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At the extreme densities in neutron stars, a phase transition to deconfined quark matter is antic-
ipated. Yet masses, radii and tidal deformabilities offer only indirect measures of a first-order phase
transition, requiring many detections to resolve or being ineffective observables if the discontinuity
exists at lower densities. We report on a smoking-gun gravitational-wave signature of a first-order
transition: the resonant tidal excitation of an interface mode. Using relativistic perturbation the-
ory with an equation-of-state family informed by chiral effective field theory, we show that such a
resonance may be detectable with next-generation interferometers and possibly already with LIGO
A+ for sufficiently loud events.

Context.—Neutron stars are Nature’s cosmic labora-
tory for dense matter, where densities far exceed those
that can be reached in terrestrial experiments. Under-
standing the properties of matter at such extreme condi-
tions remains an open problem in nuclear physics. At low
densities, nuclear interactions can be systematically de-
scribed using chiral effective field theory (EFT) [1, 2],
which provides an order-by-order expansion based on
symmetries of quantum chromodynamics (QCD). Chi-
ral EFT is reliable up to approximately 1 − 2 times
the nuclear-saturation density nsat ≈ 0.16 fm−3 [3, 4].
Neutron-star cores, however, reach central densities of
a few up to ∼ 8nsat, where theoretical uncertainties re-
main significant. A particularly intriguing possibility is
that, at sufficiently high densities, hadronic matter un-
dergoes a phase transition to deconfined quark matter.
This transition is a robust prediction of QCD, but its
exact nature—whether it is a smooth crossover or a first-
order transition with a sharp interface—remains unre-
solved. While collider experiments at RHIC may have
provided tentative evidence for critical behaviour (see
Ref. [5] and their Fig. 1), the results are far from conclu-
sive. Astrophysical neutron-star observations present an
opportunity to probe this phase transition, should they
harbour it.

To date, the properties of dense nuclear matter have
primarily been explored by measuring the mass M , ra-
dius R and tidal deformability Λ of neutron stars. Re-
cent advances in observations have placed increasingly
stringent constraints on these parameters. In particu-
lar, the X-ray timing mission NICER has provided mass-
radius measurements for a few pulsars [6–11]. Mean-
while, gravitational-wave data, particularly from the
landmark GW170817 event, have placed upper limits
on the neutron-star tidal deformability [12–15]. Com-
bined, these observations suggest error bars of O(1 km)

for the neutron-star radius. The next generation of
gravitational-wave observatories—Cosmic Explorer [16]
and the Einstein Telescope [17]—is expected to enhance
our ability to measure these aspects, providing much
tighter constraints on the high-density physics [18].

When it comes to the issue of unveiling the presence
of a phase transition, it is important to note that M ,
R and Λ reflect global, averaged characteristics of the
star. In particular, the tidal deformability Λ represents
the star’s susceptibility to an external gravitational field
in the portion of the inspiral where the compact binary is
well separated and the tidal field may be approximated
as static [19, 20]. While these parameters do contain in-
formation about possible phase transitions, the relevant
features may be masked or degenerate with other aspects
of the equation of state (EOS; see, e.g., Refs. [21–24]).
We illustrate the issue in Fig. 1 for a subset of the EOS
models we consider later. These models are consistent
with chiral EFT up to nuclear saturation and then ex-
trapolated to higher densities in such a way that each
model supports the existence of 1.9M⊙ neutron stars, in
agreement with heavy-pulsar observations. No other con-
straints were imposed (see Refs. [25, 26] for more details).
Some of these models include a phase transition. Figure 1
displays M , R and Λ, highlighting the difficulty of unam-
biguously identifying a phase transition from these bulk
observables alone.

If the transition is of first order, the M −R curve will
exhibit a kink or jump, associated with an effective soft-
ening of the matter. In the Λ −M curve, the transition
manifests as a discontinuity over a small range in mass,
leading to a sharp decrease in Λ; the higher the pres-
sure at the transition, the less Λ decreases [22]. Above
the transition pressure, there are no distinguishable fea-
tures and the curves behave as one would expect for a
purely hadronic EOS (compare, e.g., the two models la-
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FIG. 1. The mass-radius (left panel) and tidal deformability curves (right panel) for a selection of EOS models from Ref. [26],
indexed by their ordering in radius at M = 1.4M⊙. Five of these matter models possess first-order phase transitions—
manifesting as kinks in the M −R plot—while two do not. For the ensemble of 2000 models we consider here, the majority of
phase transitions occur at sufficiently low densities such that their impact is only visible below M = M⊙, as indicated by the
shaded regions.

belled 964 and 974 in the region 1−2M⊙ in Fig. 1). This
is a particular manifestation of the so-called masquerade
problem [21].

For several of the models we consider, the phase tran-
sitions occur at masses ≲ M⊙. Assuming the standard
supernova mechanism of generating neutron stars, recent
work suggests a minimum formation mass of ∼ 1.17M⊙
[27]. Therefore, the phase-transition region is unlikely
to be probed by neutron-star measurements. In order to
identify the phase transition, one would need it to occur
at sufficiently high mass and resolve the region around
that transition mass to high enough precision. Assuming
an exceptional GW170817-like event observed by third-
generation detectors, one might be able to constrain the
error in the neutron-star radius ∆R to ∼ 50− 200 m and
tidal deformability to a level of ∆Λ ∼ 20 for a range of
masses [18]. This ideal scenario, ignoring possible sys-
tematic errors [28], would be enough to constrain the
matter models in Fig. 1, provided the range of observa-
tions included the transition mass. Reaching the required
level of precision for weaker events will be challenging.

There have, nevertheless, been valuable attempts to
use measurements of M , R and Λ to search for the pres-
ence of phase transitions. Recent studies [29, 30] ar-
gue that the most massive neutron stars contain quark-
matter cores. Additionally, it has been shown that grav-
itational waves may provide evidence for strong phase
transitions [22, 31, 32]. In this Letter, we concern our-
selves with a dynamical effect in binary inspirals that
may provide additional information about the transition.
The main goal is to highlight an observational strategy
that could provide direct evidence for a sharp, first-order
phase boundary.

The dynamical tide.—As a compact binary evolves dur-
ing the inspiral, the tidal frequency eventually increases
to a level that is comparable to the hydrodynamical
timescale of the neutron star. At this point, the static as-
sumption breaks down and the tide becomes dynamical,
implicating the neutron star’s vibrational modes. As the
tidal frequency rises due to gravitational-wave emission,
it may momentarily match the frequency of a natural os-
cillation, leading to a resonance where the mode ampli-
tude rapidly grows as energy is extracted from the orbit.
This abrupt removal of energy advances the orbital decay
and leaves an imprint on the gravitational-wave phase.

In the Newtonian limit, the contribution of an indi-
vidual mode to the orbital motion is determined by two
key quantities: its oscillation frequency ω and tidal over-
lap integral Ql, where l is the multipolar order of the
perturbation. The mode frequency dictates the point in
the inspiral at which resonance occurs, while the tidal
overlap quantifies how efficiently the tide couples to the
mode. Previous studies have paid particular attention
to the tidal excitation of compositional g-modes [33–39],
which are supported by chemical-composition gradients
in the star. This body of work has found that—although
the g-mode frequencies lie within the inspiral band—the
(quadrupolar) overlaps of Q2/(MR2) ∼ 10−5−10−4 may
be too weak to produce a measurable effect on the bi-
nary’s gravitational-wave phase (see Refs. [39, 40] for re-
cent estimates).

Lessons from an incompressible stellar model.—Here,
we explore a related family of buoyancy modes that have
significantly more favourable prospects for detection and
provide a more direct probe of high-density phase tran-
sitions: the interfacial i -modes (also known as disconti-
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nuity g-modes) [41–45]. Suppose the neutron star has
a sharp density discontinuity in its interior and a fluid
element traverses this interface. The fluid parcel, which
maintains pressure equilibrium with its surroundings, has
the properties of its original position. As it is displaced
across the interface, the element will suddenly be in an
environment of differing composition and density. As-
suming that the reaction timescales that equilibrate the
fluid element to its new environment are slower than
the timescale of the perturbation, it will be subject to
a buoyancy force that restores the parcel to its origin
on the other side of the interface (analogous to compo-
sitional g-modes [46]). This is expected to be the case
if the relevant phase conversion (the speed of the phase
boundary) is limited by the weak interaction (as in the
model explored in Ref. [47]). If, on the other hand, the
strong-interaction timescale applies then the star will not
support the kind of interface modes we consider here.

A simple, analytical calculation of an incompressible
fluid sphere with a sharp interface (detailed in the Sup-
plemental Material) shows that the frequency of an i -
mode is approximated by

ω2 ≈ (2π × 686 Hz)2
( ϵ

0.1

)(
M

1.4M⊙

)(
10 km

R

)3

× l(l + 1)

2l + 1

[
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( ri
R

)2l+1
]
,

(1)

where ri is the radial position of the interface in the star
and ϵ is the relative jump in mass density. We see that
ω2 depends on the location of the interface and linearly
on the jump, meaning that an observed i -mode could
provide a direct measurement of the discontinuity. For
the assumed scalings, the mode falls within the frequency
band of a typical binary inspiral.

This computation demonstrates why the i -modes may
be promising from the observational point of view. We
find that the i -mode eigenfunctions bear a striking re-
semblance to those of the fundamental f -mode; the os-
cillation mode that couples the most strongly with tides
[48]: the perturbation grows as ∝ rl from the stellar
centre to the interface ri, which mimics the functional
dependence of the tidal driving force. However, above
the interface r > ri, the eigenfunctions alter and ob-
tain a non-vanishing decaying contribution, giving rise
to a characteristic sharp kink at the interface. From the
mode solution, we determine the tidal overlap to be (with
normalisation A2 = MR2)
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(2)

This shows that (for modest values of the discontinu-
ity) the tidal coupling is at least an order of magnitude

larger than the aforementioned g-mode estimates, sug-
gesting that the i -modes can couple quite efficiently to
the tidal forcing and may therefore be observable in bi-
nary inspirals.

Interfaces, such as at the crust-core boundary [49–
51], naturally exist in neutron stars. Previous work has
focused on tidally induced crust fractures and possible
electromagnetic precursor signals for binary neutron-star
mergers. Here, our focus is on the prospects of using i -
modes to reveal the potential phase transition to decon-
fined quarks in the neutron-star core [52, 53]. If such a
transition is first order, it will generate an i -mode signa-
ture in the gravitational-wave signal from an inspiralling
neutron-star binary. To answer how significant this sig-
nature is, we require a relativistic calculation with real-
istic microphysics.
A family of equations of state.—We assume a

barotropic EOS p = p(ε), relating the pressure p to the
energy density ε of the fluid. This has two advantages.
First, the star will not support composition g-modes,
which simplifies the mode spectrum we have to consider.
Second, treating the matter as a perfect fluid, we can
immediately calculate the speed of sound cs as measured
by a co-moving observer using(cs

c

)2

=
dp

dε
, (3)

where c is the speed of light. We adopt c2s as the funda-
mental thermodynamical variable and integrate Eq. (3)
to obtain p = p(ε). Invoking causality and thermody-
namical stability arguments leads to the trivial constraint
0 ≤ (cs/c)

2 < 1. Using results from low densities, where
the theoretical understanding is robust, one can extend
the EOS to higher densities by sampling c2s and ensur-
ing that it obeys the constraints [3, 25]. This sampling
generates an EOS family.

One may generate additional models by allowing for
first-order phase transitions of arbitrary location and
width. This approach does not allow us to extract infor-
mation on the composition of dense matter or the type
of a phase transition but it does provide a useful way
to test the effect such a transition has on neutron-star
properties and observables. Moreover, the collection of
models we use—the same as in Ref. [26]—is agnostic in
the sense that some of the models have phase transitions,
while others do not. Indeed, those that do not will have
no associated interface mode.
Interface modes.—To make progress beyond the in-

compressible model, we need to use general relativity.
For simplicity, we ignore temperature, rotation and con-
tinue to assume a perfect-fluid star. As the corresponding
linear perturbation problem has been explored in great
detail in the literature and the various steps required in
its formulation are well known, we only outline the strat-
egy here. Our calculation follows the steps laid out in
Ref. [39]; we adopt the relativistic Cowling approxima-
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tion (ignore perturbations of the spacetime metric and
hence do not include gravitational-wave emission asso-
ciated with the modes). Unlike previous calculations of
interface modes, such as Ref. [53], we do not include any
jump conditions or perform matching at the phase tran-
sition when solving the oscillation mode equations. In-
stead, we take an agnostic approach and solve the equa-
tions in an identical manner regardless of whether or not
a phase transition is present, allowing the numerics to
identify any discontinuities.

To quantify the impact of a resonance on the orbital
motion, we require the overlap integral Ql. In the Cowl-
ing approximation used here, this is given by [39]

Ql =
1

c2

∫
(ε + p)ξi∗∇i(r

lYlm)
√−g d3x

=
1

c2
l

∫ R

0

e(ν+λ)/2(ε + p)rl [Wl + (l + 1)Vl] dr ,

(4)

where Wl and Vl represent the radial and angular com-
ponents of the Lagrangian fluid displacement ξi, respec-
tively, ν and λ are functions in the metric gab with de-
terminant g = det(gab) and Y m

l is a spherical harmonic
of degree l and order m. To normalise our results, we
introduce

A2 =
1

c2

∫
e−ν(ε + p)ξi∗ξi

√−g d3x

=
1

c2

∫ R

0

e(λ−ν)/2(ε + p)
[
eλW 2

l + l(l + 1)V 2
l

]
dr .

(5)

We provide additional details about this calculation and
present the eigenfunctions Wl and Vl for a typical mode
in the Supplemental Material.

Resonance detectability.—With the mode calculation
in hand, we want to quantify the extent to which the as-
sociated tidal resonance in a binary inspiral signal may
be detectable. However, as the problem of tidal reso-
nances is not yet completely formulated in general rela-
tivity, we resort to an approximation based on the New-
tonian tidal interaction. The resonance occurs between
the mode frequency ω and the orbital frequency Ω when
(for modes with |m| = 2) ω ≈ 2Ω = 2πf , where f is the
gravitational-wave frequency. The shift in orbital phase
∆Φ due to the energy transfer to a mode during the in-
spiral of a binary with primary mass M and component
mass M ′ can be estimated as [34] (see also Ref. [54])

∆Φ

2π
≈ − 5π

4096

(
c2R

GM

)5
2

q(1 + q)

× GM/R3

ω2

(
Ql

MRl

)2
MR2

A2
,

(6)

where q = M ′/M is the mass ratio. We assume that
a similar expression applies in the relativistic case—
although this admittedly remains to be justified by a
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FIG. 2. Estimated shift in orbital phase |∆Φ| against
gravitational-wave frequency f for an equal-mass M = 1.4M⊙
binary. Each marker corresponds to an l = 2 i-mode res-
onance computed from a different EOS in the ensemble,
coloured by the relative jump in energy density ∆ε/εi. We
indicate with a star the interface mode associated with model
964 in Fig. 1. Also inlaid are the sensitivity curves for LIGO
Livingston during the GW170817 event (dotted line), LIGO
A+ (dot-dashed line), Cosmic Explorer (CE, dashed line) and
the Einstein Telescope (ET, solid line), assuming the binary
is at a luminosity distance of 40Mpc from the instrument.

detailed derivation—with the scaling based on the fully
relativistic results for the star’s mass and radius (see
Refs. [39, 40] for similar estimates).

It is, however, important to add caveats to these as-
sumptions. In particular, it is clear that some of the in-
terface modes shown in Fig. 2 have frequencies such that
they would only become resonant very late in the binary
inspiral. Based on the estimated merger frequency (from
Ref. [55]), we find that all the resonances indicated in
Fig. 2 occur within the last 5 orbits before merger. In
this regime the Newtonian inspiral estimate we are rely-
ing on is—at best—indicative as it ignores the impact of
the curved spacetime and nonlinear aspects of the tide
(see Ref. [56] for a relevant discussion). However, given
the lack of fully relativistic models for the dynamical tide
(including actual resonances) and the challenges associ-
ated with developing such models [57], we have to resort
to this approximate analysis. Our expectation is that our
proof-of-principle demonstration will stimulate the de-
velopment of truly quantitative tidal models along with
parallel work on the problems of detection and parameter
inference.

To assess detectability, we must quantify the minimum
observable shift in orbital phase ∆Φ(f) as a function of
f for a given interferometer. This can be estimated from
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[58]

|∆Φ(f)| =

√
Sn(f)

2A(f)
√
f
, (7)

where Sn(f) is the noise power spectral density of the
chosen detector and A(f) is the gravitational-wave am-
plitude of the waveform. For simplicity, we consider only
the IMRPhenomPv2_NRTidal waveform model, which in-
cludes the static tidal deformabilities, but not the dy-
namical contribution from the f -mode [59]. As our aim
is to estimate the detectability of the interface-mode
resonances—at a level of accuracy at which different
waveform models agree—with measured sensitivities of
current and expected sensitivities of future gravitational-
wave detectors.

Using our collection of EOS models, the l = 2 interface
modes were calculated for a set of neutron-star masses.
We then used the obtained values for ∆Φ from Eq. (6) for
an equal-mass system at a luminosity distance of 40 Mpc
(the inferred distance to GW170817) to estimate the de-
tectability of each resonance. Results for M = 1.4M⊙
are summarised by Fig. 2. The results show that the
frequency of the mode typically lies between that of the
f -mode, O(2 kHz), and the frequency range where one
would expect to find the composition g-modes of non-
barotropic models, O(100 Hz) (see, e.g., Ref. [39]). This
makes the interface-mode resonance distinct from the rest
of the oscillation spectrum. The results for ∆Φ are com-
pared to the sensitivity curve of LIGO Livingston during
the observation of GW170817 and the anticipated sensi-
tivities of LIGO A+, Cosmic Explorer and the Einstein
Telescope.

The message here is clear: The majority of the identi-
fied interface-mode resonances may be detectable already
by an instrument at the LIGO A+ level and (nearly) all of
them would be within reach of next-generation detectors.
In accordance with the analytical calculation that led to
Eqs. (1) and (2), we see that generally the larger the rela-
tive energy-density jump, the greater the mode frequency
and the phase shift. This agrees with the (obvious) ex-
pectation that detection prospects are more favourable
for stronger phase transitions. For higher masses, despite
the phase-shift decrease with M in Eq. (6), our results
show that approximately half of the models would still be
detectable by next-generation instruments for equal-mass
M = 1.8M⊙ systems (see the Supplemental Material).

It is worth emphasising that the interface modes may
provide access to a lower density portion of the EOS. For
example, in Fig. 2 we highlight the i -mode resonance of
model 964. As is evident from Fig. 1, the phase transition
in this EOS would be inaccessible with measurements of
M , R and Λ.

While a single resonance signature would identify the
presence of the phase transition, the next challenge would
be to constrain the onset density and size of the energy-
density jump. As the frequency and phase shift depend

on both parameters, multiple detections of the i -modes
for different masses may be able to constrain both.

Conclusions.—A robust prediction of the theory of
QCD is that high-density matter undergoes a phase
transition from ordinary hadronic matter to deconfined
quarks. So far, this transition has been explored with
astrophysical measurements of the bulk properties of
neutron stars; their masses M , radii R and tidal de-
formabilities Λ. However, obtaining evidence for a phase
transition from these quantities will likely require third-
generation sensitivities and data from a number of inspi-
ral events [18, 32].

In this Letter, we have explored a separate, dynamical
signature of first-order phase transitions: the resonant
tidal excitation of interfacial i -modes. The detection
of an interface mode in a coalescing neutron-star binary
would be a smoking-gun signature of a first-order phase
transition, distinguishable in a single gravitational-wave
event. We demonstrated the promise of the idea with
results from a general-relativistic perturbation calcula-
tion using a family of nuclear-matter equations of state
generated from chiral EFT. Our estimates show that an
i -mode resonance may be observable with Cosmic Ex-
plorer and the Einstein Telescope, and possibly already
with LIGO A+ for sufficiently loud gravitational-wave
events.
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SPECTRUM OF AN INCOMPRESSIBLE STAR

In order to interpret the numerical results for realistic neutron-star models—especially the scaling with the param-
eters associated with a phase transition—we examine the spectrum of a Newtonian, two-layer, incompressible star
with a sharp density discontinuity between the layers.

We endow the star with a mass-density profile of the form

ρ(r) = (ρi − ρo)Θ(ri − r) + ρoΘ(R− r) , (1)

where Θ(r) represents the Heaviside step function, ρi is the density of the inner sphere that extends to radius ri, ρo is
the density of the outer shell and R is the total radius of the star. The discontinuity occurs at r = ri and corresponds
to a jump of ρi − ρo. We will see later how we require this density jump to be positive in order for an interface mode
to manifest.

We consider perturbations about this equilibrium and treat them as incompressible, such that the Lagrangian
variation of the density vanishes, ∆ρ = 0. This then leads to

∇jξ
j = 0 (2)

and

δρ = ξr[(ρi − ρo)δ(ri − r) + ρoδ(R− r)] , (3)

where δ(r) is the Dirac delta function, ξj is the Lagrangian displacement vector and δρ is the Eulerian change of the
density. Since the displacement is divergence free, Eq. (2), the fluid flow is irrotational and we can freely define a
scalar potential ψ such that

ξj = ∇jψ (4)

and immediately infer that it must satisfy Laplace’s equation,

∇2ψ = 0 . (5)

The governing equation for the pulsations is the Euler equation. For simplicity, we will adopt the Cowling approx-
imation and search for harmonic solutions of frequency ω. Thus, we have

−ω2ξj = −1

ρ
∇jδp+

∇jp

ρ2
δρ , (6)

where we encounter the pressure p and its corresponding Eulerian perturbation δp. According to Eq. (3), δρ vanishes
everywhere except at the two interfaces—inside the star at r = ri and at the surface r = R. Hence, the linearised
Euler equation (6) reveals that δp also satisfies Laplace’s equation,

∇2δp = 0 for 0 ≤ r < ri and ri < r < R , (7)

away from the interfaces.
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At this point, we know that ψ and δp obey Laplace’s equation, Eqs. (5) and (7), in the regions of the star away
from the interfaces. The solutions are given simply by

ψ(r, θ, φ) = ψl(r)Y
m
l (θ, φ) , (8)

δp(r, θ, φ) = δpl(r)Y
m
l (θ, φ) , (9)

where Y m
l is a spherical harmonic of degree l and order m, and

ψl(r) =

{
alr

l + bl/r
l+1 for 0 ≤ r < ri ,

ālr
l + b̄l/r

l+1 for ri < r < R ,
(10)

δpl(r) =

{
clr

l + dl/r
l+1 for 0 ≤ r < ri ,

c̄lr
l + d̄l/r

l+1 for ri < r < R .
(11)

Since the background is spherically symmetric, there will be no explicit dependence on m in the radial eigenfunctions
and eigenfrequency. We can straight away remove two constants by demanding regularity at the stellar centre,

bl = dl = 0 . (12)

To determine the variables, we require six conditions. Three are provided by examining the Euler equation (6) in the
two regions. The remaining three constraints come from the boundary conditions: continuity of ξr and the Lagrangian
perturbation of the pressure ∆p at the interface r = ri, and vanishing pressure ∆p = 0 at the surface r = R.
To make the calculation more tractable, we will assert that the density jump is small, such that

ρo = ρi(1− ϵ) , (13)

where |ϵ| ≪ 1 is a small, dimensionless parameter. We will see in a moment how we require that ϵ is positive in
order for there to be an oscillation due to the interface. We work to leading order in ϵ to find the solutions to the
perturbation problem. The boundary condition at the surface provides(

c̄l − lāl
4πGρ2i

3

{
1 + ϵ

[
−2 +

( ri
R

)3
]})

Rl +

(
d̄l + (l + 1)b̄l

4πGρ2i
3

{
1 + ϵ

[
−2 +

( ri
R

)3
]})

1

Rl+1
= 0 . (14)

We can eliminate the coefficients cl, c̄l and d̄l using Eq. (6) on both sides of the interface. These terms appear in
Eq. (14) and the continuity of ∆p at r = ri, which become[

ω2(1− ϵ)āl +

(
−ω2 + ϵl

4πGρi
3

)
al

]
rli + ω2(1− ϵ)

b̄l

rl+1
i

= 0 , (15)(
ω2 − l

4πGρi
3

− ϵ

{
ω2 + l

4πGρi
3

[
−2 +

( ri
R

)3
]})

ālR
l

+

(
ω2 + (l + 1)

4πGρi
3

− ϵ

{
ω2 − (l + 1)

4πGρi
3

[
−2 +

( ri
R

)3
]})

b̄l
Rl+1

= 0 .

(16)

We are currently left with Eqs. (15) and (16), as well as the continuity of ξr, which depend on al, āl and b̄l. We
remove al by combining the continuity condition on ξr and (15) to obtain

ϵ

(
ω2 − l

4πGρi
3

)
lālr

l
i =

{
(2l + 1)ω2 − ϵl

[
ω2 + (l + 1)

4πGρi
3

]}
b̄l

rl+1
i

. (17)

Since the coefficient of āl in Eq. (17) is O(ϵ), we can immediately infer that b̄l = 0 if the discontinuity vanishes. This
describes the standard f -mode behaviour, which rises as ∝ rl up to the surface. In the absence of an interface, this is
the only mode that a uniform-density star supports. We will encounter its solution for the star with a phase transition
in a moment. Finally, we combine Eqs. (16) and (17) to remove āl or b̄l from the system. Either way, we arrive at a
quadratic equation in ω2, (

−(2l + 1) + ϵ

{
2l + 1 + l

[
1−

( ri
R

)2l+1
]})

ω4

+l

(
2l + 1 + ϵ

{
(2l + 1)

[
−2 +

( ri
R

)3
]
+ 1−

( ri
R

)2l+1
})

4πGρi
3

ω2

−ϵl2(l + 1)

[
1−

( ri
R

)2l+1
](

4πGρi
3

)2

= 0 .

(18)
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From the quadratic expression (18), we will determine the oscillation frequencies for the two modes that the star
supports.

The first has frequency

ω2 =
GM

R3
l , (19)

where M represents the total mass of the star. This is the familiar result for the fundamental f -mode of an incom-
pressible star (in the Cowling approximation). It is interesting to note that we obtain precisely the same formula in
terms of M/R3 as if the interface disappeared. This provides a simple illustration of why universal relations fare so
well [1]. We also observe that its amplitude is (to linear order) totally insensitive to the interface, since the coefficients
are

āl = al , b̄l = 0 . (20)

As we noted above, the f -mode eigenfunctions rise gradually up the surface, which (effectively) behaves as an interface
between the fluid and vacuum exterior. In this sense, the f -mode is like an interface mode. Since the f -mode couples
so efficiently to the tide, this provides a hint for why i -modes may also have strong tidal couplings.

The second solution to Eq. (18) is O(ϵ) and thus arises due to the presence of the interface in the fluid interior.
This mode oscillates at

ω2 = ϵ
GM

R3

l(l + 1)

2l + 1

[
1−

( ri
R

)2l+1
]
. (21)

This is the interfacial i -mode of the star that is sourced by the presence of the density discontinuity ϵ. Here, we see
that ϵ must be positive to give rise to a real, oscillating solution. Otherwise, the perturbation is immediately damped.
The eigenfunctions of the i -mode are given by

āl = −al
1

(R/ri)2l+1 − 1
(1 + ϵ) , b̄l = −al

l

l + 1

R2l+1

(R/ri)2l+1 − 1

[
1 + ϵ

( ri
R

)2l+1
]
. (22)

Here, we see that this mode rises in an identical fashion to the f -mode up to the interface and then obtains a non-
vanishing b̄l that decays as ∝ 1/rl+1. It is interesting to note that in the ϵ → 0 limit, the i -mode becomes a trivial
current in the star: both āl and b̄l are non-zero in this limit. Only when ϵ > 0, the mode starts oscillating and
sourcing finite density and pressure perturbations.

We will now examine the tidal overlap integrals of these two modes. The overlap is determined by [2]

Ql =

∫
δρlr

l+2 dr

= ρi
{
lāl

[
R2l+1 − ϵ

(
R2l+1 − r2l+1

i

)]
− (l + 1)b̄l

}
,

(23)

where δρ(r, θ, φ) = δρl(r)Y
m
l (θ, φ). We observe that Ql is the contribution of the mode to the mass multipole moment

of degree l. Next, we note that the oscillating solutions we have found have free amplitudes. However, when the tide
sources the perturbation, this amplitude is set by the tidal coupling. Therefore, it is necessary to introduce the mode
normalisation constant

A2 =

∫
ρ

[(
dψl

dr

)2

r2 + l(l + 1)ψ2
l

]
dr

= ρi

{
la2l r

2l+1
i + (1− ϵ)

[
1−

( ri
R

)2l+1
] [
lā2lR

2l+1 + (l + 1)
b̄2l

r2l+1
i

]}
.

(24)

The choice of normalisation does not impact the result. It is the quantity Ql/A, which is independent of the amplitude,
that describes the dynamics [3].

Now, we calculate the couplings for the two mode solutions. The overlap between the tide and the f -mode is
particularly simple and we find that

Ql

A/
√
MR2

=MRl

√
3l

4π

{
1− ϵ

1

2

[( ri
R

)3

−
( ri
R

)2l+1
]}

. (25)
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In contrast to its eigenfrequency, the overlap integral for the f -mode does have a dependence on ϵ and ri. The
calculation for the i -mode is substantially more involved, requiring that the mode eigenfunctions are determined to
second order in ϵ. Therefore, not an insignificant amount of algebra reveals

Ql

A/
√
MR2

= −ϵ2MRl

√
3

4π

l(l + 1)

2l + 1

√
1−

( ri
R

)2l+1 ( ri
R

)(2l+1)/2
[
1−

( ri
R

)3
]
. (26)

Here, we see that the overlap for the i -mode is also dependent on the depth of the phase transition and its position
in the star. The overlap integral is a function of ϵ2 and has a non-linear dependence on the position of the interface.
For l = 2, we find that the overlap has a maximum at ri ≈ 0.726R.

MODE CALCULATION AND DETECTABILITY RESULTS

In order to streamline the presentation in the main text, we have focused on the key message: The anticipated
detectability of the interface modes associated with a first-order phase transition. Here, we provide some additional
information that may be useful to an interested reader.

Let us first discuss the perturbation calculation. Our mode calculation is functionally identical to that of Ref. [4].
To begin with, we must establish the background model, which is taken to have the usual Schwarzschild form

ds2 = −eν c2dt2 + eλ dr2 + r2(dθ2 + sin2 θ dφ2) (27)

and be described by the perfect-fluid stress-energy tensor

T ab =
1

c2
(ε+ p)uaub + p gab , (28)

where ua is the fluid four velocity and gab the inverse of the metric gab. These assumptions about the spacetime and
matter mean that the background configuration is obtained by solving the standard Tolman-Oppenheimer-Volkoff
equations.

To determine the oscillation modes, we use linear perturbation theory. The linear perturbations of a relativistic star
can be described by the Eulerian perturbation of the metric hab and the Lagrangian displacement vector of the fluid
ξa, we then assume a gauge condition and only consider its spatial components ξi. We choose to simplify the problem
by introducing the (relativistic) Cowling approximation. We take this to mean that we ignore the perturbations of
the gravitational field hab = 0.

As we are considering non-rotating stars, we assume that the oscillation modes, with frequency ω, are associated
with a polar displacement vector, which in spherical polar coordinates (r, θ, φ) is given by

ξr(r, θ, φ) =
1

r
Wl(r)Y

m
l (θ, φ) ,

ξθ(r, θ, φ) =
1

r2
Vl(r) ∂θY

m
l (θ, φ) ,

ξφ(r, θ, φ) =
1

r2 sin2 θ
Vl(r) ∂φY

m
l (θ, φ) ,

(29)

where Wl and Vl are the radial and angular amplitudes, respectively, and Y m
l is a spherical harmonic with multipolar

order l and azimuthal degree m. To find an oscillation mode, one must solve a pair of coupled differential equations
for Wl and Vl, with appropriate boundary conditions. The system of equations we solve are those provided in Ref. [4].
What is different in this calculation is the presence of phase transitions in the assumed equations of state. Our

strategy—unlike previous approaches, such as Ref. [5]—is to integrate through the discontinuities, allowing the nu-
merics to resolve the transition. We find that our method is sufficient to locate the interface modes due to these phase
transitions.

Now, we comment on the identification of the interface modes. As is already clear from the incompressible model
calculated above, the eigenfunctions of an interface mode tend to exhibit a sharp peak at the local of the interface.
An illustration of this is provided in Fig. 1 in the main text, which shows the eigenfunctions Wl(r) and Vl(r) for the
i -mode of a 1.4M⊙ star using the equation of state labelled 461 in Fig. 1. The dominant features are a discontinuity
in Vl and a discontinuity in the derivative of Wl, both located at the phase transition. This behaviour is noticeably
distinct from the other common modes in the oscillation spectrum (f -, p-, g-modes etc.).
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FIG. 1. Eigenfunctions Wl(r) and Vl(r) for a typical interface mode of an M = 1.4M⊙ neutron star. As explored in the
incompressible stellar model, the eigenfunctions rise up to the location of the interface and then inherit a sharp kink. The
radial eigenfunction Wl is continuous across the interface, while the tangential eigenfunction Vl is not.

Next, there are two natural questions one may ask about the results presented in Fig. 2 in the main text. First,
noting that the tidal interaction scales with the masses involved, one may want to consider how the results change for
different neutron-star masses. As an illustration of this, we provide results also for (equal mass) M = 1.2M⊙, 1.6M⊙
and 1.8M⊙ systems in Fig. 2. The second questions concerns how the results depend on the location of the phase
transition in the star. It should be evident from the above analytical calculation that this behaviour is somewhat less
obvious. Nevertheless, we provide the relevant results in Fig. 3.
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FIG. 2. Estimated shift in orbital phase |∆Φ| against gravitational-wave frequency f for equal-mass M = 1.2M⊙, 1.6M⊙ and
1.8M⊙ binaries. The markers, curves and colour bar are described in Fig. 2, which this figure complements by illustrating the
scaling with mass.
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FIG. 3. Estimated shift in orbital phase |∆Φ| against gravitational-wave frequency f for equal-mass M = 1.2M⊙, 1.4M⊙,
1.6M⊙ and 1.8M⊙ binaries. The markers and curves are described in Fig. 2, which this figure complements by illustrating the
scaling with mass. The colour bar shows the location of the phase transition ri/R for each star. As one might expect from the
incompressible-model problem in Sec. , it is not straightforward to identify an overall trend from these results.


