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Abstract
Toroidal pulses, also known as Focused or Flying Doughnuts (FDs), are few-cycle doughnut-shaped pulses of doughnut-like topology that exhibit space-polarisation and space-time couplings resulting in skyrmionic field configurations and regions of energy backflow, while their light-matter interactions involve toroidal and non-radiating (anapole) excitations. In this work, we experimentally generate optical toroidal pulses and analyze their space-polarization and space-time couplings using tomographic techniques. Using tandem projective measurements in the space and polarization degrees of freedom, we characterize the spatially varying polarization of the pulses, whereas space-time nonspeparability is characterized by measuring the angular divergence of the pulse monochromatic components. Space-time and space-polarization nonseparabilty are quantified by concurrence and fidelity (with respect to the ideal pulses). Experimentally generated pulses show high fidelity values of 0.88 and 0.72 for their space-polarization and space-time couplings, respectively. The reported results will be of interest to the fundamental study of toroidal pulses and spatiotemporally structured light more broadly, enabling applications in telecommunications, spectroscopy, metrology, and imaging.
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1. Introduction

Light pulses of toroidal topology, resembling Flying or Focused Doughnuts (FDs), were introduced in 1996 by Hellwarth & Nouchi [1], emerging from a wider family of localised pulses derived by Ziolkowski, known as the modified power spectrum pulses [2]. FDs are exact solutions to Maxwell’s equations exhibiting space-time and space-polarization nonseparable structure, such that the pulse spatial profile is intrinsically linked to the temporal and polarization profile. They were observed for the first time recently in the optical and THz parts of the spectrum [3, 4], followed by demonstration at microwave frequencies [5]. All-optically controlled schemes for the generation of THz FDs were also recently demonstrated [3]. FDs or toroidal light pulses (TLPs) complete toroidal electrodynamics as the propagating counterparts of toroidal excitations in matter [6]. They exhibit a fine topological structure with multiple singularities and extended areas of energy backflow [7]. Their light-matter interactions are non-trivial and they are predicted to efficiently engage non-radiating charge-current configurations [8]. Recently, FDs were generalized to the family of supertoroidal pulses of which they are the fundamental member. Supertoroidal pulses exhibit intriguing topological properties, including skyrmionic behaviour and self-affine areas of energy backflow [9] that can persist upon propagation over arbitrary distances [10].
The exotic properties of toroidal pulses are intricately linked to their space-polarization and space-time nonseparable nature [11]. Thus, in contrast with homogeneously polarized light, FDs cannot be represented by the product of a polarization dependent and a spatially dependent function. Previous work has shown that this is similar to a two qubit system describing a particle where entanglement exists between two degrees of freedom [12, 13]. Thus a space-polarization nonseparable state can be expressed as
	
	
	(1)


where the right and left hand circular polarization basis states involve different spatial amplitude modes, thus they can not be factorised into a product of each other. The possible states of this superposition can be represented and visualized by a higher order Poincaré sphere [14, 15]. On the other hand, correlations between spatial and temporal frequencies of light (space-time nonseparability) can result in desirable propagation  properties [16, 17]. Due to such properties, nonseparable light could have wide applications in areas such as metrology [18, 19], sensing [20] and communication [21, 22].
In the context of toroidal light pulses, space-polarization nonseparability manifests in the form of vectorial (radial or azimuthal) polarization and longitudinal field components emerging from the toroidal topology of the pulse. Space-time (or equivalently space-frequency) coupling leads to spatially varying spectral structure, which is known to control the propagation dynamics of pulses [23]. Whereas the fundamental FD is isodiffracting [17], namely the pulse propagates without distortion in its spatio-spectral structure, supertoroidal pulses propagate without diffraction [10]. Thus, quantitatively characterizing the nonseparable properties of toroidal pulses is crucial for the study of their propagation dynamics and light-matter interactions, as well as their deployment in practical applications. However, characterization methods to date are complex and rely on capturing the instantaneous fields with high temporal and spatial resolution [24], which is particularly challenging at optical frequencies. 
There have been recent developments, where Digital Micromirror Devices (DMDs) or Spatial Light Modulators (SLMs) are used to make projections onto different spatial modes of the light, performing a modal decomposition [25-29]. When such measurements are made in tandem with polarization projections, the space polarization coupling of the light can be fully characterized [30, 31]. However, this tomography method has only been applied to characterize monochromatic beams and not been adapted yet to broadband ultrashort pulses. Furthermore, methods have been developed to evaluate the space-time coupling of electromagnetic pulses, where the transverse positions of the intensity peaks for each monochromatic component of the pulse are measured as a function of propagation distance. This allows the degree of coupling between space and time to be quantified [32].
    Here, we apply a state tomography approach to the characterization of space-polarization and space-time nonseparability of experimentally generated toroidal pulses.  Using space-polarization and space-time tomography on the different monochromatic components of the generated pulse, we quantify the strength of the nonseparability by concurrence, in the space-polarization and space-time domains, respectively, while we measure the similarity to the ideal FD pulses by fidelity. Our work provides a practical route to the characterization of nonseparability of toroidal pulses and will be of interest to the fundamental study of structured light pulses and for the applications of toroidal pulses in information and energy transfer.
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Figure 1. (a) Schematic of a radially polarized (TE) Flying Doughnut pulse as it propagates through the focused region, where q1 is the pulse length (effective wavelength) and q2 is the Rayleigh range. Due to a Gouy phase shift, the pulse duration evolves from 1½-cycles away from focus to single-cycle at focus. (b) Intensity (grey-scale image) and polarization (green arrows) profile of the FD in the transverse plane. The spatially varying polarization is a manifestation of the space-polarization nonseparability in the FD. (c) Evolution upon propagation of the intensity maxima positions in the transverse plane (xy plane in (a)) for different monochromatic components of the pulse. All monochromatic components of the pulse propagate with the same Rayleigh range, a behaviour known as isodiffraction.






2. Generation of Toroidal Light Pulses
The electric and magnetic fields of transverse magnetic (TM) toroidal pulses is given by [1]:
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where , ,  is a parameter with units of length that plays the role of effective wavelength,  defines the depth of the focused region analogous to the Rayleigh range of a Gaussian pulse. Such pulses are radially polarized with longitudinal electric field components (see Figs. 1a&b) and transverse magnetic fields (TM). The vector nature of the polarization is a form of space-polarization nonseparability, where polarization varies with spatial position. Transverse electric (TE), azimuthally polarized, toroidal pulses can be derived with an exchange of electric and magnetic fields in Eq. (3), resulting in azimuthally polarization and longitudinal magnetic field components. As the pulse propagates through the focus, its temporal structure changes from 1 ½ cycle with 3 lobes to 1 cycle with 2 lobes at focus, then back to 1 ½ cycle with reversed polarity, a consequence of the Gouy phase shift [33].  Toroidal pulses are space-time nonseparable, whereby the pulse frequency spectrum varies across the transverse plane. This is illustrated schematically in Fig. 1c, where the trajectories of the intensity maxima of different monochromatic components of the pulse are presented. All monochromatic components of the pulse propagate with the same Rayleigh range, resulting in correlations between frequency and angular dispersion, where the higher the frequency, the lower the angular dispersion. Thus, higher frequency components of the pulse are located nearer the center, while lower frequencies are further out. These properties result in an effect known as isodiffraction [34], where each frequency component of the pulse retains the same relative position with respect to the other frequencies, rendering the spatio-spectral profile of the pulse propagation invariant. Conversely, toroidal pulses can be constructed by a series of in-phase, coaxially propagating, monochromatic azimuthally or radially polarised cylindrical vector beams with the same focal plane and Rayleigh range [17]. 
    The experimental setup for the generation of TLPs is outlined in Fig. 2.(a). A Ti:Sa laser, produces linearly polarized, 10 fs pulses with a FWHM bandwidth of 105 nm, centred at 800 nm. The pulses first pass through a pulse compressor, that applies a spectral phase to pre-compensate for the dispersion of optical components further along the beam path, ensuring that all monochromatic components of the pulse will be in-phase upon entering the characterization part of the setup. The pulses then pass through a 2x beam expander before entering a half-wave plate followed by a segmented waveplate, which converts the input linearly polarized pulses into radially polarized ones. Finally, a pair of off-axis parabolic mirrors and a 100 μm pinhole spatially filter the generated pulse and reduce the spectral dispersion of its Rayleigh range (which is linked to the pulse space-time nonseparability).
[image: ]
Figure 2. (a) Experimental setup for the generation of toroidal pulses. A 10 fs pulse from a Ti:Sa laser passes through a pulse shaper and a linear polarizer (LP) to remove any pulse ellipticity, before entering a 2x beam expander (BE). A half wave plate (HWP) selects the polarization that enters the segmented waveplate (SWP), which then converts linear polarization to radially or azimuthal. The vector polarized pulse is then passed through a spatial filter consisting of two off axis parabolic mirrors (OAPs) and a pinhole (PH) that removes scattering related artefacts and collimates the pulse. (b) Intensity profile of the generated pulse after collimation. (c-d) Spectral and temporal forms of the generated pulse as obtained by SPIDER measurements.
    An image of the experimentally generated pulse is shown in Fig. 2b. The spectrum of the experimentally generated pulses, with the corresponding spectral phase, measured using an FC SPIDER (Spectral Phase Interferometry for Direct Electric field Reconstruction) is given in Fig. 2c. The FWHM of the spectrum was found to be 90 nm, centred at around 805nm and the spectral phase was found to be relatively flat with phase fluctuations under 1 radian over a 150 nm wavelength range. This corresponds closely to the ideal FD pulse, which has a flat spectral phase and indicates the pulse is compressed close to the Fourier limit. Time domain measurements were also collected using the SPIDER and presented in Fig. 2d, showing the pulse envelope and corresponding phase. The pulses have a FWHM duration of 15 fs, which equates to approximately 6 optical cycles. The asymmetry in the phase of the pulse (see Fig. 2d) stems from challenges in effective pulse compression at lower intensities (at the wings of the pulse), where the signal to noise ratio is low. In contrast to our earlier work [4], the generation of toroidal pulses here does not employ a metasurface element following recent observations of the “self-healing” propagation dynamics of imperfect toroidal pulses [5].





3. Space-polarization tomography
To quantify the space-polarization nonseparability of the generated toroidal pulses, we follow a state tomography approach typically employed in the diagnostics of vectorial light beams [29]. The approach is analogous to Stokes polarimetry, except projections are taken in the spatial and polarization degrees of freedom, extending the state space from two to four dimensions. The projective measurements are used to calculate the density matrix, which encapsulates all the space-polarization information about the light:
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where  is a   matrix of coefficients (see Supplementary S1), the higher dimensional analogue of the Stokes vector, and  are the Pauli spin matrices. This is the Kronecker product of density matrices characterising the spatial and polarization states of the light, as denoted by the  and  superscripts respectively. This results in a four-dimensional Hilbert space on a higher dimensional Poincaré sphere [30]. Figure 3. (a) Schematic of the experimental setup used for space-polarization tomography of toroidal pulses. A bandpass filter (BP) is used to isolate a monochromatic component of the pulse, a quarter waveplate (QWP), half waveplate (HWP) and linear polarizer (LP) are used to make polarization projections. Spatial mode projections are made by a Digital Micromirror Device (DMD). Τhe resulting diffraction orders are projected into the far-field by a Fourier lens (FL) before being captured by the camera (C). (b) DMD masks project the incident light into different spatial modes. (c-d) Images of theoretically calculated (c) and experimentally recorded (d) first order diffraction patterns of a toroidal pulse incident on the DMD. (e) Matrix of tandem spatial mode and polarization projective measurement values at 780nm. (f)  Measured fidelity and concurrence values as a function of wavelength.

The state tomography approach is applied to each monochromatic component of the toroidal pulse. These can be decomposed into a superposition of left and right-hand circularly polarized beams with Orbital Angular Momentum (OAM)  values of  and  respectively and expressed using bra-ket notation as , where varying the phase, , between the two terms switches the resultant between radial and azimuthal polarizations. This subset of the vector beams can be represented by a Poincaré-like sphere where the azimuthal, spiral and radial polarization states exist along the equator, with spin-orbit coupled beams at the poles [30].
The experimental setup for space-polarizaton tomography follows ref. [35] with the addition of a bandpass filter that selects a monochromatic component of the toroidal pulse (see Fig. 3a). A quarter waveplate, half waveplate and linear polarizer make polarization projections (see Supplementary S2). Note, the use of a half wave plate means all polarization projections are rotated into the horizontal plane, mitigating any errors caused by polarization dependence of any subsequent optical components. The light then is incident on a Digital Micromirror Device (DMD) with spatial mode phase masks encoded, which performs projections onto spatial mode eigenstates. Examples of spatial phase masks can be seen in 3b. The resulting diffraction pattern is then imaged in the Fourier plane of a lens. Examples of numerically calculated diffraction patterns corresponding to an ideal FD pulse are shown in Fig. 3c. The projection value is given by the on-axis intensity of the first diffraction order. To obtain the relative phases between these eigenstates, an overcomplete set of measurements is required, consisting of all the permutations of 6 spatial and 6 polarization projections (36 tandem projections).
Space-polarization tomography of toroidal pulses was performed at seven different monochromatic components at wavelengths, λ, of 700 nm, 730 nm, 780 nm, 830 nm, 850 nm, 880 nm, and 905 nm, covering the full extent of the generated pulse bandwidth. Characteristic diffraction patterns are presented in Fig. 3d for λ=700 nm. The difference between the simulated and experimental diffraction patterns is mainly due to the finite bandwidth of the bandpass filters used in our experiments. From the on-axis intensity of different diffraction patterns, a tomography matrix can be constructed for each monochromatic component of the pulse. An example of such a matrix is presented in Fig. 3e for λ=780 nm, indicating that this pulse component can be decomposed into the superposition of an RCP beam with +1 OAM and an LCP beam with -1 OAM, which is consistent with a radially polarized (TM) pulse. Similar results are obtained for all wavelengths (see Supplementary S3). The space-polarization nonseparability is quantified by the concurrence, C, which takes values between 0 and 1, corresponding to homogeneous (separable) light and maximally nonseparable light, respectively. The concurrence for the experimentally characterized FD is plotted in  Fig. 3f as a function of wavelength. Concurrence is high across the pulse bandwidth with an average value of <C>=0.80, indicating a strong coupling between space and polarization degrees of freedom. The likeness of the experimentally generated pulse to the theoretical FD is quantified by fidelity, F, which varies from 0 to unity. The average fidelity is <F>=0.88, indicating the space polarization structure of the pulse closely resembles the radially polarized nature of the ideal TM FD. The plot also shows a drop in the concurrence and fidelity at higher wavelengths (especially 905nm). This is due to the worse performance of optical elements, such as the DMD, polarization optics and camera at higher wavelengths resulting in increased noise [36]. Further, the mirrors used have differences in reflectivity between s and p polarizations, which increases with increasing wavelength within the bandwidth under consideration, causing the space polarization state of the vector pulse to become distorted. Due to the high degree of collimation of the pulse, temporal reshaping resulting from the Gouy phase shift has a negligible effect on the mode projections.Figure 4. Space-polarization nonseparability in generated TM toroidal pulses. (a) Ellipticity (gray-scale image) and azimuth rotation (green arrows) at λ=780nm. (b) Average ellipticity and azimuth deviation from the radial direction as a function of wavelength. The average is taken over the transverse plane.


From the space-polarization tomographic measurements, we can reconstruct the polarization state of the toroidal pulse. A characteristic example is shown in Fig. 4a for λ=780 nm, indicating that this component is predominantly linearly polarized with the electric field along the radial direction. Similar results are obtained for all monochromatic components of the toroidal pulse (see Fig. 4b and Supplementary S4).  Finally, by applying Gauss’s law on the measured transverse fields, we can estimate the longitudinal field components can be estimated (see Supplementary S4).

4. Space-Time Tomography
Space-time (or space-frequency) tomography was performed by taking the angular spectra of monochromatic components of the pulse, using a Fourier lens and a camera, placed after the bandpass filter and before the quarter waveplate (see Supplementary S5). This allowed the angular divergence of each monochromatic component to be calculated and compared with theoretical predictions for the ideal TLP allowing the  value of the experimentally generated pulse to be calculated. The relationship between angular divergence and Rayleigh range is given by the following expression
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where  is the Rayleigh range,  is the angular divergence and  is the wavelength. Using this information, a density matrix is calculated for the space and time degrees of freedom, where wavelength and angular divergence are discretised into five separate states each. From this matrix, the similarity of the space-time coupling to the ideal TLP can be quantified in the form of the fidelity and the degree of nonseparability in the form of the concurrence [32].
The space-time tomography results of the generated toroidal pulses are shown in Fig. 5a in the form of trajectories of the intensity maxima of the pulse monochromatic components. The trajectories do not cross each other, indicating that the pulse is isodiffracting and follow closely the theoretical ones (corresponding to nm and ). The corresponding tomography matrix is shown in the inset to Fig. 5a, from which we calculated the corresponding fidelity to be 0.72 and concurrence of 0.91. These results indicate that the space-time (or equivalently space-frequency) profile of the pulse closely resembles that of an ideal FD and is highly nonseparable. This is illustrated by the angular divergence of each monochromatic component (see Fig. 5b), where all but one of the experimental and theoretical values deviate by less than 0.01 mrad. 



5. Conclusions
In summary, we have characterized quantitatively the nonseparable properties of experimentally generated toroidal light pulses. In particular, we have applied state tomography to quantify the space-polarization and space-time coupling of toroidal pulses, which define their topological properties and propagation dynamics. Importantly, we have shown that even in the absence of a gradient metasurface element, ultrafast laser pulses evolve towards the ideal FD pulses in terms of their space-time nonseparability, in accordance with recent works [5]. Our results pave the way towards higher-dimensional tomography of spatiotemporally structured light and will facilitate the deployment of nonseparable broadband beams and pulses in telecommunications, spectroscopy, and metrology applications.
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