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A B S T R A C T

Curve squeal is a high-frequency tonal noise produced by rail vehicles on tight curves, with its 
occurrence subject to various uncertainties. The generation mechanism is typically attributed to 
self-excited vibration within the wheel/rail system, with the leading inner wheel of the vehicle 
often being the most prone to squeal. However, loud and tonal noise is also found to be generated 
by the outer wheel or for trams when the leading inner wheel is in contact with the grooved rail 
head. This article presents a wheel/rail interaction model accounting for the presence of multiple 
contact points between the wheel and the rail. It is used to study the squeal noise generated by a 
modern low-floor tramcar equipped with resilient wheels. Time-domain simulations are carried 
out in the case of contact between the flange back of the inner leading wheel and the grooved 
head. The simulations also reveal that the outer wheel in flange contact can be involved in curve 
squeal. Variation in the lateral contact point position and the activation of a second contact point 
on the flange back are found to potentially alter the frequencies involved in the squealing 
mechanism and the wheel vibration amplitude. A comparison of time-domain simulation results 
for multiple contact points with full-scale on-track measurements is presented, analysing the 
inner and outer wheel squeal generated by the tramcar. The squeal is predicted at the same 
frequencies observed during experiments. Furthermore, the wheel vibration levels in the axial and 
radial directions are aligned with those measured by accelerometers mounted on the wheels.

1. Introduction

Curve squeal is a loud and annoying tonal noise generated by rail vehicles while negotiating sharp curves. It becomes a serious 
problem in urban areas, affecting thousands of inhabitants living near the railway and tramway lines. The phenomenon is caused by 
the self-excited vibration of the wheel that usually occurs at frequencies close to one or more wheel vibration modes [1]. The physical 
mechanism that triggers this instability is still controversial. The wheel self-excited vibrations were initially attributed to the 
slip-dependent behaviour of the adhesion coefficient in full sliding [1,2] but self-excited vibrations can also arise in presence of a 
constant friction coefficient. In this case the friction force acts as a coupling term between the motions in the directions normal and 
tangential to the contact surface. This mechanism is commonly referred as “mode-coupling instability”, where the friction force field 
modifies the dynamic characteristics of the system, coupling two modes that have natural frequencies close together, resulting in an 
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unstable behaviour of the system [3–6]. The same mechanism can be caused by the coupling between the wheel and the rail dynamics, 
as highlighted in [7,8]. A thorough literature review of the several experimental and numerical investigations concerning curve squeal 
is provided by Thompson et al. in [9].

Curve squeal predictions can be carried out using either frequency- or time-domain formulations. In the frequency-domain 
approach, the system is linearised for small fluctuations of the friction force about the steady-state curving condition and the sta
bility of the linearised system is studied to determine potential unstable frequencies. In the time- domain approach, the nonlinear 
equations are solved directly with numerical techniques [9]. Frequency-domain formulation was first proposed by Heckl [10,11] and 
extended by De Beer et al. [12] including the wheel and the rail vibration in vertical and lateral directions. This formulation has been 
further developed by Huang [13,14] to consider also longitudinal and spin dynamics and by Squicciarini et al. [15–17] to include the 
simultaneous presence of multiple contact points between the wheel and the rail.

Time-domain formulations involve the integration of the equations of motion that describe the vibration of the wheel/rail coupled 
model. The wheel and the rail dynamics are included in the coupled model considering their mass, damping and stiffness matrices [13,
18–21] or using Green’s functions [22–25]. Several numerical and experimental analyses show that curve squeal develops in the 
presence of a large angle of attack between the wheel and the rail, resulting in high transverse relative velocity between the two bodies, 
commonly referred to as creepage when normalized by the rolling velocity. This phenomenon is further amplified by a high value of 
the friction coefficient [1,22,26]. Some experiments highlight that curve squeal can be effectively mitigated using water or friction 
modifiers applied on the track [27]. Other test rig experiments reveal that curve squeal may still exist when friction modifiers are 
applied to eliminate the negative slope in the friction curve [28,29]. This confirms that there are still several uncertainties in the 
physical mechanism behind the occurrence of squeal. Furthermore, the angle of attack and the friction coefficient are not the only 
factors that govern the occurrence of the phenomenon. In fact, some analyses highlight that the contact angle and the presence of 
multiple contact points between the wheel and the rail play a significant role in determining the occurrence of curve squeal events and 
in promoting the wheel/rail instability at different frequencies. The analysis performed in [30,31] on the curve squeal generated by an 
articulated tramcar shows that also the leading outer wheel of the vehicle can squeal. Curve squeal was also found on the outer wheel 
in [32,33]. Furthermore, in the presence of multiple contact points between the wheel and the rail it can be demonstrated, both 
numerically and experimentally, that flange or flange back contact can alter the squealing frequencies involved in the unstable 
mechanisms and can promote mode-coupling instability [15–17,34]. The bogie architecture of the vehicle can play an additional 
crucial role in determining squeal occurrence in sharp curves, as shown in [35]. In this regard, accurate curve squeal prediction re
quires a precise description of the actual wheel/rail contact conditions and must account in the analysis for potential uncertainties 
encountered in the field, such as variations in the friction coefficient, track misalignment, wheel/rail profile wear, etc. Since it is 
usually impractical to include these variations in the curve squeal simulations, which may also vary along the same curve, statistical 
approaches [15–17] and/or parametric analysis [20,21,23–26] have also been explored to evaluate occurrences of curve squeal.

This paper presents a wheel/rail interaction model that can predict curve squeal in both frequency and time domain. The model 
accounts for multiple wheel/rail contact points, enabling the analysis of curve squeal occurrences on both the inner and outer wheels. 
The proposed formulation overcomes the main limitations of the models previously developed by the authors for squeal analysis in the 
presence of single and multiple contact points [15–17,31,35]. In particular, the model is entirely formulated in state-space form, 
allowing a stability analysis through Complex Eigenvalue Analysis (CEA). This was not possible in the two-contact points formulation 
proposed by the authors in [16], where the stability analysis was performed adopting the Nyquist criterion for Multi Input Multi 
Output (MIMO) systems [36,37]. The previously developed methods did not allow for tracking the eigenvalue evolution as a function 
of specific wheel/rail contact parameters. Moreover, they required the definition of the wheel and rail FRFs with very small frequency 
steps, leading to an increase in computational cost, which is higher compared to the CEA-based analysis proposed in the present work. 
This study also introduces substantial updates regarding time-domain simulations. The simplified approach proposed by Ding [5] has 
been extended and thoroughly revised to include longitudinal dynamics, rail dynamics, and the presence of a second contact point. The 
contact force formulation has also been updated by incorporating an unsteady tangential contact model based on Kalker’s variational 
theory [38], as implemented in the CONTACT algorithm [39]. This allows the capture of potential unsteady phenomena occurring in 
high-frequency wheel/rail contact, in line with previous studies such as those in [21,23] but now also including the effect of a 
slip-dependent friction coefficient.

The new formulation is used to perform parametric analyses and time-domain simulations on the inner and the outer leading 
wheels of a modern tramcar, with the focus on the effect of flange contact on curve squeal. While some time-domain simulations of 
squeal on the outer wheel of conventional railway vehicles have already been presented in [34], squeal on the outer wheel in tramway 
applications has not yet been thoroughly investigated. Moreover, for the first time in the literature, time-domain simulations of squeal 
generated by the leading inner wheel in contact with the flange back are presented. An additional novel contribution of this study is the 
quantitative comparison of the results of the mathematical model against experimental measurements in full-scale tests. In particular, a 
comparison is made between the outcomes of time-domain simulations and vibration measurements obtained from accelerometers 
mounted on the wheels of a modern articulated tramcar. Noise levels recorded by trackside microphones are also considered, as these 
have been employed for the validation of frequency- and time-domain models in previous research. The experimental validation is 
performed on both inner and outer wheels, enabling the verification of the predicted squeal frequencies and allowing a direct com
parison between simulated wheel vibration amplitudes and full-scale measurements collected during squeal events. The article is 
organised as follows. A description of the bogie curving behaviour is provided in Section 2, highlighting the possible contact conditions 
that can occur between the wheels and the rails, for either conventional rail vehicles or tramcars. Then, the equations of motion of the 
wheel and the rail are formulated in Section 3 for curve squeal analysis. A linearized version of the equations of motion is provided to 
carry out prediction in the frequency domain. Section 4 presents simulation results with focus on time-domain analyses. The reference 
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situation involves a modern articulated tramcar navigating a sharp curve. Simulations are conducted with single and multiple contact 
points between the wheel and rail, and all simulations are repeated with varying friction coefficients. The influence of the track gauge, 
which causes a variation in the normal force on the flange and/or flange back, is evaluated along with that of the lateral position of the 
contact point. Section 5 provides a comparison between the model results and measurements of curve squeal performed on a tramcar in 
an urban environment.

2. Steady-state curving behaviour

Curve squeal is strongly related to the wheel/rail contact conditions, which are primarily determined by the vehicle curving 
behaviour. In modern light rail vehicles, wheelsets (the assembly of the axle and wheels) are typically located within a bogie frame, 
constrained to remain parallel to each other during rolling. Note that the wheels can either be rigidly connected by a single axle (solid 
axle arrangement) or free to rotate independently (independently rotating wheels). The quasistatic curving behaviour of each bogie 
depends on many factors, but particularly on the train speed, the curve radius, the wheel and rail transverse profiles and the cant of the 
track. At low speed, and in tight radius curves, the leading wheelset runs in flange contact with the outer rail and the trailing wheelset 
is shifted towards the inner rail (see Fig. 1a). As speed increases (or curve radius increases) the rear wheelset moves outwards, reducing 
the bogie yaw and the angle of the leading wheelset with respect to the radial direction (i.e. the wheelset angle of attack). Thus, the 
angle of attack between the leading wheelset and the rail is larger for sharper curves and low speed [1]. Generally, considering a small 
curve radius, the leading outer wheel of the bogie is in flange contact. The other wheels, despite the presence of a relative lateral 
displacement and a relative yaw angle with respect to the rail, are in contact at the wheel tread only. This situation is commonly called 
“free curving”. For a tread contact condition, a single contact point can reasonably describe the wheel/rail interaction. However, when 
the wheel flange touches the rail gauge face, a second contact point must typically be considered. When running in very narrow curves, 
the bogie runs in “constrained curving” conditions and the trailing inner wheel is also in flange contact (see Fig. 1b). Moreover, if the 
tracks are fitted with checkrails or grooved rails, typical of tramways, a second contact point can form at the flange back of the leading 
inner wheel (see Fig. 1c). As an illustrative example, Fig. 2 shows the possible wheel/rail contact conditions for the leading inner and 
outer wheels on a left-hand curve.

3. Methodology

The high-frequency interaction between the wheel and rail is studied through two simulation steps. First, the dynamics of the 
vehicle is simulated to determine steady-state curving conditions using vehicle dynamics multibody software. This analysis considers 
the physical and geometrical characteristics of the vehicle and track, treating them as rigid bodies, while incorporating the first 
deformable modes of the axle or rubber elements in resilient wheels [16,40]. This step identifies the behaviour of the bogie and 
wheelsets along the curve, and gives the contact conditions for each wheel, including contact point position, normal load, contact 
patch dimensions, creepages, creep forces, contact angle, and the curvature of the wheel and rail profiles near the contact points.

In the second simulation step, a model of a single wheel and track is used to evaluate the high-frequency dynamics. The wheelset 
vibration modes are decoupled from the rest of the vehicle above 20 Hz by the primary suspensions [1] so only the wheelset is 
included. The wheel/rail coupled system is analysed by considering the dynamic fluctuation of the contact forces with respect to the 
steady-state ones, which are balanced by the primary suspensions. The schematic overview of the calculation steps is shown in Fig. 3.

The wheel/rail interaction during rolling is governed by contact forces between the two bodies, coupling their dynamics. In the 
curve squeal model, the contact problem is solved in two steps: first, computing the normal load at contact points, then solving the 
tangential problem. This requires expressing contact quantities (velocities, displacements and forces) at contact points. Two sets of 
local reference systems are therefore introduced for each contact patch (see Fig. 4): one that is oriented as the track reference frame and 

Fig. 1. Curving behaviour of a bogie in curve: (a) large curve radius, free curving, (b) low curve radius, constrained curving and (c) tight curve with 
grooved rails. Green dots ( ) and red squares ( ) indicate flange and flange back contacts.
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defines the contact quantities according to the longitudinal, lateral and vertical directions (x,y,z), and another that is oriented (rotated) 
according to the contact plane (1,2,3) by the contact angle θ. This approach allows the normal and tangential contact problems to be 
solved at each contact patch, as it enables the evaluation of the relative displacement and velocity of the wheel and the rail in the 
longitudinal, transverse and normal directions.

The wheel/rail coupled model can be schematized as a MIMO system with feedback loop (see Fig. 5). The time-domain simulation is 
based on an incremental approach, considering each variable as the sum of the quasi-static quantities obtained from the multibody 
simulation (steady-state curving conditions) and the dynamic components computed during the integration of the equation of motion 
of the wheel/rail coupled system. At each time step, the dynamic components of the displacement (xw, xr) and the velocity (ẋw, ẋr) of 
the wheel and the rail are computed by solving the equations of motion related to the wheel and the rail dynamics, written in a state- 
space form. The model uses a fourth-order Runge Kutta scheme with a fixed time step of 5 × 10–6 s, as it ensures a good trade-off 
between accuracy and computational cost without introducing artificial damping. The wheel/rail relative displacement in the 
normal direction at contact points is updated to solve the normal problem. Similarly, the total creepages are computed as the sum of the 
steady-state and dynamic components. This allows, after solving the normal problem, the tangential problem to be solved by 
computing the total forces acting between the two bodies (F). The dynamic component of these forces (f) is then obtained as the 

Fig. 2. Overview of the potential wheel/rail contact conditions on the leading axle during a left-hand curve: (a) inner wheel, single contact point on 
the wheel tread, (b) inner wheel, multiple contacts on the wheel tread and flange back and (c) outer wheel, contacts on the wheel tread and on the 
wheel flange.

Fig. 3. Schematic overview of the modelling approach.

Fig. 4. Schematic representation of the wheel/rail interaction: track (x,y,z) and rotated (1,2,3) contact reference frames.
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difference between the total forces and the steady state ones (f0) and becomes the input for the next time step. Note that creepages are 
here computed as the difference between the velocity of the wheel and that of the rail, normalized by the rolling velocity. An external 
input is required as an initial condition to the curve squeal simulation. Initially, the steady-state parameters are imposed at the wheel/ 
rail contact. A perturbation of 100 N in the wheel/rail transverse contact force (fʹ) is applied to the steady-state curving condition to 
analyse the system behaviour after 0.1 s. In the case of a stable system, the perturbation vanishes after a transient. If the system is 
unstable, the vibration of the wheel and the rail rapidly increases until reaching a limit cycle.

3.1. Wheel/rail coupled model in state-space form

The equation of motion of the wheel, written in state-space form and with respect to the x-y-z contact reference system (see Fig. 4) 
is: 

żw = Awzw + Bwfw (1) 

where zw = [q̇w qw]
T is the vector of the wheel state variables, Aw is the state matrix of the wheel, Bw is the input matrix and fw is the 

vector of the forces applied to the wheel at the contact points. A more detailed description of the matrices Aw and Bw is given below. 
The same formulation can be applied to describe the rail dynamics: 

żr = Arzr + Brfr (2) 

where zr = [q̇r qr]
T is the vector of the rail state variables, Ar is the state matrix of the rail, Br is the input matrix and fr is the vector of 

the forces applied to the rail at the contact points.
The wheel and rail are dynamically coupled through the contact forces. The relationship between the forces applied to the wheel 

and the rail is given by: 

f = fw = − fr (3) 

Therefore, the equation of motion of the coupled system is: 

ż =

[
żw
żr

]

=

[
Aw 0
0 Ar

][
zw
zr

]

+

[
Bw
− Br

]

f = Az + Bf (4) 

where z = [zw zr]
T collects the state variables of the wheel and the rail and A, B are the state and input matrices of the coupled system.

3.2. Wheel/rail interaction in the presence of a single contact point

The dynamics of the wheel can be introduced though a modal approach, as also performed in [5]. In this article, the wheel dynamics 

Fig. 5. Schematic representation of the wheel/rail interaction: block diagram of the model adopting a state-space formulation.
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is directly included by computing the mode shapes matrix at the actual contact positions, as determined from vehicle dynamics 
simulations. Alternatively, as proposed by [13,18], a rigid roto-translation can also be used to consider the shift in the contact point 
positions with respect to the nominal ones. The equations of motion of the wheel in modal coordinates can be written as: 

Mqwq̈¨w + Cqwq̇w + Kqwqw = ϕT
wRTfw (5) 

where qw is the vector of the wheel modal coordinates, Mqw,Cqw,Kqw are the modal mass, damping and stiffness matrices of the wheel 

and ϕw =
[
ϕ(1)

w ϕ(2)
w .. ϕ(N)

w
]T is the mode shapes matrix considering N modes. In the case of mass normalized modes, the mass, damping 

and stiffness matrix of the wheel can be written as follows: 

Mqw = I
Cqw = diag(2ζnωn)

Kqw = diag
(
ω2

n
)

(6) 

where ωn and ζn are the natural circular frequency and the modal damping ratio of the n-th wheel mode. The vectors of the physical 
coordinates can be obtained as: 

xw = ϕwqw (7) 

ẋw = ϕwq̇w (8) 

where xw = [x y z ]
T and ẋw =

[
vx vy vz

]T are the displacement and the velocity vectors of the wheel in longitudinal, lateral and 
vertical directions at contact points. To solve the contact problem in the normal and tangential directions (see Fig. 4), a rotation matrix 
R(θ) is required: 

R(θ) =

⎡

⎣
1 0 0
0 cos(θ) sin(θ)
0 − sin(θ) cos(θ)

⎤

⎦ (9) 

with θ being the contact angle. The dynamic components of the wheel displacement and velocity in the rotated reference frame can be 
obtained as follows: 

uw = R xw (10) 

u̇w = R ẋw (11) 

The vectors uw = [u1 u2 u3]
T and u̇w = [v1 v2 v3]

T collect the physical coordinates in the rotated reference system, where the in
dexes 1,2,3 refer to the longitudinal, transverse and normal directions.

The equations of motion of the wheel in modal coordinates can be now formulated in state-space form as follows: 

żw =

[
− M− 1

qwCqw − M− 1
qwKqw

I 0

]

zw +

[
M− 1

qwϕT
wRT

0

]

fw = Awzw + Bwfw (12) 

where the vector fw collects the wheel/rail contact forces (longitudinal, transverse and normal) which are expressed with respect to the 
rotated reference system and are oriented normally and tangentially to the contact plane.

Different strategies can be adopted to include the rail dynamics in the time-domain simulations. Some previous works rely on the 
use of Green’s functions [22–25] while others use a ratio of polynomials with coefficients obtained by best-fitting the rail frequency 
response functions [16,18]. The track can also be modelled using Finite Element (FE) methods [20]. However, the direct time inte
gration of a track FE model requires a significant computational effort which may dramatically affect the computation time. The 
analysis carried out by Ding et al. [7] highlights that the only significant effect of the rail dynamics on curve squeal prediction is related 
to the “damping-like” behaviour of the rail at high frequency, which may lead to instability due to a “coupling-like” mechanism 
between the wheel and the rail. Similar results were highlighted by Lai et al. in [8]. These findings suggest that a rather simple track 
model can be adopted to carry out curve squeal prediction, without the need of including rail cross-section deformation, pin
ned–pinned resonances, or the effect of multiple wheels. Even though the rail considered in this paper is a grooved rail rather than a 
Vignole rail as in [7], it is reasonable to assume that similar considerations apply, since, as reported in [41], the high-frequency 
dynamic behaviour of a grooved rail is comparable to that of a Vignole rail. Since the impact of the rail dynamics is not the focus 
of this investigation, a simplified approach is adopted here, consisting of best-fitting the rail frequency response function from 
measurements and analytical models through a modal approach. This strategy was also proposed in [18] and can be also applied to 
fitting advanced models of the track in frequency domain. The model accounts only for the direct terms, neglecting the cross-coupling 
between the longitudinal, lateral, and vertical components. This formulation results in an equivalent modal model that can be included 
in the state-space formulation of the coupled system (see Eq. (4)). Thus, the equations of motion of the rail in state space-form can be 
written in a similar form as the wheel ones (see Eq. (12)). 
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żr =

[
− M− 1

qr Cqr − M− 1
qr Kqr

I 0

]

zr +

[
M− 1

qr ϕT
r RT

0

]

fr = Arzr + Brfr (13) 

3.3. Wheel/rail interaction in the presence of multiple contact points

The formulation introduced in Section 3.2 is now extended to consider the simultaneous presence of multiple contact points. The 
mode shape matrices of the wheel and rail are reformulated including the mode shapes at the second contact point: 

ϕw =

[
ϕI

w

ϕII
w

]

(14) 

ϕr =

[
ϕI

r

ϕII
r

]

(15) 

Displacements x(i)
w , x(i)

r and velocities ẋ(i)
w , ẋ(i)

r associated to the i-th contact point (i = I,II) can be computed adopting the trans
formation from modal to physical coordinate, as shown in Eqs. (7) and (8). Similarly, the rotation matrix accounts for the presence of 
the second contact point: 

R =

[
RI 0
0 RII

]

(16) 

The equations of motion of the coupled system in state-space form (Eq. (4)) can be then updated. The matrices Aw and Ar are the 
same as in Eqs. (12) and (13) while the input matrices Bw and Br include the effect of a second contact point between the wheel and the 
rail considering the mode shape and the rotation matrices defined in Eqs. (14), (15) and (16).

3.4. Contact model

Normal contact forces are here introduced assuming Hertzian contact between the wheel and the rail [42]. The normal problem is 
solved knowing the virtual penetration between the wheel and the rail (δ(I),δ(II)) and their local curvatures at the contact points ob
tained from a multibody simulation of the vehicle in the curve [40,43]. In the time-domain simulations, the total penetration at each 
contact patch is computed as the sum of the steady-state penetration (δ(i)0 ) during curving and its dynamic component, which is updated 
at each time step using the wheel/rail interaction model. 

δ(i) = δ(i)0 −
(

u(i)
3,w − u(i)

3,r

)
i = I, II (17) 

The total normal load at each contact point is computed with the Hertzian theory as: 

F(i)
3 = C(i)

H
(
δ(i)

)3/2 i = I, II (18) 

where δ(i) is the virtual penetration between the wheel and the rail at contact and C(i)
H depends on the local radii of curvature of the 

bodies in contact and their material properties [1,38]. Analogously, the total creepages on each contact point are computed as the sum 
of the steady state creepages (from vehicle dynamics simulation) and their dynamic components: 

γ(i)j = γ(i)j0 +
1
V0

(
u̇(i)

j,w − u̇(i)
j,r

)
i= I, II j = 1, 2 (19) 

Since the normal problem is solved using the Hertzian approach, the total tangential forces acting between the two bodies are 
calculated based on the total creepages, the total normal load and the geometry of the contact patch. The dynamic component of the 
wheel/rail contact forces f(i)j is finally computed as the difference between the total forces F(i)

j and the steady state ones f(i)j0 and becomes 
the new input of the wheel/rail coupled model (see Fig. 5): 

f(i)j = F(i)
j − f(i)j0 i = I, II j = 1, 2,3 (20) 

Several theories are available to solve the tangential problem [38,44–47]. In this work, Kalker’s variational theory is used. This is 
addressed with the CONTACT software, employing exclusively the TangGC algorithm (see [39]). It allows the inclusion of transient 
effects in time-domain simulations and incorporates the heuristic formula to introduce a slip-dependent (kinetic) friction coefficient μk 
proposed by Polach in [45]: 

μk(γ) = μ0
( (

1 − Aff
)
e− Bff V0γ +Aff

)
(21) 

where μ0 is the static friction coefficient, V0 is the rolling velocity, γ is the total creepage (γ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

γ2
1 + γ2

2

√

), with γ1 and γ2 being the 
longitudinal and the transverse creepages, respectively. Aff and Bff are the coefficients that define the slope of the slip-dependent part of 
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the friction curve. They were obtained in [45] by comparing the results of the numerical model against a friction law measured on site. 
In the simulations carried out in this article, the values estimated for dry rails are employed (Aff = 0.4, Bff = 0.6). The 
non-dimensional friction forces (also defined as adhesion coefficient, expressed as the ratio between the tangential forces and the 
normal load) in the tangential plane are plotted against the longitudinal, transverse and spin creepages in Fig. 6 (μ0=0.45). One 
creepage is varied at a time, while others are set to zero. Adhesion curves are generated using the “steady” version of the tangential 
CONTACT algorithm (see [39]). The normal load is set to 25.9 kN, while the semi-axes of the contact ellipse are 41 mm and 32 mm in 
the longitudinal and transverse directions, respectively. These data are obtained from vehicle dynamics simulations of the tramcar 
analysed in this study, considering the leading inner wheel of the second car. Note that the curves shown below are provided as 
illustrative examples to show the impact of the slip-dependent friction coefficient on the adhesion coefficient. In the time-domain 
simulations, however, the normal and tangential contact problems are solved at each time step using the “unsteady” version of the 
tangential CONTACT algorithm.

3.5. Linearized wheel/rail coupled model and stability analysis

A prediction of curve squeal occurrence can be performed by analysing the stability of the system in the frequency domain through 
Complex Eigenvalue Analysis (CEA). Whereas the full non-linear model is employed in the time-domain simulations, the CEA ne
cessitates linearizing the equations of motion about the steady-state curving condition of the vehicle. As a first step, the linearized 
expression of the wheel/rail contact forces is needed. For small vibrations about steady-state conditions, the dynamic fluctuation of the 
normal load can be expressed as the product of the relative displacement between the wheel and the rail in normal direction and the 
linearized Hertzian contact stiffnesses k(I)

H and k(II)
H [42]: 

f(i)3 = − k(i)
H

(
u(i)

3,w − u(i)
3,r

)
i = I, II (22) 

The fluctuation in the creep forces can be computed by linearizing the non-linear force-creep relationships: 

f(i)j ≈

[

μj

(
γ(i)j0 , f

(i)
30

)
+

∂μ(i)
j

∂F(i)
3

⃒
⃒
⃒
⃒
⃒
0

f(i)30

]

f(i)3 +
∑

k

∂μ(i)
j

∂γ(i)k

⃒
⃒
⃒
⃒
⃒
0

f(i)30

V0

(
v(i)

k,w − v(i)
k,r

)
= α(i)

j f(i)3 +
∑

k
β(i)

jk

(
v(i)

k,w − v(i)
k,r

)
i = I, II j, k = 1, 2 (23) 

where γ(i)j0 and f(i)30 are the steady-state creepages and the normal loads associated with the i-th contact point. In this study, the co

efficients α(i)
j and β(i)

jk are determined using finite differences, since CONTACT is a numerical model. Alternatively, they can be 
calculated analytically, when analytical contact models are adopted (e.g., Shen-Hedrick-Elkins [46], Polach [44,45]).

Combining Eqs. (22) and (23) and adopting a matrix notation it is possible to express the vector of the normal and tangential 
contact forces as a function of the wheel/rail state vector as follows: 

f =

⎡

⎢
⎢
⎣

f1

f2

f3

⎤

⎥
⎥
⎦ = [ β α ]

[
R 0

0 R

]

[Cw − Cr ]

[
zw

zr

]

= Γz (24) 

where α and β are defined as: 

Fig. 6. Adhesion coefficient in (a) longitudinal and (b)(c) transverse direction varying longitudinal, transverse and spin creepages (μ0=0.45). ( ) 
Constant friction coefficient and ( ) Polach’s falling friction model [45].
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β =

⎡

⎣
β11 β12 0
β21 β22 0
0 0 0

⎤

⎦ (25) 

α =

⎡

⎣
0 0 − kHα1
0 0 − kHα2
0 0 − kH

⎤

⎦ (26) 

while R is the rotation matrix and Cw and Cr are the wheel and rail output matrices defined as follows: 

Cw =

[
ϕw 0

0 ϕw

]

(27) 

Cr =

[
ϕr 0

0 ϕr

]

(28) 

The state-space equation of motion of the system (see Eq. (4)) can be rearranged by including the linearized formulation of the 
contact forces obtained in Eq. (24): 

ż = Az + BΓz =
(
A + Af

)
z = Ãz (29) 

The state-space matrix of the wheel/rail system, which includes the effect of the contact forces Ã, is thus obtained. The stability of 
the coupled wheel/rail system is governed by the eigenvalues of the matrix Ã. The sign of their real part indicates whether the system is 
unstable and helps identify the possible vibration modes involved in the unstable mechanism.

The formulation can be extended to the case of multiple contact points by considering the rotation matrix R defined in Eq. (16) and 
the mode shape matrices ϕw,ϕr including the terms associated with the second contact point (see Eqs. (14) and (15)) and by expanding 
the matrices α and β as follows: 

β =

[
βI 0

0 βII

]

(30) 

α =

[
αI 0

0 αII

]

(31) 

where αi and βi (i = I, II) can be defined combining Eq. (23), Eqs. (25) and (26) for the i-th contact point.

4. Results of numerical simulations

This section analyses curve squeal generated by a modern low-floor tramcar. The description of the simulated cases with reference 
to vehicle dynamics simulations are presented in Section 4.1. The simulations of curve squeal on the inner wheel are described in 
Sections 4.2 and Section 4.3 while those on the outer wheel are presented in Section 4.4. The parameters of the wheel and rail modal 
models are calibrated using experimental data, including Experimental Modal Analysis (EMA) of the resilient wheel and impact testing 
on the tramway track with grooved rails (see Appendix B for more details).

Fig. 7. Schematic representation of the tramcar: (a) geometry, axle load and (b) lateral forces (μ0=0.45 and track gauge 1445 mm) in steady state 
curving condition derived from multibody simulations.
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4.1. Vehicle dynamics simulations

The results focus on squeal noise generated by a modern articulated tramcar running at 10 km/h on a curve with radius R = 17.5 m. 
The tramcar is equipped with resilient wheels that rotate independently. It is the same tramcar also analysed in [16,17,31]. The vehicle 
consists of seven cars, three of which are suspended between those equipped with bogies. The multibody model of the tramcar is 
developed using an in-house vehicle dynamics software specifically designed to simulate the dynamic behaviour of a tramcar on both 
tangent and curved tracks, accounting for large displacements and the resulting kinematic nonlinearities [40,43,48,49]. Carbodies are 
modelled as rigid bodies while the flexibility of wheelsets and bogie frames, as well as the presence of resilient wheels, is considered. 
The modules are interconnected via kinematic constraints and/or elastic and damping elements, replicating the real mechanical 
connections between carbodies. The system’s equations of motion are expressed in terms of generalized coordinates, which allows to 
include both rigid body motions and flexible modes of each component such as the deformability of the resilient wheels. The wheel–rail 
contact model is suitable for capturing the typical contact conditions observed in tram operation. It accounts for out of plane contacts 
due to significant angles of attack in tight curves, and the potential occurrence of multiple contact points on both the tread and flange. 
The wheel/rail contact model is based on a multi-Hertzian approach [50,51] that enables the possibility of multiple simultaneous 
contact points. FASTSIM algorithm is adopted to compute the tangential forces [47]. A schematic representation of the geometry of the 
vehicle, the axle loads and the steady-state lateral forces on each wheel are reported in Fig. 7.

The analysis focuses on the leading wheels of the second bogie of the tramcar. This allows for the comparison of the numerical 
results with a set of vibration measurements performed by installing accelerometers on the leading inner and outer wheels of that bogie 
during the negotiation of the curve (see Section 5 and [30,31]). Nevertheless, the curving conditions of the other bogies in curve are 
comparable because they share the same geometry, they have similar axle loads and distribution of steady-state lateral forces (see 
Fig. 7).

Several experiments have been performed on this tramcar over the last decade, analysing its behaviour in sharp curves. The 
presence of contact between the flange back of the inner leading wheel and the grooved head was also observed. Furthermore, squeal 
was detected on both the inner and outer wheels under different contact conditions [27,30,31]. The analyses conducted in [16,31] also 
show an intermittent behaviour of curve squeal during curve negotiation, attributed to a variation in the wheel/rail contact conditions 
along the curve. Thus, similarly to what was presented in [16], the effect of flange back contact on curve squeal is assessed here by 
modifying the track gauge in the multibody simulations. This is varied from its nominal value of 1445 mm to 1450 mm. This numerical 
exercise allows the effects of misalignment along the track to be explored in a simplified manner using the multibody approach. 
Additionally, simulations are repeated with different values of the nominal friction coefficient (μ0=0.15, μ0=0.30, μ0=0.45 and 
μ0=0.60). It is observed that the contact between the flange back and the grooved rail head is activated with a track gauge of 1446 mm 
for μ0=0.60 or higher. The normal load on the flange back of the inner wheel is found to increase with both track gauge and friction 
coefficient. The cases analysed in the following Sections are listed in Table 1. Additional details on the wheel–rail contact parameters 
adopted for each simulated case are provided in Appendix A. First, the model is used to study the more conventional situation in which 
there is a single contact point between the wheel tread and the top of the rail (case a). Then, simulations with multiple contact points 

Table 1 
Overview of the numerical simulations.

Case Wheel (CP*) Vehicle Dynamics Simulations W/R Contact

(a) Inner Wheel 
(I: top of the rail)

Friction coefficient (0.15–0.6) 
Track gauge (1445) 
Number of MB** simulations: 4

(b) Inner Wheel 
(I: rail, II: grooved head)

Friction coefficient (0.15–0.6) 
Track gauge (1446–1450) 
Number of MB** simulations: 20

(c) Outer Wheel 
(I: rail, II: gauge face)

Friction coefficient (0.15–0.6) 
Track gauge (1445–1450) 
Number of MB** simulations: 24

* CP: Contact Points.
** MB: Multibody Simulations.
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are carried out considering both the leading inner and the outer wheels (case b and case c, respectively). All the simulations are carried 
out including the falling friction effect as presented in Eq. (21) (Aff=0.4, Bff=0.6).

The simulations are performed considering nominal conditions for both wheel and rail profiles (see Fig. 8). While this assumption 
provides a consistent baseline, it does not fully reflect the actual conditions typically encountered in tramway operation, where rail 
maintenance activities are much less frequent and a significant level of rail wear is often present, as also observed during on-track tests. 
Even minor alterations in profile geometry due to wear can cause appreciable shifts in the wheel/rail contact location, particularly on 
the tread, which may substantially influence dynamic behaviour. In fact, relying solely on nominal contact point location can lead to an 
underestimation or an overestimation of squeal occurrence, as relatively small changes may be sufficient to induce a transition from 
stable to unstable conditions or to activate the instability of different modes (as shown in [1,12,21,23–25]). To account for this effect, a 
parametric analysis is conducted for each scenario obtained from vehicle dynamics simulations, by varying the lateral position of the 
contact points.

4.2. Case a: curve squeal on the leading inner wheel in the presence of a single contact point

In this section, the results of the squeal simulations in the case of a single contact point between the leading inner wheel and the rail 
are presented. The steady-state values of creepages and normal load are obtained from the multibody simulation with track gauge 1445 
mm. The friction coefficient is varied according to the multibody simulations with μ0=0.15, μ0=0.30, μ0=0.45 and μ0=0.60. Fre
quency and time domain simulations are carried out to identify the potential unstable frequencies for each analysed case and to 
determine the wheel modes that dominate the limit cycle. The lateral contact position on the wheel tread Y(I)

w is varied between 0 and 
25 mm. The system is unstable starting at Y(I)

w =0 mm for μ0 = 0.45 or higher. As also reported in [1,21,23], the system is more prone to 
squeal when the contact point shifts laterally towards the outer part of the wheel tread. For Y(I)

w higher than 10 mm, unstable conditions 
are obtained also for μ0 = 0.30. Squeal is found at 535 Hz corresponding to the natural frequency of the wheel axial mode with 2 ND. 
This is also the squealing frequency predicted through the Complex Eigenvalue Analysis (CEA). The results of the simulation performed 
with friction coefficient μ0 = 0.45 and YI

w =22 mm (the nominal contact point position on the wheel, see Fig. 8a) are here analysed in 
detail. The axial and radial vibration velocity of the wheel in proximity to the contact point is reported in Fig. 9a. Results are 
normalized against the vehicle speed V0. A 5 ms time window zoom is also provided to better highlight the amplitude of the wheel 
vibration during the limit cycle. Similar results in terms of wheel vibration and contact force amplitudes can be found in [21,23,26].

The tonal nature of curve squeal is shown in Fig. 9b where the spectrograms of the wheel vibration velocity in axial and radial 
directions is reported. Higher-order harmonics are also visible in the spectrogram due to the non-linearities in the normal and 
tangential contact problems. The amplitude of the wheel vibration in the axial direction is much higher than that of the rail (see 
Fig. 9a). This is because the wheel mobility is higher than the one of the track at this frequency. Although they are not reported here for 
brevity, similar results are obtained in simulations with different friction coefficients or lateral positions of the contact point on the 
wheel.

4.3. Case b: curve squeal on the leading inner wheel in the presence of multiple contact points

In this section, curve squeal of the leading inner wheel is analysed in the presence of a contact point between the wheel flange back 
and the grooved head. This wheel/rail contact condition has already been observed in [16,27,30]. This condition is favoured by the 

Fig. 8. Wheel and rail profiles used in the vehicle dynamics simulations (μ0=0.45) and nominal position of the contact points: (a) inner wheel and 
(b) outer wheel ( track gauge 1445 mm, track gauge 1447 mm).
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deformability of the rubber elements of the resilient wheels but can also be promoted by significant wear of the wheel/rail profiles or 
track misalignment [16]. A schematic representation of the wheel/rail contact conditions in the presence of a flange back contact was 
shown in Fig. 2b Analogously to the previous section, each case is analysed considering variability in the lateral contact point position 
on the tread. Increasing the track gauge reduces the clearance between the wheel flange back and the grooved head, allowing a flange 
back contact to occur with lower values of lateral relative displacement and yaw angle between the wheel and the rail. Furthermore, 
higher values of the friction coefficient generate a greater transverse creep force, which is directed outward. This increased force 
causes an increase in the lateral deformation of the rubber elements within the resilient wheels, resulting in an additional relative 
lateral displacement between the wheels and the rails which facilitates the activation of the flange back contact on the leading inner 
wheels. These contact conditions, as also shown by the frequency-domain analysis in [16], promote the instability of wheel modes at 
1500 Hz and 2500 Hz, which are characterized by strong axial/radial dynamic coupling. As the real parts of the two eigenvalues are 
very close, either of them can potentially dominate the limit cycle response during squealing events. In this case, it is found that the 
position of the contact point on the tread plays a determining role, together with the effect of the track gauge (and thus the flange load), 
in defining the system’s squeal frequency. Specifically, it is observed that when the contact point position on the tread is external (Y(I)

w 

Fig. 9. Curve squeal on the inner wheel in the presence of single contact point for μ0 = 0.45, track gauge 1445 mm and Y(I)
w =22 mm: (a) time 

evolution of ( ) wheel and ( ) rail vibration and (b) spectra of wheel axial and radial fluctuation (dB, re 10–6 m/s).

Fig. 10. Squealing frequencies varying the friction coefficient and the track gauge for different lateral contact point positions on the tread Y(I)
w of the 

inner wheel: (a) Y(I)
w = 0 mm, (b) Y(I)

w = 5 mm, (c) Y(I)
w = 10 mm, (d) Y(I)

w = 15 mm, (e) Y(I)
w = 20 mm and (f) Y(I)

w = 25 mm. Square marks ( ) 
indicate stable system.
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higher than 5 mm), instability tends to occur around 1500 Hz, whereas when the contact point is more internal (Y(I)
w lower than 5 mm), 

keeping all other contact parameters equal, squeal is generated around 2500 Hz. The effect of increased gauge (and, as mentioned 
above, the increased normal load on the flange back) appears to further promote instability at 2500 Hz, which is also observed for Y(I)

w 

= 15 mm, but only for a track gauge of 1450 mm. The impact of varying the contact position on the flange back Y(II)
w is not reported here 

since it does not have a relevant effect on the squealing frequencies and vibration amplitude. An overview of the simulation results 
varying the friction coefficient, gauge, and contact point position on the wheel is shown in Fig. 10, where the squeal frequencies 
obtained by performing frequency- and time-domain simulations for each analysed scenario are reported. Also in this case, the 
dominant limit cycle frequency matches the results from the Complex Eigenvalue Analysis (CEA). In particular, it is observed that, in 
cases with two unstable modes, the dominant squealing frequency corresponds to the eigenvalue with the highest real part. In the 
simulations with two contact points, no positive real part is found for μ0 = 0.15 and μ0 = 0.30.

Two contact conditions leading to squeal at different frequencies are now analysed in detail. Fig. 11 examines the wheel vibration 
in the case of squeal at 1550 Hz (μ0 = 0.6, track gauge 1447 mm, and Y(I)

w = 21 mm). Once again, the tonal behaviour typical of curve 
squeal is observed. Unlike the case of squeal at 535 Hz, a significant radial vibration is present, which exceeds the axial component. 
This behaviour is due to the strong axial/radial coupling of the 3 ND wheel vibration modes, which is also evident when examining the 
wheel mobility plot in both directions around 1500 Hz (see Appendix B). As in the previous case, the vibration amplitude of the rail is 
significantly lower than that of the wheel.

In the squeal simulation at 2500 Hz (μ0 = 0.6, track gauge 1450 mm, and Y(I)
w = 15 mm, see Fig. 12), a behaviour similar to that 

observed in Fig. 11 is detected. Also in this case, the axial/radial coupling of the modes involved in the system instability is significant 
and generates considerable vibration in both directions.

4.4. Case c: curve squeal on the leading outer wheel

The behaviour of the outer wheel is analysed in this subsection. Also in this case, a series of simulations was carried out by varying 
the track gauge, the friction coefficient, and the position of the wheel/rail contact point on the tread. The outer wheel is always in a 
multiple contact point condition, with one contact point on the tread and one on the flange (see Fig. 2c). Unlike the inner wheel, where 
the presence of two contact points can lead to different outcomes, the simulations varying track gauge, lateral contact point position 
and friction coefficient showed squeal only around 1550 Hz and for μ0 = 0.6. The simulation with track gauge 1447 mm, μ0 = 0.6, and 
Y(I)

w = 13 mm (the nominal contact point position on the wheel tread for the outer wheel) is analysed in Fig. 13. Similarly to the inner 
wheel case, the axial vibration amplitude is comparable to the radial one.

5. Comparison with noise and vibration measurements

The results obtained through curve squeal simulations in the time domain are here compared with noise and vibration measure
ments conducted on site. The curve squeal generated by the tramcar analysed in the previous sections is monitored through trackside 
microphones and accelerometers mounted on the wheels. The tramcar runs at 10 km/h along a left-hand curve with radius 17.5 m. 
During the experimental campaign, only one wheel was instrumented at a time, and the results presented here refer to two different 

Fig. 11. Curve squeal on the inner wheel in the presence of multiple contact points for μ0 = 0.60, track gauge 1447 mm and Y(I)
w =21 mm: (a) time 

evolution of ( ) wheel and ( ) rail vibration and (b) spectra of wheel axial and radial fluctuation (dB, re 10–6 m/s).
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runs. All tests were performed on a dry track.
During the first passage, the vibration of the leading inner wheel of the second bogie is monitored. For the second passage, the 

instrumented wheel is positioned on the outer side. In both passages, a microphone placed 2.5 m away from the track centreline, on the 
same side as the instrumented wheel, is employed to measure the noise level generated during the tramcar pass-by. The arrangement of 
the trackside microphones is illustrated in Fig. 14a. A photograph of the instrumented wheel is shown in Fig. 14b while the position of 
the accelerometers used to measure the wheel vibration in the axial and radial directions is illustrated in Fig. 14c. The axial and radial 
accelerometers are mounted at a radial distance of 310 mm from the wheel centre. A telemetry system is used to transmit the signals 
measured by the accelerometers to an onboard acquisition system. An analog radio signal was acquired by the onboard and trackside 
measurement systems, in order to synchronize the two sets of measurements.

The vibration analysis of both wheels was carried out over three consecutive passages for each wheel, with all the results shown in 
Appendix C. Despite some variability and intermittency along the curve, all passes demonstrate a high degree of repeatability in the 
phenomenon. Therefore, the detailed noise and vibration analysis presented below focuses solely on passage 1 for each wheel. Most of 
the noise emission (see Fig. 15) is concentrated around 1550 Hz for both the inner and the outer side of the vehicle. The spectrogram 
highlights that the noise is not completely tonal, but it is characterized by a spread around 1500 Hz. A similar frequency spread is also 

Fig. 12. Curve squeal on the inner wheel in the presence of multiple contact points for μ0 = 0.60, track gauge 1450 mm and Y(I)
w =15 mm: (a) time 

evolution of ( ) wheel and ( ) rail vibration and (b) spectra of wheel axial and radial fluctuation (dB, re 10–6 m/s).

Fig. 13. Curve squeal on the outer wheel in the presence of multiple contact points for μ0 = 0.60, track gauge 1447 mm and Y(I)
w = − 13 mm: (a) 

time evolution of ( ) wheel and ( ) rail vibration and (b) spectra of wheel axial and radial fluctuation (dB, re 10–6 m/s).
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found in [5,16]. This is attributed to the presence of more than one wheel vibration mode involved in the unstable mechanism. The 
results presented in [16] suggest that the frequency spread is found only in the presence of a second contact point between the leading 
inner wheel of the bogie and the grooved head.

As obtained in case of multiple contact points on the inner leading wheel (see Section 4.2), slight variations in contact conditions 
can alter the squealing frequency. This may lead to variable and intermittent behaviour of the phenomenon along the curve. Although 
the main cause of this behaviour is not fully understood, it is commonly found in the literature that the contact between the wheel 
flange and the rail produces a broadband noise referred to as “flange noise” [1,52]. This provides a possible further explanation for the 
observed frequency spread, which could result from the presence of a “flange-type” contact, at least on the outer wheel or in cases 
involving flange back contacts, exciting a wider frequency range.

The spectrograms of the wheel acceleration in the axial and radial directions are shown in Fig. 16. They have a frequency content 
similar to that recorded by the trackside microphone. Significant vibration levels close to 1550 Hz are observed in both axial and radial 
directions. The vibration level in the radial direction is comparable or higher with respect to the axial one. As also observed in Section 
4.3, this is attributed to the characteristics of the wheel modes involved in the squealing event, which are the axial and radial wheel 
modes with 3 ND. They are both characterized by significant axial and radial components, as also visible in the wheel mobility diagram 
(see Appendix B). As reported in [5], this favours mode-coupling mechanisms.

The spectrograms of the vibration levels also reveal a short time window in which a tonal contribution close to 550 Hz arises in 

Fig. 14. Experimental setup: (a) trackside microphones, (b) photograph of the instrumented wheel and (c) location of the accelerometers mounted 
on the wheel.

Fig. 15. Spectrograms of the Sound Pressure Level measured by trackside microphone (d = 2.5 m): (a) inner side and (b) outer side (dB, re 2‧ 
10–5 Pa).
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proximity to curve entrance and curve exit. This contribution is more marked on the spectrograms related to the inner wheel (see 
Fig. 16). Another tonal contribution in the inner wheel vibration is found close to 2500 Hz (see Fig. 16a around 12 s). Again, these 
contributions are confined in very short time windows during the curve entrance and the curve exit. The same contribution can also be 
found in the microphone spectrograms, although it is less evident. These two frequencies are very close to the natural frequencies of the 
wheel axial modes with 2 ND and 4 ND. It should be noted that the noise generated at curve entrance and/or at curve exit and 
measured by the microphone placed in the middle of the curve is attenuated compared to the noise generated in proximity to the 
measurement section, on account of the distance between the source and the receiver. This may be the reason why, despite a significant 
vibration level being measured at the curve entrance and exit by the accelerometers mounted on the wheel, the noise level at the 
specific frequency recorded in the same time window is lower or less evident as in the acceleration spectrograms. As the transition of 
each bogie into the curve is not instantaneous, the wheels are subjected to a transient during which they move from a straight track to 
the steady-state curving conditions. During this transient, the wheel/rail contact condition may vary significantly. Both the inner and 

Fig. 16. Spectrograms of the wheel acceleration levels in axial and radial direction: (a) inner wheel and (b) outer wheel (dB, re 10–6 m/s2).

Fig. 17. Comparison between measurements and simulations (track gauge 1447 mm, μ0=0.6): (a) identification of the limit cycles, (b) simulation 
with Y(I)

w =10 mm, (c) simulation with Y(I)
w =20 mm and (d-f) experimental data.
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the outer leading wheel start by being centred with respect to the track, with a zero angle of attack between them. When the leading 
axle is approaching the curve, the angle of attack between the wheels and the rail increases until reaching the steady-state values. Due 
to the relative lateral displacement between the wheels and the track, the position of the contact point on the wheel also gradually 
changes. Additionally, the wheel/rail contact forces evolve over time and the load distribution across the different wheels changes 
during entry into the curve. Thus, different squealing behaviour may be related to transient phenomena associated with wheel/rail 
contact conditions that are different from the steady-state ones. This is consistent with numerical simulations, where squeal is pre
dicted close to 535 Hz, 1550 Hz and 2500 Hz. Moreover, the presence of track irregularities along the curve may alter the load dis
tribution on the flange and on the flange back contacts. Similarly, the friction coefficient may vary locally in different portions of the 
track. This may be another reason why the same wheel is excited at different frequencies during the curve negotiation.

Vibration measurements are compared with the results of the numerical simulations. Two main time windows are analysed for the 
inner wheel, which is unstable at frequencies close to 1500 Hz after 19 s and close to 2500 Hz around 12 s. The amplitude of the axial 
and radial vibration of the wheel during these squealing events is compared with the results obtained in the simulations with a track 
gauge of 1447 mm and 1450 mm and μ0=0.6. This adhesion condition is the only one in which squeal is numerically observed on both 
the inner and outer wheels, consistent with observations from the test campaign. Since the measurements were carried out on a sunny 
day with a dry track, this choice of the friction coefficient is considered potentially representative of the adhesion conditions during 
testing. Given that the accelerometers are installed on a rotating wheel, the comparison between the measured and predicted vi
brations can be carried out only over very short time windows. For this reason, only the windows in which the amplitude of the 
measured vibrations is maximum are used for the numerical-experimental comparison. The experimental vibration velocity is 
computed by integrating the acceleration signal. A bandpass filter is applied to highlight the wheel vibration at 1500 Hz and at 2500 
Hz. Data are collected into pairs of adjacent one-third octave bands, considering the signal contribution in the frequency ranges 
1130–1760 Hz and 1760–2825 Hz. This procedure is employed solely to identify the short time windows for the experimental com
parison. Once these windows are determined, the raw data (black line in Fig. 17a) are used for comparison with the numerical results. 
Significant wear was observed on the grooved head suggesting that a flange back contact is activated most of the time during the curve 
negotiation. Therefore, a first analysis compares the results of the simulation with two contact points for a track gauge of 1447 mm 
with the tonal wheel vibration measured near 1550 Hz. Fig. 17a shows the time history of the axial vibration velocity when the wheel is 
squealing at 1550 Hz. The signal contribution in the 1130–1760 Hz frequency range is highlighted, along with the three short time 
windows used for comparison with the numerical results (Fig. 17b). Data are normalized by vehicle speed. The comparison is reported 
in Fig. 17, where two numerical simulations (Y(I)

w =10 mm and Y(I)
w =20 mm) are compared with three experimental windows. Although 

this type of analysis can only be limited to qualitative observations, a satisfactory agreement is observed between the simulations and 
the experimental data. The squealing frequency closely matches that observed in the wheel vibration spectrograms, and the vibration 
amplitude is consistent with the measured values yet remains subject to some variability.

The same analysis is carried out for squeal at 2500 Hz (now only the signal contribution in the frequency range 1760–2825 Hz is 

Fig. 18. Comparison between measurements and simulations (track gauge 1450 mm, μ0=0.6): (a) identification of the limit cycles, (b) simulation 
with Y(I)

w =5 mm, (c) simulation with Y(I)
w =15 mm and (d-f) experimental data.
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highlighted). The simulation with a track gauge of 1450 mm is here employed for comparison and the results are shown in Fig. 18. 
Similar wheel vibration amplitude in the axial and radial directions is observed when the experimental limit cycle reaches its 
maximum value.

Similarly to the inner wheel case, measurements are compared with squeal simulations carried out considering the outer leading 
wheel. The previous analyses were made under the assumption of multiple contact points between the wheel and the rail, adopting the 
results from the simulations with track gauge of 1447 mm and 1450 mm. Only the results with a track gauge of 1447 mm and μ0=0.6 
are here used for the comparison with measurements because similar results are obtained with other track gauges. Results are shown in 
Fig. 19. Also, for the outer wheel, a good agreement between the measurements and the simulation results is found for the wheel 
vibration in the axial and radial directions.

The time histories shown above enable a qualitative comparison between the simulation results and the measured data. A full 
validation of the squeal model against on-site data is currently unattainable due to numerous uncertainties such as exact contact 
positions, contact forces, variability along the curve, and environmental factors including temperature and humidity. Nevertheless, the 
objective is to ensure that the model predictions of squeal frequencies and vibration amplitudes remain consistent with the mea
surements obtained on site. A qualitative comparison is provided overall, while an attempt is also made to quantify the difference 
between model and measurements for selected short time windows (see Fig. 20). These windows are not fully representative of the 
entire problem but reflect what can reasonably be obtained from the available on-site data. Although axial vibration measurements 
confirm that a rough, yet reasonable estimation of the wheel vibration amplitude can be obtained using vmax = ψ ⋅ V0 as reported in [1,
9,19] (where ψ is the angle of attack and V0 is the rolling speed), the simulations provide further insights and a more detailed 
description of the phenomenon, while also enabling the estimation of wheel vibrations in the radial direction. For example, variability 
in vibration levels due to the shift in the contact point position is detected. This is more pronounced on the inner wheel (up to 5 dB), 
while it remains limited on the outer wheel (below 2 dB). This result demonstrates that contact conditions play a key role not only in 
the onset of the phenomenon or in determining the squealing frequency, but also in defining the limit-cycle vibration levels. The 
variability detected in measured vibration levels may instead be attributed to several factors, since each time window represents a 
snapshot of a different point along the curve and may therefore reflect significant variations in wheel/rail contact conditions (e.g. 
wheel/rail roughness, friction coefficient, rail profile wear, and track misalignment). Although the variability of the results is in some 
cases rather pronounced, in the three scenarios considered several pairs of numerical and experimental levels differ by less than 2–3 dB 
in both axial and radial vibration levels. This agreement can be considered satisfactory given the complexity of the wheel/rail contact 
conditions and the simplifications introduced in the wheel/rail interaction model.

The numerical simulations do not account for wheel/rail irregularities and roughness, which would introduce an additional 
broadband excitation in the system, with an amplitude that decreases with frequency (as the PSD of the wheel/rail roughness decreases 
with the wavelength) [1,42]. Therefore, this experimental comparison should not be regarded as a detailed or comprehensive vali
dation of the wheel/rail interaction model, which would require measurements in a controlled environment and a precise knowledge 
of the wheel/rail contact conditions during squeal events. Nevertheless, the analysis represents the first attempt at verification using 

Fig. 19. Comparison between measurements and simulations (track gauge 1447 mm, μ0=0.6): (a) identification of the limit cycles, (b) simulation 
with Y(I)

w =− 5 mm, (c) simulation with Y(I)
w =− 15 mm and (d-f) experimental data.
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full-scale on-track measurements, demonstrating that this numerical approach can satisfactorily estimate squeal frequencies and vi
bration amplitudes even in the presence of multiple wheel/rail contact points. Moreover, the results indicate that, for curve squeal, a 
parametric approach accounting for a wide range of variability in the contact parameters is preferable, not only for predicting squeal 
frequencies but also for estimating vibration and noise levels.

6. Conclusions

A methodology for curve squeal prediction in frequency and time domain is introduced, which accounts for the possible simul
taneous presence of multiple contact points between the wheel and the rail. The previous formulations of wheel/rail interaction in the 
presence of multiple contact points did not allow performing CEA to track the eigenvalue evolution as a function of specific wheel/rail 
contact parameters. The state-space formulation proposed in this article overcomes this limitation. Furthermore, the simplified 
approach previously developed by the authors has been extended and thoroughly revised to include the longitudinal dynamics, the rail 
dynamics, and the presence of a second contact point in the time domain simulations. The contact force formulation has also been 
refined by incorporating an unsteady tangential contact model based on Kalker’s variational theory. This allows capturing potential 
unsteady phenomena occurring in high-frequency wheel/rail contact, in line with previous studies but now also including the effect of 
a slip-dependent friction coefficient. The model reproduces the typical contact conditions that can be found on the leading wheelset of 
a bogie running in sharp curves. It is employed to analyse the squeal generated by a modern articulated tramcar. The dynamic models 
of the wheel and the rail are tuned using experimental tests. In particular, the modal model of the wheel is calibrated against 
Experimental Modal Analysis (EMA) on the resilient wheel mounted on the tramcar while the rail dynamics is included by fitting the 
Frequency Response Functions (FRFs) obtained through an impact test on a tramway track with grooved rails.

Three main situations are investigated through frequency and time-domain simulations. In the first situation, simulations are 
carried out by considering a single contact point between the wheel and the rail, where there is a contact between the wheel tread and 
the top of the rail. This is the typical wheel/rail contact condition experienced by the leading inner wheel of a bogie negotiating a 
curve. Squeal is observed for a friction coefficient higher than 0.3 in proximity to the axial wheel mode with 2 ND.

In the second situation, the effect of the contact between the back of the wheel flange and the grooved head is investigated. The 
second contact point is progressively activated by varying the track gauge. This allows for a parametric investigation into the effect of 
the load on the flange back. The impact of the contact point position on the wheel tread is also investigated. The analysis is repeated 
under different adhesion conditions, showing that curve squeal is always favoured by a high friction coefficient. In this contact 
condition, squeal is observed for friction coefficients starting from μ0 = 0.45. Unlike the single contact point case, in the presence of 
two contact points squeal is promoted by the dynamic coupling between lateral and vertical dynamics and therefore develops even in 
the absence of falling friction. Furthermore, the presence of the second contact point alters the frequency involved in the squeal event 
compared with the single contact point case. Similarly, a variation in the load on the flange back or in the lateral contact point position 
on the wheel tread is found to activate different wheel vibration modes. These results show that a small variation in the wear conditions 
or in the relative position between the wheel and the rail may generate squeal at different frequencies, making the curve squeal 
phenomenon highly unpredictable.

In the third situation, numerical simulations are carried out to study curve squeal of the outer leading wheel, which is in contact 
with the rail head and the rail gauge face. Simulations reveal that also the outer wheel can squeal. In this case, squeal is observed only 

Fig. 20. Overview of the vibration levels in axial and radial directions (dB, re 10–6 m/s) obtained in simulations ( ) and measurements ( ): (a) inner 
wheel, track gauge 1447 mm, (b) inner wheel, track gauge 1450 mm and (c) outer wheel, track gauge 1447 mm.
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for a friction coefficient of μ0 = 0.6, and it still develops even when the slip-dependent friction coefficient is neglected.
Finally, the model is verified against experimental measurements. In particular, the time domain curve squeal simulations are 

compared with full-scale on-track measurements using accelerometers mounted on the squealing wheels. Measurements are carried 
out during the negotiation of a curve with radius of 17.5 m. Pass-by noise levels and the vibration of the leading inner and outer wheels 
of the second bogie in the axial and radial directions were measured. The model is found to predict the occurrence of curve squeal at the 
same frequencies observed during pass-by tests. Additionally, good agreement between the amplitude of the wheel vibration measured 
and that estimated by the numerical model is obtained.
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Appendix A. Parameters of the vehicle dynamics simulations

The steady-state curving parameters of the leading inner and outer wheels obtained from the vehicle dynamics simulations in case 
of μ0=0.45 and μ0=0.60 are reported in Table A1 and Table A2.

Table A1 
Results of vehicle dynamics simulations (μ0 = 0.45).

Track gauge: 1445 mm Track gauge: 1446 mm
​ ​ Inner Outer ​ ​ Inner Outer
​ ​ CP I CP II CP I CP II ​ ​ CP I CP II CP I CP II
Normal load F3 (kN) 25.9 - 8.4 23.6 Normal load F3 (kN) 25.8 - 8.4 23.7
Angle of attack ψ (deg) 2.9 - 2.9 2.9 Angle of attack ψ (deg) 2.9 - 2.9 2.9
Long. Creepage γ1 ( − ) 0.00 - 0.02 -0.00 Long. Creepage γ1 ( − ) 0.00 - 0.02 0.00
Transverse Creepage γ2 ( − ) 0.05 - 0.05 0.16 Transverse Creepage γ2 ( − ) 0.05 - 0.05 0.16
Spin Creepage γ6(1 /m) -0.07 - 0.21 2.91 Spin Creepage γ6(1 /m) -0.06 - 0.21 2.91
Contact Angle θ (deg) 2.5 - -2.8 -70.1 Contact Angle θ (deg) 2.5 - -2.8 -70.1
Lateral CP position Yw (mm) 22 - -13 19 Lateral CP position Yw (mm) 22 - -13 19

Track gauge: 1447 mm Track gauge: 1448 mm
​ ​ Inner Outer ​ ​ Inner Outer
​ ​ CP I CP II CP I CP II ​ ​ CP I CP II CP I CP II
Normal load F3 (kN) 19.4 7.4 15.0 15.4 Normal load F3 (kN) 18.6 8.2 15.3 14.8
Angle of attack ψ (deg) 2.9 2.9 2.9 2.9 Angle of attack ψ (deg) 2.9 2.9 2.9 2.9
Long. Creepage γ1 ( − ) 0.00 -0.02 0.01 -0.02 Long. Creepage γ1 ( − ) 0.00 -0.02 0.01 -0.02
Transverse Creepage γ2 ( − ) 0.05 0.13 0.05 0.16 Transverse Creepage γ2 ( − ) 0.05 0.12 0.05 0.16
Spin Creepage γ6 (1 /m) -0.07 2.74 0.21 2.95 Spin Creepage γ6 (1 /m) -0.08 2.68 0.21 2.95
Contact Angle θ (deg) 2.6 -70.8 -2.8 -70.1 Contact Angle θ (deg) 2.7 -67.3 -2.8 -70.1
Lateral CP position Yw (mm) 21 -42 -13 19 Lateral CP position Yw (mm) 21 -42 -12 19

Track gauge: 1449 mm Track gauge: 1450 mm
​ ​ Inner Outer ​ ​ Inner Outer
​ ​ CP I CP II CP I CP II ​ ​ CP I CP II CP I CP II
Normal load F3 (kN) 16.3 10.9 17.4 12.0 Normal load F3 (kN) 9.4 20.7 25.5 1.0
Angle of attack ψ (deg) 2.9 2.9 2.9 2.9 Angle of attack ψ (deg) 2.9 2.9 2.9 2.9
Long. Creepage γ1 ( − ) 0.00 -0.02 0.00 -0.02 Long. Creepage γ1 ( − ) 0.02 -0.00 0.00 -0.02
Transverse Creepage γ2 ( − ) 0.05 0.13 0.05 0.16 Transverse Creepage γ2 ( − ) 0.05 0.13 0.05 0.16
Spin Creepage γ6(1 /m) -0.08 2.67 0.21 2.96 Spin Creepage γ6(1 /m) -0.08 2.69 0.21 2.98
Contact Angle θ (deg) 2.8 -67.3 -2.8 -70.1 Contact Angle θ (deg) 2.8 -70.7 -2.8 -70.1
Lateral CP position Yw (mm) 20 -42 -13 19 Lateral CP position Yw (mm) 20 -42 -13 19
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Table A2 
Results of vehicle dynamics simulations (μ0 = 0.60).

Track gauge: 1445 mm Track gauge: 1446 mm
​ ​ Inner Outer ​ ​ Inner Outer
​ ​ CP I CP II CP I CP II ​ ​ CP I CP II CP I CP II
Normal load F3 (kN) 25.9 - 1.6 27.7 Normal load F3 (kN) 23.3 2.6 4.2 24.7
Angle of attack ψ (deg) 2.9 - 2.9 2.9 Angle of attack ψ (deg) 2.9 2.9 2.9 2.9
Long. Creepage γ1 ( − ) 0.00 - 0.04 0.01 Long. Creepage γ1 ( − ) 0.00 -0.03 0.03 0.00
Transverse Creepage γ2 ( − ) 0.05 - 0.05 0.16 Transverse Creepage γ2 ( − ) 0.05 0.12 0.05 0.16
Spin Creepage γ6(1 /m) -0.06 - 0.20 2.85 Spin Creepage γ6(1 /m) -0.07 2.67 0.20 2.88
Contact Angle θ (deg) 2.5 - -2.8 -70.1 Contact Angle θ (deg) 2.5 -66.1 -2.8 -70.1
Lateral CP position Yw (mm) 22 - -13 19 Lateral CP position Yw (mm) 22 -42 -13 19

Track gauge: 1447 mm Track gauge: 1448 mm
​ ​ Inner Outer ​ ​ Inner Outer
​ ​ CP I CP II CP I CP II ​ ​ CP I CP II CP I CP II
Normal load F3 (kN) 16.8 9.1 11.2 17.2 Normal load F3 (kN) 15.6 10.2 11.9 16.4
Angle of attack ψ (deg) 2.9 2.9 2.9 2.9 Angle of attack ψ (deg) 2.9 2.9 2.9 2.9
Long. Creepage γ1 ( − ) 0.00 -0.02 0.01 -0.01 Long. Creepage γ1 ( − ) 0.00 -0.02 0.01 -0.01
Transverse Creepage γ2 ( − ) 0.05 0.13 0.05 0.16 Transverse Creepage γ2 ( − ) 0.05 0.13 0.05 0.16
Spin Creepage γ6(1 /m) -0.07 2.74 0.21 2.93 Spin Creepage γ6(1 /m) -0.07 2.67 0.21 2.94
Contact Angle θ (deg) 2.6 -70.9 -2.8 -70.1 Contact Angle θ (deg) 2.7 -67.0 -2.8 -70.1
Lateral CP position Yw (mm) 21 -42 -13 19 Lateral CP position Yw (mm) 20 -42 -11 19

Track gauge: 1449 mm Track gauge: 1450 mm
​ ​ Inner Outer ​ ​ Inner Outer
​ ​ CP I CP II CP I CP II ​ ​ CP I CP II CP I CP II
Normal load F3 (kN) 13.2 12.5 14.0 13.9 Normal load F3 (kN) 6.3 20.6 21.9 4.6
Angle of attack ψ (deg) 2.9 2.9 2.9 2.9 Angle of attack ψ (deg) 2.9 2.9 2.9 2.9
Long. Creepage γ1 ( − ) 0.01 -0.02 0.01 -0.01 Long. Creepage γ1 ( − ) 0.02 -0.00 0.00 -0.02
Transverse Creepage γ2 ( − ) 0.05 0.13 0.05 0.16 Transverse Creepage γ2 ( − ) 0.05 0.13 0.05 0.16
Spin Creepage γ6(1 /m) -0.08 2.65 0.21 2.95 Spin Creepage γ6(1 /m) -0.08 2.68 0.21 2.97
Contact Angle θ (deg) 2.8 -66.9 -2.8 -70.1 Contact Angle θ (deg) 2.8 -70.7 -2.8 -70.1
Lateral CP position Yw (mm) 20 -42 -13 19 Lateral CP position Yw (mm) 20 -42 -13 19

Appendix B. Wheel and rail dynamics

Modal models are used to reproduce the dynamic behaviour of the wheel and the rail up to 5 kHz, which is typically the frequency 
range of interest for studying curve squeal phenomena [1] and corresponds to the frequency range observed in the measurements. A FE 
model of the resilient wheel mounted on the tramcar has been developed to include the wheel dynamics at contact points. The modal 
model of the wheel consists of the natural frequencies and modal damping ratios measured experimentally along with the mode shapes 
obtained from the FE model [16]. A total number of 67 modes are considered. A modeshape matrix for each contact point is generated. 
The longitudinal, lateral and vertical wheel FRFs are reported in Fig. B.1. The lateral and vertical wheel FRFs are compared with the 
measured ones. The resonance peaks corresponding to the wheel axial and radial vibration modes with 2,3 and 4 Nodal Diameters (ND) 
are also highlighted (more details of the wheel vibration modes and the modal damping ratios are provided in [16]). No measured FRFs 
are available for the longitudinal dynamics. 

Fig. B.1. Wheel mobility: (a) longitudinal, (b) lateral and (c) vertical [16,31,35].

The rail dynamics is included through an equivalent modal model. A least-squares minimisation is used to estimate the modal 
parameters of the rail by comparing the FRFs generated by the equivalent modal model with the ones obtained from measurements and 
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numerical simulations. A set of three equivalent modes is used for fitting the FRFs, which ensures a good match with the track average 
mobility up to 5 kHz (see Fig. B.2. The rail dynamics in longitudinal direction is introduced calibrating the equivalent modal model 
with a rod analytical model on a layer of damped springs. According to [1], the parameter of the model employed to calculate the rail 
mobility in longitudinal directions are estimated by using the foundation stiffness parameter obtained to fit the rail lateral frequency 
response functions with an infinite beam model on a single viscoelastic foundation (the parameters are reported in [35]). This article 
assumes identical rail mobility at the different contact points. As discussed in Section 3, although cross-terms are not explicitly 
included, direct coupling between the two contact points is considered: a vertical force at one point induces vertical vibration at the 
other, and vice versa. This applies to all directions. Lateral-vertical coupling is still accounted for through the contact forces, as the 
normal and tangential components at each contact point are always reprojected into the x, y, and z reference frame. 

Fig. B.2. Rail mobility: (a) longitudinal, (b) lateral and (c) vertical.

Appendix C. Noise and vibration measurements

This appendix presents the results of vibration and noise measurements performed during consecutive passes of the analysed 
vehicle. The spectrograms of the noise measured by the track-side microphone (facing the inner and outer wheel) are reported, along 
with the spectrograms of the vibrations of the inner and outer leading wheels in the axial and radial directions for each pass (see 
Fig. C.1 and Fig. C.2). 

Fig. C.1. Spectrograms of the sound pressure levels (dB, re 2‧10–5 Pa) and of the inner wheel acceleration levels (dB, re 10–6 m/s2): (a) passage 1, (b) 
passage 2 and (c) passage 3.
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Fig. C.2. Spectrograms of the sound pressure levels (dB, re 2‧10–5 Pa) and of the outer wheel acceleration levels (dB, re 10–6 m/s2): (a) passage 1, (b) 
passage 2 and (c) passage 3.

Data availability

The data that has been used is confidential.
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