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ABSTRACT. We algebraically construct exterior power operations on
higher relative algebraic K-groups and prove their desired properties
such as the expected behaviour with respect to (tensor) products and
composition. This builds on Grayson’s description of relative K-groups
in terms of explicit generators and relations and on work by Harris, the
first author and Taelman for (absolute) K-groups. Among the new fea-
tures in our approach is the observation that the product axiom in the
classical notion of a A-ring is redundant.

INTRODUCTION

Arguably most powerful and fundamental among the features of higher
algebraic K-theory are long exact sequences of K-groups. The most general
type of these is the long exact sequence

coo = KppiM — Kyl N — K [F] - KgeM — KN — (1)

associated with an exact functor F': M — N between exact categories; here,
the higher relative K-group K,[F] can be thought of as the nth homotopy
group of the homotopy fibre of the induced map KF: KM — KN between
the corresponding K-theory spaces. Building on his earlier work in |Gral2]
for (absolute) K-groups using so-called binary complexes, Grayson has in
[Gral6] given a conjectural description of K, [F] in terms of generators and
relations and established the sequence purely algebraically. This con-
jectural description of K,[F] is confirmed in [Tu25|] to be equivalent to the
definition given above, and we use it as the definition of K,[F] in this paper.

Exterior power operations on K-groups provide another important tool
in the (higher) K-theory of schemes. They are the core ingredients in the
theory of Adams operations and, more generally, in Grothendieck’s seminal
Riemann-Roch theory. Their properties, such as their behaviour with re-
spect to (tensor) products and composition, are captured in the classical,
abstract notion of a A-ring.

The object of this paper is to prove the following theorem, see
[tion 5.3|and [T'heorem 5.4} which combines the two features mentioned above.

Let f: X — Y be a morphism between quasi-compact schemes and let
F: M — N denote the associated pull-back functor between the exact
categories M := P(Y) and NV := P(X) of locally free modules of finite rank
over Oy and Oy, respectively.

Theorem. For every n > 0, the relative K-group K,[F] can be equipped
with products and exterior power operations A\F: K,[F| — Ky[F], k > 1,
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such that K,[F] becomes a A-ring (without unity) and such that the incom-
ing and outgoing maps in the long exact sequence become A-ring homo-
morphisms. Moreover, if n > 1, the products on K,[F] are trivial and \F s
a group homomorphism.

To be able to explain the main ideas behind this theorem, we first con-
sider the case n = 0 and now roughly describe the generators of Ko[F],
see m for more (precise) details. They are triples of the form
X=((5),(N,5),(%)) where A and B are chain complexes in M, (N, d)
and (N, d') are chain complexes in V (i.e., a so-called binary complex in \)
and u: FA — (N,d) and v: FB — (N,d’) are quasi-isomorphisms. Using
the simplicial constructions from [HKT17] for (binary) complexes, we de-
fine tensor products of such triples, see [Definition 2.1}, and exterior powers
A¥(X) for k > 1, see [Definition 3.1L In order to then obtain an opera-
tion \*: Ky[F] — Ky[F] which is compatible with the classical operation
Mo KoM — KoM via the outgoing homomorphism Ko[F] — KoM in ,
the class A¥([X]) € Ko[F] can however not be simply defined as [A*(X)],
but we define it in the following a priori surprising way, see [Definition 3.3

(X)) = A (X = ALX)]

here, AL X denotes the triple (( g), (N d/) , (g)), the difference X —A1LX

> d!
is to be taken in the Grothendieck group KoB[F] of triples as above, the
right-hand A* is computed there as well and |[...] means taking the class in

the factor group Ko[F]. A similar trick yields the definition of products on
Ky[F], see This way, the outgoing map Ky[F] — KoM
can be verified to be a A-ring homomorphism, see |[Proposition 2.4 and
[Proposition 3.5l The proof of the statement that also the incoming map
KiN — Ky[F] in is a A-ring homomorphism relies on the fact (proved
in [HKTT7]) that products in K1 vanish, again see [Proposition 2.4 and
[Proposition 3.5|

The statement that Ko[F] together with the products and operations M\
k > 1, discussed above satisfies the properties of a A-ring already holds on
the level of KyB[F] and is proved there, see More precisely, in
order to show the expected behaviour of \¥ with respect to composition, we
use the approach from [HKT17] which relies on the crucial result that the
Grothendieck ring of the category Poll__(Z) of polynomial functors over Z
is isomorphic to the free A-ring in one variable. Then the proof comes down
to constructing a natural functor

Pol’ (Z) — End(BI[F]).

Various ideas suggest themselves to be used to prove the expected behaviour
of A¥ with respect to products in our context, see the paragraph before
However, we just prove the following surprising and compar-
atively elementary fact which seems to have not yet been observed in the
literature and which will probably be convenient not just for this paper: the
product axiom in the definition of a A-ring is redundant, see
The case when n > 1 will be treated in This case is combinato-
rially more involved. The essential additional ingredient in the construction
of \¥ and in the proof of our main theorem is however just the recursive
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nature of the combinatorial definition of K, [F], see Definition 5.1} together
with its subtle feature that the recursion can be done in any in any order,

see [Definition 5.3] and the proof of For example, the state-
ments that products on K,,[F] are trivial and that \*: K,[F] — K,[F] is a
homomorphism follow from the analogous statements for absolute K-groups
proved in [HKTT17].

We finally recall that, in [Bas68], Bass has also purely algebraically defined
a Kj-group and a relative Ko-group, which we denote by KEN and KJ[F],
respectively, and has established the corresponding exact sequence for
n = 0 when M and N are split exact and the functor F is cofinal. In

we provide an explicit and well-defined homomorphism
d: KB[F] — Ko[F]

and prove, under the same assumptions, that ® is an isomorphism. Further-
more, in various remarks (see and [3.8)), we recall/give construc-
tions of products and exterior power operations on K?./\/’ and K(])3 [F] and
relate them to the constructions described above.

1. COMBINATORIAL RELATIVE K

In the first part of this section we recall Grayson’s combinatorial defi-
nitions of the Kj-group of an exact category [Gral2] and of the relative
Ky-group of an exact functor between exact categories [GralG]. We then
show that Grayson’s relative Ky-group is isomorphic to Bass’s relative K-
group assuming the usual assumptions for Bass K-theory are satisfied. We
finish by proving the expected property that swapping top and bottom in
the components of the generating triples of Grayson’s relative Ky-group
amounts to a sign change.

Let M be an exact category. We assume throughout that all exact cate-
gories support long exact sequences in the sense of [Gral2l, Definition 1.4].
This ensures we have a well-behaved notion of quasi-isomorphisms for com-
plexes, see [Gral2, Definition 2.6] and the discussion after |[Gral2, Def-
inition 1.4]. For example, by [TT90, A.9.2], every idempotent complete
category supports long exact sequences.

Slightly deviating from standard notation, let CM denote the category
of bounded chain complexes in M supported in non-negative degrees. (The
latter condition could be dropped in this first section but will be essential
in the later sections. Anyway, this condition does not affect the associated
K-theory as shown in [KZ25, Proposition A.1].) Let C9M denote the full
subcategory of CM consisting of acyclic complexes. Both CM and CIM
are exact categories in the obvious way, see |Gral2, Section 2].

We recall from |Gral2, Section 3] that a binary complex M = (M., g) in M

is a graded object M. in M together with two degree —1 maps d, d: M. — M.
such that both d?> = 0 and d? = 0. We will write TM and LM for the com-
plexes (M.,d) and (M.,d), respectively, and TM for the pair (TM, LM).
If d = ci, the binary complex M is said to be diagonal. Given a complex
M = (M.,d) in CM, we write AM for the diagonal binary complex (M., g)
A morphism between binary complexes is a degree 0 map between the under-
lying graded objects that is a chain map with respect to both differentials.
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Similarly to above, let BM denote the category of bounded binary chain
complexes in M supported in non-negative degrees. The obvious definition
of short exact sequences turns BM into an exact category. The exact full
subcategory consisting of binary complexes M in BM such that both T M
and LM belong to CYM will be denoted BIM.

When applied to n = 1, Corollary 7.4 in [Gral2], the main outcome of
[Gral2], shows that we have a canonical isomorphism

Kl./\/l = coker(A: Ko(CqM) — K[)(Bq./\/l)) (2)
Throughout this paper, we will take this as the definition of KiM.

Let F: M — N be an exact functor between exact categories. We recall
the following crucial definitions from |Gral6l Section 1].

Definition 1.1.

(a) Let B[F| denote the exact category whose objects are triples of the form
(M, N,u), where M is an object in CM? (i.e., a pair of objects in C M),
N is an object in BN and u : FM — TN is a pair of quasi-isomorphisms
of chain complexes in N/. A morphism

(M,N,u) = (M',N', /)

in B[F] is a pair of morphisms ¢ : M — M’ in CM? and ¢ : N — N’
in CN? such that the following diagram commutes:

FM -225 par

[ [
N 22 TN

The subcategory pB[F is the category containing every object of B[F],
and whose morphisms (¢, 1)) are such that ¢ is a quasi-isomorphism and
1) is an isomorphism.

(b) Using triples (M, N,u) where both M and N are ordinary complexes,
more precisely where M € CM, N € CN and u: FM — N is a quasi-
isomorphism, we similarly define the categories C[F] D pC[F].

(c) We extend the functors T, L and A above to triples as in (a) and (b) by
applying them componentwise (where TM and LM for M € CM? are
defined similarly as for M € BM). We also write 7 for the endofunctor
of B[F] which swaps TX and LX for X € B[F].

(d) The relative Ko-group of F' is

Ky[F] := coker(A: KopC|F] — KopB[F]) (3)
where, by abuse of notation, KopC[F] (and similarly KopB[F]) is de-
fined by dividing out the equivalence relation ~ on KoC[F] which is

generated by [(M, N,u)] ~ [(M', N’,u")] whenever there is a morphism
[(M,N,u)] = [(M',N', )] in pC[F].

Remark 1.2. The following two facts justify calling Ky[F| the relative K-
group.
(a) By [Gral6l Corollary 1.9], there is an exact sequence

KM —— KlN — Ko[F] — KM —— KoN (4)
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where KiM — KyN and KoM — KoN are induced by F, the ho-
momorphism K3N — Ky[F] is induced by the fully faithful inclusion
functor

BN < B[F], N — (0,N,0),
and Ko[F] — KoM is given by

after identifying KoM with KogCM, the Grothendieck group of CM
modulo the relations given by quasi-isomorphisms.
(b) By [Tu25l Theorem 2.1], there is a canonical isomorphism

Ko[F] = Wohoﬁb(KF: KM — KN)

between Ky[F| and mg of the homotopy fibre of the induced map KF
between the K-theory spaces KM and KN of M and N.

As a further justification for calling Ko[F] the relative Ko-group, we will
show over the next pages that K[F] is isomorphic to Bass’s relative Ko-
group KZ[F] in the following standard situation for Bass K-theory: M and
N are split exact categories (i.e., all short exact sequences in M and N
split) and F: M — N is a cofinal exact functor, i.e, for every object N
in \V, there are objects N in N and M in M such that N & N' = FM.

We start by recalling the definition of Bass’s Ki-group K} M from [Bas68,
Chapter VII, §1]. Let Aut(M) denote the exact category of pairs (P, ),
where P is an object of M and a: P — P is an automorphism. A morphism
(P,a) — (P',d') in Aut(M) is a morphism ¢ : P — P’ such that ¢ o v =
o o ¢. Bass’s Ki-group K¥(M) is then defined as the quotient of the
Grothendieck group Ky Aut(M) by the subgroup generated by elements of
the form

[Pvﬁoa] - [P,,B] - [P,Oé]

whenever there is an object P of M with automorphisms o, : P — P.
Let (P,«,id) denote the binary complex concentrated in degrees 0 and 1
whose object in degrees 0 and 1 is P, whose top bottom differential is «
and whose bottom differential is idp; let’s call such a binary complex a
binary automorphism. It is shown in [HarI5l Theorem 2.24] that mapping
an object (P, a)) € Aut(M) to the binary automorphism (P, o, id) induces a
well-defined isomorphism

KEM = KiM (5)

if M is split exact.

Next, we recall the definition of Bass’s relative Ky-group (see [Bas68
Chapter VII, 8§5]). Let co(F') denote the exact category whose objects
are triples of the form (P, «a,Q), where P,QQ € M and o : FP — FQ is
an isomorphism in N. Furthermore, a morphism (P, «, Q) — (P',o/, Q")
consists of two morphisms f: P — P’ and g: Q — Q' in M such that
Fgoa = o o Ff. Bass’s relative Ko-group KE[F) is then defined as the
quotient of the Grothendieck group Kyco(F') by the subgroup generated by
elements of the form

[P, Ba, R = [P, Q] — [@, B, R],
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whenever there are objects P, Q, R in M with isomorphisms o : FP — F(Q
and §: FQQ — FR.
We define the functor

U: co(F) — B[F], (P,a,Q)w ((5),FQ. (%)), (6)
P
)

where (Q is considered as a pair of complexes in M supported in degree 0,
and F'Q is considered as a binary complex in N supported in degree 0; the
functor ¥ acts on morphisms in the obvious way.

Theorem 1.3. The functor V: co(F) — B[F] induces a well-defined homo-
morphism

®: KJ[F] — Ko[F).
If M and N are split exact and F is cofinal, then ® is an isomorphism.

In the following computations we will be writing out objects of B[F]
supported in degrees 0 and 1 as follows:

(A1 = Ao, By LR Bo), ( M1 % No ), ((u1;uo), (vi5v0)))

where we write the quasi-isomorphisms in an order that agrees with the
ordering of the objects in the complexes.

Before we begin with the proof of we prove the following
useful lemma.

Lemma 1.4. Given (P,«a,Q) € co(F), we have the equality
WP Q)= [0 0.P = Q). (FP == FQ ), ((0:0), (1:1))]
m K()[F}

Proof. We have the following short exact sequence in B[F| obtained by
naively filtrating the middle triple:

(0 —= P.0 —2= Q),(0 == FQ).((0:0),(0;1))
bl II [
(P —= PP —2= Q).(FP == FQ),((1i), (1:1)))
byl bbb
(P —2= 0.P —"— 0), (FP =3 0),((1:0), (130)))

One easily verifies that these maps are indeed morphisms in B[F]. Since
the bottom triple is in the image of A, we have that [V (P, a, Q)] is equal to
the middle triple in Ky[F]. To show the required identity, notice that the
following arrow is in pB[F]:

(0 —2= 0,P —2= Q),(FP —= FQ),((0;0),(1;1)))

oo | u T

(P —— PP —> FPﬁFQ) (1 @), (1;1))).
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Proof (of . As the functor W is obviously exact, it induces a
homomorphism Kyco(F) — KoB[F]. So, in order to show that ¥ induces
a well-defined homomorphism ®: KF[F] — Ky[F] it remains to check for
P,Q, R € M and isomorphisms a: FP — FQ,3: FQ — FR in N that

[W(P,Boa,R)]=[¥(Pa Q)+ [¥(Q0,R) (7)

in Ko[F]. To see this we first apply to the object (@, 8, R) and
notice that the following morphism is in pB[F]:

(0 —* " R),(FQ = FR), ((0:0),(1;1)))
o l l L , b
(P — P.Q = R),(FQ =% FR), (55 00), (1;1)))

Now we naively filtrate the bottom triple above and obtain the following
short exact sequence in B[F:

(0 —— P0 —° )(0:§FR) ((0; 80 ), (0;1)))

A

(P —— P,Q ——= R),(FQ ﬁ FR), ((o; o a),(1;1)))

0
Cf ] :
IR
((P > 0,Q (FQ —=0), ((a0),(1;0)))
We therefore have the following equalities in Ko[F]:
(W(Q, 8, R)] = [¥(P, 5o, R)] + [¥(P, v, Q)[1]]
=[U(P,Boa,R)] - [¥(P«a,Q)

where [1] denotes the obvious shift functor and the second equality follows
from |Gral6, Lemma 6.1]. Thus holds and the homomorphism
® is defined.

We now assume that M and N are split exact and that I is cofinal and
show that ® is an isomorphism. To this end, we consider the diagram

KBEM —— KBN —— KB[F] —— KoM —— KN

L | |

Kl./\/l E— KlN E— Ko[F] E— Ko./\/l — KoN

which is defined as follows. The bottom row is the exact sequence . The
top row is the exact sequence introduced in [Bas68, Theorem VII.5.3]. The
two left-hand vertical isomorphisms are given by . In order to show that
® is an isomorphism, by the five lemma, it suffices to show the two squares
involving ® commute. We recall the homomorphism K (1)3 [F] — KoM is given
by [P, a, Q] — [P] — [Q], so the third square commutes by definition. Fur-
thermore, the homomorphism KEN — KB[F] is defined as follows: given
an object (N, «) of Aut N, choose objects N’ in N and M in M such that
N ® N' = FM, so that

[N,a]=[N® N, a® 1] =[FM,al,
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in KPN, where & is the automorphism of FM induced by a @ 1; the image
of this element in KZ[F] is then [M, &, M]. The homomorphism ® maps
this element to [(}]), FM, ()] in Ko[F]. We now note we have the following
exact sequence in B[F| arising from naively filtrating the middle object:

(0 —2 ° ). (0 === FM), ((0:4), (0: 1))

[ II 11 D

(M —Y M,M —* M),(FM ——= FM),((1;d),(1;1)))

b, ol bl S

(M —>—0,M — ), (FM —= 0),((1;0), (1;0))).

Since the bottom row is diagonal the first two rows are equal in Ko[F], and
since the first component of the middle row is acyclic the obvious map to
the middle row from the triple

(0 — 0,0 — 0),( FM % FM ), ((0;0), (0;0)))

is in pB[F], and thus the class of the latter triple in Ko[F] is equal to
the element corresponding to the top row of the above diagram, i.e., to
(A1), FM, ()]. On the other hand, this element is the image of the element
[F M, &) when mapped first via the isomorphism KP(N) — Kj(N) given
in and then by the homomorphism Ki(N) — Ko[F] as in (). Hence
the second square in the diagram above commutes as well, and the proof of

is complete. O

We end this section with the following useful fact. By [Gral6l Lemma 6.1]
we know that shifting the complexes in a triple X € B[F| by 1 changes the
sign of its class [X]| in Ko[F]. The following proposition shows that the
same holds when swapping top and bottom in X; this is similar to [Gral6l,
Corollary 8.7] where this is proved for K1 N.

Proposition 1.5. For X € B[F] we have [TX] = —[X] in Ky[F].

Proof. We write X = ((g), (N7 Ccll,) ) (if)) Let s denote the endomorphism
of N & N which swaps the two summands and consider the two complex
homomorphisms u @ v and s o (u @ v) from F(A) @ F(B) to TN & LN
and LN @ TN, respectively. The triple X & 7.X is isomorphic to the triple

(A(A @ B), (N @ N, g%ﬁ) ) (SO'%S?G;)U))). By the second half of the proof

of [Gral6, Lemma 6.3], its class [X @ 7X] in Ko[F] is therefore equal to

the image of the class [Cone(sol(ﬁgv))} € KiN under the map KiN —

Ky[F] from ; here, Cone (SOZ%’W)) is the binary complex with graded object
FA[l]® FB[1]® N & N and which shares its differentials with cone(u & v)
and cone(s o (u @ v)), respectively. Generalising the proof of [KKW20,
Lemma 3.2], we will show in the next paragraph that this element lies in
the image of the map K1 M — KN induced by F; then, by the exactness

of (), the class [X @ 7X] in Ko[F] vanishes and hence [r7X] = —[X], as
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claimed.
By definition we have the binary ladder

C Y Y C Y v 1 D 1 1 S,
one , Cone s T , S
S O (u @ 'U) U EE v FAEBFB N®&LN FA®FB

in the sense of [KKW20, Definition 2.2(a)], i.e., the third component of this
quadruple is an isomorphism between the top parts of the binary complexes
in the first two components and the fourth component is an isomorphism
between the bottom parts. [KKW20, Lemma 3.3] then yields the second in
the following chain of equalities in Ky N:

cone(, 28 )] = eone(, 220 )] = [eone(227)]

s A 161
= g (—l)z |:FA11 ®FB;_1®N,®N; % FA, 1®FB;,_ 1®N;® NZ:|
s
=0

:i(—l)i[Ni@NiiiiNiGBNi]; (8)

1
note that the binary complexes FA;_1® FB;_1 :1; FA,_19®FB;_4

are diagonal, which shows the third equality above. As u is a quasi-iso-
morphism, the Euler characteristic of cone(u) vanishes; in other words, the
Euler characteristic of N is the same as of FFA. Hence the same is true
for their images under the homomorphism KoN — KN induced by the

1
exact functor P < PP ? PoP ) This finally proves that the
alternating sum is equal to

[e.o]

. 1
> (-1) [ FA;® FA; —= FA; & FA; ]
S
i=0
which is obviously in the image of the map KiM — KN, as we wanted to
show. 0]

2. PRODUCTS ON RELATIVE K

The object of this section is to turn Grayson’s relative Ky-group into a
(non-unital) commutative ring. To this end, we extend the definition of so-
called simplicial tensor products of complexes [HKT17] to generating triples
of the relative Ky-group and then use a certain linear combination of these
tensor products to define products in the relative Ky-group so that also
the outgoing map in the associated exact sequence of K-groups becomes
a ring homomorphism. We end by briefly explaining the corresponding
constructions and properties for Bass K-theory.

We start by recalling the Dold-Kan correspondence. Let A denote the
category whose objects are the totally ordered sets

n={0<1l<..<n—-1<n}, neN,

and whose morphisms are the non-decreasing functions. (We hope denoting
both this category and the diagonal functor introduced in by A
won’t lead to any confusion.) Given any category A, a simplicial object
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in A is a functor A°® — A. The category of such simplicial objects in A is
denoted by A2”. For X € A" we denote the image of [n] by X,,. If A
is an idempotent complete additive category, the Dold-Kan correspondence
[Lurl?, Theorem 1.2.3.7] gives us an equivalence of categories

ABCP ﬁ: A

between A2”" and the category C*®°A of chain complexes in A supported
in non-negative degrees. Here, as usual, N denotes the normalized chain
complex (also called Moore complex) functor.

We now start to define products on relative Ky-groups. So, let M be
an idempotent complete exact category equipped with a bi-exact functor
® : MM — M, called a tensor product, which we assume to be associative
and commutative in the usual sense. Furthermore, we assume we have a
distinguished object I of M which behaves as a “multiplicative identity” in
the obvious way. We recall from [HKT17, Definition 5.4], given two chain
complexes A and B in CM, the simplicial tensor product of A and B is
defined as follows:

A®a B := N(diag(TA®I'B))

where diag(TA®TB) € MA™ is given by diag(TA®T'B),, := (T'A),®(I'B),
(i.e., the diagonal of the bi-simplicial object T'A ® I'B). Note that, by
[HKTI17, Lemma 5.6], A ®a B is bounded again, i.e., an object of CM.
We extend this definition to binary chain complexes by viewing them as
objects in CM? and applying the simplicial tensor product componentwise.
The resulting pair of chain complexes is then a binary chain complex again.

Note, by the Eilenberg-Zilber Theorem [DP61, Satz 2.15], the simplicial
tensor product A ®a B is homotopy equivalent to the total complex of the
double complex A® B. We choose to work with the former product because
the former is more directly compatible with the exterior powers used in the
next section.

We now assume we are given two idempotent complete exact categories
M and N with tensor products and with identities Iy and Iy, respectively,
and let F': M — N be an exact functor which respects tensor products in
the obvious way, and such that F Iy = L.

Definition 2.1. Given two objects X = (M,N,u) and Y = (M', N, u)
in C[F] or in B[F], we define their simplicial tensor product as follows:

X QAY = (M XA M/,N(X)A N/,’U,(X)A ’U,/).

Note that, by the Eilenberg-Zilber Theorem [DP61, Satz 2.15], the sim-
plicial tensor product u ®a v is a quasi-isomorphism again.

Lemma 2.2. The simplicial tensor products on C[F| and B[F] induce well-
defined products on KoC[F], KoB[F|, KopC[F] and KopB[F| which turn
these Grothendieck groups into commutative rings with unity.

Proof. 1t is obvious that the simplicial tensor product induces well-defined
products on KoC[F| and K(B[F] and that the class of the element [I v, Ipr, 1]
is an identity element, where Iy( and Iy are considered as (ordinary or bi-
nary pairs of) complexes concentrated in degree zero. The Eilenberg-Zilber
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theorem [DPG1, Satz 2.15] implies that these ring structures induce ring
structures on KopC|[F| and KopB[F]. O

Note that the simplicial tensor product on KopB[F] does not directly
induce a product on the quotient Ky[F] because the image of the ring ho-
momorphism A: KopC[F] — KopB[F| contains 1 and is hence not an ideal.
Nonetheless, we have a natural product on Ky[F] which we define now. We
remember that the diagonal functor A is split by L (or T) and that therefore
the obvious homomorphism

ker (L: KopB[F| — KopC[F]) — coker (A: KopC[F| — KopB[F]) (9)

is bijective. We accordingly identify Ko[F], i.e., the target of this homomor-
phism, with its source which is an ideal in KopB[F] and which in particular
inherits a well-defined product. This is the product structure on Ko[F]
(without 1) we will be considering. In other words:

Definition 2.3. Given z,y € Ky[F], we choose representatives Z,y in
KopB[F] and define the product xy as the class of (z — ALz)(y — ALy)
in KO [F]

If x,y are the classes of triples X,Y € B[F], then, by [Proposition 1.5
their product zy in Ko[F] can be written as the class of a single triple as
well:

zy=[(X®AY)® (TX A ALY)® (ALX @A TY))].
(Beware, although [ALX] = 0 in Ko[F], the class of (ALX) ®a 7Y does
not vanish in general.)

Proposition 2.4. We equip KoM with the usual product and KAN with
the trivial product. Then these products are compatible with the just defined
product on Ko[F] via the ezact sequence ().

Proof. We first show that the outgoing homomorphism Ky[F| — KoM
is compatible with products. Let x,2’ € Ky[F| be represented by X =
(M,N,u) and X' = (M', N’',«') in B[F]. Then the product za’ which is the
class of
XA X — (ALX) @A X' — X @a (ALX") + (ALX) ®a (ALX")
in Ko[F] is mapped to
(TM @A TM' — 1M @a LM — (LM @A TM' — 1M @a LM")

—(TM @A LM — 1M @A LM') + (LM @x LM — LM ®@x LM')
=TMATM —AIMNTM —TM A LM+ LM @A LM
=(TM — LM)®a (TM' — 1LM")

which in turn is equal to the product of the images of x and y in KoM;
note that the product on KyqCM given by simplicial tensor products is
compatible with the usual product on KoM via the canonical isomorphism
K()./\/l — K@QCM.

In order to show that the incoming homomorphism KiN — Ky[F] is com-
patible with products, we recall from [HKTI17, Proposition 5.11] that the

class [N ®a N'] in K4 N of the simplicial tensor product of any two bi-
nary complexes N, N’ in BIN vanishes. In particular the trivial product
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on K1 N can be interpreted as the product induced by the simplicial tensor
product or, even more complicatedly, by the product defined analogously to
the product in The latter product is obviously compatible
with the product in Ky[F] via the incoming homomorphism. O

Remark 2.5. Similarly to above, one easily shows that Proposition 2.4 is
also true if we both replace L with T in [Definition 2.3| and the outgoing

homomorphism Ky[F| — KoM in (4] with its negative.

Remark 2.6. We recall the following folklore statements for Bass’s K.

(a) Given two objects (P, «) and (Q, 3) of Aut(M) we define their tensor
product as follows:

(Pa)®(Q,8) = (P®Q,a®p)
This turns KpAut(M) into a commutative ring with unity.
(b) Let
KoAut(M) := ker(KoL: KgAut(M) — KoM)
where KoL is induced by the functor L: (P,a) — P and let I denote
the subgroup of KgAut(M) generated by elements of the form
[P,ﬁOOé] - [Pva] - [P76]+[P71]

whenever there is an object P of M with automorphisms «, 8. Similarly
to the considerations before [K600, Lemma 1.2] we see that [ is an ideal
of Ky Aut(M). Furthermore, we have the isomorphism

Ko Aut(M)/I = KoM @ KP(M).

The resulting product zy for z,y € KoM @ KE(M) is the usual one
if 7,y € KoM, is trivial if z,y € KP(M) and defines a KoM-module
structure on KP(M) if z € KoM and y € KE(M).

Remark 2.7. The following statements concerning Bass’s relative Kp-
group are easy to prove (similarly to above, see also the considerations right
before [K600, Lemma 1.3]):

(a) Let X := (P,,Q) and Y := (R, 3, .5) be objects in co(F"). Their tensor
product in co(F) is defined by
XYV =(PRRa®B3,Q®.59).
This turns Kyco(F') into a commutative ring with unity.
(b) Let
Koco(F) := ker(KoL: Koco(F) — KoM)
where KoL is induced by the functor L: (P, a, Q) — Q and let J denote
the subgroup of Kyco(F) generated by elements of the form

[P, Boa, Rl - [P a,Q - [Q, 5, R +[Q,1,¢]

whenever there are objects P, (), R in M and isomorphisms a: FP —
FQ and 8: FQ — FR in N. Then J is an ideal of Kyco(F') and we
have the isomorphism

Koco(F)/J 22 KoM & KJ[F]. (10)
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This isomorphism gives rise to a multiplication on KF[F] which, in
contrast to the multiplication on KB M (see (b)), is in general
not trivial.

(c) This product on KF[F] is compatible with the trivial product on KiN
(see [Remark 2.6(b)) and the usual product on KoM via Bass’s exact
sequence [Bas68, Theorem VIIL.5.3] assuming M and A are split exact
and F' is cofinal.

(d) The functor W: co(F) — B[F] (see (6)) is compatible with tensor
products. The induced homomorphism ®: KJ[F] — Ko[F] (see

rem 1.3) is compatible with products.

3. POWER OPERATIONS ON RELATIVE K|

In this section we equip Grayson’s relative Ky-group with exterior power
operations. To this end, similarly to the previous section, we first extend
the definition of exterior powers of complexes [HKT17] to generating triples
of the relative Ky-group and then use a combination of such exterior powers
to define exterior power operations on the relative Ky-group which are com-
patible with both the incoming and outgoing map in the associated exact
sequence of K-groups. As in the previous section, we end by briefly explain-
ing the corresponding constructions and properties for Bass K-theory.

We assume we are given an assembly of power operations as in [KZ25|
Definition 1.1]. Recall this means we are given a sequence M,, n > 0,
of exact categories (in most examples, all M,, are equal to a single exact
category M), a bi-exact functor

®: My x My = My, for each n,p > 0,
and a functor
Filgy(My) = My, foreach k> 1,n >0,

which maps an object of Filx(M,), i.e., a sequence Vi — ... — Vi of
admissible monomorphisms in M,, of length k — 1, to an object Vi A... AV},
in M, and these data are subject to certain axioms. If all the £k — 1
monomorphisms are the identity on V :=V; = ... =V, we write /\k V for
ViA...A Vi A reader who prefers not to work in this axiomatic setup may
just assume that the given assembly of power operations is the standard
one where every M,, is equal to the exact category P(X) of locally free
Ox-modules of finite rank on a quasi-compact scheme X, the functor ® is
the usual tensor product and Vi A ... A Vj is defined to be the image of the
tensor product Vi ® ... ® Vj in the k™ exterior power /\]’C V.

We furthermore assume that all categories M,,, n > 0, are idempotent
complete. By [KZ25, Proposition 1.2], we obtain an assembly of power
operations on the categories CM,,, n > 0, as follows. Similarly to
the simplicial tensor product defines functors

in the same vein, mapping a sequence V;. — ... — Vj. in Fil(CM,,) to

Vi.AN. .. AV :N(Fvl/\/\FVk> in CM,
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defines a functor
Fily(CM,) = CM,  for every k> 1,n > 0.

Furthermore, according to [KZ25, Corollary 1.7], by applying the construc-
tion above to each of the two differentials in binary complexes we obtain an
assembly of power operations on BM,,, n > 0.

We now furthermore assume we are given two assemblies of power oper-
ations, on M,,, n > 0, and on N, n > 0, respectively, and exact functors
F,: M,, — N,, n > 0, which respect the given structures in the obvi-
ous sense. The main example we have in mind is the pull-back functor
f*:P(Y)— P(X) for a given morphism f: X — Y between quasi-compact
schemes X and Y. We also assume that, for every quasi-isomorphism f.
in CM,, and in CN, and for all k > 1, also A"(f.) is a quasi-isomorphism.
This additional assumption is satisfied for example for the standard assem-
bly of power operations on P(X), see [KZ25, Proposition 1.9].

Definition 3.1. Given £ > 1 and n > 0 and a sequence X7 — ... — X} of
admissible monomorphisms in C[F,] or B[F,], where X; = (M;, N;,u;), we
define the triple

XiAN oo ANXg =My Ao o ANMg, Ny A oA Nggyug Ao A ug)
in C[F,] or B[Fyx].

Note that, by [KZ25l Proposition 1.4], the morphism u; A ... A ug is a
quasi-isomorphism again.

Lemma 3.2. The assignments
(X, V)= X®AY and (X1 — ... = X)) = X5 A A X

define an assembly of power operations on the exact categories C[F,], n > 0,
and B[Fy,], n > 0, which preserve the subcategories pC[F,]| and pB[F,],
respectively.

Proof. Straightforward. O
In particular we obtain power operations
N2 KoC[F,) = KoC[Fn] and  A¥: KoB[F,] — KoB[F,
and
A\ KopC[F,] — KopC|Fue]  and  A*: KopB[F,] — KopB|[Fux.

As in we employ the identification (9)) to define power operations
e Ko[Fy] — Ko[Fni]. More explicitly:

Definition 3.3. Given = € Ky[F,], we choose a representative & of = in
KopB[F,] and define \*(z) to be the class of \¥(# — ALZ) in Ko[Fyx].

If 2 = [X] is the class of a triple X in B[F,], we can write A\¥(x) as the
class of a single triple in the following way.

Lemma 3.4. Let X = ((4), (N, 4).(%)) € B[Fy,]. Then we have:

) = (A2, (o 90 CHe)] o )
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where A’i,A]i and A* are defined as follows:

AL(AB)= P A(A)@aA"(B)@--@a A(B),
atbi+-+by=Fk

u_even
a,u>0,b1,....,b,>1

A AB) = D AW @A (B)@ - ma A(B),
a+by+---+by=Fk
u odd
a,u>0,b1,...,b4,>1

AN = P AN @A AN @A - @4 AP N.
a+by+-+bu=Fk
u>0,a,b1,...,b,>1

Note, in order to match up the index sets for A’i(d, d') and AFN here, we
consider any tuple (a,b,...,b,) in A]j_(d, d') as the tuple (@,by,...,by_1)

in A*N where @ = bl,l~)1 = bo,...,by_1 = by if @ = 0, and as the tuple
(a,by,...,by) if a > 1; similarly for the index sets of A* (d,d’) and AFN.

Proof. Using [Gra89, Equation 2.3] which computes A* of a difference, we
obtain:

AE(IX]) = A5([X] ~ [ALX])

= Y (CD)I(XDA(ALX]) - A (ALX])

atby by =k
a,u>0,b1,...,b4,>1

= P AX)@a A" (ALX) @4 - @ A (ALX)

atby+-- b=k
©>0,a,b1,...,b4,>1

To see the latter equality, we use the fact that 7 commutes with A% and
amounts to a minus sign in KF[F,x] according to [Proposition 1.5 and we
notice that the terms for ¢ = 0 vanish in our context. Finally, to see that the

term obtained is indeed equal to [((22533) : <KkN, 2% Eillill:;) ’ (i’é EZZ;))} ,

we split the index set into two halves according to whether w is even or
odd and then, for the top components in the triples, we interpret any index
where (@ > 1,u odd) as an index where (¢ = 0,u even), and similarly for
the bottom components. O

Proposition 3.5. Let k > 1. Via the exact sequence , the just defined
power operation \¥: Ko[F,] — Ko|Fui] is compatible with the power oper-
ation \¥: KoM,, = KoMy and \¥: K4N,, — KNy, resulting from the
given assemblies of power operations on M, and N,.

Proof. By [Proposition 1.5{ any = € Ky[F,] can be represented by a triple
X € BJF,]. We use the same notation for the components of X as in
This lemma then shows that the difference in KoqCM,,;. of the
classes of the top and bottom complexes in the first component of \*([X]) is
equal to [AX (4, B)]—[A* (A, B)] which in turn is equal to A¥([A]—[B]), again
by [Gra89, Equation 2.3]; note M\ here denotes the power operation resulting
from the assembly of power operations on CM,, n > 0 (see above) which
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in turn is obviously compatible with the power operation A\*: KoM, —
KoM, via the canonical isomorphism KoM, — KoqgCM,y. This shows
the first statement.

To prove the second statement, let © € KN, be represented by N € BIN,,.
Then, by definition of \¥ on K; (see [KZ25, (3.8)]) we have in KN

N (z) = [AR(N)]

= Y (CDYAYN) @A AP (ALN) @4 - @5 AP (ALN))]

a+by+4---+by=Fk
G7U201b1»--~,bu21

where all summands for u # 0 vanish by [HKT17, Proposition 5.11]. This
element is mapped to the element
> (=1)%[(0,A*(N) @A AP (ALN) ®p - -- @a AP (ALN),0)]

byt tbu=k
a,u>0,b1,...,b4,>1

in Ko[F,x] which in turn is equal to

again by [Gra89l Equation 2.3]. This proves the second statement and hence
finishes the proof of [Proposition 3.5| O

Remark 3.6. Rather than using the somewhat combinatorially involved
one could alternatively argue as follows in the first half of the
proof above.

Using [Gra89, Equation 2.3], we obtain

M(X] - [ALX]) = > (—1)“N XA [ALX] - A [ALX]

a+b1+-+by=k
a,u>0,b1,...,b4,>1

= > (FDYAYX) @a A(ALX) @4 - @4 AM(ALX))]

atbyHeetby =k
a,u>0,b1,...,b,>1

in KoB[F,k]. The image in KoqC M, of this element’s class in Ko[Fx] is

Y (CDYAYA) @ AN (B) @4 - @4 AV (B)]

atby by =k
a,u>0,b1,...,b,>1

— S (CDYAYB) @A AN (B) @4 - @a AV (B)]

a+by+--+by=k
a,u>0,b1,...,b4,>1

= (4] - [B]) — A¥([B] — [B]) = \*([4] - [B)),
(again by [Gra89, Equation 2.3]), as was to be shown.

Remark 3.7. In this remark we look at power operations on Bass’s K {3.
First, recall from that we have an isomorphism

KoAut(M) /T = KoM & KEM
for any exact category M. Given an assembly of power operations on M,,,

n > 0, it is not difficult to verify (cf. [K600, Lemma 1.2]) that the assignment
(P,a) — (A*(P),A*(a)) defines a map \¥: KoAut(M,,) — KoAut(M,,;)
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and then induces a map \*: KoM, ® KlB_/\/ln — KoM ® K?Mnk which
becomes the usual power operation A\* when restricted to Ky(M,,) and be-
comes a homomorphism when restricted to K(M,,). In the next paragraph,
we sketch a proof of the fact that the canonical map ¢: K{BM” — KiM,
(see ) is compatible with the operations A*.

First, beware, although we have A\*([N]) = [A¥(N)] in K;(M,;) for any
N € BIN,, we don’t have \¥([(P, a)]) = [(A¥P,A*a)] in KB M,y for (P, a)
in Aut(M,,). We rather have (using [Gra89, Equation 2.3]):

N ((P.a)]) = N((Pa) = (P,id))]

= Y (=D)YAYPa) @ AM(Pid) ® ... @ AM(P,id)]

atbi+-+by=Fk
u>0,a,b1 ... by >1

where the terms for a = 0 have been omitted because they vanish. The ho-
momorphism ¢ sends this alternating sum to the corresponding alternating
sum of the classes of the binary automorphisms

(AYP)@ A"(P)®...® A" (P),A%a) @ Ab (id) @ ... ® A’ (id), id).

For a fixed u, the sum of such terms is exactly the (u + 1)th cross-effect
functor of A¥; more precisely, the alternating sum arrived at above is equal
to

S (1! [(cru(Ak)(P,...,P),cru(Ak)(a,id,...,id),id)} .

u>1

On the other hand, by [K601, Lemma 2.2] (also see [dBT15l Section 3]),
the binary complex A*(P,a,id) of length k can be filtered by subcomplexes
such that the successive quotients are the shifted binary automorphisms
(cru(AR)(P, ..., P),cry(A¥) (v, id, ... ,id),id) [u — 1], w > 1. It remains to
observe that shifting a binary complex by u — 1 yields the sign (—1)%~!
in K3 by [Gral6l Corollary 8.7].

Remark 3.8. In this remark we look at power operations on Bass’s rel-
ative Ko-group. To this end, we assume the situation introduced before

(a) For X = (P,a,Q) € co(F,) define AF(X) := (A¥(P),A¥(a), A*(Q)).

Then, as in [Remark 3.7, see also [K600, Lemma 1.3], the assignment
X = A*(X) defines a map A\¥: Kyco(F,,) — Koco(F,;) and then induces
a map

Moo KSR — KB [Fu)

via the isomorphism . In contrast to [Remark 3.7 this operation A\

is not a homomorphism in general.

(b) Similarly to for X = (P,a,Q) € co(F,), we can again
describe A\*([X]) € Ky'[F,] in terms of the class of a single object of
co(Fp) in the following way. Let 7X = (Q,a !, P), LX := Q and
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ALX :=(Q,idrg, Q). Then we have:

M (X)) = P AEX)RAMALX) @ @ A (ALX)

by by =k
u>0,a,b1,...,bu>1

= (A5 (P.Q), A¥a, A* (P, Q))]
where A’j_ (P, Q) and A* (P, Q) are defined similarly as in and

~

AFa is defined as follows:

Ma= P A eA D)oo A1),
a+by+4---+by=k
u>0,a,b1,...,b4,>1
(c) By part (b), the map KJ[Fu] — KoMk, [(P,a, Q)] — [P] — [Q,
sends A*([X]) to [AL(P,Q)] — [AM(P,Q)] = A*([P] — [Q]) and hence
commutes with A¥. The incoming map KPA,, — K8[F,] in Bass’s exact
sequence [Bas68, Theorem VII.5.3] commutes with A\¥ as well (assuming
M,, and N,, are split exact and the F}, are cofinal); to see this we just
observe that this map is the restriction of the analogously defined map
KoAut(N,)/I — Koco(F,)/.J which obviously commutes with \*.
(d) Finally, the homomorphism ®: KF[F,] — Ko[F,] from

also commutes with \¥; this follows from the very definitions.

4. LAMBDA RING AXIOMS FOR RELATIVE Kj

The main result of this section is that the products and exterior power
operations introduced in the previous two sections turn Grayson’s relative
Kyp-group into a A-ring (without unity). We begin by proving that the
product axiom in the classical definition of a A-ring follows from the other
axioms. To prove the remaining axiom (concerning composition of exterior
power operations), we follow the approach from [HKT17] which relies on
the fact that the Grothendieck group of the exact category consisting of
polynomial functors over Z is the free A-ring in one variable.

Recall a pre-A-ring is a commutative ring K together with maps \¥, k > 1,
from K to itself such that A\(x) = z for all 2 € K and such that

k
Nz +y) =Y N (@)X (y) (11)
i=0

for all z,y € K and k > 1. As we want to allow our (pre-)\-rings to be
without unity, our definition does not include a A° and any term such as
AO(2)AF(y) is to mean just A\¥(y) here and below. The pre-A-ring K is called
a A-ring if moreover

Ne(ay) = Pe(N (), X(2), 0, A (2); A (), A2 (1), s A* (1)), (12)
AN (z)) = Poy(W (), A2(2), ..., AP () (13)

for all z,y € K and k,l > 1 where P, P;; are certain universal integral
polynomials (see [FL85, I, §1]). We call and the product and

composition axiom, respectively.
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In the context below, the product axiom could be proved by working out

a bivariate version of the proof of the composition axiom (see [Theorem 4.2
below) or, similarly to the proof of [K600, Theorem 2.2], by using the char-

acteristic free Cauchy decomposition as developed by Akin, Buchsbaum and
Weyman in [ABW82]. We however use a shortcut provided by the following
somewhat surprising lemma.

Lemma 4.1. Let K be a pre-A-ring which satisfies the composition axiom.
Then K is a A-ring.

Proof. The polynomial ring U := Z[X1, Xa,...;Y1,Ys,...] over Z in the
infinitely many variables X7, Xo,... and Y7, Ys,... can be equipped with a
unique A-ring structure such that A*(X1) = X, and Az (Y1) = Y. It is called
the free-A-ring in 2 variables and can be constructed similarly to the free A-
ring in 1 variable which has been introduced in [AT69, I, §2]. By induction
on k and without using the product axiom , we write \¥(X1Y7) as a
polynomial Qy € V :=Z[ X1, ..., Xop; Y1,..., Y] C U as follows.

First Q1 = X1Y1. For the inductive step, we consider the polynomial

Qr2 =\ (N (X1 + Y1)
(13)
Py o (Al()ﬁ + Y1), AR (X + Yl))
%k
= DPr2 (X1 +Y1,---,ZX2k—in> eV.
=0

On the other hand, we have

(11)
Qk,2 M ( Xy + X1V1 + Ya)

k
(L1) —i i
NV + S X YN (X + Vo)

i=1
A S SN
= MY + DAY DTN (X) M (Ya).
i=1 j=0
Now, fori = 1,...,k—1, the inductive hypothesis yields \*7#(X1Y]) = Qp_;.
Furthermore, for any j > 1, we have M (X3) . Pjo(X1,...,X2;) and

)\j (YQ) Pj72 (Yl, . ,Yzj). In other WOI‘dS7 we have Qk’Q = )\k(lel)-i-RkQ
for some polynomial Ry o € V. Finally, defining Q) := Qr 2 — R} 2 does the
desired job.

Since the calculations above only involve the axioms and , they
remain valid after replacing X; and Y] everywhere with elements x and y
of K. (If K is non-unital, also observe that these calculations don’t involve
a constant term either.) We therefore obtain the equality

N(wy) = Qe (), (@), o0 A (@); AN (1), X (), AP (1)
in K. Finally, we have Qp = Py(X1,... Xg; Y1,...Y)) because U also satis-
fies the product axiom . This finishes the proof. O

Now, let f: X — Y be a morphism between quasi-compact schemes and
let F:= f*: P(Y) — P(X) denote the induced pull-back functor between
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the associated categories of locally free Ox- and Oy-modules of finite rank.
By we have exterior power operations \*: KoB[F] — KqBI[F|
which turn KoB[F] into a pre-A-ring.

Theorem 4.2. The pre-A-ring KoB[F] is a A-ring.

Proof. Let k,1 > 1. According to it suffices to show that
MM (2)) = Pra(W (), N2 (), ..., AP ()

for all € KoB[F]. To this end, we follow the approach used in [HKTI7,
Section 8]. We first note that it suffices to prove this formula when z is
the class of a triple V' € B[F]. Due to a standard argument, the category
End(B[F]) of endo-functors on B[F] is an exact category with tensor product
and exterior powers A* given by H — A¥oH. We will show that the stronger
identity
[Ak © Al] = Pk:,l([Al]7 E [Akl])

holds in KoEnd(B[F]). The desired identity in KyB[F] then follows by
applying the homomorphism

KoEnd(BI[F]) — KoB[F] given by [H] s [H(V)].

By [HKT17, Corollary 8.6], the stronger identity holds in the Grothendieck
group KoPol% . (Z) of the category of polynomial endo-functors on P(Z) :=
P(Spec(Z)) of finite degree which fix 0. It therefore suffices to construct an
exact functor

Pol (Z) — End (B[F]) (14)
which respects composition, tensor products and exterior powers and sends
the identity functor to the identity functor. To this end, recall from [HKT17,
Section 8A] that a polynomial functor H over a scheme Z assigns a H(F) €
P(Z) to any object F € P(Z) and a morphism H(a): H(F)r — H(G)r to
any morphism «a: Fr — Gp for any F,G € P(Z) and for any Z-scheme T’
the latter assignments must commute with pullback ¢*: Hom(Fr,Gr) —
Hom(F7+,Gyv) for any morphism ¢: T — T of Z-schemes, but need not
be linear. Furthermore, for any morphism g: Z’ — Z of schemes, there is
a base change functor Pol__(Z) — Pol_ (Z’), see the construction in loc.
cit. The base change of any H € Pol?__(Z) will be denoted H again and
satisfies H(g*(F)) = ¢g*(H(F)) by construction. Now, given H € Pol__(Z)
and V = (M., N.,u) € B[F], we base-change H from Spec(Z) to X and Y
and define H(V') := (NHI'M.,NHT'N., NHT'u), similarly to and
Note that NHT'(u) is a quasi-isomorphism again; this is proved in
[KZ25, Proposition 1.9] when H is an exterior power functor but the proof
there works for any functor H which fixes 0. By construction, the resulting
functor satisfies the properties listed above. In particular, this finishes
the proof. O

We remark that we similarly obtain that KoC[F] is a A-ring. Further-
more, it immediately follows that KopB[F] and KopC|[F| are A-rings, and
we obtain:

Corollary 4.3. The products and exterior power operations introduced in
[Definition 2.3 and|Definition 3.5 turn the relative Grothendieck group Ko[F]
into a A-ring (without unity).
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Proof. By the axioms , and hold in the subring
ker(L: KopB[F] — KopC[F]) of KoB[F]. As the isomorphism (9) is by
construction compatible with products and exterior power operations, they
then also hold in Ko[F]. O

5. EXTERIOR POWER OPERATIONS ON HIGHER RELATIVE K-GROUPS

In this section, we first recall Grayson’s combinatorial definitions of higher
K-groups [Gral2] and of higher relative K-groups [Gral6]. The recursive
nature of these definitions then allows us to prove the main result of this
paper, namely that higher relative K-groups can be equipped with natural
exterior power operations which satisfy the axioms of a A-ring and which are
compatible with the incoming and outgoing maps in the long exact sequence
of K-groups.

Let M be an exact category and n > 0. By [Gral2], Sections 2 and 3], the
categories CM, BM, CIM and BIM are again exact categories (which
support long exact sequences) and so we can iterate these constructions.
As in [Gral2, Section 7], we form the n-cube "M of exact categories as
follows. At the corner of Q"M corresponding to (i1,...,i,) € {0,1}" we
put the exact category Gy, ...G;, M where G; := C%if i =0 and G; := B4
if ¢ = 1. Furthermore, we put the obvious diagonal functor A at each edge
of Q"M. For example, the 0-cube QM is just M, the l-cube Q' M is

CIM 25 BIM and the 2-cube Q2M is the square

CICIM —2 5 CIBIM

2 |

BICIM —2 5 BIBIM.

We now consider all those functors A in Q" M which arrive at (B9)" M and
define KoQ" M to be the factor group of Ky(B9)" M modulo the subgroup
generated by the images of all the homomorphisms KoA induced by these
functors A. In other words, 2" M is obtained by taking iterated cokernels
(in any order) in the cube of abelian groups obtained from "M by apply-
ing Ky. By [Gral2, Corollary 7.2] we then have a canonical isomorphism

KnM 2 KoQ" M (15)

between Quillen’s nth higher K-group K, M and KqQ2"M. We will take
this as the definition of K, M.

Now, let F': M — N be an exact functor between exact categories. We
form the (n + 1)-cube

QF) = (M D ).
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For example, for n = 2, this looks as follows:

CICIM Shab) CICIN
K A
A capipm —LBL CIBIN
JA
Bicapm —BE BICIN A
K A X
B4BIM BIBIE BIBIN

Definition 5.1 ([Gral6, Section 2]). The nth higher relative K-group K, [F]
is defined as the iterated cokernel of the n-cube KyQ"[F] of abelian groups
obtained from Q" [F| by forming the relative Ky-group of each of those func-
tors in "[F| which are induced by F'.

For example, K3[F] is defined as the iterated cokernel of the square

Ko[CICIF] —2—5 Ko[CIBIF)

| |
Ko[BYCIF] —25 Ko[BiBIF].

Remark 5.2. The following two facts justify calling K,,[F] the nth higher
relative K-group.

(a) By [Gral6l Corollary 2.3], there is a purely algebraically defined long
exact sequence

e KM —— Ky N 7

[» K,[F] —— KzM —— KN j

[ﬁ —)KUM—>KON.

(b) By [Tu25, Theorem 4.3], there is a canonical isomorphism
K, [F] = myhofib(KF: KM — KN)

between K,[F| and the nth homotopy group of the homotopy fibre of
the induced map K F between the K-theory spaces KM and KN of M
and V.

We can also describe K,[F] in the following ways. First, we turn the
(n + 1)-cube Q"[F] into another (n + 1)-cube of exact categories by re-

placing every edge in Q"[F| of the form G;...G,M e Gi...GN

with C[Gy...GpF| 2, B[G...GpF]. We tacitly assume that the no-

tations C[G1...G,F] and B[G;...G,F] here include the subcategories
pC[G1...G,F] and pB[G; ...G,F], respectively, as introduced in
[tion 1.1(a) and (b). We use the ad hoc notation Cube(F, A, n) for this cube.
Then K, [F] is the iterated cokernel of the (n+1)-cube KopCube(F, A, n) of
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abelian groups obtained from Cube(F, A, n) by applying the functor Kop. If
we additionally replace all homomorphism KgpA with KopL, then, similarly
to (9), the iterated kernel of the resulting (n + 1)-cube KopCube(F, L, n)
is canonically isomorphic to K, [F]. For example, the iterated kernel of the
cube of abelian groups obtained by applying Kop to the cube

C[CICIF) « L B[CICIF)
L [
1 C[CYBIF] +—= B[C9BIF]
1
C[BYCYF] = B[BICIF] 1
\ € \
C[BYBIF] « = B|B1BIF]

is isomorphic to Ks[F].

Now, as in the previous section, let f: X — Y be a morphism between
quasi-compact schemes, let M := P(Y), N := P(X) and let F := f* denote
the induced pull-back functor from M to AN. The standard assembly of
power operations on P(Y') and P(X) induce an assembly of power operations
on G1...GpoM and Gy ...G,N for any Gy, ...,G, € {C4, B4} (see [KZ25|
Section 1]) and then an assembly of power operations on C[G]...GpF]|
and B[G1...G,] (see and finally products and exterior power
operations A\¥, k > 1, on Ko[G;...G,F] and Kop[Gi ...G,F] which turn
these Grothendieck groups into pre-A-rings. As these pre-A-ring structures
are compatible with all homomorphisms in the cube KopCube(F, L, n), we
also obtain a pre-A-ring structure on the iterated kernel of this cube.

The following definition extends [Definition 2.3| and [Definition 3.3| from
n =0 to any n > 0.

Definition 5.3. The pre-A-ring structure on K,[F] is defined to be the one
obtained by transporting the pre-\-ring structure on the iterated kernel of
KopCube(F, L,n) to K,[F] via the canonical isomorphism described above.

Theorem 5.4.

(a) The pre-A-ring K, [F] is a A-ring.

(b) If n > 1, all products on K,[F| vanish and the exterior power opera-
tions ¥, k > 1, on K,[F] are homomorphisms.

(¢) Products and exterior power operations on K,[F| are compatible with
products and exterior power operations on the higher K-groups of X

and Y via the long exact sequence mentioned in|Remark 5.9(a).

Proof.
(a) As in |Corollary 4.3| the first statement follows from the stronger state-

ment that KoB[(B%)"F] is a A-ring. To prove the latter statement we pro-
ceed as in the proof of Similarly to there, this comes down to
constructing an exact functor

Pol’ (Z) — End (B[(BY)"F)) (16)
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which respects composition, tensor products and exterior powers and sends
the identity functor to the identity functor. This functor in turn is obtained
as in the proof of after first inductively defining the functors
Pol’ (Z) — End ((BY)"P(Y)) and Pol?_(Z) — End ((BY)"P(X)]) as in
the proof of [HKTT17, Theorem 8.18].

(b) Due to axiom , we only need to show the first statement. By defini-
tion this means we need to show that products on the iterated kernel of the
cube KopCube(F, L,n) vanish. This iterated kernel in turn is a quotient of
the iterated kernel of KyCube(F, L, n), and the latter kernel carries products
similar to and hence compatible with the ones on the former. Now, products
on higher K-groups such as K, B[F] vanish by [HKT17, Proposition 5.11],
hence also the induced products on ker(L: K, B[F] — K,C[F]). The latter
is the same as the iterated kernel of KyCube(F, L,n) because we may think
of each category G[G;...,GnF| in Cube(F, L,n) as Gi...G,(G[F]) and
because forming iterated kernels does not depend on the order of iterations.
Overall, we conclude that products on K,,[F] vanish as claimed.

(c) We associate the exact sequence with each of those arrows in the
(n + 1)-cube Q"[F] which are induced by F. This way we obtain the exact
sequence of n-cubes of abelian groups

KQ"M — KlﬂnN — K()Qn[F] — K()Qn./\/l — K()QnN.

Now we replace every homomorphism induced by A in every cube of this
sequence with the homomorphism induced by L in the opposite direction.
Similar to the proof of part (b), and as explained in [Gral6, Lemma 2.2 and
proof of Corollary 2.3], the sequence obtained by taking iterated kernels of
each cube in the resulting exact sequence of n-cubes is then the same as the
part

KpiM — Ky N — K, [F] - KM — KN (17)
of the sequence in [Remark 5.2((a). In particular, the exact sequence is

a subsequence of the sequence
K1(BY'M — K1 (BY)"N — Ko[(BY)"F| — Ko(BY)"M — Ko(BY)"N

and, by construction, all the products and exterior power operations are
compatible with this inclusion. Now part (b) follows from [Proposition 2.4]
and [Proposition 3.5| O
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