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MATHEMATICAL MODELLING OF EVAPORATION MECHANISMS AND

INSTABILITIES IN CRYOGENIC LIQUIDS

by Angeli Elizabeth Thomas

In this thesis we propose a model for laminar natural convection within a mixture of

two cryogenic fluids with preferential evaporation.

This full model was developed after a number of smaller models of the behaviour

of the surface of the fluid had been examined. Throughout we make careful compar-

ison between our analytical and computational work and existing experimental and

theoretical results.

The coupled differential equations for the main model were solved using an explicit

upwind scheme for the vorticity-transport, temperature and concentration equations

and the multigrid method for the Poisson equation. From plots of the evolution of the

system, it is found that convection becomes stronger when preferential evaporation is

included.

This new model demonstrates how to include preferential evaporation, and can be

applied to other fluid systems.
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Figure 4.6: Plan view of Figure 4.5.
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next point to be tried is that which is a fraction 0.38197 into the larger of the

two intervals (measuring from the central point of the triplet). If the bracketing

triplet is not initially in the golden ratio, the procedure of choosing successive

points at the golden mean point of the larger segment will quickly converge

you to the proper, self-replicating ratios. The golden section search guarantees

that each new function evaluation will (after self-replicating ratios have been

achieved) bracket the minimum to an interval just 0.61803 times the size of the

preceding interval. The fractions used are those of the so-called golden mean or

golden section (whose supposedly aesthetic properties date back to the ancient

Pythagoreans).

2. Inverse parabolic interpolation. The formula for the abscissa x that is the mini-

mum of a parabola through three points f{a), f(b) and f(c) is

r . x

22\(b- a){f(b) - /(c)] - (b - c)[f(b) - f(a)] ) " ^6I)

In Figure 4.7 we demonstrate how this can be used to locate a minimum in a

parabola efficiently.

3. Brent's Method. Brent's method combines 1 and 2 as follows. At any particular

stage the method keeps track of six function points (not necessarily all distinct)

a, b, u, v, w and x, denned as follows: the minimum is bracketed between a and b;

x is the point with the very least function value found so far (or the most recent

one in the case of a tie); w is the point with the second least function value; v is

the previous value of w; u is the point at which the function was evaluated most

recently. Also appearing in the algorithm is the point xm, the midpoint between

a and b; however the function is not evaluated there. Parabolic interpolation is

attempted, fitting through the points x, v and w. To be acceptable, the parabolic

step must (i) fall within the bounding interval (a, b), and (ii) imply a movement

from the best current value x that is less than half the movement of the step before

last. This second criterion insures that the parabolic steps are actually converging

to something, rather than, say, bouncing around in some non-convergent limit

cycle. In the worst possible case, where the parabolic steps are acceptable but

useless, the method will approximately alternate between parabolic steps and

golden sections, converging in due course by virtue of the latter. The reason for

comparing to the step before last seems essentially heuristic: experience shows
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Figure 4.7: Convergence to a minimum by inverse parabolic interpolation taken from

Press et al. (1992). A parabola (dashed line) is drawn through the three original points

1,2,3 on the given function (solid line). The function is evaluated at the parabola's

minimum, 4, which replaces point 3. A new parabola (dotted line) is drawn through

points 1,4,2. The minimum of this parabola is at 5, which is close to the minimum of

the function.
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that it is better not to punish the algorithm for a single bad step if it can make

it up on the next one.

Our procedure performs the minimisation of Ra subject to | A |= 0 by employing two

one-dimensional minimisations which use Brent's method. The first ensures that the

constraint is satisfied and the second minimises Ra:

1. Choose three initial values of ax which bracket the minimum (e.g. 0. 3.14, 6);

2. Find the corresponding value(s) of Ra for which | A |= 0 using a one-dimensional

minimisation of | A | at fixed ax (remember | A |> 0 so minimisation of | A | is

equivalent to ensuring that the constraint is satisfied);

3. Based on our value(s) of Ra for each ax, perform a one-dimensional minimisation

of Ra over ax;

4. Using the new value of ax repeat from 2 and stop once the value of Ra does not

change significantly between iterations.

We chose n = 100 and repeated the computation for various values of Re and Pr and

for the cases of two free boundaries and one rigid/one free boundary. The procedure

converges within a few iterations in (almost) all cases. Graphs showing the critical

Rayleigh number against Reynolds numbers are shown in Figures 4.8 - 4.10 for various

boundaries on the upper and lower boundary of the fluid and for three Prandtl numbers,

including that of LIN.

4.1.7 Numerical results for the critical Rayleigh number

Validation

The graphs of the critical Rayleigh number against the Reynolds number for the case

of fluid between two rigid surfaces with a shear movement at the lower boundary are

identical to those of Deardorff(1965) with a moving upper layer for Pr=0.0 and 0.71.

Thus the problem is symmetrical whether the upper or lower layer is in motion. This

can be seen more clearly by comparing equation (4.27) to the equation that we would

have obtained had the lower layer been moving, given by Deardorff(1965) as:

d2
 2 2 \, ^ d 2 2 W . _ , .

iaxPe (c - z) + ^ 2 ~ ax - ay I l^xRe (c - z) —
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Figure 4.8: Graph of the critical Rayleigh number against the Reynolds Number for

Pr=0.0, for various boundary conditions on the upper and lower boundary of the fluid.
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Figure 4.9: Graph of the critical Rayleigh number against the Reynolds number for

Pr=0.71 (air), for various boundary conditions on the upper and lower boundary of

the fluid.
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Figure 4.10: Graph of the critical Rayleigh number against the Reynolds Number for

Pr=2.32 (LIN), for various boundary conditions on the upper and lower boundary of

the fluid.
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d2 \ 1
l 2 ) R ( * + a

2)\w = 0V^2 x v
The only difference between our equation (4.27) and the equation above is that (c - z)

is replaced by (c — (1 — z)) in our equation and so the problem is symmetrical whether

the upper or lower boundary be moving. In contrast to Deardorff, our procedure yielded

at least 6 figures of accuracy and worked without manual intervention for each of the

cases considered.

Estimating the critical thickness of the layer

The thin surface layer at the top of cryogenic fluids may be assumed to lie between

two free surfaces since it has a deep layer of fluid underneath and vapour above. The

stabilising effect of shear, however, is seen to become increasingly strong with increas-

ing Pr for all boundary conditions, i.e. the critical Rayleigh number increases with

increasing Re and Pr. Note that the point at Re=200 in Figure 4.9 where the plots for

the rigid-rigid and rigid-free boundaries meet represents a cross-over of the two plots,

similar to Figure 4.8 at Re~170. The case of two free boundaries can be seen to have

the lowest critical Rayleigh number for all Reynolds numbers at all Prandtl numbers,

of all three boundary conditions, except above a Reynolds number of 125, for Pr=0.0,

when the Rayleigh number becomes the highest of all three conditions.

In order to find the minimum 'critical' thickness of the surface layer, we must obtain

the smallest critical Rayleigh number for the condition of two free boundaries. For

this it can be seen that we must assume that the fluid below this layer is stationary

and so neglect the effect of convection on the lower boundary. The critical Rayleigh

number, Rac, for LIN, with a Prandtl number of 2.32, is then 657.5. So with this

Rac, the thickness of the layer is restricted to a maximum of 300/im if the temperature

gradient of the conduction region is 7.IK. Although such temperature gradients are

possible in cryogenic fluids, it is more usual to find a temperature gradient of IK

in the conduction region. This suggests that the minimum 'critical' thickness of the

layer is 578//m, almost a factor of three larger than the maximum thickness of the

layer observed from experiments. Also in our calculations, we have neglected the

shear effect at the lower boundary caused by convection which increases this thickness.

Thus, although we have obtained the correct order of magnitude for the thickness of

the region, the critical Rayleigh number obtained from these calculations suggests that
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it could in principle be substantially larger and so the model in which the thickness of

the layer is restricted to a maximum of approximately 200/zm by the critical Rayleigh

number is not supported. In conclusion: although the thickness of the surface layer

could be constrained to that found from the critical Rayleigh number there must be

some other property of the fluid which further restricts its thickness to that observed

experimentally.

4.1.8 Predicted velocity and temperature profiles above the

critical Rayleigh number

As stated previously, although the critical Rayleigh number cannot be used to predict

the thickness of the surface region, the theory has not been disproved. Therefore, we

shall now examine the temperature and velocity profiles through a cross-sectional depth

of the fluid at a Rayleigh number which exceeds the critical value in order to examine

the behaviour of the surface layer above our theoretical 'critical' thickness and to study

whether this layer possesses any special features at the surface which can explain the

conduction layer seen to exist. Naturally, below the critical Rayleigh number, the

velocities and temperature profiles will follow the basic steady state solutions.

Numerical results of the velocity and temperature profiles above the critical
Rayleigh number

Again, the specific problem that we will consider shall be that of a layer of LIN with

a Prandtl number of 2.32, resting between two free boundaries, the lower of which is

moving in the axis parallel to the plane. We shall choose an average velocity for the

shear such that the Reynolds number is 100. The critical Rayleigh number for this sit-

uation is found, using the previous calculations, to be Rac = 10796 so we shall choose

a Rayleigh number greater than this critical value for which the characteristic determi-

nant of equation (4.27) is zero, Ra = 17038. Equation (4.27) can be solved numerically

in its matrix form, using inverse iteration, for the case of two free boundaries to give

a component of the perturbation of the vertical velocity, w, as an eigenvector with an

unknown constant. The basic idea behind inverse iteration is quite simple. Suppose y

is the solution of the linear system

(A-Tl).y = b (4.38)
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where 6 = 0 and r is close to some eigenvalue A of A. Then the solution y will be close

to the eigenvector corresponding to A. The procedure can be iterated by replacing b

with y and solving for a new y, which will.be even closer to the true eigenvector. We

stop when successive iterates are sufficiently close together. Note that the solution of

the singular equation (4.38) for y can be found stably using the LU method (Press

et al., 1992), so long as successive iterates are renormalised. The advantage of using

LU decomposition (over, say, Gaussian elimination) is that once the decomposition

is computed, successive solutions for new right hand vectors only require a simple

backsubstitution. Since the determinant of A is zero, we will pick the eigenvalue r = 0.

From the calculations, the non-dimensionalised vertical velocity can then be found

using:

w = -R {(wr + iw[) exp[i(axx + ayy - axcTtPe)}}

= {wT cos(axx — axcTtPe) — W[ sin(o;xx — axcTtPe)} ,

since we shall consider transverse rolls (ay = 0). The unknown constant in the eigen-

vector w is resolved by picking the length of the eigenvector such that the perturbation

makes a discernible effect on the basic steady state and such that the solution for the

temperature found with these results is physically reasonable.

Similarly, solutions for temperature are sought for which

T = f(z) exp [i (axx + ayy — axctPe)}

where f = TV + iT\. Equation (4.12) may then be split into real and imaginary parts,

written in finite difference form, as before, and applied on the n interior grid points

with the boundary condition on temperature, (4.34) at both x — 0 and 1. Using

the calculated values of w it is possible to solve this matrix equation numerically

using the LU-decomposition method to give the (2n + 4) eigenvector component of

the perturbation of temperature, T. From this, the non-dimensionalised temperature

could be found using

f = T° - z + JR {(Tr + iTi) cxp[i{axx + ayy - axcrtPe)]}
[lQ — JsatJ

T
0 - z + {Tr cos(axx - axcTtPe) — TJ sin(axx — axcriPe)} .(To - Tsat)

The temperature profiles through the cross-sectional depth of the liquid at four fixed

points in the fluid are shown in Figures 4.11 - 4.16 for non-dimensionalised times
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between t — 0.0 and t = 1.0 where z — 1 represents the free surface. Our first

observation from the temperature profiles is that, as expected from the wave-type

solution used, the temperature follows a pattern with period t = 1 i.e. the profiles at

t = 0.0 and t = 1.0 are the same. Also, though the shape of the temperature profile

changes throughout the time of each period, there is always a section in the profile

where the temperature remains fairly constant, although the actual position of this

section alters. This is the convective part of the fluid. At some time steps we also

observe a section of the profile at the surface of the layer where the temperature varies

greatly over a small depth. This section, however, is not consistent at all time steps or

at all positions and so cannot be interpreted as the conduction layer at the top of the

fluid.

Finally from equation (4.22) with i=l , we can obtain an equation for the horizontal

velocity, u:

82T4 R P
8T

-PrV4u = -RaPr——. (4.39)
dxoz

Solutions are sought for the horizontal velocity with the same form as before, such that

u = u(z) exp [i (axx + ayy — axc£Pe)]

where u = ur + iu\. Again, equation (4.39) can be split into real and imaginary parts,

written in finite difference form and applied on the n interior grid points with the

conditions u = | j = 0 on both boundaries. Using the calculated values of w and 8 it is

possible to solve this matrix equation numerically using the LU-decomposition method

to give the eigenvector component of the perturbation of the horizontal velocity, u.

The non-dimensionalised horizontal velocity can then be found using:

u = Pe(l — z) + Pe {uT cos(ax:r — axcrtPe) — u; sin(axa; — axcrtPe)} .

So velocity profiles of the fluid through a cross-section can be plotted using arrows, at

fixed times, where at a point (xo,zo), the angle the arrow makes with the horizontal

is tan"1 (w(xo,zo)/u(xo,zQ)) and the length of the arrow is ^u2(x0,z0) +v)2(x0,z0).

These profiles are shown in Figures 4.17 - 4.20. Similarly to the temperature, the

velocity profile is shown to have a period of 1. We have shown fewer time steps for the

graphs of the velocity as they do not vary much. However we do note that the fluid

95



appears to rise slightly at one time step and then fall slightly at the next (this can be

seen more clearly by examining the arrows near the surface). Thus the velocity profile

follows a wave solution.

T:x=0

0 0.2 0.4 0.6 0.8 1

T:x=0.66667

T:x=0.33333

0 0.2 0.4 0.6 0.8 1

0 0.2 0.4 0.6 0.8 1

0.2 0.4 0.6 0.8 1

Figure 4.11: Temperature profile through a cross-section at four fixed points of the

fluid at t=0.0.

4.1.9 Discussion of thermal instability

In this section, we modelled the thin conduction region between two free surfaces.

We modelled the effect of one convecting cell by adding a shear flow to the lower

boundary. The critical Rayleigh number was calculated for this problem and from this,

the maximum thickness of the layer was found. This model, however, suggested that
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Figure 4.12: Temperature profile through a cross-section at four fixed points of the

fluid at t=0.2.
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Figure 4.13: Temperature profile through a cross-section at four fixed points of the

fluid at t=0.4.
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Figure 4.14: Temperature profile through a cross-section at four fixed points of the

fluid at t=0.6.
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Figure 4.15: Temperature profile through a cross-section at four fixed points of the

fluid at t=0.8.
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Figure 4.16: Temperature profile through a cross-section at four fixed points of the

fluid at t=1.0.
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Figure 4.17: Velocity profile at t=0.0. The length and direction of the arrows represent

the magnitude and direction of the velocity respectively.
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Figure 4.18: Velocity profile at t=0.4.
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Figure 4.19: Velocity profile at t=0.8.
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Figure 4.20: Velocity profile at t=1.0.
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the layer could be three times larger than that observed experimentally and therefore

does not corroborate the theory that the conduction layer thickness is determined by

the working assumption.

We proceeded to examine the same layer with a supercritical Rayleigh number,

so that convection existed, in order to see whether the conduction layer could then

be observed in the fluid and to examine the temperature profile. Although a large

temperature gradient could be seen in the profile at certain time periods, this was not

consistent throughout. Also a stationary layer at the top of the fluid could not be

observed. Therefore we conclude that with this model, we are neither able to support

the working assumption nor observe a region near the surface with properties similar

to those described for the conduction layer.

4.2 Micro Convection Eddies near the Surface

In this section we shall test the second conjecture given at the beginning of the chapter,

namely that the temperature fluctuations observed at the surface of cryogenic mixtures

are due to micro-convection eddies. This will be done by constructing a simple ana-

lytical model of micro-convection eddies for a LIN/LOX mixture. We will ignore any

thermal effects on the density which are known to cause this rollover and assume that

each micro-convection event occurs when all the LIN has evaporated from the surface.

Thermal fluctuations observed to a lesser extent in pure LIN suggest that this assump-

tion is not strictly true. However, we shall prove that the concentration change in

mixtures has a far greater effect on the density at the surface. The frequency of these

thermal fluctuations will be calculated and compared to those observed experimentally.

Thermal fluctuations in a LIN/LOX mixture

For our calculations, we shall consider a LIN/LOX mixture with only LIN evaporating.

This is a reasonable assumption since the surface is at its saturation temperature,

assumed a constant. This temperature is between the boiling points of LIN, at 77.4K

and LOX, at 90.2K. Thus the LIN in the mixture will evaporate far more readily than

the LOX although some LOX will evaporate by virtue of the Maxwellian distribution

(see Figure 4.21). This distribution is calculated using statistical mechanics and shows

that at any temperature, some molecules of LOX will have a great enough speed to

106



evaporate out of the mixture. This small fraction can, however, be ignored to a first

approximation. To begin the mathematical model, we shall consider a tank, initially

] V c / s m

lower temperature

higher temperature

-1
c I m s

cm

Figure 4.21: The Maxwellian distribution. N is defined so that Nc5c is the number of

molecules with speeds between c and (c + 5c) at a particular temperature. ccrit is the

critical velocity for a particle to escape from the surface of the liquid.

of volume Vo (m3), containing 20% LOX and 80% LIN, the same values as those used

in the experiments performed by Beduz and Scurlock(1996). Suppose / is the rate at

which the volume leaves the system (m3s~1) through evaporation and that there is no

other means of fluid loss. Q(t) will be taken as the mass of nitrogen (kg) in the tank at

any one time. Then the time taken for all the LIN to evaporate from the thin surface

layer, up to the stage when it is replenished from below, is the time between each spike

in the temperature profile. We shall calculate and compare our results to experimental

data, which suggests that the frequency of these thermal fluctuations is 1-2 per second.

So, in order to find the time taken for this process to occur, we need to find the rate

of change of LIN and then integrate this between the initial mass of LIN in the tank

and the mass of LIN in the tank when the molecules in the thin surface layer have

evaporated.
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The volume of the fluid (LIN and LOX) in the tank at any one time = VQ - ft.

So the density of nitrogen in the tank at any one time = —
Vo-ft

Now the rate of change of Q with time, —~-^- = rate at which LIN enters the tank
at

(= 0) — rate at which it

leaves the system.
So

m = ̂ wif (440)
dt V0-ft

J [ '
At t = 0, Q = a, where a = 4pLiNV0/5 is the mass (kg) of the LIN in the whole tank

initially.

So integrating equation (4.40):
[» dQ _ ^ - /

Ja Q ~ k Vo - f t *
where b — a — 4Adphm/5 is the mass (kg) of the LIN in the tank when all the LIN has

evaporated from the thin surface layer, with A = yrr2, as the surface area (m2) of the

mixture in contact with the vapour, r being the radius (m) of the cylinder and d being

the depth (m) of the thin surface layer, gives

with ho as the initial height (m) of the mixture in the tank so Vo = irr2h0.

Note that here the quantity evaporating is calculated as the rate of change of volume

(m3s~1). In experiments and previous models, we have considered the mass flux lost

though evaporation (kgm~2s~1). We find that the rate at which volume leaves the

system is

/=£=d (4-42)

where rh is the mass flux (kgm~2s~1) and pg is the density (kgm~3) of nitrogen gas.

So the time between each spike in the temperature profile is

t = 5J4 (4.43)
4m
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To find a numerical value of the time, we need to calculate the mass flux through evap-

oration. Atkinson-Barr(1989) finds the modified mass flux for LIN, m*, experimentally

as:
rn* = (l)(1/3)JTi.o85 ( 4 4 4 )

with the modified mass flux defined by

rh* = mL( V
 3 -) (4.45)

where 5T = Tbuik - Tsat, is the difference in temperature (K) between the bulk and

the surface layers; L is the latent heat of vaporisation (Jkg^1); v is the kinematic

viscosity (m2s~1); K — k/pu^c is the thermal diffusivity (m2s^1) of LIN, k is the

thermal conductivity (Wm^K"1) , p is the density (kgm~3) of LIN and c is the specific

heat capacity (Jkg^K"""1); g is the acceleration (ms~2) due to gravity and /3T is the

thermal expansion coefficient (K - 1) .

For LIN:

L = 199 x 105Jkg~\ v = 1.943 x l O ^ m V 1 , K = 6.03 x l O ^ m V 1 , g = 9.81ms-2,

fir = 5.63 x l O - ^ " 1 , PLIN = 808kgm~3 and c = 2.051 x 103Jkg"1K"1.

Substituting this data into equations (4.44) and (4.45), yields

m = 2.6119 x 10-3(5T1085kgm"2s-1

Also pg = 1.18kgnT3, d = 200/im and 5T = 0.21K.

Substituting this into equation (4.43), we find that:

t = 0.61s

This agrees with experimental data that these thermal fluctuations have a frequency

of 1-2 per second (refer to Figure 4.2).

4.2.1 Discussion of temperature fluctuations

This simple calculation to find the time taken for each thermal fluctuations agrees

with experimental data. This is not enough to prove beyond doubt the conjecture that

the temperature fluctuations observed at the surface of cryogenic mixtures are due to

micro-convection eddies which replenish the proportion of LIN at the surface is correct.

However, it does support the theory.
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4.3 Conclusions of the Instabilities at the Surface

In the first section of this chapter we discussed the approximation made in previous

experimental studies that the thickness of the conduction layer observed at the surface

of cryogenic fluids is due to the restriction made by the critical Rayleigh number, above

which the fluid in the layer will start convecting. We set up an analytical model for

the Benard convection in the conduction region of the fluid, which we solved compu-

tationally (validating it in a simple case against existing work). We then showed that

although this theory gives the correct order of magnitude, it would allow the thickness

to be a factor of three larger than seen to exist and therefore this approximation could

not be justified in our model. Although this approximation may still hold, in that the

thickness can never exceed such a thickness, there must be some other property of the

fluid which restricts the thickness to that seen experimentally. At this stage, therefore,

we are unable to theoretically predict the thickness of the layer which appears to be an

important factor in the evaporation rate. We shall return to this subject in Chapter 5.

In the second section we constructed a simple model which supported the theory that

the thermal fluctuations seen to exist at the surface are due to micro-convection eddies

which replenish the LIN lost through evaporation. Thus the surface may be considered

to 'rollover' with the rest of the fluid frequently. This model, however, neglects the

heat entering the system from the side walls. This flux of heat, and the isothermal

condition at the surface of the fluid would lead to density differences particularly at

the surface and this could be another factor which induces micro-convection.
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Chapter 5

Numerical Modelling Of An

Evaporative Mixture

In this chapter, we will numerically analyse the behaviour of mixtures of cryogenic fluids

in a two-dimensional rectangular vessel with natural convection and evaporation.

A number of investigations have been carried out on convection of Newtonian fluids

in such vessels. De Vahl Davis(1968) examined the behaviour of a one-component fluid

in a rectangular cavity, insulated on its horizontal boundaries and with the side walls

at temperatures of Tc and Th respectively, for values of the Rayleigh number up to

2 x 10° (in a square cavity), above which flow becomes turbulent. The equations were

written in finite difference form, with forward differences used for time derivatives and

second-order central differences for all space derivatives. The resulting finite difference

approximations were solved by an alternating-direction implicit algorithm. It was found

that high Prandtl numbers exert a stabilising influence on the numerical solution. De

Vahl Davis(1983) later published benchmark solutions to this problem. This was closely

followed by the work of Markatos and Pericleous(1984) who studied the same problem

and included benchmark solutions for turbulent flow.

More recently, papers have been written which include the effects of a concentration

gradient added to the classical problem, causing double-diffusive convection. Gebhart

and Pera(1971) were amongst the first to numerically study double-diffusion for cases of

vertical laminar fluid motion along surfaces and in plumes. Their work focused on the

influence of non-dimensional parameters relevant to the process, namely the Prandtl

number and the Schmidt number, defined as the ratio of the kinematic viscosity to the
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molecular diffusivity, on the heat and mass transport. A fundamental study of the scale

analysis relative to heat and mass transport processes within cavities, subjected to hor-

izontal temperature and concentration gradients, was given by Bejan(1985). Beghein

et al. (1992) considered steady-state double-diffusion in a square cavity filled with air.

The temperature conditions used by De Vahl Davies(1968), were placed on the bound-

aries and either augmenting or opposing concentration buoyancy forces were added.

The upper and lower horizontal walls were both adiabatic and impermeable as before.

The numerical procedure was based on the SIMPLER algorithm. The effects of varying

the solutal Rayleigh number on the concentration and temperature flows were shown.

Shi(1990) modelled convection and rollover in mixtures of nitrogen and oxygen in

a two layer system with each layer having a different concentration. This system was

contained within a rectangular vessel that was subjected to a uniform heat flux through

the two vertical walls. Again all sides of the box were assumed to be impermeable

and the base to be insulated, but here the top free surface of the fluid was assumed

to be isothermal, at the saturation temperature. The predicted concentration and

temperature distributions throughout the process was examined.

No previous studies of double-diffusive convection consider the effects of preferential

evaporation at the surface. This constitutes a major omission in the case of Shi's

model, in that preferential evaporation of LIN would leave an enriched and therefore

heavier layer at the surface. In this chapter, we will derive an expression for the rate

of evaporation of the solute and include this term in a model for the double-diffusive

convection of one layer of a fluid in a vessel similar to that described by Shi, in order

to understand the effects of this process. The way in which to include this process in

a model of rollover is then examined.

5.1 One-Component Model in Cartesian Coordi-

nates

5.1.1 Construction of problem and basic assumptions

We will initially develop our code to model the same problem as De Vahl Davis(1968,

1983) and use his published results to validate our code. This problem considers a

square vessel containing a one-component fluid, insulated on the horizontal boundaries
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and with the vertical walls y = 0 and y = d at temperatures Tc and Th respectively. The

no-slip boundary condition applies at all four wall boundaries. The thermal-induced

convective flows in a plane including the two walls at fixed temperatures are of interest,

and assuming the cavity is infinite in the perpendicular direction, these flows may be

regarded as two-dimensional. The solution domain is shown in Figure 5.1. In order to

z

T=T
c

(T>T)
h c

T = T
h

7=0
z

d

Figure 5.1: Solution domain for problem studied by De Vahl Davis(1968,1983).

model the flow, some basic assumptions are made about the fluid.

1. It is Newtonian.

2. It is incompressible.

3. We will also use the Boussinesq approximation, which states that if density vari-

ations are small, they can be neglected in so far as they affect inertia but must be

retained in the buoyancy terms. The rigorous proof of this assumption is given

in Acheson(1992).
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5.1.2 Governing differential equations

The Navier-Stokes equations which describe Newtonian, incompressible fluid are

du du du 1 dp (d2u d2u\ .
1 • ' ' • x (5.1)dt dx dz pdx \dx2

''dw dw dw\ dp (d2w d2w ,
. . . . . . . \ F . I . 1 ^ ^

and the conservation of mass is

du dw
d-x + Jz~ = ^ ( °- 3 )

Finally the energy equation (ignoring viscous dissipation) in conservative form is

dT_ d(uT) d(wT) _ (&T_ d2T\
dt dx dz \ dx2 dz2 J

where u(x,z,t) is the horizontal component of the velocity (ms"1), w(x, z,t) is the

vertical component of the velocity (ms"1), p is the density of the fluid (kgm~3), p(x, z, t)

is the pressure (Pa), v is the kinematic viscosity (assumed constant) (m2s -1), \x is the

dynamic viscosity (kgm^s^1), g is the acceleration due to gravity (ms~2), T is the

temperature (K) and K is the thermal diffusivity (m2s -1). Applying the Boussinesq

approximation, p = po(l - (3T(T — To)), where p0 is the density (kgm~3) when T = T0,

To is the temperature (K) in a reference state of hydrostatic equilibrium and (3T is the

thermal expansion coefficient (K"1), to equation (5.2), gives

dw dw dw 1 dp (d2w d2w\ n ._ _,, . ,
-K7 + u— + w— = — + v -r-j + 7-r + gpT{T - To). (5.5)
dt dx dz po dz \ dx2 dz2 J

Note that there are four dependent variables in the problem: the velocity components

u and w, the pressure p, and the temperature T. The pressure may be eliminated by

cross-differentiating equations (5.1) and (5.5) to give the vorticity-transport equation:
*" d{ur]) p d(wri) _,,(d2r) _ d2ri\ _Q dT

( 5 ' 7 )

where r\ is the vorticity, denned as

dw du

The velocity components, u and w, may also be expressed as derivatives of the stream

function, ip,
dip dtp
dz dx
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Substituting the above expressions into equation (5.7), gives the Poisson equation

d2ip _

dz2dx2 dz2

Thus a new set of differential equations, the so-called vorticity-stream formulation, is

formed:

dr] dif)dri dipdr] (d2r] d2rj\ dT , N

+ = v { + i)9P 5-8
dt dz dx dx dz \dx2 dz2 J dx

dT ctydTdV>dT fd2T
~dt + ~dz~~dx~ ~ Jx~~dz~ ~ K

d2i) d2i)

Note that the problem has been reduced to three differential equations in three un-

knowns.

5.1.3 Non-dimensionalising the governing equations

The problem may now be converted to non-dimensionalised form in order to give an

easy comparison of the important parameters in the problem. Scaling using the ther-

mal diffusivity, K and the height/width of box, d, together with T — Tc/(Th — Tc) for

temperature, the dimensionless form of all variables may be obtained:

x = x/d , z = z/d , i= t/(d2/K) , ? = (T - Tc)/(Th - Tc) 1

u — u/(K,/d) , w = w/(K,/d) , ip = IJ}/K , f\ = rj/{K/d2). J

Substituting the dimensionless variables into equations (5.8) and (5.9) and rearranging,

gives (dropping the over-bars)

(5-12)

a* • a a a a - I a 2 ' a 2 J (5-13)

L/(/ C//O \J\XJ \JJL> ISJ& \ KJJL/ t/-O /

where Pr = V/K is the Prandtl number and RaT is the thermal Rayleigh number defined
as

R a _gf3T{Th-Tc)d?
KU

The form of the Poisson equation, (5.10), remains unchanged.
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5.1.4 Boundary and initial conditions

By initially modelling the problem described, it will be possible to validate the re-

sults of our numerical code with benchmark solutions (De Vahl Davis, 1983, Markatos

and Pericleous, 1984). The published benchmark solutions for two-dimension natural

convection are obtained for the steady state case.

De Vahl Davis(1983) considers a two dimensional flow of a Boussinesq fluid with

a Prandtl number of 0.71 (air) in an upright square cavity with the following non-

dimensionalised boundary conditions:

At x = 0:

u = 0 , w = 0 , -0 = 0 , T = 0

At x = 1:

u = 0 , w = 0 , ^ = 0 , T = l

At z = 0:
dT

u = 0 , w = 0 , ip = 0 , — = 0
oz

At z = 1:
dT

u = 0 , w = 0 , ^ = 0 , TT- = 0
az

The non-dimensionalised initial conditions are:

u = 0 , w = 0 , -0 = 0 , T = 0

This problem will be solved for velocities and temperature at two Rayleigh numbers

and compared with the benchmark solutions.

5.2 Numerical Procedure

5.2.1 Discretisation method

Now that we have a set of differential equations with suitable boundary conditions, we

need to use a discretisation method to transform the equations into a set of algebraic

equations which may then be solved using an established numerical method.

Here we opt for an explicit scheme whereby a general variable is expressed explicitly

in terms of quantities which are known at the beginning of the time step. Although a

stability criteria will be required which will restrict the size of the time step, we feel
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that the advantage of the computational simplicity of an explicit scheme is more than

justification for its use.

The most straightforward approach would be to choose a Forward Time Centred

Space (FTCS) representation, as shown in Figure 5.2. The discretisation for a general

variable, £(i,l), where i is the number of spatial points on a grid of length d, and 1 is

the number of time points, would be as follows:

M = {(i + L Q f l i u ) central difference (5 ,5)
ox LOX

and ? | M = « . + U ) 2 « i !) + {(•-1,1) c e n t r a , d i f f e r e n c e

ox1 (ox)2

where 6x is the length step such that \5x — d, and 5t is the time step.

t orl

o
i
i
i
i

x orj

Figure 5.2: Representation of the Forward Time Centred Space (FTCS) differencing

scheme reproduced from Press et al. (1992). In this and subsequent figures, the open

circle is the new point at which the solution is desired; filled circles are known points

whose function values are used in calculating the new point; the solid lines connect

points that are used to calculate spatial derivatives; the dashed lines connect points

that are used to calculate time derivatives.

Stability analysis, however, quickly uncovers the instability of applying central dif-

ferences to the convection term.

Instead, we will choose an upwind scheme (Morton &, Myers, 1994). This uses a

forward time step and central differences for the second order derivatives, as with

the FTCS scheme, but applies either forward or backward differences for the first

derivatives depending on the upstream direction, as follows for a general variable,
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if 0,
(5.17)

This representation is shown in Figure 5.3. The advantage of this method is the

'fidelity' (Press et ai, 1992) of this scheme to the underlying physics. The numerical

stability of this scheme as applied to our problem is discussed in a later subsection.

t orl

9

i

u

9
U

x orj

Figure 5.3: Representation of upwind scheme reproduced from Press et al.(1992). The

upper scheme is stable when the advection constant u is negative, as shown; the lower

scheme is stable when the advection constant u is positive, also as shown.

5.2.2 General differential equation

The vorticity and temperature equations (5.12) and (5.13) may both be fitted into the

form of the following general differential equation, where 0 is a general scalar variable:

36 d(u6) d(w6) ( d26 d26\

dt ox dz \dx2 dz2 J

where 6 = T, F = 1, So = 0 for the temperature equation and 6 = rj, F = Pr,

So = — PrRaidT/dx for the vorticity equation.

With the velocity substituted by the stream function and using the conservation of

mass, this general equation can be written as:

dt dz dx dx dz I dx2 dz2 I

118



Using the upwind scheme described in the last subsection, the general differential equa-

tion can then be discretised as

+

5t dz dx dx dz

(6z)* )
(5.19)

where dip(i,i,\)/dx,dip(i,i,\)/dz,d(t)(i,i,l)/dx and d<f>(i,j,\)/dz, may be discretised in

the same way as equation (5.17). Similarly, the elliptic Poisson equation may be

discretised to give

{5z)2

(5-20)

5.2.3 Stability criterion

As explained before, a stability criterion is required when the system is discretised

using an explicit scheme. This will give the maximum time step permitted for the

numerical scheme to remain accurate. We will look here at the stability of the general

equation (5.18). Suppose that 9 is an approximate solution to the general equation,

regarding it as an equation for 4> with u, w and So known. Then it would satisfy the

equation:

a (Mi , j , ) ( , j , ) )
ddt dx dz

If an exact solution, x(iJ>0 w a s known to exist, the following equation would be

satisfied:

9Ki,j,l)x(J,))
ddt dx dz

and so the numerical error would be ^ ( i j . l ) = 6>(i,j,l) - xCiJ,1)) which would satisfy

the equation given by (5.21) - (5.22)

a(M(i,j,i)E(i,j,i)) a(^(i,j,i)E(i,j,i)) ^ ( i j . i )
d d \ dx*dt dx dz
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which eliminates the source term from the stability problem. So we are now concerned

with the stability of the general equation with So = 0.

We shall use von Neumann (also known as Fourier) stability analysis. This analysis

is local and we imagine that the coefficients of the difference equations are varying

so slowly that they can be considered constant in space and time. In that case, the

independent solutions, or eigenmodes, of the difference equations are all of the form

where A; is a real spatial wave number (which may take any value) and A = X(k) is a

complex number which depends on k. Since we are dealing with a grid aspect ratio of

one and will use the same size length step in both the x and z directions, this may be

re-written as

<f>(i,i,l)=XleIhAx^ (5.23)

The key fact is that the time dependence of a single eigenmode is nothing more than

successive integer powers of the complex number A. Therefore the difference equations

are unstable (have exponentially growing modes) if | X(k) |> 1 for some k. The number

X(k) is called the amplification factor at a given wave number k.

To find X(k), we simply substitute (5.23) back into the discretised form of (5.18)

(with So = 0), assuming that the velocity is constant and u,w > 0. Dividing by

0(i,j,l), we get

A = 1 - aAx{u + w)(l- e~IkAx ) + 2Ta(eIkAx - 2 + e~IkAx )

where a = At/Ax2. Now

e
IkAx = cos(A;Ax) + Isin(kAx).

So

A| = (l -4aAx{u + w)sin2(/3)(l - a Ax (u + w)) + 16T a sin2 {j3)

(4rasin2(/3) - l ) + 32a2TAx{u + w) s i ) 1 / 2

where

120



As mentioned above, for the equation to remain stable | A |< 1. Since a > 0 this may

be simplified to

a< -
Ax{u + w)

and so
Ax2

At < -; r.

This procedure is similarly repeated for different combinations of positive and negative

components of velocity and, combined, gives the following constraint (Roache, 1976)

on the time step:
AT 2

(5.24)
u + \w \)

Thus the time step is restricted by the most tightly constrained differential equation,

be it the vorticity, or the temperature equation. The Poisson equation does not require

a stability criteria because it is not dependent on time.

5.2.4 Outline of the solution procedure

The solution procedure is a time-marching one. Following a set of initial values for

each variable, the final solution is achieved by using the time-marching technique. In

each time step the equations are solved in the following way:

1. Determine the time step using equation 5.24.

2. Using a central difference scheme, calculate the velocity from the stream function

distribution to find the direction of the components of the velocity.

3. Transform these into an upwind scheme (forward or backward depending on the

sign of the velocity component) for use in the equations.

4. Solve the temperature equation (5.12) explicitly for the new time step using the

previous step's data.

5. Calculate the source term, So — gfirdT/dx, in the vorticity equation, using the

temperature solution from the old time step.

6. Solve the vorticity equation for the new time step explicitly.

7. Solve the Poisson equation to obtain the stream function distribution.
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The process is repeated until a steady state is reached. This is judged to be achieved

when the stream function between two consecutive time steps is less than 10~4. Ex-

perimental evidence (Elder, 1968) indicates that provided the Rayleigh number is less

than 108, the convection may be assumed to be laminar. In the case of high Rayleigh

numbers (greater than 107 — 108) flow may become turbulent and so it may be difficult

to reach a steady state.

5.2.5 Solution of the discretised Poisson equation - the multi-

grid method

We will solve the differential equation (5.10) using the multigrid method as imple-

mented in Press et al. (1992). The method was first introduced in the 1970s by

Brandt(1977) and is O(N) in the number of grid points used, compared to standard

relaxation methods which are typically O(iV2) or O(iV(3/2)). The key idea is to intro-

duce a hierarchy of grids. Methods such as Gauss-Seidel relaxation (Stoer and Bulirsch,

1993) tend to stall, since they do not attenuate smooth error modes. However a smooth

error mode on a fine grid looks less smooth on a coarser grid and will be attenuated by

further Gauss-Seidel iterations. The values on the coarser grid are then fed back onto

the fine grid and by alternating between fine and coarse grids, the system relaxes more

quickly. For further details of the application of multigrid methods to the solution

of differential equation see Biggs(1988), Hackbusch(1985), Wesseling(1992), or Zwill-

inger(1997). Standard grid refinement is used to determine that, for Rayleigh numbers

of the order of 103 — 107, the solution is sufficiently accurate when 128 points are used.

The coarse grid solution is derived by Gauss-Seidel relaxation.

The multigrid method can be understood by considering the simplest case of a two-

grid method (based on Press et al., 1992). Suppose we are trying to solve the linear

elliptic problem

Cu = f (5.25)

where C is some linear elliptic operator and / is the source term. Discretising equa-

tion (5.25) on a uniform grid with mesh size h, the resulting linear algebraic equations

may be written as

Chuh = fh. (5.26)

Let Uh. denote some approximate solution to equation (5.26). We will use uh to denote
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the exact solution to the difference equations (5.26). Then the error in Uh or the

correction is

Vh = Uh - Uh.

The residual or defect is

4 = Chuh - fh. (5.27)

Since Ch is linear, the error satisfies

C<hVh = ~ 4 - (5.28)

At this point we need to make an approximation to Ch in order to find vh. The classical

iteration methods, such as Jacobi or Gauss-Seidel, do this by finding, at each stage, an

approximate solution of the equation

Chvh = - 4

where Ch is a 'simpler' operator than Ch and 4 has been modified. For example, Ch,

is the diagonal part of Ch for Jacobi iteration, or the lower triangle for Gauss-Seidel

iteration. The next approximation is generated by

Now, let us consider, as an alternative, a completely different type of approximation to

Ch, one in which we 'coarsify' rather than 'simplify'. That is, we form some appropriate

approximation CH of Ch on a coarser grid with mesh size H (we will take H = 2h).

The residual equation (5.28) is now approximated by

CHvH = -dH. (5.29)

Since CH has smaller dimensions, this equation will be easier to solve than equa-

tion (5.28). To define the defect dn on the coarse grid, we need a restriction operator

3? that restricts 4 to the coarse grid:

dH = K4- (5.30)

The restriction operator is also called the fine-to-coarse operator or the injection oper-

ator. Once we have a solution VH to equation (5.29), we need a prolongation operator

p that prolongates or interpolates the correction to the fine grid:

Vh = pvH. (5.31)
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The prolongation operator is also called the coarse-to-fine operator or the interpolation

operator. Both K and p are chosen to be linear operators. Finally the approximation

Uh can be updated:
— new ~ i ~ / f rt,-i\

uh = Uh + Vh (5.32)

One step of this coarse-grid correction scheme is thus:

Coarse-grid correction

1. Compute the defect on the fine grid from equation (5.27).

2. Restrict the defect by equation (5.30).

3. Solve equation (5.29) exactly on the coarse grid for the correction.

4. Interpolate the correction to the fine grid by equation (5.31).

5. Compute the next approximation by equation (5.32).

We will now examine the advantages and disadvantages of relaxation and the coarse-

grid correction scheme. Consider the error v^ expanded into a discrete Fourier series.

We shall call the components in the lower half of the frequency spectrum the smooth

components and the high-frequency components the nonsmooth components. Relax-

ation becomes very slowly convergent in the limit h —>• 0, i.e., when there are a large

number of mesh points. The reason turns out to be that the smooth components are

only slightly reduced in amplitude on each iteration. However, many relaxation meth-

ods reduce the amplitude of nonsmooth components by large factors on each iteration:

they are good smoothing operators.

For instance a Gauss-Seidel iteration attenuates oscillatory components much faster,

and this means that the contribution of the latter is almost eliminated after only a few

iterations. The non-oscillatory terms, however, are left and they account for the slower

rate of attenuation in the asymptotic regime. In other words the Gauss-Seidel scheme

is a 'smoother': its effect after a few iterations is to filter out high frequencies from the

'signal' (Iserles, 1996).

For the two-grid iteration, on the other hand, components of the error with wave-

lengths < 2H are not even representable on the coarse grid and so cannot be reduced

to zero on this grid. But it is exactly these high-frequency components that can be
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reduced by relaxation on the fine grid. This leads us to combine the ideas of relaxation

and coarse-grid correction:

Two-grid iteration

1. Pre-smoothing: Compute Uh by applying vx > 0 steps of a relaxation method to

2. Coarse-grid correction: As above, using Uh to give u£ew.

3. Post-smoothing: Compute u£ew by applying u2 > 0 steps of the relaxation method

to u£ew .

It is only a short step from the above two-grid method to a multigrid method. Instead

of solving the coarse-grid defect equation (5.29) exactly, we can get an approximate

solution of it by introducing an even coarser grid and using the two-grid iteration

method. If the convergence factor of the two-grid method is small enough, we will

need only a few steps of this iteration to obtain a good enough approximate solution.

We denote the number of such iterations by 7. Obviously we can apply this idea

recursively down to some coarsest grid. There the solution is found easily, for example

by direct matrix inversion or by iterating the relaxation scheme to convergence.

One iteration of a multigrid method, from finest grid to coarser grids and back to

finest grid again, is called a cycle. The exact structure of a cycle depends on the value

of 7, the number of two-grid iterations at each intermediate stage. The case 7 = 1 is

called a V-cycle, while 7 = 2 is called a W-cycle (see Figure 5.2.5). These are the most

important cases in practice.

So far we have described multigrid as an iterative scheme, where one starts with

some initial guess on the finest grid and carries out enough cycles (V-cycles, W-cycles,

. . . ) to achieve convergence. This is the simplest way to use multigrid: simply apply

enough cycles until some appropriate convergence criterion is met. However, efficiency

can be improved by using the Full Multigrid Algorithm (FMG), also known as the

nested iteration.

Instead of starting with an arbitrary approximation on the finest grid (e.q., uh = 0),

the first approximation is obtained by interpolating from a coarse-grid solution:

Uh = puH (5.33)
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Y=l •^=2

Figure 5.4: Structure of multigrid cycles reproduced from Press et a/.(1992). S de-

notes smoothing, while E denotes exact solution on the coarsest grid. Each descend-

ing line, \ , denotes restriction (!ft) and each ascending line, / , denotes prolongation

(p). The finest grid is at the top level of each diagram. For the V-cycles (7 = 1)

the E step is replaced by one 2-grid iteration each time the number of grid levels is

increased by one. For the W-cycles (7 = 2), each E step gets replaced by two 2-grid

iterations.



The coarse-grid solution itself is found by a similar FMG process from even coarser

grids. At the coarsest level, you start with the exact solution. Rather than proceed as

in Figure 5.2.5, FMG gets to its solution by a series of increasingly tall 'N's', each taller

one probing a finer grid (see Figure 5.2.5). Note that p in equation (5.33) need not be
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the same p used in the multigrid cycles. It should be at least of the same order as the
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discretisation C^, but sometimes a higher-order operator leads to greater efficiency.

Usually only a couple of multigrid cycles are used at each level. We use 7 = 2

throughout and apply one Gauss-Seidel smoothing iteration to each grid.

The simplest multigrid iteration (cycle) needs the right-hand side / only at the finest

level. FMG needs / at all levels. If the boundary conditions are homogeneous, you can

use fH = 3?/h. Note that the FMG algorithm produces the solution on all levels.

5.2.6 Validation of code for thermal induced convection

Table 5.1 shows a comparison between numerical solutions from the present model and

that found from De Vahl Davis(1983) who used uniform meshes of 11x11 and 41 x 41

for Rayleigh numbers of 103 and 104 and finer meshes up to 81x81 for higher Rayleigh

numbers. For our work, for Rayleigh numbers up to 105, a 64x64 uniform grid is found

adequate. However, at R&T — 105, a finer grid of 128x128 is needed for the system

to reach a steady state. As can be seen, all results are accurate to within 5% of the

benchmark solutions.

B.M.

P.M.

e(%)

B.M.

P.M.

<%)

B.M.

P.M.

c(%)

V'mid

1.174

1.210

3.1

5.071

5.213

2.8

9.111

9.284

1.9

^max

Rax

-

-

-

RaT

-

-

-

RaT =

9.612

9.804

2.0

Umax Wmax

= 103 (64x64)

3.649

3.740

2.5

3.697

3.773

2.1

- 104 (64x64)

16.178

16.594

2.6

19.617

19.776

0.8

= 105 (128x128)

34.73

35.58

2.4

68.59

68.39

0.3

Nu

1.118

1.069

4.6

2.243

2.172

3.2

4.519

4.474

1.0

Table 5.1: Comparison of present model (P.M.) to benchmark solutions(B.M.).

A comparison between the contour maps and the isotherms obtained from our code
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and those by De Vahl Davis(1968) is shown for the two cases: Rax = 1.2 x 104 and 5 x

104 in Figures 5.6 and 5.7 respectively. The small differences could be due to the contour

plotting routine. Also there is some evidence that the steady state has not quite been

attained. However, overall they agree well. The development of the motion may be

seen in the contour maps whilst the isotherms show the distortion of the temperature

distribution from that of conduction alone showing a fairly constant temperature in

the bulk of the fluid and sharp temperature gradients near the two side walls.

(i) (ii)

(iii)

Figure 5.6: (i) Contour map from De Vahl Davis(1968), (ii) contour map obtained from

our numerical code, (ii) isotherm plot from De Vahl Davis(1968) and (iv) isotherm plot

obtained from our numerical code for Pr = 103 and Ra = 1.2 x 104.
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(i)

(iii)

Figure 5.7: (i) Contour map from De Vahl Davis(1968), (ii) contour map obtained from

our numerical code, (ii) isotherm plot from De Vahl Davis(1968) and (iv) isotherm plot

obtained from our numerical code for Pr = 103 and Ra = 5 x 104.
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5.3 Two-Component Model in Cartesian Coordi-

nates

We have so far developed the one component model. This model will now be ex-

panded to deal with heterogeneous flows where the fluid contains more than one misci-

ble component. Here for simplicity, only two-component flows will be considered, but

multi-component systems can be dealt with in just the same manner. We refer to the

major constituent in the vessel as the 'solvent' whilst the other will be referred to as

the 'solute'. We will again apply the Boussinesq approximation requiring the density

variations due to composition as well as temperature differences to be small.

5.3.1 Modifications for the two-component model

In order to incorporate the solute, there are only two modifications required in the

mathematical formulation of the problem. Firstly, a differential equation for the solute

concentration and appropriate boundary conditions must be included and secondly,

the vorticity equation, (5.8), must take into account the buoyancy force resulting from

the horizontal gradient of the solute.

Differential equation for the solute

The differential equation governing the behaviour of the solute is

where C is the concentration of the solute and D is the diffusivity of the solute in the

solvent (m2s~1).

Scaling the concentration using C = (C — Cc)/(Ch — Cc), where Ch is the higher

concentration of the two fixed concentrations on the two side walls and Cc is the lower

concentration on the other side wall, and using the scales in (5.11), we can readily

non-dimensionalise equation (5.34), giving (dropping the over-bars)

dC d{uC) diwCl _ l
dt + fa + dz Le{da* + )

where Le, the Lewis number is the ratio of the thermal diffusivity to the molecular

diffusivity and is defined by Le = K/D. Note that this is identical with the result
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of assuming that F = 1/Le and So = 0 in the general differential equation (5.18).

Therefore, the stability criteria for this equation is the same as that used for the

temperature and vorticity equations.

Boundary and initial conditions for the solute

Initially we shall validate this modification to our model by using it to model the

problem described by Beghein et al. (1992) of steady-state thermosolutal convection in

a square cavity subject to horizontal temperature and concentration gradients.

The physical model is a square two-dimensional cavity, whose upper and lower hor-

izontal walls are adiabatic and impermeable; the vertical walls are maintained at dif-

ferent temperatures and concentrations in order to generate fluid motion, as shown in

Figure 5.8.

T= C= 0
z z

T =

C = C or
h

1 <c
h> CJ

T=TC

C=C or C
h

T= C- 0
z z

d

Figure 5.8: Solution domain for problem studied by Beghein et al.(1992).

Thus the boundary conditions remain the same as in the previous section but with

the addition of the following boundary conditions for the concentration on the four

walls:
dC
—— = 0 at z — 0 and d.
dz

With the opposing flow (working in the opposing direction to temperature)

C = Ch at x = 0 and C = Cc at x = d
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or the aiding flow (working in the same direction as temperature)

C = Cc at x = 0 and C = Ch at x = d.

Thus the non-dimensionalised boundary conditions are

dc
dz ~

C =

C =

0

1

0

at

at

at

z =

x =

x -

0

0

1

and 1

or 1

or 0.and

The initial conditions remain the same as in the previous section but with the addi-

tional condition:

C = 0 at t = 0

Vorticity transportation equation

Owing to the presence of the solute, equation (5.8) must be rewritten as

drj chpdji di>dri (d^n cPrA &T dC
dt + dzdx dxdz ~ " \ J

where (3$ is the solutal expansion coefficient. Normalising the above equation, using

the same scales as before (dropping the over-bars) yields

&q d±dv_ _ d±dv _ P r (!tl ^l\ _ prRa ?L _ P r R a ^£
dt dz dx dx dz \dx2 dz2) dx dx

where Ras = gfis(Ch — Cc)d
3/(uK.) is the Rayleigh solutal number and RaT is the

thermal Rayleigh number as defined before. This can again be fitted into the general

equation (5.18) with T = Pr and So - -PrRaTdT/dx - PrRa sdC/3z. The two new

equations are discretised in the same way as before.

5.3.2 Solution procedure

Since values for the solute are required to determine the source term in the modified

vorticity equation, the differential equation for the solute is solved before equation (5.8).

The problem is now complete and the procedure is repeated until a steady state is

reached which is judged in the same way as for the previous section.
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5.3.3 Validation of code for double-diffusive convection

Figure 5.9 shows a comparison between the streamlines, isotherms and isopleths of

concentration from Beghein et al. (1992) and those obtained from our numerical results,

for the case:

Le = 1 , Rax = 107 , Ras = 106 , opposing flows.

Note that the box around the plots does not represent the walls of the vessel. Also,

when plotting contour maps, small changes in the distribution or in the chosen contour

values can make a significant difference to the resulting plot. Differences in the location

of a contour line in regions with few contour lines can easily occur.

With a lower solutal Rayleigh number than thermal Rayleigh number, the convec-

tion for the above case is thermally dominated and the flow is clockwise. The Lewis

number of unity means that the diffusion of concentration is the same as the diffusion

of temperature. As a result, the isopleths of concentration and temperature should be

similar. This is not the case for our plots of the isopleths of concentration and temper-

ature, which are slightly asymmetrical. This may be due to the flow not quite having

attained a steady state. Thus our results do not quite agree with those obtained from

Beghein et al. (1992).

Figure 5.10 shows a comparison between the streamlines and isotherms from Beghein

et al.(1992) and those obtained from our numerical results, for the case:

Le = 1 , Rax = 107 , Ras = 5 x 107 , opposing flows.

The flow is shown to be very similar to the latter case.

Figure 5.11 shows the isopleth of concentration for the case when

Le = 5 , Rax = 107 , Ras = 106 , opposing flows.

With this Lewis number, the major mass transfer process is mass diffusion rather than

the process being dominated by thermal diffusion. We can see that the fingers on

either side of the vessel are present in both plots. Away from the boundary detailed

agreement is not so good in regions with weaker convection. The other plots compare

well, allowing us to proceed with our studies.

134



(i)

(iii)

(v)

Figure 5.9: (i) Streamlines from Beghein et a/.(1992), (ii) streamlines obtained from

our numerical code, (ii) isotherms from Beghein et a/.(1992),(iv) isotherms obtained

from our numerical code, (v) isopleths of concentration from Beghein et al. (1992) and

(vi) isopleths of concentration obtained from our numerical code, for Le = 1, Rax =

107, Ras = 106.
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(i)

(iii) (iv)

Figure 5.10: (i) Streamlines from Beghein et a/.(1992), (ii) streamlines obtained from

our numerical code, (iii) isotherms from Beghein et al. (1992) and (iv) isotherms ob-

tained from our numerical code, for Le = 1, RaT = 107, Ras = 5xl0 r .
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(i)

Figure 5.11: (i) Isopleths of concentration from Beghein et a/.(1992) and (ii) isopleths

of concentration obtained from our numerical code, for Le = 5, Rax = 107, Ras = 106.

5.4 Rollover Model

We will now adapt the code to follow the work of Shi(1990) in which a numerical model

of rollover with a LIN/LOX mixture is studied. Our results for this problem can be

compared with those of Shi before developing the model further to include preferential

evaporation. Shi considers two layers of cryogenic fluid with a free top surface contained

in a square vessel subjected to a uniform heat flux along two opposing vertical walls as

shown in Figure 5.12. Since experiments show that the temperature variation within

stored cryogenic fluids is usually less than ten degrees Kelvin, the change in fluid density

caused would be less than five per cent. Therefore the Bousinessq approximation may

still be used.

5.4.1 Governing differential equations

Although the governing equations remain the same as in the previous section, the

temperature is scaled by T — Tsat = Tqd/k, where q is the wall heat flux (Wm~2)

and Tsat is the saturation temperature (K). All other variables are non-dimensionalised

in the same way as before. This only alters the thermal Rayleigh number which is

replaced by the modified thermal Rayleigh number, defined as follows:

knv
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T =
I I :

7 = qd/k
1=

C= 0
X

Figure 5.12: Solution domain for problem studied by Shi(1990).

5.4.2 Boundary and initial conditions

Shi(1990) argues that the liquid surface can be considered as non-evaporating, i.e.

stationary, since the vessels are well insulated, such that the daily loss of liquid (of the

order of 0.5%) may be neglected. Therefore

Also

w = 0

holds at all four boundaries, where n is the direction normal to the boundary. The

base of the vessel is considered to be adiabatic, whilst the surface, under atmospheric

pressure, is taken to be isothermal, at the saturation temperature. The side walls are

heated giving the temperature gradient as

-f- at x - 0
k

q
— at x = d
k

and —— =

dx
dT
—
ox

The surface is considered to be stress free, i.e. a free surface, which dictates that

there are no external forces acting on the surface. This means that the gradient of the

horizontal velocity is zero at the surface. From the definition of vorticity and stream

function, it follows that the vorticity and stream function are zero and constant at the

surface. All walls have the no-slip boundary condition implying that the components
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of velocity, u and w, are zero and the stream function, ip, is a constant, ift is set as

zero at all four boundaries. These conditions on T, C and ip at the boundaries are

non-dimensionalised to give:

At x = 0:

u = 0
dx

At x = 1:

At z = 0:

dx

u = 0 ==> —— =

dT
~dx

dT
dx

dT
~dx~

- 1 ,

= 0 ,

dC
~dx'

dC
dx

dC
Ih ~

r
= I

= 0;

= 0;

At z = 1:

du n d2ip , _
—- = 0 ==> — - = 0 , tu = 0 , -0 = 0 , T = 0 ,
az az2 az

Note that these conditions are symmetrical about x = 0.5. Shi(1990) utilises this

symmetry and applies the following boundary conditions at x = 0:

_ dip _ dw _ . _ dT _ dC _
dz dx ' dx dx

and solves the equations for half the vessel (from x = 0 to x = 0.5). This will give

accurate predictions if the heat flux is low enough to maintain laminar convection.

However, we will solve the problem for the full vessel in order to clearly observe any

instability to the symmetry, which may be indicative of the flow becoming turbulent.

The numerical simulations are performed on a LIN/LOX two-layer system. All

variables are initially set to zero except the concentration of LOX. The profile of this is

stepwise across the interface; the concentration is zero in the upper layer of the vessel

and the fluid is assumed to have a concentration of C^ in the bottom layer. The depth

of the two layers are equal. Thus the non-dimensionalised initial conditions are:

u — , w — , ip — , — , — — 2 ' ~ 2'

All that is left to complete the problem is the specification of the boundary conditions

on the vorticity, r\.
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= 0

i = O

x|/z=0

Figure 5.13: Diagram depicting the cavity flow in the vessel which is used to calculate

the wall vorticity.

The wall vorticity may be derived using the Taylor expansion (Chow, 1983). Let

us consider an arbitrary grid point (n+l,j) on the right-hand wall of the cavity. Our

aim is to calculate the vorticity at this point based on the local velocity and on the

information of ip at four neighbouring grid points marked in Figure 5.13. We assume

the following form for vorticity at (n+1 j)

dx2 dz2

dx

Substituting from the Taylor's series expansions,

(5.36)

\ / \ /
where h is the width of each square mesh, and retaining only terms up to O(h2),
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equation (5.36) becomes

dx*

The constants a; are determined by equating the coefficients of like terms on the two

sides of this equation. Substitution of these values into (5.36) gives

f/(n + 1, j) = ^ (-V>(n, j - 1) + ^ ( n , j) - ^(n, j + 1) - - ^ ( n - 1, j)

where the second boundary condition of tp, i.e. tpx = 0, is employed. By analogy we

can write down the expressions for vorticity at the bottom and the left wall as

-j) = ^ (-V'l1 J - 1) + ^ ( 1 , j) - ^ ( 1 , j + 1) - | ^ ( 2 , j)

r?(i, 0) = — - ^ ( i - 1 , 1 ) + -^ ( i , 1) - V(i + 1 ,1 ) - o V>(i, 2)
h2 \ 3 3

The vorticity on the top surface can be found from the boundary conditions on the

stream function to be

7?(i,m + 1) = 0.

The problem is now complete. The equations and boundary conditions are discretised

and solved in the same way as previously.

5.5 Properties of Liquid Nitrogen and Liquid Oxy-

gen

Table 5.2 lists the properties of LIN and LOX, which we will use in our modelling.

Tsat denotes the saturation temperature. For mixtures of fluids, we assume that the

properties are linear combinations of the initial concentrations of each fluid.
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p(atTsat)(kgm-3)

ctkJkg^K"1)
^(Wm^K-1)
KfmV1)

LlkJkg"1)

u(m2s~l)

Pr

LIN

807.3

2.051

0.1396

8.43xlO~8

199.3

5.77xlO~3

1.957xlO~7

2.32

LOX

1141.0

1.695

0.1514

7.83xlO~8

213

4.2xlO~3

1.665xlO~7

2.13

Table 5.2: Comparison of properties of LIN and LOX.

5.5.1 Validation of code for rollover model

The code was run for the same conditions as used by Shi(1990), with Le= 31.25,

Pr=2.32, RaT = l x l 0 7 a n d R a s = - 3 x 106 until a preset time. Figures 5.14, 5.15, 5.16,

5.17 and 5.18 show reasonable comparisons between the temperature, concentration

and stream function obtained from our numerical code and those from the work of

Shi(1990) at the non-dimensionalised times t - 0.005, t = 0.01, t = 0.02, t = 0.04 and

t = 0.06 respectively. Note that the box around the plots, again, does not represent

the sides of the vessel and that the aspect ratio for our plots differs from that of Shi's

because our results were obtained for the complete cavity whereas Shi modelled only

one half of the cavity.

At t = 0.005, the stream function contour shows temperature driven convective

loops (rising at the sides and descending in a central plume) in both the upper and

lower layers. The upward boundary layer flow in the lower layer is unable to overcome

the density difference at the interface and so it spreads inwardly after impinging on

the interface. It is evident that more heat is retained in the lower layer than in the

upper layer which means that more heat is removed at the surface than is replenished

from the lower layer showing poor heat transfer between the layers. The concentration

contour spreads out on both sides of the interface through diffusion. At t = 0.01,

a dramatic reduction in the number of streamlines in the lower layer is observed,

reflecting a decrease in the velocity field. This is due to the substantial decrease in

the temperature gradient in the lower layer, making the buoyancy force, which induces
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convection, much smaller, i.e. the lower layer is mostly isothermal. There is evidence

at this stage that some oxygen rich liquid from the lower layer becomes entrained in

the upper layer's convective flow.

The convective loop becomes increasingly stronger in the upper layer at £ = 0.02 due

to a new buoyant force, resulting from the concentration gradient across the core of the

interface. In contrast, the lower layer is almost uniform in its temperature distribution.

The concentration contour shows that more solute is swept away at the interface by the

increasingly stronger convective current in the upper layer. At £ = 0.04, the core flow in

the upper layer starts to penetrate downward, where it entrains heavier liquid from the

interface into the upper layer, before spreading out. The concentration contour pattern

in the upper layer closely follows that of the stream function, suggesting that the mixing

is mainly due to advection. The steady downward movement of the interface, due to

the entrainment mentioned before, is observed at £ = 0.06. The temperature of both

layers increases, the lower layer at a higher rate than the upper, leading to a greater

temperature difference between the layers.

At the non-dimensionalised time £ = 0.1, the results of our code, shown in Fig-

ure 5.19, suggest that the flow becomes asymmetrical and continues to be asymmet-

rical for the remainder of the numerical run. We believe that the flow has started

to become turbulent at this stage. The condition used at the centre of the vessel by

Shi(1990) forces his solution to remain symmetrical and this may alter the time until

the onset of turbulence. Thus we can only say that our model is valid up until the

non-dimensionalised time, t=0.6, after which the flow loses symmetry which may be

a sign of turbulence, such that the governing equations no longer apply to the fluid.

However the results up to this stage satisfy us that the numerical code is correct. Fur-

ther numerical tests (not shown) suggest that the Rayleigh number for which the flow

becomes unstable is greater for one-component flows (around 108).

5.6 Preferential Evaporation Model

The mathematical modelling of double-diffusive convection is a comparatively recent

development in the field of convection. A review of the developments and applications

in double-diffusive convection is given by Huppert and Turner (1981). This type of

convection was first associated with salt fingers, long narrow convection cells that are
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Temperature Concentration Stream Function
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0.0
0.0 0.5(0.0) (i) 0.5(0.0) 0.5

Temperature Concentration Stream Function
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0.0
0.0 1.0(0.0) (ii) 1.0(0.0) 1.0

Figure 5.14: (i) Isotherms, isopleths of concentration and contour map from Shi(1990),

(ii) isotherms, isopleths of concentration and contour map obtained from our numerical

code at non-dimensionalised time, £=0.005.
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Temperature Concentration Stream Function

1.0

0.0 -1 1 1 0

0.0 0.0(0.5) (i) 0.0(0.5) 0.5

Temperature Concentration Stream Function

1.0(0.0) (ii) 1.0(0.0) 1.0

Figure 5.15: (i) Isotherms, isopleths of concentration and contour map from Shi(1990),

(ii) isotherms, isopleths of concentration and contour map obtained from our numerical

code at non-dimensionalised time, t—0.01.
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Temperature Concentration Stream Function

0.0 0.5(0.0) (i) 0.5(0.0) 0.5

Temperature Concentration Stream Function

1.0

0.0
0.0 1.0(0.0) (ii) 1.0(0.0)

Figure 5.16: (i) Isotherms, isopleths of concentration and contour map from Shi(1990),

(ii) isotherms, isopleths of concentration and contour map obtained from our numerical

code at non-dimensionalised time, £=0.2.
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Temperature Concentration Stream Function

1.0

0.0
0.0 0.0(0.5) (i) 0.0(0.5) 0.5

Temperature Concentration Stream Function

1.0(0.0) (ii) 1.0(0.0) 1.0

Figure 5.17: (i) Isotherms, isopleths of concentration and contour map from Shi(1990),

(ii) isotherms, isopleths of concentration and contour map obtained from our numerical

code at non-dimensionalised time, £=0.04.
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Temperature Concentration Stream Function

0 ~t 1 1 1 1 1 1 1

0.0 0.5(0.0) (i) 0.5(0.0)

Temperature Concentration Stream Function

0.0 1.0(0.0)

Figure 5.18: (i) Isotherms, isopleths of concentration and contour map from Shi(1990),

(ii) isotherms, isopleths of concentration and contour map obtained from our numerical

code at non-dimensionalised time, £=0.06.
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Temperature Concentration Stream Function

1.0

0.0
0.0 0.0(0.5) (i) 0.0(0.5) 0.5

Temperature Concentration Stream Function

1.0(0.0) (ii) 1.0(0.0) 1.0

Figure 5.19: (i) Isotherms, isopleths of concentration and contour map from Shi(1990),

(ii) isotherms, isopleths of concentration and contour map obtained from our numerical

code at non-dimensionalised time, £=0.10.
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set up when warm salt water lies above cold fresh water. Renardy and Schmitt(1996)

explore the influence of non-linear profiles of salinity, as might arise due to surface

evaporation, on the linear stability problem in a salt-fingering regime. Asymmetry is

observed experimentally in the salt fingers and is attributed to evaporation due to a dry

atmosphere leading to a salty layer at the top with the salinity varying little over the

rest of the fluid. A model is constructed of double-diffusive convection with a sharp,

non-linear concentration gradient applied at the upper boundary, to model the surface

evaporation of the solute. This gradient is found to drive a motion that is confined

to a depth of a few boundary layers. No significant motion is found lower in the

layer. The instability which operates in the boundary is stabilised by the temperature

gradient in the bulk. However no previous work has considered the effects of preferential

evaporation on the concentration in the fluid.

Preferential evaporation will result in the surface becoming richer in the less volatile

phase. This will have an effect on the subsequent convection patterns in the fluid. We

shall include this whilst still using Shi's assumption that evaporation rates in a well

insulated tank are low, in order to justify a constant volume of liquid and a stationary

interface in the model.

5.6.1 Modifications for the evaporation model

There are two possible ways of adding evaporation to our model: either by changing

the concentration boundary condition at the surface or by adding a source term to the

main differential equation for the solute, (5.34). We choose to add the source term

to the main differential equation as this will be the simplest change to make to the

numerical code.

Differential equation for solute with evaporation

The differential equation governing the behaviour of the solute (5.34) remains the same

as before except at the surface where a source term is added to represent the increase or

decrease in solute concentration through evaporation. Our present boundary condition

assumes no loss of liquid at the surface (since w = 0 at the surface) so the source term,

•S'evap, at the surface will represent the true concentration change through the evapora-

tive mass loss at the surface. The molecular diffusion through the surface is negligible
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due to the high interfacial impedance. The concentration of the evaporated fluid, Cvap,

is in equilibrium with that of the well-mixed vapour. An experimental correlation be-

tween the concentration in the vapour, Cvap, based on the concentration at the surface

is found using data from Barron(1985). A graph displaying this relationship is shown

in Figure 5.21. The following equation for the relationship between the concentration

at the surface and that in the vapour may be obtained by fitting an exponential curve

to the graph:

^ m + 1)).

Our implementation of the surface condition will give a surface concentration which

varies with x, so we shall take an average concentration at the surface in order to

calculate the vapour concentration at that time.

Now let us examine equation (5.34) more closely:

dC_ d{uC) d(wC) _ fd2C d2C\
dt + dx + dz \ dx2 + dz2)

The only term that will be lost by using the incorrect vertical velocity at the surface

is wdC/dz, so let us say that

dC
SWap = wtrue(i, m + 1) — ( i , m + 1) (5.37)

where u>true is the true velocity (ms-1) at the surface, i.e. the velocity of the mass

flux lost through the surface and C is the concentration at the surface. By assuming

that the vessel is always maintained at atmospheric pressure and that the liquid is in

equilibrium with the vapour at the vapour/liquid interface, it is possible to eliminate

the need to consider partial pressures.

We shall use the finite volume method to examine the source term in more detail.

Suppose we consider one element at the surface as shown in Figure 5.20 where Cs

is the concentration entering the element from below with velocity ws and Cn is the

concentration leaving the element from the top with velocity wn. Since the source term

only exists at the surface, we will need to use the average change in concentration per

unit time over the height of the box. So

wtrue fdC5 J df
J
dz

(Cv a p-C(i,m

dz

151



dz

w C

Figure 5.20: An element at the surface of the fluid.

Now we need to find an equation for ^ true(i,ni+ 1). The mass flux per unit area

(kgm~2s~1) of the total liquid leaving the system, out of the surface, can be found

using the Stefan condition:

m~I~dz~
since the temperature gradient in the vapour phase is negligible.

k dT
So the volume flux per unit area of liquid evaporating = ———(i, m + 1)

pL dz
= w t rUe(i,m+1).

Thus the main differential equation for the solute at the surface is

dC , d(uC) , d(wC) , c _ (&C_ cPC\
dt

where
C -

e v a p " dz dz
Let us consider the source term for a moment. If we have a pure LIN liquid, i.e. C = 0,

then the vapour concentration, Cvap = 0. So the source term is eliminated from the

problem and the concentration remains unchanged. Similarly with a pure LOX liquid,

i.e. C = 1, then the vapour concentration, Cvap = 1 so the source term is zero and

the concentration remains unchanged. Finally, if the vapour concentration is equal to

the liquid concentration then the liquid is in equilibrium and so there is no change in

concentration again. If there is no evaporation, m = 0 and there is no effect on the

fluid.
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Figure 5.21: Graph showing the relationship between the concentration at the surface

of the liquid and the concentration of the vapour where the crosses mark the data

points and the line is the best fit line through those points.
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5.6.2 Normalisation of the concentration equation

Assuming that the surface of the liquid is in equilibrium with the vapour, the saturation

temperature at which the surface is maintained, Tsat(x), is a function of the concen-

tration of the fluid at the surface. So, instead, the temperature is non-dimensionalised

in all equations by T = (T - Tsat
init)fc/(<?<i), where Tsat

imt is the initial saturation tem-

perature at the surface, calculated from the uniform initial concentration in the fluid.

Non-dimensionalising the concentration equation with this and the same dimensional

terms as before for the other variables, the equation becomes (dropping the over-bars)

dC d(uC) d(wC) _ 1
+ + + bdt + d^ + dz + b™p Le

where
c gd flr(i,m + l)(Cvap-C(i,m + l)

pL,K OZ dz

None of the other equations are altered by this change in scales.

5.6.3 Boundary and initial conditions

As mentioned before, changing the boundary conditions is avoided by adding a source

term for evaporation in the main solute equation and so they remain the same as in

the previous section.

The data for the correlation for the saturation temperature based on the concentra-

tion for a mixture of LIN and LOX was again found from Barron(1985) and is shown

in Figure 5.22. We are only interested in mixtures with concentrations of below 60%

LOX and it is possible to fit a straight line to this part of the graph such that

Tsat(i) = -9-78(1 - C(i, m + 1)) + 86.71.

This is non-dimensionalised and replaces the fixed saturation temperature at the sur-

face. Thus the non-dimensionalised saturation temperature is given by:

T(i, m + 1) = (-9.78(1 - C(i, m + 1)) + 86.71 - Tsa t
in i t)-^.

All other boundary conditions remain the same.

The initial conditions for the problem are set as

xjj = O , 77 = 0 , T = 0 , C = 0.2.
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Figure 5.22: Graph showing relationship between the saturation temperature and the

concentration where the crosses mark the data points and the line is the best fit line

through those points.
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5.6.4 Solution procedure

The gradient of the temperature, normal to the surface, is initially set to zero and

both the initial vapour concentration and the initial saturation temperature are found

from the initial concentration in the fluid. The new equation (5.38) for the surface of

the system is solved immediately after the main concentration equation for the rest of

the fluid is solved. At the end of each time step, the current gradient of temperature

normal to the surface, across the top is found, and an average vapour concentration

is calculated which is used in equation (5.38) for the next time step. The saturation

temperature is updated using the concentration across the surface. The rest of the

solution procedure remains the same.

5.6.5 Results of the preferential evaporation model

The program is solved for a single layer in a square vessel with a height and width, d,

of 0.025m. Although this is a fairly small vessel it allows us to have a heat flux of a

reasonable magnitude entering the fluid and still maintain laminar convection so that

the governing equations are still valid. A grid of size 128x128 is found sufficiently fine

to observe the conduction layer, each step of the grid measuring 195^imxl95/im. We

shall take the heat flux, q to be 5Wm~2. The thermal conductivity, thermal diffusivity,

thermal expansion coefficient and kinematic viscosity are set by taking linear combina-

tions of the properties of nitrogen and oxygen based on the initial concentration, giving

the thermal Rayleigh number, Rax = 5 x 107. Now to calculate the solutal Rayleigh

number, we require the solutal expansion coefficient, defined as

Ps pdC'

By taking p as the initial density of the mixture, we find that j3s = 0.38. Assuming

that

Ch-Cc = C{t = 0) - Cvap(i = 0)

the solutal Rayleigh number is Ras = —5.2 x 107. From the properties of the fluid, we

also find that the Prandtl number is Pr= 2.32 and the Lewis number is Le= 30.77 (i.e.

the flow is dominated by thermal rather than molecular diffusion).

Figures 5.23 - 5.29 show the evolution of the flow with preferential evaporation at

the surface at non-dimensionalised times t = 0.1,0.5,0.91.3,1.7,2.1 and 2.3. Note
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again that the box around the plots do not represent the sides of the vessel. At the

non-dimensionalised times, £=0.5 (64 mins), 1.7 (3.6 hours) and 2.3 (4.9 hours), each

graph has three contours, which are labelled. Since the number of contours needs to

be restricted for the clarity of the graphs to be unaffected, the labelling has not been

included in the graphs for all time steps so the strength of the pattern can be judged

by the number of contours in all the other time steps.
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At time, t = 0.1 (13 mins), the preferential evaporation has already affected the

fluid, leaving an enriched layer of LOX at the surface. Due to the heat flux on the

side walls, the fluid rises at the sides of the vessels to the top surface, where it cools

and, due to the preferential evaporation, becomes richer in oxygen. Both processes

cause the density of the fluid to increase and a strong downward plume develops at the

centre of the cavity. The concentration contours follow the same pattern as the stream

function, suggesting that the concentration is distributed through advection.

At the next time step, t = 0.5 (64 mins), we see the central plume of denser fluid

developing in strength with a sink at the centre of the bottom boundary. We note

in this figure that the temperature and concentration differences are only of the order

10~2 and 10~3 respectively but that this is enough to induce convective loops.

The increase in the number of stream function and concentration contours indicates

an increase in strength of the convection at t = 0.9 (1.9 hours). This flow entrains the

denser fluid, which was seen earlier to be resting at the bottom of the vessel, into the

bulk of the fluid. The denser central plume, however, is still noticeable. The convection

continues to increase in strength over time with enriched LOX fluid continuously being

drawn to the centre of the bottom of the vessel at t = 1.3 (2.75 hours) and distributed

through advection at t = 1.7 (4 hours). The shear force of this convection dominates

the temperature distribution. At the end of the run, at time t = 2.3 (approximately 5

hours), shown in Figure 5.29, we see that the concentration has increased by 0.01 at

the top surface and the temperature by 0.12 at the side walls.

The evolution of the average surface saturation temperature and the average tem-

perature of the bulk of the fluid over time, are shown in Figure 5.30. Although both

increase with time, due to the heat flux and preferential evaporation, they do so with

the same gradient, such that the surface temperature is, as expected, always approx-

imately 0.02K less than the bulk temperature. Figure 5.31 shows the relationship

between the average surface concentration and the concentration of the bulk of the

fluid. Again both concentrations increase with the same gradient, with the surface

always having a higher concentration of LOX. The total mass flux over time is shown

in Figure 5.32. It is noted that the mass flux increases initially with a very sharp

gradient, as convection is initiated but then the system reaches an equilibrium state

with a constant mass flux.

In previous chapters, we have seen the importance of the thin conduction layer at the
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Figure 5.24: Isopleths of concentration, contour maps and isotherms for double-

diffusive convection with preferential evaporation at non-dimensionalised time, £=0.5

(64 mins).
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Figure 5.25: Isopleths of concentration, contour maps and isotherms for double-

diffusive convection with preferential evaporation at non-dimensionalised time, i=0.9

(1.9 hours).
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Figure 5.26: Isopleths of concentration, contour maps and isotherms for double-

diffusive convection with preferential evaporation at non-dimensionalised time, £=1.3

(2.75 hours).
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Figure 5.27: Isopleths of concentration, contour maps and isotherms for double-

diffusive convection with preferential evaporation at non-dimensionalised time, t=1.7

(4 hours).
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Figure 5.28: Isopleths of concentration, contour maps and isotherms for double-

diffusive convection with preferential evaporation at non-dimensionalised time, £=2.1

(4.4 hours).
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Figure 5.29: Isopleths of concentration, contour maps and isotherms for double-

diffusive convection with preferential evaporation at non-dimensionalised time, £=2.3

(4.9 hours).
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Figure 5.30: Graph showing the average temperature of the bulk of the fluid and the

average temperature at the surface of the fluid over time.
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Figure 5.31: Graph showing the average concentration of the bulk of the fluid and the

average concentration at the surface of the fluid over time.
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Figure 5.32: Graph showing the total mass flux over time.
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surface of the fluid. Here, we will evaluate this thickness from plots of the temperature

distribution down the depth of the vessel, and these are shown in Figures 5.33 - 5.35 for

non-dimensional times, £ =0.5 (64 mins), 1.7 (4 hours) and 2.3 (4.9 hours) respectively.

These distribution are only shown for half of the vessel, the other half being symmet-

rical. At x = 0.0031m, close to the side wall, the temperature increases sharply as we

enter the fluid from the surface, from the saturation temperature which is a function

of the concentration at the surface, to a temperature, T^ot, which is close to the tem-

perature of the side walls. It then steadily decreases to a fairly uniform temperature

approximately equal to Tbuik- The fluid in the centre of the vessel is affected by the

central plume preventing the conduction layer from being observed, since the cooler

fluid is convected down along this line. Finally we have a plot of the temperature

distribution a quarter of the way in from the wall (at x = 0.0063m). Although this,

too, can be see to be slightly affected by the hot temperature of the walls, due to the

size of the vessel, this appears to be the distribution which is least influenced by effects

other than those caused by the layer. Although the temperature in the bulk of the

fluid and the saturation temperature both increase as time progresses, the temperature

distribution maintains the same shape. The temperature profile through the vessel at

x=0.0063m, for the non-dimensionalised times £=0.5, £=1.7 and £=2.3 are shown in

Figure 5.36.

We will use data from the final time step to calculate the thickness of the conduction

layer. Let us assume that the thickness of the conduction layer, dcrit, is defined from

the surface of the fluid to the point where the temperature is Test, where Test = Tsat +

.99(Tbuik — Tsat). Due to the size of the vessel, it is difficult to find part of the fluid

whose temperature distribution is completely unaffected by the heated boundary layer

near the side walls, the cold central plume or the centre of the convection cell. We will

examine the temperature distribution at x = 0.0031m, where the fluid is more than

the boundary layer away from the side wall. From Figure 5.30 we find that at £ = 2.3,

Tbuik = 79.00K and Tsat = 78.98K and so we find that Test = 79.00K. There are two

points where T = Test along the distribution since it is influenced by the temperature

at the wall. However we shall assume that the end of the layer is defined by the first

point at which it reaches Test. Thus the thickness of the conduction layer is found to

be approximately 400/zm. This fits experimental results (Scurlock and Beduz, 1994),

which suggests that the conduction layer has a thickness of 100-500/im.

With this conduction layer and with the temperature difference, Tbuik — Tsat = 0.02K,
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Figure 5.33: Graph showing the temperature distribution down the depth of the vessel

at x=0.0031m, x=0.0063m and x=0.0125m at non-dimensionalised time, £=0.5.
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found from Figure 5.30, we find that the critical Rayleigh number for this region is

n g ( h { T b i v — Tt)dci
Kac =

= 3.28.

Atkinson-Barr(1989) found the critical Rayleigh number calculated from experimental

data to be 33 for LIN and 25 for LOX. However, this data is for pure liquids and our

studies are with mixtures. The only critical Rayleigh numbers for mixtures that we

have are those for LNG and liquid methane, LCH4, which are found in the same work

to be 4 and 5 respectively. These values are much lower than those with pure liquids

and agree well with our numerical results. Thus we can finally substantiate the working

assumption described in Chapter 4.

5.7 Rollover with Preferential Evaporation

We are now able to include preferential evaporation in the model of evaporation. It

would be useful if we could compare our results to the work of, say, Agbabi(1987).

However his experiments are performed in cylindrical dewars and our model is only

valid for a square vessel. Therefore in order to make a reasonable comparison we will

need to ensure that the rate of increase of the bulk temperature is the same for both

vessels. We will begin by examining a simplified model of the effect of the heat flux

on the fluid in the cylindrical dewar. Now the heat flux which enters the vessel either

acts to heat the bulk of the fluid or to evaporate the fluid at the surface so

= pcV + kATc —
at oz ,

s=surface

where qc is the heat flux (Wm~2) entering the dewar, Asc is the area (m2) of the side

walls in contact with the heater, ATc is the surface area (m2) at the top of the fluid,

T is the temperature (K) of the fluid, T^ik is the average temperature (K) of the bulk

fluid, p is the density (kgm~3), c is the specific heat capacity (Jkg~1K~1) and k is the

thermal conductivity (Wm~1K~1) of the fluid. Therefore
dTb kATc

QcAsc = PCATch-— -\ — (ibulk - isatj
at 0

where h is half the height of the vessel (assuming that the stratified layers are equal in

height), 5 is the depth (m) of the conduction layer and Tsat is the saturation temperature

170



79.005

79

78.995

78.99

78.985

5 78.98
a>
a
E
k 78.975

78.97

78.965

78.96

78.955

Temperature profile through fluid atx=0.0031m
Temperature profile through fluid atx=0.0063m
Temperature profile through fluid atx=0.0125m

0 0.005 0.01 0.015
Depth (m)

0.02 0.025

Figure 5.34: Graph showing the temperature distribution down the depth of the vessel

at x=0.0031m, x=0.0063m and x=0.0125m at non-dimensionalised time, £=1.7.
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Figure 5.35: Graph showing the temperature distribution down the depth of the vessel

at x=0.0031m, x—0.0063m and x=0.0125m at non-dimensionalised time, £=2.3.
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Figure 5.36: Graph showing the temperature profile through the vessel at x=0.0063m

for the non-dimensionalised times £=0.5, £=1.7 and £=2.3.
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(K) at the surface of the fluid. This gives the first order differential equation

dTbulk k ^ __ qcASc k
<•«, r r , 1 bu lk — • . i" c » •* sa t •

at opc/i pen AT c open

Solving this, using the initial condition that

2"t>uik — ^sat a t £ = 0,

gives
QcAscS ( f k \ \

Therefore the temperature of the fluid in our square vessel will increase at the same

rate as the fluid in the experiments, as long as h in the exponential, and the ratio of

qcASc/ATc in the multiplier, remain the same for both vessels.

Now the square vessel has two layers of equal height, h, so the surface area (m2) at

the top of this vessel must be given by

ATs = 4h2

and the surface area (m2) in contact with the heater around two side walls is

ASs = 8h2.

Thus the heat flux into the square vessel must be

2/i

a

Since h > d for the cylindrical dewar used, the heat flux must be larger in our numerical

work than in the experiments for it to have the same effect on the fluid. Unfortunately

even the experiment with the lowest value of the heat flux, gives a Rayleigh number of

O(10u) which is too high for laminar convection to be maintained. Also, as mentioned

before, the same h must be used in our code as in the experimental work. The resolution

of the grid must be high, in order to observe the conduction layer at the surface. We

do not have the computational power to solve this problem within a reasonable time

but believe it would be possible to do so using parallel computers if the code were

developed further to include turbulence.
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5.8 Conclusions from Numerical Modelling an Evap-

orative Mixture

In this chapter, we started by solving the equations of a one-component model in

Cartesian coordinates to model the convection patterns in a vessel with one side wall

maintained at a temperature below that of the other. The results were found to

agree well with De Vahl Davis(1968,1983), showing the distortion of the temperature

distribution by the convection driven flows, giving a fairly constant temperature in the

bulk of the fluid and sharp temperature gradients near the two side walls.

We then expanded the model to deal with heterogeneous flows by including a solute

into the problem. The numerical code was validated with the work of Beghein et

al. (1992) in which steady-state thermosolutal convection in a square cavity filled with

air and subjected to horizontal temperature and concentration gradients, is studied.

The results agreed and showed that if the solutal Rayleigh number is less than the

thermal Rayleigh number, convection is thermally dominated.

We then adapted the code to follow the work of Shi(1990), which numerically models

rollover with a LIN/LOX mixture. The results agreed up until the non-dimensionalised

time t = 0.1 (over half the total time) when the flow in our model became non-

symmetric. This was not observed in Shi's predictions due to the assumption of sym-

metry, however, the excellent agreement up to this stage satisfied our validation exer-

cise.

Finally in this chapter, we proposed a term in the main equation for concentration

to model preferential evaporation. This term used the relationship for liquid and

vapour concentrations at equilibrium from published experimental data to obtain the

concentration of the liquid removed given the concentration at the fluid surface. With

this, we were able to study the effect of evaporation on the fluid. The total mass flux

was found to reach an equilibrium over time.

Further to Chapter 4, we also found the thickness of the conduction layer, which

compares well to experimental work by Beduz and Scurlock(1994). Moreover the crit-

ical Rayleigh number found using this thickness agreed well with the experimental

calculated critical Rayleigh number (Atkinson-Barr, 1989) for various mixtures. Thus,

the working assumption used by experimentalists could finally be substantiated.

Although our work has only been developed for a small vessel, in order to have a
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heat flux of a reasonable magnitude and still maintain laminar convection, this is the

first work that examines such types of evaporation on mixtures.
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Chapter 6

Discussion

In this thesis we have constructed and solved (both analytically and computation-

ally) new models for the phenomena which occur in superheated cryogenic fluids. In

Chapter 2, we proposed and solved a simple model, dependent only on time, for two

stratified layers in a dewar, in order to understand rollover. The model examined the

increase in temperature of both layers due to heat leak in through the sides of the

dewar and a small effect of heat loss/gain through conduction between the layers. This

was further developed in Section 2.2 by the addition of a term for the heat loss at the

surface through evaporation. The final model provides us with a good understanding

of temperature up to the point at which rollover occurs, where the model no longer

applies, suggesting that other effects begin to influence the system.

In the storage of cryogenic fluids, heat leak from the surroundings is impossible to

avoid, since the saturation temperatures of the fluids are generally over 200K below

room temperature. When the storage containers are clean, with few nucleation sites,

the heat leak may cause the fluids to become superheated. Experiments (e.g. Atkinson-

Barr, 1989) show that there is a high temperature gradient over a small depth at the

surface of these superheated fluids, with the surface evaporating at the saturation

temperature. The vertical velocity over this depth is close to zero since the vertical

velocity at the surface is zero. This in turn suggests that the only important type of

heat transfer is conduction.

In Chapter 3 we modelled this thin 'conduction layer' using the Stefan condition at

the surface to describe the loss of fluid through evaporation. A travelling wave was

found as a solution and we obtained a temperature dependent evaporation rate which,

177



using knowledge of the thickness of the conduction layer (found experimentally to be

between 100-500//m), compared well to the experimental correlation for LNG (Rebiai,

1985). The main drawback of this model is that the evaporation rate is dependent on

the thickness of the conduction region in the fluid which we only know approximately

through experiments and which may vary from fluid to fluid.

We also proposed a model to describe the flow in a LIN/LOX mixture using the

volume fractions of each liquid, in Chapter 3. The Stefan condition was placed at the

surface but our model assumed that only LIN evaporated. Although a larger proportion

of LIN does evaporate, the distribution of the kinetic energy of individual molecules,

given in Section 4.2, suggests that there will always be some LOX evaporating. Since we

were not able to derive a boundary condition which correctly modelled this evaporation,

we decided not to pursue the model at this stage. However, it would be useful, as further

work, to compare numerical solutions obtained from this model, to those obtained in

Chapter 5.

We obtained a numerical prediction for the thickness of the conduction layer in Chap-

ter 4. This model was constructed using the assumption made in previous experimental

studies that the thickness of the conduction layer is restricted by a Benard-type insta-

bility criterion, characterised by a critical Rayleigh number. Equations were formed

which modelled convective instability in the surface layer with Couette flow at the bot-

tom boundary to describe the convection of a cell below on the conduction region. The

finite difference equations were formed using an automated procedure and we validated

our results against other cases in the literature.

We then went on to investigate the effect of previously unstudied boundary conditions

on the top and bottom surface of the fluid. Numerical results obtained with the model

suggested that the minimum thickness of the layer would be three times as large as that

observed in experiments. So, although the conjecture that the conduction layer must be

less than that evaluated from the critical Rayleigh number may be true, our model did

not predict the thickness of the layer to be the same as that observed experimentally.

Thus there must either be a different limiting mechanism which restricts the thickness

of the layer or our assessment of this layer without the full inclusion of the rest of the

fluid does not provide us with a complete picture of the problem. Also in this chapter,

we constructed a simple model to investigate the theory that thermal fluctuations

observed at the surface of cryogenic fluids, particularly mixtures, could be due to
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micro-convection eddies, which replenish the fluid lost at the surface. The comparison

between our estimated frequency and experimental results supported such a theory.

Finally, in Chapter 5, we proposed a model for laminar natural convection within

a mixture of two cryogenic fluids, in a square vessel with preferential evaporation at

the surface. To our knowledge, this is the first time that preferential evaporation

has been included. We began this work by constructing a model for the laminar

natural convection within a one-component fluid. The equations from this model were

discretised by an upwind scheme and solved numerically, with the Poisson equation

being solved using the multigrid method.

An important aspect of setting up and solving a new model is ensuring that it

reproduces results from the literature in simple limiting cases. We carefully validated

our code in three independent ways:

1. with benchmark results of laminar convection with a one-component fluid;

2. against published results from a model of double-diffusive convection within a

two-component liquid;

3. against the results of Shi(1990) for a two layer system, up to and including

rollover.

Finally we derived a new term for the preferential evaporation of the mixture which

was added as a source term to the equation describing the concentration at the surface.

The equations used in the model were solved numerically to obtain the first plots of

the evolution of this type of evaporation. It was found that convection became stronger

when preferential evaporation was included in the model, with both a concentrated

surface layer and a concentrated central plume carrying the denser fluid to the bottom

of the vessel. It was also noted that the concentration of both the bulk of the fluid and

the surface increased with time with a uniform difference between the two. Further,

by examining the temperature profiles near the surface, we were able to estimate a

thickness for the conduction layer which agreed well with experimental data (Scurlock

and Beduz, 1994). We were not able to observe the micro-convection eddies described in

Section 4.2 but this was presumably because we had a very low temperature difference

to keep the flow laminar.

The results are extremely encouraging, allowing convection to be investigated and
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the effect of preferential evaporation on the bulk of the fluid to be studied. Our method

of including preferential evaporation is stable and robust.

At present we require further experimental results to examine the distribution of

concentration in mixtures of cryogenic fluids under the conditions modelled, to deter-

mine the accuracy of our model. It would also be interesting to compare the flow in

vessels with different aspect ratios, which could be done by allowing the height and

width of the vessel to vary independently in the computation.

Much of the previous experimental work has focused on the process of rollover in-

volving Rayleigh numbers greater than 1011, which is in the range of turbulent flow.

An important development to this work would be to include turbulence in the model.

This would allow simulations to be carried out with higher heat fluxes and in vessels

with larger dimensions. It is expected that such work would be considerably more

computationally intensive requiring more computing power and memory, suggesting

the use of parallel computing.

The preferential evaporation condition could be developed further to model a closed

container where the pressure is allowed to vary. By including the variations of sat-

uration temperature with pressure into the model, predictions could be obtained for

closed containers with differing vapour spaces.
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