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Abstract 

Superoscillation (SO) describes the ability of a band-limited electromagnetic wave to exhibit local 

oscillations in space or time that exceed the highest spatial or temporal Fourier component of the global 

wavefunction. SO has enabled light to be focused into arbitrarily small hotspots, forming the basis of 

superresolution imaging and metrology far beyond the Abbe-Rayleigh diffraction limit. Here we show that 

spatial and temporal superoscillations can occur simultaneously at the same point in space-time, a 

phenomenon we term space-time superoscillation (STSO). We demonstrate STSOs in band-limited 

supertoroidal light pulses, a recently introduced family of space–time nonseparable finite-energy solutions 

of Maxwell’s equations. Our results reveal a new regime of extreme spatiotemporal field structuring, with 

implications for ultrafast metrology, light–matter interactions, and deep-subwavelength control of 

electromagnetic waves.  

 

Introduction 

Superoscillations (SOs) have emerged as a powerful concept in wave physics, enabling local oscillation 

rates that far exceed the maximum wavenumber present in the global spectrum [1,2]. This counterintuitive 

phenomenon—originally developed for monochromatic waves in one, two, or three dimensions—has 

inspired applications in optical superresolution imaging, precision metrology, and structured light 

engineering [1–5]. More recently, the concept has been extended to the temporal domain, revealing 

similarly surprising behaviour in ultrafast dynamics, spectroscopy, and light–matter interactions [6,7]. 

In parallel, advances in structured and nonseparable spatiotemporal fields have unlocked new degrees of 

freedom for shaping electromagnetic waves in both space and time [8–10]. Among these are supertoroidal 

pulses (STPs), a recently introduced class of exact solutions to Maxwell’s equations that exhibit strong 

space–time nonseparability and rich topological structure [11]. A notable member of this family is the 

“Flying Doughnut” pulse—an experimentally demonstrated toroidal single-cycle waveform with tightly 

confined energy and nontrivial topology [12–15]. 

These developments raise a natural and fundamental question: Can spatial and temporal superoscillations 

coexist at the same space–time coordinates in a physically realizable, finite-energy electromagnetic pulse? 

Here we show that STPs provide precisely such a platform. Their nonseparable geometry induces regions 

where both the local spatial wavevector and local temporal frequency far exceed the respective global 

spectral bounds. We term this phenomenon space–time superoscillation (STSO) and establish its existence 

analytically and numerically, revealing its key signatures and physical implications. 

 

Results 
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Supertoroidal pulse and band-limited formulations 

An STP is characterized by two length parameters, q1 and q2, representing the effective wavelength and 

Rayleigh range, respectively, and a real dimensionless parameter α, which controls the pulse topology [11]. 

Finite-energy solutions require 𝛼 ≥ 1; larger values of 𝛼 yield increasingly rapid local field variations and 

stronger confinement [16]. STPs can be TE (transverse electric, azimuthally polarized) or TM (transverse 

magnetic, radially polarized). Here we focus on the TE case without loss of generality. The full field 

expressions are provided as:  
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where (r, θ, z) are cylindrical coordinates, t is time, 𝑐 = 1/√𝜀0𝜇0 is the speed of light, ε0 and μ0 are the 

permittivity and permeability of vacuum, τ = z − ct, σ = z + ct, and f0 is a normalizing constant. The 

instantaneous electric field can be written as 𝐸𝜃(𝑟, 𝑧, 𝑡) = 𝐴(𝑟, 𝑧, 𝑡)𝑒i𝜙(𝑟,𝑧,𝑡), where 𝐴 and 𝜙 correspond to 

the amplitude and phase, see detailed derivation in Supplementary Section S1.  In the condition of 

propagation in vacuum without dispersion, the group velocity on axis (r=0) of the STPs of different orders 

is always the constant of c, see detailed proof in Supplementary Materials S1 around Eq. (S20), while the 

velocity of the centroid of the whole structured pulse is less than c. 

Although STPs are localized finite-energy solutions to Maxwell’s equatiosn, they are not exactly band-

limited. To study SO behaviour, we therefore introduce band-limited STP, i.e. their versions with time 

domain and space domain spectra truncated at ω<ωm and k<km=ωm/c.  Firstly, we obtain the spectrum of 

an STP field, E(r, z, t), by Fourier transform from space-time (r, z, t) to spatiotemporal frequency (fr, fz, f) 

domain. 

 ( , , ) ( , , )exp 2 ( )r z r zE f f f E r z t i f r f z ft drdzdt
  

− − −
= − + +  %                           (4) 

The entire spectrum of a space-time light pulse must be confined on the surface of light cone, i.e the conic 

surface with unit slope of its generatrix in the coordinate (kr, kz, ω/c), where the spatial wavevectors are 

related to the spatial frequencies by kr=2πfr/c and kr=2πfz/c, and temporal frequency is related to the angular 

frequency by ω=2πf. We truncate STPs at a cut-off frequency, fm, by multiplying their Fourier transform 

with a bump function B(f) (see Supplementary Section S2 for details). The corresponding band-limited 

spatiotemporal STP pulse can be obtained by inverse Fourier transform: 

 ( , , ) ( , , ) ( )exp 2 ( )c r z r z r zE r z t E f f f B f i f r f z ft df df df
  

− − −
= + +  

%% %                       (5) 

Truncated STPs retain all the main features of their non-band-limited counterparts for 𝜔𝑚  ≫  4𝑐 𝑞1⁄  (see 

details in Supplementary Material S2), including collocated spatial and temporal SOs. 
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Coexistence of spatial and temporal superoscillation  

We illustrate the presence of STSO, i.e. simultaneous spatial and temporal SOs, by considering an TE-

mode STP with α=50, q2=50q1, q1=1 (see Fig. 1a for the electric field distribution 𝐸𝜃(𝑟, 𝑧, 𝑡) in space-time, 

and Fig. 1b for the toroidal field isosurface structure). The spatial (radial) variation of the electric field 

along the radial direction at (z=0, t=ts) is presented in Fig. 1c, where we observe that a segment in the off-

axis region (r=rs) oscillates considerably faster than the harmonic oscillation of the maximal radial 

frequency km (dashed red line). Similarly, in Fig. 1d, we show the temporal variation of the electric field at 

(z=0, r=rs), which around t=ts exhibits oscillations faster than the harmonic oscillation of maximal temporal 

frequency ωm (dashed red line). Therefore, the field at focal plane (z=0) is both spatially and temporally 

superoscillatory at the point of space-time (r=rs, t=ts). 

To further illustrate the emergence of STSOs in STPs, we consider their spatial and temporal distribution 

of the electric field at focus (z=0) for a fixed cut-off frequency ωm=ckm=2c/q1. The field in SO region 

should have local wavevector (phase gradient) exceeding the global maximal wavevector (km) [1,17]. 

Figures 2(a1-a4) show the distribution of the logarithm of the electric field, i.e. log10|Re[Eθ(r,z=0,t)]|, 

unwrapped phase of ϕ(r,z=0,t), large phase gradient, energy and Poynting vector distributions, respectively, 

of the fundamental toroidal pulse (α=1). In Fig. 2(a3), there is only a small region with temporal local 

wavevector ∂ϕ/∂r exceeding km, but no spatial SO and thus no STSO. This temporal SO is induced by the 

rapid cycle switching of the focused single-cycle pulse. In Fig. 2(a4), we also highlight the region of energy 

backflow accompanied by low amplitude values, in accordance with prior works [11,18]. Higher values of 

α lead to increasingly complex STPs with multi-cycle structure and dramatic spatiotemporal evolution, 

which results into an extreme spatiotemporal focusing effect with STSO. Figures 2(b1-b4) show the 

corresponding distribution of the logarithm of the electric field, unwrapped phase, large phase gradient 

regions, energy and Poynting vector distributions, for an STP with α=50. Figure 2(b3) shows the presence 

of spatial SOs, where the local wavevector exceeds km, and temporal SOs, where the local temporal 

frequency exceeds ωm. Importantly, the spatial and temporal SOs overlap significantly indicating the 

presence of STSOs. We can also clearly observe that STSOs appear at low amplitude regions surrounded 

by higher-amplitude regions. Similar to the recently observed spatial SOs in the optical domain [18], STSOs 

are also accompanied by areas of energy backflow, see inset to Fig. 2(b4).  

 

Scaling behaviour with the supertoroidal index 

Figures 3(a) and 3(b) show temporal local wavevector profiles at specific radius r=10q1 and spatial local 

wavevector profiles at specific time t=2q1/c, respectively, for a series of STPs with varying value of 

parameter α. We observe that the spatial and temporal rapid oscillations become increasingly stronger with 

increasing α. Figure 3(c) shows the ratio between energy within the rapid oscillations region, ESTSO, and the 

total energy of the pulse, ET, as a function of parameter α. We observe that for α>38, STSO behaviour 

emerges with the energy of STSOs monotonically increasing with increasing α, see Fig. 3(c). The fractional 

pulse energy contained within these regions increases monotonically with 𝛼, reaching values on the order 

of 10−3–10−2 of the total pulse energy—within reach of current experimental detection methods [19–21]. 

 

Spectral signatures and off–light-cone components 

A hallmark of SO is that local spectra contain frequency components that exceed the global band limit of 

the entire field [1]. Similarly, we demonstrate that the spectra of STSO segments of STPs contain 

components out of the light cone, i.e. they oscillate faster than what would be expected based on the pulse 

bandwidth. Figure 4 shows the entire spectra (a1-a4) and local spectra (b1-b4) and of STPs of different 

order, α = 1, 10, 50, and 100, defined as the Fourier transform of the local space-time segment 

Eθ(r~rs,z=0,t~ts) into the (kr,ω) domain. The spectra of full pulses are confined on the surface of the light 
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cone, whereas local spectra present spectral components outside the light cone. The presence of the off-

light-cone components directly reveals the presence of STSOs. Whereas for the fundamental toroidal pulse 

(α=1), local spectra are fully contained within the light cone, in the case of the STPs (α>1) the off-cone 

components become stronger with increasing value of α. This provides direct evidence that the field locally 

oscillates faster than permitted by its global spectral support. These off-cone components strengthen 

dramatically with increasing α, in parallel with the observed STSO enhancement. 

 

Discussion  

The STSOs predicted here are accessible with present-day technology. Optical, THz, and microwave 

platforms have already demonstrated generation of fundamental toroidal pulses and complex hybrid 

toroidal pulses [13-15,21]. For an estimate in the optical domain, a Ti:Sa laser with a Δλ = 200 nm 

bandwidth (FWHM) central at λ0 = 800 nm yields spatial and temporal focusing limits of λ0/2 = 400 nm and 
2
0= =

K

c








4.64 fs (constant K=0.441 for Gaussian profile pulse), respectively. Based on the results in Fig. 

3(a,b), for STP of α=100, at STSO spot, the temporal and spatial local wavevectors are about 7 and 5 times 

larger than the central wavevector, respectively. implying achievable hotspots temporal and spatial 

confinements of about Δτ/7=0.66 fs and λ0/2/5 = 80 nm. Here, we evaluate central wavevector as kc=1 (unit: 

1/q1) as the central wavevector, it actually is less than 1, see Fig. 4a. Isolated temporal peaks can be even 

more extreme (the central peak of Figs. 3(a) over 45 times than kc=1), potentially reaching sub-100-as 

effective confinement. 

The energy content of STSO regions (~0.1–1% of total energy, see Fig. 2b and Fig. 3c) is comparable to or 

higher than that successfully exploited in prior SO-enabled microscopy, metrology, and wavefront-shaping 

experiments [6,7,19,20]. For instance, in SO super-microscope experiment [19], by applying the center SO 

hot spot about 0.1% energy of the total energy of the whole field, we can already enable the effective 

microscope, as the outside high-energy lobs were actually filtered out. Established techniques for detecting 

weak high-spatial-frequency features in the presence of strong sidelobes are therefore directly applicable.  

Our findings expand the superoscillation paradigm by demonstrating that simultaneous spatial and temporal 

superoscillations are physically realizable in finite-energy electromagnetic pulses. Further, our work invites 

key questions about the underlying physics of electromagnetic STSOs: 

• What physical mechanisms or field-topological constraints govern the emergence of STSOs? 

• Is space–time nonseparability a necessary condition, or merely a sufficient one? 

• Can a canonical synthesis formalism be developed—analogous to angular spectrum methods—for 

designing optimal STSO fields? 

Moreover, the STSO spots demonstrated above are in isolated form, which are possible to be extended into 

more complex structured form, such as STSO spot array and multi-lobe forms. For instance, we can linearly 

superimpose a pulse chain of many STSOs to generate SO spatiotemporal arrays, analogous to the previous 

methods to produce multi-lobe SO arrays in the spatial domain [22,23]. 

The applications of STSOs should be clear and highly anticipated, as spatial temporal SOs have enabled 

important applications individually. In particular, spatial SOs have recently led to superresolution 

metrology even with picometric resolution [24,25], microscopy and imaging [1,19,20], while temporal SOs 

are finding applications in advanced spectroscopies [7]. Therefore, by combining for the first time these 

two forms of SOs into STSOs, we anticipate applications in metrology, imaging, sensing, and spectroscopy 
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at ultra-fine spatial and ultrafast temporal resolution. Further, STSOs in light pulses pave the way towards 

novel phenomena arising from the coupling between STSO pulses and novel materials, e.g. controlling the 

spatiotemporal dynamics of phonons via the STSO light field [26]. Moreover, STSOs emerge in regions of 

rapid field reversal resulting from a nested skyrmionic topological structure [11], which can also be 

extended with nondiffracting robust propagation [27].  Recently, optical skyrmions found their applications 

in subwavelength sensing, metrology, and light-matter interaction [28-30], therefore, we perspective the 

skyrmions with SO and STSO has potential to further enhance the deep-subwavelength resolution in these 

applications. 

Although demonstrated here for electromagnetic waves, the underlying mechanism is universal. We 

anticipate that STSO behavior may be found in other spatiotemporally structured light fields, not limited to 

the STPs considered here. Any wave system supporting structured, finite-energy, space–time nonseparable 

solutions—acoustic, elastic, water, or gravitational waves—should in principle exhibit STSO behaviour. 

This broadens the potential impact of STSOs far beyond photonics. 
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Figures 

 

 
Figure 1: Superoscillations in a band-limited supertoroidal light pulse (α=50, q2=50q1). a, 

Spatiotemporal evolution of the azimuthal electric field, Eθ(r,z,t). b, Isosurfaces of the electric field, 

Eθ(r,z=0,t), in the focal plane. c,d,  Radial (c) and temporal (d) field profiles at focus (z=0) at specific 

moment in time ts=5 (c, blue line), and at specific radial position rs=10 (d, blue line), respectively. The 

corresponding fastest spatial (c) and temporal (d) Fourier components are marked by red-dashed lines. 

The black dashed boxes highlight the SO region. Unit for length: q1, Unit for time: q1/c. 

 

 

 
Figure 2: Characterizations of toroidal and supertoroidal pulses. a1,b1, Spatiotemporal field 

modulus (|Eθ(r,z=0,t)|) distributions for a toroidal pulse (α=1) (a1) and an STP (α=50) (b1), at focus 

(z=0). The amplitude is presented in terms of the logarithm of its real part, log10|Re[Eθ(r,z=0,t)]|. a2,b2, 

Unwrapped phase distributions φ(r,t)=Arg[Eθ(r,z=0,t)] of the two pulses presented in (a1,b1). a3,b3, 

Regions in which the radial local wavevector (∂φ/∂r) and local temporal frequency (∂φ/∂t) of the 
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toroidal (a3) and supertoroidal (b3) pulse exceed the threshold frequency, ωm, and wavevector, km, 

respectively (km=2/q1). a4,b4, The energy spatial and temporal distribution, w=(ϵ0E2+μ0H2)/2, for the 

two pulses. Insets show the local energy flow with the black solid lines and dots marking the zero lines 

and singularities, and blue thick arrows marking the areas of energy backflow. Unit for all axes, r and 

ct, is q1. 

 

 
Figure 3: Characterizing space-time superoscillations. a,b, The temporal local frequency at r=10 (a) 

and the radial local wavevector at t/c=2 (b) of supertoroidal pulses for different values of α. The black 

dashed lines mark the value of the fastest spatial and temporal frequency component, respectively. c, 

the ratio of energy in the STSO region over the total energy of the pulse as a function of supertoroidal 

order α.  

 

 

  
Figure 4: Spectral characterizations. a1-a4, Entire spectral power projected in the (kr,ω) plane for 

toroidal pulses (α=1) and STPs (α=10, 50, 100). The light blue regions mark the light cone. b1-b4, Local 

spectral power in the (kr,ω) plane corresponding to radial-temporal STSO segments of pulses of 

different order (α=1, 10, 50, 100). The red lines mark the boundary of the light cone. Note that, whereas 

the spectra of the full pulses (a1-a4) are confined on the surface of the light cone, local segments (b1-

b4) exhibit out-of-cone components. Unit: 1/q1 
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Editor Summary: 

Superoscillations enable waves to oscillate faster beyond classical limits. Here, the authors demonstrate 

simultaneous spatial and temporal superoscillations in structured light pulses, achieving extreme both 

subwavelength and ultrafast focusing in space-time.  
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