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Automorphisms, Free Products, and Properties of Groups through Spaces of Trees

by Harry M. J. Iveson

Given a group acting on a tree, one may obtain a space of such trees, which is acted on
by automorphisms of the group. In this thesis, we study these actions to derive various
results regarding automorphisms of free products (which act on particularly nice trees).

This is a three paper thesis; the main body of the work is contained in the following
papers:

arry Iveson. resentation for the group of pure symmetric outer automorphisms of a
[1] Harry I Ap tation for the group of p V. tric out t phi £
given splitting of a free product. Preprint, December 2024, available at arXiv:2412.04250.

[2] Harry Iveson. Generators for the pure symmetric outer automorphisms of a free product.
Preprint, July 2025, available at arXiv:2507.16662.

[3] Harry Iveson, Armando Martino, Wagner Sgobbi, and Peter Wong with an appendix by
Francesco Fournier-Facio. Property Ry for groups with infinitely many ends. Preprint,
April 2025, available at arXiv:2504.12002.

In [1] (Paper 1), we give a concise presentation for the group of pure symmetric outer
automorphisms, Outg(G), of a given splitting of a free product G = Gy = --- * G,.
This is achieved by applying a theorem of K. S. Brown to a particular subcomplex,
Cy, of Guirardel and Levitt’s Outer Space for a free product — a space of trees, viewed
through the language of graphs of groups, via Bass—Serre theory. The application of
Brown’s theorem occupies the first half of the paper, while the second half of the pa-
per develops a rigorous argument as to why the subcomplex C, is simply connected (a

requirement of Brown’s theorem).

In [2] (Paper 2), we give a geometric proof that Outg(G) is generated by Whitehead
(and factor) automorphisms. The motivation behind this was to provide a direct proof
for Proposition 3.1.3 (and hence also for Corollary 3.1.4) of Paper 1 [1]. That is, to show
that a particular subcomplex (C,, or in this case, its subcomplex S,) of the spine of the
Outer Space for a free product is path connected.
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In [3] (Paper 3), we use actions on R-trees to show that any group with infinitely many
ends (and in fact, a larger class of groups; those which act ‘sufficiently canonically” on
a ‘sufficiently nice” R-tree) has the property Ry. That is, that every automorphism of
the group has infinitely many twisted conjugacy classes. As a corollary, we see that
the problem of if a group has property Ry, or not is undecidable amongst the class of
finitely presented groups.
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Definitions and Abbreviations

F]’UF(X)

XcY,Xcy

The set of natural numbers, including 0

The set of integers, often viewed as a group under addition,
occasionally viewed as a ring

The set of real numbers, often viewed as ‘the real line’, a
metric space with d(x,y) = |x — y|

The symmetric group on n points

The free group of rank n and the free group with generating
set X, respectively

X is a subset/proper subset (respectively) of Y — we may
write X < Y when we wish to emphasise the properness of
a subset

The set of elements which belong to X and do not belong to
Y

The union {y € x | x € X}

H is a subgroup /normal subgroup (respectively) of G

The free product of G and H

The direct product of G and H

The semidirect product with kernel N and quotient H

G is the diagonal subgroup {(g,...,8) | g€ G} of G x --- x
G

The centre of G

The subgroup of G stabilising the point x

The normal closure of S in G

The quotient of G by a normal subgroup N

The quotient of G by (({g € G | § ~ 1}));c where ~ is an
equivalence relation on G

FX) /R

The automorphism group of G

The quotient

The normal subgroup of Aut(G) comprising inner auto-
morphisms of G
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DEFINITIONS AND ABBREVIATIONS

Out(G)

Autg (G)

Outs(G)
[vo, .-, 0n]
u—ou

o(e), t(e)

Le
¢:G—>H
¢:G—»H
0,PO,SO
Cn, Sn

The outer automorphism group of G;
Aut(G

ut( )/ Inn(G)
The pure symmetric automorphisms relative to a splitting

the quotient

S of a free product G

The image of Autg(G) in Out(G)
The n-simplex on vertices vy, ...,y

The edge/1-simplex with endpoints u and v

The origin/terminus (respectively) of an edge e

The inclusion G, — G,(,) of an edge group into its (origin)
vertex group

@ is an injective homomorphism from G to H

@ is a surjective homomorphism from G to H

The outer space/projectivised outer space/spine of outer
space (respectively) introduced by V. Guirardel and G.
Levitt in [15]

The subcomplexes of SO studied in Papers 1 and 2, respec-
tively



Introduction

In this introduction we provide background material and context for the three papers
that form the main body of this thesis. Papers 1 and 2 are single author papers; Paper 3
is a joint paper with Armando Martino (my supervisor), Wagner Sgobbi, and Peter

Wong (with an appendix by Francesco Fournier-Facio).

The (non-background) statements and proofs in the main body of Paper 3 were jointly
formulated for the most part, mostly by Armando and myself, and were developed
over the course of several meetings. I wrote the majority of the first draft, at that point
roughly comprising material for Sections 1-5 and Section 7 (Appendix A). The four au-
thors then reviewed and revised the manuscript, both independently and jointly during
(online) meetings, before a final version was produced. Appendix B was written solely
by Francesco Fournier-Facio, who contacted us after having read an earlier version of
the paper.

This introduction is split into 10 sections. Sections 1 and 2 give general background for
all papers, with an overview of (mostly undergraduate level) group theory in Section

1, and a crash course on Bass-Serre theory in Section 2.

Papers 1 and 2 are closely related and therefore share a lot of background; Sections 3—
6 provide this. The objects of study in Papers 1 and 2 are subcomplexes (C, and S,
respectively) of (the spine of) Guirardel and Levitt’s ‘Outer Space for a free product’
[15]. These objects encode information on (pure symmetric outer) automorphisms of

free products.

Section 3 briefly extends Subsections 1.3 and 1.5 to describe the automorphisms specific
to a free product. Section 4 introduces simplicial complexes (which C, and S, both are),
giving examples of specific constructions which will be referenced in Papers 1 and 2,
as well as describing properties they may (or may not) have. Note that Subsection 4.3
(which discusess a theorem of K. S. Brown) is not relevant for Paper 2 (and does give
more detail than is needed for Paper 1!). Section 5 summarises [15] to give descriptions

of the spaces O, PO, and SO. This is not strictly necessary to understand the spaces

11t is useful context though, and is necessary for extending the results of Paper 1 to include automor-
phisms of free generators.



2 Introduction

Cn and S, but does provide context for their existence. Section 6 briefly describes the
complexes C, and S;, as well as introducing a complex C,, 4 in Subsection 6.1 which
would allow the results of Paper 1 to be extended to groups of the form Gy # - - - * G, * Fi
for k > 0. However, due to the length of this thesis, Subsection 6.1 is not as detailed as
it could be, and C,, x s does not appear in any of the papers in this thesis.

Paper 3 is relatively self-contained, and contains plenty of references for further back-
ground reading on topics encountered. As such, we give only a brief background in
this introduction, with Section 7 providing a brief overview of the R, property, and
Section 9 providing a brief introduction to R-trees. We then choose a couple of top-
ics referenced in Paper 3, namely ‘ends” and ‘reduced trees’, to review in more depth,
explored in Sections 8 and 10, respectively.

1 Groups and Automorphisms

We begin with a review (mostly for notational purposes) of some standard undergrad-

uate definitions.

Definition 1.0.1. A group (G, -) is a non-empty set G together with a binary operation -
which satisfies:

Associativity: Vx,y,z€ G, (x-y)-z=x-(y-z)
Identity: 31 € GsuchthatVxe G, x-1=1-x=x

Inverses: Vx e G,dye Gsuchthatx -y =y-x =1

We will usually write our groups ‘multiplicatively’, writing G for a group (G, -) and
xy for the element x - y of G. Unless otherwise specified, we will denote the identity

element of a group by 1 and the inverse of an element x by x .

Notation 1.0.2. Given two sets X and Y we write X-Y for the set {x € X|x ¢ Y}. While
Y will often be a subset of X, this is not a requirement of the definition.

Example 1.0.3 (Symmetric Group). The symmetric group on n letters, denoted S, is the
group comprising all bijections of the set {1,...,n} for some fixed n € IN, where the
group operation is composition. That is, given 0,7 € S, coT : j — o(7(j)) for all
je{l,..., n}.

Definition 1.0.4. A subset H of a group G is called a subgroup of G (denoted H < G) if
1e Hand forall g,h € Hwehave g~'h e H.

We say a subgroup N of G is normal (denoted N < G) if foralln € N and g € G we have
¢ 1ng € N. We say a subgroup M of a group G is malnormal if for all g € G-M we have
¢ Mg M = {1}.
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Remark. Note that a subgroup H < G is normal if and only if ¢"!Hg = H for all g € G.
For any subgroup H < G we have that h"'Hh = H for all h € H. So a subgroup H < G
being malnormal means it is as far from being normal as possible, in the sense that
¢ 'hg¢ Hforallge G-Hand all h € H.

Notation 1.0.5. Let G be a group and S a subset of G.

1. Z(G) := {g € G | g7 'xg = x Vx € G} is the center of G; it is a normal subgroup of
G.

2. {S))g = ﬂ N is the normal closure of S in G; it is the smallest normal subgroup
SEN<G
of G containing S.

Proof. We justify the above claims:

1. Since 17'x1 = x forall x € G then 1 € Z(G). Let g,h € Z(G). Then for all x € G
we have ¢g7lxg = x = h™lxh. So for any x € G, we have (g7 th)"lx(¢7'h) =
(h1¢)g 'xg(¢g'h) = h~'xh = x. Thus ¢~ 'h € Z(G) and hence Z(G) < G.

Now let g € Z(G) and h € G. Then for any x € G we have (h~'gh) x(h~!¢h) =
=1 (g7 (hxh™1)g) h = h=Y(hxh~')h = x, hence h~'gh € Z(G). Thus Z(G) < G.

2. Since ({S))¢ is an intersection of normal subgroups it must itself be a normal
subgroup. Moreover, ﬂ N

SEN<G
containing S with cardinality less than that of ({5))¢.

< min |N|, thus there is no subgroup H < G
SCN<IG

O]

Example 1.0.6 (Quotient Group). Given a group G and a normal subgroup N of G, we
can form the quotient group G /N whose elements are (left) cosets gN := {gn|n € N}
where the group operation is given by gN - hN = ghN.

1.1 Free Groups and Group Presentations

‘Free groups’ are a fundamental concept in the theory of infinite groups. As such, there
are many expository works on the subject, leading to several different (but equivalent)

definitions, depending on the author consulted.

R. Lyndon and P. Schupp, in their textbook ‘Combinatorial Group Theory’ [19], take
the approach of a ‘universal property” for functions with domain X a subset of the free
group F.
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Definition 1.1.1 (Lyndon and Schupp [19]). Let F be a group and X — F a subset of F.
We say that F is free with basis X if every function f : X — G from X to some group
G extends to a unique homomorphism ¢ : F — G. That is, the following diagram

commutes:

X

——- ™

AN
N

O«

where i : X — F is the inclusion map.

D. Cohen in ‘Combinatorial Group Theory: A Topological Approach’ [6] (or [5] for the
earlier edition) takes a similar view, but does not initially require that X be a subset
of F. However he later shows there must be a monomorphism from X to F, which
may be regarded as inclusion. Cohen also gives an explicit construction of a free group
based on the idea of ‘reduced words’, which can be combined by concatenation and
reduction.

Example 1.1.2 (Cohen [6]). Let X be a set and let
F(X) := {xile; . xf: | n e N, and Vj, Xj; € X,¢ej e {£1}, and Xijyy = Xij => €j11 = sj}

be the set of reduced words on X U X~!. Then F(X) is a group under the operation
“concatenate and reduce”.

. . . g & g .
Explicitly, given two elements x{'x{?...x{" and x;'x;> ... x?", we define
111 In 12 Im
€1 .2

en €1 € e . . .
X X2 x].]] x]-22 Sox; to be the element of F(X) obtained by recursively deleting

. € .. —E . . €k L€
pairs of the form xi:xik * (i.e. pairs xi:xikk: where x;,,, = x; and &1 # &) from the
En yfntl Entm i yf1yfe a1y

12 In 1 ]2 Jm

sl t)
word x:'x? ... x; X =
1o In lp41 Intm

The identity element is the empty word, denoted ‘1’, and the inverse of an element

‘—€2x_—€1

x51x82 . x isthe word x; & ... x
1o In In 1 51

Lemma 1.1.3 ( [6, Theorems 3 and 4, Proposition 6] ). Let X be any set. Then F(X) is free
with basis X. Moreover, if Y is another set, then F(X) =~ F(Y) if and only if the sets X and Y

have the same cardinality.

Given a set X, we call the cardinality of X the rank of the free group it generates. When
X = {x1,...,x¢} is a set of cardinality k, we may denote the free group F(X) by F.

Somewhat contrarily, A. Hatcher in “Algebraic Topology’ [17] simply defines a free
group as a free product (see Definition 1.5.1) of infinite cyclic groups, with F; being
the free product of k copies of Z.
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Notation 1.1.4 (Group Presentation). Let X be a set, F(X) be the free group with gen-
erating set X, and let R be a subset of F(X). We denote by ( X | R) the quotient group
G = F(X) a URYEx); We call { X | R) a presentation for G and we call elements x € X
generators of G and elements r € R relators for G.

We will usually omit set brackets when writing out presentations (i.e. we write

{(x,y,z | a,b,c) rather than {{x,y,z} | {a,b,c})). We sometimes prefer to use the nota-
tion of relations over that of relators, writing (X | a = b) to represent the presentation
(X | ab='y (where a and b are both words on X U X~ 1). If H is a group with presenta-
tion (Y1,...,Ym | s1,...,5), wemay write (H, xq,...,%, | r1,...,7%) as shorthand for the

presentation (x1,..., X5, Y1, .., Ym | 1,- -, Tk,51, .., 51).

Every group can be expressed as a quotient of a free group in this way (see, for example,
[6, Proposition 13]), though such a presentation is far from unique.

Definition 1.1.5. We say a group G is finitely generated if there exists a presentation
(X|R) for G such that the cardinality |X| of X is finite (that is, there exists a surjective
homomorphism from a finite rank free group to G). We say a group G is finitely presented
if there exists a presentation (X|R) for G such that the cardinalities | X| and |R| of X and
R are both finite.

1.2 Group Actions

Definition 1.2.1. Given a group G and a set X, a left action of G on X is a function
p: G x X — Xsatisfying p((1,x)) = x Vx € X and p((g,p((h, x)))) = p((gh, x)) Vg, h e G
and Vx € X. We call such a set X equipped with an action of G a G-set. We will write
actions multiplicatively, denoting g - x := p(g, x). The above conditions then become
l-x=xand g-(h-x) = gh-xVg,h e Gand Vx € X. Right actions of G on X are defined

analogously.

Remark. Note that for simplicity, in this introduction, all actions will be left actions.
However, many actions in Papers 1, 2, and 3 are right actions (though not necessarily
consistently across different papers), so care ought to be taken here. These differences
are summarised in Table 2, where G is a group, Aut(G) is its automorphism group (see
Section 1.3), T is a G-tree, and D(T) is a deformation space (e.g. Outer Space, as in
Section 5) containing T.

Oftentimes our set X will have some additional structure, such as that of a group, or a
tree, or a CW-complex. In these cases we will often care about actions that respect the
structure of X.

Definition 1.2.2. Let G be a group acting on a G-set X.

1. The action of G on X is free if for all g € G-{1} and x € X, we have g - x # x
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“ Paper 1 ‘ Paper 2 ‘ Paper 3
Conjugation: ab := bab™! a’ := b~ lab a’:=b~lab
(ab) e (ab) — gbc (ab)c — gbc
Action of G Left: ¢ - x Right: x - ¢ Right: x - ¢
onT: Stabr(g - x) Stabr(x - g) Stabr(x - g)
= g(Stabr(x))g™! | =g !(Stabr(x))g | =g !(Stabr(x))g
= (Stabr(x))* = (Stabr(x))* = (Stabr(x))?
Action of Right: (g)¢ Left: ¢(g) Right: ¢(g)
Aut(G)onG: |G 256 Y566 256 Y6656V q
oY ve oY
Action of Right: Te Left: T Left: T
Aut(G) on D(T):|| g-1px = ()¢ 1X | gorx:=¢ 1 (g) 17X | X-grg:=x-7(8)g
Staqu;(x) Stab(pT(x) Stab(pT(x)
= (Stabr(x))¢ = ¢(Stabr(x)) = (Stabr(x))g "

TABLE 2: Summary of Action Handedness in Thesis

2. The action of G on X is transitive if there exists some x € X such that forall y € X,
there exists g, € G such thaty = g, - x.

3. If X is a metric space with metric d, then the action of G on X is isometric if for any
geGandany x,ye X, d(g-x,8-v) =d(x,y).

4. If X is a CW-complex, then the action of G on X is cellular if for any g € G and any
cell r of X, g -0 is acell of X, and moreover, if - 0 = o as sets, then g pointwise
fixes 0.

If the action of G on X is [adjective], then we say that G acts [adjective-ly] on X. If G acts
isometrically, we may say that G ‘acts by isometries’.

Definition 1.2.3. Let G be a group acting on a set X. The G-stabiliser of a point x in
X, denoted Stabg(x) is the set {g € G|g-x = x}. This is a subgroup of G. When G is
assumed and there is no ambiguity, we may simply refer to the ‘stabiliser” of a point,

and denote it Stab(x). We will sometimes write G, for Stabg(x) when space is in short
supply.

Definition 1.2.4. Let G be a group actingonaset X,letge Gand x € X,andletY < X
be a subset of X.
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* We denote by G - x the set {/ - x| € G}, this is the orbit of x under G.
e We denote by g - Y the set {g - y|y € Y}, this is the image of Y under g.

e We denoteby G- Y theset{h-ylhe G,yeY}.

If X € G-Y,wecall Y a fundamental domain for the action of G on X. If in addition
we have that for any y1,y2 € Yand g € G, y» = §-y1 = y1 = Y2 we say that the
fundamental domain Y is strict.

In plainer language, a subset Y of X is a fundamental domain for the action of G on X
if every element of X has some orbit representative in Y, and a fundamental domain Y

of X is strict if such orbit representatives are always unique.

1.3 Group Automorphisms

Definition 1.3.1. Given two groups (G, e) and (H, %), a homomorphism from G to H
isamap ¢ : G — H such that for all x,y € G we have ¢(xey) = ¢(x)*@(y). A
homomorphism ¢ : G — H is called an:

e Isomorphism if ¢ is a bijection.
e Endomorphism if H = G.

* Automorphism if ¢ is a both an isomorphism and an endomorphism.

We denote the set of automorphisms of G by Aut(G). We say an automorphism ¢ of G
is inner if there exists some x € G such that for all g € G, ¢(g) = g%, where ¢g* denotes
conjugation of G by x. We will sometimes write Ad, or ¢, for the inner automorphism
g — &*. We denote by Inn(G) the subset of Aut(G) comprising all inner automorphisms
of G.

There are several key theorems regarding group isomorphisms, commonly referred to
as the ‘Isomorphism Theorems’. There is no consistent labelling of these in the liter-
ature (the Wikipedia page ‘Isomorphism Theorems’ [23] has a nice breakdown of the
variations). We adopt the numbering of Dummit and Foote’s “Abstract Algebra’ [12,
pp-97-98].

Theorem 1.3.2 (Isomorphism Theorems).

1. Let G and H be groups and ¢ : G — H a homomorphism.
Then ker(¢) < G, im(¢) < H, and im(¢) = G/ker((p)'



8 Introduction

2. Let G bea group, S < G a subgroup of G, and N < G a normal subgroup of G.
Then SN < G,N<SN,SnN<=S,and N /=5 /¢ .

3. Let G be a group, and N, K < G normal subgroups of G such that N < K < G.
G
Th ( /N ) ~G

Definition 1.3.3. We say a sequence of homomorphisms

Pn—1 Pn Pn+1 Pn+2
N G G Guy1 —2

is exact if for all i we have im(¢;) = ker(¢;,1). An exact sequence of the form

1—N—"“5G-T"5Q—>1

is called a short exact sequence. In this case, we see that ¢ is injective and 7 is surjective,
so by the First Isomorphism Theorem, Q = G N- We may thus often consider : to be

inclusion, and 7t to be the quotient map.

We say a short exact sequence splits if there exists some homomorphism ¢ : Q — G
such that 77 o ¢ is the identity map on Q. We will later (Definition 1.4.1 and Lemma
1.4.5) see that in this case we have G =~ N x Q.

Lemma 1.3.4. Let G be a group. Then:

1. Aut(G) is a group under composition.
2. Inn(G) is a normal subgroup of Aut(G) and is isomorphic to G Z(G)

3. There is an exact sequence:
1 — Z(G) —— G —— Aut(G) —— Out(G) —— 1
where Out(G) := Aut(G) / Inn(G) is the outer automorphism group of G.

Proof. Since composition of functions is always associative, it is easy to see that Aut(G)
is a group under composition; indeed since the inverse of a bijective homomorphism is
itself a bijective homomorphism then inverses exist, and the identity map Idg : x — x
on G is clearly an automorphism, which acts as the identity element for Aut(G).

We now consider the map f : G — Aut(G) given by f(g) := ¢o: G — G forall g € G,
where @q(x) = gxg~! forall x € G. Let x,g,h € G. Then (g0 ¢;)(x) = @g(hxh™) =
g(hxh =Yg ! = (gh)x(gh)™! = @gn(x). So for any g,h € G we have f(g)o f(h) =
f(gh). Thus f is a homomorphism, and by the First Isomorphism Theorem, we have
G /ker( f) = im(f) < Aut(G). Note that ¢, is the inner automorphism Ad,-1, hence
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im(f) is precisely the set describing Inn(G), and ¢, is the identity map exactly when
gxg~! = xforallx € G,i.e. when g € Z(G).

Now suppose ¢, € Inn(G) and ¢ € Aut(G). Then for x € G we have (P~ g,9)(x) =
1 =

P (g (9(x)) = o7 (g9(0)g™") = v Y (p))y (g7 = ()xyp(g)™
Py-1(g)(x) € Inn(G). Thus Inn(G) < Aut(G).

Letting g be the quotient map ¢ — ¥ Inn(G) and i be the inclusion Z(G) — G, we

acquire a sequence Z(G) SN L> Aut(G) SN Aut(G)/Inn(G) where

ker(i) = 1,im(i) = Z(G) = ker(f), im(f) = Inn(G) = ker(g), and
im(q) = Aut(G) / Inn(G) = Out(G). 0

We will usually write elements of Out(G) as upper-case Greek letters and their Aut(G)
representatives as their lower-case counterparts, although if we are given ¢ € Aut(G)
we may sometimes write [¢] for its class in Out(G).

Definition 1.3.5. We say a subgroup H of a group G is characteristic if for every auto-
morphism ¢ € Aut(G) we have ¢(H) < H.

Since this definition requires that ¢(H) < H for every ¢ € Aut(G), then it also holds
for every ¢! € Aut(G). In particular, if H is characteristic in G, then for every ¢ €
Aut(G) we have ¢(H) < H and also ¢~ '(H) < H. Then H = ¢ (¢ '(H)) < ¢(H),
hence ¢(H) = H. So this condition is equivalent to requiring that ¢(H) = H for every
¢ € Aut(G). However, for the purposes of easy verification, we use the definition with

the weakest requirements.

1.4 Semidirect Products

We now give some equivalent definitions of a ‘semidirect product’. The content be-
low can be found in introductory textbooks such as D. Robinson’s “An Introduction to
Abstract Algebra’ [20, pp.75-76].

Definition 1.4.1. Let G be a group, H < G a subgroup of G, and N < G a normal
subgroup of G. If for all g € G there exist unique n € N and h € H such that g = nh,
then we say that G is the (internal) semidirect product of N and H, denoted G = N x H.

Lemma 1.4.2. Let G be a group, H < G a subgroup of G, and N < G a normal subgroup of
G. Then G = N x H if and only if G is equal to the product G = NH, and N n H = {1}.

Definition 1.4.3. Let H and N be two groups and let ¢ : H — Aut(N), h — ¢, be a
group homomorphism. The (external) semidirect product of N and H with respect to ¢,
denoted N x, H, is the group whose underlying set is N x H with group operation

(11, h1) - (n2, ho) == (n1@y, (n2), hihy).
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Lemma 1.4.4. The concepts of external and internal semidirect products are equivalent in the
following way:

(i) If G = N xy H is an external semidirect product of two groups N and H, then G is
the internal semidirect product of the subgroups (N,1) = {(n,1)|n € N} = N and
(1, H) ={(1,h)|he H} ~ H.

(ii) If G = N x H is an internal semidirect product of two subgroups N and H, then G is
isomorphic to the external semidirect product G = N x4, H where ¢ : H — Aut(N) is
given by ¢(h) = @y, : n+— hnh=1,

As promised earlier (Definition 1.3.3), we have the following connection with short

exact sequences:

Lemma 1.4.5. Let G, H, and N be groups. Then G = N x H if and only if there exists a split

short exact sequence:

1 N—“~sG-—-5H 1
Y~ _—
P
That is, there exists a short exact sequence 1 N—“tsG-—=25H 1 anda

homomorphism ¥ : H — G such that oy = Idy is the identity map on H. In this case
G = N x4 H where ¢ : H — Aut(N) is given by ¢(h) = @y, : n.— 1= (p(h)u(n)p(h~1)).

The following special case of a semidirect product, where N = Z, provides a useful

construction for studying group automorphisms:

Example 1.4.6 (Mapping Torus). Let G be a group and ¢ € Aut(G). The mapping torus
of ¢ is the semidirect product My, := G x¢ Z, where Z = (t) and ® : Z — Aut(G) is
given by t* > @y := ¢F for all t* € (t). It is common to write G x4, Z to denote this

construction.

According to Definition 1.4.3, M, is the group with underlying set G x Z and group
operation (g1, #1) - (82,#2) := (§1Pp (82), #1#2) = (1911(g2), #1772).

Writing gt* for the element (g, ) € G x Z, it is easy to see from this that M, has the
presentation (G, t | tgt~' = ¢(g) Vg € G).

By Lemma 1.4.4 and Defintion 1.4.1, elements of M, have a standard form gt* where
g € G and k € Z are unique.

1.5 Free Products

Free products (or rather, their automorphisms) are the main focus of Papers 1 and 2,
and are the first case considered in Paper 3. They may be thought of as a generalisation
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of free groups, and as with free groups, there are several ways of defining them. The
following material is taken from A. Hatcher’s “Algebraic Topology’ [17, Section 1.2], D.
Cohen’s ‘Combinatorial Group Theory: A Topological Approach’ [6, Section 1.3], and
R. Lynodn and P. Schupp’s ‘Combinatorial Group Theory’ [19, Chapter IV].

Hatcher [17] defines free products via reduced words, and concatenation and reduc-

tion, analagous to the free groups in Example 1.1.2:

Definition 1.5.1 (Hatcher [17]). Let {G;}icr be a collection of groups. The free product of
the G;’s, denoted 3k G;, is the set of all words of the form g ... g, such that n € IN is
finite and for eac}{ejl € {1,...,n} there exists ij € I such that g; € Gi]. and i; # ij;1. The
group operation here is concatenation and reduction, and the identity element is the

empty word, denoted ‘1"

More explicitly, suppose g1 ... gs and hy ... hy, are two words in ;e G; (with respective
lengths n and m), where each g; € Gi]. and each h; € Gk]. (for some i}, kj € I). If iy, # ky
then g1...84 - h1...hy is simply the concatenation g1 ...guh1 ... hy (a word of length
n 4 m). On the other hand, if i, = k; then x := g,h; is an element of G;, = Gi,. If x # 1
thengi...gn-hi...hyistheword gy ...g,—1xhy ... hy (withlengthn +m —1). Ifx =1,
we repeat this process looking at the indices i,_; and k>, and continue until we have a
word in k;c; G;.

Cohen [6] takes the view of a universal property, generalising Definition 1.1.1 for free
groups. As before, Cohen does not initially require the G;’s to be subgroups of the
group G, but later proves them to be so (or at least, shows his homomorphisms G; — G

are monomorphisms).

Definition 1.5.2 (Cohen [6]). Let {G;}ic; be a collection of subgroups of a group G.
We say G is a free product of the groups G; if for any group H and homomorphisms
@i 1 G — H, there exists a unique homomorphism ¢ : G — H such that the restriction

¢|c, of ¢ to G; is equal to ¢;. That is, the following diagram commutes for all i € I:

where 1; : G; — G is the inclusion map.

Proposition 1.5.3 ( [6, Proposition 23]). Let {G;}c; be a collection of subgroups of a group
G. The following are equivalent:

(i) G is the free product of the subgroups G;.

(ii) Every non-identity element of G can be uniquely expressed as a product g1 ...g, with

n=0,gj€ Gi],, g #1, and ij # ij41.
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(iii) G is generated by the subgroups G;, and 1 € G cannot be written as a product g1 ...gn
withn >0, g € G,-]., gj# 1, andij #1ij,1.

Remark. Given a free product G = Gy * - - - * G, and group elements g - - - * g, € G, we
can form the free product H = Gfl %% GS". Tohave H =~ G here, it is enough that the
subgroups G$',...,Gy" of G generate the group G itself. 2

A corollary of this Proposition is that Cohen’s definition of a free product agrees with
that of Hatcher.

Our final definition is that of Lyndon and Schupp [19], who define a free product of
two groups via their group presentations. They do not define a free product of more
than two groups, but the Lemma which follows shows how this may be extended in-
ductively.

Definition 1.5.4 (Lyndon and Schupp [19]). Let A and B be groups with presentations
A =<ay,...Ir,...»)and B = {by,...|s1,...) respectively. The free product of A and B,
denoted A « B, is the group A+ B :={ay,...,b1,...|r1,...,51,...).

Lemma 1.5.5 ( [6, p.25]). Let G1, Go, and Gz be groups. We then have:
¢ GGy =Gpx(Gy

® G1#(GpxG3) = (G %Gy) *Gs

The following is a well-known theorem detailing how a group may be expressed more

or less uniquely as a certain free product:

Theorem 1.5.6 (Grushko Decomposition Theorem). Let G be a non-trivial finitely gen-
erated group. Then there exist non-trivial, freely indecomposable, not infinite cyclic groups
Gi,...,Gy and a free group Fy of rank k such that G = Gp # --- * G, * Fr. Moreover, if
G = Hi - -- = Hy, = F; for some non-trivial, freely indecomposable, not infinite cyclic groups
Hy,...,Hy and a free group F; of rank I, then | = k, n = m, and there exists a permutation
0 € Sy such that for each i, there exists g; € G such that Hy(;y = G{'. We call such a product a
Grushko decomposition for G.

2 Bass—Serre Theory

Bass—Serre Theory provides a framework for understanding the actions of groups on
trees, via a correspondence with graphs of groups. It underpins all of the work in
Papers 1,2, and 3. We give an overview of the theory in this section, in a manner which

is hopefully self-contained and notationally minimal. The material presented here is an

2This can be proved using normal forms of words, but is very long and tedious to do, so we omit the
proof here in the interest of not making this thesis any longer than it already is.
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amalgam of that found in Serre’s book “Trees’ [21, Chapter I, Section 5] and Bass” article
‘Covering theory for graphs of groups’ [3].

Definition 2.0.1. A graph I is a set V(I') (the vertex set of I'), a set E(I') (the edge set of
I, amap E(I') — V(I') x V(I') which assigns e — (o(e), t(¢)), and a map E(I') — E(T)
which sends e — ¢, such that for all e € E(T') we have ¢ = e and o(e) = f(e).

e For an edge e € E(I') we call o(e) the origin of e and t(e) the terminus of e.

e An orientation of T is a subset E* of E(I') such that E(T') is the disjoint union
E(T) = E* WE™.

e For a vertex v € V(I'), we define the valency of v to be the cardinality of the set
{eeE()|o(e) =v}.

We will sometimes refer to this construction as a “graph in the sense of Serre”, partic-
ularly when we are also considering similar concepts such as simplicial complexes or
metric spaces with the structure of a graph. For this section however, since there is no
ambiguity, we will simply call it a “graph’.

Definition 2.0.2. Let I' be a graph. A path (of length n) (from vy to v,) is either a single
vertex vy (in which case n = 0) or a sequence of edges e; ...e, such that v; := t(e;) =
o(ejr1) foralll <i<n—1(and vy := o(e1), v, := t(ey)). Such a path is:

e closed if v,, = vg.
e reducedife; 1 #ejforalll <i<n-—1.

Definition 2.0.3. Let I be a graph with vertex set V(I').

e T is locally finite if for every vertex v € V(I') we have that the valency v(v) of v is
finite.

e TI'is connected if given any v, w € V(I') there exists a path in I" from v to w.
¢ I'is a forest if every closed, reduced path in I" has length 0.
¢ I'is a treeif it is a connected forest.

Remark. Paper 2 takes the approach that graphs are simplicial complexes and oriented
graphs are ordered simplicial complexes (see Section 4.1). This notion is implicit in
Paper 1 as well. This can be made equivalent to the approach of Bass and Serre (see
Example 4.1.4), who seem to really be considering digraphs, rather than graphs in the
traditional sense (they don’t allow ‘backwards traversal” of an edge, requiring an in-

verse edge to make such a journey).
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2.1 Graphs of Groups

Definition 2.1.1. A graph of groups G = (G, T') consists of a connected non-empty graph
[, a group G, for each v € V(I'), and a group G, and monomorphism ¢, : G — G,(,) for
each e € E(T), such that G, = G,.

In Papers 1 and 2, all graphs of groups will be trees of groups (i.e. the underlying graph
I is a tree), with trivial edge groups (i.e. G, = {1} for all e € E(T)).

Definition 2.1.2. The path group P(G) of a graph of groups G = (G,T) is the group
generated by the groups G, for v € V(I') and symbols g. for e € E(I'), subject to relations
of the form §; = ¢; ! and $,1:(h)¢; ! = 1.(h) fore e E(T) and & € G,.

A path in P(G) (from vy to v,,) is either an element xg € Gy, for some vy € V(I'), or an
element of the form xo¢., x14e, - - - $¢,Xn Where ejes...e, is a path in G = (G,I') with
vo = o(e1), v; = t(e;) = o(ej11) foralll < i < n—1,and v, = t(e,), such that for each
0 <i<nwehavex; e Gy,

Definition 2.1.3. Let G = (G,T') be a graph of groups, let vp € V(I'), and let T be a
maximal tree of I' (thatis, T < I' is a tree with V(T) = V(I')). We define:

e 11(G,v0) := { paths in P(G) from vy to vy }
* M@ =" g e BT o

Lemma 2.1.4. 711(G, vo) is a subgroup of P(G) isomorphic to 1t1(G, T). We refer to either as
the fundamental group of G.

In the case G = (G,T') where I' is a tree and G, = {1} for all e € E(T'), we have that
P(G) ={{Go|ve V(D)) u{gelec E()} [ge =g ' Vec E(T))

and the fundamental group of G is m;(G,I') = * G,, the free product of the vertex
eV (T)
groups. ’

2.2 Universal Cover of a Graph of Groups

Let G = (G,T) be a graph of groups, T a maximal tree of I', and E* < E(T') an orienta-
tion of I'. We will build a graph (G, T) with an associated action of 711(G, T). We begin
by defining sets V and £ as follows:

Vi=| |{sGulg € m(G, T))
veV(T)
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= | |{gte(Ge)lg € m(G, T)}

eeE+
That is, V is the disjoint union of the 711 (G, T)-cosets of the vertex groups G, of G, and
ET is the disjoint union of the 711 (G, T)-cosets of the images of the edge groups G, for
edges e € ET in G. In particular, G, and ¢.(G,) are all subgroups of 711(G, T), so these
cosets are well-defined.

Recall that g, is the generator of the path group P(G) associated to the edge e. If I is a
tree, then §, = 1 foralle e E(T).

Definition 2.2.1. We construct a graph X = ﬁ with vertex set V(X) := V and
edge set E(X) := £T 1 EF, where 0(g1e(Ge)) := §Go(e) = t(gte(Ge)) and t(gte(Ge)) :=
88:Gy(e) = of gte(Ge)). We call X the universal cover of G (with respect to T).

Observation 2.2.2. The group m1(G, T) acts naturally on V(X) by h - gG, := hgG, for
¢G, e V(X) and h € my(G, T), and on E(X) by h - gte(Ge) := hgte(G,) and & - 1,(G,) :=
hgte(Ge) for g1.(G,) € £ and h € (G, T). This constitutes a well-defined action on X.

Under this action, we have that Stab, ¢1)(§Go) = §Gog™' < m1(G, T) for gG, € V(X
and Stab, g 1)(8te(Ge)) = Staby, g 1)(gLe(Ge)) = gte(Ge)g™' < m(G,T) for gie(G,) €
ET.

Remark. Note that for any e € E*, 1,(G.) S G,y and 12(Gz) = 12(Ge) = 5 '1e(Ge)ge =
Gi(e), as subgroups of 711(G, T). We then have that g1.(G,)g ™ < §G,()8 * and gte(G.)g ™

=g (gezg( 0)8:1) 87! < 88.Gi(e)(g8:"). That is, Stab, g,1)(gL(G.)) is a subset of both
Stab, (g,1)(0(8te(Ge))) and Stab, g y(£(gL(Ge))), as one would expect.

1

2.3 Quotient Graphs of Groups

Let X be a graph, and G be a group acting by isometries on X without inversion of the
edges. We will build a graph of groups which encapsulates the action of X on G.

Definition 2.3.1. Given a graph X and an action (without inversion) of a group G on
X, the quotient graph G\X is the graph with one vertex for every G-orbit of vertices
in X, and one edge for every G-orbit of edges in X. If e is an edge in X, then the
corresponding edge [e] in G\X satisfies [e] = [¢], o([e]) = t([e]) = [o(e)], and t([e]) =
o([e]) = [t(e)] (where [0v] is the vertex in G\ X corresponding to the orbit of a vertex v in
X).

Given such a quotient graph I' := G\X and an orientation E* < E(T) of I', we choose
a maximal tree T of T, and a lift T of T in X. Note that T is a subtree of X (Serre [21,
Chapter I, Proposition 14]).

For each e € ET-E(T), we choose a lift é of e in X such that 0(¢) € V(T), and we set
¢ := é. We also choose an element g, € G satisfying (é) = g.t(e), and set g; := ¢, . For
ee E(T), weset g, :=1.
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Definition 2.3.2. Let G be a group acting on a graph X without inversion of the edges,
and let T = X\G be the quotient graph, with maximal tree T, lifts T and é for each
e € E(I')-E(T), and elements g, € G for each e € E(T'), as described above. The quotient
graph of groups for the action of G on X is the graph of groups with underlying graph T,
vertex groups G, := Stabg(9) for v € V(I'), and for each e € ET, edge groups G, = G; =
Stabg(¢) and monomorphisms ¢ : G, — Gy () and iz : G, — Gy(e) given by 1(h) = h and
1z(h) = g thg, for all h € G,.

Remark. Note that for e € E* we have G,(,) = Stabg <(@> = Stabg (0(é)) 2 Stabg (é) =

Ge and Gy,) = Stabg (t(e)) — ¢, 'Stabg (£(8)) ge 2 ;' Stabg () ge = &5 'Gege- Thus
te and (; as described above are indeed monomorphisms G, — G,y and G, — Gy,

respectively.

Note that we have G, = {1} Ve € E(I') if and only G acts freely on the set of edges of X.

In this case, the monomorphisms ¢, and iz are both trivial.

If the quotient graph I' is a tree, then the maximal tree T is the whole of I', and we have
ge = 1 for every edge e of I'.

2.4 Structure Theorem

The “Structure Theorem’ [21, Chapter I, Theorem 13], also known as the ‘Fundamental
Theorem of Bass—Serre Theory” shows that taking universal covers of graphs of groups
and taking quotient graphs of groups for groups acting on trees are inverse operations.
We summarise this result with the following two Theorems:

Theorem 2.4.1. Let X be a (non-empty) tree, and G be a group acting on X without inversion
of the edges. Choose a maximal tree T of the quotient graph G\X, and let G be the associated
quotient graph of groups. Then m1(G,T) = G are isomorphic as groups, and the universal
cover (/&,\/T) of G with respect to T is isomorphic to X (as graphs).

Observation 2.4.2. Explicit isomorphisms here are given by ¢ : 71(G,T) — G, G, — G,
Se— geand ¢ : (G, T) — X, §Gy, — ¢(9)9, gte(Ge) — ¢(g)é, using the notation of the
previous subsections.

Theorem 2.4.3. Let G = (G,T) be a graph of groups, let T be a maximal tree of I', and let
111(G, T) be the fundamental group of G with respect to T. Then the universal cover X = (Q,/_\T/)
is a tree, there is a graph isomorphism p : I — 711(G, T)\X (the quotient graph), and if H is
the quotient graph of groups for the action of 71(G,T) on X, then the fundamental groups
m(H,p(T)) = m1(G, T) are isomorphic.

Observation 2.4.4. The quotient graph 711(G, T)\X has one vertex for every orbit of ver-

tices in (G, T), which has one orbit of vertices for every vertex in I'. Thus 711(G, T)\X

has one vertex for every vertex of I'. Similarly, it has one edge for every edge of I'.



3. Free Product Automorphisms 17

By making the ‘obvious’ choice of lifts (i.e. if v is a vertex of I' with associated orbit
{gGo|g € m1(G, T)} in X, take the vertex 1G,, and similarly with edges), we recover that
(after renaming) H is the graph of groups with underlying graph I', vertex groups G,
and edge groups £ (G,). Since L, is a monomorphism then G, = 1(G,) for each e, and

the isomorphism of fundamental groups becomes clear.

3 Free Product Automorphisms

Let G be a group which splits as a free product G - - - * G,;, where each G; is non-trivial,
not infinite cyclic, freely indecomposable, and G; # G; for i # j. We refer to each G; as
a factor group. According to the Grushko Decomposition Theorem (Theorem 1.5.6), any
automorphism of G must send each factor group to a conjugate of itself. If factor groups
are permitted to be pairwise isomorphic, automorphisms must send factor groups to

conjugates of factor groups.

When Gj # - - - * G, is not a Grushko decomposition for G (i.e. factors may be infinite
cyclic or freely decomposable), or when factor groups may be pairwise isomorphic, this
need not hold. However, we can still study the automorphisms which do satisfy this,
motivating the following definition:

Definition 3.0.1. We say ¢ € Aut(G) is a pure symmetric automorphism of the splitting
Gy # - - - * Gy if for each i there is some g; € G such that (G;) = G§' = ¢;'G;g;.

If one wished to allow permutation of the factor groups, one would be studying the

‘symmetric” automorphisms instead.

When Gy * - - - % G, is a Grushko decomposition for a group G, we may categorise auto-

morphisms according to their behaviour respecting the factor groups.

Definition 3.0.2. Let ¢ € Aut(Gj * - - - * G,) where Gy * - - - * G, is a Grushko decompo-

sition.
e We call ¢ a factor automorphism if for each i € {1,...,n} we have ¢(G;) = G;.

* We call ¢ a permutation automorphism if there exists (non-trivial) o € S, such that
foreachie {1,...,n} wehave ¥(G;) = Gy ;).

o We call ¢ a Whitehead automorphism if there exists i € {1,...,n} and x € G; such
that for some (non-empty) subset A < {Gy,...,G,}-{G;} we have that for any
xlgx if GieA
g if Gi¢ A
factor and elements of the set A dependent factors.

je{l,...,n}and g € Gj, ¥(g) = . We call G; the operating
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* We call ¢ a multiple Whitehead automorphism if ¢ can be written as a product of
Whitehead automorphisms with the same operating factor and pairwise disjoint
sets of dependent factors.

We say an outer automorphism ¥ € Out(Gy * - - - * G, is an [adjective] outer automorphism

if it has a representative ¢ € ¥ which is an [adjective] automorphism.

In Papers 1 and 2 we generalise these notions to categorise types of pure symmetric
(outer) automorphism (although since we study pure symmetric automorphisms rather

than just symmetric automorphisms, we have no permutation automorphisms).

4 Cell Complexes

We will not formally define a CW complex here, as the definition is cumbersome, and
all of the complexes used in Papers 1 and 2 will be simplicial. We refer unfamiliar
readers to [17, Appendix] for a full overview of the subject.

4.1 Simplicial Complexes

The material here can be found in textbooks such as A. Hatcher’s “Algebraic Topology’
[17, Section 2.1] and ]. Stillwell’s “Classical Topology and Combinatorial Group Theory”
[22].

Definition 4.1.1. A k-simplex o = [vp,..., v is the convex hull of its k + 1 vertices
Vo, - .., V. The standard k-simplex is the set {(xo, ..., xx) € R xg+ -+ =1, x; >
0Vi =0,...,k}. We may think of k-simplices as ‘copies’ of the standard k-simplex.
Given two simplices 0 = [vy, ..., v] and p = [uo, ..., uy,], we say that u is a face of o if
{uog, ..., um} < {vo,...,vc}. Note that taking the convex hull of any non-empty subset
of {vy, ..., v} determines a face of o.

R R2 R3
1 sl 1 1 ,
o0 g
B S
0 1 0 1

FIGURE 1: Standard k-simplices o for k € {0,1,2}

We will conflate the ideas of a geometric simplicial complex and an abstract simplicial
complex, since these concepts are in one-to-one correspondence. Thus when we say
‘simplicial complex’, we mean the following:
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Definition 4.1.2. A space K is a simplicial complex if K is a union of simplices satisfying:

(i) If ois a simplex in K and y is a face of ¢, then y is also a simplex in K

(ii) If oy and o7 are two simplices in K with 07 n 02 # F, then 01 N 07 is a face of both
oq and 0».

We will call 0-simplices ‘vertices” and 1-simplices ‘edges’ of K.

Note that Condition (ii) implies that each simplex of K is uniquely determined by its
vertices (i.e. its O-simplex faces). We may thus denote a simplex in K by [vy, ..., vk]
where [vp], ..., [vg] are its O-simplex faces. Note that under this notation, if T € Sy is
a permutation of the set {0, ..., k}, then [UT(O),. .., vT(k)] = [vo, ..., V-

Definition 4.1.3. A simplicial graph X is a simplicial complex comprising only 0-cells
and 1-cells. We refer to the 0-cells of X as ‘vertices’, and the 1-cells as ‘edges’.

We call X a simplicial tree if X is a path connected simplicial graph such that for any cell
o, the space X-c is not path connected (see Definition 4.2.1).

Example 4.1.4. Let I be a graph in the sense of Serre, with vertex set V(I') and edge set
E(T'). We can form a cellular graph |T'| (a 1-dimensional CW complex) whose 0-cells are
the vertices of I', and with one 1-cell for every pair {e, &} of edges of I'. Two cells are
attached in |I'| if and only if they form a pair (v, {e,é}) such that v € V(I'), e,e € E(I),
and v € {o(e),0(e)}. If I is a tree (in the sense of Serre), then |I'| is a simplicial tree.

Conversely, given a simplicial graph |A| with V its set of 0-cells and E its set of 1-cells,
one can form a graph in the sense of Serre, A, with vertex set V and edge set E L E by
choosing an orientation of the 1-cells of |A|, i.e. given a 1-cell ¢ € E with endpoints u
and v, assigning {o(c), t(0)} := {u, v}, and setting o(7) := t(¢) and ¢(7) := o(c). If |A| is
a simplicial tree, then A is a tree (in the sense of Serre).

Definition 4.1.5. We say a simplicial complex K is flag if for any collection {[vy], . .., [vk]}
of vertices in K, if [vy, ..., vf] is not a simplex in K then there are some distinct v;, vj €
{vo, ..., v} such that [v;,v;] is not an edge in K.

The following construction was introduced by Alexandroff in ‘Uber den allgemeinen
Dimensionsbegriff und seine Beziehungen zur elementaren geometrischen Anschau-
ung’ [1] in order to better understand the properties of covers of topological spaces.
We will use a similar construction in Paper 1 to show that a particular complex is sim-

ply connected.

Example 4.1.6 (Nerve Complex). Let X be a set, I be some indexing set, and for each
i€, let U; < X beasubset of X. Denote F := {U;|i € I}. The nerve complex N(F) asso-

ciated to F is an abstract simplicial complex whose geometric realisation is determined
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by the following: [U;, ..., U; ] is a k-simplex in N(F) if and only if i, ..., i € I with
k

ﬂ Ui # &.

j=0

We may then denote simplices of N(F) by [U;|j € ], where | is some finite (non-empty)
subset of I satisfying ﬂ U; # &, and call [Uj]j € ] the simplex determined by J.

jel
In particular, the vertices of N(F) are in one-to-one correspondence with the sets U; in
F.

Note that if J; < [ is a finite set satisfying ﬂ U; # & and J; < J;, then we must have
j€h
ﬂ Uj c ﬂ Uj, hence ﬂ Uj # . Thus if [ < I is a finite non-empty set determining

jeh J€l2 J€]2
a simplex [U;|j € J1] of N(F) and ], is any non-empty subset of 1, then ], determines a

face [U;j € 2] of [U;|j € J1] and is also a simplex in N(F).

Moreover, if [Uj|j € J1] and [Ujl] € ]2] are two simplices in N(F), then J; n J> is a subset
of both [; and J», and by the above, ﬂ U # &.

jehnja
Thus [U]‘] € ]1] N [U]‘] € ]2] = [U]’] € ]1 N ]2] is a face of both [U]’] € ]1] and [U]]] € ]1]

Hence N(F) is indeed a simplicial complex.

However, the complex N(F) need not be flag. Indeed, let U; := {1,2}, U, := {2,3} and
Uz := {1,3}, and set F = {U, Uy, Uz}. Then the simplices of N(F) are precisely [U;],
[Uz], [U3], [U;, Uz], [U2, U3], and [U;, U3]. In particular, the vertices [U; ], [Uz], [U3] form
a 3-clique in N(F), but there is no 2-simplex [U;, Uy, Us], since Uy n Uy N Uz = .

Definition 4.1.7. Let X be a set. A relation < on X is called a strict partial order if:

(i) Thereisno x € X with x < x (i.e. < is irreflexive)

(ii) Forall x,y,z € X, if x < yand y < z then x < z (i.e. < is transitive)
A set X equipped with a strict partial order < will be called a poset, sometimes denoted
(X, <).

Definition 4.1.8. Given a set X, a strict partial order < on X is called a total order if for
any distinct x and y in X we have that either x < y or y < x. Given a poset (X, <), a
subset Y of X is called a chain if the restriction of < to Y forms a total order.

Example 4.1.9 (Poset Complex). Let X be a set equipped with a strict partial order <
(i.e. let (X, <) be a poset).

The poset complex (or order complex) P(X) associated to (X, <) is the simplicial complex
whose simplices are given by chains in X: that is, [xo, ..., x¢] is a k-simplex in P(X) if
and only if xg, ..., x, € X with T(xp) < --- < T(x¢) for some T € Sy, 1.
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Equivalently, one may think of P(X) as being the simplicial complex determined by the
following properties:

1. There is a vertex (0-simplex) [x] in P(X) if and only if x € X.

2. There is an edge (1-simplex) [x,y] in P(X) if and only if x,y € X with x < y or
y < Xx.

3. There is a k-simplex (for k > 2) [xo,..., x| in P(X) if and only if [xo], ..., [x]
are vertices in P(X) forming a (k + 1)-clique in the 1-skeleton of P(X) (that is,

spanning a complete graph).

Condition 3 here implies that the complex P(X) is flag.

Definition 4.1.10. Let K be a simplicial complex and < a strict partial order on the
vertices of K. We say that K is an ordered (or sometimes oriented) simplicial complex if
for every simplex ¢ of K, < restricts to a total order on the vertices of ¢ (that is, the

vertices of ¢ are a chain in (P(X), <)).

Example 4.1.11. Let (X, «) be a poset, and P(X) be the associated poset complex. Then
P(X) is an ordered simplicial complex with respect to the relation [x] < [y] in P(X)©®
if and only if x « y in X.

Indeed, if [x] < [x] in P(X) then x « x in X. But « is irreflexive, so we cannot have that
[x] < [x] for any [x] € P(X)©. And if [x] < [y] and [y] < [z] in P(X) then x « y and
y « zin X, hence x « zin X. So [x] < [y] in P(X). Thus < defines a partial order on
P(X).

Moreover, if [xo, ..., x¢] is a simplex in P(X) then by definition, {xo, ..., x4} is a chainin
(X, «), and hence {[xo], ..., [xk]} is a chain in (P(X), <). So < restricts to a total order
on the vertices of any simplex in P(X).

4.2 Connectivity Properties

The content here is taken from Chapter 0 and Chapter 1 Section 1.1 of Hatcher’s ‘Al-
gebraic Topology’ [17] (unless otherwise specified). Throughout this subsection, let
I :=[0,1] be the unit interval in RR.

Definition 4.2.1. Let X be a space and x,y € X. A path from x to y is a continuous map
v : I — X such that y(0) = x and (1) = y. If x = y we say that v is a loop based at x.
We will often conflate the map with its image, also calling v(I) < X a path.

Given two paths 7,6 : I — X with (1) = 6(0) we define the product y-J : I — X to be
7(2s) i

the path (7-0)(8) =1 5051y 5
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Definition 4.2.2. A non-empty space X is path connected if for any points x and y in X,
there exists a path in X from x to y.

Definition 4.2.3. A homotopy of paths in a space X is a family of paths ¢ : [ — X,
0 < t < 1 such that there exist xg,x; € X with 7:(0) = xp and +(1) = x; for all
0 < t <1, and the associated map F : [ x I — X, (s,t) — ¢(s) is continuous. We say
that o and y; are homotopic, denoted o ~ ;.

Let X be a space and xp € X. Then ~ is an equivalence relation on the set of paths in
X ( [17, Proposition 1.2]). We denote by 711(X, x¢) the set of all equivalence classes of
loops in X based at xo. This forms a group under the operation [y][d] = [v -] [17,
Proposition 1.3]. If xp,x; € X and there exists some path in X from xy to x1, then
(X, x0) = m1(X, x1) [17, Proposition 1.5].

Definition 4.2.4. Let X be a path connected space and let xy € X. We write 71;(X) for
the (isomorphism class of the) group 711(X, x¢), and call this the fundamental group of X.

Definition 4.2.5. A path connected space X is simply connected if 711(X) = {1} is trivial.

Lemma 4.2.6 ( [17, Proposition 1.6]). A non-empty path connected space X is simply con-
nected if and only if given any two points x and y in X, there exists a unique homotopy class of
paths from x to y.

Definition 4.2.7. Let X and Y be spaces. A family of maps f; : X — Y where t € [ is
called a homotopy if the associated map F : X x I — Y, (x,t) — fi(x) is continuous. If
(ft) is a homotopy, we say that fy is homotopic to f1, and write fy ~ f.

Definition 4.2.8. A non-empty space X is contractible if the identity map on X is homo-

topic to a constant map (i.e. it is nullhomotopic).

Definition 4.2.9 ( [17, Section 4.1]). Let k € IN and let X be a non-empty space. We
say that X is k-connected if for all integers 0 < d < k, any continuous map f : $¢ — X
extends to a continuous map f : D?*! — X (equivalently, f is homotopic to a constant
map on X).

Note that if X is k-connected for some k € IN, then it is necessarily d-connected for every
0<d<k

We have that a non-empty space X is 0-connected if and only if X is path connected,
and 1-connected if and only if X is simply connected. If X is contractible, then it is

k-connected for every k > 0, though the converse need not be true.

4.3 Brown’s Theorem

In his 1984 paper ‘Presentations for groups acting on simply-connected complexes’ [4],

Brown presents a method of finding generators and relations of a group G acting on a
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CW-complex X. It is this method which Armstrong, Forrest, and Vogtmann exploit in
[2] to give a presentation for Aut(F,), and which we use in Paper 1 to give presentations
for automorphism groups of free products.

In short, this method involves constructing a group G which is the fundamental group
of a quotient of the 1-skeleton of our space X, and then adding relations which can be

read off from the 2-skeleton. To do this formally, we must first introduce some notation.

Setup and Notation

Let G be a group, and X a simply connected non-empty CW-complex on which G acts
by permuting the cells. We assume that the action of G does not invert any of the 1-cells
of X (if it does, we may simply subdivide the affected edges, producing two new edges
neither of which is inverted under the G-action).

We now make a series of choices:

* We choose an orientation of the 1-cells of X equivariantly with respect to the G-
action; we call an oriented 1-cell an edge, denoting it by a letter e, with its inverse
(i.e. the same 1-cell with opposite orientation) denoted e. Given two edges e; and
e, we write e; ~ e if there exists g € G withe; = ¢-e1, and e; # e if nosuch g
exists. Note then that, by assumption, e # & for any edge e.

¢ We will now choose a tree of representatives T for the action of G on X, with
vertex set V(T) =: V < X, Given two 0-cells/vertices v, and v, of X, we write
v ~ v if there exists g € G with v, = ¢ - v1, and v; # v; if no such g exists. When
making this choice of T, we require that u % v for all vertices u,v of T. That is,
V = V(T) is a set of orbit representatives of the vertices of X such that all vertices
of V belong to distinct orbits.

* Next we choose a set E of orbit representatives of the edges of X (such that all
edges of E belong to distinct orbits, i.e. ey # e, for all e1, e, € E). We require that
every edge of T is in E, and that if e € E then o(e) € V.

e Given e € E, there is a unique w, € V with t(e) ~ w,. For each e € E, choose g, € G
such that t(e) = g, - we.

¢ Choose a set F of orbit representatives of the 2-cells in X in such a way that for
each 7 € F, there is some edge d in the boundary of T with o(d) € V.

Note that for any edge d € X there is a unique edge e € E with eitherd ~ e ord ~ e. We

1 if d~
define ¢; := +1 ?f q e_ where e € E. Given a cell ¢ € X we will denote by G, the
-1 ifd~e

G-stabiliser Stabg (o).
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Lemma 4.3.1. Let d be an edge in X and suppose o(d) € V. Then there exists hy € G,(4) such
that t(d) = hygs" - v for some v € V, where e € E is such that d ~ e or d ~ @.

Proof. Letd and e be as in the statement of the Lemma, and let w, and g. be as described

above.

First suppose that d ~ e. Take h; € G such thatd = h; -e. Note that since o(d) € V

(by assumption) and o(e) € V (by design), then since o(d) = h,; - o(e) we must have

o(d) = o(e) and hence h; -o(d) = o(d) (that is, hy € G,(4)). Recall t(e) = g - we, S0

t(d) = hy - tle) = hgge - we = hyge' - w, with w, € V. We illustrate this process in Figure

2 (Case 1). Observe that in this case, d has the form .if_. where e € E,
o(e) hige - we

0(6),’(3()6 e V,and hd € Go(d) = Go(e)'

Now suppose that d ~ &. Take ¢ € G such thatd = ¢-¢, and set ¢’ := ¢, !-e. Then
t(e') = w, € V, and since o(d) € V with o(d) = g-t(e) = gg.-t(¢/) = gQe - we, then
we must have o(d) = w,. Setting hy = gg. we have hy € G,y and t(d) = g-o(e) =
hagot-o(e) = hyge" - o(e) where o(e) € V. We illustrate this process in Figure 2 (Case 2).

I’ldg_l -e
Observe that in this case, d has the form — . o wheree e E, o(e), w, € V,
We  hyg, - ole)

and hd € Go(d) = Gwe-

hg
ofe) d ¢ (we d
] @ L @
e e ﬂ /g/
o——00o(e)
We e
Casel:d~e Case2:d~¢

FIGURE 2: Finding Elements ; and g, for an edge d in X witho(d) e V

In each case we have found hy € G,g) with t(d) = hy ¢e - v for some v € V, as required.
O]

We now have that if 4 is an edge in X with o(d) € V, and e € E is such that either d ~ e
ord ~ ¢, then t(d) € hyg' - V.

Next we consider a 2-cell T € F. Suppose T has boundary x; ... x; where each x; is an
edge in X with o(x;) = t(x;_1), such that t(x;) = o(x1) € V. We will recursively define
edges d; and ¢; and group elements g; = hy, gif".

Set dq = x1 and let e; € E be the unique edge satisfying di ~ e or d; ~ ¢;. Take hy, and
ge, as in Lemma 4.3.1, and set g1 = hdlgifl. Note that f(x1) = f(d1) e g1- V.
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Now let 1 < i < k and suppose d; and g; are defined for all j < i, and that #(x; 1) €
81...8i-1-V. Setd; = gl.__11 .. .gl_l -x;, and let e; € E be the unique edge satisfying
d;i ~ e;j or d; ~ ¢&. Note that o(d;) = giill . .g;l co(xj) = gi:ll .. .g;l ~tH(xj_q1) € V.
Then Lemma 4.3.1 applies, and we can find corresponding group elements ;. and g,.

Setting g; = hd].ngf we have that t(d;) € g;- V and hence t(x;) € ¢1...8i-18i - V.

In particular, we note that t(x;) € g1...9x- V. But t(xx) = o(x1) € V, and vertex
representatives in V are unique. We must then have that o(x;) = #(xx) = g1... gk -0(x1),
thatis, g1... gk € Go(x,)-

Notation 4.3.2. Let T € F and suppose that T has edge boundary x; ... xy, where o(x;) =
t(xj_1) foreach 1 < i < k and t(xx) = o(x1) € V. For each i, let d; and e; be the edges
described above, and let iy, and g; = hy, gif" be the associated group elements given by

Lemma 4.3.1. We now denote

Qri=81---8k = hdlgifl ...hdkgiﬁ"

and
~ ~ A€
8t = hdlge?dl "'hdkgekdk
where for each e € E, ¢, is a formal symbol. Note that ¢; is an element of G, (,,) and ¢;

is an element of the free product < * GU> ¢ < * g}) .
veV ecE

The Theorem

We can now describe a presentation for G, using the above notation.

For v € V, let G, be the vertex stabiliser Stab(v) of v (a subgroup of G). For each e € E,
let . be a formal symbol, and let G, = Stabg(e) = Stabg(o(e)) N Stabg(t(e)). Given a
face T € F with boundary x; ... x; starting at vy := o(x1) = t(x;) € V, let g € Gy, and
8+ be the associated elements given in Notation 4.3.2.

Now the group G is generated by the set { U Gv} U {$.|e € E} subject to the relations:

veV
(i) §e =1lifeisanedgein T

(i) & Yie(g)$. = g, 'gQ. forany e € Eand g € G,, wherei, : G, — Go(e) is the inclusion

map.

(iii) $r = gc forallTte F

as well as all relations from the groups G, (for each v € V).

That is to say:
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Theorem 4.3.3 (Brown’s Theorem). Let G be a group acting on a simply connected non-
empty CW-complex X by permuting the cells, and without inversion of the 1-cells of X. Then

with the above notation, we have:

G= <(v§<v Gl (eZkE ge>) /(Y relations (i)—(iii) }))
Observation 4.3.4. If F = ¢ (that is, there are no 2-cells in X), then Relation (iii) is
vacuous. Note that a CW complex with no 2-cells must be a 1-complex (i.e. comprise
only O-cells and 1-cells), making it a simplicial graph. The requirement that X be simply
connected implies that in this case, X is a tree. Following the method in Example 4.1.4,
we can make this into a tree in the sense of Serre, and applying Brown’s Theorem, we

recover the Structure Theorem from Bass—Serre Theory.

We will demonstrate this Theorem by applying it to some groups which we do under-

stand, in order to see how it can help us in groups that we don’t understand so well.

Example 4.3.5 (Action of S3 on a Triangle). Consider the group
S3=1{(1),(12),(23),(13),(123),(132)}

(where (1) = 1 is the identity) and recall that S acts on the triangle X, with vertices vy,
02, v3 (illustrated in Figure 3) by 0 - v; := v,(; foro € Szand i € {1,2,3}. We will use our
understanding of this action to extract a presentation for S3 (supposing for now that
we did not already know one, or indeed, several).

The first obstacle we encounter is that the edges of Xy are inverted under the action
of S3 — for example, the element (1, 3) of S3 setwise preserves the edge v; —v3 of X,
but swaps its endpoints. To overcome this, we simply subdivide each edge of Xy to
produce a new complex, Xj, illustrated in Figure 3, where the new vertices u1, us, u3
are labelled so that the inherited action of Sz is ¢ - u; = u,(; foro € Szand i € {1,2,3}.

Whilst X; is connected, Brown’s Theorem requires that the complex is also simply con-
nected. To remedy this, we insert a 2-cell with boundary

V1 — Uz — Uy — U] — U3 —1Up — U]

to create the complex X illustrated in Figure 3.

02 02 02 U2
01 U3 (%1 uz 03 0 Uz 03 01 uz U3

FIGURE 3: Building a CW-Complex on which S3 Acts “Nicely”
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We may now proceed. The first step is to choose an orientation of the edges of X. Since
there is only one orbit of edges under the action of S3, the orientation of one edge deter-
mines the orientation of all the edges of X. Thus we have two possible orientations; we
choose the orientation X illustrated in Figure 3 (“arrows point towards ‘u” vertices”).

The next step is to choose representative sets T, V, E, and F, for the orbits of cells in
X. We begin by choosing a tree of representatives T with vertex set V such that the
vertices of V belong to distinct orbits, and every orbit of vertices has a representative
in V. We will let T be the tree with vertex set V := {v1, uy} and edge set {v; —uy =: a}.
Since there is only one orbit of edges in X, we are now forced to take our set E of edge
representatives to be E := {a}. Finally, there is only one 2-cell in X, which we will label
‘', and so we must take F := {t}. We illustrate these choices in Figure 4.

U2

us U1

a} Xt= T — vl e——e i
}

U1 a Up U3

FIGURE 4: Representatives for the Action of S3 on X

According to Brown’s Theorem, S3 is generated by the subgroups G, := Stabg,(v1) and
Gy, Stabg, (1) and an abstract element ¢,. It is easy to see that for {i, ], k} = {1,2,3} we
have Stabg, (v;) = Stabs,(u;) = {(1),(j k)} = C,. By Relation (i) of Brown’s Theorem,
since the edge a belongs to the tree T, we have §, = 1. Thus S; is generated by (2 3)
and (1 3), both of which are involutions (elements of order 2 in S3).

Since Sz acts freely on the edges of X (i.e. edge stabilisers are trivial), then Relation
(ii) of Brown’s Theorem is vacuous. Thus all that is left to do is consider Relation (iii)
for the 2-cell T. We proceed accordingly, labelling the boundary of 7 in X by the edge
path x1x7 ... x4 illustrated in Figure 5. Note that some of these labels are not positively
oriented according to the orientation X — this is necessary in this case to form a closed
loop, and simply means that for some x;s we have x; = d; where d;s are positively
oriented edges in X* (for example, xo = (1 3)a = (1 3)a).
02

X5 X4
us U1
X6 X3

U1 xqU2x, U3
FIGURE 5: The Boundary of the 2-Cell T in X
We now apply the inductive argument outlined in the Setup for Brown’s Theorem to

determine g and §-, the results of which are summarised in Table 3. The illustration

in Figure 6 may be a useful reference during this process.
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(%]

dl d4
I
de

FIGURE 6: Illustration to Assist in Calculations for g

We begin by noting that g, = (1) since #(g,) = u2 € V, so for each i we will have
Se; = (1) (since E = {a} meaning ¢; = a), and thus g; = hy, where hy, € G,(,,) is such
thatd; = hdl.-aordi = hd,- -a

Firstly, according to Brown, we set dq := x7. Noting thatd, = a, wehave g1 = hy, = (1).
Secondly we set dy := g7 -x2 = (1)-x2 = xp, which we see is equal to (1 3) -4,
hence g» = hy, = (1 3). We now set d3 := gz_lgl_l = (1 3)(1) - x3, which is the
edge v1—u3 = (2 3) -4, meaning g3 = hy, = (2 3). Then dy = g3'8,'¢7" x4 =
(23)(13)(1) - x4 which we see is just the edge d,, thus g4 = hy, = hg, = (1 3). Next
ds = 83838, 81 X5 = (13)(23)(13)(1) x5 = d3, 50 g5 = hg, = hg, = (23).
Finally we set d¢ := gglgilgglgz’lgl’l X6 =(23)(13)(23)(13)(1) - x4 = dp, and hence

g6 = hdé = hdz = (1 3)

Xi d; € | 8e; | ha, | €a | &i

X1 a a | (1) ] (1 +1| (1)

x| (13)-alal )] 13)|-1|@13)
x3 | (23)-alal| (1) (23)]+1|(23)
x| (13)-a|a| ()] 13)|-1]|@13)
x5 | (23)-aa| (1) (23)] +1|(23)
Xe | (13)-alal| (1) (13)]—-1|(13)

TABLE 3: Summary of Data for Brown’s Relation (iii) Applied to S3

We note that ¢ = 919293949586 - 42 = (1)(13)(23)(13)(23)(1 3) - up = uz # uy, thus
gr cannot be the identity in S3. Thus since g € Gy, = {(1),(2 3)} we must have that
8¢ = (2 3). Additionally, we have

A A6

v = g 8ot iy 8o, Qo Ny Gort Mas G B B
= (1)8(13)8:"(23)8(13)8:"(23)8a(13)8;"
= (D(1)A3)(1)(23)(1)(13)(1)(23)(1)(13)(1)

= (13)(23)(13)(23)(13).

Thus Brown’s Relation (iii) (which puts ¢ = g-) tells us that (1 3)(23)(13)(23)(13) =
(2 3), and from this we deduce that ((13)(2 3))3 = (1).
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We may now conclude that:

5= ( (13),23)| (137,237 (13)23)° )

This example was useful in demonstrating how vertex stabilisers are key to under-
standing Brown’s Theorem, not just as generators, but also as part of the face relations.
However, it is limited in that the fundamental domain was the whole space, and that
the (single) edge in the set E belonged to the maximal tree T. We now give an example
where this is not the case, in order to better understand the role of the generators §,

and the elements g, € G.

Example 4.3.6 (Action of Z? on the Plane). Consider the group Z* = { [a,b] |a,be Z }
(where the identity is [0,0] = 1 and the inverse of [a, b] is [—a, —b]) which acts on the
plane R* = { (x,y) | x,y € R } via [a,]b] - (x,y) := (x + 4,y + b).

Again, we will suppose that we do not know any presentation for the group Z2, but
that we do somewhat understand its action on the plane R?. We will apply Brown’s
Theorem to this action and extract a presentation for Z2. We will use square brackets
[-, -] to denote elements of the group Z? and round brackets (-, -) to denote points in
the plane IR?.

We endow R? with the CW structure where 0-cells are given by integer coordinates, 1-
cells are horizontal and vertical lines joining points (a,b)—(a +1,b) and (a,b)—(a, b+ 1)
respectively (with a,b € Z), and 2-cells have boundary (a,b)—(a + 1,b)—(a + 1,b +
1)—(a, b + 1)—(a,b). This makes R? into a simply connected (infinite) CW-complex
where the given Z? action is both free and transitive. In particular, no edges (1-cells)
are inverted under the action. Note that there are two orbits of edges, horizontal and
vertical, and one orbit of vertices. We may now make the following choices (which we

illustrate in Figure 7):
* We orient horizontal edges to “point right”, and vertical edges to “point up-
wards”.

* We set our tree of representatives (and set of vertex representatives) to be T =
V ={(0,0)}.

* Letting a be the horizontal edge (0,0) —(1, 0) and b be the vertical edge (0,0) —(0, 1),

we let our set of edge representatives be E = {a, b}.
e We take our set of 2-cell representatives to be F = {T} where 7 is the 2-cell whose

boundary is (0,0)—(0,1)—(1,1)—(1,0)—(0, 0).

As noted, the action of Z2 on R2 is free, so all vertex and edge stabilisers are trivial.
In particular, Gy = Stabz((0,0)) = {[0,0]} = {1}. Thus Z? is generated by two



30 Introduction

Y
Y
Y
+

Y
q

QY
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Y
Y
Y
~+

/N N /N

FIGURE 7: Representatives for the Action of Z? on IR?

01 X3 (11

<

X4\r f\xz

\

0,00 x, (1,0

FIGURE 8: The Boundary of the 2-Cell 7 in R2

abstract elements ¢, and §,, with a single relation g = ¢ coming from the 2-cell 7.
Since g € G(op = {[0,0]} we must have that gr = [0,0], the identity in Z?.

It now remains to calculate ¢-. We proceed by labelling the boundary of T by x1x2x3x4
as illustrated in Figure 8, and following the procedure outlined in the Setup of Brown’s
Theorem to determine the elements g., and h,, for each i. We summarise the results of
this process in Table 4.

Note that t(a) = (1,0) = [1,0] - (0,0) and #(b) = (0,1) = [0,1] - (0,0), hence g, = [1,0]
and g, = [0,1]. Additionally, since 14, € G,y = {[0,0]} we will have hy, = [0,0] for
each i. We will then have that g; = ng", with e; € {a, b}.

We may now begin, setting di := x; = a,thuse; =aandey =1,50¢1 = g, = gu =
[1,0]. Then setting d; := gl_l -x2 = [-1,0] - xo = b, we have that e, = b and g4, =

—_
~

hence ¢ = g, = g = [0,1]. Next we set d3 := g5 '¢7" -x3 = [0,—1][-1,0] - x3

[-1,0] -4, hence e3 = a, g4, = —1, and g3 = ge_B1 = g;l = [-1,0]. Finally we set
dy = g3'95 g7 - xa = [1,0][0,—1][~1,0] - x4 = [0,—1]-b, thus ey = band ¢4, = —1
(and so g4 = gal = g;l = [0, —1]).

X i e | e hg, | eq, Si
X1 a a | [1,0]|[0,0] | +1 | [1,0]
% b b | [0,1] ][00 | +1| [0,1]
vs | [-1,0]-a | a | [1,0] | [0,0] | =1 | [~1,0]
xa | [0,-1]-5 | b | [0,1] | [0,0] | =1 | [0,~1]

TABLE 4: Summary of Data for Brown’s Relation (iii) Applied to Z>

We conclude that ¢ = hy, Gor g, §er i, Ger* ha,or® = [0,0]84[0,0]8,[0,0]8;1[0,0]g; " =
5 4 5—-15-1
Sa8b8a &p -
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Therefore our single relation §; = g becomes $,$,$, " g;l = [0,0] = 1, and we con-
clude:
7= (| &' )

Or, more naturally, Z? = {(a,b | ab = ba).

In Paper 1, we apply this technique to a subcomplex of the spine of Guirardel and
Levitt’s ‘Outer Space for a Free Product’ (see Section 5) to obtain a presentation for the

outer automorphism group of a free product.

In the case of three non-isomorphic free factors, we will use this to recover Collins and
Gilbert’s (algebraic) result [7, Proposition 4.1]. As we generalise the problem, Outer
Space becomes too complicated to study efficiently. We then adapt the technique used
in [18] (to reduce Culler-Vogtmann space to a subcomplex of its 2-skeleton) to obtain a

somewhat simpler space, which preserves the information we require.

As it turns out, our complexes have ‘strict’” fundamental domains, allowing us to use
a streamlined version of Brown’s Theorem which ignores face relations. However, as
is demonstrated in [2], once we start studying automorphisms of splittings with free
rank (i.e. of the form Gy * - - - * G, * F, with k > 0), we lose this “strictness’. This adds a
layer of complexity to the calculations required in this case, > but we are optimistic that

it will still be manageable in future work.

5 Outer Space

In [15], Guirardel and Levitt give a deformation space for certain free products G =
Gi # - -+ % Gy * F on which Out(G) acts, allowing us to study properties of the outer
automorphism group of a free product. They call this space O, the ‘Outer Space’ (for a
free product). This is defined for groups G = Gy # - - - * G, * F with each G; non-trivial,
freely indecomposable, and not infinite cyclic (i.e. Grushko decompositions), where
n > 1and n +k > 2. We will be interested in subcomplexes of the ‘barycentric spine’

of O.

Remark. This construction applies more generally to free factors which are not freely
indecomposable. In this case it is not Out(G) which acts on the Outer Space, but the
subgroup of Out(G) which preserves (up to conjugation) the free-factor splitting of G.
Papers 1 and 2 consider this more general case, although with the restriction that k = 0

(the case k > 0 is ongoing work, very briefly introduced in Section 6).

3Current estimates are that there are 952 faces to consider for the fundamental domain of the complex
Cp k2 described in Section 6, but many of these are quickly ruled out as ‘duplicates’, and the rest are
handled according to 8 cases, resulting in only 5 non-trivial generators from edges, each of the form
$. = ¢ for some automorphism ¢ in some vertex stabiliser.
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5.1 Points in Outer Space

Let G = Gy * - - - % Gy, * F be a Grushko decomposition. A point in O is (up to equivari-
ant isometries) a G-tree T satisfying:

(i) There is no proper subtree of T which is invariant under the action of G (i.e. the

action of G on T is minimal);
(ii) G acts freely on the edge set of T (i.e. all edge stabilisers are trivial);

(iif) There is exactly one orbit of vertices with stabiliser conjugate to G; for each i
{1,...,n};

(iv) All other vertices have trivial stabiliser;

(v) If v is a valence-2 vertex of T then it is the fixed point of an element of G which

exchanges the two edges incident to v (i.e. T has no redundant vertices).

We assign a positive length to each edge of T in such a way that all edges in the same
orbit have the same length (possible since there are only finitely many edge orbits).

This defines a metric on the tree, called the path metric.

Alternatively, points may be viewed as marked metric graphs of groups I', via Bass-
Serre Theory. These will have fundamental group isomorphic to G, having one vertex
group conjugate to G; for each i, and all other vertex groups trivial (we will call such
vertices ‘trivial vertices” — note that some authors will refer to these as ‘free vertices’).
All edge groups of I' are trivial, and given any maximal tree Ty, of I', there will be
precisely k edges not in T,y (k being the rank of the free component of our group).
Instead of a group action, we equip our graph of groups with a marking (i.e. a map
to the fundamental group). We assign to each edge a positive length (corresponding
to the edge lengths above). Here, minimality means any leaves (vertices of valence 1)
cannot be trivial vertices, and lack of redundancy further implies that trivial vertices

must have valence at least 3.

Note that two graphs of groups represent the same point in O if and only if they are
isomorphic in the sense of Bass [3, Definition 2.1]. This is equivalent to requiring the

existence of an equivariant isometry between their universal covers.

The quotient of O by the natural action of (0, ) is the projectivised space, PO. This
equates to requiring that the sum of edge lengths in any given graph of groups is 1 (or
any other positive number, but 1 is convenient), or that given a set of representatives of

the edge orbits in a tree T the lengths of these edges sum to 1.
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5.2 Structure of Outer Space

Given an underlying simplicial structure of one of our graphs of groups I', we can
vary the assigned edge lengths. Assuming these always sum to 1, we can consider the
resulting collection as an open m-simplex , where m is the number of edges of I'. We
will call this the ‘(open) simplex in PO associated to I"". If a graph I"" can be obtained by
collapsing one or more edges of T, then the simplex associated to I can be viewed as a
face of the simplex associated to I' (equating to making the associated coordinate zero).
In this way, we can put a simplicial structure on PO. Note that this is (usually) not a
CW-complex, as it may be missing faces. To obtain a CW-complex, one can simply take
the barycentric subdivision of the structure, and linearly retract off the missing faces.
This is called the barycentric spine, denoted SO. We can put the Weak Topology on SO
(i.e. open cells in SO are precisely the cells whose intersection with each simplex of
S0 is an open subset of said simplex).

A given graph of groups with underlying graph I' will yield an (open) simplex in PO
(edge lengths may vary but must always sum to 1), an (open) cone in O (edge lengths
vary with no restriction), and a vertex in SO (edge lengths are all fixed). We illustrate
this (for a group G = Gy * G, * G3) in Figure 9.

A /T

Cone in O Simplex in PO Vertexin SO

FIGURE 9: Structures Associated with a Graph of Groups in O, PO, and SO

One may wish to consider alternative topologies on O or PO, such as the ‘axes topol-
ogy’, which (viewing points as G-trees) is induced by length functions associated to
the group actions. Guirardel and Levitt show that PO is contractible in both the Weak
Topology and in the Axes Topology.

Structure of the Barycentric Spine SO of O

Given two 0-cells I'1 and I'; in our barycentric spine, we have a 1-cell [I'1, I';] whenever
I'> can be achieved by collapsing an edge or edges of I';.
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Whenever a collection of O-cells I'y,...,I';, form an m-clique in the 1-skeleton (that is,
whenever the restriction of the 1-skeleton to the vertices I'y, ..., I, forms a complete
graph), we insert an (m — 1)-cell [I',...,T}].

Since the maximum number of edges such a graph of groups can have is 2n — 3 (when
all non-trivial vertices have valence 1 and all trivial vertices have valence 3), and the
minimum number is 7 — 1 (when there are no trivial vertices), then the dimension of the
barycentric spine of Outer Space is (2n — 3) — (n — 1) = n — 2. Since O is contractible,
and O deformation retracts onto SO, then so too is SO.

5.3 Action on Outer Space

The outer automorphism group Out(G) acts on O, PO and SO by changing the mark-
ing of the associated graphs of groups.

Explicitly, if we consider points of SO to be actions ¢ : G x T — T,{(g,t) = g-y t on
G-trees T, then for 6 € Out(G), the action on SO, 6 - (T, ), is defined by 6(¢(g,t)) =

0(g-ypt) =0(g) yt.

We are interested in finding stabilisers of vertices in the barycentric spine SO, which
is equivalent to finding stabilisers of open simplices in PO. Note that there are only
finitely many orbits of simplices. Since an open simplex S contains only (and all pos-
sible) graphs of a given underlying simplicial structure, I, then the stabiliser of S in
Out(G), Stab(S), is the group of automorphisms which “preserves the decomposition
of G as a graph of groups given by I'". That is, the automorphisms which stabilise a sim-
plex (or vertex in the spine) represented by a graph I' are precisely those which map an
action on the universal cover T of I to another action on a tree T’ whose quotient under
the new action is I' (upto equivariant isometries). If some of our vertex groups in I' are
isomorphic, we do allow these to be permuted.

If we restrict to the case where all our factors G; are pairwise non-isomorphic and we
have no free component, then considering points as actions of G on trees T, the sta-
biliser of a point T is precisely the group of automorphisms acting trivially on the
quotient graph I' = T, G- This is the subgroup denoted by Guirdardel and Levitt
as Out3(G). If the vertex v; of T represents the orbit of the vertex in T whose sta-
biliser is G;, and p; is the valence of v;, then Out§ (G) is isomorphic to the direct product
H?zl(Gf R Aut(G;)) (where Aut(G;) is identified with its projection in Aut(G) (or
Out(G))). The precise details of this are found in [15].
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6 The Complexes C,, S,, and C,, x4

In this section, we will give a very brief overview of the complexes C,, and S, used in
Papers 1 and 2, respectively, and introduce a complex C, 4 for the purpose of one day
generalising Paper 1.

The complexes C, and S, are defined for a free product G = Gy * - - - * G,, assuming that
the free factors are pairwise non-isomorphic (and non-trivial). They may be viewed as
subcomplexes of SO, the spine of Guirardel and Levitt’s Outer Space (from [15]), by
restricting to only those graphs of groups whose underlying graph has one of a few
approved shapes. Equivalently, C,, and S, can be viewed as order complexes associated
to posets whose elements are certain graphs of groups, where the partial order is given
by collapses (i.e. I'1 < I'; iff I'; can be achieved by collapsing edges of I'). Again, these
graphs of groups should have particular graph shapes as their underlying graph, and
should have vertex groups G$, ..., G conjugate to the factor groups Gy, ..., G, such
that G is the free product G§' = - -- * G§". All edge groups should be trivial, and they
are permitted to also have additional vertices with trivial vertex group, so long as these

have valency at least 3.

The graph shapes permitted for C, are shown in Figure 10, where unlabelled (yellow)
vertices have trivial vertex group, and a vertex with a label ‘n — a’ for some a (and a
blue ring) indicates that n — a leaves have been supressed.

U1 (%) U4 03
\ n—2 \ n—>5 n—4
—0 —— ——o—0O0—
/ SN, 2N
(% U3 5 V4
02 04
n n—2 \ n—3 n—>5
(0] —eo—O —0 —o—@0—
(%Y / 01 U3 U2 U1 \
U3 05
n—4 n—1 n—23
—eo—QO—eo—o Qo f— 20
Uy U1 U3 U4 (%} U3 U2 O
n—>5
—_—O—
U3 U2 U1 U4 Us

FIGURE 10: Graph Shapes Permitted for C,
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The graph shapes permitted for S, area = O = Vy_1e——7"—-90v3 and
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[47) U2

-1 :vg i
A= " ) = Up—1 v3 . Clearly then, for a fixed 1, we have that S, is

v RN

a subcomplex of C,,.

6.1 A ‘Degree d’ Complex for Outer Space

We now consider a group G = Gy * - - - * G, * Fr where k > 0 and again, the factor groups

G; are non-trivial and pairwise non-isomorphic *.

In Hatcher and Vogtmann’s ‘Cerf theory for graphs’ [18], the authors introduce a sub-
complex of Auter/Outer Space (for a free group), called the ‘degree 4’ complex, which
is (d — 1)-connected. In particular, the degree 2 complex is simply connected, which al-
lows Armstrong, Forrest, and Vogtmann to apply Brown’s Theorem in ‘A presentation
for Aut(F,)’ [2] and extract their result. We use a similar idea to produce a subcom-
plex of the outer space of a free product, which will hopefully satisfy nice connectivity
properties.

Definition 6.1.1. Let I' be a graph of groups (whose edge groups are all trivial). For a
v(v) =2 if G, = {1}
v(v) =1 if Gy # {1}
Choose a vertex vy of I' so that u(vo) > u(v) for all vertices v of I'. Then the degree of T’
is CTG%(F) = Z 1(v). We call vy the basepoint of T.

VFUQ

vertex v of I' with vertex group G, and valency v(v), set u(v) :=

Remark. Note that the degree is clearly independent of the choice (if there is one) of vy.

For n and k large enough, and Jé\g(l") small enough, we will have that vy is unique.

Observation 6.1.2. If we fix n and k and let I' be a graph of groups with all edge groups
trivial, n non-trivial vertex groups, and so that the underlying graph of I' has funda-
mental group F; (the free group of rank k), then since we have exactly n non-trivial

vertex groups, we see that Z u(v) = Z v(v) — 2) + n. Moreover, since the underly-
vel’ vel’
ing graph has fundamental group F, then Z (v(v) —2) = 2k — 2. Putting this together,
vell
we have that Z #(v) = 2k —2 + n. Hence deg(I') = 2k —2 + n — u(vp). In particular,
vel

for such a I we have that d/e\g(l") <2k—2+n.

Definition 6.1.3. Let G = Gp * - - - * G, * F; where the factor groups G; are non-trivial
and pairwise non-isomorphic, and let SO be the spine of the associated outer space.

“Extending to the case where some factors may be isomorphic to each other is easier done algebraically,
rather than geometrically. It constitutes an action of a direct product of symmetric groups (or an action of
a permutation group) dependent on the partition of {G, ..., G, } into sets of isomorphic factors.
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We define C,, ;. 4 to be the subcomplex of SO obtained by restricting to graphs of groups
I' with deg(I') < d. We call this the degree d complex of the Outer Space for a free product.

As with C, and §;;, one could alternatively view C, \ 4 as the order complex associated

to a poset.

Remark. By Observation 6.1.2, every I' in SO satisfies cTe\g(l") < 2k — 2 + n, hence for
any d > 2k — 2 4+ n we have that C,, s 4 is the whole spine SO.

We now sketch the graph shapes for I' with Eé\g(l") e {0,1,2}. Figure 11 shows all
graphs with deg(I') = 0, assuming n > 1and k > 1

Xk o 02 Xk 2
. N/ . . 01 .
L~ L~
o — ° e —— °
° J\\ ° . \ °
X1 On X On

FIGURE 11: Graphs with deg(T") = 0

We represent both of these graphs by a single blue vertex, ® . In the following figures
(Figures 12 and 13), our diagrams will show vertices with non-trivial vertex group in
red and vertices with trivial vertex group in yellow. We will show the ‘basepoint’” as a
blue vertex, and assume that there are enough loops and leaves coming off this vertex
so that the underlying graph has fundamental group F; and so that there are n vertices
with non-trivial vertex group. Note that the blue basepoint may represent a vertex
with either trivial or non-trivial vertex group; in this way, each diagram represents two
distinct graph structures. Figure 12 shows all graphs with cfe;g(l") =1, assuming n > 2
and k > 2, and Figure 13 shows all graphs with cTe\g(F) = 2,assumingn > 4and k > 4
If these conditions on 7 and k are not met, we simply remove the graph structures with

‘too many’ loops or non-trivial vertices.

’\/’

o vv\rr

FIGURE 12: Graphs with deg

Note then that C, s, comprises all graphs in Figures 11, 12, and 13. For a fixed n, we
have the following relationship between C;,, S, and C,, x 4:

Cn00 = Sn < Chpg < Cy < Cpp
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Observe that Cyy 4 is exactly the degree d complex Ay, for Auter/Outer Space (i.e.
Culler-Vogtmann Space), as described in Hatcher and Vogtmann’s ‘Cerf theory for
graphs’ [18]. Hence the presentation recovered Cyx, = Ay, will be that of Armstrong,
Forrest, and Vogtmann in ‘A presentation for Aut(F,)’ [2]. On the other hand, the pre-
sentation obtained from C, > should match that from C, achieved in Paper 1. In this
way, C,, x> should allow us to interpolate between these results ° .

7 Twisted Conjugacy

Definition 7.0.1. For a group G and an automorphism ¢ € Aut(G), we say that two
elements are @-twisted conjugate (denoted x ~, y) in G if there exists w € G such that

p(w)xw™ =y.

Lemma 7.0.2. Let G be a group and ¢ € Aut(G). Then ~, defines an equivalence relation on
G.

Proof. We verify each of the three defining properties of an equivalence relation:

1. For any x € G we have that ¢(1)x17! = 1x1 = x, hence x ~ x.

2. Letx,y € G and suppose x ~, y. Then there exists some w € G with g(w)xw ™! =
y. Setv = w1 Now @(v)yv ! = g(w Hy(w )™ = ¢p(w)™! (p(w)xw ') w = x,
hence y ~, x.

3. Let x,y,z € G and suppose x ~, y and y ~, z. Then there exist some u,w €

G with p(w)xw™! = y and @(u)yu=! = z. Set v = uw. Now g@(v)xv~! =

p(uw)x(uw) ™! = (u) (p(w)xw=) ut = (p(b.t)yu*1 =z, hence x ~, z.

O]

Observation 7.0.3. Other authors may define twisted conjugacy in different ways. The

four ‘obvious” ways to define when x ~, y are as follows:

(1) 3w € G such thaty = g(w)xw™};

(2) Jw € G such thaty = ¢(w) lxw;
(3) Jw € G such thaty = w™lxg(w);

(4) 3w € G such that y = wxg(w) .

SHowever, showing that Cp k2 is simply connected, and that we can thus apply Brown’s Theorem, is
likely to be quite tricky.
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The definition we will be using throughout is (1), but note that y = ¢(w) lxw =

@(w ) x(w™1)~! for some w € G if and only if x ~, y (in the sense of Definition (1)), so
(1) and (2) are equivalent. Similarly, (3) and (4) are clearly equivalent. However,

Jw € G such that y = wxe(w) !
< Ju = ¢(w) € G such thaty = ¢~ (u)xu~!

< X ~,-1 Y (in the sense of Definition (1)).

Thus (4) does not give the same equivalence classes as (1), but rather those of the in-
verse of the automorphism ¢.

Definition 7.0.4 (Property R). Let G be a group and ¢ € Aut(G). Denote by [x]., the
~y equivalence class of x in G, and let G, . o be the set of all ~, equivalence classes
in G. We say that G has property Ry (¢) if the cardinality of G . o is infinite (i.e. ~,
has infinitely many equivalence classes in G). We say that G has property Ry if G has
Ry (@) for every ¢ € Aut(G).

Lemma 7.0.5. Let G be a group and let ® € Out(G). Then for any @, € P, there exists a
bijection F : G/Nq, . G/Nw.

Proof. Let G and @ be as in the statement of the Lemma, and let ¢, € ®. Then there
is some inner automorphism ¢ € Inn(G) such that p = 10 ¢. Let x € G be such that
1(g) = xgx~! for all g € G. We now define a map F : G/qu - G/~¢ = G/NLO(P by

F(Iyl~,) i= [xy]~., = [xyl~, forall [y, e C /o .
Observe that for any y, w € G, we have

xp()yw " = xg(@)(x D)y = (p(w))xyw " = pw)(xy)w ~y xy

that is, [xq)(w)yw_l]wlp = [xy]~,- Thus F is well-defined.

Surjectivity of F is immediate upon noting that if [z]., € G //~y then z € G and hence

x1zeG,so [x_lz]N(P € G/qu exists.

Now let [y]~,, [z]~, € G/Nq) and suppose F([y]~,) = F([z]~,), thatis, [xy]., = [xz]~

(i.e. xy ~y xz). Then there exists w € G such that xz = P(w)(xy)w ! = 1(¢(w))xyw!

xp(w)xtxyw™! = xo(w)yw .

<

In particular, z = @(w)yw™!, thus y ~, z and so
[v]~, = [z]~,- Hence F is injective. O

Definition 7.0.6. Let G be a group and let ® € Out(G). We say that G has property
R (@) if G has property Ry (@) for some automorphism ¢ € ®.

Remark. As a consequence of the above Lemma, we see that for a group G and an outer

automorphism ® € Out(G), G has property R, (P) if and only if G has property R (¢)



40 Introduction

for every automorphism ¢ € ®. Thus G has property Ry if and only if G has property
R () for all ® € Out(G).

In Paper 3, we show that any accessible group with infinitely many ends (see Definition
8.2.3) has property R. Some groups that don’t have property R, are:

¢ Finite groups (obviously).

* (Z,+) — Consider the automorphism ¢ : a — —a, then a ~, b if and only if
% € Z, that is, a and b have the same parity. Thus ~p has two classes in Z: the

set of odd numbers and the set of even numbers.

* (Z",+)— Again, consider the automorphism ¢ : g — —g, in this case, (a1,...,4a,) —
(—ai,...,—ay). Then(ay,...,a,) ~y (b1,...,b,)ifand onlyif foreachie {1,...,n},
a; and b; have the same parity. Thus ~, has 2" classes in Z".

* F(X) where X is some infinite set (i.e. the free group of infinite rank); this is
proved by Dekimpe—Gongalves in [9, Proposition 5.4].

8 Ends

In this section we present several notions of an ‘end” of a space, which are equivalent
when the space in question is a locally finite graph. Given a group G with generating
set S, the number of ends of G is the number of ends of the Cayley graph Cay(G, S) of G
with respect to S. If S is finite, then Cay(G, S) is locally finite, and so we will direct our
attention to finitely generated groups (although W. Dicks and M. Dunwoody extend
the theory to all groups in their book ‘Groups Acting on Graphs’ [10]).

8.1 Ends of a Graph
Ends via Compact Sets

We begin with H. Freudenthal’s Definition of the ends of a topological space X:

Definition 8.1.1 (Freudenthal [13]). Let X be a (Hausdorff) spaceand let U; 2 U; 2 - - -
and U] 2 Uj 2 - - - be sequences of non-empty connected open subsets of X such that
each U; (respectively UJ) is a connected component of X-X; (respectively X-X!) for

some compact set X; (respectively, X’).

We say that Uy 2 Up 2 -+ and U] 2 Uj 2 - - - are equivalent if for all i there exist j and
k such that U; 2 U]’- and U] 2 Ug.

An end of X is an equivalence class of such sequences.
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In the case where the space X is exhaustible by compact sets (i.e. there exists a sequence
of compact sets Ko < K; < K, < --- such that X = [J;K;), we obtain the below

Definition for the number of ends of X, which is somewhat more intuitive:

Definition 8.1.2. Let X be a topological space which is covered by a nested sequence of
compact sets Kg = K; < K < ---. We then have a sequence X-Kp 2 X-K; 2 X-K; 2
.-+, and letting c; be the number of infinite connected components of X-K;, we define
the number of ends of X to be the supremum of the ¢;’s, sup c;.
ieN

As R. Diestel and D. Kiithn explain in their paper ‘Graph-theoretical versus topological
ends of graphs’ [11], we can apply this concept to a graph I, by viewing I" as 1-complex
whose edges are homoemorphic to the real interval [0,1]. Under this interpretation,
an open neighbourhood of a vertex v is a union of half-open intervals [v, x) where x is
some point along an edge [v, w], taken over all such edges. We then have that a subset
of I is connected if and only if it is path connected, and a subset of I' is compact if and
only if it is closed (i.e. its compliment is open) and contains only finitely many vertices,
and contains ‘inner points” (points found within an edge and not a vertex) from only

finitely many edges.
This roughly gives us the Definition of the number of ends of a graph used in Paper 3:

Definition 8.1.3 ([Paper 3, Definition 5.1.1]). The number of ends of a locally finite
graph T is the supremum of the number of infinite components of the graphs I'-F,

where F ranges over all finite subgraphs of I'.

Ends via Rays

A more direct approach concerning the ends of a graph is given by R. Halin [16], as

equivalence classes of rays.

Definition 8.1.4. A ray in a simplicial graph I is an infinite sequence of vertices
(vo,v1,v2, ... ) such that no vertex is repeated, and consecutive vertices v; and v;, are

connected by an edge in T".
A subray, r, of aray, R = (vp,v1,v2,...), is a sequence of vertices (1, u1, Uz, ...) such
that there exists some n € IN so that foralli e N, u; = v, ;.
We now present two (equivalent) ways in which we may say rays are equivalent:
Definition 8.1.5. Let I be a simplicial graph.

1. Two rays Rg and R; in I are equivalent if there exists a ray R, such that

|[V(R2) n V(Rp)| and |V(R2) n V(R;)| are both infinite. That is, R, meets both Ry

and R; infinitely many times. We illustrate this below:
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Ro
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v\ /)
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Rq

2. Two rays Rg and R; in I' are equivalent if for any finite subset U of V(I'), there
exist subrays rp of Rgp and 1 of R; which are rays in I'-U and are connected by
some path py in I'-U. That is, no finite subset of I' separates Ry from R;. We
illustrate this below:

Ry « °

Ry .

Definition 8.1.6 (Halin [16]). An end of a graph I’ is an equivalence class of rays in I'.

Theorem 8.1.7 (Diestel-Kiihn [11, Theorem 4.11]). Let I' be a locally finite graph. Then the
set of topological ends (i.e. ends in the sense of Freudenthal [13]) is in one-to-one correspondence
with the set of graph-theoretical ends (i.e. ends in the sense of Halin [16]).

8.2 Ends of a Group

We are now ready to begin formally defining the number of ends of a group.

Definition 8.2.1. Let G be a finitely generated group with some finite generating set S.
We define the Cayley graph Cay(G, S) of G with respect to S to be the graph with vertex
set G and edge set {(g,gs)|g € G,s € S}.

Remark. Note that G acts on the vertex set of Cay(G, S) on theleftviah-g = hgforh e G
and g € V(Cay(G,S)) = G. This action preserves adjacency, and therefore extends to

an action on Cay(G, S).

Lemma 8.2.2. Let G be a finitely generated group and let Sy and S, be two finite generating
sets for G. Then the number of ends of Cay(G, S1) is equal to the number of ends of Cay(G, Sz).

Recall that if G is finitely generated (by some finite generating set S), then Cay(G, S) is
locally finite, and Theorem 8.1.7 applies.

Definition 8.2.3. Let G be a finitely generated group and S be some finite generating
set for G. The number of ends of G is defined to be the number of ends of Cay(G, S).

We now present J. Stallings” categorisation of finitely generated groups according to
their ends, generalised to the case of all groups by W. Dicks and M. Dunwoody [10]:
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Theorem 8.2.4 (Stallings” Theorem [10, Chapter IV: Proposition 6.5, Theorem 6.10, and
Theorem 6.12]). The number of ends of a group G is either 0, 1, 2, or oo0. Moreover:

(i) G has 0 ends if and only if G is a finite group.
(ii) The following are equivalent:

* G has 2 ends
* G is virtually infinite cyclic (i.e. G has a finite index subgroup isomorphic to Z.).
* G acts on a line with finite stabilisers and one orbit of edges.

* G has a finite normal subgroup N with G N isomorphic to either Z or Cy * Cy.

(iii) G has infinitely many ends if and only if G isn’t virtually cyclic and G acts on a tree with
finite edge stabilisers and no global fixed point. Equivalently, G has infinitely many ends
if and only if G isn’t virtually cyclic and one of the following hold:

* G is an amalgamated free product G = B #c D where B # C # D and C is finite.
* Gisan HNN extension G = B #c x where C is finite.

* G is countably infinite (has the cardinality of IN) and locally finite (every finitely
generated subgroup of G is finite).

(iv) G has 1 end if and only if G does not have 0, 2, or infinitely many ends (i.e. none of the
above conditions are met).

Remark. Note that W. Dicks and M. Dunwoody work with an alternative definition of

ends in [10], using Boolean algebra.

9 Groups Acting on R-Trees

The main objects of study in Paper 3 are ‘R-trees’, which may be thought of as a gener-
alisation of simplicial trees (see Definition 4.1.3). Culler and Morgan’s ‘Group actions
on R-trees” [8] provides a solid background on this topic, of which we give a brief

overview in this section.

Definition 9.0.1. An R-tree T is a non-empty metric space T = (T, d) such that for any
two points x,y € T there exists a unique arc [x,y| from x to y which is isometric to the
closed interval [0, d(x,y)] in R.

Equivalently, an R-tree is a 0-hyperbolic geodesic metric space.

Observation 9.0.2. Let T be an R-tree, and let x € T. Denote by v(x) the number of
connected components of the space T-{x}.

If the set {x € T | v(x) > 3} is a discrete subset of T, we can form a 1-complex whose
0-cells form a discrete set V with {x € T | v(x) > 3} € V < T, and whose 1-cells are the
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arcs [x,y] in T such that x,y € V and [x,y] n V = {x,y}. Note that this is a simplicial
tree with vertex set V and edge set the set of 1-cells.

Conversely, if X is a simplicial tree, we can form an R-tree Tx by assigning a positive
length to each edge of X, and letting Tx be the metric space with underlying structure
that of X such that if x and y in Tx are the endpoints of an edge ¢ in X then d(x, y) is the
length of the edge e.

Definition 9.0.3. Let G be a group acting by isometries on an R-tree T = (T, d), and let
g € G. The translation length of g, denoted |g||, is defined to be

Igll := infd(x,g - x)
xeT

Lemma 9.0.4 ( [8, Lemma 1.3]). Let G be a group acting on an R-tree T with metric d, and
let g € G. Then the set Ag := {x € T | d(x,g-x) = |g|} is a closed, non-empty subtree of T
which is invariant under the action of g. Moreover,

(i) if ||g]l = O then Ay is the fixed point set of g (we call g elliptic);

(i1) if |g]l > O then Ag is isometric to the real line R and g acts on Ag by translation by |g|
(we call ¢ hyperbolic and call Ag the axis of g); and

(iii) for any xo € T, we have d(x, g - x) = ||g| + 2d(xo, Ag).

Note that some authors may call hyperbolic elements ‘loxodromic’, which avoids con-
fusion with the concept of a hyperbolic group. Unless directly stated otherwise, when
we say ‘hyperbolic” in this thesis, we mean a group element which acts by translation
on some line (i.e. the image of an isometric embedding of IR) in our space.

In Paper 3, we present the following Lemma, which allows one to easily determine

when an element of a group acting on an R-tree is hyperbolic:

Lemma 9.0.5 (Circle-Dot Lemma [Paper 3, Lemma 3.2.11]). Let G be a group acting iso-
metrically on an R-tree, T. Suppose there exist distinct points x,y € T such that the arc
[x,g - y] crosses the points y and g - x in that order (possibly with y = g - x), that is, we have
the following picture:

P=
o<

.x .
go 8'}/

>
A,

S

Then g is hyperbolic and both x and y belong to the axis of g. In particular, |g||t = d(x, g - x).

This generalises a result of Serre [21, Chapter I, Section 6.4, Proposition 25] applicable

to simplicial trees.
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9.1 Ends of an R-Tree

As with graphs, one may define the concept of an end for an R-tree T, via the idea of
rays [8, Section 2]:

Definition 9.1.1. Let p : [0, 0) — T be an isometric embedding of the half-line in R into
T (note that this is necessarily injective). We call the image R = im(p) of p in T a ray,
and say that it emanates from the point p(0) in T. Given two such embeddings, p; and
p2, with images Ry and R; respectively, we say that R; is a subray of R if there is some
x > 0in R such that for all a € [0, ), p2(a) = p1(a + x).

Since T is a tree, then the previous notions of equivalence of rays become the following:

Lemma 9.1.2. Let T be an R-tree, and let Ry and Ry be two rays in T. Then Ry ~ Ry if and
only if Ry n Ry is a subray of both Ry and Ry.

Definition 9.1.3. Let T be an R-tree. The ends of T are defined to be the equivalence
classes of raysin T.

Remark. Note that for any point p € T there is precisely one ray emanating from p for
each equivalence class of rays in T. So for any p € T, the number of ends of T is equal

to the number of rays emanating from p.

9.2 Reducibility

A key concept in the study of group actions on R-trees is when such an action is “irre-
ducible’. We give a definition, together with some equivalent formulations, due to M.
Culler and J. Morgan [8]. Note that being irreducible is not the same as being ‘reduced’

(see Section 10).
Definition 9.2.1 (Culler-Morgan [8]). Let G be a group acting by isometries on an IR-
tree T. We say the action is reducible if one of the following hold:

(i) Every element of G fixes some point in T; or

(ii) T has a line which is invariant under the action of G; or

(iif) T has an end which is fixed by G.

We say the action is irreducible if it is not reducible.

Theorem 9.2.2 (Culler-Morgan [8, Theorem 2.7]). Let G be a group acting on an R-tree T
and suppose there is some g € G with non-zero translation length (i.e. not every element of G
fixes a point in T). Then the following are equivalent:
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(i) The action of G on T is irreducible.

(ii) There exist hyperbolic elements g, h € G such that the translation length |[g, h]| of the

commutator [g,h] = ¢~ h~gh is non-zero.

(iii) There exist hyperbolic elements g, h € G such that Ay n Ay, is an arc of finite positive
length.

(iv) G contains a free group of rank 2 which acts freely and properly discontinuously on T.

10 Reduced Trees

In Paper 3, we give the following Definition:

Definition 10.0.1 ([Paper 3, Definition 3.3.4], [14, Definition 3.5]). A simplicial G-tree T
is called reduced if whenever e = (u,v) is an edge of T with Stabg(e) = Stabg(v), then u

and v are in the same G-orbit.

The purpose of this section is to motivate this definition. We adapt and expand upon
Section 3 of V. Guirardel and G. Levitt’s ‘Deformation Spaces of Trees’ [14] in order to

provide this background context.

Let T be a (simplicial) tree and G be a group acting by isometries on T, without inver-
sion of the edges. Foranedgee € E(T) welet G, = {g € G|g-e = e} < G be the (setwise)
stabiliser of ¢, called an edge stabiliser. For a vertex v € V(T) we let G, = Stabg(v) be
the stabiliser of v, called a vertex stabiliser. Recall that for an edge ¢ with endpoints o(e)
and t(v), we have G, < G,(,) and G, < Gy).

Given an edge ey of T, collapsing every edge in the G-orbit of ¢ yields a new tree T".
We say that T’ is obtained by collapsing ey.

The action of G on T induces an action of G on T". If we label the vertex in T’ resulting

from the collapse of an edge g - 9 by vg.¢,, then g v, = vg.; and Go,,, = Go(ep) *G., Gi(eo)-

Note that if a subgroup H of G fixes a point in T, then H also fixes a point in T’. The
converse need not hold.

Definition 10.0.2. Let T" be obtained by collapsing an edge (orbit) ey of T. We say ey is

collapsible if for any subgroup H of G which fixes a point in T’, H also fixes a pointin T.

Remark. For those familiar with the subject, this is equivalent to saying that T and T’
have the same elliptic subgroups in G, or that they belong to the same deformation

space (in the sense of Guirardel and Levitt [14]).
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Lemma 10.0.3. An edge (orbit) e of T is collapsible if and only if o(e) and t(e) belong to distinct
orbits and at least one of Gy (o) or Gy(e) is equal to G,.

Proof. Let T' be obtained by collapsing an edge (orbit) e of T, and let v, be the resulting

vertex in T'.

We first show that the conditions given are sufficient. Indeed, the only elliptic sub-
groups of T" which might not be elliptic in T are the vertex stabilisers Gy, = Gg.y, =
¢Gy,¢~ L. Butif o(e) and t(e) belong to distinct orbits and (without loss of generality)
Gi(e) is equal to G, then Gy, = Gy () *G, Gie) = Go(e) *Gyey Gi(e) = Gi(e) 18 ellipticin T.

We now show that each of the conditions is necessary. If G, is a proper subgroup of
both G, and Gy, then we can find g, € G, and g, € Gy () such that g, - o(e) = o(e)
and g, - t(e) = t(e) but g, -e # e # gy -e. Then g,y is elliptic in T’ (it fixes the vertex

v.), and we have the following setup in T:

R gu-e . e . e . S8v8u-e€
gote) oo o) goole)  ggut(o
gu-o(e) got(e)  gogu-o(e)

Thus by the Circle-Dot Lemma (see Lemma 9.0.5, or equivalently, [21, Chapter I, Propo-
sition 25]) we have that the element g,g, is hyperbolicin T.

On the other hand, if o(e) and t(e) belong to the same orbit in T, say t(e) = g - o(e)
where ¢ € G, then §-v, = v, in T’ (i.e. § € G,). But G acts without inversion on T, so
we cannot have that g is elliptic in T, as if it were, it would have to stabilise the edge e

(without stabilising each endpoint). ]

Observation 10.0.4. In the context of the quotient graph of groups I' = T\G, collapsing
an edge (orbit) in T corresponds to collapsing an edge in I'. Let e be an edge (orbit)
in T and let [e] be the corresponding edge in T', with edge group Gj, (conjugate to
the stabiliser G, in G). The condition that o(e) and (e) belong to distinct orbits in T
corresponds to requiring that [e] not be a loop, and the condition that one of G, or
G (e) is equal to G, corresponds to requiring that at least one of the monomorphisms
Go(le]) < Gle] = Gy([e)) 1s surjective.

Remark. In Papers 1 and 2, we say an edge of a graph of groups is collapsible if at least
one of its endpoints has trivial vertex group. Since all of our graphs of groups in that
context are trees (in particular, there are no edges which are loops) and all edge groups
are trivial, then these notions of collapsibility agree.

By combining Lemma 10.0.3 with Definition 10.0.1 (and recalling that P — Qis
logically equivalent to Q v —P, which is the logical negation of P A —Q), we obtain the
following Corollary, giving a much more natural concept of a reduced tree:
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Corollary 10.0.5 ( [14, Defintion 3.5]). A tree T is reduced if and only if it has no collapsible
edges.
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Paper 1: A Presentation for the Group of Pure
Symmetric Outer Automorphisms of a Given
Splitting of a Free Product

Harry M. J. Iveson

ABSTRACT. We give a concise presentation for the group of pure symmetric outer au-
tomorphisms of a given splitting of a free product G; * - - - * G,,. These are the (outer)
automorphisms which preserve the conjugacy classes of the free factors G;. This is
achieved by considering the action of these automorphisms on a particular subcom-
plex of “Outer Space’, which we show to be simply connected. We then apply a theo-
rem of K. S. Brown to extract our presentation.

Introduction

The study of group presentations, especially finite ones, is a core part of geometric
group theory, dating back to the work of M. Dehn in the 1910’s. Providing such group
presentations is not only necessary for such study, but interesting in and of itself. Au-
tomorphism groups of free groups, and more generally, of free products, are natural
objects to consider in this area. Different presentations may display various desirable
properties, such as having few generators or relations, or highlighting some structure

of the group.

In 2008, H. Armstrong, B. Forrest, and K. Vogtmann [2] gave a finite presentation for
Aut(F,), the automorphism group of a free group of rank r. They achieved this by
applying a theorem of Brown [6, Theorem 1] to a subcomplex of a version of M. Culler
and K. Vogtmann’s ‘Auter Space’ [9] on which Aut(F,) acts ‘nicely’.

While finite presentations for Aut(F,) were already known (for example, see the works
of J. Nielsen [19] from 1924, whose presentation demonstrates the surjectivity of the
map to GL,(Z), and B. Neumann [18] from 1933, whose presentation had only 2 gener-
ators, but many relations), Armstrong, Forrest, and Vogtmann [2] gave a presentation
whose generators are all involutions, with a relatively small number of relations, mak-

ing it straightforward to comprehend and apply.

In 1986, J. McCool [16] gave a concise presentation for the subgroup of Aut(F,) com-
prising automorphisms which map each generator to a conjugate of itself. McCool’s

presentation comprised > — r generators, but only three (families of) relations.

There is a longstanding trend of generalising results from automorphisms of free groups
to automorphisms of free products. In the 1940’s, D. I. Fouxe-Rabinovitch [10], [11] gave
a finite presentation for the automorphism group of a free product G = Gy *- - - * G, * F,
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where F; is the free group of rank k and where each G; is non-trivial, freely indecom-
posable, and not infinite cyclic (i.e. G; % Z). N. D. Gilbert [12, Theorem 2.20] gave an
equivalent presentation for Aut(G) in 1987 with fewer relations, using ‘peak reduction’
methods of ]. H. C. Whitehead [21] adapted to the free product case by D. J. Collins and
H. Zieschang [8].

Main Result

We follow the methods of Armstrong, Forrest, and Vogtmann [2] to give a concise pre-
sentation for the group of pure symmetric outer automorphisms of a given splitting
Gy * -+ % G, of free product G, denoted Out(G; Gy, ...,Gy). In our case, we have a
‘strict fundamental domain’ for the action of Out(G; Gy, ..., Gy), so can apply a more
straightforward theorem of Brown [6, Theorem 3] to extract our presentation, given

below:

Theorem 4.1.1. Let Gy % --- = G, be a free splitting of a group G where each G; is non-
trivial and n > 5. For i € [n] := {1,...,n} and j € [n] —{i}, let fi : G; — Gj be
group isomorphisms, and for ¢ € G; let Adg,(g) be the inner automorphism x — gxg~! of
Gi. Then the group Out(G; Gy, ..., Gn) is generated by the n(n — 1) groups G;; = G; and
@ = []iL; Aut(G;), subject to relations:

H

[le ), fi.(h)] =1Vg,he G forallie [n], ] ke [n] —{i}
[fl ), fr,(h)] = 1Vg € G, h € Gy, for all distinct i,j,k, 1 € [n]

N

3. [£i.(8), fi, (W) fi,(W)] = 1 Vg € G}, h € G, for all distinct i, ,k € [n]
ﬁvl (g)-- -fiv,H (g) = Adg,(g71) Vg € G, foralli e [n] and {vy,...,v,-1} = [n] — {i}

q)_lfij ()¢ = fi.(89) Vg € G, for all distinct i, j € [n] and all ¢ € D

H~

i

As well as all relations in G and ®.

Note that here we assume Aut(G) acts on G on the right.

Corollary 4.1.2. If a group G splits as a free product where the factor groups are non-trivial,
freely indecomposable, not infinite cyclic, and pairwise non-isomorphic, then Theorem 4.1.1
gives a presentation for Out(G).

Observation 0.0.1. In the case where some of the factor groups may be isomorphic, one
may choose to study the symmetric automorphisms of the splitting. Then a finite di-
rect product of symmetric groups, I1, acts on the splitting by permuting all possible
isomorphic factors. The group of symmetric outer automorphisms of the splitting is
then given by Out(G; G, ..., Gy,) x I1. While this is hard to see geometrically using the
methods of this paper, it may be deduced algebraically.
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The cases n = 4 and n = 3 are similar, and are given in Theorems 4.2.2 and 4.3.1 in
Section 4.

If each of the groups G; and Aut(G;) is finitely presented, then one may extract a finite
presentation for Out(G; Gy, ..., G,) from this theorem by replacing each group Gij with
a set of elements {f;.(g1), ..., fi;(gm,)} such that the g\’s generate G;, and replacing the
group ® with a generating set {@1,..., @u,}. For conciseness, we do not make this

more formal.

Our result may be considered to be a generalisation of McCool’s presentation for the

group of pure symmetric automorphisms of a free group.
Theorem 0.0.2 (McCool [16]). Let F, = {x1,...,x,) be the free group on r generators. The
group of pure symmetric automorphisms of F, is generated by r(r — 1) elements (x;; x;) (for
i,je{l,...,ryandi # j), subject to commutation relations:

1. (Xl‘; xj)(xk; x]) = (xk; xj)(xi; x])

2. (xi; x]-)(xk; xl) = (xk; xl)(xl-;xj)

3. (xi;x7) (xis %) (x5 xx) = (x5 20k) (%35 %) (k5 %)
(where i, ], k, | are assumed to be distinct).

Observe by comparing indices that these relations directly translate to our Relations
1-3. Our Relation 4 is an ‘outer’ relation so is not present in the automorphism group,
and our Relation 5 describes automorphisms within a given factor, which are trivial in

McCool’s case.

In the case n = 3, we recover a special case of Gilbert’s result [12, Theorem 2.20], given
by D. J. Collins and N. D. Gilbert [7] in 1990, for three freely indecomposable, non-

trivial, not infinite cyclic, pairwise non-isomorphic factors:

Theorem 0.0.3 (Collins—Gilbert [7, Proposition 4.1]). For G = X # Y * Z where each of
X, Y, Z is freely indecomposable, non-trivial, not infinite cyclic, and where none of X,Y, Z are
isomorphic to each other, we have that Out(G) is generated by

{(Y,x),(Z,y),(X,z),plxe X,yeY,ze Z, ¢ € P}
where ® is the set of factor automorphisms (see Definition 1.2.1), subject to relations:

o (Y, x1)(Y,x2) = (Y, x1x2)

* (Z,y1)(Z,y2) = (Z,y1Y2)

° (Xlzl)(X/ZZ) = (X,lez)
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* ¢ (Y, x)p = (Y, x¢)
* o N Z,y)o = (Zye)
* o (X, 2)p = (X,z9)

All relations from ®

In particular, Out(G) = G x ®.

Collins and Gilbert’s result may be thought of as a presentation for the pure symmetric
outer automorphisms preserving a free splitting structure Gy * G, * Gz where the only
condition on the G;’s is that they are non-trivial. Thus our result may also be seen as
both a special case of Gilbert’s presentation [12, Theorem 2.20] and a generalisation of
Collins and Gilbert’s presentation [7, Proposition 4.1].

In future, we hope to generalise this further to free splittings of the form Gy * - - - % G, * F
where automorphisms need not preserve the conjugacy classes of the generators for Fy.
However this greatly increases the number of cells in our chosen subcomplex of Outer
Space. Moreover the fundamental domain of the action ceases to be strict, meaning we
can no longer apply the simplified version of Brown’s theorem. These complications
increase the complexity of the problem, though we hope that the end result will still be
a pleasing presentation.

Methods and Techniques

To achieve our presentation, we choose a particular subcomplex of the ‘Outer Space’
for a free product introduced by Guirardel and Levitt in [13]. In order to study the
symmetric automorphisms, we use the version where there is no free rank, so the Outer
Space is similar to the poset complex introduced by D. McCullough and A. Miller in
[17]. We work with the definition of the space provided by Guirardel and Levitt [13],
since this interpolates between the Outer Spaces of Culler and Vogtmann [9] and of
McCullough and Miller [17], which lends itself well to future work in the case of a
splitting Gy # - - - * G, * Fy.

We call our chosen complex C,, discussed in Section 2. In the cases n = 3 and n = 4,
Cy is precisely the barycentric spine of Guirardel and Levitt’s Outer Space for a free
product whose Grushko decomposition has four non-isomorphic free factors and no
free rank (see Section 2.4). Definition 2.2.4 details the construction of the complex C,
forn > 5.

In order to apply Brown’s theorem [6, Theorem 3], we require that Outg (G) acts cellu-

larly on our complex C, and with a strict fundamental domain, and that the complex
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Cy is both connected and simply connected. We will also need suitable presentations
for Outg (G)-stabilisers of vertices (graphs of groups) in C,.

The action of Outg(G) on C, and its fundamental domain are studied in Section 2.3,
and the connectedness of the complex C, is Corollary 3.1.4 of Section 3.1.

Vertex stabilisers are studied in Section 5.1.16, where we combine techniques of Guirardel
and Levitt [13] with those of H. Bass and R. Jiang [4] to procure presentations which
are both concise and precise (Propositions 2.4.3, 2.4.4, and 2.4.5).

Showing that the complex C, is simply connected is highly non-trivial and is delayed
until the second half of the paper, comprising Sections 5 and 6. We give a brief overview
of the idea of the proof below.

In 1928, P. Alexandroff [1] introduced the notion of a ‘nerve complex” associated to a
cover of a space. In ideal conditions, this shares many of the same topological proper-

ties as the original space, while often being a much simpler object to understand.

We apply a similar concept in Section 5, introducing the ‘Space of Domains’ (see Defi-
nition 5.1.4) as a way of recording intersection patterns of Outg(G)-images of the fun-
damental domain in C,,. Unlike Alexandroff’s nerve complex, we are only interested in

2-way and 3-way intersections.

We show in Proposition 5.3.5 that in order to prove simple connectivity of the complex
Cn, it suffices to show that the Space of Domains is simply connected (having already
shown that our fundamental domain of the Outg (G)-action on C,, is simply connected
in Theorem 3.2.11 of Section 3.2).

Finally in Section 6 we apply ‘peak reduction” techniques as used by Collins and Zi-
eschang [8] and Gilbert [12] to deduce that the Space of Domains is simply connected
(Theorem 6.3.2).
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1 Preliminaries

1.1 Some Useful Definitions and Notation

We adapt the notation for automorphisms used by Gilbert [12, Section 1]. Throughout,
we consider a group G which splits as a free product G # - - - * G, where each G; is non-
trivial and n > 3. We refer to each G; as a factor group. Note that throughout, we adopt
the convention for conjugation that ¢* = xgx~!. Recall then that g¢*¥ = (xy)g(xy)~! =

x(ygy Hxt = (g")".

Notation 1.1.1. Let G be a group. We denote by Aut(G) the group of automorphisms of
G, that is, isomorphisms from G to itself. We say ¢ € Aut(G) is an inner automorphism

if there exists x € G so that forall ¢ € G, ¥(g) = ¢° = xgx~ 1.

The collection of
inner automorphisms forms a normal subgroup, Inn(G), of Aut(G). We then define

Out(G) := Aut(G) / Inn(G)’ and call this the outer automorphism group of G.

Definition 1.1.2 (Pure Symmetric Automorphism). Let G = Gy * - -- % G, be a group
which splits as a free product. We say ¢ € Aut(G) is a pure symmetric automorphism of
the splitting Gy # - - - * G, if for each i there is some g; € G such that ¢(G;) = G}’ =
giGigi!. We say ¢ € Out(G) is a pure symmetric outer automorphim of the splitting if

there is some ¢ € § which is a pure symmetric automorphism of the splitting.

Remark. It is easy to see that if ¢ is a pure symmetric automorphism of some free split-
ting, and ¢ is an inner automorphism of the free product, then 11 is also a pure symmet-
ric automorphism of the splitting. Thus the concept of ‘pure symmetric outer automor-
phisms” is well-defined. It is not hard to verify that the collection of pure symmetric
(outer) automorphisms forms a subgroup of Aut(G) (respectively, Out(G)).

Notation 1.1.3. We denote by Out(G; G # - - - * G, the subgroup of Out(G) comprising
pure symmetric outer automorphisms of the splitting Gy # - - - % G, of G. Given such
a splitting, we may set & to be the tuple (Gy,...,Gy) and let Out(G; Gy,...,G,) =:
Outg(G), for brevity. We may similarly define Aut(G; G;,...,G,) and Auts(G). We
will sometimes refer to & itself as the splitting, as opposed to the product Gy * - - - * G,,.

Observation 1.1.4. Given a splitting G = Gy * - - - % G, with & = (Gy,...,Gy), it is clear
that Inn(G) € Autg(G). Since Inn(G) < Aut(G) then Inn(G) < Autg(G), and it follows
that Auts(G) J/ Inn(G) = Outg (G), as one would expect.

Definition 1.1.5 (Factor Automorphism). We say ¢ € Aut(G; G, ..., Gy) is a factor au-
tomorphism if for each i € {1,...,n}, ¢|c, (that is, ¢ with domain restricted to the em-
bedding of G; in G) is an automorphism of G; (i.e. ¢|c, € Aut(G;)). We will say ¢ €
Out(G; Gy, ..., Gy) is a factor automorphism if  has a representative ¢ € Aut(G; Gy, ..., Gy)
which is a factor automorphism. We will denote the set of factor automorphisms in
Out(G; Gy, ..., Gy) by @.
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The set of factor automorphisms ® forms a subgroup of Out(G; Gy, ..., G,), with ® =

ﬁAut(Gi).
i=1

Notation 1.1.6. We write Ad¢,(g) for the inner automorphism of G; which conjugates
each element of G; by g (with g € G;), that is, Adg,(g) : x — gxg~!. Since Adg,(g) €
Inn(G;) < Aut(G;), then Adg,(g) € ® < Out(G; Gy, ..., G,). Note however that Adg,(g)

is not in Inn(G).

We will often abuse notation by writing i for both an automorphism in Aut(G) (or
Aut(G; Gy, ..., Gy)), and for the class it represents in Out(G) (or Out(G; Gy, ..., Gy)).

Definition 1.1.7. Let S = (G;, ..., G,) be the tuple associated to a group G which splits
as a free product Gy # - - - * G,,, and let T be a finite tree on at least n vertices.

A free product Hj * - - - * Hy, is an & free factor splitting for G = Gy - - - * G, if for each i,
there exists g; € G so that H; = G}', and the subgroups G{', ..., G}" generate the group
G. Note that by assumption Hy * - - - * H, < G.

An G-labelling of T is an assignment of n vertex groups H, to vertices v € V(T) so that
Hj .-+ Hy is an & free factor splitting for G.

Given an &-labelling (Hj,...,H,) of T, we may consider the graph of groups T =
(T, (Hy,...,Hy)) formed by associating the trivial group {1} to any remaining vertices
of T, and setting all edge groups to also be trivial.

Lemma 1.1.8. Let G be a group with splitting & = (G, ...,Gy) and let Hy * - - -+ H, be an
S free factor splitting for G. Then there exists € Auts(G) with (G;)yp = H; for each i.

Proof. Since Hj # - - - * Hy, is an & free factor splitting for G, for each i there exists g; € G
so that H; = Gigi. Let ¢; : G; — H; be the map (x)y; = g,ocgi_l Vx € G;. Clearly, ¢;
is an isomorphism of (sub)groups. By the universal property of free products, these
isomorphisms 1; extend to an endomorphism ¢ : G — G. Since Hy * --- % Hy is an &
free factor splitting of Gy - - - * G, then G is generated by the subgroups Hy, ..., Hy,
and so ¢ is surjective. Repeating this process on the maps lpi_l : H; — G;, we recover
a surjective homomorphism ¢ : G — G, which composes with ¥ to give the identity
map. Thus ¢ is an inverse for ¢, and so ¢ € Aut(G). Moreover,  restricts to 1; on each
Gj, thatis, (G)y = Gigi = H;, and so ¢ € Autg(G), as required. O

Definition 1.1.9 (Whitehead Automorphism). An automorphism in Aut(G; Gy, ..., Gy)
which, for each j, either pointwise fixes G;, or pointwise conjugates G; by a givenx € G
is called a Whitehead automorphism. Given x € G; and A < {Gy,...,G,} — {G;}, we
write (A, x) for the Whitehead automorphism which pointwise fixes any G; ¢ A, and

pointwise conjugates by x any G; € A.

Given finite sequences x = (x1,...,xx) with x1,...,x, € G;and A = (A;y,..., Ay) with
A1, ..., A € {G1,...,Gu} — {G;} (with the A;’s pairwise disjoint), we write (A, x) for
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the composition (A1, x1) ... (Ak, x¢) (Which should be read from left to right, since we
consider the action of Aut(G) on G to be a right action). We call such a map a multiple
Whitehead automorphism.

An element ¥ € Out(G;Gy,...,G,) will be called a (multiple) Whitehead automor-
phism if it has some representative ¢ € Aut(G; G, ..., G,) which is a (multiple) White-
head automorphism.

Remark. Our notation differs from that of Gilbert [12] in that we decide not to include
the operating factor G; (see below) in the set A.

More detail on Whitehead automorphisms, including relative Whitehead automor-
phisms, can be found in Section 5.5.

Notation 1.1.10. Given factor groups G; and Gj, we will write G;, (sometimes abbrevi-
ated as i;) for the group generated by automorphisms (Gj, x) where x € G;. We call G;
the operating factor and G; the dependant factor. Additionally, given factor groups G; and
Goys - -+, Gy, we will write iy, o, (0r Gj, ) for the subgroup of iy, x - -- X iy, generated
by the Whitehead automorphisms ({G,,, ..., Gy, }, x) where x € G;. We think of this as

the diagonal subgroup, and denote this by iy, o, & 1y, X -+ X Ip,.

Observation 1.1.11. We have a natural isomorphism fij G — Gij given by fi]. (x) =
(Gj,x). Indeed, G; - fi,(x)fi,(y) = Gj- (G}, x)(Gj,y) = xGjx~' - (G}, y) = xyGy 'x" =
G’ = Gj- fi(xy).

1.2 Key Theorems

We will later make repeated use of the Seifert—-van Kampen Theorem. As our simplicial
complexes are all closed, and we usually only care about closed subcomplexes of these,
we will use a ‘closed version” of the theorem. Such a theorem can be found in some
undergraduate Algebraic Topology notes, such as [22] delivered by H. Wilton at the
University of Cambridge.

Theorem 1.2.1 (Seifert—-Van Kampen (Closed Version)). For closed sets A and B with A,
B, and A n B path-connected and such that there exist open sets U < Aand V < Bwith An B
a (strong) deformation retract of both U and V, we have that the diagram:

m1(A N B) M, 1 (A)

b b

m11(B) L m1(A U B)

is a pushout, wherein : AnB— A,ip: AnB—B,ja:A—>AUB,andjp:B— AUB

are inclusion maps. We will abuse notation and abbreviate this by writing:

(A U B) = m1(A) #7,(a~B) T1(B)
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Remark. This closed version follows by noting that the diagram:

mUuV) —— m(AuV)

| |

7T1(Uu B) E— 7T1(AU B)

is a pushout by the standard Seifert-van Kampen Theorem, where the correspond-
ing components in the closed version are neighbourhood deformation retracts of those
here, and hence have the same fundamental group.

Since our sets A, B, A u B, and A n B will always be (finite) simplicial complexes, we
will always have that A n B is a neighbourhood deformation retract in both A and B.
Indeed, we can take a union of open subsets of each simplex of A containing A n B,
and similarly for B, and we will have open sets U and V satisfying this requirement.

We illustrate this with an example:

Example 1.2.2. Let A = <] and B = ]> be two (closed) simplices, and X =

AUB = a simplicial complex. Then in X we have that An B = | . We

can then take oursets U € Aand V € Bto U = and V = .Then A-U = <I

which is a closed set, hence U is open in A. Similarly, V is open in B, and it is clear that
A N B is a deformation retract of both U and V.

In [6], Brown presents a method for extracting a group presentation from its action on
a CW complex. A streamlined version of this is given as Theorem 3 in [6] which holds

when the action of the group on the complex has a strict fundamental domain:

Theorem 1.2.3 (Brown [6, Theorem 3]). Let G act on a simply connected G-CW complex X
(without inversion on the 1-cells of X). Suppose there is a subcomplex W of X so that every
cell of X is equivalent under the action of G to a unique cell of W. Then G is generated by the
isotropy subgroups G, (v € V(W)) subject to edge relations 1,,)(g) = tye)(g) for all g € G,
(e € E(W)) (where for any e € E(W), Ly(e) : Ge = Go(e) and ty(e) : Ge — Gy(e) are inclusions).

It is this theorem that forms the basis of Section 4 in which we give a presentation for
Outs(G).

1.3 Outer Space for Free Products

In [13], Guirardel and Levitt give a description of a deformation space for certain free
products G = Gy * - - - % G, * Fy on which Out(G) acts, allowing us to study properties
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of the outer automorphism group of a free product. They call this space O, the ‘Outer
Space’ (for a free product), and the projectivised space PO.

The space PO, while cellular, is not simplicial, due to ‘missing’ faces (faces ‘at infinity’).
To resolve this, we consider a construction called the barycentric spine of PO (denoted
‘S’). This is obtained by taking the first barycentric subdivision of PO, and then lin-
early retracting off the missing faces, to give a simplicial complex. This equates to
taking the geometric realisation of the poset on the cells of PO given by A < B if and
only if A is a face of B.

Whilst their construction is defined for a Grushko decomposition (i.e. each factor group
G; is non-trivial, freely indecomposable, and not infinite cyclic), by considering instead
the subgroup Out(G; Gy, ..., Gy, F) of Out(G) which preserves a given splitting of G,
we can loosen these conditions. We may refer to this as a ‘relative” Outer Space.

Since we are going to be interested in subcomplexes of the barycentric spine S, we will
now give an explicit description for it. We will restrict ourselves to the case where every

factor group in the splitting of G acts elliptically (i.e. k = 0).

Points in the Barycentric Spine of Projectivised Outer Space

Let G be a group which splits as a free product Gy * - - - * G,, where each G; is non-trivial,
and let S = (G;, ..., Gy) be the tuple associated to the splitting.

The barycentric spine S of PO is a simplicial complex whose 0-cells are graphs of
groups I' (with 711 (I') = G), as follows:

The underlying graph structure of I' is a tree
¢ I has one vertex with vertex group conjugate to G; for each i

¢ All other vertex groups are trivial (vertices with trivial vertex group will be called

‘trivial vertices’)
¢ Any trivial vertex has valency at least 3
¢ All edge groups are trivial
e The vertex groups G{',...,Gy" generate the group G (thatis, G§' = --- = G3" is a

free fractor splitting for G)

Note that two graphs of groups are equivalent if and only if they are isomorphic in the
sense of Bass [3, Definition 2.1].

Via Bass—Serre Theory, we could equally consider points of S to be certain actions of G

on trees T, up to equivariant isometry.
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Structure of the Barycentric Spine S of PO

Given two 0-cells I'1 and I'; in our barycentric spine, we have a 1-cell [I'1, '] whenever

I'; can be achieved by collapsing an edge or edges of I'; (or vice versa).

Whenever a collection of 0-cells I'y, ..., I';, form an m-clique in the 1-skeleton (that is,
whenever the restriction of the 1-skeleton to the vertices I'y, ..., I, forms a complete

graph), we have a unique (m — 1)-cell [I'y,..., ]

Since the maximum number of edges such a graph of groups can have is 2n — 3 (when
all non-trivial vertices have valency 1 and all trivial vertices have valency 3), and the
minimum number of edges is n — 1 (when there are no trivial vertices), then the dimen-
sion of the barycentric spine of projectivised Outer Spaceis (2n —3) —(n —1) = n —2.
Since PO is contractible [13, Theorem 4.2 and Corollary 4.4], and PO deformation re-
tracts onto S, then so too is S.

Action of Outg(G) on S

If we consider points of S to be actions p : G — Isom(T),p(g) = pg : T — T, pg(x) =
g -7 x on G-trees T, then for ¢ € Autg(G), the action on S is given by (T,p) - ¢ =
(T, ¢~ 'p), thatis, g -7y x = g¢~! -7 x. This extends to a cellular action on S. Since inner
automorphisms act trivially on S then this defines an action of Outg(G), where for any
cell C of S and ¢ € Outg(G), C- ¢ = C - ¢ for any automorphism ¢ € ¢. In Section 2.3,
we give a description of the action of Outg(G) on our chosen subcomplex of S in terms
of graphs of groups. Note that we have chosen notation so that G always acts on the
left and Aut(G) always acts on the right.

We will be interested in finding Outg (G)-stabilisers of vertices in the barycentric spine.
Considering points as actions of G on trees T, the stabiliser of a point T is precisely the
group of automorphisms acting trivially on the quotient graph of groups I' = T, G
This is the subgroup denoted by Guirdardel and Levitt as Outj (G).

If the vertex v; of I' = T /G represents the orbit of the vertex in T whose stabiliser is
G;, and y; is the valency of v; in T, then Outj(G) is isomorphic to the direct product
[T, (GF 1y Aut(G;)) (where Aut(G;) is identified with its projection in Autgs(G) (or
Outg(G))). The precise details of this are found in [13, Section 5]. We explore this more
explicitly in Section 5.1.16.

2 The Complex C,

From now on, we fix a splitting & = (Gy,...,G,) of a group G = Gy * - - - % G, where

each G; is non-trivial. We will consider graphs of groups of G which respect the splitting



64 Paper 1. A Presentation for Outg(G)

G — note that these will all be trees, as each factor group acts elliptically in the relative
Bass—Serre tree.

The barycentric spine of the projectivised relative Outer Space for G with respect to &
has a ‘reasonably sized’ quotient under the action of Outgs(G) whenn = 3and n = 4
(4 vertices contributing to a total of 7 cells, and 32 vertices contributing to a total of 159
cells, respectively). As n grows, this quotient space quickly becomes unwieldy.

Definition 2.0.1. For n = 3 or n = 4, we define C, to be the barycentric spine of
Guirardel and Levitt’s projectivised relative Outer Space associated to the splitting &
of G.

That is, C3 and Cy are the geometric realisations of the posets whose elements are
simplices in the projectivised relative Outer Spaces for the splittings G; * G * Gz and

G1 * Go = Gz * Gy, respectively, where A < B if the simplex A is a face of the simplex B.

Lemma 2.0.2. C3 and Cy are contractible. In particular, they are simply connected.

Proof. This follows from contractibility of projectivised Outer Space, proven by Guirardel
and Levitt [13, Theorem 4.2 and Corollary 4.4] , since projectivised Outer Space defor-

mation retracts onto its spine. [

Our goal now is to construct a simplicial complex C, for each n > 5 whose quotient

under the action of Outg(G) remains ‘reasonably sized’'.

2.1 Restricting to a Subcomplex of Outer Space

For the rest of this section, we assume n > 5. In general, the barycentric spine of the
Outer Space for n factors will be (n — 2)-dimensional.

Since our graphs of groups are all trees, we will find that the stabilisers of higher-
dimensional simplices in Outer Space are contained in the stabilisers of their faces.
Hence restricting ourselves to lower dimensional simplices will not sacrifice informa-
tion gathered from vertex stabilisers in the barycentric spine. We will thus restrict
ourselves to the three lowest possible dimensions of simplex; then when we take the
barycentyric spine of this restricted space, we will recover a 2-dimensional complex.

The lowest dimension of a simplex in Outer Space for n factors is n — 1 (since our trees
will have the minimal possible number of vertices, 1, leading to n — 1 edges). Thus we
are interested in graphs of groups with n — 1, n, or n + 1 edges.
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For n = 5, this means we just drop the top-dimensional simplices, which represent

j T !
the graphs of groups of the form \ _ / , where the labelled (red) ver-

<\

tices have vertex groups conjugate to the free factors of G, and the unlabelled (yellow)

vertices have trivial vertex group (and all edge groups are trivial).

We will call such a graph (i.e. associated to a top-dimensional simplex) a maximal graph.
Note that in our case, these are characterised by having precisely n leaves (all with
non-trivial vertex group) and with all other vertices (each having trivial vertex group)

having valency exactly 3.

As n increases, so too does the number of maximal graphs associated to ‘top” sim-

b

—! N
N/

plices. For n = 6, there are two maximal graph structures, and

‘\|/’

N For n = 7 there are also two types of maximal graph, for n = 8

there are four, for n = 9 there are six, for n = 10 there are twelve, and for n = 11 there
are eighteen. ! Collapsing edges (passing to faces in the associated simplex in Outer
Space) in each of these leads to a variety of structures.

Definition 2.1.1. In a graph of groups, we say that an edge is collapsible if it has at least
one trivial endpoint (that is, at least one endpoint whose vertex group is the trivial

group).

The process of replacing a collapsible edge (including its endpoints) by a single vertex
whose vertex group is the free product of the vertex groups of the endpoints of said
edge is called collapsing.

Given two graphs of groups T1 and T,, we will say T is a collapse of T; if T, can be

achieved as the result of successively collapsing edges of Tj.

Remark. Since a collapsible edge has at least one trivial endpoint, then one may think
of the edge as collapsing to its other (potentially non-trivial) vertex.

That is, if ¥—% is a collapsible edge, with u being the trivial vertex and v having
vertex group G, (possibly also trivial), then in collapsing e——3% , we replace it with a

vertex whose vertex group is equal to {1} * G, = G,. Thus we may think of collapsing

I This is somewhat analogous to alkane chains in organic chemistry, and the various isomers for these
(if we were to pretend that carbon could make only three bonds, and not four).
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¢ { asreplacing it with the vertex v. Note that the new valency of v is equal to the

old valency of v plus the valency of u minus 2.

Alternatively, the collapse of such an edge &—% in T; may be thought of as a map

f: T — Trsending &% to s and acting as the identity on the rest of T;. Collapses
of multiple edges can be achieved by composing these maps.

Recall that we have already decided to limit ourselves to graphs withn — 1, n, or n + 1

edges. So we will restrict ourselves further to collapses of graphs of groups of the form

U204 Un—

j Ly j l
\ &ﬁ f , which we will “abbreviate” as \ —n64— / (where the
k / \ m k / \m

‘n — 4’ means we have suppressed n — 4 leaves). We will use this method of abbrevi-
ation on a frequent basis. We will often refer to the blue-ringed vertex (with valency

dependent on n) as the ‘basepoint” of the graph.

For n = 5 this is exactly as we have described, and results in taking the barycentric
spine of the 3-skeleton of Outer Space. This graph shape provides a natural way to
generalise to n > 5, without having to worry about the varying maximal graphs. Note
that this means that for n > 5 there will be graphs of groups representing simplices of
the “correct’” dimension (i.e. n — 1, n, or n + 1) in Outer Space which we do not include

in our chosen complex.

Our complex C, will be the geometric realisation of the poset whose elements are the
graphs of groups we have selected above, where the order is given by collapsing. We

formalise this in the following subsection.

2.2 Points in the Complex

Table 1.1 summarises the graph shapes we will encounter, as well as a naming con-
vention, the number we expect to see in a fundamental domain of the subcomplex
we choose, and associated colours which are useful in drawing diagrams (though can
largely be ignored).

In general, subscripts separated by a comma are ordered, whereas subscripts not sepa-

\
n—2
rated by a comma are not ordered. So pjx and p; both refer to the tree —o0
v
n—2 n—2
whereas B and By ; refer to distinct trees, 2—0—0 and 0—;—0 , Te-
J J

spectively.
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Tree Name | No. per Domain | Colour
]
n—2 _
> PN P]k n(n2 1)
k
] l
\ n—>5 / n!
/ —’— \ i, jk,Im 8x(n—5)!
k m
l
n—4 / n!
]:_7_0_ \. Tk, Im Ix (n—A)! ()
m
n
o o 1 [
n—2
z—;—o Bk n(n—1)
]
\ n—3 n!
/ —’ Vi jk 2% (n—3)!
k
l
n—>5 / 5 n!
l:—;—?— \. i,jk,Im 2% (n—5)! .
m
n—4 l
n—1
L) A; n o
i
n—3 l
]:—o_—q Bijx (n—3)! o
] 1
n—>5 l
o——ee—0—o—o | Ciitim T (5!

TABLE 1.1: Points in the Subcomplex for n > 5

There is some additional symmetry from our trees, so we also have that o;j 1, =

i jkr €jtm = Emjks ANA Cijrrm = Cipmjk It is always assumed that, for example,

{i,j,k,1,01,...,00-4} ={1,...,n} as sets.

Recall from Definition 2.1.1 that an G-labelling is an assignement of vertex groups
Hi,...,H, to a tree T so that 771(T) = G which respects the splitting & of G. For

trees in Table 1.1, vertex groups are only assigned to named (red) vertices.
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Definition 2.2.1. Let H = (Hy,,..., Hy,) and H' = (H},, ..., H;, ) be two &-labellings
of a tree T from Table 1.1 with {vy,...,v,} < V(T). Then H and H' are equivalent as
labellings (with respect to T) if for each v € V(T) (including trivial vertices) there exists
Qo € G and (if v is not a trivial vertex) ¢, € Aut(H,) so that H, = ¢v(Hy)puQs 1 and
moreover, for any edge e € E(T) we have go’(‘l?) St(e) € Ho(e) (Where o(e) is the endpoint of
e closest in T to the ‘basepoint’, and ¢(e) is the further endpoint). If o(e) does not have a
vertex group assigned (i.e. o(e) is a trivial vertex) then g;.) = go(e)-

Two graphs of groups Tq1 and T, are equivalent if they each have underlying graph
isomorphic to some graph T, and their labellings are equivalent (with respect to T). We
denote this equivalence by T1 ~ T».

Considering the fundamental group of a labelled tree T = (T, H) to be '>il1<1 Hy,, this
equivalence induces an isomorphism Hy, # - -+ Hy, — Hj, #--- % Hj, . Somlg basic ma-
nipulation of notation shows that this notion of equivalence corresponds to taking iso-
morphism classes of graphs of groups described by Bass [3, Section 2].

When considering C,,, we assume a given splitting & of our group G, and may simply
refer to ‘labellings’ of trees.

Observation 2.2.2. If T1 ~ T, are equivalent graphs of groups and f is a collapsing map
of the underlying graph T, then f(T1) ~ f(T1) are also equivalent.

Gy,
Example 2.2.3. Consider the labelled graph of groups T := — :
Gk G] Gi ° G
Un—3
. The following labelled graphs of groups are all equivalent to T:
Gé,
1 ég—ég—d<:' where ¢ € G —since g¢~! = 1 € G, for any v.
k j i GS
Un—3
Gl
o8 G.g]- _<Gg< : where each ¢, € G, — since for each v, G, — g,Gpg5 !
k ] 1 Gf%,g,
n—3

is an element of Aut(Gy,).

iv,
Gy,

where iy, ..., iy, _;,ijx € G; and jx € Gj — since i €

.

i i
G k]k]k Gj]k G; Givn73

Un—3

Gi=17Yie Giand iy '(ixji) € G;.
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4.

Gh
GZ"—G’]—G<:. where ji, ji € Gj — this is achieved by combining 1.
1

Ji
GU;1—3

(with g = j;), 2. (conjugating G}i by ji_1 € Gj), and 3. (conjugating Gf by jkjl-_1 € Gj)
above.

In general, elements in the equivalence class of T all have the form shown in Figure 1.1,

where g € G, gy € G, foreach v, iy, ..., 1y, 5, ij € Gj, and ji € G;.

Ggfvl 8vq

(i 7
Gf ikTk8k ngg/ z
- °
G e
j Gglvn73gvn73

Un—3

FIGURE 1.1: Equivalence Class of &-Labellings of T

We are now ready to define our complex.

Definition 2.2.4 (The Complex C,). We build a (2-dimensional simplicial) complex

called C,, as follows:

¢ Take one 0-simplex for each equivalence class of G-labellings of each tree in Table

1.1 (equivalently, take one 0-simplex for each equivalence class of G-labellings
of each tree which is achieved by collapsing at least one edge of one of the trees

V2404 Un—

. (9 5
\Epy
\ f for each of the 1 (3)(",?) unordered pairs of subsets {j, k}

- 2 2

N

and {I,m} of {1,...,n}).

Given O-simplices [T ] and [T3], insert a 1-simplex joining [T;] and [T»] if and only
if some representative T of [T>] is a collapse of some representative T; of [T7] or

vice versa.

Insert a 2-simplex wherever there is a 3-clique [T1]—[T2] —[T3] —[T1] in the 1-
skeleton.

We will often refer to simplices of C,, as cells. We will use these terms interchangeably.

Additionally, we will sometimes refer to 0-cells as ‘vertices’, 1-cells as ‘edges’, and 2-

cells as “faces’.

Note that C,, is the barycentric spine of the subspace of Outer Space obtained by restrict-

ing to only simplices representing the above graph shapes. As such, we will sometimes

refer to it as ‘the/our complex’, or ‘the/our subcomplex’.
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2.3 The Action of Outg(G) on C, and its Fundamental Domain D,,

By considering the action of Outg(G) on our complex C,, there is a natural idea of a
quotient of C,, (two points are equivalent if they are in the same Outg (G)-orbit). We can
then pick a “fundamental domain” D,, for the action by choosing a lift of this quotient

in C,.

Recall from Section 2.4 that Outg(G) acts on the Spine of Outer Space. We restate this
action in terms of graphs of groups (rather than G-trees), and verify that this is indeed
an action on C, when restricted to our chosen graphs. We begin by stating the action
of Outg(G) on the 0-skeleton C,SO) of C,, and then show this extends to an action on the
full complex C,.

Definition 2.3.1 (Action of Outg(G) on C,SO)). Let [¢] € Outg(G) have representative
Y € Auts(G) and let T be a point in ¢! with G-labelling (Hy,...,Hy). Then T - [¢]isa
graph of groups with the same underlying graph as T and labelling ((H1)v, ..., (Hx)9)
(where (H;) is given by the usual action of Aut(G) on G, noting that H; < G).

Remark. Given [¢1] = [¢o] € Outg(G), there is some 1, : x — gxg~! € Inn(G) so
that ¢» = 911 Then for any point T € C,SO) with labelling (Hy, ..., H,), we have
(Hi)yp2 = ((Hi)yn)3. As noted in 1 of Example 2.2.3, (((H1)y1)S, ..., (Hn)$1)$) and
((H1)41, ..., (Hup1)) are equivalent as labellings. So we really do have that T - [¢1] =
T - [¢p2] — that is, the action here is well-defined. As such, we will often write T - ¢ (or
even Ty) for T - [1].

Lemma 2.3.2. Let S, T € C\” such that S is a collapse of T, and let f : T — S be the collapsing
map. Let ¢ € Outg(G). Then f(T - ) = f(T) - ¢.

Proof. Suppose T as a graph has labelling (Hj, . .., H,). Recall from Definition 2.1.1 that
permitted collapses do not alter vertex groups in any way. Thus (Hj, ..., H,) must also
be a labelling for S. Now T - ¢ is a graph of groups with the same underlying graph
as T, and labelling ((Hy), ..., (Hy)y). Similarly, S - ¢ has the same underlying graph
as S, with labelling ((H1)y, ..., (Hn)y). Since T - ¢ has the same underlying graph as
T, applying f to T - ¢ yields a graph of groups whose underlying graph is the same as
that of S, and has ((H1)¢, ..., (H,)¥) as a labelling. But this exactly describes the graph
of groups S - ¢. Thatis, f(T-y) =S-¢p = f(T) - . O

Since C, is a simplicial complex, then any cell is uniquely determined by its vertices
(O-cells). We will thus denote a cell by [Ty, ..., Tx] where Ty, ..., Tj are its vertices. Note

that for us we will only ever have k =1 or k = 2 (or k = 0).

Proposition 2.3.3. Let i € Outg(G). If [Ty, ..., Tx| is a cell in C,, then so is
[To-v,..., Tk 9]
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Proof. This is true by definition of the action for k = 0.

Let [Ty, T1] be an edge in C,,. Then Ty and T are graphs of groups with T; a collapse of
To —say f : To — Tj is the collapsing map. We know that Tj - ¢ is a point in c?, and
since it has the same underlying graph as Tp, then so is f(Ty - ¢). So we have an edge
[To- ¢, f(To - )] € Cy. Butby Lemma 2.3.2, f(To - ) = f(To) - ¢ = T1 - . Soif [Tp, T1] is
acellinCy,, thensois [Ty - ¢, Ty - ¢].

Now suppose [Ty, T1, Tz] is a 2-cell in C,,. Then we must have a 3-clique

[To] —[T1] —[T2] —[To], so [To, T1], [T1, Tz], and [T, T»] are 1-cells in C,,. Then

[To-¢, T1 -y, [Th -, To- ], and [Ty - ¢, T, - 1] are 1-cells in C,, forming a 3-clique, hence
by Definition 2.2.4 we must have a 2-cell [To- ¢, Ty - ¢, Tz - ¢]. d

Definition 2.3.4 (Action of Outg(G) on Cy). The action of an element ¢ € Outg(G) on
a k-cell [Ty, ..., T] of C, is defined to be:

[TO/“'/Tk].lP:: [T0¢,,Tk4]]

We now construct a fundamental domain for this action. The quotient space obtained
from the action has one cell for each orbit of cells in C,,. The obvious choice to make
here is to take the lift to be the subcomplex supported by vertices which are all the
graphs of groups (as listed in Table 1.1) whose vertex groups are precisely the factor

groups Gi, ..., G,. This is formalised below:

Definition 2.3.5 (Construction of D). We take the 0-skeleton D,(qo) of Dy, to be the set
of graphs of groups T whose underlying graph is a tree from Table 1.1 so that, up
to permuting the indices, T has a labelling (G, ...,G,). We now define D,, to be the

subcomplex of C, made up of all cells whose vertices are in D,SO).

Example 2.3.6. Note that in our selection of graphs of groups, we still allow permuta-

Gj\ n—2 Gj\ n—2

—0 and —0
G /

Gk/

tion of the vertex labels, just not conjugation. So

X
n J—
are both in Dﬁo), while —0 is not (for x ¢ Gj, i.e. G; # G]’.‘ as sets). Note
Gk
n—2 0) n—2
however that (fory € G;) & —=2—0 isinD,’,since & —2—0 isequiva-
Gy G Gy G

n—2
lentto e—e—0 under Definition 2.1.2.
Gr G
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Notation 2.3.7. Given a vertex T in C,,, we denote by Stab(T) the Outg (G)-stabiliser of
T, that is, the set {¢p € Outs(G)|T ~ T -}, where ~ is the equivalence described in
Definition 2.1.2. We will often abuse notation and write T = S for T ~ S.

Lemma 2.3.8. Let T be a vertex in C, (so T is a graph of groups) and let S be achieved by
collapsing edges of T. Then Stab(T) < Stab(S).

Proof. Let f : T — S be the collapsing map, and let ¢ € Stab(T) < Outg(G). By
Lemma 232, S-¢ = f(T)-¢y = f(T-¢). Since ¢ € Stab(T) then T -¢ = T, hence
S-p = f(T) = S. That s, ¢ € Stab(S). O

Proposition 2.3.9. The subcomplex D,, of C,, described above is indeed a fundamental domain
for the action of Outg(G).

Proof. We need to show that every orbit of cells in C, is represented in D,. That is,
if C € Cy is a k-cell of C, (for k € {0,1,2}), then there is some 1p € Outg(G) so that
C-yleD,

Let (T, (Hy,...,Hy)) be a point in C,(lo). Since Hj # - - - * H, is an & free factor splitting of
Gy * - - - * Gy, then by Lemma 1.1.8, there exists ¢ € Autg(G) so that for each i, (G;)yp =
H;. Then (T, (Hy,...,H,)) - [v~'] = (T,(Gy,...,Gy)) € D,, with [~1] € Outg(G) as
required.

Now let [T, S| be an edge in C,, (so S is a collapse of T), and choose ¢ € Outg(G) so that
T-¢y~!eD,. Then (Gy,...,G,) is an &-labelling for T - ¢!, and by Lemma 2.3.2, S - ¢
is a collapse of T - 1/)‘1 and hence (G;, ..., Gy) is also an G-labelling for S - 1/1_1. That is,
[T-y~1,S -y~ 1]isan edgein D,.

Similarly, if [Ty, T1, T] is a face in C,, then T, is a collapse of T1, which in turn is a
collapse of Ty. Choosing ¢ € Outg(G) with Ty - =1 € D, the above argument then
yields that [Ty - l[J_l,Tl . lIJ_l,Tz . lIJ_l] is a face in D,,. O

Proposition 2.3.10. The fundamental domain D,, described above is strict. That is, it contains
precisely one representative of each vertex, edge, and face (2-cell) orbit.

Proof. First, note that for two vertices to share an Outg(G)-orbit, they must have the
same underlying graph structure. Moreover, since our automorphisms are pure sym-
metric (i.e. do not permute factor groups), they must have the same indexing of ver-
tices. Since our fundamental domain was chosen to allow only one labelling for each

distinct graph structure, this precisely means that each vertex of D,, is in a distinct orbit.

Now suppose we have two faces in the fundamental domain, [Ty, T, T>| and [Sy, S1, S2],
which are in the same orbit. Then their vertices are also in the same respective orbits

(i.e. T; and S; share an orbit for each 7). Since our fundamental domain contains only
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one representative of each vertex orbit, we must have that T; = S; for each i = 1,2,3.
But when we constructed C,, we inserted only one 2-cell for each 3-clique. That is, a
face is uniquely determined by its vertices, so [T, T1, T>] = [So, S1, S2]-

The same argument applies to edges (cells with the form [Ty, T;]). Hence no two cells
of our fundamental domain are in the same orbit, that is, we have a strict fundamental

domain. O

2.4 Stabilisers of Vertices in D,

To move through our complex C,, we consider ‘collapse—expansion’ paths, since two
vertices (graphs of groups) are adjacent in C, if and only if one is a collapse of the other.
If Ty — T, — T3 is a path in C,, such that T; is a collapse of both T; and T3, and T; and T3
have the same underlying graph structure, then we will have that Tz = T - ¢ for some
€ Stab(T3). Thus understanding vertex stabilisers is key to understanding adjacency
in C,. We will also need to understand vertex stabilisers in order to apply Brown’s
Theorem (Theorem 1.2.3).

Recall that given a point T = (T,(Hi,...,Hy)) € C,SO), we have that € Outg(G)
is in the stabiliser Stab(T) of T if and only if T-¢ = T, thatis, (H;,...,H,) and
((H1)y,...,(H,)y) are equivalent as labellings of T. Recall from Definition 2.1.2 that
this means for each i = 1,...,n there exists g; € G and ¢; € Aut(H;) so that (H;)yp =

¢i(H;)8, and moreover, for every edge — of T we have g,/ 1 v € Hy.

We will only compute stabilisers of vertices in D,,. However, if T - x € C,, (with T € D,
and x € Outg(G)), then Stab(T - x) = x~!Stab(T)x = Stab(T)X_l. As such, we will
assume for now that any graph of groups T has (G, ..., G,) as a labelling.

We will present several viewpoints on the stabiliser of a vertex, from Guirardel-Levitt
[13] and Bass-Jiang [4], respectively. Note that Levitt [15] shows how these results are
equivalent, and demonstrates how to translate between them.

The Guirardel-Levitt Approach

Recall from Definition 1.2.1 that ® < Outg(G) is the group of factor automorphisms of
Gy -+ # Gy, with @ = [[I_; Aut(G)).

Given a vertex v; of a point (graph of groups) T € C,, with vertex group Gy, (assuming

Gy, # {1}, that is, v; is not a trivial vertex), let y; be the valency of v; in T.
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In [13, Section 5], Guirardel and Levitt give the stabiliser of T in Outg(G) as being

isomorphic to:
n

[T(c!" % Aut(Gy) = (H G;H) X @
i=1

i=1

where the semidirect product relation is given by the natural action of ® on each G;.

Using this, we recover Table 1.2 showing the stabilisers (up to isomorphism) of points
in D,,. Recall that the graph structures of these points are shown in Table 1.1.

Vertex Stabiliser
Pjk N
i jk,Im G?_4 x O
Tj,k,lm G] x O
o (O]
,Bj,k G] x P
Yijk GO x®
8 ik im (GI™* x Gj) x ®
€ Jc1,m (GjxG) x®
A, G2 x®
Bi (GI?x Gj) x» @
Ci,j,k,l,m (G?_4 X G] X Gl) x O

TABLE 1.2: Vertex Stabilisers (up to isomorphism) using Guirardel-Levitt

This point of view corresponds to fixing a particular edge of a graph of groups T, and
then twisting the remaining edges (outwards from the fixed edge). We demonstrate

this with an example:
Gj G

\ Gi /
(the graph
/N

Example 2.4.1. Consider the graph of groups ¢: W
G
k le

eoeo Gm

Un—5
7i jk,im With labelling G = (Gy,...,Gy)). We will compute the stabiliser of ¢ by ‘fixing’
an edge in the graph of groups.

Let A = (Gi’l, ceey GZ”) be an arbitrary labelling in the equivalence class of G of la-
bellings of 0. Note that by Definition 2.1.2 we must also have elements hj, h,,, € G cor-
responding to the two trivial vertices of ¢, and that h; = hy = hjx and hy = hy, = hyyy,. As
noted in 1 of Example 2.2.3, inner automorphisms of G preserve equivalence classes of
labellings. Thus the labelling A’ achieved by replacing each G/ by (G];“)hl_m1 = Ga;"1 "
equivalent to H. Note that in this labelling, the conjugator of G; is hl’mlhi = (hi’lhlm)_1 €

S

G; by Definition 2.1.2. Since this is an (inner) factor automorphism of G;, then the la-
belling H” achieved by replacing G:llh’"’ in H' with simply G,; is also equivalent to H.
We have now essentially ‘fixed” the edge i —Im (i.e. the edge which separates G; and

G from G; and all the other vertex groups) in ¢.
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Note that for any a we have hfnzlha = (h;lhlm)_l(hlflha) € G;. So aside from factor au-
tomorphisms (i.e. replacing G, with (G,)¢ for ¢ € ®), the only freedom we have left is
to ‘twist” along the remaining edges incident to i (the vertex in o whose vertex group
is G;); that is, given each remaining edge e incident to 7, to conjugate all vertex groups
separated from i by e by an element of G;. Note that for g; € G; and ¢ € ®, we have
(G5 = (Ga) &) = G897 We will let G;, denote the group of Whitehead automor-
phisms which conjugate the vertex group G, by elements of G; (for v = vy,...,0v,_5),
and similarly denote by G, the group of Whitehead automorphisms which conjugate
the vertex groups G; and G simultaneously by elements of G;. Note that Gl-]. =G, =G;
(for v = vy,...,v,-5). Since twists along edges from i happen independently of each
other, we then have that Stab(c) = (G;, x Givl X eee X Givn75) x P >~ G?‘4 x d, as listed
in Table 1.2.

ijk

Note that by choosing an edge to ‘fix” in a graph of groups T and indexing the remain-
ing edges as in the above example, we can similarly expand all the stabilisers listed in
Table 1.2. While this works well for some graphs, it does lead to a lack of symmetry,

and in graphs such as A;, such a choice can feel entirely arbitrary.

Even in the above example, we could have chosen to fix the edge from G; leading to G;
and Gy (or even an edge G, — G,) instead of the edge from G; leading to G; and G, .
This means we must have that Stab(c) = (G, x Gj, x---xGj, )xP=(G

e X Givnfs) x D <= (Gi]'k x G

Um

X Givl X

Z‘I m

x Gj,, x -+ x Gj, ) % d)) as subgroups of Outg(G).

To see why this holds, let g; € G, let i, be the element of Inn(G) which conjugates
every element of G by g;, and for groups Gy, ..., Gw, ({w1,...,ws} < {1,...,n}) let
({Gw,/--.,Gu},8i) be the Whitehead automorphism which conjugates each G, by g;
(for w = wy,...,w,). Then for ({G;, Gy}, gi) an arbitrary element of G; , we have
that ({G,, Gu},8) = ({Gih.&7") ({Gj, Gt Goy, ..., Go, 2}, g;l) I, Where ({ci}, g;l) e
Inn(G;)

< Aut(G;) < @ and ({Gj, Gt Goy, .., Go, 2}, g;l) € Gy, x Gi, x - x G, . Thatis,
Gi, < (G;, x Givl X - X Givn,5
o x G ) x @, as well as the inclusions required for the third claimed equality.

i ) x ®. One can similarly show that G;, < (G;,, x Gj, x

ivn—S
Thus while correct, and simple to write down, this method of determining stabilisers
can obscure subgroups and other structure. To remedy this, we may consider initially

fixing just a vertex, rather than an edge, in our graph of groups, or more generally, not
‘fixing” anything at all.

The Bass-Jiang Approach

Given a vertex v; of a point (graph of groups) T € V), with vertex group G; (assuming
G; # {1}, that is, v; is not a trivial vertex), let E(v;) be the set of edges of T with v;
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as an endpoint. We will index these edges by the vertices they separate from v; (so for
j
\ n—3
®
i

k

example in , the edges incident to the vertex i are indexed by vy, ..., v,,_3

and (jk)).

Bass and Jiang [4, Theorem 8.1] give a filtration explicitly describing the Out(G) sta-
biliser of a graph of groups. Since we are restricting to pure symmetric (outer) au-
tomorphisms, we have trivial edge stabilisers in our graphs of groups and no graph
automorphisms (as our graphs of groups are trees, and we do not permit permutation

of the vertex groups). So this filtration simplifies to a short exact sequence:

1 Gie n
1— ] <eel;£,.> ) / 7(Gy) | — stab(T) —— [[out(G) — 1
i=1 i=1

where f; : G; — G;, is an isomorphism and G;, is the group of Whitehead automor-
phisms which conjugate the vertex groups of vertices separated from v; by e by ele-
ments of the vertex group G;, and Z(G;) is the centre of G;, with diagonal embedding.

For brevity, given T € D,SO) we will write Mt for the []; (HEEE(“’) Gi") / Z(Gi)>

term of the above short exact sequence. This term corresponds to ‘twisting” along each
edge incident to each vertex in T.

Writing v for the vertex group G,, and v, for the automorphism group G,, (with the
indexing described above), we recover Table 1.3, showing the Mr term of the Bass—
Jiang short exact sequence for each tree T of Table 1.1.

Observe that forany a = 2,...,n — 1 we can embed the group i,,..,, diagonally into the
direct product iy, x - - - X ip,. We write iy, o, & 1p, X - -+ X Ip, to indicate that we consider
v,..0, to be the diagonal subgroup of iy, x -+ x iy,. If g; € Gi then f;, .~ (&i) € ivy..0,,
and Lyt is the inner automorphism which conjugates all elements of G by gz-_l. Now
fivyo gi)tgfl conjugates all elements of G; by g, and fixes all other elements of G.
Thatis, fi, ,  (8i)ig € Inn(G;). So we have that iy,. 5, , Inn(G) = Inn(G;) Inn(G) as
cosets in Outg (G).

More generally, if A L B partitions {1,...,n} — {i} then G;, = G;,, in Outg(G).

1ip
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Pjk [ [Inn(o)

T3 i im Hlnn(v) > (lvl Xooee Xy, 5 X Ljg X l]m)/Z(i)

T]',k,lm HIHII(U) X (]'Ulmvnf4lm X ]k)/Z(])

Bik Hlnn(v) w (or.o4_g X jk)/Z(j)

v#]
')’i,jk QIRI’I(U} % (Zvl X oo Xy, 4 X Z]k)/Z(l)
(Si’]',k,lm H Inn(l)) % (ivl X oo X ivn—S X l]k X Zlm)/Z(Z) X (]‘U]...Z)n,Silm X ]k)/Z(])
v#i,]
i i l o x 1
jkim };[z Inn(v) x Uoseun i) 2 75 oo X ) 2 7
Ai 1;[11_11,1(,0) % (lvl X .. 'Zvnfl)/Z(l.)
VI
Bi,j,k vl;[jlnn(z)) X (Zvl Xoeee X lvn—s X Z]k)/z(l) X (]ivl~~~vn73 X ]k)/Z(])
Cijkim H Inn(v) x (fpy X -+ X iy, o X djg X i””)/z(i) w ivy...oy_sim % fk)/z(].)
v#i,j,l

x(livl...v,,_5jk X lm)/Z(l)

TABLE 1.3: Mt Terms of Vertices T from Bass-Jiang Short Exact Sequence

G;
\\ .. (the graph A; with

Example 2.4.2. Consider the graph of groups A: .. //

Go,
labelling G := (Gy, ..., G,)). We explore two ways of determining Stab(A).

1. We will first deduce Stab(A) from the Bass-Jiang filtration. Note that this filtra-
tion allows us to compute the M4 term of the Bass—Jiang short exact sequence,
rather than the stabiliser of A itself.

We begin by considering ‘twisting’ from a vertex v; (with vertex group Gy,) for
some j = 1,...,n — 1. Since this is a vertex of valency 1, we conjugate all other

vertex groups by the same element g; of Gy, to achieve a labelling (up to ap-
propriate reordering) (ij, Gigj , Gfi, ceey Gfi _1>. However, by applying the inner

automorphism o1 € Inn(G) which conjugates all elements of G by gj_l, we see
]

—1
that this is equivalent to the labelling (Gif ,Gi,Goyy ey Gvn1> , which equates to
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having applied the inner factor automorphism which conjugates Go, by an ele-
ment of itself. Thus twisting from a valency 1 vertex v; simply yields Inn(Gy,) at
this stage of the Bass-Jiang filtration.

We now consider twists from the vertex i with vertex group G;. This has va-
lency n —1, and so we get n — 1 groups i,; = G;, which equate to conjugating the
vertex group Gy, by elements of G;. Since twisting along edges incident to i is
independent of the order in which we twist them, this forms a direct product of
groups. Note that if we were to twist all edges by the same element g; of G;, this
is equivalent (up to an inner automorphism of G) to just conjugating G; by g
That is, Inn(G;) = iy,..0, ; & iy, X -+ X Iy, _,, the diagonal subgroup. Moreover,
if gi € Z(G;) is central in G;, then conjugation of G; by gi_l is the identity map on
Gi, and so twisting along all edges incident to i by g; is equivalent to the iden-
tity automorphism. Thus we must quotient out by the centre of G;, embedded
diagonally into iy, o, | & 1y, X -+ X Iy, .

Hence we have the short exact sequence:

1—>HInn 101X~-'ivn—1)/z()—>8tab —>H0ut x Out(i) - 1
vFEI VEL

We deduce from this that Stab(A) is generated by ® = [ [/_; Aut(G,) and groups
Gi, = Gjfora e {1,...,n} — {i}, so that [G;,G;] = 1 (each element of G;,
commutes with each element of G;,) for every a,b € {1,...,n} — {i}, and where
Gi,.o, | & Gi,, % ---x G, Is the diagonal subgroup, we have Gy 1/ Z(G;)
= Inn(G;). We observe that for a,b # i, [Aut(G,), G;,] = 1. However, for a # i,
({Ga}, &) € i,y and ¢; € Aut(Gy), we have ({Gu}, &) @i = 9 ({Ga}, @i(g:)). These
relations on the given generators are enough to fully determine Stab(A) as a sub-
group of Out(G).

. Alternatively, we can calculate Stab(A) from Definition 2.1.2 by considering equiv-

alent labellings on A and the automorphisms which lead to these. This corre-
sponds to ‘twisting outwards from i". Note that in this method, we implicitly
‘fix’ the ‘basepoint” i. Recall that A has labelling G = (G1,...,Gy), and let

H := (Gi”,. . .,GZ”) be an arbitrary labelling in the equivalence class of G of
labellings of A.

Observe that as in 1 of Example 2.2.3, we can apply the inner automorphism
1,-1 € Inn(G) which conjugates each element of G by hi_l. Thus we obtain the

—1
labelling H' := (Gi, GZ; o G b 11) which (up to appropriate reordering)

Un—1
is equivalent to H.

By Definition 2.1.2, we have that for each a € {1,...,n—1}, hz-_lhva € G;. Hence

(aside from factor automorphisms) our only freedom in labellings is to conjugate
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each non-G; vertex group by an element of G;, i.e. to ‘twist” along each of the
edges incident to the vertex i (with vertex group G;) in A.

Thus Stab(A) is generated by ® and by n — 1 groups G;, =~ G;. Note that this is
exactly as determined above, and the same arguments can be made to determine

relations, resulting in the same presentation for Stab(A).

While the Bass-Jiang approach deals with the removal of symmetry which occurs by
making specific choices in the Guirardel-Levitt approach, we lose the ability to con-
cisely write down stabilisers. As such, we do not wish to replace the Guirardel-Levitt
approach with this one, but rather enhance it.

Vertex Stabilisers for Common Use

We will now detail presentations for the stabilisers of vertices in D, (graphs of groups
with structure listed in Table 1.1 and labelling (Gy, . . ., G, )) which will be useful through-
out the paper, but especially in Sections 4.1 and 5.2. For brevity, we write ; for the group
Gi; = G; of Whitehead automorphisms which conjugate the factor group G; by ele-
ments of the factor group G;. Recall that there is an isomorphism f;; : G; — i; given by
fi(8) = ({Gj}, §). When the isomorphism is relevant, we may write f;,(G;) for the group
ij. We will consider the centre Z(G;) of G; to be embedded in iy, & iy, x -+ X iy, Via

the isomorphisms f;..

We divide the vertices of D, into three categories, according to which method(s) we
will use to compute their stabilisers.

First, are vertices which have graph structure well-suited to the Guirardel-Levitt ap-
proach:

Proposition 2.4.3. As subgroups of Outgs(G) we have:

* Stab(pj;) = Stab(a) = &
* Stab(Tjxm) = Stab(Bjx) = jx x ®
* Stab(gjx1m) = (jk X lm) x @

where the semidirect relation is given by ({Gi},gj) o ¢ = ¢ o ({Gx}, (8)9) for any j, k with
({Gk}, &) € jx and ¢ € . In other words, cp_lfjk(g)q) = f;.((g)@) for g € G;.

Proof. These are lifted directly from Table 1.2, utilising Example 2.4.1 which follows it

to index the groups of automorphisms by the vertices they act on. O
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Our second category is that of vertices whose graph structures are well-suited to the
Bass-Jiang approach. We write iy, ., for the group of automorphims

{({lel""G?Jk}lg) |g € Gi}'

Proposition 2.4.4. As subgroups of Oute(G) we have:

* Stab(0; jiim) is generated by (ij X gy X Gy X - iU”’S)/Z(Gi) and ®
o Stab(v; jx) is generated by (ij X Gy > - % iv”’S)/Z(Gi) and ®

* Stab(A;) is generated by (g % o x iv”_l)/Z(Gi) and ®

each subject to the relations f;, (8) ... fi, (8) = Adg, (g7Y) (with Adg,(g~') as in No-
tation 1.1.6) and ¢~ f; (¢)p = fi,((g)@), where {wn,...,w,_1} = {1,...,n} —{i}, v €

{wy,...,wy_1}, and ¢ € ®. That is, Zwl'“w”‘l/Z(Gi) = Inn(G;) and f;,((G;)9)? = iy.

Proof. These are deduced from the Mt terms of the Bass-Jiang short exact sequences
listed in Table 1.3. Example 2.4.2 explicitly details how to recover relations for Stab(A;),

and the others follow similarly. O

Finally, our third category is that of vertices whose graph structures are not well-suited

to either approach, and we thus work directly from Definition 2.1.2:
Proposition 2.4.5. As subgroups of Oute (G) we have:

* Stab(6;x,1m) is generated by jy, (Ejic X d X Ty X - % i”""5>/Z(Gi)’ and ®, subject to
the relations:

1. fimonans / 76 = Tnn(Gy)
2. [jk/ (l]k X ilm X ivl X oo X ivn75)/Z(G,)] =1
1
3. fi,((G))@)? = jxand f; ((Gi)@)? = ix for each x € {jk,Im,v1,..., 0, 5}

* Stab(B; ) is generated by ji, (ijk X foy X -+ X Iy, ;) 4 Z(Gyy and ®, subject to the re-
lations:

1. oreons / 76,y = In(Gi)

2. []k/ (1]k X ivl X« X iZ}yl*S)/Z(G)] = 1

1

3. £ ((G))@)? = jiand f; ((Gi)@)? = ix for each x € {jk, v1,. .., vn3}

* Stab(C;jk1,m) is generated by ji, lm, (Ejic X dp X gy X -+ X iv”‘S)/Z(Gi)' and ®, sub-
ject to the relations:

1. ijklmvl"'U"_S/Z(Gi) = Inn(G;)
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2. [gb, (ijk X fy X gy X -+ % iv"’S)/Z(Gi)] =1 for each of a, = jx and ap = 1,
3. fi((G))? = ji f1,(G1)@)? = L, and f; ((Gi)@)? = ix

foreach x € {jk,Im,vy,...,0,_5}

4. [, Im] =1

Proof. We calculate these using Definition 2.1.2. The equivalence class of labellings for
B; x is explicitly described in Example 2.2.3. The classes for 6; ; x 1, and C;j 1, follow
similarly. From here, deduction of the Outg(G) stabilisers follows in much the same
way as in the second part of Example 2.4.2. O

3 Properties of the Fundamental Domain D,

Before proving any structural statements about the fundamental domain D,,, we pro-
vide some illustrations to aid in understanding this subcomplex. We describe some of
the substructures found within the 1-skeleton D,(ql) of the fundamental domain of C,,.
These will be particularly useful in determining edge inclusion relations in Theorem

4.1.1, as well as in showing that D,, is simply connected in Section 3.2.

The subcomplex of the fundamental domain obtained by restricting to collapses of a
j !
\_ngs /
_O_

k / \m

given graph will be referred to as a ‘spike’ of the fundamental

domain.

FIGURE 1.2: The a-A-Star

Figure 1.2 shows the a-A-Star. The circle with label ‘i” represents the vertex A;. The
Where the 3 small dots at the back are,
one should imagine “many”, that is, that there are in fact n — 4 A-vertices there. This

circle with label ‘ny” represents the vertex A, ,.

structure appears precisely once in the fundamental domain, and is present in every

‘spike’ (of which there are S(nnilél)!)’

Figure 1.3 shows a p-Book (the p—Book associated to the graph pj). The circle with label
‘1’ represents the vertex 1, j. The circle with label ‘jk’ represents the vertex pj, and
the circle with label j, k" represents the vertex ;. The orange circle adjacent to both

Bix and 7., i, represents By, ;. This structure appears ”(”T_l) times in the fundamental
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=,
==Y

FIGURE 1.3: The p—Book

. hei L . (n=2)(n—3
domain. There are two p-Books per ‘spike’, and each p-Book appears in %

spikes. Two distinct p—Books appear in only one spike together, and only if they are
associated to Pk and p;,, where j, k, I, m are all distinct.

FIGURE 1.4: The t-e-Box

Figure 1.4 shows a T-e-Box. It appears precisely once in each spike, and is unique to
its spike. It has n — 4 layers, each associated to a o-vertex. A given layer will be called
a 0-Slice. The cycle left when removing all c—Slices is called a T-e-Square. The yellow
circle with label ‘ns’ represents o5, i 1,- The blue circle with label “jk” represents Tj 1,
and the pink circle with label ‘jkIm’ represents €y 1 -

The remainder of this section will be spent proving connectivity results (namely path
connectivity and simple connectivity) for the fundamental domain D,;, which will be

key to proving respective theorems for the complex C,,.

3.1 Connectedness of the Fundamental Domain

We first show that the fundamental domain D,, is (path) connected. We will do this by
finding a path from an arbitrary vertex T € D,, to the vertex « € D,, (see Table 1.1). Then
any two arbitrary vertices of D, will be connected via «.

Lemma 3.1.1. The fundamental domain Dy, of C,, is path connected.
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Proof. We refer to Table 1.1 for the naming convention of vertices in D, (where each
vertex group is precisely one of the factor groups Gi, ..., Gy). Note that « is adjacent
to every pjx and every A; in D,. Every B and 7y graph is a collapse of some p graph,
hence any B or 7 vertex in Dj, is path connected to «. Additionally, every B graph is
the collapse of some B graph, so B vertices are also connected. Note that o; j 1, and
Tjxm collapse to A; and A;, respectively (which are both adjacent to «). Any C graph
is the collapse of some ¢ graph, and every ¢ and € graph is the collapse of some T
graph. Hence any vertex in D, has a path in the fundamental domain to «. Thus the
fundamental domain is (path) connected. Explicit paths are listed in Table 1.4. O

o
Pjk— &
Ai—lx

Bik—pjx—n
Yijk—Pjk—&
Bijk—Bjx—pjx—=a
i jkim — Ai—a
Tijim—Aj—a

Cijklm — Tijkm — Ai —w
Sijdim — Tim—Aj—a
Ejklm— Tikim—Aj—«

TABLE 1.4: Paths Between Vertices in the Fundamental Domain

Corollary 3.1.2. Any vertex T in the complex Cy, is connected via an edge path to some a graph.

Proof. This follows by noting that T sits in at least one copy of the fundamental domain,

and that the action of Outg (G) preserves adjacency, so the above argument applies. [

In [12, Section 4], Gilbert gives a summary of Fouxe-Rabinovitch’s presentation for
Aut(G) described in [10] and [11]. Restricting to the pure symmetric automorphisms
Autg (G) of a splitting & of G, this states that Autg(G) is generated by factor automor-
phisms and Whitehead automorphisms only (see Definitions 1.2.1 and 1.3.1). We can
use this to give a quick proof that our full complex C, is path connected.

Proposition 3.1.3. Any two x-graphs in the complex C,, are connected via a path which travels
only via « and A graphs.

Proof. Let ag be the a-graph in the fundamental domain D, and let ag - ¢ be an arbitrary
a-graph in C, (with ) € Outg(G) and ¥ € Autg(G) a representative for ). By [10]
and [11], transcribed in [12, Section 4], we can write ¢ as oy ... ¢, for some m € IN
where ¢g € @ is a factor automorphism, and for each 1 < i < m, y; is a Whitehead
automorphism of the form (S;, x;) with x; € Gj;) for some j(i) € {1,...,n} and S; <
{G1,...,Gn} — {Gjii)}-
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By Proposition 2.4.3, ¢y € Stab(ap), that is, ag - o = ag. We now write ;... ¢, =
P ( :ﬁ'ﬁl)( ;f{"_‘zlw"‘) e (gbzs"'lp"’)(tplz"'lp’”). Observe that for each 1 < i < m, w?’i“”'lpm
acts on ag - Piy1 ... Py to produce the graph ag - ;... ¢, (and 3y, acts on ag = ag - Po
producing «g - §,,). Moreover, if ; has operating factor G;;) and Aj(; is the A-graph in
D,, whose central vertex has stabiliser Gj(i), then by Proposition 2.4.4, i; € Stab(Aj(i))
and thus 1/1?”*1”'1#”’ € Stab(Aj(j) - Yiy1---Pm) (and ¢, € Stab(Aj(y)). Thus both the

graphs ag - ;... Py and ao - Pit1 - . . P collapse to the graph Ajy - Piy1 ... P

We therefore have a path ag— Ay — a0 - Y — Ajin—1) - Ym—0 - Pm-1Pm—...—

Déo-lpz...lpm—Aj(l)‘lpz...l[)m—txo‘l[)l...l[)m = ag - Po1...¥Ym = &g - 1P, as required.
O

We give an alternative proof of this in [14], which does not rely on already having a
presentation for Autg(G) or Outg(G), and rather uses the geometry of C,,.

Corollary 3.1.4. The complex C,, is (path) connected.

Proof. This follows immediately by combining Corollary 3.1.2 with Proposition 3.1.3.
O

3.2 Simple Connectivity of the Fundamental Domain

We will now show that the fundamental domain D,, of the space C, (and hence each
Outg (G)-image of D,,) is simply connected. This will be the main result of this section,
and is given as Theorem 3.2.11.

We will consider nested subcomplexes of D,,, adding ‘types’ of O-cell at each stage. We
will show that the first of these subcomplexes is simply connected, and then apply a
corollary of the Seifert-van Kampen Theorem to see that each successive subcomplex
is also simply connected.

Corollary 3.2.1. Let X and Y both be simply connected (simplicial) complexes. If we (suit-
ably?) glue X and Y together along a path connected collection of edges, then X U'Y is simply
connected.

Proof. Note that in the complex X U Y, the subset X n Y is precisely the collection of
edges we have glued along. Since this is stipulated to be path connected, then by the
Seifert-van Kampen Theorem (Theorem 1.2.1), we have 71 (X U Y) = 711(X) 7, (x~Y)
71(Y) = {1} %m0y {1} = {1}. O

2

i.e. so that X U Y is still a simplicial complex
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Recall that we describe a vertex [T] of C, as ‘collapsing’ to another vertex [S] if a graph
represented by [T] has an edge (or edges) which can be collapsed to form a graph
associated to [S]. That is, the vertices [T] and [S] are adjacent in C,,.

Definition 3.2.2. Let 7 be a subset of the graph structures shown in Table 1.1. Denote
by D,[7T] the subcomplex of the fundamental domain of C, obtained by restricting to

simplices whose 0-cells are those associated to graph structures in 7.

Lemma 3.2.3. D, [{«, p, A}] is simply connected.

j\_”oz
v
n—1

whose endpoints are both trivial), and that « in turn collapses to any A-vertex @
i

(including i = j or i = k). According to how we constructed the space C,, this means

n
Proof. Note that any p-vertex collapsestoa, O (by collapsing the edge

that for each pair (p, A) we have a 2-cell [p,a, A]. So the subcomplex D,[{«,p, A}]
comprises these 2-cells, glued along ‘matching’ edges. Given a particular p;;-graph, we
have a cone on a star at &« (where the leaves of the star are the various A graphs). As
we vary p, we get copies of this cone, all glued along the star formed by the « and A

vertices.
Pjk Pjk
/J’\ Olm %ﬂm
A
Z\ a\vi

Clearly each cone is simply connected. Since the intersection of these cones is (the
star based at « with leaves the A vertices, which is) path connected, we can iteratively
apply Corollary 3.2.1 to ‘add in” each cone (of which there are finitely many). Hence
the structure D, [{«, p, A}] is simply connected. O

Lemma 3.2.4. D, [{a,p, A, B,v}] is simply connected.

Proof. By the previous lemma, we have that 71 (D, [{«,p, A}]) = {1}. We will (itera-
tively) apply Corollary 3.2.1 to D,[{«,p, A, B, v}] taking X to be D,[{«,p, A}] (or the
union of this with successive Y’s) and Y to be the neighbourhood in D, [{«, p, A, B, 7}]

of B or 1.
Each p graph collapses to 2 B graphs, and n — 2 -y graphs. These Bs and s are unique

to the given p (that is, two distinct p graphs cannot both collapse to the same B or 7.
Specifically, pj collapses to B, Bx; and 7y jx for i # j, k. In turn, B, x collapses to A;, By ;
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to Ay, and 7; jx to A;. Thus the neighbourhood of B, (or 7; jx) is a 2-cell [pjx, B, A;j] (or
[0jk: Vijks Ai], respectively). Note that any 2-cell is simply connected. The intersection
of each of these neighbourhoods with any of the spaces X is an edge p— A (which
is, in particular, path connected). So by Corollary 3.2.1, D,[{«,p, A, B, v}] is simply
connected.

Bik Pjk B,
71,]'_ ! "Ym,jk
AR

7N

O
We now consider how to attach the B-vertices.
Lemma 3.2.5. D, [{«,p, A, B,y, B}] is simply connected.
n—3 n—2
Proof. Each B« Iz—o—O grows to a unique f;« z—o—o ,aunique 7; j
] 1 )

j j
\ n—23 . \ n—2 .
—e@ ,and aunique pj —o0 .SoDy[{a,p, A, B, v, B}]is the subcom-
i

o/ o/
plex Dy[{a, p, A, B, v}] with the addition of 2-cells [pj, Bjx, Bijx] and [ojk, Vi jk, Bijx] for
all possible values of i, j and k (by gluing along the p-f and p-y edges that already exist,
and additionally gluing our two 2-cells along the p-p edge they both share):

,Bj,k/ \ \[3k,j
|

AR

\

That is, given a specific p-vertex in our structure, for every f and <y we see adjacent

to said p, we glue in a ‘fin’ P along the dotted line. The edge path
B—p— 1 is path connected, so by repeated applications of Corollary 3.2.1, we see that

Dy[{a, p, A, B,v, B}] is simply connected. O
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Lemma 3.2.6. D,[{«,p, A, B,, B,0}] is simply connected.

Proof. Given a vertex 0; jx 1, in Dy [{a, 0, A, B,7, B,0}], with associated graph

]\ n—>5 /l . . . . n;l

) , we see there is precisely one A-vertex it is adjacent to, )

k / : \m :
. We also see that 0; jx 1, collapses to two <y-vertices, y; i and 7; ;. Further, ; j col-
lapses to both B; jx and By ; (similarly for v;;,). To create Dy[{«,p, A,B,7,B,c}], in
Dyu[{a, p, A, B, v, B}] at any A;-vertex we attach two 2-cells [(Ti,jkllm, Vijks Aj] and
[ ji 1ms Viims Ai] (glued to each other along the shared edge A; — 0 jk1,;) wherever we
see two vertices 7; jx and v; 1, adjacent to A; with j, k, I and m (and i) distinct. We then
glue in additional 2-cells of the form [c, 7y, B] wherever we see a path o —y —B.

—=

P/

That is, each 0; ji 1, has a simply connected neighbourhood, and the intersection of this
neighbourhood with Dy, [{«, o, A, B, 7, B}] is the collection of edges 7; jx — B; i x, Vi jk — Bix
Yijm—Bitms YVijm— Bim1, Vijx— Ai, and ; j,, — A;, which is path conected. The result
follows from Corollary 3.2.1. O

The process of adding in 7-vertices to our structure will be very similar to that for o-

vertices.

Lemma 3.2.7. D,[{«,p, A, B,7,B, o, }] is simply connected.
Proof. The vertex T 1jk In Dyul{a,p, A, B,v, B, o, T}] with graph
Jj J
n—4 / \ n—3
collapses to v jk —e and B;; e—e—0 . In

I \k k/i S A

turn, B;; and 1; j both collapse to A;. Additionally 7y; j collapses to B; ;x and B j, and

Bi1 collapses to n — 2 vertices of the form B, ;; (for v # i,1). and in our structure so far,
wherever we see a path ; jy — A; — B;; with i, j, k, | distinct, we glue in a pair of 2-cells
of the form [7,v, A] and [T, B, A] (glued together along their common edge A—T). As
before with o, we must also glue in all possible 2-cells of the form [7, vy, B] and [7, B, B]

as determined by the relative collapses of v and .
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We have then identified the neighbourhood of 7;; j inside D, [{«, p, A, B, 7, B, ¢, T}], and
found the intersection of this neighbourhood with D,[{«,p, A, B, Y, B, c}]. By the pre-
vious lemma, D, [{«,p, A, B, 7, B,c}] is simply connected, and clearly the neighbour-
hood of T (shown in pale blue) is simply connected. Moreover, the intersection of
these subsets is the collection of edges v;jx — Ai, 7ijk—Bijr Vijx— Bikj Bij—A

Bi1— By (for v # 1i,j,k,I). Since this is path connected, then by Corollary 3.2.1,
Dul{a, p, A, B, v, B,0,7}] is simply connected. O

Lemma 3.2.8. D,[{«,p, A, B,v,B, 0o, 1,6}] is simply connected.

Proof. Each ¢ in D,[{«,p, A, B,7,B,0,T,d}] collapses to a unique B and ‘grows’ to a

n—>5 /l n—23

Precisely, 6; ik m o—e—@— collapses to B; ;i ~e——@ and grows
k

ji\m ok J

j I I
\o5 S e ot/
k / : \m k / \m

that a given 0 jx 1, and Tj 1, are both adjacent to B jx (and share no other common B

unique ¢ and a unique T.

to 0j jkim . As such, we see

adjacency). So whenever we see a path ¢ jx 1, — B j x — Tj x,1m in our structure, we will
glue in 2-cells [c, §, B] and [T, 4, B] (gluing them along their shared 6-B edge).

A

d

That is, each J;j 1, has a neighbourhood in D, [{«,0,A,B,7v,B,0,T,0}] comprising two

Uik Im

2-cells glued along a single edge. The intersection of this neighbourhood with
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Dul{a, 0, A, B, v, B, o, T}] is the edge path 7 jx 1, — Bj jx — Tj x,1m- SO successive applica-
tions of Corollary 3.2.1 tells us that D, [{«, p, A, B,, B, 0, T,6}] is simply connected. []

Lemma 3.2.9. D,[{a,p, A, B,,B,0,7,6,C}] is simply connected.
n—>5
i
0ijkm- So the neighbourhood of C;x, , inside Dy[{a,p, A, B,7, B, 0, 7,6,C}] is four 2-

PTOOf. Each Ci,j,k,l,m o grows to 5i,j,k,lmr 51‘,1/"1/]7(, Tl,m,jk/ Tj,k,lmr and

cells [T, ks Oi 1, m,jkr Cij i 1,m)s [T tms Ot m, ks Cijik g, [Tijtms O jjeims Cij i im], and

[O'i,]'k,lm, 01 j ki Cijx1,m), glued along their common edges.

The intersection of this neighbourhood with D, [{«, o, A, B,, B, 0, T, J}] is the edge path
T, m,jk — Oi 1, m,jk — O jk,1m — Oij ,lm — Tj kI

By repeated applications of Corollary 3.2.1 (and by the previous lemma),
Dy[{a,p,A,B,v,B,0,7,6,C}] is simply connected.

U,m,jk

Finally, we add e-vertices to our complex.

Lemma 3.2.10. D,[{a,p, A, B,7v,B,0,7,6,C, ¢} is simply connected.

Proof. Note that the subcomplex neighbourhood around ¢4 ,, in our fundamental do-
main (equal to D, [{w,p, A, B,v,B,0,7,6,C,¢}]) is:
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Cm Sk m
B jlm

Tj,k,l m

T,m,jk

That is, € 1,m grows to Tj i, and T, jx and collapses to B;; , By, and n — 4 vertices
of the form C, j x 1. (for v # j, k,1,m).

The intersection of this neighbourhood with D, [{«, o, A, B,, B, 0, 7,6, C}] is the bound-
ary of the neighbourhood.

Bj,/,m
Co

1}k m Tik,Im

Ci,/‘,/{,[,m

.
.

Uy—dghj k1 m

Bk

Tl,m,]'k

Since this is path connected, Corollary 3.2.1 applies, and D, [{«,p, A, B,7,B,0,7,5,C, €}]
is simply connected. O

Finally, we have proved:

Theorem 3.2.11. The fundamental domain D,, of the complex C,, is simply connected.
Proof. By Lemma 3.2.10, D, [{«,p, A, B,v,B,0,7,6,C, ¢}] is simply connected. But
{a,0,A,B,7v,B,0o,7,0,C,e} covers all of the graph structures in Table 1.1. So by Defi-

nitions 3.2.2 and 2.3.5 D,,[{«,p, A, B,7,B,0,7,0,C, ¢}] is precisely the fundamental do-
main D,, of C,,. O

4 A Presentation for Outg(G)

This section is the main result of the paper.
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We recall from Section 1 the theorem of Brown [6] which we will use to determine a pre-
sentation for Outg(G) (Where G = Gy #--- % G, & = (Gy,...,Gy), and G = Outg(G)):

Theorem 1.2.3 (Brown [6, Theorem 3]). Let G act on a simply connected G-CW complex X
(without inversion on the 1-cells of X). Suppose there is a subcomplex W of X so that every
cell of X is equivalent under the action of G to a unique cell of W. Then G is generated by the
isotropy subgroups G, (v € V(W)) subject to edge relations 1,(,)(g) = t()(g) for all g € G,
(e € E(W)) (where for any e € E(W), toe) : Ge = Go(e) and ty(e) : Ge — Gy(e) are inclusions).

The complex X we will use is C;,, and the subcomplex W is D,,. Since C3 and Cy4 are
just the barycentric spine of Guirardel and Levitt’s Outer Space (for n = 3 and n = 4
respectively), results satisfying the restrictions on X and W are assumed from [13]. It is
highly non-trivial to show that C, is simply connected for n > 5, so we delay the proof
of this to Sections 5 and 6. The required result here is:

Corollary 6.3.3. The space C,, (for n > 5) is simply connected.

That D, for n > 5 satisfies the strictness condition on W is the result of Propositions
2.3.9 and 2.3.10.

The isotropy subgroups G, here are the vertex stabilisers Stab(T) for T € D, which
are detailed in Propositions 2.4.3, 2.4.4, and 2.4.5.

Note that Lemma 2.3.8 implies that the edge relations in Brown’s Theorem become:
‘g = lo_(i) (1t(e)(8)) for all g € Go(,) (that is, that vertex stabilisers Stab(T) are identified
with their natural images under inclusion in the stabilisers Stab(S) of any vertices S to

which the original vertex T collapses).

Notation 4.0.1. We summarise the notational shorthand we have adopted thus far:

[A, B] = 1: For subgroups A and B, ‘A commutes with B, in the sense that foralla € A
and for all b € B we have ab = ba.

Gi;: The group of (outer) automorphisms which act by conjugating all elements of the

factor group G; by an element of the factor group G;.

fix The isomorphism f;, : G; — G;; which maps an element g € G; to the element in G;,
which conjugates each element of G; by g.

Gi,.,.: The group { ( fio, (&)1 fiy, (gi)) Qi € Gi} which is the diagonal subgroup of
’fivl (GZ) X +ee X ,flvk(Gl) = Givl X +oe X Givk'
We often denote this by G <G, x--xG

ivl,..vk ivk *

Z(G;): The centre of the group G;, i.e. the subgroup {g € G; | gh = hg Vh € G; }. We will
often identify Z(G;) with its images f; (Z(G;)).
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Aut(G;): Often considered to be the subgroup {(1,...,1, Aut(G;),1,...,1)} of
D= 1_[]-:1 Aut(G;).

Adc,(g): The element of Inn(G;) which conjugates each element of G; by g (where g €
Gi).

G(p The group of automorphisms { @ofi(g) ‘ g€ G; } (where ¢ € D).

¢(Gj;): The group of automorphisms { fi; (¢ (g))‘ g€ Gi} (where ¢ € ).

We now split into cases dependent on the number 7 of factors in our splitting G =
Gi#--%Gy.

41 TheCasen =5

We have all the pieces required to build our presentation for Outg(G).

Theorem 4.1.1. Let Gy % --- % G, be a free splitting of a group G where each G; is non-
trivial and n > 5. For i € [n] := {1,...,n} and j € [n] —{i}, let fi : G; — Gj be
group isomorphisms, and for ¢ € G; let Adg,(g) be the inner automorphism x — gxg~* of
Gi. Then the group Out(G; Gy, ..., Gn) is generated by the n(n — 1) groups G;; = G; and
@ = []iL; Aut(G;), subject to relations:

~

[£i(8), fi()] = 1¥g,h e G, forall i € [n], j,k € [n] - {i}
- fi;(8), f, (W)] = 1Vg € Gj, h € Gy, for all distinct i, j, k,1 € [n]

N

3. [£i(8), fi;(h) fi,(h)] = 1Vg € G}, h € G, for all distinct i, j, k € [n]

4. fi, (g)-- fiy, (g) = Adg,(¢71) Vg € Gy, foralli e [n] and {vy,..., 0,1} = [n] — {i}

97 fi.(8)9 = fi,(89) V8 € Gy, for all distinct i, j € [n] and all ¢ € ®

S

As well as all relations in G and ®.

Proof. We apply Brown’s Theorem (Theorem 1.2.3) to the fundamental domain D,, of
the action of Outg(G) on C,. As previously noted, Proposition 2.3.10 states that the
strictness requirement on D,, to apply Brown’s Theorem is satisfied. We also require C,
to be simply connected. We delay the proof of this until after this section. The desired
result here is Corollary 6.3.3.

We now have that Outg (G) is generated by {Stab ’T e D } such that if [S, T] is an

edge in D (1 e.S,Te D(O) with T a collapse of S) then we have inclusions Stab(S) —
Stab(T). We use the descriptions of Stab(T) from Propositions 2.4.3,2.4.4, and 2.4.5. We
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(1) (0)
n n

proceed by examining the structure of D are

listed in Table 1.1.

. Recall that graph shapes for T € D

We first observe that every p;; collapses to a. Since abstractly, Stab(p;;) = Stab(a)
(Proposition 2.4.3), then each Stab(p;;) is identified with Stab(a) = ® in Outg(G). Sim-
ilarly, for each i,j we have that every Stab(7; ;i) (k,I € [n] — {i,j}) is identified with
Stab(B; ;) in Oute (G).

Since pjk collapses to Biks Yijkr Ao, and Bik (forany v € {1,...,n} and any i ¢ {j,k}),
we immediately deduce that the ® contribution from any Stab(f), Stab(+y), Stab(A), or
Stab(B) is identified with Stab(«).

We now consider the T-e-Square (Figure 1.4). Note that for each ¢; j 1 ; there are precisely
two T graphs, 7y and Ty ;;, which collapse to ¢; ; ;. We may ‘replace’ ;5 with B;;
and T ;; with By, and recalling that p;; collapses to ;; and py; to By, also ‘replace’ p;;
and py; with x. We thus have a diagram:

Stab(’ri,j/kl) — Stab(Sl’,]',kll) — Stab(Tk,Z/l‘]‘)

T AN
-~ S
-~ S
-7 o

Stab(,Bi,]-) Stab(ﬁk,l)
] -]
Stab(p;j) === Stab(a) Stab(px;)

where the dashed inclusions are naturally induced by the ‘replacements” we made.
Note that Stab(f;;) and Stab(By,;) ‘cover” Stab(e; ;i) in the sense that Stab(e;;i;) =
Stab(p; ;) x Stab(By,). Since Stab(B;;) n Stab(By,;) = ® = Stab(a), the dashed inclu-
sions form something akin to a pushout diagram, and we may conclude that Stab(e) =
Stab(B;,;) x o Stab(By,)-

Next, we consider Stab(A;). Observe that given i € [n], every B;; for j € [n] — {i} col-
lapses to A;, thus we have n — 1 inclusions Stab(f;;) — Stab(4;). Then the G;; contri-
bution from Stab(A;) is identified in Outg(G) with the G;; contribution from Stab(B; ),
and we can consider Stab(A;) to be generated by Stab(f;, ) x¢ - -+ x Stab(B;, ) sub-
ject to the relations in Proposition 2.4.4, as well as the relation Z(G
the B;;’s “‘cover” A;).

iv]...vn_]) = {1} (Since

A similar principle applies to Stab(; ). Given i,j,k € [n], we have that for any
I € [n] —{i, ], k}, the graph T;; i collapses to 7; jx. Noting that Stab(7;, ) is identified in
Outg(G) with Stab(B;;), we have n — 3 inclusions of the form Stab(B;;) < Stab(7; jx)-
Recall from Proposition 2.4.4 that abstractly, Stab(7; jx) is generated by

Gi]'k x Gi,1 X X Giznf3 / Z(G;) and ®. However, by manipulation of relations in Stab(-y; jx)
(or by considering the Guirardel-Levitt approach to computing stabilisers), we have

that the G, component is redundant as a generator. Specifically, for f;, (gi) € G;; (with
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gi € Gj), we have that f;, (i) = ‘gifill...zn,3 (glfl)fi(gi’l), where o, € Inn(G) conjugates
every element of G by g;, and f; : G; — Inn(G;) is the canonical homomorphism. Thus
we can consider Stab(7;jx) to be generated by Stab(ﬁill) X X Stab(ﬁizn,s) (with
relations similar to Stab(A;)).

Given a ‘top” vertex in D,SO) (i.e. a p, o, or T graph), we can reach a ‘bottom” ver-
tex (A, B, or C graph) by successively collapsing two edges. By changing the or-
der in which we collapse these edges, we produce square (or ‘diamond’) diagrams
W
V4
Stab(Z) < Stab(X) x Stab(Y)), we will have Stab(Z) = Stab(X) xgtap(w) Stab(Y), where

Stab(W) = Stab(X) n Stab(Y). Figure 1.5 illustrates some such diagrams which are of
particular use.

of inclusions y where so long as X and Y ‘cover” Z (in the sense that

i jkIm

Pjk
VRN
’Yi,jk/ \'Yi,lm Bik Vijk
NS NS

Aj Bijx

Ui jk,Im Ui jk,Im
AN 7 .
Vi jk Oijkim  Oijkim Oi 1 m, jk
NS N e

Bik Cijklm

FIGURE 1.5: Inclusion Diagrams in Dy(,l)

Diagram | 1 |may be thought of as akin to a pullback diagram, in that 0; ji ;,,, is uniquely
determined by v; jx and ;- Since Stab(A;) < Stab(7; k) x Stab(7; ), we deduce that
Stab(0; jx,im) = Stab(7;x) N Stab(7y; 1) in Outg(G). The remaining diagrams are more
akin to pushouts than pullbacks.

Diagram |2 | is from the p-Book of Figure 1.3, and is enough to uniquely determine
a given B; ;. Recalling that Stab(pj;) = Stab(a) = ® in Outg(G), we conclude that
Stab(Bi,j,k) = Stab(ﬁj,k) X Stab(’yi,]'k).

Diagram |3 |implies that Stab(B; ; x) = Stab(J;  x,im) X Stab (7 1) Stab(7; jx), thus
Stab(Bjx) x o Stab(y; jx) = Stab(J;  x,1m) X Stab (7 ) Stab(; jx). From this, we deduce that
Stab(éi,jlk/lm) = Stab(,B]-,k) X P Stab(U’i/]‘k,lm).

Diagram |4 | is from the c—Slice of Figure 1.4, and is enough to uniquely determine a
given C; k1 m- We then have that:

Stab(Cijk1,m) = Stab(8ijjim) Xstab(c; s ) StAP (S 1,m,jic)
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= (Stab(Bjx) X Stab (0 jkim)) Xstab(s; 1) (StAD(Brm) X @ Stab (o7, jiim))
= Stab(,lek) X Stab(,Bl,m) X P Stab(Ui,]‘k/lm)

We have now shown that any Stab(T) for T e D) can be written in terms of ® =
Stab(a) and Stab(g; ;) (allowing i and j to vary over {1, ...,n}). Thus Outg(G) is gener-
ated by {Stab(B;)|i € [n],] € [n] — {i}}, that is, Outs (G) is generated by

{G,-j’ie (,...n},jell,. .. n}— {i}} U .

From Stab(A;) (Proposition 2.4.4), we see that [G;, G;] = 1 and Givyon s/ 7(G) =
Inn(G;) = Gi Z(Gy): Using the isomorphisms f;; for preciseness, we recover Relations
1 and 4. Note that if ¢ € Z(G;) then Relation 4 gives f;, (¢)...fi, () = 1. We deduce
from Stab(e; ;) (Proposition 2.4.3) that [Gij, Gy,] = 1, from Stab(B; ) (Proposition
2.4.5) that [Gj,, G;, ] = 1, and from Stab(B; ;) (Proposition 2.4.3) that G;f_l = ¢(G;). We
now recover Relations 2,3, and 5 by substituting the appropriate isomorphisms f;; into
the above formulae. All other relations found in vertex stabilisers are subsumed by

these five. O

Remark. Note that n of these generators are ‘redundant’, in that for each i € [n] and
jelnl={i}, G; < (G
to remove without overcomplicating the relations is tricky, so we elect not to do this.

XX Gy 5) x ®. However, consistently choosing generators
n—

in,

Corollary 4.1.2. If a group G splits as a free product where the factor groups are non-trivial,
freely indecomposable, not infinite cyclic, and pairwise non-isomorphic, then Theorem 4.1.1
gives a presentation for Out(G).

Proof. Note that the splitting G; * - - - * G, described is a Grushko decomposition for G,
and so every automorphism must preserve the conjugacy classes of the factor groups.
That is, Out(G; Gy, . .., G,) = Out(G). O

42 The Casen =4

Let G = G * Gy * G3 * G4 be a free splitting of a group G, and let & = (G, Gy, G3, Ga).

By Definition 2.0.1, our complex Cy is the barycentric spine of Guirardel and Levitt’s
Outer Space relative to &, which we build by taking only the graph shapes from Table
1.1 which have at most four non-trivial (red) vertices. This leaves us with graph shapes
p, &, B, v, A, and B. Note however that for {i, j,k,I} = {1,2,3,4}, we have 7,1y = Bi;.
Also, p;j = py and B; jx = B; ;. Note additionally that we did not take 7 or € graphs (de-
spite these only displaying four non-trivial vertices) since the trivial ‘basepoint” must
have valency at least three here, implying at least one suppressed non-trivial vertex in

each case.
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Thus the vertex set of the fundamental domain Dflo) of C4 consists of % (g) = 3 p vertices,

1 a vertex, 4 x 3 = 12 B vertices, 4 A vertices, and 47! = 12 B vertices. These form three
pij ‘spikes” (for {i,j} < {1,2,3,4}) in DS), shown in Figure 1.6, which are identified

FIGURE 1.6: A ‘Spike’ in D"

Ay Ay
along the a-A-Star \[x/

Ay,

Proposition 4.2.1. We have the following for {i, ], k,1} = {1,2,3,4}:

1. Stab(p;j) = Stab(a) = @
2. Stab(,Bi,j) = Gi]- x P

3. Stab(A;) is generated by (Gjj x G x Gil)/Z(GZ-) and ® with relations Gi;k:/Z(Gi> =

Inn(G;) and ({Ga}, i) o @ = @ o ({Ga}, (gi)@) for ¢ € D and ({G,},gi) € i, for each
ae{jkIl}

4. Stab(Bi,k,l) = (GZ‘], X le) x D

Proof. The first three items are the same as the presentations listed for the n > 5 case.
The arguments there also hold for n = 4. We use the Guirardel-Levitt approach (see

Gi G G G

Example 2.4.1) to compute Stab(B; ), noting that B; ;; = I and fixing

the edge between vertex groups G; and Gy. O

Theorem 4.2.2. Let Gy * Gy * G3 * Gy be a free splitting of a group G where each G; is non-
trivial, and let & = (G1, Gy, G3, Ga). Writing fz-j for the isomorphism G; — GZ-],, Outg(G)
is generated by the twelve groups G for i,j € {1,2,3,4} distinct, and ® = ]_[‘,f:1 Aut(Gy),
subject to relations:
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1. [fij(g),fik(h)] —1VYg,heG;
2. [fij(g),fk] (h)] —1V¥ge G, heGy
3. fi,(8)fi(8)fi(g) = Adg,(g7") Vg € G;

4. 97 f,(8)9 = fi((9)p) Vg € Gi forall p € @
where {i,j, k, 1} = {1,2,3,4}.

Proof. We apply Theorem 1.2.3 to the complex Cs. Note that Lemma 2.0.2 tells us Cy
is simply connected, and it is not hard to deduce that the fundamental domain Dy
meets the strictness requirements here. Then Outg(G) is generated by the stabiliser
groups described in Proposition 4.2.1 for each combination of {i,j, k,1} = {1,2,3,4}.
We now consider the edge relations from D,. Since each p;; collapses to a, we have
that Stab(p12), Stab(p13), Stab(p14), and Stab(a) all generate the same subgroup ® of
Out(G). Moreover, since every vertex is a collapse of some p;; then the ® contribution
from each stabiliser in Proposition 4.2.1 is identified with Stab(a). Each ‘spike” of Dy

gives a diagram of inclusions:

(Gk,) ¥ ® —— (G;, Xle ) XD +—— (G)

Gxé Tl o
/ \

-i >4<I>—> G X Gy ) 1@ — (Gy,) ><1<I>

1

and each A; neighbourhood gives a further diagram of inclusions:

Gil x P
Stab(A;
Gl-], x P G x®

Hence any G;, contribution from Stab(A;) or Stab(B;,) is identified with the G;; con-
tribution from B; ;. Thus Oute (G) is generated Stab(p; ;) for each pair (7, j) and a, with
the @ contribution from each Stab(p;;) identified with Stab(a). That is, Outg(G) is
generated by G;; for each pair (i, j) and ®. The Relations 1-4 come from the groups in
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Proposition 4.2.1 (specifically, 1 and 3 are from Stab(A;), 2 is from Stab(B;x ), and 4 is
from Stab(B; ;)). O

Observe that the Relation * [ fi(8), fi, (W) fiy (h)] = 1’ from the case n > 5 may be deduced
from Relations 2 and 3 here (since writing k for Inn(k) yields k;; = ki;). Thus Theorem
4.1.1 in fact holds for n > 4.

One should note that one of each of the groups G; = G; is ‘redundant’ in the sense
that only any 2 of the groups G, G;,, G;, are independent of each other. It is possible to
consistently choose 4 such groups to eliminate from the list of generators, but doing so
would somewhat complicate the relations.

4.3 The Casen =3

For G = Gj * G * G3, the only graphs which respect the splitting & = (Gy, G2, G3) are
« and A graphs. Thus the fundamental domain D3 of our complex Cs is the following
tripod:

Ay

*—o—9
where A; is the graph G, G; G; fori=1,2,3and {j k} = {1,2,3} — {i}.

As before, we have that Stab(a) = ® = Aut(G1) x Aut(Gy) x Aut(G3), and that for each
i€ {1,2,3} with {j, k} = {1,2,3} — {i}, Stab(A;) is generated by (Gj; x Gik)/z(Gi) and

® such that Gijk/z(Gi) = Inn(G;) and ({G,}, gi) o ¢ = @ o ({Ga}, (gi) @) (for a = j, k) for
all ({G,},gi) € G, and ¢ € D.

Theorem 4.3.1. Let G = Gy * Gy * G3 be a free splitting of a group G where each G; is non-
trivial, and let S = (Gy, Gy, G3). Then writing fz-], for the isomorphism G; — GZ-],, Outg(G) is
generated by the six groups G, for i, j € {1,2,3} distinct, and ®, subject to relations:

1. |fy(@) fuh]| = 1vg,he G,
2. fi,(8)fi(8) = Adg,(8) Vg € G

3. 97 fi(9)9 = fi((8)p) Vg € G forall g € @

foralli=1,2,3and {j, k} = {1,2,3} — {i}.
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Proof. By Theorem 1.2.3, Outg(G) is generated by Stab(a), Stab(A;), Stab(A2), and
Stab(A3). The structure of D3 means that the ® contribution from each Stab(A4;) is
identified with Stab(«). That is, Outg(G) = Stab(A1) *¢ Stab(Aj3) *¢ Stab(A3). The
result then follows by examining each Stab(A4;). O

Note that Gijk/z(l') = Inn(G;) means G; Inn(G;) = G; Inn(G;) as cosets in Stab(A4;).
Thus we can write Stab(A;) = Gj, x ® = G;, x @ (using the Guirardel-Levitt approach
to computing stabilisers demonstrated in Example 2.4.1). Since the only relation be-
tween vertex groups here is the amalgamation over ®, we can in this case obtain a

much simpler presentation:

Corollary 4.3.2. For G = Gy * Gy * G3 as above, we have:

Outs(G) = (G12 % Gy, * G31) NP=Gxd

Proof. As noted above, in this case we have that Outg(G) = Stab(A;) *¢ Stab(A2) *¢
Stab(A3z). We now observe that (G, x @) x¢ (Ga, ¥ @) #¢ (G3, x P) = (Gy, * Go, * G3,) %
o. O

If each of Gy, Gy, and Gz is additionally freely indecomposable, not infinite cyclic, and
pairwise non-isomorphic, then we have that Outg(G) = Out(G). In this case, this
is exactly the presentation for Out(G) given by Collins and Gilbert [7, Propositions
4142].

5 The Space of Domains

The rest of the paper will be spent proving that for n > 5, C, is simply connected.

In order to study global properties of our complex C,,, we will define a new space, akin

to a nerve complex (first introduced by Alexandroff in [1]).

A nerve complex is an abstract simplicial complex built using information on the inter-
sections within a family of sets. The sets we will choose are copies of the fundamental
domain D,,, which form a (closed) cover of C,. However, in order to keep the dimension

low, we will only consider k-wise intersections of sets for k < 3.

It is not necessary to have background knowledge of nerve complexes in order to un-

derstand our space or arguments.
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5.1 Defining the Space of Domains

We will call a subset of our complex a domain if it is of the form D,, - i for some ¢ €
Outg(G), where we think of D, as a set and D, - = {x - |x € D, }. Since the action of
Outg(G) on C, preserves adjacency, then D,, -  has the same topological structure as
D,,.

Definition 5.1.1. The Graph of Domains is a graph whose vertex set contains one vertex
for every domain in our complex, and whose edge set contains an edge joining distinct
vertices u and v if and only if the intersection of the domains associated to u and v is

non-empty.

n
Since the graph O (denoted a) occurs precisely once per domain, taking one vertex

per domain equates to taking one vertex for every point of the form g in our complex
Cn. We will thus often denote vertices in the Graph of Domains by . Now any two
distinct vertices #; and «, in the Graph of Domains are joined by an edge precisely
when the intersection of the domain containing the graph & and the domain containing

the graph «; is non-empty.

Note that the action of Outg(G) on C, induces a natural Outg(G)-action on the Graph
of Domains.

Definition 5.1.2. The splitting associated to a domain D,, - i is the labelling
((G1),...,(Gy)yp), which is equivalent to any labelling (Hj,..., H,) of the a-graph
contained within the domain Dj, - .

Note that ¢ € Outg(G) is only unique up to factor automorphisms — that is, if ¢ € &
then D, - = D, - 1.

Corollary 5.1.3. The Graph of Domains is (path) connected.

Proof. This follows immediately from Proposition 3.1.3. O

Remark. Note that the Graph of Domains is not locally finite.

To show our complex C,, is simply connected, we will need the following construction:

&2
Definition 5.1.4. Wherever we have a 3-cycle / \ in our Graph of Do-
Nj— N3

[1%)
mains, we will insert a 2-simplex / \ if and only if a1 nax naz # I (in
Nf—— 3
the complex C,). We call the resulting CW-complex the Space of Domains.
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Note that givenacyclea; —...—a,_1—a, = ¢y withayn---na,_1 # J, we can split
K
this up into 3-cycles / \ fori=2,...,n—2,witheach a1 na; naj ;1 #
[ Ty
&, so any such loop is contractible in our Space of Domains.

The idea behind this definition is that, since we have shown that the fundamental do-
main D,, is simply connected, then if we had that any pairwise intersection of domains
is either empty or path-connected, then any non-trivial loop in C, would be projected

to a non-trivial loop in the Space of Domains.

In particular, if a1 U a; were simply connected (assuming a; N ay # &) then there
would be no non-trivial loops in C,, which would appear as a forwards-and-backwards
traversal of an edge when projected to the Space of Domains, and similarly for a; U

ap U ag (or the 2-cell 1 — ay — a3 — g in the Space of Domains).

Then to show that our space C, is simply connected, it would suffice to show that our
Space of Domains is simply connected.

Unfortunately, it will not be quite this simple, but the general idea will remain the same.
We will formalise (and resolve) this in Sections 5.2 and 5.3.

5.2 Pairwise Intersections

Here we would hope to show that the intersection of two adjacent domains is path-
connected.

Then we could deduce using the Seifert—-van Kampen Theorem that the union of two
adjacent domains is simply connected. This would ensure, for example, that there are
no non-trivial loops in C;, of the form a1 — A —a, — A —uay, and would justify the use
of a single edge between adjacent vertices in our Graph of Domains.

As it turns out, not quite all such intersections are path-connected, but we show that
the case where this does not hold can be circumvented. This is deduced in Propositions

5.2.10 and 5.2.11, the main results of this subsection.

To avoid confusion regarding domains and graphs within domains, we will temporar-
ily break from the convention of naming domains «. So let X; and R, be two arbitrary
domains. Assume N; n Ny # (F. Without loss of generality, we may assume R is the

fundamental domain D,,.

Observation 5.2.1. Note that if Ry = Ry - i then for T € Ry, we have T € X, if and only
if T =T -y for some T” € N;. But each domain contains precisely one element of each
orbit, so we must have T' = T’. Then ¢ € Stab(T). Moreover, for T € Xj and ¢ € Stab(T),
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wehave T =T -9 € Ry - 1. Thatis, for T € N, wehave T € Ry ifand only if Ry = N; - ¢p
for some ¢ € Stab(T).

Lemma 5.2.2. Let Ty, T», and T3 be vertices in the complex C,,. If T1, To € Ry n Ry and Tz € N
with Stab(Ty) n Stab(T,) < Stab(T3) then Tz € Ny N Ny,

Proof. By Observation 5.2.1, T € X; n X, if and only if N, = Ry - ¢ for some ¢ € Stab T.
Thus if T1, T, € Ry n Ny then N = Ry -¢; = Ny - ¢, for some ¢; € StabT; and
» € StabTp. Note then that ®; = Ny - 15!, so ;' € Stab(Ry) = Stab(a) =
® < Stab(T;) n Stab(T,). In particular, ¢ = (¢1¢2‘1)sz € Stab(Ty), so Ny = Ry - ¢y
with ¢, € Stab(T;) n Stab(T,). Additionally, if for some T3 € X; we have ¢, € Stab(T3),
then T3 € N; n Ny, This last condition holds if (but not only if) Stab(T;) n Stab(T>) <
Stab(T3). O

Corollary 5.2.3. Let Ty and T, be vertices in the intersection X1 N Ry < C,. If Stab(T;) N
Stab(Tz) =@, then N1 NNy = Ny = Ny,

Proof. Recall from Proposition 2.4.3 that Stab(x) = ®. Thus if Stab(T;) n Stab(T;) = ®
for some T7, T, € N1 N Ny, then & € Ny N Ny, But each a vertex appears in exactly one
domain, hence ¥; = N». O

Suppose T; and T; are distinct vertices in the complex C,. By Lemma 2.3.8, if T} is a
collapse of T, then Stab(T,) < Stab(T;),so T> € Ny n Ry = T; € Ry n Ny. Since every
graph collapses to at least one of A;, B;j, or C; 1, (for some i, j,k, [, m), then to show
path connectivity of intersections, it suffices to find paths in the intersection N; n R,
with endpoints as the following six cases:

1. Ai—A,

2. Bl,],k -_— Ap

3. Bijx—Bpgr

4. Cijipm—Ap

5. Ci,j,k,l,m - Bp,q,r

6. Ci,]',k,l,m b Cp,q/rlslt
(wherei,j,k,I,m,p,q,r,s,t need not be distinct, unless appearing together as indices of

a single vertex.) In our proofs, we will assume the ‘left” vertex has fixed indices, and

allow the indices of the ‘right’ vertex to vary.

Writing i; for the group G;,, we recall that the stabiliser of A; is a quotient of (iy, x - - x

iy, ;) @ ® , the stabiliser of B; is a quotient of (ij X jx X iy, X --+ X iy, ;) x ®, and
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the stabiliser of C; 1, is a quotient of (i, X Ly X ijx X jx X iy, X - -+ X 1y, ) x O. In the
group of automorphisms G;;, we call G; the operating factor and G; the dependent factor.
We say a graph has operating and dependent factors if the same is true of its stabiliser.
So A; has one operating factor, B;j; has two, and C; ., has three distinct operating
factors. In each case, only one operating factor has more than one dependent factor. We
now proceed through the Cases 1-6:

Lemma 5.2.4 (Case 1). If A; and A, are vertices in 81 N Ny, then there is a path in Ry N N
from Ajto Ap.

Proof. We have Stab(A;) nStab(A,) # @ if and only if i = p. But each domain contains
only one A;-graph for eachi € {1,...,n}. So either & € X; N Ny (in which case a1 = ay),
or Aj = Ay.

So if A; and A, are points in 8y N X, for any i,p € {1,...,n} then there is a path in
Ny N Ny connecting them. O

Lemma 5.2.5 (Case 2). If B;jx and A, are vertices in Ry N Ry, then there is a path in Xy N Ry
from B; i to Ap.

Proof. 1f p ¢ {i, j} then B; ;; and A, share no common operating factors, hence
Stab(B; ;) N Stab(Ap) = ® and a € Ny N Ny.

If p = i then Stab(B; ;) n Stab(A,) contains only one operating factor, with n — 3 de-
pendent factors. That s, Stab(B; jx) N Stab(A;) = (iv, x -+ x1y,_;) x P for {vy,...,v4-3} =
{1,...,n} —{i,j, k}. This is precisely the stabiliser of 7i,jk, hence 7; jx € Ry N Ry, More-
over, ; jx collapses to both A; and B; ;x, so we have a path B; ; , —7; jx— A;.

For p = j, we have Stab(B; ;x) n Stab(A;) = jx x ® = Stab(B;x), and so
Bijx—Bjx— Ajis apathin Xy N R,.

So if B;x and A, are points in 81 N Np foranyi,j, k1€ {1,...,n} then there is a path in
Ny N Ny connecting them. O

Lemma 5.2.6 (Case 3). If Bik and By, g » are vertices in Ry N Ny, then thereis a path in Ny n Ry
from B; i to By g

Proof. In order to have Stab(B; ;) n Stab(Bp,;,r) # ®, we must have that {i,j} n {p,q} #
5. We will thus assume this holds.

If {i,j} = {p,q} and additionally r = k, then either B, ;, = B;;x and we are done, or
we have B4, = Bjt, in which case Stab(B; jx) n Stab(B4,r) = ®. So we may assume
r # k in this case.

If p = jand q = i (with r # k) then Stab(B; ;1) n Stab(Bpqr) = (ir x jx) x ® =
Stab(si,,,j,k), and Bi,j,k —81'/,,/]‘,]( —_ B]',i,r isa path in Nl N NQ.
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If p=iand q = j (with r # k) then Stab(B; ;i) n Stab(By4,) = (ip; x -+ x iy, ,) x ®
where {iy,, ..., 0, _,} = {1,...,n} —{i, ],k r}. This is contained within Stab(A;), hence
A;j € Ny 0 Ry. Then by Case 2 (Lemma 5.2.5), there is some path from B, ;; to A; and
some path from A; to B; ;, in 8 N Ny.

We will now consider {i,j} # {p,q}. Then [{i,j} n{p,q}| = 1 and so Stab(B;;x) N
Stab(B),;,-) has at most one operating factor (with at most n — 4 dependent factors). If
there is no common operating factor, then Stab(B; ;i) n Stab(B,,) = ®. Otherwise,
Stab(B,jx) N Stab(By,,r) © Ay for some v € {i, j, p,q}. Then we are reduced to Case 2.

So if Bik and B, are points in Ry n X, for any i,j,k, p,q,7 € {1,...,n} then there is a
path in Ry n X, connecting them. O

Lemma 5.2.7 (Case 4). If C;jx1m and A, are vertices in Ny N Ry, then there is a path in
Nl N NQ from Ci,j,k,l,m to Ap.

Proof. In order to satisfy Stab(C; jx,m) N Stab(A,) # ®, we require that p € {i, j,1}. Note
that by symmetry, C; jx1m = Ci1m,jk 50 we only need to consider oneof p = jand p = I.

If p = j then Stab(C;jx1m) N Stab(Ap) = jix x ® = Stab(Tjx1,). We have that 7j 1,
collapses to both A;j and C; j x1,m, 50 Ci j k,1,m — Tjk,im — Aj is @ path in Ry n V.

If p = ithen Stab(C; x1,m) N Stab(Ap) = (ijx X iy, X - -+ X Iy,_;) x P (Where {vy,..., 0,5} =
{1,...,n} —{i,j,k,1,m}). This is contained in the stabiliser of 0i jk1m, Which is a graph
that collapses to both A; and C;  x.1,m, hence C; k1, — i jk,1m — Ai is a path in Ry A Ry,

Soif C;jx1,m and Ay are points in Xy n N forany i, 7,k [,m, p € {1,...,n} then thereis a
path in 8; n Ny connecting them. O

Lemma 5.2.8 (Case 5). If C; 1 1m and By, are vertices in Ry n Ry, then there is a path in
Nl N Nz from Ci,]',k,l,m to Bp,q,r-

Proof. To satisfy Stab(C;jx1m) N Stab(By4,r) # ®, we require {p,q} n {i, ], 1} # .

Suppose p = jand g = . If r = k then Stab(C; x1m) N Stab(Byq,) = ®. If r = m then
Stab(Cijx,1,m) N Stab(Byp,g,r) = (jk % lm) x ® = Stab(e; 1), and €;x ,» collapses to both
Bj;m and C; k1, S0 these points are connected by a path in Xy n Np. If r ¢ {k, m} then
Stab(Cijx1,m) N Stab(Bp,gr) = jk x ® = Stab(A}). Thus A; € Ry n R,. By Case 2 (Lemma
5.2.5) there is a path in Ry N N, from B;;, to A;, and by Case 4 (Lemma 5.2.7) there is a
path in Xy N Xy from A;j to C; ik 1m-

By symmetry of C;jx1,m = Cijm,jr we donot need to consider the case p =l and q = j.

We may now assume {p, q} # {j,I}. Again by the symmetry of C-vertices, we need only
consider {p,q} n{i,j} # .
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Suppose p = i and q = j (or g = | by symmetry). If r = k then Stab(C;;x1m) N
Stab(B,q,) is either (jx x iy, X -+ X iy, ) x ® Or (jk X ijx X iy, X =+ X @y, ;) X P, in
either case this is contained in Stab(d; ). Since d; 1, collapses to both B; ;i and
Cijku,m then this provides a path in Ry 1 Ry. If ¥ # k then the only operating factor in
Stab(Cix1,m) N Stab(By,q,r) is i, hence A; € Ry N Ny and thus by Cases 2 and 4 there is a
path from C; jx 1 to Bjj, in Ry 0 Ny

Suppose ¢ = iand p = j (or p = | by symmetry). If r = k then Stab(Ci;x1m) N
Stab(Bp,qr) = ® and a € Ny N Ny If r € {I,m} then Stab(C;jx1m) N Stab(Byq,) = jk x
® < Stab(A)), hence we are reduced to Cases 2and 4. If r ¢ {k, [, m} then Stab(C; ; x 1) N
Stab(Bp,qr) = (ir X jk) x @ < Stab(B; ;x). In the previous paragraph we showed there is
apathin Xy N X from C; ;. to B; jx via a -graph, and by Case 3 (Lemma 5.2.6), there
is a path in Ry N Ry from B; ; to Bj;, = By g,

If {p,q} n {i,j,1}| = 1 then Stab(C; ;x.1,») N Stab(By4,,) has at most one operating factor
(with at most n — 6 dependent factors). So either & € X; N Ry, or there is some A-vertex
in 8 N Ny, and we are reduced to Cases 2 and 4.

So if C;jx1m and By, are points in Ny N N, for any i,j,k,I,m,p,q,7 € {1,...,n} then
there is a path in 81 N N, connecting them. ]

Lemma 5.2.9 (Case 6). If Cijkt,m and Cp g 15+ are vertices in Ny N Ny, then there is a path in
Ny N Ny from Cijj1,m 10 Cpgrst ifandonly ifr # k — t # m.

Proof. Suppose we have C;jx1m € X1 0 Ry and Cp g5t € N1 N Na.
It {p,q,8} n{i,],1} = & then Stab(C; 1 m) N Stab(Cpgr,st) = P and a € Ny N Ny,

If [{p,q,s} n {i,j,I}| = 1 then we have at most one operating factor in Stab(C; ; k1) N
Stab(Cyp g,r,5,t) (with at most n — 7 dependent factors), so either « € Ny N N, (and we are
done) or there is some A-vertex in X1 n Ny, and we are reduced to Case 4 (Lemma 5.2.7).

Suppose [{p,q,s} n {i,j,I}| = 2. Then Stab(C;x;,) N Stab(Cp4,5,) has at most two
operating factors. If p # i then all of these operating factors have at most one dependent
factor. Since any B-vertex has two operating factors, each with at least one dependent,
then Stab(C; x 1) N Stab(Cp,4r5t) = Stab(B) for some B-vertex. Then we are reduced
to Case 5 (Lemma 5.2.8). If p = i then we have at most one operating factor with at
most n — 5 dependent factors, and the possible other operating factor has at most one
dependent factor. So again there is some B-vertex in Ry n Xy, and by Case 5, there must
be some path between our two C-vertices.

Now suppose {p,q,s} = {i,j,I}. If p = i then by symmetry of C-vertices we may
assume g = jand s = [. If in addition we have r = kand t = m then Cp 45t = Cijx1,m-
So suppose {r,t} # {k,m}. If [{r,t} n {k,m}| = 1 then either B; j or B;,, is in 8; N Ny,
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which reduces us to Case 5. If |{r, t} n {k,m}| = 0 then A; € X; " Ny, and we are reduced
to Case 4.

Finally, suppose p = j, q = i, and s = [. By permuting indices in accordance with the
symmetries of C; ;1 and Cyp g, ¢, this covers all cases where {p,q,s} = {i,j,/} and p #
i. If r = k then Stab(C;  x1,m) N Stab(Cpqr5t) S It x @ = Stab(A;), so by Case 4 we are
done. If r # kand t # m then Stab(C; jx1,m) 0 Stab(Cpq,r5¢) S (jx x i) x @ < Stab(B; x),
so by Case 5 we are done.

A problem arises when r # k but t = m. Then Stab(C; ; x1,m) N Stab(Cp g,r5t) =
Stab(Cijx1,m) N Stab(Cjirim) = (jk x Im % ir) x ®. The only graph T in our complex
(besides C; jx1m and Cj i, 1.m) with (jx x Ly x i) x @ < Stab(T) is Cy ;. So in this case
Ry N Ny consists of three distinct non-adjacent points. Note that this is the only case
where Ry n N5 is not path-connected.

So if Cjjx1m and Cp g+ are points in Xy N Ny for any i,j,k,I,m,p,q,1,5,t € {1,...,n},
and we don’t have that r # k and t = m, then there is a path in 8; n X, connecting
Cp,q,r,s,t to Ci,j,k,l,m- [

Having dealt with all six cases, we may now conclude:

Proposition 5.2.10. If Ny and R, are two domains with Ry N Ny # F such that Ry N Ny
contains some vertex which is not of the form C; ; 1 m, then Ry 0 Ny is path-connected.

Proof. Note that in the proof of Lemma 5.2.9 we showed that if C; 1, € N1 N Xz and
Cpgrst € V1 N Ny then there exists some non-C vertex in Ry n X ifand only if r # k =
t # m. The result then follows from Lemmas 5.2.4,5.2.5,5.2.6,5.2.7,5.2.8, and 5.2.9. [

Remark. Note that this statement is not saying that N; n X, cannot contain a vertex
Cijkum if it is to be path connected, just that it must also contain some other vertex as

well which is not a C-vertex.

While it is not ideal that such an intersection containing only C-vertices is not path-
connected, this can be handled via the following:

Proposition 5.2.11. If Xy and R, are two domains with Ry N Ny # & such that Ry N Ny
contains only vertices of the form C; j 1y, then 1 0 Ro = {C; j k1., Cj 1,m,i pr Clip,jk ) for some
(distinct) i,j,k,1,m,p € {1,...,n}. Moreover, there exists a domain Nz with X1 N Ny < N3,
such that N1 U Ny U N3 is simply connected.

Proof. As noted in Case 6 (Lemma 5.2.9) above, if 8; n N, does not contain any ver-
tices except C-vertices, then there exist some distinct 7,j,k,I,m,p € {1,...,n} such
that 8y " Ry = {Cik1,m Citmips Crip,jk}- Further, we have that Xy = X9 for some
P e (ipxjrxIm) x®(and ¢ ¢ (ip x jx) X P U (jx X Iy) x DU (I x ip) x P). That is,
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P = (Gp,i0)(Gx, jo)(Gm, lo)¢ for some iy € G;, jo € Gj, lo € G, and ¢ € ®. Define N3 to
be N1(Gyp, ip). Note that (G, ip) € i, »x ® = Stab(A;), so we have A; € 8; n N3. Then
Ny = Ry (Gp,10)(Gr, jo)(Gm, lo)p = N3(Gy, jo) (G, lo)¢. Note that (Gy, jo)(Gm, lo)¢ € (ji <
lim) x» @ < Stab(B,} ), so we have B;; ,, € Nz N R3. Moreover, (Gp, o), (Gx, jo)(Gm, lo)¢ €
(ip % Jx % Im) x ®.50 Ci k1. ms Cjtm,ips Clip,jk € Na-

By Proposition 5.2.10, we have that both X; n X3 and R, n N3 are path-connected, and
by Theorem 3.2.11, 8y, X5, and N3 are each simply connected. Then by the Seifert—Van
Kampen Theorem (Theorem 1.2.1), N; u N3 and R, U N3 are both simply connected.
Then we can again apply the Seifert-Van Kampen Theorem to the sets A = 8; U N3 and
B = N, U N3. Since we have that 711 (A) = my(B) = {1},and An B = (R nNp) UN3 = N3
is path-connected by Corollary 3.1.2, then we get that 771 (R; U Ny U N3) = T (AU B) =
{1}. That is, X; U Ny U X3 is simply connected. O

In plain language, this means if there is an edge in the Space of Domains which does not
represent a simply connected subset of the complex C,, then it must be in the boundary
of a 2-cell which does represent a simply connected subset of C,,.

Observation 5.2.12. In fact, the proof of Proposition 5.2.11 shows that if 8; and XN, are
two domains with Ry n Ry # ¢F such that 8; n X, contains only vertices of the form
Cijk1m, then there exists a domain N3 with R; n N3 containing a vertex of the form
Aj; and Ry N N3 containing a vertex of the form B;; ,,, such that ®; U R, U R3 is simply
connected.

Corollary 5.2.13. Let Ry and Ny be two domains so that 1 N Ny # (. Then there exists
U < C, with Xy U Ry < U such that U is simply connected.

Proof. Note that any pair of domains with non-empty intersection fall under precisely
one of Proposition 5.2.10 or Proposition 5.2.11. In the second case, we take U = Nj U
Ny U N3 with N3 as in Proposition 5.2.11. In the first case, we take U = N; U Ry. By
Theorem 3.2.11 we have that each of N; and X, is simply connected, and since in this
case N n Ny is path connected, then by the Seifert-van Kampen Theorem (Theorem
1.2.1), we must have that X; U N is simply connected. O

5.3 A Map from the Space of Domains to the Complex C,

In this subsection, we will define a (continuous) map from the Space of Domains to
the complex C,. This will allow us to conclude that simple connectivity of C, can be

deduced from simple connectivity of the Space of Domains, as desired.

Remark. If we had that pairwise intersections of domains were always path connected,
then since each domain is simply connected, a theorem of Bjorner [5, Theorem 6] would
tell us that if the Space of Domains is simply connected then so too is C,,. However, since

we do not have this, we must do some extra work to deduce this.
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Definition 5.3.1. We define a map F from the 1-skeleton of the Space of Domains
(equivalently, from the Graph of Domains) to C, as follows:

¢ A vertex XN in the 0-skeleton of the Space of Domains is mapped under F to the
a-graph contained in the domain R < C,,.

e Let X —N; be some edge in the Space of Domains, and set a1 = F(N;) and ap =
F(Xy). Choose an edge path A1y : [0,1] — Ny U Ry < C,, with A12(0) = a7 and
A12(1) = ap and let |Aq;| be its image. We define F(N; —Ny) := [Aqp].

* Given A1y, we require that Ap; (the chosen path in N; U R, from a5 to #1) be defined
by Aﬂ(f) = /\12(1 - t) forallte [0, 1],‘ that is, that F(Nl —Nz) = F(Nz —N1)

Observation 5.3.2. Note that by Definition 5.1.4, if 8; —N, is an edge in the Space of
Domains, then we have that 8y n N, # (7 as a subset of C,. By Lemma 3.1.1, each of X,
and N, is a path-connected subset of C,,, hence so too is Xy U Xy < C,,. Thus there must

exist some path in 8; U X, connecting F(R;) and F(Xy).

Remark. If one wishes to be more explicit, given an edge N; —N;, one may choose
TeXNnR < Cyand ¢, ¢ € Outs(G) with Ny = Dy, -p and Xy = D, - ¢ so that
tp_lq) € Stab(T), where D, is the fundamental domain. Denote the path in Table 1.4
from T-¢~! = T- ¢! to ap by p, where & is the unique a-graph contained in D,, and
set A := (p~1 - ¢)(p- ¢). Then F(N1 —Ny) = |p|- ¢ U |p| - ¢. It may well be that this
construction leads to an Outg(G)-equivariant map, but one would need to carefully
handle the choice of T € R; n N, to make it so.

Lemma 5.3.3. Any loop in C, is homotopic to a loop which is the image under F of a loop in
the Graph of Domains.

Proof. Let\' = Ty—T; —---—T, ,— Ty be aloop in the complex C,,. By Corollary 3.1.4,
we can write down a path p in C, from T} to the a graph in our fundamental domain
(which we call ag). By setting A = p~'A’p we now have a based loop in C, (i.e. a loop
containing the ‘basepoint’ ap) which is homotopic to A’. Say A = Tp— Ty —---— T},

where T, = Ty = «p.

We will now describe how to associate a domain N; to each vertex T; in A with T; € N;.
This will allow us to construct a path in the Graph of Domains whose image under F
we will show to be homotopic to A.

First set Ny to be D,;, the fundamental domain. If T; is associated to N; and T; 1 € N;,
we set N; ;1 := N;. In particular, this is the case whenever T; is a collapse of T;. Note
that for any edge S—T in C,, we have that either S is a collapse of T, or T is a collapse
of S. Now suppose we have a domain 8; 3 T; and T;1 ¢ N;. We must then have that
T; is a collapse of T; 1. Choose any domain R, containing T;1. Then T; € N;;1, hence
Ti—Ti1 S Niyp,and T € Ny 0 Ry g
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For a given domain ;, let «; € C, be the unique a-graph contained in ¥;. Since ¥X; N
N;y1 # , then either N; = N; 1 or R; —N;, is an edge in the Graph of Domains. We
define paths y; ;1 as follows: if N; = N; 4, set y; ;41 to be the constant path at a; = a;1;
otherwise, set y; ;1 to be the path A; ;1 from a; to a;;1 such that F(N; — N, 1) = [A; ;1]

Then the concatenation p := po1pt12 - .. fm—1,4 is equal to the concatenation

F<NU(O) —_— NU(l))F(NU(l) — NU(Z)) ce F(Ng(k) — NU(O)) which is

F(Ry(0) —Ro(1) —Ry2) — - — R0y — Ny 0)), where 0(0) = 0, and given o(i), (i + 1)
is the next index such that a, (1) # ag;).-

We now prove that A (and hence also A’) is homotopic in C, to .

Given T; and its associated domain ¥; with graph «;, let v; be a path contained in X;
from T; to «; (to be explicit, one may take the correct Out(G)-image of the relevant path
listed in Table 1.4). Additionally, let ¢; denote the (oriented) edge (path) T; — T;;1. By
Corollary 5.2.13, there exists a simply connected neighbourhood U; < C, containing
N; U Riyq (f Ry = N;, instead set U; = R;, and note that by Theorem 3.2.11 this is
simply connected).

Then the loop v; yiv;lleﬁ is contained in U;, hence said loop is contractible in C,,. In other
words, the edge T; — T} is homotopic in C, to the path v; Vﬂ/;ly Since this holds for
all i, it follows that A is homotopic in C;, to y, the image under F of a loop in the Graph
of Domains. O

Lemma 5.3.4. The map F described in Definition 5.3.1 extends to a continuous map F from the
Space of Domains to C,.

Proof. Let [N, Ny, N3] be a face (2-cell) in the Space of Domains. Then as subsets of C,,
we have that 8; n Ny n N3 # . Let A1p, A2z, and Az be paths such that each A;; is an
edge path in X; U X; from &; to a; with F(R; —R;) = [A;] (for i,j € {1,2,3} distinct).
To show that F extends to a map F, it will suffice to show that the concatenated path
A12A23A31 is the boundary of some simply connected subset of C,,, that is, that the loop
A12A23A31 is contractible in C,,. We illustrate the following process in Figure 1.7.

Step 1: Since [Ny, Ny, N3] is a 2-cell in the Space of Domains, then by Definition 5.1.4,
there must exist some point x € 81 " Ry " N3 < C,,. Let Ag3 be a path in 83 < C,, from x
to a3 and let A3y = Aoz be its reverse path (i.e. the same set of edges, but read from a3 to
x). By Theorem 3.2.11, each domain is simply connected, so A12A23A30A03A31 is a path
in C, which is homotopic to the image A12A23A31 of the loop Ny — Ny, — N3 — Ry in the
Space of Domains.

Step 2: By Corollary 5.2.13, there exists a simply connected neighbourhood in C,, con-
taining N, U N3. Thus the subpath Ay3A30 from a; to x is contained within a simply
connected subset of C,, containing R, hence is homotopic to some path A, from a5 to x
fully contained in R;.

Step 3: By the same reasoning as in Step 2, the subpath Ap3A3; from x to a; is homotopic
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in C, to some path A; from x to a; fully contained in X;. We have so far shown that
A12A23A31 is homotopic in C,, to the loop A1pA2A4.

Step 4: We have that A1pA2A4 is a loop contained in 8y U N,. Again, by Corollary 5.2.13,
the loop A12A2A1 is contained within a simply connected subset of C,;, hence it must be
contractible. O

s

Ste : 3 Step 4

FIGURE 1.7: Illustration Contracting the Image Under F of a 3-Cycle

Proposition 5.3.5. Suppose that the Space of Domains is simply connected. Then so too is the
complex Cy,.

Proof. Let A : S' — C, be an arbitrary loop in C,. We temporarily denote the Space of
Domains by S, and its 1-skeleton (the Graph of Domains) by S(). By Lemma 5.3.3, A
is homotopic in C, to some loop # : S' — F(S™M) which lifts to a loop M : S! — S
in the Space of Domains with # = F o M, where F : S) — (, is the map described
in Definition 5.3.1. If S is simply connected, then the loop M is contractible. That is,
there exists a continuous map f : ID? — S so that f|g1 = M. By Lemma 5.3.4, F extends
to a continuos map F : § — C,. Now Fo f : D?> — (, is a continuous map, and
Foflg = FoM = pu:S! — C,. Thus u is contractible, and hence A is as well. O
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5.4 Edges in the Space of Domains

Here we will consider adjacency in the Graph/Space of Domains. We will use a to
represent both a vertex in the Space of Domains (i.e. a domain, as a subspace of C,),

and a graph in a domain (i.e. a vertex in C,(ZO)).

Let a1 — & be an edge in the Space of Domains, that is, let #; < C, and ap < C,, be two
domains such that a1 n ap # . Then there is some vertex T € C, in the intersection
a1 N ap < Cy, and, as noted in Section 5.2, some ¢ € Stab(T) such that ay = (a7)¢.

Thus the edge a1 — &5 in the Space of Domains can be described in two ways: according
to some vertex T € a1 N &y, or according to some (pure symmetric outer) automorphism
¢ € Outg(G) satisfying a; = (x1)¢ (and hence also a1 = (a2)¢~!). We may then label

the edge a1 — a by either aq T Qo Or (7 £ ap, depending on our viewpoint.

This subsection considers the former viewpoint, i.e. points in the intersection a1 N as.
As such, this subsection can be considered the Space of Domains analogue to Section
5.2. The latter viewpoint (automorphisms satisfying a» = («1)¢) will be discussed in
Section 5.5

Definition 5.4.1. We will say an edge a; — a5 in the Graph/Space of Domains is of Type
T if there is some tree T in the intersection a; N &, in the complex C,,.

Note that edges can be of more than one Type. In particular, if an edge is of Type T3,
and T; is a collapse of Tj, then the edge is also of Type T,. However an edge can be
of Type T; and Type T, even if neither is a collapse of the other. Recall from Section
5.2 that if T € ay N ay, then at least one of A;, Bk, or C;jkm is in a1 N ap for some
i,j,k,1,me {1,...,n}, hence every edge in the Space of Domains is at least one of Type
A, Type B, or Type C.

Some earlier results may be summarised using this new terminology:

Proposition 3.1.3: Any two vertices in the Graph of Domains are connected via a path

whose edges are all of Type A.

Proposition 5.2.10: If an edge a1 — a7 in the Graph of Domains is of Type A or Type B,
then a; N ay is path connected in the complex C,,.

Proposition 5.2.11: If an edge a1 —a» in the Graph of Domains is of Type C but not of
Type A or Type B, then a1 n a5 is not path connected in the complex C,,. However,
there exists a domain a3 2 a; N &y so that [ag, &z, a3] is a 2-cell in the Space of
Domains and a1 U ay U a3 is simply connected in the complex C,,.

We will now deduce that simple connectivity of the Space of Domains can be proved
considering only edges of Type A.
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Proposition 5.4.2. Suppose a1 —ay is an edge in the Space of Domains of Type B but not of
Type A. Then there exists some domain az and edges oy — w3 and a3 — o of Type A such that
®1 — &y is homotopic to wy — a3 — ap in the Space of Domains.

Proof. Suppose B; ;x is a B-graph in the intersection a; N ap = Cy.

Let{i,j k,v1,...,vp—3} = {1,...,n}andlet (Hl-, Hj, Hy, Hy,, ..., an%) be an G-labelling
for the a-graph in the domain a1 of C,.. Then (H;, Hj, H, Hy,, .. ., Hy,_,) is an S-labelling
for B;jx, and by Example 2.2.3, any equivalent labelling for B; ;x must be of the form
<H§8i/H}gljkgj/ H;Eljk]kgk, H§11v1gv1’ o /H_f:’lzz;3gvn73) for some g€ G = Hy*...H,, gi € H,,

gj € Hj, gk € Hy, jx € H;j, ijx € H;, with g, € Hy and i, € H; foreachv = vy,...,0,_3.

We may now assume that the a-graph in a; has an G-labelling of the form

<HZ-, H]l.jk,H,ljk Jks H;vll, .. .,HZ;”:;) (since both inner automorphisms and relative factor
automorphisms stabilise a). Since the edge a1 —«» is stipulated to not be of Type A,
then we must have that ji # 1 and i, # 1 for some a € {jk,v1,...,v,_3}.

Let a3 be the domain whose a-graph has G-labelling (HZ-, H;jk,H,ijk, H;vll, ... ,H;:"‘: 33),
and let A; and A; be the A-graphs in a3 with central vertex H; and H]l.jk, respectively.

Observe that A; € a3 Ny, thus a1 — a3 is an edge of Type A in the Space of Domains.
Further, note that since <HZ-, H;jk,HZk,H;fil, .. ,HZ;’T;) is an G-labelling for A;, then

) ) ]jjk) . 5 ) <],i]'k>
by Definition 2.1.2, so too is | H;, H;’k, <H,l<’k) <k i H;ll, ..., H;n”:; . But (H;c’k> Y=
(illfkijk)ijk ik . )
H,' = H/"". Thus A; € a3 n ap, and so ap — a3 is an edge of Type A in the Space

of Domains.

Finally, since B; jx € a1 N ap N ag then [1, @2, &3] is a 2-cell in the Space of Domains, and

so a1 — & is homotopic to the path ay — a3 —a; whose edges are both of Type A. O

Proposition 5.4.3. Suppose a1 — iy is an edge in the Space of Domains of Type C, but which
is not of Type A or Type B. Then there exist domains a3 and ay and edges a1 — 3, a3 — x4 and
oy — o of Type A such that aqy — wy is homotopic in the Space of Domains to a1 — a3 — og — 2.

Proof. By Proposition 5.2.11 (or rather, Observation 5.2.12), there exists a domain a3
so that a; —a; is homotopic to a1 — a3 — a2, where a; — a3 is an edge of Type A and
a3 —ay is an edge of Type B. Then by Proposition 5.4.2, there exists a domain a4 with
a3 — 2 homotopic to a3 —ay — o, where a3 —ay and ay —a; are both edges of Type

A. Now a; —ay is homotopic to a1 — a3 — g —ap. ]

Corollary 5.4.4. Any path in our Graph of Domains is homotopic (in the Space of Domains)
to a path whose edges are all of Type A.
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Proof. This follows from Propositions 5.4.2 and 5.4.3, recalling that any edge in the
Graph of Domains is at least one of Type A, Type B, or Type C. O

5.5 Relative Whitehead Automorphisms

In this subsection, we consider how to move through the Graph of Domains (i.e. how to
move along edges in the Space of Domains). By Corollary 5.4.4, we need only consider
edges of Type A.

In Definition 1.3.1, we define Whitehead automorphisms and multiple Whitehead au-
tomorphisms, which provide a convenient way to discuss elements of the stabilisers of
vertices in the fundamental domain D,,. These are the same (differing only in notation)
as those used by Gilbert [12] and Collins and Zieschang [8]. However, to examine do-
mains other than the fundamental domain (i.e. vertices in the Space of Domains), it will
prove useful to discuss ‘relative” Whitehead automorphisms, which may act on groups
beyond just the factor groups G; of the splitting &.

We will find that moving along edges of Type A in the Space of Domains is achieved by
applying ‘relative multiple Whitehead automorphisms’, or equivalently, by collapsing
and expanding edges of graphs of groups in C, (i.e. travelling along x — A —a paths
in Cy).

Definition 5.5.1 (Relative Whitehead Automorphism). Let Hy - - - H, be an & free
factor splitting for G = Gp * - -- = G,. A relative Whitehead automorphism (with respect
to the splitting Hj * - - - = H,) is a map ¢ for which there exists x € H; for some i and
A € {Hy,...,H,} — {H;} so that ¢ pointwise conjugates H; by x for each H; € A, and
pointwise fixes Hy for each Hy ¢ A. We denote such a map ¢ by (A, x). If |A| =1, ie.

A = {H;} for some j, we may abuse notation and write (H;, x) for ({H;}, x).

Ifx = (x1,...,x) < H;forsomeiand A = (Ay,..., Ay) whereeach A; < {Hy,..., Hy} —
{H;} and A}, n A}, = & for j1 # jo, then we denote by (A, x) the composition

(A1,x1) ... (Ag, x¢). Such a map is called a relative multiple Whitehead automorphism. We
denote the union A; U - - U Ag by A, or, for longer expressions, by | J A.

The Whitehead automorphisms of Definition 1.3.1 may be thought of as relative White-
head automorphisms with respect to the initial splitting G; * - - - * G,, of G. However it
should be noted that they behave quite differently under composition.

Lemma 5.5.2. Let Hy - - - % H,, be an & free factor splitting for Gy # - - - % Gy. If p € Out(G)
is a relative Whitehead automorphism (with respect to Hy * - - - % Hy,), then 1 € Outg(G).

Proof. By Lemma 1.1.8, there exists ¢ € Outg(G) with (G;)¢ = H; = G} for each i ( for
some g; € G). Since 1 is a relative Whitehead automorphism for Hj * - - - * Hy, for each
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i there exists h; € G such that (H;)y = th’ Now let x € Outg(G) be such that for each
i,xX:89+— g(hi)sv_l for all g € G;. Then for each i, ((G;)x)p = ((hi)go_lGi(hi’l)cp_1> Q=

hi(Gi)oh ' = higiGig; 'h ! = G?igi, and the following diagram commutes:

Gl*"'*Gn#G?*”'*ng Hy#---%H,

| l I

-1
*...*G;Shn)q) *}cp Gillgl*..-*Gann B H{ll*...*Hﬁ”

Gihl)(l)71

Thus in Out(G) we have i = ¢~ !x¢ and since ¢, x € Outg(G) < Out(G) then ¢ €
OutG(G). ]

Lemma 5.5.3. If a1 —«» is an edge in the Space of Domains of Type A, then there exists some
relative multiple Whitehead automorphism (A, x) such that ay = ay - (A, x).

Proof. If oy —a is an edge of Type A, then there is some A-graph A; € a1 nay < Cy.
Suppose the a-graph in the domain a1 has G-labelling (Hj, ..., Hy) = (G{',...,G3") for
some g1,...,8n € G. Then so too does A;, and the a-graph in ap must have labelling
((H1)x,.-.,(Hn)x) for some [x] € Stab(A;).

Let [¢] € Outs(G) be such that Hy = (Gy)y for all k (that is, a1 = D, - ¢). If A; is
the A;-graph in D, the fundamental domain, then Stab(A;) = ¢! Stab(A;)¢. Recall
from Proposition 2.4.4 and Example 2.4.2 that Stab(A;) comprises elements of the form
(Goy, 1) ---(Go,_,,Yn—1)p where y1,...,yy,—1 € Giand ¢ € ® = [[}_; Aut(Gy).

Since ¢ € Stab(a) (where a is the a-graph in D,,), then we may assume that a, - ! =
Dy - (Goyy11) -+ - (Go,_y, Yn—1) for some yy,...,y,—1 € G;. Now for a given factor group

e _ _ NE:
Gj (with j # i), we have (G)(Gy)¥ = (G])y = ((G)y)™" - (cff)< M
(H;) (Hj y}gi). Observe that since y; € G; then y}gi e G = H,.

Thus setting x; = y}gi forall j # i, we have ap = ay - lp_l(le,m) oo (Goy yYn—1)P =
a1+ (Hyp, x1) ... (Hy,_y, Xo,_, ). Grouping together terms for which x; = x, we may then
write this in the form ap = a1 - (A, x) with A= \JUA < {H;,...,H,} —{H;} and x € H;,
as required. Moreover, (A, x) € Stab(A4;), as one would expect. O

Example 5.5.4. Let a; be the a-graph with G-labelling (H;, ..., H,), and let h; € H;.
Then ay := ay - (Hs3, hp) is the a-graph with &-labelling (H;, Ho, Hé’l, Hy,...,H,). More-
over, a1 —«» is an edge in the Space of Domains of Type A (writing &; for the domain
containing the a-graph «;). We demonstrate this via the following collapse-expansion

pathin Cy:
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H, H,
AN AN
— gy, = Sy,
Hs H; Hs Hé"
H4 H4

It is not hard to see using this example how to extend Lemma 5.5.3 to an “if and only
if” statement. Additionally, we see that relative (multiple) Whitehead automorphisms
must obey the relations of the stabiliser of the relevant A-graph in C,,.

Observation 5.5.5. In order to apply this kind of geometric argument, we must ensure
that all automorphisms are written relative to the domain on which they act. This in-
cludes automorphisms written within a composition. Thus, continuing Example 5.5.4,
if hy € Hy say, we have (Hs, hohy) = (Hs, h1)(H, ha).

Lemma 5.5.6. Let (Hj,..., H,) be an &-labelling for some a-graph « € C,,. Suppose x € H;
for some i, and A,B < H = {Hi,...,Hy} with Hi ¢ AuB. If A = {H,,,...,H,,}, set
A*:={H},... H

m’r: S am )

1. For x1,xp € Hj, we have o - (A, x1)(A™,x3) = a - (A, x2X1).
2. We have « - (A, x)(A*, x~1) = a. We will thus write (A*,x1) = (A, x)~L.

3. IfAnB =, thena- (A, x)(B,x) = a- (B, x)(A, x), which we may write as o - (A L
B, x).

Proof. Leta be the a-graphin C, with (Hj, ..., H,) as alabelling. We partition {Hy, ..., H,}
as {H,,...,Hs,} W{H;,...,H;,;} wherem +s =nand H, € Aforeachae {ay,...,a,}.

1. By Definition 2.4.3, we have that « - (A, x1) is the a-graph, say «;, with labelling
(Ha!,...,Ha!, Hi,, ..., H;,). Thenay - (A", x,) is the a-graph, say ay, with labelling

((H,’fll)xZ, e, (Hg;)"z, Hi,...,H;) = (H,’fl]xz, e, Hﬁf;lxz, Hi,...,H; ). On the other
hand, we clearly have that a - (A, x1x2) = as.

2. This follows immediately from 1 by setting x; = x and x; = x~! and noting that
xx~! =1and (A,1) is the identity for any A.

3. Since A n B = &, we will partition {Hy, ..., H,}as {H,,, .. .,Hup} u{Hp,,..., Hbq} U
{Hj,...,H;}wherep+q+r=mn,H, e Aforeachae {ay,...,a,},and Hy, € B for
eachb e {by,...,by}. Setay := - (A, x) and ap := « - (B, x). Then ; is the a-graph
in C, with labelling (H, ..., Hj{p, Hp, ..., Hb,,/ Hi,...,H; ), and a5 is the a-graph
in C, with labelling (Hy,, ..., Ha,, Hj , .. .,Hg‘q,Hil, ..., H; ). Now a3 := a7 - (B, x)
is the a-graph in C, with labelling (H;‘l,...,H;Cp,HZ’)‘],. . .,Hifq,Hi .,H; ). But

17
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ay := - (A, x) is also an a-graph in C,,, with the same labelling as a3. Thus a3 and
a4 belong to the same Out(G)-orbit of the fundamental domain, D,,. Since D,, con-
tains a unique a-graph, then we must have that a3 = a4. Thatis, a - (A, x)(B,x) =
a-(B,x)(A,x).

O]

Remark. Let H = {Hy,...,H,}. For I = H— (AuBu {H;}) with AnB = & and
H; ¢ A U B, we can “partition’ the a-graph with labelling (Hy, ..., Hy)

o H; A
n H2
N\ as [ H; . One should think of this still as an «-
Hn—l / \ H3
[ ] ‘ [ ] B

[ ]
graph, but ‘abbreviated” — instead of drawing individual edges for each leaf H; of A,
we draw one wider edge (similarly for B and I).

Lemma 5.5.7. Let Hy * - - -« H, be an & free factor splitting for G, and let « be the x-graph (and
the domain containing it) with &-labelling (Hy, ..., H,). Suppose there are elements x € H;
and y € H;j for some i # j, and subsets A,B < {Hy,...,Hy} — {H;, H;}. If An B = (J, then
a- (A x)(By) = o (By)(A x)

H
H,, H>
Proof. We have that « is the graph of groups .
anl H3
71N
[ ] [ ]
[ ]
A
H;
For I = {Hy,...,Hy} — (A v B u {H;, Hj}), we ‘partition” a as | , not-
H
B

ing that by construction A L B U {H;, H;} u I forms a disjoint partition of the labelling
(Hi, ..., Hy) for . Then the diagram in Figure 1.8 commutes.

(Ax)
o

a- (A x)
That is, in the Space of Domains there is a loop +(B,y) +(B,y) which

w- (By) 5L w-(A,x)(B,y)

can be seen algebraically by considering the labellings of each a-graph. Thus we have
x- (A,x)(B,y) = - (B,y)(A,x). =

Remark. With notation as in Lemma 5.5.7, if instead we have H; € A, then a - (A, x)(B,y)
is not well-defined geometrically — we would instead need to write « - (A, x)(B, y*).
On the other hand, if An B # &, say B < A, then «a - (A, x)(B,y) would also not be
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A A AX
H; H;
I — ] Hi —— ]
H] Hf H]
B B B
A AX
H; H;
I I
Hj Hj
B
A A AX
H; H;
I — ] Hi —— ]
Hj H; Hj
BY BY BY

FIGURE 1.8: Commuting Diagram of « and A Graphs

well-defined geometrically. Instead, we would write « - (A, x)(B*,y). Note that this
differs from the notation used for non-relative Whitehead automorphisms, where if ag
is the a-graph in D, (i.e. with labelling (Gy,...,G,)) and x,y € G,, we would have
that ag - (G1, x)(G1,y) is the a-graph with labelling (G¥ Gy, ..., Gy,). For the remainder
of the paper, all automorphisms will be assumed to be relative (multiple) Whitehead

automorphisms, unless otherwise specified.

Despite our relative (multiple) Whitehead automorphisms being different objects than
the Whitehead automorphisms used by Gilbert [12], we borrow some notation intro-
duced in [12, Section 2]:

Notation 5.5.8. Let Hy - - - * H;, be an & free factor splitting for G and set H:= {Hy,...,Hy}.
Given subsets A1, ..., Ay € H where A; n Aj = Jfori#j,set A= (Ay..., Ax) and

let A:= Aj U--- U Ay. Suppose B is an arbitrary subset of H — {H;},let x; ..., x;,y € H;
(where H; ¢ A) and set x = (x1,...,x;). Alsoset A := (H — A) — {H;}. We will adopt
the following notation:

L4 (AﬂB,X) = (Al mB,xl)...(AkmB,xk)

L4 (A—B,X) = (Al—B,xl)...(Ak—B,xk)
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(A+;B,x) :=(A1 — B,x1)...(Ai_1 — B,x;_1)(A; U B, x))

(Aj+1— B xj41) ... (A — B, xy)
=(A1—B,x1)...(AjUB,xj)...(Ax— B, xx)

* (A yx):= (A, yx1) ... (Ax yxx)

* (A, xy) := (A, x1y) ... (Ak, xxYy)

(Aj,x) :=(A1,x1) ... (Aj1, xj21) (A, %)) (Ajs1, Xj41) - - - (A, xk)

(A, x1) .. (A x)) .o (Ag, k)

(A1, x1) ... (Ajor, xj-1) (Aj, D(Ajra, i) - - (A xk)

(A1, x1) .. (Aj, 1) ... (Ag, xx)

[A]j := Aj, [X]j := xj, and [(A, x)]; := (A, x})

(A, )~(]) .

If A={H,,..., Hy,} then A¥:= {Hj ,...,H; }and we define
A= (A7, ..., A9

Note that (A n B,x) and (A — B, x) may still be defined when H, € B.

We find that similar (though not identical) properties hold for us as are used by Gilbert
[12]. In particular, part 4 of the following Proposition is adapted from [12, Lemma 2.10].

Proposition 5.5.9. With the above notation, we have that:

1. (A,x) = (A—B,x)(An B,x) = (A B,x)(A — B,x)

2. (A+;B,x) = (A—B,x)(B,x))

3. (Aj,x;'%)) = (A, x; %) (A, ;1) and (Aj, %ix 1) = (A, xx;)(A,x7)
4. (A,x) = (A+;B,x)((AjnB)Y,%x;") = (A;n B, xj—lij) ((A+;B),x)

where [(A +; B)] =[(A +; B)]a =A,—Bforae{l,..., k} —{j}
and [(A +; B) ( (A+B)]; | JA mB)) L ([(A+B)]; ~ (A; n B))" ™

~A 1

- (4 >U<AnB> U(B—A)Y

Proof. 1. Given arbitrary sets A and B, we have A = (A — B) U (A n B), which is a
disjoint partition of the set A. Now
(A, x) = (A1, x1) ... (Ag, xx)
= (41~ B) U (A1 " B),x1)... (A¢ — B) U (A 1 B), xp)
= (A1 —B,x1)(A1nB,x1)...(Ax — B, x¢)(Ax 0 B, x¢)
=(A1—B,x1)...(Ax— B, xx)(A1n B, x1) ... (Ax n B, xy)
= (A —-B,x)(AnB,x).
Moreover, we also have A = (A n B) u (A — B), and a similar argument yields
(A,x) = (A nB,x)(A - B,x).
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2. Given arbitrary sets A and B, we have A U B = (A — B) u B, which is a disjoint
partition of the set A U B. Now
(A—i—j B,x) = (A1 —B,xl)...(A' uB,xj)...(Ak—B,xk)
= (A1—B,x1)...((Aj=B) U B,xj)...(Ax — B, xz)
= (A1—B,x1)...(Aj = B,xj)(B,xj) ... (Ax — B, x¢)
= (A1—B,x1)...(Aj = B,xj) ... (Ax — B, x¢)(B, x)
= (A — B,x)(B, xj).

3. We have

(A% 1%)) = (A x'x) o (A a1 L (Ag x )
= (A, x) (A DA ) L (A X )
= (Al,xj_lxl). (Aj, 1) ... (Ak x; 1xk)(A,x] )
= (Al,xj_lxl) (4j, xj_lxj) (A, x]._lxk)(A, x]-_l)
= (A, xj_lx)(/l, xj_l)

Similarly,

(A}, ijxfl) = (Al,xlxj’l) .. (A, x;l) . (Ag, xkx]fl)
= (A xx; ) (A xx DA XY L (A xx )
= (Allexfl) (Aj x270) - (A xex; ) (A, )

4. By 2. and 3. above, we have
(A +;B,x)((Ajn B)Y, %x; )

(A —B,x)(B,x;)((A n B)Y,xx; ) ((An B)Y,x;7")
= (A=B,x)(Bn A, x)(B—A,x)((AnB)Y,xxj")((B—A)Y,x; D)
= (A-B,x)(AnB, xj)((A n B)Y, xx; H(B -4, xi)((B— A)xf,xj_l)
=(A—-B,x)(AnB, xxj_lx]-)(B A, xj_lx])
= (A—-B,x)(AnB,x)
= (A/x)
Similarly,

(A] N B, x-_1)~(]')((A +]‘ B)/, X)

—1

A B xX)(B - Ax (A -Bx)((JAnB)T ) U B-A)),x)

-1

= (
= (A—B,x)(AnB,x; 'x)(B— 4, xj_l)(U(A A B)xf_]x,xj)(B — A, x))
— (A-Bx)(AnB,x % (JAnB)Y % x)(B—Ax )B4 %)
— (A—B,x)(A N B,x)

= (A, x).
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6 Peak Reduction in the Space of Domains

In this section we will prove that the Space of Domains is simply connected. We will

do this via ‘peak reduction’. The idea of this is that given a (based) loop in the Space

of Domains, any ‘peaks’ in the loop can be reduced, until the loop is just the basepoint.

This is roughly illustrated in Figure 1.9.

FIGURE 1.9: The Idea of ‘Squashing Loops’ by Reducing Peaks

We will follow the outline below, which is largely based on the method used by Gilbert

[12, Section 2] (which in turned is based on the work of Collins and Zieschang [8, Sec-
tion 2])%:

Define a concept of ‘height’ of a vertex/domain «, and define a “peak’ of a loop in

the Graph/Space of Domains

By Corollary 5.4.4, we may solely consider loops comprising edges of Type A, so

a ‘peak’ looks like o Aol

. A A : iy . ,
Split into four cases of &« — & — « for various conditions on i and j

A
For a given path « Ay 2 i show there is either a 4-cycle or 5-cycle in the Graph
A

A
of Domains (whose edges are all of Type A) with a —- « — & as a subpath

Given such a loop in the Graph of Domains, show that it is contractible in the
A

A
Space of Domains (that is, that &« —- & —- & is homotopic to a path of length 2 or

3 with the same endpoints)

Show that if « A

A
& —- a was a peak in some loop in the Space of Domains, then

Aj A,
X — K

it is homotopic to a path whose ‘middle” is ‘smaller” than that of «

Note that we are only interested in loops in the Space of Domains whose endpoints

are vertices and who strictly follow edge paths (with no backtracking etc.). This is

permissible, as any loop can be deformed into such a loop quite easily. It also means

we can easily consider the loop in the Graph of Domains (which is just the one-skeleton

of the Space of Domains).

3Note however that the objects Gilbert as well as Collins and Zieschang study are words in a group,
as opposed to geometric objects, thus while the overall structure of the idea is similar, the details vary
greatly.
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6.1 Defining Height

Notation 6.1.1. Let « be an a-graph g in C, with &-labelling (Hy, ..., H,). We denote
by & the G-tree which is the universal cover relative to « (according to Serre [20]), that
is, the G-tree satisfying (up to equivariant isometry) & o G = « viewing a here as a
quotient graph of groups (via Bass—-Serre theory). We will label vertices of & by their
stabiliser in G, so, for example, ¢ - G; = Gig for g € G and G; € & When edges in & are
given labels, we will write the action of G multiplicatively, so, for example, g -e = ge.

Remark. Note that each labelling (Hj, ..., H;,) in the equivalence class of (Hj, ..., Hy)
of labellings of & determines a lift of « in & (by taking the convex hull of the vertices in
& with stabilisers Hj, ..., H}). Since this lift has the same ‘shape’ as a (deduced from
equivalence of the labellings), we may consider a with its labelling (Hy, ..., H,) tobe a

subgraph of &, acting as a fundamental domain for the action of G.

Let xg be the fundamental domain D), (the domain with the graph in Figure 1.10 at its

centre). Let « be an arbitrary domain (with the graph in Figure 1.11 at its centre).

Gy

e I G
Gn—l G3

./‘\.

FIGURE 1.10: The a Graph at the Centre of the Fundamental Domain

H; Ggl
H, H; ng . G§2
Hn_lM H; = Gﬁ”_JMG?
/ | AN / | AN
o [ ] [ ] [ ]
[ ] [ ]

FIGURE 1.11: An Arbitrary « Graph

Let W be the set of pairs {G;, G;} of (distinct) elements of {Gj, ..., G,}. Note that [W| =
n 1
(5) = sn(n—1).

Set |{Gi, Gj} |’X to be the length of the edge path from the vertex labelled G; to the vertex
labelled G; in & (note that this is symmetric, so we don’t need to worry about the order

of our pair).

Definition 6.1.2. We define the height of the domain a to be

el == (Jwla —2)

weW
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Note that this can only take (non-negative) integer values.

Lemma 6.1.3. We have ||a|| = 0 if and only if & = «y.

Proof. On the one hand, in &y we have that |w|,, = 2 Vw € W, so clearly ||ao|| = 0.

On the other hand, observe that for any w € W, |w|, > 2 Ya. So

el = Jaol| = > (lwla —2) =0
weW

— Y |wle =2/W)|
weW

= |w|y, =2 YweW

We claim that this implies « = wp. Indeed, if there is some a such that for all i,j €
{1,...,n} we have [{G;, G;}|» = 2, then the path in & between the vertex labelled G; and
the vertex labelled G; must be G;—e——G; (for each pair {G;, G;}). Suppose for

G;
some i, j, k€ {1...,n} that & does not contain the tripod /L . Then & must
Gy Gj
Gi —_— G]
contain the path . But the only way for the length of (G;, Gi) to be 2
G
G, —eo—G;
now is to have a cycle . But & is a tree, so this cannot happen.
Gy
G;
Hence & must contain every tripod of the form /L foralli,j ke {1,...,n}.
Gy Gj
G
Gy 1 G
But this precisely means that & contains as a subgraph the star . N .
n— 3
7N

Thus if |w|, = 2 Vw € W, then we must have a = .
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Note that we think of {G;, G;} as both a pair of groups, and a pair of vertices in the
universal cover of the graph of groups. Since the universal cover is a tree, there is a
unique path from the vertex whose stabiliser is G; to the vertex whose stabiliser is G;,

so we may also use {G;, G;} to refer to the edge path connecting them (in a given &).

Definition 6.1.4. Let w be a sequence of edges forming a path in a G-tree &, and let u
be any subpath of w. Denote by Ay (u) the number of times the subword u (or some
G-translation z - u, or inverse z-u) appears in w. Define |w|, to be the reduced path

length of w in &.

Convention 6.1.5. Let a; be the a-graph with G-labelling (Hy, ..., Hy), let p € Outg(G),
and set ap := a7 - 1. Recall that #; and & are the G-trees associated to a; and «y, respec-
tively, with vertices labelled by their G-stabiliser. Call the vertex with trivial stabiliser
in the convex hull of the vertices Hy, ..., H, in & ‘0’, and the vertex with trivial sta-
biliser in the convex hull of the vertices (H1)y, ..., (H,) in &, ‘0”. We equivariantly
label the edges of & by assigning an edge v —— H; the label ‘¢;’, and its G-images “xe;’
where x € G. Similarly, we label the edges of &; of the form v' — (H;)y 'f;’, and equiv-
ariantly extend this to a labelling of all the edges of &,. We now define an equivariant
map @y : & — & with (0)gy = v’ so that the vertex in &1 whose stabiliser is H; is
mapped to the vertex in &, whose stabiliser is H;.

H; , Hi ,
H, x H, x
Example 6.1.6. Letx; be ° * o anday = a1(H,, x) (withx € H;)be ° * . .
*"/\ TH, *"/\ THp
Hi ° Hl °

Consider (the subgraphs of) &1 and &, as illustrated in Figure 1.12, labelled according to
Convention 6.1.5. Observe that (e;) @y, ») = fi(x=1£;)(x71f,), where x 1 f; is the image

. 0 —1 /
HY ea o S f
éj X AT
H a
xeq\ xe; a A fi Hg
'H
X i H, H;

o

FIGURE 1.12: Subgraphs of &; (left) and &; (right)

in &, of f; under the action of x~1, and x~1f; is its inverse edge (the same 1-cell, with
opposite orientation), and for j # a we have (¢;)¢(n, ) = fj- Moreover, we see that
(ei(xei)(xea))@(H,x) = fa- Thus ¢y, ) expands some edge paths, contracts some edge
paths, and does not change the length of other edge paths.

We now prove some technical lemmas. Unless otherwise stated, A, will always con-
cern the word w relating to «;. The following lemmas (and proofs) are similar in struc-
ture to a lemma (and proof) of Collins and Zieschang [8, Lemma 1.5], in that we count
‘subwords’ to determine how an automorphism changes the height of a domain. How-
ever, since our arguments are applied to different objects, we recover quite different
formulae.
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Lemma 6.1.7. Let a1 and ap = a1(Hy, x) be as in Example 6.1.6, and let w be an edge path in
&1. Then

(W)@ (H, ) lay = [W]ay + 200 (ea) — 2Aw(Eieq) — 2N ((x™ Ler)eie,)

Proof. Given any word u, let I(u) be its unreduced length. We may assume that w is
a reduced word, that is if w = dyd,...d,, then for any d]-, we have that dj+1 # E]
Then I(w) = Y}_; Aw(er) = |w|s, = m. Since w is an edge path in &;, then given a
letter (edge) d]-, there is some k € {1,...,n} and some y € G so that either d]- = yex or
d;j = yex. Equivariance of ¢y, ) means that (yex) 9y, ) = y(€x) P (H, ), and (&) P(H, ») =
(ek)q)(Ha,x)'

Let w' be the unreduced word ()@ g, x) in a2. That is, w’' = (d1) @, x) - - - (dm) P (8, 2)
and [(w') = I((d1)@H,x) + -+ 1((dn) P, x) We will say d; ~ e if dj = yey or
d;j = yey for some k € {1,...,n} and some y € G. If d; ~ ¢ for some k # a then
@) o,y =~ fr and I((dj)@H,x) = I(dj) = 1. If on the other hand d; ~ e,, then

@)@, =~ filx 1 fi)(x7 fa), and 1((d}) @(p,,x)) = 31(d;). Thus:

w') = > Awler) +3A(eq) = L(w) +2A(eq) = [wla, +2A0(eq)
k+a

We now consider reductions to w’. Note that (€)@ g, x)(€q) @ = fifix 1) (x 1),
which reduces to (x~1f;)(x~1f,). Let w” be the result of applymg all such reductions to
w' (including inversions and G-translations of the subword f;f; resulting from images
(€i€a) P(H, x))- Then the length of (€ie;) @y, ») (and its inversions and G-translations) is 2
less in w” than it is in w’. Hence I[(w”) = (W) — 2\ (ie,).

We also have that (x_lei)(p(Ha,x) (Ciea) P(H,x) = (x 1) (x=1f)(x~1f,), which reduces
to x~1f,. Let w” be the result of applying all such reductions to w” (including in-
versions and G-translations of the subword ((x_lei)aea)qo(Ha,x)). Then the length of

4

((xflei)eiea)q)( H,x) (and its inversions and G-translations) is 2 less in w” than it is in w”.

So [(w") = I(w") — 2Aw((xe;)eje,). Since w was assumed to be reduced, there are no
further reductions we can apply to w”, hence [(w") = [(w)@(H, x)|a,- We therefore have:

(@)@ b1, )| = 1(@") = 1(w") = 2A0((x " e;)iea)
= l(w') — 2A0(Eie) — 20 ((x " te;)Eie,)
= |W]a, +2A0(ea) — 2A0(Eies) — 20 ((x 7 te))ies).

O

Lemma 6.1.8. Let ay be the a-graph with G-labelling (Hy, ..., H,), let x € H; for some i, and
let A < {Hy,...,H,} —{H;}. Set ay := w1(A,x), label &1 and &, according to Convention

6.1.5, and let ¢4 x) : &1 — &2 be the equivariant map described in Convention 6.1.5. Given an
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edge path w in &1, we have:

|( ) P(Ax) |062 |w|061 +ZZ ( - (giea) _Aw eea ZAw €q€p )

a:H,eA b:H,eA—{H,}

Proof. Asin Lemma 6.1.7, we let I(u) be the unreduced length of a given word u, and

we assume that w is a reduced word w = did; ... d,, with [(w) = m = |w|,,.

Let w' be the unreduced word (w)@(4,x) in &2. Thatis, w' = (d1)@ax) - - - (dm) P(a,x) and
[(w') = I((d1)@ax) + -+ 1((du)@(a,y). Extended from Lemma 6.1.7, we have that
(ea)P(ax) = filx 1 f;)(x~1fs) for any a such that H, € A, and (ex)¢(av) = fi for any k
such that Hy ¢ A. Thus if d; ~ e, where H, € A then I[((d;)@a ) = 3 = I(d;) + 2 and if
dj ~ e, where Hy ¢ A then [((dj)(a,x)) =1 = I(d}). Now:

m
2 ¢(Ax —32Aw (ea) ZAw (ex) = I(w +22A eq)

j=1 a:H,eA k:Hy¢A a:H,eA

We now consider reductions to the word w’. As in Lemma 6.1.7, we have that for
any a where Hy, € A, (&)9ax)(ea)Pax = fifix 1fi)(x ' fa) = (x71fi)(x"" fa) and

(x7e1) @(a,0) (@) Pay = (xLF)(x 1) (¥~ f2) = 271y, Let w” be the result of apply-
ing all such reductions to w’. Then:

I(w! —2)" (Awl@ien) + Aul(xle)en))

a:H,eA

Contrary to Lemma 6.1.7, w” is not yet fully reduced. Indeed, observe that for any
distinct 2 and b with H,, H, € A, we have that (ej,eb)(p(A,x) =

()T fifi(x ) (7 ) = (x71f2)(x71fy). Let w” be the result of applying all
such reductions to w” (including inversions and G-translations). Then for each distinct

n

a and b with H,, Hy, € A, the length of (2z¢;)@(4,x) is 4 less in w” than it is in w”. Note

that for any a and b we have Ay (€,¢;) = Ay (ezep) = Aw(epeq). Thus:

l(w") = Z Z 4Ny (eqep) = 1(w") — 22 Z Aw(Ezep)

a H,eAb:HyeA—{H,} a:H,eAb:Hye A—{H,}

Since w was assumed to be reduced, there are now no further reductions we can apply
to w"”, hence I(w") = |(w)@(a,x)|a,- We therefore have:

(W)@ (a,x) laz
:l(w///)

- 22 ZAw(?aeb)

a:H,eAb:Hye A—{H,}
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22( (ejeq) + Aw((x™ eea>—22 ZA €aep)

a:H,eA a:H,eAb:Hye A—{H,}
=l(w)+22A(ea 22 Ayp(eieq) + Aw((x™"e)ejes +ZA (ezep)
a:H,eA a:H,eA b:H,eA—{H,}

_|w]al+22 ( — Aw(eieq) — Aw(( i)éieq) ZAw eaeb>

a:H,eA b:H,eA—{H,}
O

Lemma 6.1.9. Let aq be the a-graph with &-labelling (Hj, . .., Hy), and let (A, x) be a relative
multiple Whitehead automorphism with respect to a1, where x — H; for some i. For brevity, we
will write ZH,,GA]- for Zu:HaeAj (etc.). If ap = a1 (A, x), then ||az|| — ||a1]|] is equal to:

22 Z Z (Aw(ea)/\w(e’iea)/\w i)€ieq) ZA €a€p) —fZA eaec)

weW AjeA HyeA; HyeAj—{H,} HceA Aj

Proof. We have that (A, x) = (A, x1) ... (Ak, xk) for some disjoint subsets Ay, ..., Ax <
{Hy,...,H,} —{H;} and some distinct x4, . .., xx € H;. We consideraword w = dy ...d,
in &; and its unreduced image w’' = (d1)@ax) -+ (dm)P(ax in &2. For any word u, let
I(u) be its unreduced length Asin Lemmas 6.1.7 and 6.1.8, we have that for any a with
H,e Aje A, (e (e ) fl( 1ﬁ)( 1f,1), and for any k with Hy ¢ A, (ek)cp(A,x) = fr
Thus 1) — 1) + 2 Sy 1 Aoles) = [l + 254 ca Sryen Aulea):

As in Lemma 6.1.8, each (4}, x;) leads to reductions of the forms:
(i) (@ea)Pan = FifiCe ) fo) = (L) (U fa),
(if) ((x7en)aea)pax) = (7 fi) (L) (' fo) = %71 fo, and
(i) (@aeo)p(an) = (5 fa) (7 FFA T ) o) = (7 ) (3 o),

where a and b are such that H, and Hj, are distinct elements of A;. Let w" be the result

of applying all such reductions to w’, and observe then that:

l( -2 Z Z ( ezea -I-A ((x 131)3311 +2Aw eaeb))

AjeA HyeA; HyeAj—{H,}

AjeA Hye HyeAj—{H,}

|w\a1+22 Z ( w(es) — Aw(eies) — Aw((x; e;)eie,) ZA eaeb)
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We now consider further reductions to w” which come from interactions between dis-
tinct (Aj, x;) and (Ag, x). Suppose that H, € Aj and H. € A, and observe that

(eaec)P(ax) = (8a)@ax)(€c)P(ax)
= () (T D Ffi ) (x5 fe)
= () (o I ) (g o)

Let w” be the result of applying all such reductions to w”, and note that the length
of (ezec)P(ax) is 2 less in w” than it is in w”. Recall that for any a and ¢, Ay (ezec) =

Aw(eceq). Thus I(w") = [(w") — %ZA/EA ZHﬂeAj ZHCeAfA]- 2Ny (€aec)-
Since w was assumed to be reduced, we now have that there are no further reductions
to w”. Thus:
| (ZU) PAx) |062
:l(w///)

V-2 TN el

AjEA HyeA; HCeA—A]-

=|w|s, +2 Z Z (Aw(ea) — Aw(eieq) — Ao (( )€i€a) ZAw €aey )

AjEA HyeA; HyeAj—{H,}

RSN IS

AjeAHeAj HeA— A;

—|w|uc1 +22 Z ( w ea - (67‘6“) _Aw e eu ZAW eaeb

AjeA HqeA; HyeAj—{H,}

ZAw (Zaec) )

HCeA Aj

Now:

[laz| = Y (w0]ay) — 2/WV|

weW
=Z W4, +22 Z Aw(eq) — Aw(eieq) — Aw((x; "ei)ejeq) ZA (eaep)
wew A]'EA HaeAj HbEA {Ha}

ZA (ezec) )) —2\W|
HCeA A
—22 Z Z ( Aw(eieq) — Ay (( i)éieq) ZAW (ezep)

weW AjeA HyeA;j HyeAj—{Ha.}
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3 Dl Aalee) |+ X () 2w

HeeA—A; we W

=23 3 O | Awlen) — AulEien) — Aul(x; ei)eies) = Y Awleer)

weW AjeA Hyehj HpeAj—{H,}

1 _
) Z Aw(eaec) | + [|aall-
HeeA—A

O]

Remark. Since an edge path w in &; is uniquely defined by its endpoints, which are
preseved by the map ¢4 x), we will often write [w/s, for [(w) @A x)lu,-

6.2 Reducible Peaks

Definition 6.2.1. We will say a path a1 —a,—ua3 in our Graph/Space of Domains is
a peak if ||az|| = ||aq]| and ||az|| = ||as||, and either ||az|| > [|a1]| or ||az|| > ||as]| (or
both). Equivalently, a1 —ay —ua3 is a peak if ||az|| > max (||a1]], ||a3]|) and [|az|| >
min ({[as ], [|as]]).

In this section, we claim that given a path a; — &> — a3, there exist domains a4 and a5

such that 061\ a3 or g a3 forms aloop in the Graph of
X4 /
Domains.

Moreover, we claim that this loop is contractible in our Space of Domains. Further,
we claim that if ay —ap —a3 was a peak, then a1 —ag—a3 or 64y —ay—as—az is a
reduction; that is, ||as|| < ||a2|| and (if we are in the second of these cases) ||as|| < ||az]]|.
In other words, we are claiming that the peak is reducible.

Later in this section we will encounter many lemmas, divided into multiple cases. The
series of lemmas in each case will roughly follow the structure outlined above. These
will often correspond to lemmas used by Gilbert [12, Section 2], but as Gilbert is re-
ducing (cyclic) words of G and we are reducing domains in C,, the proofs are quite
different. Recall as well that the notation we use differs subtly to that used by Gilbert.

Definition 6.2.2. We say a peak a1 — &> — a3 is reducible (or ‘can be reduced’) if the path
n1 — xy — 3 is homotopic (in the Space of Domains) to some path

Q= Xo—X1—" —Xk—1— Xk = &3 Where ||x;|| < ||az|| forevery1 <i<k—1.
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y B, . . .
Proposition 6.2.3. Suppose aq Lall %) By w3 is a peak in the Space of Domains (whose

edges are both of Type A), where the a-graph in the domain ay has &-labelling (Hy, ..., Hy). If
there is some i € {1,...,n} so that x,y < H;, then this peak is reducible.

This proposition corresponds to [12, Lemma 2.4].

Proof. If (A,x) = (B,y), then a1 = a2(A,x) = a2(B,y) = a3. Then our peak is really
the loop a1 — ay — «7. Since this is a forwards and backwards traversal of a single edge
in the Space of Domains, then this is clearly contractible to the point ;. By Definition
6.2.1, we must have that ||a;|| < ||az||. Thus the constant ‘path” at a; is a reduction of
the peak g —ay —ay.

Now suppose (A, x) # (B,y). Since x,y < H;, then the A-graph in the domain «, with
central vertex group H; (call it A;) belongs to both a; N a1 and ay N az. In particular,
A; € a1 N ag, so there is an edge [w;, a3] between a1 and a3 in the space of domains.
Moreover, A; € a1 N ap N a3, so there is a 2-cell [, a, a3] in the Space of Domains.
Hence the path a1 —a; —a3 is homotopic in the Space of Domains to the single edge
path a; —a3. The condition in Definition 6.2.2 is vacuously satisfied here, thus a1 — a3

is a reduction of the peak a1 —ay —a3. O

. Cq A Aj . .
From now on, we will be considering peaks of the form a7 — ap “L &3 where i # ],

that is, paths a; A ) By a3 where x and y belong to different factor groups of

the splitting associated to a;. If the a-graph contained in the domain a; has G-labelling
(Hi,...,Hy), leti and j be the (distinct) elements of {1,...,n} such that x < H; and
y < H;. Recall from Definition 5.5.1 that A = (Ajy,..., A), a disjoint partition of a
subset of {Hy,...,H,},and A := A; U - U A Similarly, B = (By, ..., B;) is another
disjoint partition of some subset of {Hj, ... H,} and B:=Byu---UB,.

Observation 6.2.4. Note that we necessarily have H; ¢ A and H;j ¢ B. We adopt the four
cases used by Gilbert [12, Lemma 2.12]:

Casel: H;¢ Band H; ¢ A
Case 2: H; € Band H; ¢ A
Case 3: H; ¢ Band Hje A
Case 4: H; € Band Hje A
As Cases 2 and 3 are symmetric, we will not consider Case 3 (since after renaming,
this will be identical to Case 2). Additionally, if H]- € A then there exists Ap € A

with H; € Ay, and if H; € B, then there exists B, € B with H; € B;. As Gilbert does

in [12, Lemma 2.12], we further split the remaining cases as follows:
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Case 1(a): H; ¢ B and Hi ¢ AwithAnB=yg

Case 1(b): H; ¢ B and H; ¢ A withAnB# g

Case 2(a): H; € B (say H; € B;) and H; ¢ A, with A B,
Case 2(b): H; € B (say H; € B;) and H; ¢ A, with A ¢ B,
Case 4: H; € Band Hje A (say H; € B;and H; € Ap)

We now present a series of lemmas in order to prove that in each of the above cases, the

peak aq M oo (—B'ﬂ a3 is reducible.

Case1(a): H;¢ Band H; ¢ A, with An B = &

The lemmas for this case are adapted from [12, Lemma 2.6].

Lemma 6.2.5. IfH; ¢ Band H; ¢ Awith A~ B = ¢, then (A,x)"}(B,y) = (B,y)(A,x)"L

(1%
(A;)/ \(\B,y)

That is, there exists a vertex a4 in our Graph of Domains such that «1

a3
(B)\ /(/A,X)
X4

is a loop.

Proof. By assumption, we have a; = a3(A,x). Since H; ¢ A, then the G-labelling for
the a-graph a; contained in the domain a; contains the group H;. Thus as vertices of
Cu, we can collapse an edge of a; to achieve an A-graph with the group H; at its centre.
Then (B, y) is in the stabiliser of this A-graph, meaning there is an edge in the Graph of
Domains from a1 to a1(B,y) = a2(A, x)(B, y), which we will call ay.

Now by Definition 5.5.1 we can write (A, x)(B,y) as (A1, x1) ... (Ax, x¢)(B1,y1) - - (B, 1)
for some k and I in IN. So by repeated applications of Lemma 5.5.7, we have (A, x)(B,y) =
(B,y)(A,x), noting that each A, and B, are pairwise disjoint.

Hence asz - (A,x) = a2 (B,y)(A,x) = a2 (A,x)(B,y) = as. O
X2
(A,x) (B,y)
Lemma 6.2.6. The loop &1 a3 described in Lemma 6.2.5 (withx < H;, y < H;,
(B,y) (A, x)
(L%}

H;¢ B, H; ¢ A and A n B = ) is contractible in our Space of Domains.
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(B)y)
A & Aor
; Ib (BY)lo1 Oi“ j
&ap Rapi1 e &aL
(Ax) | | | (%)
Roy1p Bopipr1 — =+ — Baq1L
: ! w &K,L
(By)

FIGURE 1.13: Lattice Describing (A, x)(B,y) = (B,y)(A, x) in Case 1a

Proof. Let A = {Ha,,...,Ha,} and B = {Hp,,...,Hp,}. Fora e {1,...,K}, write
(A,x)|s := (A n{Ha,},x). Set &y := ap, and recursively define &1} := &;,(A,X)|s41
and &; 1 := &,5(B,y)|p+1. Note then that a1 = &g, a3 = &g, and ag = &g . We can
now build the lattice depicted in Figure 1.13.

Note that foreacha € {0,...,K—1}and b € {0, ..., L — 1}, the square

N (B/Y)\bﬂ N
Xab 7 Kgb+1

(Ao | | @R

&ﬂ+1,b

is such that the B-graph B; ; 5, , in the domain &, (and

B
(By)lpis AFLb+1

similarly the graph B;; 4,.,) lives in the intersection &, N &;11p N &gpp1 O Ray1p41s
hence this intersection is non-empty. By Definition 5.1.4, this means that the square
is contractible in the Space of Domains. In the same way, loops &op — -+ — &k p — &op
are contractible via the A-graph A; in &, and similarly &,0 — -+ — &, — &40 via A;.
Since every ‘cell” in our lattice is contractible in our Space of Domains, then so too is

our initial loop (for which the lattice is akin to a tiling). O

Note that we only actually needed the first and last columns (or rows) of this lattice,
since the graph B;; 4, (or B;;p,) lies in the intersection of all the domains in row a (or

column b).
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x2

(Ha//x)/ \(ify)

Lemma 6.2.7. Suppose we have a loop &1 a3 where x € H;, y € Hj, Hy # Hy,

(Hb'\]/j\ /(éar x)
X4

and {Hq, Hy} n {H;, H;} = . Then for any edge path w in a3, we have |w|y, — |wl|y, =

|W]as = [0]ar-

Proof. Let w be a reduced edge path in &5, the G-tree associated to the a-graph a; con-
tained in the domain a,. By assumption, a5 is the (domain containing the) a-graph with
&-labelling (Hj, ..., H,) = (H,s, Hy, H;, Hj, Hy,, . .., Hy,_,). It follows that a4 is the (do-
main containing the) a-graph with &-labelling (H;‘,th ,Hi,Hj,Hy,, ..., Hy, ,), where
x € H; and y € H;. Suppose the edges in &; are labelled with ¢’s, and the edges in &4 are
labelled with h’s. Let @o4 : & — &4 be the equivariant map described in Convention
6.1.5. Then (eq) @4 = hi(x 1) (x " ha), (ep) @2a = hj(y~1h;)(y 1), and (ex) @os = Iy for
any k # a, b.

Utilising the ideas from the proof of Lemma 6.1.7, we will let I(u) be the unreduced
length of a word u, and let w’ be the unreduced word (w)¢y4 in &4. Then I[(w') =
l(w) +2Aw(ea) + 2Aw(ep) = |W|a, + 2 (Aw(ea) + Awlep)).

Let w” be the result of applying all reductions of the forms

(€iea) = hihi(x _1h)( 71’1) (x~1h;) (x " ha)
((eix™ )5 ea)p = (x~ )( )(x 'h ha) = x'h,
(Zew) @ = hihi(y=h) (v~ ) = (v~ Thy) (v~ hy)
((eiy gen)p = (v )W) (v~ ") = v,

as in the proof of Lemma 6.1.7. Then:
[(w") =I(w') = 27w (€eq) — 20w ((x " e1)iea) — 2Aw (Ejes) 2Aw((y_1€j)€7€b)
=|w|a, +2 (Aw(ea) + Aw(ey) — Aw(eiea) — Aw(ejey) — Aw((x™ Le)eies)

~Aul(ye)ger) ) -

Since H;, Hj, H,, and H,, are all distinct, then there are no possible ‘cross-reductions’
to w” as found in the proofs of Lemmas 6.1.8 and 6.1.9. Since w was assumed to be

reduced in &, this now implies that w” is reduced in &4, hence |w|,, = I(w").

Thus by Lemma 6.1.7, we have:

’w‘ﬂél + |w‘0¢3 - |w’0¢2

=|W|a, +2A0(ea) — 2A4(Eies) — 2A0((x 7 te;)Eies)
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+ |wla, +2Aw(ey) — 2Aw(Ejep) — ZAZU((]/ ej)eiey) — |wla,
=|w|a, + 2 <Aw(3a) — Ay (€iea) — Aw((x™ )ezeu) + Aw(ep) — Aw(éjeb) - Aw((y_lej)e_jeb)>
:’w‘M'
O

Obserwtion 6.2.8. Recall from the proof of Lemma 6.2.6 that we can write the loop

N
e

6.2.7. Usmg the notation from Lemma 6.2.6, for any edge path w in a; = &, we have
that:

as a lattice, each “cell’ of which has the form of the loop in Lemma

|W]ay = [0]ay

:|w|&K,L - |w|561<,0

:|w|54K,L - |w|561<,L—1 + |w|&1<,L—1 - |w|3é1<,1 + |w|3é1<,1 - |w|5<1<,0
:|w|561<—1,L - |w|561<_1,L—1 + ‘w|54K—1,L—1 - |w‘&1<—1,1 + |w|5é1<—1,1 - ‘w|561<—1,0
:|w|540,L - |w|540,L71 + |w|&0,L71 - |w|l5éo,1 + |w‘5éo,1 - |w|5é0,0

:|w|5éo,L - |w|5éo,o

=wlas =[]y
Lemma 6.2.9. If H; ¢ B and Hj ¢ Aand A~ B = & then ||ay]| — ||a1]| = ||as]| — ||az2|],
where ag = a1(A,x)(B,y).

Proof. By Lemma 6.2.7 and the Observation 6.2.8,

sl = flaall = Y (oley =2) = 3 (Ieoley —2)

weW weW
= > (Ivlay =2 = [wlay +2)
weW

Il
]
—_
s

&

g

Ry
~

weWw

= Y (ol =2) = 3 (Il —2)
weWw weW

= ||as|| = [[az]].
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Lemma 6.2.10. If a4 Rl %3 By w3 is a peak in the Graph of Domains, where H; ¢ B and

Hj¢ Awith A~ B =, then ||ay - (A, x)(B,y)|| < ||az]|.

Proof. By Lemma 6.2.9, ||a2(A,x)(B,y)|| = ||aa|| = ||as|| + ||a1]| — ||a2||] Since

(Ax) By . .
np —— ay —— wzisapeak, then ||az|| = max(||a1]|, ||as||) and ||az|| > min(||a1||, ||as]])-

Now:

[lal| = max({lac ||, [as][) + min([[a[], ||as|]) = []a2]]
< Jaa|| + [z = [|az]]

= [Jez]-
O

Proposition 6.2.11. Let Hy = ---* H, be an & free factor splitting for G. Let (A,x) and
(B,y) be relative multiple Whitehead automorphisms with x < H; and 'y = H; and A B c

{Hi,...,Hu} — {H;, H;} such that An B = &. Let a be the domain whose a-graph has &-

labelling (Ha, ..., Hy,), and let a1 = ap(A,x) and a3 = az(B,y). If a; A o By a3 isa

peak, then it is reducible.

Proof. By Lemmas 6.2.5 and 6.2.6, the path a4 M %) ﬂ «3 is homotopic in the
Space of Domains to the path a ﬂ a2(A,x)(B,y) M a3 , and by Lemma 6.2.10,

lla2(A, x)(B, y)|| < ||az||. Thus by Definition 6.2.2, the peak a1 -2 a, *¥ 41 is re-

ducible. O

Case 1(b): H; ¢ Band H; ¢ A, with An B # &

Lemma 6.2.12. If H; ¢ B and H; ¢ A with AnB # &, then (A,x)"'(B,y) = (An
B,x)~'(B,y)(A — B,x) " and (A, x)"1(B,y) = (B—A,y)(A,x)"'(Bn A,y).

That is, there exist vertices a4, as, ay, a5 in our Graph of Domains such that

! p (A=Bx) A3 and  B-Ay) 3 are both loops.
(AmB’,)}\ ’// /{Afé,x) (B—A,)}\ \\ /{BmA,y)
Ng——— 05 IXZLH— 01/5
(B’ Y) (A/ X)

Proof. By Proposition 5.5.9 (1), (A,x)(A n B,x)~! = (A — B,x). Note that A/;\B and
B are disjoint, and we have H; ¢ B and H;j ¢ A — B. Thus by Lemma 6.2.5, (A —
B,x)(B,y) = (B,y)(A — B, x). The second statement follows similarly, by appropriately
switching A and B and x and y. O
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Lemma 6.2.13. The loops

! «
ae e
X1 «(A-Bx) a3 and &1 (B—Ay) Y a3 are contractible
(Ame}\ //(A—B,x) (B—A,)}\ /@mA,y)
Ng———«N5 “QHi 0(’5
(B,y) (A, x)

in our Space of Domains.

Proof. Note that the a1—ar—ny4 triangle can be ‘filled” with an A; graph (that is to say,
since (A,x), (A n B,x) and (A — B,x) all live in the stabiliser of the A;-graph with H;
at its centre in the domain a5, then by Definition 5.1.4, we have a 2—ce11’,[oc\1, np, &yl).
Similarly, the ay-a3-a} triangle can be ‘filled’ with an A; graph. Now (A — B) n B =

O =An (B— A), so by Lemma 6.2.6 (Case 1a) the squares ay — ay — a3 — a5 — a4 and
w1 — oy — o — vy — g are both contractible. O

Lemma 6.2.14. Let H' = (H},..., H},), and suppose u ¢ H], v C H]f, C,D c H’ with
C = Dand HZ',H]/ ¢ C. If |a(C,u)| — |«| < 0and |a(D,v)|| — || < O then |a(C,u)| —
la| = |a(D,v)| — ] = 0.

Proof. Suppose ||a(C,u)| — ||« <O0and |a(D,v)| — ||| < 0. By Lemma 6.1.9:

a(Cowl — =237 T 3 [ Awled) — Aw(iee) — Aol (1 er)éiec)

weW CeC H.eCy
_ 1 _
- Z Ay (egec) — 5 Z Aw(egec) |-
H,eC,—{H.} H,eC—Cy

Note that we can write C — {H,} = (C — C¢) u (Cx — {H.}). Thus 2iH,eC—(H,} Dw(aec) =
Shec—c, Awlaee) + Y ec, a1,y Mw(@ec) for all ¢ such that H, € C.

Since Ay counts occurrences of subwords of w, we must have that Aw((uk’lei)eﬁec) <
Ay(eiec) < Ayl(ec) for every k such that C; € C and every ¢ such that H, € Cy. Since ¢;,
ej, and e, (Where H, € C) are distinct, we must also have that

Aw(giec) + Aw(gjec) + Z Azu(@ec) < Aw(ec) (1)
H,eC—{H.}

holds for every c such that H. € C. By assumption, |a(C,u)| — || < 0, that is:

2 2 X (Aw(eaZAw(eaec)EZAw@aec))

weW CreC H.eCy H,eC—Cy HaeCy—{Hc}

<2 YD (Aw@er) + Aalluge)zer) ).

weW CreC H.eCy
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We now deduce the following system of inequalities:

Z Z (AW(EC)ZAIU(%%)) (2)

weW H,eC H,eC—{H.}

= Z Z Z Awl(ec) —EAIU(ejec) 3)
weW CeC H.eCy, HaeC“f{HE}

= Z Z Z Aw(ec) - EAzu(aec) - ZAw(Faec) (4)
weW CreC H.eCy H,eC—Cy HqeCr—{Hc}

< Z Z Z Ayler) ZA eaec) — EA ) (5)
weW CreC H.eCy H,eC—Cy H,,eCk {H.}

<3 DY (AwlEe) + Av((enp Haieo)) ©)
weW CreC H.eCy

<D D) (2Au(Ee) 7)
weW CreC H.eCy

=23 > Agl(@iee). ®)
weW H.eC

The same argument yields that >}, > py cp <Aw(ed) — 2 HyeD—{H,} Aw(?hed)>
< 2 wew 2H,eb Nw(@jeq). Since it is assumed that D = C, we can rewrite this to give

ZweW ZHCEC <Aw (ec) - ZHaeC—{HC} Aw (@ec)) <2 ZweW ZHCEC Aw (gfec)'

Now Syery Yprec Aw(@iee) > Y Lprec (Aulee) = Lppeeqpy) Au(@er))
and ZweW ZHCGC Aw (E]'eC) % ZweW ZH,;EC ( ( ) ZHQEC {H.} Ay eﬂec ) Summing
these terms, and comparing with the inequality (1), gives that 3¢\ >y ¢ Aw(eiec)

+ 2wew 2H.e¢ Dwl(€jec) = Dpew 2 e (AW(ec — 2 HueC—{H.} Aw(eﬂef))‘
We must then in fact have that >}y 2opy ce Aw(@iee) = Xyey 2p.ee Aw(Ejec)

= % 2owew 2H.eC (Aw(ec) — ZHaeC—{HC} Aw(e}ec)). This in turn forces each line of (2)—
(8) to be an equality. In particular, > ) chec >, H.eCy (Aw(ec) -] H,eC—C, Ay (eqec)

S e Aw(e;ec)) = Sew Deee Shec, <Aw(€iec) n Aw((ul;lei)aec)). That s,
|a(C,u)| — ||| = 0. The same argument applies to see that we must also have
||la(D, V)| = [|a]| = 0. O

Lemma 6.2.15. Suppose aq A0 %) By w3 is a peak. If H; ¢ B and H; ¢ A with A A

B # &, then either ||ax(A, x)(A 0 B,x) || < ||az|| and ||a2(B,y)(A — B,x)|| < ||az|| , or
le2(A, %) (B — A, y)|| < |laz|| and [|a2(B,y) (B~ A, y) 7| < [laz]]| -

Thatis, ||az|| > max({|asl], ||as||) or [[aa|| > max([[ay]], [las]]).
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(By) (Vyy)
By)

a3

—

w\
(Vyy) w‘y

%
Ax) o

FIGURE 1.14: Commuting Diagram for Case 1b

Proof. Let ag = (A — B, x)(B — A, y). For brevity, set U = BBV=B-—A W =
An B, and W' = B A. NotethatW:W‘=A01§,U=A—1§=Aml§,and
V=B-—A=BnA Observethat UnV = (A—B)n(B—A)=(AnB)n(BnA) =
AnAnBnB = g n g = . We leave it to the reader to verify that we also have
UnB=U~nW=V~AW=VnA = g these follow in much the same way. Then by
Proposition 5.5.9 (1), the diagram in Figure 1.14 commutes.

UU

By applying Lemma 6.2.9 to each of the squares oy —ay — g —ay —aq and

a3 — ot — g — s — o1 (which both fall under Case 1a), we recover that |aq| — |yl =
||| — [as | and |as]| — [as]| = [as]| — ||as]. By considering the triangles a1 — oy — vy — g
and a3 —ay — a5 — a3, we see that [a; | — [laz| = (Jlaa] — faaf) + (e — |a2]) and as] —
laz| = (Jas] —flas]) + ([a5] — [az]). By Lemma 6.2.14, either max(|ay| — |as], |as] —
lagl) > 0 or a4 — s = [as] — as]| = 0. Since ay 2L ay B2 4y is a peak, then

max(|a| — flazf, |as] = llaz]) < 0and min(fa; | — |az], [as]| — [azf) <O

We claim that min(flay| — faz|, a5 — faz]) < 0. Tf |ay ]| — s = las| — [as| = O, then:

min [y | — |z, Jas] — az])
=min ((Ja ] = laz]) = (laa ]| = laal), (las] = a2]) = (las] = [as]))
=min ((Jaa ] — laz]) = (lag] = las]), (las] = a2]) = (las| = [ael))
= min(lay | — [z, |as] — [laz])

<0.

On the other hand, if max(|aj| — [ael|, [|as] — |as]) > O (without loss of generality, say
|lay|l — [lag|| > 0 — a symmetrically identical argument holds if |as| — |as| > 0), then:

| = llaal = Clar|] = faz)) = Clova || = fleva]})

= (laa ]| = a2} = (e | = flce ]}



138 Paper 1. A Presentation for Outg(G)

< Jaa ]| = Jlaz

<0.
In either case, we have that min(||asl| — [az|, [a5] — [a2f) < O.
Without loss of generality, assume |as| — |a2| < 0. Then ay —ay — w3 is a peak falling
under Case 1la, and by Lemma 6.2.10, |a5]| < [«2[. An identical (symmetric) argument
holds if instead [af| — [az| < 0. Thus min (max(|as], [as||), max(]aj|l, [#])) < |a2|, as
required. O

Proposition 6.2.16. Let H; ... H, be an & free factor splitting for G. Let (A,x) and
(B,y) be relative multiple Whitehead automorphisms with x ¢ H; and y < H; and A B c
{Hy,...,Hy} —{H;, H]-} such that A A B # &. Let a be the domain whose «-graph has &-

labelling (Hy, ..., Hy), and let aq = ap(A,x) and a3 = a2(B,y). If aq m X ﬂ w3 isa

peak, then it is reducible.

Proof. By Lemmas 6.2.12 and 6.2.13, the path a; 180 W) By a3 is homotopic in the

Space of Domains to each of the paths
a1 A0 (A, %) (A0 BT B (B,y)(A— B,x) A2 4y and
B—A, A A, A BnA,
m T (A, ) B - Ay) 22 w8, y)B Ay CY
By Lemma 6.2.15, either ||a2(A, x)(A N B,x)71|| < ||az|| and ||a2(B, y)(A — B, x)|| < ||az]]
,or [|az(A,x)(B—A,y)|| < ||az|| and ||a2(B,y)(B n A,y)~!|| < ||az|| Thus by Definition

6.2.2, one of the above paths is a reduction for the peak a; &'X—) ) ﬂ oz . ]

Case 2(a): H; € B (say H; € By) and H; ¢ A, with A c B,

The lemmas for this case are adapted from [12, Lemma 2.7].

Lemma 6.2.17. IfH; € Byand H; ¢ Awith A < By, then (A,x)"1(B,y) = (B, y)(A%,x¥7)~!
where [B'], := By forb e {1,...,1} — {q} and [B']; := (B; — Ay u (BgnA)X = (B; — A)u
Uzt A"

1%}

(A,>>/ \(\&y)

That is, there exists a vertex a4 in our Graph of Domains such that «1

a3
(B/b\ /<{w,xw>
19}

is a loop.
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Proof. We have that B; = (B; — A) U A. In particular, A n B, = & for any b # gq.
By Lemma 5.5.6 (3) we have that (B;,y;) = (B; — A,yq)(A,yq). By (1) and (2) of
Lemma 5.5.6, we have that (A%, x¥1) = (Ay‘l,ygl)(Ayﬁ_lyﬂ,yqx) = (A,yq)_l(A,yqx).
Now (A, x)(B',y) = (A,x)(B1, 1) .- (Bg — A) U A% ) ... (By, )
— (A, X)(BL,y1) .- (By — A, y5) (A%, yg) ... (Bl i)
= (Buy1)--- (B~ A,yg) .. (B y1) (A, %) (A%, )
= (B— A, y)(A,yx)
= (B— A, y)(4,yq) (A%, x")

(

= (B,y)(AY7,xY7).
O
[19)
(A,>)/ \(\B,y)
Lemma 6.2.18. The loop 1 a3 (where H; € By and H; ¢ A with A < By,

(B'}\ /(fw,xm
14

4
and B' is given by [B'], = By for b # q and [B']; = (B; — A)u AX) is contractible in our
Space of Domains.

Proof. Let A = {Hp,,...,Ha,}. Recall from Lemma 6.2.6 that we denote (A, x)|, :=
(A n {H,},x). Then there is some x4, € x so that (A,x)|; = (Hs, x4,). Let &g 1= ap
and fora =1,...,K, recursively define &, := &,-10(A, x)|s. Then for each a, &, is the
(domain whose) a-graph has G-labelling comprising the groups H x/il PR ij(:” JHa, o
...,Ha, Hy,, ..., Hy, . For each a, define B¥ by [B¥], := B, and [B¥]; := (B; —
{Ha,,...,Ha,}) L {HX?I,...,HX}"}. Note that B¥ = B’. Again foreacha = 0,...,K, we
define &, := &,0(B¥,y). Then &,41 = Eca,L(H%,xif’u). Observe that &g = a1, &g =
a3, and &g 1 = a4. Thus we have constructed a lattice as depicted in Figure 1.15. As in
the proof of Lemma 6.2.6, the loops &po—...—a&ko—&0 and &y —...— &g —ao L
are contractible via A;-graphs living in domains &g and &g, respectively. Also, for
each a € {0,...,K —1} the square

- (BYy) .
Kgo —— QgL

(A,X)‘nJrll l(Hz’Z,xﬁa)

Ray1,0 — 7 &gy
(Ba+l/,y)

is contractible via the graph B;; ; in the domain &, (that

n—3
is, the graph m lives in the intersection &,0 N &, N &g410 N &gy1r). O
i

a
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. (By) .
Koo — Xo,L

L@ |
Lol

i (B*y)
a0 — &g

i ANl i (A x)

& — &
a+10(B"“’y) a+1,L

l l
i(Arx)lK l

Ago ——— Q&KL
(B"y)

(Ax)

FIGURE 1.15: Lattice Describing (A, x)(B,y) =

X2
(Hu,/:c)/ \(B\q,yq)

Lemma 6.2.19. Suppose we have a loop &1 a3

<Béfy\q>\ N /(gay%xw)

{H,}), and y, € H; # H,, x € H; € By, and H, € By. Then for any edge path w in &, we have

(B,y)(AYs, x¥7) in Case 2a

where By = {Hy} v (By —

‘w|lx4 - ‘w|061 = ‘w|ﬂé3 - ‘w|ﬂéz'

Proof. Set Bq := B, — {H;, H;}. By Lemma 6.1.7, we have that

W, = |[Way + 200 (€a) — 2A0(Fiea) — 200 (X" e;)Eies).
By Lemma 6.1.8, we have that
[Wlay =[wla, + 22 w(ep) — Aw(gjeb) — Nw((y e]eb ZAw (ecep)
HyeB, H.eB,—{H,}
=|w|a, + 22 Aw(ep) lv(gjeb) — Aaw(( €]€b ZAw ecep)
HbEB‘/I HCEBq {Hp}
+ 200 (e1) — 200 (Eje;) — 200 ((v; 'e))2jer) — 4 Aw(ees)
HCqu
+2Aw(eq) — 2Aw(€jes) — 2w (( ej)ejeq) 42 Ay (eceq)
HCqu
— 4Ny (eie,).

We will follow the methods used in Section 6.1 to compute |w|,,.
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Let @24 1= ¢ Ha ) (BLyg) &y — &4 be the equivariant map described in Convention 6.1.5.
If the edges of &, are labelled by e’s, and the edges of &4 are labeled by h’s, then we

have:

for all b with Hy, € Eq, and for all k with Hy ¢ B;. In particular, since H; ¢ B;, we have
(€/) @24 = hj.

Given a word (edge path) w in &,, set w’ to be the unreduced word (w)@o4 in &4. If (1)
is the unreduced length of a given word u, then I[(w') = I(w) + 4Ay(eqs) + 2Ay(e;) +

ZZHbGBq Aw(eb)‘
Observe that for any b with Hj, € B, we have (gjey) g4 = h h; (yq hi)(yg Thy) = (y;lhj)(yq_lhb).
We also have that (eje;) g4 = h hi(y, T, A i) (x 1y, 1h Dt Yg h,)

= (v ") (v hi) (xYy ) (x Yy V) and. (Zeg) e = by (g ) (v Vi) =
(yq h; )(yq h;). Let w” be the result of performing all such reductions (i.e. of the form

(¢jep) @24 where Hj, € By) to w'. Then for each b with Hj, € B;, we have that the length
of (gjey) o4 is 2 less in w” than it is in w'. Thus I(w") = I(w') — ZZHbqu Ao(Eep) =
') — 200 () — 2A0(Gjen) — 2 g0, Au(Ejer)-

We now observe that for any b with Hj, € Bq, we have
(v, 'ej)ejen) pas = (vo ') (v "hi) (yo ') = (y; 'hy), and similarly,
((y, "ej)ejer) paa = (yq‘lh')(yt?lh')(yglh') = (y; 'h). Also note that ((y, 'e;)gjea) pas =

(v 1) (v ) (o ) (e ) (e ha) = (g 'a) (- Ly e (x Yy ). Let w” be
the result of applying all such reductions to w”, and note that for each b with Hj, € By,

"

the length of ((y;lej)éjeb)¢24 is 2 less in w” than it is in w”. Now

I(w") = -2 Z Aw(( e] )éjep)
HbEBq
= l(w") — 2Au((y; " e))jer) — 200((y, 'e))Eiea) =2 D Aw((yy ej)jes).

HbEBq

We now consider ‘cross-reductions” between elements of B;. Let b and c be such that
Hy € By and H, € By — {H,}. Then (&ep)gaa = (v 'he) (yy )iy 'hi) (v, 'hy) =
(g the) (y; thy). Additionally, (Ziey) @2s = (vq hi) (v )i (yg hy) (y ty) =

(ya "hi) (yg "hy), and (Zaey) @aa = (X~ a) (x g M) (v ) (v P iy (v By (v )

(X‘ly’lh )(x Ly i) (yg i) (g ') Fimally, (Zieq) ps =

(o 1) (g i (g ) (v ) (e~ Yy M ha) (g The) = (e Tyg M hi) (x 1y ). Letting
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w" be the result of applying all such reductions to w”, we see that for b and c with
H,, H. € Eq distinct, the length of (ecep) o4 is 4 less in w” than it is in w”, the lengths
of (ejep) @24 and (ezep) o4 are each 4 less in w” than in w”, and the length of (eje;) o4
is 6 less in w” than it is in w”. Observe that Ay (écey) = Aw(ecey) = Aw(epec). Thus
(@) = (") ~ 67w (Eiea) 4 Xy, (Aw(Eats) + Aw(Eie) + 3 Sir.cn, 11 AulEier))-

Assuming w was reduced to begin with then there is only one final type of reduction
we can apply to w”. We have that ((x~ )elea)q) =

(=) (e ) (V) (g ) (g Ve = () (T ) (x Ty V). Let-
ting w”” be the result of applying all such reductions to w", we see that the length of
((xte;)gieq) @ is 2 less in w™ than it is in w”. Then I[(w™') = [(w™) — 2A,((x1e;)eie,).

e

Since w"" and w are both fully reduced, we have:

|w|lx4 = ‘( )4724|044 = l(w”m)
=1(w") = 2Ay((x~ )elea)

=l(w") — 6Ay(Eies) 42 ( (€atp) + Aw(Eiey) ZA eCeb) 2Ao((x7Le))eie,)

HbEBq HCEBq {Hb}

=1(w") — 2Au((y; "e))ejer) — 200 (v 'e))Eiea) — 2 Aw((yy 'ej)Ejer) — 6Au (Eies)

HbGBq
_42 Ay (eaey) + Aw(eiep) ZAw ecep) 2Aq((x 1ei)€iea)
HbGBq HCEBq {Hp}
=l(w') — 2Aw(Eje;) — 2A0(Ejen) — ZZAw (ejep) — 2Aw((yq’1€j)e*je ) — 2Aw((y ej)ejeq)
HbEBq
—ZZA ej)ejey) — 6w (eieq) 42 Ay (eqep) + Aw(eiep) ZAW ecep)
HbGBq HbEBq HCGBq {Hb}
—2Au((x72e))Eie,)
=1(w) + 4Au(eq) + 2Au(ei) +2 ) Awler) — 204 (Fe;) — 2A0(Ejes) —2 ) Au(jes)
HbEBq HbEBq
—2Aw((y ej)ejer) — 20w ((yy e] ejeq) ZZAW e] Jejey) — 6w (8ieq)
HbEBq
—42 w(ezep) + Ay (eiep) ZA (2cep) | — 2A0((x7te;)Eie,)
HbEBq Hcqu {Hb}

=|w|a, +2Aw(eq) —2Ay(Eies) — 2A4((x™ )e eq)

+22 ( w(ep) — Aw(ejep) — Aw((y, ej)ejey) ZA eceb)

HyeB, HceBy—{Hy}

+ 204 (e1) — 200 (Eje;) — 200 ((y; "ej)ejer) — 4> A (Eee;
HCqu
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+ 2Aw(ea) — 2Aw(8jea) — 2A0 (v, e] eieq) 4ZA ecey)
HCqu

— 4Ny (eien)

:|w|¢¥1 + |w‘0t3 - |w|112'

O
Lemma 6.2.20. If x ¢ H; € Byandy < H; ¢ Aand A B, then ||ag|| — ||| =
llas|| — ||a2||, where a1 = a2 (A, x), a3 = a2(B,y), and ay = az(B, y)(AYs, x¥4).
Proof. By Lemma 6.2.19,
sl = flaall = Y (Roley =2) = 3 (Ieoley —2)
weW weW
= Y (Iwley =2 = [wla, +2)
weW
= 3 (wlas = e0las)
weW
= Y (ol =2) = 3 (Il —2)
weWw weW
= [l = llz]l.
O
(Ax) (By)

Lemma 6.2.21. If a1 —— ay —>— a3 is a peak with H; € B, H;j ¢ A, and A < By, then
||az(B, y) (A%, x| < [|az]]

Proof. By Lemma 6.2.20, ||aa(B,y)(AY7,x¥%)|| = ||las|| = |las|| + [|a1]| — ||az2]|- Since

(Ax) (B)y)
n) —— gy —— wzisapeak, then ||az|| = max(||a1]|,||as||) and ||az|| > min(||a1||, ||as]])-

Now:

[la|| = max({a]], [[as][) + min([las ||, [|as|]) — [|azl]
< [Ja2[ + [|aa|| = [[az]]

= [laz]l.
O

Proposition 6.2.22. Let Hy = - - - = Hy, be an G free factor splitting for G. Let (A, x) and (B, y)
be relative multiple Whitehead automorphisms with x = H; and 'y < H;, Ac{Hy,...,Hy} -
{H;, H;}, Bc{Hy,..., H,)} - {H;} such that {H;} u A < By for some q. Let ay be the domain

whose a-graph has S-labelling (Hy, ..., Hy), and let a1 = ax(A,x) and az = az(B,y). If

A, B,
&1 Li X ﬂ w3 is a peak, then it is reducible.
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Proof. By Lemmas 6.2.17 and 6.2.18, the path «a A W) By a3 is homotopic in the

Space of Domains to the path aq By ax(B,y)(AY7, x¥7) (AT «3 where
B’ = (By,...,(B,—A)u AX,...,By). By Lemma 6.2.21, ||az(B,y)(AY, x¥0)|| < ||az]|.

Thus by Definition 6.2.2, the peak a; M %) (—B'ﬂ a3 is reducible. O

Case 2(b): H; € B (say H; € B;) and H; ¢ A, with A & B,

Lemma 6.2.23. If H; € B and H; ¢ Awith A & By, then

(A,%)"'(B,y) = (A —Bg,x) (B, y)((A n By)"s,x") !

and
(A,x) " (B,y) = ((B+¢ A), y)(A¥,x") " ((By 0 A)"1, 7y, ")
, where [B']; := (B, — ((A q)%) and [B’]k = By fork # q, and [(B +, A)']; :=
(B +q A)]g— A) v U([( +qA)]g 0 ) = (By — A) u UA* and [(B +4 A) ] = [(B+4

[
A)]k = Bk—AfO}’k # q.

That is, there exist vertices ay, as, &y, a5 in our Graph of Domains such that

are s

o1 ‘ (AN b’,/,x) o3 and (B +q A,y) v o3
(A - Bq,b\ Y //((A N By)¥a, x¥n) ((B+4 A)’,»\ y //((Bq I8 A)yﬁ,yq)ygl
Kg—— 05 ag+a/
(B",y) (AY1,x¥1)
are both loops.

Proof. By Proposition 5.5.9 (1), (A, x)(A — By, x)™! = (A n By, x). Writing | JA = A, we
have that | J(A n B;) = A n B, < B,. Similarly, by Proposition 5.5.9 (4), (B,y)((B, n
A)a, yqu—l)—l = (B+, A,y). Note that [B +4 A]q = B, u A 2 A. We have now reduced

both problems to the form required by Case 2a, so the result follows from Lemma 6.2.17.

O
Lemma 6.2.24. The loops
o o
oy < (AnByx) a3 and a7 (B Ay)y | a3
(A- qu»\ //((A N Bg)¥1,x1) ((B+g A)C))\ //((Bq N ALY 1g)
W4—— Qs e
(B,y) (AY1, xn)

are both contractible in our Space of Domains.

Proof. As in Lemma 6.2.13, the a;—a>—n4 triangle can be ‘filled” with an A; graph, and
the ar-a3—aj triangle can be ‘filled” with an A; graph. Now AnB, € Bjand A ¢
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—

3

(By) (Ry)
B'y)
" (Px) &
R,,\

(R,,y) Pl/zy Yq )

/
(AY1 x¥7) 5

FIGURE 1.16: Commuting Diagram for Case 2b

[B +; A]q = B;u A, so by Lemma 6.2.18 (Case 2a), the squares ag —ar — a3 —a5—ay
and & — ap — g — o) — g are both contractible. O

Lemma 6.2.25. If 0y —— (A zxz(*ﬁtxysapeuszthH e B, H; ¢ A, andA$Bq,thenez-

ther [|a2(A, x)(A =By, %)Y < [laz|| and [|a2(A 0 By, x) (B, y)|| < |laz||, or [|az(A, x)((B+4
AY Yl < llaal| and [|aa(B +4 A, y)|| < |laz|| -

That s, ||az|| > max({|as|], ||as||) or [[aa|| > max([[ay[], [las]]).

Proof. It will suffice to show that either ||a4|| < ||az|| or [|ag|| < ||a2||. The problem then
reduces to Case 2a (Lemma 6.2.21).

Let ag = a2(A n By, x)(B +4 A,y). For brevity, letP =A -B;,,Q=AnB;, R=B+; A,
and S = B,n A. Forb # gset [R"], = [R'], := B,— A = [R]y, [R"]; := (B — A) u
(Bg n A)X L (A - B;), and [R']; := (B, — A) U (A)X. Then the diagram in Figure 1.16

commutes.

A, B,
Since a4 A %) By a3 is a peak we have that min(||a1| — [az|, |as] — |a2]) < 0 and
max ey | = fazl], [as] = faz]) <

Observe that (Sy\'% A SV = (An By)Yi n (A —B)¥ = . Additionally, }”rqu_l €eH; ¢ A (so
yqu—l ¢ QY1), and x¥1 € Hl.y" € BZ" (so x¥1 ¢ S¥1). Thus ag — g — a5 — 03 — a5 is a square
falling under Case 1la, so by Lemma 6.2.9, we have that |az| — |az| = |as| — |lag-

Also observe that P = A — B; < [R"];, xe H; e By — Ac[R";andye H; ¢ A-B,; =
P. So ay—ag—a,—a1 —ay is a square falling under Case 2a, and by Lemma 6.2.20,
we have that [la;[| — [ag| = [lag| —[ae]-

Since P = (A— By)¥1 = SV (and Hl.y",H].y" ¢ I;‘Z?) then by Lemma 6.2.14, we have that
either max([ay| — [las|, [as| — llas]) > 0 or [lag| — flas| = fas] — as] = O.
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Finally, we note that |as| — a2 = (Jer] — Jaa]) — (Ja| — aa]), and similarly, [ag] -

laz]| = (las] = llaall) = (las] — las])-

As in the proof of Lemma 6.2.15, we now deduce from this information that min(|jas| —
|z, |a5| — |az|) < O, as required. O

Proposition 6.2.26. Let Hy = - - -« H,, be an & free factor splitting for G. Let (A, x) and (B, y)
be relative multiple Whitehead automorphisms with x ¢ H;, y < Hj, A c {Hy,...,Hy} —
{H;, H;}, Bc {H,...,H,) - {H;}, H; € B, for some Q, and A« By. Let ay be the domain

whose a-graph has S-labelling (Hy, ..., Hy), and let a1 = ax(A,x) and az = az(B,y). If

A, B,
o ﬁ o ﬂ 3 is a peak, then it is reducible.

Proof. By Lemmas 6.2.23 and 6.2.24, the path a; M %) ﬂ «3 is homotopic in the

Space of Domains to each of the paths

(A—B,x) B/, ((AnBg)¥1,x¥1)
a1 S (A X)(A = Bx) U B (A A B, x) (B y) e g
B+,A), o Yq XY BonAY 5oy,
and (B )Y)ucQ(A,x)((B+qA)’,y) WIS B+ 4, g) By 3w >“3 |

By Lemma 6.2.25, either [|az(A,x)(A — By, x) || < ||az|| and ||0c2(Am By, x)(B',y)||
< llazl| , or [laz(A, x)((B +4 AY,y)l| < |laz|| and [|az(B +4 A, y)|| < [laz||. Thus by

A, B,
Definition 6.2.2, one of the above paths is a reduction for the peak a4 B o ﬂ a3 .

O]

Case 4: H; € B and Hje A (say H; € B;and Hj € A))

Lemma 6.2.27. If H; € B and Hj €Ay, then

(&)1 (B,y) = (A By'x) (BLy)((By 0 By (o 15%,)%) " and

(A,%)"1(B,y) = (B 0 Ap)™, (v 154" )(A', x)"L(B + A,), y), where (A +, By (and
(B +, Ap)') are as defined in Proposition 5.5.9 (4), and A’ and B’ are defined similarly.

That is, there exist vertices ay, a5, &), and ag in our Graph of Domains such that
p & P X, and
((A+pBg)',x \\ /(Ap N Bg), (x, 1 %p)")

DC4*H o5

(B"y)
}*/ \B(
(By  Ap, 3, are both loops.
((Bg 0 Ap)r, (y7'F0) \\ ‘ /B+q

"‘4$"‘5

(A',x)



6. Peak Reduction in the Space of Domains 147

Proof. By Proposition 5.5.9 (4), (A,x) = (A, N Bq,xljlip)((A +p By)', x). Now x;lf(p €
H; € By still, and as H; ¢ B then H; ¢ A, n B;. Also A, n B; = By, so by Case 2a
(Lemma 6.2.17), (A, N By, x, %,)(B,y) = (B, y)((A, N By)¥s, (xp X,)Y7). The second

loop is achieved by renaming A to B and x to y, and vice versa. O

Lemma 6.2.28. The loops p &S R '%,)
((A+pBy), >>\ / //((Ap N By)¥, (x, %))

0(44H X5

(By)
«
and M (By n Ap, y5'4) a3 are both contractible in our Space of
((Bgn Ap)*, (vg ' ¥4) )\\ , S (B+44p)"y)
ny——u
YA

Domains.

Proof. As in Lemma 6.2.13, the a1—xo—n4 triangle can be ‘filled” with an A; graph, and
the ap—a3—aj triangle can be ‘filled’ with an A; graph. Now [ J(A, n B;) < B, and
U(B n Ap) = Ay, so (after relabelling) by Lemma 6.2.18 (Case 2a), the squares

ng — 0y — 3 — 05 — oty and ag — wp — at — vy — g are both contractible. O

Lemma 6.2.29. Ifaclﬁzxzﬂog is a peak with H; € BandH e A, then (up to

relabelling) ||az(A, x)((A +p By)', x) 7| < ||az]| and ||az(A, A Bq,x_l” )(B,y)|| < ||az]l-

Proof. First, note that inner automorphisms stabilise each point of C,;, and hence each
domain in the Space of Domains. Writing 7y(z) for the inner automorphism which con-

~—

jugates everything by z, we then see that a1 = ax(A, x) = (A, x)’y(x;l) = (A, x;lip
Similarly, a3 = a2(Bg,y, '¥4)- Note that zip = Ay and ﬁq = B,. Since x ¢ H; € B; and
y € Hj € Ay, then x,'%, ¢ Hi ¢ A, and y;'§, ngéﬁ

If A, U B; + H then by Lemma 6.2.15, either |a(A, — Bq,x 1%,)| < |laa|| or [az(By —
Ay, yq_ljrq)ﬂ < |az|. But given arbitrary sets C and D, C — D = C n D. Hence either
laal| < flaz] or Jlas] < flaz]-

If Ay UB, = Hthenay = aj(A +, By, x)7! = ocyy(x;l) = ny. Similarly, af = a3, and
since ay — p — a3 is a peak, then |az| > min(|ag|, [|ag]]).

Now one of wy—ay —a3 or a1 —ar —ar is a peak satisfying Case 2a, and the result

follows from Lemma 6.2.21. O

Proposition 6.2.30. Let Hy = ---* H, be an & free factor splitting for G. Let (A,x) and
(B,y) be relative multiple Whitehead automorphisms with x < H; and y < H; and A c
{Hy,...,H,} —{H;},Bc {Hy,...,H,} — {H;} such that for some p and q we have H; € B
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and H; € Ap. Let ap be the domain whose a-graph has &-labelling (Hy, ..., Hy), and let

ap = ap(A,x) and a3 = a(B,y). If aq M oy @ a3 is a peak, then it is reducible.

Proof. By Lemmas 6.2.27 and 6.2.28, the path «a; A W) By). «3 is homotopic in the

Space of Domains to each of the paths
((A+,By) x)

’
7

A = A,nB )Y, (x; 1%,V
WZ(AP N Bq,x;jlf(p) @ (xz(Ap 8 Bq'xglf(p)(B’,y)(( pNBg)¥,(xp " %p) )063

X1

and

((BynA)P, (v 9,)7) . A, _ 1. ((B+gAp)y)
w0 By o Apy §) (A %) B 0By Ay te)

By Lemma 6.2.29, either ||a2(A, x)((A +, B;)',x) || < ||az|| and
[l (Ap 0 By, x,1%) (B, y)|| < [zl |, or [Jaz(Bg 0 Ap, v '59) (A, %) || < [|2| and [az (By
A,,,yq—ly,,) || < ||a2]|. Thus by Definition 6.2.2, one of the above paths is a reduction for

the peak oy M i) (*B'Q a3 . O

6.3 Simple Connectivity

We have now done all the required work to conclude:

Proposition 6.3.1. Every peak oy A0 o By a3 (whose edges are both of Type A) in the

Space of Domains is reducible (to a path of length 2 or 3 whose edges are all of Type A).

Proof. Let a4 A0 W) By a3 be a peak in the Space of Domains whose edges are

both of Type A. Suppose a; has S-labelling (Hy, ..., H,). Then for some i and j we
have x ¢ H; and y < H;. By assumption, H; ¢ A and H; ¢ B. Ifi = j then by
Proposition 6.2.3, the peak is reducible. Otherwise, our peak falls into one of the Cases
1-4 as described in Observation 6.2.4, and by Propositions 6.2.11, 6.2.16, 6.2.22, 6.2.26,
and 6.2.30, we are done (after renaming, if we fell under Case 3). ]

We can now use this Peak Reduction Proposition to argue that the Space of Domains,

and hence the complex C,,, is simply connected.

Theorem 6.3.2. Our Space of Domains is simply connected.

Proof. Let A be a loop in the Space of Domains. Note that any loop is homotopic to a
based loop, so without loss of generality, we assume A contains the basepoint ag. By
Corollary 5.4.4 and Proposition 6.3.1, A is homotopic (in the Space of Domains) to a
peak reduced loop A’. But any peak reduced loop must have constant height (else it
would contain some ‘heighest” point, i.e. a peak). Since the basepoint has height 0
(Lemma 6.1.3) then every point in A’ must have height 0. But again by Lemma 6.1.3,
the only point with height 0 is the basepoint. Hence A’ is actually the constant ‘loop” at
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the basepoint, ag. Thus any loop A is homotopic to a constant loop, hence the Space of
Domains is simply connected. O

Corollary 6.3.3. The space C,, (for n > 5) is simply connected.

Proof. This follows directly from Theorem 6.3.2 and Proposition 5.3.5. ]
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Paper 2: Generators for the Pure Symmetric Outer
Automorphisms of a Free Product

Harry M ] Iveson

ABSTRACT. We construct a ‘nice” subcomplex of the Outer Space for a free product
in order to give a geometric proof that the pure symmetric outer automorphisms of
a given splitting of a free product are generated by factor outer automorphisms and
Whitehead outer automorphisms relative to the splittting.

Introduction

The study of presentations of automorphism groups of free products dates back to
the 1940’s with Fouxe-Rabinovitch [3]. This may be viewed as a generalisation of the
study of automorphism groups of free groups, investigated by Nielsen in the 1920’s,
Neumann and Whitehead (independently) in the 1930’s, and many others. The focus
on symmetric automorphisms came later, studied by McCool in the free group case in
the 1980’s and McCullough—Miller [8] in the free product case in the 1990’s, who used
the geometry of a particular CW complex to achieve their results. Such complexes
encode various data on these automorphism groups, for example, connectivity may
be used to extract generators, and simple connectivity provides group presentations.
They may also be used for explicit homology/cohomology calculations, amongst other

group invariants and properties.

This paper complements the paper ‘A Presentation for the Group of Pure Symmetric
Outer Automorphisms of a Given Splitting of a Free Product’ [6], which uses simple
connectivity of a particular subcomplex “C,,” of Guirardel-Levitt’s ‘Outer Space” [5] to
extract a group presentation using a method of Brown [2]. In that paper, we take a
shortcut in proving that C, is connected, using a result of Gilbert [4] that the group in
question is generated by Whitehead (and factor) automorphisms. Proposition 4.2.12 of
this paper gives a direct proof of [6, Proposition 3.1.3], a key step in proving connectiv-

ity of C,, without relying on any prior assumptions.

As a result of this, we achieve an alternative method for determining generators of the
pure symmetric outer automorphism group (described in Subsection 1.1) of a given
splitting of a free product. We show that this group is generated by the subgroup
comprising factor outer automorphisms (described in Subsection 1.2) relative to the
splitting and Whitehead outer automorphisms (described in Subsection 1.3) relative to
the splitting.

Theorem 5.0.5 (Main Theorem). Let G = Gy * - - - * G, be a group which splits as a free
product of n = 3 non-trivial factors, and let & = (G, ..., Gy). Then any pure symmetric



152 Paper 2. Connectivity of S,

outer automorphism ¥ € Oute (G) of the splitting Gy = - - - * G, can be written as a product of
factor outer automorphisms relative to & and Whitehead outer automorphisms relative to &.

We do this by showing that a particular subcomplex S, (see Definition 3.2.1) of Guirardel-
Levitt’s [5] Outer Space is path connected.

Corollary 4.2.14. The subcomplex S, is path-connected.

Our key ingredients are Proposition 4.2.12 and Proposition 5.0.3. The former is a state-
ment about our subcomplex S, of Outer Space, detailing how one may find certain
paths within the subcomplex. The latter turns this into a statement about (outer) au-
tomorphisms, and how Whitehead and factor (outer) automorphisms are sufficient to
traverse these paths, and hence the subcomplex.

The paper begins with some background definitions and preliminary results. The vary-
ing types of automorphism we will encounter are introduced in Section 1, although for
the most part these will not be used until Section 5, where we prove our main theorem.
In order to discuss the ‘Outer Space’ for our free product splitting (Subsection 2.4), we
present some Bass-Serre theory regarding graphs of groups in Section 2. In Section 3
we introduce our subcomplex S, of Outer Space relative to our chosen splitting of our
free product, and discuss some of its basic properties. The key ideas in this paper are
found in Section 4, where we use a reduction argument to show that our subcomplex
Sy is path connnected. Finally in Section 5 we use this result to determine generators
for the pure symmetric outer automorphism group of our free product splitting.

1 Automorphisms of G; - --* G,

Below is a summary of definitions and notation regarding automorphisms adapted
from the notation of Gilbert [4] and McCool [7].

Throughout, we consider a group G which splits as a free product Gy * - - - * G,,, where
each G; is non-trivial and n > 3. We refer to each G; as a factor group.

Notation 1.0.1. Let G be a group. We denote by Out(G) the outer automorphism group
of G. Note that Out(G) = Aut(G) J/ Inn(G) where Aut(G) is the group of automor-
phisms of G and Inn(G) is the normal subgroup of Aut(G) comprising all inner auto-
morphisms of G, that is, automorphisms of the form g — h~'¢h =: ¢" for some fixed
heG.

We will usually write elements of Out(G) as upper-case Greek letters and their Aut(G)
representatives as their lower-case counterparts, although if we are given ¢ € Aut(G)

we may sometimes write [¢] for its class in Out(G).
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1.1 Pure Symmetric Automorphisms

Definition 1.1.1. Let G = Gy # --- * G, be a group which splits as a non-trivial free
product, and denote & := (Gy, ..., Gy).

e We say ¢ € Aut(G) is a pure symmetric automorphism of the splitting Gy = - - - % G,
if for each i there is some g; € G such that Y(G;) = G{' = g¢;'G;gi. We de-
note the subgroup of Aut(G) comprising these pure symmetric automorphisms
by Autg(G).

* Wesay Y € Out(G) is a pure symmetric outer automorphism of the splitting if there is
some ¢ € ¥ which is a pure symmetric automorphism of the splitting. We denote
the subgroup of Out(G) comprising these pure symmetric outer automorphisms
by Outg (G).

® Let Hy,..., H, be subgroups of G = Gy # - - - # G,,. If for each i there exists g; € G
such that H; = G, and moreover, G is generated by Hy U - - - U Hy, then the free
product Hy # - - - * Hy, is equal to the group G. We summarise this by saying that
Hj - -« Hy is an G-free splitting for G = Gy * - - - % Gy,.

Observation 1.1.2. If G = Gy * - - - * G, where the factor groups G; are non-trivial, not
infinite cylic, and freely indecomposable, then G; = - - - * G, is a Grushko decomposition
for G, and by the Grushko Decomposition Theorem, the G;’s are unique up to permu-
tation of their conjugacy classes in G. In particular, if the G;’s are additionally pairwise
non-isomorphic, we deduce that every automorphism of G is a pure symmetric auto-
morphism of the splitting. That is, Autg(G) = Aut(G) and Outg(G) = Out(G) (where
S = (Gy,...,Gp)).

Remark. Note thatInn(G) < Autg(G) < Aut(G). We then have that Auts (G) J/ Inn(G) =
Outg(G) and moreover, if ¥ € Outs(G), then every representative of ¥ in Aut(G) is in
fact in Autg(G).

Lemma 1.1.3. Let G = Gy #-+- Gy and S = (Gy,...,Gy). Then Hy % --- = Hy, is an &-
free splitting for G if and only if there exists ¢ € Autg(G) such that H; = ¢(G;) for each
ie{l,..., n}

Proof. First, suppose Hy * - - - % H,, is an &-free splitting for G. Then there exist g1,...,gx €
G such that for each i, H; = G{'. We may now define a map 1 by setting y(g) := g

for each g € G; and each i € {1,...,n}. By the universal property for free products,

§ extends to an endomorphism of Gy *--- * G, = G. Similarly, the map ¢ given by

p(g) == g8 " for each g € G¥ and eachi € {1,...,n} extends to an endomorphism of

G§'+-.-x Gi" = G. Noting that ¢ is an inverse for ¢, we see that y is bijective. Hence

P € Aut(G) and thus ¢ € Autg(G).
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Now suppose ¢ € Autg(G). Then there exist g1, ..., gn € G such that for each i, (G;) =
G§'. Observe that since  is an automorphism of G ¥(Gy) -+ * (Gy) = (Gy # -+ *
Gn) = Gy * - % G,. Hence (Gy) * - - - * (G,) is an G-free splitting for G. O

1.2 Factor Automorphisms

Definition 1.2.1. Let G = Gy *---* G, and & = (Gy,...,G,). We say ¢ € Auts(G)
is a factor automorphism relative to & if for each i € {1,...,n}, ¢|c, (i.e. ¢ with domain
restricted to the embedding of G; in G) is an automorphism of G;, thatis, ¢|g, € Aut(G;).

We say @ € Outg(G) is a factor outer automorphism relative to & if ® has a representative
¢ € Autg(G) which is a factor automorphism relative to &.

When & is understood we will simply say ¢ (or @) is a factor (outer) automorphism.

Remark. The set of factor automorphisms relative to & forms a subgroup of Autg(G)

n

which is isomorphic to HAut(Gi), via the map ¢ — (¢|g,,--.,|c,)- Note that the
i=1

only factor automorphism relative to & which is also an inner automorphism is the

identity, so by the Second Isomorphism Theorem, we also have that the set of factor

n
outer automorphisms relative to & in Outg (G) is isomorphic to H Aut(G;).
i=1

1.3 Whitehead Automorphisms

Definition 1.3.1. Let G = Gy *---* G, and & = (Gy,...,Gy), take i € {1,...,n}, fix
some x € G;,and let Y < {Gy,...,G,} — {G;}.

We denote by (Y, x) the automorphism in Autg(G) which for each j € {1,...,n} maps
xlgx if GieY
g if Gi¢Y
morphism relative to &, and say that G; is its operating factor.

g€ Gjbyg— . We call such an automorphism a Whitehead auto-

An element ¥ € Outg(G) will be called a Whitehead outer automorphism relative to & if
it has some representative ¢ € Autg(G) which is a Whitehead automorphism relative
to G.

When & is understood we will simply say ¢ (or ¥) is a Whitehead (outer) automor-
phism.

Remark. Our notation differs from that of Gilbert [4] in that we do not include the op-
erating factor G; in the set Y.

We write g* for the conjugation x~'gx. If Y = {G;} we will often write (Gj, x) for

({Gj} x).
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Observation 1.3.2. Note that Whitehead automorphisms relative to & leave their oper-
ating factor pointwise fixed. If 1, € Aut(G) is the inner automorphism g — h~!gh = ¢"
and ({Gy,...,Gn},go) is a Whitehead automorphism relative to & with go € G; (and
i > m for ease of notation), then ({Gy, ..., Gu}, o)ty cannot pointwise fix any factor
Gj unless either ¢ = 1or g = g, !, in which case ¢ € G;s0 g ¢ G;. Hence there is no
candidate for operating factor unless ¢ = 1, and so the only Whitehead automorphism
relative to G in the outer automorphism class [({G1, ..., Gu}, g0)] is ({G1,...,Gu}, g0)
itself. Thus if ¥ € Outg(G) is a Whitehead outer automorphism relative to &, then ¥
has a unique representative ¢ € Autg(G) which is a Whitehead automorphism relative
to G.

We will therefore say that if € Autg(G) is a Whitehead automorphism relative to &
with operating factor G;, then [¢] € Outg(G) has operating factor G;.

2 Graphs of Groups for G; = - - - = G,

We now give a brief background in Bass-Serre theory with the aim of constructing an
Outg (G)-invariant complex for the splitting G = Gy * - - - * G, where n > 3. Vertices
(O-cells) in this complex will be equivalence classes of certain graphs of groups. We will
require that all of our graphs of groups are trees, and have trivial edge groups. To aid in
our construction, we define (1, k)-trees below, which will satisfy these conditions. Note
that our idea of a graph differs from that of Serre [9], in that we have a single unoriented

edge between adjacent vertices, which may later be assigned an orientation.

Definition 2.0.1.

* An (n,k)-tree T is a finite simplicial tree with vertex set V(T) = {v1,... vy, 1, ..., Uy}
(with the possibility that k = 0, i.e. V(T) = {vy,...,v,}) and edge set E(T) <
V(T) x V(T) such that each vertex u; has valency at least 3. We consider (w1, w»)
and (wy, wy) to be the same edge. We will refer to the u;’s as ‘trivial vertices’.

* An orientation of T is a pair of maps o : E(T) — V(T) and t : E(T) — V(T) such
that for any edge e of T with endpoints w; and w,, we have {o(e), t(e)} = {w, w,}
as sets.

* An (n, k)-automorphism of T is a graph automorphism -y of T (i.e. a bijection T — T
which sends vertices to vertices and edges to edges, and preserves adjacency)
which satisfies y(v;) € {v1,...,0,} and 7y(u;j) € {u1,...,ux} foreachi e {1,...,n}
andeachje {1,..., k}.



156 Paper 2. Connectivity of S,

2.1 &-Labellings

Now that we have defined our underlying graphs, we can construct our graphs of
groups by equipping our graphs with ‘G-labellings”:

Definition 2.1.1. Let G = G; *--- * G, be a free product with & = (Gy,...,Gy), let
Hj .-« H, be an &-free splitting for G, and let ¢ € S, be some permutation of
{1,...,n} (so {1,...,n} = {c(1),...,0(n)} as sets). Let T be an (n,k)-tree and v an
(n, k)-automorphism of T.

We define (7(T) : Hy(1), - - -, Hy(n)) to be the graph of groups whose edge groups are all
trivial, each vertex y(u;) for j € {1, ..., k} has trivial vertex group, and each vertex y(v;)
forie {1,...,n} has vertex group Hy(;y. We call (v(T) : Hy(1y, ..., Hy(n)) an &-labelling
of y(T).

Remark. Since v is an automorphism of T, then as abstract graphs we have (T) = T.
Moreover, if 7 € S, is such that for eachi € {1,...,n}, y(v;) = (i), then
(T : Hygy11yys - - - » Hogy1(nyy) and (¥(T) : Ho1), - - -, Ho(n)) describe identical construc-

tions. We will thus often suppress v and subsume # into the permutation c.

Definition 2.1.2. Let o, T € Sy and let Ty := (T : Hy(1), - - -, Ho(n)) and Tk :=
(T : K@y, - - -, Keny) be two G-labellings of an (1, k)-tree T. Fori e {1,...,n}, set Hy, :=
Hy(;y and Ky, := K¢(;), and for j € {1,...,k}, set Hy; = {1} and Ky; = {1}.

We say that Ty and Tk are equal as G-labellings of T, written Ty = Tk, if (and only if) the
map vj — U(y-1(7(j)) extends to an (1, k)-automorphism of T, and for each i € {1,...,n}
there exists h; € H; so that K; = th’ In particular, (T : Gi’l, ey GZ") =

(T: G‘];‘E(ll)) ey G(];‘E;”;) if and only if the map v; — v,-1(;) extends to an (1, k)-automorphism
of T, and for eachi € {1,...,n} there exists g; € G, such that k; = g;h;.

We say that Ty and Tk are equivalent as G-labellings of T, written Ty ~ Tk, if (and only
if) the map v; — v(,-1(¢(j)) extends to an (1, k)-automorphism of T, and there exists an
orientation of T such that for every w € V(T) there exists hy, € G = Gy * - - - * G, with
Ky = Z}” and moreover ht(e)ho(e)_l € Hy(e).-

Remark. This idea of equivalence is a simplified version of taking isomorphism classes
of graphs of groups, as described by Bass in [1, Section 2]. Our simplification relies on
having trivial edge groups, and the fact that our graphs of groups are trees. Note that
~ is indeed an equivalence relation on the set of G-labellings of T. We will denote the
equivalence class of an G-labelling Ty by [TH].

Observation 2.1.3. Let T be an (n, k)-tree and let H; * - - - * H, be an &-free splitting for
G =Gy %Gy (Where S = (Gy,...,Gy)).

Let ¢ € Autg(G) be a factor automorphism. Then for each i € {1,...,n}, ¢(G;) = G;,
and we have (T . (P(GU(1)>/ ceey ?(GU(H))) = (T : GU’(l)/ ey G(T(I’l))'
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Now let x € G and let iy € Aut(G) be the inner automorphism ¢ — x~'¢x = g*. Then
(T : Lx(HU(l))/ SN /lx(Ha(n))) = (T : Hg(l)’ ey Hg(n)) ~ (T . Hv(l)/ ceny Hv(n)) since x € G,
and regardlesss of the orientation chosen for T, we have ht(e)h;(i) —xxl=1¢ Ho (e
for each edge e of T.

That is to say, inner automorphisms preserve equivalence classes of G-labellings, and
factor automorphisms preserve G-labellings whose vertex groups are precisely the
groups Gy, ..., Gy.

2.2 Collapses

In order to build our complex, we will need some kind of relation between our graphs
of groups; we may then have edges (1-cells) in our complex whenever their endpoints
are related. The relation we use is “collapsing’:

Definition 2.2.1. Let G = G; * - - - * G, be a free product with & = (Gy,...,G,) and let
(T : Hy(1y, - - - Hy(n)) be an G-labelling of some (1, k)-tree T.

* We say an edge of (T : Hy(1), ..., Hy() is collapsible if it has at least one trivial

endpoint (i.e. at least one endpoint whose vertex group is the trivial group).

¢ The process of replacing a collapsible edge (including its endpoints) of
(T : Hy(1),---,Hy(n)) by a single vertex whose vertex group is the free product
of the vertex groups of the endpoints of said edge is called collapsing. This new
vertex group will always be of the form H = {1}, which we will write simply as H
(for H e { {1}, Ho1), - - -, Ho(m) })-

* Wesay (T': Hyy, ..., Hy ) isacollapse of (T : Hy(r), ..., Ho(n)) if
(T" = Hyyy, .-, Hy,) can be achieved as the result of successively collapsing
edges of (T : Hy(1), .., Hy(n))- Note that we do not consider a graph of groups to

be a collapse of itself.
Observation 2.2.2. Suppose we have (T1 : Hoq1y, -, Hon)) ~ (Ta : Hyy), ..., H ) for
some (n,k)-tree T;. Fix some collapsible edge e of T1, and let T, be the tree resulting
from the collapse of e in T;. Then T is an (1, k — 1)-tree and (T : Hy(y, - - .,Ha(n)) ~

(To: H.py, .., H.

(1)’ (n))-

We may thus consider collapses on equivalence classes of G-labellings in the natural
way, i.e. [T'] is a collapse of [T] if there is some representative (T : Hyy), ..., Hy(n)) Of
[T] and some representative (T” : H’T(l), . .,H’T(n)) of [T’] such that (T" : H’T(l), . ..,H’T(H))
is a collapse of (T : Hy(1), - - ., Hy(n)). Note that if [(T" : H’T(l), ey H’T(n))] is a collapse of

[(T : Ha(l)/ “en rHa(n))] then (T/ : H’/L'(l)’ e ’Hfr(n)) ~ (T/ : Ha(l)r e /Ha(n))'
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2.3 Universal Cover of an G-Labelling

The Fundamental Theorem of Bass—Serre Theory tells us that we have a correspondence
between graphs of groups and certain G-trees (namely, their universal covers), which
we will later exploit. We adapt the following construction from Serre [9, Chapter I
Section 5.3], restricted to our case of (1, k)-trees.

Definition 2.3.1 (Serre [9]). Let G = G; #- - - * G,, be a free product with & = (Gy, ..., Gy)
and let Ty := (T : Hy,..., H,) be an G-labelling of some (1, k)-tree T with vertex set
V(T) = {v1,...0n,u1,...,ux} and edge set E(T). Fori e {1,...,n}, set Hy, := H; and for

je{l,...,k}, set Hu]. := {1}. The universal cover of Ty, denoted 7?;1, is the infinite tree
with vertex set V(ﬁ{) = |_|Hw-g and edge set E(ﬁ{) = |_|e-g (with o(e'g) = Hy(e)'8),
geG geG
weV(T) eeE(T)

where Hy,-g is the coset {hg | h € H,} < G.

Observation 2.3.2. We have a natural isometric action of G on Tx givenby (x-g)-h = x-gh
for x-g € V(ﬂ;) v E(ﬂ;) and i € G. Under this action we have that the G-stabiliser of
each edge in Ty is trivial (since all edge groups in Ty are trivial), and the G-stabiliser
of a vertex Hy-g in Ty is precisely the subgroup ¢~ 'Hy,g = Hy® of G.

Remark. If a vertex w € V(T) has valency N in T, then the vertex Hy,-g € V(ﬁ) will
have valency N|Hy| in Ty In particular, if H, = {1} then these valencies must be
equal. However, if Hy, is infinite, then Hy,-g will have infinite valency in T\I}

2.4 Outer Space for a Free Product

There are several equivalent formulations of an ‘Outer Space” on which Outg(G) acts.
Originally, the study of the (pure) symmetric automorphisms of a free product by their
action on a cellular complex was due to McCullough-Miller [8]. Later, Guirardel-
Levitt [5] introduced their deformation space for studying the outer automorphisms
of a Grushko decomposition of a free product. This space retracts onto a cellular com-
plex which, in the case where there is no free rank, is equivalent to that of McCullough—
Miller. Since our decomposition need not be a Grushko decomposition, the Outer Space
we use is due to McCullough-Miller. However, the description we give is more in the
spirit of Guirardel-Levitt.

Let G = Gy * - * G, be a free product with n > 3 where each factor group G; is non-
trivial, and set & = (Gy, ..., Gy).

Remark. The relation “(Ty : Hy(1, ., Hy(n)) is a collapse of (T2 : Hy (1), ..., Hy(n))" de-
fines a strict partial order on the set of collapses of equivalence classes of G-labellings
of a given (n, k)-tree. This extends to encompass all (1, k)-trees, even when k is allowed

to vary.
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Definition 2.4.1. Let G = Gy *--- % G, and & = (Gq, ..., G,) be as above. The complex
0,(6) is the geometric realisation of the poset of equivalence classes of G-labellings of
(n,k)-trees (wWhere n > 3 is fixed and k > 0 varies), with T} < T if (and only if) T, is a
collapse of T;.

In this paper, we will always have & = (G;, ..., Gy,), and so we will write O, for O, (&).

Remark. Note that O, is a simplicial complex. Moreover for m > 2, for each (m + 1)-
clique in OV thereis a unique m-cell in O,, which contains precisely the vertices of that
clique. That is to say, O, is the flag complex on oM.

Notation 2.4.2. We will call cells in (9,(10) ‘vertices’; these are equivalence classes of G-

labellings of (1, k)-trees. We will call cells in oM ‘edges’; there is an edge [T1] —[T2]

precisely when [T ] is a collapse of [T; |. We may abuse notation and also write [T | —[ T3]
when [T;] is a collapse of [T3].

By Observation 1.1.2, if the factor groups G; are additionally freely indecomposable
and not infinite cyclic, then Gy * - - - * G, is a Grushko decomposition for G, and our
description of O, is precisely the barycentric spine of Guirardel and Levitt’s ‘Outer
Space for a Free Product’ [5] (where the barycentric spine is a CW-complex resulting
from taking the first barycentric subdivision of Outer Space and linearly retracting off

the ‘missing’ faces).

We thus have that O, is isometric to the barycentric spine of Guirdardel and Levitt’s
Outer Space for a free product of n non-trivial, freely indecomposable, not infinite
cyclic, pairwise non-isomorphic factors (even when our factor groups do not satisfy

these conditions — since we want an action of Outg(G), not Out(G)).

Definition 2.4.3. Let ¥ € Outgs(G) have representative ¢ € Auts(G) and let Ty =
(T : Hy1), - - - Hy(n)) be a representative of some point [Tp] in (9,(10). We define:

Y- [To] := (T : $(Hep)), - - -, P (Hony))]

Remark. Note that by Lemma 1.1.3, ¥ - [To] is indeed a point in O,. One ought to
additionally check that this action is independent of both the choice of representative
for ¥ € Outg G and the choice of representative for [Ty| € (9,(10). The former point
is addressed by Observation 2.1.3 and the latter point is a similarly straightforward

exercise.

Observation 2.4.4. From Observation 2.2.2 we deduce that if [To]| —[T;] is an edge in O,
then so too is (¥ - [Tp]) — (¥ - [T1]) for any ¥ € Outg(G). Thus the action of Outg(G)
on O preserves adjacency, and we may extend this to an action on O, by sending
a cell corresponding to an (m + 1)-clique {Vy, ..., V,,} to the cell corresponding to the
Outg (G)-image of the (m + 1)-clique, {¥ -V, ..., ¥ Vi, }.
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3 A Subcomplex S, of Outer Space

In this paper, we care about two specific types of vertices in o a-graph classes and
A-graph classes. We will then consider the subcomplex S, of O, spanned by these
vertices. This subcomplex will encode Whitehead outer automorphisms of the splitting
Gy * - - - % G,. Throughout, we assume that n > 3 (as neither a nor A graphs make sense
for n < 3).

3.1 «a-Graphs and A-Graphs

We begin by describing ‘a-graphs” and “A-graphs’, and their basic properties (equiva-

lence and adjacency).

Definition 3.1.1. We define « to be the (1, 1)-tree in Figure 2.1. We say [ao] € (9,(10) is an
a-graph class if it has a representative ag = (« : Hy(1), ..., Hy(n)) which is an G-labelling

of a (for some o € ;). We call ay itself an a-graph.

U1
(47 U2

U(n-1) U3
[ ] /1/‘[1\ [ ]

FIGURE 2.1: The Graph ‘a” with vertices vy, ..., vy, uj

Remark. Note that if n < 3 then « is not well-defined as an (1, k)-tree, since we require

u1 to have valency at least 3.

Observation 3.1.2. Given ¢ € S,, we can define a map 7, on a by v; — Vg(j), U1 — U1,
and u; —vj — 11 —v,j foreach j € {1,...,n}. Clearly -, is a graph automorphism of
o and satisfies v, (v;) € {v1,...,0,}, thatis, 7, is an (1, 1)-automorphism of a. Now for

any &-labelling (« : Hy(1y, ..., Hy(n)) of &, we have:
(06 : Hg(l), . '/HU(H)) = (IX : H], .. .,Hn)

Lemma 3.1.3. Two &-labellings, (« : Hy,...,Hy) and (« : Ky, ...,Ky), of a are equivalent if
and only if there exists some g € G so that for each j € {1,...,n}, K; = H}g.

Proof. Suppose (« : Hy,...,Hy) ~ (a : Ky,...,K;). Then there exist hy,,hy,...,h, € G
so that for all j € {1,...,n}, K; = H];.lj (and {1}» = {1}). Moreover, for some fixed

orientation of &, we have ht(e)ho_(l) € H,( for every edge e of a (where H,, = {1}).

e
Every edge of a is of the form u; —v; =: ej. If o(¢j) = uy then hjh, ' € {1}, that is,
hj = h, and so K; = H;lj = H]]?“. If o(ej) = vj then huh]._1 € Hjand K; = H;lj = H]h”.

Hence taking ¢ = h,, we have that for every j e {1,...,n}, K; = H}g.
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Now suppose there exists ¢ € G such that for every j € {1,...,n}, K; = H}g . Note that
Ky, = {1} = {1})¢ = Hj,. Set h, = g for every vertex w of a. Since gg~' = 1, then
regardless of orientation, we have ht(e)h;é) = 1 € H, for every edge ¢ of a. Hence
(w:Hy,...,Hy) ~(a:Kyq,...,Ky). O

Definition 3.1.4. We define A to be the (1,0)-tree in Figure 2.2. We say [Ao] € (9,(10)
is an A-graph class if it has a representative Ag = (A : Hy(1), .., Hy(y)) which is an
S-labelling of A (for some o € S;;). We call Ay itself an A-graph.

FIGURE 2.2: The Graph ‘A’ with Vertices vy, v, ..., vy

Remark. While the graph A may be defined when n = 2, the idea is to have a single ver-
tex with valency strictly greater than 1, so to keep within the spirit of this, we assume
n = 3.

Observation 3.1.5. Note that if € S, fixes 1 (i.e. (1) = 1), then 5 extends to a graph
automorphism of A via the same method as Observation 3.1.2. Now fix ¢ € S, with
o(1) = iforsomei e {1,...,n} and let (A : Hyq),..., Hy(y)) be an &-labelling of A.
Taking T := (ii—1...21) € S,, we have that o=t € S, and ¢ 1(7(1)) = ¢ 1(i) = 1.
Thus (A : Hyq), Ho), -+  Homy) = (A @ Hyqy, He), o Hegy Hegigny, - - Hey) =
(A:H;,Hy,...,Hi_1,Hjs1,..., Hy).

Notation 3.1.6. We will write (A : H;; Hy, ..., Hy) for the G-labelling
(A:H;,H,...,Hi_1,Hi1,...,Hy) of A. Note that for any ¢ € S, with (i) = i, we
have:

(A:Hj;Hy,...,Hy) = (A: Hi; Hyy, -+ Ho(n)

Lemma 3.1.7. Two &-labellings, (A : Hj; Hy,...,Hy,) and (A : Ki; Ky,...,Ky), of A are
equivalent if and only if k = i and there exist ¢ € G and g1,...,g, € H; so that for each
jefl,... n}, Kj = H.

Proof. Suppose (A : H;; Hy,...,Hy) ~ (A : Ky; Ky, ..., K,). Then there exist hy, ..., h, €

G so that for all j € {1,...,n}, K; = H;lj . Moreover, since n > 3, for some fixed

1

orientation of A, we have ht(e)ho_( .

) € Hoe) for every edge e of A. Since any (n,0)-

automorphism of A must fix the vertex v;, we deduce that k = i. To ease notation, we
vjp1 if j<i

will relabel the vertices of A by w; := { v; if j=i . Now each edge of A is of the
0j if ] > i

form w; —w; =: ¢ for j € {1,...,n} — {i}. If o(¢;) = w;j then hih]fl € H;j and we have
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) . 1y,
K; = H];.l’ = H]h’ If o(ej) = w; then hjhi_1 € H;. Note that K; = H;l] = H;Z’h’ " Now
) ‘ _ 1 if o(ej) = w;
takin ==h;, ¢;:=1,and forje {1,...,n} —{i}, ¢; := J I we
88 = hi gi jed U { Wi i o(e;) = w;

have that for each je {1,...,n}, K; = H}g]-g’ with ¢1,...,9n € H;.

Now suppose there exist g € G and g1,...,g» € H; such that for every j € {1,...,n},
K; = H}g]-g' We choose an orientation of A by setting o(e;) := w; (where ¢; := w;—w;)
foreachj e {1,...,n} — {i}, and we set h; := g;¢ for each j € {1,...,n}. Now for each
j e {1l,...,n} —{i}, we have b, = (8)(8i8) ™" = 888 '¢; ' = g¢; ' € Hi since
8i,8j € Hi. Thus (A : H;; Hy, ..., Hy) ~ (A: K Ky, ..., Ky). O

Lemma 3.1.8. Let [ag] € 01(10) be an wa-graph class with representative (« : Hi, ..., Hy).
Then [T] € 0V is a collapse of () if and only [T is an A-graph class with representative
(A:H;;Hy,...,Hy) forsomeie{1,...,n}.

Proof. First, note that xp has only one trivial vertex, so any collapse of «g is the result
of collapsing precisely one edge in ag. Fori € {1,...,n}, denote the edge in ay between
{1} and H; by e;. Observe that every edge of « is of this form, and so every edge of «g
is collapsible. Collapsing an edge e; of ag results in the graph of groups

(A :Hj;Hy,...,Hy}. Hence T is a collapse of g if and only if T results from collapsing
some edge e; of ag, so T is a collapse of wg if and only if T = (A : H;; Hy, ..., Hy) for
someie{l,...,n}. O

3.2 Construction of the Subcomplex S,

We are now ready to build our subcomplex S, of O,,. We will then see how we can
move from a-graph class to a-graph class in S, by applying elements of Outg(G) found
in the Outg(G)-stabilisers of A-graph classes.

Definition 3.2.1. For n > 3, we define S, to be the subcomplex of O, comprising «-
graph classes and A-graph classes, as well as all edges whose endpoints are x-graph
classes or A-graph classes. That is, S, is the subcomplex of O, spanned by a-graph
classes and A-graph classes.

Observation 3.2.2. By Lemma 3.1.8, we see that S, is a 1-dimensional simplicial complex
(i.e. a graph). Moreover, since « is an (1, 1)-tree and A is an (1, 0)-tree and (n, k)-trees
collapse to (1, k — 1)-trees, then no a-graph can collapse to another a-graph, and no A-
graph can collapse to another A-graph. Thus S, is bipartite between the set of a-graph
classes and the set of A-graph classes.

Notation 3.2.3. We denote & := (« : Gy,...,Gy) and forie {1,...,n},
iiiz (A . Gi;Gl,...,Gn) = (A . Gi,Gl,...,Gi,l,GiJrl,...,Gn).
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Observation 3.2.4. From Lemma 3.1.8 we see that the collapses of [a] are precisely the
vertices [Al],...,[A"] in Sr(,o).

Observation 3.2.5. The subcomplex S, inherits the Outg (G) action from O,,. Note that
by Lemma 1.1.3, the subgraph of S, comprising the a-graph class [«], the A-graph
classes Al, ..., A" and the edges joining them forms a strict fundamental domain for
the action of Outg(G) restricted to Sy,. In particular, there are precisely n + 1 Outg (G)-
orbits of vertices and n Outg(G)-orbits of edges in S,,.

Lemma 3.2.6. Suppose we have an edge path o] —[A1]—[a1] in S,, where [ag] and [aq] are
a-graph classes and [A1] is an A-graph class. Then there exists ¥ € Outg (G) with
Y. [A]] = [Al] and [061] =Y. [IX()].

Proof. Suppose [ag] has representative ng = (« : Hj, ..., H,) and [a1] has representative
a1 = (« : Ky,...,Ky). Then Hy = --- % H, and Kj = - - - * K;, are both G-free splittings
for G, so by Lemma 1.1.3, there exist ¢, € Autg(G) so that for each j € {1,...,n},
Hj = ¢(Gj) and K; = 1(G;j) (hence K; = (¢~ (H,))). In particular, [a1] = [~ '] - [a0]
where [p9~!] € Outg(G) is the outer automorphism class containing p¢~!. Now by
Observation 2.2.2, since [A1] is a collapse of both [«g] and [«1], we have A; ~
(A:Hj;Hy,...,Hy) ~ (A:K;;Kyq,...,Ky,) forsomeie {1,...,n}. Hence

Yo '1-[(A:H;Hy,..., Hy)]

(A: (o ' (Hy); (9 (Hh)), ..., (¢~ (Hn)))]
(A: Kl,Kl,...,Kn)]

Aq]

[pe~'] - [Ad]

[
[
[
=1

4 Connectedness of the Subcomplex S,

Recall thatn >3, G = Gy *---%G;, & = (Gy,...,Gy),and & = (a : Gy,...,Gy). The
main goal of this Section is to prove Proposition 4.2.12 — that is, given an arbitrary -
graph class [ag] in S,;, we can find a path in S, from [ag] to [¢]. An immediate corollary
of this is that S, is path connected (Corollary 4.2.14). Proposition 4.2.12 will be key to
proving our main theorem, Theorem 5.0.5.

4.1 The Universal Cover of &

The majority of the arguments in this Section will take place in the universal cover of «.
We will thus begin by establishing some notation regarding this, as well as some useful

(but technical) lemmas.
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Notation 4.1.1. Let U := {1} be the vertex group in « for the vertex u; of the graph a
(see Figure 2.1). From Definition 2.3.1, we see that the universal cover of &, denoted

&, has vertex set V(&) = |_| Gi-g U |_| U-g and edge set E(&) = |_|e]--g where for each

geG geG geG
ie{1,...,n} je{l,..n}

j € {1,...,n}, ej is the edge joining {1} = U and G; in a. Note then that ¢;-g has
endpoints U-g and G;-g. We will call vertices of the form G;-g ‘C-vertices” (‘C” for coset)
and vertices of the form U-g ‘U-vertices’. Given H € {U,G;,...,G,}, we will often
write H-1 = H.

Observation 4.1.2. Note that & is bipartite between the set of C-vertices and the set of
U-vertices, that is, every neighbour of a U-vertex is a C-vertex, and vice versa. Every
edge of & has trivial G-stabiliser, and so does every U-vertex. A C-vertex G;-g of & has
stabiliser G¢ in G. Note that every U-vertex has valency exactly #; in particular the
neighbours of a vertex U-g of & are precisely the vertices Gy-g,..., Gy g. A C-vertex

G;-g has valency equal to |G;| — this will often be infinite.

We sketch part of the universal cover & of & in Figure 2.3.

FIGURE 2.3: A Small Part of &, with x € G;and y,z € G;

Observation 4.1.3. Fixie {1,...,n}and let g;,h € G = Gy * - -- * G,. As cosets we have
that G;-gih = G;-gi < Gi-gihgi_l =G < gihgi_l €EG <ehe gl._le-gi = Glgi. Moreover,
since G; is malnormal in G (as it is a free factor), we have that G?ih = G;gi < Gfihgf_ 1 =
G < gihgi_l €G e he gl._lGl-gi = Gigi. Thus G;-gih = G;-g; as cosets if and only if
Gigih = G} as subgroups of G.

Notation 4.1.4. We will write [P, Q] for the geodesic in & from the vertex P to the vertex
Q. We write [Py, P,, ..., P;] to mean that the vertices P,, ..., P;_1 lie on the geodesic
[P1, P;], in the order given. We allow the possibility that P; = P forie {1,...,9 —1}.
The length of a geodesic [P, Q] is simply the number of edges it contains (equivalently,

one less than the number of vertices it contains), written |[P, Q]|.
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Lemma 4.1.5. Let Gj-gj bea C-vertex in & (soj e {1,...,n} and gj € G) and suppose h € Gy*
is non-trivial, for some k € {1,...,n} and some g, € G with G,‘f" # G}gj . Then the C-vertex
Gy-8x in & lies halfway along the &-geodesic [G;-g;j, Gj-gjh].

Remark. This Lemma holds more generally whenever we have a tree equipped with an
edge-free action and an elliptic element. Nevertheless, it will be useful to familiarise

ourselves with the details of the tree & by proving it in this specific case.

Proof. We consider the &-geodesic [G;-gj, Gx-gk]. Since G{* # G]gj then by Observation
4.1.3, Gj-gj # Gy, and are thus distinct C-vertices in &. Due to the bipartite structure
of &, there is some U-vertex U-x (where x € G) on the geodesic [G;-g;, Gx-gk]- Let U-y be
the closest such vertex to Gi-gi (i.e. its neighbour).

Note that since h € Gf" then h stabilises G-g, that is, Gy-gx - h = Gr-gxh = Gk-gx- By
the action of G on &, we have [G;-g;, Gx-gx] - h = [Gj-gj “h,Grgk - h] = [Gj-gjh, Gk8k]-
Moreover, the vertex U-yh in & lies on [G;-gih, Gx-gx] and is adjacent to Gy-gj. Since each
U-vertex has trivial stabiliser (and & is assumed to be non-trivial) then U-y and U-yh
are distinct vertices in &. Thus [G;-gj, Gx-gx] N [Gj-gjh, Gx-8x] = {Gx-8k}-

Since « is a tree, we conclude that the &-geodesic [G]~ 8j, Gj- gjh] is the concatenation
of the geodesics [Gj-gj, Gx-gx] and [G;-gj, Gk8k] - I = [Gr-gk, Gj-gjh]. Hence Gy-gx lies
halfway along [G;-gj, Gj-gjh], as required. O

The following Lemma is a technical result required for the proof of Lemma 4.2.9 (which

in turn is required for our main ingredient of Proposition 4.2.12, Lemma 4.2.10).

Lemma 4.1.6. Suppose G§' = - = Gy is an G-free splitting of G. Let ko € {1,...,n} and
let Gy,-Qko1 - - - hm be a vertex in & such that hy...hy is a reduced word with respect to
the splitting G§' % -+« Gy, and hy ¢ Gfgo (that is, for each i € {1,...,m}, h; belongs to
a factor group G,ik" with ki # ki_1). Then for some j,1 € {0,...,m} with k; # k; we have
that the vertex Gk].' 8k; in & lies on the §-geodesic [Gy,-k,1 - - - i, Gy, Sk, ], that is, we have
(G Skoh1 - - - iy Gk,'gka Gr, "8k, ]-

Proof. For bookkeeping purposes, we set hp = 1, and for brevity, we will write Ck],
for the coset Gy;-gx; and g; for the element hg...h;. Note then that gj.1 = gjhji1,

gkohl e hm = gkoql’f’ZI and gkoho = gko

Suppose for contradiction that the Lemma never holds, that is, we never have
[Ckgqmz ij,Ckl] for j,l € {O, e ,T’I’l} with kj # k.

We claim that we must then have that for each i € {1,...,m}, the vertex C; (1) in &

lies on the a-geodesic [Cy,qm, Ck,gm—i), that is, we have [Ci,qm, Ck ),Ckoqm_i]. We

m—(i—1
proceed by induction on i.
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Since g, = qu—1hy, then by Lemma 4.1.5, we have [Cy,qm, C,,, Ck,qm—1]. Thus the claim
holds fori = 1.

Now take 1 < i < m —1 and suppose we have [Cy,qm, Ck,,_;_,,, Ckyfm—i]- By Lemma
4.1.5, we have [Ckgqrn—(i-i-l)hm—ir Ck;n_i’ckoqm—(i+1)]' with qm—(i-i-l)hm—i = Jm—i- Take %
to be the vertex in & satisfying [Cx,qm—i, Ck,@m] O [Cio@m—ir Chom—(i+1)) = [CroGm—is Vi]-
Note that [Cy,qm, Cy, _i-1y» Ck,,_;]- Similarly,

[‘/il Ckm,l'l m—(i—1)" Ckm,j] or [Cko an/ Ck Ck
Since we assumed that [Ckoqm,Ck].,Ck,] never holds for k; # k;, then we must have

V;] would imply [C gm, Cy,,

(i-17

Ck,qm—i] would imply either [Cy,gm, Ck m_(l._])].

m—i’

[Ckoqms Vis Ck,,_is CoGm—(i+1)]- We illustrate this in Figure 2.4. In particular, we note that
Ck,,_, lies on the geodesic in & from C, g, to ChoGm—(i+1)s that is, we have

[Ckoqms Ck,,_;s CkoGm—(i+1)]- Hence if the claim holds for i € {1,...,m — 1}, then it holds
fori+ 1.

Cku’lm*i Ckm:(x‘—l) Chkom
ChoGm—i Cr,_s Chy G (i+1)
i Ck[)qm
Crom—i Ckm—(i—l) c
k

Croim—(i+1)

FIGURE 2.4: Inductive Step in Proof of Lemma 4.1.6

Since the claim holds for i = 1, we conclude that the claim holds for all i € {1,...,m}.
In particular, we have [Cy g, Cx,, Cx,ho]. However, C ho = Cy,, contradicting that we
never have [Cy, qm, Ck]., Cr,]- O

Lemma 4.1.7. Let G;-g; be a C-vertex in & (for some i € {1,...,n} and g; € G). Let U-x
and U-y be two neighbours of G;-g; in & (that is, x,y € G). Then x~y stabilises G;-g; (i.e.
Gi-gix~ 'y = Gy-giand x "y € G¥').

Proof. Let G;j-gi, U-x, and U-y be as in the statement of the Lemma. Since G;-g; is adja-
cent in & to U-x, then (G;-g;) - x~ 'y must be adjacent in & to (U-x) - x~ly = U-xx"ly =
U-y. Note that the neighbours of U-y in & are the vertices Gy-hy, ..., Gy h, for some
hy,...,hy € G. Then we must have that (G;-g;) - x‘ly = Gj-h;. But G;-g; is also adjacent
to Uy in &, and so we must also have that G;-g; = G;-h;. That s, (G;-g;) - x" 'y = Gi-gi
and so x~ 1y € Stabg(G;-g;) = G;gi, O
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4.2 ‘Volumes’ of a-Graphs

In order to show that we can find paths in S, from arbitrary a-graph classes to [«],
we define quantities ‘volume” associated to a-graphs, and show that this quantity is
somehow ‘reducible’ to thatof « = (a : Gy,..., Gy).

Definition 4.2.1. Let ap = (a : G{',..., Gy") be a representative of an a-graph class [ao]
in Sr(zo) and let x € G. We call the geodesic [U-x, G;-g;] in & from the vertex U-x to the
vertex G;-g; the " U-x-spoke of ag . We now construct the U-x-spoke graph of ag by
taking the disjoint union of all n U-x-spokes of ay and identifying them at the vertex

U-x. We denote this graph Sp,, .. (ao).

Example 4.2.2. Let G = W« X Y * Z where W, X, Y, and Z are any groups satisfying
IW| = 3, |X| = 3,|Y] =2 and |[Z] > 2, and let & := (W, X,Y,Z). Let1 € G be
the identity element, let wy, wy € W-{1}, x1,x2 € X-{1}, and z; € Z-{1}, and let ¢ €

g if geW
w‘lz_1gzlw1 if geX
Autg (G) be the automorphism generated by: g — 31 171 ¢ v
wy Xy §X1W) if ge
1.1

Wy zy xz_lgxzzlwl if geZ
We will take for granted that this is a pure symmetric automorphism of W X # Y % Z
and hence that W x X#1%1 5 YN1%2 5 7¥2511 jg an G-free splitting for G. Let & = (a :
W,X,Y,Z)and ag = (a : W, X51%1, Y1W2 7X2101) — ¢ . x. We sketch part of the tree &
in Figure 2.6. Note that we have highlighted the U-z w;-spokes of &g in pink; we will
return to the orange highlighting at a later point (Example 4.2.6).

Yexqwo [U-xqwp

—y
U-xpz1wq Y w, Y-xq U-xq
—o—— —

Y xpz1104 Y-zqwq Xwy |U-w,
[

U'lel
X-z1w1 @ I

Y.

U-x1zywy [¥1z1w1| Yewr |U-wy u-1 v
— s+ o —¢— 4 4 o y —
Y1 | g (wowy h)zy?

U-xq (wzwfl)zfl
, -

—1y,-1
® X-w; 1 O X-(wyw; )zy
-1 —1 —1y.—1
U-x1wq X-wywy | Uz U-(waw; *)z;
Yoxjwy Y-wywy ! -1 1 1
X wy 2% Y.z Y-(wow; )z,
X-z]_1 ®

1l v 1 —1y,—1
U-xpzy | Yexizg U-zq (wpwy *)z;

—_—0 ———
Y-zq (waw; 1)z1 !

X-zy (wzwl_])zl_]

FIGURE 2.5: Various U-g-spokes in the Tree & for G = W« X Y « Z
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Using Figure 2.5, we construct the spoke graphs Sp;; ;(ao) and Spy; , ,, (%0), illustrated
in Figure 2.6. Observe how even a small change in ‘basepoint’ (i.e. the vertex U-g

chosen for Sp;. g(oco)) can drastically alter the resulting spoke graph.

X~le1

Z-Xpz1W1

Sp U~lel ((xo>

Z-X21W1 Y-xqws

FIGURE 2.6: The Spoke Graphs Sp,;.; (#0) and Spy;.., ,,, (%0)

Definition 4.2.3. Letag = (a : Gfl, el G,%”) and let x € G. We define the U-x-volume of
o , denoted |ag|y.y, to be the total number of edges in the U-x-spoke graph Sp;; .. («o).

Example 4.2.4. Note that this definition is dependent on the choice of U-vertex U-x
in & (equivalently, the choice of x € G). Indeed, let G = WX «Y *Z and ap =
(a : W, X501, yw2 7322111 as in Example 4.2.2. Using Figure 2.6, we easily compute
laglu1 =1+5+5+7 =18and |ao|yrzyw, =3+1+7+3 =14

Observation 4.2.5. Let ap = (a : Gfl,. .,GE") and & = (a : Gflh, .., Gﬁ”h) be two
equivalent G-labellings of an a-graph class in S,;, and let x € G. Since G acts on & by
isometries, we have that the it U-xh-spoke of a1 in & is the h-image of the i U-x-spoke
of ag (i.e. [U-xh, G;-gih] = [U-x,Gj-gi] - h). That is, Sp; ., (a1) ‘looks like” Sp;; .(ap). In

particular, |aq |y = |%0|u-x-

Thus U-x-volume is a property of a-graphs, rather than a-graph classes, although vol-
umes of equivalent a-graphs are comparable by changing the choice of x € G. One
may adapt this to define a definitive volume of an a-graph class (for example by tak-
ing a minimum or a sum over all U-x-volumes), but it will not be necessary for our

arguments.

Example 4.2.6. Let G = W X« Y «Zand g = (a : W, X51%1, Y102 705101 a5 in Exam-
ple 420, Further, let aq = (Dé . W(wl—lzl—l),lewl(wl—lzl—l),Yxlwz(wl—lzl—l)’ Zx2zlwl(w1_121_1)) _
(@ : WA, X, Ya(@@ Dz 722y Note that the U-1-spokes of a; are highlighted in or-
ange in Figure 2.5. Using this, we construct the spoke graph Sp,; ;(«1) in Figure 2.7,
and compare it with Spy; , ., (%0)-



4. Connectedness of the Subcomplex S, 169

U~X2

Z~XZ

U-xq (wzwfl)zl_

Spu'21w1 (o) Yo SPU.1(061) Yo (wowy zp !

FIGURE 2.7: The Spoke Graphs Sp,;., ., (o) and Spy;.; (1)

Letting ¢, —1_-1 € Inn(G) be the inner automorphism g +— zyw;gw; 1271, we see thata; =
1“1

L1z~ A0- Thus in Sy, we have [a1] = [«], and SPU~(z1w])(“0) = Spy1 (L zywy) 1 * %0)-

Lemma 4.2.7. Let ag be a representative of an a-graph class in SO, We have that ag ~ & if
and only if there is some x € G so that |ag|y.x = 1.

Proof. Recall thata := (a: Gy,...,Gy). Thus if ay ~ & then by Lemma 3.1.3, there exists
g € Gsuchthatwy = (a : Gf,. .., G8). For each i we have that U—G; is an edge in g,
thus so too is U-g— G;-g. We then have that Sp;;. g(uco) is the star with central vertex
U-g and n leaves G1-g, ..., G,-g. Hence |ao|u.g = n.

Now let ap = (« : Gfl, ...,G&") and suppose |ag|y.x = 1 for some x € G. Since Sp;;.,.(«o)
comprises n distinct U-x-spokes, we must have that each U-x-spoke has length 1 in &.
That is, for each i, U-x — G;-g; is an edge in &. Then for each i, U — G;- gix_1 must also
be an edge of &. However, the only neighbours of U in & are the vertices Gy, . .., G,. So
we must have that G;- gix_1 = G; as cosets, and thus by Observation 4.1.3, Gf’fl =G;.
Now ag = (2 : G&',...,G3) ~ (a: G& ,..,G8" )= (@:Gy,...,Gp) = . O

Observation 4.2.8. By choosing U-x to be suitably ‘far away’ from the vertices
G1-81,---,Gn gn In &, one can take |ag|i1., to be as large as desired. However, since
Spy;., (o) always comprises n U-x-spokes, each of which have integer length at least 1,
we deduce that |ag|i7.x = 7 for any ap and any x € G (and that |ag|y;.» must always take
integer values).

Lemma 4.2.9. Suppose G§' * - - - = G3" is an &-free splitting of G. Let ag = (a : G{', ..., G3")
and let x € G be such that |ag|y.x > n. Then there exist distinct j and | in {1,...,n} so that
the I'" U-x-spoke of ag contains the C-vertex Gj-gj- That is, in & the vertex G;-g; lies on the
geodesic [U-x, Gy-g1], i.e. we have [U-x, Gj-&j, Gg1]-
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Proof. Since |ag|ir.x > 1, then the U-x-spoke graph of &y contains more than n edges. In
particular, there is some i so that the ith U-x-spoke of ap in & contains more than one
edge. Then there existko € {1,...,n} and h € G so that Gy, g,/ lies on the it" U-x-spoke,
with Gy, -gx,/t # Gi-gi- Recall that gy, is the exponent in G,fgo in the G-labelling ap. By
Observation 4.1.2, we may assume without loss of generality that Gy, -gx,/ is adjacent
to U-x in .

If h € Gfgo then Gy,-gx,t = G,'Sk,, hence Gy, -g, lies on the i U-x-spoke and the
Lemma is satisfied (in this case, the assumption that the i U-x-spoke has length strictly
greater than 1 means we have that Gg,-gx, # Gi-gi). We will thus assume h ¢ Gigﬂ.

Since G§' # - -- = Gy" is a free splitting for G, we may write h = hy ... h,, where for each
ae{l,...,m}, h, belongs to a factor group G,i‘”. We will assume gy, /1 . . . hy, is a reduced
word — thatis, k, # k, 1 foreacha e {1,...,m}.

By Lemma 4.1.6, there exist j and [ in {0, ..., m} with k; # k; such that

(G, -8kt Gk]:gk].,le -8k,] holds. Note that k; # k; means that Gk/.-gkj # Gy,-8r,, and
h¢ Gfgo means G, gkt # Gk, Sk, and hence Gy, -gx, 1 # Gi,-8k, for any k, € {1,...,n}.
In particular, Gg,-gx,t # ij- 8k;-

Observe that since Gy,-gx,/t is adjacent to U-x in & and [Gy,-gk,H, Gk].' gk].] has length at
least 2 (since « is bipartite), then [Gy,-gx, 1, ij “8k;s G, -8x,] implies either

[U-x, G, 8k, 1 Gk].' 8k;s Gi,-8x,] or [Gy,-8k,h, U-x, Gk]» 8k;s Gi,-8k,]- In either case, we have
that the vertex ij- 8k; in & lies on the a-geodesic [U-x, Gi,-gk,], as required. O

We are now able to provide the key ingredient required for this Section: that U-x-
volumes are ‘reducible’:

Lemma 4.2.10. Let [«g] be an a-graph class in SO with representativeay = (a : G§',...,G3"),
and fix x € G so that |ag|ir.x > n. Then there exist an a-graph class [«q]| and an A-graph class
[A1] in SO so that (o] —[A1] —[a1] is a path in Sy, and [«1] has a representative ay with

|1 |ux < |ao|ux-

Proof. Since |ag|y.» > 1 then by Lemma 4.2.9, we have [U-x, G;-g;, Gj-gj] in & for some
distincti,j € {1,...,n}. Take y and z in G such that U-y and U-z are adjacent to G;-g; in &
and satisfy [U-x, Uy, G;-gi, U-z, _G]j-gj] (possibly with U-y = U-x, but never U-y = U-z).
Setay = (a: G{',...,GI"),G" ¥, GIlY,...,Gi") and A, :=
(A : Gf’;Gfl, .. .,ij, o, GEMY. By Lemma 4.1.7, we have that z7ly e Gfi, and so by

. i =1
Lemma3.1.7 wehave (A : G Gf',...,GY,...,GV") ~ (A: G GY,...,GI™ ¥, Gi").
We now see that by Lemma 3.1.8, [ag] —[A1] —[«1] is a path in S,,.

Observe that Sp;;.(«9) and Spy; . (a1) differ only in the j" U-x-spoke. Let V be the
vertex in & satisfying [U-y, U-x] n [U-y, G;-gjz"'y] = [U-y, V]. Note that we may have
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Ve {lyUx, Gj-gjz_ly} (or we may have V ¢ {U-y, U-x, Gj-gjz_ly}). For brevity, let
k:=|[UzGjgll1:=|[Uy, V]|,and m := [[U-x, U-y]|. We illustrate this in Figure 2.8.

m 1 1 1

U-x 1% Uy Gigi Uz Gi:8j

Gjgz 'y
FIGURE 2.8: j U-x-Spokes of ag and a; in &

Note that 0 < I < min{k, m}. Since G acts on & by isometries, then |[U-y, G;-gjz 'y]| =
[U-z,Gj-gjll = k. We see that [[U-x,Gj-gj]| = m +k+ 2, while |[U-x,Gj-gjz"'y]| =
m+k —2I. Thus |a1|i.x = |aolux —2 — 21 < |ag|lu.x —2 < |ao|ur.x, as required. d

Example 4.2.11. Let G = W+ X« Y «Z and a9 = (a : W, X511 Y02 707201 a5 in
Example 4.2.2, and let a1 = byt 00 = (a: wa X, Yxl(wﬂ”l_])zl_l,ZXZ) as in Example
4.2.6. We will now iteratively ‘reduce’ the spoke graph Sp,, ,(a1) using the technique
outlined in the proof of Lemma 4.2.10, until we reach the U-1-spoke graph for & = (« :
W, X,Y, Z); we illustrate this process in Figure 2.9.

We begin with Sp,, ; (#1) (noting that |aq |71 = 14), and observe that in & we have
[U-1, Uz, Wzt Us(wowy Yz, Yexg (wowy H)zy ] with Wzt adjacent to both Uz

and U‘(wzwl_l)zl_l. We compute:

(x1(wawy zp ) (wawy Dz ) 7z )
:xlwzwflzflzlwlwglzfl

=xlzl_1

and thus set ay := (« : WA X, YaE Z*2). Constructing Sp,; 1 (x2), we see |az|y1 =
12. We now observe that in & we have [U-1, X, U-x3, Z-x2], so we may set a3 := (« :
WA X, YaE Z). We have |az|y1 = 10 and [U'1, Z, U~zl_1, W-zl_l] in &, thus we set
ag = (a2 W, X, Y920 1,Z) (which has |a4]i7.1 = 8). Continuing in this fashion, we set
as = (a : W, X, Y"1, Z) (with |as|i7.q = 6), and finally, a = (« : W, X, Y, Z) = a, with

‘0‘6|U-1 =4,

If we were to perform this same sequence of steps on Spy;, ., (%), we would instead
terminate at (x : W@, X51®1 yawr 75w1) —: o/, Note that o’ ~ &, and |&'|1.2,0, = 4 =

|&|u.1-

Finally, we can prove our main result of this Section: that paths to [a] always exist in

S

Proposition 4.2.12. If [ag] € SO is an a-graph class then there exists a path in Sy, of the form:

[wo] —[Ar]—lar] = .. —am 1] —[Am] —[an] = [4]
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U~XZ

Z~XZ

ll-(wal’l)zl’1

Spuq(‘xl)

U~x1(w2w1_1)zl_

1

Y Spya(@e)

FIGURE 2.9: The Spoke Graphs Spy;¢(«;) fori =1,...,6

Proof. Let [ag] be an arbitrary a-graph class in S, with representative ag. We will prove
by (strong) induction on |ag|y that there is some (finite) path in S, from [ag] to [a].
Recall from Observation 4.2.8 that |ag|(; is an integer with |ag|y > n.

Suppose |ag|yy = n. By Lemma 4.2.7, we then have ag ~ a. Thus [«g] = [«] is a path (of
length 0) and we are done.

Fix N > n and suppose that for all a-graphs & with |&|;; < N there is some path p in S,
from [&] to [«].

Now suppose |ap|y = N + 1. Then |ap|y > N > n, and by Lemma 4.2.10, there exist
[A1], [1] € SI” so that [ag] —[A1] —[a1] is a path in S, and |ay|y < |xoly = N+ 1. In
particular, |a1|y < N, and so by hypothesis there is some path p in S, from [a1] to [«].
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Thus by concatenating the paths [ag] —[A1] —[a1] and p, we have found a path in S,
from [wg] to [a].

Since the statement holds for |ag|y; = 7, and the statement holding for all |ao|y < N (for
some N > n) implies it holds for |ag|;y = N + 1, we conclude that the statement holds
for all possible values of |a|y. Thus given an arbitrary a-graph class [ap], we can find
a pathin &, from [ag] to [«].

That our path is of the form [ag] —[A1] —[a1] —. .. —[am—1] —[An] —[an] = [«] fol-
lows immediately by recalling from Observation 3.2.2 that S, is a bipartite graph be-
tween the set of a-graph classes and the set of A-graph classes. O

Example 4.2.13. Let G = W X*Y *Z and a1 = (« : WZTI,X, Yxl(wafl)zfl,ZXZ) as
in Example 4.2.11. From Figure 2.9 we can immediately read off a path in Sy from
[1] = [ao] to [ae] = [«], which we illustrate in Figure 2.10. Additionally, by considering
the steps we took in Example 4.2.11, we can pinpoint the automorphisms in Aut(W =
X =Y = Z) which translate between each a-graph, denoted in Figure 2.10 by dotted
arrows. Note however that at this point it is not obvious that these should represent
elements of Outg (W * X * Y * Z). We address this in Section 5.

X wa'

" >\
zx2 Yxl(wzwl’l)zf] Z Yxlzfl
W' X W be W X
> >
1 1 Ty o1
nylwzwl z; ,(w1w2 1)21 )>< (Zrzrxz ) ><
7" Y (wzwl’l)zfl z* Yxlzfl Z Yxlzfl
144 X
-1
(WZ] /Zl) \Z<
Yxlzfl
w X 1 w X 1 4% X
X ) (Yx1,x1 ) X ) (Yx121 ,Zl) X
Z Y Z Y Z Yx1zf1
4% w X
X
>\ \Z<
VA Y Y*

FIGURE 2.10: Path in S from [a4] to [«]

Corollary 4.2.14. The subcomplex S,, is path-connected.
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Proof. Recall from Observation 3.2.2 that every edge of S, is of the form [ay] —[Ao].
Moreover, from Observation 3.2.5 we have that every A-graph class [A;] is adjacent in
Sy, to some a-graph class [a1]. Thus by Proposition 4.2.12, given any point P in S, there
is a path in S, from P to the vertex [¢]. Hence S, is path connected. O

5 Generators for Outg(Gy = - - = Gy)

Let G = Gy#---%G, and & = (Gy,...,Gy). Recall that a is the G-labelling («a :
Gi1,...,Gy) of the graph a in Figure 2.1 and Al is the G-labelling (A : G;;Gy,...,Gy) =
(A:Gj,Gy,...,Gi—1,Git1,...,Gy) of the graph A in Figure 2.2.

The purpose of this Section (and the paper as a whole) is to prove Theorem 5.0.5, that is,
to show that any pure symmetric outer automorphism (Definition 1.1.1) of the splitting
Gy # .-+ x G, is a product of factor outer automorphisms (Definiton 1.2.1) and White-
head outer automorphisms (Definition 1.3.1) relative to &. Equivalently, we will show
that Outg (G) is generated by factor outer automorphisms and Whitehead outer auto-

morphisms relative to &.
We begin by determining the Outg (G) stabilisers of the vertices [a] and [A] in S,,.

Proposition 5.0.1. Let ® € Outg(G). Then @ - [a] = [«] if and only if @ is a factor outer

automorphism.

Proof. If ® € Outg(G) is a factor outer automorphism, then there exists ¢ € ® which is

a factor automorphism and by Observation 2.1.3, we have:

®-[a] =P [(a:Gy,...,Gy)]
[(&: @(G1),..., ¢(Gn))]
[(x:Gy,...,Gn)]

= [a]

Now suppose @ € Outg(G) is such that ® - [x] = [a]. Then for any ¢ € ®, we have
(@ : 9(G1),...,9(Gy)) =~ (« : Gy,...,Gy). Fix ¢ € &. By Lemma 3.1.3 we deduce
that there exists some ¢ € G so that for each i € {1,...,n}, ¢(G;) = Gig. Let 11 €
Aut(G) be the inner automorphism x — gxg~! for all x € G. Then -1 € P and
for each i € {1,...,n}, we have 1,1(¢(G;)) = lg—l(GZg) = G;. Letting ¢; be the map
lg-1¢ with domain restricted to the subgroup G;, we have that ¢; € Aut(G;). Hence
n
(¢1,...,¢n) € H Aut(G;) so Ly is a factor automorphism, and thus ® is a factor outer

i=1
automorphism. O
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Proposition 5.0.2. Let ¥ € Outg(G). Then ¥ - [AY] = [A] if and only if ¥ can be written as
a product of factor outer automorphisms and Whitehead outer automorphisms with operating
factor G;.

Proof. 1If @ € Outg(G) is a factor outer automorphism, then there exists ¢ € ® which is

a factor automorphism and by Observation 2.1.3, we have:

@ [A]

D-[(A:G;Gy,...,Gpy)]

[(A: ¢(Gi); 9(G1), - .., 9(Gn))]
[(A:Gj; Gy, ..., Gyl

= [A7]

If ) € Outg (G) is a Whitehead outer automorphism with operating factor G;, then there
is a (unique) w € Q) which is a Whitehead automorphism with operating factor G;. Now
for some j € {1,...,n} — {i} and some x € G;, we have w = (Gj, x). Setting ¢; = x and
gk = 1fork e {1,...,n} — {j}, we have that for each k € {1,...,n}, w(Gx) = G;*. Note
that g1,...,9u € Gj, soby Lemma 3.1.7, we have:

Q-[A ] =[(A:w(G);,w(Gy),...,w(Gy))]
—[(A: G?,Gfl,...,Gg”)]
= [(A:G;;Gy,...,Gy)]
= [A]

Therefore any factor outer automorphism or Whitehead outer automorphism with op-
erating factor G; stabilises [A’], and hence so too must any product of these.

Now suppose ¥ € Outg(G) is such that ¥ - [A’] = [A’]. Then for all ¥ € ¥ we have
(A:9(G);9(G1),...,¥(Gy)) ~ (A: G;Gy,...,Gy) = Al. By Lemma 3.1.7 and Obser-
vation 2.1.3 there is some ¢ € ¥ such that there exist g1,...,¢x € G; with ¥(G;) = G}gj
forallje{1,...,n}.

Fix j € {1,...,n}. Since ¥(G;) = ij, then for each x € G; there exists y, € ij such
that ¢(x) = y, (and for each z € G}?j there exists x € G; with z = ¢(x)). Define a
map ¢; with domain G; by x — gjyngl for all x € G;. Note that since y, € G}gj
then g]-yxgj_l € Gj. Thus ¢; € Aut(Gj). Now ¢(x) = g]-_lq)j(x)gj = (Gj, &) (@j(x))
where (Gj, gj) is a Whitehead automorphism with operating factor G; for all j # i and

(Gi, gi) € Aut(G;) is the inner automorphism of G; which Conjugates each element of

G; by g;. Identifying ¢; (and (G;, ;) when j = i) with its image in HAut ) under
i=1

the natural inclusion Aut(G;) — H Aut(G;), we note that if z € Gy for any k # j then

(Gj, 8j)(z) =z = ¢j(2).
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Since this applies for each j € {1,...,n}, we conclude that ¢ = (G1,81)@1 ... (Gu, ) Pn
is a product of factor automorphisms and Whitehead automorphisms. Thus ¥ = [¢] =

[(G1,81)91---(Gn, gn)on] = [(G1,1)][@1] - - - [(Gn,8n)][®n] is a product of factor outer
automorphisms and Whitehead outer automorphisms. O

In Proposition 4.2.12, we established the existence of paths in S, from arbitrary a-graph
classes to [a]. We will now show how these paths can be used to generate (outer)

automorphisms.

Proposition 5.0.3. Let [a] = [ag] —[A1] —[a1] —[A2] —. .. —[Am] —[an] be a path in S,,.
Then there exists ¥ € Outg(G) with [ay] = ¥ - [a] such that ¥ is a product of factor outer
automorphisms and Whitehead outer automorphisms.

Proof. We prove the statement of the Lemma by induction on m.

First, suppose m = 0. Then our path consists of a single point [a] = [ag], and by
Proposition 5.0.1, any factor outer automorphism ¥ will satisfy ¥ - [«] = [a] = [ag]. In
particular, the outer automorphism class of the identity automorphism is such a factor

outer automorphism.

Now let N > 0 and suppose the statement holds for all such paths with m = N. We
will show that the statement must also hold for all such paths with m = N + 1.

Consider an arbitrary path

[a] = [wo] —[A1] —[a1] —[A2] —. .. —[AN] —[an] —[AN+1] —[an+1]

in §,. By hypothesis, there is some ® € Outg(G) with [ay] = P - [«] such that
® is a product of factor outer automorphisms and Whitehead outer automorphisms.
Since [an] —[AN+1] —[an+1] is @ path in S;, then by Observation 2.4.4 so too is [a] =
1. [any]—D ! [AN1]—D ! [any1]. By Observation 3.2.4 we deduce that ! -
[Ani1] = [A] for some i € {1,...,n}. Now by Lemma 3.2.6 there exists Q € Outg(G)
with @71 [ayy1] = Q- [a] and Q- [A]] = [A], moreover from Proposition 5.0.2 we
see that () is a product of factor outer automorphisms and Whitehead outer automor-
phisms. Hence [an41] = PO - [a] where ®Q) € Outg(G) is a product of factor outer
automorphisms and Whitehead outer automorphisms, as required. O

Example 5.0.4. As in Example 4.2.2, we will let G = W * X Y = Z where W, X, Y,
and Z are any groups satisfying |W| > 3, |X| = 3, |Y| = 2, and |Z| > 2; let & :=
(W,X,Y,Z)and &« = (« : WX,Y,Z); let 1 € G be the identity element, let w;,w, €
W-{1}, x1,x2 € X-{1}, and z; € Z-{1}, and let ¢ € Autg(G) be such that ¢ -a = (« :
W, X5®1, yaw: 70aw) —: g, (¢ is more precisely defined in Example 4.2.2). As in
Examples 4.2.6 and 4.2.11, let a1 = Ly1z-1 " 0 where Ltz is an inner automorphism.
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From Example 4.2.13, we have a path in S,
a1 —A1—ar—Ay—a3—Az—ay—Ay—as5s—As—0ag = &

which is explicitly drawn in Figure 2.10. From this, we see that a5 = (Y, x) - a5 =
(Y, x) - a, with (Y, x) € Stab(As) a Whitehead automorphism relative to &. We set 1 :=
(Y, x), and proceed to ‘pull back’ our path using i1, creating a path ¢, - a; — ;" -
A=y — P A — e — P A — P a— g Aa— s = g
with 971y = (a @ W, X, Y51, Z). We see that ;" -y = (Y,2z") - & with (Y,z]")
a Whitehead automorphism relative to &. Repeating this process, we obtain the com-
mutative diagram in Figure 2.11, where ¢» = (Y, zl_l), Pz = (W, zl_l), Yy = (Z,x2), and

¥s = (Y, wow; ).

“ A
Ay
¥l / l[i;fzxz 0 A
\\
¥y A w
/
R \?z’l%’l‘“z A

vyt e ¥y Jl \ \
/ \ 93l A wz’w] 4a / /

w3ty e w3ty wl

v e A w;w

{ \\w/

ERCRER $5 \ /

As

a5 ————— Ay

FIGURE 2.11: Commuting Diagram of Paths in S,

Now
BRI RN
=5 9y 3 P
:¢§1¢;1¢§11P{11Pfllwl—lzl—l P

thus for some 6 € Stab(x), we have 5 ', 3 ' ys lyy 1Lwl_121_1g0 = 0. We conclude that
@ = Lyw, P1PoP3Paips where 0 is a factor automorphism relative to & and each ¢; is
a Whitehead automorphism relative to &. Hence [¢] is a product of Whitehead outer
automorphisms and factor outer automorphisms.
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Theorem 5.0.5 (Main Theorem). Let G = Gy * - - - * G, be a group which splits as a free
product of n = 3 non-trivial factors, and let & = (Gy,...,Gy). Then any pure symmetric
outer automorphism ¥ € Outg (G) of the splitting Gy = - - - * G, can be written as a product of
factor outer automorphisms relative to & and Whitehead outer automorphisms relative to &.

Proof. Let ¥ € Outg(G) and set [ag] := ¥ - [¢] € S,. By Proposition 4.2.12, there exists
some edge path

[ao] —[Ar] —[ar] —[A2] —... —[Awm] —[an] = [4]

in S, (where each [«;] is an a-graph class and each [A;] is an A-graph class). Then by
Proposition 5.0.3 there exists © € Outg(G) with [ag] = © - [a] such that © is a product of
factor outer automorphisms and Whitehead outer automorphisms. Now @'Y - [a] =
[«] so by Proposition 5.0.1 there is some factor outer automorphism ® € Outg(G) with
@'Y = ®. Hence ¥ = O® is a product of factor outer automorphisms and Whitehead
outer automorphisms. [

Corollary 5.0.6. If Gy = - - - * Gy, is a Grushko decomposition for G and moreover the factor
groups G; are pairwise non-isomorphic, then Out(G) is generated by factor outer automor-
phisms and Whitehead outer automorphisms.

Proof. This follows immediately by considering Theorem 5.0.5 in the context of Obser-
vation 1.1.2. t
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Paper 3: Property R, for groups with infinitely many
ends

Harry Iveson, Armando Martino, Wagner Sgobbi, and Peter Wong, with an Appendix

by Francesco Fournier-Facio

ABSTRACT. We show that an accessible group with infinitely many ends has prop-
erty Re. That is, it has infinitely many twisted conjugacy classes for any twisting
automorphism. We deduce that having property Ry is undecidable amongst finitely
presented groups.

We also show that the same is true for a wide class of relatively hyperbolic groups, fill-
ing in some of the gaps in the literature. Specifically, we show that a non-elementary,
finitely presented relatively hyperbolic group with finitely generated peripheral sub-
groups which are not themselves relatively hyperbolic, has property Re.

In an appendix, Francesco Fournier-Facio shows that a group with a non-zero Aut-
invariant homogeneous quasimorphism has property Ry, which applies to many
groups with hyperbolic features.

1 Introduction

Property Ry is a group theoretic property with connections to fixed point theory and
which has been studied extensively by many authors. A non-exhaustive list might
include [14], [16], [34], [35], [54] and [55].

It is a generalisation of the property of having infinitely many conjugacy classes. In-
stead, one asks that there are infinitely many twisted conjugacy classes, where one
twists one side of the conjugacy by an automorphism. Property R, then asks that a
group have infinitely many twisted conjugacy classes for any automorphism — see
Definition 2.1.5.

Our approach is to extend the techniques of [42], who proved that any non-elementary
hyperbolic group has property Ry,. Our main theorem is that any accessible group with

infinitely many ends has R.

Theorem 5.1.18. Any accessible group G with infinitely many ends has property Ry. In
particular, any finitely presented group with infinitely many ends has property Ry.

We note that, intuitively, the ends of a group is the number of components of the group
at infinity. More concretely, a group with infinitely many ends acts non-trivially on a
simplicial tree with finite edge stabilisers. See Theorem 5.1.2 for more detail, or [17] for

a more extensive reference source. In particular free products of groups have infinitely
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many ends (except for the case of the infinite Dihedral groups) and we start by first
proving the result for free products.

In fact, from the result on free products we quickly deduce that the property of having

Ry is undecidable amongst finitely presented groups.

Corollary 4.1.11. The property of being R, is undecidable amongst finitely presented groups.

At this point we should mention the result [20, Theorem 3.3] where it is claimed that
any non-elementary relatively hyperbolic group has property Ry. The proof strategy
is modelled on the proof in [42], but the technical details are all but absent and to that
extent it is very hard to verify the proof given. Specifically, the technique used there is
due to Paulin [49] and [50] where one takes a limit of hyperbolic spaces to produce a
limiting R-tree, extended by [1] to the relatively hyperbolic case.

Already there is an issue that the limiting tree is not projectively fixed by the automor-
phism, when using the results in [1] (which is required in the proof). The result [50, The-
oreme A] does provide a projectively fixed R-tree but that result is not proved in the
relatively hyperbolic case and it seems that the result there would require that the pe-
ripheral subgroups be left invariant by the automorphism. In fact, this is a hypothesis
that we require in our result about relatively hyperbolic groups in Theorem 6.1.1 and

we suspect that it is an essential one for these proof techniques.

There are then various technical details missing in the treatment from [20]. For instance,
finite generation of the parabolic subgroups is not mentioned in [20], although it does
appear as a hypothesis in [1] and also appears in our Theorem 6.1.2. Leaving aside the
invariance of the limiting tree, the next step in is then to invoke [42, Proposition 3.2]
(and also [42, Proposition 3.1] in the case ‘A = 1’).

These Propositions have various hypotheses but the main ones for [42, Proposition 3.2
] are that the limiting tree should be (i) Irreducible (ii) Have finite arc stabilisers and
(iii) Admit finitely many orbits of directions at each branch point.

The first of these is very plausible but merely asserted in [20]. For the second, smallness
is invoked but without due care. Certainly, the argument given in [49] is not sufficient
to produce virtually cyclic stabilisers as one needs to worry about parabolic subgroups.
In fact, [1, Theorem 1.2] specifically proves that arc stabilisers are elementary, by which
they include the parabolic subgroups. While it is possible that this technical obstacle
might be overcome with a specific construction - our Lemma 4.1.8 does prove that arc
stabilisers are not parabolic when one takes a limit of edge-free trees - it really merits
a careful argument. In short, this hypothesis on arc stabilisers is claimed in [20] but is
not supported by the literature.

Finally, the only time (iii) is addressed is by reference to the paper [3] which does not

seem to be relevant to that issue (that there are finitely many orbits of directions under
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the stabiliser of a branch point). It is possible that the paper meant was [2] as refer-
enced by [42], but this is also not a correct reference for that fact; however, in [42] there
are other ways of obtaining this result which do not seem available in the relatively
hyperbolic case.

That said, the broad strokes of the argument are correct and we address these technical
issues carefully to produce our main result about groups with infinitely many ends as

well as a fairly general result about relatively hyperbolic groups.

Theorem 6.1.2. Let G be a non-elementary finitely presented relatively hyperbolic group G
whose peripheral subgroups are finitely generated but not relatively hyperbolic. Then G has
property Roo.

Remark. We note that this Theorem recovers the result of [42] that any non-elementary
hyperbolic group has property R, although we really use their argument except for
the fact that we make use of JS] decompositions at the final stage.

Our proof uses train track methods for free products so that we can refer to the litera-
ture to address the technical issues mentioned above. We then show that groups with
infinitely many ends have R, by extending the results for free products using the tree
of cyclinders construction of Guirardel and Levitt, [37] and [38]. The idea here is that
a group with infinitely many ends either admits a finite normal subgroup so that the
quotient is a free product or admits a tree which is invariant under all automorphisms.
See Theorem 5.1.17.

Finally, we prove the Theorem for relatively hyperbolic groups using the canonical JS]
splittings of [40].

After placing this article on the arXiv we received communications from Francesco
Fournier-Facio and Anthony Genevois independently observing that it is possible to
broaden the results in our paper. We are hugely grateful for these observations and

insights.

The most general way to do this seems to be via quasi-morphisms and Francesco
Fournier-Facio has written us an Appendix to this paper outlining how to do so. The

most general statement of these results is as follows.

Corollary 8.1.6. Let G be a finitely generated group satisfying one of the following properties.

1. G is a non-elementary hyperbolic group.

2. G is non-elementary hyperbolic relative to a collection of finitely generated subgroups,
none of which is relatively hyperbolic.

3. G has infinitely many ends.
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4. G is a graph product of groups over a finite graph that does not decompose non-trivially
as a join and is not reduced to a single vertex.

5. G is a graph product of abelian groups and it is not virtually abelian.
Then G has property Re.

We note that the main body of this paper constructs translation length functions arising
from trees which are constant on twisted conjugacy classes, whereas the method via
quasi-morphisms construct such functions which are bounded on twisted conjugacy
classes (albeit for all automorphisms at the same time). Nevertheless, the methods
should be seen as analogous both in their overall strategy and in the details of their
technical construction.

2 Twisted Conjugacy and the R, Property

2.1 Twisted Conjugacy

Definition 2.1.1. Let G be a group and ¢ € Aut(G) an automorphism of G. We define a
relation ~, on G by x ~,, y if and only if 3w € G with (we)xw™! = y. If x ~, y, we say
that x and y are twisted conjugates in G.

Remark. We take the action of Aut(G) on G to be a right action, writing g - ¢ or g¢ for
the image of ¢ € G under the automorphism ¢ € Aut(G).

Remark. Note that there is an asymmetry in the definition of twisted conjugacy. The
side on which we place the inverse makes no difference, but the side on which we put

the automorphism does. However,

wx(we)™! = (up~Hxu~!, where u = we.

This shows the ‘left” and ‘right” versions of twisted conjugacy are related at the cost
of changing the automorphism to its inverse. Since the property of having R, - Def-
inition 2.1.3 - is about all possible automorphisms, it makes no difference which we
choose.

The following is a standard fact and an easy exercise.
Lemma 2.1.2. Twisted conjugacy (~ ) is an equivalence relation on G.

Definition 2.1.3 (Ry,). Let G be a group and ¢ € Aut(G). We say that G has property
R (@) if ~4 has infinitely many equivalence classes in G. We say that G has property
Ry if G has Ry (@) for all ¢ € Aut(G).
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Lemma 2.1.4. If 1 € Inn(G) then G has Ry (¢) if and only if G has R (¢1).

Proof. Let x € G and let iy € Inn(G) be the automorphism ¢ +— x~1gx = ¢*. Lety,z € G.
Then:

Y~oz
< 3w e G such that z = (we)yw !

1

< Jw € G such that xz = x(we)(x 1x)yw ™! = (we)*(xy)w ™! = (WL )(xy)w!

S XY ~g, XZ.

Thus we have a bijection between the equivalence classes of ~, and those of ~,.
Hence G has Ry (¢) if and only if G has R, (¢y). O

Definition 2.1.5. Let G be a group and let ® € Out(G). We say that G has property
Ry (®) if G has Ry (¢) for some (and hence every) automorphism ¢ € .

Remark. By Lemma 2.1.4, this concept of Ry, (P) for @ € Out(G) is well-defined, and it
follows that G has Ry, (i.e. G has Ry (¢) for all ¢ € Aut(G)) if and only if G has Ry (D)
for all ® € Out(G).

2.2 Mapping Torus

Our argument about twisted conjugacy classes uses the standard technique of con-
verting questions about twisted conjugacy in a group G to ones concerning genuine
conjugacy in a mapping torus of G. We therefore recall the definition of a mapping
torus.

Definition 2.2.1 (Mapping torus). Let G be a group and ¢ € Aut(G). The mapping
torus of ¢ is the semi-direct product M, := G x4, Z = (G, t|g' = gp Vg € G).

Remark. Since M, is a semi-direct product, elements of M, have a standard form gt*
where ¢ € G and k € Z are unique. Note that for any h € G we have t~1h = ht™! =
(h)t~1, thus an element t*h can be written in the alternate standard form (h - ¢~ )t*.
A key observation is that twisted conjugacy is realised as standard conjugacy in the
mapping torus and that having R (¢) amounts to there being infinitely many conju-
gacy classes of a certain type in the mapping torus.

Lemma 2.2.2. Let G be a group and ¢ € Aut(G). Then G has Ro.(¢) if and only if the set

{tx | x € G} has infinitely many M, conjugacy classes.

Proof. Let x,y € G. We have that tx and ty are conjugate in M, if and only if there
exists u = gt* € M, so that ty = (tx)* = u~!(tx)u. Observe that given x € G we can
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always find & € G so that u = gt* = (tx)*h. Then (tx)* = (tx)(t")kh = (tx)". Now for any
x,y € G, we have:

tx and ty are conjugate in M,
«—3he Gwithty = (tx)" = h=Ytxh = t(h~1p)xh
«—3he Gwithy = (hg)xh™!

<:,>y ~o X.

3 Trees and Group Actions

3.1 Simplicial trees and R-trees

We refer the reader to [15] for a treatment on R-trees and to [12] for a more general
textbook on A-trees. The definitions and results here are mainly based on [15] and [12].
We note that in the case A = R these concepts coincide, whereas the case A = Z
corresponds to the case of a simplicial tree below.

Definition 3.1.1. A simplicial graph, I’, is a 4-tuple, (V, E, 0, T) where:
e Vs a set called the vertices of T,
* E C V x Vis the set of oriented edges of the graph,
*c:E - Vand 1t : E — V are incidence maps, defined by o(u,v) = u and
T(u,v) = 0.
Moreover, for every e = (u,v) € E we always have that (v,u) € E; we call this the
inverse edge, denoted, e.

Definition 3.1.2. An edge path in a graph, I' = (V,E, 0, T) is a sequence of vertices,
Vo, V1, ..., 0x Where for each 0 < i < k—1, (v;,v;41) € E. We allow the edge path to
consist of a single vertex, vg.

* The edge path is called trivial when it consists of a single vertex, and non-trivial

otherwise.
* Anedge path vy, vy, ..., v is said to start at vy and end at vy.

* A non-trivial edge path may also be described as a sequence of edges, ¢y ... ¢,
where T(e;) = 0(ej11) for0 <i<k—1.
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* Anedge path, ¢y ... ¢ is called reduced if, for all 0 < i < k—1, ¢; # €;;1. A trivial
path is always considered reduced.

Definition 3.1.3. A simplicial tree is a simplicial graph where between any two vertices

there is a unique reduced edge path starting at one and ending at the other.

For a tree, we let [1, v] denote the unique reduced edge path from u to v; this is called

the segment from u to v.

Definition 3.1.4 (Culler-Morgan [15]). An R-tree T is a path-connected non-empty met-
ric space so that for any points x, y € T, there is a unique arc [x,y] < T joining x and y,
which is isometric to the interval [0,d(x,y)] < R (where d is the metric on T).

Equivalently, an R-tree is a 0-hyperbolic geodesic metric space, in the sense of Gromov.

Definition 3.1.5. Given two points, u, v in an R-tree T, we denote by [u, v] the unique
geodesic from u to v in T. This is called the segment from u to v.

Definition 3.1.6. Given an R-tree T and a point x € T, a direction at x is a connected
component of T — {x}. We say a point x € T is a branch point if there are at least three

directions at x.

Definition 3.1.7.

¢ We say that an IR-tree is a metric simplicial tree (or simply a simplicial R-tree) if

the set of branch points is a discrete subset of the tree.

e If T is a simplicial R-tree and V' a discrete subset of T which includes all the
branch points (but may include more points), then the edges are all the segments
[u,v] between elements of V where [u,v] "'V = {1, v}. Any non-trivial segment
between vertices may then be given as an edge-path, ¢; ... e where each ¢; is an

edge.

¢ Conversely, a simplicial tree T given as a set of vertices and edges may be made
into a simplicial IR-tree by assigning a positive length to each edge and making T

into a metric space via the corresponding path metric.

Definition 3.1.8. Let T be an IR-tree. Then for any three points, u, v, w € T, the Y-point,
Y(u,v,w) =y e T,is given by:

[u,v] N [u,w] = [u,y].

Lemma 3.1.9 ( [12, Chapter 2, Lemma 1.2]). Let T be an R-tree. Then for any three points,
u,v,w € T, the Y-point is unique and does not depend on the order of the points. More-
over, Y(u,v,w) is the point on [u,v] whose distance from u is given by the Gromov product,
(v.w)y = 3(dr(u,0) + dr(u, w) — dr(v,w)).
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3.2 Group actions on R-trees

Throughout this subsection, we will consider a group, G, acting isometrically on an
R-tree, T. We note that if one starts with a simplicial tree and a group action sending
vertices to vertices and edges to edges then the process of making this a simplicial R-
tree described above allows one to extend the group action to an isometric action; that
is, a group of automorphisms of a tree preserves the induced path metric.

Definition 3.2.1 ( [15, p. 576 and Definition 1.4]). Suppose that G is a group acting
isometrically on an R-tree, T.

(i) For any g € G we define the translation length of g (with respect to T) to be,

IgllT := inf{dr(x, xg)}.
xeT

We write ||g| for | g if T is understood.

(ii) Define the characteristic set of g to be,
Ag={xeT : dr(x,xg) = [gl}-

(iii) g € Gis called ellipic if |g|7 = 0 and hyperbolic if ||g|7 > 0.

Lemma 3.2.2 ( [15, Lemma 1.3 (p.576)]). Let G act isometrically on an R-tree, T and let
g€G.

(i) There exists an x € T such that dr(x,xg) = |g||. That is, the infimum in Definition
3.2.1(i) is a minimum .

(i) Theset Aq = {x e T :dr(x,xg) = |g| } is non-empty (by the previous part). It is also a
closed subtree of T, invariant under the action of g.

(iii) If g is elliptic, then Ay is the fixed point set of g, Fix(g).

(iv) If g is hyperbolic, then Ag is called the axis of ¢ and is isometric to the real line. It is the
smallest g-invariant subtree of T. The element g acts on Ag as a translation by the real
number |g|.

(v) If g is hyperbolic and 0 # n € Z, then Agn = Ag and |g"| = |n]|g].

Lemma 3.2.3. Let G act isometrically on an R-tree T. Let g € G and x € T any point.
(i) The midpoint of the segment [x, xg] lies in Ag.
(ii) For any hyperbolic g € G, we have Y (xg™!, x, xg) € A,.

Proof. (i) This is just [12, Chapter 3 (Lemma 1.1 for the elliptic case and Theorem 1.4
for the hyperbolic case)] .
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(ii) This is [12, Chapter 3, Theorem 1.4].
O

Observation 3.2.4. It follows easily that Ay, = Ag - h. Hence if ¢ and i commute then £
preserves Aq. Further, if ¢ and & commute and are both hyperbolic then A, = Ay, since

h preserves the line A, but Ay, is the smallest i-invariant subtree of T.

Definition 3.2.5. Let G act isometrically on an R-tree, T. Then the length function of
this action is the function, / : G — R given by I(g) = |g|r. This is also called the

translation length function.

Definition 3.2.6 (Culler-Morgan [15]). Let T be an R-tree equipped with an action of a
group G by isometries. We say that T is:

¢ irreducible, if there is no point, line or end of T which is invariant under the
action of G. Equivalently, there exist a pair of groups elements, g, € G which
are hyperbolic and whose axes meet in an arc of finite positive length (See [15,

Theorem 2.7] for this equivalence).
* minimal, if there is no proper G-invariant subtree of T.
* non-trivial, if there is no global fixed point (i.e. no x € T such that x - G = x).

* small, if for any non-trivial arc [x, y], the pointwise stabiliser Stab([x, y]) =
{ge G : zg =2z Vze[x,y]} <G does not contain a free subgroup of rank 2.

Remark. It is also true that the action of G on T is irreducible if and only if there are a
pair of isometries whose axes are disjoint [15, Lemmas 2.1 and 1.5 and 1.6]. Concretely,
if g, h are hyperbolic and Ay N A; meets in a segment of finite poisitive length then, for

some large 1 € Z, the axes of g and ¢"" will be disjoint.

We shall also need the following.

Lemma 3.2.7 (Culler-Morgan [15], 1.5 and 1.6). Let g, h be hyperbolic isometries of an R-
tree T whose axes Ag, Ay are disjoint. Then |gh| = |hg| = [g| + [|k] +2d(Aq, Ap). In
particular gh and hg are hyperbolic.

Proposition 3.2.8 ( [15, Proposition 3.1]). If G acts on an R-tree T and some element g €
G acts hyperbolically, then T admits a unique, minimal G-invariant subtree. This subtree is
exactly the union of all the hyperbolic axes of elements of G.

Lemma 3.2.9 (Serre [53, Proposition 25 (p.63)]). If G is finitely generated and acts isomet-
rically on an R-tree, T, then the action is non-trivial if and only if there exists a hyperbolic
element in G. That is, if there exists some g € G with ||g|r > 0.

Remark. The result in [53] concerns simplicial trees, but the same proof works for R-

trees without change.



190 Paper 3.  Property Ry

p |24
q q8
p q P8 48
Ag Ag
On the axis: Not on the axis:

The Circle-Dot Lemma

Definition 3.2.10. Let T be a tree. For points x1,...,x, we write [xy,...,x,] to mean

that the unique segment from x; to x, crosses the points x, ..., x,_1 in the order given.

Lemma 3.2.11 (Circle-Dot Lemma). Let G act isometrically on an R-tree, T. Suppose we
have distinct points, p,q € T such that [p,q, pg, qg|. That is, the segment from p to qg crosses
the points q and pg in that order.

Then g is hyperbolic and both p and q belong to the axis of g. In particular, ||g|t = d(p, pg).

Remark. We allow the possibility that g = pg in this Lemma.

Proof. We first show that g is not elliptic. We argue by contradiction; if g is elliptic then
the midpoint of [p, pg] is fixed by g by Lemmas 3.2.2(iii) and 3.2.3(i). Call this point w.
Then dr(w, q) = dr(w,qg). Since w € [p, pg], this forces w € [g,9¢]. But now w is both
the midpoint of [p, pg] and [g, g¢] which is impossible if p # g. Hence g is hyperbolic.
Therefore, by Lemma 3.2.3(ii) it is enough to show that p = Y(pg~!, p, pg). Indeed,

since [p, 4, pg, qg] then [pg~",q¢~", p, ], and hence [pg~", 987", p,4, pg, 9g]- Thatis, p €
[pg~!, pg] and therefore p = Y(pg~!, p, pg), as required. O

We will also need the following,

Lemma 3.2.12 (Paulin’s Lemma [48, Lemma 4.3]). Let G act minimally, non-trivially,
isometrically and irreducibly on an R-tree, T. Then for any a,b € T there exists a hyperbolic

element g € G whose axis contains the segment [a, b].

This allows us to deduce the R, property when we have an action of the mapping
torus on a tree. Thus the following Lemmas will be a key tool for deducing property
Ro. We note that the existence of the action required by this Lemma will be discussed

in Corollary 3.5.5.

Lemma 3.2.13. Let G be a group and let ¢ € Aut(G). If My, acts on a tree T minimally,
isometrically, irreducibly then G also acts minimally and irreducibly on T.
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Proof. We can restrict the action to G and get an isometric action of G on T. We first
claim that G admits a hyperbolic element with respect to this action.

Since M, acts irreducibly on T we get that (by the remark after Definition 3.2.6) we
have two hyperbolic isometries, m, m; € M, whose axes are disjoint. If either of these
are in G, then we have a hyperbolic isometry in G. Otherwise, we may write m; =
tu,my = tPv, where 0 # a,b € Z and u,v € G. Now consider, mZ{ = t“bg, my " = by
for some g, h € G. By Lemma 3.2.2(iv) the axes of m; and m! are equal, as are the axes of
my and m; . Hence the axes of t*’¢ and +~"’h are disjoint. Therefore, by Lemma 3.2.7,
(t"¢)(t~"h) e G is hyperbolic. This proves the claim.

Now, by Lemma 3.2.8, G admits a minimal G-invariant subtree. But since G is a normal
subgroup of M,, thisis also a Mp-invariant subtree and so is the whole of T, as M, acts
minimally. This proves that G also acts minimally on T.

Finally, to prove that G acts irreducibly on T notice that if there were an invariant
line, then T would have to be a line by minimality, contradicting the fact that M,, acts
minimally and irreducibly. If G were to admit a fixed end, then any hyperbolic axes
Aq, Ay of hyperbolic elements of G would intersect in this end. However, if g € G is
hyperbolic and m,e M,, then ¢" € G is also hyperbolic and Agn = (Ag)m, showing
that the end would need to be invariant by all elements of M, again contradicting the
fact that M, acts irreducibly. O

Lemma 3.2.14. Let G be a group and let ¢ € Aut(G). If M, acts on a tree T minimally,
isometrically, irreducibly, then G has Ry ().

Proof. Notice that by Lemma 3.2.13, G also acts on T minimally and irreducibly. In
particular, Paulin’s Lemma 3.2.12 applies to the action of Gon T.

We will prove the Lemma by showing that we have infinitely many conjugacy classes
of the form tx, where x € G, and deduce the result by Lemma 2.2.2.

Case (i): First suppose that t acts hyperbolically on T. Choose 2 in the axis of t and let
b = at?. Then, by Paulin’s Lemma, there exists a hyperbolic ¢ € G whose axis contains

the segment, [a, b].

As the axes of t and g intersect non-trivially, we can assume (by replacing ¢ with g~1
if needed) that ¢ and g translate in the same direction along their intersection. In that
case, using the Circle-Dot Lemma (Lemma 3.2.11) with p = 4,9 = at, we have that
|tg"|| = [/f] + n|g| for all positive integers n. Hence these elements are all in distinct

conjugacy classes, since translation length is a conjugacy invariant.

Case(ii)(a): Next suppose that ¢ is elliptic and that | Fix(¢)| > 1. Here choose a # b €
Fix(t) and let ¢ € G be a hyperbolic element whose axis contains [a, b]. By replacing g

with a sufficiently large (but possibly negative) power, we may assume that b € [a,ag].
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It is straightforward to verify using the Circle-Dot Lemma (Lemma 3.2.11) with p =
a,q = b that |tg"| = n|g| for all positive integers n and hence, again by Lemma 2.2.2,

we are done.

Case(ii)(b): Lastly suppose that t is elliptic and fixes a unique point in the tree. Since
the action is G-irreducible, G admits two hyperbolic elements whose axes are disjoint.
In particular, we may find a hyperbolic ¢ € G whose axis does not contain the unique
fixed point of T.

Let p be the fixed point of ¢t and let g be the point on the axis of g closest to p. The the
Circle-Dot Lemma (3.2.11) gives us that |tg"| = 2d(p, q) + |n||g|. Hence these elements
fall into infinitely many conjugacy classes. O

Remark. Note that when using Lemma 3.2.14 we refer to Lemma 3.2.13 to deduce that
the action of G on the same tree is also irreducible and minimal. In practice, however,
we will start with a minimal irreducible action of G and extend to one on the mapping
torus via Corollary 3.5.5. In that sense, Lemma 3.2.13 is redundant but we record it here

for completeness.

3.3 Deformation spaces and reduced trees

In this section we wish to explore the concepts of a ‘reduced” simplicial tree, which is

different to that of an irreducible tree.

We start with the definition of a deformation space. This discussion is taken from [37],
to which we refer the reader for a fuller account.

Definition 3.3.1 ( [37, Definition 3.2]). Let T, S be two simplicial G-trees.

* We say that T and S have the same elliptic subgroups if for every subgroup H of
G which fixes a point of T, H also fixes a point of S, and vice versa.

¢ T and S are then said to be in the same deformation space if they have the same
elliptic subgroups.

¢ The deformation space D containing T is then the set of all G-trees (up to equiv-

ariant isometry) which have the same elliptic subgroups as T.

Remark. Note that the notion of equivariant isometry makes sense since we can regard
our simplicial trees T as simplicial R-trees by assiging length 1 to each edge.

Definition 3.3.2 ( [37, Definition 3.12]). Given a deformation space D and a collection
of subgroups A of G (closed under conjugacy and passing to subgroups) we define
D4 < D as the set of G-trees T € D whose edge stabilizers belong to .A. We call D 4 a
restricted deformation space, or simply a deformation space.
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Proposition 3.3.3 ( [37, Proposition 3.10 (1)]). Let D be a deformation space. If one tree
T € D is irreducible, then all trees in D are irreducible.

Definition 3.3.4 ( [37, Definition 3.5]). A simplicial G-tree T is called reduced if when-
ever e = (u,v) is an edge of T with Stabg(e) = Stabg(v), then u and v are in the same
G-orbit.

Observation 3.3.5. Note that any deformation space contains a reduced tree. See [37],
Definitions 3.3, 3.4 and 3.5.

Lemma 3.3.6. Let T be a simplicial reduced G-tree. Then T is also minimal.

Proof. We prove the contrapositive. So suppose that T is not minimal; we will deduce
that it is not reduced.

We consider some proper, G-invariant subtree, S. Let e = (u,v) be an edge of T such
thatue Sbutv ¢ S. Thenv ¢ S 2 u.G, as S is G-invariant and so u and v are not in the
same G orbit. It then suffices to show that Stabs(v) < Stabg(e) (as we always have that
Stabg(e) < Stabg(v)).

Consider g € Stabg(v). Then the edge path, ¢, eg starts at u and ends at ug. Since neither
enor eg is an edge of S and u, ug € S are connected by a path in S, we must have that
this path fails to be reduced (and u = ug). Thus e = eg, as required. O

Observation 3.3.7 ( [37]). Let G be a finitely generated group acting on a simplicial tree,
T.

(i) An edge e of T is called collapsible if collapsing e to a point produces a G-tree in
the same deformation space as T, [37, Definition 3.3].

(ii) We can collapse all collapsible edges of T to produced a reduced G-tree, (T), the
reduction of T. Any edge stabiliser of r(T) stabilises an edge of T, [37, Definition
3.5].

(iii) T and r(T) lie in the same deformation space. In particular, the action on T is
non-trivial if and only if 7(T) is not a point, [37, Theorem 3.8] and Lemma 3.3.6.

(iv) If T is reduced and the edge stabilisers of T are finite, then all reduced trees in the
same deformation space as T have the same edge stabilisers as T, [37, Proposition
7.1 (3) and Corollary 7.3]

3.4 Irreducible actions on trees

We write down a fairly simple criterion for an action of a group on a tree to be irre-
ducible. This will be useful in what follows.

First we will need the following Lemma.
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Lemma 3.4.1. Suppose G is a finitely generated group and the derived subgroup [G,G] is
finite. Then G is virtually abelian.

Proof. Any element g of G has finitely many conjugates since x gx = g¢~lx71gx €
g[G, G]. Therefore, the centraliser of any element has finite index. Hence the intersec-
tion of all the centralisers of the generators has finite index, as G is finitely generated.
But this intersection is clearly central in G and hence abelian. Therefore G is virtually
abelian. O

Proposition 3.4.2. Let G be a finitely generated group acting minimally and non-trivially on
a tree, T. Suppose further that the action is reducible. Then,

(i) If T is simplicial and edge stabilisers are finite, then G is virtually cyclic and T is a line.

(ii) If T is an R-tree and (pointwise) arc stabilisers are trivial, then G is virtually abelian and
T is a line.

Proof. If the action is reducible and non-trivial then we can, up to taking an index 2
subgroup of G, suppose that there is an invariant end. (See [15, Corollary 2.3 and The-
orem 2.5 (ii)]; for a dihedral action take the index two subgroup corresponding to the
orientation preserving isometries of IR.)

(i) Consider first the case where T is simplicial and edge stabilisers are finite.

Let R be a ray representing this invariant end. Invariance of the end means that
R n Rg is an infinite set (in fact, a subray) for every ¢ € G.

Next observe that for any vertex p € R there exist only finitely many pairs of
vertices x, i € R such that p is the midpoint of [x,y]. This is because both x and
y must be equidistant from p and be distinct. But now d(x, p) = d(y, p) < d(w, p)
where w is the intial point of the ray, R. There are clearly only finitely many pairs
satisfying this on the ray.

Armed with this observation, we proceed as follows. Note that for any g € G,
R n Rg~! is infinite. If we take any point x € R n Rg~! then x,xg € R. But the
midpoint of [x, xg] lies in R n A by Lemma 3.2.3(i). Since we have infinitely many

possible values for x this implies that R n A is infinite for any ¢ € G.

Therefore if g is elliptic it fixes some subray of R (but potentially a different subray
for each g) and if g is hyperbolic then the axis of g intersects R in a subray.

In any case it is then easy to see that the commutator of any two elements is el-
liptic with fixed point set containing an infinite subray of R. But now any finite
set of commutators must fix some common infinite subray of R (one can take the
intersection of the fixed subrays for each commutator). Hence any finite set of

commutators are contained in some edge stabiliser; for instance the first edge of
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the common fixed subray. In particular, any finite set of commutators are con-
tained in some edge stabiliser and so generate a finite group as edge stabilisers
are finite.

While it is possible that each finite set of commutators is contained in a different
edge stabiliser we will argue that the derived subgroup is finite (and contained in
some edge stabiliser) as follows. The action of G on T is co-compact, since G is
finitely generated. Hence there exists a constant, M, such that any edge stabiliser
has order at most M. Therefore any finitely generated subgroup of [G, G] has or-
der bounded by M which implies that [G, G| has order bounded by M. (As [G, G|
is countable and generated by commutators, we can realise it as a countable union
of a chain of finitely generated subgroups. Since the order of these subgroups is
bounded, the chain of subgroups stabilises and hence [G, G] is finite.)

Therefore [G, G] is finite and hence G is virtually abelian by Lemma 3.4.1. This
implies that any two hyperbolic elements of G have positive powers which com-
mute, since sufficiently large positive powers will lie in an abelian subgroup.
Therefore, by Lemma 3.2.2 (v) and Observation 3.2.4, all hyperbolic elements have
the same axis. This axis is now a G-invariant subtree of T by Propostion 3.2.8 and
so is equal to T. Therefore T is a line.

To finish we note that some finite index subgroup of G is torsion-free abelian and
acts on T with finite (and hence trivial) edge stabilisers. Thus the torsion-free
subgroup of G is both free and free abelian (and non-trivial since if G were finite
then the action on T would be trivial). Therefore G is virtually infinite cyclic.

(i) The case where T is an IR-tree with trivial arc stabilisers is similar but easier. In
this case, once descending to an index two subgroup of G admitting an invariant
end, we deduce that any two hyperbolic axes intersect in an infinite ray. Since
arc stabilisers are trivial, this means that any two hyperbolic elements commute
which implies that their axes are equal. Hence T is isometric to the real line and

G is virtually abelian.

3.5 Actions and automorphisms

Definition 3.5.1. Let G be a group, T a G-tree and ¢ € Aut(G). Then ¢T is the same
underlying tree but with the G-action twisted by ¢. Specifically,

X (¢7)8 = X T (8P)-

Equivalently, if the action on T is given by a homomorphism, G ©> Isom(T), then the
action on ¢T is given by the pre-composition by ¢; G % G 5 Isom(T).
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Remark. Since we are writing our action of Aut(G) on G as a right action, this action of
Aut(G) on the space of G-trees is a left action. Were we to write automorphisms of G
on the left, this would be a right action.

Definition 3.5.2. Let G be a group and ¢ € Aut(G). A topological representative of ¢ is
an equivariant map f : T — ¢T, from a G-tree, T, which sends vertices to vertices and

edges to edge paths.

Observation 3.5.3. Note that f : T — ¢T being G-equivariant means that f(xg) =
f(x)(gp) forallxe T,g € G.

However, note that if f is a topological representative for ¢, then f, is a topological
representative for p Ad(w), where f,(x) = f(x)w, and g(pAd(w)) = w~'(gp)w. Thus

having a topological representaive is really a property of outer automorphisms.

Theorem 3.5.4 (Culler-Morgan [15, Theorem 3.7 (p.586)]). If Ty and T, are two minimal,
irreducible G-trees with |g| 1, = |, for all g € G, then there is a unique equivariant isometry,
f : T1 - Tz.

Remark. Irreducible is a stronger hypothesis than needed but suffices for our purposes
and makes the statement a little cleaner.

Corollary 3.5.5. Let T be a minimal irreducible G-tree and ® € Out(G). Then Mg has an
isometric action on T which restricts to the G-action on T if and only if |g®P|r = |g| for all
geG.

Remark. Note that the isomorphism class of Mg and the value of |g®|r only depend on
the outer automorphism class, so this makes sense. One can think of g&® as a conjugacy

class rather than a single element.

Proof. Suppose first that Me acts isometrically on T in a way which extends the G-

action. Then, since translation length is a conjugacy invariant,

gl = 18"l = [g®]7 forall g € G.

Conversely, suppose that |g®|r = ||g|r for all g € G. Then, by definition, ||g|er =
|g®| 7, which equals |g||r by hypothesis.

Choose some ¢ € ®. Then, by Theorem 3.5.4, there is an isometry f : T — T which is
equivariant when viewed as an isometry f : T — ¢T. But now we can extend the G
action to an Mg = M, action by simply having t act as f. The only thing to check is
that t~'¢t and g¢ act in the same way on T. But this is readily checked to be equivalent
to saying that f : T — ¢T is equivariant. O

We can now state the main tools we will use to prove R.

The first we have already stated in Lemma 3.2.14.
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Proposition 3.5.6 (Levitt-Lustig [42, Proposition 3.1]). Let G be a finitely generated group,
fix @ € Out(G). Let I be the length function of an irreducible action of G on an R-tree. If
lo® =1, then G has Ry, (P).

Proposition 3.5.7 (Levitt—Lustig [42, Proposition 3.2]). Let G be a finitely generated group,
fix ® € Out(G). Let I be the length function of an irreducible action of G on an R-tree T
and suppose 1 o ® = Al where A > 1. If arc stabilisers of T are finite and the number of
Stab(x)-orbits of directions at branch points x are uniformly bounded, then G has Rq, (D).

4 Train Track Maps and free products

In this section we show that free products of groups have the R, property using the
machinery of (Relative) Train Track maps. These were first used in [6] in the context of
free group automorphisms and then in [4] to define and analyse the stable (or forward)
limit tree. The methods in the former paper were extended to free products in [13].
However, we are using the treatment in [24], [25] and [26] because of the more detailed
relation to the stable limit tree. We also use some results from [41] to deal with the
technical conditions mentioned in the introduction; specifically, this allows us to verify
the condition that stabilisers of branch point act on the set of directions with finitely

many orbits.

As always, the goal is to achieve condition R, by looking at the action of the mapping

torus on some tree and applying the argument of [42, Propositions 3.1 and 3.2].

4.1 Free factor systems

Definition 4.1.1 (Free Factor System). Let G be a group which splits as a free product.
A free factor system of G is a pair F = ({Gy,...,Gi},7) suchthat G = Gy *--- % G+ F,
where each G; is non-trivial and F, is the free group of rank r.

Following [37, Definitions 3.2 and 3.12] we make the following definition.

Definition 4.1.2. Let G be a group which splits as a free productand F = ({Gy, ..., G}, 1)
a free factor system for G. We denote by D(F) the set of all simplicial G-trees (up to
equivariant isometry) whose elliptic subgroups are subgroups of conjugates of the G;.
Thatis T € D(F) if and only if for every H < G, H fixes a point in T exactly when H is

a subgroup of some conjugate of some G;.

Further, we let D;(F) denote the subset of D(F) consisting of those trees whose edge
stabilisers are all trivial.

Definition 4.1.3. Let 7 = ({Gj, ..., Gk}, r) be a free factor system of some group G, and
let ¢ € Aut(G). We say that F is:
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¢ a Grushko decomposition of G if each G; is freely indecomposable and not infinite

cyclic.
e properifk+r > 2.

* maximal if for any proper free factor system F' = ({G],...,Gj},s) of G, there

exists some i so that G; is not contained in any conjugate of any G]’-.

* @-invariant if for each i there is some j and some g; € G so that ¢(G;) = G]gf .

We say that ¢ is irreducible with respect to F if F is a maximal, proper, p-invariant free
factor system of G.

Remark. Observe that a Grushko decomposition of a group G is g-invariant for any
¢ € Aut(G). See [45, I1I, Proposition 3.7] for a statement of Grushko’s Theorem.

The goal is to produce a very well behaved topological representative (see Definition
3.5.2) for an automorphism of a free product.

Definition 4.1.4. Let T be a simplicial G-tree with finitely many (oriented) edge orbits,
rerpresented by edges ey, ..., e,. Suppose that f : T — T is a topological representa-
tive. Then the transition matrix of f is the n x n matrix, My, whose (i,j)-entry is the
number of times the edge path f (e;) crosses the orbit of ¢; (in either direction).

Definition 4.1.5. Let T be a simplicial G-tree with finitely many orbits of edges and
f: T — ¢T atopological representative for some ¢ € Aut(G). Then f is called a train
track map if for every k > 1, ¥ is locally injective on the interior of edges.

It is called a metric train track map if, in addition, T admits a G-equivariant path metric
such that the length of f(e) is A times the length of e, where e is any edge of T for some
fixed A € Rxp.

We refer the reader to [6] for the background on how irreducible matrices and their

Perron—-Frobenius eigenvalues are used in the theory of train tracks.

From a train track we can construct the (forward) stable limit tree as in [4], although we
will base the following more closely on [28]. Namely, given a metric train track map,
f + T — ¢T with associated constant A > 1, set do(x,y) = lim,_o W, for
x,y € T. This converges due to monotonicity and is a pseudo-metric on T. Therefore
on taking a suitable quotient, one obtains a metric space T, with metric (which we will

still name), d .

It is straightforward to see that the quotient map, T — Ty is G-equivariant and 1-
Lipschitz and that Ty, is a 0-hyperbolic metric space on which G acts isometrically.
In other words, T is an R-tree on which G acts. Moreover, the train track property

immediately implies that this quotient map is an isometry restricted to the edges of T.
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It also follows quickly that for any v € G, |v| 1, = lim,— ”7;’:7:“? It is well known that
given a (metric) train track there is a hyperbolic g € G such that f* is injective on Ag for
all0 < k € Z, [24, Corollary 8.12] (this is also found in [6]). Such a g is called a ‘legal’
group element. It now follows that if g is legal, 0 < |g|1,, = |g]T-

One can now proceed as in [28, Lemma I1.7], to see that T, is a minimal and non-trivial

G-tree. In fact we record more.

Theorem 4.1.6. Let G be a non-trivial free product which is not the infinite dihedral group.
Let ® € Out(G), and let ¢ € ®.

Then there exists a maximal, proper, g-invariant free factor system F and a simplicial G-tree
T € D1(F) admitting a train track representative f for ¢, with associated constant A > 1.
Furthermore:

(i) A is the Perron—Frobenius eigenvalue of the transition matrix for f.

(i) A = 1ifand only if f is an isometry. In this case the mapping torus M, acts isometrically
onT.

(iii) If A > 1 then lim,_,« % is a G-tree, Ty, called the stable limit tree for ¢.

(iv) Forall g € G, |g¢|T, = AllglT,,- In particular, there exists a G-equivariant homothety,
H : Ty, — ¢Ty of stretching factor A, by Theorem 3.5.4.

(v) The stable limit tree is a non-trivial, irreducible IR-tree.

(vi) If 1 # g € G acts elliptically on T, then g fixes a unique point of T,,. In particular,
non-trivial elements of arc stabilisers of Ty, act hyperbolically on T.

(vii) There exist finitely many segments, f1,..., fr in Ty, whose union of G-orbits covers the
whole of Te.

Proof. As in [24, Corollary 8.25], there exists a maximal ¢-invariant free factor system,
F so that ¢ is F-irreducible. Again using [24, Theorem 8.24], ¢ will admit a train track
representative. Just as in [6], the transition matrix of this map has a Perron-Frobenius
eigenvalue, A > 1, which is equal to the Lipschitz constant of the train track map (in [6]
one must choose lengths for the edges, whereas in [24] this is implicit in the definition.
This is the distinction between topological and metric train track maps).

Moreover, the theory of irreducible matrices implies that A = 1 if and only if the transi-

tion matrix is a permutation matrix, implying that f is an isometry.

This proves (i) and (ii). For (iii) and (iv) we refer the reader to [26, Lemma 2.14.1].
Point (v) is well known to experts but we can also deduce it from Lemma 4.1.8 and
Theorem 3.4.2, since the only non-trivial virtually abelian free product is the infinite
dihedral group. Point (vi) is [26, Lemma 2.13.6].
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Finally, for part (vii), we argue as above (following [28], but see also [26, Section 2.13]).
That is, since the quotient map T — T, is an isometry restricted to edges of T we may
take the f; to be the isometric images of the edges of T.

O]

The following are also well-known to experts and the proofs are the same as in [28],
adapted to the free product case.

Lemma 4.1.7. For any p € IN there exists a constant L, such that any arc ¢ in Ty, whose
length is greater than Ly, will contain at least p non-trivial, disjoint subsegments which are all
in the same G-orbit.

Proof. By Theorem 4.1.6 (vii), there are finitely many arcs, fi,..., f whose G-orbits
cover Ty,. Moreover, any arc segment ¢ can be subdivided into subsegments, ¢ =
Z1 U... Uz, such that for each i there is a group element g; such that z;g; is a subsegment
of one of fi,..., f;. As this is a subdivision, the length of ¢ is equal to the sum of the
lengths of the z; and two distinct z; can intersect in at most a single point. (If numbered
sequentially, z; intersects precisely z;_; and z;;; in a single point and is disjoint from
the rest).

Now, after possibly further subdividing, we may assume that for i # j either z;¢; = z;g;

or their intersection is at most a single point.

Next let us suppose that there is an integer p such that,
max |{j : zigi = zjgj }| < p-

It is then clear that the sum of the lengths of the z;g; is at most p(l; + ... + [,), where
l; is the length of f;. But since each g; is an isometry, this means that the length of ¢ is
also at most p(l1 + ...+ ;).

Therefore, if ¢ is any segment of length greater than 3p(l; + ... +I,) then we can ensure
that ¢ contains at least 3p subsegments, c, ..., C3p which are all in the same G orbit.
Since each z; meets at most z; 1 and z;;1, we deduce that at least p of these must be
disjoint. O
Lemma 4.1.8. If G is finitely generated, then arc stabilisers in Ty, are trivial.

Remark. The hypothesis that G be finitely generated is not needed here. It is used to

deduce that the limit of small actions is small. However, this will always be true of a
limit of edge-free actions and we include the hypothesis for convenience of referencing.

Remark. Note that we are implicitly assuming that the A from Theorem 4.1.6 is greater
than 1.
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Proof. Consider some non-trivial arc ¢ of T, and let S be the pointwise stabiliser of c.
By Theorem 4.1.6(vi), every non-trivial element of S acts on T as a hyperbolic isometry.
In particular, S acts freely on the simplicial tree, T, and so is a free group. Thus, in order
to show that S is trivial it is enough to show that S is finite.

We therefore argue by contradiction and suppose that S is infinite.

Since T € D;(F) then edge stabilisers in T are trivial, hence the action of G on T (and
also on each ¢"T) is small. Since a limit of small actions is itself small, by Culler—

Morgan [15, Theorem 5.3], S cannot contain a free subgroup of rank 2.

However, we have already noted that S is a free group and so for S to be infinite it
would have to be an infinite cyclic group. Therefore the minimal S-invariant subtree of
T is a line L on which S acts by translation. (Note that all the non-trivial elements of S
have axis equal to L, by Lemma 3.2.2 (v)).

Let S be the (setwise) stabiliser of L. Then S is virtually cyclic as its minimal invariant
tree is L, by Lemma 3.2.2 (iv). Moreover, it is also a maximal virtually cyclic group as
any virtually cyclic group containing S must preserve L, since any hyperbolic element
in such a subgroup has a power which lies in S and hence has axis equal to L. (Recall
that an invariant subtree for a subgroup is the union of all the hyperbolic axes, by
Proposition 3.2.8.)

Let H : T,, — ¢T, be the homothety described in Theorem 4.1.6(iv) and consider H(c)
for some k. Let p be the index of S in S.

By Lemma 4.1.7, we may choose k sufficiently large so that H*(c) contains p + 1 disjoint
non-trivial arcs which are in the same G-orbit. Since H is equivariant, c will also contain
p + 1 disjoint arcs, cp,...,c, in the same G orbit. Hence there exist group elements,
81,---,8p such that cog; = ¢;. (Set go = 1.)

Let C; denote the pointwise stabiliser of ¢;. As argued above, each C; is cyclic (since it is
small and acts freely on T). Note that S is a subgroup of C; and hence C; is a subgroup
of S, since the latter is a maximal virtually cyclic subgroup of G.

Moreover, since cpg; = ¢; we also have that C; = Cgi. But now S < Cgi < S8i. By
maximality, S = S8 for all i. However, any hyperbolic element of S has axis equal to
L, whereas any hyperbolic element of 58 has axis equal to Lg;. Hence L = Lg; and
¢; € S for all i. But since the ¢; are disjoint, go, .. ., gp are in distinct cosets of Cp in S,
contradicting the fact that S < Cp has index p in S. This contradiction shows that S
must in fact be trivial.

O

Using this, we can bound the number of orbits of directions using the following result.
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Proposition 4.1.9 (Horbez [41, Proposition 4.4]). Let G be a countable group, F a free factor
system for G, and T an R-tree equipped with an isometric G action such that any subgroup in
F fixes a point in T. (The subgroups in F are elliptic in T).

Then if pointwise arc stabilisers in T are trivial, there is a uniform bound on the number of

Stab(x)-orbits of directions at branch points x in T.

Remark. Horbez [41, Proposition 4.4] gives a bound on the ‘index’ of a tree T, a compo-
nent of which is the sum over G-orbits of points x in T of the number of Stab(x)-orbits of
directions from x in T with trivial stabiliser. The proposition then follows immediately.

Combining this with Proposition 3.5.7 we get,

Theorem 4.1.10. Let G be a finitely generated group which splits as a non-trivial free product
of finitely many indecomposable groups. Then G has property Re.

Remark. The only times we need the hypothesis of being finitely generated are when
we invoke the [15, Theorem 5.3] in Lemma 4.1.8 and [41, Proposition 4.4] in Proposi-

tion 4.1.9. However, both results are true in general without this hypothesis.

Proof. The case where G = D, is known and can be dealt with separately (see Theo-
rem 7.1.2).

In all other cases, every tree in D; (F), for any proper free factor system F is irreducible.

Consider some ¢ € Aut(G). We now use Theorem 4.1.6. If A = 1, we get an isomet-
ric action of My, on some T € D;(F) and hence we are done by Proposition 3.5.6 (or
Lemma 3.2.14). If A > 1 we form the stable limit tree, Ts.

All that is left is to verify the hypotheses of Proposition 3.5.7 in the case where A > 1.
This is done in Theorem 4.1.6, Lemma 4.1.8 and Proposition 4.1.9. O

Corollary 4.1.11. The property of being Ry, is undecidable amongst finitely presented groups.

Proof. It is well known [45, Chapter IV, Theorem 4.1] that the property of being trivial
is undecidable amongst finitely presented groups. (It is clear that triviality is a Markov

property).
Suppose we are given a finite presentation of a group, G = (X : R).

Then we can form the finitely presented group, I' = Z+ G = (X,t : R), where tisa
letter which does not appear in X.

The group I' is isomorphic to Z precisely when G is trivial. In which case I' would not
have Ry. (Z has exactly two twisted conjugacy classes with respect to the automor-
phism sending n — —n).
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On the other hand, if G were non-trivial, then I' would be a finitely generated group
which splits as a non-trivial free product of finitely many indecomposable groups and
so has Ry, by Theorem 4.1.10.

Therefore, if we could decide R, for I we could also decide triviality for G. O

5 R, for Groups with Infinitely Many Ends

5.1 Accessible groups

In this section we extend the result to groups with infinitely many ends. We recall the
definition of an end. (See also [17, IV, Definition 6.4], for an alternate but equivalent

formulation.)

Definition 5.1.1. Let G be a finitely generated group with finite generating set S. Let
I' be the Cayley graph of G with respect to S. Then the number of ends of G is the
supremum of the number of infinite components of the graphs, I'\F, where F ranges

over all finite subgraphs of I'.

It turns out that the number of ends does not depend on S and is an invariant of the
group. In fact, more can be said via the classical Stallings Theorem on ends, which can
be found in [17, IV, Theorem 6.10 and Theorem 6.12]

Theorem 5.1.2. Let G be a finitely generated group.

® The number of ends of G is 0,1,2 or .

* If G has more than one end, then G acts non-trivially on a simplicial tree with finite edge
stabilisers.

® The number of ends of G is 2 if and only if G has a infinite cyclic subgroup of finite index.

Thus a group with infinitely many ends can be “split” along finite subgroups. One could
then ask whether the vertex stabilisers of such an action split further and whether this

process terminates. The groups for which it does terminate are called accessible.

Definition 5.1.3 (See [52, p.189] and [17, IV, Definition 7.1]). Given a group G a simpli-
cial G-tree T is called terminal if the vertex stabilisers of T have at most one end and all

edge stabilisers are finite.

A finitely generated group G is called accessible if it admits a terminal G-tree.
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Observation 5.1.4. We insist that an accessible group is finitely generated as in [52] but
contrary to [17].

Note that the vertex groups of an accessible group G acting minimally on a terminal
G-tree T are finitely generated, by [17, III, Lemma 8.1].

Definition 5.1.5 ( [17, VI, Definition 4.1]). A group G is called almost finitely presented
if it is of type FP; over Z,. In particular, every finitely presented group is almost finitely
presented.

Remark. Recall that a reduced G-tree (Definition 3.3.4) is also minimal by Lemma 3.3.6.

Theorem 5.1.6 ( [17], VI, Theorem 6.3). Let G be an almost finitely presented group. Then
G has a reduced terminal G-tree T. Moreover, the action on T is co-compact.

Proof. The existence of a terminal G-tree follows from [17, VI, Theorem 6.3]. The fact
that we can take the tree to be reduced follows from [37]. The action can then be taken
to be minimal by Lemma 3.2.9 and Proposition 3.2.8 (as G is finitely generated). Finally,
the action is co-compact, as is any action of a finitely generated group acting minimally

on a simplicial tree. For instance, see [17, I, Proposition 4.13]. O

We will also need the following, which is just a restatement of the ‘blowing up’ con-
struction given in [17, IV, Section 7].

Proposition 5.1.7. Let H be an accessible group acting on a simplicial tree S with finite edge
stabilisers. Then there exists a terminal H-tree, X so that every edge stabiliser of S is equal to
some edge stabiliser of X.

Moreover, if the action on S is non-trivial then so too is the action on X.

Proof. The idea here is to ‘blow up” S to produce X. Just as in Observation 5.1.4, all
the vertex stabilisers in S are finitely generated and hence accessible, since H is. If we
write H as a graph of groups using S, we can then replace each vertex group, H,, with
a graph of groups whose edge stabilisers are finite and whose vertex stabilisers have
at most one end. In particular, since all edge stabilisers in S are finite, each edge group
must fix a vertex in any incident H, terminal tree and so we get a well defined graph

of groups giving us the result. O

Proposition 5.1.8. Suppose that a finitely generated group H acts minimally on a simplicial
tree T with finite edge stabilisers and consider the reduction, r(T) obtained from T by collapsing
all collapsible edges. Then,

(i) If T is not a point, then r(T) is also not a point.

(ii) For any edge e of r(T') there exists an edge ¢’ of T such that | Staby(e’)| = | Stabg(e)|.



5. Ry for Groups with Infinitely Many Ends 205

Proof. Since T and r(T) are in the same deformation space by Observation 3.3.7, if r(T)
is a point then the whole of H is elliptic in 7(T) and hence also in T, proving (i).

For (ii), we can simply regard the edge set of 7(T) as a subset of the edge set for T, from
which the result immediately follows. O

Definition 5.1.9. A subgroup H of a group G is called characteristic if for every ¢ €
Aut(G) we have that (H)¢ < H.

Observation 5.1.10. It is an easy exercise to see that if H is a characteristic subgroup of a

group G, then the following all hold:

1. For any ¢ € Aut(G) we have (H)p = H.

2. H is anormal subgroup of G.

3. Every automorphism of G induces an automorphism of G/H.

4. If G has a unique subgroup K of a given order, then K is characteristic.

Lemma 5.1.11. Suppose a group G has a characteristic subgroup N. If G/N has R, then so
too does G.

Proof. Let ¢ € Aut(G). Since N is characteristic, ¢ induces an automorphism ¢, on
G/N givenby (g- N)¢s« = ()¢ - N. Given xN,yN € G/N, we have that

xN P yN
<=3wN € G/N such that (wN)@.xN(wN)™! = yN

<=3w € G such that (wg)xw 'N = yN

<=3w e G and 1 € N such that (wg)xw™! = ny

<=dn € N such that x ~, ny.

In particular, if xN and yN belong to different ~,, classesin G/N, then x and y belong
to different ~, classes in G (since 1 € N). So if G/N has Ry (¢+), then we must have
that G has Ry (¢). This holds for all ¢ € Aut(G), hence if G/N has R, then so too must
G. O

Lemma 5.1.12. Let G be a group acting on a terminal minimal tree T, and let N = {g €
Glxg = x Vx € T} be the kernel of this action. Then N is the maximal (normal and finite)
subgroup of G. In particular, N is a finite characteristic subgroup of G.

Proof. First, observe that N must be a subgroup of every edge stabiliser of T. Since T
is terminal, it has finite edge stabilisers, hence N must be a finite group. Since N is a
kernel, then it must be normal.
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We will now show that N is the maximal normal finite subgroup of G. Indeed, let K
be another finite normal subgroup in G. Since K is finite, then it must fix some point
p in the tree T. Let g € G and k € K. Since K is normal then there exists k' € K with
¢ K¢ =k Then (p-g)-k=p-gk=p-kKg=p-G. Thus K pointwise fixes p - G, and
so must also fix the convex hull of the points p - G. Since T is assumed to be minimal,
we must have that this convex hull is equal to T, and hence K < N. Hence N is the

maximal normal finite subgroup of G.
Now by Observation 5.1.10 (4), we must have that N is characteristic in G. O

Corollary 5.1.13. Let G be a group acting on a terminal minimal G-tree T, and let N = {g €
G|xg = x Vx € T} be the kernel of this action. If G/N has Ry, then so too does G.

Proof. This follows immediately from Lemmas 5.1.11 and 5.1.12. O

Remark. Since N is finite and G is assumed to be finitely generated, then G is quasi-
isometric to G/N. Thus G has infinitely many ends if and only if G/N has infinitely

many ends.

Definition 5.1.14. Let G be an accessible group and T a reduced terminal G-tree.

(i) Let g := g(G) be the order of the smallest edge stabiliser of T. By [37, Corollary
7.3] this does not depend on T.

(ii) Let T(g) be the tree obtained from T by collapsing every edge whose stabiliser has

order greater than g.

(iii) Let Vp be the set of vertices x € T(g) for which there exist incident edges e; and
e with Stab(e;) # Stab(ey) as subgroups of G. Let V; be the set of subgroups Y
of G which occur as an edge stabiliser in T(g). We construct a bipartite tree T(g).
whose vertex setis V(T (g).) = Vo u Vi, and where there is an edge (x, Y) between
some x € Vj and some Y € V; if and only if there is some edge ¢ € T(g) with
endpoint x and stabiliser Y.

Remark. Note that T(q). is the tree of cylinders constructed by Guirardel and Levitt
[38, Section 4.1], where the admissible relation is equality of edge stabilisers (as in [38,
Example 3.6]).

We refer the reader to [38] for the construction of the tree of cylinders. However we
note the following straightforward exercise.

Proposition 5.1.15. Let G be a group acting on a simplicial tree T, subject to some admissable

relation ~ with corresponding tree of cylinders, T..

(i) If the action on T is minimal, then so is the action on T,
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(ii) If the action on T is minimal and non-trivial, then the action on T, is trivial exactly when
all edges belong to a single cylinder. Equivalently, this is exactly when all edge groups are
equivalent under ~.

(iii) If the action on T, is non-trivial and reducible, then so is the action on T.

Proof. (i) Each vertex of T is either a vertex of T belonging to more than one cylinder
(the Vj vertices) or a cylinder in T (the V; vertices). It is straightforward to show
that the action of G on T then induces an action of G on T,. For minimality see [38,
Section 4.1, p.13] or [36, Lemma 4.9].

(ii) If the action of G on T; is minimal, then the action on T is trivial if and only if T,

is a single point, i.e. the vertex set of T, consists of a single cylinder Y € V;.

(iii) We briefly argue that if T, admits a fixed end or an invariant line, then so too must
T. Suppose that T, admits an invariant line L. Since T is bi-partite, we can look
at the vertices of T, which are vertices of T belonging to more than one cylinder.
(That is, the vertices in Vj). Thus we can think of L n V} as a set of vertices of T. It
is clear that the convex hull of these is a line, L in T. The invariance of L implies
the invariance of L.

The case of an end is similar.
O

Proposition 5.1.16. Let G be an accessible group, T a reduced terminal G-tree and T(q) the
G-tree obtained from T as in Definition 5.1.14. Then,

(i) Every edge stabiliser of T(q) is finite of order q.
(ii) T(q) is a reduced G-tree.
(iii) Every vertex stabiliser of T(q) is accessible.
(iv) Suppose that H is a vertex stabiliser of T(q) and ¢ € Aut(G). Then He also fixes a vertex

of T(q)

Proof. Let F denote the subforest of T consisting of all edges whose full stabiliser has
order greater than g and their incident vertices. We can think of the edges of T(g) as

simply being the edges of T which are not in F, proving (i).

Further, note that F is G-invariant. Hence if C is a component of F and g € G, then
C n Cg # & implies that C = Cg, since Cg must be another component of F. The vertex
stabilisers of T(g) are then either vertex stabilisers of T or stabilisers of components of
F. It is then easy to see that T(g) is reduced and so (ii) holds.
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Next we want to argue that vertex stabilisers of T(g) are finitely generated. This is clear
if the vertex of T(q) is equal to a vertex in T.

Otherwise, consider a component C of F and let H be its setwise stabiliser - this is a ver-
tex stabiliser in T(g). As above, C n Cg # & implies that C = Cg. In particular, G-orbits
on C must equal H-orbits and G-stabilisers in C must equal H stabilisers. Therefore the
action of H on C is reduced and hence minimal, so C is the minimal H-invariant subtree
Ty. Moreover, since G acts with finitely many orbits, so does H on Ty, and since G-
stabilisers are finitely generated, so are H stabilisers in C. Hence H is finitely generated
by the fundamental theorem of Bass-Serre Theory (see e.g. [17, I, Theorem 4.1]).

We also argue that each vertex stabiliser of T(g) is accessible. If the vertex stabiliser of
T(g) equals the vertex stabiliser of some vertex in T, then it has at most one end and
the result is clear. Otherwise, a vertex stabiliser H will be the setwise stabiliser of some
component C of F. But the action of H on C is co-compact, has finite edge stabilisers
and the vertex stabilisers have at most one end. This proves (iii).

Finally we prove (iv). First consider the action of H on T. If H is a vertex stabiliser
of T, then it has at most one end and is finitely generated. Hence H¢ is also finitely
generated and has at most one end. Therefore, since T(q) has finite edge stabilisers, H¢
must fix a vertex of T(q).

If H does not fix a vertex of T, then it is the setwise stabiliser of some component, C of F
and, as argued above, is finitely generated and C = Ty, the minimal invariant subtree
of H which is reduced and whose edge stabilisers have order greater than 4.

Now, consider the action of Hg on T(g). Suppose that H¢ does not fix a vertex of T(g),
then as Hg is finitely generated it admits an invariant subtree, S. By Proposition 5.1.7,
Hg@ admits a non-trivial terminal tree X whose edge stabilisers have order at most ¢

(since G-edge stabilisers in T(g) have order 7).

Next we reduce X to obtain r(X). By Proposition 5.1.8, the action of H¢ on r(X) is re-
duced and non-trivial and edge stabilisers have order at most 4. But since H is isomor-
phic to Hg, this gives us two reduced terminal H-trees with different edge stabilisers,

contradicting Observation 3.3.7. This proves (iv). O

Theorem 5.1.17. Let G be an accessible group with infinitely many ends and let N be the
maximal normal finite subgroup of G. Then:

(i) For any reduced terminal G-tree T the deformation space of T(q) is Aut(G) invariant.

(ii) If G/N does not split as a non-trivial free product then the tree of cylinders T(q). is a
non-trivial, irreducible, minimal G-tree which is invariant under the action of Aut(G).

(Here the admissable relation is equality.)
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Proof. Let D be a deformation space of G-trees and ¢ € Aut(G). Then D¢ consists of all
simiplicial G-trees for which Hg is elliptic for any D-elliptic subgroup H.

Therefore, to prove (i), it is enough to show that for vertex stabiliser H of T, and any au-
tomorphism ¢ of G that Hg also stabilises a vertex of T,. This is Proposition 5.1.16(iv).
This proves (i).

To prove (ii), we first consider the general situation.

Note that by [38], equality is an admissable relation since all edge stabilisers in T(g)
have the same order. By Proposition 5.1.16, we know that T(g) is reduced and hence
minimal by Lemma 3.3.6. Therefore, T(g). is minimal. If T(q). were trivial, this would
imply that all edge stabilisers are equivalent, which in our context means equal (by
Proposition 5.1.15). In particular, any edge stabiliser would be normal and so G/N
would act on the tree T; with trivial edge stabilisers.

Hence, if G/N does not split as a free product, then the action of G on T(g). is non-
trivial. Furthermore, we know that the action of G on T(g) is irreducible by Proposi-
tion 3.4.2 and hence the action on T(g). is also irreducible by Proposition 5.1.15. The
fact that T(g), is invariant under the action of Aut(G) follows from the fact that the
deformation space of T(q) is Aut(G) invariant and [38, Proposition 4.11] . O

Theorem 5.1.18. Any accessible group G with infinitely many ends has property Ry. In
particular, any finitely presented group with infinitely many ends has property Ry;.

Proof. Let N be the maximal normal finite subgroup of G. If G/N is a non-trivial free
product then G has Ry, by Corollary 5.1.13 and Theorem 4.1.10.

Otherwise, T(g). is a non-trivial, irreducible, minimal G-tree which is invariant under
the action of Aut(G) by Theorem 5.1.17 and hence G has Ry, by Proposition 3.5.6. [

6 Relatively hyperbolic groups

6.1 JSJ decompositions and invariant trees

Theorem 6.1.1. Let G be a non-elementary finitely presented hyperbolic group relative to a
family P = {P1,..., Py} of finitely generated groups. Let Out(G; P) denote the subgroup of
Out(G) preserving the conjugacy classes of the P;, but allowing permutation of the P;.

Then G has infinitely many twisted conjugacy classes with respect to any ® € Out(G; P).
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Remark. Note that our definition of Out(G; P) differs from that of [39] in that we are
allowing permutations. However, this does not effect the invariance of the JS] tree
and so this is a benign change to make. We also note that the hypothesis that the P;
are finitely generated arises since we use the JSJ decomposition of [40], where that is
required.

Proof. In our context G being non-elementary means that it is not virtually cyclic and it
g y y ¢y

is not equal to a P;.

If G has infinitely many ends, we can invoke Theorem 5.1.18 to deduce that G has
Ry. If @ has finite order, we can use the argument of Delzant as in [42, Proposition
3.3 and Lemma 3.4]. We note that the argument there is for hyperbolic, rather than
relatively hyperbolic groups, but the same arguments work since relative hyperbolicity
is a commensurability (in fact a quasi-isometry) invariant by [18, Theorem 1.2], and one
can replace the arguments about infinite order elements with ones about loxodromic

elements in the relative hyperbolic setting.

Thus the remaining case is where Out(G; P) has an element of infinite order and G is
one-ended. By [40, Corollary 9.20], there is a canonical relative JSJ tree, T. The fact that
it is relatively canonical means that it is Out(G; P) invariant. In particular, we are done
by Lemma 3.2.14 and Corollary 3.5.5 as long as T is G-irreducible.

However, if T were reducible then either G fixes a point of T or G admits an invariant
line or end. If G were to fix a point of T, then G would equal a vertex stabiliser. Since
G is not elementary, the vertex stabiliser cannot be parabolic or virtually cyclic. And
since Out(G; P) is infinite, it cannot be rigid. Hence it must be a flexible quadratically
hanging group with finite fibre. Therefore G would be hyperbolic and we would be
done by [42, Theorem 3.5]. (This case could also be dealt with more concretely.)

So we can assume that G does not fix a point of T and in particular T is not a point
and has an edge. We proceed to argue that T does not admit an invariant end or line.
Consider N the kernel of the action. If the action were reducible we would get that
G/N is either infinite cyclic or infinite dihedral by [15, Corollary 2.3 and Theorem 2.5].
(We note that in [15], those results construct homomorphisms to R and Isom(IR), but in
the context of a simplicial tree, these land in Z and Isom(Z) instead.).

On the other hand, as in [40, Corollary 9.20], edge stabilisers of T are elementary mean-
ing that they are either virtually cyclic or contained in (a conjugate of) a parabolic sub-
group P;. However, elementary subgroups are almost malnormal (for instance, see [39,
Corollary 3.2]), which implies that N is finite and if T were reducible, then G would
have 0 or 2 ends and hence be elementary. Therefore T is G-irreducible and G has
infinitely many twisted conjugacy classes with respect to any ® € Out(G; P). O
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Theorem 6.1.2. Let G be a non-elementary finitely presented relatively hyperbolic group G
whose peripheral subgroups are finitely generated but not relatively hyperbolic. Then G has
property Res.

Proof. Since the peripheral subgroups are not relatively hyperbolic, they are Aut(G)
invariant by [47, Lemma 3.2] and so Out(G; P) = Out(G). Therefore G has property
R by Theorem 6.1.1. ]

7 Appendix A: R, for the infinite Dihedral Group D,

The following result is well-known but we include it for completeness. See [35, Propo-
sition 2.3].

Note that the infinite Dihedral group is the only group which can be written as a non-
trivial free product but having finitely many ends (it has two ends).

7.1 The infinite dihedral group

The group D, is the free product of two cyclic groups of order 2 and hence has presen-

tation,

oyl =y =1).

However, we will use the alternate generating set {x,f = xy}, which gives the corre-
sponding presentation,
ot a2 =1, =t71).

This second presentation expresses the fact that D, is a semi-direct product Z x Z,,
where the monodromy is given by the (unique) non-identity automorphism of Z.

With this second description is is straightforward to see that every element of D, can
be written as either t" or t"x = xt™" for some n € Z, and that this representation is

unique.

Lemma 7.1.1. The outer automorphism group of the infinite dihedral group,
Dy = {x,y | x> = y* = 1) has order 2. The non-identity outer automorphism has a represen-
tative given by the map:

X =YY X

Remark. It is easy to see from the universal property of free products that the map
above defines an endomorphism of D, whose square is the identity. Hence it defines

an automorphism.
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Proof. It is convenient to work with the alternate generating set, x,t = xy. First note
that every nontrivial element of (t) has infinite order whereas every element of the coset
x(t) has order 2. Therefore any automorphism of D, must restrict to an automorphism
of {t) and hence send t to t*!.

Notice that since t~! = #* we may assume, up to inner automorphisms, that any au-
tomorphism fixes t. Also, since it has order 2, the image of x must therefore be xt"

* — x¢"t2 and since #* = t we deduce that, up to

for some n € Z. However, (xt")
inner automorphisms, any automorphism is represented by the maps t — t,x — x and
t — t,x — xt. It is a simple calculation to see that these maps are in the same outer
automorphism classes as the identity map and the map given in the statement of this

Lemma, respectively. ]

Theorem 7.1.2. The group Dy, has the Ry, property.

Proof. The outer automorphism group of D, has order 2 by Lemma 7.1.1, so by Lemma
2.1.4, it is sufficient to check that two automorphisms which represent these classes

have infinitely many twisted conjugacy classes.

Case 1: ¢ is the identity

When ¢ is the identity, twisted conjugacy is simply standard conjugacy. We then note
that,
(=" and ("=t

It follows that " and t" are conjugate if and only if |m| = |n|. Hence, in this case, the
infinitely many elements t", where n is a positive integer, are all in different (twisted)

conjugacy classes.

Case2: tp = t71,x¢p = xt.

This automorphism can be seen from the other presentation as the one which inter-
changes x and y. In particular it is not inner and so represents the other outer automor-

phism class. Here we note that
(to)("x)t L = t7 1" xt7 = t"x  and  (x¢)(t"x)x = xt" T = "1y,
It follows that t"x is twisted ¢-conjugate to t"x if and only if m = norm = —n —1.

Hence in this case, the infinitely many elements t"x where 7 is a positive integer are all

in different twisted conjugacy classes. O
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8 Appendix B: Property R, via quasimorphisms (by Francesco

Fournier-Facio)

In this appendix ! we present a more indirect approach to prove property R, which
applies to the groups considered in this paper, and more.

8.1 Quasimorphisms
Definition 8.1.1. Let G be a group, and f: G — R a function. The defect of f is

D(f) = sup |f(xy) = f(x) = f(y)].
x,yeG
If D(f) < oo, we say that f is a quasimorphism. If moreover f(x") = nf(x) forallx € G

and all n € Z, we say that f is homogeneous.

Quasimorphisms are useful tools for the interactions of group theory with various
subjects, such as bounded cohomology [27], stable commutator length [11], knot the-
ory [46], symplectic geometry [51] and dynamics [33]. Quasimorphisms are abundant
among groups with hyperbolic features: this originates from the Brooks construction
for free groups [9], and culminated in the Bestvina—Fujiwara construction for acylindri-
cally hyperbolic groups [5]. Here we are only concerned with quasimorphisms with an
additional special property.

Definition 8.1.2. Let f: G — R be a quasimorphism and ¢ € Aut(G). We say that f is
p-invariant if f(x¢) = f(x) for all x € G. We say that f is Aut-invariant if it is p-invariant
for every ¢ € Aut(G).

Every quasimorphism is at a bounded distance from a homogeneous one [11, Lemma
2.21], so it is common to restrict to those. Homogeneous quasimorphisms are easily
seen to be conjugacy invariant [11, Section 2.2.3], therefore g-invariance of a homoge-
neous quasimorphism is really a property of the corresponding outer automorphism.

Theorem 8.1.3. Let G be a group, let ¢ € Aut(G), and suppose that there exists a non-zero
p-invariant homogeneous quasimorphism on G. Then G has property Ry (¢).

Proof. Let f: G — R be as in the statement. Let ~p denote an equality up to D(f),

which is finite by assumption. Then we estimate:

flwx(we)™) =p f(wx) + f((we)™") =p f(w) + f(x) + f((we) ") = f(x),

IFFF is supported by the Herchel Smith Postdoctoral Fellowship Fund. He thanks Yuri Santos Rego
for useful comments. Department of Pure Mathematics and Mathematical Statistics, University of Cam-
bridge, UK. ££373@cam.ac.uk
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where we used homogeneity and ¢-invariance in the last equality. In other words:

X~y = |f(0) = f(y)l <2D(f).

Now let x € G be such that f(x) # 0: this exists by assumption. Up to replacing x by a
suitable power, using homogeneity, we may assume that |f(x)| > 2D(f) > 0. Then for
alli#jeZ:

F(x) = f)] = [i = jllf ()] = [f(x)] > 2D(f),

and so x' and x/ cannot be in the same ~p-class. O

We immediately obtain:

Corollary 8.1.4. If there exists a non-zero Aut-invariant homogeneous quasimorphism on G,
then G has property Re.

Let us note that the proof is showing more: if there exists a non-zero ¢-invariant homo-
geneous quasimorphism, then there exists x € G whose powers are in pairwise distinct
~ classes. Similarly, if there exists a non-zero Aut-invariant homogeneous quasimor-
phism, then there exists x € G whose powers are in pairwise distinct ~, classes, for all
¢ simultaneously.

Remark. Of course homomorphisms are homogeneous quasimorphisms, therefore our
result recovers [43, Theorem 5.4], which states that groups with non-zero Aut-invariant
homomorphisms have property Ry.. There, it was applied to prove property R, for a
large family of Thompson-like groups, including the piecewise linear F-like groups of
Bieri-Strebel [7], the piecewise projective groups of Lodha—Moore [44], and the braided
Thompson group F, [8]. In the first two cases, our more general criterion does not help:
if G is a piecewise linear or piecewise projective group of the line, then every homoge-
neous quasimorphism is a homomorphism [?,10]. In the third case, there exist many
homogeneous quasimorphisms that are not homomorphisms [22], but the construction
does not give information about Aut-invariance. The interest of our more general cri-
terion is for applications to groups with hyperbolic features: already in free groups,
it is easy to see that there exist no Aut-invariant homomorphisms, but Aut-invariant

homogeneous quasimorphisms do exist [23].

Such quasimorphisms have been constructed in several cases. The most widely appli-

cable criterion is the following;:

Theorem 8.1.5 ([23, Theorem E]). Let G be a group such that Inn(G) is infinite and Aut(G)
is acylindrically hyperbolic. Then there exists an infinite-dimensional space of Aut-invariant
homogeneous quasimorphisms.
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Acylindrical hyperbolicity of automorphism groups has been proved in several cases
(in fact, it is still an open question whether it holds for all finitely generated acylin-
drically hyperbolic groups [29, Question 1.1]), and so we obtain the following list of
examples of groups with property Ro:

Corollary 8.1.6. Let G be a finitely generated group satisfying one of the following properties.

1. G is a non-elementary hyperbolic group.

2. G is non-elementary hyperbolic relative to a collection of finitely generated subgroups,
none of which is relatively hyperbolic.

3. G has infinitely many ends.

4. G is a graph product of groups over a finite graph that does not decompose non-trivially
as a join and is not reduced to a single vertex.

5. G is a graph product of abelian groups and it is not virtually abelian.

Then G has property Re.

Proof. Groups in the second item have acylindrically hyperbolic automorphism group
[31, Theorem 1.3]. Therefore, they admit non-zero Aut-invariant quasimorphisms by
Theorem 8.1.5, and hence have property R, by Corollary 8.1.4. The groups in the
first and third item are special cases (see also [29] and [31, Theorem 1.1]). Similarly,
the groups in the fourth item have acylindrically hyperbolic automorphism group [19,
Theorem A.27] (see also [32] and [30]), with the exception of the infinite dihedral group,
which is treated separatedly in Theorem 7.1.2. The groups in the fifth item need not
have acylindrically hyperbolic automorphism group (because we are allowing joins),
but they still admit Aut-invariant homogeneous quasimorphisms [23, Theorem B(4)],

so they have property R, by Corollary 8.1.4. O

The first item recovers [42]. The second item recovers Theorem 6.1.2 (and removes
the hypothesis of finite presentability). The third item recovers Theorem 5.1.18 (and
removes the hypothesis of accessibility). The last item recovers the Ry, property for
non-abelian right angled Artin groups [55].

Remark. The same argument as Theorem 8.1.5 (see [23, Corollary 4.4] and the proof
of [23, Theorem 5.1]) shows that, if Inn(G) is infinite, and {Inn(G), ¢) < Aut(G) is
acylindrically hyperbolic, then G admits an infinite-dimensional space of g-invariant
homogeneous quasimorphism. By Theorem 8.1.3, this statement is enough to deduce
property R (¢). It is possible that, for some groups, proving that {(Inn(G), ¢) is acylin-
drically hyperbolic for all ¢ is easier than proving that Aut(G) itself is acylindrically
hyperbolic.
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