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Quantum sensors based upon atom interferometry typically rely on radio-frequency or optical
pulses to coherently manipulate atomic states and make precise measurements of inertial and grav-
itational effects. An advantage of these sensors over their classical counterparts is often said to be
that their measurement scale factor is precisely known and highly stable. However, in practice the
finite pulse duration makes the sensor scale factor dependent upon the pulse shape and sensitive to
variations in control field intensity, frequency, and atomic velocity. Here, we explore the concept
of a temporal pulse origin in atom interferometry, where the inertial phase response of any pulse
can be parameterized using a single point in time. We show that the temporal origin permits a
simple determination of the measurement scale factor and its stability against environmental per-
turbations. Moreover, the temporal origin can be treated as a tunable parameter in the design of
tailored sequences of shaped pulses to enhance scale factor stability and minimize systematic errors.
We demonstrate through simulations that this approach to pulse design can reduce overall sequence
durations while increasing robustness to realistic fluctuations in control field amplitude. Our results
show that the temporal pulse origin explains a broad class of systematic errors in existing devices
and enables the design of short, robust pulses which we expect will improve the performance of
current and next-generation interferometric quantum sensors.

I. INTRODUCTION

Quantum technologies such as atom-interferometric
sensors [1], solid-state quantum magnetometers [2], and
quantum information processors [3] all require high-
fidelity coherent control of quantum states to reach their
potential performance beyond proof-of-principle demon-
strations. However, these operations are inherently sen-
sitive to inhomogeneities in the control field and environ-
ment. Consequently, much effort has been spent both
attempting to eliminate these inhomogeneities entirely -
typically at the expense of experimental simplicity - and
mitigate their impact on performance through techniques
such as quantum error correction [4] and robust quantum
control [5].

In light-pulse atom interferometers - which may be con-
figured as highly-precise inertial [6–10] and gravitational
sensors [1, 11–13] with applications ranging from naviga-
tion [14, 15] to fundamental physics [16–18] - sequences
of optical or radio-frequency (RF) π/2 “beamsplitter”
and π “mirror” pulses are used to coherently manipulate
atomic matter-waves. A key advantage of these sensors
over classical devices is that in principle their measure-
ment scale factor - defined as the output signal per unit
quantity of interest - is both well known and highly sta-
ble. In practice, however, the finite duration and shape of
the optical pulses modify the scale factor [9, 19, 20] and
can introduce an unwanted sensitivity to atomic veloc-
ity [21], optical phase noise [19], platform motion [8, 22],
and laser intensity fluctuations [23]. This reduces the
fidelity of conventionally-employed simple “rectangular”
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or Gaussian-shaped interferometer pulses, lowering the
sensor’s signal-to-noise ratio (SNR) [24].

One solution is to replace conventional pulses and se-
quences with alternatives designed using quantum opti-
mal control to be robust to inhomogeneities such as laser
intensity noise and/or increase SNR by accepting atomic
sources with broader velocity distributions [23, 25–30].
This approach was recently successfully employed exper-
imentally to suppress laser intensity noise in a Bragg
pulse atom interferometer [31] and enhance the fidelity
of momentum transfer in large-area interferometry [32].
Little attention has been paid, however, to the effect
of optimized pulses or sequences on the interferometer’s
scale factor. Additionally, the duration of individually-
optimized pulses is typically many times longer than con-
ventional pulses, inevitably causing signal loss from spon-
taneous emission in extended sequences [33] and thereby
outweighing any potential gain in fidelity.

In this paper, we address these problems by explor-
ing the concept of a temporal pulse origin in atom-
interferometric quantum sensors. We show that the in-
ertial phase response of any finite-duration pulse may be
parameterized by a single point in time: its temporal ori-
gin. The temporal origins of all pulses in a sequence de-
termine the measurement scale factor, thereby providing
a framework to assess scale factor stability: stable pulse
origins imply a stable scale factor and vice versa. We also
show how the pulse origin can explain systematic effects
caused by imperfect compensation of the acceleration-
induced Doppler shift through adjustments to laser fre-
quency and phase [9].

Furthermore, the pulse origin itself can be included
as a parameter in the optimization of individual pulses
and entire sequences. For beamsplitter pulses, we show
that this approach can significantly reduce pulse dura-
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FIG. 1. (a) Bloch sphere trajectories for a range of detunings
during a rectangular π/2 pulse. (b) The superposition phase
during (blue shaded region) and immediately after a rectan-
gular π/2 pulse is depicted for a range of detunings. The
non-zero phase dispersion causes differently detuned atoms
to accumulate different phases during the pulse. Since these
phases depend linearly on detuning, they can all be traced
back to a common origin in time.

tions without appreciable loss of robustness or fidelity.
Finally, we demonstrate through numerical simulations
that beamsplitter pulses designed with stable pulse ori-
gins enhance scale factor stability and maintain interfer-
ometer symmetry in the presence of realistic fluctuations
in laser intensity. We show that this approach can reduce
the maximum scale factor error in a T = 5 ms interferom-
eter by 21× in the presence of 10% intensity fluctuations
at the expense of only π radians of additional pulse area
(i.e. a half Rabi cycle) per pulse, over that of simple
rectangular pulses.

II. TEMPORAL PULSE ORIGIN

Without loss of generality, we introduce the tempo-
ral pulse origin in the context of a three-pulse Mach-
Zehnder sequence consisting of an initial π/2 “beamsplit-
ter” pulse, a central π “mirror” pulse, and a final π/2
beamsplitter (or “recombiner”) pulse each separated by
periods of free evolution. We label these three pulses
1, 2, and 3, respectively. For velocity-selective transi-
tions, the interferometer phase Φ following this sequence
depends on the atomic acceleration relative to the laser
wave-fronts [34], making it suitable for inertial and grav-
itational sensing.

In the Bloch sphere picture [35] (described further in
Appendix A), the action of each pulse corresponds to a
rotation of the atomic state vector. The poles of the
Bloch sphere represent the basis states (|g, e⟩) of the
two primary interferometric “arms” and all other sur-
face points are superposition states with variable relative
phase (differing in longitude) and amplitude (differing
in latitude). Resonant pulses with constant phase and
frequency cause rotations of the state vector about axes
in the equatorial plane at a rate given by the Rabi fre-
quency Ω, which we refer to as the pulse amplitude. On

resonance, beamsplitter pulses correspond to rotations
by 90◦, and mirror pulses by 180◦. As the atomic detun-
ing δ increases from resonance, the rotation axis tilts out
of the equatorial plane, deflecting trajectories from their
ideal path and reducing pulse fidelity.
The sensitivity of an atom interferometer’s phase to ex-

ternal influences evolves during each π/2 or π pulse. Fig-
ure 1 shows the example of the detuning dependence of
a rectangular π/2 pulse of duration τ = π/(2Ω0), where
Ω0 is the nominal Rabi frequency: all states begin at
the pole, but progressively fan out during their passage
towards the equator. The Bloch sphere trajectories for
different detunings are shown in Figure 1 (a), and the
atomic superposition phases are shown in the shaded re-
gion of Figure 1 (b). Close to resonance (where δ is small
in comparison with the Rabi frequency Ω), the superposi-
tion phases have a common temporal dependence, scaled
linearly with δ. At the end of the pulse, the superposition
phase is therefore a linear function of detuning, and the
freely-evolving atomic states subsequently rotate about
the Bloch sphere z-axis with an angular velocity δ. The
interferometer phase trajectories in this period are there-
fore the same as those for an infinitely short π/2 pulse
occurring at time τo = τ +∂Φ/∂δ, where Φ = f(δ) is the
phase dispersion at the end of the pulse. We shall refer to
τo as the temporal origin of the pulse. For a rectangular
beamsplitter pulse with Rabi frequency Ω, we find that

τo1 = τ − 1

Ω
tan(Ωτ/2). (1)

Importantly, the pulse origin for the rectangular π/2
pulse depends on the Rabi frequency and hence also on
the laser intensity. It is this apparent origin, which de-
pends upon the pulse shape in amplitude and phase, that
determines the scale factor for an interferometric mea-
surement.

A. Rectangular pulse sequences

We can apply the pulse origin concept to a full se-
quence of three rectangular pulses by considering how
the interferometer phase varies throughout the sequence.
This can be done using the sensitivity function formal-
ism [19, 36, 37]. The phase sensitivity function g(t) de-
scribes the response of the sensor to a step-like perturba-
tion in the phase δϕ(t) of the laser driving the transition:

g(t) = lim
δϕ→0

δΦ(δϕ, t)

δϕ(t)
. (2)

Using g(t), we find that the interferometer phase is

Φ(δ, t) =

∫ t

−∞
g(t′)

dϕ(t′)

dt′
dt′ =

∫ t

−∞
g(t′) δ dt′. (3)

Figure 2 (b) depicts the phase throughout an entire
Mach-Zehnder sequence of rectangular pulses for differ-
ently detuned atoms in the absence of acceleration. In
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FIG. 2. The amplitude profile (a) and interferometer phase (b) as functions of time during a three-pulse Mach-Zehnder
sequence comprised of rectangular π/2 (beamsplitter) and π (mirror) pulses. The interferometer phase is shown for a range of
detunings near resonance. The diagonal dotted lines show how the change in phase due to each pulse can be traced back to a
common point in time - the pulse origin. (c) shows the response function for a Mach-Zehnder sequence composed of rectangular
pulses. The scale factor is given by the area under the response function, which may be approximated as triangular in the limit
where T ≫ τ . (d) shows the fractional scale factor error S/Sanalytic for the same sequence as a function of the interrogation

time T . Sanalytic = k
∫ +∞
−∞ h(t) dt is computed using the analytic expression for h(t) from [20]. The dashed red and solid blue

lines correspond to the scale factor obtained by approximating the response function as a triangle whose vertices occur at the
temporal centers and temporal origins of each pulse, respectively. Using the pulse origins results in a more accurate value for
the scale factor. The beamsplitter pulse duration τ was 10 µs. The Rabi frequency was held constant for all pulses.

this case, since the Rabi frequency of each pulse is the
same, the detuning-dependent phases exactly cancel at
the end of the sequence, forming a perfect spin echo.
If the phases cancel, the interferometer is said to be
“closed” meaning there is zero sensitivity to initial atomic
velocity along the measurement axis, which we take to be
along z.

We can also see from Figure 2 that the temporal origin
of the rectangular mirror pulse, defined by the crossing
point of the free-evolution phases extrapolated during the
pulse, coincides with its temporal mid-point. This means
that a detuned rectangular π pulse contributes no phase
error to the interferometer. Similarly, we see from sym-
metry that the origin of the final beamsplitter pulse is
given by (1/Ω) tan(Ωτ/2) relative to the pulse start time.
If the Rabi frequencies of the first and final pulses differ,
this symmetry is broken; the temporal origins shift in
time and the interferometer becomes sensitive to atomic
velocity along z [21].

The pulse origins enable one to obtain the measure-
ment scale factor of the interferometer, which is given by
S = ∂Φ/∂a, where a is the measured property - in this
case the atomic acceleration (assumed constant) along
the optical wave-vector direction k. This is given by
the area under the interferometer’s acceleration response
function [20] h(t), which is depicted in Figure 2 (c). h(t)

is defined as follows

h(t) =

∫ +∞

t

g(t′) dt′. (4)

In the case where T ≫ τ , the response function is ap-
proximately triangular with vertices located at the three
temporal origins rather than at the centers of each pulse
as one might expect. In the case of a closed interfer-
ometer where all pulses operate with the same Rabi fre-
quency, the area under this triangle therefore yields an
approximate value for the interferometer scale factor:

S ≈ k

[
T + τ +

1

Ω
tan(Ωτ/2)

]2
. (5)

This reproduces the well-known result from [9, 20, 38]
when comparing only those terms that depend on pulse
durations to first-order. We note that this improved
triangular approximation was also made in Ref. [9] to
enhance the correlations within a hybrid accelerometer
using rectangular pulses however the vertices were not
identified with the temporal origins as described here.
We also note that, in the rectangular case, the central
π pulse can also be considered as two back-to-back π/2
pulses with individual origins. This leads to an improved
approximation of the response function, which we discuss
further in Appendix B.
Figure 2 (d) shows a comparison between two different

methods of calculating the scale factor for a rectangu-
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FIG. 3. (a) and (b) show the phase sensitivity and inertial
response functions for a three-pulse Mach-Zehnder sequence
composed of arbitrary shaped pulses. For small detunings, the
area under the sensitivity function during each pulse is given
by the gradient m1, m2 or m3 of the phase dispersion for that
pulse near resonance. The interferometer scale factor S - given
by the area under the response function - can be approximated
by considering all three pulses to occur instantaneously at
their respective temporal origins (τo

1 , τ
o
2 , τ

o
3 ) - shown by the

solid dashed curves in (a) and (b). The precise shape of the
sensitivity function shown within each pulse is arbitrary.

lar pulse interferometer: integrating the triangular ap-
proximation of h(t) using the pulse midpoints as vertices
and the triangular approximation using the pulse origins.
The beamsplitter duration was τ = 10 µs. Using the tri-
angular approximation with the pulse origins rather than
the pulse mid-points provides a more accurate value for
the scale factor as the interrogation time is reduced. In
the next section, we extend this result to the case of ar-
bitrary shaped pulses.

B. Shaped pulse sequences

We now generalize to Mach-Zehnder sequences com-
posed of three arbitrarily shaped pulses 1, 2, 3 with du-
rations τj , j = 1, 2, 3. For a shaped pulse, parameters
such as the Rabi frequency (amplitude) and laser control
phase can be time-dependent. We are free to split the
total interferometer phase into contributions from each
section of the interferometer as follows:

Φ = Φ1 +ΦT1 +Φ2 +ΦT2 +Φ3. (6)

Φj is the contribution from pulse j (evaluated at the final
time of the pulse). ΦT1,T2 are the free evolution phases.

Using the sensitivity function, we find:

Φ1 =

∫ ti+τ1

ti

g(t)
dϕ(t)

dt
dt, (7a)

Φ2 =

∫ ti+τ1+τ2+T

ti+τ1+T

g(t)
dϕ(t)

dt
dt, (7b)

Φ3 =

∫ ti+τ1+τ2+τ3+2T

ti+τ1+τ2+2T

g(t)
dϕ(t)

dt
dt. (7c)

ti is the starting time of the pulse sequence.

If we assume that the change in velocity-sensitive de-
tuning δ = dϕ/dt during each pulse is much smaller
than its average value, then we can rewrite the above
in terms of the gradient of the phase dispersion of each
pulse mj ≡ ∂Φj/∂δ as

m1 ≈
∫ ti+τ1

ti

g(t) dt, (8a)

m2 ≈
∫ ti+τ1+τ2+T

ti+τ1+T

g(t) dt, (8b)

m3 ≈
∫ ti+τ1+τ2+τ3+2T

ti+τ1+τ2+2T

g(t) dt. (8c)

This means that the gradient of the phase dispersion for
each pulse is given by the area under the sensitivity func-
tion during that pulse, as depicted in Figure 3 (a). We
also note that we have adopted a sign convention where
m1 is negative. Equations (8) are valid close to reso-
nance. Each mi has units of time.

For the interferometer to remain insensitive to the ini-
tial atomic velocity, the total area under the sensitiv-
ity function must be zero. In the case of equal free-
evolution periods we see that this requirement means
that m1 + m2 + m3 = 0. In other words, it is possible
to engineer an interferometric accelerometer composed of
pulses with variable mj with the requirement that they
sum to zero over the entire sequence.

Using Equation (4), and recalling that the response
function must be zero at the end of the interferometer,
we can rewrite Equations (8) in terms of the response
function h(t):

m1 ≈ h(ti)− h(ti + τ1), (9a)

m2 ≈ h(ti + τ1 + T )− h(ti + τ1 + τ2 + T ), (9b)

m3 ≈ h(ti + τ1 + τ2 + 2T ). (9c)

The gradient of the phase dispersion is therefore approxi-
mately given by the change in the response function dur-
ing the pulse. Extrapolating the linear response function
during free evolution into each finite pulse and assuming
the interferometer remains closed (h(ti) = 0), we obtain
a triangle, as shown in Figure 3 (b). The temporal pulse
origins are given by the vertices of this triangle.

In general, we can relate the gradients mj to the tem-
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poral origins of each pulse as follows:

τo1 = τ1 +m1, (10a)

τo2 = (τ2 −m2)/2, (10b)

τo3 = m3. (10c)

Each origin is measured from the start of the respective
pulse. A shift in the origin of any one pulse will “open”
the interferometer unless balanced by a corresponding
shift in one or more of the remaining pulses. Put differ-
ently, the interferometer will remain closed and insensi-
tive to velocity if the pulse origins are equally spaced.

We can also draw a link between the shape of the pulse
(which determines its sensitivity function) and its tempo-
ral origin. For example, in the case of a mirror pulse with
symmetric amplitude profile Ω(t), and anti-symmetric
phase profile ϕ(t), the sensitivity function must integrate
to zero during the pulse [26]. This means its origin will lie
at the center and, importantly, remain there unless the
pulse symmetry is broken e.g. due to distortions from
imperfect experimental realization of the waveform.

For the purposes of calculating the sensor’s scale factor
we can approximate both g(t) and h(t) as if the pulses
are instantaneous occurring at their respective origins.
The scale factor is therefore approximately given by

S ≈ k

2

[
[T +(τ1−τo1 )+τo2 ]2+[T +(τ2−τo2 )+τo3 ]2

]
. (11)

Expanding and keeping only those terms that depend
upon T (including terms that are first-order in pulse du-
rations only), this simplifies further to

S ≈ k(T 2 + Tτ2 −m1T +m3T ). (12)

In Appendix C we show that Equation (11) also holds if
the interferometer does not close and discuss the impor-
tance of the definition of initial velocity when calculating
the scale factor.

These results show that the temporal pulse origin is a
simple alternative approach to calculate the interferome-
ter scale factor in the case of arbitrary finite-duration
pulses. Moreover, it explains how these corrections
can be viewed as arising from the acceleration-induced
change in resonance between pulses in the interferome-
ter. We also see that if the pulse origins vary, e.g. with
laser intensity, then so too may the interferometer’s scale
factor.

III. PULSE ORIGIN AS A DESIGN
PARAMETER

Viewed in terms of pulse origins, most previous ap-
proaches to shaped pulse optimization in interferometry
have designed beamsplitters with the origin placed at the
end of the pulse [23, 39]; and mirrors with the origin co-
incident with the temporal midpoint [26, 27, 31, 40]. Al-
though fixing the temporal origins at these points in time

can suppress the effect of light shifts [23], these system-
atics can also be mitigated through calibration and/or
wave-vector reversal, making it interesting to consider
the case where the origins are placed at different loca-
tions within each pulse.
We adapt Gradient Ascent Pulse Engineering

(GRAPE) [41] to design shaped beamsplitter pulses for
atom interferometry. An overview of our approach and
an explanation of how the pulse origin may be included
as a design parameter are provided below; a detailed
description of our optimization algorithm can be found
in Ref. [40].
For simplicity, in this work we design piecewise-

constant shaped pulses parameterized by a single exper-
imental control vector {Ω̃n} = {Ωn cos(ϕn)}. The laser
phase is restricted to integer multiples of π and the in-
dex n = {1, . . . , M} runs over the M time-slices that
we take to have equal duration ∆t = 400 ns. Starting
from a random initial guess for the waveform we evalu-
ate a figure of merit F for the pulse. By calculating the
gradient of F with respect to the vector Ω̃n, and approx-
imating the Hessian, we apply the quasi-Newton limited-
memory Broyden–Fletcher–Goldfarb–Shanno (L-BFGS)
method [42] to optimize the waveform and maximize F .
As in previous work [40], we apply penalties to enforce
waveform smoothness and constrain the peak Rabi fre-
quency to below the nominal value Ω0. Restricting the
peak Rabi frequency is critical to ensure a fair compari-
son between different pulses.
To obtain a beamsplitter pulse with variable (but ro-

bust) pulse origin, we use the following state-to-state fi-
delity measure:

F(δ) =

∣∣∣∣ 1√
2
(⟨g|+ e−iΦ(δ) ⟨e|)Û |g⟩

∣∣∣∣2. (13)

Here, Û represents the shaped pulse propagator (defined
by Equation (A3)) and Φ(δ) is the phase dispersion,
which we choose to be linear in δ (meaning Φ = mδ) and
which directly relates to the pulse origin through Equa-
tion (10a). The second beamsplitter pulse is obtained us-
ing the “flip-reverse” procedure introduced in [26]. This
ensures that the phase dispersions of the first and final
pulses cancel, keeping the interferometer insensitive to
atomic velocity.
To design pulses with stable temporal origins, we

average the fidelity over a 2-dimensional ensemble of
detuning δ and pulse amplitude error ϵ (defined via

Ω̃(t) → (1 + ϵ)Ω̃(t)) at each iteration of the optimization.
By averaging F over a range of ϵ (taken to be ±10%), we
engineer robustness of the phase dispersion (and hence
pulse origin) to fluctuations in laser intensity. Similarly,
we average F over a range of detunings (in the range
±1.5Ω0) to enhance velocity acceptance and ensure τo

remains constant as the detuning is varied.
Designing control pulses with tailored phase disper-

sions has previously been explored in the context of
nuclear-magnetic-resonance (NMR). Here, pulses de-
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FIG. 4. The superposition phase (a) and excited state probability (d) as functions of detuning after three different beamsplitter
pulses: rectangular π/2, point-to-point (τo = τ) and optimized origin (τo < τ). (b) and (e) show the amplitude profiles for
each optimized pulse overlayed with the superposition phases computed as a function of time immediately after each pulse for
a range of detunings (in units of Ω0). The pulse origins are found for each pulse by tracing back the superposition phases
accumulated during each pulse (grey dotted lines). (c) and (f) show Bloch sphere trajectories during each optimized pulse for
the same range of detuning. The optimized pulse in (b) refocuses all atomic spins to a single point on the equator of the Bloch
sphere, while the shorter pulse (e) places them on the equator with a linear spread in phase.

signed with linear [43–46] and quadratic [47] phase dis-
persion have both been shown to increase bandwidth for
a given pulse duration. In particular, the Inherent Co-
herence Evolution optimized Broadband Excitation Re-
sulting in constant phase Gradients (ICEBERG) pulses
of Ref. [43] are analogous to the beamsplitter pulses with
variable pulse origin we design in this work for robust
interferometric sensing.

Figure 4 compares three different beamsplitter pulses:
the rectangular π/2 pulse, a “point-to-point” pulse de-
signed with the origin coincident with the pulse endpoint
(taken from Ref. [39]), and an “optimized origin” pulse
designed with its origin within the pulse using Equa-
tion (13). Figures 4 (a) and (d) show how the phase
dispersion and final excited state probability following
each pulse depend on the detuning, respectively. The
pulse with its origin within the pulse has a better fre-
quency (velocity) acceptance than both the rectangular
beamsplitter and the point-to-point pulse from Ref. [39].
It is also less than half as long as the pulse from Ref. [39].

Figures 4 (b) and (e) illustrate how these two optimized
beamsplitters differ in their respective temporal origins.
This is shown by extrapolating the phases accumulated
for a range of differently detuned atoms back to a com-
mon point in time. Figures 4 (c) and (f) show how the
different pulse origins relate to the trajectories followed
by atoms on the Bloch sphere: the point-to-point pulse
refocuses the atomic spins to a single point on the equa-
tor whereas the optimized temporal origin pulse directs
them to a line of constant latitude.

Designing beamsplitters with stable origins within the
pulse proves to be a less restrictive optimization prob-
lem than minimizing the gradient of the phase dispersion
entirely, allowing us to find shorter pulses of equivalent
fidelity. To demonstrate this, we optimized a selection of
beamsplitters with different pulse origins and durations
starting from initial random waveforms. Specifically, we
varied the pulse duration between tπ/2 to 7tπ in steps
of tπ/2 with 50 time-slices per π pulse duration tπ. For
each duration, we performed 28 optimizations for τo = τ
(point-to-point pulses) and 28 for τo < τ (7 per origin
choice 0.2τ , 0.4τ , 0.6τ , and 0.8τ). The infidelities ob-
tained after 400 iterations for each duration are shown in
Figure 5 (a) for each class of pulse: point-to-point and
optimized τo. We find that beamsplitters with temporal
origins within the pulse reach a consistently lower infi-
delity as the pulse duration (and hence maximum pulse
area) is shortened.

Lower pulse infidelity should translate to a higher in-
terference fringe contrast. Figure 5 (b) shows how the
interferometer contrast relates to the total beamsplit-
ter pulse area for a selection of sequences composed of
beamsplitters with different pulse origins. We have also
included the point-to-point pulse from [39] as a point of
comparison. We calculate the interference contrast nu-
merically using the approach presented in [21] assuming
a π/2 pulse duration of 10 µs and two-photon Raman
transitions performed using counter-propagating beams
on the D2 line in 85Rb. The atomic momentum dis-
tribution is assumed to be Gaussian with 1σ = 0.4 ℏk,
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FIG. 5. (a) Terminal infidelity of optimized beamsplitters
as the pulse duration is varied (shown as multiples of the
duration of a π pulse). 28 optimizations of each beamsplit-
ter class (point-to-point and optimized τo) were performed
for each choice of τ . (b) Interferometer contrast for sequences
composed of different beamsplitter pulses and the total beam-
splitter pulse area. For each sequence, we assumed the mirror
was ideal with zero Doppler sensitivity and that the atomic
momentum distribution was Gaussian with 1σ = 0.4 ℏk. The
blue empty circles correspond to point-to-point pulses where
the origin is at the end of the pulse (τo = τ). The red filled
circles correspond to optimized origin pulses which are de-
signed such that the origin lies within the pulse (τo < τ).
The black square corresponds to a sequence of rectangular
beamsplitters and the purple diamond a sequence formed us-
ing the point-to-point beamsplitter from [39]. The spread in
points in (a) and (b) is due to the fact that a different random
guess was used to optimize each pulse.

where k is the effective wave-number for the Raman tran-
sition [48].

We further assume that the mirror pulse is a “perfect”
π pulse meaning it has zero Doppler sensitivity. This
allows us to isolate the effect of the beamsplitters on
the fringe contrast for a given momentum distribution.
When the peak Rabi frequencies of all rectangular pulses
in the interferometer are identical, it is the π pulse that
most limits the interferometer’s velocity acceptance [25]
and therefore the interference fringe contrast.

We find that for this momentum width the point-to-
point pulses consistently yield marginally lower fringe
contrasts than the π/2 pulses at shorter durations. This
is a direct consequence of their lower individual fidelity.
With the optimized origin pulses, however, we are able
to maintain and even improve fringe contrast with less
than π radians of additional area. For a given duration,
the τo < τ pulses use less of the available maximum pulse
area to reach a given fidelity and we find that for each du-
ration on average the areas for these pulses are 1.5× lower
than the τ0 = τ pulses. A reduction in pulse area means
a reduction in spontaneous emission. In interferometers
that use two-photon Raman transitions this means the
interferometer can be operated closer to single-photon
resonance (thereby increasing the two-photon Rabi fre-
quency and sequence velocity acceptance) for a given op-
tical power.

A. Robustness to laser intensity fluctuations

For interferometers composed of conventionally-shaped
pulses, any variation in the laser intensity (and therefore
Rabi frequency) “seen” by the atoms changes the tempo-
ral origins of the π/2 pulses and hence the interferome-
ter’s scale factor. If the laser intensity varies temporally
between the π/2 pulses, then the symmetry of the inter-
ferometer breaks [21], making it sensitive to fluctuations
in the initial velocity of the atoms. Both these effects are
detrimental in precision inertial and gravitational sens-
ing.
Variations in laser intensity naturally arise due to fluc-

tuations and drifts in laser power. Pulse-to-pulse vari-
ations in laser intensity during a sequence arise due
to thermal expansion of the atomic cloud across non-
uniform (e.g. Gaussian) interferometry beams. They
can also be caused by platform accelerations directed
transverse to the optical propagation (measurement) axis
which displace the atomic cloud to a region of lower inten-
sity in the beams [23, 31]. Fluctuations in initial atomic
velocity (or, more precisely, mean initial atomic detun-
ing) can be caused by motion of the platform parallel
to the measurement axis, magnetic field gradients, and
variations in atom trap release time [21].

1. Scale factor stability

We confirm that minimizing variation in the pulse ori-
gin with laser intensity enhances scale factor stability by
calculating both quantities for a range of Rabi frequen-
cies centered on a nominal value of Ω0/2π = 25 kHz. The
results are shown in Figures 6 (a) and (b) for three dif-
ferent beamsplitter pulses: the rectangular π/2 pulse, an
optimized point-to-point pulse designed such that τo = τ
(origin at the end of the pulse), and another optimized
origin pulse with τo = 0.4τ (origin within the pulse). The
two optimized beamsplitters in Figure 6 correspond to
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FIG. 6. (a) The change in temporal origin of three different beamsplitter pulses as the peak Rabi frequency is varied as a fraction
of the nominal peak value Ω0. (b) Scale factor error in parts per million calculated for Mach-Zehnder sequences (assuming
T = 5 ms) composed of the same three beamsplitter pulses as the peak Rabi frequency of all pulses is varied. The blue shaded
region corresponds to the optimization ensemble range for amplitude robustness. (c) Simulated accelerometer bias in µg for
an interferometer with T = 5 ms using the same beamsplitter pulses depicted in (a, b) as the mean initial atomic velocity is
varied and the Rabi frequency of the final pulse is 1% lower than the first. The Gaussian atomic momentum distribution with
1σ = 0.4 ℏk is shown in the inset.

those with the least variation in τo over the design range
of amplitude errors (±10%). As expected from Equa-
tion (1), the rectangular beamsplitter’s temporal origin
changes appreciably (by 735 ns) as the Rabi frequency
is varied from 0.9 to 1.1Ω0. Conversely, we see that the
pulse origins remain stable for both the point-to-point
and optimized τo pulses, varying by 1 and 21 ns over the
same amplitude range, respectively.

The enhancement in pulse origin stability directly
translates to an improved scale factor stability in the
presence of laser intensity fluctuations. This is shown
in Figure 6 (b) where we have computed the interfer-
ometer scale factor by numerically integrating the sensi-
tivity function for sequences constructed using the same
beamsplitters used in (a). A rectangular mirror pulse was
used for each sequence. The interferometer’s interroga-
tion time was 5 ms, which is comparable to that used in
mobile interferometers [10, 22]. The maximum scale fac-
tor errors for the point-to-point and optimized τo pulses
are 0.4 ppm and 7.7 ppm, respectively, as the Rabi fre-
quency of the final pulse is varied by ±10% of the first.
In contrast, the maximum scale factor error for rectan-
gular pulses is 163.6 ppm. For this particular optimized
τo pulse, the reduction in scale factor error is achieved
with just π radians of additional pulse area compared
with 2.5π for the point-to-point beamsplitter.

We can express the fractional scale factor error in terms
of the change in temporal origins ∆τoi as follows:

Sϵ ≈
1

T
(∆τo3 −∆τo1 ). (14)

The scale factor error caused by fluctuating pulse origins
therefore decreases as the ratio T/τ increases. State-of-
the-art mobile interferometers operating on moving plat-
forms are currently limited in their maximum interroga-
tion times to ∼ 20 ms [10, 12, 22, 49] by a combination

of platform rotations [22] and vibrations [49]. Even at
T = 20 ms, however, the maximum scale factor error
caused by ±10% fluctuations in laser intensity remains
at 41 ppm for rectangular pulses operating with a typi-
cal nominal Rabi frequency of Ω0/2π = 25 kHz. This is
reduced to just 2 ppm for the τ0 < τ optimized origin
beamsplitter.

2. Interferometer symmetry

Improving pulse origin stability against temporal in-
tensity fluctuations also implies that the interferometer
will remain closed when there is an imbalance in Rabi
frequencies during the sequence. This reduces the bias
caused by a non-zero initial atomic detuning and hence
non-zero initial atomic velocity. This remains a problem
even in interferometers where a narrow velocity slice is
selected from the initial atomic distribution by using, for
example, a long, frequency-selective π pulse immediately
prior to the interferometer sequence. In this case, any
variation between the selection pulse frequency and the
initial atomic velocity results in a skewed selected veloc-
ity distribution with a center [21] shifted relative to the
selection frequency.
Close to resonance (and in the limit of infinitely narrow

momentum width) the phase sensitivity to variations in
initial mean atomic velocity vz is given by

∂Φ

∂vz
= k(∆τo1 +∆τo3 − 2∆τo2 ), (15)

where ∆τoi is the change in pulse origin induced by a
fluctuation in e.g. Rabi frequency. The sensitivity to
non-zero mean initial atomic velocity is illustrated in Fig-
ure 6 (c) where we show the simulated bias for a 5 ms
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interferometer calculated using different choices of beam-
splitters as the mean initial velocity of the atomic cloud
is varied. The phase here is averaged over a Gaussian
atomic momentum distribution with 1σ = 0.4 ℏk for an
imbalance in Rabi frequencies of 1% between the first
and final beamsplitters. Such an imbalance could fea-
sibly arise in a mobile setting and could be caused, for
example, by a constant ∼ 0.7 g platform acceleration di-
rected perpendicular to the measurement axis z if using
Gaussian beams with a typical 1/e2 diameter of 10 mm.
This small intensity difference is sufficient to result

in a non-zero mean velocity sensitivity |∂Φ/∂vz0| of
0.32 mrad/(mm/s) for rectangular pulses near resonance.
This is reduced to 0.07 and 0.19 mrad/(mm/s) by the op-
timized origin and point-to-point sequences, respectively,
for velocities close to resonance in the range -2 to 2 mm/s.
For rectangular sequences, the increased velocity sensi-
tivity yields a 709 ng accelerometer bias bz when the
initial velocity is offset from resonance by 10 mm/s. Us-
ing the optimized beamsplitter pulse with τo < τ reduces
this bias to 172 ng, which equates to a 4× reduction.

Although the bias for the point-to-point beamsplitter
is less than that for the rectangular pulses close to reso-
nance, it becomes far more sensitive as the mean atomic
velocity offset increases. We attribute this fact to the
lower fidelity reached by this pulse in the optimization
compared with the optimized origin pulse (98.7% vs.
99.8%). The lower fidelity of this pulse means that, for a
given atom, its phase gradient with respect to detuning
is more sensitive to variations in Rabi frequency further
from resonance. This therefore increases the phase sensi-
tivity of this beamsplitter to small fluctuations in initial
mean velocity when averaging over a broad momentum
distribution. For example, if we reduce the width of the
momentum distribution such that 1σ = 0.05 ℏk, then the
bias sensitivities for the optimized origin and point-to-
point pulses are reduced to just 0.02 mrad/(mm/s) close
to resonance, while the rectangular pulse’s bias sensitiv-
ity increases to 0.57 mrad/(mm/s).

IV. SYSTEMATIC ERRORS IN DOPPLER
COMPENSATION

To keep the interferometry laser on resonance through-
out a pulse sequence, its frequency must be changed to
compensate for the time-dependent Doppler shift caused
by atomic acceleration in the rest frame of the laser. The
details of the experimental implementation of this fre-
quency change matter because the interferometer phase
is given by the difference between the phase accumulated
due to atomic motion and the phase imprinted by the
laser. In cases where the acceleration is constant dur-
ing the pulse sequence (such as a lab-based gravimeter),
the Doppler detuning varies linearly with time. In these
cases, applying a continuous frequency chirp to the laser
frequency such that ω̇ = α fully compensates the Doppler
shift if α = ka. In the limit where T ≫ τ , the total phase
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FIG. 7. Doppler compensation schemes using laser fre-
quency jumps to maintain resonance in a Mach-Zehnder inter-
ferometer [9]. Laser frequency (a) and phase (b) are shown
for phase-discontinuous and phase-continuous cases. In the
phase-discontinuous case, the laser phase is reset whenever
the frequency is changed. This cancels the phase accumulated
by the atom if the frequency jumps all occur at a fixed time
prior to the temporal origin of each pulse. We have adopted
the timing convention of Ref. [9] where frequency jumps occur
at a time tj prior to the beginning, middle, and end of pulses
1, 2, and 3, respectively.

of the interferometer is given by k(a−α)T 2, meaning the
interferometer can be locked, for example, to a central
fringe using feedback to the laser chirp rate to maintain
a zero phase output [50].

In many experiments, the laser phase and fre-
quency are determined using a Direct Digital Synthesizer
(DDS) [9, 51]. In these cases, a continuous frequency
chirp can be emulated using a series of small discrete
frequency steps. On moving platforms, however, the ac-
celeration may change appreciably from shot-to-shot and
even pulse-to-pulse. In these cases, it is more conve-
nient to make a single adjustment in frequency before
each pulse to ensure that pulse is on resonance. These
jumps in frequency may be continuous or discontinuous
in phase, as shown in Figure 7.

However, differences between the laser and inertial
phases accrued by the atoms during the interferometer
can result in systematic phase shifts [9, 38, 52]. These
phase shifts - which were listed as the dominant contri-
bution to the error budget in the 3-axis hybrid quantum
accelerometer of Ref. [9] - bias the measurement and re-
duce stability. In this section, we explain how the tempo-
ral pulse origin provides a straightforward explanation of
these systematic errors and show how they may be elimi-
nated by using pulses with stable origins and appropriate
timing of frequency jumps.
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A. Phase-continuous frequency jumps

Let’s first consider the case where Doppler compensa-
tion is performed using phase-continuous frequency steps
between the pulses. Suppose, following [9], that the laser
frequency is stepped at a time tj prior to the beginning,
middle, and end of pulses 1, 2, and 3, respectively. The
total laser phase ΦL accumulated by the atoms is given
by

ΦL =

∫ +∞

−∞
g(t)δL(t) dt. (16)

δL(t) = ωeg − ω(t) is the laser detuning, which takes the
value δLi during pulse i. In order to compensate the
Doppler shift due to an acceleration a, we require

δL2 − δL1 = δL3 − δL2 = −ka(T + τ + τ2/2), (17)

where, for simplicity, we have assumed that the durations
of the first and final beamsplitter pulses are identical and
that the mirror pulse is rectangular (meaning its origin
is at the pulse center). Recalling that the area under g(t)
during pulse i is approximately given by the gradient of
its phase dispersion mi, we find

ΦL =
∑
i

δLimi + (δL2 − δL1)(T + τ2/2− tj)

+ (δL3 − δL2)(tj − τ). (18)

The above expression simplifies to

ΦL ≈ δL1(m1 +m3)− ak(T 2 + Tτ2 + 2m3T ), (19)

where we have dropped terms which are second-order
in pulse durations. Note that in the phase-continuous
scheme the total laser phase does not depend on the pre-
cise time tj at which the frequency jumps occur.
The inertial phase can be found using the scale factor

derived in Section II B

ΦI ≈ kv0(m1+m3)+ak(T
2+Tτ2−m1T +m3T ). (20)

Here, kv0 is the Doppler detuning during the central π
pulse. If the change in detuning exactly matches the
inertial acceleration, the total interferometer phase Φ =
ΦL +ΦI becomes

Φ = (kv0 + δL1 − akT )(m1 +m3). (21)

At first inspection of the acceleration-dependent phase
it appears that a scale factor error is introduced by a
discrepancy between the laser and inertial phases. How-
ever, the frequency kv0 + δL1 − akT in Eq. (21) is ap-
proximately equal to the total detuning during the mir-
ror pulse. In other words, the systematic error reported
in Ref. [9] for Doppler compensation implemented us-
ing phase-continuous frequency jumps can be understood
as the sensitivity to a constant detuning from resonance
caused by a break in the symmetry of the interferometer.
As explained in Section IIIA 2, this error may be sup-
pressed by using beamsplitter pulse pairs designed with
stable origins.
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FIG. 8. Interferometer bias caused by phase-discontinuous
Doppler compensation using rectangular and optimized ori-
gin beamsplitters as the interrogation time is varied. When
Ω1 ̸= Ω3, the timing adjustment ∆tj ≈ τ − 2τ/π no longer
completely nullifies the laser phase for rectangular pulses be-
cause the pulse origins are shifted by the Rabi frequency
imbalance. However, the corresponding timing adjustment
remains valid for the optimized origin beamsplitter used in
Fig. 6 and the bias phase is therefore minimized in this case
even when the Rabi frequencies are imbalanced.

B. Phase-discontinuous frequency jumps

Now we consider the case where Doppler compensation
is performed using phase-discontinuous frequency jumps.
Here, the running phase accumulated by the laser field is
subtracted or “reset” whenever the frequency is jumped.
The objective of this scheme is to completely nullify ΦL,
ensuring that the interferometer’s phase depends solely
upon atomic acceleration and not the laser frequency dif-
ference between pulses. We will show that in order for
ΦL to completely vanish, the frequency jumps should be
timed such that they all occur at a fixed time prior to
the origin of each pulse. Anticipating this, we therefore
adjust the timings of the frequency jumps for pulses 1
and 3 as follows:

tj1 = tj −∆tj , (22)

tj3 = tj +∆tj . (23)

Now, the total laser phase is given by

ΦL =

∫ +∞

−∞
g(t)δL(t) dt+ ϕ1→2 − ϕ2→3, (24)

where ϕ1→2 = δL1(τ + T + τ2/2 − ∆tj) and ϕ2→3 =
δL2(τ+T+τ2/2−∆tj) are the phases that are subtracted
from the laser during a frequency step. Equation (24)
simplifies to

ΦL ≈ (m1 +m3)δL2 − akT (m3 −m1 +2∆tj − 2τ), (25)

where we have again dropped terms that are second-order
in pulse durations. In the case where m1 = −m3 (e.g.
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closed interferometer formed from rectangular pulses
with constant Rabi frequency), we see that the laser
phase vanishes completely if we choose ∆tj such that all
frequency jumps occur at a fixed time prior to the origins
of each pulse: ∆tj = τ −m3. For rectangular pulses with
ideal pulse area, we find ∆tj ≈ τ − 2τ/π, in agreement
with [9].

The reason the timings must be adjusted in this way
is because the laser accumulates phase at a constant rate
while the atom only accumulates phase at a constant rate
during the interrogation times, causing a mismatch be-
tween the two. In Equation (24) we subtract the phase
ϕd = ϕ2→3 − ϕ1→2 from the phase accumulated by the
atoms due to the frequency jumps. The phase ϕd is in
fact equivalent to the phase of an ideal Mach-Zehnder
atom interferometer operating with infinitesimal pulses
separated by Teff = τ + T + τ2/2 − ∆tj ; ϕd is simply
the difference in phases accumulated in the two periods
of free evolution. Therefore for this phase to cancel with
that accumulated by the atoms in the real interferom-
eter with finite pulses (Equation (16)), the effective in-
terrogation time Teff must match the real interrogation
time, which is given by the time between pulse origins:
Teff = τ2/2 + T +m3. This is satisfied if ∆tj = τ −m3.

We see from Equation (25) that if the pulse origins
for the beamsplitters vary (e.g. due to a laser intensity
imbalance between pulses 1 and 3) then the timing ad-
justment required to nullify the phase will also change.
Unless ∆tj can be updated accordingly, this will result in
a non-zero bias. However, the use of beamsplitters with
stable temporal origins will ensure that a single timing
adjustment is sufficient to nullify the laser phase even in
the presence of laser intensity fluctuations. This is shown
in Figure 8, where we have numerically calculated the to-
tal laser phase ΦL for sequences composed of rectangu-
lar beamsplitters and the optimized origin beamsplitters
used in Figure 6. In the case of a 1% Rabi frequency
imbalance between pulses 1 and 3, the optimized origin
beamsplitters reduce the magnitude of the residual phase
bias caused by phase-discontinuous frequency jumps from
7.21 to 0.16 µg at T = 5 ms.

V. DISCUSSION

The inertial phase response of any finite-duration pulse
in an interferometric sensor may be characterized by a
single point in time, which we refer to as the pulse’s
temporal origin. We have shown how knowledge of the
temporal origins of pulses in an interferometer sequence
permits a simple but accurate determination of its mea-
surement scale factor. A stable pulse origin is therefore
critical to maintain scale factor stability and minimize
bias in the presence of experimental inhomogeneities such
as temporal fluctuations in laser intensity. Stable pulse
origins also preserve the interferometer’s temporal sym-
metry - which is required in spin-echo type sequences (e.g.
accelerometers and gyroscopes) for the interferometer to

remain insensitive to atomic velocity.
We also note that the pulse origins are highly relevant

when correcting for the effect of platform vibrations in
real-time. Here, the signal from a mechanical accelerom-
eter is used to estimate and subtract a vibrational phase
from the atom interferometer [9]. The triangular acceler-
ation response function is used to calculate these correc-
tions. The pulse origins are the optimal times at which
to place the vertices of the response function in order to
maximize correlations between the classical and quantum
sensors.
We have also explored how the pulse origin can be in-

corporated as a design parameter in the optimization of
robust pulses. Previous approaches have mainly relied
upon designing pulses using so-called “point-to-point”
or “universal rotation” fidelity measures originally devel-
oped for NMR spin control. For beamsplitter and mir-
ror pulses, these design objectives keep the temporal ori-
gins fixed at the end or center of the pulses, respectively.
We have shown that for individual beamsplitters, we can
achieve better fidelity with less pulse area by relaxing
this constraint and placing the origin within the pulse.
This has several advantages. For example, in interferom-
eters using two-photon Raman transitions, reducing the
pulse area lowers the spontaneous emission, allowing us
to make the most of available optical power by operating
closer to single-photon resonance. Moreover, the inter-
ferometer’s scale factor remains calculable and stable in
the presence of laser intensity variations.
The figure of merit used to design optimized beam-

splitters in this work equally weights population transfer
and phase dispersion. Consequently, we found that some
pulses that reached high terminal fidelities in the opti-
mization had low phase gradient stability against Rabi
frequency fluctuations and vice versa. This could be im-
proved, for example, by preferentially weighting phase
dispersion over population transfer in the fidelity [53].
Alternatively, one could incorporate the interferometer’s
sensitivity or response functions into tailored figures of
merit by adapting the perturbative approach introduced
in [23].
In future work, we will apply the pulse origin approach

to the design of mirror pulses and alternative interferome-
ter configurations such as Ramsey and large-momentum-
transfer sequences. More generally, the pulse origin al-
lows us to treat the design of entire sequences as a single
optimization problem (namely, the temporal placement
and stability of pulse origins) rather than a series of in-
dividual pulse optimizations. Finally, we anticipate that
the pulse origin may be applied to any quantum sensor
reliant upon sequences of finite-duration control pulses.
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Appendix A: Atom-light interactions in
interferometry

The Hamiltonian for a two-level atom with state vector
|ψ(t)⟩ = cg(t) |g⟩+ ce(t) |e⟩ interacting with a monochro-
matic optical field with frequency ω, phase ϕ and wave-
vector k can be written in the rotating frame as Ω · σ̂/2.
σ̂ is the vector of Pauli matrices and Ω is the field vector:

Ω = Ωcosϕx̂+Ωsinϕŷ − δẑ. (A1)

Ω is the Rabi frequency, and δ = ωeg − ω + k · v is the
detuning of the driving field from the transition ωeg. The
term k · v corresponds to the Doppler shift for an atom
with initial velocity v.

For interferometers which employ two-photon Raman
transitions, the same equations govern pulse evolution
with Ω, k, ω, and ϕ replaced by their two-photon equiv-
alents [1].

The temporal evolution |ψ(t)⟩ → |ψ(t+ τ)⟩ under a
rectangular pulse of duration τ with fixed Rabi frequency
is given by application of the following propagator:

Û = exp
(
− iΩ · σ̂τ/2

)
. (A2)

In the Bloch sphere picture, we recognize this operation
as a rotation of the state vector ⟨ψ(t)|σ̂|ψ(t)⟩ by an angle
|Ω|τ about the normalized field vector.

As explained in the main text, in this work we consider
shaped pulses described by piecewise-constant waveforms
in generalized Rabi frequency Ω̃(t) = {Ωn cosϕn}. Here,
n = {1, ..., M} runs over the M time-slices, which for
convenience we restrict to the same duration ∆t. The
temporal evolution under a shaped pulse can be found
by constructing a propagator given by the time-ordered
products of propagators for each time-slice:

Ûshaped = ÛM ÛM−1 . . . Û2Û1. (A3)

The propagator for each time-slice (for which Ω and ϕ
are held constant) is given by Equation (A2). The action
of a shaped pulse still corresponds to a rotation on the
Bloch sphere, though the rotational axis, angle, and their
dependence upon detuning and peak pulse amplitude are
no longer immediately apparent.

Appendix B: Rectangular mirror pulse as two
back-to-back beamsplitters

The rectangular mirror pulse can be viewed as two
back-to-back rectangular beamsplitter pulses. This gives
rise to an effective “dead-time” during which no phase is
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FIG. 9. The inertial response function for a three-pulse
Mach-Zehnder sequence composed of rectangular pulses. The
interferometer scale factor is given by the area under the re-
sponse function, which may be approximated as triangular
in the limit where T ≫ τ . Considering the mirror as two
back-to-back beamsplitters results in an improved trapezoidal
approximation whose area exactly matches that given by the
analytical result for h(t). This is shown by the purple shaded
regions, which represent the difference between the analytic
and approximate response functions and which are exactly
equal in area.

accrued by a detuned atom, as indicated by the central
shaded region in Figure 9. This dead-time is given by
the separation between the origins of the two constituent
beamsplitter pulses, hence τd = 2τ − (2/Ω) tan(Ωτ/2).
Incorporating the effective dead-time of the mirror pulse
yields an exact expression for the scale factor of a rect-
angular pulse interferometer. In this case the response
function can be approximated as a trapezium whose top
(upper) base is given by τd:

S =
k

2

[
2T + 2τ +

2

Ω
tan(Ωτ/2) + τd

][
T +

2

Ω
tan(Ωτ/2)

]
= k(T + 2τ)

[
T +

2

Ω
tan(Ωτ/2)

]
. (B1)

This matches the result obtained by integrating the ana-
lytic expression for h(t) (Equation A4 in Reference [20]).
Figure 9 shows this graphically. The region between the
trapezoidal approximation and the exact expression for
h(t) is depicted by four shaded purple regions of equal
area. We can interpret this trapezoidal approximation
as equivalent to the phase given by a Ramsey-Bordé in-
terferometer where four infinitesimal π/2 pulses are lo-
cated at the vertices of the trapezoid. The first and last
π/2 pulses occur at the origins of pulses 1 and 3; and the
central π/2 pulses occur at the origins of the two back-to-
back beamsplitters that constitute the mirror, separated
by τd.
Any mirror pulse will take a finite amount of time to

transform the sensitivity function from −1 to +1. The
area under the approximate triangular response function
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FIG. 10. Original h(t) and modified h̃(t) response func-
tions for an open interferometer composed of arbitrary shaped
pulses. In the case where the interferometer is open, the re-
sponse function is no longer zero at the beginning of the inter-
ferometer, indicating a sensitivity to atomic velocity v0. By
shifting the response function vertically by h(ti) during the
first half of the sequence, we obtain the modified response
function h̃(t) whose area yields the approximate scale factor
in the case where we define the velocity v0 within the mir-
ror pulse. The precise shape of the response function shown
within each pulse is arbitrary for illustrative purposes.

(which assumes instantaneous reflection at the pulse ori-
gin) will therefore always produce an over-estimate of
the actual contribution of the mirror to the scale factor.
This is accounted for in the rectangular case by defining a
dead-time, leading to an improved (trapezoidal) approxi-
mation for the response function. In general, it is not pos-
sible to divide a shaped mirror pulse into two successive
pulses that individually function as beamsplitters and a
full generalization of this result to arbitrary sequences
is left for future work. Nonetheless, it is still possible
to define a dead-time for a shaped pulse sequence such
that the exact scale factor is given by the area under a
trapezoidal approximation to the response function [56]:

τ2d = 4

∫ +∞

−∞
[h△(t)− h(t)] dt. (B2)

h△(t) is the triangular approximation to the true re-
sponse function h(t). The mirror pulse origin lies at the
center of the upper base (of length τd) of the trapezium.

Appendix C: Scale factor calculation in open
interferometers

In the general case of an open interferometer and con-
stant acceleration a, the total interferometer phase can
be decomposed into velocity-dependent and acceleration-
dependent contributions:

Φ = Φv0 +Φa, (C1)

= Φv0 + Sa. (C2)

Φv0 is the phase which depends upon atomic velocity v0
defined at time t0 and Φa = Sa is the acceleration phase
proportional to the scale factor. Clearly, this separation
of terms (and hence also the scale factor S) depends upon
where we define t0. This matters when calculating the
scale factor using the phase sensitivity and inertial re-
sponse functions as we explain below.
In the presence of constant acceleration along z, the

atomic detuning is given by

δ(t) = kv0 + ka(t− t0). (C3)

Using the phase sensitivity function g(t), we can find the
total interferometer phase as follows:

Φ/k =

∫ +∞

−∞
g(t)

[
v0 + a(t− t0)

]
dt, (C4)

= v0

∫ +∞

−∞
g(t) dt+ a

∫ +∞

−∞
g(t)(t− t0) dt. (C5)

As expected, the velocity-dependent phase is propor-
tional to the total area under the phase sensitivity func-
tion.

If we instead calculate the total interferometer phase
using the inertial response function h(t), we find:

Φ/k = −
[
h(t)v(t)

]+∞
−∞ + a

∫ +∞

−∞
h(t) dt, (C6)

=

∫ ti

−∞
h(ti)a dt+ a

∫ +∞

ti

h(t) dt, (C7)

= h(ti)v(ti) + a

∫ +∞

ti

h(t) dt. (C8)

We have assumed that at t = −∞ the atoms are sta-
tionary (which is a reasonable assumption if atoms are
released at rest from a trap prior to the interferometer).
This allows us to set the first term on the right-hand side
of Equation (C6) to zero and relate the integral of the re-
sponse function before the interferometer starts at time
ti to the initial velocity v(ti). We see from Equation (C8)
that - unlike in the phase sensitivity function calculation
- the area under the response function only gives the scale
factor if we take v0 as the velocity of atoms at the start
time of the pulse sequence.
Suppose instead we choose to define t0 within the mir-

ror pulse, e.g. at the origin τo2 . In this case, we can
rearrange Equation (C8) using v(ti) = v0 + a(ti − t0) as
follows:

Φ/k = v0h(ti) + a

[ ∫ +∞

ti

h(t) dt+ (ti − t0)h(ti)

]
, (C9)

= v0h(ti) + a

∫ +∞

−∞
h̃(t) dt. (C10)

In other words, the scale factor is in this case given by the
area under a modified response function which is shifted
vertically from ti to t0 such that h̃ starts and ends at 0,
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as shown in Figure 10. In this case, the scale factor is therefore approximately given by

S ≈ k

2

[
[T + (τ1 − τo1 ) + τo2 ]

2 + [T + (τ2 − τo2 ) + τo3 ]
2
]
,

≈ k[T 2 + Tτ2 + (m3 −m1)T ]. (C11)

This expression is identical to Equation (11) defined in
the main text. We note that, in the case where v0 is
defined as the mean velocity during the mirror pulse, S
does not depend to first-order upon τo2 . The mirror pulse
temporal origin still affects the velocity-dependent bias
phase, however.
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