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Holographic Black Hole Formation and Scrambling in Time-Ordered Correlators
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We describe a holographic mechanism for black hole formation via the collision of two shock waves in
three-dimensional anti—de Sitter spacetime. In the dual conformal field theory, a two-shock-wave state
corresponds to the insertion of two boosted “precursor” operators in complementary Rindler patches. Their
operator product expansion is initially described by a universal mean-field spectrum of exchanged states,
which is dominated by operator dimensions that grow exponentially in the boost parameter. We propose
their mean value as diagnosing the mass of the collision product in the bulk. It crosses the conformal field
theory heavy state threshold after two scrambling times, in accordance with expectations about black hole
formation in general relativity. Our analysis also allows us to identify the scrambling characteristics usually
associated with out-of-time-order correlation functions, using only the internal composition of thermal

in-time-order correlators.
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Introduction—While the holographic duality has led to
profound insights into quantum gravity, deep puzzles about
black hole dynamics remain. To address these microscopi-
cally, it is of paramount importance to understand the
process of black hole formation in the language of the dual
conformal field theory (CFT). It has long been known that
black holes in three-dimensional anti—de Sitter (AdS)
spacetime [1,2] can be formed in two ways: (i) by gravi-
tational collapse of a dust shell [3—7] and (ii) by collision of
shock waves [8—14]. While a holographic understanding in
terms of the conformal operator product expansion (OPE)
was initiated for the first option in [15], such a perspective
has long remained a challenge for the second.

We study this problem in the cleanest holographic setup:
the collision of two gravitational shock waves, focused onto
each other in an empty global AdS; spacetime. We prepare
the two-shock “microstate” using CFT primary operators
boosted back in time with the Rindler Hamiltonian (so-called
precursor operators). For a single operator, Rindler time
evolution leads to an exponential spreading of the operator
within its conformal family [16,17]. In gravity, this
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corresponds to an increasingly energetic, nearly null shock
wave. However, this kinematical effect by itself cannot lead
to black hole formation [18]. In order to set up black hole
formation, we require two operators to interact dynamically
via the OPE; see Fig. 1. In this Letter, we quantify how
universal dynamical input leads to an exponential spreading
across the space of possible exchanged operators O,
allowing us to make detailed predictions about the collision
product.

The connection between operator growth, information
scrambling, and the out-of-time-order correlator (OTOC) is
well known [19-21]. In this work, we add a novel and
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FIG. 1. Kinematic setup: each shockwave originates in one
AdS; Rindler patch. Information about the collision product is
contained in the distribution of exchanged operators in the cross-
channel OPE, which depends strongly on the boost.
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surprising object to this list of quantum chaos diagnostics:
the in-time-order four-point correlation function (TOC) of
pairwise identical boosted operators. This arises naturally
as the self-overlap of the two-shock-wave state. Naively,
the TOC’s time dependence is trivial; however, its decom-
position into irreducible components turns out to give
access to time-dependent scrambling behavior normally
associated with the OTOC.

Setup—Warmup: One shock wave: Consider a Rindler
patch of global AdS; with Rindler coordinates (#g,x). A
gravitational shockwave can be prepared in the dual CFT
by acting with a primary operator W with conformal weight
<A, <c:

|(I)WL> = W(_tw —inm + i6, xw)|0>’ (l)

where f,, < 0 and |0) is the global vacuum state, which a
Rindler observer experiences with an inverse temperature
p = 2nLags. In the following, we set the AdS radius
Lags = 1. Note that the argument of the operator is
expressed in Rindler coordinates, and, therefore, the shift
by —iz means that the operator W is inserted in the left
Rindler patch (indicated by subscript L), where bulk time is
directed in the opposite direction; see Fig. 1. The explicit
transformation between plane and Rindler coordinates can
be found in Supplemental Material, Sec. A [22]. The small
imaginary shift 6 is required to produce a localized shock
wave with finite energy [28].

We increase —t,, starting from 0. This corresponds to
evolving the operator into the past with the CFT boost
generator id,,. For large —1,,, the energy of the excitation
localizes along null directions. For example, the expect-
ation value of the light-cone stress-energy tensor is given by
a localized shock [28]:

(@, [T (1 = im, x)|Dy,) b,
<‘DWL |‘DWL> sin()

o[(t,, + x,,) — (1 + x)].

(2)

A more microscopic picture is as follows. Under Rindler
time evolution, an increasing number of global conformal
descendants of W are populated: The primary state “grows”
into a coherent superposition of descendants (which are
eigenstates of the global Hamiltonian), centered around
an increasingly high level (see [16,17,29] for a detailed
analysis). In the dual gravitational theory, the small past
perturbation evolves into an almost-null shock wave whose
proper energy on the 7z = 0 slice increases exponentially
in —t,. Its gravitational backreaction (on other probes)
becomes significant and can be described by a shock-wave
geometry after a scrambling time [21,30]:

1
—t, ~ 1, ~10g<A G ) (3)
wIN

Note that this setup never produces a black hole in the bulk,
regardless of the value of —¢,,: The invariant rest mass of the
boosted particle remains unchanged. The boosting of the
operator is purely kinematical and does not excite boundary
graviton degrees of freedom [18]. It is dependent on the
choice of a reference frame and can be “undone” by a
global isometry transformation. Similarly, in the CFT, the
irreducible representation of the Virasoro algebra is invari-
ant and remains the one labeled by W for all times.

Two shock waves: To allow for the possibility of
dynamical black hole formation, consider now a two-
shock-wave state (Fig. 1):

|lPWLVR> = W(_tw —in+ 10, xw)V(tv —i0, xv)|0>’ (4)

where 7, ,, < 0. Rindler time evolution increases the time
difference t = —¢, — t,, > 0. This corresponds to boosting
the operators in the global reference frame: In the bulk, the
energy of each particle in the center of mass frame increases
exponentially with 7. Their collision initially causes a
conical defect geometry to form, which can be character-
ized by its mass M and spin J. This process was studied
from a purely gravitational perspective in [9,10]. By
analyzing the special geometric features of conical defects
in AdS;, it was found that a Bafiados-Teitelboim-Zanelli
(BTZ) black hole forms when the mass exceeds the
threshold value set by the extremality bound [18,31]:

M > |J|. (5)

This bound is analogous to the so-called Gott condition in
flat spacetimes [8]. It was also argued for using holographic
quantum circuit models in [32]. See also [33,34] for related
recent ideas. As we show below, this condition reads as
follows in terms of the parameters of the CFT precursor
state:

where b = x, — x,, is the impact parameter.

We derive the threshold condition (6) by analyzing
the state [Py, y,) from a microscopic perspective, using
conformal bootstrap tools. Similar precursor states have
been analyzed extensively in the study of quantum chaos
[21,35,36]. In particular, the scrambling time can be
defined as the timescale where naive large-N factorization
breaks down because the OTOC (¥y,y, [Py, v,) deviates
significantly from (VV)(WW). Crucially, the OTOC com-
putes the overlap of two differently ordered states, indi-
cated by L and R labels, referring to the Rindler patch in
which operators are inserted, and its path integral repre-
sentation requires a twice-folded time contour [37]. The
difference between the states amplifies over time and leads
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to a breakdown of large-N factorization after a scrambling
time 7,.

In this work, we give a more intrinsic description of the
two-shock-wave state [Py, v, ). We want to ask: How does
the decomposition of the two-shock state into irreducible
representations of the Virasoro algebra change over time
[38]7 Instead of OTOCs, we consider simply the self-
overlap of the (unnormalized) state |¥y,y,), which we
refer to as an in-time-order four-point function:

(W Wl 2VIVpl2)
tr(VIVpo)tr(WiWpo)”

<‘I’WLVR|TWLVR> _
(VV)(WW)

Froc = (7)

where operators in the left Rindler wedge are inserted in an
analytically continued fashion halfway around the thermal
circle. Indeed, py = (1/Z)e=> is the thermal density
matrix seen by a Rindler observer evolving with respect
to the Rindler boost generator H. Real-time dependence of
operators V and W is implicit in (7), while imaginary time
dependence is accounted for by p(l)/ ? factors. This correlator
is time ordered, hence the label “TOC.” Its value in a large-
N chaotic CFT is Froc ~ 1 to a good approximation for all
times due to large-N factorization. We will not be interested
in the value of Froc but in the details of the internal
decomposition of the correlator. Perhaps surprisingly, this
will unveil scrambling dynamics.

Crossing equation and conformal block decomposi-
tion: We begin with a decomposition of the state [¥y, )
into irreducible representations of the Virasoro algebra, i.e.,
Virasoro “OPE blocks” labeled by all possible exchanged
primary operators O, [41-44]:

5 ZCWUS|BWVOJ(tW"xW;tU’xﬂ)>‘ (8)
OS

Pw,v,)

The OPE blocks are bilocal operators, furnishing an
orthogonal basis of physical exchanges over which we
can expand [Py, y,) and study its “size” and “spread.”

It will be more convenient to analyze the same decom-
position by computing the self-overlap, (7). Assuming
large-N factorization and a gap in the spectrum of
exchanged dimensions, it is clear that Froc ~ 1. This is
particularly true in CFTs with a gravity dual, where the
conformal block associated with the identity operator domi-
nates [45]. We refer to this process (WW — 1 — VV) as
identity dominated t-channel exchange [46].

By crossing symmetry, we can equivalently decompose
Froc into Virasoro conformal blocks in the s-channel
(WV = O, - WV), directly inherited from (8):

ZCWUS (9)

The manipulations leading to this expression can be found
in Supplemental Material Sec. B [22]. The s-channel

(1—=2z)"(1-32)2
Iyt

lszOC
Z

conformal blocks V(z,z) = ( D/ (VV(WW)
are functions of conformal cross ratios, which are (for
e 1Pl > 1)

7~ 1 —4sin?(8)e~"t?, Z~ 1 —4sin?(8)e";  (10)
see Supplemental Material Sec. A for details [22]. The
conformal bootstrap program has established powerful
tools to analyze the crossing equation (9). In particular,
we use the results of Virasoro mean-field theory [48-53],
which provides a precise account of the mean-field spec-
trum O, and the couplings C2,,; see Supplemental Material
Sec. B for a summary [22]. The relevant spectrum of O

consists of two parts.
(1) A discrete spectrum of “light” double-twist operators

Oﬁ’”*"”) with integer-spaced conformal weights

(hm’}_lrh>: (h17+hw+m’ljlv+}_lw+ﬁ1)’ (11)

where m = 1,2, ..., m, and known OPE coefficients (sim-
ilarly for 7). This spectrum receives anomalous corrections

at O(1/c). The double-twist spectrum ends at the maxi-
mum values (m,, i, ), where

_ -1
B, = Ty, = . (12)

(ii) A continuous spectrum of “heavy” mean-field operators
with conformal weights (k. hy) > (h,, . hy;_ ). Their aver-
age density of states and OPE coefficients are universally
determined by the Virasoro fusion kernel. Heavy states
are interpreted as dual to black holes with mass and
spin [18,54]

M:hx—i—ﬁs—%, J=h,—h.  (13)

Equation (9) gives the probability distribution for the
decomposition of the state (8) over Virasoro irreducible
representations. Like in the one-shock case, boosting the
operators probes higher descendant states within a given
irrep. A novel feature of the two-shock setup is the fact that
the state can now transition into different irreps. The latter
effect is captured by the nontrivial dependence of (9) on
Rindler time ¢.

The central observation of this work is as follows: For
small Rindler time separation t = —¢, — t,, (low boost), the
s-channel decomposition is well described by the exchange
of a localized superposition of Virasoro double-twist
operators. The expected value of this double-twist wave
packet grows exponentially in time. Black hole formation
in the bulk corresponds to a breakdown of this approxi-
mation and the onset of heavy operator exchange.

In the next section, we justify this hypothesis by studying
the light exchanges in detail. We show that the light states
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cease to dominate after a black hole formation timescale,
i.e.,, when r—|b| becomes of the order of twice the
scrambling time. For previous discussions of this timescale,
see [39,55] in the context of scrambling and [40,56] for
shock-wave collisions.

Cross-channel analysis: Scrambling in time order—
Cross-channel exchange: Global limit: In this subsection,
we discuss precisely which operators O; dominate in the
cross-channel decomposition of Froc as a function of
the kinematic parameters (¢, b, h,, h,,, §). We focus on the
early-time regime (1 < ¢’~”l <« ¢?), where only the dis-
crete double-twist light states contribute to the OPE. In this
regime, we can safely take the approximation ¢ — oo
(referred to as “global limit”), effectively extending the
cutoff on the double-twist spectrum, m,, im, — co.

The crossing equation (9) can be viewed as the nor-
malization condition for a probability distribution. In the
global limit, this distribution is discrete:

m>0 m>0

1= (anl(hwhw;Z)) (ZPm(ﬁv,Bw;z)) (14)

where P,, is a probability distribution on the space of
s-channel conformal blocks. That is, P, is the percentage

contribution of OE"”"’ defined by (11) (and its descendants)
to the correlator Froc = 1. In the global limit, we approxi-
mate the Virasoro double-twist conformal blocks by global
conformal blocks, which take a simple analytic form (as
reviewed in Supplemental Material Sec. B [22]):

2" (2hy)(2h)
m! (2h, —m—1),
2h,, +m,2h,, +m
z]. (15)
2h,,

Pm(hv’ hw;z) = (1 - Z)Zhw

X, F

Here, P,, is the product of universal double-twist OPE
coefficients C,,,, and the global conformal blocks, which
are functions of the cross ratio.

The identity (14) and (15) is exact for any choice of
kinematic parameters (proven in Supplemental Material
Sec. C [22]). However, the relevant range of (h,,, h;)
contributing support to the two sums is strongly dependent
on the kinematics. Figure 2 shows the probability distri-
bution P, for fixed (h,, h,,, 5) as a function of Rindler time
difference t = —t, — t,,. The distribution takes the form of a
peaked wave packet; the peak moves toward larger values
of m exponentially in ¢, and it broadens at the same time.
Let us now quantify this behavior.

The mean value of the exchanged operator dimension is
E[A,] = A, + A, + E[m] + E[m]. This can be computed
exactly (see Supplemental Material Sec. C [22]). In the
regime of interest (1"l > 1), we find

Py,
0.04 +i=1
o t=2
o t=3
0.03 o t=4
o t=>5
0.02 o t=06
ot="7
0.01
0.00
200 250

FIG. 2. The (discrete) probability distribution P,,(h,, h,,, z) on
the space of possible s-channel exchange dimensions. The
distribution is peaked and moves to higher weights exponentially
with time . We set h, = h,, =1, 6 =0.1, and b = 0.

U'(2h, +3)T(2h,,
2T (2h,)T(2h,

’

il
2
I

= Zum R — ! + %) et=b)/2
i sin(6) )

o Nmpp o L TR DE(R, 4
E[m] = Z mPy ~ sn(6)  2I'(2h,)[(2h,)

m>0

elt+h)/2

(16)

The symbol E[-] indicates a (statistical) expectation value
with respect to the probability distribution P,, on the space
of quasiprimary exchange dimensions. Equivalently, one
can formally define a ‘“size” operator /m which takes
the value m on any state in the representation h,,. We
could then write the expectation value as [E[m]=
(Pw, vl [P, v, )/ (VV)(WW).

In Fig. 3, we show the numerical evaluation of E[m]: We
observe the onset of exponential time dependence with a
growth exponent 1, which is independent of the kinematic

E[m]
10°;
10% ¢ 1
1000+ E
100¢ —n=4 —n=0
—n=3 n=-—1
10+ —n=2 n=-2:
—n=1
1
0 5 10 15
t
FIG. 3. The mean value of exchanged double-twist dimensions

as a function of time. Different lines correspond to different
external operator weights h, = h,, =2"; 6§ = 0.1 and b = 0.
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parameters and consistent with (16). The exponential
growth of the mean exchanged operator dimension is a
manifestation of the operator growth associated with the
two-shock-wave state.

To further corroborate the operator growth picture, we
note that the exponential increase of the mean exchanged
dimension with time is accompanied by an exponential
spreading of the probability distribution’s width (see
Fig. 2). The two effects occur at an equal rate: The second
moments of the distributions are (for e"1”l > 1)

hh Vhyh
Elm2] ~ Y 20w -b)/2 Elm2] o Y 0w e4b)/2.
@) € ]~ @) ©

(17)

These are of the same order as E[m] and E[m]. The tails of
the distributions P,, and P, therefore, do not grow dis-
proportionately, and we can sensibly identify a mean-
localized wave packet even for large 7. Higher moments
are analyzed in Supplemental Material and behave
similarly [22].

Black hole formation: Having seen how the light state
s-channel support spreads exponentially in time, we now
relax the assumption of infinite central charge and instead
take it to be finite but large, ¢ > 1. This restricts the
validity of the global limit taken above.

For values of ¢ small compared to the scrambling time,
the approximations of the previous subsection still hold.
For simplicity, let us consider scalar operators with &, =
h,=1A, and h,=h,=1A,, and 1 <A,,, < c. The
Gamma functions in (16) can then be approximated using
Stirling’s formula. At early times, we propose that the
bulk collision produces a conical defect geometry whose
expected mass and spin are given by evaluating (13) on the
expected values (16) [57]:

c VALA b
M+ S =EAa] 2 Y2 eosh(2) e,
+p =EA R0 (2)6

VAA b
—U¥sinh( = | e
sin(6) 2

J=E[t,] ~

(18)

The threshold for black hole formation corresponds to an
extremal geometry with mass M = |J|; cf. [18,31]. Using
the Brown-Henneaux relation (c¢/12) = (1/8Gy), this can
be written as (6). Once the threshold is reached, the black
hole states dominate the s-channel exchange. The associ-
ated black hole states have mass M > |J|.

Let us understand this from the point of view of the
mean-field theory spectrum for O,. At finite ¢, the spec-
trum of discrete “light” double-twist operators O{"™ ends
sharply at the threshold (m,m) = [m,(c),m,(c)], corre-
sponding to an extremal BTZ black hole; cf. (12). The
threshold is reached when the mean of the wave packet of

exchanged operators [E(m), E(m)] attains values compa-
rable to (c/24), signaling breakdown of the global limit:
The s-channel mean-field support transitions from discrete
light states to a continuum of heavy states. These heavy
states are precisely those describing the spectrum of BTZ
black hole microstates. The onset of the breakdown of light
state dominance amounts to the conditions:

BTZ threshold: min{E[m,(c)], E[m.(c)]} ~ 2—04 (19)

In order to overcome the BTZ black hole threshold, it is
important for both mean values to reach (c/24); see
[18,58]. Comparing with the functional dependence of
E[m] and E[m] in (16), we can translate (19) (or, equiv-
alently, the condition M = |J|) into a threshold timescale
for black hole formation:

sin(8) ¢
—|b| ~2x1 — . 2
IgH |b| X log (MU) ( 0)

We recognize this as twice the scrambling time and as
equivalent to the condition (6) for black hole formation in
gravity.

We comment briefly on the approximations made. The
threshold derived is not sharp, and some transient behavior
takes place around the threshold time. When both E[m] ~
O(c/24) ~ E[m], the spectrum (h,,, h;) of light double-
twist operators receives large anomalous corrections, and
the Virasoro blocks are no longer well approximated by
global blocks [53]. This is analogous to the physics of
the OTOC around the scrambling time, which is also
subject to transient behavior, leading to a breakdown of
the large-N approximation and of a simple exponential
profile in time [59].

Distribution of descendants: So far, we considered the
average primary dimensions (m, m) of the s-channel wave
packet as the parameter determining the exchanged state.
This quantity is invariant, as it labels an irreducible ortho-
gonal representation of the Virasoro algebra. Nevertheless,
it is also interesting to consider the time-dependent pop-
ulation of global conformal descendants within each such
primary family.

In the global limit, for any given primary operator
labeled by (h,,, h;), the associated conformal block is
built out of an infinite tower of global descendant operators
with weights (h,, + n, h; + 1) for integers n, i > 0 [60].
This decomposition can be viewed as a joint probability
distribution P,, ,(h,, h,;z), which breaks up the primary
distribution P,,(h,, h,,;z) into descendant levels (see
Supplemental Material Sec. C2 [22]). Note that this
decomposition depends on the choice of a quantization
scheme: We need to specify around which point the con-
formal blocks are expanded, i.e., a reference point for the
action of Ly + L. We choose the canonical expansion into
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descendants with respect to z =7z =0 and indicate this
with a superscript:

Py hyiz) =Y Pi(h,.hyi2). (21

n>0

and similarly for P;. The choice of expansion point and
map to a canonical configuration in the CFT corresponds to
a choice of frame in gravity. The distribution of global
descendants depends on these choices.

In the large-c approximation of Virasoro conformal
blocks by global blocks, the structure of the global descen-
dants (i.e., the distribution P,(,Y ,>,) is well known [61]; it
corresponds to the series expansion of the hypergeometric
function (15) in powers of the cross ratio. The n th
descendant level is characterized by a quantum number
hyn = hy, + hy, + m + n under the global time translation
generator L (similarly for L;). We can, thus, compute the
expectation value of the global energy of the exchanged
states analytically. We find (for ¢ > e~ "l > 1)

h
EVIL,] = h JNSRNY  ———
[ 0] ;( m+n) , v T W+2Siﬂ2(5)e
_ - o h
EV[Lo) = (hy + )PV~ by + R a—
[ 0] ;( m T n) m,i p Ty + 23in2(5) 4
(22)

Notably, this growth proceeds at twice the rate of the
growth of E[m] or E[m]. We derive this in Supplemental
Material Sec. C2 [22] and illustrate it in Fig. 4, which
depicts the growth of the exchanged operator in the two-
shock-wave state over the space of possible s-channel
primaries (labeled by m) and global descendants (labeled

n . .
30000- £ = 4 ftt=5

25000

20000

15000

10000
5000 It
n - .

300000 £ = 6

25000~

20000~

15000

10000

5000

0 50 100 150 200 250 0

m m

50 100 150 200 250

FIG. 4. The joint distribution Ply)(h,. h,.z) for h, = h, = 1
at different times f. Darker colors indicate more support. The
dashed lines indicate peak values in the vertical direction for fixed
double-twist primary /,,. The dots mark the point (E[m], E(")[n]),
which determines the global energy E(Y)[L,)].

by n). A similar notion of global energy increase due
to operator growth into descendant levels under Rindler
time evolution was previously discussed for a single
shock in [17].

The global energy of the exchanged state, (22), becomes
of the order of (¢/12) after one scrambling time ¢,. In
gravity, this marks the point where gravitational back-
reaction can no longer be ignored: The spacetime region in
the future light cone of the collision point begins to shrink
due to strong gravity effects [62,63].

Conclusion—In this Letter, we proposed a precise CFT
manifestation of black hole formation in AdS; via colliding
shock waves: We identified a wave packet of mean-field
operators exchanged in the cross-channel operator product
expansion of two highly boosted precursor operators.
The expected value of the distribution of exchanged
operators crosses the BTZ black hole threshold at a time-
scale equal to twice the scrambling time, i.e., when both
precursors are sufficiently boosted to generate shock
waves. By phrasing this in terms of operator growth within
the space of conformal blocks, we discovered scrambling
dynamics—normally associated with out-of-time-order
correlators—using an in-time-order four-point function
diagnostic.

In the future, we plan to report on a detailed analysis of
the operator product expansion for timescales exceeding
the black hole formation threshold. In this regime, the
exchange is dominated by heavy states associated with
black holes [33,53]. We expect a qualitatively different
distribution of energy among the descendant operators:
Excitations of Virasoro (as opposed to global) modes are no
longer suppressed by powers of (1/c). These excitations
are interpreted as genuine gravitational dressing [18] that
cannot be absorbed into global isometry transformations. It
is interesting to study the fraction of energy carried by these
boundary gravitons and whether this effect translates into a
localization of the primary distribution, sharpening the
black hole formation transition.

Furthermore, a detailed CFT characterization of the
causal structure of the bulk geometry and horizon physics
is desirable. The simplicity of geometric horizon formation
in gravity suggests that there might be more primitive CFT
probes, related to the bulk causal structure, which would
detect the same process.

We hope that these insights will pave the way toward a
precise definition of operator growth and operator complex-
ity in quantum field theory. Via holography, a detailed
microscopic mechanism describing black hole formation
may offer key insights into strongly backreacting gravita-
tional dynamics and singularities.
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