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Abstract
The Bayesian conjugate gradient method offers probabilistic solutions to linear systems but suffers from poor
calibration, limiting its utility in uncertainty quantification tasks. Recent approaches leveraging postiterations
to construct priors have improved computational properties but failed to correct calibration issues. In this
work, we propose a novel randomised postiteration strategy that enhances the calibration of the BayesCG
posterior while preserving its favourable convergence characteristics. We present theoretical guarantees for
the improved calibration, supported by results on the distribution of posterior errors. Numerical experiments
demonstrate the efficacy of the method in both synthetic and inverse problem settings, showing enhanced
uncertainty quantification and better propagation of uncertainties through computational pipelines.
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1 Introduction

Probabilistic numerical methods provide a framework
for solving numerical problems while quantifying un-
certainty arising from finite computational resources.
The Bayesian conjugate gradient method (BayesCG; see
Cockayne et al. (2019)) is increasingly widely used as
such a solver for linear systems of the form Ax = b,
where the matrix A and vector b are known and the
vector x is to be determined. The method constructs
a Gaussian posterior over the solution space, reflecting
uncertainty due to limited iterations. However, several
major challenges impact the practicality of BayesCG:
(i) there are compelling theoretical and numerical rea-
sons to use a particular prior that results in an in-
tractable posterior, and (ii) the posteriors produced are
typically poorly calibrated. The postiteration method
of Reid et al. (2023) addresses the first of these issues
but not the second. In this work we propose a ran-
domised version of this method for which we can pro-
vide calibration guarantees.

1.1 Challenges for BayesCG

In this section we describe two central challenges that
this work will address.

Poor Calibration BayesCG is well-known to suffer
from poor calibration as recently demonstrated in Hegde
et al. (2025), due to nonlinearities in its conditioning
procedure. Specifically, BayesCG operates by condi-
tioning a Gaussian prior on information of the form
S(b)⊤Ax = S(b)⊤b, where the search directions S(b) are
generated by the Lanczos process (Golub and Van Loan,
2013, Section 10.1). The information is therefore non-
linear in x, while the posterior is constructed by assum-
ing that S is independent of x to apply linear condi-
tioning, for a conjugate Gaussian posterior.

Inverse Prior There is a specific choice of prior for
BayesCG that has favourable mathematical properties,
but is intractable: the inverse prior x ∼ N (x0,A

−1).
Under this choice the BayesCG posterior mean is iden-
tical to that from CG, which can be computed with-
out computing A−1, and therefore converges at a rapid
geometric rate in the number of iterations performed.
However the posterior covariance still requires explicit
computation of A−1. In certain circumstances this re-
quirement has been sidestepped using elegant marginal-
isation techniques (Wenger et al., 2022), but for more
general applications this remains a challenge.

1.2 Postiterations

To address the challenges discussed in Section 1.1, re-
cent work has proposed empirical Bayesian approaches
that construct an x-dependent prior (Reid et al., 2020,
2023) in a way that is consistent with the inverse prior
to retain the favourable mathematical properties of CG.
This is typically constructed by performing several pos-
titerations of CG, and using those iterations to con-
struct the prior. The major downside of this work is
that the posterior remains uncalibrated, which can have
serious consequences in applications in which uncer-
tainty is propagated through a computational pipeline,
such as in an inverse problem, as we consider in this
work. We therefore propose a straightforward modifi-
cation of the postiteration procedure under which the
posterior has more favourable calibration properties.

1.3 Contributions

This paper makes the following contributions to the lit-
erature.

1. We propose a new algorithm that exploits ran-
domised postiterations to achieve a well-calibrated
posterior while maintaining the favourable com-
putational properties of Reid et al. (2020, 2023).
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(Section 3)

2. We prove several theoretical results related to the
calibration of this procedure. (Theorem 3.2 and
Corollary 3.3)

3. We test the calibration properties of the poste-
rior, demonstrating that it performs favourably
compared to existing approaches, and also show
that it has favourable performance in uncertainty-
propagation applications. (Section 4)

1.4 Structure of the Paper

The rest of the paper proceeds as follows. In Section 2
we present the required background on BayesCG, cal-
ibration and postiteration methods. Section 3 intro-
duces our randomised postiteration method. Section 4
presents numerical results related to calibration of the
novel method and how it can be propagated through
numerical pipelines. We conclude with some discussion
in Section 5.

2 Background

In this section we will introduce the required back-
ground for the novel methodology introduced in Sec-
tion 3. In Section 2.1 we present the salient details of
BayesCG, Section 2.2 discusses statistical calibration,
and Section 2.3 introduces the Krylov prior that our
methodology modifies to achieve calibration.

2.1 BayesCG

BayesCG is an iterative probabilistic linear solver for
problems of the form Ax = b, where A ∈ Rd×d is an
invertible matrix and b ∈ Rd is a vector, each given,
while x ∈ Rd is an unknown vector to be determined.
Most iterative solvers start from a user-specified initial
iterate x0 and iteratively construct a sequence (xm),
xm ∈ Rd,m ∈ N, such that xm → x as m → ∞.
BayesCG differs in that it takes a user-supplied Gaus-
sian distribution as its initial iterate, µ0 = N (x0, Σ0),
and returns a sequence (µm), µm = N (xm, Σm),m ∈ N,
where xm ∈ Rd and Σm ∈ Rd×d

≥0 , the set of all positive
semidefinite d× d matrices.

The means and covariances xm and Σm are computed
using Bayesian methods. We first define an information
operator

Im(x) = S⊤
mAx

where Sm ∈ Rd×m,Sm = [s1, . . . , sm] with s1, . . . , sm ∈
Rd. The vectors s1, . . . , sm are a set of linearly inde-
pendent search directions. Linearity of the information
operator results in a closed-form posterior distribution
through the well-known Gaussian conditioning formula:

xm = x0 +Σ0A
⊤SmΛ−1

m S⊤
m(b−Ax0) (1a)

Σm = Σ0 − Σ0A
⊤SmΛ−1

m S⊤
mAΣ0 (1b)

where Λm = S⊤
mAΣ0A

⊤Sm.

BayesCG arises from a particular choice of search direc-
tions given in Cockayne et al. (2019).

Definition 2.1 (BayesCG Directions). The BayesCG
directions are given by s1 = r0 and

sm = rm−1−(s⊤m−1AΣ0A
⊤rm−1) ·

sm−1

(s⊤m−1AΣ0A⊤sm−1)
,

where rm = b−Axm.

These directions have the property of diagonalising Λm

(see Cockayne et al., 2019, Proposition 7), resulting in
an iterative expression for the posterior mean and co-
variance (Cockayne et al., 2019, Proposition 6).

In this paper we will restrict attention to the case of
the inverse prior Σ0 = A−1, where A is assumed to be
symmetric and positive definite. With this prior the
posterior from Eq. (1) simplifies to

xm = x0 + Sm(S⊤
mASm)−1S⊤

m(b−Ax0) (2a)

Σm = A−1 − Sm(S⊤
mASm)−1S⊤

m, (2b)

highlighting the dependence of the posterior covariance
on A−1 mentioned in Section 1. The search directions
from Definition 2.1 also simplify to the following defini-
tion.

Definition 2.2 (BayesCG directions under the inverse
prior). The BayesCG directions with Σ0 = A−1 are
given by s1 = r0 and

sm = rm−1 − (s⊤m−1Arm−1) ·
sm−1

(s⊤m−1Asm−1)

where rm = b−Axm.

The search directions in Definition 2.2 coincide with
the search directions used in the CG algorithm (Algo-
rithm 1). Moreover, when these directions are used, the
posterior mean in Eq. (2a) coincides with the CG iter-
ate, and therefore enjoys all of the favourable properties
of that iterate, such as its geometric rate of conver-
gence1. This highlights the rationale behind the inverse
prior. For other prior covariances analogous conver-
gence results can be proven (see Cockayne et al., 2019,
Proposition 10), but the rate is typically slower. More-
over, there is a growing literature on Gaussian process
approximation (Wenger et al., 2022, 2024; Stankewitz
and Szabo, 2024; Hegde et al., 2025; Pförtner et al.,
2025) that mandates use of the A−1 prior.

The search directions in Definition 2.2 have several im-
portant theoretical properties. First recall that the
Krylov space generated by a matrix A and a vector v is
given by

Km(A, v) := span(v,Av, . . . ,Am−1v).

The grade of a Krylov space is the smallest M for
which KM+1(B, v) = KM (B, v). We will also assume
throughout that all Krylov spaces involved in this work
have full grade M = d, but note that Reid et al. (2020)

1This is a worst-case result; typical rates can be much
faster.
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Algorithm 1 Conjugate Gradient Method

1 procedure cg(A, b, x0, ϵ)
2 r0 ← b−Ax0
3 s1 ← r0
4 k ← 1
5 while true do
6 αk ← r⊤k−1rk−1/(s

T
kAsk)

7 xk ← xk−1 + αksk
8 rk ← rk−1 − αkAsk
9 if ∥rk∥ < ϵ∥b∥ then

10 break
11 βk ← r⊤k rk

r⊤k−1rk−1

12 k ← k + 1
13 sk ← rk−1 + βk−1sk−1

14 return xk

carefully constructs BayesCG withM < d. Defining the
mth residual as rm = b−Axm, the required properties of
the directions are given in the following theorem, which
follows from Golub and Van Loan (2013, Section 10.1
and Theorem 11.3.5).

Theorem 2.3. The CG directions have the following
properties:

1. si, sj are A-orthogonal (i.e. s⊤i Asj = 0 if i ̸= j).

2. span(s1, . . . , sm) = Km(A, r0).

Remark 2.4. Note that a more general version of The-
orem 2.3 holds for arbitrary Σ0; see Li and Fang (2019).

As a final point, we note that the posterior distribution
from BayesCG has a singular posterior covariance and,
significantly for the discussion in the next section, that
its null space depends on the true solution x.

Theorem 2.5 (Propositions 1 and 4 in the rejoinder
from Cockayne et al. (2019)). The matrix Σm from
Eq. (2b) has rank d − m and its null space is given
by Km(A, r0).

To mitigate the dependence of Eq. (2) on A−1, a par-
ticular line of research advocates for employing the CG
iterates to compute xm and calculating Σm implicitly
using some additional postiterations. This will be de-
scribed in Section 2.3. First however we must discuss
calibration.

2.2 Statistical Calibration

Formal calibration of probabilistic numerical methods
has been increasingly studied in recent years, with Cock-
ayne et al. (2022, 2021) introducing definitions of strong
calibration that were applied to (non-Bayesian) prob-
abilistic iterative methods, while Hegde et al. (2025)
showed that calibration guarantees transfer from a prob-
abilistic numerical method to a downstream applica-
tion, in computation-aware GPs (Wenger et al., 2022).
We argue that this is particularly important for Krylov-
based probabilistic linear solvers, where previously men-
tioned miscalibration has been observed repeatedly.

The central challenge of applying calibration definitions
in this setting is the support of the posterior. It is gener-
ally true that probabilistic numerical methods produce
posteriors that are defined on a submanifold of the orig-
inal space, and so any definition of calibratedness must
hold in this setting. The original definition of strong
calibration (Cockayne et al., 2022, Definition 8) is not
suitable because of the required regularity assumptions
(Cockayne et al., 2022, Definitions 2 and 7) which es-
sentially require that the posterior has full support.

Cockayne et al. (2021); Hegde et al. (2025) circum-
vented this by exploiting the fact that the posteriors
studied in those works, while not having full support,
nevertheless all had the same support independent of
x, allowing the more flexible definition from Cockayne
et al. (2021, Definition 9); this essentially demands strong
calibration on the common posterior support, and that
the posterior mean matches the truth in the comple-
ment.

For Krylov-based posteriors we cannot apply a similar
argument because, as highlighted in Theorem 2.5, the
support of the posterior depends on the Krylov space
explored, which in turn depends on the true solution
x. This is randomised according to the prior in the
definition of strong calibration. Applying the definition
of weak calibration (Cockayne et al., 2022, Definition
13) yields similar issues. We therefore turn to a yet
weaker calibration condition which has been used for
Krylov solvers in the past (Cockayne et al., 2019; Reid
et al., 2023).

Definition 2.6 (χ2-Calibration). Consider a learning
procedure on Rd, µm(x) = N (xm, Σm), where Σm has
rank d−m. Introduce the Z-statistic

Z(x) = (xm − x)⊤Σ†
m(xm − x)

where Σ†
m is the Moore-Penrose pseudoinverse of Σm.

We say that the learning producedure is χ2-calibrated
for the prior µ0 if it holds that Z(X) ∼ χ2

d−m when X
is distributed according to µ0.

While this is clearly weaker than the definitions of ei-
ther strong or weak calibration, it solves the support
problem through the projection onto R through Z. We
will therefore use this condition throughout this paper.
We defer the important problem of a more general def-
inition of strong calibration suitable for Krylov proba-
bilistic linear solvers to future work.

2.3 The Krylov Prior

To mitigate dependence of the posterior covariance on
A−1 described in Section 2.1, one approach that has
been proposed is the Krylov prior (Cockayne et al.,
2019; Reid et al., 2020, 2023).

The Krylov prior can in the first instance be constructed
by observing that if span{v1, . . . , vK} ⊆ Rd , we can
construct a Gaussian belief on Rd as

X = x0 +

K∑
i=1

viϕ
1
2
i ζi

= x0 + VKΦ
1
2Z
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where

Z = [ζ1, . . . , ζK ]⊤ ∼ N (0, I)

Φ = diag(ϕ1, . . . ,ϕK) ∈ RK×K

VK = [v1, . . . , vK ] ∈ Rd×K .

The law of X is therefore N (x0,VKΦV ⊤
K ).

The idea behind the Krylov prior is to take v1, . . . , vd
to be A-orthonormal and such that span{v1, . . . , vm} =
Km(A, r0). Going forward, to simplify notation we will
take

Vm = Sm(S⊤
mASm)−

1
2

for each m > 0. We refer to Vm as the normalised
search directions and Sm as the unnormalised search
directions. Note that in implementations we will use
unnormalised directions, which will be discussed in Sec-
tion 3.1.1.

We then have the following theoretical results concern-
ing the posterior:

Theorem 2.7 (Theorem 3.3 of Reid et al. (2020)). Let
Σ0 = VdΨV

⊤
d for some (as-yet unspecified) diagonal Ψ.

The posterior mean and covariance conditioned on in-
formation of the form S⊤

mAx = S⊤
mb =: ym, m < d,

satisfies

xm = x0 + VmV
⊤
m r0

= x0 + Vmψm

Σm = V̄mΨ̄mV̄
⊤
m

where V̄m = [vm+1 . . . vd], Ψ̄m = diag(ψ̄m), ψm =
[ψ1, . . . ,ψm]⊤ and ψ̄m = [ψm+1, . . . ,ψd]

⊤.

The next theorem proposes a choice of scalings ψi under
which a particular measure of the size of the posterior
covariance matches the error precisely.

Theorem 2.8 (Theorem 3.7 of Reid et al. (2020)). Let

ψi =
r⊤i−1ri−1

(s⊤i Asi)
1
2

,

i = 1, . . . , d. Then tr(AΣm) = ∥x− xm∥2A.

The rationale for the interest in trace(AΣm) is due to
Reid et al. (2020, Lemma 3.5), which states that E∥X−
xm∥2A = trace(AΣm) when X ∼ N(xm, Σm). Com-
bining this with the result above, the intuition is that
the expected A-norm distance between samples from X
and its mean matches the CG error with this particular
choice of weights.

Remark 2.9. Note that Reid et al. (2020) represents
these computations using ϕi = ψ2

i .

Remark 2.10. Under this choice of ψi the prior and
posterior covariance are dependent on b (and thus x)
and so this could be regarded as an empirical Bayesian
approach. This does not preclude application of the cal-
ibration ideas defined in Section 2.2, since the learning
procedure is only required to return a measure on Rd;
it is permissible for this measure to have a complex de-
pendance on x.

From Reid et al. (2020, Theorem SM3.2), we have that
ψi can be equivalently calculated as

ψi = v⊤i r0.

It will also be helpful to establish the identity:

ψi

(s⊤i Asi)
1
2

= αi (3)

where αi is as given in Algorithm 1.

While Theorem 2.8 shows that the width of the poste-
rior covariance is “about right”, the next theorem shows
that with this choice of ϕi, the posterior is decidedly not
calibrated.

Theorem 2.11. With the choice from Theorem 2.8,
the posterior is not χ2-calibrated.

Proof. From Reid et al. (2023, Theorem 4.13) Z(x) =
d−m, independent of x. Therefore Z(X) is a Dirac mass
at d−m, and so the posterior is not χ2-calibrated.

The proof given above highlights that the miscalibra-
tion is due to a perfect cancellation of the randomness
induced by randomising x according to the prior, caused
by the choice of scales in Theorem 2.8.

2.3.1 Practical Implementation

It must be mentioned that while the above is theoreti-
cally appealing, it is not practical. This is owing to the
requirement that the full Krylov basis Vd be computed
in order to define the posterior. The process of com-
puting this basis is identical to that of running CG to
convergence, which would make uncertainty quantifica-
tion (UQ) irrelevant.

To address this, Reid et al. (2023) propose to instead
run CG for t iterations, where m < t≪ d, and use the
t − m postiterations to construct the posterior. Due
to the fast convergence of CG, this means that the
most dominant subspace of span(V̄m) will still be cap-
tured with only a small number of postiterations. On
the other hand, the resulting posterior will assign zero
mass to the space span(V̄t), falsely implying that there
is no error in that space, which could be problematic
for some applications. Cockayne et al. (2019) proposed
an approach to address this by computing an orthonor-
mal basis of V̄t using a QR decomposition, but this did
not seem to work well empirically. We will explore the
impact of this in Section 4, but will leave attempts to
correct it for future work.

A further objection to this idea is that, if one has the
budget to perform t iterations, why not use the bet-
ter estimate of x provided by these iterations with no
UQ? We argue that in some applications and down-
stream tasks, having a better calibrated probabilistic
linear solver is more useful than a more accurate (but
still high error) estimate, a conclusion supported by re-
sults in Poot et al. (2025). This idea is explored empir-
ically in Section 4.2.

In the next section we propose our novel, randomised
version of the Krylov prior that has more favourable
calibration properties.
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3 Randomised Postiterations

3.1 A Randomised Krylov Prior

First recall the following results from the proof of (Reid
et al., 2023, Theorem 4.13):

x = x0 + Vdψd

xm = x0 + Vmψm

Σm = V̄mΨ̄mV̄
⊤
m .

An immediate consequence of this is that

x− xm = V̄mψ̄m.

This leads us to consider randomising xm to reintro-
duce the randomness that, as previously mentioned, is
perfectly cancelled by the choice in Theorem 2.8.

Definition 3.1 (Randomised Postiterations). Let xm
be the posterior mean in Eq. (2a). The randomised pos-
terior mean is given by x̃m = xm + V̄mem where V̄m is
as given in Theorem 2.7 and

em ∼ N (ψ̄m, Ψ̄m),

where ψ̄m and Ψ̄m are as given in Theorems 2.7 and 2.8.

Our first result below provides a (pointwise) guaran-
tee that the randomised posterior follows a distribution
that is intuitively correct. Notably this is stronger than
required for Definition 2.6.

Theorem 3.2. The randomised posterior from Defini-
tion 3.1 satisfies L†

m(x− x̃m) ∼ N (0, Id−m), where Lm

is an arbitrary left square-root of Σm.

Proof. First note that a left square-root of Σm is given
by

Lm = V̄mΨ̄
1
2
m.

We can straightforwardly calculate the Moore-Penrose
pseudoinverse of this as

L†
m = Ψ̄

− 1
2

m (V̄ ⊤
m V̄m)−1V̄ ⊤

m .

(Reid et al., 2023, Lemma 4.12). We then have that

L†
m(x− x̃m) = L†

m(x− xm)− L†
mV̄mem

= Ψ̄
− 1

2
m (V̄ ⊤

m V̄m)−1V̄ ⊤
m V̄m(ψ̄m − em)

= Ψ̄
− 1

2
m (ψ̄m − em)

which clearly has the distribution stated in the theorem.

Theorem 3.2 has a notably different interpretation than
other calibration results in the literature because the
distribution is not induced by randomness in x but by
randomness in x̃m. Nevertheless we emphasise that be-
cause both V̄m and Ψ̄m are functions of x, the posterior
depends highly nontrivially on the true solution which
complicates calibration analysis. The next result estab-
lishes χ2-calibratedness of the randomised posterior.

Corollary 3.3. The randomised posterior from Defini-
tion 3.1 is χ2-calibrated.

Algorithm 2 The Randomised Postiteration procedure de-
scribed in Section 3.

1 procedure cg rpi(A, b, x0, ϵ1, ϵ2)
2 r0 ← b−Ax0
3 s1 ← r0
4 k ← 1
5 x̃k ← nothing
6 Lk ← [ ] ∈ Rd×0

7 while true do

8 αk ←
r⊤k−1rk−1

s⊤k Ask
9 xk ← xk−1 + αksk

10 rk ← rk−1 − αkAsk

11 βk ← r⊤k rk
r⊤k−1rk−1

12 if ¬isnothing(x̃k) then
13 if ∥rk∥ > ϵ2∥b∥ then
14 zk ∼ N (0, 1)
15 x̃k ← x̃k−1 + αk(zk + 1)sk
16 Lk ←

[
Lk−1 αksk

]
17 else
18 break
19 else if ∥rk∥ ≤ ϵ1∥b∥ then
20 x̃k ← xk
21 k ← k + 1
22 sk ← rk−1 + βk−1sk−1

23 return x̃k,Lk

Proof. Since Σm = LmL
⊤
m, it follows that Σ†

m = (L⊤
m)†L†

m.
We therefore have that

Z(x) = ∥L†
m(x− x̃m)∥22.

From Theorem 3.2, this is the squared norm of aN (0, Id−m)
distributed random variable, which completes the proof.

An interesting property of Theorem 3.2 and Corollary 3.3
is that both results are independent of the choice of Ψ̄i;
because em has this as its covariance, the correct distri-
bution will always be obtained. This reflects a general
point of calibration results, that calibration is a prop-
erty that is independent of other favourable properties
of the posterior, such as rate of concentration, or indeed,
whether the posterior concentrates at all (e.g. provided
the covariance and the mean error diverge commensu-
rately, the posterior can still be calibrated). To ensure
that the posterior reflects the true error we recommend
setting Ψ̄i in the same way as in Theorem 2.8. Since
these quantities are already computed during the postit-
erations, this does not change the cost of computation.

3.1.1 Practical Implementation

We now consider practical implementation of the proce-
dure described in Theorem 3.2. Two main optimisations
are discussed below, with the resulting algorithm given
in Algorithm 2.

Recursion with Unnormalised Directions For the
first m iterations the algorithm is identical to Algo-
rithm 1, so we focus on the differences in the postit-
eration period where k > m. Note that x̃k can be
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computed iteratively by setting x̃m = xm, and x̃k =
x̃k−1 + vkek, where ek ∼ N (−ψk,ψ

2
k). Next note that

typically computations are performed using the direc-
tions sk rather than vk for stability. The randomised
posterior mean can therefore be computed as

x̃k = x̃k−1 +

(
ψk

(s⊤k Ask)
1
2

+
ψk

(s⊤k Ask)
1
2

zk

)
sk

= x̃k−1 + αk (zk + 1) sk

with zk ∼ N (0, 1).

Note that it is also straightforward to calculate the
posterior covariance recursively. As in Cockayne et al.
(2019) we opt to represent this using the low-rank fac-
tors Lk, where Lm = [ ] ∈ Rd×0 and

Lk =
[
Lk−1 αksk

]
for k > m. Then we have that Σk = LkL

⊤
k .

Truncated Postiterations As was discussed in Sec-
tion 2.3.1 it is not possible to realise V̄m in practice. We
propose to adopt the same approach discussed there of
truncating the postiterations. That is, we perform t to-
tal iterations of CG, m < t≪ d, and use the t−m pos-
titerations to calibrate the posterior. To implement this
truncation we introduce a second tolerance, ϵ2 < ϵ1 in
Algorithm 2. The parameter ϵ1 controls at which point
standard CG iterations are terminated as with ϵ in Al-
gorithm 1, while ϵ2 controls how many postiterations
are performed. That is, ϵ1 defines m while ϵ2 defines
t. Standard CG is then recovered in the case where
ϵ1 = ϵ2. To avoid computing too many further postit-
erations we suggest setting ϵ2 = δϵ1 for some 0 < δ < 1
(e.g. δ = 0.1). The impact of the choice of δ will be
explored in Section 4.

4 Experiments

4.1 Simulation-Based Calibration

Since Corollary 3.3 provides fairly weak calibration guar-
antees, we begin by examining posterior calibratedness
empirically. To do this we employ the simulation-based
calibration (SBC) test of Talts et al. (2018), described in
Algorithm 3. We use a Gaussian prior µ0 = N (0,A−1),
and set A =WDW⊤, where W is an orthonormal ma-
trix drawn from the Haar measure on such matrices,
while D is diagonal with strictly positive entries drawn
independently from Exp(1). All SBC experiments use
a symmetric positive definite matrix A ∈ Rd×d of di-
mension d = 100. This matrix is kept fixed across the
simulations for individual runs of the SBC test (Figs. 1a
to 1c) but redrawn for repeated runs (Fig. 1d). If cali-
brated, the histogram of implied posterior CDF evalu-
ations should be distributed as U(0, 1).

4.1.1 Results

The results of the simulation-based calibration tests
demonstrate that the posterior is indeed calibrated for
sufficiently small choices of ϵ2.

Algorithm 3 Simulation-Based Calibration. Φ denotes the
CDF of the standard Gaussian distribution.

Require: Prior µ0 = N (u0,A
−1), number of simula-

tions Nsim, test vector w.
1 for i = 1 to Nsim do
2 x(i) ∼ µ0

3 b(i) ← Ax(i)

4 x
(i)
m ,L

(i)
m = rpi(A, b(i),x0, ϵ1, ϵ2)

5 ti = Φ

(
w⊤(x(i)

m −x(i))

(w⊤L
(i)
m (L

(i)
m )⊤w)

1
2

)
6 Plot histogram of {ti}Nsim

i=1 and compare to U(0, 1).

Fig. 1a presents the results from 10, 000 simulations
of the procedure outlined in Algorithm 3, applied to
the postiterations approach of Reid et al. (2023), with
ϵ2 = 10−5 and ϵ1 = 10−1. As anticipated, the histogram
exhibits a ∪-shaped pattern, indicating poor calibration
with the computed posteriors being, on average, under-
dispersed relative to the true posterior (Talts et al.,
2018). In comparison, the results from the randomised
version of the postiteration algorithm, with the same
number of simulations and choice of the thresholds ap-
pear uniform in Fig. 1b, suggesting that the posterior
is well-calibrated for this choice of thresholds.

However, the randomised algorithm does exhibit under-
dispersed posteriors for larger choices of ϵ2. This is seen
in Fig. 1c where ϵ2 = 10−2 and ϵ1 = 10−1. We again
observe the characteristic ∪-shaped histogram indicat-
ing generally over-confident posteriors but note that it
is less extreme than the results from Fig. 1a, even with
the relatively larger ϵ2.

A quantitative comparison of the two algorithms is pro-
vided in Fig. 1d. The Kolmogorov-Smirnov (KS) test
statistic is used to estimate the difference between the
SBC results and the standard uniform distribution, for
different choices of thresholds. Results were obtained by
averaging the KS statistics from 1000 SBC runs, each
using 1000 simulations. The median KS statistics along
with their interquartile range are plotted. The grey line
indicates the average KS statistic between samples from
the standard uniform and the standard uniform itself.
While the deterministic postiteration algorithm main-
tains the same level of poor calibration across the vary-
ing thresholds, the randomised algorithm’s SBC results
converges to being uniformly distributed and therefore
calibrated.

Remark 4.1 (Calibration, for what measure?). While
Algorithm 3 tests for calibration with-respect-to N (x0,A

−1),
in fact Theorem 3.2 and Corollary 3.3 show that we
should achieve calibration independent of the prior. This
is because Algorithm 2 is independent of the prior. We
have opted to use A−1 in Algorithm 3 only because this
is the prior covariance under which BayesCG coincides
with CG.

4.2 Inverse Problem

We now consider incorporating the randomised postit-
eration procedure into an inverse problem. This has
been considered several times in the literature, includ-
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Figure 1: Simulation-based calibration test results. Figs. 1a to 1c give results for different values of ϵ1, ϵ2 while Fig. 1d gives KS
test statistics as a function of ϵ2, for multiple replicates of the experiment.

ing for linear solvers (see Cockayne et al., 2019). We
consider a linear system arising from the discretisation
of a partial differential equation describing steady-state
flow through a porous medium, given as:

−∇ · (k(z; θ)∇u(z; θ)) = f(z) z ∈ D
u(z; θ) = b(z) z ∈ ∂D1

∇u(z; θ) · n = 0 z ∈ ∂D2

where n is the outward pointing normal vector. For the
domains we take

D = (0, 1)2 (4a)

D1 =
⋃

z1∈[0,1]

{(z1, 0), (z1, 1)} (4b)

D2 =
⋃

z2∈[0,1]

{(0, z2), (1, z2)}. (4c)

In other words, D1 is the top and bottom edges of the
unit square and D2 is the left and right edges. For the
forcing we take f(z) = 0 and for the boundary term we
take b(z) = (1− z1)(1− z2) + z1z2.

The inverse porosity k(z; θ) is taken to be

k(z; θ) = 1 + 1Dθ
(z) · exp(θ)

where 1Dθ
(z) = 1 if z ∈ Dθ and 0 elsewhere. We

take Dθ = [0.25, 0.75]2. Thus this problem represents
steady-state corner to corner flow through a domain
with a low porosity central region that impedes the flow.

We set this up as a Bayesian inference problem to deter-
mine θ. To accomplish this we use the data-generating

model
yi = f(zi) + ζi, i = 1, . . . ,N .

We take N = 4 and z1, . . . , z4 are taken to be the four

corners of the region Dθ, while ζi
iid∼ N (0,σ2), σ = 0.01.

Data was generated using the data-generating param-
eter θ† = 2. Letting z = [z1, . . . , zN ] this implies a
Gaussian likelihood

p(y | θ) = N (y;u(z; θ),σ2I). (5)

We endow θ with a Gaussian prior θ ∼ N (0, 1). Note
however that the posterior p(θ | y) is non-Gaussian due
to the nonlinear dependence of u on θ. We will therefore
sample the posterior using Markov-chain Monte-Carlo
(MCMC) methods.

To turn this into a linear system we discretise the PDE
in Eq. (4) using the finite-element method, as imple-
mented in the Julia package Gridap (Badia and Ver-
dugo, 2020; Verdugo and Badia, 2022). We omit most
of the details here, but the discretisation results in a
(sparse) linear system Aθxθ = b that must be solved for
each θ to evaluate the likelihood, where b is indepen-
dent of θ and xθ has components that approximate the
solution u(z; θ) at the nodal points on a fine mesh over
the domain. The points in z are included in the nodal
point set, and so the value of u(z; θ) may be related to
xθ as

u(z; θ) ≈ wxθ
for some w ∈ RN×d, whose entries are either 0 or 1, to
“pick out” the degrees of freedom in xθ associated with
z. The likelihood in Eq. (5) is thus approximated as

p(y | θ) ≈ p̂(y | θ) := N (y;wxθ,σ
2I).

7



The grid size for this problem was such that the dimen-
sion of the systems involved is d = 475. Naturally this
approach introduces discretisation error due to the use
of an approximate PDE solver, but we will assume for
this work that the system is discretised finely enough
that the error is negligible.

We consider three approaches to solve the linear system:

exact: Explicit solution using the sparse Cholesky rou-
tine CHOLMOD (Chen et al., 2008) as is default
in Julia for sparse Hermitian matrices.

cg: CG with fixed tolerance ϵ.

pi: Postiterations in the style of Reid et al. (2023),
with tolerances ϵ2 = ϵ and ϵ1 = 10ϵ2.

rpi: Randomised postiterations with the same tol-
erances as pi.

The comparison between cg and rpi is intended to
demonstrate that, in a constrained computing environ-
ment, it is sometimes better to use some of the com-
putational budget to perform postiterations and cali-
brate the posterior, rather than spending all iterations
on CG. When using postiterations we modify the likeli-
hood from Eq. (5) to incorporate uncertainty from the
probabilistic solver as has been described several times
in the literature (e.g. Cockayne et al. (2019), which de-
scribed this approach for linear systems). The resulting
likelihood for rpi is given by

ppn(y | θ) = N (y;wx̃m(θ),σ2I + wΣm(θ)w⊤)

while for pi we replace x̃m with xm. Thus, this like-
lihood incorporates the uncertainty due to postitera-
tions by inflating the likelihood variance with the factor
wΣm(θ)w⊤.

For this simple inverse problem we applied the ran-
dom walk Metropolis algorithm (Roberts and Rosen-
thal, 2004). We used Gaussian proposals θn | θn−1 ∼
N (θn−1, η) with η = 0.2 for exact and cg, and 0.4
for pi and rpi (which have wider posteriors due to the
variance inflation). We performed N = 10, 000 itera-
tions for each chain. In Fig. 2 kernel density estimates
of the three posteriors are displayed with ϵ = 0.1, to
ensure that the error is still larger than the noise level.
As can be seen, the MAP point of exact is close to
θ†, while the other methods show some bias: cg and
pi positive and negative bias, while for rpi the bias is
negative but much smaller. Notably, however, the pos-
terior for rpi is significantly wider than for cg or pi,
i.e. the posterior better represents the uncertainty due
to computation, and places more mass around θ†. Fur-
thermore, both rpi and pi are also much closer to the
prior, again reflecting increased scepticism about the
data due to reduced computation.

5 Conclusion

In this paper we have introduced a randomised version
of the postiteration algorithm from Reid et al. (2023)

0 2 4

0.0

0.5

1.0

EXACT
CG
RPI
PI

𝜃 †

Figure 2: Posteriors for the inverse problem described in Sec-
tion 4.2.

that has improved calibration properties. These proper-
ties have been examined empirically, and we have per-
formed a more extensive computational examination.
We have also shown how using some of a constrained
computational budget for calibration can give better re-
sults in uncertainty propagation problems, such as in-
verse problems, than using all of the budget to compute
a low-accuracy estimator.

There are several avenues for future work. Firstly, the
proposed procedure still suffers from the deficiency of
Reid et al. (2023), that (when truncated) it assigns zero
posterior mass to a subspace in which there is still er-
ror. It would be useful to examine whether techniques
such as those described in Cockayne et al. (2019) can
be extended to correct this, by assigning mass to this
space without incurring the overhead of computing a
basis for that space. Secondly, the calibration results
we have derived are not as strong as we hoped. This is
largely due to issues with the definition of strong cali-
bration, which make it challenging to establish results
for singular posteriors which arise in probabilistic linear
solvers. A more flexible definition of strong calibration
would be needed to address this, but this is beyond the
scope of this paper.

A second line of work is in applications. Recent papers
(Poot et al., 2024) have proposed strategies for cali-
brating the posterior in Bayesian finite element solvers
that are similar to the postiteration ideas in Reid et al.
(2023). It would be interesting to explore whether the
randomisation strategies discussed in this paper can be
applied to that infinite-dimensional setting to yield sim-
ilar calibration improvements.
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