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We show that retarded Green’s functions of black hole spacetimes can be expressed as a convergent
mode sum everywhere in spacetime. At late times a quasinormal mode sum converges, while at
early times a Matsubara (or, Euclidean) mode sum converges. The two regions are separated by
a lightcone which scatters from the black hole potential. The Matsubara sum is a Fourier series
on the Euclidean thermal circle associated to the early time region. We illustrate our results for
Po6schl-Teller, BTZ, and Schwarzschild. In the case of Schwarzschild, we express the branch cut
contribution as a convergent sum of de Sitter quasinormal modes as A — 07, and exploit recent
exact solutions to the Heun connection problem. In each case we analytically show convergence by
studying the asymptotics of residue sums and also provide numerical demonstrations.
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I. INTRODUCTION

Gravitational wave astronomy is a rapidly advancing
field backed by the development of increasingly sensitive
detectors [I], 2], which now boasts a catalogue of hun-
dreds of compact binary events [3]. This constitutes an
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unparalleled opportunity to test the foundations of grav-
itational physics through precision predictions of binary
black hole merger waveforms.

A core theoretical tool in this context is black hole
perturbation theory, which emerged over six decades ago
as a framework to test the stability of black hole solu-
tions to Einstein’s equations under external disturbances
[4, [5]. By perturbing a black hole, one can study its re-
sponse and ultimate ringdown back to its equilibrium
state, inviting the term: black hole spectroscopy [6].
Recently, through measurements of the loudest gravita-
tional wave event observed to date, it was possible to
place impressive bounds on the first few characteristic
spectral frequencies and decay times of a black hole [7].

In light of the increasing volume of gravitational wave
data, it is evident that a complete theoretical understand-
ing of black hole perturbations is now required. Such a
treatment is still lacking because black holes are dissipa-
tive systems and this has created certain technical ob-
structions. Specifically, perturbations to black holes are
governed by non-self adjoint operators, and there is no
associated spectral theorem that guarantees orthogonal-
ity and completeness of perturbations.

In this paper, we address the issue of completeness in
black hole perturbation theory. Our central new result is
that black hole spacetimes are partitioned into distinct
regions by certain lightrays, and in each region the black
hole Green’s function is represented by a different conver-
gent mode sum. A quasinormal mode (QNM) sum pro-
vides a convergent representation at late times, while a
new ingredient in this context, a Matsubara mode (MM)
sum, provides a convergent representation at early times.

The results of our work are directly applicable to gravi-
tational wave physics and black hole spectroscopy as well
as a class of strongly coupled quantum many-body sys-
tems through the AdS/CFT correspondence.

The retarded Green’s function G(t,t',r, ') is the solu-
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tion to the following PDE,

(=07 + 02 —V(r) G(t,t',r,r") = —=6(t —t')5(r. — 1)),
1)
which obeys causal response, vanishing for ¢t < ¢'. Here,
r, is a tortoise coordinate, we have decomposed the per-
turbation into transverse spherical harmonicﬂ and V
is the potential whose details depend on the spacetime,
species of perturbation, and the orbital quantum number,
£. It is convenient to move to frequency space,

Gt b rr) = /

—oo+1€e

since then G(w,r,r") obeys an ODE instead, solvable by
standard techniques. The parameter € in is chosen
as an infinitesimal positive real number. With G (w,r, 1)
obtained, the remaining task is to compute the integral
, and this work is focussed on expressing this integral
as a convergent mode sum.

FIG. 1. Computation of a retarded black hole Green’s func-
tion G(¢t,t',r,r") by Fourier transforming the frequency-space
expression é(w,r, r’) using a contour integral. The ana-
lytic structure of é(w,r, r') consists of poles corresponding
to QNM modes, and, depending on the black hole, branch
cut contributions (not shown here). Closing the contour in
the LHP leads to a QNM mode sum which diverges in some
spacetime regions. Our work addresses this issue.

First, a note on branch cuts. When there are branch
cut discontinuities of G in the complex w plane, we choose
to resolve them into a set of poles. For example, in the
case of Schwarzschild we resolve its cut into a line of de
Sitter QNM poles by adding a small cosmological con-
stant, A > 0 (i.e. using Schwarzschild-de Sitter). Further
details of this procedure are given in [§] E| In other words,
for all intents and purposes, the contributions coming
from poles in this paper may be regarded as also includ-
ing contributions from cut discontinuity integrals. Such
cut resolutions are easier to work with and do not affect
our conclusions.

1 For simplicity we focus on static, spherically symmetric black
holes.

2 This is analogous to the finite temperature resolution of the cut
for charged scalar correlators in RNAdSs [9] (both cases are a
confluence limit of the Heun equation). A mode resolution of cut
contributions was also made in [10].

In general, the QNMs are a set of complex discrete fre-
quencies which are singled out by imposing two suitable
boundary conditions to the perturbation field. When
the black hole background is stable against the pertur-
bations, the QNMs lie in the complex lower half-plane.
Moreover, being the frequencies at which both boundary
conditions are satisfied, they correspond to poles of the
retarded Green’s function G(w,r,r’).

The prevailing lore in the literature is that G(¢, ¢, r,r’)
is decomposed as a sum of QNMs plus arc contributions
from large |w| [11—15]E| This arises from treating as
a complex contour integral, closed in the lower-half w-
plane, picking up residues from poles corresponding to
QNMs. See FIG. [[] However, in some regions of space-
time, the semicircular arc contribution diverges (see [14]
for a detailed discussion) and accordingly, the residue
sum corresponding to the contribution of QNM poles di-
verges too (so that the net result is finite). Therefore, a
QNM sum does not provide an appropriate description
of the spacetime in such regions, leading one to ask the
question: what does?

It is also well-known that QNMs do not provide a com-
plete set of modes everywhere in spacetime, even in the
absence of branch cuts. This is sharply illustrated by the
‘QNM completeness counterexample’ [16]. This again
leaves the same question, where a QNM sum does not
work, is there something else that does?

In this work, we resolve these questions by showing
that an additional set of modes which appear at Mat-
subara frequencies associated to the horizon temperature,
which we call Matsubara modes (MMs), provide a con-
vergent sum in regions where QNMs do not.

The Matsubara frequencies typically arise in Euclidean
signature as the set of frequencies that appear in the
Fourier mode decomposition of a bosonic field satisfy-
ing periodic boundary conditions along the compactified
time direction. More explicitly, in a thermal quantum
field theory, after performing a Wick rotation ¢t — —ir,
the theory is formulated in Euclidean spacetime with
imaginary time compactified on a circle of circumference
B =1/T, where T is the temperature of the system. Ev-
ery bosonic field ¢ satisfies periodic boundary conditions
¢(1) = ¢(7 + ), and its Fourier mode decomposition
reads

G(r) =D one 7T 3)

nez

In a black hole background, the temperature associated
to the horizon is defined as Thor = Khor/(27), Where Kpor
is the surface gravity of the horizon.

We will illustrate our findings using retarded Green’s
function calculations for several black hole spacetimes.

3 See the previous paragraph for a discussion on our treatment of
cuts.
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FIG. 2. The anatomy of a retarded black hole Green’s function.

a) The split of the frequency space Green’s function é(w,r, r') into two terms C~¥+ and G_ based on connection for-
mulae. Both terms contain poles at Matsubara frequencies (red points) with opposite sign for their residues, so that these

poles cancel in é(w, r,r"). Only G, contains QNM poles (black points).

b) Computing the Fourier transform of é(w,r, r') in different spacetime regions. Different regions require different
contour closure choices so that arc contributions vanish, leading to different convergent residue (mode) sums in each case.
The leftmost plot shows a portion of the conformal diagram, with the star corresponding to the delta function location, and
the red lines are the lightrays which delineate different regions. In region I) both terms must be closed in the LHP, leading
to a cancellation of the MM contributions. Thus G(t,t',r,7') is given by a convergent sum of QNMs only. In region IT) G
requires UHP closure and G_ LHP closure. There are no QNM contributions and G(t,t',r,7’) is given by a convergent sum of
MDMs only. In region IIT) both terms must be closed in the UHP, the residue contributions cancel leading to a zero as required
by causality.

An analogous construction appears in asymptotically AdS spacetimes, where lightrays reflect off the timelike boundary
instead (see FIG[).
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FIG. 3. The retarded Green’s function |G(t,t',r,7")| for small A Schwarzschild-de Sitter as a convergent mode sum at fixed

r,7'. There is no fitting, this is directly evaluated by summing residues of Gi. In region I (blue) the Green’s function is
a convergent sum of QNMs. Here we have included the first 6 off-axis QNMs and the first 6 on-axis QNMs in the sum. In
region IT (green) it is a convergent sum of MMs. Here we have included 30 UHP MMs, 30 LHP MMs and the zero mode
residue. In region III (red) it is zero. The lines are drawn as solid in the regions where they apply, and also extended to
regions where they do not as dashed lines. For comparison, we show a numerical solution to the Green’s function PDE, (1)
(black), where the delta function is approximated by a Gaussian of width o (note that the finite width of the Gaussian gives
rise to the non-zero support of the black curve in region III). Parameters used are s =2, { =2, R, =1, A = 1073, r. = 16,

ry, = 13.5, and o = 1/10.

The common steps to reach these conclusions are as fol-
lows, and are also illustrated in FIG.

1. The solution to in frequency space is given by
standard techniques as follows

=~ n o i (z)in(r) ¢up(r/)a r< T/
Gl = 5 {dnn(r’)qbup(r), o, W

where the Wronskian W = ¢up0;, ¢in — ¢in0Or, Pup,
which is an r.-independent quantity and has ze-
ros at the QNM frequencies. The fields ¢;, and
®up are the homogeneous solutions ingoing through
H* and outgoing through HF/Z*. Similarly, for
later use, we denote the outgoing black hole ho-
mogeneous solution as ¢y and the incoming so-
lution from H_ /Z~ as qﬁdownﬂ In formulae, the
homogeneous solutions in satisfy ¢y, ~ e T
as 7y — —o0 and ¢yp ~ e as r, — +o0.

2. Next, G is split into two terms using connection
formulae. For example, when r’ is to the right of the

4 The details also differ slightly for asymptotically AdS spacetimes,
and we discuss these in section and also Appendix

5 In asymptotically AdS spacetimes instead of ¢up and @gown We
have ¢n.n. and ¢n. for non-normalisable and normalisable per-
turbations respectively.

peak of V(r) and we are interested in the response
at r > 1’ (as in FIG. |2) we use

Qsin(r/) = C(in,up ¢up (7",) + C(in,down ¢d0wn(7'/) (5)

which splits into two terms,

é(w,r, T/) = C~7‘+(w,r7 T/) —‘,—(N;,(w,ﬁ T/)v (6)
é+ — Oin,up(lsu;;/(\:/)qsup(r)’ (7)
~ Cimdown(bdown(rl)qsup(r)

G = o . ®)

Each term has different analytic properties and
asymptotics in the w-plane. G contains poles at

QNM frequencies, at the zeros of W, while G_ does
not, because Ciy,down X W. A crucial observation

is that both C~¥+ and G _ contain poles at Matsubara
frequencies, which cancel when summed to form G.

. The Fourier integral can be evaluated term-

by-term using a semicircle contour, but the choice
of UHP or LHP closure differs term-by-term, de-
pending on the spacetime point, t,r. This choice
is dictated by demanding a vanishing arc contribu-
tion, which implies a convergent QNM or MM sum.
These choices partition the spacetime into different
regions by lightrays, which we label I, II, and IIT as



shown in FIG.[2| The lightrays are those emanating
from ¢, 7’ in both directions, as well as a third ray
which reflects from the black hole potential, leading
to the three regions of interest. Region II could be
described as the ‘direct transmission’ component.
In region I, both G4 and G_ are closed in the LHP,
the MM residues cancel, leaving a convergent QNM
sum. This is equivalent to the standard calculation
illustrated in FIG. |1} In region II, é+ is closed in
the UHP while G_ is closed in the LHP. Thus, G
is expressed as a convergent sum over only MMs
in this region. In region III, both G4 and G_ are
closed in the UHP, the MM residues cancel, and one
is left with the usual result that G vanishes due to
analyticity in the UHP. As an additional technical
note, we remark that the parameter € in will be
chosen as an infinitesimal positive real number such
that the integration line does not cross any singu-
larity of G4, and so that all Matsubara frequencies
lie above the integration line.

The final result is thus a convergent mode expansion for
black hole Green’s function in all regions, using QNMs
and a new ingredient, MMs.

As an illustration of the efficacy of this mode decompo-
sition in practice, we draw the reader’s attention to FIG.
in the case of the Schwarzschild-de Sitter spacetime at
small A, the analysis of which is given in section [[V]

Of course, it is well known that, in some cases, a QNM
sum converges at sufficiently late times [I0, 17H29] and
such work is consistent with our region I results. The
study of QNMs is a rich and varied active research subject
and we defer to reviews for a more complete treatment
[6, B0H33]. In particular, it is worth highlighting that
despite a lack of a spectral theorem, there are known
orthogonality relations among QNMs [34—38]E|

Our main contribution to this story is what happens at
earlier times, in region II (see FIG.[2), where we find that
the Matubara mode sum converges. These are Fourier
modes of the Euclidean thermal circle associated to the
region. For example, in FIG. |2| region II intersects the
right horizon, and the MMs are those with the temper-
ature of that horizon. In the case of asymptotically flat
spacetimes with region II intersecting null infinity, the
relevant temperature is zero, and the line of MMs forms
a cut instead, and the Matsubara contribution takes the
form of cut discontinuity integrals.

One may question how G can be expressed as an MM
sum, since QNMs are the only perturbations that obey
all appropriate boundary conditions in the problem. The
key insight is that the MM sum only applies in region 11
which intersects only one boundary. In the case discussed
above, region II intersects H /Z", and so the mode sum
in this region need not respect the ingoing black hole

6 See also [39} 40].

boundary conditions. Similarly, when 7’ is inside the
peak of V(r), region II intersects H™*, and need not ex-
hibit outgoing behaviour through H} /Z.

The inclusion of MMs becomes crucial for the correct
analysis of gravitational wave signals, as for generic ini-
tial data the linear gravitational perturbation receives
contributions from these modes, as we discuss in section

v

We note that Lorentzian perturbations at Matsubara
frequencies have appeared in previous work in various
contexts, sometimes called ‘redshift modes’ or ‘horizon
modes’ [41H44]. For example, they appear in the near-
horizon region for a plunging particle in a black hole
[43]. Here the Matsubara modes appear in a systematic
treatment of the spectral decomposition of the black hole
Green’s function, and as far as we are aware this is the
first such treatment. We also note that the appearance
of different regions has also arisen, [14] [24] [29] 4548].
Perhaps the closest existing work in the literature is
[14] in which different requirements for closing contour
integrals in different regions of spacetime is mentioned,
though not pursued, as well as [29] in which the QNM
region for scalar correlators in the Rindler patch of AdS,
was identified (this example is discussed in Appendix |Al).

The outline of the paper is as follows. In section
1] we use the Poschl-Teller potential as a toy model to
analytically demonstrate the decomposition of retarded
Green’s functions. Next, in section [[I] we turn to
another mostly-analytic example, the BTZ black hole.
We address Schwarzschild and Schwarzschild-de Sitter in
section [[V] A vastly simpler example, scalar correlators
in Rindler-sliced AdS,, can be found in Appendix[A] We
finish with a discussion in section [Vl

II. POSCHL-TELLER

As a first example of mode decomposition, we anal-
yse the Poschl-Teller model. It can be regarded as a
toy model of perturbations to a black hole, with the
benefit that our analysis is entirely analytic. It most
closely resembles a black hole such as Schwarzschild-de
Sitter rather than an asymptotically flat spacetime, as
the points . — +oo (the ‘horizons’) are both regular
singular points. The model takes the form of where

Ve-_ (,, _ ;) (V + ;) sech®(r.), ()

where v is a parameter of the model, chosen so that V
has a maximum Vy >0 at r, =0, ie. v = i%\/l — 4Vj.
It is convenient to work with a new coordinate z = r =
tanh r,. The homogeneous form of in frequency space
is given by

(92 +w? = V)4(2) =0, (10)



whose solutions are associated Legendre functions,
Ydown(2) = €4 P;jL;(Z)) (11)
Yup(2) = €0 P2 (2), (12)
Uin(2) = ¢/ Py (2) +¢; P1(2),  (13)

Your(2) = 5 P

[SIE
l\’)

(2)+c; P (), (14)

where the coefficients are functions of w found in -
(B6)). These are normalised such that Yqown(z) ~ e
Yup(2) ~ €™ as 1, — oo, and Yin(z) ~ e
Yout(2) ~ €7 as r, — —oo. As is a second or-
der ODE there are only two independent solutions, and
so there are two connection formulae,

win(z) == Cin,upwup(z) + Cin,downwdown(z)v (15)
Yout (Z) = Cout,upd)up(z) + Cout,downqudown(z)a (16)

with connection coeflicients given in (B7)-(B10). In
particular, Ciydown = iW/(2w). Next, we construct

G(w, z,2') according to (@),

"/Jm<z<)¢up(z>)
w

(SIS

Gw,z, 7)) = (17)
where we have introduced the notation z. = min(z, 2’)

and zs = max(z, 2’), and where the Wronskian is given
by

We (1 — iw)?

P —v—iw)(} +v—iw)’

(18)

Since V' is symmetric under z — —z, without loss of
generality, we restrict our attention to the case 2’ > 0.
In this case, as shall become clear shortly, it is beneficial
to express G(w, z, 2’) in terms of the functions defined at
infinity, 1up and %down, using connection formula .
As described in the introduction, this gives rise to a two-
term split of G(w, z, 2’), as in @ with terms and .

The benefit of this split can be seen by turning to the
large 7., 7}, asymptotics of each term,

’
T*i’l‘*‘

Gai(w,z,2) ~ ase™ as 1,7, — 00, (19)

where a4 are given in and - Inserting
this into the Fourier 1ntegral gives an integrand
o+ —iw(t—t’— r*:l:r;D
ge .

~ This exponential behaviour in
w allows us to guarantee vanishing arc contributions by
closing the integration contour in the UHP or LHP de-
pending on the sign of ¢ — ¢/ — |r, = 1,| (see section
for full details). If t —t' < |r. £ r.| the contour should be
closed in the UHP, while if ¢t — ¢’ > |r. & 7}| it should be
closed in the LHP. This motivates the following definition

of three regions of spacetime, shown in FIG 2]

region It ¢ —t' > |r. +7| Nt =t > |r. —7l] (20)
region Il: ¢t —t' <|ro+7i| N t—t >|r.—7rl] (21)
region IIT: ¢t —t' < |r, —rl| (22)

t —t' = |r, — ] is the forward lightcone from the inser-
tion, while ¢t — ¢ = |r, +r}| is the reflection of this light-
cone from the peak of the potential at z = r = r, = 0.
Thus, in region I we close both the G4 and G_ inte-
grals in the LHP, in region II we close 64_ in the UHP
and G_ in the LHP, in region III we close both integrals
in the UHP. This is illustrated in FIGRl These choices
give us vanishing arc contributions, and therefore an ex-
pression for the Fourier transform as a convergent mode
sum in each region. This split of terms and the associ-
ated regions also apply to finite r,, ., which we verify a
posteriori using convergence tests below.

Let us turn to analytic structure for the integrand of
(2) separated into the two terms corresponding to the
G integral and G_ integral respectively,

; 1
I = —%csch(ﬂw) cos(mv)T’ (2 e iw) (23)
x T ( +v— zw) P\ (20) P ) (2 )e (1),
2 2

I_‘A'chch(ww)F’ W (20) P | (25 )e W), (24)
2 2

I, has poles at QNM frequencies, these are the poles of

the gamma functions,

1
wE=—i (2 +n> +iv  n€Zso. (25)

They are QNMs because they are zeros of W and thus
are both ingoing at H* and outgoing at H} /7.

In addition, there are a set of poles at Matsubara fre-
quencies in both Iy and I_ due to the common csch(zw)
prefactor, i.e. at w = in for n € Z. These are the
Fourier modes for the Euclidean thermal circle associ-
ated to the ‘horizon’ in the Péschl-Teller model. In other
words, these poles are located at

i, nez, (26)

with inverse temperature 8 = 27. This connection to
horizon temperature will be more direct in other models
in this paper, but it can also be seen in this toy model
by btudymg the near horizon limit of (10| . We take z =
1 — ap? then at small p one has (p 2(’92 + pd, + w?)h =0
at leading order, which is the wave equatlon on Rindler
spacetime, —det2 + dp?, which indeed, has a Euclidean
thermal period § = 2.

All associated residues are straightforward to obtain
from Iy , 7 and we will not quote them here di-
rectly, except to point out that the residues at Matsubara
frequencies obey

res (I1,in) = —res (I_,in), n € Z. (27)
This had to be the case, since G itself has poles only at
QNM frequencies.

Finally, we can compute the Green’s function in each

region as a convergent mode sum.



A. Regionl

See row b.I in Flg for reference. In this region we
close both G and G_ integrals in the LHP. The sum
over Matsubara residues cancels due to the property ,
leaving only the sum over QNMs which arises from the

G+ integral. Thus,

G(t,t' 2,2
+ n=0

(oo}
r :|:21/ —n) iwE iwE (it
=3 B pied (o )P () ) (29)

+ n=0
where wi are given in (25). The functions P;i’é(z) are
the QNM radial wavefunctions, and so the residue sum
is indeed the QNM mode sum.

One can show that this QNM sum converges in this
region using a ratio test. In particular, we use the hyper-
geometric representation of P#(z) to get the asymptotic
approximation

PEG) ~ fe (i) (30)

for z > 0 and || — oo with arg(p) # 0, while for z < 0
the right hand side of is modified by z = —z. Com-
bining with Stirling’s formula for the gamma functions,
we find’]

res (I, w,ﬁ_l) _

L = lim et AL (31
QNM res (I}, wiy) (81)

n—oo

Recall that we took r, > 0 without loss of generality, and
r, can take any sign in this region. The definition
is equivalent to t —t' —r, > |r,| and thus Lonm < 1
in region I where the QNM sum converges absolutely.
On the boundary of the region where L = 1 the ratio
test is inconclusive, however, a numerical investigation
of the coefficients indicates that the terms in the series
are alternating and monotonically decreasing, implying
convergence via the alternating series test. Notice that
the convergence criterion fails as soon as we pass from
region I into region II, or from region I into region III,
i.e. the QNM representation is not valid in regions II or
I11.

B. Region II

See row b.II in FIG[2 for reference. In this region, we

close the G+ integral in the UHP and G_ in the LHP.
Thus, there are no QNM contributions, only MMs. A

7 We focus on the case of Jmv # 0 for simplicity, i.e. Vo > %.

= —ZWZZZYQS (14, wy (28)

convention choice places our contour slightly above the
real axis, and so from G we pick up Matsubara residues

for n > 0 and from G_ we pick up Matsubara residues
for n < 0. Thus,

9] 0
G(t,t',z,2') = 2mi Z res (I, in)—2mi Z res (I_,in).
n=1 n=-—oo

(32)
Again these residues are straightforwardly obtained from
and (24).

The Matsubara residue sum is a sum over radial
functions that are regular in the Euchdean thermal circle
associated to the horizon at z = 1. To see this, we again
turn to the Rindler coordinate z = 1 — ap? then

res (I, in) o pl™lent = plnleiné (33)

in the near-horizon region p — 0, where ¢ = —it is an
angular coordinate on the Euclidean disk, p?d¢?+dp?. In
other words, these modes are regular as r. — oo (p — 0),
as appropriate for the portion of spacetime covered by
region 1L

Similarly to the QNM case, one can show that the
Matsubara residue sum converges in this region using
a ratio test. As before we use and Stirling’s for-
mula, however, there is one associated Legendre function
in res (I, in) for which does not apply; for this term
we first use a reflection formula,

sinf(a—pr) L, sinfam) L,
m&(é‘)—m& (2)  (34)

sin(pum) —u(_,
e prn

and then use and Stirling. The result isﬁ

. |res(Iy,i(n+1)) N
Ly, =1 IOV AT )| b=t/ —ra—rl 35
MM = BT res (Iy,in) N  (35)
_ . res(I_,i(n —1)) ety
L = 1 it bk S P +H-re—Te (36
MM = ST Tes (I_,in) ¢ /(36)

for which both LK/IM < 1 and Ly, < 1inregion II. Note
that the convergence criterion LK/IM < 1 fails as soon as
we pass from region II into region I. Passing from region
IT into region IIT this Matsubara sum remains finite (so
long as Ly, < 1 holds) — numerically we find that this
contribution is cancelled by a finite arc integral, i.e. the
LHP arc for I_.

Finally, we note that in both region I and region II,
the mode sum can be performed exactly at large r,, 7%,
which gives the same closed form expression upon ana-
lytic continuation,

1 1 1 .
G(t7tl7z7zl) ~ 5 2F1 (2 -V, 5 + v, 17 —et_t _7*_7*> ,
(37)

8 Again, we focus on the case of Jmv # 0 for simplicity.



as 74,7, — 00. The spacetime dependence appears only
in the form of e!~*' ="+ =% with a logarithmic branch point
singularity at e!~* ~"+~7% = —1, which is responsible for
the radius of convergence of the regional expansions.

C. Region III

See row b.III in FIG[2 for reference. In this region,
both terms are closed in the UHP. The only poles in the
UHP correspond to MMs, however, their residue contri-
butions cancel because of the property . Therefore,

G(t,t',z,2') = 0. (38)

This is the usual result that the retarded Green’s func-
tion vanishes outside the forward lightcone, which follows

from analyticity of G in the UHP.

D. Partial sums

0.6 1

04 1/

\

0.2 1

—0.2 T — T T T
—2 0 2 4 6 8
t—t
FIG. 4. The retarded Green’s function G(t,t',z,2') for

Poschl-Teller as a convergent mode sum at fixed z,2’. In
region I (blue) the Green’s function is a convergent sum of
QNMs, see sectlonm 11 Al In region II (green) it is a convergent
sum of MMs, see section [II Bl _ In region IIT (red) it is zero,
see section m The lines show sums of the first 30 modes in
each sum — in the region where they apply (solid), and their
extension to the regions where they do not (dashed). Black
points show the Green’s function obtained by direct numer-
ical integration for comparison. The parameters chosen are
2/ =8/10, z = 9/10, v = i\/3/2.

As a demonstration of the convergent mode sum in
practise, in this section we construct G(t,t', z,z’) using
a partial sum of modes and compare to a direct numer-
ical integration of along the real w axis. The result
is shown in FIG. In the region where a mode sum
converges — QNMs in region I (section and MMs

in region II (section [[IB]) — the agreement is excellent.
Applied in an incorrect region one sees the lack of con-
vergence, as proven from ratio tests in , and

(36)-

III. BTZ

In the last section, we presented the complete mode
decomposition of the retarded Green’s function for the
Poschl-Teller toy model as a first analytic example that
illustrates the main results of this paper. In this sec-
tion, we turn our attention to linear perturbations on the
(non-rotating) BTZ black hole. We choose to study BTZ
since, given that it is an asymptotically AdS3 spacetime,
it allows us to demonstrate the universality of our results
across different asymptotics, discussing the slightly dif-
ferent details that arise in AdS where needed. Moreover,
it is convenient to work with BTZ as its QNM frequencies
and wavefunctions are known analytically.

We note that there are a number of similarities to a pre-
vious study of Wightman functions in the Rindler patch
of AdS, [29], which we discuss at length in Appendix

We consider a massive scalar field ® on the (non-
rotating) BTZ background [49]

ds® = —f(r)dt* + %dr2 + r2dy?, (39)
Fr) = (7 = 13), (10)
AdS

fixing for simplicity Laqs = 1, 7, = 1. The radial coordi-
nate r spans from the location of the event horizon, r = 1,
to the conformal timelike boundary of AdS, r — +o0,
while ¢ corresponds to an angular coordinate ¢ € [0, 27].
The conformal boundary requires a choice of boundary
conditions, which, in the context of the AdS/CFT corre-
spondence [50H52], corresponds to a quantisation choice
in the dual CFT and is needed for a well-posed evolution
of the bulk field ®. As we shall see, this is one of the
principal differences that distinguishes this section from
the other examples considered in this paper.

We study a scalar field dual to a dimension A operator
in the CFT, so that m% = A(A — 2). In particular, we
restrict our attention to cases where A is the largest root
of this equation, i.e. A > 1. The dynamics of ® is
governed by the massive Klein-Gordon equation on this
background, (O —m3)® = 0. Without loss of generality,
we consider the radial problem for ® by performing the
following decomposition,

Z / dw 67“*”5

m=—0o0

O(t,r, ) (r)eim@, (41)

where we have introduced a factor of 1/4/r such that ¢
obeys the homogeneous form of in frequency space,

(92 +w* = V) o(r) =0, (42)



with effective potential

w0

V(T) = A(A - 2)f + r2 472 2 )

(43)

and where r, corresponds to the standard tortoise radial
coordinate

dr
Ty = o) (44)

1 r—1
_210g(r+1)’ (45)
where we have fixed the integration constant such that
ry(r = 4+00) = 0.
In order to find the solutions to , it is convenient
to change coordinates to z = (r? — 1)/r? — where now
z = 0 corresponds to the black hole horizon and z =1 to

the conformal boundary — and make the following field
redefinition

o(r(2)) = 272 (1= 2)32 7 hy(z), (46)

under which takes the form of the hypergeometric
differential equation [53]

d*p dip
1—2)—— — 1)z) —— — = 4
z(1—2) 72 +(c—(a+b+1)z2) 7 aby) =0, (47)
with parameters
m A dw
T RS (48)
m A w
Tl 4
b 5 + > 5 (49)
c=1—iw. (50)

The solutions to around z = 0 are

Yin(2) = 2F1(a, b; c; 2), (51)
VYour(2) = 277 9F (1 +a—c,1+b—¢;2—c;2),(52)

and around z = 1,

o (2) =2F1(a,b;1+a+b—c¢1—2), (53)

Y. (2) = (L= 2)707° (54)
xoFi(c—a,c—b;l—a—b+c1—2).

Noting that is second order, these are not all linearly

independent solutions, and are related by connection for-

mulae. In what follows, it will be useful to connect the

solutions around the boundary to those around the hori-
zon via [53]

'l/)n(Z) = Cn.,inwin(z) + Cn.,out'lpout (Z)v (55)
wn.n.(z) = Cn.n.,inwin(z) + Cn.n.,outwout(z)7 (56)

with connection coefficients given by —.

Armed with these results, we can construct G (w, z,2")
as indicated by , with the caveat that, due to the
presence of the conformal boundary at infinity, bound-
ary conditions are of a different nature there. Namely, for

A > 1, the retarded G requires a Dirichlet zero boundary
condition at z = 1 which is satisfied by the normalisable
perturbation, ¢, (r(z)). Physically, this is equivalent to
perfectly reﬁgcting boundary conditions at the bound-
aryﬂ Thus, G is given by

é(w72721) _ ¢1H(T(z<)xn-(r(z>))7 (57)

where we adopt the same definition for z., z~ as in sec-
tion [l and the Wronskian reads

W = —2iw Cn.,out
D(e)T(1+a+b—c)
[(a)T'(b) '

(58)

The timelike boundary acts as a reflective barrier where
lightrays bounce off, which gives rise to the region subdi-
vision of spacetime shown in FIG. [§]- the analogous con-
struction to FIG. [2| for asymptotically AdS spacetimes.

In order to see how this separation of spacetime into

three regions arises, it is convenient to express G in terms
of the two independent solutions around the horizon (51J),

using the connection formula in 7 yielding

the following two-term split

Gw,2,7) = Gi(w,2,2) +G-(w,2,7),  (59)

~ iCn.,in¢in(r(Z<))¢in (T(Z>))

G+ N 2w Ch. out ’ (60)
é_ _ i¢in(r(z<))2iout(r(z>)) ) (61)

Similarly to section [[T, we can first study each term at

9 In the dual CFT, normalisable boundary conditions correspond
to an absence of sources for the operator of dimension A dual to
the bulk scalar field ®.
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FIG. 5. Conformal diagram for asymptotically AdS black hole
spacetimes showing three regions delineated by lightrays (red
lines) emanating from a delta insertion source (red star) and
reflecting off the timelike boundary (8AdS). In regions I and
II, the retarded G is constructed from a convergent sum of
QNMs and a convergent sum of MMs, respectively. In region
III, G = 0 by causality. For further details, see the analogous
construction for asymptotically flat and dS black holes in FIG.

asymptotically large r, and r’, simplifying the analysis
greatly. Here, it is natural to look at the near-horizon
asymptotics taking r,,r., — —oo (2,2’ — 07) where

G (w,2,2) ~ agelr ], (62)

with coefficients

CYn in47iw
=t 63
“r ! 2(jn.putw ( )
1
= 64

thus behaves as ~

) as T4, T, — —00, hinting to close the
integration contour in the UHP when ¢t — ¢/ < |r, £ 1]
and in the LHP when ¢ — ¢/ > |r, £ 7| for the large w
arc contribution to vanish. Omne can prove that this is
indeed the case by Jordan’s lemma in the same fashion
as This leads to the following definitions of three
spacetime regions, shown in FIG.

The integrand in ({2

at —iw(t—t/—|r*ir;
2—6
™

region I ¢ —t' > |ry+7,| Nt —t' > |r, — 7| (65)
t—t' <|ro+r| N t—t >|r,—1.| (66)

t—t <|r.—7l (67)

region II:

region III:

Note that, written in terms of the r, coordinate for each
spacetime, the region subdivision for BTZ mimics that

10 At first sight, one may think that the 4= factor in could
contribute to a constant shift in the exponent ¢ — ¢/ — |ry £ 17|,
hence changing the location of the lightrays delineating the three
spacetime regions. However, a careful analysis of the large w
asymptotics for this term including the contributions coming
from Cy_ in/(w Ch.,out) shows that there is no such shift.
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of the previous Poschl-Teller case in section [ There-
fore, it has an analogous interpretation, adapted to the
AdS asymptotics. In particular, the location of the for-
ward lightcone is again given by t — t' = |r, — r%|, while
now t — t' = |r. 4+ | determines the location of the
lightray reflected from the timelike boundary of AdS —
infinite potential barrier in at 7, = 0 — as opposed
to the finite r, = 0 potential peak in Pdschl-Teller. In or-
der to have vanishing arc contributions, hence leading to
a convergent mode sum representation for G in (2]), we
choose different contours for the G, and G_ integrals,
separately, in each region. In region I, we close both con-
tours in the LHP. In region II, we close the contour for
é.,. in the UHP, and in the LHP for G_. Finally, in re-
gion III, both contours for éJr and G_ are closed in the
UHP. Next, we shall see that these choices also lead to
convergent mode sums at finite r,, 7.

Let us now study the analytic structure in the complex
w plane of the G4 and G_ integrands in at finite 7,
r’. The integrands read, respectively,

T(@)T(B)I(1 - ¢)
47T ()L (1 +a—c)T(1+b—c)
% (1 _ Z<)A/2—1/4<1 _ z>)A/Z—1/4221'00/22:;&*)/27

—iw(t—t")

I+:€

x oFi(a,b;¢; 2<)2F1(a, b ¢; 25 ) (68)
[ = el 69
€ 4w ( )

% (1 _ Z<)A/271/4(1 _ Z>)A/271/4zziw/22;w/2
X oF1(a,bics2<) o Fi(1+a—c,1+b—c¢2—c2s).

I has poles at a = —n and b = —n for n € Z>( coming
from the poles of the Gamma functions I'(a)T'(b)(zeroes
of W), which, using , , correspond to the BTZ
QNM frequencies [54 [55]
wE =+m—i(2n+A), n € Zxp. (70)
Also from I'(1 — ¢) in the numerator, there are poles at
1—c= —nfor n € Z>y, including a simple pole at w =0
and the UHP MMs for BTZ
Wn = 1N, n e ZZL (71)
Finally, I also presents poles at ¢ = —n for n € Z>q,
where the hypergeometric functions in the last line of
are not well-defined (see [D 3al). One of these sets
of poles is cancelled by a set of zeroes arising from the
1/T'(¢) factor, but the other set remains and corresponds
to the LHP MMs

Wy = —in, ne L. (72)

On the other hand, I_ has a simple pole at w = 0, as well
as at all the MMs, and (|72]), from the hypergeometric
functions in the last line of (69))

Knowing the analytic structure of the integrands, it is
now straightforward to construct the retarded G in each



region as a convergent sum of the corresponding modes
using the residue theorem as sketched in FIG. 2] adapted
to the AdS regions in FIG.[5] For this purpose, note that,
as expected, the property also holds in this case. In
the remainder of this section, we make the choice z < 2’
(re <7l).

A. Regionl

In this region, we close both integrals for Iy and I_
in the LHP. The MMs residues from both terms cancel
each other by , leaving the QNM residues for I, as
the only contribution to G in . Hence,

= —2mi Z Z res (I, w, (73)

+ n=0

G(t,t', 2,2

27_[_22 Z —zwf(t—t/)

|
jEnO27m;n

L(Fim — n)(iw)
T(n+ A)(Fim +n 4+ A)T(—iw; )
x (1— Z)A/271/4(1 - Z/)A/271/427w$/2z/7m§/2
x oFy(Fim —n, —n; 1 —iw?; 2)
iwk; 2.

X o Fy(Fim —n,—n;1 —

where wr are given in (70). The function (1 —
Z)A/2—1/4z—iwf/22Fl(¢im —n,—n;1 — dwr;2) is (1 —

z)~1/% — this factor comes from (the inverse of) the 1//r
field redefinition in — times the QNM radial wave-
function, thus we have constructed G in this region as a
QNM sum.

One can show that this QNM sum converges in this re-
gion using a ratio test. In particular, using the following
identity for n € Z>q

(—1)"n!
(a+1),

2
S (:f;) ; (74)

oFi(-nn+ta+B+Latliz)=

where P{*?) (x) are Jacobi polynomials, and using the
asymptotic formula [56]

Py () "
—eg et x? -1 as n — +o00, (75)
P ()

we arrive at

res (I, wi, ) _

2(7t+t/7’r*7ri). 76
res (I+,w7j5) ¢ (76)

Low = Jun

The residue sum converges absolutely, i.e. Lonm < 1, in
region I where t — ¢ > —r, — .. Note that in region II
Lgonwm > 1, yielding a divergent sum.

11
B. Region IT

In this region there are no QNM contributions, as we
close the G+ integral in the UHP and G_ in the LHP,
such that we do not pick up the QNM poles in the LHP
of G. Thus, there are only MMs contributions which,
following the same convention choice as in section [[I] to
place our contours slightly above the real axis, lead to
the following residue sum

9] 0
G(t,t',z,2') = 2mi Z res (14, in)—2mi Z res (I_,in).
n=1 n=-—oo

(77)
These residues are obtained from and , following
[D3al

As expected from the previous section, the Matsubara
modes in the residue sum are also regular functions
at the black hole’s horizon in Euclidean time. That is,
in the new radial coordinate, z = p?(1 — p?/4), where
spacetime adopts a Rindler form —p2dt? + dp? in the
near-horizon region p — 07, the residues behave as

res (I, in) oc pl™lent (78)
around p = 0. This was required as region II intersects
the future event horizon.

One can again prove convergence of this residue sum in
this region by means of a ratio test. Namely, using Stir-
ling’s formula for I" functions and the asymptotic formula
57]

y—a—B—1/2
2

2Fi(n+a,n+ B 2n 47, 2) ~

y <i(1 - m)fm_l (79)

(1-2)

as n — 00, one has

I 1
LEM = lim res( +5 7 (n+ ))

e (so)

n—oo| res([y,in)
_ res (I_,i(n — 1)) et — g
L = 1 N B (e e ]
MM = ST es (I_,in) ¢ 81)

for which both L1\+/IM < 1 and Ly, < 1 in region IL
Note that LK’AM > 1 in region I, implying a divergent
MM sum. However, similarly to Poschl-Teller, in region
IIT (as long as Ly, < 1 holds) the MM sum gives a finite
result, indicating that there must be a finite arc integral
contribution to cancel it. Indeed, we numerically test
that the latter is given by the LHP arc for I_.

As in the Poschl-Teller case, we note that the mode
sum can be performed exactly at 7,7, — —oo, which
gives in region I and in region II. The spacetime
dependence appears only in the form of et~¢ T +7% with
a logarithmic branch point singularity at e! = +7+7% =1,
which is responsible for the radius of convergence of the
regional expansions.



C. Region III

In this region both terms are closed in the UHP. The
only poles in the UHP correspond to MMs, but their
residue contributions cancel due to . Thus, one ar-
rives at

G(t,t',2,2') = 0. (82)

This result follows from analyticity of the full G in the
UHP, and is required to respect causality.

D. Partial sums

Similarly to the Poschl-Teller case, in this section we
construct G(t,t, z, 2') using a partial sum of modes and
compare to a direct numerical integration of along
the real w axis, shown in FIG. [f] Again for BTZ, there
is excellent agreement between the mode sums — follow-
ing sections [[ITA] [ITB] and [[ITC| - and the numerics in
the regions where the former converge. Outside these re-
gions, there is lack of convergence, as expected from the

ratio tests 7 and .

—0.4 1

FIG. 6. The retarded Green’s function G(t,t', 2, 2') for BTZ
as a convergent mode sum at fixed z,2’. In region I (blue)
the Green’s function is a convergent sum of QNMs, see section
In region II (green) it is a convergent sum of MMs,
see section In region III (red) it is zero, see section
[[ITC The lines show sums of the first 50 modes in each sum
— in the region where they apply (solid), and their extension
to the regions where they do not (dashed). Black points show
the Green’s function obtained by direct numerical integration
for comparison. The parameters chosen are 2z’ = 0.2, z = 0.1,
A=3/2, m=1.

12
IV. SCHWARZSCHILD(-DE SITTER)

In this section, we discuss the case of Schwarzschild-de
Sitter black hole. In particular, we focus our attention
on the case in which the cosmological constant is para-
metrically small to make contact with the asymptotically
flat Schwarzschild case[™]

The metric of the four-dimensional Schwarzschild-de
Sitter black hole is

dr?
ds®> = —f(r)dt* + — + r2 dQ2, 83
where
2M A

=1-="— - =7 4
fr)=1-=2 -2 (54)

Assuming
0<9AM? <1, (85)

the equation f(r) = 0 has three real roots. We denote
with Ry the event horizon, which is the smallest positive
root. The other two roots are then given by

—Rp +4/2 - 3R?
Ry = (86)

= ) ,

where R; > Ry denotes the cosmological horizon, and
R_ <.

The surface gravity (and temperature) at the horizon
and at the cosmological horizon are defined as

won = 27Ty — \f'(fh)l _ A(Rn - Re;}%im ~Ryp)
= onm, = LB AR Z R, )
(87)

Due to the existence of two distinct horizons in the
Schwarzschild-de Sitter geometry, each with an associ-
ated temperature, there exist two sets of Matsubara fre-
quencies, each being defined as imaginary integer multi-
ples of the corresponding surface gravity

11 The extraction of results for the asymptotically flat geometry
from the asymptotically de Sitter one was already considered in
[58], and subsequently in [59], where QNMs and excitation fac-
tors of Kerr black holes were studied by taking the small cosmo-
logical constant regime of Kerr-de Sitter. We further remark that
a study on the Kerr—de Sitter black hole Green’s function using
the Heun function was developed in [60], and, in the subsequent
work [61], a detailed discussion on a consistent way to obtain the
Kerr excitation factors was provided, together with a comparison
with previous results. The results of [61] were cross-validated in
[62] [63]. See also [64] for a study of QNMs in Schwarzschild-de
Sitter as A — 0.

12 There exists a branch of Schwarzschild-de Sitter black hole so-
lutions for which the temperatures T4 and T} are equal, the
so-called lukewarm branch. In this branch of solutions, the two
sets of frequencies coincide.



In the following discussion, we will focus on the region
close to the cosmological horizon, and therefore we will
need the expression of the Matsubara frequencies at the
cosmological horizon:

w,(cf\i’i) =tikKy,

k € Z~gp. (88)
If, instead, we considered the region close to the event
horizon, we would need the corresponding Matsubara fre-
quencies

w,g%’i) = +ikkp,

k € Zsyp. (89)

We consider linear spin s perturbations, where s = 0
describes conformally coupled scalar perturbation, s = 1
describes electromagnetic perturbation, and s = 2 de-
scribes vector-type gravitational perturbation. By con-
sidering the decomposition in Fourier modes

O(t,r,0,p) = /dee_i“t Yo (0, @) ¢ir>7 (90)
l,m
the radial problem is
" f/(’l“) ’ w? — V(T) r) =
where
_AP3
vy = o | ) (W)} .

(92)

From the homogeneous solutions ¢, satisfying the

outgoing boundary condition at the cosmological hori-

zon and ¢;, satisfying the ingoing boundary condition at
the horizon, we construct G as in 7 where

d d
W= ¢up%¢in - (bin%(bup

(93)
= f(’f’) <¢up (T)%¢in (T) - (ybin(r);i(ybup(r)) 5

and the explicit expression for r, can be found in (D1).

The differential equation can be rewritten as a
Heun equation [65] [66] in normal form

Epi)  [i-a  j-a  i-a
dz? 2 (z—1)2 (2 —x)?
2,2 2 2 (94)
u 5 —0] —ay —ajtag +u W(z) =0
z(z —x) z(z—=1) N

This is obtained by first introducing the new variable z

Rh r—R_
y =

= 95
r Ry, —R_’ (95)
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under which » = 0, Ry, R_ are mapped to z = 00, 1,0,
and r = R, is mapped to

Rn(Ry — R_
_ h( + ) , (96)
Ry (Rp — R-)
where for physical parameters « €]0, 1], and then redefin-
ing the wave function as

o(r(2)) = p(2) ¥(2), (97)
where
p(z) = : :
Vz(1 = 2)/Ry(R- +Ry(2—1)) — R_Ryz
(98)

The dictionary for the indicial parameters ag, a1, @z, doo
and for the accessory parameter v is given in Appendix
D]

The local solutions selected by the boundary condi-
tions are

win(z) _ 27/2(1 _ 2)5/2(2 _ x)e/Q(l _ x)7€/2
Heun(l—x,aﬁ—q,a>57577a1_z)v
Yup(2) = Z'y/Q(l _ 2)5/233—7/2(1 _ x)_é/Q(z _ a;)e/Q

T — afx z—x
Heun 7,M,a,ﬁ,e,5,7 .
r—1" 1—=zx 1—2x
(99)
These solutions are written in terms of the canonical

Heun functions and of the parameters of the differential
equation in the form

7@+ (T4 ) o

z z-—1
afz—q L (100)
* 2(z —1)(z —x) 9(2) =0,
and are normalised so that
Yin(2) ~ (1 — 2)5/2 14+0(1-2)], a z—1, (101)
Yup(2) ~ (2 = 2)2[1+ Oz —z)], as z—

We again postpone the details to Appendix [D]
In terms of the new variable z and wave function 1,
we can write

(w2 7) = R p(2)p(2)
)% (Vup (2) L thin (2) — Yin(2) L thup(2))
Vin(2) Yup(2'), <7’
- {¢in(z’)¢up(z)’ r> (102)
where we used
Fere) dizsﬂr) = %Rnﬁh;%}_u (103)

In what follows, we will assume r > r’.

The expressions for the connection coefficients relat-
ing the ingoing solution at the horizon to the basis of
solutions at the cosmological horizon are



(1 —-2a1)T(—20a)T (1 —20a)T (—2a;)
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C’in wn — _%aalF(z) oga _%aaF(I) —Qg _%aaz F(CE)7
do c aiHi (7fal—oa:taoo)F(%—Ja—am:I:ao)x © roe
(104)
o o k0u, F() I'(1-2a)I"(=20a)T (1 —20a)I" (2a,) 00— 50a P (x) s o300, F(2)
e U:inif(%—al—aa:I:aoo)F(%—aa—Fax:I:ao)
[
These were obtained in [67] by employing a gauge theory We have
language that we briefly describe in Appendix [D| (see also o ,
[68]). In terms of the connection coeflicients ((104)), we can Gy = %p(z)p(z’) inup_ Yup (%) Yup () )
rewrite the Wronskian in the denominator of (102)) as A(Rp — R-) Cin,down 20,
~ 3R, R_ u own (2’
. —ah. _ — A — T
¢up(z) dZwm(Z) ¢1n(2) dzwup('z) 20@ C'1n,down~ (105) (107)
where 14own is normalised as
A. Regionl Yaown(2) ~ (2 — x)176/2 1+0(z-x)], as =z _(> 0 )
108

The QNMs are poles of the Green’s function , that
is, they are given by the zeros of Cin down. We consider a
positive but parametrically small cosmological constant
A. In this regime, the set of the QNMs can be seen as the
union of the set of poles that reduce to the Schwarzschild
QNMs in the A — 07 limit, and a branch of purely imag-
inary de Sitter modes, coalescing into a branch cut in the
A — 0T limit [8)].

Following the previous sections, region I is defined as
the region where the QNM sum

, WQNM

=) 3R R p(2)p()) thin(2)thup (2)
Z res o

SN A (Rh — R,) 2a; Cin,down

(106)
converges.

As described in Appendix D} the definition of the con-
nection coefficient Ci, qown involves an expansion in in-
stantons, and the QNMs can be found by looking at the
zeros of the truncation of this expansion up to some finite
order.

Some analytic results for the QNMs within this ap-
proach can be found in [69], where a small R, regime
was assumed.

B. Region II

When the sum diverges, we split G = é+ +G_ by
using the Heun connection formulas, and we analyse the
singularity structure of both summands and their con-
vergence properties in region II.

13 We remark that at these values of the parameters the basis of
local solutions needs to be changed, to include the logarithmic

and its explicit expression can be found in .

The summand é+ has poles in QNM frequencies (that
are zeros of Cin down), and Matsubara frequencies of the
cosmological horizon that appear in the UHP as poles of

I'(2a.) Cm,up .
m down

2a, )
(M,+)
kA4

the ratio of I' functions e

20, = -k, k€Zsp o w=w (109)
and in the LHP as poles of the Heun functions in
Yup(2), Yup(2’) given by the condition

e=—k+1, kEZ>0¢>w:w(M’_).

o (110)

We describe the origin of the latter smgularltles

in Appendix @ Notice that in the full G the latter are
present only in ¥y, (2) and get simplified by the poles of
I'(—2a,) in the numerator of Ciy down- After the splitting,
however, the poles remain with multiplicity 1. For this
term, we close the integration contour in the UHP and
sum over the residues of the poles (109). We remark
that in the confluence limit A — 07T, the surface gravity
k4 — 07, and, as a consequence, the set of poles located
at (109)) coalesce into a branch cut in the A — 0T limit
8, @].

The summand G_ has poles in the Matsubara frequen-
cies in the UHP that are poles of ¥qown(2’), and
in the Matsubara frequencies in the LHP that are
poles of ¢up(z). For this term, we close the integration
contour in the LHP and sum over the residues of the
poles . Taking the integration line slightly above
the real axis, we also include the contribution from the
w = 0 pole in this term.

In general, the residue sums to be considered are

solutions. However, we will in practise always avoid these points
and only compute the residues as limits from the generic cases.



_ eiw(t=t)
Zres G+T

(M, 4+) ) _
W= w =
k>1
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(111)

2a, 2T
E>1

p 2 e—iw(t=t) o % a\ L
Z A(3Rﬁ;hi%—R )p(z)p(zl)wup( )¢up( ) Oln,up F( 2 CC) (d 1)

—zw(t t')
Zres G, , W= wk 4

k>1

221 = )27 (1 — )72 (2

in the LHP, where the residue of Heun is given in (D33])

in terms of three-term recurrence relations.

For simplicity, we restrict here to the analysis of the
UHP contribution. We want to find analytically the lo-
cation in which region II ends and region I begins. To
do this, we perform the ratio test for the residue sum
(111)). Because of the difficulty in taking ratios of Heun
functions at large parameters, we start by replacing

¥(2) = pp(2) Yup(2) (114)

J

daz\ " x
z)/? (d:) res {Heun <x1’ .

C’in,down F(2ax) dw

w:w,ijvi’ﬂ

(

in the UHP, and

) wdown(z/) e—iw(t—t')
112
K = PP = g (112)
Cl—aﬁaga,ﬁ?e’(;,z—ﬂf),e:l_k}
1—=x (M, —)
w= wkw_*_

At w = 0, the pole comes from the factor 1/a,, and
the residue is given by

(113)

i Yup (2)Vdown (2) emiw(t=t") dafw -1
2 2m dw

with e®=(2) where p is independent on z and its ex-
pression is given in (D4), and v(z) with ewri(2) | As we
verified in FIG.[7} this provides a good approximation of
the wave functions at large k, for all values of r,, ..

The ratio test can therefore be applied to the sum

4w p?

Z 3RhR— e_iw(t_t/_“_ri‘) p2ae eﬁamF(x) ZJ + 1. r (—7111 oaiaw)l‘(zfaa+a1d:ao) ‘e (—1)k+1 dCLz -1
A(Bn —R)

I'(—20a)'(1—20a) — %8, F(x)
T(—20a)T(1—20a) vap—20.F(x) D(k+1)2 \ dw 14
Zo :El‘[i (——al aa;ta(x,)f‘(%—aa—aziag)l e 2 ( + ) w “’:“’l(e],\iﬁ
(115)

In the small A regime, the ratio of connection coefficients
can be simplified by considering the leading order in the
small A expansion, that corresponds to the instanton ex-
pansion as explained in Appendix In particular, for
both sums in the numerator and in the denominator,

J

efiw(tft'fr*fr') 2a, H:I: (

(

with the convention specified in Appendix the sum-
mand proportional to z® is subleading with respect to
the one proportional to x7%. Keeping only the leading
terms, and substituting a with a(®) in 7 the residue
sum simplifies to

+a® —q, + ao)

3RpR_
Zres(M+) ZA th_

_ 47
k>1 k>1

( 1)k+1 (da)
P2 TI.T (34 a® +ay £ao) T(k+1)2 \ dw

_ (M)
=W+

(116)
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FIG. 7. Demonstration that ratios of Heun functions can be
replaced by plane waves at large Matsubara mode number, k.
The plot range is over values of 7. that correspond to values
of z in the interval ]z, 1[~]0.0786,1[. The choices for the
parameters were £ = s = 2, R, = 1, A = 1/200, t' = 0, and
2" = 6/10, showing that the agreement is good independently
on the asymptotic approximation.

Using Stirling approximation for the ratio of I' functions
and performing the ratio test, we find

M,
resgchlH
k— o0 I‘eS](C ,+)

(117)

1—1—\/%(t—t/—r*—r;—i—Qrfoume)—|—O(A),

where rPoune i 3 constant independent of ¢, ', 7,7, and
corresponds to the radius at which the lightray bounces
from the black hole potential. Therefore, we conclude
that the residue sum is convergent in the regioﬂ

t <t/ +r ol —2rPonnee, (118)

The bounce location at O-instanton order of approxima-
tion is given by

log(2 1
TEO““CQ =R, |—-1-— 0g2( ) — ix/glog (2 — \/g)]
(119)
At higher instanton orders, this receives additional cor-

14 The ratio test was performed by considering the residues of the
MMs. In the A — 01 limit, these poles coalesce into a branch
cut, and the result in loses meaning. However, we expect
the result to survive the A — 0% limit, by comparison with
the region of convergence of the QNM sum.
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rections. For example, at 1-instanton order,

11 1 11\  3log(3)

bounce _ o - o) 2Ye\Y)
T, _Rh[ 49+210g<2> 5

(120)

. Tarctanh (3—‘7/5) }

3V3

For comparison, we provide r, at the peak of V(r) in

(D5).

C. Region II1

Due to the analyticity of G in the UHP, we can close
the integration contour in the UHP and obtain G = 0 in
region III.

D. Partial sums

To demonstrate the applicability of the mode sums in
each region, we perform partial sums and compare to a
numerical solution of . The results are shown in FIG.
Bl

For region I, a partial sum of the QNM residues
is shown. The residues can be computed numerically by
root-finding for the zeros of Ci, dqown and then finding
the 0,,Cin,down there. This can be performed numerically
using Heun functions through (105)), or by utilising the
instanton approximation formulae via . In FIG.
we have used the former approach (giving the blue curve),



avoiding additional approximations, however, the instan-
ton approximation works well too.

For region II, we have partial sums for UHP Matsubara
residues (111)), partial sums for LHP Matsubara residues
(112), as well as the w = 0 contribution . In the
UHP, we numerically compute residues by root finding in
Ccnidf"‘;, using Heun functions, through both and

djdown(z)diwin(z) - win(z)iwdown(z) = _2axcin,up~
z dz
(121)

In the LHP we employ the three-term recurrence ap-
proach to compute Heun residues at Matsubara frequen-
cies, as discussed around . These partial sums are
shown in green in FIG. 3] Again, one may also use the in-
stanton approximation formulae to compute residue sums
through , with similar results.

The partial modes sums are compared to a direct nu-
merical solution of the homogeneous form of with

re—1')2
initial data G = 0 and 0;G = ﬁef% to approxi-
mate a delta function initial data, and which reproduces
the source term with the correct normalisation. This is
shown as the black points in FIG. Clearly, the par-
tial sums of modes gives an excellent construction of the
Green’s function within their respective regions.

At late times in region I, since A > 0 the falloff is finally
dominated by the de Sitter QNMs which are longer-lived
than the black hole QNMs, with a spacing along the neg-
ative imaginary axis proportional to vA. As A — 0%
and more and more residues are included in the sum, one
recovers the Price-law tail t=2¢=3 [§].

V. GENERAL INITIAL DATA

Our main focus has been the Green’s function, from
which general solutions for the fields themselves f(¢,74)
can be obtained through convolution with initial data
f(tr)li=t, and O f(t,7s) 1=, (see e.g. [L]),

flt,re) = / dr), [G(t,t’,r*, )0 f(t', 7))

— 00

(122)

t'=tg

—f(t’,r;)at/G(t,t’,r*,r;)]

Through we can use our mode decomposition of G
to determine the mode decomposition of f.

Consider as a first example, two delta function sources
or localised initial data, as in the upper panel of FIG.
[Bl Each delta function comes with its own region I and
region II, and these then overlap with each other for mul-
tiple sources. Thus, there is an overlap region where the
Green’s function is expressed as a convergent sum over
both QNMs and MMs.

As a second example, we smear the source into initial
data supported on an interval, as in the lower panel of
FIG. [8l Assuming that either the QNM sum or the MM
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FIG. 8. Mode expansions of field configurations developed
from initial data, following from convergent mode decompo-
sitions of G. In the upper panel we show the sum of two
delta function sources (red stars), leading to a QNM expan-
sion region (blue), a MM expansion region (green) and a re-
gion expressed as a sum of both QNMs and MMs (grey). In
the lower panel we smear the sources (red line) to produce
compact initial data.

sum converges on the lightcones themselves (which is in-
deed the case where we have checked, for the QNM sum
in Poschl-Teller), this then extends the region where the
mixed sum applies, and there is still a window where the
QNM expansion applies, consistent with results such as
[22]. However, extending this initial data to an entire
Cauchy surface would then appear to remove the QNM
region entirely. This resembles what was described in the
context of QNM excitation by infalling matter [70, [71],
where it was argued that the quasinormal ringing is ab-
sent from the waveforms in generic infalling matter con-
figurations.

VI. DISCUSSION

In this work we showed that retarded black hole
Green’s functions in the time-domain, G, can be ex-
pressed as a convergent QNM sum at late times and
a convergent sum of Matsubara modes (MMs) at ear-
lier times. We demonstrated convergence of these sums
analytically using ratio tests and the asymptotic form



of residues of a two-term split of the frequency-space
Green’s function, G. We also showed in some cases that
one expansion can be obtained as the analytic continua-
tion of the other.

We considered several black hole examples. In some
black holes, the frequency space expression GG contains
branch point singularities. This occurs in Schwarzschild
at w = 0, for example. Our approach in this work was
to resolve the branch point into a set of poles along the
negative imaginary axis, by adding a small cosmological
constant, A > 0. This provides a mode sum descrip-
tion of the physics of Schwarzschild (in particular the
power-law tail). At strictly A = 0, region I would con-
tain a QNM branch cut discontinuity integral, and region
IT would contain MM branch cut discontinuity integrals
too. Resolving these discontinuity integrals with a small
A > 0 gives the same outcome as A — 07 [8] and is easier
to compute.

The results of our analysis have also implications when
it comes to fitting ringdown signals with a superposition
of QNMs. Indeed, as is evident from the discussion in
section [V] the inclusion of MM contributions is neces-
sary in order to achieve a consistent fit for generic initial
data. This also suggests the need to extend recent QNM
orthogonality relations [34H3§] to include MMs too.

There are several aspects of our work that could be
investigated further.

We focused on static spacetimes. An obvious extension
of our study would be the analysis of the Green’s function
in the background of more general stationary spacetimes
such as Kerr.

In the case of BTZ, region II did not intersect the
boundary, except at the lightcone singularity. Therefore
the holographic response is restricted to region I. Addi-
tionally, as the insertion is moved towards the bound-
ary, region II disappears, and thus residues of the CFT
retarded Green’s function decay exponentially in time
at QNM rates. It would be interesting to investigate
whether this is always true for holographic theories dual
to asymptotically AdS black holes. For example, one
could consider designing a bottom-up model where per-
turbations experience a local maximum in the bulk po-
tential, and whether this affects the regions and conver-
gence properties.

There has been much recent interest in the spectral sta-
bility of black hole spacetimes [72H75], which illustrates
that small perturbations to black hole potentials can lead
to large changes in the QNM frequencies (with respect to
a chosen norm). In the context of our present work, an
interesting question would be whether the residue sum of
the perturbed poles are significantly affected. Relatedly,
the existence of QNMs is intimately tied to the open na-
ture of the black hole system with energy flux for pertur-
bations escaping through the future horizon. A natural
question is whether other open systems also feature con-
tributions from Matsubara modes, in the same way that
they exhibit QNMs, such as perturbations of the viscous
Navier-Stokes equations in a pipe [76HT78], or perturba-
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tions of neutron stars.

In [I6] a specific class of counterexamples to the com-
pleteness of QNMs were formulated. It would be interest-
ing to explicitly construct an example of the type given
n [I6], where there is no support on QNMs, using the
Matsubara mode contributions.

Given that Matsubara modes are the Fourier modes
of the Euclidean thermal circle, a natural question is
whether the representation of G in region II as a con-
vergent sum of MMs can be obtained from an analytic
continuation of the Euclidean Green’s function. In [34], it
was shown for a massive scalar field perturbation on dSy,
with mass mzﬁﬁs < 9/4, that its corresponding Euclidean
Green’s function can be constructed as a sum of QNMs.
It would be interesting to investigate whether this re-
sult also holds in the systems considered in this paper,
as it would lead to a closer understanding of the rela-
tions between the convergent mode expansions in each
region and the Euclidean Green’s function upon analytic
continuation.

We constructed retarded Green’s function at fixed val-
ues for the angular quantum numbers. The analytic con-
tinuation of the Green’s function in the w complex plane
provides an expansion of the time-domain Green’s func-
tion in terms of QNMs [I1] and, as explored in this work,
of MMs. If we were to also consider the sum over /,
then the analytic continuation in the complex plane of
£, through a Sommerfeld-Watson transform, leads to an
expansion of the position-space Green’s function in terms
of a sum of residues of Regge poles. Such an alternative
representation can be useful when studying thermal cor-
relators by analytically continuing the Euclidean Green’s
function, which is expressed as a Fourier sum of the re-
tarded Green’s function evaluated at the Matsubara fre-
quencies, and rewriting it as a sum over the Regge poles
in the complex ¢ plane. This was used, for example, in
[79] to study the singularity structure of the real-time
Wightman function, and to obtain the light-cone singu-
larity as well as the bulk-cone singularities. A natural
question is whether the Regge poles decomposition of the
Euclidean correlator has access to the decomposition in
different regions we studied, and in particular, which re-
lations it shares with the region II decomposition in terms
of MMs. It would also be interesting to analyse relations
with caustics [80].
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Appendix A: Rindler patch of AdS:

In [29] the following correlator is considered

G, t',r,r") = (®(t,r)0p (', 1)), (A1)
where ® is a massless scalar, in a Rindler patch of AdS,.
Unlike the other correlators studied in this paper,
is not retarded. Nevertheless, much of the construction
outlined in this paper applies (particularly the separation
of region I and II). Indeed, as noted in Appendix B of
[29], G can be expressed as a convergent sum over QNMs
after the lightray has bounced from the boundary (i.e.
just as in region I of FIG. . In this Appendix, we revisit
this illustrative example, and also analyse the analogue
of region II in this case.
The Rindler patch of AdSs is given by
ds* = —sinh? pdt® + dp?, (A2)
with the Rindler horizon at p = 0 and conformal bound-

ary at p — oco. The massless scalar equation is given
by

(_8152 + 87?*) ‘I)(t, T) = Ov (A3)
where r = tanh(p/2) and r. = log(r), admitting general
plane wave solutions, ®(¢,7) = e~ “o(r),

&(r) = cpe” ™ 4 cretr. (A4)
In this case, to compute G, we want to impose Dirichlet
boundary conditions at the conformal boundary in both
Rindler wedges (in contrast to Dirichlet + ingoing con-
ditions in the case of a retarded correlator). Following
[38], the left Rindler wedge is reached through analytic
continuation from the right wedge r. — r. — iw. Thus,
the homogeneous solutions that are normalisable in the
right and left wedge respectively, are,

G (r) = €77 — o,

D (r) = ¢~ i) _ gitrin)
with Wronskian,

W= ¢Rn.6m ¢Ln. - ¢Ln.3r* ¢Rn. = —4iw Sinh(’”w)~

(A7)
The zeros of W correspond to w = in with n € Z. The
case n < 0 corresponds to QNMs, since at these fre-
quencies in ingoing time v = t 4+ 7., we have ®g, =
e “lp, = e (1—e ™), so that at fixed v with
re = —oo (i.e. on HT) the mode is regular. Similarly
n > 0 are anti-QNMs (regular on H ™), while n = 0 is
trivial. Note that in this case orthogonality relations be-
tween QNMs [38], with a suitable contour deformation by
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Cauchy, reduce to orthogonality of trigonometric func-
tions on the interval r, € i[0,n]. The frequency space

version of (A1) is then

G(w,r,r") = %¢Ln. (r<)PRn.(1>),

where ro = min(r,r’), r~ = max(r,r’) and where the
extra factor of iw comes from the 0y in (as can be
seen by differentiating with respect to t').

The position space result G(t,t',r,7’) can be computed
as a convergent mode sum following the techniques out-
lined in the introduction. A key difference here, however,
is that because the Green’s function is not retarded, there
are four relevant light rays. Correspondingly, we employ
a four-term split (instead of the two-term split for re-
tarded functions (@),

(A8)

é:él+éz+ég+é4, (Ag)
- h o,
Gy = _CSC iﬂ-w) e(fﬂ'fz'r‘*fzr*)w’ (AIO)
~ h . ,
Gy = csc iﬂw) e(m=ilra=rie. (A11)
Gy = %g—mm—rmw, (A12)
G, = ,%ﬁw)e(ﬂﬂmﬂri)w, (A13)
with corresponding Fourier integrand residues,
_ e—iw(t—t') en(t—t’+r*+r’*)
res GlT,in = g2 (A14)
é e—iw(t—t/) ' en(t—f/+|r*—r;|) AL
res | Ga——p——,in | = ———o—5——), (A15)
_ e—iw(t—t') en(t—t'—\r*—ri\)
é e—iw(t—t') ) en(t—t’—r*—ri) Al7
res 4T7zn R — ( )

Clearly, then, each residue sum is a geometric series, with
a finite radius of convergence. The convergence of each
geometric sum is set by lightrays that border the region
of interest. In region I (see FIG. [5)), each of the four
integrals are closed in the LHP to obtain a convergent
QNM mode sum,

Gt ', rr') = _— Z sinh(nr, <) sinh(nr,s e "¢,
g n=1
(A18)
From region I to region II we cross the lightray 7, + r/, +
t—t' = 0, and so we must close the integral for G in the
UHP instead, leading to the following convergent sum,

o0

[en(r*+r;)en(t—t’) (Alg)

- en(n+r;>) e—n(t—t’)] _



Note that the modes in this sum are not QNMs and do
not obey Dirichlet boundary conditions at r, = 0 — in-
deed, this is an unnecessary requirement as region IT does
not intersect that boundary (see FIG. . Region IT does
intersect Ht, and these modes are all regular there, as
required. To see this, we move to ingoing time, v = t+7r,,
then at fixed 7, ¢, v each mode is either constant or de-
cays as 2" as r, — —oo.

As every region mode sum is a geometric series, in-
cluding and (A19), the analytic continuation from
one mode sum into all regions is straightforward, and is
given by

i 1 1
G(t,t',rr') = in ( P e A R

1 1
1 —et—t/—Ira—rl] 1 — et=t/—r.—7, ) (A20)

as listed in (140) of [29]. From this one can see each
lightcone singularity as the four poles of (A20)), and read
off the associated convergent mode sum for any chosen
region.

+

Appendix B: Poschl-Teller further details

In this Appendix, we provide additional technical de-
tails for section [[IL
The coefficients appearing in the homogeneous solu-

tions — are as follows,

cg =T(1+iw), (B1)
Cy = F(l - iw)v (B2)
¢ = —wcos(mv) esch(rw) I'(—iw), (B3)
- 7w esch(mw)T(—iw) (B4)

LT T2 - v — i) (12 v —iw)
v 7w esch(rw)T (iw)
° T/2—v+4iw)(1/24 v+ iw)’

= —wcos(mv) csch(mw) I'(iw).

(B6)
The connection coefficients appearing in , are

iT(1 — dw)?
C(in,down = 1 ( X 1) NG (B7)
Wwl'(z —v —iw)l'(5 +v —iw)
Cin,up = —i cos(mv)csch(nw), (B8)
Cout,down = 1 cos(mv)csch(rw), (B9)
.F 1 . 2
Cout,up = - ! ( + ZW) . (BlO)

Wl —v+iw)T(E + v +iw)
J

™

i . 2 . 2
1| < RMC/ e RNl — QRMC/ e "R < 2RMC/ e RE df =
0

0

with Mo = thus in this case I¢€ — 0 as R — c.

1
4R’
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1. Arc contributions at asymptotically large radii

In we gave the expression for the large r,,r.
asymptotics of the two-term split of the Green’s func-
tion, with coefficients,

cos(mv)l (3 — I;;;ZJI)E Efj)—k Vv —iw) l"(iw()BH)

a4 =

(B12)

We are interested in arc contributions to the Fourier
transform integral, which take the form

a4
1€ = | =e"™d B13
¢ - [ Srema, (B13)
where kK = —t+t'+|r. £ 1| and where C' is some portion

of an arc of radius R (to be taken to infinity), parame-
terised by angle 6 with 6 € [f;,6;] through w = Re®.
The calculation proceeds essentially according to Jor-
dan’s lemma, but adapted to the analytic structure of
a4+. We caution that the analytic structure of vy does
not reflect the analytic structure of Gy at finite r, 7.
This highlights the differences between analyticity of the
Green’s function and that of the S-matrix [81]. An inter-
mediate result is that

02 .
[I€] < RMC/ e RS0 (B14)

1

— o+
where Mc = maxge(g, 0,) ‘ﬁ‘

In the case of a_, there are no poles for the arc to
avoid, and so we can use Jordan’s lemma. First, we take
k> 0 in the UHP (6; =0, 03 = 7),

2 7TMC

(1—e ") (B15)

0

(

A similar analysis shows that when x < 0 closing in the



LHP yields a vanishing arc contribution as R — oo.

|w
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FIG. 9. Analytic structure of a4 (w) and definition of the arc
contributions evaluated in section [B1]

In the case of a4 there are lines of poles, see

FIG9
These poles originate in the gamma functions of (B11)),
and away from these lines of poles we can approximate
a4 at large R using Stirling’s formula to obtain,

‘ ~

Thus, with the understanding that the arc contributions
should have infinitesimal pieces removed along these lines
of poles (as in FIG. @ — this is where vertical segments

ay

efﬂ'R\cos 0| | COS(ﬂ'V)‘
21 '

2TR

(B16)

J

G(t7 t/’ Z? Z,) ~

mTI(A)
gdim  2im(t—t/+rytrl) F 7% + %, 7%
XN T Tarm-A) 498 1 _dm A 17 im
2 2 27 2 2
im A i A
I S - 2 t3 3 T3
T(m)L(1—im—A) 473\ 1 4 g A1l 4 um
2 2 27 2 2

Similarly, the closed form expression at r,,r, — —oo for
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are attached to pick up mode sums), the same result
holds. That is, when k > 0 we close in the UHP to
obtain, as above,

9] < e

(1~

where the maximum of (B16) occurs at = 7/2, so that
Me = el Hence, as R — oo, we recover I =0. A
similar derivation holds when x < 0 closing in the LHP.

e ") (B17)

Appendix C: BTZ further details

In this Appendix, we provide additional technical de-
tails for section [[Il

The connection coefficients appearing in , are
I'l—cl(a+b—c+1)

Cajn = Tla—c+)I(b—c+1) (D)
_Tle-1DI(a+b—-c+1)

CYn‘,out - F(a)F(b) 9 (02)
Tl —=¢l(c—a—-b+1)

Cn.n.,in - F(]. — a)I‘(l — b) ’ (CS)

Comons = e D2 DD oy

I'(c—a)T'(c—1)

The closed form expression at r., 7, — —oo (asymp-
totically close to the horizon) for the mode sum in region
I reads

7 csch(mm) 9—2im—2A ,— (t—t'+ro+rl)(im+A)

é ’ ’
27 s l—im, A, —im 4 A e 20t +T*+T*>>
+ =2
2
c14im, A, im 4 A e 20t ) | (O5)
+5 ’
2

the mode sum in region II reads

1—im A 1, im _ A
2 27 2 27,1 1 1,62(t—t’+r*+r;)
_iﬂ_t'_é iﬂ_t'_é 720 20 7
2 27 2 2
im _ A 3 im _ A
2 27 2 2 27,9 3 §,€2(t—t’+r*+r;)
im . A 1 im o AT 20 20 ’
—2 Tttty

Appendix D: Schwarzschild-de Sitter details, Heun
equation, and gauge theory

This Appendix is devoted to make explicit the nota-
tions used in [[V] and some more technical details. The

Appendix is divided in four subsections.
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1. Longer formulas

We define the tortoise coordinate for the
Schwarzschild-de Sitter black hole as

- 1)~ o ) et - 5 - )

Ty = —

A(Rp — R-)(Rp — Ry)(R- — Ry) (D1)
1 3
[
satisfying ddTT* = %, and such that, in the A — 07 limit,

it reduces to the Schwarzschild tortoise coordinate
r® =1+ Ry, log (T - 1> . (D2)
Ry,

The local solution satisfying ingoing boundary condi-
tion at the cosmological horizon is

J

Yaown(2) = 272(1 = 2)° 22772 (1 — 2) 702 (2 — o)1 /2

- —y =0 (a—y—4¢ —y =94 - D3
x Heun s qux(ﬁ i )(a i )+7(a+ﬁ 7 ),—OZ+’Y+67_5+7+5;2_675’Z = . ( )
x—1 x—1 1—=x
[
The full expression for p appearing in (114)) is
J
iRpw ) ) 3iR, w 3iR_w iRpw
(%) B Ai%ZRhwR;MRh < RZR_ > ARy =R (R =Fp) (R+ - R) A(Rh—;g(m—‘m) <R+ 1) *‘A(ﬁ.h*‘;,}?)h(’m:R+>
p = D) —_— —_— — .
1 1 R (R_ — R R R
\/RhR,fR,RJF + B =R + ") 4 "

(D4)

The peak of the potential in the r, variable reads

3000+ 1) 4352 — 3+ /1400 + 1)s2 + £(0 + 1)(90(€ + 1) + 14) + 9s* — 1852 + 9,
400+ 1)

Tipeak) :Rh l:

+1log (\/—14£(£ F1)s2 + 00+ 1)(90(0+ 1) + 14) + 9s* — 1852 + 9 — (0 + 1) + 3% — 3) —log(46(¢ + 1)) |.
(D5)

(

2. Heun equation the dictionary of (94)):

3iR_w
W0 = KR RIR )" (D6)

In this second subsection, we write the full dictionaries -
for the parameters of the Heun equations. We begin with a; = A(Rh_%i )?§+_Rh) ) (D7)




3iRfw
Az = A(R+*Rh)J(rR+*R—)’ (D)
Uoo = S, (Dg)

3+ +3(1—5%) 2R} + 2R, Ry — 2R%s* + R%
A (R — R?) 2R? — 2R?
N 18R2 w? (—2R? — 2R, R, + R%) .
A%(Rp — Ry )3(Rp + Ry )(Ry + 2R1)?

The redefinition of the wave function to pass from the

Heun equation as in to the one in (100)) is

(D10)

g(z) = 221 = 2) Pz —2)"Py(z),  (D11)
and the dictionary for the parameters is
azl_ao_al_ar+aooa
B=1—ag—ai—a; — e,
Y= 1- 20‘07
6=1-— 2&1, (D12)
e=1-2a,,

1
q:i—i—x(ag—l—a%—kai—ago)—ax—alm—l—

ap2a; —1+x (241 — D]+ (1 —2)u.

3. Heun poles

In this subsection, we describe the origin of poles in the
Heun functions when the parameters assume nonpositive
integer values. We begin the discussion by considering
the standard Heun function

Heun(x’qaa7ﬁ7’7a67 Z), <D13)

which has simple poles when v = —n, n € Z>o. The
Heun function (D13 admits a Taylor series representa-
tion around z = 0,

Heun(m7qa 04,6,’}/, 6a Z) = ZCT ZT7
r>0

(D14)

where the coefficients ¢, satisfy a three-term recurrence
relation defined as

rycr —qco =0,

D15
Cj Cjy1 — Bj Cj +Aj Cji—1 = 07 j Z 1, ( )
where
Aj=(G-1+a)(j—1+8),
Bi=q+jl(j—1+v)(1+z)+zd+¢, (D16)

Ci=x(G+1)[+7)

The normalization is fixed by ¢cg = 1. When v = 0, the
pole appears from the condition zyc¢; — geg = 0 (for
generic values of ¢). When v = —n, n > 1, the pole
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appears in the definition of ¢, since C,, = 0 (again, for
generic values of the other parameters).

For the analysis of the Matsubara frequencies as poles
of G_(w, z,2') in the Schwarzschild-de Sitter case, we are
interested in the poles of the Heun function appearing in

Yup(2) (99):

Heun (% 1=25
x—1 1—

This Heun function admits the Taylor series representa-

zZ—X
aaaﬂa€757 1_$> . (D17)

5+7],

tion
z—X "
;)dr (lx) , (D18)
with
do=1, zedi+(¢—apx)=0, (D19)
and
Cjdji1 —Bjd; +A;jdj_1 =0, j>1, (D20)
where
A =(-1+a)(-1+5),
szql_afx-‘rj[(j—l—‘re) (1+x$1)+x$1
= =+ 10 +e).
(D21)

Therefore, this Heun function has simple poles when € =
—n, n € L.

To evaluate the residues at these poles, we first de-
scribe the procedure for the simpler case of hypergemet-
ric functions and then apply the same reasoning to the
Heun context.

a. Hypergeometric residues

The hypergeometric function oFj(a,b;c; z) has poles
when ¢ = —n, n € Z>o. To compute the residue of the
pole, we start by considering the Taylor series represen-
tation

(@) (D),

(¢)rr!

2Fi(a,byez) =Y

r>0

zZ",

(D22)

in which the presence of poles at nonpositive integer val-
ues of ¢ is made explicit by the Pochhammer symbol.
From this representation, it is apparent that the pole
structure can be absorbed in the I'" function’s one, by
introducing the regularized version of the hypergeometric



function:
r b r
res Z (Cél)r(r3 2Me=—n| =
_7"20
r
res (<) (@), (B), Zle=—-n| =
Te) 2= (c),r!
1 » (D)
res [['(¢),c = —n] lim (@), ( 3 2" =
A0 T 25 (o), !
(=)™ (@)nt1(O)n+1 _ppq . .
. (1) 2" R (a+n+ L,b+n+1;n+2;2),
(D23)
where we used Equation 15.1.2 in [82].
The final result can be explained as follows. When

¢ € Z the two standard solutions around z = 0 be-
come linearly dependent. Therefore, the regularized ver-
sion o9 Fy(a,b;c;z)/T'(c) of the hypergeometric function
o Fy(a, b; c; z) must be equal to the evaluation at ¢ = —n
of the other solution 2! ¢y Fy(1+a—c,1+b—c;2—c; 2),
up to a constant factor. This constant can be ob-
tained by considering the Taylor series representation
of oFi(a,b;c;z), and by taking the limit lim.,_,(c +
n)oFi(a,b;c;z). Indeed, the first non-zero term is the

(@nt1(0)ntr

one with » = n + 1, whose coefficient is CESH)

b. Heun residues

As in the hypergeometric case, we claim that the
residues of the Heun function Heun(z,q,a, §,7,6,2) at
v = —n, with n € Z>( are of the form

res [Heun(z,q, @, 8,7,6,2),y = —n] =
const 2!~ Heun(x, g + (26 + €)(1 — 7),
at+l-7B+1-72-7,0,2)]

(D24)

y=—n"

meaning they are proportional to the evaluation of the
independent local solution at v = —n, up to a constant
which is the residue of the first coefficient ¢, 11 having a

pole at v = —n:
Bn mn An m—
const = res [¢p41,7 = —n] = ﬁ (D25)
We show this by computing
lim (v + n)Heun(x,q, o, 8,7, 0, 2). (D26)

y—=—n

By using the Taylor series representation and the three-
term recurrence relation for the Heun function, we have
that the finite sum >_""_, ¢, 2" does not contribute to the
residue:

n

lim (y+n) ZCT 2" =0.

——n
K r=0

(D27)
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The first term being non-zero is given by

Bn Cn — An Cn—1
z(n+1)
(D28)
Then, the pole is propagated by the recurrence relation
and the overall residue is given by

Bn Cn — An Cn—1 o
Cn

lim (y+n)cp41 =
y——n

oo
. n+1 ~ r
71_1>11_1n('y+n)z ;()CTZ ,
(D29)
where the new coefficients ¢, satisfy the following recur-
sion relation:

o0
lim (y+n) Z & 2"t =
r=0

y—=—n

A Bn Cp — An Cn—1 N Bn+1 é0
cog=———"F""F—", (€ =—F—"—7",
z(n+1) x(n+2)
A AL (D30)
“ Bj Cj —Aj Cj—1 .
Cjt1 = T7 j=z1,
J
with
Aj = Aj-l—n-i—la
i = Bjtnt1, (D31)
Ci=z(j+n+2)(j+1).

The functions in (D31]) are precisely the ones defining the
three-term recurrence relation satisfied by the coefficients
of the Taylor series representation of the Heun function

Heun(x, q+(x6+€)(1_7)7 O[+1—’)/, /6+1_’Y7 2_77 67 Z) |'y:7n .
(D32)

The claim is proved taking into account the overall fac-

tor of ¢y, due to the normalisation of the Heun function

o).

For our analysis in Section [[V] the following result will
be used:

res [Heun L,M,a,ﬁ,e,é,'z—m ,E=—n| =
r—1" 1—=x 11—z

By dy, — A, dy1 (z—z>n+1 "

Lo (n+1) 1—z
Ikm( x7q—w—7—®m—7—®x+%1+m,
r—1 1—2z
zZ—T

(D33)

4. Gauge theory details

In this subsection, we introduce the conventions used
for the gauge theory quantities and the Nekrasov-
Shatashvili (NS) functions [83].

The connection between black hole perturbation the-
ory and Seiberg-Witten curves was established in [84] and
was then developed in many subsequent works [85-92].



The expressions for the connection coefficients of the
Heun differential equation were obtained in [67] from the
connection formulae for the semiclassical Virasoro confor-
mal blocks with a degenerate insertion in Liouville con-
formal field theory. More precisely, correlation functions
with a degenerate insertion satisfy a partial differential
equation, known as Belavin—Polyakov—Zamolodchikov
equation [93], that in the semiclassical limit becomes an
ordinary differential equation with regular singularities
at the positions of the insertions. Thanks to the cross-
ing symmetry property of the correlation functions, it is
possible to extract the connection coefficients that relate
different conformal block expansions for the same corre-
lator, obtained by performing operator product expan-
sions between the degenerate insertion and one of the
primary ones. Finally, these quantities admit explicit
and combinatorial expressions provided by the Alday-
Gaiotto-Tachikawa correspondence [94], which makes a
dictionary between quantities in 2-dimensional Lioville
CFT and 4-dimensional ' = 2 supersymmetric gauge
theory. The relevant theory for the Heun equation is the
SU(2) theory with Ny = 4 fundamental hypermultiplets.

We introduce the main contributions crucial for defin-
ing the instanton partition function appearing in the con-
nection formulas. We denote with ¥ = (Yi,Y5) a pair of
Young diagrams, with @ = (a1, ag) the vacuum expecta-
tion value of the scalar in the vector multiplet, and with
€1, €2 the parameters characterizing the -background.

J

€2 —0

F(:C) = lim e log (1 . x)725;1(%+a1)(%+am) Zgj\?|zvec (67 )7) thyp (6,}777717;)

The gauge parameter a parametrizes the composite
monodromy around the points z = 0 and z = z, and is
expressed as a series expansion in the instanton counting
parameter x, obtained by inverting the Matone relation
[95]

1
u:—Z—a2+ai+a%+x8zF(x), (D38)

J

(%—l—u—ag—a%—a%—!—ago)(%—i—u—Qai)

25

We define the hypermultiplet and vector contributions
as

R 1 o1
zhyp(a,Y,m): H H [ak—i—m—i—q(z—i)—i—@(j—f
k=1,2 (i,5) €Y,

2
o 1
Zvec (a’ Y) - H H a; — a5 — ElLYj (5) + 62(AY5 (5) + 1)

i,j=1s€Y;
<11 ! .
fev, —aj+a;+e(Ly,(t)+1)— €2 Ay; (s)
(D34)
We adopt the conventions ¢ = 1 and @ = (a, —a). By
denoting with m1, ms, mg, m4 the masses of the four hy-
permultiplets, the monodromy parameters ag, az, a1, Goo

are defined as

my = —ag; — ao, me = —az + ag, (D35)

ms = Qoo + A1, My = —Uso + a7.

The position of the fourth singularity of the Heun equa-
tion, denoted with z, is the instanton counting parameter

x = e?™7 where T is related to the gauge coupling by
0 4
=~ 4i" (D36)
27 JoM

The instanton part of the NS free energy is then given as
a power series in z by

(D37)

where the parameter u appearing in the differential equa-
tion is the complex moduli parametrizing the corre-
sponding Seiberg-Witten curve. The instanton expansion
of a reads

1 2
a==+ —z—u—i—ag—i—ao—i—

As can be seen, a is in principle defined up to a sign. We
always choose the branch for which a has a positive real
part. We will denote with a(®) the leading order of a in

z+O(a?) (D39)
2(1+2u— 202 — 2a3) ([~ —u+ a2 + a3
[
the instanton expansion:
© 1 o o
= *1*U+az+ao- (D40)
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