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COSET CORRECT MEANS ON GROUPS AND THE PROBABILITY THAT
TWO ELEMENTS COMMUTE

ARMANDO MARTINO AND MOTIEJUS VALIUNAS

ABSTRACT. Amenable groups are those admitting an invariant mean—a finitely additive prob-
ability mean that assigns equal “weight” to any two translates of the same set.

We introduce coset correct means (CCMs), a class of finitely additive means that, for any
subgroup, assigns equal weight to all its cosets, weakening and therefore generalising the notion
of an invariant mean. We show that, unlike the case for invariant means, every group admits a
CCM and give two constructions—one via the Ultrafilter Lemma and one via the Hahn—Banach
Theorem—both relying on a Theorem of B. H. Neumann. Using CCMs, we define a degree of
commutativity for arbitrary groups, measuring the “probability” that two random elements of
a group commute. We prove that this degree of commutativity is independent of the choice
of CCM and is positive precisely for finite-by-abelian-by-finite groups, recovering and unifying
previous characterisations.

We also introduce a defect function that quantifies the failure of left invariance for finitely
additive means, and define the defect of a group as the infimum of these. We then prove a
dichotomy: the defect for a group is either 0 or 1, with 0 characterising amenable groups.
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1. INTRODUCTION

The goal of this paper is to define finitely additive probability means for any group which
give the “correct” answer for subgroups and their cosets, namely the reciprocal of the index of
the subgroup. We call such a mean a coset correct mean, a CCM. We then use these means to
define a probability that two elements of a group commute—the degree of commutativity—and
thence deduce structural results about groups where this probability is positive. Such means
are already seen to exist for amenable groups but this is well known to exclude many groups.

As a starting point for thinking about such means it is perhaps instructive to consider the
following well-known Theorem:

R"™ is not the union of finitely many affine hyperplanes.
There are various proofs of this fact but one of the more straightforward ways to verify this is
to consider the Lebesgue measure; the union of finitely many affine hyperplanes has measure 0
and so cannot equal Euclidean space. This is straightforward up to constructing the Lebesgue
measure, of course.
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After some work one can verify the analogous result holds for any infinite field but the most
general version of this type of result is due to B. H. Neumann.

Theorem 1.1 (Neumann [Neu54, Lemma 4.5)). Suppose that G = \JF_, g;Hi for a group G,
elements g1,...,g9r € G and subgroups Hy, ..., H, < G. Then we have
k
1

> et
i—1 [G : Hz]
where the reciprocal ﬁ 18 understood to be zero whenever H; has infinite index in G.

In particular, no coset of a finite index subgroup of G can be covered by finitely many cosets
of infinite index subgroups.

Our contribution is to show that this result actually allows one to construct a CCM, a mean
on G whereby all subsets are given some non-negative mean and for which all cosets of a given
subgroup are given the same mean. Thus, just as in the case of affine hyperplanes in Euclidean
space, no group can be realised as a finite union of cosets of infinite index subgroups because
the mean of the latter is always zero. We give two constructions of our CCMs, one using the
Ultrafilter Lemma and one using the Hahn-Banach Theorem, but both of these constructions
rely on the result of B. H. Neumann above to verify consistency before appealing to some version
of the axiom of choice to extend the mean to all subsets of the group.

In order to motivate the definition of a coset correct mean we recall the definition of an
amenable group as a group admitting a finitely additive probability mean. Equivalently, an
amenable group is one which does not admit a paradoxical decomposition in the sense of the
Banach—Tarski paradox. We will largely take the former point of view, although there are many
equivalent definitions. Precisely,

Definition. A group G is said to be amenable if there exists a function, u: P(G) — [0,1],
satisfying the following;:
(i) (@) =15
(ii) w(AU B) = u(A) + p(B), for all disjoint subsets A, B C G;
(iii) p(gA) = p(A), for all AC G and all g € G.

The function p is called an invariant mean on G. It is then clear that:

Corollary. If G is amenable and p is an invariant mean on G then for any subgroup H of G

and any g € G we have
1
H=——
woH) = e ay

where the right hand side is understood to be zero when H has infinite index.

We recall that not all groups are amenable. In particular, any group containing a non-abelian
free group is not amenable.

The definition of a coset correct mean (CCM) weakens condition in the Definition above
and replaces it with the statement of the Corollary. Equivalently, the definition of a CCM
simply takes the Definition above of amenability and only asks that left invariance is enjoyed
by subgroups (and their cosets). As a minor note, left invariance on subgroups is equivalent to
right invariance on subgroups, see Remark
Definition 1.2 (see Definition [3.1). Let G be a group. A coset correct mean (CCM) on G is a
function p: P(G) — [0, 1] satisfying the following properties:

(i) u(G) =1 (probability mean);
(i) if A, B C G are disjoint, then u(A U B) = pu(A) + w(B) (finitely additive);

(iii) u(gH) = ﬁ for all subgroups H < G and all g € G (left invariant on subgroups).

As always, [G—lH] is understood to be zero when H has infinite index.

Our first main result—for which we give two proofs, using two weaker versions of the Axiom
of Choice—is then as follows:
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Theorem 1.3 (see Theorems and |A.3). Every group admits a CCM.

As an application of this construction, we use this to measure the degree of commutativity of
a group G. That is, we consider the set, Comm(G) = {(g,h) € G? : gh = hg}, and measure the
size of this set in G2.

For example, for a finite group G, we would take the uniform measure—count elements, in
other words—and define dc(G) = % For a residually finite group G, we could measure
the degree of commutativity by looking at increasingly large finite quotients and define degp(G)
as the infimum of dc(G/N) over all finite quotients G/N-—see Definition

In the case of a group G equipped with a CCM p, we first define the product mean p(?) on
G?, see Definition From there we define the degree of commutativity of G with respect to
p as de,(G) = p@(Comm(G)): see Definition

Our results show that defining the degree of commutativity in various senses, this number
is positive if and only if the group in question is finite-by-abelian-by-finite, or FAF. We recall
that, given families of groups A and B, a group G is said to be A-by-B if G admits a normal
subgroup N so that N is in A and G/N is in B. For instance, using the core construction
one can show that a group is virtually abelian (admits a finite index abelian subgroup) if and
only if it is abelian-by-finite. We note that the apparent ambiguity in calling a group FAF is
genuinely only apparent as the class of (finite-by-abelian)-by-finite groups equals the class of
finite-by-(abelian-by-finite) groups. More pithily, (FA)F = FAF = F(AF): see Lemma [2.17]

We then characterise the groups having positive degree of commutativity in the following
Theorems.

Theorem 1.4 (see Theorem |[6.10). Let G be a group equipped with a CCM p. Then dc,(G) > 0
if and only if G is finite-by-abelian-by-finite. Moreover, dccem(G) = dc,(G) is a rational
number that does not depend on the choice of .

In the case of a residually finite group we note that one can use the Haar measure on the
profinite completion and we show that this also leads to the same result, on noting that a
residually finite FAF group is AF, i.e. virtually abelian.

Theorem 1.5 (see Theorem . Let G be a residually finite group with profinite completion
G, and let 1i be the Haar measure on G*. Then we have

~

1(Comm(G)) = p(Comm(G)) = derp(G) = decom(G).
Moreover, this number is positive if and only if G is virtually abelian.

We also look at this degree of commutativity when G is an amenable group and taking an
invariant mean (not necessarily the product mean) on the square. In this setting we get:

Theorem 1.6 (see Theorem . Let G be an amenable group, and let p be a finitely additive
left invariant probability mean on G?. Then u(Comm(G)) > 0 if and only if G is finite-by-
abelian-by-finite.

Finally, since we are considering finitely additive probability means on groups which are
invariant on some family of subsets it makes sense to define the left defect of such a probability
mean p on a group G as

d¢(p) = sup{|u(gA) — u(A)[: g € G,AC G} € [0,1].
We then define the (left) defect of G as
d¢ = inf dp(p),
I

as in Definition We then get:
Theorem 1.7 (see Theorem . Let G be a group. Then the defect 6 of G is equal to dg(1)

for some finitely additive probability mean p on G. Moreover, 6a equals either 0 or 1, and is 0
precisely when G is amenable.
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Therefore, while the defect provides a natural way to quantify the failure of (left) invariance
in finitely additive means, its behaviour turns out to be unexpectedly rigid as it is always either
0 or 1. This dichotomy mirrors the amenability of the group (defect zero if and only if the group
is amenable) and thus, while conceptually clean, the defect offers no finer gradation among
non-amenable groups. In this sense, it is both striking and somewhat limited.

Results in the literature. Amenable groups were introduced by John von Neumann in 1920s
[Neu29|, in order to understand the group-theoretic nature of the Banach-Tarski Paradox. Since
then, amenability has been widely studied: see [Barl8] and references therein. Throughout the
years, many equivalent definitions of amenability have been introduced; the most relevant to us
are the existence of invariant means—closely related to the CCMs studied here—and the Fglner
condition (Proposition , related to our construction of CCMs in Section

Even though we deal with discrete groups in this paper, it is worth mentioning that such
concepts make sense, more generally, for locally compact Hausdorff topological groups. Such
groups G admit Borel measures, called Haar measures, that are left-invariant and countably
additive, see [DS14] and references therein; however, the total Haar measure for the whole G is
infinite unless G is compact. A notion of amenability for (locally compact Hausdorff) topological
groups has also been extensively studied [Wil03].

The degree of commutativity for finite groups was first introduced by Erdés and Turdn in
1960s [ET68], and has been widely studied since then [Gal70l [Gus73l Rus79, Neu89]. This has
been later generalised to profinite groups by Lévai and Pyber [LP00] and, more generally, to
compact groups by Hofmann and Russo [HR12]. In there, the degree of commutativity dccpt(G)
of a compact group p was defined analogously to our definition of dc,(G), by taking p to be
the Haar measure on G. It was shown for any compact G, the number dccpt(G) is rational,
and positive if and only if G has an open abelian subgroup; this can be therefore viewed as a
topological version of Theorem (or Theorem for compact groups.

In [AMV17], Antolin, Ventura and the first author introduced the study of the degree of
commutativity dcg(G) of a finitely generated group G = (S), by computing the proportion of
commuting elements in a ball Bg s(n) of radius n in the Cayley graph Cay(G, S), and taking the
limit (superior) as n — oo. They showed that dcg(G) is zero for non-elementary hyperbolic G,
and similar results were later obtained by the second author for non-(virtually abelian) groups
G that are graph products [Val19b] and higher rank solvable Baumslag—Solitar groups [Vall9al.
The main obstacle in these cases, however, was that for many groups, the ball counting measure
does not measure the index of subgroups correctly.

In order to avoid such problems, Tointon [Toi20] studied sequences of measures that measure
indices of subgroups correctly (in the limit), as well as the degree of commutativity for such
sequences. This is the case, for instance, for the measures obtained from random walks (in
a finitely generated group), as well as Fglner sequences (in a countable amenable group); in
particular, a version of Theorem [I.3] for finitely generated groups follows from the results in
[Toi20]. A version of Theorem was also proved there, and this has been later extended by
Tointon, Ventura and the authors [MTVV2I] to the degree of k-step nilpotence of a group G—
the probability that the iterated commutator [xg,z1,..., 2] is trivial for “random” elements
xg, ..., Tk € G.

Structure of the paper. In Section [2] we give some preliminaries on Boolean rings, filters,
ultrafilters and ultralimits, and basic structural results for finite-by-abelian-by-finite groups. We
prove Theorem in Section [3] using the Ultrafilter Lemma, and in the Appendix using the
Hahn-Banach Theorem. We prove Theorem [I.4]in Sections [f] and [6, Theorem [1.5]in Section
Theorem [L.6] in Section [§] and Theorem [1.7] in Section [9] Finally, in Section [I0] we discuss an
alternative generalisation of the degree of commutativity to infinite groups, by measuring sets
of conjugacy class representatives.

Acknowledgement. The work was partially supported by the National Science Centre (Poland)
grant No. 2022/47/D/ST1/00779.
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2. PRELIMINARIES

Boolean rings and filters. Recall that a Boolean ring is a ring in which 22 = z for every
element x of the ring. Note that any Boolean ring is commutative and has characteristic 2. Our
Boolean rings will always be unital.

The main examples of Boolean rings arise as powersets. For any set X, the powerset of X,
P(X), is a Boolean ring where the addition is symmetric difference and the multiplication is
intersection: for A, B C X, the operations are

A& B:=(AUB)—-(ANB),
AB = ANB.

It is straightforward to see that this defines a ring structure on noting the bijection between
P(X) and (Z/2Z)X; the operations in P(X) correspond to pointwise addition and multiplication
in (Z/27)X. The set X is the multiplicative identity of the ring and @ is the additive identity.

It is also worth noting that a Boolean ring is equivalent to a Boolean algebra, meaning that
union, complementation and set difference can be expressed in terms of the ring operations:

AUB=A®B® AB,
A°=1d A,
A—B=A®AB.
Hence any (unital) subring of P(X) is also closed under finite unions, complementation and set
difference.

Definition 2.1. Let X be a nonempty set. A filter on X is a collection F C P(X) of subsets
of X such that:
(i) o¢F, X eF;
(ii) if A,B € F, then AN B € F;
(iii) if Ae Fand AC BC X, then B € F.

A filter F on X is called principal if there exists a subset A C X such that
F={BCX:AC B}
In this case, F is said to be generated by A, and we may write F = (A).

A filter U on X is called an ultrafilter if it is a maximal proper filter on X, that is, there is
no filter 7/ on X satisfying F' D U. Equivalently, a filter ¢/ is an ultrafilter if for every subset
A C X, either Ae U or X — A € U, but not both.

Remark 2.2. Note that an ultrafilter is non-principal if and only if it contains no finite subsets
of X. Hence all ultrafilters on finite sets are principal. A principal ultrafilter is always generated
by a singleton.

Given any infinite set X, the Fréchet filter on X is the collection of all co-finite sets (sets with
finite complement). An ultrafilter on X is non-principal if and only if it contains the Fréchet
filter.

The following is standard.

Lemma 2.3. Let X be a set and F C P(X). Define F¢:={AC X : A° € F}. Then,
(i) F is a filter if and only if F¢ is a proper ideal.
(ii) F is a principal filter if and only if F€ is a principal ideal (generated by a single element).
(iii) F is an ultrafilter if and only if F¢ is a mazximal ideal.

Remark 2.4. Since P(X) is a Boolean ring, any quotient of P(X) is also a Boolean ring. In
particular, any quotient which is a field satisfies 22 = z for every element and so must be the
field with two elements. Therefore, any maximal ideal has index 2.

The existence of (non-principal) ultrafilters require a weak version of the Axiom of Choice.
For those not worried about relative strengths, the following is an easy consequence of Zorn’s
Lemma.
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Theorem 2.5 (Ultrafilter Lemma). Let X be a set and F a filter on X. Then F is contained
m an ultrafilter.

Remark 2.6. Note that the Ultrafilter Lemma gives us the existence of non-principal ultrafilters,
since one can apply it to the Fréchet filter.

We make the following definitions.

Definition 2.7. Let X be a set and S C P(X). Then S is said to have the finite intersection
property if the intersection of finitely many elements of S is never the empty set.

We will also say that a subset S C P(X) generates a filter if the following set is a filter

k

Fg = {AQX : mSi C A for some S1,...,S ES}.
i=1

Thus Fg is the smallest “upwards closed” subset of P(X) containing all the finite intersections of

elements of S. Saying that Fg is a filter is equivalent to saying that S has the finite intersection

property. Hence we obtain the following, which is the main tool we will use to construct filters,

and thereby ultrafilters.

Proposition 2.8. Let X be a set and S C P(X). Then S generates a filter on X if and only
if it satisfies the finite intersection property.

In this case, by the Ultrafilter Lemma, S will be contained in some ultrafilter on X.

Ultralimits. The notions of a limit via filters and ultrafilters are fairly general but we shall be
concerned with the following more restrictive notion. Throughout this one should regard X as
an indexing set.

Definition 2.9. Let X be a set, f: X — R a function and F a filter on X. Then for a € R, we
say that the limit of f with respect to F is a, written limr f = a, if for all 0 < € € R,

{reX:|f(x)—a| <€} eF.
In the case where F is an ultrafilter, this is called the ultralimit of f with respect to F.

Remark 2.10. We are not guaranteed that this limit exists, but when it does it is unique since
the topology on R is Hausdorff.

Remark 2.11. We note that Definition can also be obtained in the following way; let Y
be a topological space and Fy a filter on Y. Then we say that Fy — y € Y if every (open)
neighbourhood of y is an element of Fy.

If f: X — Y is a function and Fy is a filter on X then the push-forward of Fx is f*Fx =
{ACY : f1(A) € Fx}. Thisis a filter on Y (and an ultrafilter when Fy is an ultrafilter).

The notion of limit in Definition is the same as saying that f*Fx — y. However, the
formulation in Definition suits us better since we will keep the set X constant and consider
various functions f whose limits are all defined via the same ultrafilter on X. In particular, we
will be able to utilise an algebra of limits—Lemma [2.12]

The following is straightforward to prove:

Lemma 2.12. Let X be a set and U an ultrafilter on X.

(i) If f: X — R is bounded, then liny, f exists and is unique.

(i) If f,g: X — R and a,b € R, then limy/(af + bg) = alimy f + blimy, g, whenever these
limits exist.

(iii) IfU is non-principal then limy, f is a limit point of f, where y € R is called a limit point
of f if f~1(O) is infinite for any open neighbourhood O of y.

(iv) Conwversely, if y is a limit point of f, then there is some non-principal ultrafilter U such
that limy, f = y.

(v) If U is principal and hence generated by some {xo}, then limy, f = f(xo).

Remark 2.13. More generally, limits via filters always obey the algebra of limits when these
exist and make sense. That is, these limits preserve sums and products in the usual way.
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Finite-by-abelian-by-finite (FAF') groups. We end these preliminaries by a short discussion
of finite-by-abelian-by-finite groups, which we shall be analysing in significant detail. For now,
we simply justify the lack of bracketing in the terminology.

As in the introduction, given classes A and B of groups, a group G is said to be A-by-B if G
admits a normal subgroup N so that N is in A and G/N is in B. We also recall that a group is
called virtually A if it admits a finite index subgroup in A.

Remark 2.14. If A is a class of groups closed under taking (finite index) subgroups, then a
virtually A group is the same as an A-by-finite group, as the following construction shows. For a
group G and a subgroup H < G, we define the core of H (in G) as Coreq(H) := [\,cq H?—the
intersection of all the conjugates of H in G; thus Coreg(H) is the largest normal subgroup of
G contained in H. Crucially, if H is a finite index subgroup of G then Coreg(H) is also a
finite index subgroup of G which is now normal. Hence a virtually A group is the same as an
A-by-finite group, as claimed. For instance, this will be the case when the class A consists of
abelian groups.

By a FAF group we mean a finite-by-abelian-by-finite group. The following result shows that
this definition does not depend on the chosen bracketing of the phrase “finite-by-abelian-by-
finite”. Recall that a group is residually finite if the intersection of all its (normal) finite index
subgroups is trivial.

Lemma 2.15 (Equivalence of bracketings for FAF groups: (FA)F = FAF = F(AF)). Let G
be a group. Then G is (finite-by-abelian)-by-finite if and only it is finite-by-(abelian-by-finite).
Moreover, if a FAF group G 1is either finitely generated or residually finite, then G is abelian-
by-finite.

Proof. Suppose first that G is finite-by-(abelian-by-finite). Then we have short exact sequences
of groups
I5N=>G™ g 51 and 12A—-H%Q-1

with N, @ finite and A abelian. Viewing A as a normal subgroup of H and restricting the first

sequence to Gg = 7T;{1 (A), we get a short exact sequence 1 - N — Gy — A — 1 and so Gy is

finite-by-abelian, while G/Gy = @ is finite. This shows that G is (finite-by-abelian)-by-finite.
Conversely, let G be a (finite-by-abelian)-by-finite group. Then we have a short exact sequence

1-H->G—=Q—1

with H finite-by-abelian and () finite. Note that the fact that H is finite-by-abelian means
precisely that the derived subgroup H' = [H, H] is finite. Note that H’ is characteristic in H,
so since H is normal in G it follows that H’ is normal in G as well. Since H/H' is abelian and
G/H is finite, it follows that G/H' is abelian-by-finite. Thus G is finite-by-(abelian-by-finite),
as required.

Suppose now that G is a finitely generated FAF group. Then G has a finite index finite-by-
abelian normal subgroup H, and since G is finitely generated, so is H; let {s1,...,s;} be a finite
generating set of H. Since H is finite-by-abelian it follows that |[H'| < oo, and in particular
the conjugacy class of each s;, {g7's;g : g € G} = {si[si,g] : g € G}, is contained in s;H’
and so is finite. It follows that C(s;) has finite index in H for 1 < i < k, and therefore the
centre Z(H) = ﬂle Cr(s;) also has finite index in H. Since Z(H) is characteristic in H and
H is normal in G, it follows that Z(H) is normal in G, and since both [H : Z(H)| and [G : H|
are finite, it follows that so is [G : Z(H)]. As Z(H) is clearly abelian, it follows that G is
abelian-by-finite, as required.

Finally, suppose that G is a residually finite FAF group. Then G has a finite normal subgroup
N such that G/N is abelian-by-finite. Since N is finite and G is residually finite, G contains a
finite index subgroup H such that HNN = {1}. It follows that the composite H < G — G/N is
injective, implying that H is isomorphic to a subgroup of G/N. Since G/N is abelian-by-finite,
it follows that H has a finite index abelian subgroup Ag, which is thus a finite index abelian
subgroup of G. In particular, G has a normal finite index abelian subgroup A = Coreg(Ay),
and so is abelian-by-finite, as required. O
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Remark 2.16. It can be seen from the proof that a FAF group G contains a finite index
normal subgroup H that has a finite derived subgroup H’. The fact that H’ is finite then
implies that so is Aut(H’), and in particular the kernel of the map H — Aut(H’) sending h € H
to conjugation by h has finite index in H. But this kernel is precisely Cg(H'); moreover, since
H' is characteristic in H, so is Cy(H'). In particular, Cy(H’) is characteristic and of finite
index in H, and H is normal and of finite index in G, implying that Cy(H') is a normal finite
index subgroup of G. Moreover, Cy(H')/Z(H') is isomorphic to the subgroup Cy(H')H'/H' of
H/H', and in particular is abelian. It follows, by considering Ny = Z(H') and Hy = Cy(H'),
that any FAF group G has a finite normal subgroup Ny < G and a finite index normal subgroup
Hy < G containing Ny such that Ny is central in Hy and Hp/Np is abelian.

That is, any FAF group is virtually a 2-step nilpotent group whose derived subgroup (which
is central) is finite.

3. CONSTRUCTION OF COSET CORRECT MEANS

The goal of this section is to prove that every group admits a CCM, defined below. Our
argument here is via ultrafilters, using the Ultrafilter Lemma (Theorem , but we also give
an argument using the Hahn-Banach Theorem (Theorem [A.1)) in the Appendix.

Definition 3.1. Let G be a group. A coset correct mean (CCM) on G is a function pu: P(G) —
[0, 1] satisfying the following properties:

(i) u(G) =1 (probability mean);

(ii) if A, B C G are disjoint, then u(AU B) = u(A) + u(B) (finitely additive);

(iii) pu(gH) = ﬁ for all subgroups H < G and all g € G (left invariant on subgroups).

As always, [G—lH] is understood to be zero when H has infinite index.

More generally, let R be a subring of the Boolean ring P(G). We similarly define a coset
correct mean (CCM) on R to be a function p: R — [0, 1] satisfying the conditions |(i)H(iii)}
above whenever p is defined on the corresponding subsets of G.

Remark 3.2. We also note that a left CCM must also be a right CCM since
1 1
Hg) = ~Hg)) = = = p(H).
u(Hg) = p(g(g™ Hy)) G G p(H)

That is, left invariance on cosets is equivalent to right invariance on cosets.

The strategy in our construction is the following: given a group G, we denote by Pg,(G) the
set of finite subsets of GG, which will serve as an “indexing set”. We then define functions for
each A C G, fa: Pan(G) — [0,1], via

|ANF|
F) =

We then take an ultrafilter U on Pg,(G) and define pu(A) = limyy fa. It is immediate that g has
total weight one, since fq is the constant function and it is also clear that p is finitely additive
since faup = fa + fp (using the algebra of ultralimits, Lemma .

All the remains to show is that p is left invariant on cosets. This is not true for all ultrafilters
so the goal is to find some (ultra)-filter where it is true. However, the property that pu is
left invariant on cosets determines certain subsets of Pgy(G) that would need to belong to the
(ultra)-filter and hence our strategy becomes simply showing that these sets generate a filter, as
in Proposition We actually show this in some strong sense in the following:

Lemma 3.3. Given a subgroup H < G and a real number ¢ > 0, we define
lgH N F| 1
F-(H) =S F € Psn(G) : _
=(H) { tin(G) E [G: H]

Then the collection G = G == {F-(H) : H < G,e > 0} generates a filter on Pan(G), the set of
finite subsets of G.

<5f0rallg€G}.
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Proof. Note that, by Proposition [2.8] it is enough to show that G satisfies the finite intersection
property, Definition 2.7] Thus, let €1,...,e, > 0 and Hy, ..., Hy < G. We then need to show
that NI, Fe,(H:) # 2.

After possibly permuting the indices, we may assume that, for some m with 0 < m < k, we
have [G : Hj] = oo if i < m and [G : H;] < oo if ¢ > m. Then H = ﬂf:mﬂ H; is a finite
index subgroup of G. Let N = r[G : H] for some integer r > 1 large enough so that % < g; for
1 <7 < m. We aim to construct a subset ' € F of cardinality IV that contains at most one

element in each left coset of H; for i < m, and exactly r elements in each left coset of H. This Will
lgH; ﬂFl < 1 gH,NF| _ r[Hi:H] _
K = \Fl 7 rlG:H] T [GH]

for i > m, and so F € ﬂz | Fe,(Hi), as requ1red

Let H = ¢1H,...,g,H be all the left cosets of H, where n = [G : H|. We construct the
subset F' = {fi,..., fn}, where fi4; € gix1H for 0 <i <n—1and 1< j <7, inductively as
follows. Having constructed {f1,..., fs—1} for some s > 1, let fs € g;H, where i = [ ], be such
that foH; # fiH; for any j < m and ¢t < s. Such a choice is possible: indeed, if it wasn’t then
we would have

v < g fori <m, and |

imply that for each g € G, we have

m s—1
j=1t=1
i.e. g;H could be covered by a finite union of cosets of its infinite index subgroups of G, which
is impossible by Theorem [I.1] since H has finite index in G.
Thus the subset F = {f1,..., fn} € (o, F.,(H;) exists, as required. O

Theorem 3.4. The Ultrafilter Lemma implies that every group G admits a CCM.

Proof. Let U be any ultrafilter containing G from Lemma [3.3] the existence of which follows
from the Ultrafilter Lemma (Theorem . As above, we have functions for each A C G,
fa : Pan(G) — [0, 1] defined by
|ANF|
fa(F) = :
|F|

We then set,
p(A) = lim fa.

From the remarks above, it is clear that this is a finitely additive probability mean. Moreover,
by construction, u(gH) = p(H) for all subgroups H and all g € G. Hence p is a CCM. O

Remark 3.5. Note that as long as G is infinite, for any € > 0 the subset F.({1}) € G does not
contain any F' € Pgy(G) of cardinality < é This implies that the filter constructed above is
non-principal.

Alternatively, if U is a principal ultrafilter on Pg,(G) then it is generated by some fixed
Fy € Pin(G); that is, U = (Fp). Then,

i ’FQOF| . ‘FoﬂFo‘
im =
(Foy | F] | Fol
But Fj is a disjoint union of cosets of the trivial subgroup and so a CCM will assign it density
[Cl,i(’l'}] “FGO“ Hence U = (Fp) can only define a CCM on G if Fy = G is finite.

Thus we are observing that, when G is infinite, our construction produces a non-principal
ultrafilter and that any ultrafilter used to construct a CCM must also be non-principal.

=1.

Remark 3.6. Instead of the subsets F.(H), given any H < G, g € Gand € > 0 one may consider
the subset F!(gH) = {F € Pun(G) + | 1251 ‘ } Since clearly F!(gH) D F.(H) for

all H, g and ¢, it follows that the collection Q’ = H): H <G,g € G,e > 0} generates a
filter (that is a sub-filter of that generated by g)

In a sense, the filter we construct in Lemma is the uniform version of what we need, as it
deals with all cosets of a given subgroup at the same time rather than one-by-one.
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While the following results are known, we present elementary proofs that are particularly
suited to our context. This is not merely for completeness: the combinatorial nature of our
setting, especially the role played by finite sets and the Boolean algebra they generate, makes it
natural to revisit these results from a more foundational perspective. The reader may wish to
compare with [Hop21], particularly Theorems 2.6 and 5.9, where related arguments are given in
a broader setting.

Proposition 3.7. Let X be a set and let u be a finitely additive probability mean on X. That

is, : P(X) — [0,1] is a function such that (i) p(X) =1 and (it) p(AU B) = u(A) + u(B) for

all disjoint subsets A, B of X. Moreover, suppose that (F') = 0 for any finite subset F' of X.
Then there exists an ultrafilter U on Pan(X) such that for all A C X,

L ANF

Proof. For any € > 0 and any A C X, consider the sets

|FNA| B
|F|

Note that if these sets satisfy the finite intersection property (Definition then they will be

contained in some ultrafilter & on Pgy(X). It then follows, by construction, that

. AN F|

Fe(A) = {F € Pan(X) : ‘ u(A)‘ < s} C Pan(X).

Hence it is enough to show that these sets satisfy the finite intersection property.

To that end, let Ay,..., A € X and e1,...,e; > 0. We then need to show that we have
Miz1 Fei(Ai) # 2. |

Given any function f: {1,...,k} — {0,1}, consider By = ﬂle Az(f(l)) C X, where AEO) =
X —A; and Agl) = A;. Then the sets By are pairwise disjoint and cover X. In other language,
we are taking the Boolean subalgebra of P(X) generated by the A; and considering the atoms,
which are exactly the B;.

Since A; is the union of all those By for which f(i) = 1, it is clear by finite additivity of u
and the triangle inequality that we have

Fei(A;) 2 N F.,jo-1(By).
fi{lek}={0,1}

i)=1

min{ey,....ex }
2k—1 ’

In particular, if the intersection ﬂf: (1, k}—{0,1} F<(By) is non-empty, where ¢ =
then so is ﬂle Fe;(A;). We can therefore assume, without loss of generality, that the A; are
pairwise disjoint and cover X, and that all the ¢; are equal to a fixed € > 0.

Now suppose that A; are ordered so that we have u(A;) > 0 for i« < m and u(4;) = 0 for
i > m. It then follows that A; is infinite for all ¢ < m. Pick an integer N > %, and for
1 <i<mlet F] C A; be any subset of cardinality |u(A;)N|. Note that we have Y /", u(A4;) =
Zle 1(A;) = p(X) = 1 since the A; are pairwise disjoint and cover X and since p is finitely
additive. It follows that

N—m =3 (u(A)N = 1) < 3 u(A)N] = ST IF < 3 (AN = N.
i=1 =1 j

This implies that we have subsets F; C A;, each obtained by adding at most one element to F/,
such that we have >, |F;| = N. Note that |u(A;)N] < |Fi| < [u(A;)N]+1, and consequently
||Fi] — p(A)N| < 1.

We now claim that F = |J", F; belongs to F.(4;) for each i. Indeed, for i > m we have

FNA; =@ and u(A;) = 0, implying that % — p(A;)| = 0 < e. On the other hand, for
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1 < m we have F'N A; = F; and therefore

IF N A || |[Fi| = n(A)N| _ 1
AL Ay = |58 — Ay = <= <e
B kA = |- () el e S
as claimed. Thus we indeed have ﬂle F(4A;) # 2.
As we observed at the start, this is sufficient to prove the result. O

Remark 3.8. It is easy to verify that if X = G is a group and the ultrafilter constructed above

satisfies the following Fglner condition, namely: limg, ‘F%Fl = 0 for all g € G, then the mean

constructed will be a (left) invariant mean and G will be amenable. However, notice that in the
|[FdgF| )
- 9y

construction we can always insist that our finite sets satisfy F'NgF = & and so limy, 7]

even if the mean itself is (left) invariant. We now do this explicitly.

Corollary 3.9. Let G be an infinite group and p a finitely additive probability mean on G with
w(F) =0 for all finite FF C G. Then, using the construction of the finite approximating sets in
the proof of Proposition we may choose each finite set F' so that, for any finite S C G and
any finite family of subsets A C P(G),

FNnsF=o foralll#ses,

while simultaneously

FNA
| 7 | —,u(A)’ <e forall Ac A
In particular, there is an ultrafilter U on Pgn(G) such that
_|[F N A | F®gr|
A) =1 d lim——— =2 .
w(A) im 7] and  lim Ta Vge G

Proof. The corollary follows directly from the construction in the proof of Proposition [3.7, with
a minor refinement to ensure the disjointness condition for finite subsets, S of G. The existence
of the ultrafilter then follows from Proposition and Theorem

As in the proof of the Proposition, for a finite family of sets A = {41,..., Ax}, we consider
the Boolean algebra they generate and its atoms Bi,...,B,,. For each atom Bj, we choose
a finite number p; of elements to include in F, where p; > 0 only if B; is infinite, and p; is
determined by the required approximation of p(A4;).

The key observation is that each B; from which we choose is infinite, so we are free to avoid
finitely many “forbidden” elements at each stage. In particular, as we select the p; elements from
Bj, we can always ensure that F'NsF = & for all 1 # s € S: explicitly, we may pick elements
one-by-one from the complement of | J se S(Fo UskyU s‘lFo), where Fy C F is the subset already
constructed at a certain stage. Since the number of forbidden elements at each stage is finite,
and each “operative” Bj is infinite, this process can be carried out without affecting the required
counts pj. Thus the resulting finite set F' simultaneously approximates ;1 on all A; and satisfies
the disjointness conditions F' N sF = @. O

We then show that for an amenable group, any invariant mean may be obtained via an
ultralimit that does satisfy the Fglner condition. To do that, we use the classical Fglner condtion.

Proposition 3.10 ([Fol55]). Let G be a group. Then G is amenable if and only if for every
finite subset K C G and every € > 0, there exists a non-empty finite subset S C G such that
1S @ g5
5]
Proposition 3.11. Let G be an infinite amenable discrete group and let u: P(G) — [0,1] be

a left invariant mean on G. Then there exists an ultrafilter U on Pgn(G) which both realises p
and satisfies the Folner criterion as follows,
. |F®gF)|

. AN F|
A) =1 d 1
i) =lim == and T =

<e forallge K.

=0Vged.
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Proof. Note that as G is an infinite amenable group, p returns a density of 0 for any finite subset
of G and hence we may use Corollary [3.9] which we shall do below.

To construct the ultrafilter we invoke Proposition [2.§ as before. It is clearly sufficient to verify
the finite intersection property for the following family of subsets,

F.(A) = {F € Pn(G) : ‘% — (A

E(K) = {FGPﬁn(G) : % <6Vg€K}, K € P (G), € > 0.

<eVAZ~€A}, A={An,..., A} CPG), ¢ >0,

Notice that Corollary 3.9 already gives us that F.(.A) is non-empty for any A = {A;,..., A, } C
P(G) and any € > 0. One easily observes that to verify the finite intersection property for this
family, it is enough to show that

F(A)NE(K)# 2 for any A, K and £ > 0.

So let’s assume that A, K and ¢ are given and proceed to show that the intersection above is
non-empty.

We first invoke Proposition to find a finite subset S of G such that |S & ¢S| < €|S] for
all g € S. Now we invoke Corollary to find an Fy € F.(K.A) such that Fy N gFy = & for all
1#ge€S1S where KA:={kA; : k € K, A; € A}. We claim that F := SFy = |J,.q gFp is in
Fe(A)NE(K).

To see this, note that FyNgFy = @ for all 1 # g € S~1S implies that the sets gFy, for g € S, are
pairwise disjoint. Hence |F| = |S||Fp|. In particular, |F & gF| < |S @ gS||Fo| < ¢|S||Fo| = €| F|
for all g € K. Therefore, F' € £.(K). To see that F' € F.(A), we calculate

geS

[1F A A = u(A)IF] ] < 37| 19Fo 0 Add — u(A)|Fol| as |F| = |S||Fyl

geSs

=S 1Fong Al - ulg ARl | as p(Ay) = plg ' Ay)
geSs

<> elRy since Fy € F.(K.A)
geSs

= ¢|F]|.

Hence F is also in F.(A) and we are done. O

Remark 3.12. The construction above uses a two-scale idea: first, we choose a “core” set Fj
that approximates the mean on all relevant translates of the given subsets and satisfies strong
disjointness conditions. Then we amplify Fy by multiplying with a large Fglner set S to form

F = SFy. This ensures that the relative boundary |F%’|F‘ becomes arbitrarily small while

preserving the density approximations, thanks to the invariance of p. In essence, the invariance
allows us to control averages over translates, and the use of S maintains the Fglner property.

4. PRODUCT MEANS AND A DEGREE OF COMMUTATIVITY

As an application of the existence of a CCM, we use it to measure the “probability” that
two elements of a group commute and eventually derive structural results about groups from
this quantity. Our point of view is to understand the probability of Comm(G) in G? and so we
extend our CCM from G to G2 via a product mean.

Definition 4.1. Suppose that p is a CCM on a group G. We may then define a mean p(?) on
G?, which we refer to as a product mean, by integrating: given S C G? we set

p?(8) = /M(Sg)du(g),

where Sy = {h € G : (9,h) € S}; see [DS88|, Chapter III].
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Remark 4.2. There is certain asymmetry in this definition. Indeed, suppose that p is a CCM
on a group G. We could have also defined a mean fi(®) on G2 by setting

where §g ={heG:(h,g) €S}

These two definitions agree when G is finite (in which case u(?(S) = % = 1®(S) for any
S C G?), but not when G is infinite. For instance, if G = {go, g1, ...} is countable and infinite,
then we have ;(2)(S) = 1 but a®(S) = 0, where S = {(gi,9;) € G® : i < j}. A slightly more
involved argument shows the same result when G = {g; : i < k} is any infinite group, where x
is the initial ordinal of the cardinal |G].

We note that if  is a CCM, then so is u(?).
Lemma 4.3. Let p be a CCM on a group G. Then pu® is a CCM on G2.

Proof. 1t is easy to see that ,u(Q) is a finitely additive probability mean. It remains to show that
it is left invariant on cosets. In particular, given H < G? and (z,y) € G2, we aim to show that
w((z. ) H) = g

First we let Hy = {h € G : (1,h) € H} and S = (z,y)H. Note that Hy is a subgroup of G,
and that each S, (for g € G) is either empty, or a single coset of Hy in G. If Hs has infinite
index, therefore, we conclude that ) ((z,y)H) = 0.

Otherwise, we have that Hs is a finite index subgroup of G. In this case, set H =m (H),
where 71 : G? — G is the projection to the first coordinate. Note that H 1 X G is a finite union
of left cosets of H (we can take these cosets to be (1, g)H, where g ranges over a left transversal
of Hy in G). Therefore, if H has infinite index in G2 then f_All has infinite index in G, and
consequently

p ((z,y)H) < p®(@Hy x G) = p(zHy) - p(G) =01 =0,
and hence p(?((z,y)H) = 0 whenever H has infinite index in G.

In the case where H has finite index in G, both Hy = {g € G | (9,1) € H} and Hs have finite

index in GG, and we have H; X Ho < H. Then every coset of H; X Hy in G has the same mean,

w(Hy)pu(Hsy) = m, since p is left invariant on cosets. In particular, since each coset of
H will be a union of [H : Hy x Hy] = 1S Huell = CHIGIE] cogets of Hy x Hy, we have
() H) — [G : Hl][G : H2] (2) H H,) — 1
K ((x,y) ) [GQ : H] ] ( 1 X 2) [G2 . H]’
as required. O

Remark 4.4. Note that not every CCM on G? arises as a product mean—for instance, one
could take the average of the CCMs p(? and i(®, as in Definition and Remark We
return to this fact and its relationship to the degree of commutativity in Example

Nevertheless, armed with the product mean, we can define a degree of commutativity with
respect to it.

Definition 4.5. Let u be a CCM on a group G. We define the degree of commutativity of G
with respect to u as

d6u(G) i= p®(Comm(G)),
where Comm(G) = {(g,h) € G% : [g,h] = 1}.

We will subsequently prove that this number is the same for any CCM p in Proposition [6.9}

In the case where G is finite, there is clearly a unique CCM on G and it is already (left)
invariant: namely, the uniform measure. Hence the following definition is consistent with the
previous one and has been widely studied.
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Definition 4.6. Let G be a finite group. We define the degree of commutativity of G as

de(G) = ]Cor‘rz;rr’;((}’)]'

5. GROUPS WITH POSITIVE DEGREE OF COMMUTATIVITY ARE FAF

Finite quotients and residual finiteness. Since CCMs are, by definition, well behaved for
subgroups it is natural to ask about the relationship between dc,(G) and dc(G/N), whenever
N is a finite index normal subgroup. This leads us naturally to a degree of commutativity which
is seen by the finite quotients of a group. This will actually be important for showing that a
positive degree of commutativity with respect to a CCM implies the group is FAF, but we need
some preliminary results relating this to finite quotients first.

Definition 5.1. For a group G, we define
derr(G) = inf{dc(G/N) : N <G, [G : N] < o0}.
We call this the residually finite degree of commutativity for G.

There is an easy relationship between the residually finite degree of commutativity and that
arising from a CCM.

Lemma 5.2. Let G be a group and 1 a CCM on G. Then dc,(G) < derr(G).

Proof. Let N <0 G be a normal subgroup of finite index, and let 7y: G> — (G/N)? be the
natural projection. Then any pair of commuting elements also commute modulo N, implying
that Comm(G) C 7' (Comm(G/N)) and therefore

4 (Comm(G)) < u® (! (Comm(G/N))).

The right hand side equals dc(G/N) because the set 7' (Comm(G/N)) is a union of exactly
|Comm(G/N)| cosets of N? in G?, each of which has measure 1/[G : N]? = 1/|G/N|? under

M(Q). Hence,

- Comm(G/N
p? (75" (Comm(G/N))) = ‘IG/J(VI(‘{)' = dc(G/N),
and taking the infimum over all such N gives dc,(G) < derp(G). O

Note that dcgp(G) only really gives information if G admits sufficiently many finite quotients.
Residually finite groups are defined as precisely the class of groups where the finite quotients can
distinguish elements. More concretely, G is called residually finite if (4. N = {1}, where
we use the symbol N <g, G to denote that N is a normal subgroup of finite index in G. (Via
the core construction—see Remark [2.14}—one can drop the normality assumption on the finite
index subgroups.)

It is then fairly straightforward to see the following. We note that this result fits the pattern
of saying that the degree of commutativity is positive exactly when the group is FAF, since
residually finite FAF groups are virtually abelian by Lemma [2.15

Lemma 5.3. Let G be a residually finite group. Then degrp(G) > 0 if and only if G is virtually
abelian.

Proof. If G is virtually abelian, then it has an abelian subgroup H < G of index k < oo. Given
any finite index normal subgroup N < G, the subgroup HN/N of G/N is an abelian subgroup
of index < k, implying that dc(G/N) > 1/k?. Thus dcgp(G) > 1/k? > 0.

Conversely, suppose that G is not virtually abelian. We will inductively construct a sequence
G = Ny, Ny, ... of finite index normal subgroups of G such that dc(G/N;) < (5/8)%, from which
the result will follow.

Indeed, suppose that for some ¢ > 0 the group N; has been constructed. Since G is not
virtually abelian, it follows that NN; is not abelian and so contains elements g;, h; € N; such that
[gi, hi] # 1. Since G is residually finite, there exists a finite index normal subgroup M;1; <4 G
such that [gi, hz} ¢ M. We set Njy1 = N; 0 Miqq.
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Then N;41 is a normal finite index subgroup of G since so are N; and M;11, and N;11 < N;.
Moreover, by construction N;/N;41 is non-abelian, and therefore dc(V;/N;+1) < 5/8 by [Gus73,
§1]. It then follows by the result of [Gal70] and the inductive hypothesis that

de(G/Nit1) < de(G/N;) - de(N;/Nis1) < (5/8)- (5/8) = (5/8)",
as required. O
Remark 5.4. For a group G the residual of G, Res(G), is defined to be the intersection of all
the normal finite index subgroups of G. The residual of a group G defines its largest residually

finite quotient. The Lemma above then clearly shows that even if G is not residually finite,
derpr(G) > 0 if and only if G/ Res(G) is virtually abelian.

Centralisers and degree of commutativity. We are now ready to show that having dc,(G) >
0 implies that G is FAF. We will do this by looking at centralisers.

Throughout the remainder of the paper, we will refer to subsets of G consisting of elements
whose centralisers have index < n, using the following notation.

Definition 5.5. Let G be a group and let n € N. We denote
Xn(G) ={g € G:[G:Calg)] <nj,
and we set Xqn(G) = U2y Xn(G).
Note that for any g € X,,(G) and h € X,,,(G), we have
[G: Ca(gh)] < [G: Calg) N Ca(h)] <G : Calg)] - [G = Ca(h)] < mn,

implying that X, (G)X:n(G) € Xpm(G). In particular, Xg,(G) is a subgroup of G (and it is
normal, since each X,,(G) is invariant under conjugation).

Next we observe that having positive degree of commutativity implies that “many” elements
have centraliser of small index.

Lemma 5.6. Let pn be a CCM on a group G, and suppose that dc,(G) = o > 0. Then
w(Xn(G)) >0 for anyn > a~ L.
Proof. We have
de,(G) = @ ({(z,y) € G* : xy =y and = € X,,(Q)})
14O ({(2,y) € G oy = yz and & ¢ Xa(G)})

1
< /]lxn(a)dMJrn/]lGdu
1
= N(Xn(G)) + ﬁ

The third line is obtained by estimating ;(Ce(z)) < 1 for all z € X,,(G) and u(Cg(z)) < L for
all z ¢ X (G), as well as 1x, (@) < 1.
Hence u(X,(G)) > 0. O

We now prove that having a positive degree of commutativity implies that a group is FAF.
We do this in two stages; we first prove it for 2-step nilpotent groups (i.e. nilpotent groups of
class at most 2) and then, for the general case, reduce the problem to precisely the class of 2-step
nilpotent groups.

Remark 5.7. We recall that a group is nilpotent of class c if its lower central series terminates
at the identity in c steps. In particular, 2-step nilpotent groups have central derived subgroups.

Lemma 5.8. Let G be a 2-step nilpotent group equipped with a CCM w. Suppose that for some
m € N, there exists subset S C Xy, (G) such that u(S) > 0. Then G is FAF.

Proof. Let k = [p(S)~1]. We prove the result by induction on (m, k), in the lexicographic order.

For the base case, suppose that m = 1. Then we have S C Z(G), and thus (S) < Z(G). On
the other hand, we have p((S)) > n(S) > 0, implying that (S) has finite index in G. Thus G is
virtually abelian and hence FAF, as required.
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Suppose now that m > 2, and pick any non-central element sy € S. The argument splits into
two cases, depending on the relationship between (S N Cg(so)) and u(S).

Suppose first that ©(S N Ca(so)) = u(S). Let G1 = Cg(so) and S; = SN Gy, and define a
mean pp on Gp by setting p1(A) = [G : Gi|u(A). It is easy to check that p; is a CCM on Giy;
moreover, for any s € S; we have [G1 : Cg, (8)] = [Ca(s)G1 : Ca(s)] < m (note that Cg(s) is
normal in G since G is 2-step nilpotent). Since s is non-central, we have u(S1) < u(Ca(so)) < 3
and thus

1 1 ~1 ~1 —1
and so [p1(S1)71] < [w(S)~1]. It then follows by the inductive hypothesis that G is FAF. But
[G : G1] < m, implying that G is virtually FAF and so FAF as well, as required.

Suppose now that (S N Cq(so)) < u(S). Since Ci(sp) has finite index in G and since p is
finitely additive, it follows that p(S N gCqg(so)) > 0 for some g € G — Ci(so). Let z = [g, sol,
and note that, since G is 2-step nilpotent, the subgroup (z) < G is central and finite, as the
fact that mo == [G : Cg(so)] < m < oo implies that 2™ = [¢"0,s0] = 1. Let Go = G/(z) and
Sa = (S(z)NCa(s0))/(z) C Ga, and define a mean po on Ga by setting ua(A(z)/(z)) = p(A(z)).
It is easy to check that ps is a CCM on Gbs.

We claim that [G3 : Cg,(s)] < 7§ for all s € Sy. Indeed, given any g € G, we have |[g,G]| =
1971 g% = |9%] = [G : Cg(g)]; similarly, |[g(z), G2]| = [G2 : Cg,(g(2))]. Now for any element
s = §'(z) € Sy (where s’ € SN gCx(so)), we have 1 # z = [g,s0] = [¢, s0] € [¢,G], implying
that

p(S1) 7 =

s, G(z)

[Ga : Ca,(5)] = [[s, Gall = B

8.6l _[C:Cots)] _ m _m
@7

(2] (2]

as claimed.

Now it follows from the claim that Sy C G satisfies j2(S2) > 0 and [G2 : Cg,(s)] < F <m—1
for all s € Sy. Thus, by the inductive hypothesis, Go = G/(z) is FAF. Since (z) is finite, it
follows that G is FAF as well, as required. O

We now reduce the general case to the nilpotent case in the following Proposition.

Proposition 5.9. Let G be a group equipped with a CCM i such that dc,(G) > 0. Then G is
FAF.

Proof. Choose some m € N such that m <mandlet S = X,,(G). By Lemma wu(S) > 0.

We have p((S)) > u(S) > 0, implying that the subgroup Gy := (S) has finite index in G. Note
also that S is invariant under conjugacy and so Gy <g, G.

Now the centre Z(Gy) of Gy is equal to [),cg Cg,(5), and in particular it is the intersection of
finite index subgroups of Gy. Thus Go/Z(Gy) is residually finite, and hence so is G1 = G/Z(Gy).

By Lemma derp(G) > dcu(G) and it is clear that degp(G1) > derp(G) and thus
derp(G1) > dey(G) > 0. It follows by Lemma that G is virtually abelian, and hence
G is virtually 2-step nilpotent.

Let G2 < G be a finite index 2-step nilpotent subgroup. Since u(S) > 0, it then follows that
1(So) > 0, where Sy = SN gGa, for some g € G. Let so € Sp. Since S71S = X,,(G)? C X,,2(G),
we then get Sy = sang C GaN X,,2(G) C X,,2(G2) and moreover puy(Sz) > 0, where u9 is a
mean on Gy defined by ps(A) =[G : Ga]pu(soA). It is easy to see that po is a CCM on Ga and
thus, by Lemma G is FAF and hence so is G, as required. U

6. FINITE-BY-ABELIAN-BY-FINITE (FAF) GROUPS

Since we have shown that positivity of the degree of commutativity corresponds to a group
being FAF, the invariance of the actual quantity reduces to the study of it in FAF groups. This
section is therefore devoted to showing that in a FAF group, the degree of commutativity is
the same for every CCM. From this it immediately follows that the degree of commutativity is
independent of the CCM used.
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Indices of centralisers. Recall from Deﬁnition that for any group G the set X,,(G) denotes
the set of elements whose centraliser has index at most n. Our next aim is to describe the sets
X, (G) in a FAF group and relate these to the degree of commutativity.

We start by looking at the Boolean subring of P(G) generated by the cosets of subgroups.

Definition 6.1. Let G be a group and P(G) the power set of G considered as a Boolean ring.
We denote by C the subring of P(G) generated by the cosets of subgroups of G.

Remark 6.2. Note that the identity gH = (gHg !)g means that we do not need to specify
whether we intend to use left cosets or right cosets or both, as these all define the same object.

Lemma 6.3. Let G be a group, P(G) the power set of G and C be the subring of generated by
the cosets of subgroups of G. Then,

(i) C is equal to the additive subgroup generated by the cosets of subgroups of G.
(ii) In particular, every element of C can be written as a finite sum Hyg1 @ --- @ Hygy for
some subgroups H; of G and elements g;.

Proof. Note that|(i)|follows from since the ring has characteristic 2 and hence the finite sums
form a subgroup. To observe simply note that the intersection of two cosets is either empty
or is a coset of the intersection, and hence the finite sums are closed under multiplication. [

We next analyse some sub-objects of C in order to show that C always admits a unique CCM.

Definition 6.4. Given the Boolean subring C of P(G), we let

(i) Cqn denote the additive subgroup generated by the cosets of finite index subgroups of G;
and

(ii) Cins denote the additive subgroup generated by the cosets of infinite index subgroups
of G.

We then have:

Proposition 6.5. Let G be a group and C be the Boolean subring generated by the cosets of
subgroups of G. Then,
(i) Can is a subring of C;
(ii) Cint s an ideal of C;
(iii) Can N Cint = {@} and C = Cgy, @ Cint as abelian groups;
(iv) there is a (ring) projection, w: C — Cqp;
(v) there exists a unique CCM v on Cgy, and it takes only rational values;
(vi) there exists a unique CCM p on C, given by the composition vow and only taking rational
values.

Proof. We deal with these in turn.

(i) This follows since the intersection of two cosets of finite index is either empty or a coset
of the intersection, which is again of finite index.

(ii) This follows similarly, since the non-empty intersection of a coset of infinite index with
an arbitrary coset is a coset of infinite index.

(iii) Every non-empty element of Cg, is equal to a disjoint union of cosets of a single finite
index subgroup. In contrast, elements of Cj,¢ are finite symmetric differences of cosets of
infinite index subgroups, and are not generally disjoint unions of such cosets.

Suppose X € Cgn N Cipr is non-empty. Then X contains a coset of a finite index
subgroup and, being in Ci,f, is contained in a finite union of cosets of infinite index
subgroups. This contradicts Theorem

Hence, Cgy N Cins = {@}. The decomposition C = Cgy, @ Cint as abelian groups now
follows from Lemma

(iv) This is immediate from and

(v) Since every element X of Cqy, is a disjoint union of cosets of a single finite index subgroup
H = H(X), the values of a CCM v on elements of this subring are uniquely determined
and rational. The only thing to check is that the values of v do not depend on the
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choices of the H(X), and that v is finitely additive; this comes down to saying that if
K < H < @ are finite index subgroups of G, then every coset gH is a disjoint union of
[H : K] cosets of K, and hence the CCM gives the same value whether we think of gH
as an H-coset or a union of K-cosets.

(vi) Since 7 is a ring homomorphism, it is readily seen that p is a CCM on C, and it takes
only rational values since so does v. Moreover, if y/ were another CCM on C then we
can use to write any X € C as X = Xgn D Xjnr uniquely, where Xg, € Cg, and
Xinf € Cing. From finite additivity we get that

:UJ/(Xﬁn) = N/(Xﬁn) - ,U'/(Xinf> < ,u/(Xﬁn %) Xinf) < M/(Xﬁn) + N/(Xinf) = N/(Xﬁn)a
from which it follows that ' = u by O

We now aim to show that the sets U, = X;,,(G) — X;—1(G) are elements of C in an arbitrary
FAF group GG. The idea is to take a FAF group G with its normal finite index subgroup H <z, G
such that N := [H, H] is central in H and finite (the existence of such an H is guaranteed by
Remark [2.16)), and consider the inclusions Cg(g) < C(gN) < G, where C(gN) is the preimage
of Cq/n(gN) under the quotient map G — G/N. The index [C(gN) : Ca(g)] is studied in
Lemma and the index [G : C(gN)] in Proposition (which applies here since G/N is
virtually abelian). These results are then combined in Corollary to show that U,, € C.

Proposition 6.6. Let G be a virtually abelian group, and let K be the set of all centralisers of
elements g € Xan(G). Then K is finite, and we have

Sk ={9€G:Cq(g) =K} eC foral K € K.

Proof. Let A < G be a finite index abelian subgroup. Then for all g € G and a € A, we have
Ca(g) = Cx(ga): indeed, an arbitrary element b € A commutes with a since A is abelian, and
therefore b commutes with ¢ if and only if it commutes with ga. In particular, since A has
finite index in G, there are only finitely many subgroups of the form Cy4(g) when g ranges over
the elements of G. Note that if g € X7,(G) then [G : Ca(g)] = [G : A][A : Ca(g)] < oo, and
therefore No =, v, () C4(9) has finite index in G.

Let N = Coreg(Ng) <G, and note that N has finite index in G. Then for every g € Xq,(G),
the centraliser C(g) contains N, and therefore is the preimage in G of a subgroup of G/N.
Since G/N is finite it only has finitely many subgroups, implying that the set K is finite.

Now note that given an element g € Xg,(G) and a subgroup K € K, we have Cg(g) = K if
and only if g centralises K but does not centralise Ky for any K < Ky € K. This shows that

Sk =Ca(K)- | Ca(Ko).
K<Koek

In particular, since C is closed under finite unions and set differences, we have Sk € C, as
required. O

The following Lemma is technical. Given a finite index subgroup K <g, G/N, we consider
its preimage K < G as well as the subgroup Cr < G of elements that centralise K modulo N.
We show that given any g € Ck, the set of commutators Mgy :=[g,HN K] C N is a subgroup,
and for any subgroup M < N, the set Ly, = {g € C : My < M} is a subgroup as well. This
allows us to control the set of elements for which M, has a certain cardinality. Moreover, we
show that given g € Ly, the coset [g, h]M for h € K depends only on the coset h(H N K),
which allows us to have control over the number |[g, K]|/|M,|. Combining these results, we get
a description of the set of elements g € C' i for which [g, K] has some fixed cardinality m € N.

But this cardinality is the same as the cardinality of the K-conjugacy class of g, i.e. equal to
the index [K : C%(g)]. The result then follows by noting that if C;/n(gN) = K, then we have

Cc(g) C K and therefore C(g) = Ca(g).

Lemma 6.7. Let G be a group that has a finite normal subgroup N < G and a finite index
normal subgroup H <g, G containing N such that N is central in H and H/N is abelian. Let
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K <4, G/N, let m € NU {oo}, and write 1 : G — G/N for the quotient map. Then we have
Sk ={g € Sk : [ty (K) : Ca(g)] =m} €,
where S ={g € G: Cqn(gN) = K}, and Sgm = @ for all m > |N].

Proof. We write K = 7' (K) and Cf = 7'[';[1<CG/N(K)); note that S C Ck and that since
G/N is virtually abelian, we have S € C by Proposition Given a subgroup M < N, we let

Ly ={9€Ck:lgHNK]C M},
where [g, H N K] = {[g,h] : h € HN K}. The proof then proceeds in the following steps:

(i) showing that [g, H N K] is a subgroup of N for every g € Cg;
(ii) showing that [g, K] is a union of cosets of [g, H N K] in N for every g € Ck;
(iii) showing that L is a subgroup of G;
(iv) showing that for any g € Ljs, the function (which is not necessarily a group homomor-
phism) ¢,: K — N/M, defined by ¢4(h) = [g, h]M, factors through the quotient map

KL K/(HNK), ie ¢, =, o0 q for some function ®,: K/(HNK) — N/M;
(v) showing that the function W: Ly, — (N/M)X/HNK) defined by g + @, is a group

homomorphism.
After proving all these points, the proof can be finalised as follows. Given a subgroup M < N,
we set Tpy = {9 € Ck : [g, HN K] = M}. It then follows from point |(i)| that we have
Ty =Lu— |J L
Mo<M

By point we have Ly, € C for all My < M; in particular, since M is finite (and so has
finitely many subgroups) and since C is closed under finite unions and set differences, it follows
that Ty € C.

Now given any g € Sk, note that K = W&I(K ) is precisely the set of elements h € G such
that [g,h] € N, and in particular Cg(g) < K. On the other hand, K acts transitively on the
set of K-conjugacy classes of g, {h~!gh: h € K} = g[g, K], and Cg(g) is precisely the stabiliser
of g under this action. In particular, we have [K : Cg(g)] = |[g, K]|. Since [g, K] C N, it also
follows that Sk, = @ for all m > |N]|.

Note that if g € Ty for some M < N, then it follows from point and the definition of ¢,
that we have |[g, K]| = |M] - |¢4(K)|. In particular, if given any r € N we set F, .= {g € Ly :
|pg(K)| = r}, we then have

SK,m:SKﬂ |_| TMﬂfm”M‘
M<N
m/|M|eN
Now by point it follows that for each r, the set F, is a union of cosets of ker(¥). Since H
has finite index in G' and since N is finite, it follows that both K /(H N K) and N/M are finite
(for all M < N), and therefore (N/M)5/(HOK) ig also finite. We therefore have that ker(¥) is a
finite index subgroup of Ly, and so F; is a finite union of cosets of ker(¥) for each r € N; thus
Fr € C. Since C is closed under finite unions and intersections, and since Ty; € C for all M < N
(by the argument above) and Sy € C (by Proposition , it then follows that Sk, € C, as
required.
It thus remains to prove the points |(1)H(v)]

(i) Given hy,ho € HN K, note that [g,h1] € N since g € C and hy € K, and therefore
[g, h1]"2 = [g, h1] since N is central in H. We then have, using commutator calculus and
the fact that N is abelian,

g, hiha] = [g, ho]lg, h1])"* = [g, hallg, ha] = [g, ha]lg, hal,

and so the map H N K — N sending h +— [g, h] is a group homomorphism. It follows
that the image of this map, [g, H N K], is a subgroup of N, as required.
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(ii) This is similar to the previous point: it is enough to show that given k € K we have
l9,k]lg, H N K] C [g, K]—that is, [g, k][g, k] € [g, K] for every h € H N K. But we have
[9,k] € N since g € O}, and therefore [g, k] = [g, k] since N is central in H. We thus
have

9, k][g, B] = [g, K]"[g, h] = [g, h][g, K" = [9, kh] € [g, K],
as required.

(iii) Clearly 1 € Ly;. We first claim that g~' € Ly, for a given g € Lys. Indeed, for any
h € HN K we have

g7 k] = [hgl? =[h " g =1[g.h 7"

On the other hand, note that h9~' € H since H is normal in G, and R € K since
the fact that g € Cx implies that K is invariant under conjugation by g. Thus we have
g7, h] € g, HN K]t C M for all h € HN K, showing that g~! € Ly, as claimed.

We now claim that g;go € Ly for given g1, g2 € Lys. Indeed, for any h € H N K we
have, by commutator calculus,

(9192, B] = [g1, h]*[g2, h] = g1, h][[g1, K], g2][g2, h] = [g1, k] (g2, [91, )]~ (g2, h).

Since [g1,h] € N C HN K, it follows that all three terms in the equation above are
elements of M for any h € HN K and so [g1g2, h] € M, implying that gigo € Lyy, as
claimed.

(iv) It is enough to show that we have ¢4(k) = ¢q4(kh) for all k € K and h € HN K. But
this follows from the computation in point above: indeed, we have

since the fact that g € Ly, implies that [g, h] € M.
(v) Given g1,92 € Ly and k € K, note that we have
92, (91, k]] € (92, N] C g2, HNK] C M.
We thus have, by commutator calculus,
¢g1gz(k;) = [91927 k]M = [gla k]QZ [927 k]M = [917 k][QQa [917 k]]_l[QQa k]M
= [91,k][g2, K]M = g, (k) gy (k) = (&g, Pgo) (K),

and thus ¥ is a group homomorphism, as required. O

Corollary 6.8. Let G be a FAF group, and let m € NU {oco}. Then we have
Un={9€G:[G:Cg(g)] =m} eC,
and only finitely many of the U,, are non-empty.

Proof. By Remark we may assume that G has subgroups N and H as in the statement of
Lemma Note that the group G/N is virtually abelian.

We first observe that only finitely many of the U, are non-empty. Indeed, note that by
Proposition only finitely many finite index subgroups of G/N can appear as centralisers of
elements of G/N. On the other hand, it follows from Lemma that for any g € X5, (G) we
have [W&l(Cg/N(gN)) : Cq(g)] < |N|. Combining these two facts, we get an upper bound on
the finite indices of centralisers of elements in G, as required.

In particular, it is enough to show that U,, € C for all m € N, as then U, will be the
complement of a finite union of elements of C and so will also belong to C.

Now by Proposition there is a finite set K of finite index subgroups of G/N that occur
as centralisers of elements. Moreover, by Lemma [6.7] for any K € K and any r € N we have

Sk =1{9 € G:Cqn(gN) = K,[ry' (K) : Ca(g)] =r} €C.
In particular, if we denote by ix the index [G : 7' (K)] for any K € K, it then follows that
Un = |_| SK,m/iKa

KeKk
m/ixg €N
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and so Uy, € C for any m € N, as required. O

Degree of commutativity. We are now in a position to prove the degree of commutativity is
independent of the CCM used for a FAF group.

Proposition 6.9. Let i and v be CCMs on a FAF group G. Then dc,(G) = dc,(G) € Q.
Proof. By Corollary we have G = <|_|i\n4:1 Um> U Uy for some M € N, where

Un={9€G:[G:Cg(g)] =m} €C.

In particular, we have

and similarly de,(G) = M “Un) Byt for 1 < m < M we have Uy, € C and therefore

m=1 m

pt(Unm) = v(Uy,) € Q by Lemma [6.5(vi), implying that dc,(G) = dc,(G) € Q, as required.  [J

Theorem 6.10. Let G be a group equipped with a CCM p. Then dc,(G) > 0 if and only if G
is finite-by-abelian-by-finite. Moreover, dccem(G) = dc,(G) is a rational number that does not
depend on the choice of p.

Proof. Suppose that GG is FAF. In particular, G has a finite index normal subgroup H < G such
that N := [H, H] is finite and central in H (see Remark [2.16). Since H is 2-step nilpotent, it
follows from commutator calculus that the map ¢4: H — N defined by ¢4(z) = [g, 2] is a group
homomorphism for any g € H. In particular, we have [H : Cy(g)] = [H : ker(vg)] = |vg(H)| <
|N| for every g € H, implying that

4eu(6) = [ uColg)an = [16: Calo) du> [16: Colo) Mt

1

> /[G :Cu(9)] L dp > (N (G H])™! / b= N o

and thus dc,(G) > 0, as required.

Suppose now instead that dc,(G) > 0. By Lemma there exists m € N such that
(X (G)) > 0. It then follows by Proposition [5.9| that G is FAF.

Finally, the rationality and independence from the choice of i follows from Proposition if
G is FAF, and from the fact that dc,(G) = 0 otherwise. O

7. RESIDUALLY FINITE GROUPS

Having defined the residually finite degree of commutativity in Definition [5.1]it is natural to
see whether this quantity agrees with the analogous number obtained using the Haar measure.

Definition 7.1. For a residually finite group G, the profinite completion G is the inverse limit
of the directed system of finite quotients of G:

G :=lim{G/N : N <4, G}.

The diagonal embedding g — (¢g/N) embeds G as a dense subgroup into @, and we will therefore
identify G with a subgroup of G. The group CAJ, with the inverse limit topology (induced by the
discrete topology on the finite quotients of G), is a compact Hausdorff totally disconnected topo-
logical group and has a unique left invariant inner-regular and outer-regular Borel probability
measure [, called the Haar measure.
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Theorem 7.2. Let G be a residually finite group with profinite completion é, and let i be the
Haar measure on G%. Then we have

~

a(Comm(G)) = fu(Comm(G)) = derp(G) = decom(G).
Moreover, this number is positive if and only if G is virtually abelian.

Proof. The last statement of this Theorem is simply Lemma [5.3] so it suffices to prove the
displayed equalities.

Note that Comm(G) is closed in G2, since the commutator map (g, k) ~ [g, k] is continuous
and since {1} is closed in G. As Comm(G) = G2 N Comm(G) C Comm(G), it follows that
Comm(G) C Comm(G). This implies that 7i(Comm(G)) < 7i(Comm(Q)).

On the other hand, if N < G is a normal finite index subgroup of G, then the preimage of
Comm(G/N) in G2 is equal to {(g,h) € G%: [g,h] € N} and therefore contains Comm(G), and
the Haar measure of this preimage is exactly equal to de(G/N). It follows that 7i(Comm(G)) <

~

dc(G/N) for all N <g, G, and thus zi(Comm(G)) < degrp(G). In particular, we have

7i(Comm(@G)) < 7i(Comm(G)) < degp(G).
Similarly, dc,(G) < dcrp(G) by Lemma It is hence enough to show that dcrp(G) <
p(Comm(G)) and derp(G) < de, (G).

Now if degp(G) = 0, then the result follows immediately, so we may assume that degr(G) > 0.
Then, by Lemma G is virtually abelian, and so contains a normal finite index abelian
subgroup A <G. Recall that the set Xg,(G) of elements of G whose centraliser has finite index
forms a normal subgroup, and note that Xg,(G) = {g € G : [G : C4(g)] < oo} as A has finite
index in G. We aim to construct:

(i) a finite index normal subgroup M <g, G that is contained in Xg,(G) such that we have
Comm(G) N X5in(G)? = {(9,h) € Xgn(G)? : [9,h] € M}; and
(ii) for any e > 0, a finite index normal subgroup N, <g, G contained in M such that (G/N.)?
contains at most £|G//N.|?> commuting pairs outside of (Xg,(G)/N:)?.
Now having constructed N, note that since N. € M C Xg,(G), we have that Comm(G) N
Xgn(G)? is a union of cosets of N2 in G2, and that the image of Comm(G)N Xz, (G)? in (G/N;)?
is precisely Comm (G /N:)N(Xgn(G)/N:)?. Tt follows that Comm(G) C G2 contains the preimage
of Comm(G/N.) N (Xgn(G)/N2)? under the surjection G2 — (G/N.)2, and therefore

- | Comm(G/N:) N (Xgn(G)/N:)?|
- |G/Ne|? '

Similarly, Comm(G) contains the preimage of Comm(G/N.)N(Xg,(G)/N:)? under the surjection
G? — (G/N.)?%, and therefore

p(Comm(G))

| Comm(G/N.) N (Xgn(G)/N:)?| .

de, (G) >

|G/Ne[?
On the other hand, we have | Comm(G/ fg)/;\,(:l‘;ﬁﬂ(@/ Ne)?| < & by the choice of N., and therefore
2
de(G/N.) — | Comm(G/N:) N (Xan(G)/Ne)?| <.

|G/N:|? -

It follows that zi(Comm(G)) > de(G/N;)—e > degrr(G)—¢, and similarly dc, (G) > degr(G) —e.
But £ > 0 was arbitrary, implying that we have fi(Comm(G)) > degr(G) and de, (G) > derp(G),
as required.

It remains to construct the subgroups M and N. as above.

(i) Note that [G : X, (G)] < 0o (since A C X5,(G)) and set
My = m Cal(g).

geXﬁn(G)
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Note that My < G (since Xgn(G) <G and A < G). Moreover, given any g € G and
a € Cy(g), a given element b € A commutes with a, and so it commutes with ¢ if and
only if it commutes with ga, showing that C'4(g) = Ca(ga). Thus Ca(g) is constant as
g ranges over a coset of A in G; as [G : A] < oo, it follows that M is the intersection of
finitely many finite index subgroups of G' and therefore [G : M| < co.

Now let 7 be a transversal of My in Xg,(G) containing 1 (note that My C A C
X6n(G)), and let C = {[g,h] : (g,h) € T?}. Then C is a finite subset of G containing 1.
Since G is residually finite, there exists a finite index normal subgroup M; <G such that
the quotient map G — G/Mj is injective on C, and in particular C' N M; = {1}.

We set M = My N My; by construction, M is a normal finite index subgroup of G
contained in X7, (G). Given any g,h € T and a,b € My, note that [ga,b] = 1 = [a, h]| by
the definition of My, implying that

lga, hb] = [ga,b][ga, h]® = [ga, h]® = [g,h]*[a, h]® = [g, ]

In particular, since M <G, we have [ga, hb] € M if and only if [g, h] € M, which happens
if and only if [g,h] = 1 by the choice of M;. It follows that for any g,h € Xqn(G), we
have either [g,h] = 1 or [g,h] ¢ M, and therefore Comm(G) N X5, (G)? = {(g,h) €
X6n(G)? : [g, h] € M}, as required.

Note that given g € G and a,b € A, we have

[ga,b] = [g,b]"[a,b] = [g,0]

since A is normal and abelian, and in particular [g, A] = [ga, A]. Thus [g, A] is constant
as g ranges over elements in a coset of A in G, and so, since [G : A] < oo, there are
only finitely many subsets of G of the form [g, A], for g € G. Note also that we have
g, A]| = |9lg, A]| = |g”| = [G : Ca(g)] by the orbit-stabiliser theorem, and in particular
Ilg, 4]| < oo if and only if g € Xg,(G).

Let n € N be such that 2/n < e. By the paragraph above, there exists a finite subset
S C G such that for each g € G — X5, (G), the subset S contains at least n commutators
of the form [g, a] for a € A. Since G is residually finite, there exists a finite index normal
subgroup N g, G such that the quotient map G — G /N, is injective on S; by replacing
N, with N. N AN M if necessary, we may further assume that N. C A and N. C M.

It then follows that for any g € G — Xqn(G), the subset [gN:, A/N:| = [g, AJN:/N: C
G /N, contains at least n elements, and therefore

[G/Ne : Cayn.(9Ne)] = |lgNe, G/Ne]| = [[gNe, A/Ne]| = n

by the orbit-stabiliser theorem. Now note that we have

Comm(G/N.) — (Xan(G)/N:)? = U {9V} x Cayn. (9N2)
g€G—X5n(G)

U U Cen.(hNo) x {hN} |,
heEG—Xgn(G)
and therefore, by symmetry,
|Comm(G/N:) — (Xan(G)/N:)?| < 2 > [Cayn. (9N
gN:-€(G—X5,(G))/Ne

<2.1(G - Xpu(G))/N, | - 1G]

2|G/N.|?
< 'fl < el G/N: P,

as required. O
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8. AMENABLE GROUPS

We note that our construction to date has been to look at a CCM on a group G and extend
to a product mean on G? from which we define a degree of commutativity and deduce structural
results on G. However, one could instead look at an arbitrary CCM on G2 and, as we shall
see—Example [8.6—this can produce a different answer.

However we can also ask the same questions for invariant means and amenable groups.
Namely, what can we say about a degree of commutativity for an amenable group which is
defined using a non-product mean on G?? In particular, one should bear in mind that FAF
groups are all amenable.

Our result here is that the positivity of these quantities corresponds to the group being FAF
in the amenable case, even if one doesn’t use the product mean.

Non-product CCMs on products. We recall, Definition that X,,(G) consists of all the
elements of G whose centraliser has index at most n, and that Xg,(G) is a normal subgroup of
G that is the union of all the X,,(G).

Lemma 8.1. Suppose that either X,,(G) # Xan(G) for any n € N, or [G : Xqn(G)] = co. Then

for every n € N and every € > 0, there exist hy, ..., hy, € G such that
> (G Cahy'hy)) ™ <.
1<i<j<n

Proof. Suppose first that [G : X7, (G)] = co. We then choose any elements hy,...,h, that
represent n distinct cosets of Xg,(G) in G. This implies that h; 'h; ¢ Xg,(G) and therefore
[G: Cq(h; 'hj)] = oo for all 1 <i < j < n, implying that > 1<icj<nlG Ca(h'hj) ' =0<ce,
as required.

Suppose now that X,,(G) # Xgn(G) for any n € N. We will then construct hq,...,h, €
Xfin(G) such that

= Z (G : Cq(hythj)] 7t < e(1—217F)
1<i<j<k

for 1 < k < n, inductively as follows. We pick an arbitrary h; € Xq,(G). Having constructed
hi,...,h; for some k > 1, let N;, € N be such that Ny > QkkM’“, where My, = max{[G : Cg(h;)] :

3

1 < i < k}. Since Xy, (G) # X5n(G), there exists hyt1 € Xan(G) such that [G : Ca(hg41)] >
Ni. We then have

Ny, < [G: Co(hii)] < [G 2 Co(hi) N Ca(hy thiy)] < My - (G : Ca(hy ' higa))]
for 1 <i < k, implying that

_ Np _ 2Rk
(G : Ca(h;  hiy)] > 5 > —
In particular, it follows that
k
_ _ _ 3 _
Chi1 = ok + ;[G $Cahy hi)] ! < el =270 + ko o = (1275,
as required. O

Corollary 8.2. Suppose that G is amenable, and let p be any invariant mean on G2. If
p(Comm(G)) > 0, then there exists n € N such that (X, (G) x G) > 0.

Proof. Suppose, for contradiction, that u(X,(G) x G) = 0 for all n € N. If we have X,,(G) =
Xin(G) for some n € N, then we have u(Xg,(G) x G) = 0 and therefore, as Xg,(G) x G is a
subgroup of G? and p is an invariant mean, we have [G : Xg,(G)] = oo. Thus either way, the
assumption of Lemma is satisfied.
Taking € = % and taking n € N such that n > %, we then get elements hy,...,h, € G
such that
Y. wlCalhi'hy) x G) <e.

1<i<j<n
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In particular, taking ¥ = (U<, <, Ce(h;*hj) C G, we then have u(Y x G) < € and therefore
w(Comm(G) —Y x G) > pu(Comm(G)) — (Y x G) > 2e —ec =e.
On the other hand, for 1 < i < n define Y; = (1, h;)(Comm(G) — Y x G). Then u(Y;) > ¢ for all
i since yu is left-invariant. However, given (g,h) € G? —Y x G we have
(9.h) €Y; < [g,h;'h] =1 <= h € hiCq(g),

and therefore if (g,h) € Y; NY; for some i < j, then h;Cg(g9) = h;jCq(g), or equivalently
g € Cg(h; 1hj), which is impossible since g ¢ Y. Thus the subsets Yi,...,Y, are pairwise
disjoint, implying that

1=pu(G*) > p(iu---UY,) = u(Y) > ne,
=1

contradicting the fact that n > %
Hence we must have u(X,,(G) x G) > 0 for some n € N, as required. O

Proposition 8.3. Let G be a FAF group. Then there exists a constant o > 0 such that
pu(Comm(G)) > a for any invariant mean p on G2.

Proof. By Remark G has a finite index subgroup Gy < G such that Gj is finite and central
in Go. Then the function uo: P(G3) — [0, 1] defined by uo(A) = [G : Go)*u(A) is an invariant
mean on G2, and if we have pio(Comm(Gp)) > 0 then it also follows that

p(Comm(G)) > p(Comm(Go)) = [G : Go] o (Comm(Gy)) > 0.

We may thus assume, by replacing G with G and multiplying o by [G : Go] 2 if necessary, that
G’ is finite and central in G. In particular, G is 2-step nilpotent.

Now let g1 = [z1,y1],.-.,9n = [Tn,yn] be all the possible commutators in G, and let H =
Niz1(Ca(zi) N Ca(yi)). Note that we have [G : Cg(x;)],[G : Ca(yi)] < |G| < oo for all 4, and
therefore [G : H] < oo. On the other hand, since  is an invariant mean on G2, we obtain

p(Comm(G)) = %Z”((x“yz_l) Comm(G)) > iu(U(x“yz—l) Comm(G))
i=1 i=1
> %,u <H2 N O(xl,y;l) Comm(G))
i=1

_1 2 .
= nﬂ({(ﬂﬁ,y) € H”: [z 'z, yy] = 1 for some i € {1,...,n}})

= %u({(x,y) € H?: [z,y] = [xi,y;] for some i € {1,...,n}}),

where the last equality follows from commutator calculus (in the 2-step nilpotent group G) and
the fact that [z;,y] = [x,;] = 1 for all (z,y) € H?. But since the g; = [z;, y;] are all the possible
commutators in G, it follows that u(Comm(G)) > Lu(H?) = m > 0, so we obtain the

result by setting o = n[G%H]Q. O

Theorem 8.4. Let G be an amenable group, and let u be a finitely additive left invariant
probability mean on G*. Then u(Comm(G)) > 0 if and only if G is finite-by-abelian-by-finite.

Proof. If G is FAF, then p(Comm(G)) > 0 by Proposition[8.3] Conversely, if (Comm(G)) > 0,
then we have p(X,(G) x G) > 0 for some n € N by Corollary Define p': P(G) — [0,1]
by setting p/(A) = p(A x G) for all A C G, and note that p is clearly a left invariant finitely
additive probability mean, and therefore a CCM, on G. Since p/(X,,(G)) > 0, it then follows
from Proposition [5.9 that G is FAF. O

Remark 8.5. A natural question is whether ;(Comm(G)) depends on the choice of an invariant
mean p on a FAF group G. We have not been able to prove or to find a counterexample for
this. However, if a FAF group G is residually finite (for instance, when it is finitely generated),
then the independence of the choice of u follows from the proof of Theorem
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Residually amenable groups. We may similarly deduce that if G is a residually amenable
group, then it has non-zero degree of commutativity if and only if it is is FAF. In particular, for
a residually amenable G, we can set dcgam(G) to be the infimum of all p(Comm(H)), where H
ranges over amenable quotients of G and where i ranges over invariant means on H?. If G is
FAF, then it is amenable (since finite and abelian groups are amenable and since amenability is
closed under extensions), and so dcram(G) is equal to the infimum of all p(Comm(G)), where
( ranges over invariant means on G, which is positive by Proposition

Conversely, if decgam(G) > 0, then any amenable quotient of G is FAF by Theorem (8.4
and therefore virtually metabelian by Remark Since G is residually amenable, it follows
that the residual Res(G) of G is residually metabelian, and therefore metabelian since being
metabelian is defined by a group law. On the other hand, since finite groups are amenable
we have dcrp(G/Res(G)) > degram(G) > 0, and so G/ Res(G) is virtually abelian: see Re-
mark It follows that G is metabelian-by-(virtually abelian), and so virtually solvable of
derived length 3; in particular, G is amenable. We therefore have p(Comm(G)) > decgam(G) > 0
for any invariant mean p on G2, and so G is FAF by Theorem

Counterexamples. Here we show that Theorem does not hold for CCMs. That is, there
exists a group G and CCMs on G2 such that the degrees of commutativity with respect to these
CCMs on G? are 0 and 1.

Example 8.6. In this example we shall find a group H and two CCMs pg, 11 on H? such that
po(Comm(H)) = 0 whereas p1(Comm(H)) = 1. Here H will be a nilpotent group, and therefore
an amenable group. In fact, H will be finite-by-abelian, FA (and hence also FAF). But H is
not abelian, and so one has that product means on H? give a degree of commutativity strictly
between 0 and 1. The point being that neither g nor p; are product means on the square, nor
invariant means.

Let o be the field of order 2, and consider the group

1 x =z
H=(¢h(x,y,2) =0 1 y|:x,yeV,z€Fy,,
0 0 1

where V = @;2, F2 and the group operation is “matrix multiplication”:
h(x,y,2) h(x,y',2') = h(x+ Xy +¥, 2+ 2"+ (x,5));

here (x,y’) = > o0, zy, for x = (21, 22,...) and y' = (y],95,...). One may check that Z(H) =
{h(0,0,2) : z € Fo} and that [H : Cy(h)] = 2 for all h € H — Z(H). We should thus expect to
have “dc(H) = 3” for any “reasonable” definition of dc. In particular, decom(H) = 3.

However, we will show that there exists a CCM gy on H? for which u;(Comm(H)) = 1, by
using the construction of CCMs in In order to do this, it is enough to show that the set
Phn(Comm(H)) generates a filter together with the sets of the form
) |gK N F B 1

| IE [H? : K]

where K < H? and € > 0. In particular, let K;,..., K, < H? and € > 0. It is then enough to
show that ([, F-(K;) contains an element F' C H? such that [h, ho] =1 for all (hy,hs) € F.

Suppose, without loss of generality, that for some m we have [H? : K;] < oo for 1 <i < m
and [H2 : Kj] = oo form+1 < 35 <n Form+1 < j < n, note that K is a finite
index subgroup of K;Z(H)?, and thus K; .= K;Z(H)?/Z(H)? is an infinite index subgroup of
(H/Z(H))? 2V~ (P2, Fa, +). It follows that K; is an Fo-subspace of (H/Z(H))? of infinite
codimension, and hence is contained in an Fa-subspace L; of finite codimension N > —log,e.
Letting L; be the preimage of L; under the quotient map H? — (H/Z(H))?, it then follows
that we have K; < L; < H? and 1 < [H?: L;] < occ.

Now let K = () K;N(;_,, 1 L;j- Then K is a finite index subgroup of H?. By Lemma
below, there exists a (left) transversal F of K in H? such that F C Comm(H). By construction,

Fe(K) = {Fepﬁn(H2 < ¢ for allgEHQ}



COSET CORRECT MEANS AND DEGREES OF COMMUTATIVITY 27

for any g € H? we have
|gKiﬂF| B 1

|F| [H? : K]

for 1 <i<m and
l9K; N F| 1 lgK; N F| _ |gL;jNF]| 1
— 75 = < ) <e€
|F| [H?: Kj] |F| |F| [H? : L]

for m +1 < j < n, implying that F' € (), F-(K;), as required.

Using a similar argument, we may show that Pg,(Comm(H)¢) together with the F.(K) gener-
ates a filter, and therefore there exists another CCM g on H? such that po(Comm(H)) =0. O

This is the technical Lemma used in the example above.

Lemma 8.7. Let H be as in FExample let K < H? be a finite index subgroup, and let
g € H%. Then there exists an element (hy,hg) € gK such that [hy, ho] = 1.

Proof. Since K has finite index in H? we have K N (H x {1}) = L1 x {1} and KN ({1} x H) =
{1} x Ly for finite index subgroups Li, Ly <g, H. Let L = L N Ly. Then L? <g, K <g, H?
and so we may assume, without loss of generality, that K = L2.

Let g = (g1,92) € H?, and suppose for contradiction that [g1h1, goho] # 1 for all hy, hy € L.
Note that, as H is 2-step nilpotent, we have

[91h1, ho] = [g1h1, g2) ' [g1h1, gahal,
and thus, since [H, H] is cyclic of order 2, we have [g1h1, ho] = 1. Since hy € L was arbitrary,
it follows that L C Cg(g1hy) for all hy € L. Taking hy = 1 we get L C Cy(g1), implying that
L C Cx(gih) N Cr(g1) € Cy(h) for all h € L. In particular, L is abelian.
On the other hand, L has finite index in H, so this contradicts the fact that H is not virtually
abelian (see [MTVV21] §7.3]). O

Remark 8.8. The CCM p in Example is not an invariant mean, as for any invariant mean
p on G2, where G is a non-abelian group, we have p(Comm(G)) < 1. Indeed, if g € G is any
non-central element, then we have
Comm(G)° U (1) Comm(G)° = {(z.9) € G*  [x.4] # L or [r.g™'4] # 1)
{(z,y) € G* i [w,y] = [z,97 'y = 1)°

D {(z,y) € G*: [x,9] =1} = (G — Calg)) x G,

so if y is an invariant mean on G2 then we get

LG - Calg) x ) = 1 (1 ) [1> 1

p(Comm(G)°) > 2 G : Cglg)]

N |

and therefore y(Comm(G)) < 3.

9. MEANS ON NON-AMENABLE GROUPS

Since the paper has discussed various means on groups that exhibit partial invariance, it is
natural to ask whether this can be quantified. We do this via a defect function which measures
the worst case in which a mean on a group deviates from invariance. We show that while this
is defined as a real number in the interval [0, 1], it turns out to be equal to either 0 or 1 with
the former case corresponding to the case of amenability. Therefore, even though we construct
means which are invariant on subgroups, the defect function sees these as generally no closer to
an invariant mean than an arbitrary one.

Definition 9.1. Given a finitely additive probability mean u on a group G, we define the left
defect of u as

d¢(p) = sup{|p(gA) — u(A)|: g € G,AC G} €0, 1],
and the right defect of p as

dr(p) = sup{|u(Ag) — u(A)| 1 g € G,AC G} € [0,1].
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Moreover, we define the (left) defect of G to be
6g = inf 6,(p),
w

where the infimum ranges over all finitely additive probability means pu on G.

Remark 9.2. We are omitting the right defect for a group but it has an analogous definition
and is easily seen to be equal to the left defect. That is, if i is a finitely additive probability
mean, we can define v(A) = u(A~1), and then d,(v) = §,(u).

Lemma 9.3. Let pu be a finitely additive probability mean on a group G.
(i) Suppose that 0g(p) > 0 and 6,(n) < 1. Then G admits a finitely additive probability
mean [i such that §¢(fw) < d¢(p) and 6, (@) < 6y ().
(ii) Suppose that 6.(p) > 0 and d¢(p) < 1. Then G admits a finitely additive probability
mean [i such that 6, (1) < d,(p) and d¢(f) < dp(p).

Proof. Suppose first that dy(x) > 0 and §,(n) < 1. Define i: P(G) — [0, 1] by setting

fi(A) = / u(hA) du(h)

for all A C G. It is then easy to see that Tz is a finitely additive probability mean on G satisfying
6r () < 0p(p). Now let A € G, let m_ = infyeq pu(gA), let my = supyeq u(gA), let m = m,42-m+7
let D = ™= and let 6 = d;(;1). Note that D = my —m =m —m_ and that my —m_ < §;
in particular, D < $. Setting B = {h € G : u(hA) > m} we get Bg~! = {h € G : u(hgA) > m}
for any g € G, which allows us to estimate

m_ + Du(Bg™") <7i(gA) <m+ Du(Bg ™).

In particular, we have
fi(gA) — < (m+ Du(Bg ")) = (m— + Du(B)) = D(1 + u(Bg ") — u(B))

_0
—(1
< 5 (L+6:(w)

for all g € G and A C G. Since §,(1) < 1 and § > 0, this implies that do(z) < Fs < 4,

proving (1)
Part follows in a similar way to part or by applying part to the finitely additive
probability mean p/ on G defined by p/(A) = u(A™1). O

Proposition 9.4. Let v be a finitely additive probability mean on a group G, and suppose that
d¢(v) < 1. Then G is amenable.

Proof. Throughout this proof, all means on GG will be assumed to be finitely additive probability
means.

Let ¢ = inf,s 6y(v'), where the infimum ranges over all means v/ on G. Then there is a
sequence (pn)nen of means on G such that 6 = limy, o0 d¢(1y). Let w be a non-principal
ultrafilter on N, and let p: P(G) — [0,1] be defined by setting u(A) = lim,, p,(A). It is then
easy to verify that u is a finitely additive probability mean on G and that |u(gA) — u(A)| < g
for all g € G and A C G. In particular, we have d;(u) = dg. Note that if 6 = 0 (respectively
Or(p) = 0), then p is a left invariant (respectively right invariant) mean on G and so G is
amenable.

Thus, suppose for contradiction that dg > 0 and 6,(u) > 0; note that we also have dg <
d¢(n) < 1. By Lemma [9.3|(ii), there exists a mean g on G satisfying d,() < ¢ (and so
d¢(t) = 6g > 0 by the definition of dg) and 6,(z) < d(p) (and so 6,.() < 1). But then,
by Lemma (applied to @), it follows that there exists a mean i on G satisfying () <
0¢(It) = d¢z, contradicting the definition of d¢. O

Theorem 9.5. Let G be a group. Then the defect g of G is equal to d¢(p) for some finitely
additive probability mean p on G. Moreover, dg equals either 0 or 1, and is 0 precisely when G
is amenable.
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Proof. Note that the proof of Proposition [0.4] already shows that the defect of G is realised on
an actual mean, via ultralimits. However, we can also argue a posteriori.

If G is amenable then it admits a left invariant mean p whose defect is 0, so dg = d¢(u) = 0.
If G is not amenable then Proposition implies that dy(u) = 1 for all means g on G and hence
0g = 1. O

10. CONJUGACY CLASSES

For a finite group, we have dc(G) = cc(G)/|G| =: k(G), where cc(G) is the number of conju-
gacy classes of G. For a residually finite group G, we similarly get krp(G) = infy<, ¢ k(G/N) =
degp(G). This motivates the following definition.

Definition 10.1. Let p be a CCM on a group G. Define
k,(G) == inf{u(S) : S is a set of representatives of conjugacy classes of G}.

For the following result, note that any FAF group is amenable and therefore admits a finitely
additive bi-invariant probability mean.

Lemma 10.2. Let G be a FAF group equipped with o finitely additive bi-invariant probability
mean p. Then k,(G) > 0.

Proof. Let H <g, G be such that N := [H, H] is finite. Suppose that S is a set of representatives
of conjugacy classes of GG, so that we have

HnS={n*M:heH}
for some function ¢: H — G. Given any coset A =gH € G/H,let Ty = {h € H : p(h) € A}.
Since p is ﬁnitely additive, we have ﬁ = w(H) = > acq/m #M(Ta); in particular, we have
w(Ta,) > eani H} for some Ay = goH € G/H.
Given any h € Ty,, note that we have go = p(h)y(h) for some 1(h) € H, and therefore

hoo = e — peMpeh) 4y (p)] e RN,

implying that gy Ta,90 C SN = U.en Sz. Since p is bi-invariant, we get (g0 Tagg0) =
p(T4,), and thus

. 1
H(S)ZWZM(SZ)_ (USZ) i) 2 N iR

implying that k,(G) > > > 0, as required. O

NI [GH]

The following example shows that the assumption that p is bi-invariant, and not merely left
invariant, is necessary in Lemma By inspecting the argument, however, one may deduce
that an assumption that p is conjugacy invariant and left invariant on cosets would be enough.

Example 10.3. Let G = Z% x (Z/4Z), where the generator t of Z/47Z acts on H = Z? as the
1
1 0/
SN H C{(zx,y) € Z* : |y| < x}. Moreover, one can verify that GG contains only finitely many
conjugacy classes outside of H, and therefore u(S) = u(S N H) for any CCM p on G.
Now let p11 be a finitely additive left invariant probability mean on Z, and define s : P(Z?) —
[0, 1] by setting

matrix <_0 Then G has a set S of representatives of conjugacy classes of G such that

pa() = [ i (A2) o)
where A, = {y € Z : (z,y) € A}. Tt is easy to see that us is a finitely additive left invariant
probability mean on Z2. Finally, define u: P(G) — [0,1] by setting

3
1 7
p(A) = 4;/@@ ANH),
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which is again a finitely additive left invariant probability mean. We then get

u(S) = (S0 H) = Lin(S N H) < i/eN“”{‘”“"“ 1o} du(z) = 1/0du1 —0,

even though G is virtually abelian.

Proposition 10.4. Let G be a group equipped with a CCM p, and suppose that k,(G) > 0.
Then G is FAF.

Proof. Let n € N be such that k,(G) > n%rl We claim that then we have u(X,(G)) > 0, where
Xn(G)={g€G:[G:Cg(g)] <n}. The result will then follow from Proposition

Indeed, we can choose representatives Sp, ..., S, of conjugacy classes of G as follows. For
g € X,(G), choose the representative of [¢g] in each S; arbitrarily. For ¢ € G — X,,(G), note
that the conjugacy class of g contains [G : Cg(g)] > n + 1 elements, and so we can choose n + 1
different representatives of [g] in the sets Sp,...,S,. Then each element of X, (G) appears in
the sets Sp,..., S, at most n + 1 times, whereas each element of G — X,,(G) appears there at
most once. Since p is finitely additive, we then have

1< (n+ Dku(@) <Y u(Si) < u(G = Xa(G)) + (0 + Du(Xa(G)) = 1+ n- p(Xa(G)),
i=0
and thus p(X,,(G)) > 0, as claimed. O

APPENDIX: USING THE HAHN-BANACH THEOREM TO CONSTRUCT CCMSs

In this appendix we give another proof of the existence of CCMs for any group. The reason
to do so is that in Theorem [3.4] we invoke the Ultrafilter Lemma which is a weak version of the
Axiom of Choice. However, one can also prove the existence of CCMs by using the Hahn—Banach
Theorem which is strictly weaker than the Ultrafilter Lemma.

Theorem A.1 (Hahn-Banach Theorem for real normed vector spaces). Let (V. ||-||) be a real
normed vector space. Suppose that S is a subspace of V and fg: S — R a bounded linear
functional on S. Then there exists an extension f of fs to V such that f|s = fs and ||f]lv+ =

[ fslls--

Remark A.2. Recall that if (V| ||-||) is a normed vector space with V' # {0} and f: V — R a
|f ()]

linear functional then || f|ly+ = supgzey Tl

Theorem A.3. The Hahn—Banach Theorem for real normed vector spaces implies the existence
of a CCM for any group G.

Proof. Tt is sufficient to prove the existence of a linear functional, m: £>°(G) — R, of norm 1 such
that m(lym) = ﬁ for all cosets gH in G. Indeed, if this is the case then setting p(A) = m(14)
for any subset A C G defines a CCM p on G. To see that this defines a CCM observe that
u(G) = m(1lg) = 1 by definition, the finite additivity of u is a consequence of the linearity of
m, and positivity of p follows from the fact that for all A C G,

m(]lA) = m(]le) — m(]lAc) =1- 'm(]lAc) Z 1-— ”mHgoo(G)* ]lACHoo =0.

Therefore, p(A) > 0 for all A C G.

Recall that C C P(G) denotes the Boolean subring generated by cosets of subgroups of G,
Definition [6.1} By Proposition there exists a unique CCM u on C.

Now let € < £°°(QG) be the subspace spanned by {1g : S € C}. Note that, since C is a subring
of P(G), any element of € can be expressed as > ;- a; - 1g,, where a1,...,a, € R and where
S1,...,8, € C form a partition of G. We then define a functional m¢: € — R by setting

me (Z Qg - ]151.> = Zai . ,U(Sz)
i=1 i=1
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To see that me is well-defined, note that if Y " ;a; - 1g, = Zj 1 bj - I, are two different
expressions of an element f € € as above, then we have

m
Zaz D) SIS SURTE
—

i=1 j=1

where U;; = S; NT; and where a; = ¢;; = b; whenever U;; # @. It then follows by the finite
additivity of p that

Z%'M(Si)zz azZM i) :ZZ cij - (UL Z b > u(Ui) | =D b ulTy),
=1 =1 =1 j=1 7=1 =1 J=1

as required. A similar argument shows that mg is linear.
Finally, m¢ is bounded since for any f=>"" , a;- 1g, € € as above we have,

Ime(f)] < Z |as| - p(Si) < 1123} |ag| - ZN = pax ‘a1| n(G) = 1123<X |ai| = [ flloo-
Together with the fact that me(lg) = ||]lG||Oo = 1, this forces the norm of m¢ to be 1.
By Theorem the functional me then extends to a linear functional m: ¢>°(G) — R which
satisfies the required properties. O

Remark A.4. We note that Theorem from [Neu54] is used in Proposition and so is an
ingredient in both the construction using ultrafilters as well as this one using the Hahn—Banach
Theorem.
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