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Under the high-enthalpy conditions encountered in hypersonic flight, non-equilibrium effects from vibrational
excitation and chemical reactions complicate the prediction of transition to turbulence and the developed turbulent
state. This study assesses the impact of thermal non-equilibrium on turbulence properties for a canonical compressible
mixing layer and evaluates the influence of vibration modelling approaches, particularly the difference between using
a single vibration energy equation versus separate equations for each molecular species. Preliminary two-dimensional
simulations reveal two distinct patterns of thermal non-equilibrium dependent on temperature: one characterised
by thermally hot vortex cores and the other by a combination of hot and cold regions around developing vortices.
Chemical non-equilibrium effects are minimal, as the timescales of chemical reactions are significantly shorter
than those of the flow. The importance of intermolecular vibration modelling is highlighted by comparing results
from a single fully-coupled vibration equation with an artificial limiting case of three separate vibration equations
without intermolecular coupling. Three-dimensional direct numerical simulations show trends consistent with the
two-dimensional cases, with hot vortex cores forming in the low-temperature case and more complex hot–cold patterns
surrounding vortex tubes when thermal and flow timescales are comparable. At later stages of breakdown and
turbulence decay, differences between cases are enhanced by amplification of small perturbations, i.e. non-linear flow
dynamics that result in symmetry breaking, and cannot be attributed directly to non-equilibrium effects. Nevertheless,
turbulence statistics show that increased thermal non-equilibrium is correlated with increased translational temperature
fluctuations, related to variation in mean translational temperature across the shear layer.

I. INTRODUCTION

Driven by the growing interest in hypersonic flight,
considerable advancements have been made in understanding
high enthalpy flow regimes. Nevertheless, fundamental gaps
remain in the understanding of interactions between fluid
flow and high-enthalpy phenomena, particularly concerning
the coexistence of turbulence with chemical and thermal
processes. Moreover, many of the approximations and
assumptions employed in modelling high-enthalpy effects
have not been subjected to thorough scrutiny or validation.

Relatively few studies to date have exploited developments
in high-performance computing to apply direct numerical
simulation (DNS) to non-equilibrium phenomena in
turbulent flow regimes1. Examples of this approach
include investigations of thermo-chemical non-equilibrium
boundary layers2 using a multi-temperature framework,
demonstrating that turbulence–chemistry interactions result
in compositional variation across the boundary layer and
that chemical non-equilibrium has a stabilising effect
on secondary instabilities3. Other studies have shown
that turbulence–thermal interactions can sustain thermal
non-equilibrium through turbulent mixing4,5. Further
investigations have explored the effects of high-enthalpy
conditions on decaying isotropic turbulence using DNS6,7.
Furthermore, research on vibrational relaxation effects has
highlighted both the damping of temperature fluctuations and
the role of acoustic waves in generating fluctuations8. A more
recent study9 investigated turbulent thermal non-equilibrium
flow, demonstrating the coupling between turbulence and
vibrational relaxation using a state-specific model. These
DNS simulations reveal that translational energy develops
through compressible fluid mechanics, while vibrational

energy evolves on its own relaxation timescale, thereby
triggering local vibrational non-equilibrium.

The two-stream planar mixing layer is a canonical
configuration to study transition and turbulence in high-speed
shear flows. Mixing layers have been extensively used to
develop and test turbulence models, to analyse the structure
and dynamics of organised motion in turbulent flows, and
to complement experimental investigations10. Examples
include DNS of incompressible plane mixing layers,
showing non-linear effects following the Kelvin–Helmholtz
instability11 and the development towards self-similar shear
layer growth12. Further work has examined the effect of
compressibility on mixing layers, analysing reductions in
growth rates through statistical methods across a wide range
of convective Mach numbers13, and linking this reduction
to the pressure–strain term in the turbulence stress transport
equations. The influence of large-scale structure dynamics
on the transport of a conserved scalar and the associated
concentration profiles across shear layers has also been
studied14. More recent investigations include studies of
compressibility effects on statistics and structures near the
interfaces of high- and low-speed large-scale structures15,
analyses of structural evolution and turbulence statistics
in spatially developing mixing layers16 concluding that
ring-like vortices significantly promote mixing and extend the
transition stage, and research on the role of bulk viscosity
in chemically reacting compressible shear layers developing
through shock waves17.

Given the influence of high-enthalpy effects on flow
characteristics and the pivotal role of mixing layer simulations
in advancing the understanding of compressible turbulent
flows, it is evident that further studies of the impact
of thermo-chemical non-equilibrium on turbulence within
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a DNS framework are needed. Furthermore, careful
consideration must be given to the assumptions and
approximations employed in modelling high-enthalpy effects,
along with their physical implications in a non-equilibrium
context. The primary objective of this study is to evaluate
the extent to which thermal non-equilibrium influences
turbulence properties in a compressible mixing layer
configuration. A secondary objective is to assess how certain
modelling approximations affect the results. The temperature
range considered extends up to 6000K, such that ionisation
effects are not included. Sections II and III review the
formulation and modelling assumptions for non-equilibrium
flow. Section IV presents the mixing layer problem, including
symmetry-breaking characteristics. Section V reports the
results for two- and three-dimensional cases.

II. GOVERNING EQUATIONS

The governing equations for thermo-chemical
non-equilibrium simulations consist of the continuity,
momentum, vibrational energy, and total energy conservation
equations18. The species equations account for chemical
reactions within the mixture, as well as thermal energy
exchange between the rotational–translational and vibrational
modes. A two-temperature representation of the energy
modes is employed, in which the electronic mode is neglected
and only the five neutral species of air are considered. The
full set of conservation equations is given by
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where s refers to the species (O, O2, N, N2, NO); ρ is the
density (kg m−3); t is time (s); u is the velocity (m s−1); Ds
is the species diffusion coefficient (m2 s−1); Xs is the mole
fraction; ω̇s is the mass production rate (kg m−3 s−1); p is
the pressure (Pa); µ is the mixture viscosity (kg m−1 s−1); δi j

is the Kronecker delta; ev is the vibrational energy (J kg−1);
κv is the vibrational component of the thermal conductivity
(W m−1 K−1); Tv is the vibrational temperature (K); e∗v is the
instantaneous equilibrium vibrational energy (J kg−1); E is the
specific total energy (J kg−1); H is the specific total enthalpy
(J kg−1); κtr is the rotational–translational contribution to the
thermal conductivity (W m−1 K−1); hs is the species specific
enthalpy (J kg−1); and subscript i = 1,2,3 indexes the x,y,z
directions respectively. The governing equations are based on
three main assumptions19. First, the flow is assumed to be in a
continuum state. Second, a multi-temperature model is used,
where the energy modes are represented by their respective
temperatures, and the rotational and translational modes are
assumed to be coupled and represented by the translational
temperature T . Third, the vibrational energy is represented
by a single vibrational temperature Tv, with the vibrational
energy levels assumed to follow a Boltzmann distribution.

A. Conservation of Species Vibrational Energy

The conservation of vibrational energy, expressed in
Eq. 3, assumes fully coupled molecular species, i.e. the
vibrational–vibrational (V-V) energy exchange rate is
effectively infinite. Consequently, the total vibrational
energy is represented by a single conservation equation,
with only the vibrational-translational (V-T) energy exchange
appearing explicitly. This form is widely used in numerical
simulations3–5,18,20–22. For a more detailed representation, the
transport of vibrational energy can be formulated separately
for each molecular species as
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Equation 5 represents the original form from which
Eq. 3 was derived, as presented in Ref. 19 and later
referenced in Ref. 18. When the vibrational modes
are split by species, in addition to the energy exchange
between rotational–translational and vibrational modes,
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inter-species vibrational energy exchange should also be
considered. Since the modelling requirements are still
under investigation23, the present study is restricted to two
cases: (i) full coupling between molecular relaxations,
resulting in a single vibrational energy equation; and (ii) no
vibrational–vibrational energy exchange, resulting in a system
of three separate vibrational energy equations. While the first
case can be physically justified, the second formulation is
unlikely to be achieved in practice. As shown in Ref. 24,
the inclusion of V-V relaxation can be significant, increasing
the overall vibrational relaxation rate of N2 by approximately
a factor of three, although it becomes slower for O2 . It is,
however, known that V-V relaxation rates can be comparable
to or even lower than V-T relaxation rates at very low
pressures25–28 or at very high temperatures. In this context,
the two models considered here represent limiting cases
intended to assess the influence of molecular coupling.

B. Energy Equation

The total energy per unit mass of a mixture can be
expressed as the sum of separate components29

E/ρ = ∑et,s +∑er,s +∑ev,s
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2
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ρ
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In general, this consists of translational, rotational,
vibrational, electron translational, electronic, kinetic,
and chemical components. Given that the temperature
range considered in this study remains well below 9000K,
ionisation can be neglected with reasonable accuracy,
allowing both electron translational and electronic energies to
be neglected. Furthermore, since rotational modes are fully
excited at temperatures above a few K (approximately 2–3
K for air species), the rotational mode can be considered
fully excited and can be assumed to be in equilibrium with
the translational mode30. Therefore, these two modes can
be represented by a single temperature. The combined
translational–rotational energy can be expressed as
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where ρs is the species density, Rs is the species gas
constant, Tt is the translational temperature, Tr is the rotational
temperature, R is the universal gas constant, and Ms is the
species molecular mass. Here, mol refers to the molecules
N2, O2 and NO, and atom refers to the atoms N and O. The
symbol T denotes the rotational–translational temperature
representing the coupled rotational and translational modes.
The vibrational energy is modelled with a simple harmonic
oscillator at the vibrational temperature

ρev = ∑
s=mol

ρsev,s = ∑
s=mol

ρs
R

Ms

θv,s

eθv,s/Tv,s −1
, (8)

where θv,s is the characteristic vibrational temperature for
species s, and Tv,s is the species vibrational temperature.
Equation 8 adopts the rigid-rotor and harmonic-oscillator
(RRHO) models: diatomic bond lengths are treated as
fixed for rotations (rigid rotor) and vibrational motion is
modelled as a simple harmonic oscillator. The harmonic
oscillator (HO) model is applied, assuming symmetric
interatomic interactions between repulsive and attractive
forces. Although anharmonic effects exist in reality, the HO
model remains accurate at lower temperatures, where higher
vibrational states are less populated. Indeed, comparisons
of this model for five-species air with thermo-chemical data,
such as NASA-931, show only slight deviations starting at
approximately 8000K.

C. Transport Properties

An accurate description of the transport of momentum,
energy, and mass is essential to characterise the flow
environment, especially for thermo-chemical non-equilibrium
flows. In the physical modelling of transport properties,
mass and momentum fluxes (corresponding to diffusion
and viscosity, respectively) are not influenced by the
presence of internal modes. However, the energy flux,
via the thermal conductivity, accounts for contributions
from both translational and internal modes32. According
to classical kinetic theory, mass transport (diffusion) arises
from concentration gradients, while energy transport (thermal
conductivity) is driven by temperature gradients32. In
this study, cross-coupling effects i.e. mass transport due to
temperature gradients (Soret effect) and energy transport due
to concentration gradients (Dufour effect) are neglected.

The work of Chapman and Enskog enabled the theoretical
derivation of complete equations for transport properties32,33.
However, for multi-component gas mixtures, the full
expressions are complex and computationally expensive.
Consequently, approximations are typically employed to
reduce costs, such as mixing rules. Comparative
studies have evaluated various methods, including the
Yos–Gupta mixing rule34–36, the Wilke mixing rule37, and
the Armaly–Sutton mixing rule38 for calculating viscosity
and thermal conductivity. These studies concluded that
the Yos–Gupta method offers advantages in accuracy
and computational efficiency from 200K to 20,000K
for non-ionised regimes39,40. Nevertheless, even the
Yos–Gupta method can become computationally intensive
for scale-resolved simulations, such as direct numerical
simulation (DNS).

For this study, a more efficient formulation for viscosity
and thermal conductivity is used41, optimised against the
Yos–Gupta model and expressed in the form

µ,κtr =

∑
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Xs +P(e, f ,g,h) ∑
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−Φ,

(9)
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with

P(A,B,C,D) =
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D
T

∣∣∣∣ , (10)

where A, B, C, and D vary for µ and κtr and are given
in Appendix A. For all cases, the third implementation
specified by Ref. 41 is used, assuming strong non-equilibrium
conditions, with a correction factor Φ defined as

Φ =
∣∣2.03(T −Tv)T ×10−10∣∣ (11)

for thermal conductivity and 0 for viscosity. In addition,
species and total vibrational thermal conductivities are
expressed as
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The coefficients in Eq. 12 are provided in Appendix A.
The models selected for viscosity and thermal conductivity
are expressed in terms of species mole fractions and
vibrational temperature, thereby enabling the incorporation
of thermo-chemical non-equilibrium effects into the transport
properties. This formulation has been evaluated and
benchmarked against various models41, showing strong
agreement with the Yos–Gupta model.

Similar to viscosity and thermal conductivity, the
full formulation of diffusion in gas mixtures32 is too
computationally intensive for practical use. For modelling
mass flux, an alternative to the full Chapman–Enskog
formulation is the self-consistent effective binary diffusion
(SCEBD) approximation42, where the diffusion velocity of
species s is treated as that of a binary mixture relative to
a composite of all other species. Using this definition with
Fick’s law, the diffusion velocity yields the form in Eq. 1. In
this study the mole-fraction form is utilised, with the effective
diffusion coefficient defined as43
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t Ms(1−Msγs)

∑m ̸=s γm/Dsm
, (14)

where γs is the molar concentration of species s, and γt is the
total molar concentration defined as
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ρMs
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γt =∑γs , (16)

and Dsm is the binary diffusion coefficient expressed in
polynomial form by Ref. 36 as

Dsm =
kT

p∆
(1)
sm

=
p exp(Dd)

1.01325×109 T Ad ln2 T + Bd lnT +Cd ,

(17)

where k is the Boltzmann constant, p is the pressure, ∆
(1)
sm is

the collision integral, and the coefficients Ad , Bd , Cd , and Dd
are given in Ref. 36. In this model, the sum of diffusion mass
fluxes does not inherently equal zero; hence a correction factor
is widely adopted3,22,44,45. The correction term is defined as46

Dcor
s =ρs ∑Ds

∂Xs

∂x j
, (18)

where Ds is the species diffusion coefficient. This correction
term is not needed when a constant Schmidt number is used
to model diffusion.

Recent research on the impact of modelling bulk (volume)
viscosity17,47–50 shows that the effect for air is small. Given
the limited dilatational influences in mixing-layer simulations
at the higher Mach numbers studied here13,51, Stokes’
hypothesis is assumed applicable and bulk viscosity is not
included.

D. Vibrational Temperature

With the expressions in the governing equations and the
later requirements for chemical models, a single vibrational
temperature is necessary. However, since the RRHO
expression for vibrational energy contains species-specific
variables, either an estimate can be made, using

Tv,s =
θs

ln
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ev,s

) and Tv =
θ̄

ln
(

1+ θ̄ R̄
ev

) ,

where θ̄ and R̄ are the weighted averages of the characteristic
vibrational temperature and gas constant, respectively; or the
vibrational temperature can be calculated iteratively. In the
current work, a Newton–Raphson procedure is used to find
the overall Tv
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where the superscript n is the iteration counter, and

∂ev,s

∂Tv
=

θ 2
s R

T 2
v M̂s

eθs/Tv(
eθs/Tv −1

)2 . (20)

E. Other Relations

For the gas mixture, Dalton’s law of partial pressure is
assumed where the total pressure can be expressed as

p = ∑ρs
R

Ms
T . (21)

From statistical thermodynamics, following the expression
for total energy (Equation 6) and hence enthalpy, the frozen
species specific heat (Cps ) can be expressed as

Cps =
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TABLE I: Properties used for each species31,52.

O O2 N N2 NO
M (kg/mol) 0.016 0.032 0.014 0.028 0.030
θs (K) - 2270 - 3390 2740
h◦ (MJ/kg) 15.575 0 33.764 0 5.704

The frozen mixture specific heat can then be derived by

Cp = ∑
s

YsCps , (23)

where Ys is the mass fraction. Species enthalpy and specific
heat can also be expressed using tabulated data in polynomial
form31,36.

The enthalpy of formation at the reference temperature
and other thermodynamic properties used in this study are
summarised in Table I.

III. THERMO-CHEMICAL MODEL

A. Chemical Kinteic Model

Following the introduction of Park’s two-temperature
model, several variations of the formulation have
appeared53–58, alongside publications that have presented
updated rates for specific reactions59. The variations arise
primarily from (i) differences in the equilibrium composition
of air, which depend on the evaluation points used for
determining equilibrium constants from stoichiometric data,
and (ii) revisions to reaction rate coefficients based on newly
available experimental or empirical data.

It should be noted that several reaction rates within
Park’s models are still based on experimental data obtained
over three decades ago. Consequently, various studies
have updated these coefficients in line with more recent
measurements or derived data60,61. The most frequently cited
versions of Park’s model are found in Refs. 56 and 58, with
additional reference to Ref. 55 due to its association with the
publication of Ref. 18. In this work, Park’s multi-temperature
chemical model is employed as described in Refs. 56 and 58,
where the latter provides a reaction (the dissociation of nitric
oxide [NO] into atomic nitrogen [N] and atomic oxygen [O])
omitted from the former.

The five-species air model considered here consists of
O,O2,N,N2,NO and comprises five reactions:

N2 +M←→ 2N+M
O2 +M←→ 2O+M

NO+M←→ N+O+M
N2 +O←→ NO+N (24)

NO+O←→ O2 +N

1. Equilibrium Constant

Among the multi-temperature (MT) models discussed in
papers such as Refs. 18, 58, and 62, the equilibrium constant
is expressed as a function of a polynomial with a given set of
coefficients. Depending on the temperature points evaluated
when referring to the stoichiometric data and the form of
the equation, the coefficients differ and hence the derived
equilibrium state of the mixture using the equations will be
different.

Another method for evaluating the equilibrium constant
is to use thermo-chemical databases such as the NASA-9
polynomials31 by computing the Gibbs function for each
reaction. The Gibbs function, expressed in terms of enthalpy
and entropy, can be obtained from those polynomials.
While the NASA-9 approach is generally more accurate,
Park’s formulation uses fewer coefficients and has a
simpler functional form. Additionally, NASA-9 coefficients
are split across three temperature ranges (200K–1000K,
1000K–6000K, and 6000K–20,000K), requiring storage of
three coefficient sets to cover, for example, 300K–9000K, as
opposed to a single set.

In the present work we represent the equilibrium constant
by

ln(Kc) = aiT−1.5 +biT−1 + ci +di lnT + eiT + fiT 2, (25)

aligning with cgs-based units used for the chemical model
defined below. The NASA-9 database31 was used to optimise
the constants, where the subscript i indicates the reaction, and
the coefficients for each reaction are given in Table II.

2. Chemical Reaction

The source term for each species in a non-equilibrium
state can be expressed as the sum of its reaction rates. For
consistency with coefficients given in most literature, the
chemical reaction formulation given in this section is done
so in cgs units. The rate of production of species s per unit
volume is

ω̇s = Ms ∑(βs,r−αs,r)(R f ,r−Rb,r) , (26)

where βs,r and αs,r are the stoichiometric coefficients for
products and reactants, respectively, and R f ,r and Rb,r are the
forward and backward reaction rates, and Ms is in grams. The
reaction rates are defined as

R f ,r = 1000

[
k f ,r

5

∏
s=1

(0.001ρs/Ms)
αs,r

]
, (27)

Rb,r = 1000

[
kb,r

5

∏
s=1

(0.001ρs/Ms)
βs,r

]
, (28)

where k f ,r and kb,r are the forward and backward rate
coefficients and Ms is in grams. The coefficients are given
in cgs-based units; the factors 1000 and 0.001 convert
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TABLE II: Coefficients for equilibrium constant defined as Eq. 25.

Reaction (i) a b c d e f
O2 +M↔ 2O+M 2.09180e+03 -1.13450e+05 3.76460e+00 1.56100e+00 -3.30080e-04 1.83680e-08
N2 +M↔ 2N+M 5.02970e+03 -7.59480e+04 5.16380e+00 1.18180e+00 -2.21420e-04 1.17870e-08
NO+M↔ N+O+M 6.27520e+03 -6.01790e+04 7.48960e+00 1.09320e+00 -2.14740e-04 7.29820e-09
NO+O↔ N+O2 -2.93790e+03 -3.74970e+04 -1.39920e+00 3.79240e-01 -1.08650e-04 6.58020e-09
N2 +O↔ N+NO -1.24550e+03 -1.57690e+04 -2.32590e+00 8.85260e-02 -6.68590e-06 4.48930e-09

to SI-consistent units. In Park’s model the forward rate
coefficients follow an Arrhenius form:

kr f =CT n
a exp(−Tf /Ta) , (29)

where Ta is the controlling (effective) temperature, C is
the pre-exponential constant (in cm3/mol for bimolecular
reactions), n is the temperature exponent, and Tf is the
activation temperature.

When compared to experimental data, the observed times
to reach equilibrium were longer than those predicted by
conventional theories. Hence, the multi-temperature model
presented by Ref. 63 assumes a coupling between the
two temperatures (ro-translational and vibrational) for the
chemical reactions, in order to account for the influence of
vibrational relaxation on the chemical reactions. The relation
between the two temperatures is presented as

Ta = T λ T 1−λ
v , (30)

where λ is typically between 0.5 and 0.756. In this work, λ

is set to 0.5. The backward rate is obtained from the forward
rate and the equilibrium constant as

krb =
kr f (T )

Kc
. (31)

The forward rate used in Eq. 31 is evaluated at the
translational temperature (rather than the two-temperature
blend). Details of temperature choices and extensions
including ionisation are discussed elsewhere53,64.

B. Thermal Kinetic Model

The foundation of the multi-temperature method for
thermal non-equilibrium is the Landau–Teller expression65,
which underpins models such as Millikan–White66, widely
used in computational analyses. The following paragraphs
provide more detail on the implementation of this approach.

1. Relaxation Time

The formulation in Ref. 66, including corrected forms62,
is a standard source for vibrational relaxation times. The
energy exchange between the translational and vibrational

modes is characterised by a vibrational relaxation time τs. A
semi-empirical model valid over 300K–8000K is given by66

p̃τ
MW = exp[A(T−1/3−B)−18.42] , (32)

in atm ·s, where p̃= p/101325, and A (= µmθ n) and B include
constants m and n that can be approximated via

A =0.00116µ
0.5

θ
1.333 ,

B =0.015µ
1/4 ,

where µ is the reduced mass of the colliding pair (µs j =
MsM j/(Ms +M j)) and θ is the characteristic vibrational
temperature. Updated coefficients for the Millikan–White
relaxation were given in Ref. 56. The coefficeints used in this
study are those given by Ref. 18 and are given in Appendix C.

As collisions occur with a mixture of heavy particles
(including the species s), an average over collision partners is
used to obtain the molecular relaxation time τm from Eq. 32.
The most common approach4,5,19,62,67 is a weighted harmonic
average such that

τ
MW
m =

∑Xs

∑Xs/ τMW
s

, (33)

with Xs being the mole fraction and m subscript representing
the molecules. As an approximation to reduce computational
processing another method18 consists of deriving a single
overall relaxation time by performing a weighted arithmetic
average between the species and a harmonic averaging
between the molecules

τ
MW
m =

∑Xs τMW
s

∑Xs
and τ =

∑Xm

∑Xm/ τMW
m

. (34)

Within a single vibrational energy conservation equation,
where molecular species are assumed to be mutually coupled,
the use of a single effective relaxation time is consistent with
the other modelling assumptions and produces little difference
relative to Eq. 33. As relaxation is a rate process, harmonic
averaging is the appropriate form when rates are combined.
In this study, the vibrational relaxation times for the multi-ev
formulation are given by Eq. 33, while for simulations with a
single-ev formulation, Eq. 34 is used.

A correction to the Millikan–White formulation was
proposed in Ref. 62 to avoid excessively large values above
8000K. The impact of this correction was assessed for the
present study and found to be negligible over the temperatures
used (up to 6000K), and was therefore not included.
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2. Molecular Production/Depletion

The term ω̇sevs in Eq. 3, with s = mol, represents the
creation or destruction of vibrational energy within each
species due to high vibrational quantum numbers, where
ω̇s is the production rate of molecule s (from the reaction
system) and evs is the vibrational energy per unit mass of
the molecules. This representation, which is appropriate for
non-preferential dissociation, is adopted in the present work.
Alternative forms suitable for preferential dissociation are
available18,59.

3. Thermal Equilibrium

To evaluate the influence of non-equilibrium effects, a
corresponding simulation is performed under the assumption
of thermal equilibrium. In this case, all internal energy
modes are represented by a single temperature, including
the vibrational contribution. As the vibrational temperature
reduces to a function of the translational temperature,
the separate vibrational energy conservation equation is
no longer required. However, directly recovering the
translational temperature from the total energy (Eq. 6) is less
straightforward because of the vibrational terms embedded
within it. To address this, a Newton–Raphson iterative method
is employed to compute the translational temperature, given
by

f (T ) =
ρE− 1

2 uiui−R ∑
mol

ρsθs
Ms(expθs/T −1)

−∑
ρsh◦s

ρ

β
−T, (35)

f ′(T ) =− R

T 2β
∑
mol

ρsθ
2
s eθs/T

Ms(eθs/T −1)2 −1 , (36)

T n+1 =T n− f (T n)

f ′(T n)
, (37)

where n is the iteration index and

β = R

[
∑

s=atom

3
2

ρs

Ms
+ ∑

s=mol

5
2

ρs

Ms

]
. (38)

This results in a thermal equilibrium state throughout the
simulation, while also considering the contribution from
internal modes.

IV. MIXING LAYER

A two-stream mixing layer is one of the simplest
configurations for studying inhomogeneous shear flow
without walls and has been widely used to investigate
the development of compressible turbulence in high-speed
free shear flows68. Similar behaviour is observed among
plane, annular, and certain jet flows when considering
mean and turbulence characteristics69. In mixing layers,
transition to turbulence begins with a primary instability of

FIG. 1: Instantaneous streamlines (black lines) in a 2D
mixing layer superimposed on colour contours showing
velocity magnitude, with white indicating zero velocity.

Kelvin–Helmholtz type, owing to the inflectional nature of the
velocity profile. Mixing layers may be configured as either
spatial, corresponding to the laboratory frame of reference, or
temporal, where the initial condition consists of two streams
moving in opposite directions. Despite some differences
between the two, such as asymmetric entrainment in the
spatial case, the main mechanisms of instability, breakdown,
entrainment, and the stabilising effect of compressibility
remain the same. Ref. 12 compared DNS of temporally and
spatially evolving mixing layers and reported no qualitative
and, in most cases, no quantitative differences.

Figure 1 shows a schematic of a temporally evolving
two-dimensional mixing layer, where the colour contours
represent velocity magnitude. The bright region on the left
marks the vortex core, while that on the right indicates the
stagnation point. In a compressible flow, there is an increase
in density, pressure and temperature along the streamline
that approaches the stagnation point, with the opposite
effect for streamlines moving away from the stagnation
point and subsequently entrained into the vortex core. This
conceptual picture will be useful when discussing the role of
thermo-chemical non-equilibrium.

A. Numerical Setup

The governing equations were discretised using finite
differences. Both spatial and temporal discretisation were
implemented in OpenSBLI70,71. Spatial derivatives were
approximated with a fourth-order central difference scheme:

∂ f
∂x

=
− fi+2 +8 fi+1−8 fi−1+ fi−2

12∆x
. (39)

Time advancement employed a fourth-order Runge–Kutta
(RK) scheme.

For visualisation, a passive scalar was introduced, governed
by72

∂ (ρ f )
∂ t

=
∂ (ρ f u j)

∂x j
+

1
Sc

∂

∂x j

(
µ

∂ f
∂x j

)
, (40)

where f is the passive scalar and the Schmidt number Sc was
fixed at 0.71. For cases with multiple vibrational equations,
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the conserved-variable vector takes the form

q =


ρs

ρui
ρE

ρmevm
ρ f

 . (41)

The initial condition was designed to trigger the shear layer
instability, using

u = u∞ tanh(2y/δ
0
ω) , (42)

v2d = A u∞ cos(2πx/Lx) e−y/(10δ 0
ω ) , (43)

v3d = A u∞ cos(2πx/Lx) cos(2πz/Lz) e−y/(10δ 0
ω ) , (44)

w = 0.0 , (45)

where u∞ is the free-stream velocity, δ 0
ω is the initial vorticity

thickness, Lx and Lz are the domain lengths in the streamwise
(x) and spanwise (z) directions, and y is the cross-stream
coordinate. The y-grid was hyperbolically stretched according
to

y = 0.5Ly

sinh
(

fstch
j−(ny−1)/2
(ny−1)/2

)
sinh( fstch)

, (46)

where Ly is the cross-stream domain length, fstch is the
stretching factor, j is the grid index in the y-direction, and
ny is the total number of y-points. A stretching factor of 3.0
was used in 2D simulations and 2.2 in 3D simulations. In
2D cases, the v2d excitation with amplitude A = 0.01 initiated
Kelvin–Helmholtz roll-up, whereas in 3D cases, the v3d
excitation with amplitude A = 0.05 triggered oblique-mode
breakdown, consistent with Ref. 73.

Table III summarises the computational domains. The
streamwise domain length Lx = 2π/α was chosen using a
wavenumber αδ 0

ω = 0.42, sufficiently large to accommodate
both K–H roll-up (2D) and oblique breakdown (3D). Periodic
boundary conditions were applied in homogeneous directions,
while first-order extrapolation was used at the top and bottom
boundaries. The cross-stream domain length Ly was large
enough to capture the expected growth of the mixing layer,
with an additional sponge zone of 30 grid points to suppress
acoustic reflections. The sponge zone applied a binomial filter
with strength fstr:

U = (1− fstr)U + fstrU f , (47)

where the averaged filtered solution is given by

U f = (U f x +U f y +U f z)/3 , (48)

with U f x, f y, f z denoting explicit filters of order n, and stencil
coefficients obtained from the expansion of (a−b)n/2n. Filter
strengths of fstr = 0.2 (2D) and 0.25 (3D) were applied, with
n = 2 in all cases.

Simulations were carried out on the IRIDIS
high-performance computing facility at the University
of Southampton, using NVIDIA V100 GPUs for
two-dimensional cases and NVIDIA A100 GPUs for
three-dimensional cases. Table III also lists the simulation
efficiency as an indication of computational cost while using
a single GPU.

TABLE III: Computational domain and resources.

2D 3D
Nx 180 270
Ny 325 451
Nz - 270
Lx 2πδ ◦ω/α

Ly 1000/15×δ ◦ω
Lz 2πδ ◦ω/α

Stretch Factor 3.0 2.0
GPU (NVIDIA) V 100 A100
Computing Time (s/Iter) 0.025 1.35

TABLE IV: Grid sensitivity study.

Factor 1.0 1.5 2.25 3.375
Nx & Nz 120 180 270 405
Ny 201 301 451 675
dt 2.7e-7 1.8e-7 1.2e-7 8.0e-8

B. Grid sensitivity and a note on symmetry breaking

To assess grid convergence, a sensitivity study was
performed by increasing the number of grid points by a factor
of 1.5 in all directions. The most challenging case—the
three-dimensional thermo-chemical non-equilibrium flow
labelled "LT" in Table V—was selected for this evaluation.
To isolate grid effects, the Courant–Friedrichs–Lewy (CFL)
number was held constant across all simulations. Table IV
summarises the refinement factors, grid densities, and time
steps used. The grid dimensions were adjusted to be even for
the x and z-direction and odd for the y-direction in order to be
able to evaluate the centre of roll up, stagnation point and the
centreline. Domain specifications and computational details
are given in Table III.

Figure 2 presents the integral turbulent kinetic energy
(ITKE) and momentum thickness—two global parameters
characteristic of the setup—evaluated at several times during
the shear-layer development. Grid densities were compared at
identical physical times for each data point. During the vortex
development phase, convergence is achieved for refinement
factors above 1.5. The later development shows a divergence
between cases, and the reasons for this are investigated next
by considering a breakdown of a symmetry in the flow.

The mixing layer is initiated with a spanwise symmetry
about z = Lz/2, which is preserved through the linear growth
phase and into the early stages of transition. Figure 3 shows
the absolute difference in density and pressure across the
symmetry plane, illustrating how symmetry gradually breaks
down. The process occurs in three stages. First, during
the initial 0–100 iterations, asymmetry arises primarily near
the outer boundaries where filtering is applied. Application
of the filter introduces small numerical errors that seed the
asymmetry. Second, between 100 and 450 iterations, the
vortex formation remains essentially symmetric, indicating
that early dynamics are insensitive to these small errors.
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FIG. 2: Grid sensitivity study showing the integral turbulent
kinetic energy (ITKE) and momentum thickness. Cross (×)
markers indicate momentum thickness; circles (◦) indicate

ITKE. Colours denote grid resolution.

FIG. 3: Flow symmetry of density and pressure across the z
and y axis respectively. Density is shown by cross (×)

markers and pressure by circles (◦).

Third, from 450 to 700 iterations—after the initial peak
in momentum thickness—the vortices undergo breakdown
to turbulence, and inherent asymmetry emerges as coherent
structures cascade into smaller scales. This staged loss of
symmetry explains the divergence in the grid sensitivity study:
as the flow transitions from deterministic to non-deterministic
behaviour, the instantaneous turbulent field becomes sensitive
to small perturbations, including grid resolution (and, as will

be discussed later, thermo-chemical modelling assumptions).

C. Statistical Quantities

Favre (mass-weighted) averaged quantities are defined as69

ω = ω̃ +ω
′′ , and ω ′′ ̸= 0 , (49)

where ω̃ is the density-weighted average defined by ρω/ρ̄ ,
and averaging is carried out in the homogeneous x and z
directions. Turbulence normal stresses are defined as

ρ̄ ũ′′u′′/(ρ∞∆U2) , ρ̄ ṽ′′v′′/(ρ∞∆U2) , ρ̄w̃′′w′′/(ρ∞∆U2) ,
(50)

and the shear stress as16

ρ̄ ũ′′v′′/(ρ∞∆U2) . (51)

where ρ∞ is the freestream density and ∆U is the velocity
difference between the two streams. Additionally, quantities
related to thermal non-equilibrium are defined as

ρ̄ ũ′′e′′v/(ρ∞ev∞
∆U), ρ̄ ṽ′′e′′v/(ρ∞ev∞

∆U), ρ̄w̃′′e′′v/(ρ∞ev∞
∆U).

(52)

A budget of y-integrated turbulence stresses is defined by13

d
dt

∫
ρu′′i u′′j dy = Pi j +Πi j− εi j, (53)

where

Pi j =−
∫ (

ρu′′i v′′
∂ ũ j

∂y
+ρu′′j v

′′ ∂ ũi

∂y

)
dy , (54)

Πi j =
∫

p

(
∂u′′i
∂x j

+
∂u′′j
∂xi

)
dy , (55)

εi j =
∫ σik

∂u′′j
∂xk

+σ jk
∂u′′i
∂xk

dy , (56)

which refer to the integrated production, pressure strain and
dissipation tensors, respectively.

The development of turbulence with time is monitored with
an integral of turbulence kinetic energy (ITKE) per unit mass,
defined by

IT KE =
1
2

∫
∞

−∞

(ũ′′u′′+ ṽ′′v′′+ w̃′′w′′)dy . (57)

The momentum thickness of a temporally developing mixing
layer is defined as12

θ(t) =
1

ρ∞(∆U)2

∫
ρ(u1− ũ)(ũ−u2) dy , (58)

where subscripts 1 and 2 refer to the upper and lower streams,
respectively. A reference length is the initial momentum
thickness θ◦ and a dimensionless time τθ is given by12

τθ =
t∆U
θ◦

. (59)
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The momentum thickness growth rate is important, as it has
been shown to be proportional to the integrated turbulence
production in the form13

dθ/dt =− 2
ρ∞(∆U)2

∫ (
ρu′′1u′′2

∂ ũ
∂y

)
dy . (60)

A vibrational Damköhler number is used to evaluate the
correlation between the flow and vibrational timescales,
defined as

Dam =
τ f low

τm
, Dav =

τ f low

τ
. (61)

where τm is the vibrational relaxation time for molecule
m,τ f low is the flow timescale defined as θ◦/∆U , and τ is
the single vibrational relaxation time defined as Eq. 34.
If the vibrational Damköhler number is small, the flow
can be assumed to be thermally frozen, while large values
indicate that the flow is in thermal equilibrium. To compare
equilibrium and non-equilibrium cases, the percentage
difference of a quantity φ is defined as

∆φ =
(φTCNE −φEQ)×100

φEQ
. (62)

V. SIMULATIONS

Direct numerical simulations are performed using the
kinetic models and flow setup described earlier, for two
distinct conditions. The first corresponds to a temperature
of 3000K, where the fluid consists of a mixture of air
atoms and molecules. The second case considers a higher
temperature of 6000K while maintaining the same flow
density. This scenario represents a condition in which
vibrational energy is carried primarily by a single molecular
species (N2). Both flow conditions are modelled as
thermally and chemically reacting flows, initialised with
thermal and chemical equilibrium. Table V summarises
the initial conditions for the two cases, denoted as low
temperature (LT, with T∞ = 3000K) and high temperature
(HT, with T∞ = 6000K). The freestream compositions
are specified as [0.053, 0.137, 0.000, 0.772, 0.038] and
[0.208, 0.000, 0.227, 0.562, 0.003] for the species mass
fractions [YO, YO2 , YN, YN2 , YNO] in the LT and HT cases,
respectively. In all simulations, the diffusion model defined
by Eq. 14 is used.

In thermally non-equilibrium flows, the relaxation time
governing energy exchange between translational and
vibrational modes is the dominant factor determining the
thermal state of the gas. A longer relaxation time delays
equilibration, whereas a shorter relaxation time promotes
a faster return to equilibrium. For the flow conditions
considered here, the flow timescale is found to be small
or comparable to the vibrational relaxation timescales.
Consequently, regions of the flow remain out of equilibrium
between translational and vibrational modes. In contrast,
the chemical timescales are significantly shorter than the
flow timescale, resulting in a near-equilibrium chemical state

throughout the development of the mixing layer. Table VI
defines the acronyms used to refer to the modelling of the
simulations carried out.

A. Two Dimensional Mixing Layer

For each of the specified flow conditions in Table V,
two simulations were conducted: one under thermal
equilibrium and the other under thermal non-equilibrium,
with both simulations incorporating chemical reactions.
Figure 4 illustrates the two-dimensional mixing layer for the
high-temperature (HT) flow condition. Each square depicts
the same region of the domain, with each row representing
different flow properties and each column corresponding to a
distinct time of the simulation, shown as the non-dimensional
time on the first row. Row (a) displays the passive scalar,
a quantity ranging between 1 (upper stream) and -1 (lower
stream). The passive scalar serves as an effective tool for
observing the progression of the vortex roll-up. Rows (b),
(c), and (d) show the pressure, translational temperature, and
vibrational temperature, respectively. The min/max limits of
the figure are set to be approximately symmetric about the
freestream conditions, allowing the coloured regions to show
deviations from the initial conditions. As the vortex develops,
a reduction in pressure and temperature is observed at the
vortex core, accompanied by an increase in temperature at the
stagnation point.

As sketched in Fig. 1, regions of expansion and
compression emerge within the flow field that can affect
the thermal response. Row (e) of Fig. 4 presents the
difference between vibrational and translational temperatures,
Tv − T , indicating the degree of thermal non-equilibrium.
As the vortex develops, the core experiences a drop in
translational temperature, while the stagnation point exhibits
an increase. Due to the finite energy exchange timescales
between translational and vibrational modes, a lag occurs
in the vibrational temperature response. This results in
regions of hot thermal non-equilibrium, highlighted by red
contours, where the vibrational temperature lags behind a
reduction in translational temperature, and regions of cold
thermal non-equilibrium where it lags behind an increase
in translational temperature. Areas of flow expansion
(associated with decreasing translational temperature) are
associated with a hot thermal non-equilibrium, while areas
of compression exhibit a cold thermal non-equilibrium. In
this high-temperature case, the vibrational mode is governed
solely by nitrogen molecules. Finally, row (f) depicts the
extent of chemical non-equilibrium for nitrogen molecules,
expressed as a percentage (Eq. 62). As previously noted,
chemical non-equilibrium remains minimal throughout the
vortex development due to the significantly shorter timescales
of chemical reactions. Overall, the effects of free stream
temperature and thermal non-equilibrium on the mixing layer
evolution are not large. Figure 5 shows the momentum
thickness (normalised with its initial value) as a function of
the normalised time given by Eq. 59 for the LT and HT
cases, each carried out for thermal equilibrium (CNE) and
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TABLE V: Initial conditions for the low-temperature (LT) and high-temperature (HT) cases.

Case u∞ (m/s) T∞ (K) ρ∞ (kg/m3) p∞ (N/m2) dt (s) δ ◦ω (m) Reδ ◦ Mc Model
LT 439 3000 0.02 18174 1.4e-7 0.004013943 400 0.4 TCNE
HT 752 6000 0.02 49271 7.0e-8 0.004169621 400 0.4 TCNE

FIG. 4: Two dimensional temporal mixing layer with thermo-chemical non-equilibrium for HT case, with non-dimensional
time τθ displayed in the first row. a) passive scalar [min:-1, max:+1], b) pressure in Pa [min:36139, max:62139], c)

translational temperature in Kelvin [min:5750, max:6250], d) vibrational temperature in Kelvin [min:5750, max:6250], e)
thermal non-equilibrium (Tv−T ) in Kelvin [min:-130, max:130], f) percentage chemical non-equilibrium of Nitrogen

molecules (N2) [min:-0.004, max:0.004].

thermo-chemical non-equilibrium (TCNE) conditions. Both
conditions use the multi-ev formulation as defined in Section
II A. The HT case shows a slightly delayed increase in
mixing layer thickness due to vortex roll-up. Figure 6
shows the percentage difference in the spatial integral of
turbulence kinetic energy (ITKE) between the equilibrium

(CNE) and thermal non-equilibrium (TCNE) flow states,
as defined by Eq. 62. Thermal non-equilibrium causes
an increase in turbulence kinetic energy (TKE) relative to
equilibrium state, consistent with the slightly earlier rise in
momentum thickness. To highlight the differences between
employing a single vibrational energy conservation equation
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TABLE VI: Definition of acronyms for thermal and chemical
equilibrium states.

Acronym Thermal Chemical
TCNE Non-equilibrium Non-equilibrium
CNE Equilibrium Non-equilibrium
TNECF Non-equilibrium Frozen
CF Equilibrium Frozen

FIG. 5: Normalised momentum thickness against
non-dimensional time.

FIG. 6: Difference in ITKE between the thermal equilibrium
and non-equilibrium cases for the HT and LT cases.

and a formulation that accounts for the conservation of
vibrational energy for each molecular species individually,
the low-temperature (LT) flow condition is used, as described
in Table V. In this case (in contrast to the HT case) the
contribution to the internal energy modes arises from N2, O2
and NO molecules. Under these conditions, the impact of
averaging relaxation times becomes more pronounced.

Figure 7 illustrates the differences between the two kinetic
models (single-ev vs. multi-ev) in terms of the temperature
difference between the translational and vibrational modes.
Row (a) presents the passive scalar, while (b) depicts the
extent of thermal non-equilibrium for the single-ev model,
and (c) shows the corresponding non-equilibrium Tv − T
for the multi-ev model. The relaxation timescales of the
two models differ significantly. The multi-ev model results
in a more highly concentrated non-equilibrium region at
the centre of the roll-up, mimicking a thermally frozen
state. This difference in relaxation behaviour arises from
how the relaxation time is considered within each model.
The multi-ev model captures the contribution of the slower
relaxation associated with N2, whereas the single-ev model,
due to averaging, skews the relaxation time towards the
faster relaxation characteristic of O2. When considering the
higher mass fraction of N2, this averaging approach leads to
an underestimation of nitrogen’s contribution to the energy
exchange between translational and vibrational modes. It
should be noted that the governing equations defined for
the multi-ev model do not account for vibrational-vibrational
energy exchange. Therefore, the differences observed reflect
a scenario in which inter-species relaxation is considerably
slower relative to translational-vibrational modes. In this
scenario, the discrepancies are significant. In terms of
computational cost, the single-ev model was found to provide
savings of less than∼ 3% in run time compared to the multi-ev
model, so the only drawback of the multi-ev model is the
increased storage associated with having a transport equation
for each molecular species. In the present cases this increases
the number of equations (including the passive scalar) from
11 to 13.

The two flow conditions examined (LT and HT, comparing
Figs. 4 and 7) demonstrate distinct qualitative characteristics
of thermal non-equilibrium within the flow field. In one
case (Fig. 4e), a mixture of cold and hot non-equilibrium
regions forms a quadrupole-like pattern around the vortex,
where the thermal state responds to flow kinetics by reacting
to compression and expansion, respectively. In contrast,
Fig. 7c shows that the thermal energy exchange is too slow to
respond effectively to regions of compression and expansion
within the flow field, resulting in a thermally hot vortex core,
i.e. the free-stream flow is fully entrained before it is able
to relax to match the translational temperature. Across the
simulated cases, three primary regions can be identified where
the flow departs from equilibrium: the entrainment region, the
vortex core, and the stagnation point. When the relaxation
time is shorter, these regions tend towards equilibrium.
Conversely, when the relaxation time is sufficiently long to
induce a thermally frozen state, these regions remain in a
non-equilibrium condition throughout the flow evolution.
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FIG. 7: Mixing layer simulation for the lower temperature (3000K) case comparing the single to multi vibrational energy
conservation equation. a) passive scalar [min:-1, max:+1], b) Tv−T for single-ev model in Kelvin [min:-130, max:130], c)

Tv−T for multi-ev model in Kelvin [min:-130, max:130].

Vibrational Damköhler numbers based on the initial mixing
layer momentum thickness (see Eq. 61) are shown in
Table VII. The choice of timescale affects the absolute values.
For example, if we use a characteristic roll-up time of the
vortex, from the start of non-linear growth of disturbances
up to non-linear saturation (see Figs. 4 and 5), the numbers
would be two orders of magnitude higher. For the most
important molecular contributor, DaN2 is a factor of 30 higher
for the HT case. It can also be seen that the mixture Da is
also much higher for the HT case. These relative values are
consistent with the HT case being in non-equilibrium and the
LT case (with the 3ev model) being closer to frozen.

While the qualitative description of thermal
non-equilibrium for the LT case (Fig. 7) with the
single-ev model is closer to that described earlier for the
high-temperature case (Fig. 4e), the development is distinct.
Following the initial departure from equilibrium at the core
and stagnation point, the non-equilibrium state persists and
intensifies as the vortex continues to roll up. This leads to
a higher region of hot non-equilibrium within the vortex
core, alongside a cold non-equilibrium state in the stagnation
region. This is consistent with the previous comments that
the use of a single vibrational energy conservation equation
in this case results in a faster overall relaxation timescale,
leading to an underestimation of the influence of thermal
non-equilibrium.

B. Three Dimensional Mixing Layer

Three-dimensional (3D) simulations were conducted for
the same flow conditions specified in Table V to evaluate
whether the conclusions drawn in the previous section with

TABLE VII: Vibrational Damköhler numbers for molecules
and for the mixture

DaO2 DaN2 DaNO Dav
LT 0.1169 0.0028 0.0238 0.0187
HT 1.0931 0.0909 0.3811 0.0909

respect to thermal non-equilibrium can be carried over to
the fully 3D cases. These cases were carried out using the
multi-ev formulation with initial conditions similar to those
defined earlier. Figure 8 illustrates the flow development
within a three-dimensional domain, where the top row is the
LT case, the bottom row is the HT case and each column
corresponds to a different time during the vortex roll-up (times
of τθ = 200, 300, and 500). Iso-surfaces of the Q-criterion
at 1.0× 1010 and 2.0× 1010 respectively are shown, overlaid
with colour contours of Tv − T , indicating the extent of
thermal non-equilibrium (in K).

Following the introduction of the initial disturbance,
oblique-mode instabilities give rise to the formation of
vortical tubes within the shear layer. These inclined vortex
tubes deform74 into hairpin-like vortices, with the same
structure on the lower side due to a cross-stream symmetry
of the initial disturbance. The evolution of the vortices
is accompanied by regions of thermal non-equilibrium.
Similarly to the two-dimensional cases, the slower thermal
relaxation in the LT case results in persistent regions of
hot thermal non-equilibrium throughout the vortex roll-up,
extending from the core to the point of breakdown.
In contrast, the faster relaxation in the high-temperature
case produces a combination of cold and hot thermal
non-equilibrium around the vortical tubes. As the hairpin head
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FIG. 8: Iso-surface of Q-Criterion for three dimensional temporally developing mixing layer coloured by Tv−T . (a)-(c)
correspond to LT case and (d)-(f) to HT during the flow development with τθ of 200, 300 and 500.

develops, flow is accelerated and the translational temperature
reduces, generating a hot thermal non-equilibrium region,
while compression on the lower side leads to the formation
of a cold non-equilibrium, shown in blue on Fig. 8(e).

These observations extend the findings from the
two-dimensional simulations, indicating that the formation
of non-equilibrium flow regions is highly dependent on local
compression and expansion of the flow, while the persistence
of non-equilibrium regions within the flow field depends on
the thermal relaxation time. This characteristic is similar to
that seen by Ref. 9 where the vibrational non-equilibrium
was seen to be caused by compressibility effects, although
the authors also showed thermal relaxation does not always
follow the Landau-Teller model. Similar observations where
thermal non-equilibrium is sustained by turbulence have
been made in other flows4,5,7. According to the Kolmogorov
cascade, one can speculate that the small-scale motions would
have shorter time scales and become more thermally frozen,
but this is not seen in the present low Reynolds number
simulations. Instead, following the development of the
hairpin vortex head, the vortices break down and small-scale

structures continue to exhibit varying non-equilibrium states,
maintaining the qualitative characteristics identified earlier.

Figure 9 shows the evolution of momentum thickness for
the three-dimensional cases, with vertical bars used to identify
averaging zones to be discussed later. As observed in previous
studies12,13,75, the momentum thickness exhibits an initial
region with a high growth rate. The peak in momentum
thickness at τθ0 ≈ 350 is associated with the non-linear
saturation of the hairpin vortex. Subsequently, the momentum
thickness starts to grow again, driven only by small-scale
structures, since the shear layer has grown and the relative size
of the computational box is no longer large enough to sustain
oblique-mode instabilities at large scale. The influence of
thermal non-equilibrium in the early stages of hairpin vortex
development is small.

The divergence in the curves at later times is partly due
to the amplification of small differences in initial conditions,
resulting in different trajectories in the phase space of the
non-linear system. That the present system behaves in this
way was demonstrated by the symmetry breaking shown in
Fig. 3. In addition, the LT case is sensitive to the chemistry
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FIG. 9: Non-dimensional momentum thickness for the 3D
simulations.

FIG. 10: Integral of turbulence kinetic energy compared with
the three dimensional equilibrium case, shown in percentage.

(frozen vs non-equilibrium) and the chemistry is sensitive to
the thermal state (equilibrium or non-equilibrium). Improved
averages could be generated by ensemble averaging over
multiple simulations with slightly different initial conditions,
or by running large-domain simulations with randomised
initial conditions, but this is not attempted here.

Figure 10 presents the percentage difference in the
integrated turbulence kinetic energy (ITKE) between the
equilibrium and non-equilibrium simulations. As in
the two-dimensional cases, ITKE increases during the
development of the mixing layer, although the magnitude

of the differences is smaller. At later times (τθ > 500),
larger variations appear. Similar to the momentum thickness,
these are attributed to the non-linear amplification of smaller
differences from the earlier evolution.

Turbulence statistics are shown in Fig. 11. To obtain
smoother profiles, averaging was applied using six flow fields
within three time intervals, centred at τθ = 200,350,500,
corresponding to the shaded regions in Figs. 9 and 10. Figures
11a to 11d present the non-dimensional Reynolds stresses
corresponding to the normal and shear stresses arising from
momentum transfer by the fluctuating velocity field. The
normal stresses show an increase in fluctuations in the central
region of the shear layer, associated with the formation of
vortex tubes. With the development of the hairpin vortex
heads, a splitting of the peak in the term ρ̄ ũ′′u′′/(ρ∞∆u2

∞)
occurs. In contrast, a significant increase along the centreline
is observed as a single peak in the term ρ̄ ṽ′′v′′/(ρ∞∆u2

∞) in
Fig. 11b, while the term ρ̄w̃′′w′′/(ρ∞∆u2

∞), shown in Fig. 11c,
shows a transient reduction in lateral fluctuations.

The shear stress (Fig. 11d) spreads progressively in the
y-direction and decreases as the shear layer grows. The
influence of thermal non-equilibrium on Reynolds stresses is
minimal during the vortex development and initial peak in
momentum thickness (up to τθ = 350). While the effects
are small in the present case, experimental studies in channel
flows with plasma heating76 have reported reductions of up
to 50% in Reynolds stress. In cases where higher vibrational
modes are excited, improved relaxation models9 are likely to
be needed. Turbulence introduces additional flux terms in
the vibrational energy equation. Figures 11e and 11f show
two such fluxes, where clear differences emerge between
equilibrium and non-equilibrium cases. The peaks of the
term ρ̄ ũ′′ev are slightly below the locations of the heads
of the hairpin vortex tubes (see Fig. 8b). For example, at
τθ = 350 in Fig. 11e, the locations y/θ◦ = ±22 correspond
to the cores of the hairpin vortices, whereas the peak is
at y/θ◦ ≈ ±17. In contrast, for the term ρ̄ ṽ′′ev shown
in Fig. 11f, the peak values occur much closer to the
centreline. In both cases, thermal non-equilibrium reduces
vibrational fluctuations. This reduction may be interpreted as
a dampening of peak fluctuations due to the weaker coupling
of the vibrational mode compared to the translational mode,
such that the vibrational temperature does not fully inherit the
variability present in the translational temperature field.

Figure 11g presents the translational temperature
fluctuations, T̃ ′′T ′′/T 2

∞ , which increase in the presence
of thermal non-equilibrium. In the present mixing
layer configuration, the vortex core is characterised by
reduced translational temperature, which is amplified under
non-equilibrium conditions. The resulting stronger gradients
in translational temperature play a role in enhancing transport
by fluctuating terms.

Thermal non-equilibrium within the flow field has
previously been attributed to translational temperature
fluctuations2,4,8,9. This is confirmed when comparing
Figs. 11g and 11h, where the profiles of the averaged
non-equilibrium correlate with those of temperature
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 11: Statistical analysis of the mixing layer across the shear layer for non-dimensional times of τθ = 200,350 and 500.

fluctuations. In Fig. 11h, the higher-temperature case
exhibits a steeper gradients across the shear layer, which
may be associated with the coexistence of hot and cold
non-equilibrium regions that partially offset each other when
averaged.

Figure 11i displays the mean translational and vibrational
temperatures across the shear layer for the lower-temperature

case. As expected, the mean translational temperature is
initially reduced across the layer, reflecting the cooling
in vortex cores. A comparison between equilibrium and
non-equilibrium cases reveals an additional reduction in the
translational mean temperature for non-equilibrium and a
corresponding increase in the vibrational mean temperature
(in CNE, Tv = T ). This behaviour is attributed to the slower
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FIG. 12: Energy budget of the lower temperature case. Solid
lines refer to the CNE case where markers are for the TCNE

case. Pi j is the integral of production, Πi j is the
pressure-strain, −εi j is the dissipation and LHS is the
integrated Reynolds stress defined as d

dt
∫

ρu′′i u′′j dy.

vibrational relaxation in the LT case, which prolongs the
energy exchange between the translational and vibrational
modes. As a result, the vibrational mode retains a larger
fraction of the total energy, further lowering the translational
temperature compared with its equilibrium counterpart.
Reductions of the mean translational temperature have been

FIG. 13: Energy budget of the component (1,1) in the later
stages of the simulation

reported in other studies of compressible shear layers8,
however in that case the central region of the mixing layer was
hot relative to the freestream, whereas in the present case it is
cool. Therefore, in the present case the temperature difference
between the centre and freestream is increased, whereas in
Ref. 8 it is reduced. In each case the temperature fluctuations
scale with magnitude of the difference in temperature between
the mixing layer centre and the freeestream. Both cases are
possible in practice. For example, in a laboratory experiment,
a mixing layer could develop behind a splitter plate under hot
or cold wall conditions.

Figure 12 shows the time variation of terms in energy
budget for the LT case. Each sub-figure corresponds to a
different stress component; the (1,3) and (2,3) components
are omitted as they are negligible for this configuration.
Colours denote the contributions of different terms to the
integrated Reynolds stresses, while markers indicate the
corresponding quantities for the TCNE case. During the
initial growth of momentum thickness (τθ = 150–300), both
the growth rate and production remain nearly constant,
consistent with Eq. 60. The pressure–strain term is
negative for the (1,1) component and positive for the (2,2)
and (3,3) components, indicating redistribution of energy
from streamwise fluctuations into the normal and spanwise
fluctuations13. With the emergence of small-scale turbulent
structures, the link between growth rate and integrated
production breaks down. This transition, evident for τθ > 300,
also highlights differences between the CNE and TCNE cases,
consistent with the nonlinear dynamics discussed earlier.
In the early stages of flow development and breakdown,
differences between the CNE and TCNE cases are minor,
similar to those observed in ITKE (Fig. 10). In the later
stages (τθ = 1200–1500), dissipation becomes comparable
to production and pressure–strain. Figure 13 shows the
budget for the (1,1) component, illustrating that dissipation
contributes substantially to the Reynolds stress budget at later
times.
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VI. CONCLUSION

This study has evaluated the extent to which
thermo-chemical non-equilibrium influences the breakdown
to turbulence in a temporally-developing mixing layer,
while also assessing the implications of common modelling
approximations. Two flow conditions at low and high
temperatures (LT and HT) were considered to cover a range of
Damköhler numbers. Two-dimensional simulations revealed
two distinct patterns of thermal non-equilibrium formation.
In the HT case, thermal and flow timescales were comparable,
leading to alternating hot and cold non-equilibrium regions
around the vortex entrainment. In the LT case, thermal
relaxation was significantly slower than the flow timescale,
resulting in persistent thermal non-equilibrium within
the vortex core, effectively representing a thermally
frozen state. For both cases, only minor differences in
momentum thickness were observed between equilibrium
and non-equilibrium simulations. However, turbulence
kinetic energy (TKE) increased by approximately 8% in the
LT case and 4% in the HT case, suggesting that thermal
non-equilibrium enhances the generation of TKE.

A comparison was made between a model in which
vibrational modes of all species were coupled into a
single transport equation and a model in which each
molecular species had its own vibrational transport equation.
Significant differences were identified between the two
approaches. In the single-equation model, averaging led
to an underestimation of relaxation times, as relaxation
shifted towards the faster O2 rates rather than the slower
N2 rates, despite the latter dominating the mixture. In
the multi-equation approach, more complete modelling of
vibrational–vibrational relaxation is required to fully assess
the magnitude of this effect.

The three-dimensional simulations revealed similar
qualitative patterns of thermal non-equilibrium compared to
the two-dimensional cases. In the LT case, large regions of hot
non-equilibrium were sustained within vortical cores, whereas
in the HT case, a combination of hot and cold regions was
observed around individual structures corresponding to the
expansion and compression of the flow. Minimal differences
in mean and Reynolds stress profiles were observed during
the initial stages of vortex development. Turbulence kinetic
energy (TKE) increased by approximately 3% in the LT
case and 1% in the HT case, suggesting that thermal
non-equilibrium marginally enhances the generation of TKE.
Differences in later stages were attributed in part to nonlinear
dynamics of the breakdown to turbulence (confirmed through
a symmetry-breaking study), which amplifies small difference
from earlier in the flow development. The statistical results
confirmed relationships between mean temperature, thermal
non-equilibrium and temperature fluctuations, consistent with
prior studies. Energy budgets showed minor differences due
to non-equilibrium during the initial growth and breakdown
stages.

The present investigation has highlighted significant effects
of applying different modelling strategies to intermolecular
vibrational energy exchange. More work is needed to

develop better physical models of these processes. While the
present results indicate a limited influence of thermo-chemical
non-equilibrium on hypersonic turbulence, this outcome is
specific to the temperature range and species composition
considered in this study. In particular, if chemical timescales
are comparable to flow timescales, larger effects would be
expected. Future research could therefore focus on such
regimes, as well as on cases with different temperature ratios
across the mixing layer.

ACKNOWLEDGMENTS

The authors acknowledge the use of the Iridis High
Performance Computing Facility, and associated support
services at the University of Southampton, in the completion
of this work.

Appendix A: Transport Properties

Table VIII includes the coefficients defined for the
computation of viscosity, total thermal conductivity,
ro-translational thermal conductivity and species vibrational
thermal conductivity taken from Ref. 41.

Appendix B: Chemical kinetic model

The chemical reactions relating to a five-species air mixture
are:

R1: N2 +M↔ 2N+M, (M = N,O)

R2: N2 +M↔ 2N+M, (M = N2,O2,NO)

R3: O2 +M↔ 2O+M, (M = N,O)

R4: O2 +M↔ 2O+M, (M = N2,O2,NO)

R5: NO+M↔ N+O+M, (M = O,N,NO)

R6: NO+M↔ N+O+M, (M = O2,N2)

R7: N2 +O↔ N+NO,

R8: NO+O↔ N+O2.

Table IX specifies the coefficients for Eq. 29, which defines
the forward reaction rate. The equilibrium constant is
defined by Eq. 25, and the backward reaction rate is obtained
accordingly. The forward reaction rates are:
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TABLE VIII: Coefficients for viscosity, translational, and vibrational thermal conductivity models.

a b c d e f g h
µ -2.0989e+05 -5.2310e-06 1.9855e+04 -2.7244e+08 1.2667e+06 3.3933e-04 -1.3007e+05 3.5234e+08
K 3.2315e+02 2.1022e-07 -3.5288e+01 8.0676e+04 -4.5599e+02 -1.8431e-07 4.6392e+01 -3.0308e+05
Ktr 2.1762e+02 2.1403e-07 -2.4067e+01 1.0838e+05 -9.8842e+02 -5.1961e-07 1.0492e+02 -2.3396e+05
Kv,N2 1.9200e-04 -3.9290e-06 1.4026e-08 -4.8403e-12 7.5275e-16 -5.0128e-20 1.0884e-24 -
Kv,O2 -1.1446e-03 7.2095e-06 6.2555e-09 -2.6587e-12 4.2901e-16 -2.5152e-20 3.0436e-25 -
Kv,NO -4.2658e-04 9.8630e-07 1.1229e-08 -4.2799e-12 7.0384e-16 -4.8694e-20 1.1027e-24 -

TABLE IX: Coefficients for the chemical kinetic model.

R1 R2 R3 R4 R5 R6 R7 R8
C 3.0×1022 7.0×1021 1.0×1022 2.0×1021 1.1×1017 5.0×1015 5.7×1012 8.4×1012

n −1.6 −1.6 −1.5 −1.5 0.00 0.00 0.42 0.00
Tf 1.132×105 1.132×105 5.936×104 5.936×104 7.550×104 7.550×104 4.2938×104 1.940×104

Ta
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where Ms is defined in grams. The backward reaction rates
are:
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where Ms is defined in grams. The species reaction rates are
then expressed as:

ω̇O = MO
[
2(R f 3−Rb3)+2(R f 4−Rb4)+(R f 5−Rb5)

+(R f 6−Rb6)− (R f 7−Rb7)− (R f 8−Rb8)
]
,

ω̇O2 = MO2

[
− (R f 3−Rb3)− (R f 4−Rb4)+(R f 8−Rb8)

]
,

ω̇N = MN
[
2(R f 1−Rb1)+2(R f 2−Rb2)+(R f 5−Rb5)

+(R f 6−Rb6)+(R f 7−Rb7)+(R f 8−Rb8)
]
,

ω̇N2 = MN2

[
− (R f 1−Rb1)− (R f 2−Rb2)− (R f 7−Rb7)

]
,

ω̇NO = MNO
[
− (R f 5−Rb5)

− (R f 6−Rb6)+(R f 7−Rb7)− (R f 8−Rb8)
]
,
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where Ms is defined in grams.

Appendix C: Thermal Kinetic Model

The vibrational relaxation was evaluated using coefficients
from Ref. 18. These are given in Table X.

TABLE X: Vibrational relaxation coefficients used in Eq. 32
adopted from Ref. 18.

A B
Species O O2 N N2 NO
O2 129 0.0271 0.0300 0.0265 0.0295 0.0298
N2 220 0.0268 0.0295 0.0262 0.0290 0.0293
NO 168 0.0270 0.0298 0.0264 0.0293 0.0295
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