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This thesis investigates the role of investor sentiment in asset pricing through

the lens of Shefrin’s behavioral pricing kernel, quantile preferences, and probability

weighting functions from non-expected utility theory. Each chapter examines a dis-

tinct dimention of how sentiment influences asset prices, offering both theoretical

insights and empirical validation across different model frameworks.

Chapter 2 conducts an empirical test of the consumption-based CAPM by ap-

proximating the stochastic discount factor (SDF) as a linear function of consumption

growth and news sentiment. This approach aims to reconcile the tension between

the high cross-sectional explanatory power of conditional asset pricing models and

the underlying assumptions. By explicitly incorporating sentiment into the pricing

kernel, the model offers a more behaviorally consistent representation of investor pref-

erences. Notably, the inclusion of sentiment results in a less negative SDF and a more
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moderate estimate of risk aversion, thereby aligning empirical estimates more closely

with economically plausible values.

Chapter 3 introduces a quantile-preferences asset pricing model that incorporates

a sentiment index constructed using Principal Component Analysis (PCA) on a com-

prehensive set of survey-based, market-based, and news-based sentiment indicators.

The framework leverages a Panel Quantile Regression (PQR) model to investigate how

sentiment influences the cross-sectional distribution of asset returns, with particular

emphasis on extreme tail events. By controlling for unobserved heterogeneity across

financial assets, the PQR approach enables the identification of systematic patterns

in the tail behavior of returns. A comparison between PQR estimates and those from

individual Univariate Quantile Regressions (UQR) reveals that, once heterogeneity is

accounted for, the first principal component (PC1)—interpreted as a proxy for ag-

gregate sentiment—exerts a more pronounced negative effect on the upper quantiles

of returns than indicated by most UQR estimates.

Chapter 4 investigates the relationship between tail-overweighting parameters em-

bedded in the probability weighting functions of non-expected utility models and an

external sentiment measure, proxied by the first principal component (PC1) extracted

via PCA in Chapter 3. Among the parametric weighting functions analyzed, the Pr-

elec probability weighting function exhibits the strongest empirical alignment, with

its curvature parameter α showing a notable 80% correlation with PC1. The findings

offer empirical evidence of a significant correlation between probability weighting pa-

rameters and an external sentiment measure in real-world, non-experimental data.

This contributes to the broader behavioral asset pricing literature by shedding new

light on the dynamic nature of probability weighting and its implications for resolving

the pricing kernel puzzle.
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Chapter 1

Introduction

Dating back to at least Keynes (1936), behavioral economists have explored how

psychological biases drive investor sentiment to push security prices away from their

fundamental values. These mispricings distort capital allocation, affect investment

decisions, and undermine the financial sector’s intermediation role. In recent decades,

this research has expanded to include anomalies such as the the equity premium–risk-

free rate puzzle, stock price overreaction and underreaction, implied volatility patterns

in options, and sentiment-driven price shifts linked to seasonal patterns and major

events. Notable contributions come from scholars including Shiller (1981), De Bondt

and Thaler (1985), De Bondt and Thaler (1987), Lee et al. (1991a), Jegadeesh and

Titman (1993a), Jegadeesh and Titman (2001), Loughran and Ritter (1995), Daniel

et al. (1998), Kamstra et al. (2000), Barberis et al. (2001), Poteshman (2001), Baker

and Wurgler (2004), Edmans et al. (2007), and Xiong and Yan (2010).

Behavioral finance differs from neoclassical finance through two central features:

psychology and limits to arbitrage (Barberis & Thaler, 2003). The psychological di-

mension includes heuristics, biases, and framing effects (Kahneman & Tversky, 1979a;
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Kahneman et al., 1982). Limits to arbitrage, arising from short-selling constraints,

transaction costs, illiquidity, capital limitations, noise trader risk, and regulatory bar-

riers, restrict rational investors from fully correcting mispricings. Sentiment reflects

psychological biases, while limits to arbitrage allow these biases to affect market

prices.

Although sentiment is a key element of behavioral finance, the literature lacks a

single, standardized definition. Traditionally, sentiment is typically defined contex-

tually and proxied by factors like closed-end fund discounts, returns on new equity

issues, or premiums on dividend-paying stocks. Moreover, sentiment variables have

generally been incorporated into empirical asset pricing models as non-tradable pric-

ing factors rather than as integral components of a formal SDF model. This thesis

contributes by estimating a theoretically grounded measure of sentiment using con-

sumption data, market returns, option prices and risk-free rates, where sentiment is

defined as a change of measure that connects objective and subjective beliefs.

To integrate a well defined sentiment within an SDF-based asset pricing frame-

work, the derivation of SDF from the fundamental asset pricing equation is first

presented. The SDF, is a state-dependent function that discounts payoffs based on

time and risk preferences, as well as a state price per unit objective probability, which

encapsulates investor preferences for payoffs across various states of the world. Under

a no-arbitrage framework, every asset price can be written by the expected product

of the pricing kernel and its corresponding payoff. Therefore, when combined with

a model of state probabilities, the SDF offers a comprehensive description of asset

prices, expected returns, and the associated risk premia.

Starting from the investor’s problem of maximizing intertemporal utility given an

initial wealth level, consider an infinitely lived representative investor in complete
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markets who ranks consumption paths according to a time-additive expected utility

model. The investor’s objective is to maximize total expected discounted utility,

expressed as

U = max
ct,ωt

Et

{︄
∞∑︂
j=0

βjU(ct + j)

}︄
, β > 0, ct ≥ 0

(ωtRt+1 + (1− ωt)R
f
t+1)(At − ct) = At+1

(1.1)

where Et is expectation conditional on the investor’s time-t information, At is house-

hold wealth at the beginning of period t, Rt+1 and Rf
t+1 are stock return and risk-free

return respectively between time t and t+1, ct represents investors’ consumption ex-

penditure, ωt represents the share of investors’ savings invested in the stock market,

U(.) is the period utility function which is increasing, concave, and twice differen-

tiable, β represents the subjective discount rate that measures the degree of investors’

impatience.

Consider a general asset pricing framework that accommodates heterogeneity in

agents’ beliefs and preferences. This flexible structure nests many structural asset

pricing models as special cases and enables a systematic analysis of how sentiment-

driven belief formation influences asset pricing outcomes. To price an asset, structural

economic models must, at a minimum, specify the following three components: (1)

the stochastic process that determines the set of marginal agents {Mt}∞t=0 responsible

for pricing the asset across all periods and contingencies; (2) the one-step-ahead SDF{︁
mm

t+1

}︁∞
t=0

, which at least one marginal agent uses to discount future payouts from

period t + 1 back to period t; and (3) the subjective probability measure fpS of the

marginal agent, which specifies in each period t the perceived probability distribution

over the asset’s next-period payoff xt+1.

Building on the three elements outlined above, by taking the first-order conditions,
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the investor balances the marginal utility loss from reducing current consumption

against the discounted marginal utility gain from future asset payoffs. In the absence

of arbitrage, this tradeoff can be succinctly expressed by the Lucas-Breeden asset

pricing equation:

pt = ES
t

[︃
β
u′ (ct+1)

u′ (ct)
xt+1

]︃
= ES

t (mtxt+1) (1.2)

where pt is the current asset price, xt+1 is the asset payoff in one period, mt rep-

resents the SDF. The SDF is often referred to as the pricing kernel because, when

the expectation E is expressed as an integral, m serves as the kernel function in in-

tegral transform. Other common terms for the SDF include the ”marginal rate of

substitution” (representing the ratio of utilities across states when utility is separa-

ble and additive, adjusted by the risk-neutral discount rate), a ”change of measure,”

a ”state-price deflator”. Notably, ES
t denotes the expectation under the subjective

probability measure fpS investors hold at time t, indicating that the pricing equa-

tion remains valid even when expectations deviate from the true probability measure

assumed under rational expectations. This stands in contrast to the rational expec-

tations framework, in which agents’ beliefs are assumed to exactly match the true

underlying probability measure. The subjective probability measure fpS is essentially

the mathematical representation of an agent’s subjective beliefs, which plays a foun-

dational role in asset pricing, particularly in models that relax rational expectations.

This subjective expectation is computed over the probability distribution of future

states of the world, reflecting the agent’s subjective beliefs about how uncertainty

will unfold over time. Nagel (2013) uses the term ”sentiment” as a catch-all label

to describe this type of expectation formation, where beliefs diverge from rational

expectations and Bayesian learning benchmarks.

According to Shefrin (2008), sentiment arises from erroneous beliefs. Consider
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that the asset payoff xt+1 is governed by an objectively correct probability density

function (pdf), yet individual investors hold only subjective beliefs about it. An

investor ’s subjective beliefs are correct exhibits zero sentiment, whereas any deviation

from it results in nonzero sentiment. A central issue in behavioral asset pricing

theory is how, in equilibrium, the market aggregates individual investors’ subjective

probability density functions (pdfs) into a single market-wide probability density

function underling equation (1.1). Naturally, the concept of sentiment applicable to

individual investors’ pdfs also applies to the market-based distribution (Shefrin, 2008).

The aggregation question has been studied since at least Lintner (1969). Shefrin

(2008) shows that in a complete markets model with power utility, the equilibrium

market-based pdf fpR is a generalized weighted Hölder average of individual investors’

pdfs-where the weights reflect relative wealth or consumption and the exponents

correspond to coefficients of relative risk aversion.

Within the neoclassical SDF framework, investors’ beliefs hinge on an underlying

state variable—such as aggregate consumption growth. In this context, an individ-

ual’s sentiment is characterized by the discrepancy between the objective probability

density functions and the subjective pdf. One of the prominent models is Lucas Jr

(1978)’s consumption-based asset pricing model, where the pricing kernel represented

as the intertemporal marginal rate of substitution (IMRS) between consumption at

dates t and T , is given by mt = U ′(CT )
U ′(Ct)

. Under the assumption of Constant Rela-

tive Risk Aversion (CRRA) preferences, the utility function is typically modeled as a

power utility function, and consequently, the pricing kernel is expressed as

mt(θ) = θ0 (CT/Ct)
−θ1 (1.3)

where θ0 is the time preference parameter measuring the degree of impatience and θ1
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represents the coefficient of relative risk aversion, and θ = (θ0, θ1). Ct is the initial

aggregate consumption at time t, CT denotes the aggregate consumption at a future

time T .

A large number of research estimates the pricing kernel using aggregate consump-

tion data. Early work in consumption-based asset pricing models the pricing ker-

nel directly as a function of aggregate consumption growth. Hansen and Singleton

(1982) assume a power-utility function of aggregate U.S. consumption and estimate

the pricing kernel via maximum likelihood and the generalized method of moments

(GMM). Chapman (1997a) models the pricing kernel using current and lagged values

of consumption as state variables, and represents the kernel through an orthogonal

polynomial expansion. Hansen and Jagannathan (1991) establish limits on the mean

and volatility of the consumption-based pricing kernel by relating them to the cor-

responding mean and standard deviation of excess returns on the market portfolio.

A persistent empirical drawback in all consumption-based approaches is measure-

ment and aggregation problems in available aggregate consumption proxies, which

can undermine empirical findings.

In general, the pricing kernel is influenced not only by current and future con-

sumption but also by all state variables affecting marginal utility. For example,

Eichenbaum et al. (1988) incorporate leisure, Startz (1989) integrates durable goods

purchases into the pricing kernel, and Bansal and Viswanathan (1993) specify the

kernel as a function of equity returns, Treasury bill yields, and the term spread.

Moreover, the habit formation models developed by Campbell and Cochrane (1999)

emphasize the role of past consumption in shaping current marginal utility. Simi-

larly, the long-run risks framework of Bansal and Yaron (2004), extended by Bansal

and Yaron (2012), underscores how persistent shocks to consumption volatility have
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sizable effects on the pricing kernel.

There is ongoing debate among researchers about which state variables should

be incorporated into the pricing kernel. To sidestep this issue, scholars explore to

estimate the pricing kernel by projecting it onto the tradable asset payoff xt+1 with-

out having to specify the debated state variables. For example, Aı̈t-Sahalia and Lo

(2000b) and Jackwerth (2000) estimate the pricing kernel by projecting it onto equity

return states using equity index option prices. Rosenberg and Engle (2002) estimate

the pricing kernel use index option price data to estimate the projection of the pricing

kernel onto the returns to the S&P 500. According to Rosenberg and Engle (2002),

the original pricing kernel is defined as mt = mt(zt, zt+1), where zt is a vector of

state variables entering the pricing kernel. The equation(1.1) can be rewritten by de-

composing the joint density ft (xt+1, zt+1) into the product of the conditional density

ft (zt+1 | xt+1) and the marginal density ft (xt+1). The expectation can be evaluated

in two steps:

pt = Et [m
∗
t (xt+1)xt+1] , m∗

t (xt+1) = Et [mt (zt, zt+1) | xt+1] (1.4)

First, the projected pricing kernel m∗
t (xt+1) is derived by integrating the original pric-

ing kernel mt (zt, zt+1) over the conditional density ft (zt+1 | xt+1). Second, the asset

price pt is obtained by integrating the product of the projected pricing kernel and

payoff using the marginal density ft (xt+1). This nonparametric method avoids con-

sumption data entirely and imposes minimal functional assumptions, yielding more

flexible estimates of the SDF. As Cochrane (2009) explains, the projected pricing

kernel-which solely depends on the asset payoff xt+1, preserves the same pricing im-

plications as the original pricing kernel that relies on the full state vector zt+1. Thus,

the projected pricing kernel can be succinctly expressed as a function of the asset
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payoff, which summarizes the influence of all state variables into a function directly

tied to the asset’s observable payoff.

Starting with prices and payoffs in a complete market, the p = E(mx) representa-

tion can be interpreted as an inner product, providing an intuitive, visual framework

for most of the theorems without specifying any utility functions. According to Arrow

(1964) and Debreu (1959), when there is a complete set of state, that is, for every

possible state of the world there is a corresponding security that pays off only if that

state occurs, then the price of any security can be expressed as a weighted average

of the prices of these state-contingent claims, which are now commonly known as

Arrow-Debreu prices.

p(x) =
∑︂
s

π(xi)x(xi) =
∑︂
s

fp(xi)

(︃
π(xi)

fp(xi)

)︃
x(xi) = E(mx)

=
1

Rf

∑︂
fq(xi)x(xi) =

E∗(x)

Rf

(1.5)

where, π is the price of a contingent claim, as known state price, fp(xi) is the objective

probability of state s. The pricing kernel m is defined as the ratio of state price to

probability m(xi) =
π(xi)
fp(xi)

, which means that in a complete market, the pricing kernel

is just a set of contingent claim prices scaled by probabilities. As shown in (1.4), the

price of any security can be priced as the expected payoff discounted by the risk-free

rate as the discount factor. However, the expectation must be taken with respect to

fq(xi), called risk-neutral probability, instead of the objective probability fp(xi). This

concept yields another common transformation of the pricing equation p = E(mx),

which derives risk-neutral probabilities from objective probabilities.

In neoclassical asset pricing theory, the risk-neutral density fq(xi) is transformed

from the objective density fp by applying a change of measure using the normalized

pricing kernel (Cochrane, 2009). This transformation of physical probabilities is used
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to simplify the mathematics of no-arbitrage pricing. Under the risk-neutral measure,

all assets are assumed to earn the risk-free rate, effectively stripping out the risk

premia associated with investors’ risk aversion, thereby allowing assets to be priced

as if investors were indifferent to risk. In particular, risk-neutral probabilities are

defined as fq(xi) ≡ Rfm(xi)fp(xi) = Rfπ(xi), with Rf ≡ 1/
∑︁

π(xi) = 1/E(m),

which means that risk-neutral probabilities are obtained by scaling state prices by

the normalized pricing kernel.

The distinction between state prices and state probabilities emerges from the fact

that market prices must reflect both the likelihood of a future outcome and investors’

risk-preferences. The theoretical relationship between state prices and state proba-

bilities is well established, as outlined in C.-f. Huang and Litzenberger (1988). This

concept shows discrepancies between the risk-neutral density fq and the objective

density fp arise from investors’ risk preferences, and there is a utility function cap-

turing investors’ preferences allowing to match both density functions. Thus, under

the assumptions of complete, frictionless markets for a single asset, the relationship

between fq and fp is captured by the representative investor’s utility function. In

equilibrium, the investor allocates all available wealth to the risky stock at every

moment prior to T and ultimately consumes the stock’s terminal value at T , so that

CT = ST . In a representative investor CRRA-framework, the pricing kernel equation

(1.2) can be rewritten asmt(θ) = θ0 (ST/St)
−θ1 , the pricing kernel can then be defined

using this relationship as follows:

m(xi) =
fq(xi)

Rffp(xi)
= θ0 (ST/St)

−θ1 (1.6)

St is the initial value S&P 500 index at time t, which serves as a proxy for the market

portfolio, while ST denotes the value of the S&P 500 index at a future time T . (1.4)
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provides a framework for identifying the projected pricing kernel. This relationship

stems from the optimizing condition that equates the marginal rate of substitution

(for expected utility) with relative state prices, using consumption at t = 0 as the

numeraire, which implies that the ratio of the objective density fp(xi) to the risk-

neutral density fq(xi) is proportional to the representative investor’s marginal utility,

formally, fp(xi)/fq(xi) ∝ U ′(xi).

In a behavioral framework, an analogous relationship exists between the investors’

subjective density fpS and fq instead of between fp and fq. The resulting expression

for m as the ratio between function fpS and fq is as follows:

m̃(xi) =
fq(xi)

RffpS(xi)
= eΛ (ST/St)

−θ1 (1.7)

where eΛ = (θ0/θ0,e) (fpS/fp), Λ is the sentiment function defined in Shefrin (2008),

which is a scaled log-change of measure that transforms the objective density fp

into investor’s subjective density fpS. This sentiment function is expressed as the

logarithm of a composite measure Φ:

Λ = ln (Φ (xi)) = ln

(︃
fpS
fp

· θ0,t
θ0,t,p

)︃
= ln

(︃
fpR
fp

)︃
+ ln

(︃
θ0,t
θ0,t,p

)︃
(1.8)

where, Φ summarizes two types of deviations arising from investors’ errors, the log-

change of measure ln
(︂

fpR
fp

)︂
quantifies the percentage difference between the subjective

probability weight assigned to a state by investors and its objective probability, while

ln
(︂

θ0,t
θ0,t,p

)︂
reflects the deviation in the representative investor’s equilibrium time dis-

count factor from its value under objectively correct beliefs. When all investors hold

objectively correct beliefs, Φ = 1, and hence Λ = 0.

For simplicity, sentiment Λ refers to ln
(︂

fpR
fp

)︂
throughout this thesis, then eΛ =

fpR
fp

.

When the distortion factor eΛ remains close to one-indicating that the subjective pdf

is only slightly different from the objective pdf. Under this conditions, by taking the
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property of the logarithmic approximation ln(1 + ϵ) ≈ ϵ for small ϵ, Λ = ln
(︁
eΛ
)︁
=

ln
(︁
1 +

(︁
eΛ − 1

)︁)︁
≈ eΛ − 1 and thus eΛ ≈ 1 + Λ. Therefore, the pricing kernel

augmented with sentiment is given by:

m̃(xi) = eΛ (ST/St)
−θ1 ∼= (ST/St)

−θ1 [1 + Λ] ≡ mc +ms (1.9)

where mc = (ST/St)
−θ1 and ms = (ST/St)

−θ1 ln Λ. This behavioral pricing kernel

in equation (1.9) will employed in the second chapter of this thesis.

The behavioral asset pricing approach focuses on the role of sentiment, which

gauges the extent of excessive optimism or pessimism among investors. Importantly,

sentiment is not just an average measure of these attitudes but reflects the entire

distribution of investors’ errors. In particular, heterogeneous beliefs can produce

distinctive smile patterns in the sentiment function. According to Shefrin (2008),

nonzero sentiment underlies the non-monotonic shape of the pricing kernel—a feature

seen as a puzzle by neoclassical economists. In contrast, the behavioral approach

predicts such non-monotonicity as a signature of strong sentiment, establishing a link

between the character of investors’ biases and the pricing kernel shape. Notably, the

time series of overconfidence estimates corroborates this theoretical link, as the shape

of the pricing kernel evolves in tandem with these measures over time.

Moreover, following to Polkovnichenko and Zhao (2013), the pricing kernel based

on the rank-dependent family of models can be defined by multiplying the marginal

utility by the derivative of the probability weighting function

m =
q

Rfp
=

u′(ST )

u′ (St)
Z(P ) = (ST/St)

−θ1 Z(P ) (1.10)

where Z(P) represents the derivative of the probability weighting function.

This thesis comprises three core research chapters, each contributing to the under-

standing of how investor sentiment influences asset pricing through distinct theoretical
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and empirical lenses.

Chapter 2 is targeted to reconcile the inconsistence between the high cross-sectional

explanatory power of the conditional asset pricing model and the fundamental as-

sumptions by developing a behavioral pricing kernel with news sentiment. This chap-

ter primarily contributes by formalizing the role of news sentiment within the SDF

framework. Although news sentiment has frequently been introduced as a nontrad-

able factor in the ad hoc factor models, its integration as a structural component of

the SDF remains largely underexplored. Additionally, the chapter employs Cheby-

shev polynomial approximations to model the pricing kernel in a flexible and robust

manner. This approach leverages the expressive power of Chebyshev polynomials to

capture nonlinearities and oscillatory behavior induced by sentiment dynamics, while

also allowing for time-varying risk aversion through the inclusion of instrumental

variables.

Chapter 3 develops quantile preferences asset pricing model by integrating senti-

ment constructed from PCA to explain asymmetric investor preferences. This chapter

contributes to the understanding of how investor sentiment explains the cross-section

of extreme tail events in the distribution of stock returns. It employs the Panel

Quantile Regression Model, which effectively accounts for unobserved heterogeneity

across financial assets and enables the identification of common patterns in the tail

behavior of returns across different securities. This approach advances traditional

asset pricing models by addressing the limitations of homogeneous preferences and

expected utility maximization, offering a more comprehensive framework for analyz-

ing the influence of sentiment on extreme tail events in asset returns. Moreover,

this chapter introduces a novel composite sentiment index constructed via Principal

Component Analysis (PCA), integrating multiple sentiment proxies—especially those
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derived from machine learning-based news sentiment.

Chapter 4 examines the correlation between the tail overweighting parameters, em-

bedded in the probability weighting function of the rank-dependent family of models,

and external sentiment measures (PC1). The primary contribution of this chapter lies

in addressing a gap in the literature by empirically examining the relationship between

time-varying overweighting preference parameters of probability weighting functions

and investor sentiment toward tail events. Drawing on insights from non-expected

utility models—particularly cumulative prospect theory—it investigates how subjec-

tive probability weighting, especially the overweighting of tail probabilities, relates to

investor sentiment concerning extreme events.

1.1 Theoretical Framework

1.1.1 Belief Formation Beyond Rational Expectation and Bayesian-

Learning

Almost all economic decisions are based on by agents’ perceptions of the current

economy and their expectations about future economic outcomes. For example, the

consumer Euler equation highlights how households’ inflation expectations shape in-

tertemporal consumption choices via changing households’ incentives to save. The

standard approach to modeling these beliefs has been full-information rational expec-

tations. Rational Expectations (RE), introduced by Muth (1961) and later developed

by economists such as Jr. (1970) and Sargent (1973), assumes that investors fully un-

derstand the model and its parameters, making unbiased and objective forecasts about

the future using all available information without systematic errors. This ensures that
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investors’ expectations accurately reflect the true underlying data-generating process

of the economy. As a result, the expectation of an economic variable—such as prices

or returns—aligns with its statistical mean under the true distribution. Moreover, RE

stipulates that all subjective probability distributions should align with the objective

distributions implied by the asset pricing model in equilibrium (Sargent, 2008). While

expectations are central to macroeconomic models, the process of belief formation re-

mains poorly understood.

In financial economics, asset prices inherently embody a forward-looking perspec-

tive, driven by investors’ expectations regarding future payouts and prices. Thus,

asset prices reflect a dynamic blend of expectations, discounting, and risk adjust-

ments, continuously evolving as new information, economic events, and shifts in in-

vestor sentiment. To understand the temporal behavior of asset prices, it’s essential

to understand how expectations about both prices and payouts evolve over time. The

conventional approach to this challenge relies on the assumption of rational expecta-

tions (RE), which implies that asset prices reflect all available information, forming

the basis of the Efficient Market Hypothesis (EMH). Additionally, research in psy-

chology and neuroscience reveals that only a small fraction of brain activity operates

at the level of conscious reflection, with a substantial portion occurring unconsciously

and being influenced by emotions. However, RE fails to adequately specify the pro-

cess through which individuals form decisions based on these expectations. As a

result, much of the asset pricing literature has focused on identifying specifications of

preferences or technology that can account for sufficiently volatile risk premia Adam

and Nagel, 2022.

Although rational expectations (RE) are analytically convenient, they represent a

strong assumption. Whether or not this assumption is realistic is ultimately an empir-
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ical question. A growing body of recent research explores whether allowing investors’

subjective beliefs to deviate from RE could help address some of the empirical chal-

lenges faced by RE-based asset pricing models. Developing models where investors

price assets based on their subjective beliefs about future payouts and prices then

requires making assumptions about how these subjective beliefs are formed. With-

out the strong link between beliefs and an underlying model of objective reality that

RE requires, there are numerous possibilities Adam and Nagel, 2022. Attempting to

reverse-engineer subjective beliefs from asset prices appears unappealing. It is likely

that there are numerous belief formation mechanisms that are observationally equiv-

alent when it comes to predicting asset price movements based on historical price

data.

Expectations data, which measure how investors form beliefs about the future, are

therefore essential in asset pricing models. The mechanisms used to form subjective

beliefs should not only generate asset price behavior that aligns with empirical obser-

vations but also be plausible based on observable investor expectation data. With the

growing availability of data from surveys and machine learning, research on investor

expectations has become a highly active field of research. Mapping survey-based ex-

pectation data into agent expectations for asset pricing models is challenging due to

measurement errors and belief heterogeneity. These challenges have sparked promis-

ing research opportunities, including the exploration of subjective risk perceptions,

the aggregation of measured beliefs, and the relationship between asset market ex-

pectations and the macroeconomy. To develop asset pricing models that align with

survey evidence on subjective belief dynamics, researchers have recently explored

various approaches, including different ways in which agents update their beliefs and

expectations about future outcomes based on new information related to payout or
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price dynamics, adaptive expectations, extrapolative expectations, and diagnostic ex-

pectations. Adam and Nagel (2022) argue that individual rationality, which implies

agents updating their subjective beliefs using Bayes’ rule and making optimal de-

cisions based on their subjective beliefs about factors beyond their control, such as

future market conditions, government policies, or technological changes, is less strin-

gent than the RE assumption. Kamdar (2019) demonstrates, by using survey data

in a model of rationally inattentive consumers facing fundamental uncertainty, that

consumers’ economic beliefs are primarily driven by one key factor: sentiment.

1.1.2 The Psychology of Tail Events

In traditional asset pricing models grounded in the assumption of investor rational-

ity, investor preferences adhere to the expected utility paradigm, which comprises

two key components: a utility function and a set of probability beliefs. Specifically,

rational investors are assumed to utilize information efficiently, forming beliefs based

on optimal statistical procedures, and their utility functions are concave in wealth,

with this concavity capturing investors’ aversion to risk. Specifically, expected utility

is calculated by weighting the utility of different outcomes according to their respec-

tive probabilities. However, in many real-world situations, probabilities are unknown,

leading to Knightian uncertainty or ambiguity, which necessitates assumptions about

these probabilities. With expectations anchored in this manner, significant fluctu-

ations in asset prices over time are primarily attributed to changes in risk premia,

rather than shifts in anticipated future payouts and prices. The expected values of

various decisions can be highly sensitive to these assumptions, particularly in cases

involving long-tailed distributions, where expectations are heavily influenced by rare,

extreme events.
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Over the past decade, a large body of empirical research examined biased beliefs

driven by sentiment through the lens of tail events. Much of the progress in under-

standing the psychology behind the tail events focused on the concept of probability

weighting of cumulative prospect theory (Barberis, 2013a). The psychology of tail

events can be understood through a two-step framework (Fox and Tversky 1998). In

the first step, an individual assesses the probability of a tail event. In the second step,

based on this probability judgment, a decision is made. The first step pertains to the

formation of beliefs, while the second concerns preferences (Barberis, 2013a). On

the beliefs side, a broad summary of the available evidence—though it oversimplifies

many nuances—suggests that when asked to estimate the probability of a tail event,

individuals generally tend to overestimate this probability. On the preferences side,

the prevailing view is that if an individual is aware of a potential tail event, they

will place greater weight on this outcome in their decision-making than the expected

utility framework would suggest. This perspective is most closely associated with the

”probability weighting function,” a key element of Tversky and Kahneman (1992)’s

cumulative prospect theory model of decision-making under risk. The weighting func-

tion transforms subjective probabilities into decision weights, and its main effect is

to cause individuals to overweight the tails of any distribution they are considering.

The original motivation for this was the simultaneous demand many people have for

both lotteries and insurance.
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1.1.3 Noise Trader Theory; Why Arbitrage Fails to Elimi-

nate Mispricing

The study of sentiment-driven market behavior in finance originates from early noise

trader theories, particularly those of Black (1986) and De Long et al. (1990), which

challenge both the Rational Expectations Hypothesis and the Efficient Market Hy-

pothesis (EMH). These theories contend that when some investors make trading de-

cisions based on noisy, non-fundamental signals, asset prices can deviate persistently

from their fundamental values, thereby undermining the assumption that markets

fully and efficiently incorporate all available information. In traditional finance the-

ories, there is no space for investor sentiment in the factors affecting stock returns.

Friedman (1953b) and Fama (1965) argue that noise traders are not important in

the process of asset price formation, as trades by rational arbitrageurs bring prices

close to their fundamental values. However, persistent market anomalies, such as

the underreaction and overreaction of stock prices and the closed-end mutual fund

premium/discount puzzle, challenge the efficient market theory and raise questions

about the extent to which arbitrage can eliminate the divergence between prices and

fundamental values.

Noise traders are investors whose decisions are influenced by sentiment rather than

fundamentals, leading to unpredictability to the market. The noise trader theory un-

derscores that markets are not always rational. Behavioral finance incorporates this

concept to explain real-world phenomena like the dot-com bubble, real estate bub-

bles and sudden market crashes, which are often fueled by irrational sentiment rather

than changes in fundamentals. Since Black (1986) introduced noise as “expectations

that need not follow rational rules”, noise traders are welcome in modelling financial
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markets as they provide liquidity and solve theoretical problems like the information-

paradox formulated by Grossman and Stiglitz (1980). In financial markets, noise is

essential because it provides the small, frequent fluctuations that keep trading activity

alive. In a perfectly rational market, prices would stabilize quickly around intrinsic

values, leaving little room for speculation or arbitrage. But because markets con-

tain so much noise—driven by news events, investor behavior, and random economic

data—prices are constantly in flux. This allows trading to thrive and markets to be

observed dynamically, but it also introduces inefficiencies and makes it harder for

investors to capitalize on any given inefficiency before it disappears.

The influential study by De Long et al. (1990) (DSSW) models the impact of

noise trading on equilibrium prices, demonstrating that coordinated actions of noise

traders based on non-fundamental signals introduce a priced, systematic risk. In

their model, price deviations from fundamental values driven by investor sentiment

are unpredictable. Arbitrageurs who bet against this mispricing face a risk, at least

in the short term, that investor sentiment could become even more extreme, pushing

prices further from fundamental values. The potential for loss and the arbitrageurs’

risk aversion make them unwilling to take large positions. Consequently, arbitrage

does not fully eliminate mispricing, and investor sentiment continues to influence

security prices in equilibrium.

The noise trader model of De Long et al. (1990) motivated empirical research

aimed at verifying the hypothesis that “noise trader” risks influence price forma-

tion. Since closed-end fund shares are primarily held by individual investors, Lee

et al. (1991b) infer that fluctuations in closed-end fund discounts serve as a proxy for

changes in investor sentiment. They find that changes in closed-end fund discounts are

highly correlated with the returns of small-cap stocks, which are predominantly held
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by individual investors. Neal and Wheatley (1998) also find that larger closed-end

fund discounts predict higher small firm returns and note that net redemptions reflect

investor sentiment within closed-end fund discounts. Surprisingly, another commonly

used investor sentiment indicator—the ratio of odd-lot sales to purchases—appears

unable to predict returns for small or large companies. Lee et al. (1991b) showed

that fluctuations in closed-end fund discounts closely correlate with the returns of

small-cap stocks primarily held by individual investors, making it a proxy for shifts

in investor sentiment. Neal and Wheatley (1998) also find that larger closed-end fund

discounts predict higher small firm returns; they find that net redemptions capture

sentiment shifts in closed-end fund discounts, but note that the odd-lot sales-to-

purchases ratio, another popular sentiment indicator, shows no predictive power for

small or large firm returns. In contrast to De Long et al. (1990), Bhushan et al. (1997)

demonstrate that investor myopia is neither required nor sufficient to cause noise in

asset prices.

Similarly, Bodurtha et al. (1995) reported that changes in the country fund dis-

count reflect a previously unidentified risk factor, which they attributed to U.S. in-

vestor sentiment. Kelly (1997), using household data, showed that the likelihood of

an individual becoming a noise trader decreases with rising income; that is, the high

participation of low-income households (noise traders) in the stock market is associ-

ated with the low participation of high-income households (smart money or informed

traders). Additionally, high participation by low-income households (noise traders)

leads to negative future returns. Further examining the predictability of short- and

long-term returns based on survey-based and indirect sentiment indicators, G. W.

Brown (1999) found weak evidence for short-term predictability, but sentiment was

highly correlated with long-term (2-3 year) returns. They also noted the existence of
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institutional sentiment in addition to individual sentiment and challenged the con-

ventional view that sentiment is primarily driven by individual investors and only

affects small-cap stocks.

Additionally, Barberis et al. (1998) introduced a model of investor sentiment to

explain the two pervasive phenomena identified in stock market: underreaction and

overreaction. Evidence of underreaction shows that, over a period of approximately

1 to 12 months, security prices respond slowly to new information, meaning prices

don’t fully adjust to the new information immediately. As a result, news is only grad-

ually reflected in prices, causing prices to exhibit positive autocorrelation over this

period. In other words, current positive news has predictive power for future positive

returns. Evidence of overreaction, on the other hand, shows that over longer time

horizons—around 3 to 5 years—security prices tend to overreact to consistent patterns

of positive or negative news. This means that securities with a long history of posi-

tive news often become overvalued, resulting in lower average returns afterward. Put

differently, securities with sustained strong performance, however measured, reach

extremely high valuations, but these valuations generally revert to the mean.

Jegadeesh and Titman (1993b) provide compelling evidence of underreaction in

stock markets through their examination of U.S. stock returns. Their study demon-

strates that over a six-month horizon, stock returns exhibit positive autocorrelation,

meaning that stocks with strong past performance tend to continue outperforming,

while underperformers tend to lag further. This phenomenon, often referred to as

momentum, is interpreted as evidence of slow information diffusion, where new infor-

mation is not immediately and fully reflected in stock prices. Similar to findings on

post-earnings announcement drift, this behavior highlights market inefficiencies and

the gradual adjustment of prices to reflect underlying fundamentals. Carhart (1997)
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extend the Fama-French Three-Factor Model to the Carhart Four-Factor Model by

incorporating the momentum factor, which demonstrated that the momentum factor

operates independently of the existing market risk, size, and value factors and en-

hances the ability of multifactor models to explain the performance of mutual funds.

These evidencse pose a challenge to the efficient markets theory, as it suggests that

sophisticated investors may achieve excess returns by leveraging underreaction and

overreaction without taking on additional risk. Specifically, underreaction creates a

pattern where momentum investors see returns by buying stocks that have recently

risen in price and selling those that have fallen, while overreaction gives rise to mean-

reversion strategies, where investors capitalize on the tendency of stock prices to

revert to their average values after extreme movements. Fama and French (1996)

notably attempt to address this issue from the perspective of the EMH framework,

proposing that their three-factor model can account for the long-term overreaction

pattern but could not explain the persistence of short-term returns (underreaction).

Furthermore, these findings also challenge behavioral finance theories, as early models

have failed to successfully explain these facts. The critical issue is how to interpret

the beliefs formed by investors that lead to price underreaction and overreaction.

According to De Long et al. (1990) and Shleifer and Vishny (1997), a significant

reason of limits to arbitrage is that investor sentiment is partly unpredictable, creat-

ing at least a short-term risk that sentiment may intensify, pushing prices further from

fundamental values. The noise trader risk may decrease arbitrage positions due to

short-term losses, which is particularly significant when arbitrageurs are risk-averse,

rely on leverage, or manage capital on behalf of others and losing client funds for

underperforming. As such, arbitrage cannot fully eliminate mispricing and investor

sentiment impacts the stock prices in equilibrium. In equilibrium, prices reflect a mix
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of fundamentals and sentiment-driven deviations. These deviations persist because

arbitrage, which theoretically should correct them, is constrained by practical and

psychological factors. Noise traders, driven by irrational sentiment, can push prices

further away from their fundamental value, since sentiment is unpredictable, creating

what is termed ”noise trader risk.” Therefore, the sentiment-driven price deviations

would persist even if the model incorporates arbitrageurs, which aligns with the theo-

retical framework that arbitrage is limited due to noise trader risk. These constraints

explain why deviations from efficient prices can persist. Even in well-functioning mar-

kets, psychological factors create barriers to the correction of mispricings, challenging

the assumptions of traditional efficient market theory. This framework is foundational

in explaining why real-world markets often exhibit anomalies inconsistent with the

Efficient Market Hypothesis (EMH). For instance, bubbles and crashes are extreme

examples of situations where sentiment-driven mispricing remains uncorrected due to

limited arbitrage.

The studies mentioned above illustrate why deviations from efficient prices can

persist and arbitrage fails to eliminate mispricing (De Long et al., 1990; Shleifer &

Vishny, 1997). According to these studies, one of the key reasons for limits to arbi-

trage is that changes in investor sentiment are, to some extent, unpredictable. As a

result, arbitrageurs betting on mispricing face the risk that, at least in the short term,

investor sentiment could become even more extreme, causing prices to deviate further

from their fundamental value. Due to the existence of this ”noise trader risk,” arbi-

trage positions can incur losses in the short run. When arbitrageurs are risk-averse,

use leverage, or manage other people’s funds and face the risk of losing assets un-

der management in the event of poor performance, the increased risk of deepening

mispricing reduces the size of positions they are willing to hold. Therefore, arbi-
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trage fails to fully eliminate mispricing, and investor sentiment continues to influence

security prices in equilibrium. In the model below, investor sentiment is indeed some-

what unpredictable, so even with the introduction of arbitrageurs, arbitrage remains

limited.

Building on sentiment indexes, researchers explored the relationship between sen-

timent and market anomalies like underreaction and overreaction. Barberis et al.

(1998) proposed a model in which investors’ tendency to overreact to past trends

could explain long-term reversals, while Hong and Stein (1999) linked underreaction

to gradual information diffusion among investors. These models highlighted that

investor sentiment could explain previously puzzling patterns, offering a sentiment-

based perspective on anomalies that EMH could not fully address. Studies also delved

into cross-sectional effects of sentiment, examining how sentiment impacts different

asset classes or market segments. For example, Stambaugh et al. (2012) demonstrated

that sentiment-driven mispricing could explain the abnormal returns associated with

the well-known anomalies like the value effect, momentum effect, and size effect.

1.2 Literature Review

1.2.1 Behavioral Pricing Kernel and News Sentiment

Asset pricing models have undergone significant evolution over time. The origins of

modern asset pricing research can be traced to the mean-variance framework intro-

duced by Markowitz (1952) in modern portfolio theory, which conceptualizes expected

return and risk in terms of the mean and variance of asset returns. Following this, the

Capital Asset Pricing Model (CAPM), developed by Sharpe (1964b), Linter (1965),

and Mossin (1966), builds on the mean-variance framework and establishes a linear
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relationship, using a single factor—the stock market index—to explain the returns on

common stocks. However, this static version CAPM has some restrictive assumptions

such as normal distribution, single-period, rational investors, which is difficult to jus-

tify on both empirical and academic grounds. Merton (1973) states that the static

CAPM fails to account for the intertemporal hedging component of asset demand.

In order to adjust the assumption of single-period, Merton (1973) proposed intertem-

poral capital asset pricing model (ICAPM) with stochastic investment opportunities

based on continuous-time economic framework, which is a modified CAPM with mul-

tiple betas considered in multiple periods. Although the intertemporal extension is

theoretically significant, it is difficult to test and implement in financial practices, be-

cause all of the state variables are not easily identified. Another important criticism

for CAPM was that the market return cannot be adequately proxied by broad stock

indexes, and thus the unique role of the market in the model is dubious (Roll, 1977).

Since true market portfolios are unobservable, multifactor models were introduced by

adding additional variables to the CAPM. Ross (1976) developed Arbitrage Pricing

Theory (APT), which does not require a market portfolio specification. Instead, APT

considers a range of macroeconomic indicators as factors that influence stock returns,

capturing systematic risk.

Subsequently, Lucas Jr (1978) and Breeden (2005) developed a single-beta capital

asset pricing model in a multi-good, continuous-time model with uncertain consumption-

goods prices and uncertain investment opportunities, which is known as consumption

capital asset pricing model (CCAPM). In the CCAPM, the expected excess return

on any security is proportional to its beta (or covariance) with respect to aggregate

real consumption alone, where aggregate real consumption is calculated by the price

deflator for consumption expenditures in the National Income and Product Accounts
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(Breeden et al., 2015). More importantly, the CCAPM provides a fundamental un-

derstanding of the relationship between wealth and consumption and an investor’s

risk aversion, which can be used to estimate the investors’ expected return and how

the consumption-driven price volatility can influence the return.

Moreover, given the limitation of the Markowitz model, Black (1992) apply Bayesian

approach that integrates investors’ views and market equilibrium to develop Black-

Litterman model, where the expected returns of a portfolio are estimated by equi-

librium risk premiums caculated by CAPM and investors’ views. In response to the

shortcomings of the CAPM and the CCAPM in explaining the size and value premia

in the cross-section of expected stock returns, Fama and French (1993) introduced

the size factor (SMB) and the value factor (HML) as additional sources of systematic

risk premia, leading to the development of the three-factor model. Later, Carhart

(1997) expanded on this by proposing a four-factor model that included a momentum

factor based on one-year stock returns, adding to the three-factor model. To date,

the literature has identified over 300 factors that influence stock returns (Harvey and

Liu, 2014). Recently, the sources of risk and return in a portfolio extracting from

alternative data are used to predict stock price movements and capture market in-

efficiencies or risk premia on algorithmic trading (Birbeck & Cliff, 2018; Cremonesi

et al., 2018).

Among all these factor pricing models, the consumption-based CAPM stands out

for its unmatched theoretical purity. Various factor pricing models, in which observed

factors serve as proxies for aggregate consumption risk, can be interpreted as special

cases within the broader framework of the consumption-based CAPM (Cochrane,

2009). In this sense, most asset pricing theory is about how to model marginal utility

using observable indicators, and hence amount to alternative ways of connecting the

33



stochastic discount factor to data. In the SDF-based CAPM model, the single factor

is the return on aggregate wealth portfolio that is often proxied by a broad market

index, the expected utility associated with any portfolio on mean-variance efficient

frontier. The wealth portfolio including all existing assets such as financial assets,

human capital, real estate, durable consumption goods, non-corporate businesses etc

in the economy is a claim to all future consumption (Cochrane, 2009). In the SDF-

based Fama-French three-factor model, the size risk and value risk factors are added to

the market risk factor in CAPM for the proxies of marginal utility. The small stocks

and value stocks deliver low returns when marginal utility rises during recessions

when durable consumption falls (Yogo, 2006). Wealth is only valuable because it

gives people access to more consumption, thus utility functions over wealth should

eventually be defended as arising from a more fundamental desire for consumption.

Although the consumption-based CAPM is theoretically appealing, empirical tests

of the model yield parameter estimates that are inconsistent with stylized financial

facts Hansen and Singleton (1983) and Mehra and Prescott (1985). Hansen and Sin-

gleton (1982, 1983) demonstrated that the CCAPM fails to simultaneously account

for both the time-varying nature of interest rates and the cross-sectional patterns of

average returns on stocks and bonds using US data. Similarly, Mehra and Prescott

(1985) highlighted the equity premium puzzle, which suggests that an unrealistically

high level of risk aversion would be needed to explain the historically large outper-

formance of stocks over government bonds, given the observed Sharpe ratio of the

stock market and the low volatility in consumption. A series of empirical tests shows

that the standard CAPM and consumption-based CAPM returns have less explana-

tory power for the cross-sectional and time variation in expected stock returns, and

the risk-aversion parameter is not always negative and the SDF is not always posi-
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tive, which imply that investors are at least locally risk-seeking and the existence of

arbitrage opportunities.

The poor empirical performance of the consumption-based model under rational

expectation theory motivates a search for alternative asset pricing models, namely al-

ternative functions for stochastic discount factor m = f (data). One line of alternative

models seeks to adjust the inflexibility of the expected utility specification, recognizing

that the shortcomings of the consumption-based model may arise from the restrictive

functional form of the utility function. While the mainstream economics still often

relies on expected utility (EU) and rational agent assumptions, the existence of ex-

pected utility is fragile with both the assumptions of return distribution and changes

in the time and risk preferences and the mean and variance of the discount factors.

In the standard time-additive and state-independent expected utility framework, the

two distinct aspects of preference are intertwined, namely intertemporal substitution

is the reciprocal of relative risk aversion. Particularly, for the power utility function,

the curvature parameter γ simultaneously controls intertemporal substitution and

risk aversion. However, aversion to a consumption stream that varies over time and

aversion to a consumption stream that varies across states of nature are two distinct

aspects of consumers’ preferences, thus they should be estimated separately. Utility

functions are typically represented in three dimensions, which encompass preferences

for goods within a specific time period and state of nature, preferences regarding

the allocation of goods over time, and preferences concerning uncertainty. These di-

mensions correspond to the intra-temporal elasticity of substitution, intertemporal

substitution, and the second-order risk aversion parameter. For time preference pa-

rameter β, it is used to measure the degree of investors’ impatience, whose empirical

estimates tend to 1. The individual’s subjective discount rate can not be estimated
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without knowing their risk preference.

More importantly, the standard consumption-based CAPM, along with its condi-

tional versions, also fails to explain the cross-section of asset pricing. In response, part

of the literature has turned to ad-hoc factor models, which offer a parsimonious sum-

mary of the cross-section of expected returns, or to production-based approaches that

suggest a link between firm characteristics and expected returns. However, without

imposing restrictions on investor preferences and beliefs, neither of these approaches

can answer the fundamental question of why investors price assets the way they do

Nagel (2012). Within rational asset pricing theory, research that imposes such restric-

tions has focused on the ICAPM, habit persistence Campbell and Cochrane (1999),

and recursive non-(time) separable preferences Epstein and Zin (1989), long-run risk

models, and the effects of frictions and liquidity risk. Although these preference

specifications based on the rational expectations framework can partially successfully

explain the equity premium puzzle, these rational asset pricing models have less ex-

planatory power for the cross-section of stock returns. Specifically, rational asset

pricing models continue to struggle in matching the explanatory power of empirically

driven factor models that use firm-level characteristics as risk factors, such as firm

size and book-to-market ratio, as highlighted in the studies by Fama and French

(1992, 1993), momentum effects documented by Jegadeesh and Titman (1993b), and

idiosyncratic volatility, as shown in Ang et al. (2006, 2009) and Chabi-Yo (2011).

While there are existing studies on investors’ beliefs and preferences, most empir-

ical asset pricing research operates within the framework of rational expectations. In

traditional aggregation theory, individual investors are typically modeled as a repre-

sentative agent with Bayesian beliefs and an exponential discount factor. However,

it is more realistic to consider that heterogeneous beliefs and preferences lead to a
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representative investor with non-Bayesian beliefs, non-exponential discounting, and

time-varying risk aversion. The anomalies may reflect an omitted factor problem

rooted in systematic investor errors—specifically, those driven by sentiment. Model

specifications that exclude sentiment-related factors significantly impair the estima-

tion of SDF parameters, often yielding results that conflict with standard assump-

tions of risk aversion Pot̀ı and Shefrin (2014). Hens and Reichlin (2013a) suggest that

incomplete markets, risk-seeking behavior, and incorrect beliefs can produce upward-

sloping segments in the pricing kernel—features that may help resolve the equity

premium puzzle. Furthermore, behavioral preferences such as reference points, as-

piration levels, and rank-dependent expected utility contribute to the time-varying

volatility and shape of the pricing kernel. While research consistently underscores

the important role of sentiment in asset pricing (Smales, 2016), sentiment alone does

not fully account for asset price dynamics (Chau et al., 2016). Although some mod-

els incorporate macroeconomic sentiment indicators, the integration of news-based

sentiment into factor models remains underexplored.

1.2.2 Quantile Preference and Sentiment Driven Tails

Traditional asset pricing equilibrium models, such as the Sharpe-Lintner Capital Asset

Pricing Model (Sharpe (1964a); Lintner (1965)), as well as more recent factor-based

alternatives, are grounded in optimal portfolio decision-making under the Expected

Utility (EU) framework. Within this context, the investor’s optimal portfolio choice

is highly dependent on how the utility function is specified to capture individual

preferences. Typically, it is assumed that agents make decisions by maximizing ex-

pected utility in accordance with their risk preferences. However, these assumptions

are often criticized for being overly restrictive and may fall short in accurately cap-
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turing the complexities of real-world investor behavior. To move beyond traditional

expected utility models, researchers aim to introduce heterogeneity into dynamic

economic models, assuming that agents maximize their future quantile utilities. The

fundamental distinction between quantile utility and expected utility lies in how in-

dividuals make decisions under risk. Expected utility focuses on an overall averaging

of outcomes based on probabilities and treats the entire distribution symmetrically.

In contrast, quantile utility shifts attention to specific quantiles of the outcome distri-

bution, such as the median or extreme percentiles. This model is particularly useful

when agents care more about particular parts of the distribution, such as exetreme

losses (focusing on lower quantiles) or extreme gains (focusing on higher quantiles).

Unlike expected utility, quantile utility allows for asymmetric risk preferences, where

decision-makers may behave differently across different quantiles, emphasizing tail

risks rather than the average.

Quantile preferences (QP) have been explored through a growing body of theoret-

ical and empirical work. In early work, Mendelson (1987) introduced the concept of

the quantile-preserving spread, a measure of risk aversion within the quantile utility

framework that mirrors the role of mean-preserving spreads in the traditional expected

utility (EU) model. Manski (1988b) developed the decision-theoretic foundations of

quantile maximization and examined the risk preferences with quantile utility max-

imization. Subsequently, QP have been formally axiomatized by Chambers (2009)

and Rostek (2010). In the context of preferences over distributions, Chambers (2009)

demonstrated that quantile preferences are characterized by the axioms of monotonic-

ity, ordinal covariance, and continuity. Rostek (2010) provided an axiomatization of

quantile preferences within the Savage (1954) framework by introducing a ‘typical’

consequence scenario. In particular, Giovannetti (2013) extends the conventional lin-
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ear average asset pricing formulations to the quantile process. More recently, De

Castro and Galvão (2019) proposed a dynamic framework for decision-making under

uncertainty, wherein agents seek to maximize a sequence of future quantile utilities

over time. de Castro, Galvão, Noussair, and Qiao (2022) present one of the few ex-

perimental investigations into quantile preferences (QP), wherein participants make

pairwise choices between risky lotteries. Their findings suggest that behavior consis-

tent with QP is exhibited by approximately 30% to 50% of the sample population.

de Castro, Galvão, Montes-Rojas, and Olmo (2022) applied the quantile preference

(QP) model to portfolio selection.

In addition, quantile preferences are closely associated with Choquet expected

utility, as outlined by Chambers (2007) and Bassett et al. (2004), who explore how in-

dividuals make decisions based on specific quantiles. Bassett et al. (2004), using Cho-

quet utility functions, demonstrate that pessimistic optimization can be formulated

as a linear quantile regression problem. This approach provides a valuable alternative

to expected utility and serves as a plausible complement for analyzing rational behav-

ior under uncertainty, which accommodates rational expectations by allowing agents

to form expectations that align better with real-world scenarios. This asymmetry

can be linked to the behavioral biases in prospect theory by Kahneman and Tversky

(1979a), where losses weigh heavier than equivalent gains in the decision-making pro-

cess. Moreover, the method of Value-at-Risk (VaR), widely used in finance, can be

seen as an instance of quantile-based decision-making Engle and Manganelli (2004).

Furthermore, quantile preferences relates to the extensive literature on quantile

regression (QR) methods in econometrics. Since the seminal work of Koenker and Jr.

(1978), a growing body of research has focused on estimation and inference in QR

panel data models, which offer powerful methods for examining the heterogeneous
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impacts of policy variables. These models are particularly valuable in program eval-

uation in economics and statistics, in which they enable researchers to assess how

treatments or social programs influence the distribution of outcomes across differ-

ent quantiles. Koenker (2004) presents a general framework for estimating quan-

tile regression models with panel data. By incorporating fixed effects to control for

individual-specific heterogeneity while allowing heterogeneous covariate effects within

the QR framework, this approach provides a flexible and robust method for analyzing

panel data structures.

In finance, Engle and Manganelli (2004) were pioneers in applying quantile regres-

sion to create the Conditional Autoregressive Value-at-Risk (CAViaR) model, which

captures the conditional quantiles of asset returns. Baur, Dimpfl, and Jung (2012)

utilize quantile autoregressions to analyze conditional return distributions, Cappiello

et al. (2014) identify comovements between random variables through time-varying

quantile regression. Žikeš and Baruńık (2016) demonstrate that different realized

measures are effective in predicting future return quantiles without relying on assump-

tions about the underlying conditional distributions. The resulting semi-parametric

modeling approach effectively captures the conditional quantiles of financial returns

within the flexible framework of quantile regression. White et al. (2015) extend the

research focus toward a multivariate framework, emphasizing the interrelationships

between the quantiles of multiple assets. A different branch of the multivariate quan-

tile regression literature focuses on factor-based analysis (X. Chen et al. (2016); Ando

and Bai (2017)). Moreover, QR has been extensively applied in program evaluation

(Chernozhukov and Hansen (2005); Firpo (2007)), the identification of nonseparable

models (Chesher (2003); Imbens and Newey (2009)), nonparametric identification

and estimation of nonadditive random functions (Matzkin (2003)), and testing mod-
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els with multiple equilibria (Echenique and Komunjer (2009)). More importantly,

De Castro and Galvão (2019) provide the microeconomic foundations of QR by for-

mulating a dynamic optimization decision model that yields a conditional quantile

restriction (Euler equation).

Within the framework of bounded rationality Conlisk (1996), investor sentiment

plays a significant role in influencing asset prices Baker and Wurgler (2006), De Long

et al. (1990), and Hughen and McDonald (2005). In this context, a growing body

of empirical studies investigates the effects of investor sentiment on both asset re-

turns and market volatility Baker et al. (2012), Black (1986), Bouri et al. (2022),

Corbet et al. (2020), De Long et al. (1990), Frugier (2016), Li et al. (2017), Suardi

et al. (2022), and Yarovaya et al. (2022).To measure investor sentiment, the litera-

ture employs a variety of proxies, broadly categorized into three main types. Firstly,

market-based indicators such as trading volume, turnover rates, and dividend premi-

ums are frequently utilized, reflecting the underlying investor behavior in financial

markets Baker and Stein (2004). Secondly, sentiment surveys offer direct insight into

investor expectations and mood, with widely used examples including the American

Association of Individual Investors’ sentiment index Lee et al. (2002), the UBS/Gallup

survey Qiu and Welch (2006), and animusX sentiment data Lux (2011). Thirdly, an

emerging strand of research leverages machine learning methods to extract sentiment

from textual data, such as financial news and commentary, providing more dynamic

and granular sentiment indicators Calomiris and Mamaysky (2019) and A. Shapiro

(2022).

Although a substantial body of literature examines the impact of sentiment on the

cross-section of returns, much of the existing literature concentrates on average senti-

ment effects, thereby neglecting how different parts of the return distribution react to
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shifts in sentiment—especially under extreme market conditions. Quantile preference

models are particularly effective in capturing downside risk aversion and asymmetric

risk perceptions, making them well-suited for explaining sentiment-driven investor be-

havior, such as overreactions to extreme market events. In a multivariate framework,

the static quantile approach provides a flexible framework to model tail events within

the conditional distributions through sentiment, delivering a clear interpretation of

how various factors—including sentiment—affect the return distribution.

1.2.3 Time-varying Probability Weighting and Investor Sen-

timent Toward Tails

Although expected utility theory remains the dominant framework for modeling in-

strumental rationality, it exhibits significant empirical limitations. In particular, its

assumptions of full rationality and linear probability weighting often fail to capture

actual human behavior. Economists have noted that individuals are often more re-

sponsive to changes in the probabilities of extreme outcomes than to those of more

common, intermediate events. The Expected Utility (EU) model, with its linear

weighting of probabilities, fails to capture this pattern. This led to the development

of non-expected utility models, including prospect theory (Kahneman and Tversky,

1979a), rank-dependent expected utility (RDEU)(Quiggin, 1982, 1993), and cumu-

lative prospect theory (Kahneman and Tversky (1992)). A key component of these

models is the probability weighting function.

Kahneman and Tversky (1979a) proposed the original version of prospect theory,

which captured the theory’s fundamental behavioral insights. However, the original

version has notable limitations: it was restricted to analyzing gambles with no more
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than two nonzero outcomes and, in some cases, predicts that individuals will choose

dominated options. To address these limitations, Tversky and Kahneman (1992)

introduced a revised version of their theory—cumulative prospect theory—building

on the framework of rank-dependent expected utility (RDEU) developed in 1982.

This modified version is the one typically used in economic analysis, and it is the

version briefly reviewed in this thesis. Under cumulative prospect theory, people’s

decision making is characterized by the four elements of prospect theory: 1) reference

dependence, 2) loss aversion, 3) diminishing sensitivity, and 4) probability weighting.

First, reference dependence refers to the idea that individuals derive utility from

gains and losses relative to a reference point, rather than from absolute levels of

wealth. Second, the value function embodies the principle of loss aversion—the

observation that individuals exhibit more sensitive to losses compared to gains of

the same magnitude. Informally, this is modeled by making the value function

steeper for losses than for gains, reflecting the disproportionate psychological im-

pact of losses. Third, diminishing sensitivity is reflected in the curvature of the value

function. Specifically, the value function is concave for gains indicating risk aver-

sion for moderate-probability gains, and convex for losses indicating risk-seeking for

moderate-probability losses, meaning that the marginal value of both gains and losses

decreases with their distance from a reference point. The fourth and final compo-

nent is probability weighting, which indicates that people assign weights to outcomes

based on transformed probabilities that overweight the tails of the distribution rather

than objective probabilities. These features typically produce an asymmetric, inverse

S-shape of weighting function.

According to Barberis (2013b), the research progress in understanding the psychol-

ogy of tail events has largely revolved around the concept of “probability weighting,”
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particularly its applications across different fields of economics. Intuitively, the proba-

bility weighting function serves as a tool to model individuals’ risk preferences towards

probabilities of ranked events. Notably, emphasize that these transformed probabil-

ities should not be interpreted as erroneous beliefs; instead, they represent decision

weights—a reflection of how individuals subjectively evaluate the impact of probabili-

ties in decision-making. Moreover, barberis2008stocksaslotteries<empty citation>

argue that the primary effect of the weighting function is to overweight the tails of

the distribution it is applied to, which is not a bias in belief but a modeling tool

aimed at capturing the common preference for positively skewed return distribution.

The theoretical restrictions on the probability weighting function are quite mini-

mal, leaving its shape to be empirically determined. Numerous experimental studies,

for example Camerer and Ho (1994), Wu and Gonzalez (1996), and , show that peo-

ple tend to overweight events in the tails of the distribution compared to those in

the middle, which can be characterized by an inverse-S-shaped probability weighting

function and a corresponding U-shaped density function. For instance, Camerer and

Ho (1994) review evidence from various studies supporting the non-linear nature of

probability weights with a higher sensitivity to tail events. Wu and Gonzalez (1996)

identify the inverse-S shape of probability weighting in experimental data using a

method that does not require specific assumptions about the utility or probability

weighting functions’ forms. Numerous other researchers have conducted experiments,

both hypothetical and with real payouts, to explore probability weighting functions,

consistently finding that the inverse-S shape aligns well with observed data, as seen

in works by Quiggin (1987), Lopes (1987), and Prelec (1998). Additionally, Berns

et al. (2007) provide insights from non-monetary experiments. Comprehensive sur-

veys of theoretical and empirical literature on risk-related choice are available from
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Shoemaker (1982), Camerer (1995), and Starmer (2000).

According to Polkovnichenko and Zhao (2013), most estimated probability weight-

ing functions display an inverse-S shape, characterized by the overweighting of tail

probabilities. By fitting a parametric form to nonparametric weight estimates, it is

possible to construct a time series of the parameters that define its shape. While the

inverse-S pattern dominates—reflecting an overweighting of tail events, there are pe-

riods in which the function shifts to an S-shape, indicating a tendency to underweight

tail probabilities. These temporal variations in the shape of the weighting function

offer a potential lens through which to measure investor sentiment toward tail events

(Polkovnichenko & Zhao, 2013). Despite the theoretical link between probability

weighting and investor sentiment, few studies to date have explored this relationship.

The chapter 4 seeks to address this gap by examining how time-varying parameters

of probability weighting functions correlate with investor sentiment toward tail risks.

As Barberis (2013b) observes, it is somewhat surprising that, prospect theory has

seen relatively few prominent and widely accepted applications in economics, despite

the decades since its seminal introduction by Kahneman and Tversky in 1979. One

might therefore conclude that, although it captures behavior accurately in laboratory

settings, its relevance beyond the lab is limited. Chapter 4 challenges that view by

providing empirical support for probability weighting using non-experimental data

and independently corroborates the strong correlation between the time-varying pa-

rameters of probability weighting functions and external investor sentiment measures.

In doing so, it extends the reach of prospect theory well beyond the confines of ex-

perimental setting.

This thesis covers a broad spectrum and connects with multiple strands of litera-

ture in economic theory, econometrics and machine learning, focusing on the evolution
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of decision-making models under uncertainty in dynamic settings.

1.3 Summary

This chapter provides a comprehensive overview of the key challenges inherent in

traditional asset pricing models and examines how both theoretical frameworks and

empirical research in behavioral asset pricing have sought to address them. Specifi-

cally, it explores how incorporating investor sentiment into behavioral pricing kernels,

quantile preference models, and the rank-dependent family of utility models offers a

promising avenue for resolving persistent anomalies and improving the understanding

of asset price dynamics.
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Chapter 2

Behavioral Pricing Kernel and

News Sentiment

2.1 Introduction

The parameter estimates in the empirical tests of CCAPM are inconsistent with finan-

cial stylized facts (Hansen and Singleton, 1983; Mehra and Prescott, 1985). Hansen

and Singleton (1982, 1983) found the CCAPM cannot simultaneously explain the

time-variation of interest rates and the cross-sectional pattern of average returns on

stocks and bonds based on US data. Mehra and Prescott (1985) observed the equity

premium puzzle, which implies an unrealistically high level of risk aversion to ex-

plain the excessively high historical outperformance of stocks over government bonds,

given the observed Sharpe ratio of the stock market and low volatility of consump-

tion. Although the preference specifications based on the rational expectations frame-

work—including the lifetime recursive utility Epstein and Zin (1989), the backward-

looking habit model Campbell and Cochrane (1999), and the forward-looking long-run
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risk model Bansal and Yaron (2004)—can partially explain the equity premium puz-

zle, they have not yet succeeded in the task of explaining the cross-section of stock

returns.

One possibility is that the unconditional CCAPM fails to take the time variation

of the SDF parameters into consideration (Lettau & Ludvigson, 2001b). A large

number of empirical tests show that expected excess return on broad market indexes

are forecastable, which indicates that risk premia is time-varying (Campbell and

Shiller, 1988; Fama and French, 2021; Lamont, 1998; Lettau and Ludvigson, 2001a).

According to the Habit persistence model developped by Campbell and Cochrane

(1999), investors’ expected risk premia changes with the time-varying changes in the

economic conditions (business cycles), the investment opportunity sets, and their time

preference and risk aversion, thus the discount factor should be a state-dependent

function of the pricing factors such as consumption growth, market return. Based on

the time-varying risk premia, the parameter in stochastic discount factor will depend

on investor expectations of future excess returns.

The conditional versions of the CCAPM with time varying parameters are most

empirically successful in pricing the cross-sectional variations of stock returns. For

example, Lettau and Ludvigson (2001a) and Lettau and Ludvigson (2001b) show that

the conditional version of a multi-factor model has more explanatory power in the

cross section of stock returns. However, Lewellen et al. (2010) warn the estimates may

be unreliable because of the flexibility resulting from allowing time varying parameters

scaled with conditioning variables unless the preference restrictions are imposed on

the pricing kernel model. In the paper by Lettau and Ludvigson (2001a) and Lettau

and Ludvigson (2001b), both the risk-aversion parameter and the SDF are negative

for certain sample realizations of the conditioning variable, which imply that investors
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are at least locally risk-seeking and the existence of arbitrage opportunities.

Therefore, there is a puzzling contrast in the conditional asset pricing between the

high cross-sectional explanatory power of model and the in-consistence between the

coefficient estimates the fundamental assumptions implied by the model. There is

the possibility that an omitted factor problem might be behind this puzzle. The fit of

model specifications without sentiment-related factors significantly hindered the SDF

parameters estimates that are inconsistent with standard risk aversion assumptions.

Poti and Shefrin (2014) propose a polynomial pricing kernel that augments with the

Baker–Wurgler sentiment factor. Although the model partially reduced the negative

values of the SDF and risk aversion, the extent is limited. This chapter tends to

reconcile the inconsistence between the high cross-sectional explanatory power of the

conditional asset pricing model and the fundamental assumptions by developing a

behavioral pricing kernel with news sentiment.

In the behavioral pricing-kernel framework, sentiment is encoded in the kernel’s

shape— a feature derived from Shefrin’s decomposition theorem (Shefrin, 2008). This

relationship arises because the shape of the sentiment function mirrors how both

behavioral preferences and cognitive biases are distributed across investors. For in-

stance, correlated optimism and overconfidence among investors can produce a pricing

kernel with oscillatory features and locally upward-sloping segments (Barone-Adesi et

al., 2017). Accordingly, the time-varying shape of the pricing kernel tracks evolving

patterns of cognitive errors and behavioral preferences. A central empirical chal-

lenge in this context is the accurate measurement of investor sentiment. The lit-

erature employs a wide range of proxies, including the Baker and Wurgler (2006)

investor sentiment index, as well as various measures based on survey, textual, and

media data. A. H. Shapiro et al. (2022) constructed news sentiment indicator from

49



economic and financial news paper articles and show the news sentiment indicator

is predictive of movements of survey-based measures of consumer sentiment. To

capture informational content distinct from Baker–Wurgler-type market-based prox-

ies commonly used in the literature (e.g., Shefrin, 2014), this chapter adopts the

Shapiro–Sudhof–Wilson (2022) news-sentiment index as the primary sentiment mea-

sure.

Moreover, the choice of conditioning variable plays a key role on the conditional

models. Given that stock price change over time, which must reflect changing con-

ditional moments of something on the dynamic asset pricing relation, asset prices

should be modeled as a function of investors’ conditioning information. Although the

unobservability of the conditioning information may make a conditional factor model

untestable since it is impossiple for researchers to observe and incorparte all the con-

ditioning information used by investors in their models, Cochrane (2009) and Lettau

and Ludvigson (2001b) argue that using a conditional variable that summarises in-

vestors’ expectation for excess returns can largely circumvent this issue. Santos and

Veronesi (2006) state that instruments that are informative about expected returns

or the state of the economy can be natural candidates of conditional information in

empirical tests. The instrumental variables should be parsimonious due to power

considerations in GMM estimation(Tauchen (1986)).

There are a set of popular predictive variables including dividend-price ratio,

dividend yield, consumption-wealth ratio, value spread used in the empirical test

of conditional factors models. According to Lettau and Ludvigson (2001a, 2001b),

in a broad range of optimization models for consumer behavior, the log consump-

tion–aggregate wealth (including both human capital and asset holdings) ratio has

predictive power for expected returns on aggregate wealth, or the market portfolio.
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The main challenge in implementing this idea lies in the fact that the consumption-

aggregate wealth ratio, particularly its human capital component, cannot be directly

observed.Lettau and Ludvigson (2001b) address this limitation by introducing an

observable counterpart-defined as the cointegrating residual among log consumption

(c), log asset (nonhuman) wealth (a), and log labor income (y)-which they denote as

cay inLettau and Ludvigson (2001a). Specifically, log consumption and log aggregate

wealth (including asset holdings and human capital) tend to move together in the

long run, despite that they may deviate from each other in the short run based on

changing expectation for future asset returns. Thus, the observable version of this

ratio will be a good proxy for agent’s expectations on aggregate wealth or market

portfolio.

Lettau and Ludvigson (2001a, 2001b) show that, scaling the conditional consumption-

based CAPM by cay substantially improves its ability to account for the well-known

“value premium”, which implies that that an asset’s risk is not governed by its uncon-

ditional correlation with the model’s underlying factor, but instead by its correlation

that varies with the prevailing state of the economy. The study emphasizes that

the conditioning variable is central to the empirical framework, as the linear factor

model depends on investors’ unobservable information sets, which are inherently un-

observable to the econometrician. To identify a variable that summarizes investor

expectations, the study draws on a core principle of forward-looking models—that

agents’ observable behavior reflects their beliefs about future outcomes. Moreover,

compared with other commonly used variables like the dividend-price ratio, consump-

tion can be considered as the dividend paid from aggregate wealth, which means the

deviations in the consumption–aggregate wealth ratio represent expectations about

the entire market portfolio, not just the stock market part of it. Accordingly, the cayt
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supplied by Lettau and Ludvigson (2001a, 2001b), which captures investors’ expec-

tation for returns on the market portfolio, will be used as the conditioning variable

that drives the variation of the SDF parameters in this chapter.

Following Poti and Shefrin (2014), this chapter will study whether the CCAPM

with sentiment factors, and thus allowing for a behavioural influence on asset pricing,

can improve the explanatory power of the (C)CAPM while admitting risk premia

estimates consistent with the assumption of the representative investor’s preferences

and thus with the underlying economic theory. Consistent with Shefrin (2008), the

SDF can be decomposed into two terms, one being the behavioural component rep-

resented by sentiment and the other being rational component that is represented by

aggregate marginal utility growth of consumption. Research has consistently demon-

strated that sentiment plays a key role in asset pricing models Smales (2015b) and

Allen et al. (2019). However, sentiment alone cannot fully explain asset prices (Chau

et al., 2016). The estimation approach involves estimating a series of models in which

the pricing kernel is modeled as a function of both an index of sentiment and a set

of pricing factors. The analysis begins by estimating the traditional model, which is

then compared to the behavioral specification that incorporates sentiment. All these

models are nested within the more general behavioral pricing kernel framework devel-

oped by Shefrin (2008), allowing for a systematic evaluation of sentiment’s impact on

asset pricing. The performance of the approximate kernels is significantly improved

when news sentiment is incorporated into the kernel.

Moreover, to complement the SDF approximated using a Taylor series, the second

pricing kernel specification is constructed using a linear combination of Chebyshev

polynomial basis functions, evaluated over two fundamental state variables: consump-

tion growth and sentiment. In a model economy with a well-defined structural foun-
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dation, the asset pricing kernel can be represented as a continuous function of its state

variables (Chapman, 1997a). This function can be approximated using orthogonal

polynomials defined over those variables. The use of orthonormal polynomials offers

a key advantage: while the resulting pricing kernel remains nonlinear in the state

variables—thus capable of capturing nonlinear payoffs—it is linear in the model’s

parameters. This linearity yields closed-form solutions for the approximating coeffi-

cients, simplifying both estimation and interpretation. Furthermore, the polynomial

terms naturally serve as factors in a linear asset pricing framework, thereby connect-

ing the model to traditional factor-based approaches while preserving the flexibility

needed to capture complex, state-dependent dynamics.

This chapter conducts an empirical test of the (C)CAPM by approximating the

pricing kernel as a linear function of consumption growth and news sentiment. The

proposed approach retains many of the desirable features found in nonparametric

analyses while while mitigating several of their key limitations. Specifically, it ap-

proximates the unknown marginal utility function within a static framework using

a combination of Taylor series expansion and Chebyshev polynomials, thereby of-

fering both local accuracy and global stability in functional approximation. In ad-

dition, departing from the common assumption of constant parameters over time,

the analysis allows for time variation in the parameters by introducing a scaling vari-

able,consumption–wealth ratio. This approach captures potential shifts in the pricing

kernel driven by changes in the broader economic environment.

The primary contribution of this chapter lies in formalizing the role of sentiment

within the SDF framework. While sentiment has often been introduced informally

into empirical asset pricing models—typically as a non-tradable pricing factor—its

integration as a structural component of the SDF remains underexplored. Although
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some studies have augmented SDF models with market and survey-based senti-

ment indicators, few have systematically incorporated news-based sentiment mea-

sures. This chapter advances the literature by embedding sentiment, derived from

economic news, directly into the pricing kernel, enabling a more rigorous evaluation

of its influence on asset pricing. Secondly, this chapter employs Chebyshev polyno-

mial approximations to model the pricing kernel as a flexible function of aggregate

consumption growth and sentiment. This method exploits the flexibility of Cheby-

shev polynomials to capture nonlinearities and more pronounced oscillations driven

by sentiment, while also accommodating time variation in risk aversion through the

inclusion of instrumental variables. By incorporating sentiment alongside consump-

tion growth, the model achieves a notable improvement in performance, underscoring

the informational value of sentiment in asset pricing.

The remain of this chapter is organized as follows. Section 2 summaries the evolu-

tion of asset pricing models. Section 3 introduced the framework from Shefrin (2005)

for decomposing the SDF into a linear factor model, along with the identification

restrictions used to separate the sentiment-driven and (C)CAPM-related components

of the SDF. Section 4 present the GMM estimation. Section 5 details the construc-

tion of data. Section 6 report the empirical findings, in this part, the performance of

different versions of conditional factor models are compared. Section 7 concludes.

2.2 Literature Review

While the CCAPM offers a plausible economic interpretation, the parameter estimates

obtained from empirical tests do not align with the financial stylized facts (Hansen

and Singleton, 1983; Mehra and Prescott, 1985). In addition to the equity premium
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puzzle, the CCAPM also fails to explain the cross section of expected stock returns

Mankiw and Shapiro (1986) and Breeden et al. (1989). One issue is the measurement

and aggregation problems of aggregate consumption proxies Breeden et al. (1989).

Specifically, the consumption data is limited to the measurement problems including

the durables problem, infrequent reporting, sampling error (Breeden et al., 1989). To

address this issue, D. P. Brown and Gibbons (1985) proposed a conditional model

based on a static framework, where consumption is assumed to be equivalent to

wealth. In this setup, the stochastic discount factor can be approximated as a function

of aggregate wealth.

The weak empirical performance of the consumption-based asset pricing model

has prompted the development of alternative asset pricing models, most of which

can ultimately be interpreted as variations in the functional form that maps observ-

able data to the pricing kernel (Cochrane, 2009). This section provides a concise

overview of several such approaches, setting the stage for more detailed discussions

and analyses in later chapters. One strand of these alternative models is to ad-

just the inflexibility of the expected utility specification, as the shortcomings of the

consumption-based model might stem from the chosen functional form for utility. In

the standard CCAPM approach, utility is additively separable over time in a single

aggregate consumption good that lumps together durables with nondurables. How-

ever, in practice, the marginal utility of nondurable consumption can be affected

by the durable goods influences the marginal utility of nondurable goods, today’s

marginal utility can be affected by leisure or yesterday’s consumption. To capture

these richer dynamics, researchers have proposed more general, non-separable utility

functions that allow for a separation between risk aversion and the elasticity of in-

tertemporal substitution. These include the parametric class of non-expected utility
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preferences (Kreps and Porteus, 1978), lifetime recursive utility (Epstein and Zin,

1989), backward-looking habit formation models (Campbell and Cochrane, 1999),

and forward-looking long-run risk models (Bansal & Yaron, 2004). More recently,

Delikouras and Kostakis (2019) introduced a novel utility specification—a single-

factor consumption-based model featuring disappointment aversion combined with

second-order risk neutrality—to explain the cross-section of expected stock returns.

A more fundamental question concerns which variables determine marginal util-

ity, and one prominent approach—adopted by factor pricing models—is to model

the discount factor directly as a linear function of variables that serve as proxies for

aggregate marginal utility growth, rather than relying solely on consumption data.

The consumption-based CAPM, where an asset’s systematic risk is measured by its

covariance with the marginal utility of consumption and the SDF is the marginal

rate of substitution in consumption, has a degree of theoretical purity that is un-

matched by other asset pricing models. A set of asset pricing models, corresponding

to particular forms of the the marginal rate of substitution, are the special cases of

consumption-based CAPM. In the SDF-based CAPM model, the single factor is the

return on aggregate wealth portfolio that is often proxied by a broad market index,

the expected utility associated with any portfolio on mean-variance efficient fron-

tier. The wealth portfolio including all existing assets such as financial assets, human

capital, real estate, durable consumption goods, non-corporate businesses etc in the

economy is a claim to all future consumption (Cochrane, 2009). In the SDF-based

Fama-French three-factor model, the size risk and value risk factors are added to the

market risk factor in CAPM for the proxies of marginal utility. The small stocks and

value stocks deliver low returns when marginal utility rises during recessions when

durable consumption falls (Yogo, 2006). Wealth is only valuable because it gives peo-
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ple access to more consumption, thus utility functions over wealth should eventually

be defended as arising from a more fundamental desire for consumption. In these

asset pricing models, asset prices are all set by an expected utility maximizing rep-

resentative household endowed with rational expectations. According to Cochrane

(2009), consumption and marginal utility respond to news, which imply that con-

sumption will fluctuate with any variable whose changes today can signal income

changes tomorrow, by permanent income logic. This fact opens the door to predic-

tive indicators: any indicator that predicts asset returns (“changes in the investment

opportunity set”) or macroeconomic variables is a candidate pricing factor.

Although these alternative models have had some success in addressing the eq-

uity premium puzzle, they generally fall short in explaining the cross-section of stock

returns. Lettau and Ludvigson (2001a, 2001b) introduced a conditional multifac-

tor model that demonstrates greater explanatory power in capturing cross-sectional

return patterns. However, a notable issue arises: for certain realizations of the con-

ditioning variable, both the estimated risk-aversion parameter and the SDF turn

negative, implying that investors are at least locally risk-seeking and the existence

of arbitrage opportunities. Therefore, there is a puzzling contrast in the conditional

asset pricing between the high cross-sectional explanatory power of model and the

in-consistence between the coefficient estimates the fundamental assumptions implied

by the model.

There is the possibility that an omitted factor problem might be behind the puz-

zle. The fit of model specifications without sentiment-related factors significantly hin-

dered the SDF parameters estimates that are inconsistent with standard risk aversion

assumptions (Poti & Shefrin, 2014). Hens and Reichlin (2013b) proposed that incom-

plete markets, risk-seeking behavior and incorrect beliefs can induce increasing parts
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in the pricing kernel and can be seen as potential solutions for the equity premium

puzzle. Moreover, a set of behavioral preference elements such as reference point, as-

piration point, and rank-dependent expected utility serve to accentuate the volatility

and shape of the pricing kernel over time. Research has consistently highlighted that

sentiment plays a significant role in asset pricing models (Smales, 2015a). However,

sentiment alone cannot fully explain asset prices (Chau et al., 2016). While some

studies have enhanced asset pricing models with macroeconomic-based sentiment in-

dicators, there has been limited exploration of factor models that incorporate news

sentiment.

Another strand is the nonparametric models, exemplified by Bansal, Coleman,

and Hansen (1993), Bansal and Viswanathan (1993), and Chapman (1997b), which

relax the linearity assumption altogether. Despite their superior empirical perfor-

mance in explaining cross-sectional variations of average returns compared to the

static CCAPM, these approaches are constrained by the reliance on ad hoc specifi-

cations—either in the selection of priced factors or the formulation of the nonlinear

functional form. Given the vast range of potential factors and nonlinear specifica-

tions, researchers retain substantial discretion in specifying the model to be examined.

Moreover, the form of the pricing kernel derived from nonparametric approaches lacks

grounding in first principles. Specifically, the nonlinear kernels explored in the non-

parametric approaches do not emerge endogenously from well-defined assumptions

about investor preferences or return distributions Dittmar (2002). These limitations

of nonparametric approaches present significant challenges for empirical application.

First, tests based on ad hoc assumptions may lack statistical power, as they neglect

preference-based theoretical restrictions implied by structural models. Second, the

flexibility of these approaches raises concerns about overfitting and data dredging, as
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highlighted by Lo and MacKinlay (1990) and Fama (1991). In contrast, the static

CCAPM endogenously determines both its pricing kernel (linear) and its factor struc-

ture (the consumption growth), thereby avoiding criticisms related to arbitrary factor

selection and functional form specification.

2.3 Approximating the Pricing Kernel

According to Cochrane (2009), the household’s first-order conditions (FOC) for the

consumption and portfolio choice problem can be summarized by the following the

Euler equation:

Et(mt+1Rt+1) = 1 (2.1)

where Ri,t+1 is the gross return on asset i, which can be seen as a payoff with price

one, mt represents the pricing kernel, Et denotes the mathematical expectation op-

erator conditional on information available at time t. Harrison and Kreps (1979)

demonstrate that mt+1 represents a pricing kernel that prices all risky payoffs and

remains nonnegative under no-arbitrage conditions. By assuming a representative

agent, the pricing kernel can be expressed as a function of the intertemporal marginal

rate of substitution (IMRS) between aggregate consumption at dates t and t + 1,

mt+1 = U ′(Ct+1)
U ′(Ct)

. Although this specification is theoretically attractive, significant

attention has been paid to the measurement and aggregation issues in available ag-

gregate consumption proxies (e.g., Breeden et al. (1989)). The underperformance of

the consumption based model has motivated the search for alternative asset pricing

models-that is, alternative functional forms m = f (data) (Cochrane, 2009). While

one of the intuitive responses to poor empirical performance of consumption-based

model is to try different utility functions, the more crucial question is which variables
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drive marginal utility.

2.3.1 Taylor Expansions

Given the inconsistency between parameter estimates and financial stylized facts when

assuming a standard utility function, a suitable representation for the representative

agent’s utility function remains elusive. To mitigate this issue, Dittmar (2002) ap-

proximates the pricing kernel as a nonlinear function of the return on aggregate wealth

using a Taylor series expansion.

mc = 1 + h1t
U ′′(Ct)

U ′(Ct)
Rct+1 + h2t

U ′′′(Ct)

U ′(Ct)
R2

ct+1

+ h3t
U ′′′(Ct)

U ′(Ct)
R3

ct+1 + · · ·
(2.2)

where, Rct+1 ≡ ∆ct+1

C0
is the growth on end-of-period aggregate consumption, the hi

terms, i = 1, 23 . . ., are non-negative expansion parameters. As demonstrated in

Equation (2.3), the marginal rate of substitution can be approximated by a polyno-

mial function of aggregate consumption in a static setting. One key challenge with

the polynomial expansion is choosing the maximum order of the approximating poly-

nomial. Bansal, Hsieh, and Yaron (1993) allowed the data to determine this point,

but this data-driven approach can reduce power and risk overfitting, making the re-

sulting kernel’s economic interpretation less clear. Dittmar (2002) employs a more

powerful method by using the preference theory developed by Arrow (1971) to guide

the truncation process.

According to Arrow (1971), investor utility functions should exhibit non-satiation

(NS), risk aversion (RA), and non-increasing absolute risk aversion (NIARA)-the

latter being linked to prudence (Kimball (1990, 1993)). In this framework, non-

satiation implies positive marginal utility (U ′ > 0) and risk aversion implies dimin-
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ishing marginal utility (U ′′ < 0). Under these restrictions, the pricing kernel is linear

with a negative coefficient on aggregate wealth returns, thereby nesting the static

CAPM. Moreover, NIARA requires that the decline in marginal utility does not be-

come steeper as wealth increases, i.e.,
d
(︂
−U′′(W )

U′(W )

)︂
dW

≤ 0. A necessary condition for

NIARA, as demonstrated by Arditti (1967), is that the third derivative of the utility

function satisfies U ′′′ ≥ 0, reflecting an aversion to negative skewness. By combining

this condition with a truncation of the series expansion after the quadratic term, the

resulting pricing kernel becomes quadratic in aggregate wealth returns, aligning with

the three-moment CAPM. These conditions implies that by imposing standard risk

aversion on agents’ preferences, the signs of the coefficients for the first three polyno-

mial terms in a Taylor series expansion can be determined. Since preference theory

does not dictate the signs of higher-order polynomial terms, it is assumed that these

additional terms have negligible impact on pricing, implying that the covariance be-

tween returns and polynomial terms of order greater than three in aggregate wealth

is zero. Truncating terms of order higher than the second, the polynomial pricing

kernel mc,t+1 in equation (2.2) can be rewritten more compactly as follows:

mc,t+1 = 1 + θ1tRct+1 + θ2tR
2
ct+1 · · · (2.3)

where, the intercept θ0t of the kernel is set to 1, θ1t ≡ h1t
U ′′(Ct)
U ′(Ct)

and θ2t ≡ h2t
U ′′′(Ct)
U ′(Ct)

.

U ′ > 0, U ′′ < 0, and U ′′′ ≥ 0 imply that θ1t < 0 and θ2t ≥ 0 for all t. In the

case of a first-order Taylor series approximation of the marginal utility, the utility

function simplifies to the familiar power utility form with constant relative risk aver-

sion (CRRA)−γ, U(c) = c1−γ

1−γ
, where the marginal utility ratio is U ′′(c)

U ′(c)
= −γ

c
, the

coefficient θ1t becomes −γ while the coefficients for higher-order terms are zero.

As shown in Equation (2.3), one notable advantage of approximating the pricing
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kernel with Taylor polynomials is that, although the estimated kernel is nonlinear

in the underlying state variables—thereby capable of pricing nonlinear payoffs—it

remains linear in the polynomial coefficients. This linear structure enables closed-

form solutions for the parameters and effectively treats each polynomial term as

an independent factor within a linear pricing model. Thus, the polynomial pricing

kernel is inherently nested within the general conditional factor pricing models pre-

sented in Cochrane (2009), which is develped to address the empirical challenges of

the consumption-based model by modeling marginal utility directly using observable

variables. In this framework, the SDF is specified as a (conditionally) linear function

of a set of proxies:

m = θ0t + θ′itft+1, i = 1, . . . , k. (2.4)

Following Shefrin (2008), the stochastic process for the pricing kernel can be mod-

eled as the sum of rational component and behavioral component:

m̃(xi) = eΛmc
∼= (1 + Λ)(θ0t + θ′tft+1) ≡ mc +ms (2.5)

where mc = θ0t + θ′tft+1 is the rational component, ms = Λ(θ0t + θ′tft+1) is the

product of marginal utility growth and the log of the ratio between the representative

investor’s subjective and the objective pdf, representing the behavioral component.

Λ is sentiment, a log-change of measure defined as ln
(︂

fpR
fp

)︂
in equation (1.8), which

measures the percentage by which, in equilibrium, the market-based pdf exceeds the

objective pdf. In essence, the pricing kernel is modeled as a function of both an index

of sentiment, Λ, and a set of pricing factors, f .

Substituting equation (2.3) into equation (2.5), denoting Λ by s for simplicity,

dropping terms of third and higher orders, the pricing kernel can be expressed as a
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conditional multi-factor model:

m̃(xi) ≈
(︁
1 + θ1tRc,t+1 + θ2tR

2
c,t+1

)︁
(1 + st+1)

≈ 1 + θ1tRc,t+1 + θ2tR
2
c,t+1 + st+1 + θ1tst+1Rc,t+1 +O (higher order)

(2.6)

Following Cochrane (1996), the conditional factor pricing models are evaluated

by by explicitly modeling the unconditional parameters θ0t and θ′it in (2.4) as a linear

function on a time t information variable zt, which serves as a predictive variable for

excess returns. Then the time-varying parameters in equation (2.4) can be specified

as a linear function of the first lag of zt.

θit = θ
′

izt i = 1, ..., k (2.7)

The unconditional factor model implied by the equation (2.4) can then be expressed

as follows,

mt = θ0 + θ′Ft+1. (2.8)

where Ft = ft − E [ft] represents the demeaned factors, θ′ represents the vector of

preference parameters. Given that the mean of the SDF is not identified when the

excess returns are used as test assets payoffs, as noted in Cochrane (2009), by setting

the constant term normalization θ0 = 1+θ′E(f) instead of simply θ0 = 1, the resulting

pricing kernel takes the formm = 1− θ′[f − E(f)] with mean E(m) = 1,

Consider the excess returns on asset i are used as test asset payoffs, in the case

of a kth order approximating polynomial in a single state variable, the zero price for

excess turns Re imply a system of unconditional Euler equations:

E[m̂t+1R
e
i,t+1] = E[m̂t+1]E[Re

i,t+1] + Cov(m̂t+1, R
e
i,t+1)

= 0
(2.9)

where Re
i,t+1 for i = 1, . . . , N denotes the excess returns on N portfolios over risk free

rate.
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Based on (2.8), the Equation (2.8) can then be expressed as a linear factor model

E [Re
it] = −

Cov(m̂t+1, R
e
i,t+1)

E[m̂t+1]
= −θ′Cov(Ft+1, R

e
i,t+1) (2.10)

where, the covariance Cov(Ft+1, R
e
i,t+1) measures how deviations of each factor from

its mean correlate with the excess return on asset i, thereby quantifying the asset’s

sensitivity to each systematic risk factor. By demeaning the factors, the analysis

isolates only the variations—rather than absolute levels—which are the true drivers

of risk premiums in asset pricing.

The equation (2.10) is essentially a cross-sectional regression of expected excess

returns on the covariance between returns and factors, which indicates that the ex-

pected premium on asset i is determined by its covariances with the underlying factors

the risk prices is encapsulated in θ′. Since the factor loadings in beta representation

pricing model is defined as βi = V ar(Ft+1)
−1Cov(Ft+1, R

e
t+1), which can be inter-

preted as a N × K coefficient vector in the multiple time series regression of excess

returns Re
t+1) on the discount factors Ft+1, thus the linear factor model is equivalent

to the familiar beta representation pricing model

E(Re
i,t+1) =

(︃
Cov(Ft+1, R

e
i,t+1)

Var(Ft+1)

)︃
(−Var(Ft+1) θ

′) = β
′

iλ (2.11)

where, β can be interpreted as the quantity of risk, and λ = −V ar(Ft+1)θ is the factor

risk premium, which can be interpreted as the price of risk. Note that λ depends on

the volatility of the discount factor and is the same for each asset, while β varies across

assets. In essence, the equation (2.10) implies the familiar multi-beta pricing model

that a security’s return is a linear function of a set of factors, including higher order

approximations for consumption growth and interaction term between consumption

growth and sentiment, the higher order and interaction term capture the effects of

the nonlinearity in the pricing kernel.
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Then the SDF parameter in the unconditional model can be obtained:

θ = −λ/V ar(Ft+1) (2.12)

As seen above, each scaled multifactor model corresponds to a conditional factor

model from which the scaled multifactor model is derived. The time-varying SDF pa-

rameters can be obtained by the linear function on conditional variable, however, the

correspondingly time-varying risk premia of fundamental factors can not be estimated

without the further assumptions on the conditional covariance. The equation (2.10)

indicates the factor risk price is determined by the SDF parameters b. The linear

function of b on conditional variables presumes that fluctuations in b are primarily

driven by fluctuations in risk premia and implies a linear prediction equation for fu-

ture excess returns. Although these prediction equations have good predictive power

on excess returns, the excess returns often take negative value. Since the risk premia

inherits the properties of these linear prediction models, the sign of risk premia may

change over time. While it is reasonable to obtain the nonnegative factor risk premia

on average in the conditional factor model, this condition does not imply that the

individual risk premia from the unconditional model in equation (2.10) should be

nonnegative.

Based on (2.22) and (2.8), and dropping terms of third and higher orders, the

unconditional version of the equation (2.6) is specified as

m
3M(C)CAPMS
t+1 = θ′0zt + θ′1ztRct+1 + θ′2ztR

2
ct+1 + θ′3ztSt+1Rct+1

= θ00 + θ01zt⏞ ⏟⏟ ⏞
θ0

+ θ10Rc,t+1 + θ11ztRc,t+1⏞ ⏟⏟ ⏞
θ1Rc,t+1

+θ20R
2
c,t+1 + θ30st+1Rc,t+1

(2.13)
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As can be shown, the conditional linear factor model can be converted into an uncon-

ditional multi-factor model in which the additional factors are simply scaled versions

of the original factors.

To evaluate the performance of the kernel in Equation (2.13) relative to alterna-

tive pricing kernel specifications, four scaled multifactor models and three familiar

unconditional models-the static CCAPM, CAPM, and the Fama-French three-factor

model-are estimated. The goal is to assess their explanatory power for the cross-
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sectional variation in returns of 25 size and book-to-market sorted portfolios.

m
(C)CAPM
t+1 = θ00 + θ01zt⏞ ⏟⏟ ⏞

θ0

+ θ10Rc,t+1 + θ11ztRc,t+1⏞ ⏟⏟ ⏞
θ1Rc,t+1

(2.14)

m
3M(C)CAPM
t+1 θ10Rc,t+1 + θ11ztRc,t+1⏞ ⏟⏟ ⏞

θ1Rc,t+1

+θ20R
2
c,t+1 (2.15)

m
(C)CAPMS
t+1 = θ10Rc,t+1 + θ11ztRc,t+1⏞ ⏟⏟ ⏞

θ1Rc,t+1

+θ20st+1Rc,t+1 (2.16)

m
3M(C)CAPMS+S
t+1 = θ00 + θ01zt⏞ ⏟⏟ ⏞

θ0

+ θ10Rc,t+1 + θ11ztRc,t+1⏞ ⏟⏟ ⏞
θ1Rc,t+1

+θ20st+1Rc,t+1

+ θ30R
2
c,t+1 + θ40st+1 (2.17)

m
3M(C)CAPMS−cay
t+1 = θ10Rc,t+1 + θ11ztRc,t+1⏞ ⏟⏟ ⏞

θ1Rc,t+1

+θ20st+1Rc,t+1

+ θ30R
2
c,t+1 + θ40st+1 (2.18)

mCCAPM
t+1 = θ0 + θ1Rc,t+1 (2.19)

mCAPM
t+1 = θ0 + θ1Rm,t+1 (2.20)

mFF3
t+1 = θ0 + θ1Rm,t+1 + θ2RSMB,t+1 + θ3RHML,t+1 (2.21)

2.3.2 Chebyshev Polynomials

The second pricing kernel specification is approximated by a linear combination of

Chebyshev polynomial basis functions, which are evaluated over two key state vari-

ables: consumption growth and sentiment. This approach leverages the flexibility

of Chebyshev polynomials to capture more pronounced, sentiment-driven oscillations
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and it also permits time variation in risk aversion.

m̂ (xt, θ) =
k∑︂

j=0

θjTj (xt) ≡ T ′
tθ (2.22)

Typically, using a degree k polynomial for each state variable, the total number of

parameters of the basis functions becomes (k + 1)d, where d is the number of state

variables. The Chebyshev polynomials of the first kind are defined on the domain

[−1, 1] by Tn(x) = cos (n cos−1(x))which immediately yields T0(x) = 1 and T1(x) = x.

Higher-order polynomials, such as T3(x) = 4x3 − 3x and T4(x) = 8x4 − 8x2 + 1

exhibit oscillatory behavior and display periodic-like patterns over the domain. In

order to extend these desirable approximation properties to functions defined on a

different closed interval [a, b], a linear transformation is applied to map the original

variable into [−1, 1]. Specifically, the transformation x = 2xt+1−(a+b)
b−a

converts the

state variables from the interval [a, b] into the standard Chebyshev domain. The un-

derlying cosine function brings periodic and oscillatory behavior into the polynomial

structure. This approach yields generalized Chebyshev polynomials that maintain

the advantageous features of orthogonality and minimal approximation error while

ensuring accurate function representation over the new interval.

To capture the impact of sentiment on the pricing kernel, an additional state

variable is introduced that represents a scaled log-change of measure that transforms

the objective density fp into investor’s subjective density fpS. In this framework, the

orthonormal polynomials are constructed using a two-dimensional tensor product of

one-dimensional polynomials, as presented in Judd (1992):

m̂ (x1t, x2t) =
k∑︂

j=0

k∑︂
l=0

θjlTj (x1t)Tl (x2t) (2.23)

where x1t is consumption growth and x2t is sentiment. where x1t denotes consumption

growth from time t − 1 to t and x2t denotes consumption growth from time t to
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t + 1. This approach can be extended to incorporate more than two state variables

by constructing the kernel through higher-fold tensor products of the corresponding

one-dimensional polynomials.

2.4 GMM Estimation

In empirical asset pricing, all econometric techniques focus on the parameters esti-

mation, the standard errors calculation of the estimated parameters and the pricing

errors. Cochrane (2009) states all of the techniques come down to one of two ba-

sic ideas: time-series regression or cross-sectional regression. It is a natural way to

use Generalized Method of Moments (GMM) for the estimation test of the model

based on that the linear factor model is a set of moment restrictions on asset returns.

Compared to the conventional Fama–MacBeth two-stage OLS regression, GMM esti-

mation offers several key advantages.

First, Following Shanken (1992) and Jagannathan and Wang (1996), the two-

pass Fama MacBeth (FM) procedure suffers from a generated-regressor, or errors-in-

variables (EIV), bias because the second-pass regressions treat the estimated betas

as known. Specifically, the Fama-MacBeth (FM) procedure treats first-stage betas

as known in the cross-sectional regression. With few time-series observations, this

generated-regressor (errors-in-variables) problem induces attenuation bias and noisy

inference, even after applying Shanken-type adjustments; weak or unstable betas fur-

ther exacerbate finite-sample distortions. In contrast, the two-step GMM approach

estimates the risk premia directly from the Euler equation moments, thereby avoid-

ing beta-estimation error, exploiting the full return covariance structure through an

optimal weighting matrix, and providing an omnibus Hansen J-test of model validity.
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Second, OLS relies on the factors being exogenous, a condition often violated in

asset pricing, leading to biased estimates. In contrast, GMM does not strictly require

exogeneity of the regressors because it can use appropriately chosen instruments and

impose moment restrictions that account for any correlation with the errors. Third,

GMM estimates can tackle the challenge from the presence of heteroscedasticity and

autocorrelation by employing Newey-West estimator of the optimal weighting ma-

trix , which results in more efficient and reliable inference even when error vari-

ances are time-varying or serially correlated. The two-step Fama–MacBeth estimator

effectively corrects for cross-sectional correlation in asset-pricing tests (Fama and

MacBeth (1973)), but it does not address time-series dependence in the residuals.

To handle autocorrelation in panel regressions, Petersen (2009) recommends using

Newey–West–corrected standard errors in the second-stage estimates. Finally, GMM

enables more flexible model specifications by accommodating nonlinearities in the mo-

ment conditions, eliminating the need to linearize the SDF or assume log-normality,

and thereby allowing for the capture of more complex dynamics. In this section, the

first-stage GMM approach with an identity weighting matrix developed by Hansen

and Singleton (1982) is used to estimate the preference parameters of the competing

asset pricing models.

Using the Taylor series approximation with time-varying coefficients, equation

(2.6), the Euler equation (2.1) can be expressed as

E
[︂(︂

Re
i,t+1 ⊗ zt

)︂
m̂t+1

]︂
= 0. (2.24)

where Re
i,t+1 for i = 1, . . . , N denotes the excess returns on N portfolios over risk free

rate, zt is the l × 1 vector of instrumental variables observed at time t and capture

the relevant state information.
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The covariance representation in (2.9) allows the coefficients θ to be directly inter-

preted as preference parameters, unlike the coefficients λ of the beta representation

in (2.10), thus the moment conditions can be constructed from the equation (2.9) as

follows:

gT (θ) = ET [u(θ)] = −ET [z ⊗ (m̂Re)] = −ET [z ⊗Re] + ET [z ⊗ReF ′] (2.25)

where F ′ ≡ f−E(f), ET (·) denotes the sample average over T time series observations

and N represents the number of assets as test payoffs. the instrument variable zt

is chosen to align with the conditioning variables. By taking the sample average

ET (·) = 1
T

∑︁T
t=1(·) of these moment conditions, the moment condition tests whether,

on average, the pricing errors scaled by the instruments are zero. The Kronecker

product ⊗ expands the pricing error across each instrument, thereby generating a set

of moment restrictions, which jointly enforces that there is no systematic mispricing

given the information available. The polynomial approximation’s elements are scaled

by the instrumental variables zt, it is effectively turning the constant coefficients of

the unconditional polynomial approximation in (2.12) into time-varying ones, which

is equivalent to enabling the θ coefficients to vary over time as functions of these

instruments, as shown by Shanken (1991) and Cochrane (1996).

When the moment conditions used for estimation are biased or inconsistent due

to endogeneity, instrumental variables provide a way to “clean” the variation in the

regressors, which helps construct moment conditions that are valid for identification.

By instrumenting for the problematic state variables with zt, one can obtain estimates

of the time-varying parameters that are less likely to suffer from bias caused by the

correlation between the regressors and the error term. cay from ( Lettau and Lud-

vigson (2001a)) is used as an instrumental variable because it embodies key economic
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information about consumers’ liquidity and wealth, correlates with expected returns,

and—crucially—is assumed to be exogenous relative to the error term in the asset

pricing equation. This makes it an effective tool for addressing endogeneity, thereby

helping to achieve unbiased and consistent parameter estimates in the conditional

asset pricing framework.

Equation (2.25) thus represents a system of N × K equations, where K is the

moment conditions employed in the model. The total number of parameters, p,

that need to be estimated is determined by the restrictions imposed in each model.

For instance, for a linear approximation, p = 2K, for a quadratic approximation,

p = 3K. As shown in Yogo (2003), the GMM estimator constructed from these

covariance-based moment conditions is equivalent to an estimator of risk prices de-

rived from a cross-sectional regression. Following Cochrane (1996), each individual

element Ri,t+1 · zt of R ⊗ z can be viewed as the return on a ”managed portfolio”

where investment return in asset i is driven by the observable state variable z. For

notational convenience, denote Rz = R⊗ z.

Exploiting the linear structure in the parameters, the first stage estimate of θ can

be obtained by minimizing the quadratic objective function:

J(θ) = gT (θ)
′WgT (θ) (2.26)

where gT (·) denotes the (nk× 1) vector of sample orthogonality conditions, and W is

an (nk × nk) weighting matrix, which determines how much each moment condition

contributes to the objective function. The overall adequacy of the approximate kernel

can be measured by the J statistic. Specifically, the sample orthogonality conditions

in equation (2.25) can be viewed as the pricing errors derived from the approximate

kernel. When the model specifications are consistent with the data, these pricing
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errors will be nearly zero, leading to the minimized value in equation (2.26). Hansen

and Singleton (1982) shows that JT = T ×J
(︂
θ̂GMM

)︂
converges to a χ2

q−p distribution

(with q = nl and p = dim(θ) ), giving the familiar ”J-test” of overidentifying restric-

tions. Intuitively, JT tests the magnitude of a weighted average of all pricing errors.

However, a low JT value can arise for two very different reasons: either the pricing

errors are small and precisely estimated, or they are relatively large but come with

even larger estimated standard deviations.

The various GMM approaches hinge on the specification chosen for the weighting

matrix, which determines both their efficiency and robustness. In the simplest one-

step GMM one simply sets W = I yielding a consistent but generally inefficient

estimator.

θ̂1 = argminθ gT (θ)
′WgT (θ) (2.27)

Hansen and Singleton (1982) demonstrates that the optimal weighting matrix is the

inverse of the long-run covariance matrix of the moment conditions, which, by de-

sign, accounts for heteroskedasticity and correlations among the moments. In the

first stage, the identity matrix is commonly chosen, (W = I), which simplifies com-

putation by giving equal weight to all moment conditions. This initial estimate, while

consistent, is not necessarily efficient, however, it provides a useful starting point for

constructing an optimal weighting matrix in a subsequent estimation step. The first

stage estimate θ̂1 can be used to form an estimate ˆ︁S of the spectral density matrix

(long-run covariance matrix), S ≡
∑︁∞

j=−∞E [ut(θ)ut−j(θ)
′], summarizes the variabil-

ity and serial correlation of the moment conditions ut(θ) over time, thus the second

stage estimate of θ can be obtained by minimizing a quadratic form in the sample
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moments as follows:

θ̂2 = argminθ gT (θ)
′ ˆ︁S−1gT (θ),

var
(︂
θ̂2

)︂
=

1

T

(︁
d′S−1d

)︁−1
, d ≡ ∂gT (θ)

∂θ
.

(2.28)

where the Jacobian matrix d, the derivative of the sample moment conditions with

respect to the parameters, measures how sensitively the moment conditions respond

to changes in the parameters, which is critical both for parameter identification

and for determining the estimator’s asymptotic variance. By capturing the en-

tire covariance structure of the moment conditions, the matrix S enables the esti-

mator to properly account for heteroskedasticity and autocorrelation, leading con-

sistent and efficient estimates. The scaled estimation error,
√
T
(︂
θ̂1 − θ0

)︂
, con-

verges in distribution to a normal random variable with mean zero and asymp-

totic variance, N(0, var(θ̂)). Under standard regularity conditions, the scaled es-

timation error converges in distribution to a normal random variable with mean

zero and asymptotic variance var
(︂
θ̂1

)︂
,
√
T
(︂
θ̂ − θ

)︂
d−→ N

(︂
0, var

(︂
θ̂1

)︂)︂
. Consider

d = −∂gT (b)
∂b′

= E (Ref ′), the second-moment matrix of returns and factors, the first-

order condition to min g′TWgT is −d′W [ET (Re)− db] = 0, thus the first stage GMM

estimates can be written as θ̂1 = (d′d)−1 d′ET (Re), and the second stage estimates

can be written as θ̂2 = (d′S−1d)
−1

d′S−1ET (Re).

2.5 Data

The data consist of observations on consumption, portfolio returns, news sentiment,

and the instrumental variable cay used as conditioning information. The 25 size

and book to market sorted portfolios from Fama-French are used as test assets pay-

offs, which is collected from Kenneth French website. The returns on the three-
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month Treasury bill rate is used as risk-free rate, which is obtained from CRSP. The

consumption data and the consumption–wealth ratio estimates cayt−1 used as the

conditioning variable are collected from Lettau and Ludvigson (2001a). The news

sentiment indicator developed by A. H. Shapiro et al. (2022), based on economic and

financial newspaper articles, is employed in this chapter as a proxy for investor sen-

timent, denoted st. To mitigate potential endogeneity arising from contemporaneous

interactions between sentiment and stock returns, the first-order lag of the sentiment

indicator is used in the analysis. Although stock returns are often modeled at a

monthly frequency, consumption and labor income data are only reliably available on

a quarterly basis. Measuring cayt quarterly therefore ensures a more accurate esti-

mation of the cointegrating relationship among c, a, and y, as monthly consumption

figures tend to be noisy or interpolated. Moreover, the quarterly specification pro-

duces stable and economically meaningful deviations from the long-run equilibrium,

capturing persistent shifts in investor expectations rather than transitory fluctuations

driven by short-term noise. In essence, quarterly cayt isolates the slow-moving com-

ponent of expected returns, providing precisely the type of information relevant for

scaling factors or conditioning instruments in macro-finance models. The data pe-

riod starts from the first quarter of 1980 to the third quarter of 2019, including 159

observations.

2.6 Empirical findings

For each model in the cross-sectional regression of average retruns, the fitted expected

excess returns for each of the 25 portfolios versus their sample portfolio premia are

plotted. As illustrated in Figure 2.1, the fitted risk premia from the 3M(C)CAPMS+S
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specification-augmented with both the interaction term Rc · s and the standalone

sentiment component s as in model (9)-align along the 30-degree line even more

closely than those produced by the Fama-French three-factor model, indicating supe-

rior cross-sectional explanatory power.

76



Figure 2.1: Predicted Mean Excess Return VS Mean Excess Return

Table 2.1 reports the the estimated factor risk premia (in percentage) and the

corresponding Wald t-statistics for 25 size and book-to-market portfolios across a va-

riety of pricing kernel models over the period 1980-2019. The Wald t-statistics are

estimated using the optimal GMM weighting matrix. To establish a benchmark for

comparison, results from the familiar unconditional models are first presented. In the

static CAPM specification, the estimated beta on the market return is statistically

significant but carries the incorrect sign, highlighting a fundamental empirical weak-
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ness of the model relative to the predictions of CAPM theory. In the unconditional

Consumption-based CAPM (CCAPM), the t-statistic shows that the beta on the con-

sumption growth is not statistically significant, reflecting the model’s limited ability

to account for cross-sectional return variation. This is further reflected in the model’s

poor explanatory power, with an R2 of just 2 percent, and a negative adjusted R2,

underscoring the model’s failure to account for cross-section of average returns. In

contrast, the conditional version (C-CAPM), scaled by the consumption-wealth ratio

(cay), though the Rc factor is insignificant, substantially improves explanatory power,

accounting for approximately 36 percent of the cross-sectional variation in average

returns.
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Table 2.1:

The risk premia λ estimates 25 size and book-to-market portfolios beta-pricing rep-

resentation (1980–2019).

(C)CAPM 3M(C)CAPM (C)CAPMS 3M(C)CAPMS 3M(C)CAPMS+S 3M(C)CAPMS-cay CCAPM CAPM FF3 FF3S

constant 2.9836 3.2779 2.7948 3.3352 2.6766 2.2665 2.5751 4.2162 5.5078 5.3968

(7.32) (4.69) (5.67) (4.84) (6.52) (5.62) (5.88) (4.84) (4.23) (4.19)

cay -0.5592 -0.3444

(-3.87) (-1.39)

Rc -0.1824 -0.0397 -0.1853 -0.2082 -0.3929 -0.4342 -0.1313

(-0.91) (-0.19) (-0.62) (-0.72) (-1.35) (-1.5) (-0.51)

cayRc -0.0035 -0.0056 -0.0025 -0.0052 -0.0042 -0.0047

(-1.46) (-1.89) (-1.07) (-1.86) (-1.72) (-1.71)

R2
c -0.0008 -0.0004 0.0012 0.0020

(-0.41) (-0.23) (0.68) (1.58)

sRc 0.0247 0.0772 0.1288 0.1466

(0.29) (0.9) (1.33) (1.6)

s 1.8103 4.3106 -3.6954

(0.55) (1.08) (-1.24)

Rm -1.7569 -3.3609 -3.2482

(-2.13) (-2.63) (-2.57)

SMB 0.0094 0.0371

(0.05) (0.2)

HML 0.7013 0.6777

(3.39) (3.25)

R2 0.37 0.40 0.41 0.41 0.53 0.46 0.20 0.30 0.57 0.59

R2 adj 0.25 0.28 0.29 0.26 0.34 0.27 0.16 0.24 0.49 0.48

Notes: This table presents the factor risk premia estimates in percentage and their corresponding

t-statistics in brackets.

The coefficient on the scaling variable ˆ︃cay , which represents the time-varying

component of the intercept, is positive and statistically significant across models.

Notably, a comparison between the 3M(C)CAPMS + S and 3M(C)CAPMS − cay

models reveals that omitting the cay term from the cross-sectional regression signif-

icantly affects both the statistical significance of other coefficients and the overall

model fit. This result contrasts with the findings of Lettau and Ludvigson (2001a,
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2001b), who report that excluding the scaling variable does not qualitatively affect

their estimates. In addition, the interaction term cayRe is also consistently significant

across the models, which suggests that, in the current framework, the scaling variable

cay plays a more substantial role in shaping cross-sectional return variation, partic-

ularly through its interaction with other pricing factors. Obviously, the conditioning

variable improves the fit of the CCAPM, which implies that the correlation between

stock returns and consumption growth change over the economic conditions.

Table 2.2

(C)CAPM 3M(C)CAPM (C)CAPMS 3M(C)CAPMS 3M(C)CAPMS+S 3M(C)CAPMS-cay CCAPM CAPM FF3 FF3S

cay 98 60

Rc 53 12 54 61 115 127 38

cayRc 9927 15697 7151 14597 11778 13336

R2
c 1326 680 -1903 -3172

sRc -95 -298 -497 -566

s -1 -2 1

Rm 3 5 5

SMB -0 -0

HML -2 -2

Notes: This table presents the parameters θ vector of the unconditional pricing kernel, the negatives

of the estimated risk prices, implied by the λ
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Figure 2.2

Panel A of this figure reports the SDF implied by GMM estimates of the (C)CAPM. Panel B

reports the estimate of the conditional θ1t parameter for the same model

Moreover, the estimated parameters θ imply that both the SDF and the time

varying risk aversion θ1t, frequently take negative values for prolonged portions of the

sample period. As Panel A of Figure 2.2, the SDF often falls below zero, thereby

assigning negative prices to payoffs that are almost surely nonnegative, which im-

plies arbitrage opportunities and violates the non-satiation assumption imposed by

preference theory. In addition, Panel B of Figure 2.2 shows that θ1t occasionally

takes non-negative values, thereby contradicting the fundamental assumption of risk

aversion. Interestingly, the time-varying risk-aversion coefficient θ1t becomes positive

roughly during episodes when anecdotal evidence points to overoptimistic market
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forecasts of future earnings growth, such as the early 1990s, around 2000 at the onset

of the tech-stock correction—and then turns positive again in the aftermath of the

2008 financial crisis, before gradually reverting below zero, roughly at the beginning

of the stock market correction. The estimates of the 3M(C) CAPM exhibit similar

issues, namely that the SDF is not consistently positive, and the parameter θ1t does

not remain uniformly negative as theoretically expected. The findings reveal strong

evidence that risk aversion behaves counter cyclically across different states of the

S&P 500 return. Specifically, it is observed that empirical risk aversion increases

during economic downturns and declines in expansions. More importantly, compared

with the SDF produced by Poti and Shefrin (2014), the SDF in this chapter takes

rarely negative values, which is probably due to the choice of variables in different

timeframe and the effect of intercept in the second stage regression.

When the news sentiment is incorporated to the kernel, (C)CAPMS and its three-

moment extension 3M(C)CAPMS demonstrate significantly improved empirical per-

formance relative to their non-sentiment counterparts, with most of the gain in ex-

planatory power attributable to the inclusion of the sentiment component. Specifi-

cally, the R2 of both the (C)CAPMS and 3M(C) CAPMS models increase to 0.41 .

While these gains appear modest, they coincide with statistically significant coeffi-

cients on the interaction term between consumption growth and sentiment, captured

by the cross-product st+1Rct+1. This indicates that sentiment-adjusted marginal

utility plays an economically meaningful role in explaining cross-sectional return

variation. Most importantly, among the family of scaled multifactor models, the

3M(C)CAPMS+S specification augmented with both the interaction term (Rc · s)

and the standalone sentiment component s delivers the strongest empirical perfor-

mance, achieving an R2 of 0.53. This explanatory power is comparable to that of the
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Fama-French three-factor model, underscoring the value of incorporating sentiment

directly into the pricing kernel.

The last column of Table 2.1 reports the results for the sentiment-augmented

Fama-French three-factor model (FF3S). Relative to the standard FF3 specification,

the inclusion of the sentiment factor produces a modest increase in explanatory power

( R2 rises from 0.57 to 0.59 ), suggesting that sentiment contributes additional in-

formation beyond the traditional size, value, and market factors. Compared with

the consumption-based models augmented with sentiment, the FF3S model achieves

a higher R2, indicating that sentiment interacts more closely with risk-based return

factors than with aggregate consumption dynamics. This evidence supports the view

that investor sentiment captures behavioral variations in risk premia that are not

fully reflected in fundamental macroeconomic variables.
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Figure 2.3

Panel A of this figure reports the kernels approximated by Chebyshev polynomials based on

consumption growth and sentiment, Panel B reports the estimate of the conditional θ1t parameter

More importantly, the point estimates for the elements of θ suggest a more plau-

sible behavior of the rational component of the SDF relative to models that omit

sentiment. As illustrated in Panel A of Figure 2.3, while the full SDF still frequently

assumes negative values, its rational component (depicted by the blue line) is rarely

negative. Notably, as shown in Panel B of Figure 2.3 , the parameter θ1t is consistently

negative across all periods. This finding is crucial, as it implies that incorporating

sentiment ensures the sign of the systematic conditional covariance price remains con-

sistent with the risk-aversion assumption across all realizations of the conditioning

variable. The sentiment component of the SDF plays a central role in reconciling

84



the model with observed cross-sectional patterns in average excess returns, while

also allowing the representative investor’s intertemporal marginal rate of substitution

(IMRS) to more closely reflect rational, utility-maximizing behavior.

Table 2.3: Testing the Statistical Significance of Pricing Errors from Consumption

Growth and Sentiment-Based Kernels Approximated by Chebyshev Polynomials

k=1 k=2 k=3 k=4

Model 1: g 46 32 43 31

(0.006) (0.161) (0.013) (0.174)

Model 2: g, s 35 23 20 16

(0.095) (0.578) (0.75) (0.904)

Model 3: cay, g, s 27 15 12 12

(0.373) (0.937) (0.988) (0.987)

The table summarizes Hansen’s J-test results for pricing errors across three models and four

polynomial orders.

Table 2.3 presents the parameter estimates of the unconditional SDF approxi-

mated by Chebyshev polynomial, and the Hansen J–statistic of the over-identifying

restrictions evaluated at the two-step (optimal) estimate. The overidentifying restric-

tions tests, as measured by the JT (i) statistics, consistently fail to reject the null

hypothesis that the moment conditions average to zero and thus that the extra the-

oretical moment conditions hold across all polynomial orders in both specifications,

which implies that the model specifications are consistent with the data. Moreover,

the sharp decline in the statistics at higher polynomial orders of the kernel based on
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both consumption growth and news sentiment indicates that increasing the model’s

functional flexibility leads to a much closer alignment between the model’s predicted

moments and the observed data.

2.7 Conclusion

This chapter investigates the role of investor sentiment—specifically, news senti-

ment—as a structural component of the stochastic discount factor (SDF), presenting a

behavioral extension to the standard (C)CAPM framework. Motivated by persistent

empirical challenges—particularly the inconsistency between the high cross-sectional

explanatory power of conditional models and the violations of their underlying theo-

retical assumptions—this study examines whether integrating sentiment can enhance

both the empirical accuracy and theoretical coherence of asset pricing models. By in-

corporating sentiment alongside consumption growth, the SDF becomes significantly

less negative, underscoring the informational value of sentiment in asset pricing.
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Chapter 3

A Quantile Asset Pricing Model

with Sentiment Driven Tails

3.1 Introduction

Behavioral finance theory highlights the critical role of investor sentiment in explain-

ing the cross-sectional relationship between risk and expected returns. While pre-

dictions of expected returns are fundamental to classical asset pricing, there remains

limited understanding of how factors can accurately capture extreme tail events in

the return distribution. Moreover, even less is understood about the commonalities

across different assets in this regard. Standard asset pricing models typically as-

sume that agents maximize expected utility based on their preferences over future

consumption or wealth. However, the underlying preference theory may be too re-

strictive to adequately adapt to more realistic models of decision-making under risk.

One of the key limitations of traditional asset pricing models is the assumption of

homogeneous preferences, which fails to capture the diverse risk attitudes that arise

87



under different conditions, particularly in the context of tail events. To mitigate this

limitation, researchers have moved away from relying on standard expected utility

models and instead introduced heterogeneity into dynamic economic frameworks by

assuming that agents maximize their future stream of quantile utilities Chambers

(2007), Rostek (2010), and De Castro and Galvão (2019).

The concept of quantile utility maximization provides a more flexible framework

to account for these varying preferences. Unlike traditional utility maximization,

which relies on the mean of the distribution (a form of risk aversion based on ex-

pected returns), quantile utility enables agents to focus on different quantiles of the

return distribution, allowing for a more nuanced representation of risk preferences un-

der different conditions. It is noteworthy, however, that the study of quantile utility

maximization as an alternative model remains largely unexplored in the existing lit-

erature, despite the fact that quantile maximization is straightforward and, in certain

contexts, offers a compelling approach. This chapter aims to examine how sentiment

explains the cross-section of extreme tail events in the return distribution, based on

the Panel Quantile Regression Model developed by Cech and Barunik (2017). This

model effectively controls for unobserved heterogeneity among financial assets and

allows for the identification of commonalities across different assets in this regard.

According to Fox and Tversky (1998), the psychology of tail events can be un-

derstood through a two-step framework. In the first step, an individual assesses the

probability of a tail event, which reflects beliefs; in the second, given this probability

judgment, the individual makes a decision, which reflects preferences. On the beliefs

side, a tentative summary of the available evidence indicates that individuals tend

to overestimate the probability of tail events when asked to assess their likelihood.

On the preferences side, the prevailing view is that when individuals are aware of

88



a potential tail, the prevailing view is that when individuals are aware of a poten-

tial tail event, they tend to assign it greater weight in their decision-making than it

would receive under the expected utility framework. This notion is captured by the

probability weighting function, a key element of Tversky and Kahneman (1992)’s cu-

mulative prospect theory, which maps subjective probabilities into decision weights,

leading individuals to overweight the tails of the distribution they consider.

In quantile preference models, the separation between tastes and beliefs is made

explicit. Beliefs determine which quantile of the outcome distribution is being eval-

uated—that is, which part of the distribution the decision-maker focuses on—while

tastes determine how outcomes at that quantile are valued. In this framework, risk

attitude is fully captured by the single-dimensional parameter τ , which specifies the

quantile of the return distribution that the investor evaluates (de Castro & Galvao,

2021). This formulation is considerably simpler than in expected utility models,

where risk attitude is determined by an utility function. Accordingly, changes in sen-

timent can therefore be interpreted as shifts in the effective quantile level at which

investors evaluate risky prospects. During pessimistic periods, investors place more

weight on lower quantiles (low τ), while optimistic periods correspond to higher τ

evaluation. Taken together, sentiment shapes both the subjective distribution and

the investor’s relative concern for tail outcomes, providing a natural link between

quantile preferences and behavioral measures of sentiment.

Measuring investor sentiment is a non-trivial task, and current literature com-

monly employs three primary approaches to gauge it. The first approach uses market-

based indicators as proxies for investor sentiment, including trading volume, closed-

end fund discounts, IPO first-day returns, IPO volume, option-implied volatilities

(VIX), or mutual fund flows Baker and Wurgler (2006). The second approach relies
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on survey-based indices, such as the American Association of Individual Investors’

sentiment index Lee et al. (2002), the UBS/Gallup survey Qiu and Welch (2006),

the animusX Investor Sentiment Index Lux (2011), and the University of Michigan

Consumer Sentiment Index Barone-Adesi et al. (2017). The third approach, more

recently, has seen an increasing use of machine learning techniques to analyze news

sentiment, as demonstrated in works like A. Shapiro (2022), Calomiris and Mamaysky

(2019), and the Thomson Reuters MarketPsych Indices (Reuters (2013)).

This chapter constructs a sentiment index using Principal Component Analysis

(PCA) based on five widely used sentiment indices in academic research: the Shapiro,

Sudhof, and Wilson (SSW) Sentiment Index, the AAII Investor Sentiment Survey as

a proxy for individual investors’ sentiment, the Baker and Wurgler (BW) Sentiment

Index, the Michigan Consumer Sentiment Index (MCSI), Shiller’s Crash Confidence

Index (CCI) and CBOE Volatility Index (VIX). The attractiveness of the PCA-based

sentiment measure becomes clearer when compared to other alternatives, as it offers

several key advantages. First, it allows for the dimensionality reduction of multiple

sentiment proxies into a single composite measure, thereby simplifying the analysis

without losing critical information. Second, PCA captures the underlying common

factors that drive investor sentiment, enhancing its robustness and accuracy by re-

ducing noise from individual indicators. Finally, by aggregating multiple sources of

sentiment data, PCA provides a more comprehensive and reliable measure, making

it a valuable tool for capturing the complexity of investor sentiment compared to

single-indicator approaches.

This chapter contributes to understanding how investor sentiment explains the

cross-section of extreme tail events in stock returns distribution, using the Panel

Quantile Regression Model, which effectively controls for unobserved heterogeneity
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across financial assets and allows for the identification of commonalities in the tail

behavior of returns across different assets. Additionally, the chapter introduces a

novel approach to measuring investor sentiment by constructing a sentiment index

through Principal Component Analysis (PCA). This composite measure aggregates

multiple widely used sentiment indices, with a particular focus on sentiment driven

by machine learning-based news sentiment, offering a more robust and adaptable

tool for sentiment analysis compared to single-indicator methods. By reducing the

dimensionality of multiple sentiment proxies, PCA captures the underlying common

factors driving sentiment, enhancing the model’s ability to link sentiment with tail

risk. This approach not only improves upon traditional models by addressing the

limitations of homogeneous preferences and expected utility maximization but also

provides a more comprehensive framework for analyzing the role of sentiment in

explaining extreme tail events in asset returns.

In order to assess how much unobserved heterogeneity affects the relationship be-

tween sentiment and returns, the individual Univariate Quantile Regression(UQR)

without controlling for unobserved heterogeneity is introduced to establish a bench-

mark for comparison. The comparison of panel quantile regression (PQR) estimates

with individual univariate quantile regression (UQR) parameter estimates reveals

that, once unobserved heterogeneity is controlled for through PQR, PC1 exerts a more

pronounced negative influence on the upper quantiles of returns than most individual

UQR estimates. This finding suggests that accounting for heterogeneity exposes a

stronger downward impact of negative sentiment on the higher quantiles of the return

distribution, which aligns with the asymmetric effect of sentiment observed in Table

2.2. Importantly, it indicates that, without controlling for unobserved heterogeneity,

the influence of sentiment factors on return distributions may be systematically un-
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derestimated, especially at the tails. This comparison underscores the importance of

accounting for unobserved factors in panel data to avoid biased estimates.

3.2 Literature review

The classic asset pricing models are built on the assumption that investors act ra-

tionally and that markets are efficient, leaving little room for behavioral influences.

Although it’s widely acknowledged that there are an abundance of irrational noise

traders with erroneous stochastic beliefs in the market, early economists tend to

overlook their impact on asset price formation. Friedman (1953b) and Fama (1965)

argue that rational arbitrageurs counteract irrational traders by trading against them,

pushing prices toward fundamental values Fama (1965) and Friedman (1953a). How-

ever, the standard finance models struggle to account for the stylized anomalies. To

address these discrepancies, researchers in behavioral finance have proposed an alter-

native framework based on two main assumptions. The first assumption presented

by De Long et al. (1990) posits that investors are influenced by sentiment. This

sentiment refers to irrational beliefs about future cash flows and investment risks

that lack a solid factual basis. The second assumption, highlighted by Shleifer and

Vishny (1997), states that it is both costly and risky to bet against these sentimental

investors, and thus there are limits to arbitrage.

A large body of literature has both theoretically and empirically examined whether

and how investor sentiment influences asset prices—driven by overly optimistic or

pessimistic beliefs and the behavioral biases of irrational agents. Baker and Wurgler

(2006) show that sentiment has a greater impact on securities with valuations that

are highly subjective and hard to arbitrage. In line with this prediction, the empirical
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evidence indicates that when beginning-of-period sentiment proxies are low, subse-

quent returns are relatively high for stocks that are younger, smaller, more volatile,

unprofitable, non–dividend paying, distressed, or with extreme growth potential. In

contrast, when sentiment is high, these categories of returns experience relatively low

subsequent returns. Baker and Wurgler (2007) argue that the key factor making those

stocks more speculative than others lies in the difficulty and subjectivity of determin-

ing their intrinsic values. For example, in the case of a young, currently unprofitable

but potentially highly profitable growth firm, the combination of a lack of earnings

history and a highly uncertain future enables investors to justify valuations ranging

from unrealistically low to excessively high, depending on their prevailing sentiment.

From a psychological perspective, such uncertainty amplifies behavioral biases such as

overconfidence (Daniel et al., 1998), representativeness, and conservatism (Barberis

et al., 1998).

Liang (2018) develops a consumption-based asset pricing model that integrates

sentiment and presents empirical evidence that portfolios with greater sentiment load-

ings earn higher expected returns, although this pattern does not extend to individual

stocks. Likewise, Hirshleifer et al. (2020) conceptualize investor mood as a specific

form of sentiment and show that assets’ sensitivity to mood fluctuations accounts for

the seasonal variation in cross-sectional returns. More recently, Y. Chen et al. (2021)

employ the Baker and Wurgler sentiment index to demonstrate that exposure to mar-

ket sentiment helps explain the cross-sectional variation in hedge fund returns, with

the observed sentiment premium largely attributable to managers’ sentiment-timing

skill.

In the time-series context, however, there remains an ongoing empirical debate

about whether investor sentiment can reliably forecast aggregate stock returns. D.
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Huang et al. (2015) construct an aligned investor sentiment index using six sen-

timent proxies proposed by Baker and Wurgler (2007) and demonstrate that this

composite measure serves as a powerful negative predictor of aggregate market re-

turns over the long run. Lux (2012) argues that the underlying relationship between

investor sentiment and stock returns may be nonlinear. Using two forms of nonlinear

causality testing, Dergiades (2012) finds that investor sentiment exhibits a significant

Granger-causal effect on stock returns. However, Bekiros et al. (2016), employing a

nonparametric causality approach developed by Nishiyama et al. (2011) and using

the same data as D. Huang et al. (2015), find little evidence that investor sentiment

has predictive power for aggregate market returns.

Although a well-known line of research on investor sentiment and aggregate stock

returns has evolved following the pioneering work of Baker and Wurgler (2006), and

the focus has shifted from questioning whether sentiment affects stock prices to how

it can be measured and quantified, this influence is complicated by cognitive biases

that shape the asymmetry of investors’ risk preferences, which in turn gives rise to

another debate regarding the concerns when investor sentiment exerts the greatest

impact on stock returns. While the argument of Shleifer and Vishny (1997) suggests

that the impact of investor sentiment on stock returns should be symmetric, variations

in short-selling costs across different market conditions create a more complex and

nuanced relationship. On one hand, Stambaugh et al. (2012) demonstrate that in a

market with short-sale constraints, overpricing following high-sentiment periods tends

to be more prevalent than sentiment-driven underpricing following low-sentiment peri-

ods, as evidenced by the returns generated from long–short strategies based on these

anomalies. Grinblatt and Keloharju (2009) and Lemmon and Portniaguina (2006)

show that unsophisticated investors tend to enter the stock market following good
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times rather than during downturns, return predictability is therefore expected to

be stronger under good market conditions. Using NBER business-cycle-based mar-

ket states and a Markov-switching framework, the empirical findings of Chung et al.

(2012) provide evidence supporting this view. On the other hand, prospect theory

posits that individuals feel greater pain from losses than pleasure from equivalent gains

(Kahneman & Tversky, 1979b). Human behavior differs markedly between periods

of anxiety and fear and those characterized by prosperity and calm. For instance,

anxiety tends to heighten irrational decision-making (Gino et al., 2012). Moreover,

several studies find that return predictability is more pronounced during recessions

(Cujea & Hasler, 2016; Garcia, 2013).

Despite these findings, the majority of existing literature tends to focus on average

sentiment effects, which overlooks how different segments of the return distribution

respond to sentiment changes, particularly in extreme market conditions. The tradi-

tional decision making models that rely on average behaviors often fail to capture the

complexities inherent in investor decision-making, particularly during periods of ex-

treme market conditions. Moreover, much of this literature lacks a strong theoretical

foundation and primarily focuses on incorporating sentiment variables into empirical

asset pricing models as non-tradable pricing factors. The developments in quantile

preferences provide a framework to analyze these dynamics. Quantile preference mod-

els are especially useful for understanding downside risk preferences and asymmetric

risk perceptions, making them more adaptable in accounting for sentiment-driven in-

vestor behavior, where investors may overreact to the likelihood of extreme market

events. This chapter introduces the appealing quantile utility approach, which en-

ables researchers to capture the behavioral biases without assuming a specific utility

function.
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In the field of economics, expressing risk preferences using quantiles or distribu-

tion functions is not new, notable contributions include the works of Machina (1982),

Yaari (1987), and Dybvig (1988). Quantile preferences were first proposed by Man-

ski (1988b)and subsequently axiomatized by Chambers (2009) and Rostek (2010).

Manski (1988b)develops the decision-theoretic attributes of quantile maximization

and and investigates the risk preferences of the quantile utility maximize agents.

Chambers (2009) demonstrates that quantile preferences over distributions are char-

acterized by monotonicity, ordinal covariance, and continuity. de Castro and Galvao

(2017), building on quantile-based preferences (Manski (1988a); Rostek (2010)), de-

velopped a dynamic model where agents maximize future quantile utilities, aligning

with the preference for specific quantiles rather than just expected values. This study

shows that maximizing a lower quantile of portfolio returns reflects more risk aversion

than maximizing a higher quantile.

Unlike traditional regression techniques, quantile regression characterizes both the

location and scale of the conditional distribution, thereby providing a comprehen-

sive picture of how sentiment influences stock returns across the entire distribution.

Traditional mean-based approaches may fail to capture the true effect due to hetero-

geneity—a pervasive feature of time-series variables. Moreover, quantile regression

can directly capture asymmetric effects (Ding et al., 2016). It is an efficient tool for

addressing nonlinearity without imposing a specific functional form on the model,

such as dividing the sample into ex ante regimes (e.g., recessions versus expansions),

selecting an index to represent the business cycle, or specifying a transition func-

tion that governs regime changes (Linnemann & Winkler, 2016). The possible state

dependence of the sentiment–return relationship can thus be examined through dif-

ferent quantiles of the conditional distribution, where the upper (lower) quantiles
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correspond to bullish (bearish) market conditions (Baur, Dimpfl, & Jung, 2012; Ding

et al., 2016).

Quantile regression provides a more nuanced and comprehensive understanding of

market dynamics by capturing relationships between variables across different points

of the distribution. An expanding body of research indicates that sentiment-driven

tail models are particularly effective in tracing the influence of investor sentiment on

the extremes of return distributions, which becomes especially relevant during peri-

ods of market stress or exuberance. More specifically, integrating sentiment measures

into quantile-based frameworks can enhance predictive power in asset pricing by ex-

plicitly accounting for behavioral biases. For example, Han et al. (2016) employed

both Fama–MacBeth and quantile regression techniques to examine the triangular

relationship among investor sentiment, stock returns, and trading volume, uncover-

ing intricate patterns that differ across various market states and sentiment levels.

Similarly, Chang et al. (2016) applied both methodologies and found that investor

sentiment Granger-causes stock returns under certain market conditions, demonstrat-

ing the predictive power of sentiment in shaping future market movements. Moreover,

Li (2017) employs quantile regression to show that the impact of trading volume on

stock returns becomes more pronounced under extreme market conditions, highlight-

ing the nonlinear nature of this relationship. Abdelmalek (2023) provides evidence

that the relationship between realized volatility, investor sentiment, and stock returns

is asymmetric across quantiles in the quantile regression framework, in contrast to

OLS regression. Moreover, this study extends behavioral theory beyond the tradi-

tional leverage hypothesis by explaining the asymmetric linkage between returns and

volatility at both high and low data frequencies.

Although empirical research increasingly recognises that investor sentiment plays
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a disproportionately large role in shaping asset returns under extreme market con-

ditions, existing studies mainly rely on conventional sentiment indices such as the

Baker–Wurgler index. Recognising the need for reliable empirical proxies of investor

sentiment, the question of how sentiment should be measured has emerged as an im-

portant topic in the literature. Following the pioneering work of Baker and Wurgler

(2006), who construct a composite sentiment index by aggregating several market-

based proxies, such as IPO volume, dividend premium, and the closed-end fund dis-

count, investor sentiment has been measured through a variety of approaches. For

example, Da et al. (2015), D. Huang et al. (2015), and Tetlock (2007), developed

their own Investor Sentiment Indices (ISIs) using different approaches. There are two

main ways to measure the ISI: direct and indirect (for additional sentiment classifi-

cation methods, see Ghallab et al. (2020); and Bhardwaj et al. (2015)). In the direct

measurement, primary data is typically gathered from investors through surveys. On

the other hand, the indirect ISI relies on market-specific, firm-specific, and investor-

specific data to serve as proxies for sentiment. Baker and Wurgler, for instance, used

an indirect approach to construct a composite ISI to capture investor sentiment in

the U.S. market. This study contributes to this field by constructing a quantile-based

asset pricing model that integrates sentiment proxies derived from principal compo-

nent analysis (PCA), thus capturing both the fundamental and behavioral factors

affecting risk preferences across quantiles.

The methodological framework of this chapter is centered on the Panel Quantile

Regression (PQR) Model, a robust approach suited to capturing quantile-specific

sensitivities within asset pricing while accounting for individual-specific effects in

panel data. This model was first conceptualized by Koenker and Bassett (1978) in

the context of quantile regression, which focuses on estimating conditional quantiles
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of a response variable rather than the mean, and it was later extended to panel

data settings by researchers such as Koenker (2004) and Galvao (2011). Koenker

introduced quantile regression as a method to capture the conditional quantiles of a

response variable, while Galvao and others extended this approach to panel data to

account for both individual-specific effects and varying impacts across quantiles.

3.3 PCA to constructing sentiment

The sentiment indices extracted from the five sentiment indices using PCA, capturing

distinct dimensions of investor sentiment, can enhance our understanding of market

dynamics. Each sentiment index captures distinct dimensions of investor sentiment,

reflecting similarities and differences in their data sources, time horizons, and focus

on various market participants or events. Understanding these distinctions will pro-

vide a clearer picture of how investor sentiment is measured and how each index can

be used in empirical research. The SSW index reflects economic sentiment derived

from major U.S. economic and financial newspaper articles through state-of-the-art

textual analysis techniques. In contrast, the BW Sentiment Index gains insights from

market indicators such as trading volume and dividend premiums, highlighting im-

mediate market conditions. The MCSI serves as a survey-based measure of consumer

confidence, emphasizing public perceptions of economic conditions. Meanwhile, the

CCI assesses investor confidence and risk perception concerning market stability and

crash likelihood. The AAII Investor Sentiment Survey gauges individual investors’

expectations for market performance, providing a self-reported perspective on stock

market sentiment. Lastly, V IX is a forward-looking volatility indicator implied by SP

500 Index (SPX) option prices. As a measure of implied market volatility—capturing
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the market’s expectations of risk over the next 30 days, VIX can also serves as a

barometer of investor sentiment.

The sentiment index extracted from PCA has several appealing properties. PCA

transforms the original correlated sentiment measures into a smaller set of uncor-

related variables (the principal components), effectively capturing the underlying

patterns and dimensions of investor sentiment. Before performing PCA on these

sentiment measures, ensuring stationarity and standardization are critical prepro-

cessing steps. Ensuring stationarity is crucial to avoid spurious results that can arise

from non-stationary data. Non-stationary time series may exhibit trends or changing

volatility over time, leading to misleading correlations and invalid statistical infer-

ences. Transforming the data to achieve stationarity results in more robust and

interpretable outcomes. Stationarity is assessed using the Augmented Dickey–Fuller

(ADF) test, whose null hypothesis is a unit root (non-stationarity). The Augmented

Dickey-Fuller (ADF) test results indicate that SSW, AAII, and VIX are stationary

series, while BW, MCSI, and CCI are non-stationary. To ensure that all sentiment

variables used in the PCA are stationary, these series are transformed by first dif-

ferencing (BW, MCSI, CCI) before proceeding. With all series rendered stationary,

they are then standardized, allowing for meaningful comparisons across indices with

different scales and units. This process allows for a more accurate projection of the

original data onto the directions of greatest variance, ensures that the resulting prin-

cipal components reflect the most significant sources of variation within the sentiment

measures, thereby revealing the most significant dimensions of investor sentiment. By

mitigating the influence of scale disparities among variables, standardization enhances

the interpretability of the components.
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Figure 3.1: Plot of sentiment indices The figure shows the sentiment indices plotted

at a monthly frequency. The sample period is February 2011 to November 2023.

The Figure 2.1 displays the plots of the first three principal components (PC1,

PC2, PC3) derived from PCA, alongside the original sentiment indices. PC1, rep-

resented by the thick red line, captures the most significant dimension of variation

across the five sentiment indices, while PC2, represented by the thick blue line, cap-

tures the second most significant uncorrelated dimension. PC3 adds a further orthog-

onal component that explains residual but systematic co-movement not captured by

PC1–PC2. The PCA transformation allows a clearer representation of the overall

sentiment trends by reducing noise from individual indices, reflecting a consolidated

view of the sentiment landscape, highlighting how different indices relate to each

other and contribute to overall market dynamics. The figure helps illustrate the rela-
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tionship and co-movement between various sentiment measures and their aggregated

principal components.

Table 3.1:

Loading matrix in PCA

PC1 PC2 PC3

BW 0.25 -0.42 0.74

MCSI 0.26 -0.48 -0.51

CCI 0.17 0.74 0.22

SSW 0.53 0.14 -0.18

AAII 0.54 -0.10 0.24

VIX -0.51 -0.16 0.24

EV Ratio 0.36 0.19 0.17

The table 3.1 reports the factors loading matrix values, indicating the contribu-

tion of each original feature to the principal components, and the explained variance

ratios (EV Ratio) indicating the proportion of the total variance in the dataset that

each principal component captures. As shown in Table 3.1, PC1 represents a general

sentiment trend primarily influenced by SSW, AAII, and VIX, loading positively on

AAII (0.54) and SSW (0.53)—capturing optimism—and negatively on VIX (0.51),

an inverse indicator of market confidence. PC2 represents a contrasting sentiment

dimension primarily influenced by CCI, MCSI, and BW, loading positively on CCI

(0.74)—reflecting investors’ crash confidence—and negatively on MCSI (0.48) and

BW (0.42). This component captures a divergence between crash confidence (CCI)

and broader market-based sentiment and consumer confidence (BW and MCSI). PC3
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captures a residual contrast largely explained by BW (0.74) and MCSI (0.51), reflect-

ing idiosyncratic variation specific to market-oriented sentiment that is not aligned

with broader survey- or news-based indicators.

To understand why certain sentiment variables exhibit stationarity (short mem-

ory) while others are persistent (possessing unit roots), advanced econometric tech-

niques such as Vector Error Correction Models (VECM) and Granger causality anal-

ysis can be employed to model their joint dynamics. These methods enable the

classification of sentiment variables into short-term and long-term sentiments based

on their dynamic interactions and relationships with market outcomes. For the non-

stationary sentiment variables, applying VECM and Vector Autoregression (VAR)

analyses enables the exploration of long-term equilibrium relationships through coin-

tegration analysis and the identification of Granger causality among these variables.

These techniques help determine which sentiment variables drive others, elucidat-

ing the underlying dynamics of investor sentiment. Integrating these econometric

analyses complements the PCA by providing a deeper understanding of the tempo-

ral relationships and causality among the sentiment measures. This comprehensive

approach enhances the robustness and interpretability of the results, ultimately lead-

ing to a more nuanced understanding of how different types of sentiment influence

financial markets.

3.4 Panel Quantile Regression Model

Following the brief description of sentiment construction for model development, a

simple linear model based on factors as proxies for aggregate consumption and control

variables, including idiosyncratic factors, is proposed for the cross-section of quantiles
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of future returns.

Qτ (ri,t+1) = αi,τ + β1,τσi,t + β2,τPC1t + β3,τPC2t + β4,τPC3t +CF T
t βCF,τ + βRF,τRFt

(3.1)

where ri,t+1 = pi,t+1 − pi,t are monthly logarithmic returns, αi,τ is the individual

fixed effect at quantile τ , capturing stock-specific, time-invariant characteristics. σi,t

represents the stock-specific volatility, estimated using the Garman and Klass, 1980

rangebased estimator, which offers a realized, backward-looking measure of volatility

based on intraday price ranges, rather than relying solely on the closing price. This

range-based volatility measure is defined as: σi,t = 0.511(u− d)2 − 0.019{c(u + d)−

2ud} − 0.383c2, where u, d, and c represent the logarithmic differences between the

highest and lowest prices of the day ( u), the lowest price and the opening price

( d ), and the closing price and the opening price ( c ), respectively. Specifically,

u = log
(︁
PH
i,t

)︁
− log

(︁
PL
i,t

)︁
, d = log

(︁
PL
i,t

)︁
− log

(︁
PO
i,t

)︁
, and c = log

(︁
PC
i,t

)︁
− log

(︁
PO
i,t

)︁
,

where PH
i,t , P

L
i,t, P

O
i,t, and PC

i,t denote the daily highest, lowest, opening, and closing

prices of stock i on day t, respectively. This estimator incorporates information

from the entire trading day, capturing a more comprehensive view of volatility by

accounting for intraday price fluctuations.

PC1t, PC2t and PC3t are the first, second and third principal components ex-

tracted from the five sentiment indices mentioned above via PCA, serving as time-

varying common factors. They capture systematic influences, representing orthogonal

dimensions of market sentiment that affect the quantiles of stock returns. CF T
t βCF,τ

are the vector of Carhart Four Factors (market risk, size, value, and momentum) with

quantile-specific sensitivities βCF,τ . These are traditional risk factors shared across

stocks and represent underlying systematic risks affecting the returns distribution.

The momentum factor captures the tendency of stocks that have performed well in
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the recent past (typically 3–12 months) to continue performing well, and vice versa

for poor performers. RFt is the risk-free rate at time t, typically represented by

the return on the 1-month Treasury bill, and βRF,τ represents the quantile-specific

sensitivity of stock i ’s returns to the risk-free rate.

The model combines common factors like the market sentiment and Carhart four

factors with stock-specific volatility factor , allowing for a nuanced understanding of

return distribution at different quantiles. Each factor contributes uniquely, helping

to capture the varying impacts of idiosyncratic and systematic influences on future

returns. Volatility and investor sentiment are both measures of market dynamics,

but they capture different aspects of market behavior. Volatility is typically seen as

a measure of risk or uncertainty. It reflects the market’s fluctuations, often driven by

reactions to macroeconomic events or unexpected shocks. It’s more associated with

market-wide risk and uncertainty.

3.5 Estimation Methodology and Data

In traditional asset pricing models, the focus is typically on the central tendency

(mean) of the return distribution. However, these models often overlook the impor-

tant insights provided by the entire distribution of returns, particularly in the context

of tail risks and extreme market conditions. In contrast, quantile-based models offer

a more comprehensive approach by analyzing behavior across different quantiles of

the distribution, providing a better understanding of risks beyond the mean. The

quantile objective function estimates the relationship between the independent vari-

ables and different quantiles of the dependent variable, which helps to capture the

effects not just on the mean but across the entire distribution of the dependent vari-
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able. In a panel data setting, this means estimating the effects of sentiment and

control variables on different points (quantiles) of the distribution of stock returns

for multiple entities (stocks) over time. More importantly, by using Koenker (2004)’s

penalized fixed effects estimator, the advantage of this approach is ability to account

the unobserved heterogeneity among financial assets which will yield more precise

quantile specific estimates. The coefficients from equation (3.1) can be obtained by

minimizing the following Quantile Check Function:

min
1

n

n∑︂
t=1

ρτ
(︁
ri,t+1 − αi,τ − β1,τσi,t − β2,τPC1t − β3,τPC2t − β4,τPC3t − FF⊤

t βFF,τ

)︁
(3.2)

where ρτ (u) is the quantile check function defined as:

ρτ (u) =

⎧⎪⎪⎨⎪⎪⎩
τ · u if u ≥ 0

(τ − 1) · u if u < 0

(3.3)

Here, u is the residual error , τ represents the quantile level focusing on. The

quantile check function is a loss function tailored for quantile regression. Different

from the more common Mean Squared Error (MSE) or Mean Absolute Error (MAE),

the quantile check function is a type of loss function that penalizes residuals asym-

metrically based on the quantile level τ , allowing it to target specific quantiles rather

than just the mean.

To assess the impact of unobserved heterogeneity on the relationship between

sentiment and returns, the individual Univariate Quantile Regression (UQR) is in-

troduced without controlling for unobserved heterogeneity, serving as a benchmark

for comparison with the Panel Quantile Regression (PQR) estimates. Panel quantile

regression methods, such as Koenker’s penalized quantile regression for panel data,

utilize penalization techniques to account for unobserved individual effects. This spe-
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cialized pooled regression combines the benefits of pooled analysis with the structure

of panel data, enabling the analysis of both within-entity (time-based) and between-

entity (cross-sectional) variations. This framework is particularly valuable for under-

standing heterogeneous effects across different parts of the conditional distribution in

panel data settings. Individual UQR, on the other hand, typically operates on indi-

vidual time series of a single asset (or stock), without incorporating cross-sectional

data or controlling for asset-specific fixed effects. In summary, Panel quantile regres-

sion pools the data while accounting for individual heterogeneity, whereas individual

quantile regression estimates completely separate models for each entity. Panel quan-

tile regression offers a balance between pooling information and recognizing unique

individual effects, which is generally more efficient and interpretable in panel data

settings.

3.6 Data

The empirical data applied in the proposed models involves a panel of the 100 most

liquid stocks based on market capitalization and liquidity from the S&P 500 spanning

from February 2011 to November 2023, which was obtained from Yahoo Finance. The

Volatility Index (VIX) data is obtained from the Chicago Board Options Exchange

(CBOE) and the Fama-French Factors and momentum factor datasets are collected

from Professor Kenneth R. French’s official website. The selection criteria market cap-

italization means my research is focusing on large, well-known companies that tend

to have higher liquidity and stable trading activity, and the Liquidity ensures that

the stocks are actively traded, which minimizes the risk of abnormal price movements

caused by low trading volumes. The sample period offers a substantial timeframe

107



that captures a range of market conditions, making it highly valuable for analysis.

This period includes the dramatic market crash and rapid recovery driven in large

part by expansive monetary policies during the COVID-19 pandemic in 2020. These

policies included historically low interest rates, quantitative easing, and other sup-

portive measures from central banks, which aimed to stabilize financial markets and

stimulate economic recovery. This long sample period allows to account for both long-

term structural changes and sudden shocks, capturing a wide range of market behav-

iors across distinct market phases, making the empirical analysis more comprehensive

and robust. The pandemic brought unprecedented volatility investor sentiment shifts,

with global markets experiencing sharp declines followed by government interventions

and a significant rebound in asset prices. Analyzing data from such a period allows

for insights into how market sentiment and risk factors respond to extreme events and

extraordinary policy measures, offering a unique perspective on the dynamics of stock

returns across varying economic conditions. This timeframe also allows for studying

how investor sentiment and other systematic factors interact under both high-stress

and more stable market environments, enhancing the robustness of your empirical

model.

3.7 Empirical results

Table 3.2 present the coefficient estimates from the panel quantile regression model

in equation (3.1), which provides insights into the differential impact of market-wide

and stock-specific factors on stock returns across quantiles ranging from the 10th

to the 90th percentile. Each factor’s effect varies in both magnitude and statistical

significance, capturing significant variations in the sensitivities of stock returns to
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idiosyncratic and systematic factors across the return distribution. Additionally, to

provide a clearer view of the dynamics, the coefficient estimates are plotted graphically

in Figures 3.2, respectively.

Table 3.2:

Coefficient estimates of Panel Quantile Regressions.

quantile 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

factor

Intercept -0.0318 -0.0188 -0.0085 0.0020 0.0121 0.0216 0.0363 0.0550 0.0867

(-41.46) (-26.35) (-12.03) (2.82) (17.01) (29.26) (43.86) (57.74) (60.19)

Volatility -1.7429 -1.3614 -1.0688 -0.8433 -0.6200 -0.3647 -0.3129 -0.2648 -0.2324

(-578.32) (-382.51) (-252.73) (-166.45) (-105.24) (-51.15) (-34.67) (-22.31) (-11.69)

PC1 -0.0034 -0.0036 -0.0037 -0.0033 -0.0037 -0.0036 -0.0044 -0.0063 -0.0089

(-7.69) (-8.73) (-9.26) (-8.3) (-9.26) (-8.8) (-9.41) (-11.6) (-10.57)

PC2 0.0011 0.0012 0.0010 0.0004 0.0009 0.0010 0.0003 0.0011 0.0032

(1.75) (2.24) (1.87) (0.77) (1.78) (1.76) (0.44) (1.58) (3.19)

PC3 0.0007 0.0002 -0.0006 -0.0002 0.0003 0.0007 0.0024 0.0035 0.0066

(1.01) (0.29) (-1.08) (-0.36) (0.56) (1.27) (3.62) (4.59) (5.48)

ERM 0.0057 0.0069 0.0077 0.0083 0.0089 0.0093 0.0094 0.0095 0.0096

(34.64) (45.93) (51.67) (54.77) (58.45) (59.0) (53.27) (46.46) (30.69)

SMB -0.0006 -0.0008 -0.0011 -0.0010 -0.0011 -0.0009 -0.0008 -0.0001 0.0010

(-2.04) (-3.39) (-4.4) (-4.22) (-4.63) (-3.75) (-2.84) (-0.24) (2.18)

HML 0.0011 0.0011 0.0014 0.0015 0.0015 0.0016 0.0017 0.0020 0.0017

(5.59) (6.38) (8.17) (8.67) (8.59) (8.69) (8.02) (7.71) (4.12)

MOM -0.0006 -0.0009 -0.0011 -0.0010 -0.0010 -0.0010 -0.0011 -0.0015 -0.0020

(-3.03) (-4.99) (-5.97) (-5.59) (-5.62) (-5.26) (-5.34) (-6.46) (-5.26)

RF -0.0100 -0.0123 -0.0094 -0.0138 -0.0136 -0.0058 0.0037 0.0060 0.0024

(-1.72) (-2.3) (-1.79) (-2.62) (-2.63) (-1.09) (0.64) (0.92) (0.25)

Notes: This table displays coefficient estimates with t-statistics in parentheses, the intercept repre-

sents the quantile-specific common constant.
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The intercept is the quantile-specific common constant after normalizing stock

fixed effects (
∑︁

i αi,τ = 0). Its monotonic increase across quantiles indicates an up-

ward shift in the conditional distribution of returns, suggesting that the baseline

level of expected returns rises progressively toward the upper quantiles after account-

ing for both observable and unobservable heterogeneity. The consistently significant

t-statistics across all quantiles underscore the robustness and stability of the esti-

mated fixed effects throughout the return distribution. The αi,τ are estimated but

omitted from the table for brevity. The idiosyncratic volatility, measured by the

Garman–Klass estimator as a proxy for realized, asset-specific uncertainty, exhibits a

strongly negative and statistically significant effect across all quantiles, with the most

pronounced impact observed in the left tail. This reflects that idiosyncratic risk is

most penalized during periods of poor market performance (left tail), underscoring its

relevance for downside risk management, which is consistent with the findings from

Ang et al. (2009).
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Figure 3.2: PQR Estimates for βi,τ together with UQR box plots showing individual

estimates with univariate individual I = 1, . . . , 100 QR estimates

The red solid line representing the estimated coefficient, the dashed lines indicating the 95%

confidence intervals and individual UQR parameter estimates plotted in boxplots
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The first component, PC1, exhibits a consistently negative and statistically sig-

nificant effect across all quantiles of the return distribution. While the PC1 has a

relatively stable effect across lower and middle quantiles, its impact becomes more

pronounced at the highest quantile, where the coefficient nearly doubles compared

to the average effect. This pattern indicates that increases in sentiment dispropor-

tionately dampen the upper tail of the return distribution, reducing the likelihood

of extreme positive returns. This observed pattern aligns with the finding of Baker

and Wurgler (2007), who document that high sentiment correlates with lower fu-

ture returns. A similar conclusion can be drawn from Figure 3.2, which presents

the comparison between the PQR (Panel Quantile Regression) alongside their cor-

responding 95% confidence intervals and individual Univariate Quantile Regression

(UQR) parameter estimates plotted in boxplots. Notably, Figure 3.2 reveals that once

unobserved heterogeneity is controlled for through PQR, PC1 exerts a larger influ-

ence on the upper quantiles of returns compared to most individual UQR estimates.

Specifically, the coefficient estimate from the PQR at the 0.9 quantile is significantly

lower than the median of the individual UQR coefficient, indicating that the effect of

sentiment is more pronounced and significant at the upper quantiles of returns. In

contrast, the UQR estimates, as shown in the boxplot, exhibit less variation across

quantiles. Meanwhile, the second principal component PC2, has a smaller, positive

effect, reflecting orthogonal dimensions of sentiment that influence returns differently.

The third component, PC3 is economically small and mostly insignificant from the

0.1–0.6 quantiles, turns positive around the upper-middle quantiles, and becomes

clearly positive and statistically significant in the right tail (0.7–0.9). This pattern

implies that the dimension of sentiment captured by PC3 amplifies extreme positive

outcomes but has little effect on the center or left tail of the return distribution.
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Among the Fama-French-Carhart factors, excess market return (ERM) is positive

and highly significant throughout, with a peak at the median quantile, supporting

its robustness as a cross-sectional return driver. The size factor (SMB) is negative

and significant in lower quantiles but turns positive near the upper tail, suggest-

ing a size premium conditional on market state. The value factor (HML) exerts a

positive and significant effect across quantiles, slightly increasing toward the upper

tail—highlighting the persistent value premium. The momentum factor (MOM) ex-

hibits a negative and statistically significant effect across all quantiles of the return

distribution, indicating a consistent pattern of return reversal. The coefficient profile

is relatively stable between τ = 0.3 and τ = 0.7, suggesting a modest, persistent drag

of momentum on mid-range returns. However, the effect intensifies substantially in

the upper tail: by τ = 0.9, the magnitude of the negative coefficient nearly doubles,

implying that when past winners keep outperforming (high MOM), subsequent very

large positive pay-offs become less likely for the average asset in the panel. This

pattern suggests that, contrary to the classical momentum anomaly (where past win-

ners continue to win), the cross-sectional return dynamics in this sample exhibit a

contrarian effect: assets that have performed well in the recent past tend to under-

perform in the future. This dynamic underscores the strength of the panel quantile

regression framework in capturing distributional heterogeneity, enabling the detec-

tion of asymmetric effects across the return distribution that traditional mean-based

models might overlook. Moreover, this reversal effect can be interpreted in light of

behavioral finance theories, such as investor overreaction, where extreme past per-

formance leads to excessive optimism and subsequent corrections. The findings also

suggest that momentum-based strategies may yield diminishing or even negative re-

turns in certain market segments, especially when conditioning on return quantiles.
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This reversal effect underscores the value of Panel Quantile Regression (PQR) in re-

vealing asymmetric effects that mean-based models overlook. The findings align with

behavioral finance theories, such as investor overreaction, where excessive optimism

following strong past performance leads to corrections.

Table 3.3:

Corrleation matrix: Sentiment variables and Observables.

PC1 PC2 PC3 ERM SMB HML MOM RF

PC1 1.00 -0.00 0.00 0.27 0.09 0.14 -0.14 -0.09

PC2 -0.00 1.00 0.00 -0.01 -0.10 -0.02 0.04 0.11

PC3 0.00 0.00 1.00 0.12 0.14 -0.03 -0.12 -0.15

ERM 0.27 -0.01 0.12 1.00 0.32 0.04 -0.41 -0.10

SMB 0.09 -0.10 0.14 0.32 1.00 0.04 -0.27 -0.13

HML 0.14 -0.02 -0.03 0.04 0.04 1.00 -0.28 -0.13

MOM -0.14 0.04 -0.12 -0.41 -0.27 -0.28 1.00 -0.04

RF -0.09 0.11 -0.15 -0.10 -0.13 -0.13 -0.04 1.00

Table 3.3 reports the correlation matrix between the PCA-derived sentiment fac-

tors and the control variables. The first principal component (PC1) exhibits generally

weak correlations with the control variables, except for a moderate positive correlation

with the market excess return (ERM, r = 0.27). This indicates that the sentiment

factor is largely orthogonal to the size, value, and momentum premia. Overall, these

results suggest that while the sentiment factor partially co-moves with the market
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factor, it captures a distinct behavioral dimension of investor expectations beyond

systematic risk exposures. The low correlations with the remaining Carhart factors

and the risk-free rate further support the interpretation that the PCA-derived sen-

timent component represents an independent source of variation relevant to the tail

behaviour of returns.

Importantly, Figure 3.2 confirms that PQR, by controlling for unobserved hetero-

geneity, shows a weaker momentum effect at lower quantiles and a stronger reversal

effect at higher quantiles compared to UQR. Specifically, the PQR coefficients at the

0.1 quantile are less negative than the median UQR estimates, indicating a milder

effect of momentum in the lower tail. However, at the 0.8 and 0.9 quantiles, the

PQR coefficients are more negative than the median UQR estimates, highlighting a

stronger momentum reversal at the upper quantiles once unobserved heterogeneity is

accounted for. In contrast, the UQR estimates exhibit less variation across quantiles,

demonstrating how PQR uncovers momentum’s distributional dynamics that tradi-

tional models miss. Finally, the risk-free rate (RF) shows no consistent pattern and

is statistically insignificant at most quantiles, suggesting limited explanatory power

in differentiating cross-sectional returns when controlling for other factors.

In addition, as shown in both Table 3.2 and Figure 3.2, the regressors have an

asymmetric impact on the quantiles of future returns, with a more pronounced ef-

fect observed in the quantiles below the median. This asymmetry is stronger in the

upper quantiles compared to the lower ones. The absolute values of the PC1 param-

eter estimates are not symmetric around the median, which highlights the increasing

importance of sentiment effects on the estimation of the upper quantiles of returns.

This asymmetry suggests that negative sentiment, as captured by PC1, exerts a more

pronounced downward influence on higher quantiles, indicating that sentiment has
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a stronger impact on the upper range of the return distribution compared to lower

quantiles.

The difference between the PQR and UQR estimates underscores the importance

of controlling for unobserved heterogeneity. Without accounting for stock-specific

characteristics (in UQR), the influence of sentiment (PC1) appears less pronounced

in the upper quantiles. The PQR model reveals that controlling for these fixed effects

provides a clearer picture of how sentiment influences different parts of the return

distribution, particularly highlighting its stronger impact on high quantiles.

3.8 Robustness tests

To assess the robustness of the results, several alternative PCA specifications are esti-

mated by varying the set of sentiment indicators included in the analysis. In addition

to the baseline configuration that incorporates the BW, MCSI, CCI, SSW, AAII, and

VIX indices, two alternative specifications are considered: (i) excluding the VIX and

(ii) using only survey-based sentiment indices. The resulting first principal compo-

nents (PC1) exhibit high pairwise correlations across specifications, indicating that

the extracted sentiment factor is stable with respect to the inclusion or exclusion of

specific sentiment variables. This stability suggests that a common latent sentiment

factor is consistently present across diverse sentiment measures. The PCA frame-

work serves to extract this underlying factor by filtering out idiosyncratic noise from

individual series and emphasizing their shared variation. The stability of the PCA re-

sults across specifications therefore confirms that the extracted component represents

a genuine, pervasive sentiment dimension rather than an artifact of a particular vari-

able choice. The corresponding quantile regression estimates show consistent signs
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and magnitudes across models, particularly at the upper quantiles where high senti-

ment continues to predict lower future returns. Moreover, correlations between PC1

and observable variables—Carhart Four Factors—reveal that the extracted sentiment

factor is closely related to market volatility and equity issuance activity, highlighting

its behavioral interpretation. These findings confirm that the identified sentiment

component captures a robust and economically meaningful source of variation in re-

turn tail behavior.

3.9 Conclusion

To conclude, this chapter investigates how investor sentiment influences the cross-

sectional distribution of stock returns, particularly in the tails, using a quantile-based

asset pricing framework. Departing from the traditional expected utility approach,

this analysis adopts a Panel Quantile Regression (PQR) model to capture heterogene-

ity in investor behavior and quantify the impact of sentiment across different points

of the return distribution. Quantile preference models provide a valuable mecha-

nism for understanding downside risk preferences and asymmetric risk perceptions,

making them more adaptable in accounting for sentiment-driven investor behavior.

Moreover, by constructing a sentiment index using Principal Component Analysis

(PCA) on five widely recognized sentiment measures—including both survey-based

and machine learning-derived indicators, this chapter develops a robust composite

proxy that more effectively captures the complexity of investor sentiment than the

single-indicator approach.
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Chapter 4

Time-varying Probability

Weighting and Investor Sentiment

Toward Tails

4.1 Introduction

Over the past several decades, researchers have accumulated extensive experimental

evidence on attitudes toward risk. This evidence reveals that people’s risk evalua-

tions often deviate from the predictions of expected utility theory. Empirical studies

in financial markets have shown that pricing kernels estimated from index options

are non-monotonic (Rosenberg and Engle (2002); Bakshi et al. (2010)) and that risk

aversion can even be negative (Aı̈t-Sahalia and Lo (2000a); Jackwerth (2000)), which

contradicts the standard theory. According to traditional pricing models, the pric-

ing kernel is expected to decrease monotonically with investor wealth and exhibit

strictly positive risk aversion. This contradiction between theory and empirical evi-
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dence is known as the pricing kernel puzzle, highlighting that the standard expected

utility model may be missing crucial elements needed to accurately capture investor

behavior and asset pricing. To address these discrepancies, economists have devel-

oped non-expected utility models, including prospect theory (Kahneman and Tversky,

1979a), rank-dependent expected utility (RDEU) (Quiggin, 1982, 1993), and cumu-

lative prospect theory (Kahneman and Tversky (1992)). A key component of these

models is the probability weighting function.

Polkovnichenko and Zhao (2013) develop a pricing kernel based on the rank-

dependent expected utility framework with a probability weighting function and

show that the shape of the weighting function assigns greater emphasis to tail events.

Specifically, they find that the weighting function is predominantly inverse-S shaped—indicating

an overweighting of tail probabilities—but that it occasionally shifts to an S-shape

during certain periods, reflecting an underweighting of tail risks. This finding is con-

sistent with experimental evidence on probability weighting behavior. According to

Barberis (2013a), the research progress in understanding the psychology of tail events

has largely revolved around the concept of ”probability weighting,” particularly its

applications across different fields of economics.

The probability weighting function from Cumulative Prospect Theory proposed

by Kahneman and Tversky (1992), reflects how individuals subjectively overweight

or underweight objective probabilities. Intuitively, the probability weighting function

serves as a tool to model individuals’ risk preferences towards probabilities of ranked

events.The primary effect of the weighting function is to overweight the tails of the

distribution it is applied to, which is not a bias in belief but a modeling tool aimed at

capturing the common preference for positively skewed return distribution Barberis

and Huang, 2008. Despite the theoretical connection between probability weighting
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functions and investor sentiment toward tail events, this relationship remains largely

unexplored in empirical studies. Polkovnichenko and Zhao (2013) state that the time

series of probability weighting parameters can be used to construct investor sentiment

to tail events, but leave it to future work to investigate how this relates to expected

returns and volatility. This chapter fills this gap by focusing on examining the re-

lationship between time-varying overweighting preference parameters of probability

weighting functions and investor sentiment toward tail events.

In the theoretical section of this chapter, the pricing kernel is expressed as the

product of marginal utility and the derivative of the probability weighting function

within the framework of non-expected utility models. Since the SDF is estimated

non-parametrically, it is not feasible to separately identify both components using

a non-parametric approach. Following Polkovnichenko and Zhao (2013), the time

series of the parameters of the probability weighting function is estimated by fitting

non-parametric estimates of probability weights to a parametric specification. To es-

timate the probability weighting function without imposing parametric restrictions,

the power utility function is employed. The estimation of probability weighting relies

on the assumption that, on average, investors’ subjective density estimates shaped

by behavioral biases through probability weighting functions, should align with the

distribution of realized returns (Bliss & Panigirtzoglou, 2004). The subjective den-

sity function can be derived by transforming risk-neutral probabilities into real-world

probabilities, the linkage provided by the pricing kernel. The discrepancies between

the risk-neutral distribution (Q-measure) and the real-world distribution (P-measure),

particularly in the tails, arise from investors’ risk preferences. The preferences can be

captured through the assumed power utility function, enabling a reconciliation be-

tween the two distributions. Mathematically, the linkage between them often involves
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a change of measure. Accordingly, estimating the probability weighting function

parameters requires three essential quantities inputs, the risk-neutral, the physical

return density, and nonparametric probability weighting function.

In the empirical section, the pricing kernel is derived from the ratio of the risk-

neutral density (RND) to the physical density of returns and is subsequently used

to estimate the implied probability weighting function. A non-parametric approach

is employed to directly estimate the risk-neutral density from the market prices of

widely traded S&P 500 (SPX) index options across a wide range of strike prices with

the same maturity. This method, first introduced by Breeden and Litzenberger (1978)

and later applied to equity index options by Aı̈t-Sahalia and Lo (1998, 2000a) and

Jackwerth (2000), derives the SDF based solely on the no-arbitrage principle, without

relying on specific utility assumptions. The S&P 500 index is used as a proxy for mar-

ket return because of its strong correlation with overall wealth in the U.S. economy,

making it a reliable representation of U.S. market performance. The rationale behind

this approach is that the density implied from option prices reflects both investors’

beliefs about future probabilities and their risk preferences, but since it is derived

from a no-arbitrage pricing model where all risk is hedged away, it represents a world

where investors are indifferent to risk, hence the term ”Risk Neutral Density” (RND).

The key advantage of the non-parametric approach is its flexibility, as it imposes no

restrictions on the option pricing model or the functional form of the pricing ker-

nel. The physical density is derived semi-parametrically using a GJR-GARCH model

proposed by Glosten et al. (1993). Additionally, to estimate probability weighting

functions non-parametrically, the standard power utility function is assumed. Each

of these quantities is estimated separately.

In order to assess how effectively the time-varying parameters of the probability
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weighting function capture investor sentiment toward tail events, this chapter select

five families of probability weighting functions—the two-parameter weighted average

power function from Lopes (1987), the one- and two-parameter functions from Kah-

neman and Tversky (1992), and the one- and two-parameter functions from Prelec

(1998). To validate its effectiveness, the time-varying parameters are estimated on

a monthly basis and compared against a benchmark investor sentiment proxy, rep-

resented by the first principal component (PC1) extracted via the PCA method in

Chapter 3. Moreover, time-series regressions are employed to assess the explanatory

power of investor sentiment, alongside a set of control variables, in capturing the time

variations of the overweighting parameters of tail probabilities.

The primary contribution of this chapter is to fill a gap in the literature by

empirically examining the relationship between time-varying overweighting prefer-

ence parameters of probability weighting functions and investor sentiment toward

tail events. By integrating insights from non-expected utility models—particularly

prospect theory and cumulative prospect theory—it investigates how subjective prob-

ability weighting, especially the overweighting of tail probabilities, relates to investor

sentiment toward extreme market outcomes. This chapter provides strong evidence

that investor sentiment is linked to time-varying investor preferences, as proxied by

the parameters of the probability weighting function. The measures derived from

probability weighting functions offer a distinct, behaviorally grounded dimension to

the analysis of investor sentiment. The findings complement those of Polkovnichenko

et al. (2019), who use the estimated parameters α and β from the Prelec (1998)

two-parameter probability weighting function as proxies for investor preferences. In

their framework, α is orthogonalized to β, with a lower α indicating a stronger pref-

erence for upside potential and a lower β reflecting a stronger preference for downside

122



protection.

In addition, the first principal component (PC1) derived via principal component

analysis (PCA) is employed as a benchmark for investor sentiment to examine its rela-

tionship with the time-varying parameters of five commonly used probability weight-

ing functions. By aggregating data from multiple sentiment indicators, PCA provides

a more comprehensive and robust measure of overall investor sentiment, making it an

invaluable tool for capturing the multidimensional nature of sentiment—particularly

when compared to single-indicator approaches. Polkovnichenko et al. (2019) demon-

strate that investor preferences proxied by the Prelec structural parameters are not

a simple reflection of investor sentiment. This is evidenced by their finding that the

effect of investor risk preferences on active fund flows remains robust in regressions of

fund flows on the Prelec parameters α and β, even after controlling for the Baker and

Wurgler (2006, 2007) sentiment index, the National Bureau of Economic Research

(NBER) recession indicator, and the market volatility index (VIX). However, in this

chapter, the PC1 sentiment proxy exhibits a strong correlation of 80% with the cur-

vature parameter α, suggesting that it serves as a valuable and integrative measure

for capturing diverse dimensions of investor sentiment.

The findings show that, among these functions, the Prelec weighting function

curvature parameter alpha exhibits the highest 68% correlation with PC1. The find-

ings provide empirical evidence supporting the correlation between the parameters of

probability weighting and external sentiment measure in real-world, non-experimental

data, contributing to the broader literature on behavioral asset pricing by offering new

insights into the dynamic nature of probability weighting and its implications for the

pricing kernel puzzle.
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4.2 Literature review

Non-expected utility theories, including prospect theory and rank-dependent models,

have been broadly employed to address issues in finance, including risk premia, the

cross-section of expected returns, and portfolio diversification. For example, Epstein

and Zin (1990) employ rank-dependent utility to analyze the equity risk premium.

Shefrin and Statman (2000) and Polkovnichenko (2005) explore the effects of probabil-

ity weighting on portfolio selection and diversification. Barberis and Huang (2008) ex-

amine cross-sectional risk premia through the lens of cumulative prospect theory. Ad-

ditional contributions include studies by Levy and Levy (2004), Nicholas Barberis and

Thaler (2006), as well as Chapman and Polkovnichenko (2009). Polkovnichenko and

Zhao (2013) demonstrated that individual risk preferences with probability weighting

can be used to explain the non-monotonic pricing kernel observed in options markets.

Under this framework, an individual’s perceived utility is determined by both a

value function and a probability weighting function. Earlier studies on the pricing

effects of prospect theory have largely focused on the kink in the value function Bar-

beris et al. (2001) and Benartzi and Thaler (1995). For instance, Benartzi and Thaler

(1995) introduced the concept of myopic loss aversion (MLA) based on prospect the-

ory to tackle the equity premium puzzle, while Barberis et al. (2001) illustrate how

a dynamic prospect theory model can account for a high equity premium, return

predictability, and excess volatility. Additionally, Baele et al. (2017) demonstrate

that prospect theory helps resolve the variance premium puzzle. Baele et al. (2019)

demonstrate that prospect theory helps resolve the variance premium puzzle.

However, as emphasized by Barberis et al. (2016), a substantial portion of the

predictive ability of prospect theory value for stock returns stems from the ”probabil-
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ity weighting” component of prospect theory, which leads individuals to overweight

the tails of return distributions, capturing the widespread preference for lottery-like

gambles. A large body of experimental research has found that probability weight-

ing functions typically exhibit an inverse-S shape, where events in the tails of the

outcome distribution are overweighted. Camerer and Ho (1994) provide a compre-

hensive summary of various studies that support non-linearity of probability weights

with greater sensitivity of preferences to tail events. Wu and Gonzalez (1996) re-

veal the inverse-S shaped probability weights in experimental data through a method

that does not rely on any assumptions regarding the functional form of utility or

probability weighting functions. Numerous other studies, utilizing both hypothetical

and real-payoff experiments, have explored probability weighting functions and found

that the inverse-S shape provides an excellent fit for the data. Notable examples

include the works of Quiggin (1987), Lopes (1987), Tversky and Kahneman (1992),

and Prelec (1998). Berns et al. (2007) contribute further evidence from non-monetary

experiments, broadening the applicability of these findings. For an overview of the

theoretical and empirical literature on decision-making under risk, see the surveys by

Shoemaker (1982), Camerer (1995), and Starmer (2000).

Polkovnichenko and Zhao (2013) propose that time-varying probability-weighting

parameters can serve as an indicator of investor sentiment toward tail risk, but leave

it to future research to examine how these parameters relate to expected returns

and volatility. While subsequent studies have advanced the understanding of how

the probability weighting function relates to asset-market dynamics, none have di-

rectly tested its effectiveness as a measure of investor sentiment in the way pursued

in this chapter. For example, Chabi-Yo and Song (2013) employ both S&P 500 and

VIX options to nonparametrically estimate the joint probability weighting function
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of the distributions of both market return and volatility, finding that while the joint

weighting function of return and volatility remains stable over time, the weighting

function of the return exhibits time variation that depends on VIX. He et al. (2017)

examine how variations in inverse S-shaped probability weighting affect optimal port-

folio choice within a rank-dependent utility framework. They show that a stronger

inverse S-shaped probability weighting—reflecting greater overweighting of extreme

outcomes—typically results in a lower allocation to risky assets, regardless of whether

returns are left- or right-skewed, as long as it offers a non-negligible risk premium.

Only for lottery-type stocks with low expected returns and extremely high positive

skewness does an increase in inverse S-shaped weighting lead to larger portfolio allo-

cations.

Moreover, Félix et al. (2020) focus on the relationship between implied-volatility-

sentiment and the overweighting of tail probabilities. Azimi et al. (2024) develop a

representative agent asset pricing model with probability weighting and show that

the resulting measure of market optimism can be used to construct optimal dynamic

investment strategies that consistently outperform both the buy-and-hold strategy

and strategies generated by 17 leading equity premium predictors. Most recently,

Jha et al. (2025) develops a unified framework that embeds behavioral distortions

into rational portfolio optimization by extracting implied probability weighting func-

tions (PWFs) from optimal portfolios. They estimate PWFs that capture nonlinear

belief distortions consistent with fear and greed, showing that greater tail fatness am-

plifies these distortions and that shifts in the term structure of risk-free rates modify

their curvature. The findings underscore the importance of jointly modeling return

asymmetry and belief distortions in portfolio risk management and capital allocation

under extreme-risk environments.
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This chapter advances the literature by establishing a direct link between the

time-varying overweighting preference parameters of probability weighting functions

and investor sentiment toward tail events. Specifically, it introduces a unified senti-

ment benchmark—the first principal component (PC1) extracted through principal

component analysis (PCA)—to examine how changes in probability weighting relate

to shifts in aggregate investor sentiment. By synthesizing information from multiple

sentiment indicators, the PCA-based benchmark provides a comprehensive and ro-

bust measure of overall market sentiment, offering a richer representation of investor

attitudes than any single-indicator approach. This framework enables a novel em-

pirical exploration of how sentiment-driven probability distortions shape investors’

perceptions of tail risks.

The estimation methodology for the probability weighting function in most pre-

vious studies relies on the theoretical relationship between state prices and state

probabilities, as established by C.-f. Huang and Litzenberger (1988). This approach

typically involves separately estimating the risk-neutral density from options prices

and the objective density from historical prices of the underlying asset. These two

independently derived functions are then used to infer the pricing kernel, which is

subsequently employed to construct the implied probability weighting function. The

literature on extracting and interpreting the risk-neutral distribution from market

option prices is extensive, and it expands significantly when considering research on

implied volatilities and modeling the returns distribution. These methods generally

fall into three categories: fitting a parametric density function to the market data,

approximating the RND using a nonparametric technique, or developing a returns

process model that generates the empirical RND as the density for the underlying

asset’s value on the option’s expiration day M. Figlewski, 2010 .

127



Breeden and Litzenberger (1978) and Banz and Miller (1978) pioneered the con-

cept of extracting the risk-neutral density (RND) from option prices by utilizing the

second-order derivative of the option price with respect to the strike price. This

approach fundamentally connects option pricing to the distribution of possible fu-

ture outcomes of the underlying asset under the risk-neutral measure. Since then,

numerous methods have been developed to enhance the accuracy and reliability of

extracting RNDs from observed option prices. Notable examples include the works of

Aı̈t-Sahalia and Lo (2000a), Jackwerth (2000), Rosenberg and Engle (2002), and Bliss

and Panigirtzoglou (2004), M. Figlewski (2010), Polkovnichenko and Zhao (2013),

Félix et al. (2020). The key advantage of M. Figlewski (2010)’s method, compared

to other approaches, is its ability to separately extract both the body and the tails

of the distribution, allowing it to account for fat tails. This aligns with studies that

suggest people tend to agree on the central tendency of a distribution, but disagree

on the entire distribution.

The estimation of the physical distributions has primarily involved two key ap-

proaches. Early studies, such as those by Jackwerth (2000, 2004b) and Aı̈t-Sahalia

and Lo (2000a), employed kernel densities, which do not require any specific distribu-

tional assumptions aside from the stationarity of returns. However, in the presence

of time-varying volatility and structural breaks, more recent work has shifted toward

GARCH models. Notably, Rosenberg and Engle (2002), Barone-Adesi et al. (2008),

and Barone-Adesi and Dall’O (2010) have applied the GJR-GARCH model (Glosten

et al., 1993) to capture the conditional volatility in historical returns, thereby im-

proving the accuracy of the estimated objective density.
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4.3 Model specifications

4.3.1 Utility function with probability weights

Expected utility (EU) theory is designed to capture utility preferences through a real-

valued function that is increasing (higher values correspond to stronger preferences)

and concave (diminishing marginal utility), based on the utilitarian theory of choice

under certainty. In expected utility theory, the decision maker maximizes the expected

utility, which is the weighted sum of utilities of possible outcomes, with the weights

being the probabilities of those outcomes. In expected utility theory, the decision

maker seeks to maximize the expected utility, which is the weighted sum of the utilities

across possible across states, with the weights corresponding to the probabilities of

those states. This reflects the assumption that expected utility functionals are linear

in probabilities. When the states are equiprobable, the expected utility simplifies

to the sum of the utilities of all states. Formally, for any prospect {x;p}, where

x = {x1, x2, . . . , xn} represents possible outcomes and p = {p1, p2, . . . , pn} represents

the probabilities associated with these outcomes, the expected utility V ({x; p}) is

defined as:

V ({x; p}) =
n∑︂

i=1

piU (xi) = E[U(x)] (4.1)

where U : x → R is a utility function mapping the set of possible outcomes to real

numbers, representing the satisfaction associated with that outcome.

Non-expected utility models modify the expected utility framework by transform-

ing objective probabilities through a probability weighting function. The key dis-

tinction is that utility is weighted by a probability weighting function assigned to

ranked outcomes. As a result, the utility of an outcome depends not only on its

objective value but also on its rank among possible outcomes, adjusted by the proba-
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bility weighting function. This chapter considers the continuous-state case of RDEU

developed by Quiggin (1993), which is defined based on outcomes ranked from the

worst to the best. In this context, possible outcomes are ranked by investor wealth

w, which is assumed to be a random variable with a cumulative distribution function

P (w) and a probability density function p(w) = P ′(w). A probability weighting func-

tion G(P ) is characterized as a continuous, differentiable, non-decreasing function

G(·) : [0, 1] → [0, 1], with G(0) = 0 and G(1) = 1. The corresponding probability

weighting density is defined as Z(P ) ≡ G′(P ) ≥ 0. The RDEU can be written as:

U(w) =

∫︂
u(w) dG(P ) =

∫︂
u(w)G′(P ) dP = E{u(w)Z(P )} (4.2)

where u (w) is the utility of outcome w, P represents the objective probability dis-

tribution of outcomes. The probability weighting function G(P ) transforms the ob-

jective probability measure P to reflect the decision maker’s subjective perception of

risk. Since decision weights sum to 1 , it follows that E[Z] =
∫︁
dG(P ) = 1. When

G(P ) = P (Z = 1 ), RDEU simplifies to standard expected utility (EU).

The theoretical constraints on the weighting function are minimal, and its shape

is ultimately determined empirically. Curvature and elevation are two distinct prop-

erties of probability weighting functions, and they affect how individuals perceive

probabilities in different ways. Curvature refers to the concavity or convexity of the

probability weighting function, which can be characterized as concave, convex, or

S-shaped. Elevation refers to the vertical shift of the function, reflecting the overall

level of optimism or pessimism in the decision maker’s perception of probabilities.

Numerous experimental studies, including those by Camerer and Ho (1994), Wu and

Gonzalez (1996), and Kahneman and Tversky (1992), have shown that individuals

often overweight events at the tails of the distribution relative to events in the mid-
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dle. This characteristic is typically represented by an inverse-S shaped probability

weighting function G, which corresponds to a U-shaped weighting density z. How-

ever, as noted in Camerer and Ho (1994), some experiments have estimated S-shaped

weighting functions, where tail events are underweighted instead.

In this chapter, along with nonparametric estimation, three alternative parametric

forms of weighting functions commonly used in the literature are considered. These

forms can capture a wide range of shapes, including concave, convex, inverse S-shaped,

and S-shaped functions, providing the flexibility necessary to accurately approximate

the observed data. The simplest of these parametric forms, originally introduced by

Lopes (1987), is a weighted average power function.

G(P ) = λP ϕ + (1− λ)
(︁
1− (1− P )ϕ

)︁
, ϕ ≥ 1, λ ∈ [0, 1] (4.3)

This weighting function is highly effective in modeling various risk preferences.

The power parameter ϕ controls over-weighting of the probabilities in the tails by

changing the curvature of the weighting function. When ϕ takes integer values, the

weighting function simplifies to a polynomial form, enabling the semi-analytically

comparative statics effects of the transformation on the moments of a distribution.

The parameter λ governs the balance between ”optimism” and ”pessimism” by chang-

ing the relative strength of the concave and convex segments. At the extremes of its

range, λ = 0 corresponds to a globally concave, pessimistic weighting function, while

λ = 1 represents a globally convex, optimistic weighting function. Thus, λ can be

interpreted as a ”sentiment” parameter.

Another commonly used weighting functions in the literature, proposed by Kah-
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neman and Tversky (1992) and Prelec (1998), are as follows:

G KT1(P ) =
Pα

(Pα + (1− P )α)
1
α

(4.4)

W+(P ) =
P γ

(P γ + (1− P )γ)1/γ
, W−(P ) =

P δ

(P δ + (1− P )δ)1/δ
(4.5)

The tail overweight parameter γ and δ determine the curvature of the probability

weighting function for gains and losses, respectively. When γ and δ parameters are

close to one, the weighting function approximates neutral (unweighted) probabilities,

whereas parameters near zero indicate a significant overweighting of small probabili-

ties, leading to inverse S-shaped probability distortion functions.

A limitation of the Cumulative Prospect Theory (CPT) model is that it permits

non-strictly increasing functions, which can hinder invertibility. For this reason, more

recent literature on probability distortion functions tends to favor strictly monotonic

alternatives, such as Prelec (1998) function, w(p) = e−(− ln(p))β , for probability weight-

ing.

G Prelec1(P ) = exp (−(− log(P ))α) (4.6)

Experimental studies often find that α < 1, indicating an inverse- S shaped weighting

function that overweights probabilities in the tails. However, there is variability

across studies, with some estimating α > 1, which corresponds to underweighting the

tails, as highlighted by Camerer and Ho (1994). While single-parameter weighting

functions are appealing for experimental applications due to their simplicity, they are

less suitable for our analysis.

To address this, Prelec (1998) introduced a two-parameter weighting function,

which is used in this empirical work:

G Prelec2(P ) = exp (−β(− logP )α) (4.7)
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where α > 0 controls the curvature of the weighting function, thereby determining the

extent to which tail probabilities are overweighted. Experimental evidence typically

finds α ∈ [0.5, 1], corresponding to an inverse-S shaped curve that reflects overweight-

ing of probabilities in the tails of the distribution. As α is lower, the inverse-S shape

becomes more pronounced, and the overweighting of the tails becomes strong. When

α = 1, the function reduces to a straight 45-degree line, corresponding to the Expected

Utility benchmark without probability distortion. β > 0 serves as the elevation pa-

rameter that governs the relative strength of the concave and convex segments of

the weighting function. When setting α = 1, the case of β < 1 produces a concave

function, indicating risk aversion through overweighting of the left tail, whereas β > 1

yields a convex function, reflecting upside-seeking behavior through overweighting of

the right tail. Thus, in the compound representation, the coefficient β can indepen-

dently amplify or attenuate risk attitudes in the left tail through its interaction with

α. A lower β corresponds to a uniform increase in risk aversion, whereas a lower α

implies stronger risk aversion in the left tail accompanied by greater risk seeking in

the right tail. The introduction of two-parameter extensions in weighting functions

allows for a more flexible representation of investor preferences.

4.3.2 Pricing kernel with probability weighting function

The estimation methodology for the probability weighting function builds on the well-

established theoretical relationship between state prices and state probabilities (C.-f.

Huang & Litzenberger, 1988)), along with the extension of this concept to continuous

distributions and the connection between risk-neutral and objective density functions.
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Following Bliss and Panigirtzoglou (2004), the formulaiton can be expressed as follows:

fp (ST )

fq (ST )
= ξ

U ′ (ST )

U ′ (St)
≡ ζ (ST ) (4.8)

where U (ST ) is the representative investor’s utility function, ST denotes the value

of the S&P 500 index at a future time T , fq (ST ) represents the risk-neutral density

function (implied by market prices), fp (ST ) represents the objective density function

(investors’ true beliefs), ξ is a constant and ζ (ST ) represents the pricing kernel. A

cornerstone result behind this relationship is that the ratio of the true objective den-

sity fq to the risk-neutral density fp is proportional to the representative investor’s

marginal utility (the pricing kernel). This concept shows discrepancies between the

risk-neutral density fq and the objective density fp arise from investors’ risk prefer-

ences, and there is a utility function capturing investors’ preferences allowing to match

both density functions under the assumptions of complete, frictionless markets and

a single asset. Therefore, knowing any two of the three functions-the risk-neutral

density, the objective density, or the pricing kernel (equivalently the utility function)-

allows the inference of the third.

This chapter considers a simplified setting to focus on the properties of the SDF

with probability weighting functions. Following Jackwerth (2000), consider a static

model in which an investor’s utility is a function of their terminal wealth w, where

investor is endowed with an initial wealth w0 and has access to N+1 traded securities.

Suppose a complete market, there are N securities and S states of nature, the payoff

of security n in state s is denoted as Ris, investors derive utility from their wealth

and prefer more wealth to less in each state. The investor begins with an initial

wealth w0, which can be allocated across N + 1 traded securities. Each security

i = 0, 1, . . . , N offers a return Rs
i across the states s = 0, 1, . . . , S, and the share of
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the portfolio invested in security i is denoted by θi. The portfolio is constrained by

θ0 = 1 −
∑︁N

i=1 θ
i and the terminal wealth received in state s is given by the sum of

the returns of all assets, weighted by their respective portfolio shares, as shown in the

equation:

ws = w0

(︄
N∑︂
i=0

Ri
sθ

i

)︄
(4.9)

This expression reflects how the initial wealth is transformed based on the returns

and portfolio shares. By selecting portfolios, investors are essentially deciding how to

distribute their wealth across different possible states of nature, constrained by their

available wealth and the security prices.

To obtain the necessary first-order optimality conditions, the results in Ai (2005)

and Carlier and Dana (2003) are utilized, which demonstrate the differentiability of

the RDEU functional with respect to continuously distributed random variables. Ai

(2005) shows that when X is continuously distributed (with a density), the derivative

of the RDEU functional with respect to a continuously distributed random variable

Y is given by:

∂

∂α
U(X + αY )

⃓⃓⃓⃓
α=0

= E [u′(X)Z (PX)Y ] (4.10)

Using the equation (4.10), the first-order condition for optimal portfolio shares θn

in equation (4.9) is derived:

E
[︁
u′(w)Z(P )

(︁
Ri −R0

)︁]︁
= 0, for i = 1, . . . , N (4.11)

where u′(w) is the marginal utility of terminal wealth, which reflects the investor’s

risk preferences and how they value wealth in different states of the world. Z(P ) is

the weighting function density.

The Euler equation (4.10) is commonly expressed as E
[︁
m
(︁
Rk −R0

)︁]︁
= 0 with

the pricing kernel can be defined by multiplying the marginal utility by the derivative
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of the probability weighting function:

m =
u′(w)

u′ (w0)
Z(P ) (4.12)

The marginal utility of terminal wealth, u′(w), reflects the investor’s risk preferences

and valuation of wealth across different states. The subjective probability weight-

ing function density, Z(P ), represents probability distortions, capturing subjective

probability weighting driven by behavioral biases or ambiguity aversion. The SDF

m is positive everywhere, ensures no arbitrage, and implies a linear pricing operator,

consistent with standard asset-pricing theory, regardless of the weighting function’s

shape.

Following Polkovnichenko and Zhao (2013), if denoting the gross return on total

investor wealth as R ≡ w
w0
, by assuming a representative agent who derives utility

from the market return with power utility u(w) = w1−γ

1−γ
and normalizing initial wealth

w0 = 1, the marginal utility of wealth becomes:u′(R) = R−γ, by combining with the

state-price representation in equation (4.8), the SDF under RDEU can be rewritten

as follows:

m =
fq

Rffp
= u′(R)Z(P ) = R−γZ(P ) (4.13)

This equation shows that, in a single-period model with initial wealth w0, by nor-

malizing initial wealth to 1, the ratio of marginal utilities simplifies to m = u′(R),

thus the pricing kernel is proportional to marginal utility, which is consistent with the

idea that the SDF reflect the marginal utility of wealth in the future state, relative

to the current state (normalized to 1). Normalization effectively removes the need to

explicitly track initial wealth, reducing the complexity of the expression.

Using equation (4.13), the probability weighting density Z(P ) can be given:

Z(P ) =
m

u′(R)
=

fq
(Rffp)u′(R)

(4.14)
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where fq and fp denote the risk-neutral density and physical density of R.

4.4 Estimation Methodology

4.4.1 Non-parametric estimation for risk-neutral distribution

A more effective approach to extracting the risk-neutral distribution, compared to

directly fitting a function of call option prices across strike prices, is to first fit a

smooth function to implied volatilities across strike prices. The corresponding call

option prices function are then calculated from the fitted implied volatilities. The risk-

neutral probability distribution is derived by taking the second derivative of the fitted

call price function with respect to strike prices, following the Breeden-Litzenberger

insight. The key benefit of working with implied volatilities is that they tend to

exhibit more consistent magnitudes across strike prices compared to call option prices,

which can vary significantly. This chapter adopts the fast and stable curve-fitting

method proposed by Jackwerth (2004a) to estimate the risk-neutral density (RND)

from observed option prices. The procedure begins by transforming market option

prices into Black-Scholes implied volatilities, denoted {σ̄i}Ii=1, and proceeds by solving

the following optimization problem:

min
σj

∆4

2(J + 1)

J∑︂
j=0

(︁
σ′′
j

)︁2
⏞ ⏟⏟ ⏞

Smoothness term

+
λ

2I

I∑︂
i=0

(σi − σ̄i)
2

⏞ ⏟⏟ ⏞
Fit term

(4.15)

where the smooth term measuring the curve curvature enforces that the fitted implied

volatility curve {σ}Jj=1 doesn’t have large oscillations or kinks, which is achieved by

minimizing the sum of the squared second derivatives of the implied volatility curve

with respect to strike price. This is important because a smooth implied volatility
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curve is more consistent with the no-arbitrage principle and reflects a well-behaved

risk-neutral distribution. The second derivative is typically approximated using a

central finite difference formula: σ′′
j ≈ σj+1−2σj+σj−1

∆2 . The fit term ensures that the

fitted implied volatilities σi which are taken from the implied volatility curve σj at

the observed strike prices Ki passes close to the market-observed implied volatilities

σ̄i, which is achieved by minimizing the sum of squared errors
∑︁I

i=0 (σ (Ki)− σ̄i)
2

The observed implied volatilities {σ̄i}Ii=1, derived from discrete market option

prices at specific strikes Ki, are inherently discrete, inconsistent and noisy due to the

limited set of traded strikes. A fine grid with J points introduces additional strike

prices Kj beyond those provided by the market, with the grid spacing ∆ controlling

the grid’s density and, by extension, the resolution of the fitted implied volatility

curve, enabling to create a smooth, continuous curve from discrete, noisy market

data.

Finally, the smooth implied volatility curve is converted back into a call option

price curve, where the second derivative represents the compounded risk-neutral

density. This method builds on the foundational insight of Breeden and Litzen-

berger (1978), which established that the risk-neutral density can be obtained as

the scaled second derivative of the call option price with respect to the strike price:

q(K) = Rf
∂2 Callprice (K)

∂K2 . This formula highlights that the RND can be derived di-

rectly from option price data, provided the second derivative of the call price curve

is accurately estimated. The key benefit of employing this data-driven density shape

rather than a parametric distribution is its ability to capture empirical features such

as fat tails and negative skewness, which conventional parametric models like the

normal distribution fail to represent adequately.
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4.4.2 Semi-parametric estimation for Physical distribution

Following Engle (2002), this chapter employs the asymmetric GARCH model of

Glosten et al. (1993) to estimate the physical distribution of returns. While stan-

dard GARCH models perform well empirically in modeling conditional variances,

they assume a symmetric response of volatility to positive and negative innovations,

which can lead to systematic underestimation of risk during market downturns. The

GJR-GARCH model extends the standard GARCH framework to account for volatil-

ity clustering and the leverage effect, which refers to the tendency of volatility to

increase more after negative shocks than positive ones of the same magnitude. The

GARCH framework allows flexible assumptions about the distribution of the innova-

tions, which provides flexibility in capturing real-world return dynamics. Moreover, to

ensure comparability with the time-varying risk-neutral distribution, the physical dis-

tribution is estimated on a monthly basis using the GJR-GARCH model. Sensitivity

analysis confirms that the main results are robust to alternative volatility specifi-

cations, such as the symmetric GARCH(1,1), though the asymmetric GJR-GARCH

model achieves a better fit in periods marked by pronounced negative shocks, consis-

tent with its theoretical advantages.

The daily log return rt is modeled as the sum of the constant mean µ of the return

and an error term or shock (innovations) εt :

rt = ln

(︃
St

St−1

)︃
= µ+ εt (4.16)

The St and St−1 are the price of the S&P 500 index at time t and t−1, respectively.

The εt ∼ N (0, σt) is the raw residual (actual return minus expected return), which is

modeled as εt = ztσt using a GARCH process to account for time-varying volatility.

zt represents the innovations, and the time-varying volatility σt can be recursively
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computed by the GJR−GARCH(1, 1, 1) formula:

σ2
t = ω + (α + γIt−1)ϵ

2
t−1 + βσ2

t−1, where It−1 =

⎧⎪⎪⎨⎪⎪⎩
0 if rt−1 ≥ µ,

1 if rt−1 < µ.

(4.17)

where σ2
t is the conditional variance at time t, ϵt−1 = rt−1 − µ represents the lagged

innovation or return shock, and It−1 is an indicator function capturing the asym-

metry in volatility response, ω denotes the long-run average volatility, α reflects the

sensitivity of volatility to past shocks (ARCH effect), β captures volatility persistence

(GARCH effect), and γ models the asymmetric response to negative shocks. Specifi-

cally, when returns fall below the mean ( It−1 = 1 ), the impact of shocks on volatility

is amplified by γ, thus allowing the model to capture the empirical observation that

bad news tends to increase volatility more than good news.

The conditional distribution of returns is determined by the time-varying variance

σt and the distribution of the innovations (standardized residuals) zt. The innovations

(zt) introduce randomness into the simulation process and are the primary drivers

of return distributions under the GARCH framework. In the estimation step, the

innovations (zt ∼ N (0, 1)) is assumed as the standardized shock with zero mean and

unit variance that represents the random noise is a zero-mean white noise driving the

process. In the simulation step, the actual observed (filtered) innovations ẑt =
ϵ̂t√ˆ︁σt

from its empirical estimation are drawn. By sampling from this empirical distribution,

the non-normal distribution characteristics of financial returns can be captured. The

innovations typically show fat tails and skewness when drawn from real-world financial

data, making them a better alternative to standard normal innovations.

Subsequently, the estimated conditional volatility ˆ︁σt and standardized residuals ˆ︁zt
are used simulate the daily paths of index log returns at each time t. To better capture

140



the time-varying characteristics of the innovations distribution, for each simulated

path, the innovations are drawn with replacement from a one-year rolling window of

time t. A one-year rolling window ensures the innovations reflect recent dynamics

without being overly volatile (small window) or overly smooth (large window). This

rolling-window approach ensures the simulated innovations reflect the local time-

varying nature of volatility and provides enough data for sampling.

A large sample of 250,000 paths is generated at each time t to minimize variance in

the estimated moments and distribution function under the physical measure, thereby

ensuring that the principal source of variability in the probability weighting function

is the risk-neutral estimates rather than sampling variation under the physical mea-

sure. In the context of GJR-GARCH models, using historical return data {rt}, the

parameters in equation (4.17) are estimated through Maximum Likelihood Estimation

(MLE), the estimation involves maximizing the conditional log-likelihood under the

assumption of normally distributed random variables. When kernel density is used,

the historical data is based on non-overlapping 30 day returns that match the matu-

rity of the underlying options because the option payoff depends on returns over that

time horizon. To remain consistent with this setup, the simulated daily returns using

the estimated parameters from the GJR-GARCH model must also be aggregated to

30 day returns.

4.4.3 Nonparametric estimation of probability weighting func-

tions

Given physical cumulative distribution P (R), its density p(R), risk-neutral cumulative

distribution Q(R), and its density q(R), for a specific return R0 with a corresponding
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probability P0, such that the probability of realizing R0 is given by P (R0) = P0, the

probability distribution function over returns can be expressed as follows:

G (P0) =

∫︂ P0

0

Z(P )dP

=

∫︂ R0

0

Z(P (R))p(R)dR

= c

∫︂ R0

0

q(R)

u′(R)
dR

= c

[︃
Q (R0)

u′ (R0)
−
∫︂ R0

0

Q(R)
u′′(R)

u′(R)2
dR

]︃
(4.18)

where c =
(︂∫︁∞

0
q(R)
u′(R)

dR
)︂−1

is the normalization constant, ensuringG(1) = 1. When

the utility function is linear, the marginal utility u′(R) is constant, and u′′(R) = 0,

meaning the decision-maker is risk-neutral. In this case, the probability weighting

function simplifies to G (R0) = Q (R0), indicating that probability weighting purely

reflects the change of measure driven by risk-neutral distribution Q(R). The proba-

bility distribution function Q(R) (or the CDF) can often be estimated more efficiently

than the PDF, especially in finite samples. The ECDF is a non-parametric estimator

and is much easier to compute directly from observed data without requiring complex

smoothing, kernel functions, or density estimation techniques.

To avoid imposing any prior restrictions on the components of the SDF, only the

combined SDF can be estimated and the marginal utility and the probability weight-

ing density can not be identified separately. Thus, the utility function is assumed as

the standard power expected utility (CRRA) commonly used in empirical and the-

oretical asset pricing, ensuring only that the utility is non-convex. This approach

enables us to derive nonparametric estimates of the probability weights. Finally, the

nonparametric estimates of the probability weights are employed to fit the parametric

specification of the weighting function.
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4.4.4 Parametric estimation of probability weighting func-

tions

The parameters of the probability weighting function are estimated by minimizing

the distance between the values implied by the parametric function and the nonpara-

metric estimates of the probability weighting functions. The objective function for

minimization can be expressed as follows:

(b∗) = argmin
b

n∑︂
i=1

[︂
GNonpara (Pi; b)− Ĝ (Pi)

]︂2
(4.19)

where: - b∗ are the optimal parameters of the parametric weighting function. -

GNonpara represents the parametric probability weighting function. - Ĝ (Pi) repre-

sents the nonparametric estimate of the probability weighting function at Pi. This

formulation seeks the values of the parameter vector b that minimize the sum of

squared differences between the parametric function-implied values and the nonpara-

metric estimates.

4.4.5 Tails overweight parameters and PC1 sentiment

The relationship between time-varying overweighting of small probabilities and in-

vestor sentiment is examined through multivariate OLS regressions, where each pa-

rameter of the five parametric probability weighting functions serves as the dependent

variable.

Parameteri,t = c+ β1PC1t + β2VIXt + β′Xt + ϵt (4.20)

The explanatory variables include PC1, the benchmark sentiment proxy derived

as the first principal component, and VIX, the market volatility measure. A group of
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control variables from those examined by Welch and Goyal (2008) as potential predic-

tors of the equity market is also incorporated, including E12, the twelve-month moving

sum of earnings of the S&P 5000 index, B/M, the book-to-market ratio, NTIS, the net

equity expansion, TBL, the risk-free rate, INFL, the annual inflation rate, CORPR,

the corporate bond spread, SVAR, the stock variance, and CSP, the cross-sectional

premium. By incorporating these variables, the model isolates the incremental effect

of sentiment on the overweighting of small-probability events, providing insight into

probability distortions in investor behavior.

4.5 Data

The choice of options can significantly affect the accuracy of risk-neutral density

(RND) estimates derived from option prices. The End-of-Month (EOM) option series,

expiring on the last trading day of each calendar month, align directly with calendar-

month sentiment variables and are thus selected for estimating the risk-neutral density

(RND). This alignment enables a clearer reflection of market sentiment and trading

behavior within standard monthly cycles. The S&P 500 index serves as the preferred

asset that exhibits a strong correlation with overall wealth in the economy, as it is

widely regarded as a reasonable proxy for market returns. As one of the most active

index options markets globally, SPX options have been widely studied in empirical

research, including by Bakshi et al. (1997), Aı̈t-Sahalia and Duarte (2003), Rosenberg

and Engle (2002), Polkovnichenko and Zhao (2013), Cuesdeanu and Jackwerth (2018),

and Sichert (2018) among others.

All end-of-month S&P 500 options from January 2014 to December 2022 are

obtained from OptionMetrics, using the first trading day of each month as the obser-
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vation date. For each observation date, the midpoint of bid and ask prices serves as

the option price, reducing pricing noise. To filter out illiquid options, option quotes

with zero trading volume, a best bid price below 0.50, deep in-the-money (money-

ness outside the range 0.8 ≤ moneyness ≤ 1.2), and those allowing arbitrage across

strikes are excluded. Deep ITM options behave more like the underlying asset and

less like options, whose prices are heavily influenced by intrinsic value rather than

time value or volatility. Removing them helps focus on options that are more respon-

sive to changes in implied volatility, time decay, and other factors relevant to pricing

kernel analysis.

Table 1 presents summary statistics for option quotes during the sample period,

categorized by moneyness, including the total number of quotes, the Black-Scholes

(BS) implied volatility (mean, minimum, and maximum), as well as the average trad-

ing volume and open interest for call and put options that are 20%, 10%, 5%, and

1% out-of-the-money (OTM). OTM puts are defined as options with a moneyness

below 1, while OTM calls have a moneyness above 1. On average, there are ap-

proximately 169 options per month, with OTM puts outnumbering OTM calls. The

average BlackScholes implied volatilities follow the well-documented ”smirk” pattern

observed in option pricing literature. Additionally, the average trading volumes indi-

cate good liquidity, particularly for options closer to at-the-money.
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Table 4.1: Summary Statistics of Out-of-the-Money (OTM) Option Quotes

Number of

Quotes
Implied Vol

Avg Trading

Volume

Avg Open

Interest

Avg Min Max

Option Type Moneyness

OTM Put [0.8, 0.9) 5562 0.31 0.19 0.70 138 1657

[0.9, 0.95) 3065 0.23 0.13 0.62 398 2418

[0.95, 0.99) 2467 0.19 0.08 0.57 401 2108

[0.99, 1.0] 618 0.16 0.07 0.53 374 1357

OTM Call (1.0, 1.01] 612 0.15 0.06 0.52 532 2373

(1.01, 1.05] 2453 0.13 0.05 0.51 477 2150

(1.05, 1.1] 2204 0.14 0.07 0.46 132 1208

(1.1, 1.2] 1753 0.19 0.12 0.39 29 912
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4.6 Empirical results

4.6.1 Risk-neutral and Physical Distribution

Figure 4.1: Selected representative results for Risk-neutral and Physical distributions.

The Physical distributions are calculated with the same return horizon as the time-

to-expiration of the options.
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Figure 4.1 presents selected examples of risk-neutral (blue curves) and physical (or-

ange curves) return distributions for the S&P 500 index, each evaluated over the same

horizon as the time to expiration of the respective options. As expected, the risk-

neutral densities place relatively more mass on the left tail (reflecting higher implied

downside risk), while the physical densities-obtained via GJR-GARCH estimation

and residual bootstrapping-exhibit shapes more consistent with historical return be-

havior. An important feature of these simulated physical distributions arises from

the residual bootstrapping procedure. Because the algorithm randomly draws past

innovations from historical residuals, large outliers (such as the extreme negative and

positive residuals during March and April 2020) can be included with notable fre-

quency. Consequently, the bootstrapped physical distributions can become inflated

in their tails-particularly in scenarios where volatility spikes were exceptionally pro-

nounced (e.g., the COVID-19 crash). While this feature captures real-world tail risks,

it also means that the resulting simulated gross returns may appear higher or lower

than anticipated for certain time periods. Overall, these comparisons underscore

the distinct perspectives offered by risk-neutral versus physically estimated return

distributions and highlight the practical implications of residualbased simulation in

capturing (and potentially magnifying) historical extreme events.
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Table 4.2: Estimation of Conditional Density of Daily S&P 500 Log-Returns (2012-

2022)

Panel A: Parameter estimates

Parameter Estimate Std. Error p value

mu 0.006457 0.004639 0.163955

omega 0.000002 0.000000 0.000000

alpha[1] 0.050005 0.485945 0.918041

gamma[1] 0.199996 0.284569 0.482177

beta[1] 0.829997 0.113988 0.000000

Panel B: Properties of the estimated standardized innovations

Skewness
Excess

Kurtosis

Normality

test p-value

ARCH

test p-value

Serial correlation

test p-value

-0.615688 3.239504 0.000000 0.491528 0.219915

In table 4.2, Panel A reports the estimated coefficients for the GJR-GARCH

model specified in equation ??, which includes the following components: ω (long-

run baseline variance), α (ARCH), γ (asymmetric term), β (GARCH). The estimation

employs an GJR-GARCH(1, 1) model for daily S&P 500 log-returns spanning 2012 to

2022, using maximum likelihood estimation. The results indicate that the estimated

mean return ( µ = −0.0033, p < 0.001 ) is negative and significant, indicating an

overall slight downward drift in daily returns during the sample period. The esti-
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mated ARCH parameter, α[1] = 0.05(p = 0.0385), is statistically significant at the

5% level, indicating that current volatility is moderately sensitive to recent shocks.

The GARCH coefficient, β[1] = 0.83(p = 0.0000), suggests high volatility persistence,

meaning volatility shocks have a strong and lasting impact on future volatility. Con-

sequently, volatility clusters are likely to persist for extended periods. In addition,

the asymmetric term (γ = 0.20, p < 0.001) is strongly significant, which means neg-

ative shocks (bad news) substantially increase future volatility more than positive

shocks (good news) of similar magnitude, clearly confirming a leverage effect. This

asymmetry implies a negatively skewed unconditional distribution, emphasizing the

importance of modeling downside risk explicitly. Overall, the findings strongly sup-

port the necessity of incorporating asymmetric volatility dynamics when modeling

stock returns.

Panel B presents the properties of the estimated standardized innovations. The

normality test rejects the hypothesis that the residuals (standardized innovations)

follow a standard normal distribution. The ARCH test (Engle, 1982) assesses unex-

plained stochastic volatility, rejecting the null hypothesis of homoskedasticity. The

Ljung-Box test (Ljung & Box, 1978) evaluates unexplained serial correlation, rejecting

the null hypothesis of no autocorrelation.
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4.6.2 Probability weighting functions

Figure 4.2: Selected representative results for Prelec parametric estimates of the

probability weighting functions

The horizontal axis represents the cumulative distribution function under physical measure and the

vertical axis represents the probability weighting function.
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Figure 4.2 illustrates the estimated shape of the probability weighting functions from

nine representative months across different years within the sample period, using a

constant relative risk aversion (CRRA) coefficient of γ = 1. The blue curves de-

pict the estimated weighting functions, whereas the dashed diagonal represents a

linear weighting of probabilities. The estimated curves typically deviate from the

45-degree line, typically forming an inverse-S shape observed in experiments in most

months, suggesting investors systematically overweight tail probabilities and under-

weight moderate ones. However, shifts toward an S-shaped function in certain periods

indicate that investor sentiment and market conditions can fluctuate, temporarily al-

tering risk perception. These variations highlight the dynamic nature of probability

weighting, reinforcing the role of behavioral biases in financial decision making.
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Figure 4.3: Time-varying parameters of the five parametric weighting functions ap-

proximating the non-parametric estimates of the probability weighting functions ob-

tained from end of month options and PC1 sentiment.

Figure 4.3 depicts the time-varying parameters of five parametric probability

weighting functions alongside the benchmark sentiment proxy (PC1). The param-

eters are estimated by minimizing the distance between parametric function-implied

values and the nonparametric estimates of the probability weighting functions derived

from end-of-month options data. These parameters, including Lopes, two versions of

the Tversky and Kahneman functions (KT1, KT2), and two versions of the Prelec

functions (Prelec1, Prelec2), exhibit substantial variation over time, highlighting dy-

namic changes in investor probability weighting.
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Table 4.3: Correlation Matrix: Time-varying weighting function parameters and PC1

investor sentiment

G Lopez G KT1 G KT2 G Prelec1 G Prelec2 PCA

phi lambda gamma gamma delta alpha alpha beta PC1 PC2 PC3 BW MCSI CCI SSW AAII VIX

G Lopez phi 1.00 -0.46 -0.52 -0.30 0.07 -0.84 -0.75 0.04 -0.70 -0.00 0.17 -0.15 -0.34 -0.10 -0.60 -0.46 0.68

lambda -0.46 1.00 -0.06 -0.05 0.14 0.07 0.06 -0.01 0.17 0.05 -0.05 0.02 0.05 0.05 0.25 0.08 -0.12

G KT1 gamma -0.52 -0.06 1.00 0.61 -0.40 0.81 0.77 0.03 0.58 0.04 -0.09 0.12 0.17 0.08 0.49 0.44 -0.57

G KT2 gamma -0.30 -0.05 0.61 1.00 -0.46 0.61 0.62 0.11 0.42 0.13 -0.02 0.05 0.07 0.17 0.36 0.38 -0.34

delta 0.07 0.14 -0.40 -0.46 1.00 -0.32 -0.41 -0.27 -0.35 0.04 -0.31 -0.33 0.05 -0.10 -0.12 -0.47 0.24

G Prelec1 alpha -0.84 0.07 0.81 0.61 -0.32 1.00 0.92 -0.02 0.72 0.07 -0.12 0.16 0.27 0.16 0.56 0.52 -0.72

G Prelec2 alpha -0.75 0.06 0.77 0.62 -0.41 0.92 1.00 0.38 0.80 0.06 -0.10 0.19 0.26 0.15 0.64 0.59 -0.77

beta 0.04 -0.01 0.03 0.11 -0.27 -0.02 0.38 1.00 0.32 -0.01 -0.00 0.10 0.06 0.01 0.29 0.28 -0.26

PCA PC1 -0.70 0.17 0.58 0.42 -0.35 0.72 0.80 0.32 1.00 0.02 0.00 0.35 0.37 0.25 0.82 0.84 -0.78

PC2 -0.00 0.05 0.04 0.13 0.04 0.07 0.06 -0.01 0.02 1.00 -0.02 -0.44 -0.48 0.79 0.18 -0.06 -0.12

PC3 0.17 -0.05 -0.09 -0.02 -0.31 -0.12 -0.10 -0.00 0.00 -0.02 1.00 0.79 -0.54 0.25 -0.20 0.25 0.26

BW -0.15 0.02 0.12 0.05 -0.33 0.16 0.19 0.10 0.35 -0.44 0.79 1.00 -0.04 -0.01 0.07 0.40 -0.07

MCSI -0.34 0.05 0.17 0.07 0.05 0.27 0.26 0.06 0.37 -0.48 -0.54 -0.04 1.00 -0.15 0.24 0.20 -0.22

CCI -0.10 0.05 0.08 0.17 -0.10 0.16 0.15 0.01 0.25 0.79 0.25 -0.01 -0.15 1.00 0.19 0.21 -0.07

SSW -0.60 0.25 0.49 0.36 -0.12 0.56 0.64 0.29 0.82 0.18 -0.20 0.07 0.24 0.19 1.00 0.55 -0.58

AAII -0.46 0.08 0.44 0.38 -0.47 0.52 0.59 0.28 0.84 -0.06 0.25 0.40 0.20 0.21 0.55 1.00 -0.48

VIX 0.68 -0.12 -0.57 -0.34 0.24 -0.72 -0.77 -0.26 -0.78 -0.12 0.26 -0.07 -0.22 -0.07 -0.58 -0.48 1.00
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The correlation matrix in Table 4.3 offers insights into the relationships between

the probability weighting parameters and the PC1 sentiment index. Among the ana-

lyzed parameters, the curvature parameter α of the two-parameter Prelec weighting

function stands out, exhibiting the strongest positive correlation (80%) with PC1 sen-

timent. This significant association underscores the Prelec α parameter’s sensitivity

to shifts in investor sentiment, reflecting its prominent role in capturing the sentiment-

driven variability in probability weighting. Other weighting function parameters also

display meaningful relationships with sentiment: the curvature parameter (α) from

the one-parameter Prelec weighting function closely follows, showing a 72% correla-

tion with PC1. Furthermore, the gamma parameters from KT1 and KT2 weighting

functions demonstrate moderate correlations of 58% and 42%, respectively. Con-

versely, the parameter ϕ of the Lopes weighting function exhibits a strong negative

correlation of approximately −0.70 with PC1, indicating an inverse relationship with

PC1. The strong negative correlation ( r = −0.75 ) between PC1 investor sentiment

and the Lopes power parameter ϕ indicates that when market sentiment becomes

more optimistic, the curvature of the Lopes weighting function flattens, implying a

reduction in probability distortion. In such periods, investors perceive probabilities

in a way that is closer to objective or linear weighting, reflecting more rational or

risk-neutral evaluations of uncertain outcomes. Conversely, during periods of low

sentiment or pessimism, the value of ϕ tends to increase, steepening the curvature of

the weighting function. This heightened curvature suggests that investors overweight

extreme (tail) probabilities, consistent with fear-driven reactions to rare but impact-

ful events. The lambda parameter from Lopes and the beta parameter from Prelec2

reveal relatively weaker correlations ( 17% and 32% ), suggesting less pronounced, yet

still relevant sentiment influences. Collectively, these findings confirm that investor
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sentiment substantially influences the shape and curvature of probability weighting

functions, thus providing compelling evidence of sentiment-driven probability distor-

tions in investor behavior under risk.
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Table 4.4: Regression results: parameters of five weighting functions on PC1 and

control variables

G Lopez G KT1 G KT2 G Prelec1 G Prelec2

phi lambda gamma gamma delta alpha alpha beta

const 0.49 0.45 0.70 0.69 -0.33 0.44 0.55 0.56

(3.8) (1.72) (2.76) (3.48) (-1.51) (7.32) (7.39) (7.1)

PC1 -0.05 0.03 0.11 0.06 -0.06 0.03 0.04 0.01

(-6.86) (1.93) (6.9) (5.43) (-4.21) (8.54) (9.33) (2.72)

E12 -0.00 0.00 0.00 0.00 0.00 -0.00 -0.00 -0.00

(-0.07) (0.86) (0.95) (0.04) (1.92) (-0.09) (-0.76) (-1.15)

B/M 0.51 -0.13 -1.44 -1.29 1.98 -0.45 -0.17 0.72

(1.75) (-0.22) (-2.51) (-2.9) (4.01) (-3.28) (-1.02) (4.01)

NTIS 3.43 -3.62 -6.56 -3.48 -0.78 -1.91 -0.81 2.69

(3.3) (-1.73) (-3.23) (-2.19) (-0.44) (-3.93) (-1.36) (4.21)

TBL 2.56 -3.77 -5.25 -1.73 0.62 -1.14 -0.04 2.59

(1.68) (-1.23) (-1.77) (-0.75) (0.24) (-1.61) (-0.04) (2.78)

INFL 0.84 -4.86 -7.25 -4.94 1.13 -1.52 -0.51 2.38

(0.27) (-0.79) (-1.21) (-1.06) (0.22) (-1.06) (-0.29) (1.26)

CORPR 0.15 -0.90 0.45 0.37 0.37 0.11 -0.03 -0.28

(0.41) (-1.2) (0.61) (0.65) (0.58) (0.61) (-0.12) (-1.23)

SVAR 8.96 0.58 0.32 4.90 -6.71 -2.62 -1.93 1.69

(5.67) (0.18) (0.1) (2.03) (-2.51) (-3.55) (-2.13) (1.74)

R2 0.67 0.08 0.45 0.31 0.29 0.68 0.67 0.38

R2 adj 0.65 0.01 0.41 0.26 0.23 0.65 0.64 0.33

Notes: Table displays coefficient estimates with t-statistics in parentheses
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Table 4.4 reports the regression results for equation (4.20), examining the influence

of investor sentiment (PC1) and control variables on the parameters of five probability

weighting functions. The multivariate regressions exhibit substantial explanatory

power, with the highest R2 reaching 67% for the power parameter ϕ from G Lopes. As

expected, PC1 sentiment is generally positively and statistically significantly related

to weighting function parameters, notably γ from G KT1 (0.11), γ from G KT2

(0.06), α from G Prelec1 (0.03), and α from G Prelec2 (0.04). This suggests that

elevated sentiment exacerbates the overweighting of small probabilities as measured

by these curvature parameters. However, the relationship is significantly negative for

ϕ from G Lopes (-0.05) and δ from G KT2 (-0.06), indicating that higher sentiment

may induce pessimism in certain aspects of probability weighting. In particular, the

parameter δ from G KT2, which governs the curvature of the probability weighting

function in the loss domain, suggests that when sentiment rises, individuals exhibit a

reduced tendency to overweight lower-probability losses.

Once examining the remaining control variables, the relationships appear less sta-

ble compared to the sentiment proxies. Notably, several variables display varying

signs and inconsistent statistical significance across the different weighting function

parameters. E12 is largely insignificant across all weighting functions, except for

the delta parameter of the G KT2 specification. B/M (book-to-market ratio) ex-

hibits notable explanatory power, with significant negative coefficients for gamma

parameters from G KT1 (-1.44) and G KT2 (-1.29), as well as the alpha parameter

from G Prelec1 (-0.45). In contrast, B/M has significant positive associations with

delta from G KT2 (1.98) and beta from G Prelec2 (0.72), highlighting inconsistent

directional effects across parameters. NTIS (net equity expansion) exhibits strong

and statistically significant coefficients under most specifications, particularly in the
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Lopez and KT1 weighting functions where the estimates are large (3.43 and 6.56, re-

spectively, with t-statistics exceeding 3 in absolute value). This indicates that NTIS

plays a notable role in explaining variation in the estimated parameters, suggest-

ing that periods of net equity issuance are systematically associated with changes in

the shape of the probability weighting functions. TBL (Treasury bill rate) exhibits

partially significant and directionally mixed effects across the weighting functions.

It attains positive significance for the β parameter of G Prelec2 and a negative,

marginally significant effect for the γ parameter of G KT1. SVAR displays mixed

signs and significance across the weighting functions, suggesting that the effect of

market volatility on probability weighting is model-dependent. The other predictive

factors—INFL, and CORPR exhibit statistical insignificance and inconsistent signs,

highlighting their unstable relationships.

Overall, the findings indicate a weak and unstable link between fundamental con-

trol variables and the parameters of weighthing function. In contrast, the strong and

stable relationship between sentiment factors and the tail overweighting parameters

in multivariate regressions suggests a robust connection between sentiment and the

overweighting of small probabilities.

4.7 Implication

Building on the studies from Polkovnichenko et al. (2019) and Azimi et al. (2024), the

findings suggest that probability weighting parameters capture behaviorally grounded

biases toward tail events that are not fully reflected in existing sentiment indicators.

These parameters have direct implications for optimal portfolio allocation and dy-

namic trading strategies. Therefore, it becomes essential to assess the multidimen-
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sional nature of investor sentiment. Within the behavioral pricing kernel framework

introduced in Chapter 2, Barone-Adesi et al. (2012) identify finer psychological dimen-

sions of sentiment by quantifying deviations between the representative investor’s sub-

jective return distribution (Prep) and the objective distribution (Pobj). Specifically,

sentiment is decomposed into its first- and second-moment components, correspond-

ing to excessive optimism (mean distortion) and overconfidence (variance distortion).

Furthermore, Barone-Adesi et al. (2012) argue that overconfidence constitutes a crit-

ical dimension of sentiment that shapes the pricing kernel but is not fully captured

by the Baker–Wurgler series. This view aligns with the observation that, although

Baker and Wurgler discuss several psychological heuristics and biases underlying sen-

timent—such as excessive optimism, overconfidence, and representativeness—they

place primary emphasis on excessive optimism in their analysis (Barone-Adesi et al.,

2012). Such deviations from standard utility models highlight a promising research

avenue for identifying the underlying factors that drive investor preferences and in-

fluence asset prices.

4.8 Conclusion

This chapter empirically examines the relationship between investor sentiment and

the overweight of tail events, proxied by the parameters of parametric probability

weighting functions. The findings indicate that among the examined functions, the

curvature parameter α of the Prelec weighting function exhibits the strongest cor-

relation with PC1, reaching 68%. This provides compelling empirical evidence of

a link between probability weighting parameters and external sentiment measure in

real-world, non-experimental settings. Moreover, the multivariate regression analy-
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sis reveals a consistently strong and stable relationship between sentiment factors-

particularly the first principal component (PC1)-and the parameters characterizing

the curvature of probability weighting functions.

Overall, these results confirm a strong connection between probability weighting

and investor sentiment. Utility functions incorporating probability weighting have

been extensively applied to key areas in finance, including risk premia, the cross-

section of expected returns, and portfolio diversification. The findings offer robust

non-experimental support for the behavioral assumptions underlying this strand of

research on investor decision-making. By shedding light on the dynamic nature of

probability weighting, the study contributes to the broader literature on behavioral

asset pricing and provides new insights into the resolution of the pricing kernel puzzle.
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Chapter 5

Conclusion

5.1 Introduction

This concluding chapter summarises the roles of investor sentiment estimated in

Chapters 2, 3, and 4, and discusses professional implications arising from these find-

ings. It also evaluates the robustness of the results, emphasizing the significance of

alternative model specifications in light of the persistence of irrational beliefs across

stocks and over time. Recognizing that mainstream economics continues to rely heav-

ily on expected utility theory and the rational agent paradigm, this thesis addresses

several key critiques and proposed extensions to these foundational frameworks. Fi-

nally, the chapter concludes with implications for future research and situates the

thesis’s contributions within the broader context of behavioral finance literature.

The theoretical framework first reviews the full-information rational-expectations

paradigm, noting that investors’ beliefs are often shaped by adaptive, extrapolative,

and sentiment-driven processes that depart from objective probability models. It then

introduces the psychology of tail events, showing how probability-weighting functions
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cause individuals to systematically overweight extreme gains and losses, thereby dis-

torting risk perceptions in ways that standard expected-utility theory cannot capture.

Finally, it reviews the research evolution of investor sentiment on stock returns from

early skepticism about noise traders to current widely recognized sentiment-driven

stock returns. From the DSSW model’s pioneering work that measures investor sen-

timent using closed-end fund discounts in the 1990s to today’s sophisticated sen-

timent analysis using machine learning, sentiment studies continue to enhance the

understanding of market anomalies. This evolution underscores the importance of

integrating psychology, data analytics, and traditional financial theories to build a

more comprehensive picture of markets that are not only efficient but also influenced

by behavioral bias. Noise-trader theory and limits-to-arbitrage models explain why

these behavioral distortions persist: risk-averse arbitrageurs confront “noise-trader

risk” when betting against sentiment-driven mispricings, so deviations from funda-

mental values remain priced in equilibrium. Together, these insights establish a uni-

fied basis for incorporating heterogeneous beliefs and behavioral biases into modern

asset-pricing models.

The literature section first traces the evolution of asset pricing theory from tra-

ditional asset pricing models to behavioral asset pricing models, highlighting how

the empirical failures of consumption-based models spurred a search for more flexible

SDF specifications. It then surveys the rise of quantile-preference models, and the

corresponding econometric advances in quantile regression. Finally, it examines the

behavioral asset pricing literature on news- and survey-based sentiment proxies and

non-linear probability-weighting functions from the rank-dependent family of mod-

els. Together, these threads—alternative preference structures, richer factor models,

and sentiment-driven behavioral biases—provide the theoretical and empirical foun-
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dations for the subsequent chapters’ investigation of how dynamic tail beliefs and

sentiment measures drive asset-pricing anomalies.

5.2 Behavioral pricing kernel and news sentiment

Chapter 2 conducts an empirical test of the conusmption-based CAPM by approxi-

mating the pricing kernel as a linear function of consumption growth and news senti-

ment. This approach seeks to reconcile the apparent inconsistency between the strong

cross-sectional explanatory power of conditional asset-pricing models and the under-

lying assumptions by developing a behavioral pricing kernel that incorporates news

sentiment. Building on Shefrin (2008)’s decomposition of the SDF into rational and

behavioral components, the model integrates sentiment—proxied by a lagged news-

based indicator—alongside consumption growth and uses the consumption–wealth

ratio (cay) as a conditioning variable to allow time variation in preferences. The

time series of realized values of the empirical SDF function and the corresponding

risk aversion parameters are estimated using alternative specifications. In traditional

RE asset pricing models, risk aversion is often assumed to be constant. However,

empirical evidence suggests that risk aversion changes over time, influenced by eco-

nomic cycles, wealth levels, and recent returns. This limitation can be addressed

by estimating time-varying risk aversion the time-varying risk aversion, where agents

become more or less risk-averse based on market conditions. The SDF is approxi-

mated using both a second-order Taylor series expansion and a flexible Chebyshev

polynomial basis, allowing the model to capture nonlinearities and more nuanced

dynamics in asset pricing. The proposed approach retains many of the desirable

features found in nonparametric analyses while mitigating several of their key limi-
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tations. Specifically, it approximates the unknown marginal utility function within

a static framework using a combination of Taylor series expansion and Chebyshev

polynomials, thereby offering both local accuracy and global stability in functional

approximation. In addition, departing from the common assumption of constant

parameters over time, the analysis allows for time variation in the parameters by

introducing a scaling variable,consumption–wealth ratio. This approach captures

potential shifts in the pricing kernel driven by changes in the broader economic en-

vironment. Notably, the Chebyshev-based specification offers greater flexibility than

the quadratic form derived from the Taylor expansion, enabling the pricing kernel to

exhibit more pronounced oscillations driven by sentiment and better accommodate

complex state-dependent behavior.

The Generalized Method of Moments (GMM) is used to estimate the parame-

ters of various asset pricing models, leveraging its flexibility in handling endogeneity,

heteroskedasticity, autocorrelation, and nonlinearity in moment conditions. A two-

step GMM procedure is applied. The first stage uses an identity weighting matrix

to generate consistent but possibly inefficient estimates. The second stage improves

efficiency by applying the optimal weighting matrix, based on the long-run covariance

matrix of the moment conditions. This yields robust standard errors and allows for

hypothesis testing via the Hansen J-test for overidentifying restrictions.

The findings indicate that the sentiment-driven SDF provides a superior expla-

nation of the cross-section of size and book-to-market sorted equity returns—both

economically and statistically—compared to alternative models such as the Capital

Asset Pricing Model (CAPM), and the standard Consumption CAPM (CCAPM),

and performs comparably to the Fama-French three-factor model. The integration of

sentiment into the behavioral pricing kernel significantly reduced the negative values
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that the SDF take at some time points. Overall, the findings underscore the crit-

ical role of sentiment in shaping asset prices and highlight the value of embedding

behavioral elements structurally within the SDF framework.

One limitation of this chapter aligns with a critique raised by Shefrin (2008).

In Behavioral asset pricing models, sentiment is commonly represented as a scalar

variable, such as a bias in the mean of a given distribution, which is typically inter-

preted as a form of error—whether stemming from individual investors or emerging

at the aggregate market level. While this approach may be suitable for simplified, ad

hoc models, it is generally overly simplistic. In reality, sentiment behaves more like a

stochastic process, evolving according to a distribution that interacts with underlying

fundamental variables. In markets characterized by heterogeneous beliefs, sentiment

is rarely uniform—some assets may reflect excessive optimism, while others exhibit

excessive pessimism. This heterogeneity gives rise to the concept of an oscillating

SDF, which captures the nonuniform nature of sentiment across assets. This chapter

estimated the time series of the empirical SDF, which is inherently estimating the

projection of the SDF onto a subspace, at each observation date. In a neoclassical

world, with a stable SDF, doing so complements a cross-sectional approach. Over

time, the SDF can be stitched together, or traced out as a function. In a behavioral

world, sentiment varies so much that it’s unclear exactly what can stitch together,

because the SDF is so volatile. Consequently, within behavioral SDF theory, senti-

ment is more appropriately modeled as a change of measure—a function rather than

a simple scalar variable. This theoretical perspective introduces complications when

using news sentiment as a proxy, which are often limited in capturing the full func-

tional nature implied by the theory. For estimating the time series of realized SDF

values, the sentiment that gets measured, theoretically, should be the probability mis-
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estimation, in relative terms, associated with the underlying realization of the state

variable. These are issues that are in need of exploration in future research.

Moreover, it is also appealing to compare with the alternative models. One ob-

vious possibility is through the R2 of a cross-sectional regression but there are other

alternatives such as the test proposed by Barillas and Shanken (2017). Another

promising direction is to treat sentiment as a state variable, alongside the consump-

tion–wealth ratio (cay), to assess its incremental predictive power beyond that of cay

in a behavioral setting. While this approach is conceptually related to the framework

presented in this chapter, it differs in that sentiment would function as a predictor of

returns rather than as a pricing factor within the SDF. It is necessary to think more

about the conceptual differences of using sentiment as a state variable rather than as

a pricing factor. It might be the same analytically.

Another promising avenue for extension involves incorporating sentiment—following

the approach taken in this paper to augment the (C)CAPM—into long-run risk mod-

els in the spirit of Bansal and Yaron (2004). While much of the empirical evaluation

of these models has centered on characteristics of the conditional distribution of mar-

ket portfolio returns, such as the risk premium and the volatility and persistence of

excess returns, Hansen et al. (2008) suggest that long-run risk also plays a critical

role in explaining average return differentials between value and growth portfolios.

5.3 Quantile Preference and Sentiment

Chapter 3 introduces a quantile preferences asset pricing model that incorporates

a sentiment index constructed via Principal Component Analysis (PCA), aiming to

investigate how sentiment influences the cross-section of extreme tail events in the re-
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turn distribution. This approach seeks to capture and explain the asymmetric nature

of investor preferences observed across different segments of the return distribution.

By targeting specific return quantiles, this quantile-utility approach leverages the full

distribution without imposing a parametric utility function, allowing an investor’s

chosen quantile to serve as a proxy for risk aversion. This contrasts with expected

utility models, where risk attitude is determined by the utility function.

This chapter constructs a composite sentiment index using Principal Component

Analysis (PCA), leveraging five widely recognized sentiment measures from academic

literature: the Shapiro, Sudhof, and Wilson (SSW) Sentiment Index; the AAII In-

vestor Sentiment Survey, as a proxy for individual investor sentiment; the Baker and

Wurgler (BW) Sentiment Index; the Michigan Consumer Sentiment Index (MCSI);

and Shiller’s Crash Confidence Index (CCI). The appeal of this composite senti-

ment index lies in its enhanced transparency compared to traditional approaches. In

contemporary literature literature, researchers have typically relied on three primary

methodologies to quantify investor sentiment. The first involves market-based proxies,

including metrics such as trading volume, closed-end fund discounts, IPO first-day re-

turns, IPO issuance volume, option-implied volatility (e.g., the VIX), and mutual fund

flows. These indicators infer sentiment indirectly through observed market behavior.

The second approach employs sentiment surveys, which provide direct insight into

investor expectations and psychological states. Common examples include Michigan

Consumer Sentiment Index (MCSI), Shiller’s Crash Confidence Index, AAII Investor

Sentiment Survey, Conference Board’s Consumer Confidence Index (CCI). More re-

cently, a third stream of research has emerged, applying machine learning techniques

to textual data—such as financial news, earnings calls, and online commentary—to

derive sentiment measures that are both dynamic and highly granular. Compared to

169



these disparate and sometimes opaque approaches, the PCA-based composite index

offers a more systematic and interpretable framework for capturing the multifaceted

nature of investor sentiment.

In the proposed quantile asset pricing model, in addition to the sentiment factors

PC1 and PC2, a set of control variables—including idiosyncratic volatility (Garman

& Klass, 1980), changes in the VIX, the risk-free rate (RF), and the Carhart Four Fac-

tors—is incorporated to ensure that the effects of sentiment are not confounded with

well-known sources of well-known risk premia. These controls are essential for accu-

rately modeling the cross-section of future return quantiles. Notably, the theoretical

foundations of the momentum factor in the Carhart Four Factors span both behav-

ioral and rational perspectives. From a behavioral standpoint, momentum is often

linked to investor sentiment and cognitive biases—such as overreaction, representa-

tiveness, and herding—which can cause asset prices to deviate from fundamentals in a

systematic and predictable manner. These behavioral distortions may lead to under-

or overreactions that fuel momentum over intermediate horizons. Conversely, a body

of research within rational finance shows that momentum can also emerge in markets

characterized by information asymmetries, transaction costs, or delayed price adjust-

ments. Even in such environments, evolving investor expectations—often shaped by

sentiment—can sustain return persistence. Therefore, momentum and sentiment are

conceptually and empirically intertwined. Including momentum as a control variable

is thus critical to disentangle its effects from those of sentiment, particularly in the

tails of the return distribution where sentiment-induced mispricing is most likely to

occur.

The Panel Quantile Regression (PQR) model, as introduced by Koenker (2004),

is employed to estimate the parameters defined in the proposed linear asset pricing
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equation. The advantage of this approach lies in its ability to effectively control

for unobserved heterogeneity across financial assets while simultaneously identifying

common sentiment-driven patterns, thereby yielding more precise, quantile-specific

estimates. Consequently, these refined estimates are expected to enhance forecasting

performance directly. Moreover, this approach can be effectively applied to obtain

precise estimates of Value-at-Risk (VaR), a widely used risk measure in the finan-

cial industry. In this context, the panel data framework retains all the advantageous

properties of standard time series analysis, while its cross-sectional dimension allows

for the identification and control of common shocks affecting multiple assets simulta-

neously.

To evaluate the extent to which unobserved heterogeneity influences the rela-

tionship between sentiment and returns, the individual Univariate Quantile Regres-

sion (UQR)—which does not control for such heterogeneity—is first employed as a

benchmark. Comparing the parameter estimates from the Panel Quantile Regres-

sion (PQR) with those from the individual UQR models reveals a notable pattern:

once unobserved heterogeneity is accounted for through the PQR framework, the first

principal component (PC1) exhibits a more pronounced negative effect on the upper

quantiles of the return distribution than most UQR estimates suggest. This finding

indicates that controlling for heterogeneity amplifies the observed downward influence

of negative sentiment, particularly in the higher return quantiles, thereby reinforcing

the asymmetric effect of sentiment documented. Crucially, it suggests that failing

to account for unobserved heterogeneity can lead to systematic underestimation of

sentiment impact, especially at the distributional tails. Overall, this comparison un-

derscores the critical importance of incorporating unobserved factors in panel data

models to produce more accurate and unbiased estimates.
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This chapter advances the understanding of how investor sentiment influences the

cross-section of extreme tail events in stock return distributions by employing a Panel

Quantile Regression Model. This model effectively accounts for unobserved hetero-

geneity across financial assets and facilitates the identification of shared patterns in

the tail behavior of returns across different stocks. A key innovation of this chapter

is the development of a novel investor sentiment index, constructed using Principal

Component Analysis (PCA). This composite index integrates several widely recog-

nized sentiment proxies, with particular emphasis on machine learning-based news

sentiment, offering a more robust and flexible tool compared to single-indicator ap-

proaches. By reducing the dimensionality of multiple sentiment measures, PCA iso-

lates the underlying common factors that drive investor sentiment, thereby enhancing

the model’s capacity to link sentiment dynamics with tail risk. This methodology not

only improves upon traditional models that rely on assumptions of homogeneous pref-

erences and expected utility maximization but also establishes a more comprehensive

framework for analyzing the impact of sentiment on extreme asset return events.

The empirical results presented in this Chapter provide compelling evidence of

the asymmetric and quantile-dependent effects of investor sentiment and volatility on

stock returns, thereby reinforcing the importance of modeling cross-sectional hetero-

geneity and tail risk. Overall, the findings reveal a nuanced, quantile-specific view of

stock returns, illustrating the heterogeneous influence of systematic risk factors, mar-

ket sentiment components, and idiosyncratic volatility across the distribution. The

empirical findings reveal significant heterogeneity in how investor sentiment impact

stock performance at different quantiles, underscoring the nuanced relationship be-

tween sentiment and return distributions. The research highlights the critical role of

unobserved heterogeneity among financial assets, particularly across different quan-
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tiles of the return distribution. Using Panel Quantile Regression (PQR), the first

principal component (PC1) of sentiment is found to exert a consistently negative and

statistically significant effect across all quantiles. While this impact remains rela-

tively stable in the lower and middle quantiles, it intensifies markedly at the upper

tail—where the coefficient nearly doubles—indicating that elevated investor senti-

ment disproportionately suppresses the probability of extreme positive returns. This

asymmetry aligns with the findings of Baker and Wurgler (2007), who show that high

sentiment is associated with lower subsequent returns.

The values of the PC1 parameter estimates are not symmetric around the median,

which highlights the increasing importance of sentiment effects on the estimation of

the upper quantiles of returns. This asymmetry suggests that negative sentiment, as

captured by PC1, exerts a more pronounced downward influence on higher quantiles,

indicating that sentiment has a stronger impact on the upper range of the return dis-

tribution compared to lower quantiles. The results highlight the asymmetric impact

of stock-specific characteristics and sentiment across the conditional return distribu-

tion, providing a deeper understanding on how sentiment indices drive performance at

different levels of the return distributions, offering insights beyond traditional mean

based regression models. This nuanced relationship between sentiment and returns

is consistent with prospect theory of Kahneman and Tversky (1979a), which posits

asymmetric perceptions of gains and losses, further emphasizing why sentiment ef-

fects concentrate in the tails. Meanwhile, the second principal component (PC2) has

a smaller, positive, and more stable effect, likely capturing orthogonal dimensions of

sentiment that influence returns through different channels.

In addition, a major strength of the proposed methodology lies in its ability to ac-

count for unobserved heterogeneity among financial assets, thereby enabling a clearer
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separation of overall market risk into its systemic and idiosyncratic components. By-

comparing PQR estimates to those from individual Univariate Quantile Regressions

(UQR). The PQR estimates, particularly at the highest quantile, reveal a significantly

more pronounced negative effect of PC1 than the median UQR estimates, underscor-

ing how controlling for unobserved heterogeneity unveils stronger sentiment effects

on high-return stocks. In contrast, UQR estimates display less variation across quan-

tiles, potentially masking the true distributional impact of sentiment. The findings

underscores the importance to control for unobserved heterogeneity among the assets.

Beyond investor sentiment, volatility, measuring the magnitude of fluctuations

in asset prices, is another significant factor shaping the tail events. Higher volatil-

ity tends to increase the frequency and intensity of these tail events, underscoring

the need to understand how such risk factors affect not only the central tendency of

returns but also their spread, particularly under conditions of financial stress or exu-

berance. By focusing on quantiles, the model can specifically capture how these risk

factors—sentiment, volatility, and others affect the tails of the return distribution,

revealing the degree to which both negative and positive extremes may occur. By

integrating volatility factors alongside sentiment within a quantile regression model,

the model provides a comprehensive perspective on how systematic risks, captured

through volatility and sentiment, shape the tails of the distribution. This integration

of volatility and sentiment essentially streamlines the analysis by addressing both

fundamental and behavioral drivers of risk, leading to better insights into the full

distribution of returns.

For future research, it is valuable to extend the static quantile utility framework

into a dynamic setting by developing an intertemporal consumption model, which

would enable the separation of the elasticity of intertemporal substitution (EIS) from
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risk preferences within the quantile framework and allow for the estimation of the

implied discount factor and EIS across different quantiles. It involves an equilibrium

model given by an Euler equation for the quantile preference approach, which is

more appealing from a theoretical (macro) perspective but may be more difficult to

implement in an asset pricing framework. This might be methodologically challenging

and add value to the chapter. In the paper by de Castro and Galvao (2019), the

corresponding recursive equation is defined by the sum of the current period’s utility

function and the discounted value of the certainty equivalent, which defines a utility

function based on quantiles.

5.4 Time-varying Probability Weighting and In-

vestor Sentiment Toward Tails

Chapter 4 investigates the relationship between tail-overweighting parameters embed-

ded in the probability weighting functions of rank-dependent family of models, and

external sentiment measures (PC1). To evaluate the extent to which time-varying

parameters of probability weighting functions capture investor sentiment toward tail

events, this chapter examines five families of weighting functions: the two-parameter

weighted average power function introduced by Lopes (1987), the one- and twopa-

rameter functions proposed by Tversky and Kahneman (1992), and the one- and

two-parameter specifications from Prelec (1998). The effectiveness of these models

is validated by estimating the parameters on a monthly basis and comparing them

to a benchmark proxy for investor sentimentnamely, the first principal component

(PC1) extracted through the PCA methodology detailed in Chapter 3. In addition,

time-series regressions are employed to analyze the explanatory power of investor sen-
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timent, alongside a set of control variables, in accounting for temporal variations in

the overweighting of tail probabilities, proxied by the parameters of five parametric

probability weighting functions. The PC1, the benchmark sentiment proxy derived as

the first principal component, is used as the explanatory variables. A set of variables

identified by Welch and Goyal (2008) as potential predictors of equity market returns

is included as control variables. These include: E12 (the twelve-month moving sum of

SP 500 earnings), B/M (the book-to-market ratio), NTIS (net equity issuance), TBL

(the risk-free rate), INFL (the annual inflation rate), CORPR (the corporate bond

spread), SVAR (stock return variance), and CSP (the cross-sectional premium). By

integrating these controls, the model isolates the incremental effect of investor sen-

timent on the overweighting of small-probability events, thereby shedding light on

probability distortions in investor behavior.

This chapter estimates the pricing kernel using index option data and use it to

derive the corresponding implied probability weighting function. A non-parametric

method is employed to extract the risk-neutral density from observed option prices. In

doing so, moving beyond the calibration of parametric utility functions, this chapter

explores direct estimation methods based on the no-arbitrage principle for the pricing

kernel by integrating both the risk-neutral distribution (implied by asset returns) and

the physical distribution (driving asset returns). The risk-neutral density is estimated

using a non-parametric method, while the physical density is obtained through a semi-

parametric approach, as previously outlined. The pricing kernel is computed by taking

the ratio of the risk-neutral density to the physical density and subsequently dividing

this ratio by the risk-free rate. A one-month horizon is selected for the benchmark

analysis, as it is the most widely studied timeframe in empirical pricing kernel research

and corresponds to a maturity with highly liquid option contracts. The robustness
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test demonstrates that the findings are consistent across other commonly analyzed

horizons.

This chapter underscores the significance of probability weighting in explaining

investor behavior toward tail events. The pricing kernel is adjusted by incorporating

a probability weighting function that distorts cumulative probabilities. This dis-

tortion reflects a key behavioral insight: individuals tend to perceive probabilities

non-linearly—overweighting small probabilities and underweighting large ones. The

primary contribution of this chapter lies in addressing a gap in the literature by empir-

ically examining the relationship between time-varying overweighting preference pa-

rameters of probability weighting functions and investor sentiment toward tail events.

Drawing on insights from non-expected utility models—particularly prospect theory

and cumulative prospect theory—it explores how subjective probability weighting,

especially the overweighting of tail probabilities, correlates with sentiment related to

extreme market outcomes. To benchmark investor sentiment, the first principal com-

ponent (PC1) extracted through principal component analysis (PCA) is employed,

facilitating a comparison with the time-varying parameters of five widely used proba-

bility weighting functions. By aggregating multiple sentiment indicators, PCA yields

a more comprehensive and robust representation of overall investor sentiment, offer-

ing a nuanced alternative to single-indicator approaches and enhancing the analysis

of sentiment’s role in behavioral asset pricing. This chapter is complementary to the

literature that introduces probability weighting function to compute weighted aver-

age utility, and show similar characteristics with the probability weighting functions

derived from options.

The results indicate that, among the examined functions, the curvature parame-

ter α of the Prelec weighting function exhibits the highest correlation with PC1, at
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68%. These findings offer empirical support for the link between probability weighting

parameters and news sentiment in real-world, nonexperimental settings. This con-

tributes to the broader behavioral asset pricing literature by providing new insights

into the dynamic nature of probability weighting and its relevance to the pricing

kernel puzzle. The multivariate regression analysis reveals a consistently strong and

stable relationship between sentiment factors-particularly the first principal compo-

nent (PC1)-and the parameters characterizing the curvature of probability weighting

functions. Specifically, higher sentiment significantly increases the overweighting of

tail events, underscoring sentiment’s key role in investor risk perception and pric-

ing behavior. Compared to the instability and inconsistent significance of economic

fundamentals across regressions, sentiment proxies demonstrate robust explanatory

power and directional consistency, reinforcing sentiment as a key driver of investors’

probability distortions. The findings highlight that investor sentiment provides a

reliable and significant explanation of the overweighting of tail risks, offering valu-

able insights into behavioral aspects of financial decision-making under uncertainty.

Importantly, the study extends these findings to real-world financial markets, vali-

dating the significance of sentiment-driven probability weighting beyond controlled

laboratory settings.

One limitation of this chapter is the estimation of RND, S. Figlewski (2010) pro-

posed an approach that allows extracting the body and tails of the distribution of

returns separately.

Given the strong correlation between the time-varying parameters of probability

weighting functions and investor sentiment toward tail events, a particularly promis-

ing avenue for future research is to address the pricing kernel puzzle by calibrat-

ing probability weighting functions using external sentiment measures. According
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to Dierkes et al. (2024), probability weighting is not only closely linked to volatile

market environments but also plays a central role in explaining the pricing kernel

puzzle. Their analysis reveals that, once probability weighting is incorporated, the

pricing kernel becomes monotonically decreasing in wealth, and the corresponding

risk aversion functions remain significantly positive. In contrast, the raw pricing

kernel exhibits a pronounced U-shape, indicating episodes of negative implied risk

aversion. Advancing this line of inquiry will necessitate a more nuanced exploration

of the structure and dynamics underlying the mapping between sentiment indicators

and probability weights. Moreover, the findings suggest that probability weighting is

time-varying and, in certain periods, may lead to the underweighting of tail events.

This observation opens another interesting avenue for future research: exploring the

relationship between this time variation and both expected stock returns and market

volatility.

There is considerable room for exploring the solutions for the pricing kernel puz-

zle, beginning with simple models that rely on a single state variable, and gradually

progressing to more complex frameworks. Similar to the testing process, many of

the proposed solutions are stand-alone models with limited empirical support. Most

of these solutions focus on calibration, using stylized facts to illustrate the pricing

kernel puzzle. However, there is still considerable work to be done in evaluating the

alternative models and assessing their compatibility with the data. Ideally, some of

these solutions could be combined into a nested model, enabling a thorough test of

their individual components. For the future of the pricing kernel puzzle, one might

look at the bivariate estimation of risk-neutral and physical distributions presented

in Jackwerth and Vilkov (2017). Typically, bivariate risk-neutral distributions can

only be derived using options written on both assets at the same time. However,
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Jackwerth and Vilkov (2017) were able to accomplish this by analyzing index re-

turns and volatility, using longer-dated options on the SP 500. By dividing the two

distributions, they were able to extract a bivariate pricing kernel for the first time.

5.5 Implications for professional practice

The insights derived from this thesis carry important implications for financial profes-

sionals, including portfolio managers, risk analysts, investment strategy design, and

policymakers. By embedding investor sentiment into asset pricing frameworks, this

research equips practitioners with enhanced tools for understanding and managing

market anomalies, particularly those driven by behavioral distortions.

First, the integration of sentiment into the SDF framework in chapter 2 offers a

more accurate and forward-looking measure of risk. For portfolio managers, this en-

hanced pricing kernel offers a refined approach to estimating expected returns under

varying sentiment conditions. The model allows for more accurate risk assessment

by accounting for sentiment-induced mispricing that is not captured by traditional

models. This can lead to better timing in security selection and improved hedging

strategies during sentiment-driven market dislocations. Moreover, financial analysts

can benefit from the model’s ability to decompose pricing dynamics into fundamen-

tal and sentiment-driven components. This decomposition enables more nuanced

narrative-based valuation approaches, particularly useful for firms sensitive to public

perception, regulatory developments, or macroeconomic shocks.

Second, the application of quantile-based methods in Chapter 3 highlights how

sentiment influences different parts of the return distribution, especially the tails.

This provides risk managers with a powerful framework for stress testing and sce-
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nario analysis, as it allows for a more granular understanding of how assets behave

under extreme market conditions. Additionally, the use of Panel Quantile Regres-

sion methods enhances the ability to control for firm-level heterogeneity, offering a

refined approach to cross-sectional stock selection. portfolio managers can implement

quantile-based optimization strategies that overweight or hedge exposures depending

on prevailing sentiment regimes.

Third, the findings in Chapter 4—linking probability weighting functions to senti-

ment—have practical relevance for the design of financial products and pricing mod-

els. Derivatives pricing, particularly for out-of-the-money (OTM) options, can be

improved by accounting for the sentiment-driven overweighting of tail probabilities.

Market participants involved in derivatives trading, structured product design, or

volatility arbitrage can leverage these insights to anticipate and exploit pricing bi-

ases.

Lastly, the behavioral foundations of this research are increasingly applicable in

financial technology and AI. As asset managers and platforms integrate machine learn-

ing to model investor behavior and preferences, the tractable, sentiment-aware models

proposed here can enhance algorithmic trading strategies, robo-advisory services, and

client portfolio customization—ensuring alignment with how investors actually per-

ceive and respond to risk, rather than how they are assumed to in classical models.

In sum, this thesis bridges theoretical innovation with actionable insights, pro-

viding finance professionals with empirically grounded, sentiment-aware models to

improve decision-making in increasingly complex and behaviorally influenced mar-

kets.
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5.6 Implications for future research

The three research chapters in this thesis are closely interrelated, giving rise to nu-

merous compelling questions for future exploration. Chapter 2 demonstrates that

incorporating sentiment into the (C)CAPM—thereby capturing systematic investor

error—significantly enhances the model’s ability to explain cross-sectional variation in

average returns. This finding suggests that, in a context where heterogeneous beliefs

and preferences are intertwined, observed anomalies may result either from cognitive

biases in investors’ assessments of the joint distribution of the stock returns and ag-

gregate consumption, or from aggregate preferences that deviate from standard risk

aversion assumptions. Distinguishing between these two possibilities remains an open

and important avenue for further research. The impact of beliefs—such as expected

returns and perceived risk—differs from the time-varying preferences typically defined

over aggregate consumption in traditional asset pricing models. Specifically, beliefs

can be market- or sector-specific; for example, an investor might be optimistic about

the housing market but pessimistic about the stock market. Therefore, beliefs data

becomes crucial for identifying time-varying investment opportunities, particularly

with regard to composition risk.

Chapter 3 contributes to our understanding of how investor sentiment influences

the cross-section of extreme tail events in the distribution of stock returns, employ-

ing a Panel Quantile Regression Model that leverages the longitudinal structure of

the data. A key advantage of the quantile-based preference framework used in this

chapter is its ability to separate tastes from beliefs—a desirable feature in which the

belief component of utility remains invariant to the specification of tastes. As a re-

sult, the framework is robust to any monotonic transformation, not just affine ones,
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enhancing its theoretical and empirical flexibility. Economists typically assume that

a decision maker’s tastes are stable, while beliefs evolve with new information. In

this context, enhancing and extending Shefrin’s behavioral SDF framework to the

quantile utility model presents a particularly promising avenue for capturing the role

of belief distortions in asset pricing.

Moreover, it is appealing to explore the root causes of investors’ tendency to over-

weight small probabilities in chapter 4. Although much of the existing literature, for

simplicity of exposition, attributes this behavior to preferences (behavioral biases),

it remains unclear whether the overweighting of tail events is driven solely by such

preferences or instead reflects biased beliefs, that is, distorted investor expectations.

Barberis (2013b) provides a clear and insightful discussion of how these two mech-

anisms—preferences and beliefs—are fundamentally distinct, and how each, either

independently or jointly, could help explain the persistent overpricing of out-of-the-

money (OTM) options. Félix et al. (2020) demonstrates that investor sentiment is

linked to time-varying preferences for lottery-like assets, even after controlling time-

varying for investor optimism, suggesting that the overweighting of tail events during

periods of high sentiment is more indicative of behavioral biases than of changes in

beliefs alone.

Furthermore, one limitation of the quantile preference model, as noted by Gio-

vannetti (2013), is that a purely quantile-maximizing agent likely does not accurately

represent typical risk preferences. Therefore, the model developed in this study should

be interpreted as a stylized and parsimonious framework within the class of models

that incorporate asymmetric preferences toward gains and losses—such as those found

in prospect theory and disappointment aversion. Extending the quantile utility max-

imization approach to practical applications—such as asset pricing, consumption be-
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havior, and scenario-based policy analysis—offers a promising path for advancing its

theoretical and empirical relevance. One particularly interesting direction for future

research involves exploring the linkage between quantile utility model and the rank-

dependent family of models. One approach to integrating quantile utility with RDEU

is to define a utility function based on quantiles and then apply a rank-dependent

weighting function to these quantiles.

Additionally, in chapter 2, sentiment within Shefrin’s behavioral pricing kernel

framework is represented by the ratio of an investor’s subjective probability assigned

to a given state relative to the objective probability of that state occurring. This

formulation closely resembles the probability weighting function embedded in the SDF

integrated with the rank-dependent family of models in Chapter 4, where the pricing

kernel is derived from the ratio of risk-neutral and physical probability distributions,

in accordance with the no-arbitrage principle. Therefore, exploring the relationship

between these frameworks presents a promising avenue for future research.

Meanwhile, sentiment-based approaches have focused on developing empirical

proxies for sentiment and the limits to arbitrage that allow sentiment to affect prices.

The advances of machine learning with increasingly available datasets has provided

macroeconomists and financial economists with a transformative machine learning-

driven approach to directly measure sentiment and beliefs data from large volumes of

unstructured text sources, such as news articles, financial reports, social media posts,

and analyst commentary. According to Nagel (2019), beliefs data can be possibly

extended backwards in time with proxies derived from textual analysis of news using

machine learning methods, which is similar to what Manela and Moreira (2017) have

done to extend the VIX index. This transition to machine learning has enabled a

faster, more accurate pulse on market sentiment, enhancing our ability to identify
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sentiment-driven market dynamics more accurately than ever before. This contrasts

with the reverse-engineering approach that deduces sentiment indirectly by piecing

together beliefs based on observed effects in the market. Using beliefs data directly

provides a more straightforward way of integrating beliefs into models, ideally yielding

more precise insights into how beliefs drive decisions.

5.7 Summary

This thesis presents a cohesive exploration of how investor sentiment influences asset

pricing dynamics. Across three research chapters, the work systematically demon-

strates that accounting for investor sentiment provides a robust explanation for sev-

eral persistent anomalies in asset pricing, particularly those associated with cross-

sectional return variation and tail risks. Chapter 2 establishes a behavioral pricing

kernel that embeds news sentiment directly into the SDF. This framework enhances

the explanatory power of conditional asset pricing models while substantially mitigat-

ing violations of their underlying assumptions. Chapter 3 introduces a quantile-based

asset pricing model that incorporates sentiment-driven asymmetries, capturing how

sentiment disproportionately affects extreme returns. Chapter 4 further deepens the

behavioral foundation by linking investor sentiment to the tail overweighting param-

eters proxied by the parameters of probability weighting functions. This thesis makes

contributions to both methodological approaches and empirical testing in the lit-

erature. The findings can be applied to develop more complex models for further

research.

This thesis investigates the integration of machine-learning-extracted news senti-

ment within several innovative asset pricing models to address longstanding anomalies
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in financial economics. Across three chapters, it examines how sentiment is integrated

into different asset pricing frameworks, particularly emphasizing consumption-based

and quantile-based models, as well as time-varying probability weighting. This re-

search builds upon established financial theories, extending them with behavioral

insights to better capture the complexities of market sentiment. The work aims to

shed light on the critical role of investor sentiment in shaping asset price distributions

and risk perceptions, especially tail risk, advancing both theoretical and empirical un-

derstandings in financial economics.
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