterion satisfied

end

To implement a genetic algorithm, decisions must be made, including: producing

the initial population, size of the population, selecting parents from the population,

recombining the parents, size and frequency of mutations, and stopping criteria.

There is some evidence that using a constructive heuristic to produce a good

initial population (instead of producing the population randomly) can reduce the

running time of the algorithm without a significant deterioration in solution quality.

There seems to be little consensus on population size. Effective algorithms with

population sizes ranging from 20 to several thousand have been produced. A large

population may improve the quality of the solution but at the cost of a slower rate of

convergence. Selection of parents for recombination is normally at random from the

population, but with a bias towards fitter individuals. While mutations diversify the

search, their size and frequency is specific to the particular implementation, and are

often partially determined by trial and error. Possible stopping criteria include: stop

after a given number of generations, and stop if the improvement in average fitness

of the population from the preceding generation is smaller than a given amount.
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3.7 Iterated local search

A simple but effective procedure to explore multiple local minima, which can be

implemented in any type of local search algorithm, is to perform multiple runs with

the algorithm, each using a different starting solution. In the simplest form of this

approach, these starting solutions are generated randomly, and do not rely on the

results of previous runs of the local search algorithm. Typically, the starting solu-

tions are chosen randomly, or by applying some constructive heuristic with varying

parameter values or a randomised element. We refer to this approach as multi-start

local search.

An intuitively appealing idea is to restart near a local minimum, rather than

from a randomly generated solution. Under this approach, the next starting solu-

tion is obtained from the current local optimum (where the current local optimum

is usually either the best local optimum found thus far, or the most recently gen-

erated local optimum) by applying a prespecified type of random move to it. We

refer to such a move as a kick, and to the approach as iterated local search. In this

way, not all the good characteristics from previously found solutions are lost. As

early as 1981, Baxter (1981) used a kick (temporarily penalising a set of solution

characteristics by a fixed amount), to disloge the search away from the current local

optimum to the next starting solution. The idea of using random kicks traces back

to Baum (1986A, 1986B), who presents iterated 2-opt and 3-opt algorithms for the

traveling salesman problem, in which a single random 2-opt move is used as a kick to

move away from the current local optimum to the next starting solution. Although

his computational results are discouraging, more recent research (for example, see

Johnson (1990), Johnson & McGeoch (1997), Johnson, Bentley, McGeoch & Roth-

bergh (1998), Martin, Otto & Felten (1991, 1992), Storer, Wu & Vaccari (1992),

Charon and Hudry (1993), Martin & Otto (1996), Brucker, Hurink & Werner (1996,

1997), Lourengo (1995), Lourengo & Zwijnenburg (1996) and Stiitzle (1998a)) shows

that iterated local search can be extremely competitive for a range of local search

problems.

Essentially, this type of algorithm is performing a local search on the local op-

tima. Following the generation of an initial current solution, a traditional descent or

other local search algorithm is applied to find a solution which is a local optimum,

set as the current solution. If the local optimum found is not the first generated, a
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decision is made as to whether to leave the current solution unchanged or to replace

the current solution with the new local optimum.

Having decided on a current solution, a kick is applied. If the solution resulting

from the kick has some unsatisfactory features, then it can be rejected before ap-

plying a local search algorithm to find a local optimum. In this case, another kick

is executed, and the process is repeated until the kick is accepted. Then, a local

optimum is found, and the entire procedure is repeated until a stopping criterion

(usually based on computation time or the total number of iterations) is satisfied.

Various criteria for accepting S are possible. Martin, Otto & Felten (1990,

1991) in their chained local improvement algorithm suggested a simulated annealing

acceptance criterion, where the new move is accepted with a probability e~s/tk,

where 5 is equal to the new local optimum minus the current local minimum. Later

Johnson (1990) simplified the chained local improvement algorithm. In particular,

he made the decision as to whether to move to a new local optimum deterministic:

accept new local optimum if it is better than the current solution. Johnson refers

to the algorithm as iterated local optimisation, perceiving it as a genetic algorithm

with a population of one, the kick corresponding to a mutation. When applied to the

TSP, Johnson's method with no simulated annealing criterion still often successfully

gives the global optimum.

Regarding the choice of kick, there is ample computational evidence that iter-

ated local search is competitive only if the kick is sufficiently large to move to a

solution that is not too close to the local optimum. If it is not, then the effect of

the kick might be reversed in a single or small number of iterations, and the kick

would literally lead nowhere—this is most likely explanation of Bauni's disappoint-

ing results. On the other hand, the kick should not be too large, or else the good

characteristics of the previous local optimum are lost, and the procedure is then

effectively multi-start rather than iterated local search. For a ^-exchange neigh-

bourhood, an effective kick would then be a single (or several) (k + l)-exchange,

or several /c-exchanges. As an example, for the travelling salesman problem, both

Johnson (1990) in his iterated 3-opt and iterated Lin-Kernighan algorithms, and

Martin, Otto k, Felten (1991, 1992) in their iterated simulated annealing algorithm

with the 3-opt neighborhood structure, use a specific 4-opt move (a double bridged

4-opt move) as a kick. However, Martin, Otto & Felten (1991, 1992) had a length

restriction on the edges added by the kick whereas Johnson (1990) removed the
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length restriction finding it had little effect on the algorithm.

Stiitzle &: Hoos (1999) analysed the run time behaviour of iterated local search for

the TSP and found that for long runs on large problems, there was some stagnation

in improvements. For very long runs, an improvement in performance can be found

by restarting even from a randomly generated solution, although periodically using

a larger kick is more efficient approach. This requirement for periodic diversification

to avoid stagnation is not surprising as it is found to be effective in many other local

search methods.

3.8 Guided local search (GLS)

Guided local search (Voudouris 1997, Voudouris & Tsang 1998, 1999) originates

from work done by Wang and Tsang on Constraint Satisfaction Problems (Wang &

Tsang 1991).

It is unfortunate that the name Guided local search has already been used by

(Balas & Vazacopoulos 1994,1998) which could cause confusion. Balas and Vaza-

copoulos produced a research report in 1994 before publishing the work in the journal

Management science in 1998. In this thesis, any future reference to to guided local

search (GLS) refers to the method of Voudouris and Tsang.

The method can be applied to any combinatorial optimisation problem. We will

just describe GLS in relation to the TSP problem. The first stage of the method is to

find a local minimum using any local optimiser (e.g. 2-opt descent, 3-opt descent or

Lin-Kernighan which will be described in section 3.12). Then a solution feature must

be penalised; the obvious solution feature to penalise in the TSP problem is long

edges in the current local minimum. Let Pij denote the current penalty for each edge

i, j , where all penalties are initially set to zero. The edge (or edges) i, j of the current

tour with the largest value of d^/(1 + Pij) is (are) penalised further by increasing pij

by one. The augmented landscape, which is defined by the distances Dij = dij + Xpij

where A is a parameter, is then searched using the local optimiser to find a local

minimum. The true value of each local minimum found in the augmented landscape

is recorded. The process is repeated until a given stopping criteria is reached.

The parameter A determines the relative effect of the penalty. Obviously it is

the size of A relative to the general size of the edges around a local minimum that

is important. A is quite heavily dependent on the particular problem instance. A
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can reliably be determined by multiplying a parameter a by the average edge length

in the first local minimum found. The choice of parameter a is dependent mainly

on the local optimiser and appears much less dependent on the particular problem

instance than A. A low value of a intensifies the search, slowly allowing the algorithm

to search the current area, before being forced by penalties to search other areas.

Conversely, a high a diversifies the search, quickly allowing it to search a larger area

in a given time. A high value of a causes GLS decisions to be in full control of

the local search, overriding any local gradient information. A low a leaves the local

optimiser in more control, but leaves GLS requiring many penalty cycles before the

local minimum is escaped and a move is executed.

GLS has been successfully applied to the TSP (Voudouris & Tsang 1999), with

the version using 2-opt as the local optimiser found to be the most effective, although

even GLS 2-opt appears unable to compete with the best implementations of iterated

Lin-Kernighan. Voudouris (1997) claims that GLS is competitive for the quadratic

assignment problem. Moreover Voudouris & Tsang (1998) claim that GLS is state-

of-the-art for the frequency assignment problem seeming to outperforming the best

methods resulting from the European wide CALMA project (reviewed by Tiourine,

Hurkens and Lenstra 1995). Based on the results given in the respective papers

it appears that GLS also outperforms the more recent implementation of an ant

system algorithm of Maniezzo, Carbonaro & Montemanni (1999).
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3.9 Neural networks

The first neural network architecture was due to McCulloch and Pitts in 1943. How-

ever, it was not until 1985 that a neutral network was used to solve a combinatorial

optimisation problem (Hopfield & Tank 1985).

Neural networks are mainly computationally inspired and in some sense attempt

to mimic the biological neural networks inside the brains of animals. Traditionally

computers are structured and used to sequentially process a set of predetermined

instructions in order to solve a given problem. As far as we know, biological neural

networks solve problems very differently, not only in the way they encode problem

instances, but also in the way that they effectively use billions of simple processors

(neurons) many working in parallel to find a solution. The biological neurons, whilst

being individually capable of very little, collectively form a brain which is both

incredibly powerful and adaptable.

We will now describe some of the basic elements of an artificial neural network.

They consist of a network of neurons, each of which normally takes a value within

the interval [0,1] (or [-1,1]). The value of a particular neuron is determined by the

inputs it receives from other neurons to which it is connected. The value of each

input is a given by an interaction between the value of the particular neuron giving

rise to the input and the weight of the connection.

There are two main kinds of neural network architecture, feed-forward and feed-

back. Feed-forward networks have successfully been applied to feature recognition

problems. Feed-back networks have been applied to optimisation, and so it is this

type of neural network on which we will focus. In an attempt to give a.feel for how a

neural network may work, we will describe a well-known application of a feed-back

network: Hopfield and Tank's network for the TSP.

Hopfield & Tank (1985) encoded the TSP as a n by n network of neurons x,-j.

The neurons x -̂ take on arbitrary values in the interval [0,1]. Each row i of the

network corresponds to a city and each column j to a relative position in the tour.

The assignment x -̂ = 1 is taken to mean that city i is in the jth position in the

tour. So for the network to correspond to a valid tour there must be only a single

neuron in each row and column with the value 1, and all other neurons must have

the value 0. This validity criteria results in negative weights (inhibition) between

nodes in the same row, and between nodes in the same column. The objective in
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the TSP to find the shortest tour is encoded by weights between neurons in adjacent

columns Xij and Zi+i,* f° r J ^ which are inversely proportional to the length of

the edge between the two nodes represented by the rows j and k.

Since Hopfield and Tank's paper in 1985 a great deal of research has been con-

ducted on neural network applications to combinatorial optimisation problems. Pe-

terson &; Soderberg (1989) found an alternative encoding often to be more effective;

they used multi-state so called Potts neurons. The effect on the encoding of the

TSP is that the n neurons representing the position in the tour of a particular city

in the Hopfield & Tank (1985) network are replaced by a single n dimensional Potts

neuron. Hybrid neural network algorithms have been suggested which appear to be

particularly effective on the TSP such as 'deformable template' algorithms (Durbin

& Willshaw 1987).

Although Peterson & Soderberg (1997) remain optimistic stating: 'with respect

to quality of the solutions, the ANN (artificial neural network) methods produce

very competitive results compared to other approximation schemes' before referring

to Peterson (1990) for details of comparisons for the TSP. This is in direct conflict

with the assessment by Johnson and McGeoch of neural networks in their review of

local search heuristics for the TSP, including the paper by Peterson (1990). Johnson

& McGeoch (1997) state that 'no neural network algorithm can produce tours even

as good as those we have reported for single run 3-opt (first improve descent), and

most take substantially more time, at least on sequential machines'. One glimmer of

light was the extended GENET of Boyce, Dimitropoulos, vom Scheidt & J.G Taylor

(1995) for the frequency assignment problem which, although no longer a compet-

itive approach, in 1995 could compete with the best algorithms known including

simulated annealing, tabu search and genetic algorithms implemented by creditable

European research groups, (see the review by Tiourine, Hurkens & Lenstra 1995).

Generally, however, neural networks appear currently to be far from competitive

when compared with other local search techniques for combinatorial optimisation

problems.
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3.10 Ant systems

Ant systems have there roots in the PhD thesis of Dorigo (1992), and the papers of

Dorigo, Maniezzo & Colorni (1991, 1996).

Real ants, although almost blind, are capable of finding the shortest path from

a food source to the nest. They also have the ability to adapt to changes in the

environment, for example finding a new shortest path, if an existing route is blocked

by an obstacle. The primary means by which ants communicate information about

paths is by pheromone trails. Ants deposit pheromone while walking, and each

ant probabilistically prefers to follow a direction rich in pheromone. So while an

isolated ant moves essentially at random, an ant encountering a previously laid trail

can detect it and with a probability determined by the strength of the particular

pheromone trial follow it, thus reinforcing the trail with its own pheromone. Finally,

it should be noted that the pheromone forming the trails continually evaporates, so

that the strength of a trail reduces, if its use diminishes.

The following simple example gives insight into how, by following the above

behaviour, the shortest path can be found and maintained even when conditions

change. It is assumed that all ants move at the same speed. Imagine a straight

pheromone trail between a food source and an ants nest. Now consider how the ants

following the trail will react to a post put in the ground directly on the line of the

trail. Since the ants will have to form a new trail round the post, probabilistically

half will go left and half right. Given that it is a longer distance round the post left

than right, the ants that select right will make more journeys over their trail per

unit time than those ants that choose left. Therefore, the pheromone trail right of

the post will become stronger and more ants will begin to follow this route. The

greater number of ants following the trail right will make the trail even stronger,

and even more ants will follow this trail. Soon all the ants will be following the trail

right.

When using an artificial ant colony as an optimisation tool, known as an ant

system, rather than as a simulation to learn more about ant behaviour, there is no

need for their abilities to be constrained to those of real ants or for the environment

in which the ants work to be similar. Artificial ants in ant systems can see, have a

memory, and live in an environment where time is discrete. For example, in the ant

system for the TSP proposed by Dorigo, Maniezzo & Colorni (1996), each ant can
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see the distance from one city to another. Each ant can therefore decide whether

to use an edge based not only on the amount of pheromone trail on it, but also the

edge's length. In addition, each ant has a memory enabling it to form legal tours.

A tabu list stops the ant from revisiting cities until the tour is complete.

In a simple ant system for the TSP about 10 ants are placed at random cities.

At each time step the ants move to new cities and modify the pheromone trail on

the edges used. The new cities to be moved to are selected from the cities which

are not part of the particular ant's current partial tour, with a probability that is a

function both of the amount of pheromone trail on, and length of, the connecting

edge. Once all of the ants have formed complete tours, extra pheromone is added

to the shortest tour formed, and the ants start building new tours as before. In

an attempt to mimic the way in which the real ant formed a new route around the

post, the amount of extra pheromone added is inversely proportional to the length

of the tour.

Two of the most effective ant systems appear to be the approximate non-deterministic

tree search (ANTS) ant system introduced by Maniezzo (1998) and the Min-Max

ant system by Stiitzle & Hoos (1998a, 1998b). The ANTS algorithm differs from a

tree search algorithm in that it lacks a complete backtracking mechanism, forming

an incomplete exploration of the search tree. The Min-Max ant system is a hybrid

ant system, allowing some ants to improve their solution by using a local search

heuristic. We refer to Dorigo & Di Caro & Gambardella (1999) for a list of ant

systems proposed.

Maniezzo, Carbonaro & Montenmanni (1999) claim that their ANTS local search

algorithm for the frequency assignment problem is at the level of state-of-the-art.

However, they appear unaware of the guided local search method by Voudouris

k Tsang (1998). Both Voudouris & Tsang (1998) and Maniezzo, Carbonaro &

Montenmanni (1999) compare their methods with the best results from the European

wide CALMA project, the results of which are reviewed by Tiourine, Hurkens &

Lenstra (1995), and from these comparisons it appears that Voudouris & Tsang's

guided local search algorithm remains the state-of-the-art method for the frequency

assignment problem.

The Min-Max algorithm of Stiitzle & Hoos (1998a, 1998b) and ANTS local search

algorithm of Maniezzo (1998) both appear to be competitive for the quadratic as-

signment problem. The Min-Max ant system has also been shown to be competitive
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for flow shop scheduling Stiitzle (1998c). Generally, the most effective algorithms

based on ant systems appear to be able to compete with other local search methods.

3.11 Greedy randomised adaptive search proce-
dure (GRASP)

GRASP is a multi-start procedure which consists of two parts, a construction phase

and a local search procedure. It was first introduced by Feo & Resende (1989). The

construction phase is normally a randomised greedy construction heuristic which

due to its random element yields a different initial solution each time it is run.

The construction phase is therefore capable of producing a diverse set of starting

solutions from which the local search procedure finds a local minimum. The local

search procedure in the basic GRASP is a simple descent algorithm. GRASP has

some similarities with iterated local search in the way it repeatedly descends to local

minima from different start points. However, basic GRASP has no memory, making

no use of information gathered in previous iterations. In contrast, the standard

iterated local search 'kicks' from the best solution currently found so that the new

initial solution shares some characteristics with the best solution currently known.

The fact that the basic GRASP algorithm has no memory makes it perfectly suited

for parallelisation, and only as a final step do the solutions found by the different

parallel processors need to be compared to return the best solution found overall by

the procedure.

The basic GRASP construction phase is similar to the semi-greedy heuristic

(Hart & Shogan 1987) which predates it. At each construction iteration a candidate

list is formed, which lists all of the elements which can be added to the current

partial solution in order of their myopic benefit, as measured by a so called 'greedy'

function. A 'random' procedure selects an element from the candidate list to be

added to the partial solution. The construction heuristic is 'adaptive' because the

myopic benefit as measured by the greedy function for each candidate is updated

at each iteration of the construction phase, thereby reflecting changes due to the

selection of the previous element.

Although GRASP requires randomness in the construction phase to diversify the

search, (without any randomness the same local minimum would be found at each

restart) the more randomness in the procedure the worse the average quality of the
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initial solution constructed.

Many enhancements to GRASP seem to attempt to incorporate some form of

memory, in order to make use of information gathered in previous iterations. Prais

& Ribeiro (1998) proposed a scheme where the parameters determining the level of

randomness in the construction phase are periodically adjusted in response to the

quality and variation of local minima found so far by the search. Also, Fleurent &

Glover (1998) maintain a set of elite solutions to be used in the constructive phase.

Surprisingly, Resende (1998) in his otherwise excellent preprint review paper

makes no mention of the effectiveness of GRASP as compared to other local search

techniques. Many authors of GRASP algorithms appear to prefer to restrict the

comparisons of their results to those of other GRASP algorithms. Maniezzo (1999)

compares three algorithms for the quadratic assignment problem, his own ANTS

search, the GRASP algorithm of Li, Pardalos & Resende (1994) and the tabu search

algorithm of Taillard (1991). Whilst he claims that the Li, Pardalos & Resende

algorithm is the best GRASP algorithm currently known for the quadratic assign-

ment problem, he finds the GRASP algorithm produces considerably worse results

than the other two algorithms in the CPU time allowed. We suspect that findings of

Maniezzo (1999) are not unique, and that the best GRASP algorithms are probably

not competitive with other widely used local search heuristics.
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3.12 Variable depth search

Variable depth search really describes a type of neighbourhood search strategy which

can be used within an algorithm of one of the types described in the previous sections.

Although the variable depth search strategy is of particular interest to us because

polynomially searchable exponential neighbourhoods (PSEN) can be formed by this

strategy, our main focus in this section is where the strategy has been used to form

effective neighbourhoods of polynomial size.

The term variable depth search was used by Papadimitriou & Steiglitz (1982)

to describe local search methods which produce an improving move formed by a

sequence of connected changes to the current solution. The length of the sequence

of changes is variable. Each change in the sequence is found by a search and the

decision as to whether to perform another search is dependent on the potential for

further improvement indicated by the previous search.

The first successful algorithm of this type was probably the Kernighan & Lin

(1970) algorithm for the uniform graph partitioning problem where a move comprises

of a sequence of swap moves. Arguably the most successful and corresponding well

known is the Lin-Kernighan (1973) algorithm for the TSP the basic methodology of

which we will outline below.

Before describing the whole Lin-Kernighan algorithm we will focus on an underly-

ing property on which the method is based. Specifically, starting with a Hamiltonian

path and adding an edge which does not form a tour (and cannot be immediately

ejected), there is a unique edge whose ejection will produce a Hamiltonian path.

Figure 3.1: The current Hamiltonian path.

t\
Figure 3.2: The one tree formed.

Let the current Hamiltonian path at the zth step be from city t\ to £2i as displayed

in figure 3.1. Let the edge added be {i2i^2i+i}, where £2i+i 7̂  h (m order not to

form a tour.) The one tree (spanning tree plus one edge) displayed in figure 3.2 is

formed. The unique edge whose ejection will form a Hamiltonian path is adjacent
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to city t2i+i- By labelling the ejected edge as {£2i+i,£2i+2}, the Hamiltonian path

in figure 3.3 is obtained. This concludes the ith. step, leaving the Hamiltonian path

displayed in figure 3.3, which is the current Hamiltonian path at the i + Ith step as

displayed in figure 3.1.

Figure 3.3: The Hamiltonian path produced.

The Lin Kernighan algorithm

begin

L\ = the length of the initial tour.

Let the length of the shortest tour found L = L\

Select a city t\ and an edge adjacent to it { t i ,^} to remove, thus forming

the Hamiltonian path displayed in (Figure 3.1 where i = 1)

Pi = L\ — dtlyt2 the length of the Hamiltonian path.

The candidate edge to be added {£2, £3} is the shortest edge involving

city £2 which was not part of the original path

i = l

While there exists a candidate edge to be added and Pt + dt2Ut2i+l < L do

begin

Add edge {£2i,£2i+i} to form the one tree displayed in Figure 3.2.

Remove edge £21+15*21+2 to form a Hamiltonian path (Figure 3.3)

•ft+i — Pi + dt2Ut2i+i ~ dt2i+1,t2i+2

Li+i = Pi+i + dti,t2i+2

L = min{L,L i+i}

i — i + 1 (Figure 3.1 displays current Hamiltonian path.)

The candidate edge to be added {£2^ £21+1} (if one exists) is the shortest

edge involving city £2i which was not part of the original or current

path, such that either (a) a tour is formed if the edge is added or

(b) the edge to be ejected {£21+1, £21+2} has not been previously added.

end;

Return the shortest tour found (length L)

end.
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The number of steps with the while loop condition satisfied determines the depth

of the search and the corresponding length of the sequence of changes.

The exact rules on edges which are allowed to be ejected and added vary in dif-

ferent implementations. Johnson & McGeoch (1997), unlike in the implementation

of Lin & Kernighan (1973) given above, allow edges in the original Hamiltonian path

which have since been ejected to be added.

In Lin-Kernighan, once a Hamiltonian path has been formed the algorithm iter-

atively selects a edge to add which causes the ejection of another edge, until some

stopping criteria are met. Ejection chains are a generalisation of Lin-Kernighan,

where the basic moves for transitioning from one solution to another are compound

moves composed of a sequence of paired steps. The first component of each creates

a dislocation (i.e. an inducement for further change), while the second component

creates a change designed to restore the system. In Lin-Kernighan, the first compo-

nent is the addition of an edge and the second restoring component is the ejection of

another edge. In general, a node, edge or path may be the element added or ejected

by an ejection chain method.

Numerous papers have been published on ejection chain local search algorithms,

both developing new algorithms and showing them to be effective on a range of prob-

lems including the TSP, clustering, the vehicle routing problem and the generalised

assignment problem (See Glover 1992, Dondorf & Pesch 1994, Glover k Pesch 1995,

Rego & Roucairol 1996, Glover & Punnen 1997, Punnen & Glover 1997, Pesch &

Glover 1997, Rego 1998a, Rego 1998b, Cavique, Rego & Themido 1999 and Glover,

Ibaraki & Yagiura 1999). In particular, the ejection chain algorithm for the TSP

produced by Pesch & Glover 1997 appears to be competitive with their implemen-

tations of Lin-Kernighan when used in a multi-start framework.

Most ejection chains local search methods are based on edge ejections. However,

Rego & Roucairol 1996 use vertex ejection for the vehicle routing problem, and Rego

1998a uses path ejection for the TSP.

Some edge ejection local search methods form moves which are better than an

exponential number of other possible moves, whilst only requiring a polynomial

search time (Glover 1996, Glover & Punnen 1997, Punnen & Glover 1997, Punnen

1996, Gutin 1999). A discussion of edge ejection algorithms and other algorithms

with this characteristic, which we refer to as polynomial searchable exponential

neighbourhoods (PSEN), can be found in the next chapter.
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Polynomially Searchable
Exponential Neighbourhoods

4.1 Introduction

Although the first polynomially searchable exponential neighbourhood (PSEN) was

introduced to the USSR research fraternity as early as 1981, it was not until 1990

that a PSEN was presented in the West.

The known PSENs are almost exclusively for the traveling salesman problem

(TSP) and most appear to be unsuitable for other combinatorial optimisation prob-

lems. Only a few of the known PSENs have been implemented, and sadly those that

have, whilst showing some potential, appear to require more research if they are to

be relevant within a practical context. It appears that few researchers within local

search are aware of the PSEN and those which are perceive them likely to be only

ever of theoretical interest.

One spin off from theoretical research in this area has been the discovery of a

lower bound on the number of solutions dominated by some successful construction

heuristics. For example, the well known vertex insertion heuristics (Rosenkrantz,

Stearns & Lewis II 1977), under any insertion rule, have been show to produce a

solution that is better or as good as Q((n — 2)!) others, even though they run in

only 0{n2) time (Punnen & Kabadi 1999).

In this chapter, we first review some of the results for PSENs in the literature

in section 4.2. In section 4.3, we comment on some factors which we feel affect

the successful implementation of PSEN. In section 4.4, we introduce our PSEN,

dynasearch, in its general form. Finally in section 4.5, we suggest the local search

algorithms in which we feel dynasearch may be an effective neighbourhood.
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In other chapters, we show how the dynasearch neighbourhood can be used within

algorithms for the TSP, and also show how the dynasearch neighbourhood can be

used within iterated local search to form state of the art local search algorithms

for the single machine total weighted tardiness scheduling problem and the linear

ordering problem.

4.2 Literature review

4.2.1 Overview

The first PSEN appear to have originated from polynomially solvable special cases

of the TSP. For example, some of the well-solved special cases reviewed by Gilmore,

Lawler & Shmoys (1985) in a widely read book on the TSP (Lawler, Lenstra, Rin-

nooy Kan & Shmoys 1985) have subsequently been used to form PSENs. It should

be noted that some of these PSENs had been implemented earlier in the USSR,

although researchers in the West only recently became aware of the existence of

the papers, which are written in Russian. Neighbourhoods which have been derived

from polynomially solvable special cases of the TSP include the pyramidal neigh-

bourhood and the Balas neighbourhood (see subsections 4.2.2 and 4.2.5 respectively

for details).

As far as we are aware, all PSENs have been applied to the TSP except for

an algorithm by Hurink (1999) for the single machine batching problem. Hurink's

algorithm is essentially the same as dynasearch. Although Hurink comments on the

similarities between the algorithms, he describes his algorithm as one of finding a

shortest path.

Table 4.1 attempts to summarise some of the PSENs for the TSP in the literature.

The table lists the polynomial exponential neighbourhoods, giving both the size of

the neighbourhood and the complexity of the algorithm which has been proposed

to search it.

Where the underlying structure was not originally proposed as a neighbourhood,

we reference both the paper that introduced the structure, and the one which first

formed a neighbourhood from the structure. For example the data structure known

as twisted sequences was first introduced by Aurenhammer (1988) but it was not

until 1997 that DeTneko and Woeginger used the structure to form a neighbourhood

and derived a dynamic program to search the neighbourhood formed in polynomial
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time. As discussed earlier in this overview, other structures were first proposed as

polynomially solvable special cases of the TSP before being used as neighbourhoods.

Examples include the pyramidal neighbourhood and the Halin graph neighbourhood.

Type of
neighbourhood

pyramidal

assign

rotational pyramidal

assign-Gutin

shortest path
ejection chains

ejection chains

Halin

single ee *

double ee *

dynasearch 2-opt

dynasearch 3-opt

PQ-tree

matching ee *

twisted sequence

matching ee *

matching ee *

matching ee *

diameter<4

matching ee *

Balas

Complexity
of algorithm

O(n*)

O{n*)

O(n3)

O(n3)

O(n2)

O(n*)

O(n)

O(n)

O{n)

O(n2)

O(n3)

O(n3)

O(n<)

O(«7)

O(n3+k)

O(nl+e)

O(k5n)

O(n*)

O(k22k~2n)

Size of
neighbourhood

9(2")

e((f)0
0(n2")

n((f)!(l + e)v^)
0(n2n)

n((n/2)!)
0(27)

9(6t)

0(12t)

unknown, calc
in section 9.5.1

unknown, calc
in section 9.7.2

Q(2" log log n)

0(n(n/2)!)

unknown, calc
in section 9.6.7

Q{nk-ieV^ (a)!)

0(2" lo8")

a(fc")

n(^-) for c > 3.15

n((*=i)»)

log of size of
neighbourhood

G(n)

©(nlogn)

0(n)

0(nlogn)

0(n)

©(nlogn)

6(n)

0(n)

9(n)

6(n)

e(n)

0(nloglogn)

©(nlogn)

6(n)

©(nlogn)

©(nlogn)

©(n)

©(nlogn)

©(nlogn)

8(n)

Reference
Klyaus (1976)

Sarvanov U Doroshko (1981a)

Sarvanov h Doroshko (1981b)

Carlier & Villon (1990)

Gutin (1997)

Glover (1996)
Punnen & Glover (1997)

Glover (1996)

Cornuejols, Naddef & Pulleyblank (1983)
Glover & Punnen (1997)

Glover & Punnen (1997)

Glover & Punnen (1997)

Potts & van de Velde (1995)

Potts & van de Velde (1995)

Burkard, Deineko & Woeginger (1996)

Punnen (1996)

Aurenhammer (1988)
Deineko & Woeginger (1997)

Gutin (1999)

Gutin (1999)

Gutin (1999)

Gutin & Yeo (1999a)

Yeo (1997)

Balas (1999)
Balas & Simonetti (1998)

Table 4.1: Some of the PSEN for the TSP in the literature (ee= edge ejection *)

The significance of some of the results in table 4.1 stems from the fact that

O(log(nl)) = O(nlogn). So the order of the log of some of the neighbourhood sizes

in table 4.1 is equal to the order of the log of the size of the solution space! Gutin

(1999) noted that O(log((|)!)) and O(log((n — k)\)) for a constant k are equivalent

to O(nlogn) by Stirling's theorem. Stirling's theorem states for all positive integers

m that

<m\<
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The following lines give some insight as to how these results can be obtained.

O f - log (2TT) + - log m + m log m — m log e

= O(m log m)

In subsequent subsections, we will describe some of the more practical PSEN in

table 4.1 which have been incorporated into local search heuristics.

Construction algorithms with exponential domination number which run

in polynomial time.

We now summarise some of the results from the closely linked area of construction

algorithms with exponential domination number which run in polynomial time. It

should be noted that an impractical large PSEN which can be quickly searched, but

whose solutions contain a large number of neighbours in common, may form an ef-

fective construction heuristic. This situation is made more likely due to construction

heuristics being a slightly less competitive field than local search heuristics.

The domination number of an approximation algorithm, A, for the TSP is the

maximum integer k such that for every instance / of the TSP of size n, A produces

a tour T which is not worse than at least k tours in / including T itself.

type of
heuristic

matching

greedy expectation

vertex insertion

Karp

complexity
of algorithm

O(rc4)

O(n»)

O(n2)

O(n3)

domination
number

n(^j-) for c> 1.5

«((n-2)!)

n((n-2)!)

n((n-2)!)

log of domination
number

0(nlog7i)

©(nlogn)

©(nlogn)

©(nlogn)

reference
Gutin & Yeo (1998a)

Gutin & Yeo (1998b)

Rosenkrantz, Stearns & Lewis (1977)
Punnen & Kabadi (1999)

Karp (1979)
Punnen & Kabadi (1999)

Table 4.2: Some heuristics with large domination number for the TSP in the litera-
ture

Table 4.2 contains some polynomial time construction heuristics for the TSP

which are known to have large domination numbers. The greedy expectation algo-

rithm (Gutin & Yeo 1998b) in addition to having a record domination for a poly-

nomial algorithm for the TSP, was also shown to have a exponential domination

number for the quadratic assignment problem, whilst still running in polynomial
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time. Punnen & Kabadi (1999) used some ideas contained in the paper by Gutin

&; Yeo (1998b) to show that the well known Karp heuristic and vertex insertion

heuristics had exponential domination numbers.

4.2.2 Pyramidal neighbourhoods

The pyramidal neighbourhood, as far as we know, is the first PSEN that was dis-

covered. In the USSR, it was shown that the TSP can be minimised over the set

of pyramidal permutations in O(n2) by Klyaus (1976) and the pyramidal neigh-

bourhood was subsequently introduced by Sarvanov and Doroshko (1981a). The

West was about nine years behind! In 1985 Gilmore Lawler and Shmoys discovered

Klyaus's result and as far as we are aware it was at this point that the permutations

where first referred to as pyramidal. Subsequently, the pyramidal neighbourhood

was introduced by Carlier and Villon (1990). Carlier and Villon also introduced the

rotational pyramidal neighbourhood in their paper.

A permutation is pyramidal if it first goes through a subset of the cities in order

of increasing value of label and then goes through the remaining cities in decreasing

value of label. Mathematically, a permutation a' is pyramidal in relation to the

permutation a = (<r(l), cr(2),..., cr(n)) if a" is of the form

(a(ii), cr(i2),..., a(ik), cr(n), a(ji),a(J2),..., a(jn-k-i)),

w h e r e 0 < k < n — 1, i\ < i2 < ... < ik a n d j i > jr2 > ••• > jn-k-i

The pyramidal neighbourhood consists of all the pyramidal tours for a given

permutation representing the tour. Without loss of generality we relabel the cities

so that the permutation defining the current tour is (1, ...,n).

1 a-1 a 6-1 b c-1 c d-1 d e-1 e n

Figure 4.1: A pyramidal neighbourhood move breaking 5 edges.

All moves involve breaking between 2 and n — 2 edges, effectively producing a

A;-opt move, where 2 < k < n — 2, according to the number of edges broken. All

moves in the pyramidal neighbourhood break edge 1, n. No moves in the pyramidal

neighbourhood break edges {1,2} or {n — l,n}. Carlier and Villon introduced the
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rotational pyramidal neighbourhood, to remove this characteristic, in an attempt to

produce a neighbourhood of more practical interest.

The rotational pyramidal neighbourhood consists of all the pyramidal tours that

correspond to any of the n permutations representing the current tour. (Note a per-

mutation, and the permutation obtained by reversing the permutation are counted

as a single permutation here as they have been for the pyramidal neighbourhood.)

The pyramidal neighbourhoods have impressive theoretical characteristics. Car-

lier &; Villon (1990) proved that the pyramidal neighbourhood graph has diameter

dn < logn ( where the diameter of a graph is defined as the least positive inte-

ger d, such that at most d edges need to be traversed to travel between any pair

of nodes in the graph ), which was the smallest diameter polynomially searchable

neighbourhood graph known at the time. This is an impressive result, since most

neighbourhood graphs can only be shown to have diameters dn < kn for a constant

k. Gutin and Yeo (1999a) have since shown that the pyramidal neighbourhood

graph has diameter dn = 9(logn), and have introduced a PSEN graph for the TSP

which they prove notably to have diameter dn < 4. Deineko & Woeginger (1997)

prove that the rotational pyramidal neighbourhood contains over 75% of the 3-opt

neighbourhood moves.

Practically, Carlier & Villon (1990) found that the pyramidal neighbourhood

was ineffective and although they produced results showing the rotational pyramidal

neighbourhood can compete with the algorithm of Lin & Kernighan (1973) in terms

of solution quality, the effective run times they quote appear unacceptably high

at O(n3). Modern fc-opt and Lin-Kernighan implementations with neighbourhood

lists have effective run times O(n) (see subsection 7.2.1 for details). The rotational

pyramidal neighbourhood is probably only of academic interest unless speedups to

improve its effective runtime complexity are found.

More information about both the pyramidal and rotational pyramidal is given

in subsections 9.6.9 and 9.6.10, respectively. In these subsections, we show how

the pyramidal and rotational pyramidal neighbourhoods are contained within the

twisted sequence neighbourhood.
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4.2.3 Twisted sequence neighbourhood

Twisted sequences were introduced by Aurenhammer (1988). However, it was not

until 1997 that Deineko & Woeginger (1997) proposed using the sequences to form

a neighbourhood, and they derived a dynamic programming algorithm to search the

neighbourhood in O(n7).

Any solution in the twisted sequence neighbourhood of a given permutation

(a(l),cr(2), ...,<r(n)) can be obtained by reversing (twisting) a set of intervals over

(cr(l), cr(2),..., cr(n)) in which a pair of intervals in the set are either disjoint or one is

nested within the other (nested in this context means inclusively contained within).

For example, the permutation (1,8,4,6,5,7,2,3,15,12,13,14,11,10,9) lies in the twisted

sequence neighbourhood of the permutation (1,2,3,4,5,6,7,8,9,10,11,12,13,14,15) as

illustrated in the figure below. Note that each line indicates the reversal of the cities

below it. It is probably easiest to start by performing the reversals indicated by

the highest lines and move down, so the cities 5 and 6 are the first to be reversed,

followed by 2,3, then 4,6,5,7, then 12,13,14, and so on.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Deineko and Woeginger bound the size of the twisted sequence neighbourhood by

f2(2") and O(6n). In subsection 9.6.7, we calculate the size of the twisted sequence

neighbourhood and in subsection 9.6.8 show that 4-opt is a sub-neighbourhood. In

the remainder of section 9.6 and in section 9.5 a number of new sub-neighbourhoods

are introduced. In particular, the pyramidal neighbourhoods are shown to be sub-

neighbourhoods of the twisted sequence.
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4.2.4 Edge ejection neighbourhoods

Edge ejection algorithms are a type of ejection chain where, as their name suggests,

the elements ejected are edges. Ejection chains are a class of variable depth methods

which are discussed in (section 3.12). In the variable depth methods section, there

is a description of undoubtedly the most famous edge ejection neighbourhood of Lin

and Kernighan (1973).

In this section, we will restrict our discussion to edge ejection algorithms which

form PSENs. The first such method was introduced by Glover (1992, 1996), which

he refers to as shortest path edge chains, and provides a PSEN of size 0(n2n) in

linear time. Shortest path edge chains have been implemented within a tabu search

framework by Punnen & Glover (1997) who show that the neighbourhood may have

some potential in a practical context.

Many other PSEN edge ejection neighbourhoods are yet to be implemented.

Glover & Punnen (1997) introduced the single and double edge ejection methods

which they introduce as both methods for solving special cases of the TSP and

as methods capable of forming PSEN. Punnen (1996) introduced a large matching

edge ejection neighbourhood. Using the results of Punnen (1996), Gutin (1999)

formed new matching edge ejection neighbourhoods with some impressive theoret-

ical characteristics. For example, Deineko & Woeginger (1997) had showed that

if an exponential neighbourhood for the TSP is searchable in time f(n), then its

neighbourhood size must be less than (2/(n)/n)n . Their result implies that any

neighbourhood searchable in O(n) time must be smaller than O(2n). Impressively,

one of the matching edge ejection algorithms in Gutin (1999) is capable of searching

a neighbourhood of size O(2"losn) in 0{nl+e) time for every 0 < e < 2.

4.2.5 Balas's neighbourhood

Balas (1999) introduced this linearly solvable special case of the TSP containing

precedence constraints and commented how a dynamic program could be used to

form a PSEN. Subsequently, Balas and Simonetti (1998) implemented the Balas

neighbourhood.

In Balas's first paper published in 1999, he proposed a linear time dynamic

programming algorithm to find the optimal (shortest possible) tour of the following

restricted TSP: Given an initial ordering of the n cities and an integer k > 0, find a

minimum cost tour such that if city i precedes city j by at least k positions in the
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initial ordering, then city % precedes city j in any optimal tour. More formally, given

an integer k > 0, and an ordering (a = cr(l), ...,cr(n)), an optimal tour, satisfying

a(i) < a(j) for 1 < i,j < n such that i + k < j can be found in O(k22k~2n)

time. When applied as a heuristic to the TSP, the dynamic programming algorithm

finds the best tour in a neighbourhood of size O(((k — \)/e)n~l). We refer to this

neighbourhood as the Balas neighbourhood.

Rescent computational work described in the PhD thesis of Simonetti (1998)

and by Balas and Simonetti (1998) demonstrates the potential of the Balas neigh-

bourhood. Simonetti and Balas found that the solution quality obtained by their

algorithm was very dependent on the starting tour used, in fact more dependent

than is the case for the traditional /c-opt and Lin-Kernighan heuristics. Therefore,

they suggest using the best tour produced by another local search algorithm as the

initial solution for the Balas local search algorithm.

Balas and Simonetti used as a test bed four large problem instances contain-

ing between 1304 and 1889 cities. To find good initial solutions to these large

problem instances, they performed 10,000 iterations of the state-of-the-art iterated

Lin-Kernighan code (Applegate, Bixby, Chvatal and Cook 1999). Even starting with

such good initial solutions, the Balas neighbourhood was able to quickly find small

improvements. However, to continue to improve the solutions, futher iterations of

iterated Lin Kernighan are required.

The Balas neighbourhood is most effective on geographic problems where cities

tend to culster in metropolitan areas. If the clustering in a problem is sufficiently

pronounced it can be solved by this procedure.

We feel that more research is required to find the best way to use the Balas

neighbourhood.
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4.3 Some possible issues in the practical applica-
tion of a PSEN

Although a large number of PSENs are known, few appear to be of practical rele-

vance. The practical relevance of some seems to be immediately ruled out, particu-

larly for use on large instances, due to the prohibitive time complexity of searching

them. Others may at first sight appear show great potential, with vast neighbour-

hoods searchable in reasonably low time complexity. However, as we will discuss in

this section, these characteristics may not be enough to guarantee effectiveness in a

practical context.

Some characteristics which may indicate a PSEN is unlikely to be of

any more than theoretical interest

(a) Neighbouring solutions have a large number of neighbours in common

Consider the extreme case where a large PSEN has the property that any pair of

neighbouring solutions have all bar two neighbours in common (Not counting the

current solution as part of its own neighbourhood). Implementing the PSEN from

an initial solution Si, the best solution S2 out of an exponential number of neigh-

bours is chosen. We already know that S2 is a better solution than all of Si's other

neighbours and Si itself, so searching SVs PSEN in effect finds out whether a single

solution is better than the value of S2- This is true for all moves in the PSEN

neighbourhood bar the first one. So although the first iteration may be extremely

effective, searching the PSEN for all successive iterations is likely to be an extremely

inefficient way of comparing the current solution with one other solution.

If in a large PSEN, a neighbouring solution does not contain an exponential num-

ber of neighbours that are not contained in the current solution's neighbourhood,

the PSEN is unlikely to be an effective neighbourhood but may be an effective con-

struction heuristic. It is obviously a desirable feature of a constructive heuristic to

dominate an exponential number of solutions. In fact the well-known construction

heuristics for the TSP random/farthest/nearest node insertion heuristics and the

algorithm of Karp(1979) all dominate (n — 2)! solutions (Punnen & Kabadi 1999).

The node insertion heuristics algorithms require only O(n2) time and Karp's algo-

rithm requires O(n3) time. (No TSP algorithm is currently known with a lower time

complexity than O(n2) which is capable of dominating (n — 2)! solutions.)
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(b) The effective complexity of searching the neighbourhood is high.

The computational complexity is of course a worst-case measure and the effective

running times of even poorly implemented neighbourhood search algorithms are gen-

erally lower than their computational complexity would suggest. How much lower

may be a crucial component in determining a neighbourhood's competitiveness.

To prove their worth, a given PSEN must be able to compete in terms of the qual-

ity of solution obtainable in some time frame with the state-of-the-art traditional al-

gorithm. Competitive implementations of traditional neighbourhoods almost always

involve at least one type of speedup. For further information, see subsections 5.2.4

and 7.3.5 which describe the speedups used in implementations of our local search

algorithm on the total weighted tardiness problem and TSP, respectively. The effect

of speedups on the effective running times of the well known 2-opt and 3-opt neigh-

bourhoods for the TSP have been commented on by Johnson & McGeoch (1997). It

appears that many competitive implementations of traditional local search for the

TSP crucially rely on some form of the following speedups, Locality searches using

neighbourhood lists (Steiglitz & Weiner 1968) and don't look bits (Bentley 1992). A

description of each is given in subsection 7.2.1. Locality searches do not effect the

move chosen in the neighbourhood whereas the other two have a slightly detrimental

effect on the quality of the local minimum found. Neighbourhood lists alone reduce

the computational complexity of searching 2-opt and 3-opt neighbourhoods from

O(n2) and O(ns) respectively to 0{n). Their effect on the speed of the local search

in practice is very marked, on Euclidean instances. Johnson & McGeoch (1997)

observed that the running times (time taken to find a local minimum) were reduced

in practice to less than 0(n 1 2 ) , with 3-opt only taking a factor of three times longer

than 2-opt! Lin & Kernighan (1973) quoted running times for their Lin-Kernighan

heuristic on Euclidean instances of O(n22), even before the introduction of don't

look bits by Bentley (1992).

It is in this context of low effective running times which PSENs must compete.

It is not enough for a PSEN to complete with poorly implemented traditional al-

gorithms which barely run faster than the order of their worst-case computational

complexity, or to imagine that because the computational complexities of two neigh-

bourhoods are the same that their effective running times will be. The rotational

pyramidal neighbourhood (Carlier & Villon 1990) is a classic example. Although
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the neighbourhood has impressive theoretical characteristics and can compete with

Lin-Kernighan (1973) in terms of solution quality, its run times are effectively O(n3).

To be of practical interest speedups would need to be found for the rotational pyra-

midal neighbourhood which are as effective as those known for Lin-Kernighan. This

does not seem likely.

(c) The neighbourhood has a rugged solution landscape

The importance of a neighbourhood's solution landscape has been observed for tradi-

tional neighbourhoods. If the solution landscape is not very smooth, it may contain

many local optima and make the global optimum more difficult to find.

An example of the importance of landscape may be seen in the total weighted tar-

diness scheduling problem where even though the complexity of searching the swap

neighbourhood may be greater than the insert neighbourhood, the swap neighbour-

hood may be more effective because of the shape of its landscape.

The size of both the swap and insert neighbourhoods is O(n2), and for many

problems both naively take O(n3) to search, the extra O(n) due to calculating the

effect on each of the jobs scheduled in between the two jobs being swapped or the

job's point of removal and insertion, respectively. However, as demonstrated for

the linear ordering problem (see sub-section 6.2.2), if the insert neighbourhood is

searched in a particular order the complexity of the search can be reduced to O(n2).

The effect of inserting a job in a schedule will commonly make sections of the

schedule much earlier or later, disrupting the schedule and inhibiting insertion

moves. Swap moves may have a much less pronounced effect on the jobs not di-

rectly involved in the swap move. If both jobs directly involved in the swap have

similar processing times, the section of schedule in between the two jobs swapped is

not greatly disrupted as a result of the swap.

Although formal research has not been done on importance of the shape of the

solution landscape of PSENs, it seems reasonable to conjecture that given the impor-

tance of the shape of the solution landscape in helping to determine the effectiveness

of traditional neighbourhoods, this is very likely to also be the case for PSENs. The

shape of the neighbourhood appears to have been neglected in the study of PSENs

with most emphasis being placed on the size of the neighbourhood.

PSEN are probably best utilised as part of a local search algorithm

Implementing PSENs in simple descent algorithms from a random initial solution
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may not give an accurate indication of their potential as part of other local search

techniques.

The difference in the speed of finding a move in a first and best improve descent

are most pronounced when the search is a long distance from a local minimum. Im-

proving moves are quickly found early in a first improve descent, particularly from a

random starting solution, when the proportion of improving moves in the neighbour-

hood is often high. The nearer a first improve descent is to a local minimum, the

lower the proportion of improving moves in the neighbourhood and the longer the

search takes to find an improving move. A best improve descent normally searches

the whole neighbourhood independently of the proportion of improving moves in the

neighbourhood. If inequalities are used in an attempt to to rule out non-improving

moves, without implicitly calculating the effect of each move on the objective func-

tion, then the time taken to find the best improving move may actually decrease as

the search approaches a local minimum. This effect can be due to the reduction in

the number of improving moves, each of which requires implicit calculation.

Given that PSENs find the best move in an exponential neighbourhood, one

would expect their characteristics to be more similar to a best improve descent

than a first improve descent. Therefore the time taken to search the PSEN when

used near a local minimum, may seem more reasonable in comparision with a first

improve descent. Comparing the performance of PSEN's with other local search

heuristics starting from good solutions, effectively searching neighbourhoods near

local minima, may show them in a more flattering light than in a simple descents

from random starting solutions. It may therefore be difficult to make a judgement

on the effectiveness of a neighbourhood outside of the context in which it is being

used.

Many of the more complex local search heuristics search near a local minimum

for large proportions of their run time. We feel that many PSENs are probably best

utilised within other local search heuristics at times when the search is near local

minima or continously within local search heuristics that predominantly search close

to local mimima.

One can never expect the best move to be found in an exponential neighbourhood

as fast the first improving move in a traditional neighbourhood. However, the quality

of local minima found may make up for the longer search time.
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4.4 Dynasearch

4.4.1 The dynasearch neighbourhood

Dynasearch is a PSEN that uses dynamic programming to combine a set of indepen-

dent individual moves from a traditional neighbourhood (e.g. swap, insert, 3-opt,

Lin-Kernighan). The set of independent moves form a single dynasearch move that

can be performed as a single iteration.

The way in which dynasearch combines traditional neighbourhood moves enables

all of the speedups to be used that have been shown to be effective for the underlying

neighbourhood. In addition, the neighbourhood formed can be expected to be at

least as well behaved as the underlying traditional solution landscape.

The definition of independence must be restrictive enough to ensure that the

moves do not interfere with one another, in the sense that the reduction in the

objective function produced by the combined move is equal to the sum of the re-

ductions produced by the individual moves. An example of a combined move made

up of independent moves in the neighbourhood is given below.

Objective function of solution= k

Improving moves in neighbourhood
Reductions in objective function

A
a

B
b

C
c

D
d

E
e

F

f
G

9

H
h

Sets of independent moves
Corresponding reduction

A,C,D
a + c + d

A,C,E,F
a+c+e+/

A,H
a+h

B,D,E,F,H
b+d+e+f+h

G

9

Largest reduction= a-{- c + e + f

Best independent subset of moves= A, C, E, F

Objective function by performing moves A, C, E, F is equal to k — (a + c + e + / )

Problems whose solutions can be represented as permutations of elements are

most naturally suited to dynasearch. In the simplest implementations (referred to

as disjoint k-opt in Chapter 9 but earlier just referred to as dynasearch) moves are

only denned as independent if the last element involved in one move comes before

the first element in the next. This allows a dynamic programing algorithm to iterate

through the ordering recursively finding the best set of independent moves for larger

and larger subsets of elements. Eventually, the best set of independent moves over

the whole neighbourhood is found. For example, if the permutation

(1, 2, 3,4, 5, 6, 7,8, 9,10,11,12,13,14,15,16,17,18,19, 20)
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represents a solution, a dynasearch move could be represented by

1,2,3(4, 5,6)7, 8(9,10,11,12,13)(14,15,16,17)18,19, 20.

The dynasearch move combines 3 moves in the original neighbourhood, the three

moves involve the subsets {4, 5, 6}, {9,10,11,12,13} and {14,15,16,17}.

The last move may be allowed to involve elements occurring in the permutation

before the first move in some graph problems such as the TSP. This is because there

are n permutations representing the same tour in a TSP instance size n. So any

one of these permutations could be chosen to represent the current solution. For

example, if the permutation

(1, 2, 3,4, 5,6, 7,8, 9,10,11,12,13,14,15,16,17,18,19, 20)

represents a solution, a legal move could be represented by

3(4,5,6)7, 8(9,10,11,12,13)(14,15,16,17)18(19,20,1,2).

The move combines 4 moves in the original neighbourhood the four moves involve

the elements {4, 5, 6} {9,10,11,12,13} {14,15,16,17} and {19, 20,1, 2}.

In a permutation problem, where overlapping moves are not allowed, dynasearch

can find the best set of independent moves by the following simple general algorithm.

Let A(j) be the reduction given by the best set of independent moves involv-

ing the elements currently in the positions 1 to j inclusively, possibly with some

constraints on the new ordering (such as element j occupying the last position).

Let M(i, j) be the reduction resulting from a move involving the elements cur-

rently in the positions i and j and possibly elements currently in positions between

the positions i and j .

Let o denote the current permutation. It should be possible to compute M(i,j)

from the sets {c(l), ••-, &{i — 1)}, {cr(j + 1),..., a(n)}, and the new configuration of

elements cr(z), ..,a(j); otherwise dynasearch cannot be applied.

Set A(0) = 0 and A(l) = 0, all other A(j) can be calculated using the recursive

formula below:

A(j + 1 ) = min {A(z - 1) + M(i, j + 1)} for j = 1, ...,n - 1

The best reduction achievable by independent moves is A(n) and these moves are

found by backtracking.



Chapter 4. PSEN 53

4.4.2 A basic dynasearch algorithm

In a straightforward implementation of the dynasearch algorithm, we start with

an initial permutation cr^ as the current solution. During iteration t, CT^"1) is

the current permutation, which we attempt to improve by making a move in the

dynasearch neighbourhood. Using the dynamic program of section 4.4 , we compute

the values A(aj ~ ) for j = 1 , . . . , n, and then apply a backtracking procedure to

find a corresponding permutation a®. Therefore, we obtain the set of independent

moves from the underlying neighbourhood which achieves the best reduction in

objective function value.

The solution defined by a® is a local optimum in the dynasearch neighbourhood

if A(cr^~^) = 0. In this case, the algorithm terminates. On the other hand, if

A(a^'^) > 0, then a further iteration with a^ as the current permutation is

executed.

4.5 Traditional local search heuristics that appear
to combine well with dynasearch

4.5.1 Iterated local search

'Kick' methods were first introduced by Baum (1986a, 1986b), and latter referred

to as iterated local search. The method only comes into play once the local op-

timiser has become trapped in a local minimum. The local optimiser, dynasearch

may therefore be implemented as a simple descent algorithm often enabling non-

improving moves to be quickly ruled out through the use of inequalities. These

speedups are particularly important in choose best algorithms, such as dynasearch,

where the whole neighbourhood must be search before a move is performed.

The kick in iterated local search is a random move or group of moves that

hopefully allows the search to escape the local minimum without losing many of the

good properties of the local minimum's solution (for more details see section 3.7).

When applying the iterated local search algorithm we introduce a new back-

tracking procedure. As far as we are aware, backtracking does not appear to have

previously been used in iterated local search. In a backtracking step, the current

solution is set to be the best solution found thus far. The motivation for back-

tracking is to ensure that most of the search is performed in 'interesting' regions of

the solution space. Thus, backtracking can help overcome decisions that direct the
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search towards inferior local optima.

The main design features of our iterated local search algorithm with backtracking

are illustrated in figure 4.2. Essentially, this type of algorithm is performing a local

search on the local optima. Following the generation of an initial current solution,

a traditional descent or other local search algorithm is applied to find a solution 5

which is a local optimum. If S is the first local optimum that is generated, then

we define Sc = S to be the current solution. When appropriate, the current best

solution found thus far, which we denote by SB, is updated. A decision is made as

to whether to adopt the new local optimum S as the current solution, or to retain

5c-

4.5.2 Guided local search

The guided local search of Voudouris & Tsang (1999) only comes into play once

the local optimiser has become trapped in a local minimum. So that as with iter-

ated local search, the dynasearch neighbourhood can be implemented in an efficient

descent algorithm.

The guided local search method tries to escape the current local minimum by

changing the landscape which is being searched. This is done by penalising all solu-

tions containing a given undesirable feature of the current solution. In this way, the

augmented cost of the current solution is increased making neighbouring solutions

that do not include the feature comparatively more desirable. The objective func-

tion is calculated when a local minimum is reached in the augmented cost function.

Note that a local minimum in the augmented cost function landscape may not be a

local minimum with respect to the original cost function of the problem (for more

details see section 3.8).

We have introduced a backtracking procedure that appears to improve the ef-

fectiveness of GLS, at least on short runs. Backtracking does not appear to have

previously been used within GLS. In our implementation, the search is periodically

restarted from the best solution so far. This solution may no longer be a local mini-

mum in the current augmented objective function landscape so the method descends

to a local minimum before penalising any more edges. The modification focuses the

local search around the best solution found so far adjusting the landscape in the

basin of attraction within which this solution lies.

Within both iterated and guided local search methods dynasearch intensively
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searches the region until it can improve the solution no further. The search is then

diversified in an attempt to escape the local minimum.

Generate initial solution

Find a local optimum S

Execute kick from Sc

Figure 4.2: Overview of iterated local search with backtracking.
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The Total Weighted Tardiness
Problem

5.1 Problem definition and literature review

The single-machine total weighted tardiness scheduling problem can be stated as

follows. Each of n jobs (numbered 1 , . . . , n) is to be processed without interruption

on a single machine that can handle no more than one job at a time. Job j (j =

1 , . . . ,n) becomes available for processing at time zero, requires processing during

an uninterrupted positive processing time pj, has a positive weight Wj, and has a due

date dj by which time it should ideally be completed. For a given processing order

of the jobs, the earliest completion time Cj and the tardiness 7} = max{Cj — dj, 0}

of each job j can readily be computed. The problem is to find a processing order of

the jobs with minimum total weighted tardiness J2^=i wjTj-

This total weighted tardiness problem is not only NP-hard in the strong sense

(see Lawler (1977) and Lenstra, Rinnooy Kan and Brucker (1977)), but is also

very difficult from a practical point of view: the state-of-the-art branch and bound

algorithm of Potts and Van Wassenhove (1985) runs into severe trouble when trying

to solve instances with more than 50 jobs to optimality.

In a computational study, Crauwels, Potts and Van Wassenhove (1998) compare

the performance of multi-start versions of simulated annealing, threshold accepting,

tabu search and genetic algorithms. For each algorithm, one variant uses the 'nat-

ural' representation of solutions as a permutation of the integers 1,. . . , n to specify

the processing order of jobs, and another variant uses a binary representation in

which jobs are indicated as early or late, from which a decoding heuristic constructs

a processing order of the jobs. Their results show that the best-quality solutions are
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provided by a multi-start tabu search algorithm with the permutation representa-

tion. Moreover, this is the champion local search algorithm, since it is superior to

the simulated annealing algorithm of Matsuo, Suh and Sullivan (1987), and to the

descent and simulated annealing algorithms of Potts and Van Wassenhove (1991).

5.2 Dynasearch

Potts and Van Wassenhove (1991) and Crauwels, Potts and Van Wassenhove (1998)

find that for the natural permutation representation, the swap neighbourhood is

preferred to other neighbourhoods for the total weighted tardiness problem. In

this section, we present the principles of our dynasearch algorithm. We compare

the swap neighbourhood with its dynasearch counterpart (section 5.2.1), present a

dynamic programming algorithm to search this neighbourhood (section 5.2.2), give

an alternative presentation of the dynamic programming algorithm to search this

neighbourhood (section 5.2.3) and finally introduce some speed-ups that reduce the

empirical running time of the dynasearch algorithm (section 5.2.4).

5.2.1 Swap and dynasearch swap neighbourhoods

For many combinatorial optimisation problems whose solutions can be represented

as sequences, partitions, or assignments, some type of fc-exchange neighbourhood

structure (k > 2) is usually adopted, since it is both effective and easy to search. The

fc-exchange neighbourhood contains all solutions that can obtained by exchanging k

elements in the sequence, partition, or assignment. For a sequencing problem, swap

is a 2-exchange neighbourhood that interchanges any two elements, irrespective of

whether they are adjacent. As an example, the permutation (3,2,1,4,5,6) is a

swap neighbour of (1, 2, 3, 4, 5,6), obtained by swapping elements 1 and 3. Verifying

local optimality for a £>exchange neighbourhood requires fi(nfc) time, where n is

the total number of elements. For small values of k, a /c-exchange neighbourhood

can be searched quickly but, when used in a traditional descent algorithm, the

resulting solutions are only of average quality. As k increases, the computational

effort required to search the neighbourhood grows quickly, so that selecting larger

values of k is often impractical. Therefore, a common choice is k = 2, which for

sequencing problems corresponds to the swap neighbourhood.

Let a = (cr(l),.. . ,cr(n)) be a permutation or sequence that defines the current
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processing order of the jobs, where a(j) is the job in position j , for j = 1 , . . . ,n.

The swap neighbourhood of a given permutation a comprises all sequences that can

be obtained by interchanging any two jobs a(i) and cr(j), where 1 < i < j < n. The

size of the swap neighbourhood is n(n — l) /2.

The dynasearch swap neighbourhood of a allows a new permutation to be ob-

tained by a series of swaps. To specify which swaps are allowed, we need a definition.

The two moves that swap job a{i) with job cr(j), and job a(k) with job cr(l), respec-

tively, are said to be independent if max{z, j} < min{/c,/} or min{i,j} > max{£;,Z}.

The dynasearch swap neighbourhood consists of all solutions that can be obtained

from a by a series of pairwise independent swap moves.

The dynasearch swap neighbourhood has size 2n~1 — 1, as outlined below. Every

dynasearch swap move can be defined by a distinct binary string of length n. The

value of each bit defines the involvement of the job in the corresponding position

of the sequence, a 1 or a 0 indicating that a job is involved or is not involved in a

swap, respectively. Given that there are 2t l's in the binary string, the 2s — lth and

2sth 1 in the binary string are swapped for s = 1, 2,..., t. Clearly there must be an

even number of l's in the sequence, so given the values of the bits in the first n — 1

positions the value in the nth position is determined. Given that all of the bits in

the string are not 0 which would signify not performing any move, any of the bits in

the first n — 1 positions can be either a 0 or a 1. Therefore 2n~1 — 1 different strings

can be formed corresponding to 2""1 — 1 different neighbourhood moves.

Dynasearch uses a best-improve strategy: a dynasearch swap move is equivalent

to a best series of independent swaps. Consequently, if a solution is a local optimum

with respect to the dynasearch swap neighbourhood, then it is also a local optimum

with respect to the swap neighbourhood, and vice versa. We conjecture that the

dynasearch swap neighbourhood produces larger basins of attraction for good local

minimum than the swap neighbourhood.

We now present an example to illustrate the difference between the swap and

dynasearch swap neighbourhoods.
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Example. Consider the 6-job instance that is specified in Table 6.1. Suppose the

initial sequence is (1, 2, 3,4, 5,6).

Job j
Processing time pj
Weight Wj
Due date dj

1 2 3 4 5 6
3 1 1 5 1 5
3 5 1 1 4 4
1 5 3 1 3 1

Table 5.1: Data for the problem instance.

Table 5.2 shows the moves that are made by a best-improve descent algorithm with

the swap neighbourhood. With this traditional approach, we observe that the search

becomes trapped in a local minimum with a total weighted tardiness of 70.

Iteration

1

2

3

Current sequence

1 2 34_5 6

1 2 3 5 4J?

]J2_3_5 6 4

5 2 3 1 6 4

Total weighted tardiness

109

90

75

70

Table 5.2: Swaps made by best-improve descent.

Iteration

1

2

3

Current sequence

1 2J3 4 J 6

1 3 ^ 5 1.6

1J> 2 3 6 4

5 1 2 3 6 4

Total weighted tardiness

109

89

68

67

Table 5.3: Dynasearch swaps.

Table 5.3 shows the ability of dynasearch to make multiple independent swaps to

move to the next solution. The example may suggest that, by definition, dynasearch

necessarily yields a better result than best-improve (or first-improve) descent, for

any instance. This is not the case: there may be instances for which traditional

descent is better. Our claim, which is substantiated by the computational results in

section 5.4.2, is that dynasearch is better on average.
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5.2.2 Finding the best set of independent swaps

To find the best set of independent swaps that can be obtained from a permutation

cr, we employ a dynamic programming algorithm. This algorithm uses a forward

enumeration scheme in which jobs are appended to the end of the current partial

sequence and are possibly swapped. We define a partial sequence to be in state (j, a),

for j = 0 , 1 , . . . , n, if it can be obtained from the partial sequence (cr(l), . . . , a(j)) by

applying a series of independent swaps. Of course, to find the best possible sequence

in the dynasearch swap neighbourhood of a, which by definition must be in state

(n, a), we only need to consider a sequence that has minimum objective value among

all sequences in this state.

Let <7j be a partial sequence with minimum total weighted tardiness for jobs

CT(1),..., a(j) among partial sequences in state (j,cr). Further, let F{GJ) be the

total weighted tardiness for jobs a ( l ) , . . . ,a(j) in ar This partial sequence must

be obtained from a partial sequence O{ that has minimum objective value from all

partial sequences in some previous state (i,<?), where 0 < i < j , by appending job

a(j) if i = j — 1, or by first appending jobs a(i + 1),..., a(j) and then interchanging

jobs a(i + 1) and a(j) if 0 < i < j — 1. These two possibilities are considered in

detail below.

• i = j — 1. In this case, job a(j) is not involved in any swap, and a(j) is simply

appended to a partial sequence Oj_i; hence, Oj = (<Tj_i,<7(j)). Accordingly,

F{a3) = Fiaj-J + waU)(PaU) - da{j))
+,

where (x)+ = max{x, 0} for any real x, and Pa^) = ELiP^(i)-

• 0 < i < j — 1. Here, jobs a(j) and a(i + 1) are swapped, so that Oj can be

w r i t t e n a s Oj = (cri,a(j),a(i + 2),.. .,a(j — l),a(i + l)), a n d t h e t o t a l w e i g h t e d

tardiness F{OJ) is readily computed as
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We are now ready to present our dynamic programming algorithm. The initial-

ization is

F(a0) = 0,

and the recursion for j = 2 , . . . , n is

F(<7j) = min <

fc=i+2

ri) + ^o-(j)' H-'* •*- n-'" ~ d-'^} +

The optimal solution value is then equal to F(an), and the corresponding sequence

can be found by backtracking.

This dynamic programming algorithm runs in O(n3) time and requires O(n)

space. Hence, dynasearch requires O(n3) time to verify local optimality, which is

the same time requirement as for a traditional descent algorithm.

Finally, we note that a backward dynamic programming algorithm can be de-

rived. However, it does not offer any computational advantages, since the backward

algorithm has the same time and space requirements as the forward scheme.

5.2.3 An alternative presentation of the dynamic program

Let S(i + 1, j) be the reduction in total weighted tardiness of the sequence due to

swapping the job in position i + 1 with the job in position j . Then

j

where Ca{j) = J ] waU)(PaU) - da{j))
+.

t=i



Chapter 5. The Total Weighted Tardiness Problem 62

The dynamic program

Let Oj be a partial sequence with minimum weighted tardiness for the jobs CT(1), . . . ,

a(j) among partial sequences in state (j, a). Further, let A(<jj) be the reduction in

the weighted tardiness due to the independent swap moves performed on the jobs

<T(1), . . . , a(j) to form Oj.

Initialisation

A(ai) = 0 for i = 0,1

Recursion

Calculate A(<7j) for j — 2, ...,n:

A/ A rA(°>--i)
A ( ) |

A(crn) is the largest improvement obtainable from a move in the neighbourhood.

The move corresponding to the improvement A(crn) is found by backtracking.

Note how this presentation highlights the simplicity of the dynamic program and

shows how most of the work involved in searching the neighbourhood is contained

in calculating the effect of moves in the underlying swap neighbourhood.

5.2.4 Speed-ups

There are several tricks that can be employed to reduce the computation time for

traditional descent and dynasearch algorithms. We refer to a swap move that strictly

reduces the total weighted tardiness as improving; otherwise, it is non-improving.

Speed-ups that reduce the computation time for determining whether a move is

non-improving, or is dominated by some other move, are useful for both descent

and dynasearch. (However, they would not be useful for a simulated annealing

algorithm.) Another category of speed-ups applies to the dynamic programming

algorithm that is used in dynasearch. These two categories of speed-ups are discussed

in the following subsections.
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Speed-ups for total weighted tardiness comparisons

Before providing details of our speed-ups, we first present some preprocessing that

allows these speed-ups to be implemented efficiently. As indicated in section 5.2.2,

we compute for the current sequence a the partial sums of processing times

for j = 1 , . . . ,n. Additionally, we compute the partial sums of weighted tardiness

values

and the partial sums of weights for late jobs

for j = 1 , . . . , n, where

Uffi = f l ifPff(0 >da{i),
10 otherwise.

We now describe some tests which, if successful, indicate that interchanging jobs

cr(z + 1) and cr(j), where 0 < i < j — 2, of the current permutation a, cannot reduce

the total weighted tardiness by more than some specified value A. In descent, such a

test is used to reject a potential move that swaps jobs a(i + l) and cr(j)- Specifically,

for first-improve descent, we set A = 0, so that non-improving moves are rejected.

For best-improve descent, we set A = 0 at the start of the neighbourhood search

for a, and then update A as appropriate so that A is the best improvement found

thus far. In this case, the test rejects non-improving moves, and moves that cannot

achieve an improvement that exceeds A. For dynasearch, the computation of F(aj)

by dynamic programming uses minimization to compare candidate values that are

obtained for different values of i. From the recursion, an initial candidate value is

F{oj) = F(pj-\) + W<T{J){P<T(J) ~ da(j))
+- The candidate value for i, where 0 < i <

j — 2, is equal to F(o"j) plus the total weighted tardiness for jobs a(i + 1 ) , . . . , o(j)

that results from swapping jobs a(i + 1) and cr(j). We set A = F(o"j) + {ya(j) —

Kr(i)) ~ F((jj), where F(<jj) is the best candidate value found thus far. Thus, the

test rejects the candidate value corresponding to i when it cannot provide a better

candidate value than F{pj).



Chapter 5. The Total Weighted Tardiness Problem 64

Under the most straightforward implementation, to evaluate the interchange of

the jobs in positions i + 1 and j requires the total weighted tardiness of j — i jobs

in positions i + 1 , . . . , j to be computed. We describe below a pre-testing procedure

that, although avoiding the computation of j — i weighted tardiness values, may

indicate that the swap move cannot improve the total weighted tardiness by more

than A. For cases in which the result of this pre-testing is inconclusive, we present

a method of reducing the computational effort in evaluating the total weighted

tardiness of the relevant j — i jobs.

We now present our pre-testing procedure which, if successful, guarantees that

interchanging jobs o{i + 1) and a(j) cannot reduce the total weighted tardiness

by more than A. First, suppose that pc{j) > Pa(i+i)- If the combined weighted

tardiness of jobs a(i + 1) and a(j) increases, or decreases by an amount that does

not exceed A as a result of the swap, then the required improvement is not achieved.

Alternatively, suppose that pa(j) < pa{i+\)- An upper bound on the reduction in the

total weighted tardiness of jobs a(i + 2 ) , . . . ,a(j — 1) is given by min{V^(j_i) —

Va(i+i), {Pa(i+i) - P<j(])){Wo{j-i) ~ W^i+i))}. Therefore, if the combined weighted

tardiness of jobs a(i + 1) and a(j) increases by an amount that exceeds or is equal

to this upper bound minus A as a result of the swap, then the required improvement

is not achieved.

We now describe our method of computing the total weighted tardiness of jobs

a(i + 1 ) , . . . , cr(j). At the start of each iteration, we partition the current sequence

a into runs of non-late and late jobs, and then treat each run as a group. Our

motivation is that if pa^) < pa(i+i), then all the jobs in positions i + 2 , . . . , j — 1

are completed at the same time or earlier after swapping jobs a(i+ 1) and cr(j).

Hence, there is no delay to any run of non-late jobs within positions i + 2 , . . . , j — 1,

so that their contribution to the total weighted tardiness remains zero. Similarly,

if Pa(j) > Pa(i+i), then the total weighted tardiness of any run of late jobs within

positions i + 2 , . . . , j — 1 increase by (pa(j) — Po(i+\))W a s a result of the swap, where

W is the total weight of jobs in the run.

To use the above speed-ups for runs of non-late and late jobs, we associate a

string with the current sequence of jobs, where the string is constructed as follows.

If the first run of jobs is late, then the string starts with a 1; otherwise, it starts

with a 0. Whenever a new run starts, the position of the first job in the run is added

to the string. The final number in the string is n + 1. For example, for an instance
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with 40 jobs, the string 0 2 7 40 41 means the job in position 1 is non-late, the jobs

in positions 2 to 6 are late, the jobs in positions 7 to 39 are non-late, and the job in

the last position is late.

Speed-ups for the dynamic program in dynasearch

Consider the computation of F(cTj ~1') for j = 1 , . . . ,n. Let ht denote the largest

index such that

°{t-1)(j) = v{t-2)(j) foij = l,...,ht.

Then we must have that

F(af-») = F(oW) forj = l,...,ht.

Accordingly, in iteration t of the dynasearch algorithm, we need to perform the

recursion only for j = ht + 1 , . . . , n.

5.3 Implementation of iterated dynasearch

In this section, we present our iterated dynasearch algorithm for the total weighted

tardiness problem. A general introduction to iterated local search is given in section

3.7. Our description refers to the notation in section 4.5.1 and in particular figure

4.2.

To fully evaluate the effectiveness of the dynasearch concept, we compare the

empirical performance of iterated dynasearch not only with the performance of

the state-of-the-art multi-start tabu search algorithm of Crauwels, Potts and Van

Wassenhove (1998), but also with iterated first-improve and iterated best-improve

descent.

In our implementation of these three iterated algorithms, a kick is a series of ran-

dom swap moves (that in general are not independent) from a previously generated

local minimum. Even though the same underlying neighbourhood is used for the

kicks, for a sufficiently long series of moves, the random swaps invariably produce a

solution that is outside the region of attraction of the local minimum. Moreover, the

local minimum that is obtained as a result of the kick is often different from the one

from which the kick is performed. We use the parameter a to denote the number of

random swap moves in a kick. Based on the results of initial experiments, we use

the parameter value a — 6.

Our algorithms backtrack to the best solution found thus far every /? iterations,

where an iteration refers to finding a local optimum following a kick, and (3 is a
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parameter. For iterations in which backtracking does not occur, we always accept

the new solution S to be the current solution. Our initial experiments indicate that

13 = 5 is a suitable value.

The performance of the algorithms is not particularly sensitive to small changes

in the values of parameters a and /?, and in some of the other design features. For

instance, by varying a, we observe that using a kick with six, rather than five or

seven random swap moves, produces only slightly better results. Moreover, for kicks

based on random 3-exchanges, a single random 3-exchange is not very effective, but

a kick comprising two random 3-exchanges is a reasonable alternative to six random

swaps.

We have not yet exploited a known property of the total weighted tardiness

problem: there exists an optimal solution in which non-late jobs are sequenced in

non-decreasing order of due dates, or EDD order. In an attempt to reduce the

computation time for dynasearch descents, we transpose adjacent non-late jobs if

they are not in EDD order, during a number of iterations at the beginning of the

algorithm. Then, for the remaining iterations, we diversify the search by transposing

non-late jobs so that they no longer appear in EDD order. Specifically, for the first

100 iterations, a series of transposes of adjacent non-late jobs that are not in EDD

order is performed, starting at the beginning of the sequence. After the first 100

iterations, a similar procedure transposes adjacent non-late jobs, either if they are

not currently in EDD order, or with probability 1/3 if they are currently in EDD

order and their interchange would not cause either one to become late. All transposes

are performed immediately prior to the kick.

Finally, we discuss the heuristic that is used to produce a starting solution for the

iterated local search algorithms. For non-iterated versions of descent or dynasearch

in which a single local minimum is to be generated, then a better starting solution

tends to lead to a local minimum that is at least as good. However, when multiple

local minima are generated, as in iterated local search algorithms, the quality of the

starting solution has less effect on the quality of the final solution.

In our implementation, all searches start from the heuristic solution that is gen-

erated by the so-called Apparent Urgency (AU) rule. The AU rule is a constructive

heuristic that is presented by Morton, Rachamadugu and Vepsalainen (1984). It is

selected for two reasons: first, it is used by Crauwels, Potts and Van Wassenhove

(1998) so that using the AU rule makes comparisons easier; second, Potts and Van
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Wassenhove (1991) and Morton and Pentico (1993) find that the AU rule compares

favorably with other constructive heuristics for the total weighted tardiness problem.

The AU rule is a dynamic list scheduling heuristic that selects an unscheduled job

j with the smallest AUj value to occupy the first unfilled position of the sequence,

where AUj is defined by

AU3 = ̂  exp L ^ { 0 A - t - P i } \
Pj \ kp J

In this expression, t is the sum of the processing times of the scheduled jobs, p is

the average processing time of the jobs, and k is the so-called lookahead parameter,

which is preset according to the tightness of the due dates. In our implementation,

we follow Potts and Van Wassenhove (1991) by using k = 0.5 for TF =0.2, k = 0.9

for TF=0.4, and k = 2.0 for TF > 0.4, where TF = 1 - £"=i dj/(nYJj=xPj) is

a parameter of the problem instance that is known as the tardiness factor (see

section 5.4.1 for the values of TF that are used in our test instances).

5.4 Computational experience

This section reports on our computational experience with randomly generated in-

stances to evaluate and compare the empirical performance of the various local

search algorithms. In section 5.4.1, we discuss the design of the computational ex-

periments, including the random instance generator. Section 5.4.2, compares the

performance of multi-start first-improve descent, multi-start best-improve descent,

and multi-start dynasearch, as well as iterated versions of these algorithms. Finally,

in section 5.4.3, we compare iterated dynasearch with the multi-start tabu search

algorithm of Crauwels, Potts and Van Wassenhove (1998).

5.4.1 Experimental design

We use exactly the same set of randomly generated problem instances as Crauwels,

Potts and Van Wassenhove (1998), who adopted the generation scheme proposed

by Potts and Van Wassenhove (1985). Instances with n = 40, n = 50 and n = 100

were randomly generated, and for each job j (j = l , . . . , n ) , an integer process-

ing time pj was generated from the uniform distribution [1,100] and an integer

processing weight Wj was generated from the uniform distribution [1,10]. Differ-

ent instance classes of different 'hardness' were generated by using different uni-

form distributions for generating the due dates. For a given relative range of due
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dates RDD (RDD = 0.2,0.4,0.6,0.8,1.0) and a given average tardiness factor TF

(TF = 0.2,0.4,0.6, 0.8,1.0), an integer due date dj was randomly generated from the

uniform distribution [P(l-TF-RDD/2), P(l-TF+RDD/2)], where P = E"=iPj-

Five instances were generated for each of the 25 pairs of values of RDD and TF,

yielding 125 instances for each value of n. These instances are available electronically

at the OR library that is run by Beasley (1990).

In their study, Crauwels, Potts and Van Wassenhove (1998) attempt to solve the

instances with n = 40 and n = 50 by applying the branch and bound algorithm of

Potts and Van Wassenhove (1985). The algorithm successfully solves 124 and 103

problems out of 125 for the 40- and 50-job instances, respectively, on an HP 9000-

G50 computer within a time limit of two minutes for each instance. There were no

attempts to solve the 100-job instances since prohibitively large computation times

were anticipated. Where the optimal solution value is unknown (which is the case

for all of the 100-job instances), the best known solution value is used as though it

was the optimal.

All of our descent and dynasearch algorithms were coded in C and run on a

SPARC 5/110 server station. However, Crauwels, Potts and Van Wassenhove (1998)

ran their algorithms, which were coded in C, on a HP 9000-G50 computer. The in-

formation collected by the Standard Performance Evaluation Corporation (1992)

indicates that the HP 9000-G50 is a factor 1.276 faster than the SPARC 5/110,

and accordingly we use this conversion factor to make a direct comparison of com-

putation times. As with any comparison between algorithms that are run on dif-

ferent machines, conversion factors for computation times only give a rough guide.

Consequently, any conclusions that use the computation times obtained with our

conversion factor of 1.276 are only valid if performance differences are sufficiently

large.
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We compare the performance of the various local search algorithm on basis of

the following statistics:

ARPD = the average relative percentage deviation of the solution value found

by the local search algorithm from the optimal (or best known used

in ) solution value;

MRPD = the maximum relative percentage deviation of the solution value

found by the local search algorithm from the optimal (or best

known, used in Crauwels, Potts and Van Wassenhove (1998)) solu-

tion value;

NO = the number of optimal (or best known, used in Crauwels, Potts and

Van Wassenhove (1998)) solution values found out of 125;

ACT:SPARC = the average computation time in seconds on a SPARC 5/110 server

station;

ACT:HP = the average computation time in seconds on a HP 9000-G50 com-

puter;

NI = the number of iterations performed in multi-start and iterated de-

scent and dynasearch, where an iteration refers to descending to a

local minimum, and the number of moves performed for each start

in the multi-start tabu search algorithm of Crauwels, Potts and

Van Wassenhove (1998).

During our experimental work, we obtained better solutions for some 100-job

instances than those generated by Crauwels, Potts and Van Wassenhove (1998).

Nevertheless, to facilitate a direct comparison of results, the best known solution

values of Crauwels, Potts and Van Wassenhove are used when computing the above

statistics. When we obtain a solution value that is better than the previous best

known value, it is then treated as if the optimum of Crauwels, Potts and Van Wassen-

hove has been found, except that its relative percentage deviation is not zero but

negative—so, such a solution actually reduces the average relative percentage devi-

ation statistics for the local search algorithm. A further consequence of obtaining

new best known solution values is that the numbers of optimal or best known solu-

tion values, as listed by Crauwels, Potts and Van Wassenhove, are sometimes higher

than would be the case if they were recalculated with respect to the new values.
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5.4.2 Multi-start and iterated dynasearch vs. first-improve
and best-improve descent

This subsection compares the empirical performance of multi-start versions and

iterated versions of first-improve descent, best improve descent and dynasearch. All

results are obtained with the parameter values a = 5 and (3 = 5 (see section 5.3 for

the definition of a and /?), and without the transpose of adjacent jobs according the

EDD criteria, as described in section 5.3. Note that the value of a = 5 gives good

results for iterated dynasearch and iterated descent, although the best choice for

iterated dynasearch was found to be a = 6 as used in section 5.4.3. Also, identical

speed-ups (see section 5.2.4) are applied in each algorithm, but they appear to be

most effective in reducing the computation time of multi-start first-improve descent.

All multi-start algorithms are run for 2, 4 and 20 seconds for the 40-, 50- and 100-job

instances, respectively, and for the iterated algorithms these times are halved. In

each case, the results are obtained from the average of 10 independent runs.

Table 5.4 gives our computational results for multi-start versions of first-improve

descent, best-improve descent, and dynasearch. Although multi-start dynasearch

provides the best quality solutions, its superiority over multi-start best-improve

descent is not substantial. Each descent in first-improve executes on average only

about 6, 7 and 10 moves for the 40-, 50- and 100-job instances, respectively. By con-

trast, corresponding numbers of best-improve descent moves are 32, 40 and 86, and

corresponding numbers of dynasearch moves are 15, 18 and 31, respectively. Note

that a dynasearch move may correspond to several descent moves, so the numbers

of moves for dynasearch are not directly comparable to those for descent. The small

number of moves per descent for first-improve indicates that the search often be-

comes trapped in a local minimum fairly quickly, which explains the relatively poor

performance of this algorithm. However, for best-improve descent and dynasearch,

the numbers of moves tends to be sufficiently large to allow the search to find better

quality local minima.

n
40
50
100

ACT:
SPARC

2
4

20

Multi-start
NI
117
133
87

ARPD
0.245
0.503
0.573

first-improve
MRPD

7.756
11.197
14.640

NO
77.8
65.8
33.4

Multi-start
NI
33
32
13

ARPD
0.165
0.270
0.437

best-improve
MRPD

6.617
6.750

20.070

NO
99.6
83.1
44.6

Multi-start dynasearch
NI
70
74
39

ARPD
0.087
0.162
0.360

MRPD
5.289
5.394

20.070

NO
116.9
95.1
47.3

Table 5.4: Computational results for multi-start local search algorithms.

For iterated versions of the algorithms in which the restarts are not from random



Chapter 5. The Total Weighted Tardiness Problem 71

starting sequences but are obtained from kicks, the results are shown in Table 6.10.

These results exhibit different characteristics from those in Table 5.4. Specifically,

iterated dynasearch can be seen to outperform iterated first-improve and iterated

best-improve descent on all performance measures: it achieves significantly lower

ARPD and MRPD values, and it finds considerably more optimal (or best) solutions

than the two iterated descent algorithms.

n
40
50
100

ACT:
SPARC

1
2

10

Iterated first-improve
NI
109
111
78

ARPD MRPD NO
0.080 2.350 95.0
0.386 10.686 74.2
0.447 15.851 36.0

Iterated best-improve
NI
115
140
123

ARPD MRPD NO
0.090 6.018 108.3
0.181 6.800 88.9
0.291 18.391 47.1

Iterated dynasearch
NI
119
143
122

ARPD MRPD NO
0.049 5.338 121.2
0.044 2.776 111.5
0.041 1.834 82.5

Table 5.5: Computational results for iterated local search algorithms.

For all iterated algorithms and all instance sizes, the average numbers of moves

per descent are between 5 and 8, which is slightly more than the number of random

moves in the kick (a = 5). The average numbers of moves per descent are less

for best-improve than for dynasearch, which suggests that dynasearch allows more

searching before becoming trapped in a local minimum, and is consistent with the

better quality solutions found by dynasearch. Although the average number of

moves per descent for first-improve is more than for best-improve and dynasearch

for the 100-job instances, the higher quantity of moves cannot compensate for their

lower quality.

One reason for the impressive performance of iterated dynasearch is its apparent

ability to move between local minima. The dynasearch swap neighbourhood is

much larger than the traditional swap neighbourhood, containing different basins

of attraction around the same set of local minima. For the instances with 100

jobs, iterated dynasearch detects about six times more local minima with distinct

objective values than iterated first-improve or iterated best-improve descent.

5.4.3 Iterated dynasearch vs. tabu search

In this subsection, we report on our computational results that compare the empiri-

cal performance of iterated dynasearch with that of the state-of-the-art local search

algorithm, namely the multi-start tabu search method of Crauwels, Potts and Van

Wassenhove (1998). All information regarding the performance of the tabu search

algorithm with five starts is taken directly from the paper of Crauwels, Potts and

Van Wassenhove. Table 5.6 provides results for the two algorithms. The iterated
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dynasearch algorithm is run with our recommended parameter values a = 6 and

{3 = 5, and each of the results is obtained from the average of 10 independent runs.

To allow a fair comparison with tabu search using a similar computation time, it-

erated dynasearch is run for different numbers of iterations. The rows of the table

are aligned according to the average computation time values. Note that our com-

putation times are converted to equivalent times on the HP 9000-G50 computer by

multiplying by a factor 1.276 to account for our slower computer.

n
40

50

100

NI
50

100
150

100
200
450
900
100
200
500

1300

Iterated dynasearch
ARPD
0.0150
0.0001
0.0000

0.0021
0.0006
0.0002
0.0000
0.0077
0.0031
0.0012
0.0001

MRPD
1.8594
0.0166
0.0000

0.1738
0.0754
0.0193
0.0000
0.4117
0.2357
0.1410
0.0534

NO
123.7
124.8
125.0

122.3
124.1
124.8
125.0
107.2
116.6
120.9
123.2

ACT:HP
0.20
0.40
0.62

0.64
1.33
2.86
5.76
2.80
5.72

13.95
36.40

NI

2n2/5
4n2 /5

2n2/5
4n2 /5

2n2/5

Multi-start tabu
ARPD

0.00
0.00

0.01
0.00

0.04

MRPD

0.33
0.17

0.28
0.16

4.39

search
NO

118
123

113
118

103

ACT:HP

1.32
2.64

2.95
5.92

37.6

Table 5.6: Computational results for iterated dynasearch and multi-start tabu
search.

Table 5.6 clearly shows that iterated dynasearch generates better solutions than

the tabu search algorithm, in considerably shorter computation times. The speed-

ups of section 5.2.4 contribute significantly to the reduced computation times. From

our computational results, we conclude that iterated dynasearch is preferred to all

other known local search algorithms for the total weighted tardiness problem.

Even without the speedups, we claim that dynasearch is preferred. Typically, the

speedups reduce the run times of dynasearch for the instances with 40, 50 and 100

jobs by factors of 2.6, 3.4 and 5.5, respectively. However, a tabu search algorithm

with the appropriate speedups must yield smaller reduction factors, since some of

the savings in computation time can only be achieved with a search for improving

moves. Even allowing for reduced computation times for tabu search, the quality

of solutions produced by tabu search remains lower that that for dynasearch under

similar run times.
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5.5 Conclusions

The contribution of this chapter is threefold. First, it gives evidence of the effec-

tiveness of a new local search technique known as dynasearch.

The second contribution relates specifically to the application of dynasearch to

the single-machine total weighted tardiness scheduling problem. An iterated dy-

nasearch algorithm for this problem performs significantly better than all other

known local search algorithms, including the state-of-the-art tabu search algorithm

of Crauwels, Potts and Van Wassenhove (1998), with respect to both solution qual-

ity and computation time. The explanation for iterated dynasearch finding better

solutions is that, after performing a sufficiently large number of random moves from

a local minimum, dynasearch stands a much better chance of descending into a

different local minimum than traditional descent algorithms. In this way, iterated

dynasearch is able to explore more distinct local minima. One explanation for it-

erated dynasearch being faster is the use various speed-ups that sometimes reject a

move without a complete evaluation of the total weighted tardiness.

The third contribution relates to the study of iterated local search. We have

shown in our iterated local search algorithm for the total weighted tardiness problem

that multiple random moves from the underlying local search neighbourhood can

form an effective kick.



Chapter 6

The Linear Ordering Problem

6.1 Problem definition and literature review

Consider a sequence of elements, where between any pair of elements there is a

preference (the strength of which is given by a weight) as to which element occurs

earlier in the sequence. How should the elements be ordered? This in essence is

the linear ordering problem. More formally the problem may be defined as follows.

Given a matrix E = (e^) of weights with n rows and n columns, the linear ordering

problem (sometimes known as the triangulation problem in economics) consists of

finding a simultaneous permutation of the columns and rows, such that the sum of

entries above the main diagonal (of the permuted matrix) is as large as possible.

More rigorously, let a = (cr(l), . . . , cr(n)) be a permutation or sequence that

defines the current position of the particular row and column of elements in relation

to their position in the original matrix. For example, a permutation starting with

a (I) = 4 indicates that the column and row that were originally in position 4 are

now in position 1. The objective function value for the simultaneous permutation a

is then given by £"= 1 £"=i ea{i)MJ)

Before we outline how the linear ordering problem is polynomially related to the

acyclic subgraph problem, we show how the acyclic subgraph problem is trivially

equivalent to the feedback arc set problem. Let D = (V, A) be a weighted digraph

with arc weights Cy for every (i,j) € A.

The acyclic subgraph problem of D consists of finding an acyclic subgraph D' =

(V, B), where B C A, such that Y,{ij)eB cij IS a s large as possible.

The feedback arc set problem of D consists of finding a set of edges C containing

at least one arc from from every directed cycle such that Y,{ij)ec cij is a s small as

possible.
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Clearly removing at least one arc from from every directed cycle within a weighted

digraph leaves an acyclic subgraph. Further removing the set of edges C containing

at least one arc from from every directed cycle such that S(i,j)ec cij is a s small as

possible, leaves an acyclic subgraph D' = (V,A\ C) such that Yl{ij)^A\c cij is a s

large as possible (Kaas 1981).

We now show how the linear ordering problem and acyclic subgraph problem are

polynomially related (Grotschel, Jiinger &; Reinelt 1984a,1985a). Let a tournament

be a digraph E = (V, A) such that A contains exactly one arc with end nodes u and

v for all u,v E V. A tournament on n nodes is then an orientation of the complete

graph Kn.

An algorithm for solving the acyclic subgraph problem, can be used to find the

optimal solution to a linear ordering problem on the weighted digraph D, as follows:

Let M = max{—Cy : (i,j) G A} + 1 and c'^ = Cy + M. Now that all edges are

positive solving the acyclic subgraph problem with edge weights cy finds an acyclic

tournament, which defines the optimal ordering for the linear ordering problem.

Similarly an algorithm for solving the linear ordering problem can be used to

find the optimal solution to an acyclic subgraph problem on the weighted digraph

D, as follows: Let cy- = max{cy,0} for all (i,j) € A. Form a complete digraph by

adding any missing edges, giving added edges weight cy- = 0. The complete digraph

with edge weights cy- now defines a linear ordering problem for which an optimal

ordering can be found. Adding all positive forward arcs to the optimal ordering,

forms an acyclic tournament which determines an optimum acyclic subgraph of the

original problem D.

Since the linear ordering problem is polynomially related to the acyclic subgraph

problem and the acyclic subgraph optimisation problem is NP-hard, the linear or-

dering optimisation problem must also be NP-hard (Karp 1972).

Before discussing some research conducted on the linear ordering and equivalent

problems, there is one more important equivalent version of the linear ordering

problem which should be mentioned, the problem of minimising total weighted (or

average weighted) completion time in one machine scheduling (Boenchendorf 1982).

Many applications have been proposed for the linear ordering problem including

multiple criteria decision making, ranking elements in paired comparison experi-

ments, suppressing feedback in electrical networks, ordering archaeological objects

in time and triangulating input-output matrices (Glover, Klastorin & Klingman
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1974, Reinelt 1985). An input-output matrix, in the triangulation problem, is an

nxn matrix where each entry e^ denotes the monetary value of goods moving from

sector i of the economy of a region to sector j . An optimal solution then orders the

sectors in such a way that sectors that tend to produce materials for use in other

sectors come before sectors that tend to produce goods for end consumers.

The acyclic subgraph problem has been shown to be polynomially solvable on a

number of classes of digraph. The acyclic subgraph problem is known to be solvable

in polynomial time for planar digraphs (Lucchesi 1976). The problem has also been

shown to be polynomially solvable for the more general classes of i^s^-free graphs

(Penn & Nutov 1993), reducible flow graphs (Ramachandran 1988), and weakly

acyclic graphs (Grotschel, Jiinger & Reinelt 1985a).

Kaas (1981) introduced a branch and bound method using a Lagrangean relax-

ation for the lower bound (based on the Korte and Oberhofer method of Lenstra

(1973)), which could handle (34,34) input-output matrices and (25,25) random ma-

trices. Grotschel, Jiinger & Reinelt 1984a,1984b combined branch and bound tech-

niques with a linear cutting plane procedure based on their studies of the acyclic

subgraph polytope (Grotschel, Jiinger & Reinelt 1985b) to solve structured input-

output matrices with dimension up to 60. Grotschel, Jiinger & Reinelt conclude

that their algorithm compares favourably with existing codes. A subsequent branch

and bound algorithm by Flood (1990) for the feedback arc set problem appears un-

competitive. Flood comments that randomly generated problems above dimension

20 remain formidable for his code but fails to mention the earlier algorithms of Kaas

(1981) or Grotschel, Jiinger &: Reinelt (1984a) and the fact that even Kaas's code

can solve random problems of dimension 25.

Becker (1967) proposed a simple fast constructive heuristic based on a simple

ranking statistic. Becker's heuristic iteratively finds the element with the highest

value of his statistic qi — ]C£=1
 eifc/ YJk=\ ejti, ranking it next. It then repeats the

procedure with the element removed, continuing until all elements are ranked. The

procedure requires O(n3) time.

Chanas & Kobylanski (1996) produced a local search procedure which makes use

of the property of the linear ordering problem that if a given permutation of the

elements is an optimal solution to the maximisation problem then the permutation

reversed is an optimal solution to the minimisation problem. In particular once their

sort procedure is stuck in a local minimum, they reverse the current solution and use
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their sort procedure again, until two successive local minima have the same value.

The sort procedure constructs a solution by iteratively inserting the zth element into

the partial solution containing the first i — 1 elements, to form a partial solution

containing the first i elements, for i — 1,..., n. The local search method is guaranteed

at every stage to obtain a local minimum which is at least as good as the last.

Laguna, Marti & Campos (1998) introduce a complex tabu search for the linear

ordering problem which is based on insert moves. The insert moves they use are

neither first improve nor best improve as will be outlined below. Firstly as a prepro-

cessing step, a measure of influence for each element is calculated, which measures

the relative size of the weights associated with each element. This measure is used

during the intensification phase to bias the selection of elements to be removed and

inserted elsewhere, to those whose movement is likely to have most effect on the

objective function. Given an element to be removed from its current position the

best position for it to be inserted is found. Periodically diversification and extra

intensification by path relinking occurs, and elite solutions are used in both.

Laguna, Marti & Campos (1998) review the work previously done by Becker

(1967) and Chanas & Kobylanski (1996) on the linear ordering problem describing

their algorithms in detail as well as comparing them to their own multi-start Greedy

(multi-start first improve decent) and Tabu search algorithms. Laguna, Marti &

Campos conclude from their computational results that their tabu search is the

state-of-the-art local search algorithm for the linear ordering problem.

6.2 Dynasearch

6.2.1 Insert and dynasearch insert neighbourhoods

Unlike in many scheduling problems swapping a pair of elements in the linear or-

dering problem is likely to disrupt the solution more that moving just one. There

appears to be no corresponding effect to the one in some scheduling problems, where

the swapping of two jobs with similar processing times leaves the jobs in between

virtually unaffected. Therefore given that the insert neighbourhood for the linear

ordering problem can be searched in O(n2) time as compared to O(n3) for the swap

neighbourhood, we only consider the insert neighbourhood.

Example. The matrix below represents an instance of size 5. Leaving the ma-

trix in its current order represents a solution, the permutation 1,2,3,4,5 , with an
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objective function of 6+3+1=10 (the sum of weights in the upper diagonal).

78

f o
9
0
0

I 0

0
0
0

10
0

6
0
0
0
4

0
0
1
0
0

3
0
0
0
0

Table 6.1 shows the moves that are made by a best improve descent algorithm,

with an insert neighbourhood, starting from the initial permutation (1,2,3,4,5).

The two moves that insert job o(i) after job cr(j), and job a(k) after job a (I),

r e s p e c t i v e l y , a r e s a i d t o b e independent i £ m & x { i , j } < m i n { k — 1 , 1 } o r m i n { z — l , j } >

max{fc,Z}. The dynasearch insert neighbourhood consists of all solutions that can

be obtained from a by a series of pairwise independent insert moves.

Table 6.2 shows the ability of dynasearch to make multiple independent insert

moves in a single iteration. The dynasearch descent starts from the same per-

mutation (1,2,3,4,5) as the best improve descent, but for this particular instance

terminates in a better local optimum. This is not meant to imply that Dynasearch

always finds better local optimum than best improve descent; for some instances it

will descend to a worse local optimum. The computational results in section 6.4.

give an appraisal of the power of the dynasearch insert neighbourhood.

Iteration

1

2

Current

1 2

\%

1 5

sequence

3

7
3

~4"
—-,
2
4

5

~5

2

Objective function

10

20

24

Table 6.1: Insert moves made by best-improve descent.

Iteration

1

2

Current sequence

TfT34
4 2 1 5 3

Objective function

10

23

32

Table 6.2: Dynasearch Insert moves.
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6.2.2 Finding the best set of independent insert moves

It is assumed that the matrix denning the problem instance contains no negative

values and that the main diagonal contains zeros. If this is not the case, the matrix

may be adjusted as a preprocessing step, and a constant added to the objective

function value to account for any changes made.

To find the best set of independent insert moves that can be obtained from a

permutation a, we employ a dynamic programming algorithm. This algorithm uses

a forward enumeration scheme in which elements are appended to the end of the

current partial permutation, are possibly inserted at an earlier point in the sequence,

or have an earlier element in the sequence inserted after them. We define a partial

sequence to be in state (j,a), for j = 0 ,1 , . . . ,n , if it can be obtained from the

partial sequence (cr(l),... ,cr(j)) by applying a series of independent insert moves.

Of course, to find the best possible sequence in the dynasearch insert neighbourhood

of a, which by definition must be in state (n, a), we only need to consider a sequence

that has the maximum objective value among all sequences in this state.

Let Oj be a partial sequence with the maximum objective function value for the

elements cr( l) , . . . , a(j) among partial sequences in state (j,cr). Further, let A(CTJ)

be the increase in the objective function value due to the insert moves performed on

the elements cr( l ) , . . . , a(j) to form aj. This partial sequence must be obtained from

a partial sequence <Tj that has maximum objective value from all partial sequences in

some previous state (i, a), where 0 < i < j , by appending element a(j) if i = j; — 1,

or by backward or forward insertion if 0 < i < j — 1. A backward insertion is

performed by inserting a(j) before a(i + 1) and a forward insertion involves first

appending element a(j) and then removing element a(i + l) from its current position

and appending it after a(j). These three possibilities are considered in detail below.

• i = j — 1. element a(j) is simply appended to a partial sequence (Jj-i; hence,

(Tj = ((7j_i,cr(j)). Accordingly,

• Backward insertion. Here, element a(j) is inserted before a[i + 1), so that aj

can be written as aj = (ai,a(j),a(i + 1), . . . ,a(j — 1)), and the increase in
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objective function A(cr,) is readily computed as

A(o-j) = A(<7i) + ^ (e»0>(*) ~ e*(*).*(j)) f o r 0 < z < i - 1
k=i+l

• Forward insertion. Here, element a(i + l) is removed from its current position

and reinserted after cr(j), so that Oj can be written as Oj = (CTJ, a(i + 2 ) , . . .

. . . , a(j),a(i + 1)), and the increase in objective function A(CTJ) is readily

computed as

j

A(oj) = A ( c r 0 + I Z (e,r(jfc),ff(i+i) - eff(i+i)i<r(fc)) for 0 < i < j - 1
fc=i+2

Note: A forward insertion with i = j — 2 is the same move as a backwards

insertion with i = j — 2. Both moves swap the elements a(j — 1) and cr(j). Therefore

in the recursion below only forward insertions with i < j — 3 are considered.

We are now ready to present our dynamic programming algorithm. The initial-

ization is

A(a0) = 0,

A(<7i) = 0,

and the recursion for j = 2 , . . . , n is

= max

The increase in objective function produced by the best set of independent insert

moves is then equal to A(crn), and the corresponding sequence can be found by

backtracking.

If as is implied by the summations E & i ^ x r ^ W ) ) a n d n=i+2(e<r(fc),a(i+
e<r(i+i),<r(fc)) it takes O(n) time to calculate the effect of each individual insert move

on the objective function, the dynamic programming algorithm runs in 0{nz) time.

However, if for any given j , possible insert moves are searched in order of decreas-

ing values of i, the change in objective function value caused by each move can be

calculated iteratively in constant time as shown below.

Let 6(s,t) be the effect on the objective function of removing the element cur-

rently in position s and inserting it after the element currently in position t.



Chapter 6. The Linear Ordering Problem 81

All values of 8(s,t) can be calculated in 0(n2) time using the following equations:

~ l . j ) = S(JJ ~ 2) = e<r(j),<x(j-l) ~ eff(j_i)>ffy)

, i) = S(j, i + l) + eff(j)i(T(i+i) - eCT(i+1))(T(:7) for i < j - 3 (backward insertion)

+ 1 , j ) = <5(i + 1, j - 1) + ea(j)tlr(i+i) - eff(i+i)i(r(j) for i < j - 3 (forward insertion)

So the recursion for j = 2 , . . . , n becomes

A(<Tj) = max max

max
I0<i<j-3

This dynamic programming algorithm runs in O(n2) time. Hence, dynasearch

requires 0{n2) time to verify local optimality, which is the same time requirement as

for a reasonable implementation of a traditional descent algorithm (reasonable indi-

cating the use of an iterative process as above to calculate the effect of a move on the

objective function 5(i,j)). The apparent reduction in time complexity from O(nz)

to 0(n 2) is possible on many permutation problems with an insert neighbourhood.

It is noted that the algorithms proposed by Laguna, Marti & Campos (1998) ap-

pear to search the insert neighbourhood in 0(n3) . They comment that it takes O(n)

time to evaluate the effect of a particular move. The practical effect of the reduction

in computational complexity is investigated in Subsection 6.4.3 by comparing the

time the implementations take to perform a best improve descent.

Finally, we note that a backward dynamic programming algorithm can be de-

rived. However, it does not offer any computational advantages, since the backward

algorithm has the same time and space requirements as the forward scheme.

6.2.3 An alternative presentation of the dynamic program

Let Oj be a partial sequence with the maximum objective function value for the

elements <r(l),. . . , a(j) among partial sequences in state (j, a). Further, let F(OJ)

be the contribution to the objective function value for elements cr(l) , . . . , a(j) in Oj.

As a preprocessing step calculate F'(j) =

lated for j = 1, ...,n in O(n2) as follows:

Let F'(0) = 0

2i=i YJk=i &a(i)a(k) which can be calcu-
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Initialisation

F f o ) = 0 for i = 0,l

Recursion

Calculate F{UJ) for j = 2,..., n.

F(<jj) = max

The recursion above takes O(nz) time but with some preprocessing this can be re-

duced to O(n2) as shown below. Recall that 5(j, i) is defined as in subsection 6.2.2

and calculated as before recursively in O(n2).

Initialisation

F(oi) = 0 for i = 0,1

Recursion

Calculate F(GJ) for j = 2,..., n.

J max= max <
- Fix)

6.2.4 Speed-ups

As a consequence of iteratively calculating the effect of almost all moves based on

the effect of others (see section 6.2.2), there appears to be little scope for avoiding

calculating changes in the objective function through the use of inequalities. Even

if suitable inequalities could be found, their effect would seem to be limited as there

is no multiplication, division or evaluation of powers required in the calculation of

the objective function. The scope for speed-ups in local search appears to be very

problem specific: For example, the use of pretesting with inequalities is extremely

effective in speeding up local search on the total weighted tardiness problem (see

section 5.2.4).

Some time savings can be made for the local search on linear ordering problem

based on preprocessing. The number of operations in the calculation of 6(s,t) can
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be reduced by preprocessing. If a matrix E' = {e'st}mxm is produced before the

search is started and used in place of E = {est}mXTn where e'st = est — ets.

Then 5(j - l,j) = 5(j,j - 2) = e ' ^ ^

and other values can be calculated iteratively:

8(j, 0 = <Ki> * + 1) + e'a(j)<T{i+\) for i + 1 < j (backward insertion)

5(i + l,j) =6(i + l,j -l) + e'0.(j-)a(i+1) for i + 1 < j (forward insertion)

The change in the objective function caused by moving to each of the (n — I)2

neighbours can be calculated in a total of only (n — I)2 additions. It would be hard

to conceive of a more efficient way to calculate the change due to a move, than a

single addition!

6.3 Implementation of iterated dynasearch

In this section, we present our iterated dynasearch algorithm for the linear ordering

problem. To fully evaluate the effectiveness of the dynasearch concept, we compare

the empirical performance of iterated dynasearch not only with the performance of

the state-of-the-art tabu search by Laguna, Marti & Campos (1998), but also with

iterated first-improve and iterated best-improve descent.

In our implementation of these three iterated algorithms, a kick is a series of ran-

dom insert moves (that in general are not independent) from a previously generated

local minimum. Even though the same underlying neighbourhood is used for the

kicks, for a sufficiently long series of moves, the random inserts invariably produce

a solution that is outside the neighbourhood of the local minimum. Moreover, the

local minimum that is obtained as a result of the kick is often different from the one

from which the kick is performed. We use the parameter a to denote the number of

random insert moves in a kick.

Two basic algorithms are used, one where the acceptance rule is "accept all new

local minima S as the new current sequence 5^", the other where the acceptance

rule is "only accept a new local minimum 5 if it is better than SB = Sc" which we

refer to as accept all and accept better respectively. The accept all rule produces a

search in which all kicks are performed from the most recently found local minimum.

The effect of using the accept better rule is that kicks are always performed from

the best local minimum found by the local search so far.

The use of backtracking effectively produces an algorithm with characteristics
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lying between these two extremes. Note that accepting all new local minimum is

equivalent to backtracking every infinitely many iterations and only accepting new

local minimum S that are better than 5c = SB is equivalent to backtracking every

time. Although there is evidence that backtracking a few times in the search gives

slightly better results than either of the two extreme (in terms of backtracking)

algorithms for the randomly generated instances, backtracking was not investigated

further.

Six basic iterated algorithms are investigated, the two acceptance criteria being

used with the three types of descent: first improve, best improve and dynasearch.

The best number of random insert moves to use in a kick (the best value for a), was

determined for each algorithm in turn.

Random starting solutions were used, because when large numbers of local min-

ima are generated, as is the case in reasonably long runs of iterated local search

algorithms, the quality of the starting solution appears to have little effect on the

quality of the final solution.

6.4 Computational experience

6.4.1 Experimental design

We use exactly the same set of randomly generated problem instances as Laguna,

Marti &: Campos (1998). Three sets of problem instance are used.

The first set of problem instances are of input-output tables from sectors in

the European economies available electronically at the OR library that is run by

Beasley (1990). The set consists of 49 problem instances of size ranging from 44 to

60 elements. These problem instances were first solved to optimality by Grotschel,

Jiinger & Reinelt (1984b).

The second set of problem instances are also of input-output tables but from

sectors in the United States economies which can be obtained from the Stanford

graph base Knuth (1993). The set of Stanford graph base problems consists of 25

instances for each size of 40, 60 and 75. We are not aware of any optimal solutions

for these problem instances.

The third set of problem instances, unlike the first two problem sets, have no

structure; the matrices containing random values were produced by Laguna, Marti

& Campos (1998). The random values come from a uniform distribution defined on
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the interval (0,25000). The set consists of 25 instances for each size of 75, 150 and

200. Again, we are not aware of any optimal solutions for these problem instances.

All of our descent and dynasearch algorithms were coded in C and run on either

a SPARC 5/110 server station or Power Challenge R10000. We compare the perfor-

mance of the various iterated local search algorithms on the basis of the following

statistics:

ARPD = the average relative percentage deviation of the solution value found

by the local search algorithm from the optimal (or best known) so-

lution value;

MRPD = the maximum relative percentage deviation of the solution value

found by the local search algorithm from the optimal (or best

known) solution value;

NO = the number of optimal (or best known) solution values found for

the test instances in the problem set;

ACT:SPARC = the average computation time in seconds on a SPARC 5/110 server

station;

ACT:Rl0000 = the average computation time in seconds on a Power Challenge

R10000 computer;

NI = the number of iterations performed in multi-start and iterated de-

scent and dynasearch, where an iteration refers to descending to a

local minimum.

Laguna, Marti & Campos (1998) give computational results for their greedy

(multi-start first improve) and tabu search algorithms as well as the constructive

heuristic of Becker (1967) and a multi-start version of the algorithm of Chanas &

Kobylanski (1996). They perform their computational results on a Pentium contain-

ing an Intel LT430TX 166MH motherboard with MMX. The information collected

by the Standard Performance Evaluation Corporation (1995) indicates that the Pen-

tium with an Intel LT430TX 166MH motherboard with MMX is a factor 4.044 faster
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than the SPARC 5/110 and that the Power Challenge RIOOOO is a factor 1.534 faster

than the Pentium containing an Intel LT430TX 166MH motherboard with MMX.

Accordingly we use these conversion factors to make a direct comparison of compu-

tation times.

We compare iterated dynasearch with the various local search algorithms re-

viewed by Laguna, Marti & Campos (1998) using the performance statistics used in

their paper, namely:

Value = the average objective function value found by the local search al-

gorithm;

Deviation = the deviation of the average objective function value of the set of

problem instances found by the local search algorithm from the

optimal (best known) average objective function value of the set of

problem instances;

Num. of Opt. (Best) = the number of optimal (or best known) solution values found

out of the total number of problem instances in the test set;

equivalent ACT = the average computation time (equivalent for iterated dynasearch)

in seconds on a Pentium containing an Intel LT430TX 166MH

motherboard with MMX. Additionally for iterated dynasearch the

time on a SPARC 5/110 server station for the structured problems

and on a Power Challenge RIOOOO for the random problems is given

in parentheses.

The tables also contain the value of a which is given in parentheses beside of

beneath the type of search (first improve, best improve, dynasearch). Note that

where there are three values within the parentheses, a different value of a was used

for each problem size 75, 150, 200, respectively.

During our experimental work, we obtained better solutions for some of the

Stanford graph base problems and for many of the random problems than those

known to Laguna, Marti & Campos (1998). However, due to the availability of the

spreadsheet containing the individual results of Laguna, Marti & Campos, we were

able to recalculate the above statistics to allow for the new best solutions known.
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6.4.2 Multi-start and iterated dynasearch vs. first-improve
and best-improve descent

OR library problems (49 instances )

Size

range
44-60

ARPD
MRPD

No. of Opt
ACT : Sparc

NI

Multi-start

First

0.002
0.063

44
2.22
35

Best

0.003
0.125

44
2.17
65

Dyna

0.001
0.015

45
2.01
75

Iterated local search
accept all

First (5)

0.001
0.034

47
2.03
205

Best (15)

0.006
0.138

44
1.97
220

Dyna (20)

0.000
0.015

47
1.98
215

accept better
First (10)

0.000
0.006

47
1.97
130

Best (25)

0.003
0.138

47
2.04
160

Dyna (40)

0.000
0.000

49
1.22
85

Table 6.3: Comparison of iterated and multi-start algorithms for OR library prob-
lems

Stanford Graph Base problems (75 instances )

Size

40

60

75

ARPD
MRPD

No. of Best
ACT : Sparc

NI

ARPD
MRPD

No. of Best
ACT : Sparc

NI

ARPD
MRPD

No. of Best
ACT : Sparc

NI

Multi-start

First

0.001
0.015

16
0.42

13

0.002
0.040

11
2.75
20

0.001
0.013

9
14.70

50

Best

0.000
0.009

21
0.42
17

0.001
0.025

15
2.44
30

0.001
0.009

8
14.31

85

Dyna

0.003
0.031

17
0.42
25

0.001
0.012

17
2.44
45

0.000
0.003

9
14.36
130

Iterated local search
accept all

First (5)

0.000
0.002

23
0.40
55

0.000
0.001

19
2.39
90

0.000
0.001

16
14.71
340

Best (15)

0.000
0.003

23
0.41
50

0.002
0.042

19
2.37
125

0.002
0.016

14
14.70
470

Dyna (20)

0.000
0.000

25
0.28
35

0.000
0.002

24
2.42
130

0.000
0.000

21
14.23
510

accept better
First (10)

0.000
0.000

25
0.28
15

0.007
0.071

20
2.44
45

0.002
0.035

22
14.57
190

Best (25)

0.000
0.000

25
0.44
35

0.003
0.059

22
2.38
75

0.003
0.035

22
14.36
330

Dyna (40)

0.000
0.000

25
0.26
20

0.000
0.000

25
1.44
45

0.000
0.000

25
10.88
255

Table 6.4: Comparison of iterated and multi-start algorithms for Stanford G.B.
problems

We first discuss the value for the parameter a that is selected. Our results

indicate that the best value of a depends on the type of acceptance criterion used:

searches where the accept better rule is used always prefer a larger value of a than

those where the accept all rule is used. The best value for a also appears to depend

on the type of descent that is used. For example first improve always prefers a smaller

kick than either dynasearch or best improve. There was no evidence amongst the

input-output table problem sets of the best value of a depending on the size of

instance for any of the six algorithms. However, the reverse is true amongst the

random problems, since all six algorithms perform better with larger values of a

for larger instances. It must be noted that very much smaller computational times
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Random (0,25000) problems (75 instances )

Size

75

150

200

ARPD
MRPD

No. of Best
ACT : R10000

NI

ARPD
MRPD

No. of Best
ACT : R10000

NI

ARPD
MRPD

No. of Best
ACT : R10000

NI

Multi-start

First

0.157
0.314

0
1.21
25

0.293
0.451

0
9.99
30

0.319
0.372

0
20.55

16

Best

0.200
0.292

0
1.01
40

0.300
0.388

0
10.51

50

0.330
0.423

0
21.64

35

Dyna

0.185
0.306

0
1.05
65

0.340
0.470

0
9.84
85

0.358
0.502

0
20.55

80

Iterated local search
accept all

First
(10,20,25)

0.043
0.196

2
1.04
70

0.073
0.224

0
10.92

55

0.089
0.184

0
20.99

35

Best
(25,80,120)

0.041
0.164

4
1.03
90

0.067
0.213

1
10.46

70

0.091
0.259

0
20.01

45

Dyna
(20,35,45)

0.018
0.078

5
0.99
170

0.043
0.118

2
10.01
180

0.047
0.165

0
20.03
170

accept better
First

(25,40,45)

0.064
0.216

0
1.01
35

0.112
0.253

1
10.80

30

0.118
0.230

0
23.45

25

Best
(80,120,150)

0.069
0.194

4
1.00
60

0.114
0.272

0
11.93

40

0.124
0.275

0
21.64

40

Dyna
(40,75,80)

0.032
0.183

7
0.97
100

0.100
0.206

0
10.00

95

0.103
0.241

0
20.17
100

Table 6.5: Comparison of iterated and multi-start algorithms for Random prob-
lems(0,25000)

are used relative to the difficulty of the problems for the random instances, and

that the smallest size of instances for the random problems is equal to the largest

instances amongst the input-output table problems. The best value for a for iterated

dynasearch appears to be the same for the input-output table instances of size 75 as

for the random instances of size 75. However, for traditional iterated descent, larger

values of a appear to be preferred in the local searches performed on the random

instances size 75 than for the local searches performed on the input-output tables

of size 75.

Finally, it should be noted that the performance of the algorithms is not partic-

ularly sensitive to small changes in the value of the parameter a.

For a given acceptance criterion, iterated dynasearch appears significantly to

out-perform iterated first improve and iterated best improve descent in terms of the

quality of solutions it is able to find in a given time across all problem sizes and

types. There does not appear to be a significant difference in the level of performance

between iterated first improve and best improve descent for any given acceptance

criterion on any of the sets of test instance.

Multi-start dynasearch appears to be slightly more effective than multi-start

first improve and best improve descent on the more structured input-output table

problem sets, but performs less well on the random problem sets than the traditional

multi-start descent versions. On the random problem sets, multi-start first improve
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descent appears to be the most effective of the multi-start algorithms. In contrast,

on the input-output table problems, first improve seems to be the least effective

multi-start algorithm.

For all problems, the accept all criterion yields lower ARPD values for iterated

first improve and iterated best improve descent algorithms than for the accept better

criterion. However, on the input-output table problems the traditional descents

using the accept better acceptance criterion appear to find more best solutions. It is

difficult to comment on the number of best solutions found for the random problems,

as the time allowed was really too short to find them. The iterated dynasearch using

the accept better acceptance criterion, appears to find all the best solutions known

for all the input-output table problems in less that the allotted time, and therefore

appears to significantly outperform the other eight algorithms in the table both in

terms of time and quality of solution obtained. The second most effective algorithm

for these problems is iterated dynasearch with the accept all acceptance criterion.

For the random instances, all three types of descent perform better in their

iterated version, and in particular with the accept all criterion. On random instances

iterated dynasearch appears to outperform the iterated first improve and iterated

best improve algorithms for a given acceptance criteria.

To summarise, iterated dynasearch outperforms all forms of multi-start descent

and for any given acceptance criterion appears to outperform iterated first improve

or best improve descent.

6.4.3 Iterated dynasearch vs. tabu search and other local
search methods

It has already been noted that Laguna, Marti & Campos (1998) appear to use an

O(n3) time procedure to search insert neighbourhoods for improving moves in their

local search implementations. An O(n2) time procedure can not be implemented

on their particular insert neighbourhood where elements are selected by their mea-

sure of influence (see introduction) for possible removal from their current position

and insertion else where. Therefore their tabu search neighbourhood could not be

searched in O(n2). However, in their initial experiments when they compare their

special insert neighbourhood with the simple best improve neighbourhood, they

appear to search the best improve neighbourhood in O(n3) time.

The effect on the computation times merits discussion. Laguna, Marti & Campos
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(1998) quote an average CPU time of 0.04 seconds (on their Pentium) to perform

a single best improve descent from a random starting solution on each of the 49

OR library problems. Our O(n2) implementation appears to be approximately five

times faster, taking an average CPU time equivalent to about 0.008 seconds on their

Pentium (0.033 seconds on our SPARC) to perform a single best improve descent

from a random starting solution on each of the 49 OR library problems.

OR library problems (49 instances )

Value
Deviation

No. of Optimal
equivalent ACT

Greedy 10

20375556.16
0.02%

22
0.08

Becker

22038090.39
8.95%

0
0.02

CK 10

22040892.14
0.02%

27
1.06

TS LOP

22041261.51
0.00%

47
0.93

iter ds accept all
(20)

22041261.76
0.00%

47
0.49 (1.98)

iter ds accept better
(40)

22041263.82
0.00%

49
0.30 (1.22)

Table 6.6: Comparison of iterated dynasearch algorithm with other algorithms in
the literature on OR library problem instances

Stanford Graph Base problems (75 instances )

Value
Deviation

No. of Best
equivalent ACT

Greedy 10

5909898.24
0.01%

19
0.55

Becker

6022126.63
2.04%

0
0.20

CK 10

6032591.57
0.01%

17
16.33

TS LOP

6033124.09
0.00%

59
4.09

iter ds accept all
(20)

6033168.427
0.00%

71
1.98 (8.01)

iter ds accept better
(40)

6033169.08
0.00%

75
1.57 (6.34)

Table 6.7: Comparison of iterated dynasearch algorithm with other algorithms in
the literature on Stanford graph base problem instances

Random (0,25000) problems (75 instances )

Value
Deviation

No. of Optimal
equivalent ACT

Greedy 10

128981141
0.40%

0
1.21

Becker

125587971.7
3.02%

0
0.80

CK 10

128919838
0.45%

0
108.44

TS LOP

129269367.5
0.18%

4
20.19

iter ds accept all
(20,35,45)
129439318

0.05%
5

14.44 (9.41)

iter iter ds accept better
(40,75,80)

129374397.3
0.10%

7
16.21 (10.56)

Table 6.8: Comparison of iterated dynasearch algorithm with other algorithms in
the literature on random problem instances

The results from Laguna, Marti & Campos (1998) given in the three tables, ap-

pear to indicate that their tabu search is better than other algorithms known at that

time, namely multi-start greedy with 10 restarts (multi-start first improve decent),

the constructive heuristic of Becker (1967) and multi-start CK with 10 restarts (CK

referring to the algorithm by Chanas & Kobylanski (1996)), and therefore is the

state-of-the-art algorithm for the linear ordering problem. However, we consider a

fairer comparison would have been produced, if the number of restarts was varied

to produce a multi-start first improve descent which took the same amount of time
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as the tabu search. We used this approach when we compared iterated dynasearch

with our implementation of multi-start first improve descent. Tables 6.6, 6.7 and 6.8

using the measures used in Laguna's paper clearly show that iterated dynasearch is

considerably more effective than their state-of-the-art tabu search, whichever of the

two acceptance criteria is used. For example on the Stanford graph base problems,

using the accept better criterion, iterated dynasearch finds a larger number of best

solutions known and a higher average objective function value than the state-of-the-

art tabu search. This is achieved in far less time than that used by the tabu search.

Iterated dynasearch with the accept better criterion is capable of finding all 49 of

the optima for the OR library problems and all 75 of the best solutions known for

the Stanford graph base problems in less than the corresponding times allowed for

the tabu search.

6.4.4 Using a hybrid acceptance criterion in iterated dy-
nasearch

It appears that some of the differences can be explained by the length of run used

in obtaining the results in comparison with the average time required to find the

best local minimum known. If backtracking is used early in a search the effect can

be detrimental. Imagine the situation where a good but not optimal local minimum

has been found, the local minimum found may be the best in the vicinity that

kicking from the best solution known is likely to find. Kicking from the previous

local minimum can be an efficient way to diversify the search without resorting to

time consumingly large kicks.

If no backtracking is used in a search, although low ARPD are quickly obtained

it may take a long time to find the optimal solution. If it is desirable to find optimal

solutions rather than just very good solutions, a hybrid approach appears to be more

effective than either individual strategy, where the local search is started using the

'accept all' acceptance criterion, continuing with this strategy long enough so that

near optimal solutions are expected, before then changing the acceptance criterion

to 'accept better'.

Tables 6.9 and 6.10 demonstrate the benefit of using a hybrid approach. The

columns in each table give the results for a particular version of iterated dynasearch.

The first column for the version of iterated dynasearch uses the accept all criterion,

the second column uses the accept better criterion, and the third starts by using the
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accept all criterion, but after a predetermined number of kicks uses the accept better

criterion. In the first table, containing results for the Stanford graph base problems,

the first 120 kicks, each comprising of 20 insert moves, are performed from the

previous local minimum, and then the rest of the kicks, each comprising of 40 insert

moves, are performed from the best currently known local minimum. The stopping

criterion is to stop the search if there is no improvement in the value of the best

known local minimum for 140 successive iterations. The hybrid method in the third

column of the second table, containing the random problems, is identical except that

the first phase using the accept all criterion lasts for the first 4000 iterations and

the stopping criterion is to stop the search if 5000 successive iterations result in no

improvement in the objective function.

Stanford Graph Base problems (25 instances )
size

75 ARPD
MRPD

No. of Best
ACT : Sparc

NI

iter ds accept all
(20)
0.000
0.000

21
14.23
510

iter ds accept better
(40)

0.000
0.000

25
10.88
255

iter ds accept all /iter ds accept better
(20)/(40)

0.000
0.000

25
6.16

120/140

Table 6.9: Comparison of different versions of iterated dynasearch on Stanford G.B
problems

Random (0,25000) problems (25 instances )
size

75 ARPD
MRPD

No. of Best
ACT : R10000

NI

iter ds accept all
(20)

0.000
0.002

24
66.10
20000

iter ds accept better
(40)

0.009
0.096

18
74.30
15000

iter ds accept all /iter ds accept better
(20)/(40)

0.000
0.000

25
24.92

4000/5000

Table 6.10: Comparison of different versions of iterated dynasearch on
Rand(0,25000) problems

6.5 Concluding remarks

The contribution of this chapter is three fold. First, it gives further evidence of the

effectiveness of a new local search technique known as dynasearch.

The second contribution is showing how the time complexity of searching the

linear ordering problem insert neighbourhood can be reduced to O(n2) time by

searching the neighbourhood in a particular order. This result can be mirrored in

many insert neighbourhoods particularly those on problems of finding an optimal

permutation.
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The third contribution relates specifically to the application of dynasearch to the

linear ordering problem. An iterated dynasearch algorithm for this problem performs

significantly better than all other known local search algorithms, including the state-

of-the-art tabu search algorithm of Laguna, Marti & Campos (1998), with respect

to both solution quality and computation time. An iterated dynasearch algorithm

has already been shown to be the state-of-the-art algorithm for the single-machine

total weighted tardiness problem (see Chapter 5).

Our iterated local search algorithm for the chapter on the total weighted tardiness

problem shows that the random moves used in the kick can still be effective even if

they belong to the underlying local search neighbourhood. In this chapter we have

given more evidence of the ability of multiple random moves from the underlying

neighbourhood to form productive kicks.



Chapter 7

Travelling Salesman Problem

7.1 Problem definition and literature review

It is convenient to state the (symmetric) travelling salesman problem as a minimiza-

tion problem in a complete graph G = (V, E). The set of vertices V correspond to

the cities, and the set E contains an edge {z, j} of length dij for each pair of cities

i and j (i = 1 , . . . , n, j = 1 , . . . , n), where dji ~ dy. The TSP is the problem of

finding a Hamiltonian cycle of minimum total length that contains each vertex of

V exactly once. Any Hamiltonian cycle can be represented as a permutation of

the cities; accordingly, the length of a Hamiltonian cycle that is induced by the

permutation a is then

.7 = 1

where o(j) is the city in the j ' t h position of a (j = 1 , . . . , n), and where by definition

a(n + 1) = cr(l). Henceforth, we call a Hamiltonian cycle simply a tour.

The symmetric travelling salesman problem has many applications from large

scale integration chip fabrication (Korte 1989) to X-ray crystallography (Bland &

Shallcross 1989).

In recent years the record for the largest nontrivial TSP instance solved to op-

timality has increased substantially from 318 cities in 1980 (Crowder & Padberg

1980) up to 13,509 in 1998 (Applegate, Bixby, Chvatal & Cook 1998). Although the

advances seen have been due in part to the increase in computer power, much of the

improvement is due to the major developments in the branch and cut algorithms

used.

The travelling salesman problem has received more attention than any other

intractable combinatorial optimization problem. It has always served as the bench-
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mark problem on which many new techniques have been tested.

An excellent overview, is given by Lawler, Lenstra, Rinnooy Kan & Shmoys

(1985).

The best descent local search algorithms are the so-called edge exchanging meth-

ods: these are based on a neighbourhood in which up to k edges in a feasible tour are

exchanged for new edges to make a new feasible tour. Among these algorithms, we

find the famous fc-opt algorithms (Croes 1958, Lin 1965), Or-opt (Or 1976), and the

Lin-Kernighan algorithm (Lin & Kernighan, 1973). The latter is widely considered

to be the champion of TSP descent heuristics.

The superiority of edges exchanging methods over other descent methods is

partly due to the effectiveness of some well known speedups (see section 7.2.1).

In fact well implemented A;-opt and Lin-Kernighan are so powerful that, as far as

we are aware, they currently form a part of all competitive local search algorithms.

Before discussing the state of the art local search algorithms for the TSP in

the next section, we will review some of the of the less competitive local search

techniques in the literature. It is particularly interesting to note how some well

known techniques, forms of which are competitive on many other problems, cannot

complete with well implemented edge exchanging descent methods.

Tabu search algorithms in the literature appear to be inferior to either a single

Lin-Kernighan descent or multi-start Lin-Kernighan in terms of the solution quality

obtainable within a given time frame. Despite the leap in performance of genetic

algorithms since the influential work of Miihlenbein, George-Scheuter &; Kramer

(1988), its only rescently that they have appeared competitive. Two new papers

Nagata & Kobayshi (1997) and Watson et al. (1998) yield encouraging results.

Simulated annealing algorithms are unable to compete with a single run of Lin-

Kernighan in terms of the solution quality obtainable within a given time frame.

However, over longer time periods, simulated annealing algorithms can outperform

multi-start Lin-Kernighan on some instances. Neural networks appear to be far from

competitive. They struggle to complete with the quality of solution obtainable by

a single 2-opt descent, even when very long time periods are allowed. A detailed

review of the research undertaken on the TSP using the above types of local search

algorithm is given by Johnson & McGeoch (1997).

Finally the reader is referred to section 4.2 for a review of search procedures

for the TSP involving PSEN. Of these, only Balas's neighbourhood has been shown
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to have the potential in the short term (Balas & Simonetti 1998) to be used in a

state-of-the-art local search procedure (Balas & Simonetti 1998). The rotational

pyramidal neighbourhood (Carlier & Villon 1990) seems to be only of academic

interest, unless suitable speedups are found to reduce the effective run time com-

plexity drastically from O(n3). Many PSEN's are obviously not of practical interest

for reasons explained in section 4.3 and others are yet to be implemented.

We now turn our attention back to more competitive local search techniques

containing phases of edge exchanging descent.

7.2 Competitive local search techniques

Johnson & McGeoch (1997) review a large number of methods and believe the most

effective method to be the "kick" method, using Lin-Kernighan as the local optimiser

which they refer to as Iterated Lin-Kernighan (ILK) (see section 3.7). They state:

"It is now widely believed that the Martin-Otto-Felten approach, in particular the

ILK variant, is the most cost-effective way to improve on Lin-Kernighan, at least

until one reaches stratospheric running times."

The other seemingly most promising method is guided local search (GLS) as

proposed by Voudouris & Tsang (1999). GLS augments the cost function of the

problem to include a set of penalty terms for the edges and passes this problem,

instead of the original one, for minimisation by the local optimiser. The local opti-

miser's search is directed by the penalty terms and focuses attention on promising

regions of the search space. Iterative calls are made to a local optimiser. Each time

the local optimiser gets caught in a local minimum, the penalties are modified and

the local optimiser is called again to minimise the modified cost function (see section

3.8).

The most effective variant of GLS known uses 2-opt as the local optimiser method

and can easily outperform multi-start Lin-Kernighan. Although the implementa-

tion of GLS-2-opt by Voudouris & Tsang (1999) appears unable to compete with

the state-of-the art implementation of ILK (by Applegate, Bixby, Chvatal & Cook

1999), it does have the advantage of being far simpler to implement. The Voudouris

& Tsang (1999) implementation of GLS-2-opt is, according to the results in this

Chapter, more effective than the best implementation of iterated 3-opt (Stuetzle

1998b) of which we are aware.
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No other local search heuristic in the literature appears to be able to compete

with the best iterated local search algorithms or with GLS-2-opt. It should be noted

that, under some authors' classifications, iterated local search is seen as a form of

genetic algorithm (Johnson & McGeoch 1997) and possibly more reasonably GLS is

viewed as a type of tabu search, thus invalidating some of the comments above.

As stated before, all of the competitive local search algorithms contain phases

of edge exchange descent, the effectiveness of which is partially dependent on some

well known speed-ups which are described in the next sub-section.

7.2.1 Speed-ups for edge exchanging descents

Many efficient implementations of fc-opt and Lin-Kernighan local search algorithms

use the same well known tricks. Unlike the speed-ups which we used on the TWTP

that did not effect the dynasearch move found, these speed-ups do affect the moves

made, and consequently the local minimum found. However, in practice the speed-

ups, when implemented correctly, are capable of producing impressive reductions in

the time taken to search a given neighbourhood, at the cost of a small reduction in

the average quality of local optimum found. Such speedups include Locality searches

using neighbourhood lists and don't look bits.

Locality searches, introduced by Steiglitz & Weiner (1968), are based on the

observation that, for at least one city a in a 2-opt swap, the edge removed from

the tour that was connected to a is larger than the new edge in the tour that is

now connected to a. So the 2-opt neighbourhood can be searched in the following

way. For each city a, we consider each of its current neighbours as city b. We then

consider as city c, all of the cities on a's neighbourhood list that are closer than

city b. There then only exists one current neighbour d to c that could produce a

legitimate 2-opt move. The 2-opt move considered breaks edges {a, b} and {c, d}

replacing them with {a, c} and {b, d}.

The equivalent 3-opt search, first used by Lin & Kernighan (1973), requires two

locality searches. The first is identical to the locality search for 2-opt, so we obtain

cities o, b, c and d. Edges {a, 6} and {c, d} are broken and edge {a, c} is added. The

second locality search is centered at d (Bentley (1992) implies that the search needs

to be centred at c rather than d, but we think that this is a misprint). We now

consider as city e, all cities on cf s neighbourhood list that are less than a distance of

dab + dd — dac away. There then exists only one current neighbour / to e that could
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produce a legitimate 3-opt move. The 3-opt move considered breaks edges {a, b},

{c,d} and {e, /} replacing them with {a,c}, {d,e} and {6, /} .

The effect of the use of a neighbourhood list, of a constant length /c, on a locality

search centered on a given city a is to reduce the number of moves considered to a

constant. In a 2-opt descent, the locality search centered at a considers less than

2k moves. A brief explanation is that b is one of the two cities adjacent to a, city

c is one of the k cities on a's neighbourhood list and given cities a, b and c, then

city d is determined. In a 3-opt descent, the locality search centered at a considers

less than Ik2 moves. The explanation is similar to that for the corresponding 2-opt

descent; city b is one of two cities adjacent to a and cities c and e must be selected

from neighbourhood lists. As indicated from the above observations, using a local-

ity search with a neighbourhood list of constant length reduces the computational

complexity of searching both the 2-opt and 3-opt neighbourhoods to O(n).

Locality searches are generally implemented using neighbourhood lists which

were introduced concurrently by Steiglitz & Weiner (1968). They propose storing

for each city c a list of the remaining cities in order of increasing distance from c. We

use an implementation of neighbourhood lists suggested by Johnson and McGeoch

(1997), where only the nearest 20 neighbours are stored, for each city c, in order

of increasing distance from c. This makes the search significantly faster and saves

memory space at a small cost in terms of missed improving moves.

Don't look bits, introduced by Bentley (1992), effectively save time by indicating

cities that are not thought worth considering as city a, for the above locality searches

in the current iteration. Obviously, even if a city's bit is coded 0 (often referred to as

closed) so it will not be considered as city a in the search, it may still be considered as

any of the other cities involved in the 2 or 3-opt move. The idea is that if a previous

search centered at a city a has not resulted in the discovery of an improving move

and neither of the edges adjacent to a have changed since the search, it is unlikely

that a further search centered at a city a will result in the discovery of an improving

move. The setting of bits both at the start and within the descent, is very influential

in the trade-off between the quality of the local minima found and the speed of the

descent required to find it.

The standard rules for updating the status of bits within a descent are:

• If a search centred at city a does not result in the discovery of an improving

move then close city a's bit (set city a's bit to 0).
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• If a new edge {a, b} (the edge connecting cities a and b) is introduced to the

tour then open city a and 6's bits (set cities a and fe's bits to 1).

In the next section, we show how to embed 2-opt, and 3-opt neighbourhoods into

dynasearch algorithms ds-2-opt, and ds-3-opt, respectively.

7.3 Dynasearch

A k-opt algorithm (k = 2,3,.. .) for the TSP starts with any tour, and attempts to

improve it by removing up to k edges that are not all adjacent, and replacing them

with a corresponding number of new edges so that a new tour is generated. Note

that, in the new tour, some segments of the original tour may be reversed. Thus,

the k-opt neighbourhood comprises all tours that can be obtained by replacing up

to k edges in a tour by new edges. The solutions that are obtained by replacing

exactly k non-adjacent edges form the pure k-opt neighbourhood.

A search of the k-opt neighbourhood of the current tour is performed with the

aim of finding a tour which is shorter than the current tour. If no shorter tour exists

in the neighbourhood, then the current tour is a local optimum and the algorithm

terminates. In a k-opt algorithm, it is usual to adopt a first improve strategy. Thus,

a new tour is adopted as the current tour if the total length of the edges that are

removed exceeds the total length of the new edges.

The computation time required by an iterative local improvement algorithm is

related to the size of the neighbourhood. For the k-opt neighbourhood, the size is

O(nk). Thus, the time requirement to check for local optimality is O(nk).

Suppose that a is a permutation which defines the current tour, and let a(n + l)

= cr(l). Consider two pure k-opt neighbours that are obtained by removing edges

{cr(ii),o(ii +1)},. .., {a(ik),a{ik +1)} and {a(ji),a(ji +1)} , . . . , {a(jk), a(jk +1)},

respectively, where l<ii<...<ik<n + I and 1 < ji < ... < j k < n + 1. These

neighbours are independent if either ik < j \ or jk < i\ • Informally, the segments of

the tour (cr{i\), • • •, <j(ik + 1)) and (cr(ji),..., a(jk + 1)) that are rearranged under

these moves to produce the two neighbours, contain no common edges. Independence

of non-pure k-opt neighbours is denned analogously.

In the corresponding dynasearch algorithm, the ds-fc-opt neighbourhood com-

prises all solutions that can be obtained from the current solution by a series of

independent fc-opt moves. Moreover, we adopt a best improve strategy that selects



Chapter 7. The Travelling Salesman Problem 100

the shortest tour in this neighbourhood. A tour is a local optimum in the ds-fc-opt

neighbourhood if, and only if, it is a local optimum in the £:-opt neighbourhood.

In the following subsections, we show, for particular choices of k, how a best

ds-fc-opt neighbour can be found by dynamic programming.

7.3.1 2-opt and ds-2-opt

The 2-opt neighbourhood of the solution defined by permutation a contains all tours

that are obtained by selecting a pair of distinct non-adjacent edges, say {cr(i), <j(i +

1)} and {a(j),a(j + 1)} where 1 < i + 1 < j < n, and replacing them by the

edges {cr(i),(j(j)} and {c(i + l),cr(j + 1)}; see Figure 7.1 and 7.2. This is the only

replacement that creates a feasible tour. In the 2-opt algorithm, the new tour is

adopted as the current tour if, and only if, it is shorter; that is, if

da(i),a(i+l) + da(j),<r(j+l) > da{i),a{j) + C ^ + i ^ j + l ) . (7.1)

Note that such an edge exchange reverses a part of the tour. The new tour is

represented by the permutation (<r(l), • • •, cr{i), cr(j),a(j — 1 ) , . . . , a(i + 1), a(j +

1 ) , . . . , cr(n)). Observe that a given tour has n(n — 3)/2 neighbours, so the size of

the 2-opt neighbourhood is O(n2). Since checking whether inequality (7.1) holds

takes constant time, verifying local optimality requires O(n2) time overall.

a(i) a(i +1) a{i) a(i +1)

Figure 7.1: A 2-opt move involving the edges {a(i),a(i + 1)} and {c(j),cr(i + 1)};
left the old tour, right the new tour.

As for 2-opt, the input for our dynasearch algorithm ds-2-opt is any tour that is

defined by some permutation o of the cities. We now present a dynamic program-

ming algorithm that finds a shortest tour in the ds-2-opt neighbourhood. Let F(j :a)

be the length of a shortest Hamiltonian path with two fixed endpoints, namely city

<r(l) and city cx(j), that is obtained by applying independent 2-opt moves to the

path defined by (cr(l),. . . , cr(j)). In the computation of F(j + 1 :cr), there are then

two possible ways to transform this path to include city a(j + 1):
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Figure 7.2: An alternative diagram displaying the new tour after the 2-opt move,
involving the edges {a(i),a(i-\-l)} and {cr(j),cr(j + 1)}, which makes use of the fact
that cr(l) = a(n + 1)

(a) go directly from city a(j) to city a(j + 1) by adding the edge {a(j),a(j + 1)}

and leave the original path unaltered;

(b) go to city a(j + 1) by adding the edge {cr(j),a(j + 1)} and then perform a

2-opt move involving the edges {&(i), u{% + 1)} and {cr(j), a(j + 1)} for some

In either case, we obtain a Hamiltonian path starting in city a(l) and ending in

city a(j + 1) that visits all other cities cr(2),..., cr(j), in some order, in between; see

Figure 7.3.

(b)

where / s/ \ indicates that edges may be involved in other moves

Figure 7.3: The two possibilities in the computation of F(j + 1 :CT).

The initialization of our dynamic programming algorithm is as follows:

F(l:a) = 0,

F(2:a) = ^ ( I ) , ^ ) ,
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and the recursion for j = 3 , . . . , n is

j F{j:a)+
: a) - mm j

where D^i+i)^j) = E£=i+i da{k),&(*+!)• The first expression in the recursion corre-

sponds to possibility (a) and the second expression to possibility (b). Accordingly,

F(n + 1 :o) is the length of the shortest tour in the neighbourhood of our starting

solution; the corresponding tour is found by backtracking.

The running time of this dynamic program depends on the time to compute the

Da(i+i),a(j) values. Note that

k=i+l

and that all Da{i)^j) values (j = l , . . . , n ) can be computed and stored in O(n)

time in a preprocessing step. Accordingly, we can retrieve each value Da^+i)>a(j) in

constant time, and the recursion requires O(n2) time. Verifying whether a tour is a

local optimum in the ds-2-opt neighbourhood requires O(n2) time, which matches

the time requirement to check whether a tour is a local optimum in the 2-opt neigh-

bourhood.

Finally, we note that a backward dynamic programming algorithm of the same

complexity can be derived. It uses values G(j :a) (j = 1 , . . . , n) which denote the

length of a shortest Hamiltonian path, starting in city a(n + 1) and ending in city

cr(j), that is obtained by applying independent 2-opt moves to the path defined by

(cr(n + 1), • • •, cr(j)). The worst-case complexity of the backward algorithm is the

same as that of the forward algorithm.

7.3.2 2|-opt and ds-2i-opt

The 2|-opt neighbourhood refers to the 2-opt neighbourhood in combination with

vertex re-insertion. Vertex re-insertion is performed by deleting one vertex from the

tour and reinserting it in another place. Accordingly, if permutation a defines the

current tour, and we move vertex a(j) between vertices a(i) and a(i + 1), as shown

in Figure 7.3.2, then the resulting tour is shorter if and only if
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Note that the 3-opt neighbourhood contains the 2|-opt neighbourhood. However,

verifying local optimality in the 2|-opt neighbourhood only requires O(n2) time.

a{i) a{i + 1)

Figure 7.4: Vertex re-insertion where city a(j) is relocated between a(i) and cr(i + l);
left the old tour, right the new tour.

We now show how to incorporate 2|-opt in a dynasearch algorithm. It is sufficient

to present the underlying dynamic programming algorithm, since other features of

the ds-2^-opt algorithm are the same as for ds-2-opt.

The algorithm proceeds in the same fashion as for ds-2-opt. We start with

any given permutation a of the cities. Let F(j : a) be the length of a shortest

Hamiltonian path with city cr(l) and city a(j) as the endpoints, that is obtained by

applying independent 2^-opt moves to the path defined by (cr(l),... ,a(j)). There

are four possible ways to augment this path to include city a(j + 1). The first two

possibilities, (a) and (b), are identical to those for ds-2-opt in section 7.3.1, while

the other two are:

(c) go to city a(j + 1) by adding the edge {cr(j), a(j + 1)} and then reinsert city

a(j) between cities a(i) and a(i + 1) for some i (i = 1,. . . , j — 2);

(d) go to city a(j + 1) by adding the edge {a(j), a(j + 1)} and then reinsert city

a(i + 1) between cities cr(j) and a(j + 1) for some i (i = 1, . . . , j'• — 2).

Moves (c) and (d) effectuate vertex re-insertion, where move (c) can be regarded

as a backward re-insertion and (d) as a forward re-insertion. They are depicted in

Figure 7.5. In all cases, we obtain a Hamiltonian path starting in city a(l) and

ending in city a(j + 1), and visiting all other cities a(2),..., a(j), in some order, in

between.
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a(j-l) a(j) a(j + l)

(c) backward reinsertion of a(j) between a(i) and a(i + 1)

(d) forward reinsertion of a(i + 1) between a(j) and a(j + 1).

Figure 7.5: The two possible vertex reinsertions to reach state F(j + 1 :a)

The initialization of our dynamic programming algorithm is as follows:

F(l:o) = 0,

F(2:o) = do.(i)iCT(2),

F(3:a) = da^)^2) + da^),a{3),

and the recursion for j = 3 , . . . , n is

l:cr) = min

The last two expressions in the recursion correspond to vertex re-insertion. The

length of a shortest tour in the ds-2|-opt neighbourhood of our starting solution is

F(n + 1 : a), and the corresponding tour is found by backtracking. This dynamic

programming algorithm also runs in O(n2) time and O(n) space.

Note that, by dropping the second expression in the recursion, which performs

the 2-opt moves, we obtain an algorithm of the same complexity for checking whether

a tour is a local optimum in the ds-vertex-re-insertion neighbourhood.
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7.3.3 3-opt and ds-3-opt

A 3-opt search strategy is expensive, since each move replaces two or three edges

in the current tour by two or three others. Suppose that permutation a defines the

current tour, and that two or three of the distinct edges {a(h),a(h + l)}, {a(i),a(i +

1)}, and {a(j),a(j + 1)} are replaced. If all three edges are to be replaced and they

are non-adjacent, then there are four triples of new edges that will produce a tour:

{a(h),a(j)}, {a(i + 1),a(h + 1)} and {a(i),a(j + 1)};

{a(h), a(i + 1)}, {a(j), a(h + 1)} and {a(£), a{j + 1)};

{a(h), a(i)}, {cr{h + 1), a(j)} and {a(i + 1), a(j + 1)};

{a(h),a(i + l)}, {a(j),a(i)} and {a(h + l),a(j + 1)}.

If all three edges are replaced and exactly two of them are adjacent, then 3-opt

becomes vertex re-insertion and the new edges are uniquely determined. Also, each

pair of non-adjacent edges can be replaced to give a 2-opt neighbour. Since a tour

has O(n3) neighbours under a 3-opt search, verifying local optimality takes O(n3)

time.

The dynamic programming algorithm is of the forward type and proceeds in the

same manner as before. There are five possible ways to augment the Hamiltonian

path so that city a(j + 1) is included. These are:

(a) go directly from city a(j) to city a(j + 1) by adding the edge {&{j), cr(j + 1)}

and leave the original path unaltered;

(b) to (e) go to city a(j +1) by adding the edge {o(j),a(j + 1)} and then perform

a 3-opt move by deleting the edges {a(h),a(h + 1)}, {a(i),a(i + 1)} and

{cr(j), a(j + 1)}, with 1 < h < i — 2 < j — 4, and replacing them in the four

ways that are described above.

In all cases, we obtain a Hamiltonian path starting in city cr(l) and ending in city

a(j + 1), that visits all other cities cr(2),..., a(j), in some order, in between.

The initialization of our dynamic programming algorithm is as follows:

F(l:a) = 0,

F(2:a) = dCT(i)](T(2),

F(4\a) =
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and the recursion for j = 4 , . . . , n is

.: a = mm <

where A^- = F(h:o) + Da(h+i),a(i)+Da(i+i)tCr(j)- The length of a shortest tour in the

ds-3-opt neighbourhood of our starting solution (excluding 2-opt and i\ neighbours)

is F{n + 1 :c), and the corresponding tour is found by backtracking. This dynamic

program runs in O(nz) time, but requires only O(n) space. Finally, note that a

backward dynamic programming algorithm can be developed in a similar fashion.

7.3.4 An alternative presentation of the dynamic program

ds-2-opt neighbourhood

Let 5(i, j + l) be the improvement obtained due to performing a 2-opt move involving

removing the edges {a(i),a(i + 1)} and {a(j),a(j + 1)} on the current tour a:

Let A(j : a) be the largest reduction in the length of the Hamiltonian path with

two fixed endpoints, namely city a(l) and city a(j), that is obtained by applying

independent 2-opt moves to the path defined by (cr(l),... ,a(j)).

Initialisation

A(Z:CT) = 0 for i = 1,2,3

Recursion

Calculate A(j :a) for j = 3,..., n:

f
l:a) = max | max {A(i:a) + 6{i,j+ 1)}.

A(n+1: a) is the largest improvement obtainable from a move in the neighbourhood.

The move corresponding to the improvement A(n + 1 :a) is found by backtracking.
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ds-2|-opt neighbourhood

Let S(i,j + 1) be defined as for ds-2-opt. Let 5'(j,i) be the improvement obtained

due to performing a 2|-opt move involving removing the vertex cr(j) from its current

position and reinserting it between vertices a(i) and a(i + 1) in the current tour a,

where j < i — 1 or j > i + 2

Let A(j : a) be the largest reduction in the length of the Hamiltonian path with

two fixed endpoints, namely city CT(1) and city cr(j), that is obtained by applying

independent 2^-opt moves to the path defined by (cr(l),..., cr{j))-

Initialisation

A(i:a) = 0 for i = 1,2,3

Recursion

Calculate A(j:a) for j = 3,..., n:

fA(j:a),
max {A(i:a) + 6(i,j

A(j + I: a) = max<

A(n+1: a) is the largest improvement obtainable from a move in the neighbourhood.

The move corresponding to the improvement A(n + 1 :a) is found by backtracking.

ds-3-opt neighbourhood

Let 5(h, i + 1, j + 1) be the improvement obtained due to performing a 3-opt move

involving removing the edges {a(h),a(h + l)}, {a(i),a(i + l)} and {a(j),a(j+ 1)}

on the current tour a. Then

5(h, i + 1, j + 1) = da{h),a(h+l) + da(i),cr(i+l) + da(j)

— m i n <

Let A(j : cr) be the largest reduction in the length of the Hamiltonian path with

two fixed endpoints, namely city cr(l) and city a(j), that is obtained by applying

independent 3-opt moves to the path defined by (CT(1), . .. ,a(j)).
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Initialisation

A(I:CT) = 0 for i = 1,2,3,4

Recursion

Calculate A(j :o) for j = 4,..., n.

1 [
l : a ) = m a x j m a x t/\(h:o) + 8{h,i + l,j + 1)}.

[l<h<i-2<j-4l V ' V ' J n

A ( n + 1 : o) is the largest improvement obtainable from a move in the neighbourhood.

The move corresponding to the improvement A(n + l:cr) is found by backtracking.

7.3.5 Speed-ups

A dynasearch descent is a type of edge exchange descent method so all of the well

know edge exchange descent speed-ups can be implemented (See sub-section 7.2.1).

An outline of how the speed-ups may be implemented in a descent,

begin

Select bits to be open at the start of the descent.

repeat

Select a city a with an open bit.

Perform a locality search centered on city a

using a neighbourhood list of size 20.

If an improving move is found perform the move.

Update the cities bits that have been affected by the search

using the standard rules.

until All cities in the current tour's bits are closed.

end

7.4 Implementation of iterated and GLS dynasearch

In this section, we present our iterated dynasearch and guided local search dy-

nasearch algorithms for the travelling salesman problem problem. A general intro-

duction to iterated local search and guided local search is given in sections 4.5.1 and

4.5.2 respectively.
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We used the nearest neighbour construction heuristic to produce our initial solu-

tion. In this construction heuristic, initially a city is selected at random, a(l). The

salesman then visits the nearest city to cr(l), which we will label cr(2), producing a

path <r(l),cr(2). Iteratively a longer and longer path is built up, until the path con-

tains all n cities, as follows. Given a constructed path cr(l), ...,a(i — 1) the nearest

yet unvisited city to a(i — 1) is chosen as city cr(i). Finally, cr(n) is connected to

cr(l) producing a tour.

The iterated dynasearch algorithm is simple in terms of its implementation,

which uses the criteria as Johnson (1990). All kicks are accepted, there is no back-

tracking and a new local minimum 5 is only accepted as the current local minimum

Sc if it is better than or equal to the current local minimum.

If the neighbourhood is initially restricted to a dynasearch 2^-opt neighbourhood

in the descent phase, the competitiveness of dynasearch 3-opt combined with kick

methods appears to improve significantly. When a local minimum in the 2|-opt

neighbourhood has been found, the full dynasearch 3-opt is searched. Two random

3-opt moves appear to make a more effective kick that a single double bridge (DB

in the table) 4-opt move. The diagram below of a DB 4-opt move given here for

clarity is repeated in section 9.9 where some consequences of the characteristic that

one pair of edges broken in the move may be arbitrarily far from another pair of

edges broken is discussed.

Figure 7.6: A double bridge 4-opt move

As with most recent implementations, in particular the Applegate-Bixby-Chvatal-

Cook "Concorde" distribution and Johnson's later version produced in wake of the

"Concorde" distribution, after the kick has been performed only the cities adjacent

to an edge directly involved in the kick had their don't look bits open. It should be

noted that in some of the first implementations all of the cities had their don't look

bits open after a kick (eg Johnson (1990)).

We found the effectiveness of GLS dynasearch 2-opt or 3-opt search were not very

sensitive to the size of the control parameter a that determines the size of penalty.
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In particular we found a = ^ generally gives the best results for both GLS ds-2-opt

and GLS ds-3-opt. The most effective use of "don't look bits" appears to have the

bits open on all of the nodes on the neighbourhood lists of the nodes at either end

of the penalised edge.

7.5 Computational experience

7.5.1 Experimental design

The test problem instances used are from the TSPLIB of (Reinelt 1991). They have

been used as test problem instances by many authors in the past, and in particular

were used by Voudouris and Tsang (1999) with whom we are attempting to compare

our computational results.

We used 20 symmetric travelling salesman problem instances ranging in size

(number of cities in instance) between 48 and 1002. The distances between a pair of

cities, sometimes referred to as the edge weight, are not calculated the same way in

all of the problem instances. In fact, the the problem instances are of three distinct

edge weight types namely, 2-dimensional Euclidean, 2-dimensional pseudo Euclidean

and geographical.

The position of each city in all the test problem instances are described in terms

of coordinates. Let Xj and y, be the coordinates of city i. Descriptions of the way in

which the distance d^ between each pair of nodes i and j is calculated for the given

type of test problem instance are given below.

2 dimensional Euclidean distance

; - Xi)2 + (Vi ~ Vi)2 + 0.5

2 dimensional pseudo-Euclidean distance
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Geographical distance

If the instance has edge weights of the geographical type then Xi refers to the lati-

tude and %ji the longitude, both in degrees and minutes, of a point on an idealised

sphere representing the earth. Firstly we will calculate the latitude and longitude

in radians, latj and longj for all i.

Let

PI =

d e g a ;

latj =

deg0,

min°j

3.141592

= Vi-

+ |min

deg0.

ai)PI/180

long; = (deg^- + fmin^

Note: mini is the number of minutes divided by 100 so degj + |mini gives the

angle in degrees. For example, if the angle of latitude is 13°45' then Xj = 13.45,

degai = 13 and minai = 0.45, 0.45 x | = 0.75, so the angle of latitude is 13.75°.

Multiplying by PI/180 converts an angle in degrees into one in radians.

Now that the angles are in radians, it is much easier to calculate the distance be-

tween two cities i and j .

let

qx = cos(longi - longj)

q% = cos(latj — latj)

q3 = cos(latj + latj)

then <kj =\1 + 6378.388 arccos(((l + qi)q2 - (1 - qr)q3)/2)\

where arccos is the inverse of the cosine function.

Particular test problem instances used

Each of the names of twenty test instances indicate the size of the particular instance.

Fourteen of the test instances used are of the 2-dimensional Euclidean distance edge
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type, namely, eil76, kroalOO, bierl27, kroal50, ul59, kroa200, gil262, Iin318, pcb442,

u574, rat575, u724, rat783, prl002. Test instances att48, att532 have 2-dimensional

pseudo Euclidean distance edge type. Finally four of the twenty test problems have

geographical distance edge type (gr202, gr229, gr431 and gr666).

All of our dynasearch algorithms were coded in C and run on our SPARC 5/110

server station. Stuetzle's code was also written in C and run on our SPARC 5/110

server station. Voudouris and Tsang ran their algorithms on a DEC 3000 model

600 computer. The information collected by the Standard Performance Evaluation

Corporation (1992) indicates that the DEC 3000 model 600 is a factor 1.452 faster

than the SPARC 5/110, and accordingly we use this conversion factor to make a

direct comparison of computation times.

We compare the performance of the various local search heuristics using the

average relative percentage deviation (ARPD) of the solution value found by the

local search heuristic from the optimal.

7.5.2 A comparison of a range of local search algorithms

The table compares GLS and kick methods with a range of traditional and dy-

nasearch local optimisers. The results for GLS with 2-opt, 3-opt and Lin-Kernighan

are from Voudouris & Tsang (1999). The results for iterated 3-opt are from code

written by Stuetzle (1998b). Stuetzle's code appears to significantly outperform

Martin, Otto and Felten's (1991,1992) original implementation of iterated 3-opt,

and the implementation of the method by Voudouris & Tsang (1999), and is the

most competitive implementation of iterated 3-opt that we are aware of. The values

in the table are an average of 10 runs. Voudouris and Tsang's runs were given 5

minutes of computer time on DEC 3000 model 600, the dynasearch runs and Stuet-

zle's code were given a comparable time of 435 seconds on our SPARC station/server

5/110.

Our results suggest that GLS with restarts (R-GLS) as described in section

4.5.2 is the most effective way to use the local optimisation descent procedure 3-opt

dynasearch.

We found that the use of 3-opt dynasearch in the GLS procedure is more effective

than 2-opt dynasearch. As can be seen from the results in the table above, Voudouris

and Tsang (1999) found 2-opt to be more effective than 3-opt, which in turn was



Chapter 7. The Travelling Salesman Problem 113

Problem

att48
eil76

kroAlOO
bierl27

kroA150
ul59

kroA200
gr202
gr229
gil262
Iin318
gr431

pcb442
att532
u574

rat575
gr666
u724

rat783
prl002

Average
Excess

Mean Excess (%) over 10 runs
GLS
LK

0
0
0

0.207
0.002

0
0.089
0.253
0.153
0.084
0.583
0.564
0.388
0.386
0.581
0.288
0.855
0.613
0.511
1.042

0.330

GLS
3-opt

0
0
0

0.002
0.001

0
0.007
0.012
0.015
0.046
0.129
0.134
0.038
0.225
0.279
0.171
0.498
0.337
0.285
0.945

0.156

GLS
2-opt

0
0
0
0
0
0
0
0

0.004
0.004
0.026
0.024
0.044
0.090
0.141
0.099
0.206
0.168
0.161
0.621

0.079

iter
3-opt
DB
0
0
0
0
0
0
0
0

0.024
0.017
0.164
0.290
0.278
0.233
0.114
0.191
0.283
0.232
0.452
1.315

0.180

iter
LK
DB
0
0
0
0
0
0
0
0

0.005
0

0.241
0.222
0.082
0.082
0.092
0.097
0.176
0.167
0.153
0.446

0.088

GLS
ds-3-opt

a = I
0
0
0
0
0
0
0
0
0
0

0.005
0.022
0.008
0.050
0.026
0.031
0.201
0.115
0.052
0.384

0.045

R-GLS
ds-3-opt

a = I
0
0
0
0
0
0
0
0
0
0
0

0.001
0

0.015
0.087
0.025
0.133
0.072
0.012
0.292

0.032

GLS
ds-2-opt

« = i
0
0
0
0
0
0
0

0.002
0.010

0
0.039
0.036
0.079
0.072
0.066
0.090
0.291
0.139
0.129
0.612

0.078

iter
ds-3-opt

DB
0
0
0
0
0
0
0

0.009
0.016

0
0.245
0.179
0.267
0.217
0.231
0.276
0.270
0.250
0.405
0.583

0.147

iter
ds-3-opt
2x3opts

0
0
0
0
0
0
0
0

0.030
0.013
0.089
0.142
0.246
0.161
0.176
0.196
0.141
0.256
0.308
0.497

0.113

Table 7.1: Computational results for a number of local search heuristics

found to be more effective than their implementation of Lin-Kernighan in the GLS

procedure. Overall the most effective local optimiser for GLS appears to be 3-opt

dynasearch.

The results in the table above suggest that our implementation of iterated 3-opt

dynasearch using two random 3-opt moves as a kick, outperforms our implemen-

tation of iterated 3-opt dynasearch using a random double bridged 4-opt move as

a kick, which in turn outperforms Stuetzle's implementation of iterated 3-opt. It

appears that our implementation of iterated 3-opt dynasearch is the most effective

iterated local search procedure which does not involve Lin-Kernighan as a local opti-

miser. This in itself may make our search procedure of interest to many researchers

as many authors including Johnson and McGeoch (1997) and Voudouris and Tsang

(1999) have commented on how time consuming and difficult it is to produce a

reasonable implementation of Lin-Kernighan.

GLS 3-opt appears to outperform all implementations of all local search proce-

dures except for iterated Lin-Kernighan, for the TSP.

In addition to outperforming the implementation of iterated Lin-Kernighan by
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Voudouris and Tsang (1999) given in the table, our implementation of GLS dy-

nasearch 3-opt appears to be able to significantly outperform the results from John-

son's early implementation of iterated Lin-Kernighan in Johnson (1990), which are

quoted in Johnson and McGeoch (1997).

More recent implementations of iterated Lin-Kernighan appear to be consid-

erably more effective. Johnson says his current implementation of iterated Lin-

Kernighan can get within 0.0876 % of the optimal of Prl002 in 5 minutes on his SGI

R10000 (private communication 07/98). Our implementation of GLS dynasearch

can on average find the optimal to Prl002 in 21.43 minutes on SPARCstation/server

5/110 which is equivalent to less than 4 minutes on Johnson's computer. Applegate-

Bixby-Chvatal-Cook's version that they released in their "Concorde" distribution

appears to be the best implementation of iterated Lin-Kernighan. Johnson says it

is typically much faster than his for a given quality tour, (private communication

07/98) Applegate-Bixby-Chvatal-Cook's version using the Delaunay graph finds the

optimal for Prl002 in 98.65 sees on average on their 500 Mhz Dec Alpha 21164

(private communication 08/98) equivalent to approximately 3.5 minutes on John-

son's computer. However their version using the 3-quad nearest graph finds the

optimal for Prl002 even more quickly, averaging 60.53 sees on the same computer

(private communication 08/98) equivalent to approximately 2 minutes on Johnson's

computer.

7.6 Conclusions

The ultimate competitiveness of GLS dynasearch with the best implementations of

iterated Lin-Kernighan, is far from clear. Our implementation of guided local search

dynasearch appears more effective than the initial implementations of Iterated Lin-

Kernighan by Martin, Otto and Felten (1991, 1992), Johnson (1990), competitive

with Johnson (1997), but less effective than the apparent state-of-the-art implemen-

tation by Applegate, Bixby, Chvatal and Cook (1999). It is still possible that a

fine-tuned version of GLS Dynasearch could become the state-of-the-art method for

the TSP.

Given the detailed and time consuming coding required to implement Lin-Kernighan,

GLS with dynasearch 3-opt may have some value even if it is slightly less effective

than iterated Lin-Kernighan.



Chapter 8

Polynomially Searchable
Exponential Neighbourhoods for
the Linear Ordering Problem

8.1 The concept giving rise to the new PSEN

Initially, before we introduce PSENs for the linear ordering problem, we introduce

some general ideas and methodology which are as relevant to the chapter on PSENs

for the TSP as they are to the current chapter. In the current section, we will

discuss the underlying concept through which our new PSEN has been formed. In

section 8.2 we introduce the methodology by which the sizes of many of the PSENs

introduced in this chapter and the next can be found.

The idea behind the whole thesis is combining simple well-known neighbourhood

moves, so that the moves can be performed together as a single move. The underlying

neighbourhoods have been swap, insert and fc-opt. Let a combined move be referred

to as a dynasearch move, if its effect on the objective function is equal to the sum

of the effects of the individual moves from the underlying neighbourhood. So far

in the thesis we have concentrated on dynasearch neighbourhood moves formed by

combining disjoint moves. Although we are unable to find other dynasearch PSENs

for the TWTP due to the form of its objective function, we have successfully derived

a number of other dynasearch PSENs for the LOP and TSP. If a move in a TWTP

instance affects a job j , moving it from one position in the solution to another

will in general alter the effect on the objective function of any other move in the

neighbourhood which involves removing or adding one or more jobs lying between

the original and new position of j . Therefore, even if a pair of moves do not directly

involve the same jobs, unless the moves are disjoint the move produced by combining
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the two moves will not be a dynasearch move. A pair of moves in either of the LOP

and TSP that do not directly involve the same elements can be combined to form a

dynasearch move if one of the underlying moves is completely contained within the

other, in future this will be referred to as nested.

In this chapter and the next, we focus on other PSENs for the LOP and TSP

which are formed by nested moves from the underlying neighbourhood and combi-

nations of nested and disjoint moves from the underlying neighbourhood. We have

also looked at combinations of moves from the underlying neighbourhood which in-

teract with each other (do not only contain dynasearch moves). This means that

the effect on the objective function of the combined move is not equal to the sum

of the effects of the individual moves from the underlying neighbourhood.

8.2 A method for calculating the size of large
neighbourhoods that are formed by
combining simple neighbourhood moves.

In this chapter and the next we will use the definition of a neighbourhood given by

Aarts & Lenstra (1997) where the current solution is included as a member of its

own neighbourhood. Aarts and Lenstra state in their definition of a neighbourhood:

"The set N(i) is the neighbourhood of solution i, and each j G N(i) is a neighbour

of i. We shall assume that i G N(i), for all i € i9", where # has previously been

denned as the set of all feasible solutions of the combinatorial optimisation problem.

All of the new PSEN in this chapter and the next are built up by combining

one or more of the following simple underlying neighbourhood moves, fc-opt, swap,

insert and reversal (where a section of the solution is reversed).

Consider the case where any pair of underlying neighbourhood moves have the

following characteristic: Given that a pair of underlying neighbourhood moves effect

the elements in the sequence in sets S\ and 52 respectively, one of the following is

true:

• Si C S2 the elements in set Si must be nested within the elements in set S2,

• S2 C Si the elements in set S2 must be nested within the elements in set Si,

• Si n S2 = 0 the elements in sets Si and S2 must be disjoint.
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Forming a recurrence relationship

The above characteristic allows us to form a recurrence relationship as follows.

Suppose that underlying moves exclusively involve a pair of elements and that

no two moves can involve the same element. Given the sequence of elements

(a(l),cr(2), ...,cr(n)). Let the size of the neighbourhood be Un (using the definition

of a neighbourhood given above where the current solution is included as part of

the neighbourhood). Let us condition on the involvement of cr(n) in any underlying

move.

• Given that there is no underlying move involving the element a(n), only the

Un-i — 1 possible moves on the sequence of elements (cr(l), a(2),..., o{n — 1))

can be performed. (The neighbourhood move consisting of not performing a

move, has not been included.)

• Suppose that there is an underlying move M involving the elements a(i) and

<j(n) and that there are no underlying moves involving element a(n) and any

element from the partial sequence <T(1),CT(2), ...,a(i — 1). The number of dif-

ferent combined moves that can be formed depends on the type of underlying

moves with which M can be combined (either nested, disjoint or both). If

nesting is allowed, then M can be combined with any combination of under-

lying moves exclusively involving any of the elements a(i 4- 1),..., o{n — 1). If

disjoint moves are allowed, then M can be combined with any combination

of underlying moves exclusively involving the elements c( l ) , cr(2),..., a{i — 1).

So the number of possible neighbourhood moves can be calculated in terms of

U for every possible value of i. By multiplying the number of combinations

of underlying moves which are allowed to be nested in the partial sequence

a(i + l),...,cr(n — 1) by the number of combinations of underlying moves

which are allowed to exclusively involve <j(l),a(2),...,a(i — 1), given there

is an underlying move involving the elements a(i) and a{n).

Finally, the different mutually exclusive sets of neighbours can be added together

to produce a recurrence relationship for Un.

Calculating the order of the neighbourhood size from the recurrence re-

lationship

The next step is to find the generating function U(x) = 52£!Lo Unx
n from which we

can find the order of the size of the neighbourhood. Given the generating function
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the size of the neighbourhood in terms of the size of the instance n can be found

by finding the nth term. For most of the neighbourhoods considered the generating

function U(x) is of the form:

If only the order of the neighbourhood size is required it is sufficient to find the root

with the smallest absolute value, l/\k\, of the polynomial q{x), as we demonstrate

in the example below. Note that k is always positive, a negative value would imply

that the size of the neighbourhood is negative for odd size instances. Note that i

represents \f--l and a, b, c, d, e, f, g and h are real numbers, with b,d,g> 0.

As an illustration suppose that

TT, . a c e + fi e — fi

l-bx 1-dx 1 - (g + hi)x 1 - (g - hi)x

Using a Taylor series expansion, for |x| < 1 we can write

oo

U(x) = J2(a(bx)n + c(dx)n + (e + fi)((g + hi)x)n + (e - fi){(g - hi)x)n)
Tl = 0

Let 6 — arctan(/i/g) and r = \Jg1 + h2. Then we deduce that

Un = abn

= abn + cdn + (e + fi)(r(cos 9 + i sin 9))n + (e - fi) (r(cos 6 - i sin 9))n

= abn + cdn + (e + fi)rn(cosn9 + ismnO) + (e - /i)rn(cosn9 - isinn9)

= abn + cdn + 2ern cos n9 - 2frn sin n9

= abn + cdn + 2rn(e cos n9 - / sin n9)

For large n, Un is approximately equal to the term in the equation containing kn

where k = max{6, d, r}. Therefore the size of the neighbourhood is O(kn). For the

neighbourhoods studied in this thesis, only one of the variables raised to the power

n is greater than one, and in this case the other terms become negligible for a large

enough n.

For a few of the of the neighbourhoods considered the generating function U(x)

is of the form:

TT, v P(x)
U(X) = r

r(x)
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We conjecture that the order of the neighbourhood size is given by the reciprocal of

the smallest root of q(x) based on the form of the expansion of Jq(x).

In this chapter and the next when giving the order of a neighbourhood's size as

a decimal we will give it to 3 decimal places.

8.3 Introduction to PSEN for the linear ordering
problem

The remainder of the chapter is concerned with new polynomially searchable expo-

nential neighbourhoods for the linear ordering problem. All of the neighbourhoods

for the LOP are formed by combinations of insert moves. It should be noted that cor-

responding neighbourhoods could be formed by using combinations of swap moves.

For each exponential size neighbourhood, a dynamic program capable of searching

the neighbourhood in polynomial time is given. In addition, the order of the size of

the neighbourhood is given along with an outline of how it can be calculated.

Throughout this chapter we will use 5(s, t), as defined in sub-section 6.2.2, to

represent the effect on the objective function of removing the element currently in

position s and inserting it after the element currently in position t. We also use

M(s,t) to refer to the move in which the element currently in position s is inserted

after the element currently in position t.

8.4 Some block definitions used to define the neigh-
bourhoods

Let Sij — {i, ...,i} for 1 < i < j < n.

In order to form neighbourhoods using the concept of blocks and block operations

we need to define both an initial block on which we can perform block operations

and the block operations themselves.
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We will use the block B° defined below as the initial block. The block Bo which

represents an insert move from the underlying neighbourhood is such that:

B° = BJUB§UB§ where

for 1 < i < j < k < I < n (a forward insertion move).

Bl = {a(i),...,a{j-l),a(k + l),a(j),...,o{k),a(k + 2),...,G{l))

for l<i<j<k<l<n (a backward insertion move).

Note that if k = I then B% = {a(i),..., a(j - 2), a(j),..., a(k),a(j - 1)) and

correspondingly if i = j then B° = (a(k + 1), CT(J'), ..., a(k),o{k + 2),..., a(l))

Let Bc —> (BA,BB) refer to the disjoint block operation combining disjoint

blocks BA and BB to form a single block of type Bc. Then given the particular

blocks BA, BB and Bc involve the sets of elements 5 ^ , 5;;m and Si#, repectively,

the relations S ^ C SitP, SitTn C 5j)P, Sj^ C\ S^m = 0, must hold.

If the particular blocks BA and BA forming Bc are BA = (a'(j),..., a'{k)),

BB = (a'(l),...,a'(m)) a n d i<j<k<l<m<p, t h e n

= (a(z),...,a(j-l), BA ,a(fc+l),.... a(/-l), 5 B , a(

,..., a(Z-l), a'(/),..., a'(m), a(

Let BB —> (BA) refer to a nested block operation on block BA to form BB.

Then given the particular blocks BA and BB involve the sets of nodes Sj^ and S^i,

repectively, the relation Sj^ Q Sij — {/} or Sj^ Q S^i — {i} must hold. Suppose that

the particular block BA used to form BB is BA = (cr'(j), ...,a'(k)),

For a forward insertion: i < j < k < I then

BB = (a(i),..., a(j - 2), a'(j),..., a'(k), a(j - l),a(k + 1),..., a (I)),

and for a backward insertion: i < j < k < I then
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8.5 Disjoint insert neighbourhood

The disjoint neighbourhood consists of a combination of disjoint moves (as im-

plemented in Chapter 6), and can be formed by exclusively using disjoint block

operations.

1 2 3 4 ^ 5 6 7 8 9X 10 11 12 13 14 15"

A disjoint block may be formed by combining two disjoint blocks with the disjoint

block operator.

TDD nO

Dynamic programming algorithm

The disjoint insert neighbourhood can be searched in O(n2) time. Let A(j) be the

maximum increase in objective function achievable by performing a disjoint insert

move on the partial sequence (cr(l),..., a(j)).

Initialisation

A(0) = A(l) = 0

Recursion

Calculate A(j) for j = 2,..., n:

max

I 1

= max

As the effect of inserting j — 1 after j is the same as inserting j after j — 2 (both

effectively swap the positions of j — 1 and j) we only consider the former in the

equation above. Therefore the limits in the second line of the equation above are

1 < i < j - 3 not 1 < i < j - 2.

A(n) is the largest improvement obtainable from a move in the neighbourhood.

The move corresponding to the improvement A(n) is found by backtracking.
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Neighbourhood size

The size of the neighbourhood is approximately 0(2.2O6n). We now give an outline

of how the size Un can be calculated.

Starting with the identity permutation cr(l), <r(2),..., cr(n), we condition on insert

moves involving element u{n).

• Given cr(n) remains in position n, then C/n_i — 1 neighbourhood moves are

possible.

To obtain an element other than cr(n) in position n, either o(ri) must be the element

removed from its current position to be inserted elsewhere in the sequence, or an-

other element a(i) must be removed from its current position and inserted after a(n).

• Given a(n) is removed from its current position to be inserted after a(i) in the

sequence (M(n, i)), the number of possible neighbourhood moves is Ui, where

0 < i < n- 2.

• Given element a(i + 1) is removed from its current position to be inserted

after a(n) in the sequence (M(i + 1, n)), the number of possible neighbourhood

moves is Ui, where 0 < i < n — 3. Note that if i = n — 2, then this is equivalent

to swapping elements a(n — 1) and a(n), and therefore equivalent to inserting

cr(n) after element in position cr(n — 2), which has already been counted.

Summing up the different neighbourhood moves and adding the possibility of per-

forming no moves, we obtain

un = t/n_i + 2 ^ + E ^ for n ^x'
1 = 0 2=0

where UQ = 1.
We now outline how the generating function U(x) may be calculated.

oo

U(x) = "EUiX*
i=0

L/0 +U0)

Ux + U0 +Ul

U2 + Ui + Uo +U2 + Ux + Uo)
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= 1 + (x + x2 + x3 + ...)U(x) + (x3 + x4 + ...)U(x)

assuming that |x| < 1. Therefore,

Since the smallest root of 1 — 2x — x3 = 0 is approximately 1/2.206, the neigh-

bourhood size is approximately 0(2.206").

8.6 Nested insert neighbourhood

The nested neighbourhood consists of a combination of moves nested within each

other, and can be formed by exclusively using nested block operations.

1 2 3 ' 4 5 6 "7 " 8 9 10 11 12 13 14 15

A nested block may be formed by performing a nested block operation on a

nested block.

BN = B°

BN jv^ {BN)

Dynamic programming algorithm

The nested insert neighbourhood can be searched in O(n2) time. Let A(i,j) be the

maximum increase in objective function achievable by performing a nested insert

move on the partial sequence (cr(i), ...,cr(j)).

Initialisation

A(i, i) = 0 for z = l , . . . ,n .

Recursion

Calculate A(i, j) for for j — i, ...,n — 1, where 1 < i < j < n:
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A(l,n) is the largest improvement obtainable from a move in the neighbourhood.

The move corresponding to the improvement A(l,n) is found by backtracking.

Neighbourhood size

The size of the neighbourhood is Q({2 + \/3)n). We now give an outline of how the

size Un can be calculated.

Starting with the identity permutation (cr(l), <r(2),..., cr(n)), we condition on in-

sert moves involving element cr(n).

• Given <y{n) remains in position n, then Un-i — 1 neighbourhood moves are

possible.

To obtain an element other than cr(n) in position n, either cr(n) must be the ele-

ment removed from its current position to be inserted elsewhere in the sequence, or

another element cr(n — i) must be removed from its current position and inserted

after a(n).

• Given element a(n) is removed from its current position to be inserted after

element a(n — % — 1) in the sequence (M(n, n — l — i)), the number of possible

neighbourhood moves is U{, where 1 < i < n — 1.

• Given element a{n — i) is removed from its current position to be inserted after

element a(n) in the sequence (M(n — i,n)), and a(n — i) appears in position

n (i.e no element in the partial sequence a(l) , ...,cr(n — i — 1) is inserted

after element o{n)), the number of possible neighbourhood moves is l/j, where

2 < i <n — \. Note that if i = 1 then this is equivalent to swapping elements

a(n — 1) and a(n) and therefore equivalent to inserting element a(n) after

a{n — 2), which has already been counted.

Summing up the different neighbourhood moves and adding the possibility of per-

forming no moves, we obtain

Un = [/„_! + J2 Ui + J2 Uz for n > 2,
i=l i=2

where U\ = \.
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We now outline how the generating function U(x) may be calculated. Note that

for convenience the term uo is omitted from the generating function.
oo

TJ(T\ — ST^ TT iu\x) — 2-J UiX

1=1

x2^ +U1)

x3{U2 +U2 + U, +U2)

= x + xll(x) + 2(x + x2 + x3 + ...)U{x) - (x + x2 + x3 + ...)xUi

^ X
v ' 1 - x v ' 1 - x

assuming that \x\ < 1. Therefore,

U{X) = l - 4 x + x2

Since the smallest root of 1 - Ax + x2 = 0 is 2 — \/3, the neighbourhood size is
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8.7 Nested insert inside disjoint insert neighbour-
hood

The idea behind the nested insert inside disjoint insert neighbourhood is that even

though a disjoint neighbourhood move contains the set of disjoint moves which

produce the maximum increase in the objective function value, a further increase

may be possible by performing moves that are nested within the disjoint moves.

The choice of disjoint moves may change in light of the allowance of the additional

nested moves.

Only nested moves are allowed within the disjoint moves, thus enabling the best

nested neighbourhood move to be found for each partial sequence as a preprocessing

step. Consequently, there is a reduction in computational complexity as compared

with the more general combined disjoint and nested neighbourhood (see section 8.9).

1 2 * 3 4 5 X 6 " 7 ' 8 9 10 11 12 13 14 x 15

A nested inside disjoint block may be formed by combining a nested inside dis-

joint block with a nested block using the disjoint block operator.
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Dynamic programming algorithm

The nested insert inside disjoint insert neighbourhood can be searched in O(n2)

time. Firstly, the improvements for the nested insert neighbourhood is calculated in

O(n2) time. Specifically, we compute AAr(i, j), the maximum increase in objective

function achievable by performing a nested insert move on the partial sequence of

elements (a(i),..., cr(j)), for 1 < i < j < n.

Let A(j) be the maximum increase in objective function achievable by perform-

ing a nested insert inside disjoint insert move on the partial sequence (cr(l),..., <r(j)).

Initialisation

A(0) = A(l) = 0

Recursion

Calculate A(j) for j = 2,..., n:

A(n) is the largest improvement obtainable from a move in the neighbourhood. The

move corresponding to the improvement A(n) is found by backtracking.

Neighbourhood size

The size of the neighbourhood is approximately O(4.06n). We now give an outline

of how the size Un can be calculated.

Let Nn be the size of the nested insert neighbourhood for a problem instance

of size n (as calculated in section 8.6). Starting with the identity permutation

(cr(l),cr(2), ...,<r(n)), we condition on insert moves involving element a(n).

• Given a(n) remains in position n, then Un-\ — 1 neighbourhood moves are

possible.

To obtain an element other than cr(n) in position n, either a(n) must be the element

removed from its current position to be inserted elsewhere in the sequence, or an-

other element a(i) must be removed from its current position and inserted after a(n).

• Given element a in) is removed from its current position to be inserted after

o(i) in the sequence (M(n,z)), the number of possible neighbourhood moves
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is t/jiVn-i-i, where 0 < i < n — 2.

• Given element a(i + l) is removed from its current position to be inserted after

a(n) in the sequence (M(i + l ,n)), and a(i + 1) appears in position n, the

number of possible neighbourhood moves is [7jiVn_j_i, where 0 < i < n — 3.

Note that if i = n — 2, then this is equivalent to swapping a(n — 1) and a(n),

and therefore equivalent to inserting element a(n) after a(n — 2), which has

already been counted.

Summing up the different neighbourhood moves and adding the possibility of per-

forming no moves, we obtain
n-3

Un = [/„_! + C/n_2 + 2 Y, ^i^Vn-i-i forn > 1,
i=0

where UQ = 1.

We now outline how the generating function U(x) may be calculated.

u(x) =
i=0

x(U0)

+2UQN2)

+ 2UXN2 + 2U0N3)

(x + x2)U(x) + 2x(x2N2 +

(x + x2)U{x) - 2x2NlU(x) + 2xN{x)U{x).

xU(x) - x2U(x) + 2 x * ^

assuming that |x| < 1. Therefore,

1 - Ax + x2

U(x) =
(1 - x)(l - ix - x3)

Since the smallest root of (1 — x)(l — Ax — x3) = 0 is approximately 1/4.06, the

neighbourhood size is approximately 0(4.06").
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8.8 Disjoint insert inside nested insert neighbour-
hood

The disjoint inside nested neighbourhood is an extension of the nested neighbour-

hood in exactly the same way as the nested inside disjoint neighbourhood is an

extension of the disjoint neighbourhood.

The idea behind this neighbourhood is that, even though a nested neighbourhood

move contains the set of nested moves which produce the maximum increase in the

objective function value, a further increase may be possible by performing disjoint

moves on the partial sequences which are unaffected by the nested moves. The

choice of nested moves may change in light of the allowance of the additional moves.

Only disjoint moves are allowed on the partial sequences which are unaffected by

the nested moves, although these moves may be nested within future blocks, thus

enabling the best disjoint neighbourhood move to be found for each partial sequence

as a preprocessing step. Consequently, there may be (although there is not in this

particular case) a reduction in computational complexity as compared with the more

general combined disjoint and nested neighbourhood see (section 8.9).

14 15

A disjoint inside nested block may be formed either by combining a disjoint

inside nested block with a disjoint block using the disjoint block operator, or by

performing a nested block operation on a disjoint inside nested block.

R — R°
X5 — £j

B-^(B)
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Dynamic programming algorithm

The disjoint insert inside nested insert neighbourhood can be searched in O(n?) time.

Let AD(i,j), the maximum increase in objective function achievable by performing

a disjoint insert move on the partial sequence of elements (cr(i), ...,a(j)), for 1 <

i < j < n.

Let A(i, j) be the maximum increase in objective function achievable by per-

forming a disjoint insert inside nested insert neighbourhood move on the partial

sequence of elements (a(i), ...,a(j)).

As seen below the calculation of AD(i,j) for all i,j where 1 < i < j < n is

required in order to calculate A(i,j).

Initialisation

AD(i,i) = 0 for i = l , . . . ,n

A(i,i) = 0 for i = 1, ...,n

Recursion

Calculate AD(i,j) for i = 1, ...,n — 1 and j = i + 1, ...,n:

max

maxAD(i,j) = max

Now we are ready to calculate A(i, j) for j — i,..., n — 1, where 1 < i < j < n.

max {A(i, k - 1) + AD(/c, j )}

A / - \ J m a x

A(i, j) = max <

A(l, n) is the largest improvement obtainable from a move in the neighbourhood.

The move in the disjoint insert inside nested insert neighbourhood corresponding to

the improvement A(l ,n) is found by backtracking.
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Neighbourhood size

The size of the neighbourhood is approximately 6(4.22"). We now give an outline

of how the size Un can be calculated.

Let Dn be the size of the disjoint insert neighbourhood for a problem instance

of size n (as calculated in section 8.5). Starting with the identity permutation

(cr(l), <j(2), ...,cr(n)), we condition on insert moves involving element <r(n).

• Given a(n) remains in position n, then Un-i — 1 neighbourhood moves are

possible.

To obtain an element other than a(n) in position n, either a(n) must be the element

removed from its current position to be inserted elsewhere in the sequence, or an-

other element a(i) must be removed from its current position and inserted after a(n).

• Given element o{n) is removed from its current position to be inserted after

a(i) in the sequence (M(n, i)) and this move does not create any nesting (the

partial sequence (a{i + 1),..., a(n — 1)) appears at the end of the sequence),

the number of possible neighbourhood moves is Ui, where 0 < i < n — 2.

• Given element a(n) is removed from its current position to be inserted after

a(i) in the sequence (M(n,i)) and there are nested moves in the partial se-

quence (a(i + 1), ...,a(n — 1)), the number of possible neighbourhood moves

is Di(Un~i-i — 1), where 0 < i < n — 3 (for i = n — 2, there are no non-trivial

nested moves).

• Given element o{i + 1) is removed from its current position to be inserted

after a(n) in the sequence (M(i + l ,n)) and this move does not create any

nesting (the partial sequence (a(i + 2), ...,o(n),a(i + 1)) appears at the end

of the sequence), the number of possible neighbourhood moves is Ui, where

0 < i < n — 3. Note that if i = n — 2, then this is equivalent to swapping

a(n — 1) and a(n) and therefore equivalent to inserting element a(n) after

a(n — 2) which has already been counted.

• Given element a(i +1) is removed from its current position to be inserted after

a{n) and so that it appears in position n in the sequence (M(i + l ,n)) and

there are nested moves in the partial sequence (a(i + 2),..., c(n)), the number

of possible neighbourhood moves is Di{Un-i^\ — l).i can range between 0 and
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n-3.

Summing up the different neighbourhood moves and adding the possibility of per-

forming no moves, we obtain

Un = t/n_! + £/n_2 + 2J2 Ui + 2£?=o3 A( t /n- i - , - 1) for n > 2,
i=0

where UQ = t/i = 1.

We now outline how the generating function U(x) may be calculated.

1=0

x(U0)

x2(U1 + U0)

x3(U2 + Ul +2U0 +2(U2-l)DQ)

+2x{x2{U2 - 1) + x\Uz -1) + ...

U(x)
1 — x

2r3

0 + Uxx)D{x) - - ^

r
(x + x2)U(x) + ^—U{x) + 2xU(x)D(x) -

1 x
U{x) + 2xU(x)D(x)

1 — x 1 ~ x

assuming that \x\ < 1. Therefore,

1 — 4x — x3

U(x) =
1 - 5x + 3x2 + x3 + x4 + x5

Since the smallest root of 1 — 5x + 3x2 + x3 + x4 + x5 = 0 is approximately 1/4.22,

the neighbourhood size is approximately 0(4.22").
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8.9 Combined disjoint insert and nested insert
neighbourhood

This neighbourhood simply consists of any set of disjoint and nested moves in any

combination. There are no restrictions; any moves are allowed to be nested within

any others, or disjoint to (outside of) any others.

10 11 12

Any block of moves is allowed to be nested within any other block of moves and

any block of moves is allowed to be disjoint from any other block of moves. So a

disjoint and nested block may be formed either by combining two disjoint and nested

blocks using the disjoint block operator, or by performing a nested block operation

on a disjoint and nested block.

B = B°

Dynamic programming algorithm

The combined disjoint insert and nested insert neighbourhood can be searched in

O(n3) time. Let A(i,j) be the maximum increase in objective function achievable

by performing a combined disjoint insert and nested insert move on the partial se-

quence (a(i),...,a(j))

Initialisation

A(z,z) = 0 for i = l , . . . , n

Recursion

Calculate A(i, j) for j — i = 1,..., n — 1: where 1 < i < j < n.

max
max

A(l ,n) is the largest improvement obtainable from a move in the neighbourhood.

The move corresponding to the improvement A(l ,n) is found by backtracking.
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Neighbourhood size

The size of the neighbourhood is approximately 0(5.36n). We now give an outline

of how the size Un can be calculated.

Starting with the identity permutation cr(l), cr(2),..., o(n), we condition on insert

moves involving element a(n).

• Given a(n) remains in position n then C/n_i — 1 neighbourhood moves are

possible.

To obtain an element other than a(n) in position n, either a(n) must be the element

removed from its current position to be inserted elsewhere in the sequence, or an-

other element a(i) must be removed from it current position and inserted after a(n).

• Given a(n) is removed from its current position to be inserted after a(i) in the

sequence (M(n, z)), the number of possible neighbourhood moves is [/i£/n_i_;,

where 0 < i < n — 2.

• Given element a(i + 1) is removed from its current position to be inserted

after cr(n) in the sequence (M(i + l,n)) and a(i + l) appears in position n, the

number of possible neighbourhood moves is UiUn-\-i, where 0 < i < n — 3.

Note that if i = n — 2, then this is equivalent to swapping elements a(n — 1)

and a(n) and therefore equivalent to inserting a(n) after a(n — 2), which has

already been counted.

Summing up the different neighbourhood moves and adding the possibility of per-

forming no moves, we obtain
n-3

Un = f/n_i + C/n-2 + 2 ̂  tWn- i - , for n > 2,
t=0

where t/o = C/i = 1.

We now outline how the generating function U(x) may be calculated.

i=0

= Uo + Uxx + U2x
2 + U3x

3 + U4x
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x\U3 + U2 + 2t/2C/i + 2U3UQ)

x5(UA + U3 + 2U2U2 + 2E/3L/i + 2UAU0) + ...

xU(x) + x2U{x) + 2xU2(x) - 2xU{x){Uo + Uxx)
assuming that |x| < 1. Therefore,

2xU2{x) - (1 + x + x2)U{x) + 1 = 0

TT. N 1 + x + x2 ± VI - 61 + 3x2 + 2x3 +
giving t/(x) =

As explained in section 8.2, given the generating function above, we conjecture

that the neighbourhood size is approximately 0(5.36") since the smallest root of

1 — 6x + Zx2 + 2x3 + x4 = 0 is approximately equal to 1/5.36.
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8.10 Conclusion

We have shown how the neighbourhoods for the linear ordering problem given in

Table 8.1 can be formed. Also we have provided a dynamic programming algorithm

enabling each neighbourhood to be searched in polynomial time, and calculated the

order of the size of each neighbourhood.

Type of
insert neighbourhood

Disjoint
Nested

Nested inside disjoint
Disjoint inside nested

Combined disjoint and nested

Complexity
of DP
O(n2)
O(n2)

O(rf)
0{n*)
O(n3)

Size of
neighbourhood

KyyZ.Zi )

G((2 + %/3)n)
0(4.06")
0(4.22")

Section
number

8.5
8.6
8.7
8.8
8.9

Table 8.1: PSEN for the LOP

It seems that the nested inside disjoint neighbourhood is worthy of further in-

vestigation, given that it contains both the disjoint and nested neighbourhoods and

yet only requires O(n2) time to search. The other neighbourhood which may war-

rant future research is the combined disjoint and nested neighbourhood which whilst

searchable in the same time complexity, O(n3), contains the disjoint inside nested

neighbourhood.

The computational complexity of the dynamic program used to search the linear

ordering neighbourhood is likely to be a reasonably accurate guide to the run time

in practice because we are unaware of any effective speedups (see sub-section 6.2.4).

It should be noted that this is in sharp contrast to the TSP for which there are

a number of very effective speedups (see sub-section 7.2.1) which work on a range

of neighbourhoods. The potential for the implementation of these speedups to the

search algorithm for a new neighbourhood may therefore be a crucial component in

determining the practical significance of the neighbourhood.



Chapter 9

Polynomially Searchable
Exponential Neighbourhoods for
the Travelling Salesman Problem

9.1 Int roduction

This chapter is concerned with new polynomially searchable exponential neigh-

bourhoods for the travelling salesman problem. A dynamic program is given for

each neighbourhood, and in most cases the size of the neighbourhood is calcu-

lated. Within the sections we show that all bar the overlapping neighbourhoods are

sub-neighbourhoods of the twisted sequence neighbourhood. A particular achieve-

ment is the calculation of the size of the twisted sequence neighbourhood. The

non-rotational neighbourhood size is equal to the number of twisted sequences of

a permutation; the value of which has remained open since the introduction of the

sequences by Aurenhammer (1988).

Before introducing any new neighbourhoods, we use the next three sections to

introduce the background material, by which we define and display many of our

new neighbourhoods. In section 9.2 we introduce some new notation and give some

definitions. In section 9.3 we give an alternative diagrammatic representation which

aims to make the underlying structure of many of the new neighbourhoods more

visible. In section 9.4 we define some blocks that will help us to define many of the

neighbourhoods in sections 9.5 and 9.6. For further background we refer back to

the first two sections of Chapter 8. An introduction to the concept giving rise to

our new PSENs is given in section 8.1 and an introduction to the methodology by

which we calculate the sizes of many of the new PSENs given in section 8.2.

Sections 9.5 and 9.6 of the current chapter contain neighbourhoods which can
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be formed from simple combinations of nested and/or disjoint reversals. In section

9.5 the neighbourhoods are formed from independent reversals and are therefore

dynasearch neighbourhoods (See section 4.4 in Chapter 4). Given a move M from

a dynasearch neighbourhood is made up of reversals ri, . . . , r j , if the effect in terms

of the change in objective function value, of any particular reversal rt, when it is

performed alone, is 5Ti, then the effect of the combined move M is X);=1<5ri. The

reversals are referred to as independent because the contribution of an individual

reversal to the overall effect of the neighbourhood move is independent of any other

reversals with which it may combine to form the move. In contrast, the reversals

forming neighbourhoods in section 9.6 are not independent. The effect of any indi-

vidual reversal on the objective function is dependent on the other reversals (if any)

with which it is combined to form the neighbourhood move.

Sections 9.7 and 9.8 contain dynasearch neighbourhoods. Section 9.7 deals

with neighbourhoods made up of nested or disjoint 3-opt moves. In section 9.8

we study overlapping dynasearch neighbourhoods where combinations of 2-opt and

3-opt moves are neither nested nor disjoint.
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9.2 Some new notation and definitions

We define the sets:
si,j = {h -,j} for i < j and Sid - {«, ...,n, 1,..., j } for i > j .

Sfj = {* + 1, -•-, J - 1} for i < j and S~j = {i + 1, ...,n, 1,..., j - 1} for i > j .

Note that S^ can be empty if j = z + 1

The rotations of a given permutation can be formed by iteratively removing the

current first element of the permutation and adding it to the end of the permuta-

tion. There are n rotations of the permutation: (<j(l),a(2),..., cr(n)), the current

permutation itself and n — 1 others of the form:

(cr(i),...,<7(n),cr(l),...,a(i- 1)) for i = 2,...,n.

The non-rotational neighbourhood of a given permutation (a(l), a(2), ...,a(n))

contains the subset of moves from the corresponding rotational neighbourhood which

do not reverse the order of a(n) and <r(l) (at least not without reversing the whole

permutation which obviously has no effect on the tour).

The moves contained in a rotational neighbourhood of a given permutation

(<r(l), a(2),..., cr(n)) are the superset of all of the moves in the non-rotational neigh-

bourhoods of the n rotations of the permutation.

It is conventional to derive dynamic programming algorithms for the travelling

salesman problem in terms of F, the length of the partial tour. However, for neigh-

bourhoods based on fc-opt moves we found it more convenient to use A, the reduction

in length of the partial tour, although the computational complexity of the dynamic

programming algorithms are the same. See section 7.3 for examples of dynamic

programs written in both forms.

We now outline the notation used in this chapter, some of which has been used

previously in Chapter 7.

Let da(i),cr(j) be the length of the edge joining city a(i) to city a(j) and Dtj =
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Let M(a — 1, 6) refer to the 2-opt move, illustrated below, which breaks the edges

{a(a — l) ,a(a)} and {cr(6 — l),cr(6)}, and let 5{a — 1,6) be the reduction in tour

length it produces. We can write

1 a-1 a 6-1 6 71 + 1

5(a — 1,6) = d(r(o_1)i<r(a) + ^ ( b - l ) , ^ ) — d<7(a-l),<r(b-l) ~ ^<r(a),a(b)

for |5a_i,b| > 3 and 8(a — 1,6) = 0 otherwise.

In the rest of the section, let 6 € |5~ c | .

Let M(l ; a — 1,6, c) refer to the pure 3-opt move illustrated below, and let

5(1; a — 1, 6, c) be the reduction in tour length it produces.

1 a-1 a 6 - 1 6 c-1 c n + 1

; a — 1, 6, c) =

Let M(2; a - 1, 6, c) refer to the pure 3-opt move illustrated below and let

5(2; a — 1, 6, c) be the reduction in tour length it produces.

1 a-1 a 6 - 1 6 c-1 c n + 1

5(2; a — 1,6, c) = da(a-l),<j(a) + d<7(b-l),<r(b) + da(c-l),a(c

— da(a-\),cr(c-l) — d(r(b),<r(a) ~ d<r(b-l),<
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Let M(3; a — 1, b, c) refer to the pure 3-opt move illustrated below and let

5(3; a — 1, b, c) be the reduction in tour length it produces.

141

1 a-1 a 6 - 1 6 c-1 c n + 1

(5(3; a — 1, b, c) =

6- l ) ~ d<T(a),<x(c

Let M(4; a — 1, 6, c) refer to the pure 3-opt move illustrated below and let

5(A; a — 1, 6, c) be the reduction in tour length it produces.

1 a-1 a 6 - 1 6 c-1 c n + 1

(5(4; a — 1, b, c) = da(a-l),a(a) + da(b-l),a(b) +

Let 5(a — 1, 6, c) be the maximum improvement obtained by performing a pure

3-opt move involving removing the edges {o{a — l),cr(a)}, {a(b — l),a(b)} and

{a(c — 1), cr(c)} on the current tour. Let

5(a — 1, 6, C) = rfCT(a-l),(r(a) + dcr(6-l),<r(!>) + ^(r(c-l),ff(c)

— m m

= m a x 6(i: a — l,b, c)
Kt<4 V

for |5a_i ]C | > 5 and <5(a — 1, &, c) = 0 otherwise.
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9.3 An alternative diagramatic representation of
some neighbourhood moves

We now introduce a useful alternative way of representing a 2-opt or 3-opt move. The

2-opt move illustrated below removes the edges {o{a — 1), cr(a)} and {o(b — 1), a(b)}

and replaces them with edges {a(a — l),a(b — 1)} and {<j(a),a(b)}. The effect of

this move is to reverse the section of tour (a(a),cr(a+ 1), ...,a(b — 2),a(b~ 1)). The

alternative representation consists of a list of the cities in their current order, with a

line above the cities whose order is reversed by the 2-opt move. Both representations

of the 2-opt move are illustrated below:

a-1 a b-1 b n + 1 1 a~l a 6-1 6 n

For clarity, before giving an example of how a more general 3-opt move can be

represented, we give a specific example. The effect of the M(2;2,5,7) move illus-

trated below is equivalent to reversing two sections of tour, one contained within

the other. Consider a tour with the order of the cities corresponding to the permu-

tation a: (cr(l), a(2), cr(3), a(4), cr(5), cr(6), CT(7), cr(8)). Firstly the order of the cities

(a(3), a(4)) is reversed producing the permutation: (cr(l), a(2), cr(4), cr(3), a(5), cr(6),

<7(7),<T(8)). Then the order of the cities (CT(4),CT(3),(T(5),CT(6)) is reversed forming

the corresponding tour to the permutation: (a(l),a(2), a(Q),a(5),<7(3),a(4),a(7),

2 3 4 5 6 7

The M(2;2,5, 7) move is illustrated above both by the traditional diagram and

the alternative diagram where the two lines signify the sections of tour which are

reversed by the move.
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We now give a more general example of how a 3-opt move may be represented.

The effect of the M(2; a — 1,6, c) move illustrated below is equivalent to reversing

two sections of tour, one contained within the other. Given a tour with the order of

the cities corresponding to the permutation:

..., a(c - 2), a(c - 1), cr(c),..., a(n)).

Firstly the order of the cities (cr(a), a(a+l) , . . . , a(b~ 2), o{b—1)) is reversed producing

the permutation:

Then the order of the cities (a(b — 1), a(b — 2),..., a(a + 1), a(a), a(b),a(b + 1),...

..., cr(c — 2), a[c — 1)) is reversed producing the permutation:

H

1 o-l a b-l b c-1 c n + l x a'1 a b'1 b c-1 c n

The M(2;a — 1,6, c) move is illustrated above both by the traditional diagram

and the alternative diagram where the two lines signify the sections of tour which

are reversed by the move.

In diagrams where lines are used to indicate the sections of tour reversed, we

follow the convention of placing shorter lines above the longer lines. To determine the

effect on the order of the cities in the tour of a move represented by the diagram,

we then perform the reversals indicated by the highest (shortest) lines first and

systematically move down. The effect of nested reversals is in practice easier to

determine by following this procedure.
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9.4 Some block definitions used to define neigh-
bourhoods

9.4.1 The blocks used to define the non-rotational strict re-
versal neighbourhoods

In order to form neighbourhoods using the concept of blocks and block operations,

we need to define both an initial block on which we can perform block operations

and the block operations themselves.

We will use the block B^ defined below as the initial block. The block B^ rep-

resenting a strict reversal move from the underlying neighbourhood is such that:

for 1 < % < j < k < I < n.

Let Bc —^ (BA,BB) refer to the strictly disjoint block operation combining

disjoint blocks BA and BB to form a single block of type Bc. Given the particular

blocks BA and BB are BA = (a'(j),..., a'(/c)), BB = (a'{l),..., a'{m))

Bc = (a(z),..., a(j - 1), BA, a(k + 1),.., a (I - 1), BB, a(m + 1),..., a(p))

= (<r(i),..., a ( j - l ) , a'(j),..., a'(k), a{k+l),..., a(Z-l), a'(I), •-, cr'(m), a(m+l),..., a{p)).

for l<i<j<k<l<m<p<n.

Let BB —^ (BA) refer to the strictly nested block operation on block BA to

form BB. Then given BA = {a'{j), ...,a'(k)),

BB - (a(i),...,a(j- 1), B A reversed ,a(k+ 1 ) , ...,a(l))

for 1 < i < j < k < I < n.
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9.4.2 The blocks used to define the rotational strict reversal
neighbourhoods

We will use the block B^ defined below as the initial block. The block B^R rep-

resenting a strict reversal move from the underlying neighbourhood is such that:

BSR = BSR\JBSRUBIR\JBSR

where

BlR = Hi),..., u{j - 1), a(k),a(k - 1),.. . , a(J + l),a(j),a(k + 1), ...,

for 1 < i < j < k < I < n.

BIR = fat*), - , 0(n),a(l),..., a(j - 1), a{k), a{k - 1), ...,a(j + 1),

for 1 < j < k < I < % < n.

BSR = (^(*). - , °{j ~ 1 W * 0 , (̂fe - 1), -> ̂ (1). ̂ W . -> ̂ 0 ' + 1)>

a(A; + l), . . . ,
for 1 < k < I < i < j < n.

for 1 < / < i < j < fc < n.

Let 5 C —̂ 4 (BA, BB) refer to the strictly disjoint rotational block operation

combining disjoint blocks BA and BB to form a single block of type Bc. Then given

the particular blocks BA, BB and Bc involve the sets of cities Sjtk, Siym and SiiP,

respectively, the relations Sj^ C SitP, Si>m C 5i)P, 5,^ D 5;~m = 0, must hold.

Let B B ^ 4 (BA) refer to the strictly nested rotational block operation on block

BA to form BB. Then given the particular blocks BA and BB involve the sets of

cities Sjtk and 5^;, respectively, the relation Sj^ C S^ must hold.
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9.4.3 The blocks used to define the non-rotational reversal
neighbourhoods

We will use the block B° defined below as the initial block. The block B° represent-

ing a reversal move from the underlying neighbourhood is such that:

for 1 < i < j < k < I < n.

Let Bc —> (BA,BB) refer to the disjoint block operation combining disjoint

blocks BA and BB to form a single block of type Bc. Given the particular blocks

BA and BB are BA = (a'(j),..., a'{k)), BB = (a'(I),..., a'(m))

Bc = (a(i),..., a(j - 1), BA, a(k + 1),..., a {I - 1), BB, a{m + 1),.., a{p))

= (a(i),..., a ( j - l ) , a'{j),..., a'{k),a{k+l),..., a{l-l),a'(l),..., a'{m), a(m+l),..., a(p))

for l < i < j f < / c < / < m < p < n .

Let BB - ^ {BA) refer to the nested block operation on block BA to form BB.

Then given BA = (CT'(J), ..., a'(fc)),

= (a(i),...,a{j-l), BA reversed ,a(fc + 1),..., a (I))

for 1 < % < j < k < I < n.
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9.4.4 The blocks used to define the rotational reversal neigh-
bourhoods

We will use the block BR defined below as the initial block. The block BR repre-

senting a reversal move from the underlying neighbourhood is such that:

where

for 1 < i < j < k < I < n.

forl<j<Kl<i<n.

for 1 < k < I < i < j < n.

for 1 < I < i < j < k < n.

Let Bc —^ (BA,BB) refer to the disjoint rotational block operation combining

disjoint blocks BA and BB to form a single block of type B°. Then given the partic-

ular blocks BA, BB and Bc involve the sets of cities Sjtk, 5;>m and SijP, respectively,

the relations Sj;fc C 5 t ;P, 5(>m C Si)P, Sjtk H Sitm = 0, must hold.

Let BB —h (BA) refer to the nested rotational block operation on block BA to

form BB. Then given the particular blocks BA and BB involve the sets of cities Sj^

and Sij, respectively, the relation Sjtk Q S^i must hold.
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9.5 PSEN based on strictly disjoint and strictly
nested reversals

In the strict neighbourhoods the following two statements must always be true:

• Between any two disjoint reversals there must be a gap of at least two edges

(i.e. at least one city which is not part of either revesal).

• Any nested reversal must be completely contained by and not start or finish

at the same position as the reversal in which it is nested.

9.5.1 Disjoint 2-opt

The non-rotational disjoint 2-opt neighbourhood consists of a combination of strictly

disjoint reversals on the given permutation representing the tour. The neighbour-

hood is non-rotational so no single reversal can involve both cr(l) and cr(n) and

because it is strictly disjoint the sets of cities involved in any pair of reversals must

have at least one city between them which is not involved in either reversal.

This neighbourhood has previously been implemented in Chapter 7 and referred

to as dynasearch 2-opt or ds-2-opt.

The figure below contains an example of a disjoint 2-opt move consisting of the

three 2-opt moves: M(l ,7) , M(8,13) and M(13,1). The effect of the three moves is

to reverse the sections of tour (CT(2), ..., a(6)), (cr(9),..., a(12)) and 0(14), CT(15)).

Note that all of the sections of tour reversed have at least one city between them

and none of them contain both cr(l) and cr(15).

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

The disjoint 2-opt (non-rotational strictly disjoint) neighbourhood can be formed

by exclusively applying strictly disjoint block operations on strictly disjoint blocks.

tig — JDg

where the block B% and the block operation —h are defined in section 9.4.1.
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Dynamic programming algorithm

The disjoint 2-opt neighbourhood can be searched in 0(n2) time. Let A(j) be

the maximum reduction in length of the path from city CT(1) to o~(j) achievable by

performing disjoint 2-opt moves on the path (<r(l), ...,a(j)).

Initialisation

A(z) = 0 for i < 3.

Recursion

Calculate A(j) for j = 4,..., n + 1:

f A(j - 1),
= max m a x

L

where 6(i,j) is defined in section 9.2.

Optimal reduction in solution value

A(n + 1).

Neighbourhood size

The size of the neighbourhood is 6(1.755"). We now give an outline of how the

size Un of the neighbourhood can be calculated.

When conditioning on a reversal it is useful to consider one city after the reversal

to be connected to it. Starting with the identity permutation (a(l),<r(2), ...,a(n)),

we condition on reversals if any connected to cr(n):

• Given <r(n) is not connected to a reversal C/n_i — 1 different neighbourhood

moves are possible.

• Given the reversal of the section of tour (o(i + l),...,a(n — 1)) the number

of possible neighbourhood moves is f/j, where 0 < i < n — 3. (No nested

moves are allowed, so no reversals can occur within the section of the tour

(a(i + l ) , . . . ,a(n- l)) . )

Summing up the different neighbourhood moves and adding the null move of per-

forming no reversals, we obtain

/i f o r n > l ,
i=0

w h e r e UQ = 1.
00 (1 — x)

The corresponding generating function is U(x) = Y^ Ulx
l ~

—^ 1 — 2x + x2 —
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Since the smallest root of 1 — 2x + x2 — x3 = 0 is approximately 1/1.755, the

neighbourhood size is 0(1.755")

9.5.2 Rotational disjoint 2-opt

The rotational disjoint 2-opt neighbourhood consists of a combination of strictly

disjoint reversals, and can be formed by exclusively using strictly disjoint rotational

block operations.

The figure below contains an example of a rotational nested 2-opt move consisting

of the three 2-opt moves: M(5, 8), M(8,13) and M(13,4).

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

A strictly disjoint rotational block may be formed by performing a strictly dis-

joint rotational block operation on a pair of strictly disjoint rotational blocks.

TDD _ R 0
&SR ~ nSR

r>D DSR i T)D TDD \
-DSR * l-°Si£' &SR)

where the block B°SR and the block operation -^4 are defined in section 9.4.2.
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Dynamic programming algorithm

The rotational disjoint 2-opt neighbourhood can be searched in 0(n3) time. This

can be done either by implementing the algorithm for the disjoint 2-opt neighbour-

hood n times where each of the cities is fixed in turn; or by the following dynamic

programming algorithm.

Let A(i, j) be the maximum reduction in length achievable by performing disjoint

2-opt moves exclusively involving the set of cities Sij, where cities G(I) and <j(j)

remain in positions i and j respectively.

Initialisation

A(i, i) = 0 for i = 1,..., n.

Recursion

Calculate A(i,j) for increasing \Sij\ until A(i + l , i) is known for 1 < i < n.

A(i,j) = max

Optimal reduction in solution value

max A(i + l,i).
< i < n l V '

Neighbourhood size

The rotational disjoint 2-opt neighbourhood is at least as large, and at most a

factor of n larger than the disjoint 2-opt neighbourhood. Thus, its size is Q(2n) and

O(n2n).
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9.5.3 Rotational nested 2-opt

The rotational nested 2-opt neighbourhood consists of a combination of reversals

strictly nested within each other, and can be formed by exclusively using strictly

nested rotational block operations.

The figure below contains an example of a rotational nested 2-opt move consisting

of the three 2-opt moves: M(6,5), M(10,4) and M(12,l).

^ — ,

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

A strictly nested rotational block may be formed by performing a strictly nested

rotational block operation on a strictly nested rotational block.

r>N _ r>0

where the block B^R and the block operation -^4- are defined in section 9.4.2.

The computational complexity of searching the nested 2-opt neighbourhood is

the same as computational complexity of searching the rotational nested 2-opt neigh-

bourhood. So only the the rotational nested 2-opt neighbourhood is considered.

Dynamic programming algorithm

The rotational nested 2-opt neighbourhood can be searched in O(n2) time. Let

A(i, j) be the maximum reduction in length achievable by performing nested 2-opt

moves exclusively involving the set of cities Sij, where cities a(i) and a(j) remain

in positions i and j respectively.

Initialisation

A(i, i) = A(i, i + 1) = 0 for i = 1,..., n.

Recursion

Calculate A(i, j) for increasing \Sl}J\ until A(z + l,i) is known for 1 < i < n.
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Optimal reduction in solution value

max A(i + l.i).
Ki<n V '

Neighbourhood size

The size of the neighbourhood is Q(2n) and 0(n2n) . We now give an outline of

how the size Un of the non-rotational version of the neighbourhood can be calculated.

As before with other neighbourhoods built up of 2-opt moves when conditioning

on a reversal it is useful to consider one city after the reversal to be connected to it.

Starting with the identity permutation (cr(l), cr(2),..., cr(n)), we condition on re-

versals connected to a(n):

• Given a(n) is not connected to a reversal, Un-\ — 1 different neighbourhood

moves are possible.

• Given the reversal of the section of tour (c(n — i — 1), ...,a(n — 1)) the number

of possible neighbourhood moves is C/j, where 1 < i < n — 2. (Only nested

moves are allowed so reversals can only occur within the section of the tour

(a(n-i- l ) , . . . ,<r (n- l ) ) .

Summing up the different neighbourhood moves and adding the null move of per-

forming no reversals, we obtain
n - l

Un = YJUi for n > 2,
t=i

where U\ = 1. 00 • x(l — x)
The corresponding generating function is U(x) = ^ UX1 •=iX

i=i I — Zx

Since the only root of 1 — 2x = 0 is 1/2, the non-rotational nested neighbour-

hood size is 0(2"). Therefore the rotational nested neighbourhood size is

and O(n2n).
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9.5.4 Restricted nested 2-opt

All moves in a Restricted nested 2-opt neighbourhood must be centred around the

edge n, 1 which can't be broken. Only 2-opt moves of the form M(n — i + 1, i) can

be performed; in effect any section n — i + 2,i — 1 can be reversed where % < n/2.

The figure below contains an example of a restricted nested 2-opt move consist-

ing of the four 2-opt moves: M(9, 7), M(10,6), M(l l ,5) and M(13,3).

1 i

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Dynamic programming algorithm

The restricted nested 2-opt neighbourhood can be searched in O(n) time. Let

A(j) be the maximum reduction in length achievable by performing restricted nested

2-opt moves on the path (cr(n — j + 1),..., cr(j)).

Initialisation

A(l)=0.

Recursion

Calculate A(t) for i = 2,..., [§J.

A i -\ \ c -i \ , (5(n — i + l,i)
A(i) = A(i — l ) + max< v ' '

Optimal reduction in solution value

A(LfJ)-

Neighbourhood size

A move in the neighbourhood is made up of any subset of [n/2\ ~ 1 possible

reversals, and therefore the size of the neighbourhood is 6(2n /2).
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9.5.5 Nested 2-opt inside disjoint 2-opt

The nested 2-opt inside disjoint 2-opt consists of a combination of strictly nested

reversals within strictly disjoint reversals. Only nested moves are allowed within the

disjoint moves, thus enabling the best nested neighbourhood move to be found for

each partial sequence as a preprocessing step. Consequently, there is a reduction

in computational complexity as compared with the more general combined disjoint

and nested neighbourhood (see section 9.5.8).

The figure below contains an example of a nested 2-opt inside disjoint 2-opt

move consisting of the five 2-opt moves: M(l ,7) , M(3,6), M(8,13), M(9,12)

and M(13,l).

H

10 11 12 13 14 15

Firstly we need to form a non-rotational strictly nested block.

tis - tss

r>N Ns^ CDN\
# S > KBS )

where the block B^ and the block operation —% are defined in section 9.4.1. Now

using the non-rotational strictly nested block we can form the non-rotational strictly

nested inside disjoint block as follows. The strictly nested inside disjoint block can be

formed using the strictly disjoint block operation on a strictly nested inside disjoint

block and a strictly nested block.

B = BN
S

where the block operation —̂> is defined in section 9.4.1.

Dynamic programming algorithm

The nested 2-opt inside disjoint 2-opt neighbourhood can be searched in O(n2)

time. The first step is to search the Nested 2-opt neighbourhood in O(n2) (see section

9.5.3) as a preprocessing step. Finding AN(i,j) for 1 < i < j < n the maximum

improvement possible due to a nested 2-opt move on the path (a(i),...,o(j)), where
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cities o{i) and a(j) remain in their original positions. Then the nested 2-opt inside

disjoint 2-opt can be found in O(n2) time as follows.

Let A(j) be the maximum reduction in length achievable by performing nested

2-opt inside disjoint 2-opt moves on the path (cr(l), ...,a(j)).

Initialisation

A(l)=0.

Recursion

Calculate A(j) for j = 1, ...,n + 1

Optimal reduction in solution value

A(n + 1).

Neighbourhood size

The size of the nested 2-opt inside non-rotational disjoint 2-opt neighbourhood

is 0(2.206"). Let iVn be the size of the nested 2-opt neighbourhood for a problem
n - l

instance of size n (see section 9.5.3). So Nn = ^ Ui and the generating function of

Nn is N{x) = x(l - x)/(l - 2x)
As before with other neighbourhoods built up of 2-opt moves, when conditioning

on a reversal it is useful to consider one city after the reversal to be connected to it.

We now give an outline of how the size Un of the neighbourhood can be calculated.

Starting with the identity permutation (CT(1),CT(2), ...,a(n)), we condition on re-

versals connected to <r(n):

• Given o~(n) is not connected to a reversal Un-\ — 1 different neighbourhood

moves are possible.

• Given the reversal of the section of tour (a(i + 1),..., a(n — 1)) the number of

possible neighbourhood moves is Lr
iNn_i_2, where 0 < i < n — 3.

Summing up the different neighbourhood moves and adding the null move of per-

forming no reversals, we obtain
n-3

Un = Un-i + £ UiN^.2 for n > 1,
i=0

where C/o = 1.
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1 — 2x•

The corresponding generating function is U(x) = Y^ U{Xl =
- 2x -

Since the smallest root of (1 — x)(l — 2x — x3) — 0 is approximately 1/2.206, the

nested 2-opt inside non-rotational disjoint 2-opt neighbourhood size is 6(2.206n).

9.5.6 Nested 2-opt inside rotational disjoint 2-opt

The nested 2-opt inside rotational disjoint 2-opt consists of a combination of strictly

nested rotational reversals within strictly disjoint rotational revesals. This neigh-

bourhood is the rotational version of the nested 2-opt inside disjoint 2-opt neighbour-

hood (section 9.5.5). Only rotational nested moves are allowed within the rotational

disjoint moves, thus enabling the best nested neighbourhood move to be found for

each partial sequence as a preprocessing step. Consequently, there may be (although

there is not in this case) a reduction in computational complexity as compared with

the more general combined disjoint and nested neighbourhood (see section 9.5.8).

The figure below contains an example of a nested 2-opt inside rotational dis-

joint 2-opt move consisting of the five 2-opt moves: M(5,8), M(8,13), M(9,12),

M(13,4) and M(14,3). The rotational strictly nested inside disjoint block can be

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

formed using the rotational strictly disjoint block operation on a rotational strictly

nested inside disjoint block and a rotational strictly nested block. The rotational

strictly nested block was defined in section 9.5.3.

where the block B$R and the block operation — 4̂ are defined in sections 9.5.3 and

9.4.2, respectively.
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Dynamic programming algorithm

The nested 2-opt inside rotational disjoint 2-opt neighbourhood can be searched

in O(n3) time. This can be done either by implementing the algorithm for the

nested 2-opt inside disjoint 2-opt neighbourhood n times, starting with a different

rotation of the original permutation each time, or by the following dynamic pro-

gramming algorithm. Firstly we evaluate AN(i,j) for 1 < i, j < n by searching the

rotational nested 2-opt neighbourhood as in section 9.5.3. Then the nested 2-opt

inside rotational disjoint 2-opt can be found in O(n3) time as follows:

Let A(i, j) be the maximum reduction in length achievable by performing nested

2-opt inside rotational disjoint 2-opt moves exclusively involving the set of cities Sij,

where cities cr(i) and a(j) remain in positions i and j respectively..

Initialisation

A(z, i) = 0 for i = 1,..., n.

Recursion

Calculate A(z, j) for increasing \Sij\ until A(i + 1, i) is known for 1 < i < n.

A{i,j) = max

Optimal reduction in solution value

max A(i + l,z)-
Ki<n V

Neighbourhood size

The size of the nested 2-opt inside rotational disjoint 2-opt neighbourhood is

at least as large as, and at most a factor of n larger than the nested 2-opt inside

disjoint 2-opt neighbourhood. Hence, the size of the nested 2-opt inside rotational

disjoint 2-opt neighbourhood is O(2.206n) and O(n2.206").
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9.5.7 Disjoint 2-opt inside rotational nested 2-opt

The disjoint 2-opt inside rotational nested 2-opt neighbourhood is an extension of

the nested 2-opt neighbourhood in exactly the same way as the nested 2-opt inside

disjoint 2-opt neighbourhood is an extension of the disjoint 2-opt neighbourhood.

Only strictly disjoint reversals are allowed on the parts of the tour which are

unaffected by the strictly nested reversals, although these disjoint reversals may be

nested within future blocks, thus enabling the best disjoint 2-opt neighbourhood

move to be found for each section of tour as a preprocessing step. Consequently,

there may be (although there is not in this particular case) a reduction in computa-

tional complexity as compared with the more general combined disjoint 2-opt and

nested 2-opt neighbourhood see (section 9.5.8).

The figure below contains an example of a disjoint 2-opt inside rotational nested

2-opt move consisting of the five 2-opt moves: M(5, 8), M(8, 5), M(9,13), M(13, 4)

and M(14,2).

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

The strictly disjoint inside rotational nested block can be formed either by per-

forming a strictly disjoint rotational block operation on a strictly disjoint inside

rotational nested block and a strictly rotational disjoint block, or by performing

a strictly nested rotational block operation on a strictly rotational disjoint inside

nested block.

= BSSR

where the block BgR and the block operations -^4 and —̂ 4 are defined in section

9.4.2, and the block BgR is defined in 9.5.2.

Dynamic programming algorithm

The rotational disjoint 2-opt inside nested 2-opt neighbourhood can be searched

in O(n3) time. Firstly we find AD(i,j) for 1 < i, j < n by searching the rotational
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disjoint 2-opt neighbourhood as in section 9.5.2.

Let A(i,jf) be the maximum reduction in length achievable by performing dis-

joint 2-opt inside rotational nested 2-opt moves exclusively involving the set of cities

Sij, where cities a(i) and a(j) remain in positions i and j respectively..

Initialisation

A(i,i) = A(i,i-\-l) = 0 for i = 1,..., n.

Recursion

Calculate A(i,j) for increasing |Sj j | until A(i + l,i) is known for 1 < i < n.

A(i,j) = max | ™sl\AD{i,k) + A(k,j)

Optimal reduction in solution value

max A(i + l , i ) .

Neighbourhood size

The size of the disjoint 2-opt inside rotational nested 2-opt neighbourhood is

Q(2.35") and O(n2.35"). We now give an outline of how the size Un of the non-

rotational version neighbourhood can be calculated.

Let Dn be the size of the disjoint 2-opt neighbourhood for a problem instance
n-3

of size n (see section 9.5.1). So Dn = Dn_i + Y2 A a n ^ the generating function of

oo

Dn is D{x) = Y, Dixi = (! - x)/(l - 2x + x2 - x3).

As before with the other neighbourhoods built up of 2-opt moves, when conditioning

on a reversal it is useful to consider one city after the reversal to be connected to it.

Starting with the identity permutation (<r(l),cr(2), ...,a(n)), we condition on re-

versals connected to a(n):

• Given a(n) is not connected to a reversal, C/n_i — 1 different neighbourhood

moves are possible.



Chapter 9. PSEN for the Travelling salesman Problem 161

• Given the reversal of the section of tour {p{i + 1),..., cr(n — 1)) and that there

are no reversals nested within it, then nesting is allowed outside the section

and the number of possible neighbourhood moves is C/j, where 0 < i < n — 3.

• Given the reversal of the section of tour (cr(i + 1),..., a(n — 1)) and that there

are reversals nested within it, then no nesting is allowed outside the section

and the number of possible neighbourhood moves is Di(C/n_j_2 — 1), where

0 < i < n - 3 .

Summing up the different neighbourhood moves and adding the null move of per-

forming no reversals, we obtain

Un = Un^+^iUi + A(fn-i-2 - 1)) for n
i=0

where UQ = 1. The corresponding generating function is

= h = 1 4xSince the smallest root of 1 — 4x + 5x2 — Axz + 4x4 - 2x5 + x6 = 0 is approxi-

mately 1/2.35, the non-rotational neighbourhood size is 0(2.35"). The size of the

rotational neighbourhood is at least as large, and at most a factor of n larger than

the non-rotational neighbourhood. Hence, the size of the disjoint 2-opt inside rota-

tional nested 2-opt neighbourhood is fi(2.35") and O(n2.35n).

9.5.8 Rotational combined disjoint 2-opt and nested 2-opt

This neighbourhood simply consists of any set of disjoint and nested 2-opt moves

in any combination. There are no restrictions; any moves are allowed to be nested

within any others, or disjoint to (outside of) any others.

The figure below contains an example of a rotational combined disjoint 2-opt and

nested 2-opt move consisting of the five 2-opt moves: M(6,5), M(8,13), M(9,12),

M(13,4) and M(15,3).

10 11 12 13 14 15
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Any block of moves is allowed to be nested within any other block of moves and

any block of moves is allowed to be disjoint from any other block of moves. So a

rotational strictly disjoint reverse and nested reverse block may be formed either

by combining two rotational strictly disjoint reverse and nested reverse blocks using

the rotational strictly disjoint block operator, or by performing a rotational strictly

nested block operation on a rotational strictly disjoint reverse and nested reverse

block.

B = B°SR

where the block B^R and the block operations —̂4 and —̂4 are denned in section

9.4.2.

Dynamic programming algorithm

The rotational combined disjoint 2-opt and nested 2-opt neighbourhood can be

searched in O(n3) time. Let A(i, j) be the maximum reduction in length by per-

forming rotational combined disjoint 2-opt and nested 2-opt neighbourhood moves

exclusively involving the set of cities Sij, where cities o(i) and a(j) remain in posi-

tions i and j respectively.

Initialisation

A(i, i) = A(i, i + 1) = 0 for i = 1,..., n.

Recursion

Calculate A(i, j) for increasing \Sitj\ until A(i + 1, i) is known for 1 < i < n.

( 5 ( i , j ) + A ( i + l,j-l)
A(i,j) = maxj max{A(i, k) + A(fc, j)} •

Optimal reduction in solution value

max A(i + 1, i).
\<i<n
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Neighbourhood size

The size of the neighbourhood is conjectured to be 0(2.61"). We now give an

outline of how the size Un of the non-rotational neighbourhood can be calculated.

To produce a combined disjoint and nested move any pair of 2-opt moves in the

neighbourhood must not involve the breaking the same edge. In light of this when

conditioning on a reversal it is useful to consider one city after the reversal to be

connected to it.

Starting with the identity permutation (cr(l),a(2), ..,a(n)), we condition on re-

versals connected to a(n):

• Given a(n) is not connected to a reversal, Un-\ — 1 different neighbourhood

moves are possible.

• Given the reversal of the section of tour (a(i + 1),..., a(n — 1)), the number of

possible neighbourhood moves is C/jf7n_i_2, where 0 < i < n — 3.

Note if {cr(j),..., a(k — 1)) is reversed then city a(k) is said to be connected to

that reversal.

Summing up the different neighbourhood moves and adding the null move of per-

forming no reversals, we obtain

Un = Un-! + J2 E W n - 2 - i for U>1,
i=0

where Uo — 1. The corresponding generating function is

. _ x2 - x + 1 ± Vx4 - 2x3 - x2 - 2x + 1

i=0 ^X

As explained in section 8.2, given the generating function above, we conjecture that

the size of the non-rotational neighbourhood is 0(2.61n) since the smallest root of

14-xA — 2x3 — x2 — 2x — 0 is approximately equal to 1/2.61. The size of the rotational

neighbourhood is at least as large, and at most a factor of n larger than the non-

rotational neighbourhood. Hence, the size of the rotational combined disjoint 2-opt

and nested 2-opt neighbourhood is conjectured to be Q(2.61n) and O(n2.61n).
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9.6 PSEN based on disjoint and nested reversals.

In this section unlike the last, there does not need to be a gap of at least two edges

between any pair of disjoint reversals and a nested reversal can start or finish at the

same position as the reversal in which it is nested. Trivially for any neighbourhood

in this section the corresponding strict neighbourhood, if one exists, forms a sub-

neighbourhood (i.e. is contained within it).

In this section, where the neighbourhoods are based on reversal moves which

may interact, we found it more convenient to follow the more conventional approach

of deriving the dynamic programming algorithms in terms of F.

9.6.1 Disjoint reverse

The non-rotational disjoint 2-opt neighbourhood consists of a combination of disjoint

reversals on the given permutation representing the tour.

The figure below contains an example of a disjoint reverse move.
i 1 | 1 I 1 | 1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

The disjoint reverse (non-rotational disjoint) neighbourhood can be formed by

performing a disjoint block operation on a pair of disjoint blocks.

where the block B° and the block operation —> are defined in section 9.4.3.

Dynamic programming algorithm

The dynamic programming algorithm below for searching the the disjoint reverse

neighbourhood requires O(n?) time.

Let cr(l) = 1, i.e. let cr(l) be fixed in the first position. Let F(j,a(i)) be the

shortest path up to position j which ends with city o{i), where 1 < i < j , allowing

any disjoint reversals to be performed that exclusively involve the first j cities except

for city CT(1).
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Initialisation

F(l,a(l))=O

Recursion

Calculate F values for j = 3,..., n where 2 < i < j

i - 1, a{k)) + da

Optimal solution value

Neighbourhood size
The neighbourhood size is G(2"). We now give an outline of how the size Un of the

neighbourhood can be calculated. Start with the identity permutation (c(l), cr(2),.., cr(n)).

Condition on the section of tour reversed if any involving city a(n) in any possible

neighbourhood move:

• Given that a(n) is not involved in any reversals then t/n_i — 1 neighbourhood

moves are possible.

• Given that o~(n) is involved in the reversal of the section of tour between

a(i + 1) and a(n) inclusively, namely (a(i + 1), ...,<r(n)), then Ui different

neighbourhood moves are possible, where 0 < i < n — 2.

So summing up the different possible moves and adding the null move of performing

no reversals, we obtain

Un = £ Ui for n > 2,
i=0

where UQ = U\ = 1.
oo

The corresponding generating function is U(x) = ̂  U{Xl = (1 — x)/( l — 2x)
i=0

Since the only root of 1 — 2x = 0 is 1/2, the neighbourhood size is 6(2").

Strictly Un is always larger by 2 than it should be because reversing the interval

(CT(1), ...,a(n)) or (a(2), ...,<r(n)) does not affect the tour. However, the size of the

neighbourhood in terms of its order is unaffected and remains 0(2n).
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9.6.2 Rotational disjoint reverse

The rotational disjoint reverse neighbourhood consists of a combination of disjoint

reversals, and can be formed by exclusively using disjoint rotational block operations.

The figure below contains an example of a rotational disjoint reverse move.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

A disjoint rotational block may be formed by performing a disjoint rotational

block operation on a pair of disjoint rotational blocks.

D

where the block B\ and the block operation —^ are denned in section 9.4.4.

Dynamic programming algorithm

The rotational disjoint reverse neighbourhood can be searched in O(n4) time.

This can be done either by implementing the algorithm for the disjoint reverse

neighbourhood n times where each of the cities is fixed in turn; or by another dy-

namic programming algorithm where there are four state variables, of which two

signify the interval over which the shortest partial tour in the neighbourhood has

been found and the other two represent the cities at the end points of the interval,

Neighbourhood size

The rotational disjoint reverse neighbourhood at least as large, and at most a

factor of n larger than the disjoint reverse neighbourhood. Thus, its size is Q(2n)

and 0{n2n).
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9.6.3 Rotational nested reverse

The rotational nested reverse neighbourhood consists of a combination of reversals

nested within each other, and can be formed by exclusively using nested rotational

block operations.

The figure below contains an example of a rotational nested reverse move.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

A nested rotational block may be formed by performing a nested rotational block

operation on a nested rotational block.

nJV DO

MR = BR

BR > \BR )

where the block B^ and the block operation —*h are defined in section 9.4.4.

The computational complexity of searching the nested reverse neighbourhood

is the same as computational complexity of searching the rotational nested reverse

neighbourhood. Consequently, only the the rotational nested reverse neighbourhood

is considered.

Dynamic programming algorithm

The dynamic programming algorithm below for searching the the rotational

nested reverse neighbourhood requires O(n3) time.

Let F(i, j;<r(i), cr{m)) for m G Sid-{i} and F(i, j;a(m),a(j)) for m G Sid-{j}

be the length of a shortest path exclusively involving the cities Sjj, beginning and

ending with cities a(i) and a(m), and with a(m) and cr(j), respectively.
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Initialisation

F(i, i + 1; a{i), a(i + 1)) = ^i+1) for i = 1,..., n.

Recursion

Calculate F values for increasing \Sij\ until F(i + l,i;a(i + l),a(i)) is known for

1 < i < n

F(i,j;a{i),a{j)) = min
min{F(z,j - l;cr(i),a(a

{i + l,j;cr(a),mm

For a 6 5,"

= min

Optimal solution value

min < / +
min \F(i + l,i; a(a),

l<a,t<nk

To search the nested reverse neighbourhood the final step reduces to

min \F(l,n;a(l),a(a)) + ck(i))(T(
l < " a < n >•mm min | F ( 1 , n; a (a), cr(n)) + ck(a))CT(,

but overall the computational complexity is unchanged.



Chapter 9. PSEN for the Travelling salesman Problem 169

Neighbourhood size

We now give an outline of how the size Un of the nested reverse neighbourhood

can be calculated. Start with the identity permutation (a(l), a(2),..., c(n)). Con-

ditioning on the largest reversal that city o{n) is involved in, within any possible

neighbourhood move:

• Given a(n) is not involved in a reversal, then Un-\ — 1 neighbourhood moves

are possible.

• Given that the largest reversal involving city a(n) is the reversal of the tour

between a(n — i + 1) and a(n), i.e. {o{n — i + 1), ...,<r(n)), then (1/2)t/j

neighbourhood moves are possible. Note the half is because the decision to

reverse (cr(n — i + 1), ...,a(n)) has already been made. This argument holds

for 2 < i < n.

So summing up the different possible moves and adding the null move of performing

no reversals, we obtain

i=2
n-2

= 3C/n_i + Y,ui for n > 3
i=2

where Ui — 2.

The corresponding generating function is U(x)
°° • 2 x 2 ( l — x)

V" UiX1 =
jZ~2 1 — Ax 4-

Since the smallest root of 1 — Ax + 2x2 = 0 is 1/(2 + \/2), the size of the nested

reverse neighbourhood is 0((2 + \/2)n).

The rotational nested reverse neighbourhood is at least as large as the nested

reverse neighbourhood and at at most a factor of n times larger. So the size of the

rotational nested reverse neighbourhood is Q((2 + \/2)n) and O(n(2 + \/2)n).

The Carlier-Villon neighbourhood which also takes O(nz) to search is a sub-

neighbourhood of rotational nested reverse neighbourhood and is significantly smaller

only 6(n2n) as compared to fi((2 + \/2)n).
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9.6.4 Nested reverse inside disjoint reverse

The nested reverse inside disjoint reverse neighbourhood consists of a combination

of nested reversals within disjoint reversals. Only nested moves are allowed within

the disjoint moves, thus enabling the best nested neighbourhood move to be found

for each partial sequence as a preprocessing step. Consequently, there is a reduction

in computational complexity as compared with the more general combined disjoint

reverse and nested reverse neighbourhood (twisted sequence neighbourhood see sec-

tion 9.6.7).

The figure below contains an example of a nested reverse inside disjoint reverse

move.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Firstly, we need to form a non-rotational nested block.

BN = B°

BN jv^ (BN)

where the block B° and the block operation —>• are defined in section 9.4.3. Now

using the non-rotational nested block, we can form the non-rotational nested inside

disjoint block. The nested inside disjoint block can be formed using the disjoint

block operation on a nested inside disjoint block and a nested block.

where the block operation —> is defined in section 9.4.3.
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Dynamic programming algorithm

Firstly, the dynamic programming algorithm for the nested reverse neighbour-

hood is used to calculate F values for all possible intervals in O(n?) time. Then

the algorithm below can be used to search the nested reverse inside disjoint reverse

neighbourhood in O(n4) time. So overall the complexity of searching the nested

reverse inside disjoint reverse neighbourhood is O(n4).

Let cr(l) = 1, i.e. let CT(1) be fixed in the first position. Let F'(j,cr(i)) be the

shortest path involving the cities (<J(1), ..., CT(J')) which ends with city cr(i), allowing

any reversals in the neighbourhood to be performed that exclusively involve the first

j cities except for city cr(l).

Initialisation

Recursion

Calculate F'(j; a(j)) and F'(j; a(i)) iteratively for j = 2,..., n and for 1 < i < j

mm

min \F'(i —
min{i - 1,2} <l<i(

min
Kk<i

min{fc- 1,2} < i < fe

{F'(k -

Optimal solution value

2<j<n
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Neighbourhood size

We now give an outline of how the size Un of the nested reverse inside disjoint

reverse neighbourhood can be calculated. Let Nn be the size of the nested re-
n-2 oo

verse neighbourhood (see section 9.6.3) so Nn = 3Nn^i + ^ ^ a n d N(x) = ^ - ^ ^
i=2 i=2

N(x) = 2z2(l - x)/(l -Ax + 2x2). Start with the identity permutation (a(l), CT(2), ..

.., a(n)). Condition on the section of tour reversed if any involving city o{n) in any

possible neighbourhood move:

• Given that <r(n) is not involved in any reversals then Un-\ — 1 neighbourhood

moves are possible.

• Given that the largest reversal involving a(n) is the reversal of the section of

tour {o{i + 1),..., cr(n)) then (l/2)Nn-iUi different neighbourhood moves are

possible, where 0 < i < n — 2. Note only nested moves are allowed inside the

reversal, any of (l/2)iVn_j possibilities exist, whereas outside the reversal any

of Ui different moves can be made.

So summing up the different possible moves and adding the null move of performing
n-2

no reversals, we obtain Un = ^ (l/2)[/iA
r
n_i + f/n_i for n > 1,

i=0
where Uo = 1.

oo 2
The corresponding generating function is U(x) — ̂ J U{Xl = — -

• Q 1 — OX ~r oX X

and the neighbourhood size is ®((2 + \/3)n)
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9.6.5 Nested reverse inside rotational disjoint reverse

The nested reverse inside rotational disjoint reverse neighbourhood consists of a com-

bination of nested reversals within rotational disjoint reversals. Only nested moves

are allowed within the rotational disjoint moves, thus enabling the best nested neigh-

bourhood move to be found for each partial sequence as a preprocessing step. Con-

sequently, there is a reduction in computational complexity as compared with the

more general combined disjoint reverse and nested reverse neighbourhood (twisted

sequence neighbourhood see section 9.6.7).

The figure below contains an example of a nested reverse inside rotational disjoint

reverse move.

1
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

The rotational nested inside disjoint block can be formed using the disjoint block

operation on a rotational nested inside disjoint block and a rotational nested block.

The rotational nested block was defined in section 9.6.3.

where the block BR and the block operation —h are defined in sections 9.6.3 and

9.4.4, respectively.

Dynamic programming algorithm

As with the rotational disjoint reverse neighbourhood, the nested reverse inside

rotational disjoint reverse neighbourhood can be searched in O(n5) time, either by

implementing the algorithm for the nested reverse inside disjoint reverse neighbour-

hood n times where each of the cities is fixed in turn, or by a specific dynamic

programming algorithm.

Neighbourhood size

The size of the rotational neighbourhood is at least as large, and at most factor of

n larger than the non-rotational neighbourhood. Hence, the size of the nested reverse

inside rotational disjoint reverse neighbourhood is Q(2 + \/3)n) and O(n(2 + \/3)n).
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9.6.6 Disjoint reverse inside rotational nested reverse

The disjoint reverse inside rotational nested reverse neighbourhood is an extension

of the nested reverse neighbourhood in exactly the same way as the nested reverse

inside disjoint reverse neighbourhood is an extension of the disjoint reverse neigh-

bourhood.

Only disjoint reversals are allowed on the parts of the tour which are unaffected

by the rotational nested reversals, although these disjoint reversals may be nested

within future blocks, thus enabling the best disjoint reverse neighbourhood move to

be found for each section of tour as a preprocessing step. Consequently, there is a

reduction in computational complexity as compared with the more general combined

disjoint reverse and nested reverse neighbourhood (twisted sequence neighbourhood

see section 9.6.7).

The figure below contains an example of a disjoint reverse inside rotational nested

reverse move.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

The disjoint inside rotational nested block can be formed either by performing a

disjoint rotational block operation on a disjoint inside rotational nested block and

a rotational disjoint block, or by performing a nested rotational block operation on

a rotational disjoint inside nested block.

B

where the block B°R and the block operations - A and —̂> are denned in section

9.4.4, and the block B% is defined in section 9.6.2.

The moves in the diagram which are effectively disjoint reverse moves are the

reversals (5,6), (7,8), (9,10,11,12) and (1,2) in which there is no further nesting.
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Dynamic programming algorithm

The dynamic programming algorithm below calculates the neighbourhood in

O(n5) time. Let F(i,j; a(k),a(l)) for k G Sid, I 6 Sid - {k} and k < I be the length

of a shortest path exclusively involving the cities Sid, beginning and ending with

cities a(k) and a (I). We only need to consider k < I because F(i,j;o(k),a(l)) =

Initialisation

F(i,i;a(i),a(i)) = 0 for i — l,...,n.

Recursion

Calculate F values for increasing \Sij\ until F(j + l,j;a(k),cr(l)) is known for all

1 < j,k,l < n and k < I.

{ P inr,,,{F^ l ~ 1; °(k),a(m)) + da{m)AJ) + Dld\

min

Optimal solution value

min
1 < j < n

We only need to consider k < I because F(j + 1, j ; a(k), a(l)) = F(j + 1, j ; a(l), a(k)).

Neighbourhood size

We now give an outline of how the size Un of the disjoint reverse inside nested

reverse neighbourhood can be calculated.

Let Dn be the size of the disjoint reverse neighbourhood (see section 9.6.1) so
n—1 oo

Dn = Y^ Di and D(x) = ^Dix
i = (1 - x)/(l - 2x). Start with the identity per-

t=0 i=0

mutation (cr(l), cr(2),.., cr(n)). Condition on the section of tour reversed if any in-

volving city a(n) in any possible neighbourhood move:

• Given that a(n) is not involved in any reversals then Un-\ — 1 neighbourhood

moves are possible.

• Given that the largest reversal a(n) is involved in is the reversal of the section

of tour (a(i + 1), ...,a(n)), and there is no nested reversal within this section,
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then Ui different neighbourhood moves are possible, where 0 < i < n — 2.

• Given that the largest reversal a(n) is involved in is the reversal of the section

of tour (a(i + 1),..., a(n)), and there is at least one nested reversal within this

section, then Di((\/2)Un-i — 1) different neighbourhood moves are possible.

Note, only disjoint moves are allowed outside the reversal so D{ moves are

possible outside the reversal. However, inside the reversal any moves within the

disjoint reverse inside nested reverse neighbourhood are allowed so (1/2) [/„_* —

1 different moves are possible: (l/2)[/n_i because the section has already been

reversed and —1 because at least one reversal must occur inside the interval.

A reversal can be performed inside the interval (a(i + 1),..., cr(n)) for 0 < i <

n — 3.

So summing up the different possible moves and adding the null move of performing

no reversals, we obtain

Un = £ A((l/2)t/n_i - 1) + E Ui

= ^ A ( t / n - i - 2 ) + 2 ^ C / t - 2 forn>l ,

where UQ = 1.

The corresponding generating function is U(x) = iX =
Q 1 OX ~{~ (X

Since the smallest root of 1 —6x+7x2 = 0 is l / (3+\ /2) , the size of disjoint reverse

inside nested reverse neighbourhood is 6((3 + \/2)n). The size of the rotational

neighbourhood is at least as large, and at most factor of n larger than the non-

rotational neighbourhood. Hence, the size of the disjoint reverse inside rotational

nested reverse neighbourhood is ft((3 + \/2)") and O(n(3 + V2)n).
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9.6.7 The rotational twisted sequence neighbourhood

Twisted sequences were introduced by Aurenhammer (1988). However, it was not

until 1997 that Demeko &; Woeginger (1997) proposed using the sequences to form

a neighbourhood (see section 4.2.3). The rotational twisted sequence (rotational

combined disjoint reverse and nested reverse) neighbourhood contains all of the

neighbourhoods covered thus far in this chapter. Unfortunately, the dynamic pro-

gram to search the neighbourhood has a higher computational complexity than any

of the preceeding neighbourhoods.

Any solution in the twisted sequence neighbourhood of a given permutation

(CT(1), cr(2), ...,cr(n)) can be obtained by reversing (twisting) a set of intervals over

(cr(l), cr(2),..., cr(n)) in which a pair of intervals in the set are either disjoint or one

is nested within the other.

Any block of moves is allowed to be nested within any other block of moves

and any block of moves is allowed to be disjoint from any other block of moves.

So a twisted sequence block (combined disjoint and nested block) may be formed

by combining two twisted sequence blocks using the disjoint block operator, or by

performing a nested block operation on a twisted sequence block.

B = B°
B-^U(B)

where the block B° and the block operations —> and —> are defined in section

9.4.3.

For example: the permutation (5,12,8,10,9,11,6,7,4,1,2,3,15,14,13) lies in

the twisted sequence neighbourhood of the permutation (5, 6, 7,8,9,10,11,12,13,14,

15,1, 2, 3,4) as illustrated in the figure below.

H h

5 6 7 8 9 10 11 12 13 14 15 1 2 3 4

Demeko & Woeginger 1997 provide a dynamic programming algorithm for search-

ing the neighbourhood in O(n7).

The dynamic programming algorithm is capable of searching all the twisted

sequence neighbours, including the rotations of the current permutation. Therefore,
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the rotated twisted sequence neighbourhood can also be searched in O(n7) time.

The rotated twisted sequence neighbourhood is formally defined below.

B = B%

where the block BQ
R and the block operations —A and —̂> are defined in section

9.4.4.

An example of a neighbour in the rotational twisted sequence neighbourhood of

the permutation (1, 2, 3,4, 5,6, 7, 8,9,10,11,12,13,14,15) is the permutation (5,12,8,

10,9,11,6,7,4,1,2,3,15,14,13) as illustrated in the figure below. Note that this

would not be a neighbour in the standard twisted sequence.

10 11 12 13 14 15

Neighbourhood size

Demeko & Woeginger (1997) state that the twisted sequence neighbourhood size

is Q(2n) and 0(6"). An outline of how we calculated the size Un of the twisted

sequence neighbourhood is below.

Starting with the identity permutation (c(l), cr(2), ...,a(n)). Conditioning on

the section of tour reversed if any involving city a(n) in any possible neighbourhood

move:

• Given that cr(n) is not involved in any reversals then £/n_i — 1 neighbourhood

moves are possible.

• Given that the largest reversal o{n) is involved in the reversal of the section of

tour (a(i + 1), ...,a(n)) then (l/2)Un-iUi different neighbourhood moves are

possible, where 0 < i < n — 2.

So summing up the different possible moves and adding the null move of performing
n-2

no reversals, we obtain [7n = ^ ( 1 / 2 ) 1 ^ 1 ^ + Un-i for n > 2,

where Uo = C/i = 1. Therefore,
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Un = Un-X + (l/2)E/n + (1/2) Y^

= 2E/n_1+ £ [ % _ *
i=2

n-1

So Un = [/n_i + ̂  W n - i for n > 2,

where U\ = 1.

The sequence !?„ where /?„ = C/n+i for n > 0, is known as "Royal paths in a lattice".

The sequence "Royal paths in a lattice" is connected to the better known sequence,

Cn = (l/2)Rn for n > 1, where Cn is the sequence known as Schroder's second

problem (1870) or the super Catalan numbers. Note that Co — RQ = 1. Schroder

(1870) gives the limit of the ratio of two consecutive terms in the second problem

sequence as 3 + 2\/2, but gives no simple recurrence relationship for the sequence.

Motzkin (1948) gives the following recurrence relationship for the sequence:

Cn+i = C0Cn + 2(CiCn_i + ... + CnC0) for n > 0 where Co = 1

and states that the limit for Cn+\/Cn, as n tends to infinity, is 3 + 23/2. The recur-

rence relationship given enables us to show how the sequences are connected.

n-1

i=\

= C/n_i + 2t71 t7n_1+^C/ iUn_ i
i=2

Note that Ux = 1. Also, let Cn = (l/2)Un+1 for n > 1, and Co = 1. Then,
n-2

2Cn_i = 2Cn_2 + 4CoCn_2 + 4 ̂  Ci_iCn_i_i
i=2

n-3
/'""f / ^ i O / ^ /̂ ~̂  I O \ . "*" /^^ / ^

(_/„ i — (_J 1* o —r" ̂  v'0^-/7i 2 1 ^ / *—̂  j ̂ ^Ti i 2

i=l
n-1

i=i

G /~i l O/^ / ^ _1_ J_ /^* f \

oOn -+- /^OiOn_i -r ... -r unuoj

The final equation is in the form that Motzkin (1948) wrote the recursion, so

(\/2)Un+l
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Therefore the size of the twisted sequence neighbourhood is 0((3 + 2-\/2)n)

~ . 1 - x ± J(x - I)2 - Ax
Note that the generating function is U{x) = IT '

i=0 2

and by our conjecture (explained in section 8.2) we would predict that the neigh-

bourhood size was 0((3 + 2\/2)n), since the smallest root of (x — I)2 — Ax = 0 is

The size of the rotational twisted sequence neighbourhood is at least as large,

and at most factor of n larger than the non-rotational neighbourhood. Hence, the

rotational twisted sequence neighbourhood is Q((3 + 2\/2)n) and 0(n(3 + 2\/2)n).

9.6.8 The rotational twisted sequence neighbourhood and
fc-opt neighbourhoods

We will now demonstrate how all /c-opt neighbourhoods for k < 4 are contained in

the rotational twisted sequence neighbourhood.

If a generalised neighbourhood move can be denned by a set of reversals, where

any pair of the reversals are either disjoint or nested, then the neighbourhood is

sub-neighbourhood of the rotational twisted sequence neighbourhood. We show

how fc-opt neighbourhood moves for k < 4 can be performed by a series of reversals

with just this characteristic. In addition we will show how 5-opt is not a sub-

neighbourhood of the the rotational twisted sequence neighbourhood.

This is done by describing them in diagrams consisting of a list of cities in their

current order above which there are a set of lines, each line signifying that the order

of the cities below it are reversed (see section 9.3 for a fuller description of the

diagrams).
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Pure 2-opt moves

M ( a - 1 , 6 )

181

1 a-1 a 6-1 6 71 + 1 1 a-1 a 6-1 6 n

Pure 3-opt moves

All the possible pure 3-opt moves also form a sub-neighbourhood of the twisted

sequence as shown in the figures below.

1 a-1 a 6 - 1 6 c-1 c n + 1 1 a-1 a 6-1 6 c-1 c n

M(2;a-l,6,c)

1 a-1 a 6 - 1 6 c-1 c n + 1 1 a-1 a 6-1 6 c-1 c n

M(3;a-l,6,c)

1 a-1 a 6 - 1 6 c-1 c n + 1 1 a-1 a 6-1 6 c-1 c n

M(4;a-l,6,c)

1 a-1 a 6 - 1 6 c-1 c n + 1 1 a-1 a 6-1 b c-1 c n
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Pure 4-opt moves

In a pure 4-opt, move there are 3 sections of tour to be reconnected.

®

182

71+ 1

As illustrated in the 6 small diagrams below, the 6 possible orders in which the

3 sections of tour can be connected can all be reached by simple twisted sequence

moves.

1 © ©

n + l © ©

n + l

n + l

© © © © © © n + l

In the 4-opt neighbourhood each of the three sections of tour can be traversed

either from left to right or from right to left (not all of them will form pure 4-opt

moves). Any given one of these possibilities can be illustrated by adding between

0 and 3 extra lines, to one of the six diagrams above, where each line indicates the

reversal of one of the three sections of tour.

For example adding an extra line, above the 2nd section of tour, to the diagram

below left forms the move below right.

*©* *©**©" n + l

The move formed is illustrated once more in the diagram below.

1 a-1 a 6-1 b c-1 c d-1 d n + l

1 a-1 a 6-1 b c-1 c d-1 d n + l
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By describing how any of the 4-opt moves can be illustrated by a diagram con-

sisting of a set of reversals we have shown that all pure 4-opt moves form a sub-

neighbourhood of the twisted sequence. Unfortunately, there are too many pure

4-opt moves for all of them to be illustrated so only one more example is given. The

well-known double-bridged 4-opt move referred to by Bentley and generally used as

the kick in iterated Lin-Kerninghan.

a-1 a 6-1 6 c-1 c d-1 d n + 1

1 a-1 a 6-1 6 c-1 c d-1 d n + 1

Pure 5-opt moves
In a 5-opt, move there are 4 sections of tour to be reconnected.

© ©• •

The twisted sequence contains 5-opt moves corresponding to 22 of the possible or-

ders in which the sections can be connected but the 5-opt moves corresponding to

the orders (2,4,1,3) and (3,1,4,2) are not present. Note that (2,4,1,3) reversed is the

same as (3,1,4,2). An example of each of the two types of 5-opt move which are not

members of the twisted sequence are illustrated below.

(2,4,1,3)

a-1 a 6-1 6 c-1 c d-1 d e-1 e

(3,1,4,2)

1 a-1 a 6-1 6 c-1 c d-1 d e-1 e n
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9.6.9 Pyramidal (Sarvanov and Doroshko 1981a)

The pyramidal neighbourhood, as far as we know, is the first PSEN that was dis-

covered. In the USSR, it was shown that the TSP can be minimised over the set of

pyramidal permutations in O(n2) by Klyaus (1976) and the pyramidal neighbour-

hood was subsequently introduced by Sarvanov and Doroshko (1981a). (See section

4.2.2 for more details)

A permutation a' is pyramidal in relation to the permutation a = (CT(1), C(2) , •••

.., a{n)) if a' is of the form (a(ti),a(i2),...,a(ik),a{n),a{ji),a{J2), -,<r(Jn-*-i)),

where 0 < k < n - 1, iY < i2 < ... < ik and ji > j 2 > ... > jn-k~i

The pyramidal neighbourhood consists of all the pyramidal tours for a given

permutation representing the tour. Without loss of generality we relabel the cities

so that the permutation defining the current tour is (1, ...,n). The diagrams below

both represent the same pyramidal move.

a-1 a 6-1 b c-1

1 a-1 a 6-1 6 c-1 c d-\ d e-1 e n

If 2<a<b<c<d<e<n, then 6 edges are broken, producing a generic

6-opt move lying in the pyramidal neighbourhood. A 6-opt move breaks the tour

into six pieces, and for the 6-opt move to lie in the pyramidal neighbourhood these

sections must be trasversed in a given order. Let the sections be labelled one to six,

the first section starting at city 1 and the sixth ending at city n. Then the sections

must be traversed in the following order 1,3,5,6,4,2, where the cities in sections 1,3,5

are traversed in their original order and the cities in sections 6,4,2 are traversed in

reverse order.

The second representation gives the move in terms of reversals, showing that the

pyramidal neighbourhood is a subneighbourhood of the twisted sequence neighbour-

hood.
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All moves involve breaking between 2 and n — 2 edges, effectively producing a

/c-opt move, where 2 < k < n — 2, according to the number of edges broken. All

moves in the pyramidal neighbourhood break edge (a(l),a(n)}. No moves in the

pyramidal neighbourhood break edges {cr(l),cr(2)} or {a(n— l),a(n)}.

Dynamic programming algorithm

The pyramidal neighbourhood can be searched in O(n2) time. Although a dy-

namic programming algorithm is given in the Carlier & Villon 1990 paper, we aim

to provide a simpler presentation. The way in which we view the construction

of a particular pyramidal tour is ("V-shaped") as follows. Starting with the path

P2 = (CT(1),CT(2)). Then for k = 3, ...,n, we must decide to which end of the path

Pk-i to add city a(k), thereby forming Pfc. Finally the two ends of the path Pn are

joined up to form a tour.

Let F(a(i),a(j)) where i < j equal the length of the shortest path in the pyra-

midal neighbourhood, exclusively involving all the cities in the first j positions, that

starts at the city currently in the ith position and ends at the city currently in the

jih position.

Initialisation

Recursion
Calculate F values for k = 3,..., n where 1 < i < k — 2

F(a(k-l),a(k)) =

Optimal solution value

min
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Neighbourhood size

It is well known that the size of the neighbourhood is 0(2"). However, we will

demonstrate how easy it is calculate the size of the neighbourhood Un using our

procedure of conditioning on the largest reversal in which a city is involved.

Starting with the identity permutation (cr(l), cr(2),.., cr(n)). Conditioning on the

largest reversal involving city cr(n)

• Given that o{n) is not involved in any reversal then no moves are possible.

• Given that <j{n) is involved in the reversal of the section of tour between

o{n — i) and <r(n) inclusively, namely (cr(n — i), ...,a(n)), then Ui different

neighbourhood moves are possible, where 0 < i < n — 1.

So summing up the different possible moves and adding the null move of performing

no reversals, we obtain

Ui f o r n > l ,

where Uo = 1.
00 • 1 — x

The corresponding generating function is U(x) = ^ UiX1 = —
i=0 ~ X

Since the only root of 1 — 2x — 0 is 1/2, the neighbourhood size is 0(2n) .



Chapter 9. PSEN for the Travelling salesman Problem 187

9.6.10 Rotational pyramidal (Carlier and Villon 1990)

The rotational pyramidal neighbourhood was introducted by Carlier & Villon 1990

(see section 4.2.2). The rotational pyramidal neighbourhood consists of all the pyra-

midal tours that correspond to any of the n rotations representing the current tour.

The rotational pyramidal neighbourhood is a sub-neighbourhood of the rotational

twisted sequence neighbourhood.

Dynamic programming algorithm

The neighbourhood is easily searched in O(n3) time by repeatedly applying the

O(n2) dynamic programming algorithm for the pyramidal neighbourhood to each of

the n rotations representing the tour.

Neighbourhood size

This neighbourhood, although taking O(n?) to search, only contains a factor of

n more neighbours G(n2") than the pyramidal neighbourhood. However, it appears

to have slightly more practical relevance (see section 4.2.2) containing over 75% of

the 3-opt neighbourhood (Demeko & Woeginger 1997).

A demonstration of how rotational pyramidal contains over 75% of the

3-opt neighbourhood

We will show how the three of the four types of 3-opt move defined in section 9.2

can be of the form of a pyramidal move if the permutation is rotated.

1 a-1 a b-l b c-1 c n + 1 1 a-1 a b-l b c-1 c n

If the permutation representing the tour in the figure above is rotated so that it

starts with city b, the move becomes pyramidal as demonstated in the figure below.

b c-1 c 1 a-1 a 6 - 1 b c-1 c n 1 a-1 a b — 1
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M(2;a-l,6,c)

188

1 a-1 a 6-1 6 c-1 c n + 1 1 a-1 a 6-1 6 c-1 c n

If the permutation representing the tour in the figure above is rotated so that it

starts with city a, the move becomes pyramidal as demonstated in the figure below.

a 6-1 6 c-1 c n 1 a-1

M ( 3 ; a - l,6,

1 a-1 a 6 - 1 6 c-1 c n + 1

h

1 a-1 a 6-1 6 c-1 c n

If the permutation representing the tour in the figure above is rotated so that it

starts with city c, the move becomes pyramidal as demonstated in the figure below.

1 n a-1 a 6-1 6 c-1

M(4;a-l,6,c)

1 a-1 a 6 -16 c-1 c n + 1 1 a-1 a 6-1 6 c-1 c n

We observe that 3-opt moves of type 4 are not in the rotational pyramidal neigh-

bourhood. So the rotational pyramidal neighbourhood contains over 75% of the

3-opt neighbourhood, since it contains all 2-opt moves and 3 out of the four types

of pure 3-opt move. A formal proof of this fact is given by Demeko & Woeginger

(1997).

However, as commented in section 9.6.3, the neighbourhood seems inefficient

when compared with the rotational nested reverse neighbourhood which, whilst also

taking O(n3) to search, contains the rotational pyramidal neighbourhood and is

significantly larger, Q((2 + \/2)") as compared with 0(n2n).
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9.6.11 Nested 2-opt inside pyramidal neighbourhood

In the nested 2-opt inside pyramidal neighbourhood, any section of tour which has

no edges broken by the underlying pyramidal move can, if it is large enough, contain

a nested 2-opt move.

The diagram below illustrates a nested 2-opt inside pyramidal neighbourhood

move. The particular move contains the 2-opt moves M(l,4) and M(5,9) re-

spectively, producing the reversals (<j(2),o"(3)) and (a(6),cr(7),cr(8)). These moves

are possible because neither the edges {a(l),cr(2)} and {a(3),cr(4)} nor the edges

{cr(5), CT(6)} and {CT(8),CT(9)} are broken by the pyramidal move.

10 11 12 13 14 15

Dynamic programming algorithm

The nested 2-opt inside pyramidal neighbourhood can be searched in O(n2) time.

Firstly, A(i, j), the maximum reduction in path length between positions i and j in

the nested 2-opt neighbourhood, is calculated for all i and j in 0{n2), (see section

9.5.3). Then N(i,j) is calculated, the length of the shortest path between i and j

that is a move in the nested 2-opt neighbourhood beginning with a(i) and ending

with cr(j). N(i,j) can be calculated for 1 < i, j < n in O(n2) time using the equation

Finally, the nested 2-opt inside pyramidal neighbourhood can be built up in

O(n2) time. Let F(a(i),a(j)) where i < j equal the length of the shortest path in

the nested 2-opt inside pyramidal neighbourhood, exclusively involving all the cities

in the first j positions, that starts at the city currently in the iih position and ends

at the city currently in the jth position.

Initialisation

Recursion

Calculate F values for k = 3,..., n where 1 < i < k — 2
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F(a(k-l),a(k)) = mm {F(a(j),a(k - 1)) + da{jU{k)}.

Optimal solution value

Neighbourhood size

We now give an outline of how the size Un of the neighbourhoods can be calcu-

lated. Let Nn be the size of the nested 2-opt neighbourhood (see section 9.5.3) so
n—1 oo

Nn — ̂ 2 Ni and the generating function of Nn, N(x) = ^ Ni = x(l — x) / ( l — 2x).
i=i i=i

Starting with the identity permutation (CT(1),<T(2), .., cr(n)). Conditioning on the
largest reversal involving city a(n):

• Given that cr{n) is not involved in any reversal then iVn_i — 1 nested moves

are possible, none of which involve a(n).

• Given that cr(n) is involved in the reversal of the section of tour between

o{n — i) and u{n) inclusively, namely (a(n — i), ...,cr(n)), then for 1 < i < n —3

UiNn_i_2 different neighbourhood moves are possible. However, if i = n — 2 or

n — 1, then Un-\ and f/n_2 moves are possible respectively, because no nested

moves are possible outside the reversal.

So summing up the different possible moves and adding the null move of performing

no reversals, we obtain
71-3

Un = [/„_! + C/n_2 + iVn_! + ]T UiNn_2-i for n > 2,
i=i

where U\ = 1.
°° • x(l — x — x2)

The corresponding generating function is U(x) = y^ U{XZ = ^{ — 3x + xl + x6 + x4

Since the smallest root of 1 — 3x + x2 + x3 + x4 — 0 is approximately 1/2.29, the

nested 2-opt inside pyramidal neighbourhood size is 0(2.29").
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9.7 Some 3-opt dynasearch neighbourhoods.

A 3-opt move M(i;j,k,l) is said to affect the cities in Sjj. We define a pair of

3-opt moves affecting the cities Sij and Sk,i to be disjoint if Sij n S^L = 0. A move

affecting the cities Sij be said to be nested in M(k; l,m,ri) if either Sij C Sfm or

•S'ij C 5m ,n - {n}.

9.7.1 Rotational disjoint pure 3-opt

The rotational disjoint 3-opt neighbourhood consists of a set of disjoint pure 3-opt

moves.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

The diagram above illustrates a move in the neighbourhood consisting of two

3-opt moves namely M(l; 8,11,13) and M(2; 13,2,4).
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Dynamic programming algorithm

The rotational disjoint pure 3-opt neighbourhood can be searched in O(n3) time.

Compute A'(i, j) for all values of i and j is calculated as a preprocessing step in

O(n?) time, using the following equation:

A'(i,j) = max 5{i,k,j)
kesr.-{i+i]

where 5(i,k,j) is defined in section 9.2. The rotational disjoint pure 3-opt can now

be built up in O(n3) time, by an almost identical dynamic program to that used to

build the rotational disjoint 2-opt neighbourhood (see section 9.5.2), the only su-

perficial difference is that 5(i,j) is replaced by A'(i,j). Let A(i, j) be the maximum

reduction in length by performing a disjoint pure 3-opt move exclusively involving

the set of cities Sij, where cities o~(i) and cr(j) remain in positions i and j respec-

tively..

Initialisation

A(i, i) = 0 for i = 1,..., n.

Recursion

Calculate A(z, j) for increasing \Sij\ until A(i + l,i) is known for 1 < i < n.

A(i,j) = max {A(i,k)+A'(k,j)}.
k £ S { }

Optimal reduction in solution value

max A(i + l . i ) .
l<i<n v

Note: The disjoint pure 3-opt neighbourhood still takes O(n3) time to search, even

though the recursion for the disjoint pure 3-opt only takes O(n2) time. The reason

is that the preprocessing step above is still required to calculate A'(i,j).
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Neighbourhood size

We now give an outline of how the size Un of the non-rotational version of the

neighbourhood can be calculated, from which we can gain insight into the rotational

neighbourhood size.

Starting with the identity permutation (CT(1),CT(2), ...,a(n)) and conditioning on

moves involving a(n):

• Given a[n) is not involved in a move, Un-\ — 1 different neighbourhood moves

are possible.

• Given a 2.5-opt move involving (a(i + 1),..., cr(n)) then there are IVi different

possible moves, where 0 < i < n — 4.

• Given a 3-opt move (which is not in the 2.5-opt neighbourhood) involving

(cr(i +1), •••, ff(n)) then there are 4(n — i — A)Ui different possible moves, where

0 < i < n- 5.

An explanation of why Un is multiplied by 4(n — i — 4) follows. Given that a

3-opt move (which is not in the 2.5-opt neighbourhood) involving (cr(i +1),..., cr(n))

the 3-opt move is of the form M(h; i, k, n), then 1 < h < 4 and i + 3<k<n — 2.

So the move can be one of four types of 3-opt move and k, which determines the

middle edge that is broken, can take any one of n — i — 4 different values.

Summing up the different neighbourhood moves and adding the null move of

performing no reversals, we obtain

Un = Un-i +
y£A(n~i-A)Ul + f2^Ul for n

where Uo = 1. The corresponding generating function is
00 (1 - x ) 2

U{X) = g UX1 =

Since the smallest root of 1 - 3x + 3x2 - x3 - 2x4 - 2x5 = 0 is 1/2.12, the non-

rotational neighbourhood size is 0(2.12"). The size of the rotational neighbourhood

is at least as large, and at most factor of n larger than the non-rotational neigh-

bourhood. Hence, the size of the rotational disjoint pure 3-opt neighbourhood is

2") and O(n2.12").
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9.7.2 Rotational disjoint 3-opt (with 2-opt sub-neighbourhood)

The rotational disjoint 3-opt neighbourhood consists of a set of disjoint 3-opt moves.

Unlike in the rotational disjoint pure 3-opt neighbourhood (see section 9.7.1), dis-

joint 2-opt moves are allowed in this neighbourhood.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

The diagram above illustrates a move in the neighbourhood consisting of two

3-opt moves and a single 2-opt move, namely M(l; 8,11,13), M(2;13,2,4) and

M(5,8).

Dynamic programming algorithm

The rotational disjoint 3-opt neighbourhood can be searched in O(n3) time.

Compute A'(i,j) for all values of i and j is calculated as a preprocessing step in

O(n3) time, using the following equation:

{ max 5(i,k,j)
k s r { i i }

where 6(i,k,j) is defined in section 9.2.

The rotational disjoint 3-opt can now be built up in O(n3) time, by an identical

dynamic program to that used to build the rotational disjoint pure 3-opt neigh-

bourhood (see section 9.7.1). Let A(z, j) be the maximum reduction in length by

performing a disjoint 3-opt move exclusively involving the set of cities Sij, where

cities a(i) and a(j) remain in positions i and j respectively..

Initialisation

A(i,z) = 0 for i = 1, ...,n.

Recursion

Calculate A(i,j) for increasing \Sitj\ until A(i + 1, i) is known for 1 < i < n.

A(i,j) = max {A(i, k) + A'(fe,j)}.
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Optimal reduction in solution value

max A(i 4- 1, i).

Neighbourhood size

We now give an outline of how the size Un of the non-rotational neighbourhood

can be calculated, from which we can gain insight into the rotational neighbourhood

size.

Starting with the identity permutation (c(l),cr(2), ...,cr(n)) and conditioning on

moves involving a(n):

• Given a(n) is not involved in a move f/n_i — 1 different neighbourhood moves

are possible.

• Given a 2.5-opt move involving (a(i + 1),..., a(n)) then there are 2C/j different

possible moves, where 0 < i < n — 4.

• Given a 3-opt move (which is not in the 2.5-opt neighbourhood) involving

(a(i + l) , ...,cr(n)) then there are 4(n — i — 4)Ui different possible moves, where

0 < i < n — 5 (see section 9.7.1 for an explanation).

• Given a 2-opt move involving {a{i + 1), ...,o~(n)) (the section of tour (a{i +

1), ...,a(n — 1)) is reversed), there are Ui different possible moves, where 0 <

% < n - 3 .

Summing up the different neighbourhood moves and adding the null move of per-

forming no reversals, we obtain

Un = E/n_i + C/n_3 + E 4( n - l ~ Wi + E Wi for n > 1,
i=0 i=0

where Uo = 1. The corresponding generating function is
00 (1 - x ) 2

jji \ _ y - Tj.xi \±±1
1 j " ^ ~ l 3

Since the smallest root of 1 — 3a: + 3x2 — 2x3 — x4 — 2x5 = 0 is is approxi-

mately 1/2.22, the non-rotational neighbourhood size is 6(2.22"). The size of the

rotational neighbourhood is at least as large, and at most factor of n larger than

the non-rotational neighbourhood. Hence, the size of the rotational disjoint 3-opt

neighbourhood is Q(2.22") and O(n2.22").
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9.7.3 Rotational nested pure 3-opt

The rotational nested pure 3-opt neighbourhood consists of a set of nested pure

3-opt moves.

1 i

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

The diagram above illustrates a nested move consisting of three 3-opt moves:

M(3;6,13,5), M(4;7,10,12) and M(l;13,2,4)

Dynamic programming algorithm

The nested pure 3-opt neighbourhood can be searched in O(n3) time. Note the

similarites with the dynamic program for the 2-opt version given in (section 9.5.3).

Let A(z, j) be the maximum reduction in length by performing a nested pure 3-opt

move exclusively involving the set of cities Sij, where cities a(i) and a(j) remain in

positions i and j respectively.

Initialisation

A(i,i) = 0 for i = 1, ...,n.

Recursion

Calculate A(i,j) for increasing \S{tj\ until A(z + l,i) is known for 1 < i < n.

i j) = max
'J) I max

Optimal reduction in solution value

max A(i + l , i ) .
l<i<n

Neighbourhood size

The size of this neighbourhood remains open.
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9.7.4 Rotational nested 3-opt (with 2-opt sub-neighbourhood)

The rotational nested 3-opt neighbourhood consists of a set of nested 3-opt moves.

Unlike in the rotational nested pure 3-opt neighbourhood (see section 9.7.3), nested

2-opt moves are allowed in this neighbourhood.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

The diagram above illustrates a nested move consisting of two 3-opt moves and

a single 2-opt move: Af (3; 6,13, 5), M(l; 13, 2,4) and Af (7,11)

Dynamic programming algorithm

The nested 3-opt neighbourhood can be searched in O(n?) time. Let A(z, j ) be

the maximum reduction in length by performing a nested 3-opt move exclusively

involving the set of cities Sij, where cities o(i) and a(j) remain in positions i and

j respectively.

Initialisation

A(z, i) = 0 for i = 1,..., n.

Recursion

Calculate A(i,j) for increasing \S{j\ until A(i + l,i) is known for 1 < i < n.

A(i,j) = max \ 6(i,j) + A(i + l,j — l)
max {S(i,k,j) + A(i + l,k- 1) + A(k,j - 1)1.

5- r {i+i}

Optimal reduction in solution value

max A(i + l . i ) -
K i < n V y

Neighbourhood size

The neighbourhood size is unknown, but obviously it must be greater than the

rotational nested 2-opt which is fi(2n)
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9.8 PSEN in which each neighbour is reachable
by a set of fc-opt moves but not by a set of
reversals.

9.8.1 Overlapping 2-opt

A generic example of an overlapping 2-opt move which consists of the three 2-opt

moves M(ci — l,c3), M(c2 — l,c5) and M(c4 — l,c6), where C\ < c2 < Co, < c± <

c5 < c6.

1 c i -1 c\ c 2 - l c2 C3-I C3 C4-I C4 C5-I C5 C6-1 CQ n

To form an overlapping move, only certain numbers of 2-opt move can be com-

bined. In fact 3A; and 3k+ 1 2-opt moves can be combined, for k > 1 and k integer.

Given that an overlapping 2-opt move comprising of 3 A; 2-opt moves breaks edges

{ci — 1, Ci} for 1 < i < 6k, then the overlapping 2-opt move must be formed from the

2-opt moves M(cx — l ,c3), M(c6fc-2 —l,c6fc), and M(c2i —1, c2j+3) for 1 < i < 3k — 2.

Alternatively, given an overlapping 2-opt move comprising of 3k +1 2-opt moves

breaks edges { Q — 1, Ci} for 1 < i < 6fc + 2, then the overlapping 2-opt move must be

formed from the 2-opt moves M(c\ — 1, C3), M(c&k — 1, 0^+2), and M(c2i — 1, 02̂ +3)

for 1 < i < 3k - 1.

The diagram below gives an example of an illegal move produced by combining

two 2-opt moves, which demonstrates how a loop of tour, joining

(ci, c3, c3 + 1..., c4 - 1, c2 - 1, c2 - 2...ci)

forms a sub-tour. The same effect, of a disconnected loop of tour, is seen in all

illegal moves, i.e. in overlapping combinations of 3k + 2 2-opt moves, for k > 0.

\ c 2 - l c2 C3-I C3 C4-I c4 n

Dynamic programming algorithm

The overlapping 2-opt neighbourhood can be searched in 0{TI?) time. The dy-

namic program is slightly more complicated than those used to search neighbour-

hoods introduced earlier in the chapter. The added complication comes from the
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need to keep track to some extent of the number of 2-opt moves currently combined,

because only 3k and 3k + 1 2-opt moves can be combined, for k > 1. Even then

we need to keep track of moves made currently made up of 3k + 1 moves because

if further 2-opt moves are added, a legal overlapping 2-opt move may be formed.

Whilst building the overlapping 2-opt move we keep track of whether there are 3k,

3k + 1 or 3k + 2 moves in the current partial move by coding the move 0, 1 or 2

respectively (if i is the number of 2-opt moves, then we evaluate i mod 3).

Let A(c, d, i mod 3) denote the largest reduction in tour length obtainable from

overlapping/disjoint 2-opt moves only involving cities in the first d positions in the

current tour, where no edges are broken between positions c and d — 1 (c < d),

where i is equal to the number of moves in the group of overlapping moves of which

the move breaking edge {d — 1, d} is a member and is 0 if the edge {d — 1, d} is not

broken by any move as yet.

Initialise

A(c,d,i) = 0 c<d d = l , 2 , 3 i = 0,1,2
A /A J ' \ ~7 1 ' A 1 O

Z\(U, a, zj = — oo a = I , . . . , 7 i % = U, 1 , 1

Recursion

Calculate A values for d = 4,..., n where 1 < c < d

f A(c- l ,d ,0)
A(c-l ,c ,0)

A(c, d, 0) = max < ̂ )c — \ c \\

max {5(b, d) + A(b, c, 2)}
. 2<b<c-2

A(c,d,l) =max<j 5(c - 1, d) + A(c - 2, c - 1, 0)
max {S(b, d"

A(c-l ,d ,2)

max {<$(&, d) + A(6,c,0)}

f A(c -
A(c, d, 2) = max I m a x

I 2<6<c-

We need to keep track of currently illegal moves of the type A(c, d, 2) because they

may eventually become part of a legal move. In the final step, however, we are only

interested in legal moves A(n,n + 1,0) and A(n,n + 1,1).

Optimal reduction in solution value

f A(n, n + 1,0)
max < .} {

I A(n,n + l , l) .
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Neighbourhood size

The size of the overlapping 2-opt remains unknown, but it must be greater than

the size of disjoint 2-opt which is a sub-neighbourhood.

9.8.2 Overlapping 3-opt

The diagram below gives an example of an overlapping 3-opt move formed by com-

bining the three 3-opt moves: M(4; a - 1, b, d), M(1; c - 1, e, g) and M(4; f-l,h, i).

1 a-1 a 6-1 b d-l d e-1 e /-I / g-l g h-1 h i-1 n

The types of move which can follow a type 4 move to form a legal combined

move are dependent on the move, if any, which occurred before the type 4 move.

Therefore, to make the description of the constraints required to produce a legal

move in this neighbourhood easier we will view moves of type 4 as being of two

distinct types, which we refer to as type 5 and 6.

A type 5 move in this section is viewed as collecting a section of tour, reversing

it and inserting it earlier in the tour as in M(4; / — 1, h, i). M(4; / — 1, h, i) is seen

as collecting the section of tour (h,..., i — 1) and inserting it between / — 1 and / .

A type 6 move in this section is viewed as collecting a section of tour, reversing

it and inserting it later in the tour as in M(4; a—l,b,d). M(4; a — 1, b, d) is seen as

collecting the section of tour (a,..., b — 1) and inserting it between d — 1 and d.

There are no restrictions on the number of 3-opt moves that need to be combined

to form a legal overlapping 3-opt move. However, only certain types of 3-opt move

can follow each other.

A move of type...

1
2
3
5
6

can only follow
a move of type...

3,6
1,2,3,5,6
3,6
1,2,3,5,6
3,6

In the diagram above a move of type 6 is followed by a move of type 1, which in

turn is followed by a move of type 5, forming a legal move.
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Dynamic programming algorithm

The overlapping 3-opt neighbourhood can be searched in O(n?) time. Firstly

we will define the following terms, referring to the reduction in tour length due to

the best move in the overlapping 3-opt neighbourhood with the following restrictions.

A(c): The combined move only involves the cities in the first c positions.

A'(b,c,i): The combined move only involves the cities in the first c positions, in

which edges {6—1,6} and {c— 1,c} are in involved in the combined move but edges

connecting cities between positions b and c — 1 are not involved in the combined

move. (This means that edges {6 — 1,6} and {c — 1, c} are the last two edges in the

previous 3-opt move made.) The last 3-opt move made is of type i.

A" (6, c, i): The combined move only involves the cities in the first c positions where

edge {c — l,c} is involved but edges connecting cities between positions 6—1 and

c — 1 are not involved. The last 3-opt move made is of type i.

A'"(6, c, i): The combined move only involves the cities in the first c positions where

edge {6—1,6} is not involved in the combined move and only one edge in the interval

(6,..., c) has been broken to form the combined move. The last 3-opt move made is

of type i.
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Dynamic programming algorithm cont.

Initialisation

A(c) = 0 c < 5, Vi

A'(b,c,i) = -oo c< 5, Vt

A'(b,c,i) = -oo 6> c - 1 , Vi

A"(6,c,i) = -oo 6 > c, Vi

A'"(6,c,i)=0 1 < 6 < C < 5 , Vi.

Recursion

Using the equations below for c = 6,..., n + 1 and 6 = 1,..., c — 1.

For jG{2 ,5}

{ max {A'"(a, 6 - 1, z) + J(j; a - 1, 6, c)}
max {A(a — 1) + 5(j; a — 1, 6, c)}

1 < a < 6

For jG {1,3,6}

{ max {A'" (a, 6 - 1, i) + <5(j; a - 1, 6, c)}
i I {3%}'
max

1 < a < 6

For j e {1,2,3,5,6}

A"(6,c,j)= maxA'{a,c,j)

For j e {1,2,3,5,6}

A'"(6,c,j)=maxA"(6,a,j)
b<a<c

A(c- l )
A(c) = max { max {A'(a, c, i)}.

1 < a < c,
i 6 {1,2,3,5,6}

Optimal solution value

Finally, A(n + 1), the improvement due to the best move in the neighbourhood is

known and the best move can be found by backtracking.

Neighbourhood size

The size of the overlapping 3-opt remains unknown but must be greater than

the size of disjoint 3-opt which is a sub-neighbourhood.
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9.8.3 Other Overlapping neighbourhoods

Other neighbourhoods that may be of interest are those produced by combining

2-opt and 3-opt moves to form overlapping neighbourhoods searchable in O(n3). A

simple example of an overlapping move is shown below. Note that although the

2-opt move is totally contained within the 3-opt move, we have reserved the term

nested for the situation where the 2-opt move is wholly contained in either the

interval (a,..., c — 1) or (c,..., e — 1). All nested neighbourhoods made by combining

A>opt moves, where k < 4, by this definition are sub-neighbourhoods of the twisted

sequence (reachable by a set of reversals).

a-1 a 6-1 6

The figure above contains the 3-opt move M( l ; a — l,c, e) and the 2-opt move

9.9 Other PSEN neighbourhoods

Other neighbourhoods are possible involving fc-opt moves for k > 4. However, as

indicated above, they only appear to be of academic interest. Johnson (1990) noted

many speedups are based on the locality of cities involved in a move and these cannot

be generalised for 4-opt and above. One pair of edges involved in an improving 4-opt

move may be arbitrarily far from another pair of edges. This is illustrated in the

diagram below (from Bentley 1992), where the pair of edges {a — 1, a} and {c — 1, c}

can be arbitrarily far from the pair of edges {b — 1,6} and {d — l ,d} because the

edges added are {a — l ,c}, {c —l ,a} , {6 — 1, d} and {d — 1, 6}.
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9.10 Conclusion

We have shown how the neighbourhoods for the TSP given in tables 9.1, 9.2 and

9.3 can be formed giving a dynamic programming algorithm enabling each neigh-

bourhood to be searched in polynomial time, and for many of the neighbourhoods

calculating the order of its size.

Type of strict reverse neighbourhood
Disjoint

Rotational nested

Restricted 2-opt
Nested inside disjoint

Disjoint inside rotational nested

Rotational combined
disjoint and nested

Complexity
of DP
O(n2)
0{n2)

O(n)
O{n>)
O(ns)

O{nA)

Size of
neighbourhood

6(1.76")
ft(2") and

O(n2")
6(x/2")
6(2.21")

ft(2.35n) and
O(n2.35")

ft(2.61n) and
O(n2.61")

Section
number

9.5.1
9.5.3

9.5.4
9.5.5
9.5.7

9.5.8

Table 9.1: PSEN for the TSP based on strict nested/disjoint reversals

Type of reverse neighbourhood
Disjoint

Rotational nested

Nested inside disjoint
Disjoint inside rotational nested

Rotational twisted

Pyramidal
Rotational pyramidal

Nested 2-opt inside pyramidal

Complexity
of DP
O(n3)
O{n3)

0{n")
0{n*)

O(n7)

O(n2)
O{n*)
O(n')

Size of
neighbourhood

6(2")
Q((2 + V2)n) and

O{n(2 + V2)n)
Q((2 + V3)n)

fi((3 + y/2)n) and
O(n(3 + y/2)n)

Q((3 + 2^2)") and
O(n(3 + 2 ^ 2 »

6(2")
6(n2")

6(2.29")

Section
number

9.6.1
9.6.3

9.6.4
9.6.6

9.6.7

9.6.9
9.6.10
9.6.11

Table 9.2: PSEN for the TSP based on nested/disjoint reverse

Generally we feel that the strict reverse (dynasearch) neighbourhoods in table 9.1

are likely to have greater practical relevance than the reverse neighbourhoods in table

9.2, due to their lower computational complexities. In particular the nested inside

disjoint 2-opt and the rotational combined disjoint and nested 2-opt neighbourhoods

appear to be most likely to be of practical interest.
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It would be interesting to see how our rotational nested reverse neighbourhood

compares with the Carlier-Villon rotational pyramidal neighbourhood for the TSP,

since the rotational nested reverse neighbourhood is significantly larger fi((2 + \/2)n)

as compared to Q(n2n). Given that the rotational nested reverse neighbourhood

actually contains the Carlier-Villon neighbourhood and both take O(n3), to search

it would seem on this evidence that the new neighbourhood is clearly superior.

However, computational complexity is only a rough guide to effective running times

on practical problems.

Type of dynasearch
fc-opt neighbourhood

Rotational disjoint pure 3-opt
Rotational disjoint 3-opt

Nested pure 3-opt
Nested 3-opt

Overlapping 2-opt
Overlapping 3-opt

Complexity
of DP
O(n*)
O(n*)
O(n»)
0{n*)
0{n*)
0{n3)

Size of
neighbourhood

Q{2n) and O(n2n)
Q(2.08n) and O(n2.08")

Section
number

9.7.1
9.7.2
9.7.3
9.7.4
9.8.1
9.8.2

Table 9.3: Other dynasearch PSEN

We believe that the nested inside disjoint 3-opt is of particular interest as it has

the same complexity as the disjoint 3-opt neighbourhood (O(n3)), which it contains.

Although we have not given the dynamic program to search this neighbourhood in

this chapter, it can be searched by a corresponding method to the one used for the

nested inside disjoint 2-opt (section 9.5.6).



Chapter 10

Conclusions and Extensions

In this thesis we have derived many new polynomially searchable exponential neigh-

bourhoods for three sequencing problems and successfully applied one of our PSEN

to each of the problems.

The new dynasearch neighbourhoods have been produced by combining simple

well-known neighbourhood moves (swap, insert and k-opt), so that the moves can be

performed together as a single move. The neighbourhood moves have been combined

in such a way that the effect of the combined move on the objective function is equal

to the sum of the effects of the individual moves from the underlying neighbourhood.

We have formed dynasearch neighbourhoods containing underlying moves:

• nested within each other;

• disjoint from each other;

• and in the case of the TSP overlapping each other.

Since each dynasearch move corresponds to a series of moves in a traditional local

search algorithm, dynasearch has a lookahead capability that is not present in these

previous methods.

We have successfully implemented disjoint dynasearch neighbourhoods for the

total weighted tardiness, linear ordering and travelling salesman problem. Our im-

plementation of iterated disjoint dynasearch is state-of-the-art both for the total

weighted tardiness problem and the linear ordering problem. Our implementation

of GLS (Guided local search) dynasearch appears to be competitive for the more

widely researched travelling salesman problem. We have found that the quality of

implementation may be a crucial factor in determining the relative competitiveness

of local search algorithms. Allowing for this factor, we feel that GLS (Voudouris &

Tsang 1999) deserves further research.
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Through our computational work we have come to believe that not only should

all new local search heuristics be compared as a matter of course with multi-start

first improve descent, but they should also be compared with iterated first improve

descent. The work load in implementing such an algorithm is small, particularly

if a kick comprises of multiple random moves from the underlying neighbourhood

as we have proposed. It may be harder to defend the need for some of the more

elaborate parts of a given algorithm if it cannot outperform an algorithm which

simply iteratively descends to a local minimum and then performs a collection of

random moves.

We have also introduced some neighbourhoods for the TSP where the effect on

the objective function of the combined move is not equal to the sum of the effects of

the individual underlying moves. The underlying neighbourhood moves are sections

of reversed code that interact with each other. We have shown how both the twisted

sequence and pyramidal neighbourhoods can be formed in this manner, and in so

doing have shown that that the rotational pyramidal neighbourhood introduced by

Carlier & Villon (1990) is a sub-neighbourhood of the rotational twisted sequence.

In addition, the insight obtained through visualising the twisted sequences in this

manner has enabled us to calculate the number of sequences contained in the twisted

sequence data structure, the value of which has remained open since their introduc-

tion by Aurenhammer (1988).

Our work has left some open ends, both theoretical and computational. Further

computational work is required to implement some of the more promising new neigh-

bourhoods which we have derived. Although in Chapter 8 we derived five insert dy-

nasearch neighbourhoods for the linear ordering problem, we have only implemented

the disjoint insert neighbourhood. The nested inside disjoint neighbourhood looks

particularly promising, since it is considerably bigger than the disjoint neighbour-

hood whilst still being searchable in O(n2) time. Perhaps iterated local search based

on the nested inside disjoint insert neighbourhood would out-perform our current

state-of-the-art local search method, iterated local search using the disjoint insert

neighbourhood.

Additional computational work is needed to evaluate the practical significance

of the numerous neighbourhoods for the TSP which we have derived. In particular,

it would be interesting to see how our rotational nested reverse neighbourhood com-
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pares with the Carlier-Villon rotational pyramidal neighbourhood for the TSP, since

the rotational nested reverse neighbourhood is significantly larger Q((2 + \/2)n) as

compared to B(n2n). Given that the rotational nested reverse neighbourhood ac-

tually contains the Carlier-Villon neighbourhood and both take O(n3), to search it

would seem on this evidence that the new neighbourhood is clearly superior. How-

ever, computational complexity is only a rough guide to effective running times on

practical problems.

We believe that the nested inside disjoint 3-opt is of particular interest as it has

the same complexity as the disjoint 3-opt neighbourhood (O(n3)), which it contains.

We have not given the dynamic program to search this neighbourhood in this thesis

but it can be searched by a corresponding method to the one used for the nested

inside disjoint 2-opt (section 9.5.6). An implementation of GLS (Voudouris & Tsang

1999) using the nested inside disjoint 3-opt neighbourhood may be more effective

than our implementation of GLS using the disjoint 3-opt neighbourhood.

On the theoretical side the dynasearch neighbourhoods for the TSP formed from

overlapping /c-opt moves and combinations of disjoint and nested 3-opt moves de-

serve further investigation. More neighbourhoods can be derived, for example for

forming legal combinations of 2-opt and 3-opt moves. In addition, the sizes of the

overlapping neighbourhoods and nested 3-opt neighbourhoods introduced remain

unknown.

A wider question remains open, as to the exact characteristics of a problem that

enable dynasearch neighbourhoods to be formed.

In this thesis, we believe that we have demonstrated the power of PSENs built up

from underlying traditional neighbourhoods both as a concept for developing new

effective neighbourhoods and as a way of gaining greater insight into the underlying

structure of some known neighbourhoods. This insight has enabled both the discov-

ery of sub-neighbourhoods and the size of the neighbourhoods to be calculated.
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