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1 Introduction

Defects are spacetime inhomogeneities which generalize the concept of a local operator.
Defects have gained increasing importance recently, due to their role in the generalized
symmetry program [1–3]. Familiar non-local defects in gauge theory include Wilson loops and
surface operators. Despite their ubiquity, we do not know of an algorithm for constructing
all the defects of a generic continuum QFT, similar to the state-operator construction for
local operators in a CFT.

Topological quantum field theories (TQFTs) are one possible exception to the previous
statement. TQFTs can reasonably lay claim to being the simplest type of interacting quantum
field theory. An axiomatic definition of TQFTs was given by Atiyah in [4], based on Segal’s
axiomatization of conformal field theories in two dimensions [5]. However, the class of
axiomatically defined TQFTs is smaller than the class of all TQFTs defined non-rigorously
using e.g. the path integral. Examples of the former include Chern-Simons theory [6] and
Dijkgraff-Witten theory [7], and an example of the latter is the zero area limit of 2d Yang-
Mills [8]. Even though 2d Yang-Mills in the zero area limit has an infinite dimensional
Hilbert space and cannot be framed in the standard axiomatization, recently a rigorous
formulation akin to a TQFT was presented [9].

Full locality is an idea which first arose in the context of TQFTs [10, 11]. A fully local
d-dimensional TQFT is expected to assign data to smooth manifolds of all dimensions less
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than or equal to d, as well as to manifolds with boundaries, corners, etc. Cutting and gluing
rules allow one to reconstruct bigger manifolds from simple pieces. For example, manifolds of
dimension d − 1 should carry the data of a Hilbert space of states, while the data assigned
to d manifolds are the topological invariants given by the partition function.

An axiomatic definition of fully local TQFTs, using the language of higher categories,
was given in [11]. The authors of [11] also presented a conjecture, the cobordism hypothesis,
which gives a structure theorem classifying such models. A somewhat generalized version of
this conjecture was proven in [12]. Some examples of fully local topological theories have been
constructed [10].1 There have also been recent attempts to extend the idea of full locality to
all QFTs [14]. The potential benefits, as noted, extend all the way to a complete classification.

In [15], Kapustin argues that a fully local TQFT implicitly defines a collection of possibly
non-local defects. Kapustin argues that, in a fully local TQFT in d-dimensions, defects of
dimension k should be regarded as the objects of the k-category assigned to the d − k − 1
sphere. Specifically, the d−1-category of boundary conditions coincides with the one assigned
to a point. The latter plays a central role in the cobordism hypothesis. The same category
is related, via the folding trick, to certain defect networks. For an alternative approach to
TQFTs with defects using ordinary categories, see [16] and references therein.

Part of our aim in this paper is to concretely describe this aspect of a particular fully
local non-topological QFT by explicitly constructing a subset of the defects of the theory.
The theory in question is 2d Yang-Mills (2dYM) which, while not quite topological, is exactly
solvable by a variety of different methods [8, 17–22], and arguably much simpler than some
of the examples above. In this paper, we will only make use of the lattice approach to 2dYM.
We refer the reader to [23] for a concise introduction to some of the other approaches, and
to the review [24] for more details.

In the limit of vanishing gauge coupling, equivalently zero area, 2dYM becomes a TQFT,
while for generic values of the coupling the theory is only invariant under area-preserving
diffeomorphisms. An extension of the concept of full locality to this class of QFTs, which
explicitly covers the version of 2dYM with a single coupling constant, was presented in [9].
We will not make contact with the categorical language used in this reference, and restrict
ourselves to the explicit definition and computation of defects. Another attempt at defining
fully local 2dYM, based on the BV formalism, was made in [25]. Our approach will be
somewhat different and complementary. We will comment on the relationship to the results
of [25] in the discussion.

2dYM is known to admit several types of defects. These include ordinary gauge invariant
local operators, as well as Wilson lines and Wilson points [19, 20, 26]. The theory also admits
a variety of deformations of the action which preserve its solvability: theta angles, both
ordinary and discrete, and deformations of the action by higher Casimirs [19, 27–29]. We refer
to these as 2-dimensional defects, and treat them accordingly. Nothing substantial changes
in our calculations if we add the higher Casimirs terms, and we will not discuss them in
detail. There are also networks of defects of different dimensions which are our main source of
interest. Depending on the flavor of the theory that one is considering, this list of defects may

1Additional examples are cited in the highly recommended lectures [13].
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include redundancies. In particular, networks of symmetry line defects were considered in [30],
however in the present work we will consider defects that are not necessarily topological.

Given all that is known about 2dYM, we should explain our motivation for reconsidering
its defects on the lattice. The lattice gauge theory approach is believed to be applicable to
the study of continuum gauge theories in any dimension. Such theories do not enjoy the
solvability properties of 2dYM, nor are their defects easy to classify. Rather than appealing
to the special properties of 2dYM, we will refine its lattice model in such a way that the
construction of arbitrary defect networks is straightforward. We will then demonstrate
compatibility with the known results for 2dYM, including some version of completeness of
our list of defects, as a check of the refinement strategy. We believe this approach, which
has its own history,2 generalizes both to more intricate 2d models and to higher dimensions
and, as indicated, is a necessary step towards full locality.

Networks of defects in two-dimensional Yang-Mills theory are also relevant for the
maximally supersymmetric N = 4 theory in four dimensions via supersymmetric localization.
More precisely, a subsector of 1/8 BPS operators of N = 4 SYM was shown in [32] to localize
to Yang-Mills theory on S2. It consists of operators supported on a two-sphere embedded
into the R4 spacetime and includes Wilson loops of generic shapes [33], a family of chiral
primary operators [34] and ’t Hooft loops linked with the S2 [35]. Their correlations functions
are exactly captured by the vacuum expectation value of local and line operators in specific
instanton sectors of the 2d theory [36]. These properties have been recently extended [37] to
some defect versions of N = 4 SYM theory, obtained by imposing Gaiotto-Witten boundary
conditions [38] on the half-space.

In section 2 we describe our proposed enrichement of the lattice model for 2dYM and
carry out some basic checks. Section 3 includes our realization of defect networks and a
brief discussion of the relationship to generalized symmetries, additional checks against
known results, and a description of the fusion of point-like defects. A brief review of some
aspects of Lie groups and their representations, as well as discrete theta angles, is provided
in the appendices.

Acknowledgments

LG is supported, in part, by Istituto Nazionale di Fisica Nucleare (INFN) through the “Gauge
and String Theory” (GAST) research project. IY is supported, in part, by UKRI consolidated
grant ST/X000583/1, “New Frontiers in Particle Physics, Cosmology and Gravity”.

2 Enriching the lattice theory

2dYM admits a variety of descriptions in terms of fields. We refer the reader to [8, 19], or
the review [24] for details.3 In these continuum versions of the theory, some defects have
multiple equivalent descriptions depending on the specific fields used. For instance, Wilson
points [20] can be described as punctures and their associated holonomy, or as ordinary
local operators (cf [39] section 5).

2See [31] for a recent interesting discussion and review in this context.
3We would again highlight the recent interesting analysis in [25] using the BV formalism.
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2dYM also admits a standard lattice gauge theory description. The degrees of freedom
are group valued and associated to edges of the lattice. From our defect-centric point of
view, the drawback of this description is that some local defects, e.g. Wilson points, are
not described as functions of degrees of freedom associated to vertices as one might expect.
Although Wilson points admit other lattice descriptions, these descriptions obscure their
locality and, in our view, impede the way to full locality.4 As noted, these drawbacks are
compounded for defect networks and in higher dimensions.

The continuum descriptions point the way towards a partial solution: enrich the descrip-
tion or field content, in this case on the lattice, to accommodate a simpler realization of
defects. A reasonable enrichment must retain solvability, in the form of subdivision invariance,
while remaining equivalent to the original description in the absence of defects. This section
is devoted to enriching the lattice theory for 2dYM by adding enough degrees of freedom to
be able to reproduce a large collection of known defects in the form of functionals of those
degrees of freedom. We do not claim that this enrichment is unique, only that it does the job.

In section 2.1 we outline our proposal, show that refinement invariance is not spoiled,
and comment on the gluing rules. We also check that previously known results, namely
the partition function in the absence of defects, possibly including a discrete theta angle,
can be obtained from our approach.

Consider a compact gauge group G. The fundamental ingredient that makes the exact
solvability of 2d Yang-Mills theory on a lattice possible is the use of Migdal’s factor as the
action associated to each lattice plaquette [17]

Γ (U , ϵw) =
∑
ρ̂∈Ĝ

dim (ρ̂)χρ̂ (U) e−ϵwc2(ρ̂)/2 , (2.1)

where:

• U is the holonomy along the edges of a plaquette w;

• ϵw = e2Aw is the product of the coupling constant and the area of the plaquette;

• ρ̂ is a unitary irrep and Ĝ is the set of such irreps of G;

• dim (ρ̂) is the dimension of the representation;

• χρ̂ (U) is the character of U in the representation ρ̂;

• c2 (ρ̂) is the quadratic Casimir of ρ̂.

The hallmark of the lattice model for 2dYM is invariance of the Migdal factor under subdivision
of a plaquette [8]. The partition function for a surface of genus g is then given by [8]

ZΣg (ϵ) =
∑
ρ̂∈Ĝ

e−ϵc2(ρ̂)/2

dim (ρ̂)2g−2 . (2.2)

Due to subdivision invariance, this expression can be derived from a presentation using a
single plaquette. It can also be computed by gluing together any number of plaquettes
using a standard gluing prescription.

4However, see [9] where the authors use the same lattice model with seemingly no impediment.
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Figure 1. We can recover any orientable surface by gluing together triangular plaquettes like
these. We pictorially represent the degrees of freedom assigned to the corners as bites taken out of
the plaquette.

2.1 The proposal

We now reconsider the lattice model for 2dYM, restricting ourselves to a simple, connected
and compact gauge group G = G̃/H , with G̃ being the universal cover of G, and H a discrete
subgroup of the center of G̃. We will also restrict ourselves to orientable surfaces. We would
like to refine the lattice model to accommodate defects supported on the corners and in
the interior of a plaquette (see figure 1). The data assigned to each plaquette will be more
complicated than group elements assigned to edges. We take it to consist of:

1. corners: we assign group elements V ∈ G̃ to corners. Wilson points will appear as
functionals of V degrees of freedom;

2. edges: we assign the standard group elements U ∈ G̃ to edges. Wilson lines will appear
as functionals of U degrees of freedom;

3. interior: we assign elements of the center B ∈ H to plaquettes. Discrete theta angles
will appear as functionals of B.

The degrees of freedom in points 1 and 3 differ from the standard description of lattice
gauge theory, but are not completely novel. The assignment of the corner degrees of freedom
is a variation on the central idea in [25], but now at the group rather than the algebra level.
The plaquette degrees of freedom have been considered e.g. in [40]. We will demonstrate
that this enriched lattice model is sufficient to reproduce a large class of defect networks
as functionals of the lattice degrees of freedom.

We propose the following Migdal’s factor for the plaquette enriched with this data
(see figure 1)

Γ (U , B; ϵw) =
∑
ρ̂∈̂̃G dim (ρ̂)χρ̂ (V1U1V2U2V3U3)χĥρ̂

(B) e−ϵwc2(ρ̂)/2 , (2.3)

where,
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U

U1

U2

U3

U4

V1

V2V3

V4

W ′
1

W1

W3

W ′
3

B1

B2

Figure 2. Subdivision of a square into two triangles. The holonomy around the square plaquette
is U1V1U2V2U3V3U4V4. The additional U degree of freedom splits V1, V3 into W1, W ′

1 and W3, W ′
3

respectively, so that these are contained in the holonomies around the triangles. B1, B2 are the discrete
degrees of freedom associated to the two triangles, B is the one associated to the square but it does
not appear in the picture.

• U = V1U1 . . . U3 is the holonomy along the edges of the plaquette w;

• χ· indicates the character of a group element in a given representation.

• B ∈ H is a discrete degree of freedom associated to the interior of the plaquette;

• ϵw = e2Aw is the product of the coupling constant and the area of the plaquette;

• ρ̂ is a unitary irrep and ̂̃G is the set of such irreps;

• dim (ρ̂) is the dimension of the representation;

• c2 (ρ̂) is the quadratic Casimir of ρ̂;

• ĥρ̂ is the representation of H associated to ρ̂.5 We denote by ê the trivial representation.

Note that we are no longer summing over representations of G, but of G̃. This enables us, for
instance, to recover a plaquette with a discrete theta angle, as we will show in the following.

When subdividing a plaquette, we would like to retain this data. Such a subdivision is
depicted in figure 2. We have indicated, pictorially, the degrees of freedom in the subdivided
lattice which we will momentarily integrate out. Subdivision invariance is the statement that,
in the absence of any defects associated with the internal degrees of freedom in a plaquette,
integrating these out gives back the original plaquette.

Let us call U the additional degree of freedom in the subdivided plaquette. Recall that
U is a continuous degree of freedom integrated over the compact group manifold G̃ using the
Haar measure, as reviewed in appendix A. B is a discrete degree of freedom and is summed
over its entire range with weight given by 1/|H| to recover the same normalization as the
Haar measure. Migdal’s factor associated to the square plaquette is

Γsquare (U , B; ϵ) =
∑
ρ̂∈̂̃G dim (ρ̂)χρ̂ (U1V1U2V2U3V3U4V4)χĥρ̂

(B) e−ϵc2(ρ̂)/2 . (2.4)

5We will refer to this representation as the “N -ality” of ρ̂ even when the group in question is not SU(N).
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Subdividing this plaquette means adding an internal degree of freedom U , the product of
the factors associated to the resulting triangles is

Γ1 (U1, B1; ϵ1) Γ2 (U2, B2; ϵ2) =
∑

ρ̂,σ̂∈̂̃G dim (ρ̂) dim (σ̂)χρ̂

(
W ′

1U2V2U3W3U
)

χĥρ̂
(B1)×

× χσ̂

(
U−1W ′

3U4V4U1W1
)

χĥσ̂
(B2) e−ϵ1c2(ρ̂)/2−ϵ2c2(σ̂)/2 .

(2.5)

Using (A.5) one can show that
∫

dUΓ1Γ2 = Γ. The square plaquette depends on four Us,
four V s, B and ϵ. What we showed proves that when adding an internal degree of freedom
the resulting object retains the same amount of data and has the same action. Indeed, after
integrating out the internal degree of freedom the resulting plaquette no longer depends on
W1 and W ′

1 separately, but on the combination W1W ′
1 that we can rename V1. The same

is true for W3W ′
3 = V3, for ϵ1 + ϵ2 = ϵ and for B1B2 = B.

Above, we used the standard gluing rules described in e.g. [8]. Specifically, we integrated
out all the internal degrees of freedom with a weight given by the Haar measure and our
choice of normalization. Changing this weight appropriately, we can recover various defects.
For instance, integrating out a loop of Us with a character as weight we recover a Wilson
loop. We can also demonstrate that adding a weight when integrating out the Bs enables
one to recover discrete theta angles [40], interpreted here as space-filling defects. Below, we
make some basic checks of our lattice model. In section 3, we will discuss the more general
weights needed to recover defect networks.

Recovering the partition function. We can recover the partition function (2.2) just by
integrating out all degrees of freedom. Let us consider the simple example of a 2-sphere
obtained by gluing together two triangular plaquettes

ZS2 (ϵ) = 1
|H|2

∫
dUidVi

∑
B1,B2∈H

∑
σ̂,ρ̂∈̂̃G dim (σ̂) dim (ρ̂) χĥρ̂

(B1)χĥσ̂
(B2)×

× χρ̂ (U1V1U2V2U3V3)χσ̂

(
U−1

1 V −1
1 U−1

3 V −1
3 U−1

2 V −1
2

)
e−ϵ1c2(σ̂)/2−ϵ2c2(ρ̂)/2

=
∑
σ̂∈̂̃G (dim σ̂)2 δê,ĥσ̂

e−ϵc2(σ̂)/2

=
∑
σ̂∈Ĝ

(dim σ̂)2 e−ϵc2(σ̂)/2 ,

(2.6)

which is indeed the partition function for the G theory.

Recovering the partition function with a discrete theta angle. One may also consider
the partition function of 2dYM with a discrete theta angle for G [21, 40] (see appendix C).
We view such theta angles as space-filling defects with data θ̂ ∈ Ĥ. The modified Migdal’s
factor (2.3) enables us to reproduce them by integrating out the degree of freedom B using
the following prescription

1
|H|

∑
B∈H

χθ̂

(
B−1

)
, (2.7)
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to obtain

Γ
(
U , ϵw, θ̂

)
=
∑
ρ̂∈̂̃G dim (ρ̂) δĥρ̂,θ̂ χρ̂ (U) e−ϵwc2(ρ̂)/2 . (2.8)

B ∈ H is a discrete degree of freedom whose interpretation is as the background gauge field
associated to the center 1-form symmetry H(1) ⊆ Z

(
G̃
)(1)

of the G̃ theory.6 It is a discrete
analog of a 2-form gauge field. Making it dynamical amounts to gauging the discrete 1-form
symmetry and projecting to a G theory (cf eq. 3.18 in [41]).

Representations of G̃ split into a number of copies of representations of G labeled by
the N -ality: the choice of a theta angle amounts to choosing one of these copies. A discrete
theta angle is a sum over irreducible representations of the universal cover ρ̂ ∈ ̂̃G, with
the restriction δĥρ̂,θ̂. As shown in the previous paragraph, if we choose the theta angle in
the trivial representation θ̂ = ê we are summing representations ρ̂ ∈ Ĝ and recover the
original partition function. Instead, the partition function for a surface of genus g with an
arbitrary discrete theta angle is given by

ZΣg

(
ϵ; θ̂
)
=
∑
ρ̂∈̂̃G dim (ρ̂)2−2g δĥρ̂,θ̂ e−ϵc2(ρ̂)/2 . (2.9)

This type of expression appears in [40] as a result of gauging the SU (N) theory’s 1-form
symmetry. To prove (2.9) we follow the same proof given in [8] for (2.2). Suppose we have
a genus g > 1 surface. We can decompose it in 2g − 2 3-holed spheres. Let us call U, W, V

the holonomies around the boundaries and α̂, β̂, γ̂ their representations. Using the new basis,
for each 3-holed sphere Σ we get

ZΣ
(
ϵΣ, α̂, θ̂

)
=
∑
σ̂∈̂̃G

∫
dUdV dWdXdY δĥσ̂ ,θ̂ χσ̂

(
X−1UXV Y −1WY

)
×

× χα̂ (U)χβ̂ (V )χγ̂ (W ) dim (σ̂) e−ϵΣc2(σ̂)/2

= δĥα̂,θ̂ δα̂,β̂,γ̂

e−ϵΣc2(α̂)/2

dim (α̂) .

(2.10)

Taking the product of the 2g − 2 pieces we recover (2.9).

Decomposition. The partition function for the G̃ theory manifestly decomposes into that
of different G̃/H theories, labeled by θ̂

ZΣg

(
G̃
)
= 1

|H|
∑
θ̂∈Ĥ

ZΣg

(
G; θ̂

)
= 1

|H|
∑
θ̂∈Ĥ

∑
ρ̂∈̂̃G dim (ρ̂)2−2g δĥρ̂,θ̂ e−ϵc2(ρ̂)/2 . (2.11)

In fact, it is possible to have a finer decomposition. One can define a generalized theta term
and show that 2dYM decomposes as an infinite sum of theories labeled by representations
of the gauge group. This generalized theta term arises from the gauging of the full non-
invertible 1-form symmetry. See [42] for a general review, [43] or section 5 in [40] for the
specific application to 2dYM.

6The superscript (1) indicates the degree of the generalized symmetry.
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θ̂1 θ̂2

L1

L2

P

Figure 3. A defect network incorporating defects of all co-dimensions.

β̂1

α̂1 β̂2

∈ Hom(α̂1 ⊗ β̂2, β̂1)

1
2n

.
.
.

Figure 4. n-line junction.

3 Defects

In section 2.1 we enriched the lattice gauge theory version of 2dYM with new data associated
to every plaquette and prescribed gluing rules. We showed that this version of the theory
could be used to recover the partition function, including possible discrete theta angles.

We would now like to demonstrate that we can also compute the expectation value of
defect networks. Specifically, we would like to incorporate point defects in the interior of a
Wilson line, and Wilson lines separating different discrete theta angles, as in figure 3. We
deal with this by prescribing a new systematic way of engineering all defects in terms of
building blocks that we will call n-line junctions Wn (left hand side of figure 4).

In section 3.1 we define the n-line junction. We explicitly show the 3-line junction
that plays the central role in our description and the 4-line junction that we use in some
computations. We then outline a few operations that can be performed on the junctions:
composition, fusion and degeneration (i.e. erasing lines). In this section, we also state how
to build the most general network of defects and comment on the appearance of selection
rules. In section 3.2 we show how (n < 3)-line junctions can be obtained as degenerate
cases of 3-line junctions by erasing lines. Here we also show how to recover Wilson lines
and Wilson points in our setup. In section 3.3 we show that we can recover (n > 3)-line
junctions by fusing 3-line junctions, thus proving that our set of defects is closed under fusion
and can be completely reconstructed by the fundamental building block W3. Finally, in
section 3.4 we show that we can also recover the “IRF crossing”: the simplest network of
intersecting Wilson lines described in [8].

3.1 Elementary defects

Our proposed set of defects is built starting from n-line junctions (see left hand side of
figure 4) defined as follows. We assign orientations and representations to the lines, getting
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α̂1

α̂3

α̂2α̂4

β̂1

β̂2β̂3

β̂4

α̂1

α̂2

α̂3

β̂1

β̂2

β̂3

Figure 5. From left to right: 4-line junction and 3-line junction.

a term like (A.3) for each. In the following we use α̂i for lines associated to Us and β̂i for
lines associated to V s: notice that the data associated to this object are representations, the
underlying holonomies are integrated over in the path integral. If we zoom into each triple
intersection we get the right hand side of figure 4. We can then use Clebsch-Gordan coefficients
(appendix B) to contract the matrix elements coming from the lines. Here we showcase the
definition of the 3 and 4-line junction (see figure 5) that we use in the next sections.

W3(
{

α̂i, β̂i, νi

}3

i=1
)ac
b′ := Rα̂1(U1)a

a′Rα̂2(U2)b
b′Rα̂3(U3)c

c′Rβ̂1
(V −1

1 )d
d′Rβ̂2

(V −1
2 )e

e′Rβ̂3
(V −1

3 )f
f ′×

× Cν1(β̂1, α̂1, β̂3)d′a′
f Cν2(β̂3, α̂3, β̂2)f ′c′

e Cν3(β̂1, α̂2, β̂2)e′
db . (3.1)

W4(
{

α̂i, β̂i, νi

}4

i=1
)ad
b′c′ := Rα̂1(U1)a

a′Rα̂2(U2)b
b′Rα̂3(U3)c

c′Rα̂4(U4)d
d′Rβ̂1

(V −1
1 )e

e′Rβ̂2
(V −1

2 )f
f ′×

× Rβ̂3
(V −1

3 )g
g′Rβ̂4

(V −1
4 )h

h′Cν1(β̂1, α̂1, β̂4)e′a′
h Cν2(β̂1, α̂2, β̂2)

f ′

eb×

× Cν3(β̂2, α̂3, β̂3)
g′

fc Cν4(β̂4, α̂4, β̂3)h′d′
g . (3.2)

These junctions inserted at a point in the lattice are operators depending on Us and V s, the
dependence on which is implicit on the l.h.s. The junctions depend on some data that we get
to choose: the representations associated to each line and the νi indices of the Clebsch-Gordan
coefficients. The U and V holonomies are degrees of freedom and are integrated over in the
path integral. We have chosen a convention for the orientation of the V holonomies in such a
way that they appear as V −1 in the definition of the junction. If we inverted the β̂ arrows in
figure 5, they would appear as V and nothing would change in the computations.

The junctions obtained in this way are not gauge invariant, as one can tell by their index
structure. In order to build the full gauge invariant defect, we have to compose enough
junctions until there are no external legs and hence all indices are contracted. We compose
two n-line junctions along a line by identifying the representations α̂i and choosing the
orientation consistently. We denote this composition as Wn1 ×α̂i Wn2 . We will later also
define a fusion operation given by pushing two junctions together along a line Ui, denoted as
Wn1 ◦Ui Wn2 . Fusion is a composition along α̂i followed by squeezing the holonomy Ui to 1.

Composition and fusion are operations on the U lines only. We can also apply degenera-
tions: making group elements invisible by setting the associated representation to be trivial.
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Degeneration can be applied to both Us and V s. In sections 3.2 and 3.3, we use combinations
of these operations to show that the fundamental building block is simply W3.

Our basic set of gauge invariant operators is built by composing any number of n-line
junctions so that there are no external legs. The defects thus obtained depend on data given
by the representations and the νi indices. A generic defect is a weighted linear combination
of these junctions, and any admissible choice of weight defines a gauge invariant operator
in this set.

By “weights” we mean functions defined on the space of admissible representations,
summed over all the relevant representations. These functions can be interpreted as projections
and will be denoted with the letter p. To construct the most general gauge invariant network
of defects we have to insert an n-line junction between plaquettes (see figure 8 for examples).
This involves integrating out all degrees of freedom with appropriate weights, which include
the above projections as well as the weights for B discussed in section 2.1.

In the computations of sections 3.2, 3.3 and 3.4 we set B = 1 for simplicity and omit the
tracking of theta angles. The algorithm outlined above makes it clear how to reinstate them.

Selection rules. Even though the defects built so far are gauge invariant, not all of them
will be non-trivial due to the symmetries of the theory. Indeed, we can have selection
rules corresponding to the generalized symmetries under which the defects are charged. We
demonstrate this in two simple examples. In the following examples we omit the V s for
conciseness: they are not needed as the examples involve no Wilson points. It is easy to
check that everything works exactly the same if we take into account the V s as well.

Example 1. Consider the PSU(N) partition function on a 2-sphere with a non-self-intersecting
Wilson loop R̂ and two different theta angles θ̂, θ̂′ in the two regions separated by the loop.
The relevant partition function is given by

ZS2(ϵ1, ϵ2; θ̂, θ̂′, R̂) =
∫

dU
∑

ρ̂,σ̂∈̂̃G δĥρ̂,θ̂ δĥσ̂ ,θ̂′ dim(ρ̂) dim(σ̂)χσ̂(U−1)χρ̂(U)χR̂(U)×

× e−
ϵ1
2 c2(ρ̂)e−

ϵ2
2 c2(σ̂)

=
∑

ρ̂,σ̂∈̂̃G δĥρ̂,θ̂ δĥσ̂ ,θ̂′ N σ̂
ρ̂R̂

dim(ρ̂) dim(σ̂)e−
ϵ1
2 c2(ρ̂)e−

ϵ2
2 c2(σ̂) .

(3.3)

The appearance of the fusion numbers N σ̂
ρ̂R̂

yields a selection rule for the Wilson loop: the
partition function is non-zero only if the N-ality of R̂ is given by the difference of the N-alities
of the theta angles (mod N), see appendix B.

Example 2. Consider instead the partition function on a 2-sphere with a Wilson loop
R̂ and a theta angle θ̂ on one hemisphere, but now we put the G̃ theory on the other
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hemisphere by setting B = 1

ZS2(ϵ1, ϵ2; θ̂, R̂) = 1
|H|

∫
dU

∑
B2∈H

∑
ρ̂,σ̂∈̂̃G dim(ρ̂) dim(σ̂)χĥρ̂

(B2)χθ̂(B
−1
2 )e−

ϵ1
2 c2(ρ̂)e−

ϵ2
2 c2(σ̂)×

× χσ̂(U−1)χρ̂(U)χR̂(U)

=
∑

σ̂,ρ̂∈̂̃G dim(σ̂) dim(ρ̂)N σ̂
ρ̂R̂

δĥρ̂,θ̂e−
ϵ1
2 c2(ρ̂)e−

ϵ2
2 c2(σ̂) .

(3.4)

Here, the Wilson loop behaves as an interface between an G̃ and an G̃/H theory that selects
on the G̃ side the subset of representations with N -ality given by the difference between θ̂

and R̂. Note that our formalism enables us to control gauging over single plaquettes. This is
reminiscent of the domain wall constructions discussed in higher dimensions in e.g. [38, 44].

3.2 Degeneration

We now show that 2 and 1-line junctions are degenerate cases of the 3-line junction. We
will also explicitly recover a pure Wilson line and a pure Wilson point as degenerate cases
of the 2-line junction.

Recovering 2 and 1-line junctions. Starting with the 3-line junction (3.1) and erasing
one line by considering the weight δα̂3,ê, or more precisely the projection p = ∑

α̂3 δα̂3,ê,
we obtain the 2-line junction∑

α̂3

δα̂3,êW3

({
α̂i, β̂i, νi

}3

i=1

)ac

b′
= Rα̂1 (U1)a

a′ Rα̂2 (U2)b
b′ Rê (U3)c

c′ Rβ̂1

(
V −1

1

)d

d′
Rβ̂2

(
V −1

2

)e

e′
×

× Rβ̂3

(
V −1

3

)f

f ′
Cν1

(
β̂1, α̂1, β̂3

)d′a′

f
Cν2

(
β̂3, ê, β̂2

)f ′c′

e
×

× Cν3

(
β̂1, α̂2, β̂2

)e′

db

= Rα̂1 (U1)a
a′ Rα̂2 (U2)b

b′ Rβ̂1

(
V −1

1

)d

d′
Rβ̂2

(
V −1

3 V −1
2

)f

e′
×

× Cν1

(
β̂1, α̂1, β̂2

)d′a′

f
Cν2

(
β̂1, α̂2, β̂2

)e′

db

=: W2

({
α̂i, β̂i, νi

}2

i=1

)a

b′
.

(3.5)

Where we used (B.12) and in the last passage we renamed ν3 to ν2 for convenience. Notice
that after the projection c is an index in the trivial representation, therefore it takes a
unique value and can be omitted in the final result. In the same way we can erase one
more line and get the 1-line junction∑

α̂2

δα̂2,êW2

({
α̂i, β̂i, νi

}2

i=1

)a

b′
= Rα̂1 (U2)a

a′ Rβ̂1

(
V −1

3 V −1
2 V −1

1

)f

d′
Cν1

(
β̂1, α̂2, β̂1

)d′a′

f

=: W1
({

α̂1, β̂1, ν1
})a

,

(3.6)

where again we omit the index in the trivial representation.
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α̂1

α̂2

β̂1β̂2

α̂1

Figure 6. Moves to get a Wilson line from a 2-line junction.

α̂1

α̂2

β̂1β̂2

β̂1

Figure 7. Moves to get a Wilson point from a 2-line junction.

Recovering the Wilson line. Starting with the 2-line junction as defined in (3.5), we
can perform the moves depicted in figure 6 to get the local version of a Wilson line. This
corresponds to the following projection

∑
α̂2,β̂1,β̂2

δβ̂1,êW2

({
α̂i, β̂i, νi

}2

i=1

)a

b′
= Rα̂1 (U1V1U2)a

b′ =: W| ({α̂1})a
b′ . (3.7)

We used (B.12) and we summed over all the extra representations.

Recovering the Wilson point. Starting with a 2-line junction we can recover the Wilson
point by considering a projection corresponding to the moves depicted in figure 7

∑
α̂1,α̂2,β̂2

δα̂1,êδα̂2,êW2

({
α̂i, β̂i, νi

}2

i=1

)a

b′
= χβ̂1

(
V −1

1 V −1
2

)
=: W•

(
β̂1
)

. (3.8)

We used (B.12) and omitted the indices in the trivial representation. This is our definition
of a Wilson point.

3.3 Fusion

We can build any defect by composing n-line junctions. We showed how to get (n < 3)-line
junctions by deleting lines. We claim that we can get (n > 3)-line junctions by fusing 3-line
junctions. Specifically, we will now show that we can get 4-line junctions by fusing two W3.
We verify this as an expectation value in a complete network rather than an operator equation.
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To compute the expectation value of a 4-line junction we glue together four plaquettes
with the junction in the middle (see right hand side of figure 8) and do not specify what is
going on far away from this by calling Ui the unspecified part of Migdal’s factors. In this
way we get the local version of the expectation value and we do not commit to a particular
topology. Notice also that the expecation values implicitly depend on the defining data of
the relative n-line junction: i.e. some representations and ν indices. We have

⟨W4⟩ =
∫

dUidVi

∑
ρ̂i

∏
i

dim (ρ̂i)χρ̂1 (U1V1U2U1)χρ̂2

(
U−1

2 V2U3U2
)

χρ̂3

(
U−1

3 V3U−1
4 U3

)
×

× χρ̂4

(
U4V4U−1

1 U4
)
W4 e−

ϵi
2 c2(ρ̂i)

=
∑
µi

Rρ̂1 (U1)j′

i ϵµ1

(
ρ̂1, α̂1, ρ̂4

)i·

p′
Rρ̂4 (U4)p′

o ϵµ4

(
ρ̂4, α̂4, ρ̂3

)o·

n′
Rρ̂3 (U3)n′

m ×

× ϵµ3

(
ρ̂2, α̂3, ρ̂3

)m

l′·
Rρ̂2 (U2)l′

k ϵµ2

(
ρ̂1, α̂2, ρ̂2

)k

j′·
ϵµ1

(
ρ̂1, α̂1, ρ̂4

)h

i′a′
×

× ϵµ2

(
ρ̂1, α̂2, ρ̂2

)jb

f ′
ϵµ3

(
ρ̂2, α̂3, ρ̂3

)lc

m′
ϵµ4

(
ρ̂4, α̂4, ρ̂3

)n

o′d′
Cν1

(
ρ̂1, α̂1, ρ̂4

)i′a′

h
×

× Cν2

(
ρ̂1, α̂2, ρ̂2

)f ′

jb
Cν3

(
ρ̂2, α̂3, ρ̂3

)m′

lc
Cν4

(
ρ̂4, α̂4, ρ̂3

)o′d′

n

∏
i

e−
ϵi
2 c2(ρ̂i) .

(3.9)

We have denoted by · the indices that are missing because we did not specify the surroundings
of the junction, these correspond to the uncontracted indices in the definition (3.2). This
result can be derived using (B.7) for the Us; (A.3) and (A.5) for the V s.

Using one of the operations we defined in section 3.1, we can compose two 3-line junctions
along an external line. Based on the way we named things in the left hand side of figure 9,
we compose along α̂5 and get

(W3 ×α̂5 W3)···· = Rα̂1 (U1)·a′ Rα̂2 (U2)b
· Rα̂3 (U3)c

· Rα̂4 (U4)·d′ Rα̂5 (U5)j3
j′

3
Rβ̂1

(V1)
e′

e
Rβ̂2

(V2)
f ′

f
×

× Rβ̂3
(V3)

g′

g
Rβ̂4

(V4)
h′

h
Rγ̂1 (W1)

e′
1

e1
Rγ̂3 (W3)

g′
1

g1
Cν1

(
β̂1, α̂1, β̂4

)e′a′

h
×

× Cν2

(
β̂4, α̂4, β̂3

)h′d′

g
Cν3

(
β̂1, α̂5, β̂3

)g′

ej3
Cλ1

(
γ̂1, α̂5, γ̂3

)e′
1j′

3

g1
×

× Cλ2

(
β̂2, α̂3, γ̂3

)g′
1

fc
Cλ3

(
γ̂1, α̂2, β̂2

)f ′

e1b
.

(3.10)

We denoted the uncontracted indices by ·, just as we did in (3.9), to compare the two
expressions. This operator will be glued to the plaquettes as on the left of figure 8.

By fusion on the lattice we mean taking the holonomy to 1. When performing the
integrals we then add the following projection∑

α̂5,γ̂1,γ̂3,λ1,ν3

dim (γ̂1) δ (U5 − 1) δν3,λ1 , (3.11)

where ν3, λ1 are the indices of the Clebsch-Gordan coefficients living at the ends of the
holonomy that is going to 1. A composition followed by this projection corresponds to the
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ρ̂1ρ̂4

ρ̂3 ρ̂2

ρ̂4

ρ̂1

ρ̂3

ρ̂2

Figure 8. Gluing of a 3 and a 4-line junction (in pink) in the middle of four plaquettes ρ̂i.

fusion operation on U5. We get

⟨W3 ◦U5 W3⟩ =
∑
α̂5

N β̂3
β̂1α̂5

⟨W4⟩ . (3.12)

The equation holds for all values of the ν parameters, appropriately renamed, and additional
implicit indices can be read off from figure 9. This result can be reproduced using (B.7) for
the Us; and (A.5) for the V s and W s. In particular, one of the extra 1/ dim factors from the
integration of W1, W3 gets canceled by the one in (3.11) and the other one goes along with
the Clebsch-Gordan coefficients containing α̂5 into the fusion number (B.5).

This shows that by fusing two 3-line junctions we do not get a new 4-line junction, but a
combination of 4-lines junctions that are already in the set. This is a local operation that only
affects the holonomies adjacent to U5, i.e. V1, V2, W1, W3 and the Clebsch-Gordan coefficients
involving α̂5. Therefore, we can reasonably expect to be able to iterate the procedure to fuse
an n- and an m-line junction into a linear combination of (n+m-2)-line junctions.

3.4 Recovering the IRF crossing

The IRF crossing was discussed by Witten in [8] and it is realized as the intersection of two
Wilson lines. To bring this into our notation, we define the following junction

W+ ({α̂1, α̂2})ab
a′b′ := Rα̂1(U1)a

a′Rα̂2(U2)b
b′ . (3.13)

The local expectation value of the IRF crossing, obtained without specifying the topology
far from it (right hand side of figure 10) is

⟨W+⟩ =
∑
ρ̂i

∏
i

dim (ρ̂i) e−
ϵi
2 c2(ρ̂i)

∑
µi

ϵµ1

(
ρ̂1, α̂1, ρ̂4

)a·

h
ϵµ2

(
ρ̂1, α̂2, ρ̂2

)c

b·
ϵµ3

(
ρ̂2, α̂1, ρ̂3

)e

d·
×

× ϵµ4

(
ρ̂4, α̂2, ρ̂3

)g·

f
Rρ̂1 (U1)b

a Rρ̂2 (U2)d
c Rρ̂3 (U3)f

e Rρ̂4 (U4)h
g Rα̂1 (U5)l

i Rα̂2 (U6)n
m ×

× ϵµ2

(
ρ̂1, α̂2, ρ̂2

)a′m′

c′
ϵµ3

(
ρ̂2, α̂1, ρ̂3

)c′i′

e′
ϵµ1

(
ρ̂1, α̂1, ρ̂4

)g′

a′i′
ϵµ4

(
ρ̂4, α̂2, ρ̂3

)e′

g′m′
.

(3.14)
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α̂1

α̂5

α̂4

β̂1

β̂3

β̂4

α̂2

β̂2

γ̂1

γ̂3

α̂3

α̂1

α̂3

α̂2α̂4

β̂1

β̂2β̂3

β̂4∑
α̂5

N β̂3
β̂1α̂5fusion

Figure 9. Fusion of 3-line junctions.

α̂1

α̂1

α̂2α̂2

β̂1

β̂2β̂3

β̂4

α̂1

α̂2

Figure 10. Moves to get intersecting Wilson lines from a 4-line junction.

Following the same conventions of the previous section, we denoted · the uncontracted indices
of the junction. Where the last four 3j symbols rearrange into a 6j symbol. Let us restrict for
simplicity to simply reducible groups (see appendix B.1), the result can be written as

⟨W+⟩ =
∑
ρ̂i

∏
i

dim (ρ̂i) ϵ (ρ̂1, α̂1, ρ̂4)ai
h ϵ (ρ̂1, α̂2, ρ̂2)c

bn ϵ (ρ̂2, α̂1, ρ̂3)e
dl ϵ (ρ̂4, α̂2, ρ̂3)gm

f ×

× Rρ̂1 (U1)b
a Rρ̂2 (U2)d

c Rρ̂3 (U3)f
e Rρ̂4 (U4)h

g Rα̂1 (U5)l
i Rα̂2 (U6)n

m e−
ϵi
2 c2(ρ̂i)×

× (−1)ρ̂4−ρ̂2+α̂1−α̂2

(
α̂2 ρ̂3 ρ̂4
α̂1 ρ̂1 ρ̂2

)
.

(3.15)

Now we compute the expectation value of a 4-line junction inserting

p =
∑

β̂i,α̂3,α̂4

(−1)β̂3+2ρ̂2−α̂1+α̂2 dim
(
β̂5
)

χ
β̂5

(V1V2V3V4) δβ̂1,êδα̂1,α̂3 δα̂2,α̂4 , (3.16)

corresponding to the moves shown in the left of figure 10. We get

⟨pW4⟩ = ⟨W+⟩ . (3.17)

Since this is the most involved computation in this work, let us show some intermediate
steps. If we forget for a second the phase factor in p, that is specific for simply reducible
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groups, we can sketch the computation for general compact groups. We integrate out the Us
using (B.7). For the V s we first rewrite the β̂5 terms in p using (A.3) and then use (B.8).
Setting α̂1 = α̂3, α̂2 = α̂4 and β̂1 to be trivial we end up with

⟨pW4⟩ =
∑
ρ̂i

∏
i

dim (ρ̂i) e−
ϵi
2 c2(ρ̂i)

∑
µi

ϵµ1

(
ρ̂1, α̂1, ρ̂4

)ix

p′
ϵµ1

(
ρ̂1, α̂1, ρ̂4

)p

i′a′
ϵµ2

(
ρ̂1, α̂2, ρ̂2

)jb

k′
×

× ϵµ2

(
ρ̂1, α̂2, ρ̂2

)k

j′x
ϵµ3

(
ρ̂2, α̂1, ρ̂3

)lc

m′
ϵµ3

(
ρ̂2, α̂1, ρ̂3

)m

l′x
ϵµ4

(
ρ̂4, α̂2, ρ̂3

)ox

n′
×

× ϵµ4

(
ρ̂4, α̂2, ρ̂3

)n

o′d′
Rρ̂1 (U1)j′

i Rρ̂2 (U2)l′

k Rρ̂3 (U3)n′

m Rρ̂4 (U4)p′

o

∑
β̂2,β̂3,β̂4,β̂5

dim
(
β̂5
)
×

× ϵµ5

(
ρ̂1, β̂5, ê

)i′

e′q
ϵµ5

(
ρ̂1, β̂5, ê

)eq′

j
ϵµ6

(
ρ̂2, β̂5, β̂2

)k′

f ′q′
ϵµ6

(
ρ̂2, β̂5, β̂2

)fr

l
×

× ϵµ7

(
ρ̂3, β̂5, β̂3

)m′

g′r
ϵµ7

(
ρ̂3, β̂5, β̂3

)gr′

n
ϵµ8

(
ρ̂4, β̂5, β̂4

)o′

h′r′
ϵµ8

(
ρ̂4, β̂5, β̂4

)hq

p
×

× Cν1

(
ê, α̂1, β̂4

)e′a′

h
Cν2

(
ê, α̂2, β̂2

)f ′

eb
Cν3

(
β̂2, α̂1, β̂3

)g′

fc
Cν4

(
β̂4, α̂2, β̂3

)h′d′

g
.

(3.18)

When solving ϵµ5 , ϵµ5 using (B.10) we get an extra factor 1/ dim
(
β̂5
)

that cancels with the
dim

(
β̂5
)

in p. Cν1 , Cν2 can be solved using (B.12). Doing that, we end up with the following

ϵµ2

(
ρ̂1, α̂2, ρ̂2

)jb

k′
ϵµ6

(
ρ̂1, α̂2, ρ̂2

)k′

jb
= δµ2,µ6 ; ϵµ8

(
ρ̂1, α̂1, ρ̂4

)hq

p
ϵµ1

(
ρ̂1, α̂1, ρ̂4

)p

hq
= δµ8,µ1 ,

(3.19)
where we used (B.25). We then have to turn Cν3 , Cν4 into 3j-symbols by adding the appropriate
normalization so that ϵµ3 , ϵµ2 , ϵν3 , ϵµ7 and ϵµ7 , ϵν4 , ϵµ4 , ϵµ1 can assemble into two 6j symbols.

Let us restrict to simply reducible groups to compare to the result (3.15). With this
simplification, (3.19) no longer has µ indices and gives the fusion number which we take to be
1, because if it was 0 the whole expectation value would be trivial anyways. Reintroducing
the phase factor contained in p and using the properties of simply reducible groups (see
appendix B.1), 8 3j symbols assemble into 2 6j symbols and we end up with

⟨pW4⟩ =
∑
ρ̂i

∏
i

dim (ρ̂i) ϵ (ρ̂1, α̂1, ρ̂4)ix
p′ ϵ (ρ̂1, α̂2, ρ̂2)k

j′x ϵ (ρ̂2, α̂1, ρ̂3)m
l′x ϵ (ρ̂4, α̂2, ρ̂3)ox

n′ ×

× Rρ̂1 (U1)j′

i Rρ̂2 (U2)l′

k Rρ̂3 (U3)n′

m Rρ̂4 (U4)p′

o e−
ϵi
2 c2(ρ̂i)×

× (−1)ρ̂4−ρ̂2+α̂1−α̂2
∑
β̂3

dim β̂3 (−1)β̂3+ρ̂4+ρ̂2

(
ρ̂3 α̂2 ρ̂4
α̂1 ρ̂1 β̂3

)(
α̂2 α̂1 β̂3
ρ̂3 ρ̂1 ρ̂2

)
.

(3.20)

Now we can use (B.21) and get precisely (3.15).

4 Discussion

We have introduced a specific refinement of the lattice model for 2dYM. We showed that
the refinement reproduced results regarding the partition function and expectation values of
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defects and defect networks from the vast literature on 2dYM, while maintaining subdivision
invariance: the essential property allowing for exact computations. We further showed that a
variety of known defects of the continuum theory, including networks of defects of different
dimensions, can be realized as functions of the classical degrees of freedom in this refinement
with all locality properties intact. This was our main criterion for a successful refinement.
Finally, we demonstrated that our collection of defects was complete with respect to fusion.

In section 3.4, we recovered the IRF crossing, concentrating, for simplicity, on simply
reducible groups. The generalizations to arbitrary compact groups, presumably requires the
use of identities for 3nj-symbols appearing in e.g. [45, 46]. We believe that the result still holds,
possibly with different phase factor in the weight (see appendix B.1). Whereas in section 3.2
we deal with operator equations, we were only able to perform the fusion (section 3.3) and
the IRF check (section 3.4) in terms of expectation values. This is unusual and perhaps a
sign that there is a more refined prescription for the defects than the one outlined here.

The approach taken in [25] produced similar results in the continuum, but did not
address the issue of defect networks. We would further argue in favor of our approach by
noting that it works for arbitrary genus, structure group, and theta angle, and also for
additional non-topological deformations of the theory, such as including higher Casimirs in
the action [19, 27–29], as long as the Hamiltonian stays diagonal in the representation basis.
However, our refinement was introduced ad hoc, while the additional degrees of freedom
in [25] were the result of applying the BV formalism. We believe that the two approaches
are complementary, with the BV formalism providing, at least on the Lie algebra level, an
appropriate guide for the required degrees of freedom living on vertices. It should also be
noted that at least some of these degrees of freedom are already visible in the cohomological
supersymmetric version of topological 2dYM discussed in [19].

2dYM admits 0, 1 and 2 dimensional defects: Wilson points, Wilson lines and discrete
theta angles. The points are vortex or monodromy operators, a 2d analog of Gukov-Witten
surface operators in 4d7 [48, 49]. The analog of these points in 3d has been studied in [6, 50]
and their supersymmetric version has been studied in 2d [51–53] and in 3d [54–57]. Some 3d
gauge theories also admit mixed Wilson-vortex line operators [29]. It would be interesting to
recover these operators enriching the lattice description of 3d gauge theory. A first step in
this direction would be to study defects using the lattice formulation of pure Chern-Simons
theory, for which a number of proposals exist, see the recent paper [58] and reference therein.

Two-dimensional Yang-Mills theory admits also a large-N description in terms of the
so-called Gross-Taylor string theory [59, 60], counting maps from genus g worldsheets into
the Riemann surface where the gauge theory lives. Recently, it was argued that a one-form
symmetry acts on the relevant string sigma model [24, 61], providing a decomposition for the
Gross-Taylor theory [42, 62]. It would be interesting to better understand the emergence of
such symmetry at large N and to study line defects in the string set-up.

7Incidentally, we mention that recently [47] a class of Gukov-Witten surface operators in four dimensional
N = 4 has been shown to be effectively described by an operator insertion in two-dimensional Yang-Mills,
exploiting the localization properties of the S2 1/8 BPS subsector. It would be nice to understand if this
insertion could be constructed from our formalism. More generally it would be interesting to characterize the
N = 4 observables computed by 2dYM from the point of view developed here.
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Our refinement enables us to control the 1-form symmetry gauging procedure plaquette
by plaquette, and could perhaps be applied to generalized gauging procedures [63]. In (3.4)
we performed a half gauging. What we get can be interpreted as an interface defect between
the gauged and ungauged theory, a type of condensation defect [64]. Such interfaces were
discussed, for instance, in [16] in the context of the Ising model.

A Harmonic analysis on compact groups

The following results can be found in standard textbook treatments, such as the first chapter
of [65] or [66]. We list here for convenience the formulae that we use throughout.

Let G be a compact Lie group. We have a few immediate consequences of its compactness:
all representations are finite dimensional; every representation is unitary with respect to an
inner product; we can define a left and right invariant measure called Haar measure dg; we
can do harmonic analysis on G. Specifically, the Haar measure has the following properties:

1. Left and right invariance: d (gh) = d (hg) = dg, and, as a consequence,∫
dgf (gh) =

∫
dgf (g) ; (A.1)

2. Normalization condition: ∫
dg = 1 . (A.2)

Let Greek indices label the set of inequivalent irreducible unitary representations of G.
Let also Rα̂ (g)i

j denote the matrix elements of the α̂ representation of the group element
g. We consider only unitary representations, so that

Rα̂ (U)i

j = Rα̂ (U)i
j = Rα̂

(
U−1

)j

i
, (A.3)

and
Rα̂ (U)

i

j = Rα̂ (U)i
j (A.4)

using Vilenkin’s conventions [65].
By the Peter-Weyl theorem, the set dim (α̂)Rα̂ (g)i

j forms a complete orthonormal system
for the invariant measure dg on G, and any square-integrable function f (g) ∈ L2 (G) can
be decomposed in this basis. This implies∫

G
dgRα̂ (g)i

j Rβ̂ (g)k
l =

δα̂,β̂

dim (α̂) · δi,k · δj,l . (A.5)

f (g) is called a class function if

f
(
h−1gh

)
= f (g) , ∀h, g ∈ G . (A.6)

Every square-integrable class function can be decomposed in a Fourier series in the basis of
characters. We have the following representation of the delta function using the characters [8]∑

α̂

χα̂ (1)χα̂ (U) =
∑

α̂

dim (α̂)χα̂ (U) = δ (U − 1) . (A.7)
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We can go between the point-wise and character representation of a class function as follows

F : hol −→ char

f (U) 7→
∫

dUf (U)χα̂ (U)
(A.8)

F̂ : char −→ hol
f (α̂) 7→

∑
α̂

f (α̂)χα̂ (U) (A.9)

which is a Fourier type transform on G.

B Clebsch-Gordan coefficients and 3j symbols

We list here for simplicity some results we need for the computations. We will be focusing on
general compact groups, sometimes specializing to simply reducible groups (see appendix B.1).
References for simply reducible groups are [67, 68], chapter 3 section 8 in [65] and appendix C
in [69]. For general compact groups, all details can be found in [45, 46].

The tensor product of irreducible representations of G can be decomposed as a sum
of irreducible representations

α̂ ⊗ β̂ =
⊕

γ̂

N γ̂

α̂β̂
γ̂ . (B.1)

N is called fusion number and counts the number of times the representation γ̂ appears in
the decomposition of α̂ ⊗ β̂. Fusion numbers for simply reducible groups are always either
0 or 1, but can be any integer for general compact groups. For the fusion number to be
non-zero, we have the following necessary but not sufficient condition for the N -alities of
SU (N) representations

N -ality (α̂) + N -ality
(
β̂
)
+ N -ality (γ̂) = 0 (mod N) , (B.2)

and a similar condition for any compact group.
The fusion numbers N γ̂

α̂β̂
, also denoted H γ̂

α̂β̂
, are the dimensions of the spaces of ho-

momorphisms

H γ̂

α̂β̂
= dim

(
Hom

(
α̂ ⊗ β̂, γ̂

))
≃ dim

(
Hom

(
α̂ ⊗ β̂ ⊗ γ̂, ê

))
. (B.3)

We can write this decomposition of the tensor product in terms of basis vectors for the
representation vector spaces using Clebsch-Gordan coefficients

ei
α̂ ⊗ ej

β̂
=
∑
γ̂,k

Cµγ

(
α̂, β̂, γ̂

)ij

k
ek

γ̂ . (B.4)

C
(
α̂, β̂, γ̂

)ij

k
can be thought of as G-invariant basis tensors for the vector space α̂ ⊗

β̂ ⊗ γ̂ and C
(
α̂, β̂, γ̂

)ijk
would be the G-invariant tensor in α̂ ⊗ β̂ ⊗ γ̂. The index µ =

1, . . . , dim
(
α̂ ⊗ β̂ ⊗ γ̂

)
labels all Clebsch-Gordan coefficients appearing in the full decompo-

sition of α̂ ⊗ β̂; the subindex γ indicates to which representation in the decomposition the
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coefficient is related. If we now fix a representation γ̂, we can omit the subindex. With the
chosen normalization, the coefficients are related to fusion numbers as∑

µ

1
dim (γ̂)Cµ

(
α̂, β̂, γ̂

)ij

k
Cµ

(
α̂, β̂, γ̂

)k

ij
= N γ̂

α̂β̂
. (B.5)

These are the coefficients as they appear in [25]. Following [8], we will instead use the
Wigner 3j symbols

ϵµ

(
α̂, β̂, γ̂

)ij

k
=

Cµ

(
α̂, β̂, γ̂

)ij

k

(dim (γ̂))1/2 . (B.6)

These 3j symbols appear also in [46], where they are denoted as (α, β, γ∗)µij
k.

In terms of the representation matrices and Haar measure, we have∫
dgRα̂ (g)i

i′ Rβ̂ (g)j
j′ Rγ̂

(
g−1

)k

k′
=
∑

µ

ϵµ

(
α̂, β̂, γ̂

)ij

k′
ϵµ

(
α̂, β̂, γ̂

)k

i′j′
. (B.7)

Note that our normalization for the Haar measure is different from e.g. eq. (5.12) in [46] (cf
eq. (A.2)). A variation of (B.7) which we will need is given by∫

dgRα̂ (g)i
i′ Rβ̂

(
g−1

)j

j′
Rγ̂

(
g−1

)k

k′
=
∑

µ

ϵµ

(
α̂, β̂, γ̂

)i

j′k′
ϵµ

(
α̂, β̂, γ̂

)jk

i′

=
∑

µ

ϵµ

(
α̂, β̂, γ̂

)i

j′k′
ϵµ

(
α̂, β̂, γ̂

)jk

i′
,

(B.8)

where in the last equality we are using the following property (cf eq. 8.2 in [46] and
discussion below)

ϵµ

(
α̂, β̂, γ̂

)k

ij
= ϵµ

(
α̂, β̂, γ̂

)k

ij
. (B.9)

In the special case where one of the representations involved is the trivial, 3j symbols satisfy

ϵµ

(
α̂, ê, γ̂

)ij

k
= δα̂,γ̂ · δi,k

(dim (γ̂))1/2 ϵµ

(
α̂, β̂, ê

)ij

k
=

δ
α̂,β̂

· δi,j

(dim (α̂))1/2 . (B.10)

These relations can be derived as follows∫
dgRα̂ (g)i

i′ Rβ̂ (g)j
j′ =

∫
dgRα̂ (g)i

i′ R
β̂
(g)j

j′

=
δ

α̂,β̂

dim (α̂) · δi,j · δi′,j′

=
∑

µ

ϵµ

(
α̂, β̂, ê

)ij

k′
ϵµ

(
α̂, β̂, ê

)k

i′j′
,

(B.11)

where we used (A.5), (A.3) and (B.7). This also implies the following for Clebsch-Gordan
coefficients

Cµ

(
α̂, ê, γ̂

)ij

k′
= δα̂,γ̂ · δi,k′ Cµ

(
α̂, β̂, ê

)ij

k′
= δα̂,γ̂ · δi,j . (B.12)
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B.1 6j symbols and the IRF crossing

In the IRF crossing, 6j symbols also appear. For the sake of simplicity, we restrict this
computation to simply reducible groups and use Wigner’s notation [68]. The same computation
can be done for generic compact groups by keeping track of additional phase factors. Simply
reducible groups have fusion numbers 0 or 1, and every representation is equivalent to its
complex conjugate. Every representation may be indexed by an integer or half integer label,
and the example to have in mind is that of SU (2). Hence, we can suppress the µ index and
no longer keep track of complex conjugate representations, but we do keep track of covariant
and contravariant indices. The integral (B.7) in Wigner’s notation would give

ϵ
(
α̂, β̂, γ̂

)ij

k′
ϵ
(
α̂, β̂, γ̂

) k

i′j′
. (B.13)

We will use the following properties of the 3j symbols:

1. If γ̂ appears in α̂ ⊗ β̂, we have

(−1)2α̂+2β̂+2γ̂ = 1 . (B.14)

2. 3j symbols are symmetric under even permutations

ϵ
(
α̂, β̂, γ̂

)ijk
= ϵ

(
β̂, γ̂, α̂

)jki
= ϵ

(
γ̂, α̂, β̂

)kij
. (B.15)

3. 3j symbols pick up a phase factor under odd permutations8

ϵ
(
α̂, β̂, γ̂

)ijk
= (−1)α̂+β̂+γ̂ ϵ

(
β̂, α̂, γ̂

)jik
. (B.16)

4. A 3j symbol with all contravariant indices is equivalent to the complex conjugated
symbol9

ϵ
(
α̂, β̂, γ̂

)
ijk

= ϵ
(
α̂, β̂, γ̂

)
ijk

. (B.17)

5. We can define a 1j symbol ϕ that transforms a representation into its complex conjugate
as

Rα̂ (g) j
i = ϕ (α̂)∗il R∗

α̂ (g)l
m ϕ (α̂)jm . (B.18)

6. The 1j symbol ϕ∗ can then be used to lower indices and ϕ to raise them. 1j symbols
obey unitarity conditions10

ϕ∗ (α̂)ij ϕ (α̂)ij′ = δj,j′ ; ϕ∗ (α̂)i′j ϕ (α̂)ij = δi′,i . (B.19)
8For a general compact group we get phase factor for both even and odd permutations (cf eq. (6.2) in [46]).
9For a general compact group this would be (B.9).

10For a general compact group the unitarity conditions hold up to a phase factor that is fixed to be ±1
(section 4 in [46]).
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In principle raising or lowering indices could introduce phase factors in the form of 1j
symbols. However, as long as we lower and raise at the same time two indices which are
contracted, we do not get additional factors due to the unitarity conditions (B.19).

6j symbols depend on six representations, they are defined as
(

ρ̂1 ρ̂2 ρ̂3
ρ̂4 ρ̂5 ρ̂6

)
:= ϵ (ρ̂1, ρ̂2, ρ̂3)k1k2k3

ϵ (ρ̂1, ρ̂5, ρ̂6)k1 k6
k5

ϵ (ρ̂4, ρ̂2, ρ̂6)k4k2
k6

ϵ (ρ̂4, ρ̂5, ρ̂3) k5k3
k4

,

(B.20)
and they obey the following quadratic equation: the Racah back-coupling rule

∑
β̂3

dim
(
β̂3
)
(−1)β̂3+ρ̂4+ρ̂2

(
ρ̂3 α̂2 ρ̂4
α̂1 ρ̂1 β̂3

)(
α̂2 α̂1 β̂3
ρ̂3 ρ̂1 ρ̂2

)
=
(

α̂2 ρ̂3 ρ̂4
α̂1 ρ̂1 ρ̂2

)
. (B.21)

In section 3.4, we perform computations for the IRF model only for simply reducible
groups. However, we believe such computations still hold for general compact Lie groups.
6j symbols can be defined for any compact group (see eq. (9.6) in [46], eq. (5.1) in [45] or
the definition in [25]). A generalization of Racah back coupling rule also exists (see eq. (21)
in [46] or Theorem 5 in [45]). In the general case there are more phase factors to keep track
of, as we have highlighted in the footnotes. We also have to reintroduce the µ index and
keep track of the conjugated representations.

B.2 A sanity check

For simply reducible groups like SU (2) all fusion numbers are either 0 or 1, but in general
fusion numbers can be greater than 1 [70]. This apparently gives rise to some concern when
performing the computations. Consider the expectation value of a Wilson loop R̂ on a 2-sphere
built by gluing two plaquettes with only one corner instead of three and with B = 1. We get

ZS2

(
ϵ1, ϵ2; R̂

)
=
∫

dUdV
∑
σ̂,ρ̂

dim (σ̂) dim (ρ̂)χσ̂ (UV )χρ̂

(
U−1V −1

)
χR̂ (UV )×

× e−
ϵ1
2 c2(ρ̂)e−

ϵ2
2 c2(σ̂)

=
∑

σ̂,ρ̂,µ,ν

dim (σ̂) dim (ρ̂) ϵµ

(
σ̂, R̂, ρ̂

)ae

d
ϵµ

(
σ̂, R̂, ρ̂

)c

bf
ϵν

(
σ̂, R̂, ρ̂

)bf

c
×

× ϵν

(
σ̂, R̂, ρ̂

)d

ae
e−

ϵ1
2 c2(ρ̂)e−

ϵ2
2 c2(σ̂) .

(B.22)

We obtain two copies of 3j symbols instead of one. We might be concerned about getting(
N ρ̂

σ̂R̂

)2
, which would give a different result for the new plaquette, hence spoiling subdivision

invariance. However, this is not the case. Using the properties of Haar measure (A.1)
and (A.2) we have
∫

dUdV χσ̂ (UV )χρ̂

(
U−1V −1

)
χR̂ (UV ) =

∫
dKdUχσ̂ (K)χρ̂

(
K−1

)
χR̂ (K) = N ρ̂

σ̂R̂
,

(B.23)
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where we defined K = UV . From this result we can deduce how to resolve the sums of
coefficients appearing in (B.22)

N ρ̂

σ̂R̂
=
∑
µ,ν

δµ,νϵµ

(
σ̂, R̂, ρ̂

)ae

d
ϵν

(
σ̂, R̂, ρ̂

)d

ae

=
∑
µ,ν

ϵµ

(
σ̂, R̂, ρ̂

)ae

d
ϵµ

(
σ̂, R̂, ρ̂

)c

bf
ϵν

(
σ̂, R̂, ρ̂

)bf

c
ϵν

(
σ̂, R̂, ρ̂

)d

ae
.

(B.24)

In particular, the relation

ϵν

(
σ̂, R̂, ρ̂

)bf

c
ϵµ

(
σ̂, R̂, ρ̂

)c

bf
= δµ,ν , (B.25)

is a special case of eq. (5.5) in [46] with the i3 index summed over so that gives a dim (λ3)
canceling the additional dim (λ3) factor on the right hand side.

C Theta terms

Let us summarize here a few key properties of theta terms in 2d gauge theories [21]. Theta
terms appear as phases, corresponding to different weightings for the bundles summed over
in the path integral. In a model with a trivial theta angle, all bundles are weighted the same.

Isomorphism classes of G-bundles over closed surfaces with G a connected simple compact
Lie group are in one to one correspondence with

H2(Σ;π1(G)) ≃ π1(G) . (C.1)

As a consequence, the corresponding discrete theta angles take values in the space of
unitary representations θ̂ ∈ π̂1(G).

Equivalently, a discrete theta angle is a choice of element in [21, 40]

Hom (π1 (G) , U (1))π0(G) , (C.2)

where the superscript means that the Hom space is restricted to the π0 (G)-invariant part.
In or notation, G is the quotient of its universal cover G̃ by the discrete group H, hence
π1 (G) ≃ H.

Data Availability Statement. This article has no associated data or the data will not
be deposited.

Code Availability Statement. This article has no associated code or the code will not
be deposited.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.

– 24 –

https://creativecommons.org/licenses/by/4.0/


J
H
E
P
0
8
(
2
0
2
5
)
0
3
6

References

[1] A. Kapustin and N. Seiberg, Coupling a QFT to a TQFT and Duality, JHEP 04 (2014) 001
[arXiv:1401.0740] [INSPIRE].

[2] D. Gaiotto, A. Kapustin, N. Seiberg and B. Willett, Generalized Global Symmetries, JHEP 02
(2015) 172 [arXiv:1412.5148] [INSPIRE].

[3] L. Bhardwaj et al., Lectures on generalized symmetries, Phys. Rept. 1051 (2024) 1
[arXiv:2307.07547] [INSPIRE].

[4] M. Atiyah, Topological quantum field theories, Inst. Hautes Etudes Sci. Publ. Math. 68 (1989)
175 [INSPIRE].

[5] G.B. Segal, The Definition of Conformal Field Theory, in Differential Geometrical Methods in
Theoretical Physics, K. Bleuler and M. Werner Springer Netherlands (1988), p. 165–171
[DOI:10.1007/978-94-015-7809-7_9].

[6] E. Witten, Quantum Field Theory and the Jones Polynomial, Commun. Math. Phys. 121 (1989)
351 [INSPIRE].

[7] R. Dijkgraaf and E. Witten, Topological Gauge Theories and Group Cohomology, Commun.
Math. Phys. 129 (1990) 393 [INSPIRE].

[8] E. Witten, On quantum gauge theories in two-dimensions, Commun. Math. Phys. 141 (1991)
153 [INSPIRE].

[9] I. Runkel and L. Szegedy, Area-Dependent Quantum Field Theory, Commun. Math. Phys. 381
(2021) 83 [arXiv:1807.08196] [INSPIRE].

[10] D.S. Freed, Higher algebraic structures and quantization, Commun. Math. Phys. 159 (1994) 343
[hep-th/9212115] [INSPIRE].

[11] J.C. Baez and J. Dolan, Higher dimensional algebra and topological quantum field theory, J.
Math. Phys. 36 (1995) 6073 [q-alg/9503002] [INSPIRE].

[12] J. Lurie, On the Classification of Topological Field Theories Curr. Dev. Math. 2008 (2008) 129
[arXiv:0905.0465] [INSPIRE].

[13] D. Freed, Lectures on Field Theory and Topology, CBMS Regional Conference Series in
Mathematics 133 (2019) 1.

[14] D. Grady and D. Pavlov, The geometric cobordism hypothesis, arXiv:2111.01095 [INSPIRE].

[15] A. Kapustin, Topological Field Theory, Higher Categories, and Their Applications, in the
proceedings of the International Congress of Mathematicians, Hyderabad, India, August 19–27
(2010) [arXiv:1004.2307] [INSPIRE].

[16] N. Carqueville, M. Del Zotto and I. Runkel, Topological defects, arXiv:2311.02449
[DOI:10.1016/B978-0-323-95703-8.00098-7] [INSPIRE].

[17] A.A. Migdal, Recursion Equations in Gauge Theories, Sov. Phys. JETP 42 (1975) 413 [INSPIRE].

[18] B.E. Rusakov, Loop averages and partition functions in U(N) gauge theory on two-dimensional
manifolds, Mod. Phys. Lett. A 5 (1990) 693 [INSPIRE].

[19] E. Witten, Two-dimensional gauge theories revisited, J. Geom. Phys. 9 (1992) 303
[hep-th/9204083] [INSPIRE].

– 25 –

https://doi.org/10.1007/JHEP04(2014)001
https://doi.org/10.48550/arXiv.1401.0740
https://inspirehep.net/literature/1276138
https://doi.org/10.1007/JHEP02(2015)172
https://doi.org/10.1007/JHEP02(2015)172
https://doi.org/10.48550/arXiv.1412.5148
https://inspirehep.net/literature/1334564
https://doi.org/10.1016/j.physrep.2023.11.002
https://doi.org/10.48550/arXiv.2307.07547
https://inspirehep.net/literature/2677667
https://doi.org/10.1007/BF02698547
https://doi.org/10.1007/BF02698547
https://inspirehep.net/literature/278226
https://doi.org/10.1007/978-94-015-7809-7_9
https://doi.org/10.1007/BF01217730
https://doi.org/10.1007/BF01217730
https://inspirehep.net/literature/264818
https://doi.org/10.1007/BF02096988
https://doi.org/10.1007/BF02096988
https://inspirehep.net/literature/278923
https://doi.org/10.1007/BF02100009
https://doi.org/10.1007/BF02100009
https://inspirehep.net/literature/325641
https://doi.org/10.1007/s00220-020-03902-1
https://doi.org/10.1007/s00220-020-03902-1
https://doi.org/10.48550/arXiv.1807.08196
https://inspirehep.net/literature/1683438
https://doi.org/10.1007/BF02102643
https://doi.org/10.48550/arXiv.hep-th/9212115
https://inspirehep.net/literature/377655
https://doi.org/10.1063/1.531236
https://doi.org/10.1063/1.531236
https://doi.org/10.48550/arXiv.q-alg/9503002
https://inspirehep.net/literature/403395
https://doi.org/10.4310/cdm.2008.v2008.n1.a3
https://doi.org/10.48550/arXiv.0905.0465
https://inspirehep.net/literature/1655795
https://doi.org/10.1090/cbms/133
https://doi.org/10.1090/cbms/133
https://doi.org/10.48550/arXiv.2111.01095
https://inspirehep.net/literature/1957596
https://doi.org/10.48550/arXiv.1004.2307
https://inspirehep.net/literature/852088
https://doi.org/10.48550/arXiv.2311.02449
https://doi.org/10.1016/B978-0-323-95703-8.00098-7
https://inspirehep.net/literature/2719354
https://inspirehep.net/literature/100330
https://doi.org/10.1142/S0217732390000780
https://inspirehep.net/literature/302474
https://doi.org/10.1016/0393-0440(92)90034-X
https://doi.org/10.48550/arXiv.hep-th/9204083
https://inspirehep.net/literature/344426


J
H
E
P
0
8
(
2
0
2
5
)
0
3
6

[20] M. Blau and G. Thompson, Lectures on 2-d gauge theories: Topological aspects and path integral
techniques, in the proceedings of the Summer School in High-energy Physics and Cosmology
(Includes Workshop on Strings, Gravity, and Related Topics, Jul 29–30 (1993) [hep-th/9310144]
[INSPIRE].

[21] E. Sharpe, Decomposition in diverse dimensions, Phys. Rev. D 90 (2014) 025030
[arXiv:1404.3986] [INSPIRE].

[22] M. Blau and G. Thompson, Localization and diagonalization: A review of functional integral
techniques for low dimensional gauge theories and topological field theories, J. Math. Phys. 36
(1995) 2192 [hep-th/9501075] [INSPIRE].

[23] L. Griguolo et al., Localization and resummation of unstable instantons in 2d Yang-Mills, JHEP
06 (2024) 188 [Erratum ibid. 08 (2024) 101] [arXiv:2403.00053] [INSPIRE].

[24] S. Cordes, G.W. Moore and S. Ramgoolam, Lectures on 2-d Yang-Mills theory, equivariant
cohomology and topological field theories, Nucl. Phys. B Proc. Suppl. 41 (1995) 184
[hep-th/9411210] [INSPIRE].

[25] R. Iraso and P. Mnev, Two-Dimensional Yang-Mills Theory on Surfaces with Corners in
Batalin-Vilkovisky Formalism, Commun. Math. Phys. 370 (2019) 637 [arXiv:1806.04172]
[INSPIRE].

[26] M. Blau and G. Thompson, Quantum Yang-Mills theory on arbitrary surfaces, Int. J. Mod. Phys.
A 7 (1992) 3781 [INSPIRE].

[27] O. Ganor, J. Sonnenschein and S. Yankielowicz, The String theory approach to generalized 2-D
Yang-Mills theory, Nucl. Phys. B 434 (1995) 139 [hep-th/9407114] [INSPIRE].

[28] B. Rusakov and S. Yankielowicz, Large N phase transitions and multicritical behavior in
generalized 2-D QCD, Phys. Lett. B 339 (1994) 258 [hep-th/9408046] [INSPIRE].

[29] L. Griguolo, L. Guerrini and I. Yaakov, Localization and duality for ABJM latitude Wilson loops,
JHEP 08 (2021) 001 [arXiv:2104.04533] [INSPIRE].

[30] L. Müller, R.J. Szabo and L. Szegedy, Symmetry defects and orbifolds of two-dimensional
Yang-Mills theory, Lett. Math. Phys. 112 (2022) 18 [arXiv:1907.04734] [INSPIRE].

[31] J.-Y. Chen, Instanton Density Operator in Lattice QCD from Higher Category Theory,
arXiv:2406.06673 [INSPIRE].

[32] V. Pestun, Localization of the four-dimensional N = 4 SYM to a two-sphere and 1/8 BPS
Wilson loops, JHEP 12 (2012) 067 [arXiv:0906.0638] [INSPIRE].

[33] N. Drukker, S. Giombi, R. Ricci and D. Trancanelli, Supersymmetric Wilson loops on S3, JHEP
05 (2008) 017 [arXiv:0711.3226] [INSPIRE].

[34] S. Giombi and V. Pestun, Correlators of local operators and 1/8 BPS Wilson loops on S2 from
2d YM and matrix models, JHEP 10 (2010) 033 [arXiv:0906.1572] [INSPIRE].

[35] S. Giombi and V. Pestun, The 1/2 BPS ’t Hooft loops in N = 4 SYM as instantons in 2d
Yang-Mills, J. Phys. A 46 (2013) 095402 [arXiv:0909.4272] [INSPIRE].

[36] A. Bassetto and L. Griguolo, Two-dimensional QCD, instanton contributions and the
perturbative Wu-Mandelstam-Leibbrandt prescription, Phys. Lett. B 443 (1998) 325
[hep-th/9806037] [INSPIRE].

[37] Y. Wang, Taming defects in N = 4 super-Yang-Mills, JHEP 08 (2020) 021 [arXiv:2003.11016]
[INSPIRE].

– 26 –

https://doi.org/10.48550/arXiv.hep-th/9310144
https://inspirehep.net/literature/359274
https://doi.org/10.1103/PhysRevD.90.025030
https://doi.org/10.48550/arXiv.1404.3986
https://inspirehep.net/literature/1290555
https://doi.org/10.1063/1.531038
https://doi.org/10.1063/1.531038
https://doi.org/10.48550/arXiv.hep-th/9501075
https://inspirehep.net/literature/392276
https://doi.org/10.1007/JHEP06(2024)188
https://doi.org/10.1007/JHEP06(2024)188
https://doi.org/10.48550/arXiv.2403.00053
https://inspirehep.net/literature/2763617
https://doi.org/10.1016/0920-5632(95)00434-B
https://doi.org/10.48550/arXiv.hep-th/9411210
https://inspirehep.net/literature/380399
https://doi.org/10.1007/s00220-019-03392-w
https://doi.org/10.48550/arXiv.1806.04172
https://inspirehep.net/literature/1677499
https://doi.org/10.1142/S0217751X9200168X
https://doi.org/10.1142/S0217751X9200168X
https://inspirehep.net/literature/315704
https://doi.org/10.1016/0550-3213(94)00397-W
https://doi.org/10.48550/arXiv.hep-th/9407114
https://inspirehep.net/literature/374919
https://doi.org/10.1016/0370-2693(94)90641-6
https://doi.org/10.48550/arXiv.hep-th/9408046
https://inspirehep.net/literature/375474
https://doi.org/10.1007/JHEP08(2021)001
https://doi.org/10.48550/arXiv.2104.04533
https://inspirehep.net/literature/1857821
https://doi.org/10.1007/s11005-021-01476-0
https://doi.org/10.48550/arXiv.1907.04734
https://inspirehep.net/literature/1743169
https://doi.org/10.48550/arXiv.2406.06673
https://inspirehep.net/literature/2796888
https://doi.org/10.1007/JHEP12(2012)067
https://doi.org/10.48550/arXiv.0906.0638
https://inspirehep.net/literature/822156
https://doi.org/10.1088/1126-6708/2008/05/017
https://doi.org/10.1088/1126-6708/2008/05/017
https://doi.org/10.48550/arXiv.0711.3226
https://inspirehep.net/literature/768226
https://doi.org/10.1007/JHEP10(2010)033
https://doi.org/10.48550/arXiv.0906.1572
https://inspirehep.net/literature/822509
https://doi.org/10.1088/1751-8113/46/9/095402
https://doi.org/10.48550/arXiv.0909.4272
https://inspirehep.net/literature/832006
https://doi.org/10.1016/S0370-2693(98)01319-7
https://doi.org/10.48550/arXiv.hep-th/9806037
https://inspirehep.net/literature/471404
https://doi.org/10.1007/JHEP08(2020)021
https://doi.org/10.48550/arXiv.2003.11016
https://inspirehep.net/literature/1787855


J
H
E
P
0
8
(
2
0
2
5
)
0
3
6

[38] D. Gaiotto and E. Witten, Supersymmetric Boundary Conditions in N = 4 Super Yang-Mills
Theory, J. Statist. Phys. 135 (2009) 789 [arXiv:0804.2902] [INSPIRE].

[39] C. Beasley, Localization for Wilson Loops in Chern-Simons Theory, Adv. Theor. Math. Phys. 17
(2013) 1 [arXiv:0911.2687] [INSPIRE].

[40] L. Santilli and R.J. Szabo, Higher form symmetries and orbifolds of two-dimensional Yang-Mills
theory, Lett. Math. Phys. 115 (2025) 15 [arXiv:2403.03119] [INSPIRE].

[41] L. Lin, D.G. Robbins and E. Sharpe, Decomposition, Condensation Defects, and Fusion, Fortsch.
Phys. 70 (2022) 2200130 [arXiv:2208.05982] [INSPIRE].

[42] E. Sharpe, An introduction to decomposition, in 2021–2022 MATRIX Annals, D.R. Wood, J. de
Gier, C. E. Praeger eds., Springer Cham (2024) [DOI:10.1007/978-3-031-47417-0_8]
[arXiv:2204.09117] [INSPIRE].

[43] M. Nguyen, Y. Tanizaki and M. Ünsal, Noninvertible 1-form symmetry and Casimir scaling in
2D Yang-Mills theory, Phys. Rev. D 104 (2021) 065003 [arXiv:2104.01824] [INSPIRE].

[44] D. Gaiotto and E. Witten, Janus Configurations, Chern-Simons Couplings, And The theta-Angle
in N = 4 Super Yang-Mills Theory, JHEP 06 (2010) 097 [arXiv:0804.2907] [INSPIRE].

[45] J.-R. Derome and W.T. Sharp, Racah Algebra for an Arbitrary Group, J. Math. Phys. 6 (1965)
1584.

[46] P.H. Butler, Coupling coefficients and tensor operators for chains of groups, Phil. Trans. Roy.
Soc. Lond. A 277 (1975) 545.

[47] C. Choi, J. Gomis and R. Izquierdo García, Surface operators and exact holography, JHEP 12
(2024) 195 [arXiv:2406.08541] [INSPIRE].

[48] S. Gukov and E. Witten, Gauge Theory, Ramification, And The Geometric Langlands Program,
hep-th/0612073 [INSPIRE].

[49] S. Gukov and E. Witten, Rigid Surface Operators, Adv. Theor. Math. Phys. 14 (2010) 87
[arXiv:0804.1561] [INSPIRE].

[50] G.W. Moore and N. Seiberg, Taming the Conformal Zoo, Phys. Lett. B 220 (1989) 422
[INSPIRE].

[51] T. Okuda, Mirror symmetry and the flavor vortex operator in two dimensions, JHEP 10 (2015)
174 [arXiv:1508.07179] [INSPIRE].

[52] K. Hosomichi, S. Lee and T. Okuda, Supersymmetric vortex defects in two dimensions, JHEP 01
(2018) 033 [arXiv:1705.10623] [INSPIRE].

[53] K. Hosomichi, Orbifolds, Defects and Sphere Partition Function, JHEP 02 (2016) 155
[arXiv:1507.07650] [INSPIRE].

[54] N. Drukker, T. Okuda and F. Passerini, Exact results for vortex loop operators in 3d
supersymmetric theories, JHEP 07 (2014) 137 [arXiv:1211.3409] [INSPIRE].

[55] A. Kapustin, B. Willett and I. Yaakov, Exact results for supersymmetric abelian vortex loops in
2+1 dimensions, JHEP 06 (2013) 099 [arXiv:1211.2861] [INSPIRE].

[56] K. Hosomichi and K. Suzuki, Supersymmetric vortex loops in 3D gauge theories, JHEP 04 (2022)
027 [arXiv:2111.04249] [INSPIRE].

[57] N. Drukker and O. Shahpo, Vortex loop operators and quantum M2-branes, SciPost Phys. 17
(2024) 016 [arXiv:2312.17091] [INSPIRE].

– 27 –

https://doi.org/10.1007/s10955-009-9687-3
https://doi.org/10.48550/arXiv.0804.2902
https://inspirehep.net/literature/783712
https://doi.org/10.4310/ATMP.2013.v17.n1.a1
https://doi.org/10.4310/ATMP.2013.v17.n1.a1
https://doi.org/10.48550/arXiv.0911.2687
https://inspirehep.net/literature/836908
https://doi.org/10.1007/s11005-025-01905-4
https://doi.org/10.48550/arXiv.2403.03119
https://inspirehep.net/literature/2764897
https://doi.org/10.1002/prop.202200130
https://doi.org/10.1002/prop.202200130
https://doi.org/10.48550/arXiv.2208.05982
https://inspirehep.net/literature/2135478
https://doi.org/10.1007/978-3-031-47417-0_8
https://doi.org/10.48550/arXiv.2204.09117
https://inspirehep.net/literature/2069847
https://doi.org/10.1103/PhysRevD.104.065003
https://doi.org/10.48550/arXiv.2104.01824
https://inspirehep.net/literature/1856117
https://doi.org/10.1007/JHEP06(2010)097
https://doi.org/10.48550/arXiv.0804.2907
https://inspirehep.net/literature/783715
https://doi.org/10.1063/1.1704698
https://doi.org/10.1063/1.1704698
https://doi.org/10.1098/rsta.1975.0015
https://doi.org/10.1098/rsta.1975.0015
https://doi.org/10.1007/JHEP12(2024)195
https://doi.org/10.1007/JHEP12(2024)195
https://doi.org/10.48550/arXiv.2406.08541
https://inspirehep.net/literature/2797747
https://doi.org/10.48550/arXiv.hep-th/0612073
https://inspirehep.net/literature/733909
https://doi.org/10.4310/ATMP.2010.v14.n1.a3
https://doi.org/10.48550/arXiv.0804.1561
https://inspirehep.net/literature/783139
https://doi.org/10.1016/0370-2693(89)90897-6
https://inspirehep.net/literature/276583
https://doi.org/10.1007/JHEP10(2015)174
https://doi.org/10.1007/JHEP10(2015)174
https://doi.org/10.48550/arXiv.1508.07179
https://inspirehep.net/literature/1390998
https://doi.org/10.1007/JHEP01(2018)033
https://doi.org/10.1007/JHEP01(2018)033
https://doi.org/10.48550/arXiv.1705.10623
https://inspirehep.net/literature/1601674
https://doi.org/10.1007/JHEP02(2016)155
https://doi.org/10.48550/arXiv.1507.07650
https://inspirehep.net/literature/1385347
https://doi.org/10.1007/JHEP07(2014)137
https://doi.org/10.48550/arXiv.1211.3409
https://inspirehep.net/literature/1202712
https://doi.org/10.1007/JHEP06(2013)099
https://doi.org/10.48550/arXiv.1211.2861
https://inspirehep.net/literature/1202521
https://doi.org/10.1007/JHEP04(2022)027
https://doi.org/10.1007/JHEP04(2022)027
https://doi.org/10.48550/arXiv.2111.04249
https://inspirehep.net/literature/1963426
https://doi.org/10.21468/SciPostPhys.17.1.016
https://doi.org/10.21468/SciPostPhys.17.1.016
https://doi.org/10.48550/arXiv.2312.17091
https://inspirehep.net/literature/2741285


J
H
E
P
0
8
(
2
0
2
5
)
0
3
6

[58] T. Jacobson and T. Sulejmanpasic, Canonical quantization of lattice Chern-Simons theory,
JHEP 11 (2024) 087 [arXiv:2401.09597] [INSPIRE].

[59] D.J. Gross and W. Taylor, Two-dimensional QCD is a string theory, Nucl. Phys. B 400 (1993)
181 [hep-th/9301068] [INSPIRE].

[60] D.J. Gross and W. Taylor, Twists and Wilson loops in the string theory of two-dimensional
QCD, Nucl. Phys. B 403 (1993) 395 [hep-th/9303046] [INSPIRE].

[61] P. Horava, Topological rigid string theory and two-dimensional QCD, Nucl. Phys. B 463 (1996)
238 [hep-th/9507060] [INSPIRE].

[62] T. Pantev and E. Sharpe, Decomposition and the Gross-Taylor string theory, Int. J. Mod. Phys.
A 38 (2023) 2350156 [arXiv:2307.08729] [INSPIRE].

[63] K. Roumpedakis, S. Seifnashri and S.-H. Shao, Higher Gauging and Non-invertible Condensation
Defects, Commun. Math. Phys. 401 (2023) 3043 [arXiv:2204.02407] [INSPIRE].

[64] D. Gaiotto and T. Johnson-Freyd, Condensations in higher categories, arXiv:1905.09566
[INSPIRE].

[65] N.Y. Vilenkin, Special functions and the theory of group representations, (1968)
[https://api.semanticscholar.org/CorpusID:122254133].

[66] M.R. Sepanski, Compact lie groups, (2006)
[https://api.semanticscholar.org/CorpusID:117022255].

[67] Nist digital library for mathematical functions, https://dlmf.nist.gov/.

[68] E.P. Wigner, On the Matrices Which Reduce the Kronecker Products of Representations of S. R.
Groups, in The Collected Works of Eugene Paul Wigner, A.S. Wightman ed., Springer Berlin
Heidelberg (1993), p. 608–654 [DOI:10.1007/978-3-662-02781-3_42].

[69] A.M.L. Messiah, Quantum mechanics, v.2, (1961)
[https://api.semanticscholar.org/CorpusID:125322572].

[70] A. Alex, M. Kalus, A. Huckleberry and J. von Delft, A numerical algorithm for the explicit
calculation of SU(N) and SL(N, C) Clebsch-Gordan coefficients, J. Math. Phys. 52 (2011)
023507 [arXiv:1009.0437] [INSPIRE].

– 28 –

https://doi.org/10.1007/JHEP11(2024)087
https://doi.org/10.48550/arXiv.2401.09597
https://inspirehep.net/literature/2748726
https://doi.org/10.1016/0550-3213(93)90403-C
https://doi.org/10.1016/0550-3213(93)90403-C
https://doi.org/10.48550/arXiv.hep-th/9301068
https://inspirehep.net/literature/352466
https://doi.org/10.1016/0550-3213(93)90042-N
https://doi.org/10.48550/arXiv.hep-th/9303046
https://inspirehep.net/literature/353102
https://doi.org/10.1016/0550-3213(96)00036-3
https://doi.org/10.1016/0550-3213(96)00036-3
https://doi.org/10.48550/arXiv.hep-th/9507060
https://inspirehep.net/literature/397091
https://doi.org/10.1142/S0217751X23501567
https://doi.org/10.1142/S0217751X23501567
https://doi.org/10.48550/arXiv.2307.08729
https://inspirehep.net/literature/2678156
https://doi.org/10.1007/s00220-023-04706-9
https://doi.org/10.48550/arXiv.2204.02407
https://inspirehep.net/literature/2063984
https://doi.org/10.48550/arXiv.1905.09566
https://inspirehep.net/literature/1736539
https://api.semanticscholar.org/CorpusID:122254133
https://api.semanticscholar.org/CorpusID:117022255
https://dlmf.nist.gov/
https://doi.org/10.1007/978-3-662-02781-3_42
https://api.semanticscholar.org/CorpusID:125322572
https://doi.org/10.1063/1.3521562
https://doi.org/10.1063/1.3521562
https://doi.org/10.48550/arXiv.1009.0437
https://inspirehep.net/literature/866938

	Introduction
	Enriching the lattice theory
	The proposal

	Defects
	Elementary defects
	Degeneration
	Fusion
	Recovering the IRF crossing

	Discussion
	Harmonic analysis on compact groups
	Clebsch-Gordan coefficients and 3j symbols
	6j symbols and the IRF crossing
	A sanity check

	Theta terms

