arXiv:2508.12850v1 [math.OC] 18 Aug 2025

On Constraint Qualifications for MPECs with Applications to
Bilevel Hyperparameter Optimization for Machine Learning

Jiani Li*, Qingna Li*P and Alain Zemkoho®

aSchool of Mathematics and Statistics, Beijing Institute of Technology, Beijing, China;
bBeijing Key Laboratory on MCAACI/Key Laboratory of Mathematical Theory and
Computation in Information Security, Beijing Institute of Technology, Beijing, China;
“School of Mathematical Sciences, University of Southampton, Southampton, SO17 1BJ, UK.

ARTICLE HISTORY
Compiled August 19, 2025

ABSTRACT

Constraint qualifications for a Mathematical Program with Equilibrium Constraints
(MPEC) are essential for analyzing stationarity properties and establishing conver-
gence results. In this paper, we explore several classical MPEC constraint quali-
fications and clarify the relationships among them. We subsequently examine the
behavior of these constraint qualifications in the context of a specific MPEC derived
from bilevel hyperparameter optimization (BHO) for L1-loss support vector classifi-
cation. In particular, for such an MPEC, we provide a complete characterization of
the well-known MPEC linear independence constraint qualification (MPEC-LICQ),
therefore, establishing conditions under which it holds or fails for our BHO for sup-
port vector machines.
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1. Introduction

A bilevel optimization problem (BLO) is a hierarchical optimization problem in
which the feasible region of the upper-level problem depends on the solution set of
the lower-level problem [1-3]. It has been extensively studied because of its significant
applications across various fields of science and engineering [4-6], especially in the
fast-developing area of machine learning [7-14].

In general, a BLO is highly complicated and computationally challenging to solve
due to its nonconvexity and nondifferentiability [15]. A commonly used approach for
solving a BLO is to replace the lower-level problem with its Karush-Kuhn—Tucker
(KKT) conditions, thereby transforming it into a mathematical program with equilib-
rium constraints (MPEC) [16-18].
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Due to the presence of complementarity constraints, many commonly used con-
straint qualifications (CQs) in nonlinear programming (NLP), such as the linear in-
dependence constraint qualification (LICQ) and Mangasarian-Fromovitz constraint
qualification (MFCQ) fail to hold at all feasible points of an MPEC [19,20].

When CQs fail, the KKT conditions may not be valid at a minimizer, and the
convergence assumptions for most standard methods for constrained optimization may
not be satisfied [21].

For these reasons, establishing appropriate constraint qualifications tailored to the
complementarity structure in MPECs is crucial, in part to characterize local optimal
solutions. Specialized CQs that capture the structure of the problem have been widely
studied in the literature; see, e.g., [16,22]. For example, we mention the Tightened
NLP-based extension of MFCQ, which we label MPEC-MFCQ-T, proposed by Scheel
and Scholtes [23], and the Relaxed NLP-based MFCQ, denoted MPEC-MFCQ-R,
introduced by Ralph and Wright [24]. Ye [25] develops other extensions of MFCQ
for MPECs. Flegel and Kanzow [20,26] explored MPEC-specific adaptations of the
Abadie constraint qualification (MPEC-ACQ) and the Guignard constraint qualifica-
tion (MPEC-GCQ). Further developments include the work by Henrion and Outrata
[27], who study conditions for detecting the calmness property in constraint set-valued
mappings.

Considering this wide range of CQs tailored to MPECs, the first aim of this paper
is to take a close look at them and study the possible connections among them. In
doing so, we identify those that are equivalent to each other (especially in the context
of the multiple MFCQ-type CQs) and those that stand in strict implication relation-
ships. Secondly, we study the behavior of these CQs for the bilevel hyperparameter
optimization (BHO) problem in support vector machines.

Note that, in the context of BHO, there have been many recent publications, often
with varied uses of CQs. For instance, Bennett et al. have conducted a series of stud-
ies on hyperparameter selection based on transforming the problem into an MPEC
[35-39]. Recently, Li et al. [40] formulate the support vector classification (SVC) hy-
perparameter selection problem as a bilevel optimization problem and then transform
it into an MPEC, which they solve with a relaxation algorithm that converges under
an MPEC-MFCQ.

In [41], Qian et al. introduce an efficient linear-programming-based Newton global
relaxation method to solve the MPEC derived from the bilevel model in [37], which
incorporates multiple hyperparameters for feature selection. Furthermore, they show
that, under appropriate conditions, the MPEC-MFCQ defined in [40] holds. In [42],
the authors further analyze and characterize MPEC-LICQ for the MPEC arising from
the bilevel model used for hyperparameter selection in the context of the kernel-based
SVC hyperparameter optimization problem. Furthermore, in [43], Ward et al. improve
solution methods for MPCCs with new convergence results under weaker assumptions
and formulate SVM hyperparameter tuning as an MPCC to leverage derivative infor-
mation for efficiency. Wang and Li [44] formulate hyperparameter selection for SVC
with logistic loss as a bilevel optimization problem, transform it into a single-level
NLP via KKT conditions, and propose a smoothing Newton method with superlinear
convergence to efficiently obtain strict local minimizers.

After systematically studying MPEC-tailored CQs, analyzing their connections, and
providing examples that illustrate cases where certain implications between them do
not hold, we apply these CQs to the BHO problem, focusing in particular on identifying
cases where MPEC-LICQ fails or is satisfied. This latter aspect of our analysis provides
a way to check the satisfaction of MPEC-LICQ for similar MPECs derived from BHO



for support vector machines.

The organization of the paper is as follows. In Section 2, we introduce various defini-
tions of constraint qualifications for MPEC and study the relationships between them.
In Section 3, we give a brief review about the bilevel model for hyperparameter selec-
tion and its resulting MPEC in [40]. Then we show the equivalence of MPEC-MFCQ-
T and MPEC-LICQ for the resulting MPEC. Moreover, we analyse the fulfillment of
MPEC-MFCQ-R and MPEC-LICQ. The final conclusions are made in Section 4.

Notations. We use ||z||o to denote the number of nonzero elements in « € R", while
|z|l1 and ||z||2 correspond to the l;-norm and le-norm of x, respectively. We will use
a2y = ((z1), -, (zn),) € R, where (z;), = max (z;,0). || denotes the number of
elements in the set Q C R™. We use [k] to denote {1,2,...,k} for the positive integer
k. We use 1, to denote a vector with elements all ones in R¥. I}, is the identity matrix
in R¥*%_ The notation 0jx ¢ represents a zero matrix in RF*4 and 0y, stands for a zero
vector in R¥. On the other hand, 0(r,x) will be used for a submatrix of the zero matrix,
where 7 is the index set of the rows and « is the index set of the columns. Similarly to
the case of zero matrix, I, - corresponds to a submatrix of an identity matrix indexed
by both rows and columns in the set 7. Finally, O(; ) represents a submatrix of the
matrix O, where 7 is the index set of the rows, and x, is a subvector of the vector z
corresponding to the index set 7.

2. Constraint Qualifications for MPECs

In this section, we will give the definitions of different CQs for MPECs, explain
their theoretical foundations, and discuss the relationships between them.

2.1. Preliminaries for NLP

We start with the definition of constraint qualifications for a general nonlinear
programming problem

min  f(v)
s.t. gi(v) <0, Yie[m], (NLP)
hj(v) =0, V j € [p],

where f : R" = R, g; : R® — R and h; : R® — R are continuously differentiable,
i € [m], j € [p]. For a feasible vector v* of (NLP), we consider the set

I, = {i e m]:gi(v*) =0},

which gathers the indices of constraints that are active at v*. We now recall several
standard constraint qualifications used in nonlinear programming (NLP).

Definition 2.1. A point v* feasible for (NLP) satisfies the Linear Indepen-
dence Constraint Qualification (LICQ) if and only if the set of gradient vectors
{Vgi(v*) | i € I} U{Vh;(v*) | i € [p]} is linearly independent.

To introduce MFCQ), we first recall the notion of positively linearly independence.

Definition 2.2. Let v* be feasible for (NLP) and let I1 C I , I> C [p] be arbitrarily



given. The set of gradients {Vg;(v*) | i € 1} U{Vh;(v*) | i € Iz} is called positively
linearly independent if there do not exist scalars {«;}icr, and {B; }ier,, with «; > 0 for
all 4 € I, not all zero, such that » .., a;Vgi(v*) + > ;c;. BiVhi(v*) = 0. Otherwise,
we say that this set of gradient vectors is positively linearly dependent.

Definition 2.3. A point v* feasible for (NLP) satisfies the Mangasarian—Fromovitz
Constraint Qualification (MFCQ) if and only if the set of gradient vectors
{Vygi(v*) | i € I;} U{Vh;(v*) | i € [p]} is positively linearly independent.

We also invoke the Abadie Constraint Qualification (ACQ), a geometric condition
requiring the tangent cone to coincide with the linearized cone at the reference point.

Definition 2.4. A point v* feasible for (NLP) satisfies the ACQ if and only if 7 (v*) =
Thn(v*), where T (v*) and 71 (v*) are the tangent cone and the linearized cone at v*,
respectively, defined as

T @) :={deR"|3d, —»d, t, |0, s.t. v* + t,d, is a feasible point of (NLP), ¥V n € N},
Thn (%) = {d ER" | Vg (v*) T d<0,Viel, Vh) d=0, Vie [p]} .

Finally, we recall the KKT conditions, which will link the above CQs to first-order
optimality.

Definition 2.5. A feasible point v* satisfies the Karush—Kuhn—Tucker (KKT) condi-
tions if there exist Lagrange multipliers A € R™ and p € RP such that

m p
VW) + Y AVai(o*) + D pVhi(v*) =0,
i=1 j=1
h(v*) =0,
0,

g(v*) < A>0, )\Tg(v*) =0.

(v*, A\, ) is called a KKT point.

If v* is a local minimum of problem (NLP) and a suitable constraint qualification,
such as ACQ or any of the previously mentioned CQs, holds at v*, then v* is a
stationary point of (NLP), i.e., (v*, A\, u) is a KKT point of (NLP). Thus, the point
v* corresponding to a KKT point is referred to as a stationary point.

2.2. Constraint Qualifications for MPEC's

In this part, we introduce the essential constraint qualifications for MPECs and their
implications for optimality. We begin with the model and index sets, proceed from
standard to more general conditions, and close with stability concepts. The MPEC
takes the following form:

min  f(v)
st gi(v) <0, Vie[m], (MPEC)
)=0, Vi€ pl,



where G; : R — R and H; : R® — R are continuously differentiable. Let v* be a
feasible point for (MPEC), and define the index sets

Iy ={i€[m]: gi(v) =0},

Ic={ie[l]: G*) =0, Hy(v*) >0},

Ip={icll]: Gi(v') >0, Hy(v") =0},
Iey = {i €[] : Gi(v*) =0, Hi(v*) =0}

We start with MPEC-LICQ for (MPEC), then move to weaker constraint qualifica-
tions tailored to (MPEC).

Definition 2.6. [33, page 920] (MPEC-LICQ) A feasible point v* for problem
(MPEC) satisfies MPEC-LICQ if and only if the set of gradient vectors

(Vgi(v) | i€ I} U{{Vhi(v*) | i€ [p]} (1)
U{VGi (") |i € IgUlau} U{VH; (v)|i€ Iy Ulau} }

is linearly independent.

One type of MPEC-MFCQ (we refer to it as MPEC-MFCQ-T) is defined based on
the so-called tightened nonlinear programming problem at v*:

min - f(v)
st. gi(v) <0, Yie[m],
hi(v) =0, Vi€ [p], (TNLP(v*))
Gz(v) =0, HZ(U) >0, Vielg,
GZ(U) >0, HZ(U) =0, Viely,
G’L(U) = 07 HZ(U) = 07 Vie IGH

Definition 2.7. [45, page 263] (MPEC-MFCQ-T) A feasible point v* for problem
(MPEC) satisfies MPEC-MFCQ-T if standard MFCQ holds for the corresponding
TNLP. Equivalently, MPEC-MFCQ-T holds at v* if and only if the set of gradient
vectors in (1) is positively linearly independent.

Remark 1. Recall that the set of gradient vectors in (1) is said to be positive-linearly
dependent if there exist scalars {0;}ier,, {iticp), {Biticlculen and {VitiersUlon
with §; > 0 for i € Iy, not all of them being zero, such that ¥ics 6;Vg;(v*) +
Eie[p]athi(U*) + Yicreulen BiVGi(vY) + Licr,uienvi VHi (vF) = 0. Otherwise, we say
that this set of gradient vectors is positive-linearly independent.

In comparison, another type of MPEC-MFCQ [24] (we refer to it as MPEC-MFCQ-
R) is based on the following relaxed nonlinear programming problem at the feasible
point v*:

min  f(v)
st gi(v) <0, Vi€ [m],
hz(v) =0, Vie [p], (RNLP(U*))
Gi(v) =0, Vié€lg,
H;(v) =0, Viely,
Gl(v) >0, HZ(U) >0, Vielgy.
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Definition 2.8. (MPEC-MFCQ-R) MPEC-MFCQ-R holds at v* if standard MFCQ
holds for (RNLP(v*)); that is, the set

{{Vagi(") | i€} U{VG;v*) | i€ Igu} U{VH;(v*) | i € Icu}}
U{{Vhi(v") | i € [p]} U{VG;(v*) | i € I} U{VH;(v") | i € I} }

is positively linearly independent.

Obviously, (TNLP(v*)) and (RNLP(v*)) depend on the chosen point v*. Note that
(TNLP(v*)) is “tightened” because its feasible region is a subset of that of (MPEC).
However, there is no inclusion relationship between the feasible regions of (RNLP(v*))
and (MPEC). Moreover, if v* is a local minimizer of (RNLP(v*)), then it is also a local
minimizer of (MPEC); and if v* is a local minimizer of (MPEC), then it is a local
minimizer of (TNLP(v*)). The reverse implications generally hold only under strict
complementarity at v*.

While classical CQs (such as MPEC-MFCQ-T and MPEC-LICQ) provide funda-
mental feasibility conditions for optimality in MPECs, they can be restrictive in prac-
tice. To address this, generalized CQs have been introduced that relax certain assump-
tions and broaden applicability. A flexible variant was proposed by Ye [25], termed
the MPEC generalized MFCQ (MPEC-GMFCQ), which allows a finer classification

of equilibrium constraints.

Definition 2.9. (MPEC-GMFCQ) Let v* be a feasible point of MPEC where all
functions are continuously differentiable at v*. We say that MPEC generalized MFCQ
(MPEC-GMFCQ) holds at v* if the following two conditions hold:

(i) For every partition of Igy into sets P,Q, R with R # (), there exists a vector
d € R” such that

Vgi(v*)Td <0, Vielg,

Vhi(v*)Td =0, Vi€ [p],

VG;i(v*)Td =0, VielguQ, (2)
H;(v*)Td =0, VielgUP,

VGi(v)'d >0, VH;(v*)"d >0, Vi€R,

and for some i € R, either VG;(v*)"d > 0 or VH;(v*)"d > 0.
(i) For every partition of Iy into sets P and @, the gradient vectors

Vhi(v), i € [pl, VGi(v*), VieleUQ, VHi(v*),VielgUP, (3)

are linearly independent, and there exists d € R™ such that

Vgl(v*)Td <0, Viel,,
Z(v*)Td = o, VielgUuQ,
H;(v*)Td=0, YielgyUP.

Another useful CQ is the No Nonzero Abnormal Multiplier Constraint Qualification
(NNAMCQ) [46].



Definition 2.10. (NNAMCQ) Let v* be a feasible point of (MPEC) where all func-
tions are continuously differentiable at v*. NNAMCQ holds at v* if there is no nonzero
vector (A9, A, \G M) € Rm+P+2L gych that

l
0="> MVg(")+ ) AVhi(v*) = > (AVGi(v*) + A VH(v")),
i€l, i€[p] i=1 (5)
X >0, A7 =0, AL =

either AY >0, M >0, or AN =0,V i e Igy.

MPEC-ACQ is a relatively relaxed CQ [20].

Definition 2.11. (MPEC-ACQ) Let v* be a feasible point of (MPEC). MPEC-ACQ
holds at v* if

Tatrec() = T(v"),
where T3, o (v*) is the MPEC-linearized tangent cone of (MPEC) at v*, defined by

Vgi(v*)Td <0, i€ Iy, )
Vhi(v)Td =0, i € [p],
VGi(v)Td=0, ic g,
VH;(v)Td=0, i€ Iy,
VGi(v)Td >0, i€ Igy,
VH;(v* )Td >0, iclgn,
\ (VGi(v*) d)(VH( )Td) >0, i€ lgn

Tibpo(v") = { d € R"

Beyond traditional CQs, the calmness and Aubin property provide stabil-
ity characterizations for the constraint system. Consider the function F(v) =
(9(v), h(v), (G(v), H(v))) and the set II = R™ x {0}¥ x C' with C :=
{(a,b) eR*|a >0, b>0, ab=0}.

Problem (MPEC) is equivalent to

min f(v) st.  F(v) €Il (6)

Define the multifunction ® : R™*P+2l = R” associated with the constraint system of
(6) by

O(u):={z€R"| F(z) +u e Il}. (7)
Definition 2.12 (Calmness). The multifunction ® : R™*P¥2l = R" has a closed

graph. At a point (u,v) € gph® = {(u,v) € R™P2 x R" | v € ®(u)}, @ is calm
provided there exist neighborhoods U of u, V of v, and a modulus L > 0 such that

®(W)NV CP(u)+ Liju' —ulB, Vi el,

where B = {w € R" | |Jw| < 1} is the closed unit ball.

Definition 2.13 (Aubin Property). The multifunction ® : R™™P*+2 = R” has the
Aubin property at (u,v) € gph ® if there exist neighborhoods U of u, V of v, and a



modulus M > 0 such that

O(u) NV C P(ug) + Mjup — ue||B, VYV up,us €U.

2.3. Relationships Between MPEC Constraint Qualifications

Having introduced various constraint qualifications, we now examine their intercon-
nections and hierarchy. There are two immediate implication results.

Proposition 2.14. [25] At a feasible point v* of (MPEC), if MPEC-LICQ holds at
v*, then MPEC-MFCQ-T holds at v*.

Proposition 2.15. [25] At a feasible point v* of (MPEC), if MPEC-MFCQ-T holds
at v*, then MPEC-GMFCQ holds at v*.

Next, comparing the tightened and relaxed formulations (Definitions 2.7 and 2.8)
yields the following.

Proposition 2.16. At a feasible point v* of (MPEC), it holds that:

(1) If MPEC-MFCQ-T holds at v*, then MPEC-MFCQ-R holds at v*.
(ii) If strict complementarity condition holds at v*, MPEC-MFCQ-T is equivalent
to MPEC-MFCQ-R.

Proof. (i) is trivial. For (ii), note that if strict complementarity condition holds at
v*, Igg = (0. In that case, MPEC-MFCQ-R holds if the following set of vectors

[Vai(v®) | i € I} U {{Vhi(o") | i € [pl} U{VGi(o") | i € I} U{VH(o") | € I} }

is positively linearly independent. MPEC-MFCQ-T holds if the above set of vectors
is positively linearly independent as well. Therefore, in this case, MPEC-MFCQ-T is
equivalent to MPEC-MFCQ-R. O

We next relate MPEC-GMFCQ to NNAMCQ and to MPEC-MFCQ-R.
Proposition 2.17. [25, Proposition 2.1] NNAMCQ is equivalent to MPEC-GMFCQ.
The connection between MPEC-GMFCQ and MPEC-MFCQ-R is given below.

Proposition 2.18. For a feasible point v* of (MPEC), it holds that:

(1) If MPEC-GMFCQ holds at v*, then MPEC-MFCQ-R holds at v*.
(ii) In particular, if strict complementarity condition holds at v*, the two are equiv-
alent.

Proof. (i). It is not easy to show (i) from the definition of MPEC-GMFCQ in [25] and
MPEC-MFCQ-R in Definition 2.8. Note that by Proposition 2.17, MPEC-GMFCQ is
equivalent to NNAMCQ for (MPEC), we show (i) from the dual point of view; i.e., we
show that NNAMCQ for (MPEC) implies MPEC-MFCQ-R. By definition, NNAMCQ



holds at v* is there if no nonzero vector (A9, \", \& AH) € R™*+P+2l guch that
I
0=> MVg(*)+ Z AVR(vF) = Y (AEVG;i(07) + MV H; (v7),

el i=1
, " ®)
)\Ig Z 0, )\IH == 0, )\]G == 0,

either AY >0, AT >0, or AN =0 Vi€ Igy.
Now we make a further partition of Igg by defining the following sets.

P:={iclgn, \¥ >0, A >0}, Q:={iclan, \&#0, \I =0},
Ri={iclgny, A/ =0, Nl #£0},  S:={iclen, \F =0, AT =0}.

Then NNAMCQ holds at v*, if for every partition P, ), R, S of Igy, there is no
nonzero vector (A9, A", A\¢, A1) € Rm+P+2l gych that

0="> MVg(v*)+ Z AIVRi(0F) = Y (A VG (%) + AV H; (v"))
i€l, 1€EP
=) AVGI(0) = > N VH (") = Y ATV (07) = Y AV H (v )
I€Q 1€ER iclg i€ly

A >0, A >0, M'>0ieP, A'=0,i€Q, A\ =0, i€R,
A =0, A =0,i€es.

(9) reduces to the following conditions

0=> MVg(v")+ Z AIVRi(v*) = Y (ASVGi (%) + AV H; (v"))
i€l, i€P
=D AVG(0") =D AIVH () = Y ATVG(vF) = Y AIVH(v
1€Q i€ER i€lg i€ly
(A >0, A7 >0, A>0,ieP.

On the other hand, recall that MPEC-MFCQ-R holds at v* if MPEC-MFCQ-T holds
at v* for the relaxed nonlinear programming (RNLP(v*)), MPEC-MFCQ-R holds at
v* if there is no nonzero vector (A7, A", A, M) € Rm+P+2l guch that

;

=2 MVaiw) + Z MVhi(0%) = 3 (AVGi(v*) + A VH;(v7))
i€l iclan
= STXEVGi () - > NIV H (v (10)
i€lg i€ly
X(}g >0, /):ZG > 0, XlH >0, 1€ lgy.



Similarly, we make a partition for Iop as follows

~

ﬁ::{ieIGH, 36 >0, X?>0}, Q::{ieIGH, 36 2o, Xﬁ:o},

E::{ieIGH,Xf":o,X{’7A0}, §::{ieIGH,X?:0,X{f: }

Then MPEC-MFCQ-R holds at v*, if for every partition P Q, R S of Igp, there is
no nonzero vector (A%, e NG \H ) E R™+P+2L that solves the following

o =Y " NVgi(v") + Z NeWhi(v*) = Y " (AFVG;i () + ATV H; (v"))
icly ieﬁ
=D AVG() = D _NIVH(v) = Y O NTVG(0) = 3 NIVH(), ()
ieQ icR i€lg i€ly

X >0, A >0, M >0, ieP, M =0i€Q, A =0 icR,
2 =0, AN =0,ies.

Therefore, it can be seen that if for every partition ]3, @, E, S of Igg of Igw,
no nonzero vector (A9, \", \¢, M) ¢ R™*P2 gatisfies (9), then for every partition

P, Q, R, S of Izy, no nonzero vector (Xq,Xh,XG,XH) € R™P+2 gatisfies (11). In
other words, if NNAMCQ holds at v*, MPEC-MFCQ-R holds at v*. (i) is proved.

(11). If Igy = 0, the definition of MPEC-GMFCQ reduces to the following, the gradient
vectors

Vhi(v*)v i€ [p]7 VGl(U*)a Vie IGv VHl(U*)’ Vie IHa
are linearly independent and there exists d € R™ such that

ng(v*)Td <0, Viel,
Vhi(v*)Td =0, Yielp,
Gi;(v)Td=0, Viclg,
HZ‘<’U*)Td:O, Vi€ ly,

which is the definition of MPEC-MFCQ-R for Iy = (). Therefore, if Iy = 0, MPEC-
GMFCQ is equivalent to MPEC-MFCQ-R. 0

We finally connect these CQs to stability properties of the associated feasibility
mapping.

Proposition 2.19. [47] At a feasible point v* of (MPEC), if MPEC-GMFCQ holds
at v*, then ® is calm at (0,v*).

Proposition 2.20. [48, Corollary 4.4] MPEC-GMFCQ implies the Aubin property of
¢ around (0,v*).

Proposition 2.21. [49] If the multifunction ® has the Aubin property around (0,v*),
then ® is calm at (0,v*).
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Proposition 2.22. [47] If the multifunction ® is calm at (0,v*), then MPEC-ACQ
holds at v*.

Next, we provide illustrative counterexamples that clarify how the main constraint
qualifications for MPECs relate to each other.
E1. Consider the MPEC

At v* = (0,0,0), we have I, = {1,2}, I¢ = Iy = 0, and Iy = {1}. The corresponding
tightened nonlinear program TNLP at v* is

min vo + v3
veERS

st. gi1(v) =v1 <0,
(

At v* = (0,0,0), the gradients of the active constraints are Vg;(v*)T = (1,0,0),
Vg (v)T = (1,1,0), VG(v*)T = (0,1,0), and VH(v*)" = (0,0,1). The set
{Vg1(v*), Vgo (v*)} U{VG(v*), VH (v*)} is positively linearly independent but linearly
dependent. Therefore, MFCQ holds for the TNLP at v* = (0,0,0), while LICQ does
not. Consequently, MPEC-MFCQ-T holds at v* = (0,0,0), and MPEC-LICQ does

not.

E2. Consider the MPEC

vER?

st. gi(v) = —v; —vy <0,
Gv) =v1 >0,
H(v) =v2 >0,

At v* = (0,0), we have I, = {1}, I¢ = 0, Iy = 0, and Iy = {1}. The gradients are
Vg1 (v*)T = (~=1,-1), VG(v*)T = (1,0), and VH(v*)" = (0,1). By Definition 2.10,
there is no nonzero vector (A9, A\, A\¥) € R x R x R such that

-1 1 0 —\ — \C
_\9 G _\H o
o= 3] o) -] = [ T
A >0,
either \¢ > 0, M7 >0, or AN\ = 0.

Therefore, NNAMCAQ is satisfied—and equivalently, MPEC-GMFCQ holds. However,
the set {Vgi(v*)} U{VG(v*),VH(v*)} is positively linearly dependent, so MPEC-
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MFCQ-T is not satisfied.
E3. Consider the MPEC

irel%gg f(v) =v1 +va+v3

st.  Gi(v)=wv1 >0,
Hy(v) = vy >0,
GQ(’U) =0 —v5 > 0,
H3(v) = v3 > 0,
G(v) H(v) =

At v* = (0,0,0), we have Igy = {1,2} and I¢ = Iy = 0. The corresponding RNLP
at v* is

min f(v) = V1 + v + U3
vERS

st. Gi(v)=wv1 >0, Hi(v)=v9 >0,
Gao(v) =v1 —v3 >0, Hs(v) =v3 > 0.

At v* = (0,0,0), the active gradients are VGi(v*)T = (1,0,0),
VH(v*)" = (0,1,0), VG2(v*)T = (1,0,0), and VHy(v*)T = (0,0,1). The set
{VGi(v*),VHi(v*), VGa2(v*), VHa(v*)} is positively linearly independent, so MPEC-
MFCQ-R holds. However, there exists a nonzero vector (A, M AG M) = (1,0, —1,0)
satisfying

1 0 1 0 ¢ —\§
0= ¢lol —=MI|1| = A§|o| =Affo| = | A |,
0 0 0 1 —\

either AY > 0, \¥ >0, or XA =0, i€ Igy,

hence NNAMCQ is not satisfied.

Based on these properties and counterexamples, we can summarize the implications
among the CQs at a feasible point v* of (MPEC) in a relationship diagram:

MPEC-LICQ

Pro 2.14 El.

MPEC-MFCQ-T

Pro 2.15 E2.
Aubin property pro 2.20 Pro 2.17
around (0,v*) =< MPEC-GMFCQ=<—>NNAMCQ
Pro 2.21\1/ $ [27, E1] \LPro 2.19 Pro 2.18 E3.
Calmness of M at (0, v") MPEC-MFCQ-R
Pro 2.22¢/ % [27, Rmk. 2]
MPEC-ACQ

Unlike classical NLP, where suitable CQs make KKT conditions necessary, MPECs
demand refined stationarity concepts to accommodate equilibrium constraints.
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Definition 2.23. Let v* be feasible for (MPEC). Then v* is
(a) weakly stationary if there exist multipliers A € R™, u € RP, v, v € R such that

+Z/\ V(v +ZMVh ZWG ZVZVH =0,

with \; > 0, A\jgi(v*) =0fori=1,...,m, and ; = 0 for i € Iy, v; = 0 for
1 € Ig;

(b) C-stationary if it is weakly stationary and ~; v; > 0 for all i € Igy;

(¢) M-stationary if it is weakly stationary and, for all ¢ € Igy, either v; > 0 and
v; > 0, or v; v; = 0;

(d) strongly stationary if it is weakly stationary and ~; > 0, 1; > 0 for all i € Igy.

It has been proven that strong stationarity is equivalent to the standard KKT
conditions of an MPEC. Moreover, strong stationarity implies M-stationarity, M-
stationarity implies C-stationarity, and C-stationarity further implies weak station-
arity [28]. However, even for very simple MPECs, strong stationarity may fail to hold
at a global minimum [23]. Therefore, under suitable assumptions, M-stationarity is
generally the strongest stationarity concept that a local minimum can satisfy. Based
on the above introduction, the relationships among various stable points are summa-
rized as follows:

weekly stationary

C-stationary

M-stationary

Qongly stationD

Theorem 2.24. [23] Let v* be a local solution of MPEC. Suppose that MPEC-LICQ
1s satisfied at v*. Then v* is strongly stationary.

Theorem 2.25. [25, Theorem 3.1| Let v* be a local solution of MPEC. If one of the
MPEC constraint qualifications, such as MPEC-ACQ, NNAMCQ, or MPEC-MFCQ-
T, holds at v*, then v* is M-stationary.

Theorem 2.26. [32, Theorem 3| Let v* be a local minimizer of MPEC. If the multi-
function ® is calm at (0,v*), then v* is M-stationary.

3. Applications to Bilevel Hyperparameter Optimization

In this section, we briefly review the BHO for L1-loss SVC and its corresponding
MPEC reformulation [40], and then analyze the relevant CQs for the resulting model.
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The BHO for L1-loss SVC is

T
in S S~ mel ), |
CEeR, wtere, t=1,... T T = N, ' o

st. C>0,

and foreacht=1,...,T: (12)

1
w' € argmin §HwH§ +C Z (1 — i x:w)
weRr ieN, i

Here, the expression Yo r- || (=i (z] w')) . llo basically counts the number of data

points that are misclassified in the validation set €, while the outer summation (i.e.,
the objective function in (12)) averages the misclassification error over all the folds. It
is evident that ||(-)4+ ||, is both discontinuous and nonconvex. However, as demonstrated
by Mangasarian [50], this function can be expressed as the minimum of the sum of all
elements in the solution to the following linear optimization problem

Hr'i‘H(): {mini@ : C:argmin{—uTr : Ogugl}}. (13)
i=1 v

In the special case where r; = 0, the function ||(r;)+||o evaluates to 0. However,
the solution to the corresponding linear programming problem is not unique and can
take any value within the interval [0, 1]. To maintain the robustness and consistency
of formulation (13), we assume throughout this paper that the SVC model assigns a
distinct classification to all validation data points. More precisely, for each validation
data point x;, where i € [m1], we impose the condition x;wt # 0, where w' is the
solution for the lower level problem in (12), t € [T].

Let Q, ={1,2,...,Tm1} and Q; = {1,2,...,Tms} be the stacked index sets for the
validation and training samples, respectively (with 7" folds and per-fold sizes m and
ms). Replacing the lower level with its KKT conditions and using the reformulation

of || - ||o, problem (12) can be reformulated as follows
1
. 1T
s Ve

CGRTml, ZERTml
aERTm2, 56RTm2

st. 0<¢ L ABTa+2z >0, (14)
0<z 1L 1-¢ >0,
0<a L BB'Ta—1+4¢ >0,
0<¢ 1L Cl—a >0,

where ¢ € RT™ 2z ¢ RT™, A ¢ RT"xTr o ¢ RT™2 ¢ € RT™ w e RTP, and
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B € RTm=XTP are given by

¢t 2! A0 o0
¢? 22 0 A2 .. 0
C=1 .| z=|.|, A=, R clo

< 2T 0 O AT

« gl w! B 0 0

a? 52 w? 0 B? 0

a — M 5 - ) w :: : M B - M
al T w? 0O o BT
with
ytlel ytm1+lx;:7L1+1
At = ER™IXP . (4, , Y1) € U, B = ER™2XP (x4, ,yt,.) € Q.
yt?nl .Z’;rml ytllxtTll

Stacking variables leads to the compact MPEC

min f(v)
veRr (BHO-SVM)
st. 0<H(v) L G(v)>0,

where v = [C’, ¢, 2T, al, fT]T € R" with n = 27 (my + mg) + 1, and

fv) =cv, H(v) = Qu, G(v) = Pv+a, (15)
with
0
1 OTm1
1 T 17 1 1
c= Orm, | €R”, a= ™o eRYY Q=[0,1 I,_1] € RTUX
Tm1 0 _1Tm2
ng OT
Ong e
OTm1 OTm1 xXTm, ITm1 ABT OTm1 XTmo
P = O07m, —Irm, Orm,xTm, Orm, X_YFmQ O07m, xTm, e R(nfl)xn‘
OTm2 Ong ><Tm1 OT’H’LQ ><Tm1 BB Ing
1Tm2 OT'I’YLQ ><Tm1 OT’I’TLQ ><Tm1 *Ing OT’ITL2 ><ng

Compared with (MPEC), the MPEC in (BHO-SVM) has the following properties.

Theorem 3.1. For (BHO-SVM),

(1) MPEC-ACQ holds at all feasible points.
(1i) MPEC-MFCQ-T holds at a feasible point v* if and only if MPEC-LICQ holds
at v*.
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Proof.

(z) By Theorem in [20], MPEC-ACQ), holds for all feasible points for (BHO-SVM),
since all fuctions in (BHO-SVM) are affine linear.

(73) Since (BHO-SVM) does not have inequality constraints g, according to Definition
2.7 and Definition 2.6, MPEC-LICQ and MPEC-MFCQ-T are equivalent for
(BHO-SVM) at a feasible point v.

O]

Moreover, by Theorem 3.1, we can obtain that MPEC-MFCQ-T and the strongest
constraint qualification, MPEC-LICQ), are equivalent for the problem (12). Next, we
will mainly discuss the fulfillment of MPEC-MFCQ-R and MPEC-LICQ for the MPEC
(BHO-SVM).

Theorem 3.2. Let v* be a feasible point of problem (BHO-SVM). If
(BBT)(AluAg,AluAS) is positive definite at v*, then MPEC-MFCQ-R automati-
cally holds at v*, where A1 and A3 are defined by

Al = {Zte ’ ai:07 (BBTa_1+§)Z:07 51:0}7

Ag = {z’te | 0<a;<C, (BBTa—1+€); =0, gz:o}.
To state the MPEC-LICQ result, we introduce the index sets

Ion, ={i€Q | ai=0, (BBToz—1+§)i:0},
Iga, ={icQ | &=0, C—a;=0},

Ag{::{z’te | 0<a; <C, (BBTa—1+¢); =0, @:0}’
Ag::{ite | a;=C, (BB'a—1+¢); =0, fz’ZO},

Mi={i€Qi | ai=C (BBTa-1+;=0, & >0

Theorem 3.3. Let v* be a feasible point of (BHO-SVM).

(i) If |Igu| > 1, then MPEC-LICQ fails at v*.
(13) If |Igm| = 0, then MPEC-LICQ holds at v*.
(vi0) If Igu,| =1, |Igu,| =0, as #0, and (BBT)(A;A;) is positive definite at v*?,
then MPEC-LICQ holds at v*, where

@3 = (BB ) (15, 00 A ~A3(BB ) (x5 a0 lians Az = (BB, ar)(BBT)

(w) If |Igu,| =1, |Igu,| =0, a4 #0, and (BBT)(A3+7A;) is positive definite at v*?,
then MPEC-LICQ holds at v*, where

a4 = (BBT)(Ag,AguAu)1|AguAu|—A4(BBT)(A;,AguAu)1|AguAu|, Ay = (BBT)(A;A;)(BBT)

(v) Otherwise, MPEC-LICQ fails at v*.

Uf A =0, then A3 = 0.
2We follow a convention for A4 similar to As.
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>1

m I fails |
=0
|IcH| w5 = holds |
|Icms| =1, a3 #0
i = holds |
=1 |Icm) =1, G4 # 0
™) = holds |
otherwise -
™ = fails |

Figure 1.: Summary of the fulfillment of MPEC-LICQ.

Remark 2. Note that |Igg| = 0 indicates that strict complementarity conditions
hold at v*. From the numerical point of view, given a specific feasible point v* of
(BHO-SVM), it may be very often that strict complementarity conditions hold at v*,
since it may be very rare that numerically two terms H;(v) and G;(v) are zero at the
same time.

4. Conclusions

In this paper, we introduce several specific formulations of constraint qualifica-
tions (such as MPEC-LICQ, MPEC-MFCQ-T, MPEC-MFCQ-R, etc.) developed for
MPECs, and provide a thorough theoretical analysis of their interrelationships. Then
we address the hyperparameter selection problem for support vector classification, re-
formulating it as a mathematical program with equilibrium constraints (MPEC) and
analyzing the relevant constraint qualifications (CQs). The study highlights the role of
positively linearly independence and demonstrates the equivalence of MPEC-MFCQ-
T and MPEC-LICQ for this problem. Furthermore, we establish refined conditions
under which MPEC-LICQ holds and identify specific cases where it may fail. The
core contribution lies in providing a more robust theoretical foundation for complex
bilevel optimization models, especially in the context of hyperparameter optimization
in modern machine learning. Future research could explore the extension of the appli-
cability of MPEC-related CQs and further investigate their properties in more complex
models.
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Appendix A. Proof of Theorem 3.2

4 4 4
Recall Iy := kgllH’“’ Ig = kgllgk and Igy = kgllGH’“ in [40], where

I, ;:{ieQum:O, (ABTOé+Z)i>O}, Ip, ={i€Qu|z=0 1-¢ >0},
::{ite|ai:0, (BBTa—1~I—£)Z->O}, In,={i€Q|&=0, C—a;>0},

I, = {ieQu\Q>0, (ABTa—kz)i:O}, Io, ={i€Qu|z>0,1-¢=0},
={icQlai>0, (BBTa=1+¢), =0}, Io, ={icQi|&>0, C—a;=0},

Ign, = {ieQu‘Ci:07<ABTOK+Z)i:0}, Icg, ={i€Qu|2=0,1-¢ =0},

Iem, == {z’te]ai:O,(BBTa—1+§>‘:O}, Ien, ={i€Q|&=0,C—a; =0}

To provide a clearer description of the assumptions, we need the definitions for the
following index sets.

Definition A.1l.

Ay = {ieQai=0, (BBTa-1+8);>0, & =0},
As = {ieQlo<ai<C (BBTa—1+¢);=0, &=0},
U, = {z’eQuyg:o, (ABTa +2); > 0, zz':O},

Uy = {ieQu!Cz‘Zl, (ABT()&—FZ)i:O, zi>0}.

Proposition A.2. The relationship between index sets
(a) Iy, = Vo, Ig, = V3, Ign, = 0.

(b) IH2 = \II27 IG2 = \IJ?)) IGH2 = @

(C) IH3 = AQ, Igg = A3 UAu, IGH3 = Al.

(d) Im, = Ay UAUAT, I, = Ay, Icu, = AS.

Proof. Based on our discussion after (13), z]w! # 0 for each valida-
tion data point xz;, where ¢ € [my], t € |[T]. It implies that index set
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{ieQu|0<¢G<1,(ABTa+ z)i = 0,2 =0} = 0. Likewise, the index set ¥y in [40]
is also empty. By incorporating the content of [40, Proposition 5], the proof is com-
plete. O

To get the conclusions about MPEC-MFCQ-R and MPEC-LICQ at a feasible point
v* for the (BHO-SVM) we need analyze the properties of the following set of gradient
vectors

(VGi(v) i€ I Uleyy U{VH;(v) |i€ InUlgn}. (A2)

Proposition A.3. [}0, Proposition 6] The set of gradient vectors in (A2) at a feasible
point v* for the (BHO-SVM) can be written in the matriz form

(oro)  Oopr)  To (ABDug ) O )
O(IHI,LI) Fg O(IHI,LS) O(IHI,L4) O(IHI,LE,)
gty To OUan)  OUen)  Ote,is)
O(IHQ,Ll) O(IHQ,LQ) Fg O(IHQ,L4) O(IHQ,L5)
O, 1) Oteyts) Otoyrs) BB,y T2
ro | Ctent) Cltents) Otongas) BB ey 17 (A3)

Otang i) Qe b)) Ot Ls) Ty O(rem L) |
O(IH3,L1) O(IHa,LQ) O(IHB,Lg) ¥ O(IH3,L5)
1(1G4,L1) O(IG4,L2) O(IG4,L3) I O(IG4,L5)
(onpn) Otonga) O(tan, Ls) L 01, 1)
(tomts) Otonyia) Qtemida)  Oton, L) Iy
| On) Otz Oturs)  Otugra) o

where Ly, ¢ = 1,...,5 are the index sets of columns corresponding to the variables
C,(, z,a and &, respectively, and

3. 2 ._ |
%= |00, ) T(aeywn)] 5o =100, wa) (1 00)| -

I2:= 01, w2) I(IGQ,\IIS)] Ta= (1, 22) Oty w0) |

2= {0(1, auns) L(10s000m) U= Htenn) Otemainaon.)|

F; = _I(IGH3, ) O(IGH37A2UA3uAu) ) Iy = O(IHg,AluA3uAu) I(IHS,AQ) )

T 0 monon) o] TH= [ aononion) ~ liagas)

|
~

(
5.
| (Tamy ,A1UAUASUA,,) I(IGH4,A5)]v Ly = | (Ta,,A1UAUAY) 0(1H4,AguAu)

=
IOt

Il

(=}

A4)

Proof of Theorem 3.2
To prove the MPEC-MFCQ-R for (BHO-SVM) at a feasible point

v*, assume there exists nonzero column vector p defined by p =

n
[ P4 Py PEsPas P 0]+ Py s PR P> P) PR Pl ], Where pr, pg, pj, pr > 0 such that
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p'T = 0. It gives that

0=pT:=[S S S35 Si S5],
where

St =p; La, 1)+ P; Liag,r,) =0,
Sy =py T + p. Tz = 0, (A5)
S3 =pa Lo + P T, (A6)
Su=pa (AB )14,y + pe (BB )10,y + 0§ (BB ) (104, )

+pg T+ ppTh+p T+, T] =0,
S5 =p T2+ pj TG+ pp Ly +p T7 = 0. (A7)

By [40, Lemma 1] and (A5), p, = 0 and p. = 0. By (A6) and Proposition A.3, it holds
that

S5 =5 [O(te,0) A(toy)) 400 (M) O] = [F 0 1=0.

By (A7) and Proposition A.3, it holds that

_ T T
S5 = Pe |:O(IG3,A1UA2) I(IGB,AguAu)} + oy [I(IGHg,Al) O(IGHS,AQUAguA“,)}

’ T
+Pk |:O(IG'H47A1UA2UA;UAH) I([GH4,A§):| +Pl |:I(IH4,A1UA2UA;) 0(1H4,A§UAu):|
:|:,0}|—+pl—£l pl—lr\z pz;;+p;;+ p;lz\g_l—p;— PeTAu]:0
It implies that p, = 0, pg = 0, pi,, = 0 and pe,, = 0. Therefore, proving that the

matrix I' demonstrates positively linearly independence is reduced to examining the
positively linearly independence of the following matrix

[ 0(10.0) (1313T5(1G3,) I
O (e L) (133T>y¢Hy) rs
O(IGHle) FZ O(IGHS’L5)
P | (0 o () | (A8)
(TesrL1) ! (Tes:Ls)
Yiowt) T e, 1)
O(IGH4,L1) O(IGH4,L4) 1:2
| 0(1H4,L1) 0(1H4,L4) F? i

where
5 . T5 .
T2 = [0, momonn) Towag]s T7 = [Tnoaans) Onuntanson)] -

Note that I' is the submatrix of I' in [41, Theorem 1] corresponding to the sec-
ond row block to the last row block. Therefore, using the same technique of
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proof in [41, Theorem 1], if (BBT)(AIU/\S A1UAg

U
[ pa ,pb DL PGP PPy PR PP PP ] = 0. Then MPEC-MFCQ-R holds
at v* O

) is positive definite at v*, p =

Appendix B. Proof of Theorem 3.3

Proposition B.1. In view of Proposition A.2, T' in (A3) takes the following form

O(‘I’s,Ll) 0(\1’3,L2) Fi (ABT)(\IQ,) 0(\1137[/ )
Owor)  Tj  Owary  Owsry  Ows.ro)
Ows,Ly) r? Ows.Ls)  Owsny)  Oqws,Ls)
OwsL) Owsr) T 0w, ) 0(%, Ls)
Oazzy Owiry Owiry BBDa:y TP
Oas.Ly Omszyy Owsry (BBDngy T,
Oau,z) Oaw,zo) O Ls) (BBTF)(AH,) F%S
r— Oy ey Oy (BB Jay  Tp | (B1)
Oa,zy)  OAn,za)  O(ar,La) Fg O(A,Ls)
0(A27L1) O(A27L2) 0(A27L3) I‘h 0(A27L5)
Ta,ny) Onanzs) Oawrs) r} O(Aw,Ls)
LasLy Owsio)  OasLo) I 0(As,Ls)
Oag,zy) Ogza) Omgiza)  OagLy Iy
Oz Ol Onniy)  OwnLy) F;
OAz,zy)  OAziLa)  Oaszs)  Oas,Ly) Fz52
Oy Ontr Oniry  Ongr I
where
%= | Oy Oaray Laran) Oarag Oara |
L2, = | 0msan Omsas) Ogasag) Liasag) O(AaAu)],
L2 = 0y Omus) Oa,ag) Oag I(Au,An],
0P = Iaay Owins) Oaag) Ouag Owmian |,
03, = | Oan) Lans) Oy Orens) Oweny |,
I = | Oara) Oainy) faran) Oaran Oaray) |-
Proposition B.2. By the definition oqu, = ., D, there are 2n — 1 columns in

I'. The number of rows is 2n — 2 + |A1] + |A§| by the I‘ in (B1).

Related Lemmas and Proofs

Define
(())(Ag',Ll) (BBF)(A;,.) . re,
Fsubl = 1(A27L1) FZL (A2,Ls) . (B2)
(Aule) 2 (AU5L>)
O(A§ L) 0(A3+7L4) Fls
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Lemma B.3. Let v* be a feasible point of (BHO-SVM) and satisfy Assumption 1. If
lIgr| =0, Tsup1 has full row rank at v*.

Proof. We conduct the following basic row transformation to I'g,p1. Subtracting the
second forth block from the first row block, we get the following matrix

Oascy (BBDwiy Oniry
o — 0(As, L) F% O(As,Ls)
LA, L) Iy O(A,, Ls)
Oat,ry  Oagoz Iy,

Next, we conduct the following row transformation.
Multiplying the second (j = 2) row block by —(BBT)( Af A, from the left and adding

it to the first (i = 1) row block, we can obtain the third row block with (BBT)(A;’AZ)

replaced by zero. We denote this process as B-(1, 2).
Multiplying the third (j =3) row block by (BBT)( At A, from the left and adding it

to the first (i = 1) row block, we can obtain the second row block with (BBT)(A;AH)
replaced by zero. Meanwhile, 0+ ; y is replaced by (BBT)( A A LA, - We denote

this process as B+(1, 3).
Then we reach the following matrix

(BB )(A*A Lia. Q41 Ot L)
T O(As,Ly) Dy Oars)
Lia,,L0) Ly O(A%Ls))

Oty Oty T

where
Q1= [0us ) BB sa) Ouran)-

Assume there exists nonzero column vector p defined by p = [plT, Pq s p;, pz] " such
that p' T = 0. It gives that

0=pT:=[8 S Ss],

where
S1 = pI(BBT)(Iﬁ A, )1|A | +,0;—1(A,ML1) =0, (BS)
So=plQutpSTh+pi Tt = o PT(BBD sy £3 | =0 (BY)
S3 = piT} =0. (B5)

By (B4), (B5) and Assumption 1, it holds that p; = 0, p2 =0, p3 =0 and py =0 .
Overall, I" has full row rank. ]
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Then, define

Osey BBDwiy T8 ]
O(Al,Ll) (BB ) A, rs
O(Al,Ll) Fg (A1,Ls)
Csuv2 = | O(a,,L,) r;, OAs,Ls) | - (B6)
L(a,,L1) r} O(A.,Ls)
Oarzy O,z Ig
Oas,zy  Owmgry N

Lemma B.4. Let v* be a feasible point of (BHO-SVM) and satisfy Assumption 1. If
|Igm,| = 1 and as # 0, Ty has full row rank at v*. Otherwise, T'sypa does not have
Sfull row rank at v*.

Proof. We conduct the following basic row transformation to I'gp0. Subtracting the
seventh row block from the first row block, and Subtracting the sixth row block from
the second block, we reach the following matrix

Oty BBDwzy Outiy)
Oanz)  (BBD)ay) Oa,.Ls)
O(Al L) Ty O(Al Ls)
0= |0, 1 On.
(A27L1) h (A2,Ls)
1,10 Iy O(A%Ls)
Oa,zy) Oz A
Otz Owngry Y]

Next, we conduct the following row transformation.

Multiplying the third (j = 3) row block by —(BBT)(A;’Al) from the left and adding
it to the first (i = 1) row block, we can obtain the first row block with (BBT)(A;,Al)
replaced by zero. We denote this process as B-(1, 3). We carry on to conduct B-(1, 4)
and we obtain the fourth row block with (BBT)( Af A5 Teplaced by zero.

Multiplying the fifth (j = 5) row block by (BBT)(A;AH) from the left and adding
it to the first (i = 1) row block, we can obtain the first row block with (BBT)(A;’Au)
replaced by zero. Meanwhile, 0+ ;) is replaced by (BBT)( At A La,- We denote
this process as B+(1, 5).

We carry on to conduct row transformation B-(2, 3) to obtain the second row
block with (BBT)(AI,AI) replaced by zero. Conduct B-(2, 4) to obtain the second
row block with (BBT)(AhAQ) replaced by zero. And conduct B+(2, 5) to obtain the
second row block with (BBT)( AuA,) Teplaced by zero. Meanwhile, 0y, 1) is replaced
by (BBT)(A17AH)1|AH|. We reach the following matrix
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[(BB)(ps a0 LA 5 Oag i)
BB") (A, a0 1A, 5 0Ly
N O(Al,Ll) Fg O(Al,qu)
I'= 0(A27L1) Fh O(Az,Ls) )
1a,.Ly) I O(a,,Ls)
0(A, L) O(A,,Ly) I
i O(At.Ly) Oty To

where

Q5 =05 a1 Oning BB asas) Onsanl

Q3 =[0a, 0 Oaias) (BBT) (4, a5y Oaian))
We discuss the following two cases.
(i) By Assumption 1, if A # 0, (BBT)(A;A;) is positive definite. Therefore, the
rows in (BBT)(A;’A;) can fully express the rows in (BBT)(AhA;). In other words, by

conducting basic row transformation, we can make Q3 replaced by zeros. Specifically,
there exists As € RIAX[AT]

(BBT)(Al,A;) = AS(BBT)(A;,A;)-

By multiplying the first row block by —As from left and add them to the second
row block, we obtain the following matrix

(BB )(aranlin @3 Oarry)]
as (AL O(ALs)
_ 0y, Ly) Lo Ot
I'= O(Az,L1) Uy OasLe) |
Lia,.L0) Ty O, Ly)
O(a,.L) ALy L7
L O(A3+7L1) O(A;7L4) ls
where
_ T T
a3 = (BB )(a, a0 8, — A3(BB ) (as a1l
: [, 7 T 77
Assume there exists nonzero column vector p defined by p = [,01 s P9y ,p7] such

that p' T = 0. It gives that

OZpr::[Sl SQ Sg],
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where

S1=pi (BB )zt o Liau T P2a3+p5 Lia, 1) =0, (B7)
So=pl Qs+p3Ty+piTh+ps I} = [ P Pl plT(BBT>(A3+,A3+) ps | =0, (BS)
S3 = pg 7, + pg T7, = 0. (B9)

By (B8), (B9) and Assumption 1, it holds that p;1 = 0, p3 = 0, py = 0, p5 = 0,
ps = 0 and p; = 0. Then S; in (B7) reduces to the following form

S1 = p;ag =0.

Recall that [A1] = 1. If a3 # 0, S reduces to ppag = 0, implying that py = 0.
Therefore, I' has full row rank. Otherwise, I' does not have full row rank.

(i) If AT = 0, T reduces to the following form

(BB anlian Oty Oanra

. O(Al,Ll) Z O(Al,Ls)
I'= 0(A27L1) Fh 0(A2,L5)
L(a,L0) Ty 0, L)
0(A17L1) 0(A17L4) Fi
Assume there exists nonzero column vector p defined by p = [plT, Pg s p;] T such

that pr = 0. It gives that

0=p'T:=[S S Ss],

where
St =p{ (BB") (A, A Lia.) + P4 1(au0) =0, (B10)
So=pyT +P3Fh+P4F4 [92 p3 PI]:Oa (B11)
Sy =plT? =0. (B12)

By (B11) and (B12) , it holds that pa = 0, p3 =0, ps = 0 and p5 = 0. Then 5 in
(B10) reduces to the following form

S1 = p{ (BB")a, A La, = 0.

Recall that |A;| = 1. If (BBT)(Ah yLia,) # 0, it gives that p; = 0, implying that

T has full row rank. Otherwise, T’ does not have full row rank.

Overall, by the definition of @3 in Theorem 3.3-(iii), we obtain the result. Since the
row transformation does not change the rank, therefore, the same result applies to
FsubZ- 0
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Finally, define

Os Ly BBDnry T2 ]
Ongry (BBDmg) TG,
O(A%Ll) F;lb (Az2,Ls)
Fswps = | L(a,,L0) r! OAu,Ls) | - (B13)
1(ag,L.) I} (A5,Ls)
(ML) O, )
Omzey  Oag Ly r,

Lemma B.5. Let v* be a feasible point of (BHO-SVM) and satisfy Assumption 1. If
lIgm,| =1 and ag # 0, Tgups has full row rank at v*. Otherwise, T'syp3 does not have
full row rank at v*.

Proof. We conduct the following basic row transformation to I'g,p3. Subtracting the
seventh row block from the first row block, and Subtracting the sixth row block from
the second row block, we reach the following matrix

-O(A;,Ll) (BBT)(A;,.) O(A;,Ls)
OasLy) (BB sy Ogag )

0(A27L1) Iy O(AmLs)
= 15,1, rs O(A,,Ls)
1(Ag,L4) I} O(as,Ls)
O,y Oqag,La) I
Omsry  Oag,z N

Next, we conduct the following row transformation.
Multiplying the third (j = 3) row block by —(BBT)( Af A,) from the left and adding
it to the first (i = 1) row block, we can obtain the first row block with (BBT)(A;r,AQ)

replaced by zero. We denote this process as B-(1, 3).
Multiplying the forth (j = 4) row block by (BBT)( Af A, from the left and adding

it to the first (i = 1) row block, we can obtain the first row block with (BBT)(A;’AH)
replaced by zero. Meanwhile, Oaf,zy) I8 replaced by (BBT)( A A AL We denote
this process as B+(1, 4).

We carry on to conduct B+4(1, 5) and we obtain the first row block with
(BBT)(A;’A,;) replaced by zero. Meanwhile, (BBT)(A;,Au)llAu\ is replaced by
(BBT)(a+ asun.) LAsUAL |-

We carry on to conduct row transformation B-(2, 3) to obtain the second row
block with (BBT)(A&AQ) replaced by zero. Conduct B+(2, 4) to obtain the sec-
ond row block with (BBT)(Ag,Au) replaced by zero. Meanwhile, Ocr,) is re-
placed by (BBT)(Ag, A Lja,|- And conduct B+(2, 5) to obtain the second row block
with (BBT)(\I,;Ag) replaced by zero. Meanwhile, (BBT)(Angu)1|Au| is replaced by
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(BBT)(Ag,AguAu)1|A§uAu|- We reach the following matrix

1 1 9
ag 1 Ontry
a2 2 0

4 4 (As,Ls)

where

Qi = [00a7.00 (BB iaz ) Oaz ag) Ot )

Q1 = 100as.000 (BB ) (a5.07) 0(as,09): Oaz )

aj = (BB)(zs asuanyliasun,)s @1 = (BB )(asa50n,)Ljasun,)-
We discuss the following two cases.
()If AT # 0 and (BBT)(A;’A;) is positive definite, the rows in (BBT)(A;’A;) can fully
express the rows in (BBT)( Ag,A$)- In other words, by conducting basic row transfor-

mation, we can make Q? replaced by zeros. Specifically, there exists Ay € RIAsIX A3

satisfying
(BB")(asa1) = Aa(BB ) (s at)

By multiplying the third row block by —A} (—A3%) from left and add them to the
first (forth) row block, we obtain the following matrix

0} i 0ugr)]
i Owsry  OasLy)
0 I}
_ (Az,Ly) h (A2,Ls)
T= |1,y Ti Ol
OusLy Oy 1%
OwgLy Oagpey T
where
a3 = a3 — Agay.
i N S 17
Assume there exists nonzero column vector p defined by p = [pl NS ,p7] such

that p'T = 0. It gives that

0=p'T:=[8 S S5],
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where

S1 = p{ai+psai +piLa,) T P5 Las,Ly) = 0, (B14)

So=pl Qi+ psTh+piTi+ps F4 [ p3 plT(BBT)(AQr,A;) ps pi | =0,
(B15)

S3=pg T} + pi 17, = 0. (B16)

By (B15), (B16) and Assumption 1, it holds that py = 0, p3 =0, ps = 0, p5 = 0,
ps = 0 and p; = 0. Then S; in (B14) reduces to the following form

S = pgal =0.
Recall that |[AS| = 1. If a} # 0, S; reduces to pgaj = 0, implying that py = 0.

Therefore, T’ has full row rank. Otherwise, T does not have full row rank.
(ii) If A7 = 0. T reduces to the following form

ap Oz Os Lo
Oy T O
F'= |1,y I} O(A Ls)
Lagey T3 Ogr
Oz Omsry TR
Assume there exists nonzero column vector p defined by p = [p]—, Py p;] " such

that pr = 0. It gives that

OZprZ:[Sl Sy Sz ],

where
St =plai+p3La,n)+ P41, =0, (B17)
So=psTh+ps i +piT5=1[p; pi pi]=0, (B18)
S3 = pa I} = 0. (B19)

By (B18) and (B19) , it holds that po = 0, p3 = 0, p4 = 0 and p5; = 0. Then S in
(B17) in reduces to the following form

S1 = plai=0.

Recall that [A§| = 1. If aj # 0, it gives that p; = 0, implying that [ has full row
rank. Otherwise, T dose not have full row rank.

Overall, by the definition of @4 in Theorem 3.3-(iv), we obtain the result. Since the
row transformation does not change the rank, therefore, the same result applies to

FsubS .
]

Proof of Theorem 3.3
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(Z) ‘IGH| > 1.

If |Igg| > 1, the number of row vectors is greater than the number of elements
in each vector in I". The row vectors in I' are linearly dependent. Therefore,
MPEC-LICQ fails at v*.

(i) au| =0
By Proposition A.3 (b), if |Igg| =0, I in (B1) reduces to the following form

Ows ) Ow, ) T (ABN)(w,) Ow,Ly ]
O(w,,y) I O(w,,Ls) Ow,r,)  Oww,,Lo)
O(\I/S:Ll) Fz O(‘I’37L3) 0(‘1’3,L4) O(\Il3,L5)
Ow,n) Ows,,Ly) rs Ow,r,)  Oww,,Lo)
o | Outiy Oniry Owimy) BBDapy TG
Oauzr) Oawis) Oaurs) BB,y T2,
O(Az,Ll) O(A27L2) O(A'z,Ls) F% O(Az,Ls)
LA,z OnuLs) OAu,Ls) I O(A.,Ls)
O(Am L) O(A27L2) O(Az, Ls) O(A2:L4) Fiz
L Otz Otz Owize)  Owmiro LA

Assume there exists nonzero column Vector p defined by
p= ol ol 0l 08,05 0L 0l o, pl.pf]" such that pTTy = 0. It gives that

Oszfl = [ S1 Sz S3 Sy S5 }7
where

Slzp,Tl(AL):o

Sy = b + p. F2 =0, (B20)
S3 = + pd =0, (B21)
S4=p, (ABT)(\I,S )+ P;(BBT)(M 5+ P;(BBT)( ) T P nTh+p/ T =0,

S5 =pe. T2 + pd T2 + p.T} + p.T7 = 0. (B22)

By [40, Lemma 1] and (B20), p, = 0 and p. = 0. By (B21), it holds that

S3=pa [ Owsws) L(wsw) |+ 04 [ Lwaws) Owowy) | [ pg pd ] =0
(B23)
By (B22), it holds that

Ss=pl, [ Orny) Taras) Oain) |
+ P, [ 0(A, A) O(AWA;) T, A0 }
+ P12 [ I(Ag,02) O(AZ,A;) 0(Az,A,) } (B24)
+p. [ Oaiay) Iara) Oara) }
T

=[ o, pd+rl r,]=0
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It implies that pg =0, p, =0, p;, = 0 and pe, = 0.
Recall the definition of T'syp; in (B2). Then p ' Ty reduces to

(ol pn Pl pL]Tsun =0. (B25)

By Lemma B.3, Iy has full row rank. Therefore, (B25) implies that
Py =0, ppb =0, pi =0, pi, = 0. In other words, the row vectors in I'; are
linearly independent, giving that MPEC-LICQ holds at v*.

(7i1) |Igm,| =1 and |Igm,| =0
By Proposition A.3 (b), if |Igm,| = 1 and |Igg,| = 0, I in (B1) reduces to the
following form

Ow,,L,) O, L) rs (ABT) () O(w,,L)
O(w,,Ly) I} Ow,zo) Oz Ow,ry)
O(‘I’37L1) Fz O(\II37L3) 0(‘1’31114) 0(‘1’3,115)
Ow,,n) O(ws,,L,) rs Ow,r,)  Oww,.Lo)
Oat.Ly Oatry Omiry (BBDa:, Ti
Oauz) OawLs) Oawrs) BB,y T2,
T3:=| O0a,L) Oy Oz (BBNw,,y T3
Oarzy) Oy Oanty) Ty 0(As,Ls)
O(szLl) 0(A27L2) O(szLS) L, 0(A27L5)
Laor) Oazs)  Ohuts) Iy O(a, Ls)
O(AhLl) O(AlaLz) O(AleS) 0(A17L4) Fg
O(szLl) O(szLz) O(szLS) 0(A27L4) Flg
L Oagny Omiry Owirs)  Owir A

Assume there exists nonzero column vector p defined by

:
p =1 ParPysPdPas PP PF PG PP LS PL P | such that pTTg = 0.
It gives that

OZpTrgiz [ 51 SQ 53 S4 55 ]
where

Si :piTl(AuyL )y =0,
Sy =py T2 + p. T2 =0, (B26)
Ss zpaTFS +pg T = (B27)
S =pq (AB")(w,,) + Pel(BBT)(m )+ P, (BB ), )

+pf (BB ) A,y +pg T+ ppTh +p/ Tf =0,
S5 =p, Lo, + pl,T2, + pi T+ ol T + pT%, + pl TS, = 0. (B28)

By [40, Lemma 1] and (B26), p, = 0 and p. = 0. By (B27), it holds that

S3=pa [ Owswa) L(wswy) | +0q [ Lowows) Owowy) | =[pf pd ]=0

(B29)
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By (B28), it holds that

Ss=pd | Oarar) Oy Tasa) Oaia) |

It implies that p, = 0, pg

+p§3[0<Au,A1> Oau.az) O(a,n8) f(A“,,A“)}

+of | LA
+o | L

+ psz 0(A27A1)

Oainz) O(a, %) O(Al,Au)]
O(ars) O(a,a8) O(AhAu)] (B30)
Tiaan) Oanng) 0<A2,Au>]

+P1T3 I O(A;,Al) O(A;,AZ) I(A;,A;) O(A;,Au)}

=[pf+ol o, Pl +ol p,]=0.

= 07 Pl,

=0 and pe, = 0.

Recall the definition of Ty in (B6). Then p'T's reduces to

(0l pp g ph Pl ol L] Tewz =0 (B31)

By Lemma B.4, if a3 # 0, Tgyupe has full row rank. Therefore, (B31) implies that
Pg = 0, pn =0,
row vectors in I's are linearly independent, giving that MPEC-LICQ holds at
v*. Otherwise, MPEC-LICQ fails at v*.

pe, =0, py =

(iv) |IGH4| =1 and |IGH3‘ =0

0,

pi =0, p, =0, p, = 0. In other words, the

By Proposition A.3 (b), if |Igu,| = 1 and |Igm,| = 0, I' in (B1) reduces to the

following form

F4Z:

0
(‘I’séL2)
b
r?
0(‘1’2»L2)
O(at,L2)
O(as, L)
O(Au,Lo)
O(A2:L2)
O(A,L2)
O(As, L)
(Ag,Lo)
(A L»)
(A )L2)

o O

©

Fg (ABT)(\P:%') O(‘I’3,L5)
Ow,,Ls) Oy O,
0(‘1’37L3) 0(\1/3,L4) O(‘I’B,qu)

Fg 0(‘1’27]44) 0(‘1’27L5)
O(as.Ls) (BB )<A;,> Ie,
0(Ac I’
0(A37L3) E 3 F52
O(AH7L3) (Alu ) €3
P S
03, L) I; (A3,L0)
Oas,rs)  OagLa) r;
O(Az,Ls) O(Az,L4) F%
Oat,s)  Oag,za o]

Assume there exists nonzero column vector p defined by

p = [ pt—zrvpl—;r7p;r’p;—7p;7p;’p;;7pll—vp;r’p;r’pk7p12 pl3 ] such that pTF4 = 0.

It gives that

O0=p'Ty:=[S5 S2 S3 Si Ss5],
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where

S1 :PiTl(A L)) T PjT (as,L,) = 0,

Sy = 1;-+pcr2——0 (B32)

S3 = + Pd F =0, (B33)

Sy =p, (ABT)(%,.) + e, (BB )zt 5+ p, (BB ) (a5,
+@}BBUMMY+%FM+QF*+@F4_0

S5 =pé, T, + pe,Ue, + 0, Lo, + pi Tk + UL, + o7, = 0. (B34)

y [40, Lemma 1] and (B32), p, = 0 and p. = 0. By (B33), it holds that

S3=pg [ Owawy Lwawy | +rad [ waws Owaway ] =[rg rd ] 2(]2-35)

By (B34), it holds that

Ss = p,. { 0(at.,) I(A;,M) O(az.a5) Oaran) }
+@[W%M>W%M)R%N)W%Aﬂ
0, | O O(aat) O T |
+P;[WMAﬂ O(psas) Liasag) WMA)] (B36)
+pz[RMAa O(n,a5) Ocrzng) (MA)]
+ Py, [ O(A;Az) I(A;,M) O(A;,Ac) O(A3 Au) }
= [, pitrl el top L ]=0
It implies that p, = 0, py =0, p;, = 0 and p,, = 0.
Recall the definition of Ty, in (B13). Then p' 'y reduces to
(pd, pe, en i P pi Pl Teuws =0 (B37)

By Lemma B.5, if a4 # 0, I'gyp3 has full row rank. Therefore, (B37) implies that

Per =0, pe, =0, pp =0, pi =0, pj =0, pp =0, p, =0. In other words,

the row vectors in I'y are linearly independent, giving that MPEC-LIC(Q holds
v*. Otherwise, MPEC-LICQ fails at v

O
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