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Stable evolution of relativistic hydrodynamics order-by-order in gradients
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We provide a systematic framework for solving the initial value problem for relativistic hydro-
dynamics formulated as a gradient expansion. Secular growth is handled by a suitable covariant
resummation scheme, which reorganises the degrees of freedom at each order in the expansion while
preserving the sum. Our scheme can be applied to any order in the gradient expansion; we provide
the explicit formulation at first and second orders. When working to first order, we find that the
BDNK equations of motion emerge as an intermediate step in a calculation performed in the Landau
frame. We show that non-hydrodynamic modes appear only in such intermediate calculations and
cancel when evaluating solutions to the required order. Our procedure does not introduce any other
fields or require any additional initial data beyond those appearing in the theory of ideal fluids.

I. INTRODUCTION

The 21st century has been a golden age for relativistic
hydrodynamics. In particular, over the course of the past
25 years, it has established itself as the key framework to
model the time evolution of the primordial quark-gluon
plasma at ultrarelativistic nuclear collisions at RHIC and
LHC [I]. The magnitude of the leading dissipative effect
associated with the shear viscosity has led to the fun-
damental insight that the quark-gluon plasma seen in
experiments is a strongly-coupled liquid [2].

Arguably, the majority of the key developments in rel-
ativistic hydrodynamics have revolved around dissipative
effects, which are clearly crucially important. The chal-
lenge that we address in our present work is that of an
initial value problem in relativistic hydrodynamics with
dissipation. In our view, this is the key foundational
problem in this area, as its handling has a bearing on the
validity and trustworthiness of predictions of the future
behaviour of any relativistic fluid.

The reason why the challenge arises in the first place
stems from relativistic hydrodynamics being a classical
effective field theory (EFT). Its degrees of freedom are
local densities of conserved charges, and its equations
of motion are the conservation equations of the currents
expressed formally in terms of the densities through a
gradient expansion. Including more and more terms in
this gradient expansion while preserving covariance adds
time derivatives. If these equations of motion are then
truncated to a given order, there is no guarantee that
the initial value problem will be well posed, and indeed
generically it is not [3]. The leading order in the gradient
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expansion defines the theory of ideal fluids that is free
from these issues, but it also lacks dissipation.

In the literature, there exist three approaches to deal
with this problem. In the Miiller-Israel-Stewart (MIS)
approach, dating back to the 1960s and 1970s [4H6], new
transient degrees of freedom are added explicitly, as dis-
sipative corrections to ideal relativistic hydrodynamics
are promoted to independent fields obeying relaxation
equations. In the much more recent Bemfica-Disconzi-
Noronha-Kovtun (BDNK) approach [7HI0], a field redef-
inition called a frame transformation and a truncation
to first order are combined to generate second-order hy-
perbolic equations of motion for the charge densities. In
this approach, new transient degrees of freedom are in-
troduced implicitly, as the resulting equations of motion
involve additional time derivatives relative to the ideal
case. Both the MIS and the BDNK approaches are man-
ifestly covariant and both involve transient, exponentially
decaying excitations on top of gapless hydrodynamic ex-
citations. Finally, the most recent proposal, known as the
density frame approach [TIHI3], achieves stability with-
out adding new degrees of freedom at the price of sacri-
ficing relativistic covariance.

Given this diverse set of approaches to dealing with
the initial value problem, and the fact that each of them,
despite their strengths, has obvious disadvantages, it is
natural to wonder if there might be another idea that
allows for a fully systematic, order-by-order treatment in
the gradient expansion.

In the present work, we go back to the roots and re-
examine what it takes to solve the initial value problem
in relativistic hydrodynamics as an effective field theory.
In other words, we want to solve the initial value problem
while working within the gradient expansion up to some
desired order of accuracy.

The naive way of achieving this goal is to first solve the
equations of motion for the ideal fluid and then account
for the dissipative corrections perturbatively. The power
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of the formal perturbation parameter, €, can be associ-
ated with the order of the gradient term: the ideal terms
being O(€"), the viscous ones O(e!), etc. The reason why
this approach cannot succeed is secular growth: a ubiq-
uitous phenomenon in physical systems where the time
evolution of initially small perturbative corrections leads
to significant growth, thereby invalidating the perturba-
tive expansion. See Ref. [I4] for a excellent overview of
the topic.

In the present work, we address the problem of secular
growth in relativistic hydrodynamics by putting forward
a resummation scheme at each order in e. This method
produces a solution to the hydrodynamic conservation
equations up to any desired order in €, and the resulting
solution is insensitive to the details of the resummation
scheme up to the same order in €. We first illustrate this
idea in Sec. [[I] with the example of diffusion to all orders,
and then apply it in Sec . [[I]] to a conformal relativistic
fluid at first order; in this latter case, we find that the
equations of motion of BDNK theory naturally emerge
in an intermediate step. To demonstrate the generality
of our approach, in Sec. [[V] we work out the equations
of motion up to second order, and also outline how the
calculation proceeds to any orders in the hydrodynamic
gradient expansion.

II. DIFFUSION

The simplest case to consider is charge diffusion. In
this case, the conservation equation,

is supplemented with a constitutive relation truncated to
first order in the gradient expansion (Fick’s law)

ji = —€Ddip + O(e)?. (2)

where D is a constant. Here we are working perturba-
tively in gradients to first order, with errors of order €2,
where powers of € count the number of derivatives.

The key characteristic of the EFT is its definition as
a perturbative expansion in gradients. Taking this seri-
ously, means a solution to with should be con-
structed in a gradient expansion,

P, 7) = po(t, ) + pr(t D)+ O, (3)

leading to the following equations of motion at each order
in €

81&90 = 07 (43‘)
dp1 = D& py. (4b)
Direct solution of these equations shows secular growth,

po = co(T), p1=c1(T) + Dd*co(Z)t, (5)

where cg, c; are integration constants.

Our proposed resolution to the issue of secular growth
is a field redefinition at the level of the expanded fields,
po, p1, while leaving p invariant to the required order.
Near t = ¢’ this is achieved as follows,

po — po —eapr (t —t'), (6a)
p1 — p1+api(t—1). (6b)

where « is a constant parameter. This has no effect on
the solution p, since

p = po+pre+ O(e)?
S (po — capy (t— 1) + (p1 + apy (E — #))e + O(e)?
= p (7)

We emphasise that this is not a frame transformation
since it leaves p unaffected. However, it does change
the individual equations of motion for py and p; due to
the time derivatives they contain; in particular after the

replacemen a € equations ecome
pl t (6a), (6b) the equations () b

Oipo = eapy, (8a)
dpr = DOpo — apr. (8b)

To this order the original equation of motion is un-
affected by this change, since by , O¢po + €0tp1 =
eDO?py + O(€)? with the o dependence cancelling. Only
the equations governing pg and p; are affected, where «
is playing the role of an exponential damping rate, and
so po and p; no longer exhibit secular growth. Alterna-
tively, if one were to discretise the time derivatives in ,
it is clear that the associated updating scheme involves
the transfer of order-1 quantities into order-0 at a rate
governed by «, so that secular growth is tamed. Once
are solved to obtain pg and p;, one can reassemble
them using to compute the final result, p.

To demonstrate that there is no secular growth we can
convert the pair of first-order equations into a single
second-order PDE for py by eliminating py,

a9} py + Orpo — €D py = 0 9)

which is nothing but the telegrapher’s equation. It arises
both in MIS and BDNK as a shear channel perturbation
(viscous diffusion). If one solves (9)), then p; is needed in
order to obtain p through , and is given simply by the
time derivative of py through .

At first glance, if we consider (or indeed (9)) then
we are led to the conclusion that there are two inde-
pendent plane-wave solutions (modes) with spatial wave-
vector E, having respective frequencies wy and wyg. The
general solution for pg and p; is then a linear combina-
tion of these modes, with coefficients given in terms of



initial data for the problem by

plt) = (S w0+ S(0)) et

—a+ A Qe -
<2AP0(0) - Ap1(0)) € , (10a)

DE? —a+ A -
(APO(O) + MP1(0)> e

(“;AA)m(m) e—isnt (10b)

o)
=
—
o~
=

Dk?
+ <APO(O) +

where wy = —%(a — A), wyg = —4(a + A) with A =
va(a —4Dk?e). The wy behaviour is gapless, hydrody-
namic, since w — 0 as k — 0, while the wnyg behaviour
is gapped, hence non-hydrodynamic (transient). A key
insight that follows is that while wny appears in the so-
lution to pg and py, it does not contribute to p at the re-
quired order in € since it cancels out in the final sum ,

p(t) = (po(0) + €p1(0) + O(€)?) et ()

+ ((’)(6)2) g twnmt,
Therefore, to first order in €, the non-hydrodynamic
mode does not appear in the final solution, even though
it plays a key role in the causal and stable construction of
po and p; via @D The parameter «, which in our scheme
is present to perform secular resummation, in the context
of @ plays the role of a regulator which can be chosen
so that the evolution is causal. In addition, the initial
data at each order in the € expansion, p;(0), combine to
give the physical initial data, i.e. p(0). It clearly does
not matter how one chooses to distribute p(0) between
the p;(0) for the purposes of evolution. This emphasises
that despite the increased differential order, no additional
physical initial data are required.

This construction naturally extends to higher orders.
The constitutive relation gets extended to include new
transport coefficients, By,

Ji =Y Bon€" T (=0")" " 0yp (12)

n=1

where 85 = —D [IF], along with an extension of (),

o0
p=>_ €"pn. (13)
n=0

The resulting equations of motion can be modified to ab-

sorb secular growth, just as going from (4a)), to (§).

A natural minimal choice of such adjustments introduces
a secular resummation parameter a,, at each order, lead-

ing to the following equations,

Orpo = €a1p1 (14a)
Oep1 = —B20?py — a1p1 + eaapo (14b)
Dpa = —B20°p1 — 2pa + €asps (14c)

5™
atpm = Z 5271(—32)”01+m—2n — OmPm + EXm+1Pm+1,
n=1
(14d)

The spectrum of modes at spatial wave-vector k is thus
governed by a bidiagonal matrix independent of k, plus
a lower-triangular Toeplitz matrix dependent on k. At
k = 0, the spectrum is given by the bidiagonal matrix,
whose eigenvalues are the diagonals,

—iWy, = — Oy, n=20,1,... (15)
with ag = 0, corresponding to one gapless excitation
(the hydrodynamic mode) and infinitely many gapped
modes. The eigenvector corresponding to the nth eigen-
value, p{™ | is then be obtained by solving with the
eigenvalue substituted in, i.e.

s = "ol (16)
with solution
m—1
P = j]}oaja;j” p”,  m=1. (1)

i.e. the n-th eigenfunction has the following e-expansion

P o= pen
m=0

= p(()n) 1+

m=1

m—1
[T &2 (18)
j=0

Qj+1

First, we establish that p(">) = 0, generalising the sec-
ond line of . This follows directly from the identityﬂ

Y ITE*=-1, a0 (19)

Next, we can show that p(® is simply the appropriate

1 This can be proven as follows. Let Py, = H;ﬂ:_ol aé ,_+a1n and Py =
i

1. Then by induction one can prove that P, = f‘;: Zf;& Ps.
Hence P, = — 22;01 Ps from which follows.




sum of initial data, since

pO =3 pem
m=0
=2 >

n=0m=0 t=0

= Z Pm(0)€™ (20)
m=0

where in the second line we used the property that
p">% = 0, and in the third line we introduced p,,(0)
as the initial data at ¢ = 0 for p,,. This generalises the
first line of to all orders.

em —zw,,

IIT. HYDRODYNAMICS TO FIRST ORDER

In this section, we consider the hydrodynamic descrip-
tion of a neutral relativistic fluid, for which the hydrody-
namic variables are the local temperature T'(x) and the
local fluid velocity U#(x). The stress-energy tensor of the
fluid is parametrised in terms of these variables through
the gradient expansion, here shown to first order in gra-
dients in the Landau frame:

Ty = EVLU, +PA,

—enou —€CAL0- U+ O(e)?, (21)
where as before, € is a formal parameter to count deriva-
tives. We have introduced the spatial projector A,, =
Nuw + U, Uy, and the shear tensor is given by
a b 2
Opv = A# AV 8an + 8bUa - ﬁnaba U ). (22)

The equation of motion of relativistic hydrodynamics are
the conservation of , 0,IT* = 0.

For the sake of presentational simplicity, we specialise
to the conformal case where { =0, P = &/(d — 1), and
we define the local temperature T' in terms of the energy
density &€ through the equation of state, & = c¢T¢. For
such a conformal fluid, the shear viscosity is given by
n(T) =1 d CgTd L where the specific shear viscosity
n/s is a dlmensmnless number.

The first step is to expand the fields in the gradient
expansion, using the formal parameter e,

z) = T,(x)e", =Y Uk(x)e".  (23)
n=0 n=0

Note that the normalisation of the fluid velocity, U -U =
—1, imposes an infinite set of nontrivial algebraic rela-
tions on the U fields. At the three lowest orders,

Up-Up=—1, Uy-U =0, 2Uy-Us+U;-U; =0.
(24)
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The ansatz leads to the naive perturbation theory
equations of motion to first order in gradients,

9Tk = 0,
9T = 0,

(25a)
(25b)

which govern the variables Ty, U{' and Ty, U}'. For future
reference,

0 _ 0770 0
T, =& (U U, + dlA‘“’> . (26)
The next step is the secular resummation step, in which
we make the following replacements at the level of the
equations of motion

To — To+eaThUp- (x — '), (27a)
Ty — Ty —aThUy - (x — '), (27Db)
vl — Ul +epUl" Uy - (z — 1), (27¢)
Ut — —BUI'Uy - (x—2')+ O(e), (27d)

at each location z’, and then take ' — =z at the end.
This has the interpretation of transferring secularly grow-
ing pieces at order €' into order € terms, just as in the
diffusion example, here controlled by the parameters «
and . These rules preserve the normalisation conditions
(24). The overall effect of these replacements is to adjust
material derivative terms (U}'d,) in (25), leading to the
following set of coupled first-order equations,

9,1} = eJ, (28a)
0,TI" = —J”" + O(e), (28b)

where
J' = —aT"U) + (B — a)dT}"U,. (29)

This allows for energy fluxes (controlled by «) and
momentum fluxes (controlled by 5 — «a) between or-
der €' and € while maintaining overall conservation,
0, (T + €T!"™) = O(e)?. We note that a, 3 have dimen-
sions of inverse length, and thus for a conformal fluid are
taken to be proportional to Tj.

In fact, is a first-order formulation of BDNK in
the variables U}’ and Tp. To see this, note that the first-
order variables U!" and T; can be obtained as derivatives
of the zeroth-order ones by projecting with U9 and

Agw resulting in
Tl d ,
T o= —- deea U0, 14", (30a)
(d_ )T ¢ v

2 The U* rule here can be induced from a rule on the underlying
spatial velocity, v.



Then the full stress-energy tensor at first order, 7}, =
TSV + ije, takes the form
Ty =TY o ¢ lm 4l 31
pr = Ly =TT, + E ny + B iz ( )
where
d d—1Uy-0&
n, = —|(0- U+ ———2 ") 10 32
o d—l( TS )“"’ (822)
dgo 1 (AO)UaagO
H2 = 0 . 0 — A
w d—lU“ <Uo 8U"+d % + (u e v),
(32b)

and where &y, Ag,oh”, and no are these quantities eval-
uated the zeroth order fields. This is the BDNK stress-
energy tensor in the variables U} and T, with « and S
playing the role of frame parameters. As has been es-
tablished in BDNK literature, the BDNK equations of
motion are well-posed and causal [7HI].

The spectrum for Uy and T perturbations, as governed
by these BDNK equations, contains transient modes. In
the shear channel there is a hydrodynamic mode and a
non-hydrodynamic mode with gap S (i.e. wng(k =0) =
—if3), while in the sound channel there are two hydro-
dynamic modes and two non-hydrodynamic modes with
gaps « and f3.

Note however that here the BDNK equations are sim-
ply an intermediate step. The final answer requires
taking the BDNK solution and computing U! and T
through and , in order to assemble the full
solution for the fields U* and T to the required order.
This step, which is not taken in the previous literature,
is essential for the cancellation of the gapped degrees of
freedom, as is the case in the diffusion example of the
last sectionﬂ Additionally, we note that the final result
resulting from this procedure is in the Landau frame.

While going to second order form makes a direct con-
nection to previous literature (BDNK), we note that it is
more convenient to remain in the first order form ,
where the above considerations are manifest. This will
also be convenient for the purposes of going to higher
orders in the expansion, which we present in the next
section.

IV. HYDRODYNAMICS AT HIGHER ORDERS

At second order in gradients, we can consider the
following natural generalization of the resummation

3 In fact, the linearisation of this system in the shear channel is
the diffusion example.

vation of U, U" =

rules ,

To — To+eayTyUy - (z—2'), (33a
T, — T — (a1Ty — eaxTy) Uy - (z—2'), (33b
Ty — Ty — asThlUy - (z—a'), (33c
Ul — Ul +epUl'Uy - (z—2'), (33d
Ul = Ul'+ (=p1UY + efUL + eXUL ) Up - (z—2"),(33e
UY — U+ (=BUY — XU Uy - (z—2') + O(e), (33f

where as and (5 are two new resummation parameters,
and a1 = «, B = B as used in Sec. [lIl Here X =
B1U71 - Uy + B2Up - Us which is required to preserve the
normalisation relations .

As at first order, the net effect of these resumma-
tion rules is a modification of the equations of motion
0,1 = 0,T{" = 9,73 = 0 that ultimately amounts
to a change of their right-hand sides through the appear-

ance of two currents J!' and JJ',
0TI = eJv, (34a)
QT = —JV + eJy, (34b)
,TH" = —J§ + Ofe), (34c)

where J; = J¥ is as given in , and J3 is given by

Jy = AgUl + A UL + AU + B*, (35a)
Aog =&y |d(d— 1)y (%)2 + dag%

+7d(§ (ﬁdl__ 1€2)U1 : Ul} , (35b)
Ay = ngOéo‘_l = B) % L j_l)lﬁ Y00 Uo,  (350)
Ay = Cflgfﬁf, (35d)
Bt = —%WU{@JJ; (35¢)

The linear spectrum for Ty and U}’ perturbations in the
shear channel contains one hydrodynamic mode, and two
gapped modes with gaps (1, 82. In the sound channel
this contains two hydrodynamic modes and four gapped
modes with gaps a1, a9, 81,82. Thus while these pa-
rameters should be chosen appropriately for stability
and causality of intermediate calculations|*| these extra
gapped degrees of freedom will not appear in the physi-
cal spectrum (i.e. perturbations of T, U*).

At higher orders, the resummation rules can be
straightforwardly generalised, keeping only terms linear
in Up - (x — 2’) as a scheme choice. As in the all-orders
diffusion example, there are new «,,, 3, parameters at
each order, and additional terms to ensure the preser-
—1. Then, there is an extension of

4 A preliminary investigation shows that this is indeed possible.

)
)
)
)
)
)



the first-order time-evolution formalism to include
an additional current J# at each order in e. These J¥
are completely determined by the resummation scheme.
Thus, structurally, there is no obstruction to applying
our scheme to arbitrary order in the hydrodynamic gra-
dient expansion. In practice, well-posedness would need
to be further investigated.

V. OUTLOOK

We have formulated a systematic procedure to evolve
initial data based on the hydrodynamic gradient expan-
sion. This procedure is free of the secular divergences
that have disqualified such approaches in the past. It
does not introduce any degrees of freedom nor require
any initial data beyond those present in the ideal fluid
theory and is not limited to first order in gradients.

At first order in gradients, our approach leads to the
BDNK evolution equations as an intermediate step. The
well-posedness of the BDNK equations of motion natu-
rally implies that our approach is correspondingly well-
posed. However, the final result of our approach for the
hydrodynamic fields T, U* is not the BDNK result, since
the additional step involved in computing T} and UY' is
crucial for obtaining the correct physical answer. In par-
ticular, our solution is insensitive to the transient modes
that appear in BDNK to the desired order in the gradient
expansion, while solutions of BDNK are not.

Moreover, while it naively seems like there is extra ini-
tial data required for evolution compared to ideal hy-
drodynamics, this is not the case in our approach. This
is because the additional fields U}, T,, are simply coeffi-
cients in an € expansion of the physical fields, U#, T, and
thus there is a freedom, without consequence, to choose
how the physical initial data is distributed among the
different € orders.

Our approach is of immediate physical relevance to ap-
plications of relativistic hydrodynamics in real-world do-
mains like QGP modelling and neutron star mergers. The
formalism introduced here can be implemented with a
straightforward modification of BDNK codes, since a step
in our method can be performed using BDNK equations
of motion (obtaining Ty, U{'), and then the final physical
solution requires adding 77, U} which is obtained sim-
ply by taking a derivative of the BDNK result via .
Applications to physical phenomena might require incor-
porating conformal symmetry breaking or coupling to
dynamical gravity, which appear to be straightforward
extensions. A more challenging research question is the
incorporation of fluctuations following a similar effective
field theory philosophy.

Going further, our approach generalises to higher or-
ders in gradients, and is naturally formulated in first-
order form, as is convenient for implementation of the
initial value problem. The first-order form is given by a

simple expression involving a new current J* responsible
for the transfer of secular growth from higher to lower
orders. We have not yet investigated the well-posedness
of working to higher orders in gradients.

At the fundamental level, an approach to solving the
initial value problem in the context of relativistic hy-
drodynamics should be causal. Indeed, whilst we did
not demand causality when we introduced our secular
resummation scheme, the resummation parameters play
the role of regulators whose values should be chosen so
that the result is causal. For example, the intermedi-
ate equation for diffusion is the telegrapher’s equation
with parameter o which must obey appropriate causality
bounds. In first-order hydrodynamics, the intermediate
equation is BDNK, which again is causal for an appropri-
ate choice of parameters a, 3. A complete set of results
for imposing causality and stability at the linear level can
be found in Refs. [I6] [I7]. Note that ultimately the de-
pendence on these parameters formally cancels order by
order in the gradient expansion.

Our framework for treating the initial value problem in
hydrodynamics should be generalisable to a broad class
of effective field theories. As a first step, it would be in-
structive to revisit the scalar model of [I8] [19] through
the lens of our approach. Further, one may be inter-
ested in addressing higher-derivative theories of gravity,
where the initial value problem is particularly relevant
and where related formulations have been motivated by
MIS [20] and BDNK [2I]. Extending our perspective to
such settings could provide valuable insights for the on-
going tests of general relativity using gravitational-wave
observatories.
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