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Automorphisms, Free Products, and Properties of Groups through Spaces of Trees

by Harry M. J. Iveson

Given a group acting on a tree, one may obtain a space of such trees, which is acted on
by automorphisms of the group. In this thesis, we study these actions to derive various
results regarding automorphisms of free products (which act on particularly nice trees).

This is a three paper thesis; the main body of the work is contained in the following
papers:

[1] Harry Iveson. A presentation for the group of pure symmetric outer automorphisms of a
given splitting of a free product. Preprint, December 2024, available at arXiv:2412.04250.

[2] Harry Iveson. Generators for the pure symmetric outer automorphisms of a free product.
Preprint, July 2025, available at arXiv:2507.16662.

[3] Harry Iveson, Armando Martino, Wagner Sgobbi, and Peter Wong with an appendix by
Francesco Fournier-Facio. Property R8 for groups with infinitely many ends. Preprint,
April 2025, available at arXiv:2504.12002.

In [1] (Paper 1), we give a concise presentation for the group of pure symmetric outer
automorphisms, OutSpGq, of a given splitting of a free product G “ G1 ˚ ¨ ¨ ¨ ˚ Gn.
This is achieved by applying a theorem of K. S. Brown to a particular subcomplex,
Cn, of Guirardel and Levitt’s Outer Space for a free product — a space of trees, viewed
through the language of graphs of groups, via Bass–Serre theory. The application of
Brown’s theorem occupies the first half of the paper, while the second half of the pa-
per develops a rigorous argument as to why the subcomplex Cn is simply connected (a
requirement of Brown’s theorem).

In [2] (Paper 2), we give a geometric proof that OutSpGq is generated by Whitehead
(and factor) automorphisms. The motivation behind this was to provide a direct proof
for Proposition 3.1.3 (and hence also for Corollary 3.1.4) of Paper 1 [1]. That is, to show
that a particular subcomplex (Cn, or in this case, its subcomplex Sn) of the spine of the
Outer Space for a free product is path connected.

http://www.southampton.ac.uk
https://arxiv.org/abs/2412.04250
https://arxiv.org/abs/2507.16662
https://arxiv.org/abs/2504.12002
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In [3] (Paper 3), we use actions on R-trees to show that any group with infinitely many
ends (and in fact, a larger class of groups; those which act ‘sufficiently canonically’ on
a ‘sufficiently nice’ R-tree) has the property R8. That is, that every automorphism of
the group has infinitely many twisted conjugacy classes. As a corollary, we see that
the problem of if a group has property R8 or not is undecidable amongst the class of
finitely presented groups.
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G Gˆ ¨ ¨ ¨ ˆ G G is the diagonal subgroup tpg, . . . , gq | g P Gu of Gˆ ¨ ¨ ¨ ˆ
G

ZpGq The centre of G
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space (respectively) introduced by V. Guirardel and G.
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tively



1

Introduction

In this introduction we provide background material and context for the three papers
that form the main body of this thesis. Papers 1 and 2 are single author papers; Paper 3
is a joint paper with Armando Martino (my supervisor), Wagner Sgobbi, and Peter
Wong (with an appendix by Francesco Fournier-Facio).

The (non-background) statements and proofs in the main body of Paper 3 were jointly
formulated for the most part, mostly by Armando and myself, and were developed
over the course of several meetings. I wrote the majority of the first draft, at that point
roughly comprising material for Sections 1–5 and Section 7 (Appendix A). The four au-
thors then reviewed and revised the manuscript, both independently and jointly during
(online) meetings, before a final version was produced. Appendix B was written solely
by Francesco Fournier-Facio, who contacted us after having read an earlier version of
the paper.

This introduction is split into 10 sections. Sections 1 and 2 give general background for
all papers, with an overview of (mostly undergraduate level) group theory in Section
1, and a crash course on Bass–Serre theory in Section 2.

Papers 1 and 2 are closely related and therefore share a lot of background; Sections 3–
6 provide this. The objects of study in Papers 1 and 2 are subcomplexes (Cn and Sn,
respectively) of (the spine of) Guirardel and Levitt’s ‘Outer Space for a free product’
[15]. These objects encode information on (pure symmetric outer) automorphisms of
free products.

Section 3 briefly extends Subsections 1.3 and 1.5 to describe the automorphisms specific
to a free product. Section 4 introduces simplicial complexes (which Cn and Sn both are),
giving examples of specific constructions which will be referenced in Papers 1 and 2,
as well as describing properties they may (or may not) have. Note that Subsection 4.3
(which discusess a theorem of K. S. Brown) is not relevant for Paper 2 (and does give
more detail than is needed for Paper 1 1). Section 5 summarises [15] to give descriptions
of the spaces O, PO, and SO. This is not strictly necessary to understand the spaces

1It is useful context though, and is necessary for extending the results of Paper 1 to include automor-
phisms of free generators.
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Cn and Sn, but does provide context for their existence. Section 6 briefly describes the
complexes Cn and Sn, as well as introducing a complex Cn,k,d in Subsection 6.1 which
would allow the results of Paper 1 to be extended to groups of the form G1 ˚ ¨ ¨ ¨ ˚Gn ˚ Fk

for k ą 0. However, due to the length of this thesis, Subsection 6.1 is not as detailed as
it could be, and Cn,k,d does not appear in any of the papers in this thesis.

Paper 3 is relatively self-contained, and contains plenty of references for further back-
ground reading on topics encountered. As such, we give only a brief background in
this introduction, with Section 7 providing a brief overview of the R8 property, and
Section 9 providing a brief introduction to R-trees. We then choose a couple of top-
ics referenced in Paper 3, namely ‘ends’ and ‘reduced trees’, to review in more depth,
explored in Sections 8 and 10, respectively.

1 Groups and Automorphisms

We begin with a review (mostly for notational purposes) of some standard undergrad-
uate definitions.

Definition 1.0.1. A group pG, ¨q is a non-empty set G together with a binary operation ¨
which satisfies:

Associativity: @x, y, z P G, px ¨ yq ¨ z “ x ¨ py ¨ zq

Identity: D1 P G such that @x P G, x ¨ 1 “ 1 ¨ x “ x

Inverses: @x P G, Dy P G such that x ¨ y “ y ¨ x “ 1

We will usually write our groups ‘multiplicatively’, writing G for a group pG, ¨q and
xy for the element x ¨ y of G. Unless otherwise specified, we will denote the identity
element of a group by 1 and the inverse of an element x by x´1.

Notation 1.0.2. Given two sets X and Y we write X‧Y for the set tx P X|x R Yu. While
Y will often be a subset of X, this is not a requirement of the definition.

Example 1.0.3 (Symmetric Group). The symmetric group on n letters, denoted Sn, is the
group comprising all bijections of the set t1, . . . , nu for some fixed n P N, where the
group operation is composition. That is, given σ, τ P Sn, σ ˝ τ : j ÞÑ σpτpjqq for all
j P t1, . . . , nu.

Definition 1.0.4. A subset H of a group G is called a subgroup of G (denoted H ď G) if
1 P H and for all g, h P H we have g´1h P H.

We say a subgroup N of G is normal (denoted N Ĳ G) if for all n P N and g P G we have
g´1ng P N. We say a subgroup M of a group G is malnormal if for all g P G‧M we have
g´1MgXM “ t1u.
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Remark. Note that a subgroup H ď G is normal if and only if g´1Hg “ H for all g P G.
For any subgroup H ď G we have that h´1Hh “ H for all h P H. So a subgroup H ď G
being malnormal means it is as far from being normal as possible, in the sense that
g´1hg R H for all g P G‧H and all h P H.

Notation 1.0.5. Let G be a group and S a subset of G.

1. ZpGq :“ tg P G | g´1xg “ x @x P Gu is the center of G; it is a normal subgroup of
G.

2. xxSyyG :“
č

SĎNĲG

N is the normal closure of S in G; it is the smallest normal subgroup

of G containing S.

Proof. We justify the above claims:

1. Since 1´1x1 “ x for all x P G then 1 P ZpGq. Let g, h P ZpGq. Then for all x P G
we have g´1xg “ x “ h´1xh. So for any x P G, we have pg´1hq´1xpg´1hq “
ph´1gqg´1xgpg´1hq “ h´1xh “ x. Thus g´1h P ZpGq and hence ZpGq ď G.

Now let g P ZpGq and h P G. Then for any x P G we have ph´1ghq´1xph´1ghq “
h´1

`

g´1phxh´1qg
˘

h “ h´1phxh´1qh “ x, hence h´1gh P ZpGq. Thus ZpGq Ĳ G.

2. Since xxSyyG is an intersection of normal subgroups it must itself be a normal

subgroup. Moreover,

ˇ

ˇ

ˇ

ˇ

ˇ

č

SĎNĲG

N

ˇ

ˇ

ˇ

ˇ

ˇ

ď min
SĎNĲG

|N|, thus there is no subgroup H Ĳ G

containing S with cardinality less than that of xxSyyG.

Example 1.0.6 (Quotient Group). Given a group G and a normal subgroup N of G, we
can form the quotient group GäN whose elements are (left) cosets gN :“ tgn|n P Nu
where the group operation is given by gN ¨ hN “ ghN.

1.1 Free Groups and Group Presentations

‘Free groups’ are a fundamental concept in the theory of infinite groups. As such, there
are many expository works on the subject, leading to several different (but equivalent)
definitions, depending on the author consulted.

R. Lyndon and P. Schupp, in their textbook ‘Combinatorial Group Theory’ [19], take
the approach of a ‘universal property’ for functions with domain X a subset of the free
group F.
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Definition 1.1.1 (Lyndon and Schupp [19]). Let F be a group and X Ă F a subset of F.
We say that F is free with basis X if every function f : X Ñ G from X to some group
G extends to a unique homomorphism φ : F Ñ G. That is, the following diagram
commutes:

X F

G

i

f
D!φ

where i : X ãÑ F is the inclusion map.

D. Cohen in ‘Combinatorial Group Theory: A Topological Approach’ [6] (or [5] for the
earlier edition) takes a similar view, but does not initially require that X be a subset
of F. However he later shows there must be a monomorphism from X to F, which
may be regarded as inclusion. Cohen also gives an explicit construction of a free group
based on the idea of ‘reduced words’, which can be combined by concatenation and
reduction.

Example 1.1.2 (Cohen [6]). Let X be a set and let

FpXq :“
!

xε1
i1

xε2
i2

. . . xεn
in
| n P N, and @j, xij P X, ε j P t˘1u, and xij`1 “ xij ñ ε j`1 “ ε j

)

be the set of reduced words on X Y X´1. Then FpXq is a group under the operation
“concatenate and reduce”.

Explicitly, given two elements xε1
i1

xε2
i2

. . . xεn
in

and xε1
1

j1
xε1

2
j2

. . . xε1
m

jm , we define

xε1
i1

xε2
i2

. . . xεn
in
¨ xε1

1
j1

xε1
2

j2
. . . xε1

m
jm to be the element of FpXq obtained by recursively deleting

pairs of the form xεk
ik

x´εk
ik

(i.e. pairs xεk
ik

xεk`1
ik`1

where xik`1 “ xik and εk`1 ‰ εk) from the

word xε1
i1

xε2
i2

. . . xεn
in

xεn`1
in`1

. . . xεn`m
in`m

:“ xε1
i1

xε2
i2

. . . xεn
in

xε1
1

j1
xε1

2
j2

. . . xε1
m

jm .

The identity element is the empty word, denoted ‘1’, and the inverse of an element
xε1

i1
xε2

i2
. . . xεn

in
is the word x´εn

in
. . . x´ε2

i2
x´ε1

i1
.

Lemma 1.1.3 ( [6, Theorems 3 and 4, Proposition 6] ). Let X be any set. Then FpXq is free
with basis X. Moreover, if Y is another set, then FpXq – FpYq if and only if the sets X and Y
have the same cardinality.

Given a set X, we call the cardinality of X the rank of the free group it generates. When
X “ tx1, . . . , xku is a set of cardinality k, we may denote the free group FpXq by Fk.

Somewhat contrarily, A. Hatcher in ‘Algebraic Topology’ [17] simply defines a free
group as a free product (see Definition 1.5.1) of infinite cyclic groups, with Fk being
the free product of k copies of Z.
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Notation 1.1.4 (Group Presentation). Let X be a set, FpXq be the free group with gen-
erating set X, and let R be a subset of FpXq. We denote by x X | Ry the quotient group
G “ FpXqäxxRyyFpXq

. We call x X | Ry a presentation for G and we call elements x P X
generators of G and elements r P R relators for G.

We will usually omit set brackets when writing out presentations (i.e. we write
xx, y, z | a, b, cy rather than xtx, y, zu | ta, b, cuy). We sometimes prefer to use the nota-
tion of relations over that of relators, writing xX | a “ by to represent the presentation
xX | ab´1y (where a and b are both words on X Y X´1). If H is a group with presenta-
tion xy1, . . . , ym | s1, . . . , sly, we may write xH, x1, . . . , xn | r1, . . . , rky as shorthand for the
presentation xx1, . . . , xn, y1, . . . , ym | r1, . . . , rk, s1, . . . , sly.

Every group can be expressed as a quotient of a free group in this way (see, for example,
[6, Proposition 13]), though such a presentation is far from unique.

Definition 1.1.5. We say a group G is finitely generated if there exists a presentation
xX|Ry for G such that the cardinality |X| of X is finite (that is, there exists a surjective
homomorphism from a finite rank free group to G). We say a group G is finitely presented
if there exists a presentation xX|Ry for G such that the cardinalities |X| and |R| of X and
R are both finite.

1.2 Group Actions

Definition 1.2.1. Given a group G and a set X, a left action of G on X is a function
ρ : GˆX Ñ X satisfying ρpp1, xqq “ x @x P X and ρppg, ρpph, xqqqq “ ρppgh, xqq @g, h P G
and @x P X. We call such a set X equipped with an action of G a G-set. We will write
actions multiplicatively, denoting g ¨ x :“ ρpg, xq. The above conditions then become
1 ¨ x “ x and g ¨ ph ¨ xq “ gh ¨ x @g, h P G and @x P X. Right actions of G on X are defined
analogously.

Remark. Note that for simplicity, in this introduction, all actions will be left actions.
However, many actions in Papers 1, 2, and 3 are right actions (though not necessarily
consistently across different papers), so care ought to be taken here. These differences
are summarised in Table 2, where G is a group, AutpGq is its automorphism group (see
Section 1.3), T is a G-tree, and DpTq is a deformation space (e.g. Outer Space, as in
Section 5) containing T.

Oftentimes our set X will have some additional structure, such as that of a group, or a
tree, or a CW-complex. In these cases we will often care about actions that respect the
structure of X.

Definition 1.2.2. Let G be a group acting on a G-set X.

1. The action of G on X is free if for all g P G‧t1u and x P X, we have g ¨ x ‰ x
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Paper 1 Paper 2 Paper 3

Conjugation: ab :“ bab´1 ab :“ b´1ab ab :“ b´1ab
pabq

c
“ acb pabq

c
“ abc pabq

c
“ abc

Action of G Left: g ¨ x Right: x ¨ g Right: x ¨ g

on T: StabTpg ¨ xq StabTpx ¨ gq StabTpx ¨ gq
“ gpStabTpxqqg´1 “ g´1pStabTpxqqg “ g´1pStabTpxqqg
“ pStabTpxqq

g
“ pStabTpxqq

g
“ pStabTpxqq

g

Action of Right: pgqφ Left: φpgq Right: φpgq

AutpGq on G: G G G
φ

φψ

ψ
G G G

φ

ψφ

ψ
G G G

φ

φψ

ψ

Action of Right: Tφ Left: φT Left: φT

AutpGq on DpTq: g ¨Tφ x :“ pgqφ´1 ¨T x g ¨φT x :“ φ´1pgq ¨T x x ¨φT g :“ x ¨T pgqφ

StabTφpxq StabφTpxq StabφTpxq
“ pStabTpxqqφ “ φpStabTpxqq “ pStabTpxqqφ´1

TABLE 2: Summary of Action Handedness in Thesis

2. The action of G on X is transitive if there exists some x P X such that for all y P X,
there exists gy P G such that y “ gy ¨ x.

3. If X is a metric space with metric d, then the action of G on X is isometric if for any
g P G and any x, y P X, dpg ¨ x, g ¨ yq “ dpx, yq.

4. If X is a CW-complex, then the action of G on X is cellular if for any g P G and any
cell σ of X, g ¨ σ is a cell of X, and moreover, if g ¨ σ “ σ as sets, then g pointwise
fixes σ.

If the action of G on X is [adjective], then we say that G acts [adjective-ly] on X. If G acts
isometrically, we may say that G ‘acts by isometries’.

Definition 1.2.3. Let G be a group acting on a set X. The G-stabiliser of a point x in
X, denoted StabGpxq is the set tg P G|g ¨ x “ xu. This is a subgroup of G. When G is
assumed and there is no ambiguity, we may simply refer to the ‘stabiliser’ of a point,
and denote it Stabpxq. We will sometimes write Gx for StabGpxq when space is in short
supply.

Definition 1.2.4. Let G be a group acting on a set X, let g P G and x P X, and let Y Ď X
be a subset of X.
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• We denote by G ¨ x the set th ¨ x|h P Gu; this is the orbit of x under G.

• We denote by g ¨Y the set tg ¨ y|y P Yu; this is the image of Y under g.

• We denote by G ¨Y the set th ¨ y|h P G, y P Yu.

If X Ď G ¨ Y, we call Y a fundamental domain for the action of G on X. If in addition
we have that for any y1, y2 P Y and g P G, y2 “ g ¨ y1 ñ y1 “ y2 we say that the
fundamental domain Y is strict.

In plainer language, a subset Y of X is a fundamental domain for the action of G on X
if every element of X has some orbit representative in Y, and a fundamental domain Y
of X is strict if such orbit representatives are always unique.

1.3 Group Automorphisms

Definition 1.3.1. Given two groups pG, ‚q and pH, ˚q, a homomorphism from G to H
is a map φ : G Ñ H such that for all x, y P G we have φpx ‚ yq “ φpxq ˚ φpyq. A
homomorphism φ : G Ñ H is called an:

• Isomorphism if φ is a bijection.

• Endomorphism if H “ G.

• Automorphism if φ is a both an isomorphism and an endomorphism.

We denote the set of automorphisms of G by AutpGq. We say an automorphism φ of G
is inner if there exists some x P G such that for all g P G, φpgq “ gx, where gx denotes
conjugation of G by x. We will sometimes write Adx or ιx for the inner automorphism
g ÞÑ gx. We denote by InnpGq the subset of AutpGq comprising all inner automorphisms
of G.

There are several key theorems regarding group isomorphisms, commonly referred to
as the ‘Isomorphism Theorems’. There is no consistent labelling of these in the liter-
ature (the Wikipedia page ‘Isomorphism Theorems’ [23] has a nice breakdown of the
variations). We adopt the numbering of Dummit and Foote’s ‘Abstract Algebra’ [12,
pp.97-98].

Theorem 1.3.2 (Isomorphism Theorems).

1. Let G and H be groups and φ : G Ñ H a homomorphism.
Then kerpφq Ĳ G, impφq ď H, and impφq – Gäkerpφq.
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2. Let G be a group, S ď G a subgroup of G, and N Ĳ G a normal subgroup of G.
Then SN ď G, N Ĳ SN, SX N Ĳ S, and SNäN – SäSX N.

3. Let G be a group, and N, K Ĳ G normal subgroups of G such that N Ď K Ď G.

Then

´

GäN
¯

ä
´

KäN
¯

– GäK.

Definition 1.3.3. We say a sequence of homomorphisms

. . . Gn´1 Gn Gn`1 . . .
φn´1 φn φn`1 φn`2

is exact if for all i we have impφiq “ kerpφi`1q. An exact sequence of the form

1 N G Q 1ι π

is called a short exact sequence. In this case, we see that ι is injective and π is surjective,
so by the First Isomorphism Theorem, Q – GäN. We may thus often consider ι to be
inclusion, and π to be the quotient map.

We say a short exact sequence splits if there exists some homomorphism ψ : Q Ñ G
such that π ˝ ψ is the identity map on Q. We will later (Definition 1.4.1 and Lemma
1.4.5) see that in this case we have G – N ¸Q.

Lemma 1.3.4. Let G be a group. Then:

1. AutpGq is a group under composition.

2. InnpGq is a normal subgroup of AutpGq and is isomorphic to GäZpGq.

3. There is an exact sequence:

1 ZpGq G AutpGq OutpGq 1

where OutpGq :“ AutpGqäInnpGq is the outer automorphism group of G.

Proof. Since composition of functions is always associative, it is easy to see that AutpGq
is a group under composition; indeed since the inverse of a bijective homomorphism is
itself a bijective homomorphism then inverses exist, and the identity map IdG : x ÞÑ x
on G is clearly an automorphism, which acts as the identity element for AutpGq.

We now consider the map f : G Ñ AutpGq given by f pgq :“ φg : G Ñ G for all g P G,
where φgpxq “ gxg´1 for all x P G. Let x, g, h P G. Then pφg ˝ φhqpxq “ φgphxh´1q “

gphxh´1qg´1 “ pghqxpghq´1 “ φghpxq. So for any g, h P G we have f pgq ˝ f phq “
f pghq. Thus f is a homomorphism, and by the First Isomorphism Theorem, we have
Gäkerp f q – imp f q ď AutpGq. Note that φg is the inner automorphism Adg´1 , hence
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imp f q is precisely the set describing InnpGq, and φg is the identity map exactly when
gxg´1 “ x for all x P G, i.e. when g P ZpGq.

Now suppose φg P InnpGq and ψ P AutpGq. Then for x P G we have pψ´1φgψqpxq “
ψ´1

`

φg pψpxqq
˘

“ ψ´1
`

gψpxqg´1
˘

“ ψ´1pgqψ´1pψpxqqψ´1pg´1q “ ψ´1pgqxψ´1pgq´1 “

φψ´1pgqpxq P InnpGq. Thus InnpGq Ĳ AutpGq.

Letting q be the quotient map ψ ÞÑ ψ InnpGq and i be the inclusion ZpGq ãÑ G, we

acquire a sequence ZpGq G AutpGq AutpGqäInnpGq
i f q

where

kerpiq “ 1, impiq “ ZpGq “ kerp f q, imp f q “ InnpGq “ kerpqq, and
impqq “ AutpGqäInnpGq “: OutpGq.

We will usually write elements of OutpGq as upper-case Greek letters and their AutpGq
representatives as their lower-case counterparts, although if we are given ψ P AutpGq
we may sometimes write rψs for its class in OutpGq.

Definition 1.3.5. We say a subgroup H of a group G is characteristic if for every auto-
morphism φ P AutpGqwe have φpHq Ď H.

Since this definition requires that φpHq Ď H for every φ P AutpGq, then it also holds
for every φ´1 P AutpGq. In particular, if H is characteristic in G, then for every φ P

AutpGq we have φpHq Ď H and also φ´1pHq Ď H. Then H “ φ
`

φ´1pHq
˘

Ď φpHq,
hence φpHq “ H. So this condition is equivalent to requiring that φpHq “ H for every
φ P AutpGq. However, for the purposes of easy verification, we use the definition with
the weakest requirements.

1.4 Semidirect Products

We now give some equivalent definitions of a ‘semidirect product’. The content be-
low can be found in introductory textbooks such as D. Robinson’s ‘An Introduction to
Abstract Algebra’ [20, pp.75-76].

Definition 1.4.1. Let G be a group, H ď G a subgroup of G, and N Ĳ G a normal
subgroup of G. If for all g P G there exist unique n P N and h P H such that g “ nh,
then we say that G is the (internal) semidirect product of N and H, denoted G “ N ¸ H.

Lemma 1.4.2. Let G be a group, H ď G a subgroup of G, and N Ĳ G a normal subgroup of
G. Then G “ N ¸ H if and only if G is equal to the product G “ NH, and N X H “ t1u.

Definition 1.4.3. Let H and N be two groups and let φ : H Ñ AutpNq, h ÞÑ φh be a
group homomorphism. The (external) semidirect product of N and H with respect to φ,
denoted N ¸φ H, is the group whose underlying set is N ˆ H with group operation
pn1, h1q ¨ pn2, h2q :“ pn1φh1pn2q, h1h2q.
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Lemma 1.4.4. The concepts of external and internal semidirect products are equivalent in the
following way:

(i) If G “ N ¸φ H is an external semidirect product of two groups N and H, then G is
the internal semidirect product of the subgroups pN, 1q “ tpn, 1q|n P Nu – N and
p1, Hq “ tp1, hq|h P Hu – H.

(ii) If G “ N ¸ H is an internal semidirect product of two subgroups N and H, then G is
isomorphic to the external semidirect product G – N ¸φ H where φ : H Ñ AutpNq is
given by φphq “ φh : n ÞÑ hnh´1.

As promised earlier (Definition 1.3.3), we have the following connection with short
exact sequences:

Lemma 1.4.5. Let G, H, and N be groups. Then G – N ¸ H if and only if there exists a split
short exact sequence:

1 N G H 1ι π

ψ

That is, there exists a short exact sequence 1 N G H 1ι π and a
homomorphism ψ : H Ñ G such that π ˝ ψ “ IdH is the identity map on H. In this case
G – N ¸φ H where φ : H Ñ AutpNq is given by φphq “ φh : n ÞÑ ι´1

`

ψphqιpnqψph´1q
˘

.

The following special case of a semidirect product, where N “ Z, provides a useful
construction for studying group automorphisms:

Example 1.4.6 (Mapping Torus). Let G be a group and φ P AutpGq. The mapping torus
of φ is the semidirect product Mφ :“ G¸Φ Z, where Z “ xty and Φ : Z Ñ AutpGq is
given by tk ÞÑ Φtk :“ φk for all tk P xty. It is common to write G ¸φ Z to denote this
construction.

According to Definition 1.4.3, Mφ is the group with underlying set G ˆZ and group
operation pg1, tk1q ¨ pg2, tk2q :“ pg1Φtk1 pg2q, tk1 tk2q “ pg1φk1pg2q, tk1`k2q.

Writing gtk for the element pg, tkq P G ˆZ, it is easy to see from this that Mφ has the
presentation xG, t | tgt´1 “ φpgq @g P Gy.

By Lemma 1.4.4 and Defintion 1.4.1, elements of Mφ have a standard form gtk where
g P G and k P Z are unique.

1.5 Free Products

Free products (or rather, their automorphisms) are the main focus of Papers 1 and 2,
and are the first case considered in Paper 3. They may be thought of as a generalisation
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of free groups, and as with free groups, there are several ways of defining them. The
following material is taken from A. Hatcher’s ‘Algebraic Topology’ [17, Section 1.2], D.
Cohen’s ‘Combinatorial Group Theory: A Topological Approach’ [6, Section 1.3], and
R. Lynodn and P. Schupp’s ‘Combinatorial Group Theory’ [19, Chapter IV].

Hatcher [17] defines free products via reduced words, and concatenation and reduc-
tion, analagous to the free groups in Example 1.1.2:

Definition 1.5.1 (Hatcher [17]). Let tGiuiPI be a collection of groups. The free product of
the Gi’s, denoted ˚

iPI
Gi, is the set of all words of the form g1 . . . gn such that n P N is

finite and for each j P t1, . . . , nu there exists ij P I such that gj P Gij and ij ‰ ij`1. The
group operation here is concatenation and reduction, and the identity element is the
empty word, denoted ‘1’.

More explicitly, suppose g1 . . . gn and h1 . . . hm are two words in ˚iPI Gi (with respective
lengths n and m), where each gj P Gij and each hj P Gk j (for some ij, k j P I). If in ‰ k1

then g1 . . . gn ¨ h1 . . . hm is simply the concatenation g1 . . . gnh1 . . . hm (a word of length
n`m). On the other hand, if in “ k1 then x :“ gnh1 is an element of Gin “ Gk1 . If x ‰ 1
then g1 . . . gn ¨ h1 . . . hm is the word g1 . . . gn´1xh2 . . . hm (with length n`m´ 1). If x “ 1,
we repeat this process looking at the indices in´1 and k2, and continue until we have a
word in ˚iPI Gi.

Cohen [6] takes the view of a universal property, generalising Definition 1.1.1 for free
groups. As before, Cohen does not initially require the Gi’s to be subgroups of the
group G, but later proves them to be so (or at least, shows his homomorphisms Gi Ñ G
are monomorphisms).

Definition 1.5.2 (Cohen [6]). Let tGiuiPI be a collection of subgroups of a group G.
We say G is a free product of the groups Gi if for any group H and homomorphisms
φi : Gi Ñ H, there exists a unique homomorphism φ : G Ñ H such that the restriction
φ|Gi of φ to Gi is equal to φi. That is, the following diagram commutes for all i P I:

Gi G

H

ιi

φi
D!φ

where ιi : Gi Ñ G is the inclusion map.

Proposition 1.5.3 ( [6, Proposition 23]). Let tGiuiPI be a collection of subgroups of a group
G. The following are equivalent:

(i) G is the free product of the subgroups Gi.

(ii) Every non-identity element of G can be uniquely expressed as a product g1 . . . gn with
n ě 0, gj P Gij , gj ‰ 1, and ij ‰ ij`1.
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(iii) G is generated by the subgroups Gi, and 1 P G cannot be written as a product g1 . . . gn

with n ą 0, gj P Gij , gj ‰ 1, and ij ‰ ij`1.

Remark. Given a free product G “ G1 ˚ ¨ ¨ ¨ ˚Gn and group elements g1 ˚ ¨ ¨ ¨ ˚ gn P G, we
can form the free product H “ Gg1

1 ˚ ¨ ¨ ¨ ˚Ggn
n . To have H – G here, it is enough that the

subgroups Gg1
1 , . . . , Ggn

n of G generate the group G itself. 2

A corollary of this Proposition is that Cohen’s definition of a free product agrees with
that of Hatcher.

Our final definition is that of Lyndon and Schupp [19], who define a free product of
two groups via their group presentations. They do not define a free product of more
than two groups, but the Lemma which follows shows how this may be extended in-
ductively.

Definition 1.5.4 (Lyndon and Schupp [19]). Let A and B be groups with presentations
A “ xa1, . . . |r1, . . . y and B “ xb1, . . . |s1, . . . y respectively. The free product of A and B,
denoted A ˚ B, is the group A ˚ B :“ xa1, . . . , b1, . . . |r1, . . . , s1, . . . y.

Lemma 1.5.5 ( [6, p.25]). Let G1, G2, and G3 be groups. We then have:

• G1 ˚ G2 “ G2 ˚ G1

• G1 ˚ pG2 ˚ G3q “ pG1 ˚ G2q ˚ G3

The following is a well-known theorem detailing how a group may be expressed more
or less uniquely as a certain free product:

Theorem 1.5.6 (Grushko Decomposition Theorem). Let G be a non-trivial finitely gen-
erated group. Then there exist non-trivial, freely indecomposable, not infinite cyclic groups
G1, . . . , Gn and a free group Fk of rank k such that G “ G1 ˚ ¨ ¨ ¨ ˚ Gn ˚ Fk. Moreover, if
G “ H1 ˚ ¨ ¨ ¨ ˚ Hm ˚ Fl for some non-trivial, freely indecomposable, not infinite cyclic groups
H1, . . . , Hm and a free group Fl of rank l, then l “ k, n “ m, and there exists a permutation
σ P Sn such that for each i, there exists gi P G such that Hσpiq “ Ggi

i . We call such a product a
Grushko decomposition for G.

2 Bass–Serre Theory

Bass–Serre Theory provides a framework for understanding the actions of groups on
trees, via a correspondence with graphs of groups. It underpins all of the work in
Papers 1, 2, and 3. We give an overview of the theory in this section, in a manner which
is hopefully self-contained and notationally minimal. The material presented here is an

2This can be proved using normal forms of words, but is very long and tedious to do, so we omit the
proof here in the interest of not making this thesis any longer than it already is.
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amalgam of that found in Serre’s book ‘Trees’ [21, Chapter I, Section 5] and Bass’ article
‘Covering theory for graphs of groups’ [3].

Definition 2.0.1. A graph Γ is a set VpΓq (the vertex set of Γ), a set EpΓq (the edge set of
Γ), a map EpΓq Ñ VpΓq ˆVpΓq which assigns e ÞÑ popeq, tpeqq, and a map EpΓq Ñ EpΓq
which sends e ÞÑ ē, such that for all e P EpΓqwe have ¯̄e “ e and opeq “ tpēq.

• For an edge e P EpΓqwe call opeq the origin of e and tpeq the terminus of e.

• An orientation of Γ is a subset E` of EpΓq such that EpΓq is the disjoint union
EpΓq “ E` \ E`.

• For a vertex v P VpΓq, we define the valency of v to be the cardinality of the set
t e P EpΓq | opeq “ vu.

We will sometimes refer to this construction as a “graph in the sense of Serre”, partic-
ularly when we are also considering similar concepts such as simplicial complexes or
metric spaces with the structure of a graph. For this section however, since there is no
ambiguity, we will simply call it a ‘graph’.

Definition 2.0.2. Let Γ be a graph. A path (of length n) (from v0 to vn) is either a single
vertex v0 (in which case n “ 0) or a sequence of edges e1 . . . en such that vi :“ tpeiq “

opei`1q for all 1 ď i ď n´ 1 (and v0 :“ ope1q, vn :“ tpenq). Such a path is:

• closed if vn “ v0.

• reduced if ei`1 ‰ ei for all 1 ď i ď n´ 1.

Definition 2.0.3. Let Γ be a graph with vertex set VpΓq.

• Γ is locally finite if for every vertex v P VpΓq we have that the valency νpvq of v is
finite.

• Γ is connected if given any v, w P VpΓq there exists a path in Γ from v to w.

• Γ is a forest if every closed, reduced path in Γ has length 0.

• Γ is a tree if it is a connected forest.

Remark. Paper 2 takes the approach that graphs are simplicial complexes and oriented
graphs are ordered simplicial complexes (see Section 4.1). This notion is implicit in
Paper 1 as well. This can be made equivalent to the approach of Bass and Serre (see
Example 4.1.4), who seem to really be considering digraphs, rather than graphs in the
traditional sense (they don’t allow ‘backwards traversal’ of an edge, requiring an in-
verse edge to make such a journey).
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2.1 Graphs of Groups

Definition 2.1.1. A graph of groups G “ pG, Γq consists of a connected non-empty graph
Γ, a group Gv for each v P VpΓq, and a group Ge and monomorphism ιe : Ge Ñ Gopeq for
each e P EpΓq, such that Ge “ Gē.

In Papers 1 and 2, all graphs of groups will be trees of groups (i.e. the underlying graph
Γ is a tree), with trivial edge groups (i.e. Ge “ t1u for all e P EpΓq).

Definition 2.1.2. The path group PpGq of a graph of groups G “ pG, Γq is the group
generated by the groups Gv for v P VpΓq and symbols ĝe for e P EpΓq, subject to relations
of the form ĝē “ ĝ´1

e and ĝeιēphqĝ´1
e “ ιephq for e P EpΓq and h P Ge.

A path in PpGq (from v0 to vn) is either an element x0 P Gv0 for some v0 P VpΓq, or an
element of the form x0 ĝe1 x1 ĝe2 . . . ĝen xn where e1e2 . . . en is a path in G “ pG, Γq with
v0 “ ope1q, vi “ tpeiq “ opei`1q for all 1 ď i ď n´ 1, and vn “ tpenq, such that for each
0 ď i ď n we have xi P Gvi .

Definition 2.1.3. Let G “ pG, Γq be a graph of groups, let v0 P VpΓq, and let T be a
maximal tree of Γ (that is, T Ď Γ is a tree with VpTq “ VpΓq). We define:

• π1pG, v0q :“ t paths in PpGq from v0 to v0 u

• π1pG, Tq :“ PpGqäxx ĝe | e P EpTq yyPpGq

Lemma 2.1.4. π1pG, v0q is a subgroup of PpGq isomorphic to π1pG, Tq. We refer to either as
the fundamental group of G.

In the case G “ pG, Γqwhere Γ is a tree and Ge “ t1u for all e P EpΓq, we have that

PpGq “ x tGv | v P VpΓqu Y tĝe | e P EpΓqu | ĝē “ ĝ´1
e @e P EpΓq y

and the fundamental group of G is π1pG, Γq – ˚
vPVpΓq

Gv, the free product of the vertex

groups.

2.2 Universal Cover of a Graph of Groups

Let G “ pG, Γq be a graph of groups, T a maximal tree of Γ, and E` Ă EpΓq an orienta-
tion of Γ. We will build a graph ČpG, Tq with an associated action of π1pG, Tq. We begin
by defining sets V and E` as follows:

V :“
ğ

vPVpΓq

tgGv|g P π1pG, Tqu
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E` :“
ğ

ePE`

tgιepGeq|g P π1pG, Tqu

That is, V is the disjoint union of the π1pG, Tq-cosets of the vertex groups Gv of G, and
E` is the disjoint union of the π1pG, Tq-cosets of the images of the edge groups Ge for
edges e P E` in G. In particular, Gv and ιepGeq are all subgroups of π1pG, Tq, so these
cosets are well-defined.

Recall that ĝe is the generator of the path group PpGq associated to the edge e. If Γ is a
tree, then ĝe “ 1 for all e P EpΓq.

Definition 2.2.1. We construct a graph X “ ČpG, Tq, with vertex set VpXq :“ V and
edge set EpXq :“ E` \ E`, where opgιepGeqq :“ gGopeq “ tpgιepGeqq and tpgιepGeqq :“
gĝeGtpeq “ opgιepGeqq. We call X the universal cover of G (with respect to T).

Observation 2.2.2. The group π1pG, Tq acts naturally on VpXq by h ¨ gGv :“ hgGv for
gGv P VpXq and h P π1pG, Tq, and on EpXq by h ¨ gιepGeq :“ hgιepGeq and h ¨ gιepGeq :“
hgιepGeq for gιepGeq P E` and h P π1pG, Tq. This constitutes a well-defined action on X.

Under this action, we have that Stabπ1pG,TqpgGvq “ gGvg´1 ď π1pG, Tq for gGv P VpXq
and Stabπ1pG,TqpgιepGeqq “ Stabπ1pG,TqpgιepGeqq “ gιepGeqg´1 ď π1pG, Tq for gιepGeq P

E`.

Remark. Note that for any e P E`, ιepGeq Ď Gopeq and ιēpGēq “ ιēpGeq “ ĝ´1
e ιepGeqĝe Ď

Gtpeq, as subgroups of π1pG, Tq. We then have that gιepGeqg´1 Ď gGopeqg´1 and gιepGeqg´1

“ g
`

ĝeιēpGeqĝ´1
e
˘

g´1 Ď gĝeGtpeqpgĝ´1
e q. That is, Stabπ1pG,TqpgιepGeqq is a subset of both

Stabπ1pG,TqpopgιepGeqqq and Stabπ1pG,TqptpgιepGeqqq, as one would expect.

2.3 Quotient Graphs of Groups

Let X be a graph, and G be a group acting by isometries on X without inversion of the
edges. We will build a graph of groups which encapsulates the action of X on G.

Definition 2.3.1. Given a graph X and an action (without inversion) of a group G on
X, the quotient graph GzX is the graph with one vertex for every G-orbit of vertices
in X, and one edge for every G-orbit of edges in X. If e is an edge in X, then the
corresponding edge res in GzX satisfies res “ rēs, opresq “ tpresq “ ropeqs, and tpresq “
opresq “ rtpeqs (where rvs is the vertex in GzX corresponding to the orbit of a vertex v in
X).

Given such a quotient graph Γ :“ GzX and an orientation E` Ă EpΓq of Γ, we choose
a maximal tree T of Γ, and a lift T̂ of T in X. Note that T̂ is a subtree of X (Serre [21,
Chapter I, Proposition 14]).

For each e P E`‧EpTq, we choose a lift ê of e in X such that opêq P VpTq, and we set
ˆ̄e :“ ¯̂e. We also choose an element ge P G satisfying tpêq “ ge

ytpeq, and set gē :“ g´1
e . For

e P EpTq, we set ge :“ 1.
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Definition 2.3.2. Let G be a group acting on a graph X without inversion of the edges,
and let Γ “ XzG be the quotient graph, with maximal tree T, lifts T̂ and ê for each
e P EpΓq‧EpTq, and elements ge P G for each e P EpΓq, as described above. The quotient
graph of groups for the action of G on X is the graph of groups with underlying graph Γ,
vertex groups Gv :“ StabGpv̂q for v P VpΓq, and for each e P E`, edge groups Ge “ Gē “

StabGpêq and monomorphisms ιe : Ge Ñ Gopeq and ιē : Ge Ñ Gtpeq given by ιephq “ h and
ιēphq “ g´1

e hge for all h P Ge.

Remark. Note that for e P E` we have Gopeq “ StabG

´

yopeq
¯

“ StabG popêqq Ě StabG pêq “

Ge and Gtpeq “ StabG

´

ytpeq
¯

“ g´1
e StabG ptpêqq ge Ě g´1

e StabG pêq ge “ g´1
e Gege. Thus

ιe and ιē as described above are indeed monomorphisms Ge Ñ Gopeq and Ge Ñ Gtpeq,
respectively.

Note that we have Ge “ t1u @e P EpΓq if and only G acts freely on the set of edges of X.
In this case, the monomorphisms ιe and ιē are both trivial.

If the quotient graph Γ is a tree, then the maximal tree T is the whole of Γ, and we have
ge “ 1 for every edge e of Γ.

2.4 Structure Theorem

The ‘Structure Theorem’ [21, Chapter I, Theorem 13], also known as the ‘Fundamental
Theorem of Bass–Serre Theory’ shows that taking universal covers of graphs of groups
and taking quotient graphs of groups for groups acting on trees are inverse operations.
We summarise this result with the following two Theorems:

Theorem 2.4.1. Let X be a (non-empty) tree, and G be a group acting on X without inversion
of the edges. Choose a maximal tree T of the quotient graph GzX, and let G be the associated
quotient graph of groups. Then π1pG, Tq – G are isomorphic as groups, and the universal
cover ČpG, Tq of G with respect to T is isomorphic to X (as graphs).

Observation 2.4.2. Explicit isomorphisms here are given by φ : π1pG, Tq Ñ G, Gv ãÑ G,
ĝe ÞÑ ge and ψ : ČpG, Tq Ñ X, gGv ÞÑ φpgqv̂, gιepGeq ÞÑ φpgqê, using the notation of the
previous subsections.

Theorem 2.4.3. Let G “ pG, Γq be a graph of groups, let T be a maximal tree of Γ, and let
π1pG, Tq be the fundamental group of G with respect to T. Then the universal cover X “ ČpG, Tq
is a tree, there is a graph isomorphism ρ : Γ Ñ π1pG, TqzX (the quotient graph), and if H is
the quotient graph of groups for the action of π1pG, Tq on X, then the fundamental groups
π1pH, ρpTqq – π1pG, Tq are isomorphic.

Observation 2.4.4. The quotient graph π1pG, TqzX has one vertex for every orbit of ver-
tices in ČpG, Tq, which has one orbit of vertices for every vertex in Γ. Thus π1pG, TqzX
has one vertex for every vertex of Γ. Similarly, it has one edge for every edge of Γ.
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By making the ‘obvious’ choice of lifts (i.e. if v is a vertex of Γ with associated orbit
tgGv|g P π1pG, Tqu in X, take the vertex 1Gv, and similarly with edges), we recover that
(after renaming) H is the graph of groups with underlying graph Γ, vertex groups Gv,
and edge groups ιepGeq. Since ιe is a monomorphism then Ge – ιepGeq for each e, and
the isomorphism of fundamental groups becomes clear.

3 Free Product Automorphisms

Let G be a group which splits as a free product G1 ˚ ¨ ¨ ¨ ˚Gn, where each Gi is non-trivial,
not infinite cyclic, freely indecomposable, and Gi fl Gj for i ‰ j. We refer to each Gi as
a factor group. According to the Grushko Decomposition Theorem (Theorem 1.5.6), any
automorphism of G must send each factor group to a conjugate of itself. If factor groups
are permitted to be pairwise isomorphic, automorphisms must send factor groups to
conjugates of factor groups.

When G1 ˚ ¨ ¨ ¨ ˚ Gn is not a Grushko decomposition for G (i.e. factors may be infinite
cyclic or freely decomposable), or when factor groups may be pairwise isomorphic, this
need not hold. However, we can still study the automorphisms which do satisfy this,
motivating the following definition:

Definition 3.0.1. We say ψ P AutpGq is a pure symmetric automorphism of the splitting
G1 ˚ ¨ ¨ ¨ ˚ Gn if for each i there is some gi P G such that ψpGiq “ Ggi

i “ g´1
i Gigi.

If one wished to allow permutation of the factor groups, one would be studying the
‘symmetric’ automorphisms instead.

When G1 ˚ ¨ ¨ ¨ ˚Gn is a Grushko decomposition for a group G, we may categorise auto-
morphisms according to their behaviour respecting the factor groups.

Definition 3.0.2. Let ψ P AutpG1 ˚ ¨ ¨ ¨ ˚ Gnq where G1 ˚ ¨ ¨ ¨ ˚ Gn is a Grushko decompo-
sition.

• We call ψ a factor automorphism if for each i P t1, . . . , nuwe have ψpGiq “ Gi.

• We call ψ a permutation automorphism if there exists (non-trivial) σ P Sn such that
for each i P t1, . . . , nuwe have ψpGiq “ Gσpiq.

• We call ψ a Whitehead automorphism if there exists i P t1, . . . , nu and x P Gi such
that for some (non-empty) subset A Ď tG1, . . . , Gnu‧tGiu we have that for any

j P t1, . . . , nu and g P Gj, ψpgq “

#

x´1gx if Gj P A
g if Gj R A

. We call Gi the operating

factor and elements of the set A dependent factors.
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• We call ψ a multiple Whitehead automorphism if ψ can be written as a product of
Whitehead automorphisms with the same operating factor and pairwise disjoint
sets of dependent factors.

We say an outer automorphism Ψ P OutpG1 ˚ ¨ ¨ ¨ ˚Gnq is an [adjective] outer automorphism
if it has a representative ψ P Ψ which is an [adjective] automorphism.

In Papers 1 and 2 we generalise these notions to categorise types of pure symmetric
(outer) automorphism (although since we study pure symmetric automorphisms rather
than just symmetric automorphisms, we have no permutation automorphisms).

4 Cell Complexes

We will not formally define a CW complex here, as the definition is cumbersome, and
all of the complexes used in Papers 1 and 2 will be simplicial. We refer unfamiliar
readers to [17, Appendix] for a full overview of the subject.

4.1 Simplicial Complexes

The material here can be found in textbooks such as A. Hatcher’s ‘Algebraic Topology’
[17, Section 2.1] and J. Stillwell’s ‘Classical Topology and Combinatorial Group Theory’
[22].

Definition 4.1.1. A k-simplex σ “ rv0, . . . , vks is the convex hull of its k ` 1 vertices
v0, . . . , vk. The standard k-simplex is the set tpx0, . . . , xkq P Rk`1| x0 ` ¨ ¨ ¨ ` xk “ 1, xi ą

0 @i “ 0, . . . , ku. We may think of k-simplices as ‘copies’ of the standard k-simplex.
Given two simplices σ “ rv0, . . . , vks and µ “ ru0, . . . , ums, we say that µ is a face of σ if
tu0, . . . , umu Ď tv0, . . . , vku. Note that taking the convex hull of any non-empty subset
of tv0, . . . , vku determines a face of σ.

0 1

R

σ0

0 1

1

R2

σ1

0 1

1 1

R3

σ2

FIGURE 1: Standard k-simplices σk for k P t0, 1, 2u

We will conflate the ideas of a geometric simplicial complex and an abstract simplicial
complex, since these concepts are in one-to-one correspondence. Thus when we say
‘simplicial complex’, we mean the following:



4. Cell Complexes 19

Definition 4.1.2. A space K is a simplicial complex if K is a union of simplices satisfying:

(i) If σ is a simplex in K and µ is a face of σ, then µ is also a simplex in K

(ii) If σ1 and σ2 are two simplices in K with σ1 X σ2 ‰ H, then σ1 X σ2 is a face of both
σ1 and σ2.

We will call 0-simplices ‘vertices’ and 1-simplices ‘edges’ of K.

Note that Condition (ii) implies that each simplex of K is uniquely determined by its
vertices (i.e. its 0-simplex faces). We may thus denote a simplex in K by rv0, . . . , vks

where rv0s, . . . , rvks are its 0-simplex faces. Note that under this notation, if τ P Sk`1 is
a permutation of the set t0, . . . , ku, then rvτp0q, . . . , vτpkqs “ rv0, . . . , vks.

Definition 4.1.3. A simplicial graph X is a simplicial complex comprising only 0-cells
and 1-cells. We refer to the 0-cells of X as ‘vertices’, and the 1-cells as ‘edges’.

We call X a simplicial tree if X is a path connected simplicial graph such that for any cell
σ, the space X‧σ is not path connected (see Definition 4.2.1).

Example 4.1.4. Let Γ be a graph in the sense of Serre, with vertex set VpΓq and edge set
EpΓq. We can form a cellular graph |Γ| (a 1-dimensional CW complex) whose 0-cells are
the vertices of Γ, and with one 1-cell for every pair te, ēu of edges of Γ. Two cells are
attached in |Γ| if and only if they form a pair pv, te, ēuq such that v P VpΓq, e, ē P EpΓq,
and v P topeq, opēqu. If Γ is a tree (in the sense of Serre), then |Γ| is a simplicial tree.

Conversely, given a simplicial graph |∆| with V its set of 0-cells and E its set of 1-cells,
one can form a graph in the sense of Serre, ∆, with vertex set V and edge set E\ Ē by
choosing an orientation of the 1-cells of |∆|, i.e. given a 1-cell σ P E with endpoints u
and v, assigning topσq, tpσqu :“ tu, vu, and setting opσ̄q :“ tpσq and tpσ̄q :“ opσq. If |∆| is
a simplicial tree, then ∆ is a tree (in the sense of Serre).

Definition 4.1.5. We say a simplicial complex K is flag if for any collection trv0s, . . . , rvksu

of vertices in K, if rv0, . . . , vks is not a simplex in K then there are some distinct vi, vj P

tv0, . . . , vku such that rvi, vjs is not an edge in K.

The following construction was introduced by Alexandroff in ‘Über den allgemeinen
Dimensionsbegriff und seine Beziehungen zur elementaren geometrischen Anschau-
ung’ [1] in order to better understand the properties of covers of topological spaces.
We will use a similar construction in Paper 1 to show that a particular complex is sim-
ply connected.

Example 4.1.6 (Nerve Complex). Let X be a set, I be some indexing set, and for each
i P I, let Ui Ď X be a subset of X. Denote F :“ tUi|i P Iu. The nerve complex NpFq asso-
ciated to F is an abstract simplicial complex whose geometric realisation is determined
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by the following: rUi0 , . . . , Uiks is a k-simplex in NpFq if and only if i0, . . . , ik P I with
k
č

j“0

Uij ‰ H.

We may then denote simplices of NpFq by rUj|j P Js, where J is some finite (non-empty)
subset of I satisfying

č

jPJ

Uj ‰ H, and call rUj|j P Js the simplex determined by J.

In particular, the vertices of NpFq are in one-to-one correspondence with the sets Ui in
F.

Note that if J1 Ă I is a finite set satisfying
č

jPJ1

Uj ‰ H and J2 Ď J1, then we must have

č

jPJ1

Uj Ď
č

jPJ2

Uj, hence
č

jPJ2

Uj ‰ H. Thus if J1 Ă I is a finite non-empty set determining

a simplex rUj|j P J1s of NpFq and J2 is any non-empty subset of J1, then J2 determines a
face rUj|j P J2s of rUj|j P J1s and is also a simplex in NpFq.

Moreover, if rUj|j P J1s and rUj|j P J2s are two simplices in NpFq, then J1 X J2 is a subset
of both J1 and J2, and by the above,

č

jPJ1XJ2

Uj ‰ H.

Thus rUj|j P J1s X rUj|j P J2s “ rUj|j P J1 X J2s is a face of both rUj|j P J1s and rUj|j P J1s.

Hence NpFq is indeed a simplicial complex.

However, the complex NpFq need not be flag. Indeed, let U1 :“ t1, 2u, U2 :“ t2, 3u and
U3 :“ t1, 3u, and set F “ tU1, U2, U3u. Then the simplices of NpFq are precisely rU1s,
rU2s, rU3s, rU1, U2s, rU2, U3s, and rU1, U3s. In particular, the vertices rU1s, rU2s, rU3s form
a 3-clique in NpFq, but there is no 2-simplex rU1, U2, U3s, since U1 XU2 XU3 “ H.

Definition 4.1.7. Let X be a set. A relation ă on X is called a strict partial order if:

(i) There is no x P X with x ă x (i.e. ă is irreflexive)

(ii) For all x, y, z P X, if x ă y and y ă z then x ă z (i.e. ă is transitive)

A set X equipped with a strict partial order ă will be called a poset, sometimes denoted
pX, ăq.

Definition 4.1.8. Given a set X, a strict partial order ă on X is called a total order if for
any distinct x and y in X we have that either x ă y or y ă x. Given a poset pX, ăq, a
subset Y of X is called a chain if the restriction of ă to Y forms a total order.

Example 4.1.9 (Poset Complex). Let X be a set equipped with a strict partial order ă

(i.e. let pX, ăq be a poset).

The poset complex (or order complex) PpXq associated to pX, ăq is the simplicial complex
whose simplices are given by chains in X: that is, rx0, . . . , xks is a k-simplex in PpXq if
and only if x0, . . . , xk P X with τpx0q ă ¨ ¨ ¨ ă τpxkq for some τ P Sk`1.
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Equivalently, one may think of PpXq as being the simplicial complex determined by the
following properties:

1. There is a vertex (0-simplex) rxs in PpXq if and only if x P X.

2. There is an edge (1-simplex) rx, ys in PpXq if and only if x, y P X with x ă y or
y ă x.

3. There is a k-simplex (for k ě 2) rx0, . . . , xks in PpXq if and only if rx0s, . . . , rxks

are vertices in PpXq forming a pk ` 1q-clique in the 1-skeleton of PpXq (that is,
spanning a complete graph).

Condition 3 here implies that the complex PpXq is flag.

Definition 4.1.10. Let K be a simplicial complex and ă a strict partial order on the
vertices of K. We say that K is an ordered (or sometimes oriented) simplicial complex if
for every simplex σ of K, ă restricts to a total order on the vertices of σ (that is, the
vertices of σ are a chain in pPpXq, ăq).

Example 4.1.11. Let pX,!q be a poset, and PpXq be the associated poset complex. Then
PpXq is an ordered simplicial complex with respect to the relation rxs ă rys in PpXqp0q

if and only if x ! y in X.

Indeed, if rxs ă rxs in PpXq then x ! x in X. But! is irreflexive, so we cannot have that
rxs ă rxs for any rxs P PpXqp0q. And if rxs ă rys and rys ă rzs in PpXq then x ! y and
y ! z in X, hence x ! z in X. So rxs ă rys in PpXq. Thus ă defines a partial order on
PpXq.

Moreover, if rx0, . . . , xks is a simplex in PpXq then by definition, tx0, . . . , xku is a chain in
pX,!q, and hence trx0s, . . . , rxksu is a chain in pPpXq, ăq. So ă restricts to a total order
on the vertices of any simplex in PpXq.

4.2 Connectivity Properties

The content here is taken from Chapter 0 and Chapter 1 Section 1.1 of Hatcher’s ‘Al-
gebraic Topology’ [17] (unless otherwise specified). Throughout this subsection, let
I :“ r0, 1s be the unit interval in R.

Definition 4.2.1. Let X be a space and x, y P X. A path from x to y is a continuous map
γ : I Ñ X such that γp0q “ x and γp1q “ y. If x “ y we say that γ is a loop based at x.
We will often conflate the map with its image, also calling γpIq Ď X a path.

Given two paths γ, δ : I Ñ X with γp1q “ δp0qwe define the product γ ¨ δ : I Ñ X to be

the path pγ ¨ δqpsq :“

#

γp2sq if 0 ď s ď 1
2

δp2s´ 1q if 1
2 ď s ď 1

.
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Definition 4.2.2. A non-empty space X is path connected if for any points x and y in X,
there exists a path in X from x to y.

Definition 4.2.3. A homotopy of paths in a space X is a family of paths γt : I Ñ X,
0 ď t ď 1 such that there exist x0, x1 P X with γtp0q “ x0 and γtp1q “ x1 for all
0 ď t ď 1, and the associated map F : I ˆ I Ñ X, ps, tq ÞÑ γtpsq is continuous. We say
that γ0 and γ1 are homotopic, denoted γ0 » γ1.

Let X be a space and x0 P X. Then » is an equivalence relation on the set of paths in
X ( [17, Proposition 1.2]). We denote by π1pX, x0q the set of all equivalence classes of
loops in X based at x0. This forms a group under the operation rγsrδs “ rγ ¨ δs [17,
Proposition 1.3]. If x0, x1 P X and there exists some path in X from x0 to x1, then
π1pX, x0q – π1pX, x1q [17, Proposition 1.5].

Definition 4.2.4. Let X be a path connected space and let x0 P X. We write π1pXq for
the (isomorphism class of the) group π1pX, x0q, and call this the fundamental group of X.

Definition 4.2.5. A path connected space X is simply connected if π1pXq “ t1u is trivial.

Lemma 4.2.6 ( [17, Proposition 1.6]). A non-empty path connected space X is simply con-
nected if and only if given any two points x and y in X, there exists a unique homotopy class of
paths from x to y.

Definition 4.2.7. Let X and Y be spaces. A family of maps ft : X Ñ Y where t P I is
called a homotopy if the associated map F : X ˆ I Ñ Y, px, tq ÞÑ ftpxq is continuous. If
p ftq is a homotopy, we say that f0 is homotopic to f1, and write f0 » f1.

Definition 4.2.8. A non-empty space X is contractible if the identity map on X is homo-
topic to a constant map (i.e. it is nullhomotopic).

Definition 4.2.9 ( [17, Section 4.1]). Let k P N and let X be a non-empty space. We
say that X is k-connected if for all integers 0 ď d ď k, any continuous map f : Sd Ñ X
extends to a continuous map f̂ : Dd`1 Ñ X (equivalently, f is homotopic to a constant
map on X).

Note that if X is k-connected for some k P N, then it is necessarily d-connected for every
0 ď d ď k.

We have that a non-empty space X is 0-connected if and only if X is path connected,
and 1-connected if and only if X is simply connected. If X is contractible, then it is
k-connected for every k ě 0, though the converse need not be true.

4.3 Brown’s Theorem

In his 1984 paper ‘Presentations for groups acting on simply-connected complexes’ [4],
Brown presents a method of finding generators and relations of a group G acting on a
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CW-complex X. It is this method which Armstrong, Forrest, and Vogtmann exploit in
[2] to give a presentation for AutpFnq, and which we use in Paper 1 to give presentations
for automorphism groups of free products.

In short, this method involves constructing a group Ĝ which is the fundamental group
of a quotient of the 1-skeleton of our space X, and then adding relations which can be
read off from the 2-skeleton. To do this formally, we must first introduce some notation.

Setup and Notation

Let G be a group, and X a simply connected non-empty CW-complex on which G acts
by permuting the cells. We assume that the action of G does not invert any of the 1-cells
of X (if it does, we may simply subdivide the affected edges, producing two new edges
neither of which is inverted under the G-action).

We now make a series of choices:

• We choose an orientation of the 1-cells of X equivariantly with respect to the G-
action; we call an oriented 1-cell an edge, denoting it by a letter e, with its inverse
(i.e. the same 1-cell with opposite orientation) denoted ē. Given two edges e1 and
e2, we write e1 » e2 if there exists g P G with e2 “ g ¨ e1, and e1 fi e2 if no such g
exists. Note then that, by assumption, e fi ē for any edge e.

• We will now choose a tree of representatives T for the action of G on X, with
vertex set VpTq “: V Ă Xp0q. Given two 0-cells/vertices v1 and v2 of X, we write
v1 » v2 if there exists g P G with v2 “ g ¨ v1, and v1 fi v2 if no such g exists. When
making this choice of T, we require that u fi v for all vertices u, v of T. That is,
V “ VpTq is a set of orbit representatives of the vertices of X such that all vertices
of V belong to distinct orbits.

• Next we choose a set E of orbit representatives of the edges of X (such that all
edges of E belong to distinct orbits, i.e. e1 fi e2 for all e1, e2 P E). We require that
every edge of T is in E, and that if e P E then opeq P V.

• Given e P E, there is a unique we P V with tpeq » we. For each e P E, choose ge P G
such that tpeq “ ge ¨we.

• Choose a set F of orbit representatives of the 2-cells in X in such a way that for
each τ P F, there is some edge d in the boundary of τ with opdq P V.

Note that for any edge d P X there is a unique edge e P E with either d » e or d » ē. We

define εd :“

#

`1 if d » e
´1 if d » ē

where e P E. Given a cell σ P X we will denote by Gσ the

G-stabiliser StabGpσq.
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Lemma 4.3.1. Let d be an edge in X and suppose opdq P V. Then there exists hd P Gopdq such
that tpdq “ hdgεd

e ¨ v for some v P V, where e P E is such that d » e or d » ē.

Proof. Let d and e be as in the statement of the Lemma, and let we and ge be as described
above.

First suppose that d » e. Take hd P G such that d “ hd ¨ e. Note that since opdq P V
(by assumption) and opeq P V (by design), then since opdq “ hd ¨ opeq we must have
opdq “ opeq and hence hd ¨ opdq “ opdq (that is, hd P Gopdq). Recall tpeq “ ge ¨ we, so
tpdq “ hd ¨ tpeq “ hdge ¨we “ hdgεd

e ¨we with we P V. We illustrate this process in Figure

2 (Case 1). Observe that in this case, d has the form
hd ¨ e

opeq hdge ¨we

where e P E,

opeq, we P V, and hd P Gopdq “ Gopeq.

Now suppose that d » ē. Take g P G such that d “ g ¨ ē, and set e1 :“ g´1
e ¨ e. Then

tpe1q “ we P V, and since opdq P V with opdq “ g ¨ tpeq “ gge ¨ tpe1q “ gge ¨ we, then
we must have opdq “ we. Setting hd “ gge we have hd P Gopdq and tpdq “ g ¨ opeq “
hdg´1

e ¨ opeq “ hdgεd
e ¨ opeq where opeq P V. We illustrate this process in Figure 2 (Case 2).

Observe that in this case, d has the form
hdg´1

e ¨ ē

we hdg´1
e ¨ opeq

where e P E, opeq, we P V,

and hd P Gopdq “ Gwe .

d

ee1

opeq

we

ge hd

Case 1: d » e

d

e

e1 we

opeq

ge g

hd

Case 2: d » ē

FIGURE 2: Finding Elements hd and ge for an edge d in X with opdq P V

In each case we have found hd P Gopdq with tpdq “ hdgεd
e ¨ v for some v P V, as required.

We now have that if d is an edge in X with opdq P V, and e P E is such that either d » e
or d » ē, then tpdq P hdgεd

e ¨V.

Next we consider a 2-cell τ P F. Suppose τ has boundary x1 . . . xk where each xi is an
edge in X with opxiq “ tpxi´1q, such that tpxkq “ opx1q P V. We will recursively define
edges di and ei and group elements gi “ hdi g

εdi
ei .

Set d1 “ x1 and let e1 P E be the unique edge satisfying d1 » e1 or d1 » ē1. Take hd1 and
ge1 as in Lemma 4.3.1, and set g1 “ hd1 g

εd1
e1 . Note that tpx1q “ tpd1q P g1 ¨V.
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Now let 1 ă i ď k and suppose dj and gj are defined for all j ă i, and that tpxi´1q P

g1 . . . gi´1 ¨ V. Set di :“ g´1
i´1 . . . g´1

1 ¨ xi, and let ei P E be the unique edge satisfying
di » ei or di » ēi. Note that opdiq “ g´1

i´1 . . . g´1
1 ¨ opxiq “ g´1

i´1 . . . g´1
1 ¨ tpxi´1q P V.

Then Lemma 4.3.1 applies, and we can find corresponding group elements hdi and gei .
Setting gi “ hdi g

εdi
ei we have that tpdiq P gi ¨V and hence tpxiq P g1 . . . gi´1gi ¨V.

In particular, we note that tpxkq P g1 . . . gk ¨ V. But tpxkq “ opx1q P V, and vertex
representatives in V are unique. We must then have that opx1q “ tpxkq “ g1 . . . gk ¨ opx1q,
that is, g1 . . . gk P Gopx1q.

Notation 4.3.2. Let τ P F and suppose that τ has edge boundary x1 . . . xk, where opxiq “

tpxi´1q for each 1 ă i ď k and tpxkq “ opx1q P V. For each i, let di and ei be the edges
described above, and let hdi and gi “ hdi g

εdi
ei be the associated group elements given by

Lemma 4.3.1. We now denote

gτ :“ g1 . . . gk “ hd1 g
εd1
e1 . . . hdk g

εdk
ek

and
ĝτ :“ hd1 ĝ

εd1
e1 . . . hdk ĝ

εdk
ek

where for each e P E, ĝe is a formal symbol. Note that gτ is an element of Gopx1q and ĝτ

is an element of the free product
ˆ

˚
vPV

Gv

̇

˚

ˆ

˚
ePE

ĝe

̇

.

The Theorem

We can now describe a presentation for G, using the above notation.

For v P V, let Gv be the vertex stabiliser StabGpvq of v (a subgroup of G). For each e P E,
let ĝe be a formal symbol, and let Ge “ StabGpeq “ StabGpopeqq X StabGptpeqq. Given a
face τ P F with boundary x1 . . . xk starting at v0 :“ opx1q “ tpxkq P V, let gτ P Gv0 and
ĝτ be the associated elements given in Notation 4.3.2.

Now the group G is generated by the set

#

ď

vPV

Gv

+

Y tĝe|e P Eu subject to the relations:

(i) ĝe “ 1 if e is an edge in T

(ii) ĝe
´1iepgqĝe “ g´1

e gge for any e P E and g P Ge, where ie : Ge Ñ Gopeq is the inclusion
map.

(iii) ĝτ “ gτ for all τ P F

as well as all relations from the groups Gv (for each v P V).

That is to say:
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Theorem 4.3.3 (Brown’s Theorem). Let G be a group acting on a simply connected non-
empty CW-complex X by permuting the cells, and without inversion of the 1-cells of X. Then
with the above notation, we have:

G “

ˆ

p ˚
vPV

Gvq ˚ p˚
ePE

ĝeq

̇

äxxt relations (i)–(iii) uyy

Observation 4.3.4. If F “ H (that is, there are no 2-cells in X), then Relation (iii) is
vacuous. Note that a CW complex with no 2-cells must be a 1-complex (i.e. comprise
only 0-cells and 1-cells), making it a simplicial graph. The requirement that X be simply
connected implies that in this case, X is a tree. Following the method in Example 4.1.4,
we can make this into a tree in the sense of Serre, and applying Brown’s Theorem, we
recover the Structure Theorem from Bass–Serre Theory.

We will demonstrate this Theorem by applying it to some groups which we do under-
stand, in order to see how it can help us in groups that we don’t understand so well.

Example 4.3.5 (Action of S3 on a Triangle). Consider the group

S3 “ tp1q, p1 2q, p2 3q, p1 3q, p1 2 3q, p1 3 2qu

(where p1q “ 1 is the identity) and recall that S3 acts on the triangle X0 with vertices v1,
v2, v3 (illustrated in Figure 3) by σ ¨ vi :“ vσpiq for σ P S3 and i P t1, 2, 3u. We will use our
understanding of this action to extract a presentation for S3 (supposing for now that
we did not already know one, or indeed, several).

The first obstacle we encounter is that the edges of X0 are inverted under the action
of S3 — for example, the element p1, 3q of S3 setwise preserves the edge v1 — v3 of X0,
but swaps its endpoints. To overcome this, we simply subdivide each edge of X0 to
produce a new complex, X1, illustrated in Figure 3, where the new vertices u1, u2, u3

are labelled so that the inherited action of S3 is σ ¨ ui “ uσpiq for σ P S3 and i P t1, 2, 3u.

Whilst X1 is connected, Brown’s Theorem requires that the complex is also simply con-
nected. To remedy this, we insert a 2-cell with boundary

v1 — u3 — v2 — u1 — v3 — u2 — v1

to create the complex X illustrated in Figure 3.

X0 :“

v1 v3

v2

X1 :“

v1 v3

v2

u2

u1u3 X :“

v1 v3

v2

u2

u1u3 X`:“

v1 v3

v2

u2

u1u3

FIGURE 3: Building a CW-Complex on which S3 Acts “Nicely”
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We may now proceed. The first step is to choose an orientation of the edges of X. Since
there is only one orbit of edges under the action of S3, the orientation of one edge deter-
mines the orientation of all the edges of X. Thus we have two possible orientations; we
choose the orientation X` illustrated in Figure 3 (“arrows point towards ‘u’ vertices”).

The next step is to choose representative sets T, V, E, and F, for the orbits of cells in
X. We begin by choosing a tree of representatives T with vertex set V such that the
vertices of V belong to distinct orbits, and every orbit of vertices has a representative
in V. We will let T be the tree with vertex set V :“ tv1, u2u and edge set tv1 — u2 “: au.
Since there is only one orbit of edges in X, we are now forced to take our set E of edge
representatives to be E :“ tau. Finally, there is only one 2-cell in X, which we will label
‘τ’, and so we must take F :“ tτu. We illustrate these choices in Figure 4.

V “ tv1, u2u

E “ tau
F “ tτu

T “
av1 u2X`“ τ

av1 v3

v2

u2

u1u3

FIGURE 4: Representatives for the Action of S3 on X

According to Brown’s Theorem, S3 is generated by the subgroups Gv1 :“ StabS3pv1q and
Gu2 StabS3pu2q and an abstract element ĝa. It is easy to see that for ti, j, ku “ t1, 2, 3u we
have StabS3pviq “ StabS3puiq “ tp1q, pj kqu – C2. By Relation (i) of Brown’s Theorem,
since the edge a belongs to the tree T, we have ĝa “ 1. Thus S3 is generated by p2 3q
and p1 3q, both of which are involutions (elements of order 2 in S3).

Since S3 acts freely on the edges of X (i.e. edge stabilisers are trivial), then Relation
(ii) of Brown’s Theorem is vacuous. Thus all that is left to do is consider Relation (iii)
for the 2-cell τ. We proceed accordingly, labelling the boundary of τ in X by the edge
path x1x2 . . . x6 illustrated in Figure 5. Note that some of these labels are not positively
oriented according to the orientation X` — this is necessary in this case to form a closed
loop, and simply means that for some xis we have xi “ d̄i where dis are positively
oriented edges in X` (for example, x2 “ p1 3qa “ p1 3qā).

x5

x6

x1

x4

x3

x2v1 v3

v2

u2

u1u3

FIGURE 5: The Boundary of the 2-Cell τ in X

We now apply the inductive argument outlined in the Setup for Brown’s Theorem to
determine gτ and ĝτ, the results of which are summarised in Table 3. The illustration
in Figure 6 may be a useful reference during this process.
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d5“d3

a

“

d1

d2

“

d4

“

d6

v1 v3

v2

u2

u1u3

FIGURE 6: Illustration to Assist in Calculations for gτ

We begin by noting that ga “ p1q since tpgaq “ u2 P V, so for each i we will have
gei “ p1q (since E “ tau meaning ei “ a), and thus gi “ hdi , where hdi P Gopdiq

is such
that di “ hdi ¨ a or di “ hdi ¨ ā.

Firstly, according to Brown, we set d1 :“ x1. Noting that d1 “ a, we have g1 “ hd1 “ p1q.
Secondly we set d2 :“ g´1

1 ¨ x2 “ p1q ¨ x2 “ x2, which we see is equal to p1 3q ¨ ā,
hence g2 “ hd2 “ p1 3q. We now set d3 :“ g´1

2 g´1
1 ¨ x3 “ p1 3qp1q ¨ x3, which is the

edge v1 — u3 “ p2 3q ¨ a, meaning g3 “ hd3 “ p2 3q. Then d4 :“ g´1
3 g´1

2 g´1
1 ¨ x4 “

p2 3qp1 3qp1q ¨ x4 which we see is just the edge d2, thus g4 “ hd4 “ hd2 “ p1 3q. Next
d5 :“ g´1

4 g´1
3 g´1

2 g´1
1 ¨ x5 “ p1 3qp2 3qp1 3qp1q ¨ x5 “ d3, so g5 “ hd5 “ hd3 “ p2 3q.

Finally we set d6 :“ g´1
5 g´1

4 g´1
3 g´1

2 g´1
1 ¨ x6 “ p2 3qp1 3qp2 3qp1 3qp1q ¨ x6 “ d2, and hence

g6 “ hd6 “ hd2 “ p1 3q.

xi di ei gei hdi εdi gi
x1 a a p1q p1q `1 p1q
x2 p1 3q ¨ ā a p1q p1 3q ´1 p1 3q
x3 p2 3q ¨ a a p1q p2 3q `1 p2 3q
x4 p1 3q ¨ ā a p1q p1 3q ´1 p1 3q
x5 p2 3q ¨ a a p1q p2 3q `1 p2 3q
x6 p1 3q ¨ ā a p1q p1 3q ´1 p1 3q

TABLE 3: Summary of Data for Brown’s Relation (iii) Applied to S3

We note that gτ “ g1g2g3g4g5g6 ¨ u2 “ p1qp1 3qp2 3qp1 3qp2 3qp1 3q ¨ u2 “ u3 ‰ u2, thus
gτ cannot be the identity in S3. Thus since gτ P Gv0 “ tp1q, p2 3qu we must have that
gτ “ p2 3q. Additionally, we have

ĝτ “ hd1 ĝ
εd1
e1 hd2 ĝ

εd2
e2 hd3 ĝ

εd3
e3 hd4 ĝ

εd4
e4 hd5 ĝ

εd5
e5 hd6 ĝ

ε61
e6

“ p1qĝap1 3qĝ´1
a p2 3qĝap1 3qĝ´1

a p2 3qĝap1 3qĝ´1
a

“ p1qp1qp1 3qp1qp2 3qp1qp1 3qp1qp2 3qp1qp1 3qp1q

“ p1 3qp2 3qp1 3qp2 3qp1 3q.

Thus Brown’s Relation (iii) (which puts ĝτ “ gτ) tells us that p1 3qp2 3qp1 3qp2 3qp1 3q “
p2 3q, and from this we deduce that

`

p1 3qp2 3q
˘3
“ p1q.
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We may now conclude that:

S3 “

A

p1 3q, p2 3q
ˇ

ˇ

ˇ
p1 3q2, p2 3q2,

`

p1 3qp2 3q
˘3

E

This example was useful in demonstrating how vertex stabilisers are key to under-
standing Brown’s Theorem, not just as generators, but also as part of the face relations.
However, it is limited in that the fundamental domain was the whole space, and that
the (single) edge in the set E belonged to the maximal tree T. We now give an example
where this is not the case, in order to better understand the role of the generators ĝe

and the elements ge P G.

Example 4.3.6 (Action of Z2 on the Plane). Consider the group Z2 “
␣

ra, bs
ˇ

ˇ a, b P Z
(

(where the identity is r0, 0s “ 1 and the inverse of ra, bs is r´a,´bs) which acts on the
plane R2 “

␣

px, yq
ˇ

ˇ x, y P R
(

via ra, bs ¨ px, yq :“ px` a, y` bq.

Again, we will suppose that we do not know any presentation for the group Z2, but
that we do somewhat understand its action on the plane R2. We will apply Brown’s
Theorem to this action and extract a presentation for Z2. We will use square brackets
r‧, ‧s to denote elements of the group Z2 and round brackets p‧, ‧q to denote points in
the plane R2.

We endow R2 with the CW structure where 0-cells are given by integer coordinates, 1-
cells are horizontal and vertical lines joining points pa, bq—pa`1, bq and pa, bq—pa, b`1q
respectively (with a, b P Z), and 2-cells have boundary pa, bq—pa ` 1, bq—pa ` 1, b `
1q—pa, b ` 1q—pa, bq. This makes R2 into a simply connected (infinite) CW-complex
where the given Z2 action is both free and transitive. In particular, no edges (1-cells)
are inverted under the action. Note that there are two orbits of edges, horizontal and
vertical, and one orbit of vertices. We may now make the following choices (which we
illustrate in Figure 7):

• We orient horizontal edges to “point right”, and vertical edges to “point up-
wards”.

• We set our tree of representatives (and set of vertex representatives) to be T “

V “ tp0, 0qu.

• Letting a be the horizontal edge p0, 0q—p1, 0q and b be the vertical edge p0, 0q—p0, 1q,
we let our set of edge representatives be E “ ta, bu.

• We take our set of 2-cell representatives to be F “ tτuwhere τ is the 2-cell whose
boundary is p0, 0q—p0, 1q—p1, 1q—p1, 0q—p0, 0q.

As noted, the action of Z2 on R2 is free, so all vertex and edge stabilisers are trivial.
In particular, Gp0,0 “ StabZ2

`

p0, 0q
˘

“
␣

r0, 0s
(

“ t1u. Thus Z2 is generated by two
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p0,0q a

b τ

FIGURE 7: Representatives for the Action of Z2 on R2

p0, 0q p1, 0q

p1, 1qp0, 1q

x1

x2

x3

x4

FIGURE 8: The Boundary of the 2-Cell τ in R2

abstract elements ĝa and ĝb, with a single relation gτ “ ĝτ coming from the 2-cell τ.
Since gτ P Gp0,0 “

␣

r0, 0s
(

we must have that gτ “ r0, 0s, the identity in Z2.

It now remains to calculate ĝτ. We proceed by labelling the boundary of τ by x1x2x3x4

as illustrated in Figure 8, and following the procedure outlined in the Setup of Brown’s
Theorem to determine the elements gei and hdi for each i. We summarise the results of
this process in Table 4.

Note that tpaq “ p1, 0q “ r1, 0s ¨ p0, 0q and tpbq “ p0, 1q “ r0, 1s ¨ p0, 0q, hence ga “ r1, 0s
and gb “ r0, 1s. Additionally, since hdi P Gopdiq

“
␣

r0, 0s
(

we will have hdi “ r0, 0s for
each i. We will then have that gi “ g

εdi
ei , with ei P ta, bu.

We may now begin, setting d1 :“ x1 “ a, thus e1 “ a and εd1 “ 1, so g1 “ ge1 “ ga “

r1, 0s. Then setting d2 :“ g´1
1 ¨ x2 “ r´1, 0s ¨ x2 “ b, we have that e2 “ b and εd2 “ 1,

hence g2 “ ge2 “ gb “ r0, 1s. Next we set d3 :“ g´1
2 g´1

1 ¨ x3 “ r0,´1sr´1, 0s ¨ x3 “

r´1, 0s ¨ ā, hence e3 “ a, εd3 “ ´1, and g3 “ g´1
e3
“ g´1

a “ r´1, 0s. Finally we set
d4 :“ g´1

3 g´1
2 g´1

1 ¨ x4 “ r1, 0sr0,´1sr´1, 0s ¨ x4 “ r0,´1s ¨ b̄, thus e4 “ b and εd3 “ ´1
(and so g4 “ g´1

e4
“ g´1

b “ r0,´1s).

xi di ei gei hdi εdi gi
x1 a a r1, 0s r0, 0s `1 r1, 0s
x2 b b r0, 1s r0, 0s `1 r0, 1s
x3 r´1, 0s ¨ ā a r1, 0s r0, 0s ´1 r´1, 0s
x4 r0,´1s ¨ b̄ b r0, 1s r0, 0s ´1 r0,´1s

TABLE 4: Summary of Data for Brown’s Relation (iii) Applied to Z2

We conclude that ĝτ “ hd1 ĝ
εd1
e1 hd2 ĝ

εd2
e2 hd3 ĝ

εd3
e3 hd4 ĝ

εd4
e4 “ r0, 0sĝar0, 0sĝbr0, 0sĝ´1

a r0, 0sĝ´1
b “

ĝa ĝb ĝ´1
a ĝ´1

b .
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Therefore our single relation ĝτ “ gτ becomes ĝa ĝb ĝ´1
a ĝ´1

b “ r0, 0s “ 1, and we con-
clude:

Z2 “

A

ĝa, ĝb

ˇ

ˇ

ˇ
ĝa ĝb ĝ´1

a ĝ´1
b

E

Or, more naturally, Z2 “ xa, b | ab “ bay.

In Paper 1, we apply this technique to a subcomplex of the spine of Guirardel and
Levitt’s ‘Outer Space for a Free Product’ (see Section 5) to obtain a presentation for the
outer automorphism group of a free product.

In the case of three non-isomorphic free factors, we will use this to recover Collins and
Gilbert’s (algebraic) result [7, Proposition 4.1]. As we generalise the problem, Outer
Space becomes too complicated to study efficiently. We then adapt the technique used
in [18] (to reduce Culler-Vogtmann space to a subcomplex of its 2-skeleton) to obtain a
somewhat simpler space, which preserves the information we require.

As it turns out, our complexes have ‘strict’ fundamental domains, allowing us to use
a streamlined version of Brown’s Theorem which ignores face relations. However, as
is demonstrated in [2], once we start studying automorphisms of splittings with free
rank (i.e. of the form G1 ˚ ¨ ¨ ¨ ˚ Gn ˚ Fk with k ą 0), we lose this ‘strictness’. This adds a
layer of complexity to the calculations required in this case, 3 but we are optimistic that
it will still be manageable in future work.

5 Outer Space

In [15], Guirardel and Levitt give a deformation space for certain free products G “

G1 ˚ ¨ ¨ ¨ ˚ Gn ˚ Fk on which OutpGq acts, allowing us to study properties of the outer
automorphism group of a free product. They call this space O, the ‘Outer Space’ (for a
free product). This is defined for groups G “ G1 ˚ ¨ ¨ ¨ ˚ Gn ˚ Fk with each Gi non-trivial,
freely indecomposable, and not infinite cyclic (i.e. Grushko decompositions), where
n ě 1 and n` k ě 2. We will be interested in subcomplexes of the ‘barycentric spine’
of O.

Remark. This construction applies more generally to free factors which are not freely
indecomposable. In this case it is not OutpGq which acts on the Outer Space, but the
subgroup of OutpGq which preserves (up to conjugation) the free-factor splitting of G.
Papers 1 and 2 consider this more general case, although with the restriction that k “ 0
(the case k ą 0 is ongoing work, very briefly introduced in Section 6).

3Current estimates are that there are 952 faces to consider for the fundamental domain of the complex
Cn,k,2 described in Section 6, but many of these are quickly ruled out as ‘duplicates’, and the rest are
handled according to 8 cases, resulting in only 5 non-trivial generators from edges, each of the form
ĝe “ φ for some automorphism φ in some vertex stabiliser.
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5.1 Points in Outer Space

Let G “ G1 ˚ ¨ ¨ ¨ ˚ Gn ˚ Fk be a Grushko decomposition. A point in O is (up to equivari-
ant isometries) a G-tree T satisfying:

(i) There is no proper subtree of T which is invariant under the action of G (i.e. the
action of G on T is minimal);

(ii) G acts freely on the edge set of T (i.e. all edge stabilisers are trivial);

(iii) There is exactly one orbit of vertices with stabiliser conjugate to Gi for each i P
t1, . . . , nu;

(iv) All other vertices have trivial stabiliser;

(v) If v is a valence-2 vertex of T then it is the fixed point of an element of G which
exchanges the two edges incident to v (i.e. T has no redundant vertices).

We assign a positive length to each edge of T in such a way that all edges in the same
orbit have the same length (possible since there are only finitely many edge orbits).
This defines a metric on the tree, called the path metric.

Alternatively, points may be viewed as marked metric graphs of groups Γ, via Bass–
Serre Theory. These will have fundamental group isomorphic to G, having one vertex
group conjugate to Gi for each i, and all other vertex groups trivial (we will call such
vertices ‘trivial vertices’ — note that some authors will refer to these as ‘free vertices’).
All edge groups of Γ are trivial, and given any maximal tree Tmax of Γ, there will be
precisely k edges not in Tmax (k being the rank of the free component of our group).
Instead of a group action, we equip our graph of groups with a marking (i.e. a map
to the fundamental group). We assign to each edge a positive length (corresponding
to the edge lengths above). Here, minimality means any leaves (vertices of valence 1)
cannot be trivial vertices, and lack of redundancy further implies that trivial vertices
must have valence at least 3.

Note that two graphs of groups represent the same point in O if and only if they are
isomorphic in the sense of Bass [3, Definition 2.1]. This is equivalent to requiring the
existence of an equivariant isometry between their universal covers.

The quotient of O by the natural action of p0,8q is the projectivised space, PO. This
equates to requiring that the sum of edge lengths in any given graph of groups is 1 (or
any other positive number, but 1 is convenient), or that given a set of representatives of
the edge orbits in a tree T the lengths of these edges sum to 1.
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5.2 Structure of Outer Space

Given an underlying simplicial structure of one of our graphs of groups Γ, we can
vary the assigned edge lengths. Assuming these always sum to 1, we can consider the
resulting collection as an open m-simplex , where m is the number of edges of Γ. We
will call this the ‘(open) simplex in PO associated to Γ’. If a graph Γ1 can be obtained by
collapsing one or more edges of Γ, then the simplex associated to Γ1 can be viewed as a
face of the simplex associated to Γ (equating to making the associated coordinate zero).
In this way, we can put a simplicial structure on PO. Note that this is (usually) not a
CW-complex, as it may be missing faces. To obtain a CW-complex, one can simply take
the barycentric subdivision of the structure, and linearly retract off the missing faces.
This is called the barycentric spine, denoted SO. We can put the Weak Topology on SO
(i.e. open cells in SO are precisely the cells whose intersection with each simplex of
SO is an open subset of said simplex).

A given graph of groups with underlying graph Γ will yield an (open) simplex in PO
(edge lengths may vary but must always sum to 1), an (open) cone in O (edge lengths
vary with no restriction), and a vertex in SO (edge lengths are all fixed). We illustrate
this (for a group G “ G1 ˚ G2 ˚ G3) in Figure 9.

Cone in O Simplex in PO Vertex in SO

FIGURE 9: Structures Associated with a Graph of Groups in O, PO, and SO

One may wish to consider alternative topologies on O or PO, such as the ‘axes topol-
ogy’, which (viewing points as G-trees) is induced by length functions associated to
the group actions. Guirardel and Levitt show that PO is contractible in both the Weak
Topology and in the Axes Topology.

Structure of the Barycentric Spine SO of O

Given two 0-cells Γ1 and Γ2 in our barycentric spine, we have a 1-cell rΓ1, Γ2swhenever
Γ2 can be achieved by collapsing an edge or edges of Γ1.
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Whenever a collection of 0-cells Γ1, . . . , Γm form an m-clique in the 1-skeleton (that is,
whenever the restriction of the 1-skeleton to the vertices Γ1, . . . , Γm forms a complete
graph), we insert an pm´ 1q-cell rΓ1, . . . , Γms.

Since the maximum number of edges such a graph of groups can have is 2n´ 3 (when
all non-trivial vertices have valence 1 and all trivial vertices have valence 3), and the
minimum number is n´ 1 (when there are no trivial vertices), then the dimension of the
barycentric spine of Outer Space is p2n´ 3q ´ pn´ 1q “ n´ 2. Since O is contractible,
and O deformation retracts onto SO, then so too is SO.

5.3 Action on Outer Space

The outer automorphism group OutpGq acts on O, PO and SO by changing the mark-
ing of the associated graphs of groups.

Explicitly, if we consider points of SO to be actions ψ : Gˆ T Ñ T, ψpg, tq “ g ¨ψ t on
G-trees T, then for θ P OutpGq, the action on SO, θ ¨ pT, ψq, is defined by θpψpg, tqq “
θpg ¨ψ tq “ θpgq ¨ψ t.

We are interested in finding stabilisers of vertices in the barycentric spine SO, which
is equivalent to finding stabilisers of open simplices in PO. Note that there are only
finitely many orbits of simplices. Since an open simplex S contains only (and all pos-
sible) graphs of a given underlying simplicial structure, Γ, then the stabiliser of S in
OutpGq, StabpSq, is the group of automorphisms which ‘preserves the decomposition
of G as a graph of groups given by Γ’. That is, the automorphisms which stabilise a sim-
plex (or vertex in the spine) represented by a graph Γ are precisely those which map an
action on the universal cover T of Γ to another action on a tree T1 whose quotient under
the new action is Γ (upto equivariant isometries). If some of our vertex groups in Γ are
isomorphic, we do allow these to be permuted.

If we restrict to the case where all our factors Gi are pairwise non-isomorphic and we
have no free component, then considering points as actions of G on trees T, the sta-
biliser of a point T is precisely the group of automorphisms acting trivially on the
quotient graph Γ “ TäG. This is the subgroup denoted by Guirdardel and Levitt
as OutS

0pGq. If the vertex vi of Γ represents the orbit of the vertex in T whose sta-
biliser is Gi, and pi is the valence of vi, then OutS

0pGq is isomorphic to the direct product
śn

i“1pG
pi´1
i ¸AutpGiqq (where AutpGiq is identified with its projection in AutpGq (or

OutpGq)). The precise details of this are found in [15].
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6 The Complexes Cn, Sn, and Cn,k,d

In this section, we will give a very brief overview of the complexes Cn and Sn used in
Papers 1 and 2, respectively, and introduce a complex Cn,k,d for the purpose of one day
generalising Paper 1.

The complexes Cn and Sn are defined for a free product G “ G1 ˚ ¨ ¨ ¨ ˚Gn, assuming that
the free factors are pairwise non-isomorphic (and non-trivial). They may be viewed as
subcomplexes of SO, the spine of Guirardel and Levitt’s Outer Space (from [15]), by
restricting to only those graphs of groups whose underlying graph has one of a few
approved shapes. Equivalently, Cn and Sn can be viewed as order complexes associated
to posets whose elements are certain graphs of groups, where the partial order is given
by collapses (i.e. Γ1 ă Γ2 iff Γ2 can be achieved by collapsing edges of Γ1). Again, these
graphs of groups should have particular graph shapes as their underlying graph, and
should have vertex groups Gg1

1 , . . . , Ggn
n conjugate to the factor groups G1, . . . , Gn such

that G is the free product Gg1
1 ˚ ¨ ¨ ¨ ˚ Ggn

n . All edge groups should be trivial, and they
are permitted to also have additional vertices with trivial vertex group, so long as these
have valency at least 3.

The graph shapes permitted for Cn are shown in Figure 10, where unlabelled (yellow)
vertices have trivial vertex group, and a vertex with a label ‘n ´ a’ for some a (and a
blue ring) indicates that n´ a leaves have been supressed.

n´ 2
v1

v2

n´ 5
v1

v2

v3

v4

v5

n´ 4
v1v2

v3

v4

n n´ 2
v1v2

n´ 3
v1

v2

v3

n´ 5
v1v2v3

v4

v5

n´ 4
v1v2 v3 v4

n´ 1
v1

n´ 3
v1v2v3

n´ 5
v1v2v3 v4 v5

FIGURE 10: Graph Shapes Permitted for Cn

The graph shapes permitted for Sn are α “
n
“

v1
v2

v3vn´1

vn

and
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A “
n´ 1

v1
“

v1

v2

v3vn´1

vn

. Clearly then, for a fixed n, we have that Sn is

a subcomplex of Cn.

6.1 A ‘Degree d’ Complex for Outer Space

We now consider a group G “ G1 ˚ ¨ ¨ ¨ ˚Gn ˚ Fk where k ą 0 and again, the factor groups
Gi are non-trivial and pairwise non-isomorphic 4.

In Hatcher and Vogtmann’s ‘Cerf theory for graphs’ [18], the authors introduce a sub-
complex of Auter/Outer Space (for a free group), called the ‘degree d’ complex, which
is pd´ 1q-connected. In particular, the degree 2 complex is simply connected, which al-
lows Armstrong, Forrest, and Vogtmann to apply Brown’s Theorem in ‘A presentation
for AutpFnq’ [2] and extract their result. We use a similar idea to produce a subcom-
plex of the outer space of a free product, which will hopefully satisfy nice connectivity
properties.

Definition 6.1.1. Let Γ be a graph of groups (whose edge groups are all trivial). For a

vertex v of Γ with vertex group Gv and valency νpvq, set µpvq :“

#

νpvq ´ 2 if Gv “ t1u
νpvq ´ 1 if Gv ‰ t1u

.

Choose a vertex v0 of Γ so that µpv0q ě µpvq for all vertices v of Γ. Then the degree of Γ
is ydegpΓq :“

ÿ

v‰v0

µpvq. We call v0 the basepoint of Γ.

Remark. Note that the degree is clearly independent of the choice (if there is one) of v0.
For n and k large enough, and ydegpΓq small enough, we will have that v0 is unique.

Observation 6.1.2. If we fix n and k and let Γ be a graph of groups with all edge groups
trivial, n non-trivial vertex groups, and so that the underlying graph of Γ has funda-
mental group Fk (the free group of rank k), then since we have exactly n non-trivial

vertex groups, we see that
ÿ

vPΓ

µpvq “

˜

ÿ

vPΓ

νpvq ´ 2

¸

` n. Moreover, since the underly-

ing graph has fundamental group Fk, then
ÿ

vPΓ

pνpvq ´ 2q “ 2k´ 2. Putting this together,

we have that
ÿ

vPΓ

µpvq “ 2k´ 2` n. Hence ydegpΓq “ 2k´ 2` n´ µpv0q. In particular,

for such a Γ we have that ydegpΓq ď 2k´ 2` n.

Definition 6.1.3. Let G “ G1 ˚ ¨ ¨ ¨ ˚ Gn ˚ Fk where the factor groups Gi are non-trivial
and pairwise non-isomorphic, and let SO be the spine of the associated outer space.

4Extending to the case where some factors may be isomorphic to each other is easier done algebraically,
rather than geometrically. It constitutes an action of a direct product of symmetric groups (or an action of
a permutation group) dependent on the partition of tG1, . . . , Gnu into sets of isomorphic factors.
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We define Cn,k,d to be the subcomplex of SO obtained by restricting to graphs of groups
Γ with ydegpΓq ď d. We call this the degree d complex of the Outer Space for a free product.

As with Cn and Sn, one could alternatively view Cn,k,d as the order complex associated
to a poset.

Remark. By Observation 6.1.2, every Γ in SO satisfies ydegpΓq ď 2k ´ 2` n, hence for
any d ě 2k´ 2` n we have that Cn,k,d is the whole spine SO.

We now sketch the graph shapes for Γ with ydegpΓq P t0, 1, 2u. Figure 11 shows all
graphs with ydegpΓq “ 0, assuming n ě 1 and k ě 1.

v1 v2

vn

xk

x1

v1

v2

vn

xk

x1

FIGURE 11: Graphs with ydegpΓq “ 0

We represent both of these graphs by a single blue vertex, . In the following figures
(Figures 12 and 13), our diagrams will show vertices with non-trivial vertex group in
red and vertices with trivial vertex group in yellow. We will show the ‘basepoint’ as a
blue vertex, and assume that there are enough loops and leaves coming off this vertex
so that the underlying graph has fundamental group Fk and so that there are n vertices
with non-trivial vertex group. Note that the blue basepoint may represent a vertex
with either trivial or non-trivial vertex group; in this way, each diagram represents two
distinct graph structures. Figure 12 shows all graphs with ydegpΓq “ 1, assuming n ě 2
and k ě 2, and Figure 13 shows all graphs with ydegpΓq “ 2, assuming n ě 4 and k ě 4.
If these conditions on n and k are not met, we simply remove the graph structures with
‘too many’ loops or non-trivial vertices.

FIGURE 12: Graphs with ydegpΓq “ 1

Note then that Cn,k,2 comprises all graphs in Figures 11, 12, and 13. For a fixed n, we
have the following relationship between Cn, Sn, and Cn,k,d:

Cn,0,0 “ Sn Ă Cn,0,1 Ă Cn Ă Cn,0,2
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Observe that C0,k,d is exactly the degree d complex Ak,d for Auter/Outer Space (i.e.
Culler–Vogtmann Space), as described in Hatcher and Vogtmann’s ‘Cerf theory for
graphs’ [18]. Hence the presentation recovered C0,k,2 “ Ak,2 will be that of Armstrong,
Forrest, and Vogtmann in ‘A presentation for AutpFnq’ [2]. On the other hand, the pre-
sentation obtained from Cn,0,2 should match that from Cn achieved in Paper 1. In this
way, Cn,k,2 should allow us to interpolate between these results 5 .

7 Twisted Conjugacy

Definition 7.0.1. For a group G and an automorphism φ P AutpGq, we say that two
elements are φ-twisted conjugate (denoted x „φ y) in G if there exists w P G such that
φpwqxw´1 “ y.

Lemma 7.0.2. Let G be a group and φ P AutpGq. Then „φ defines an equivalence relation on
G.

Proof. We verify each of the three defining properties of an equivalence relation:

1. For any x P G we have that φp1qx1´1 “ 1x1 “ x, hence x „φ x.

2. Let x, y P G and suppose x „φ y. Then there exists some w P G with φpwqxw´1 “

y. Set v “ w´1. Now φpvqyv´1 “ φpw´1qypw´1q´1 “ φpwq´1
`

φpwqxw´1
˘

w “ x,
hence y „φ x.

3. Let x, y, z P G and suppose x „φ y and y „φ z. Then there exist some u, w P

G with φpwqxw´1 “ y and φpuqyu´1 “ z. Set v “ uw. Now φpvqxv´1 “

φpuwqxpuwq´1 “ φpuq
`

φpwqxw´1
˘

u´1 “ φpuqyu´1 “ z, hence x „φ z.

Observation 7.0.3. Other authors may define twisted conjugacy in different ways. The
four ‘obvious’ ways to define when x „φ y are as follows:

(1) Dw P G such that y “ φpwqxw´1;

(2) Dw P G such that y “ φpwq´1xw;

(3) Dw P G such that y “ w´1xφpwq;

(4) Dw P G such that y “ wxφpwq´1.

5However, showing that Cn,k,2 is simply connected, and that we can thus apply Brown’s Theorem, is
likely to be quite tricky.
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The definition we will be using throughout is (1), but note that y “ φpwq´1xw “

φpw´1qxpw´1q´1 for some w P G if and only if x „φ y (in the sense of Definition (1)), so
p1q and p2q are equivalent. Similarly, p3q and p4q are clearly equivalent. However,

Dw P G such that y “ wxφpwq´1

ô Du “ φpwq P G such that y “ φ´1puqxu´1

ô x „φ´1 y (in the sense of Definition (1)).

Thus p4q does not give the same equivalence classes as p1q, but rather those of the in-
verse of the automorphism φ.

Definition 7.0.4 (Property R8). Let G be a group and φ P AutpGq. Denote by rxs„φ the
„φ equivalence class of x in G, and let Gä„φ be the set of all „φ equivalence classes

in G. We say that G has property R8pφq if the cardinality of Gä„φ is infinite (i.e. „φ

has infinitely many equivalence classes in G). We say that G has property R8 if G has
R8pφq for every φ P AutpGq.

Lemma 7.0.5. Let G be a group and let Φ P OutpGq. Then for any φ, ψ P Φ, there exists a
bijection F : Gä„φ Ñ

Gä„ψ.

Proof. Let G and Φ be as in the statement of the Lemma, and let φ, ψ P Φ. Then there
is some inner automorphism ι P InnpGq such that ψ “ ι ˝ φ. Let x P G be such that
ιpgq “ xgx´1 for all g P G. We now define a map F : Gä„φ Ñ

Gä„ψ “
Gä„ι˝φ by

Fprys„φq :“ rxys„ι˝φ “ rxys„ψ for all rys„φ P
Gä„φ.

Observe that for any y, w P G, we have

xφpwqyw´1 “ xφpwqpx´1xqyw´1 “ ιpφpwqqxyw´1 “ ψpwqpxyqw´1 „ψ xy

that is, rxφpwqyw´1s„ψ “ rxys„ψ . Thus F is well-defined.

Surjectivity of F is immediate upon noting that if rzs„ψ P
Gä„ψ then z P G and hence

x´1z P G, so rx´1zs„φ P
Gä„φ exists.

Now let rys„φ , rzs„φ P
Gä„φ and suppose Fprys„φq “ Fprzs„φq, that is, rxys„ψ “ rxzs„ψ

(i.e. xy „ψ xz). Then there exists w P G such that xz “ ψpwqpxyqw´1 “ ιpφpwqqxyw´1 “

xφpwqx´1xyw´1 “ xφpwqyw´1. In particular, z “ φpwqyw´1, thus y „φ z and so
rys„φ “ rzs„φ . Hence F is injective.

Definition 7.0.6. Let G be a group and let Φ P OutpGq. We say that G has property
R8pΦq if G has property R8pφq for some automorphism φ P Φ.

Remark. As a consequence of the above Lemma, we see that for a group G and an outer
automorphism Φ P OutpGq, G has property R8pΦq if and only if G has property R8pφq
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for every automorphism φ P Φ. Thus G has property R8 if and only if G has property
R8pΦq for all Φ P OutpGq.

In Paper 3, we show that any accessible group with infinitely many ends (see Definition
8.2.3) has property R8. Some groups that don’t have property R8 are:

• Finite groups (obviously).

• pZ,`q — Consider the automorphism φ : a ÞÑ ´a, then a „φ b if and only if
a´b

2 P Z, that is, a and b have the same parity. Thus „φ has two classes in Z: the
set of odd numbers and the set of even numbers.

• pZn,`q— Again, consider the automorphism φ : g ÞÑ ´g, in this case, pa1, . . . , anq ÞÑ

p´a1, . . . ,´anq. Then pa1, . . . , anq „φ pb1, . . . , bnq if and only if for each i P t1, . . . , nu,
ai and bi have the same parity. Thus „φ has 2n classes in Zn.

• FpXq where X is some infinite set (i.e. the free group of infinite rank); this is
proved by Dekimpe–Gonçalves in [9, Proposition 5.4].

8 Ends

In this section we present several notions of an ‘end’ of a space, which are equivalent
when the space in question is a locally finite graph. Given a group G with generating
set S, the number of ends of G is the number of ends of the Cayley graph CaypG, Sq of G
with respect to S. If S is finite, then CaypG, Sq is locally finite, and so we will direct our
attention to finitely generated groups (although W. Dicks and M. Dunwoody extend
the theory to all groups in their book ‘Groups Acting on Graphs’ [10]).

8.1 Ends of a Graph

Ends via Compact Sets

We begin with H. Freudenthal’s Definition of the ends of a topological space X:

Definition 8.1.1 (Freudenthal [13]). Let X be a (Hausdorff) space and let U1 Ě U2 Ě ¨ ¨ ¨

and U1
1 Ě U1

2 Ě ¨ ¨ ¨ be sequences of non-empty connected open subsets of X such that
each Ui (respectively U1

i ) is a connected component of X‧Xi (respectively X‧X1
i) for

some compact set Xi (respectively, X1
i).

We say that U1 Ě U2 Ě ¨ ¨ ¨ and U1
1 Ě U1

2 Ě ¨ ¨ ¨ are equivalent if for all i there exist j and
k such that Ui Ě U1

j and U1
i Ě Uk.

An end of X is an equivalence class of such sequences.
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In the case where the space X is exhaustible by compact sets (i.e. there exists a sequence
of compact sets K0 Ď K1 Ď K2 Ď ¨ ¨ ¨ such that X “

Ť

i Ki), we obtain the below
Definition for the number of ends of X, which is somewhat more intuitive:

Definition 8.1.2. Let X be a topological space which is covered by a nested sequence of
compact sets K0 Ď K1 Ď K2 Ď ¨ ¨ ¨ . We then have a sequence X‧K0 Ě X‧K1 Ě X‧K2 Ě

¨ ¨ ¨ , and letting ci be the number of infinite connected components of X‧Ki, we define
the number of ends of X to be the supremum of the ci’s, sup

iPN

ci.

As R. Diestel and D. Kühn explain in their paper ‘Graph-theoretical versus topological
ends of graphs’ [11], we can apply this concept to a graph Γ, by viewing Γ as 1-complex
whose edges are homoemorphic to the real interval r0, 1s. Under this interpretation,
an open neighbourhood of a vertex v is a union of half-open intervals rv, xq where x is
some point along an edge rv, ws, taken over all such edges. We then have that a subset
of Γ is connected if and only if it is path connected, and a subset of Γ is compact if and
only if it is closed (i.e. its compliment is open) and contains only finitely many vertices,
and contains ‘inner points’ (points found within an edge and not a vertex) from only
finitely many edges.

This roughly gives us the Definition of the number of ends of a graph used in Paper 3:

Definition 8.1.3 ([Paper 3, Definition 5.1.1]). The number of ends of a locally finite
graph Γ is the supremum of the number of infinite components of the graphs Γ‧F,
where F ranges over all finite subgraphs of Γ.

Ends via Rays

A more direct approach concerning the ends of a graph is given by R. Halin [16], as
equivalence classes of rays.

Definition 8.1.4. A ray in a simplicial graph Γ is an infinite sequence of vertices
pv0, v1, v2, . . . q such that no vertex is repeated, and consecutive vertices vi and vi`1 are
connected by an edge in Γ.

A subray, r, of a ray, R “ pv0, v1, v2, . . . q, is a sequence of vertices pu0, u1, u2, . . . q such
that there exists some n P N so that for all i P N, ui “ vn`i.

We now present two (equivalent) ways in which we may say rays are equivalent:

Definition 8.1.5. Let Γ be a simplicial graph.

1. Two rays R0 and R1 in Γ are equivalent if there exists a ray R2 such that
|VpR2q XVpR0q| and |VpR2q XVpR1q| are both infinite. That is, R2 meets both R0

and R1 infinitely many times. We illustrate this below:
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R0

R1

R2

2. Two rays R0 and R1 in Γ are equivalent if for any finite subset U of VpΓq, there
exist subrays r0 of R0 and r1 of R1 which are rays in Γ‧U and are connected by
some path pU in Γ‧U. That is, no finite subset of Γ separates R0 from R1. We
illustrate this below:

R0

R1

U
pU r0

r1

Definition 8.1.6 (Halin [16]). An end of a graph Γ is an equivalence class of rays in Γ.

Theorem 8.1.7 (Diestel–Kühn [11, Theorem 4.11]). Let Γ be a locally finite graph. Then the
set of topological ends (i.e. ends in the sense of Freudenthal [13]) is in one-to-one correspondence
with the set of graph-theoretical ends (i.e. ends in the sense of Halin [16]).

8.2 Ends of a Group

We are now ready to begin formally defining the number of ends of a group.

Definition 8.2.1. Let G be a finitely generated group with some finite generating set S.
We define the Cayley graph CaypG, Sq of G with respect to S to be the graph with vertex
set G and edge set tpg, gsq|g P G, s P Su.

Remark. Note that G acts on the vertex set of CaypG, Sq on the left via h ¨ g “ hg for h P G
and g P VpCaypG, Sqq “ G. This action preserves adjacency, and therefore extends to
an action on CaypG, Sq.

Lemma 8.2.2. Let G be a finitely generated group and let S1 and S2 be two finite generating
sets for G. Then the number of ends of CaypG, S1q is equal to the number of ends of CaypG, S2q.

Recall that if G is finitely generated (by some finite generating set S), then CaypG, Sq is
locally finite, and Theorem 8.1.7 applies.

Definition 8.2.3. Let G be a finitely generated group and S be some finite generating
set for G. The number of ends of G is defined to be the number of ends of CaypG, Sq.

We now present J. Stallings’ categorisation of finitely generated groups according to
their ends, generalised to the case of all groups by W. Dicks and M. Dunwoody [10]:
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Theorem 8.2.4 (Stallings’ Theorem [10, Chapter IV: Proposition 6.5, Theorem 6.10, and
Theorem 6.12]). The number of ends of a group G is either 0, 1, 2, or8. Moreover:

(i) G has 0 ends if and only if G is a finite group.

(ii) The following are equivalent:

• G has 2 ends

• G is virtually infinite cyclic (i.e. G has a finite index subgroup isomorphic to Z).

• G acts on a line with finite stabilisers and one orbit of edges.

• G has a finite normal subgroup N with GäN isomorphic to either Z or C2 ˚ C2.

(iii) G has infinitely many ends if and only if G isn’t virtually cyclic and G acts on a tree with
finite edge stabilisers and no global fixed point. Equivalently, G has infinitely many ends
if and only if G isn’t virtually cyclic and one of the following hold:

• G is an amalgamated free product G “ B ˚C D where B ‰ C ‰ D and C is finite.

• G is an HNN extension G “ B ˚C x where C is finite.

• G is countably infinite (has the cardinality of N) and locally finite (every finitely
generated subgroup of G is finite).

(iv) G has 1 end if and only if G does not have 0, 2, or infinitely many ends (i.e. none of the
above conditions are met).

Remark. Note that W. Dicks and M. Dunwoody work with an alternative definition of
ends in [10], using Boolean algebra.

9 Groups Acting on R-Trees

The main objects of study in Paper 3 are ‘R-trees’, which may be thought of as a gener-
alisation of simplicial trees (see Definition 4.1.3). Culler and Morgan’s ‘Group actions
on R-trees’ [8] provides a solid background on this topic, of which we give a brief
overview in this section.

Definition 9.0.1. An R-tree T is a non-empty metric space T “ pT, dq such that for any
two points x, y P T there exists a unique arc rx, ys from x to y which is isometric to the
closed interval r0, dpx, yqs in R.

Equivalently, an R-tree is a 0-hyperbolic geodesic metric space.

Observation 9.0.2. Let T be an R-tree, and let x P T. Denote by νpxq the number of
connected components of the space T‧txu.

If the set tx P T | νpxq ě 3u is a discrete subset of T, we can form a 1-complex whose
0-cells form a discrete set V with tx P T | νpxq ě 3u Ď V Ă T, and whose 1-cells are the
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arcs rx, ys in T such that x, y P V and rx, ys XV “ tx, yu. Note that this is a simplicial
tree with vertex set V and edge set the set of 1-cells.

Conversely, if X is a simplicial tree, we can form an R-tree TX by assigning a positive
length to each edge of X, and letting TX be the metric space with underlying structure
that of X such that if x and y in TX are the endpoints of an edge e in X then dpx, yq is the
length of the edge e.

Definition 9.0.3. Let G be a group acting by isometries on an R-tree T “ pT, dq, and let
g P G. The translation length of g, denoted }g}, is defined to be

}g} :“ inf
xPT

dpx, g ¨ xq

Lemma 9.0.4 ( [8, Lemma 1.3]). Let G be a group acting on an R-tree T with metric d, and
let g P G. Then the set Ag :“ tx P T | dpx, g ¨ xq “ }g}u is a closed, non-empty subtree of T
which is invariant under the action of g. Moreover,

(i) if }g} “ 0 then Ag is the fixed point set of g (we call g elliptic);

(ii) if }g} ą 0 then Ag is isometric to the real line R and g acts on Ag by translation by }g}
(we call g hyperbolic and call Ag the axis of g); and

(iii) for any x0 P T, we have dpx, g ¨ xq “ }g} ` 2dpx0, Agq.

Note that some authors may call hyperbolic elements ‘loxodromic’, which avoids con-
fusion with the concept of a hyperbolic group. Unless directly stated otherwise, when
we say ‘hyperbolic’ in this thesis, we mean a group element which acts by translation
on some line (i.e. the image of an isometric embedding of R) in our space.

In Paper 3, we present the following Lemma, which allows one to easily determine
when an element of a group acting on an R-tree is hyperbolic:

Lemma 9.0.5 (Circle-Dot Lemma [Paper 3, Lemma 3.2.11]). Let G be a group acting iso-
metrically on an R-tree, T. Suppose there exist distinct points x, y P T such that the arc
rx, g ¨ ys crosses the points y and g ¨ x in that order (possibly with y “ g ¨ x), that is, we have
the following picture:

x y g ¨ x g ¨ y
Ag

Then g is hyperbolic and both x and y belong to the axis of g. In particular, }g}T “ dpx, g ¨ xq.

This generalises a result of Serre [21, Chapter I, Section 6.4, Proposition 25] applicable
to simplicial trees.
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9.1 Ends of an R-Tree

As with graphs, one may define the concept of an end for an R-tree T, via the idea of
rays [8, Section 2]:

Definition 9.1.1. Let ρ : r0,8q Ñ T be an isometric embedding of the half-line in R into
T (note that this is necessarily injective). We call the image R “ impρq of ρ in T a ray,
and say that it emanates from the point ρp0q in T. Given two such embeddings, ρ1 and
ρ2, with images R1 and R2 respectively, we say that R2 is a subray of R1 if there is some
x ě 0 in R such that for all a P r0,8q, ρ2paq “ ρ1pa` xq.

Since T is a tree, then the previous notions of equivalence of rays become the following:

Lemma 9.1.2. Let T be an R-tree, and let R1 and R2 be two rays in T. Then R1 „ R2 if and
only if R1 X R2 is a subray of both R1 and R2.

Definition 9.1.3. Let T be an R-tree. The ends of T are defined to be the equivalence
classes of rays in T.

Remark. Note that for any point p P T there is precisely one ray emanating from p for
each equivalence class of rays in T. So for any p P T, the number of ends of T is equal
to the number of rays emanating from p.

9.2 Reducibility

A key concept in the study of group actions on R-trees is when such an action is ‘irre-
ducible’. We give a definition, together with some equivalent formulations, due to M.
Culler and J. Morgan [8]. Note that being irreducible is not the same as being ‘reduced’
(see Section 10).

Definition 9.2.1 (Culler–Morgan [8]). Let G be a group acting by isometries on an R-
tree T. We say the action is reducible if one of the following hold:

(i) Every element of G fixes some point in T; or

(ii) T has a line which is invariant under the action of G; or

(iii) T has an end which is fixed by G.

We say the action is irreducible if it is not reducible.

Theorem 9.2.2 (Culler–Morgan [8, Theorem 2.7]). Let G be a group acting on an R-tree T
and suppose there is some g P G with non-zero translation length (i.e. not every element of G
fixes a point in T). Then the following are equivalent:
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(i) The action of G on T is irreducible.

(ii) There exist hyperbolic elements g, h P G such that the translation length }rg, hs} of the
commutator rg, hs “ g´1h´1gh is non-zero.

(iii) There exist hyperbolic elements g, h P G such that Ag X Ah is an arc of finite positive
length.

(iv) G contains a free group of rank 2 which acts freely and properly discontinuously on T.

10 Reduced Trees

In Paper 3, we give the following Definition:

Definition 10.0.1 ([Paper 3, Definition 3.3.4], [14, Definition 3.5]). A simplicial G-tree T
is called reduced if whenever e “ pu, vq is an edge of T with StabGpeq “ StabGpvq, then u
and v are in the same G-orbit.

The purpose of this section is to motivate this definition. We adapt and expand upon
Section 3 of V. Guirardel and G. Levitt’s ‘Deformation Spaces of Trees’ [14] in order to
provide this background context.

Let T be a (simplicial) tree and G be a group acting by isometries on T, without inver-
sion of the edges. For an edge e P EpTqwe let Ge “ tg P G|g ¨ e “ eu ď G be the (setwise)
stabiliser of e, called an edge stabiliser. For a vertex v P VpTq we let Gv “ StabGpvq be
the stabiliser of v, called a vertex stabiliser. Recall that for an edge e with endpoints opeq
and tpvq, we have Ge ď Gopeq and Ge ď Gtpeq.

Given an edge e0 of T, collapsing every edge in the G-orbit of e0 yields a new tree T1.
We say that T1 is obtained by collapsing e0.

The action of G on T induces an action of G on T1. If we label the vertex in T1 resulting
from the collapse of an edge g ¨ e0 by vg¨e0 , then g ¨ ve0 “ vg¨e0 and Gvg¨e0

“ Gope0q ˚Ge0
Gtpe0q.

Note that if a subgroup H of G fixes a point in T, then H also fixes a point in T1. The
converse need not hold.

Definition 10.0.2. Let T1 be obtained by collapsing an edge (orbit) e0 of T. We say e0 is
collapsible if for any subgroup H of G which fixes a point in T1, H also fixes a point in T.

Remark. For those familiar with the subject, this is equivalent to saying that T and T1

have the same elliptic subgroups in G, or that they belong to the same deformation
space (in the sense of Guirardel and Levitt [14]).
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Lemma 10.0.3. An edge (orbit) e of T is collapsible if and only if opeq and tpeq belong to distinct
orbits and at least one of Gopeq or Gtpeq is equal to Ge.

Proof. Let T1 be obtained by collapsing an edge (orbit) e of T, and let ve be the resulting
vertex in T1.

We first show that the conditions given are sufficient. Indeed, the only elliptic sub-
groups of T1 which might not be elliptic in T are the vertex stabilisers Gvg¨e “ Gg¨ve “

gGve g´1. But if opeq and tpeq belong to distinct orbits and (without loss of generality)
Gtpeq is equal to Ge, then Gve “ Gopeq ˚Ge Gtpeq “ Gopeq ˚Gtpeq

Gtpeq “ Gtpeq is elliptic in T.

We now show that each of the conditions is necessary. If Ge is a proper subgroup of
both Gopeq and Gtpeq then we can find gu P Gopeq and gv P Gtpeq such that gu ¨ opeq “ opeq
and gv ¨ tpeq “ tpeq but gu ¨ e ‰ e ‰ gv ¨ e. Then gvgu is elliptic in T1 (it fixes the vertex
ve), and we have the following setup in T:

gu¨e e gv¨e gvgu¨e

gu¨tpeq opeq

“

gu¨opeq

tpeq

“

gv¨tpeq

gv¨opeq
“

gvgu¨opeq

gvgu¨tpeq

Thus by the Circle-Dot Lemma (see Lemma 9.0.5, or equivalently, [21, Chapter I, Propo-
sition 25]) we have that the element gvgu is hyperbolic in T.

On the other hand, if opeq and tpeq belong to the same orbit in T, say tpeq “ g ¨ opeq
where g P G, then g ¨ ve “ ve in T1 (i.e. g P Gve ). But G acts without inversion on T, so
we cannot have that g is elliptic in T, as if it were, it would have to stabilise the edge e
(without stabilising each endpoint).

Observation 10.0.4. In the context of the quotient graph of groups Γ “ TzG, collapsing
an edge (orbit) in T corresponds to collapsing an edge in Γ. Let e be an edge (orbit)
in T and let res be the corresponding edge in Γ, with edge group Gres (conjugate to
the stabiliser Ge in G). The condition that opeq and tpeq belong to distinct orbits in T
corresponds to requiring that res not be a loop, and the condition that one of Gopeq or
Gtpeq is equal to Ge corresponds to requiring that at least one of the monomorphisms
Gopresq Ðâ Gres ãÑ Gtpresq is surjective.

Remark. In Papers 1 and 2, we say an edge of a graph of groups is collapsible if at least
one of its endpoints has trivial vertex group. Since all of our graphs of groups in that
context are trees (in particular, there are no edges which are loops) and all edge groups
are trivial, then these notions of collapsibility agree.

By combining Lemma 10.0.3 with Definition 10.0.1 (and recalling that P ùñ Q is
logically equivalent to Q_␣P, which is the logical negation of P^␣Q), we obtain the
following Corollary, giving a much more natural concept of a reduced tree:
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Corollary 10.0.5 ( [14, Defintion 3.5]). A tree T is reduced if and only if it has no collapsible
edges.
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FIGURE 13: Graphs with ydegpΓq “ 2





51

References
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Paper 1: A Presentation for the Group of Pure
Symmetric Outer Automorphisms of a Given

Splitting of a Free Product

Harry M. J. Iveson

ABSTRACT. We give a concise presentation for the group of pure symmetric outer au-
tomorphisms of a given splitting of a free product G1 ˚ ¨ ¨ ¨ ˚ Gn. These are the (outer)
automorphisms which preserve the conjugacy classes of the free factors Gi. This is
achieved by considering the action of these automorphisms on a particular subcom-
plex of ‘Outer Space’, which we show to be simply connected. We then apply a theo-
rem of K. S. Brown to extract our presentation.

Introduction

The study of group presentations, especially finite ones, is a core part of geometric
group theory, dating back to the work of M. Dehn in the 1910’s. Providing such group
presentations is not only necessary for such study, but interesting in and of itself. Au-
tomorphism groups of free groups, and more generally, of free products, are natural
objects to consider in this area. Different presentations may display various desirable
properties, such as having few generators or relations, or highlighting some structure
of the group.

In 2008, H. Armstrong, B. Forrest, and K. Vogtmann [2] gave a finite presentation for
AutpFrq, the automorphism group of a free group of rank r. They achieved this by
applying a theorem of Brown [6, Theorem 1] to a subcomplex of a version of M. Culler
and K. Vogtmann’s ‘Auter Space’ [9] on which AutpFrq acts ‘nicely’.

While finite presentations for AutpFrqwere already known (for example, see the works
of J. Nielsen [19] from 1924, whose presentation demonstrates the surjectivity of the
map to GLnpZq, and B. Neumann [18] from 1933, whose presentation had only 2 gener-
ators, but many relations), Armstrong, Forrest, and Vogtmann [2] gave a presentation
whose generators are all involutions, with a relatively small number of relations, mak-
ing it straightforward to comprehend and apply.

In 1986, J. McCool [16] gave a concise presentation for the subgroup of AutpFrq com-
prising automorphisms which map each generator to a conjugate of itself. McCool’s
presentation comprised r2 ´ r generators, but only three (families of) relations.

There is a longstanding trend of generalising results from automorphisms of free groups
to automorphisms of free products. In the 1940’s, D. I. Fouxe-Rabinovitch [10], [11] gave
a finite presentation for the automorphism group of a free product G “ G1 ˚ ¨ ¨ ¨ ˚Gn ˚ Fk,
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where Fk is the free group of rank k and where each Gi is non-trivial, freely indecom-
posable, and not infinite cyclic (i.e. Gi fl Z). N. D. Gilbert [12, Theorem 2.20] gave an
equivalent presentation for AutpGq in 1987 with fewer relations, using ‘peak reduction’
methods of J. H. C. Whitehead [21] adapted to the free product case by D. J. Collins and
H. Zieschang [8].

Main Result

We follow the methods of Armstrong, Forrest, and Vogtmann [2] to give a concise pre-
sentation for the group of pure symmetric outer automorphisms of a given splitting
G1 ˚ ¨ ¨ ¨ ˚ Gn of free product G, denoted OutpG; G1, . . . , Gnq. In our case, we have a
‘strict fundamental domain’ for the action of OutpG; G1, . . . , Gnq, so can apply a more
straightforward theorem of Brown [6, Theorem 3] to extract our presentation, given
below:

Theorem 4.1.1. Let G1 ˚ ¨ ¨ ¨ ˚ Gn be a free splitting of a group G where each Gi is non-
trivial and n ě 5. For i P rns :“ t1, . . . , nu and j P rns ´ tiu, let fij : Gi Ñ Gij be
group isomorphisms, and for g P Gi let AdGipgq be the inner automorphism x ÞÑ gxg´1 of
Gi. Then the group OutpG; G1, . . . , Gnq is generated by the npn ´ 1q groups Gij – Gi and
Φ “

śn
i“1 AutpGiq, subject to relations:

1. r fijpgq, fikphqs “ 1 @g, h P Gi, for all i P rns, j, k P rns ´ tiu

2. r fijpgq, fklphqs “ 1 @g P Gi, h P Gk, for all distinct i, j, k, l P rns

3. r f jkpgq, fijphq fikphqs “ 1 @g P Gj, h P Gi, for all distinct i, j, k P rns

4. fiv1
pgq . . . fivn´1

pgq “ AdGipg
´1q @g P Gi, for all i P rns and tv1, . . . , vn´1u “ rns ´ tiu

5. φ´1 fijpgqφ “ fijpgφq @g P Gi, for all distinct i, j P rns and all φ P Φ

As well as all relations in G and Φ.

Note that here we assume AutpGq acts on G on the right.

Corollary 4.1.2. If a group G splits as a free product where the factor groups are non-trivial,
freely indecomposable, not infinite cyclic, and pairwise non-isomorphic, then Theorem 4.1.1
gives a presentation for OutpGq.

Observation 0.0.1. In the case where some of the factor groups may be isomorphic, one
may choose to study the symmetric automorphisms of the splitting. Then a finite di-
rect product of symmetric groups, Π, acts on the splitting by permuting all possible
isomorphic factors. The group of symmetric outer automorphisms of the splitting is
then given by OutpG; G1, . . . , Gnq ¸Π. While this is hard to see geometrically using the
methods of this paper, it may be deduced algebraically.
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The cases n “ 4 and n “ 3 are similar, and are given in Theorems 4.2.2 and 4.3.1 in
Section 4.

If each of the groups Gi and AutpGiq is finitely presented, then one may extract a finite
presentation for OutpG; G1, . . . , Gnq from this theorem by replacing each group Gij with
a set of elements t fijpg1q, . . . , fijpgmiqu such that the gk’s generate Gi, and replacing the
group Φ with a generating set tφ1, . . . , φmΦu. For conciseness, we do not make this
more formal.

Our result may be considered to be a generalisation of McCool’s presentation for the
group of pure symmetric automorphisms of a free group.

Theorem 0.0.2 (McCool [16]). Let Fr “ xx1, . . . , xry be the free group on r generators. The
group of pure symmetric automorphisms of Fr is generated by rpr ´ 1q elements pxi; xjq (for
i, j P t1, . . . , ru and i ‰ j), subject to commutation relations:

1. pxi; xjqpxk; xjq “ pxk; xjqpxi; xjq

2. pxi; xjqpxk; xlq “ pxk; xlqpxi; xjq

3. pxi; xjqpxk; xjqpxi; xkq “ pxi; xkqpxi; xjqpxk; xjq

(where i, j, k, l are assumed to be distinct).

Observe by comparing indices that these relations directly translate to our Relations
1–3. Our Relation 4 is an ‘outer’ relation so is not present in the automorphism group,
and our Relation 5 describes automorphisms within a given factor, which are trivial in
McCool’s case.

In the case n “ 3, we recover a special case of Gilbert’s result [12, Theorem 2.20], given
by D. J. Collins and N. D. Gilbert [7] in 1990, for three freely indecomposable, non-
trivial, not infinite cyclic, pairwise non-isomorphic factors:

Theorem 0.0.3 (Collins–Gilbert [7, Proposition 4.1]). For G “ X ˚ Y ˚ Z where each of
X, Y, Z is freely indecomposable, non-trivial, not infinite cyclic, and where none of X, Y, Z are
isomorphic to each other, we have that OutpGq is generated by

tpY, xq, pZ, yq, pX, zq, φ|x P X, y P Y, z P Z, φ P Φu

where Φ is the set of factor automorphisms (see Definition 1.2.1), subject to relations:

• pY, x1qpY, x2q “ pY, x1x2q

• pZ, y1qpZ, y2q “ pZ, y1y2q

• pX, z1qpX, z2q “ pX, z1z2q
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• φ´1pY, xqφ “ pY, xφq

• φ´1pZ, yqφ “ pZ, yφq

• φ´1pX, zqφ “ pX, zφq

• All relations from Φ

In particular, OutpGq – G¸Φ.

Collins and Gilbert’s result may be thought of as a presentation for the pure symmetric
outer automorphisms preserving a free splitting structure G1 ˚ G2 ˚ G3 where the only
condition on the Gi’s is that they are non-trivial. Thus our result may also be seen as
both a special case of Gilbert’s presentation [12, Theorem 2.20] and a generalisation of
Collins and Gilbert’s presentation [7, Proposition 4.1].

In future, we hope to generalise this further to free splittings of the form G1 ˚ ¨ ¨ ¨ ˚Gn ˚ Fk

where automorphisms need not preserve the conjugacy classes of the generators for Fk.
However this greatly increases the number of cells in our chosen subcomplex of Outer
Space. Moreover the fundamental domain of the action ceases to be strict, meaning we
can no longer apply the simplified version of Brown’s theorem. These complications
increase the complexity of the problem, though we hope that the end result will still be
a pleasing presentation.

Methods and Techniques

To achieve our presentation, we choose a particular subcomplex of the ‘Outer Space’
for a free product introduced by Guirardel and Levitt in [13]. In order to study the
symmetric automorphisms, we use the version where there is no free rank, so the Outer
Space is similar to the poset complex introduced by D. McCullough and A. Miller in
[17]. We work with the definition of the space provided by Guirardel and Levitt [13],
since this interpolates between the Outer Spaces of Culler and Vogtmann [9] and of
McCullough and Miller [17], which lends itself well to future work in the case of a
splitting G1 ˚ ¨ ¨ ¨ ˚ Gn ˚ Fk.

We call our chosen complex Cn, discussed in Section 2. In the cases n “ 3 and n “ 4,
Cn is precisely the barycentric spine of Guirardel and Levitt’s Outer Space for a free
product whose Grushko decomposition has four non-isomorphic free factors and no
free rank (see Section 2.4). Definition 2.2.4 details the construction of the complex Cn

for n ě 5.

In order to apply Brown’s theorem [6, Theorem 3], we require that OutSpGq acts cellu-
larly on our complex Cn and with a strict fundamental domain, and that the complex
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Cn is both connected and simply connected. We will also need suitable presentations
for OutSpGq-stabilisers of vertices (graphs of groups) in Cn.

The action of OutSpGq on Cn and its fundamental domain are studied in Section 2.3,
and the connectedness of the complex Cn is Corollary 3.1.4 of Section 3.1.

Vertex stabilisers are studied in Section 5.1.16, where we combine techniques of Guirardel
and Levitt [13] with those of H. Bass and R. Jiang [4] to procure presentations which
are both concise and precise (Propositions 2.4.3, 2.4.4, and 2.4.5).

Showing that the complex Cn is simply connected is highly non-trivial and is delayed
until the second half of the paper, comprising Sections 5 and 6. We give a brief overview
of the idea of the proof below.

In 1928, P. Alexandroff [1] introduced the notion of a ‘nerve complex’ associated to a
cover of a space. In ideal conditions, this shares many of the same topological proper-
ties as the original space, while often being a much simpler object to understand.

We apply a similar concept in Section 5, introducing the ‘Space of Domains’ (see Defi-
nition 5.1.4) as a way of recording intersection patterns of OutSpGq-images of the fun-
damental domain in Cn. Unlike Alexandroff’s nerve complex, we are only interested in
2-way and 3-way intersections.

We show in Proposition 5.3.5 that in order to prove simple connectivity of the complex
Cn, it suffices to show that the Space of Domains is simply connected (having already
shown that our fundamental domain of the OutSpGq-action on Cn is simply connected
in Theorem 3.2.11 of Section 3.2).

Finally in Section 6 we apply ‘peak reduction’ techniques as used by Collins and Zi-
eschang [8] and Gilbert [12] to deduce that the Space of Domains is simply connected
(Theorem 6.3.2).
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1 Preliminaries

1.1 Some Useful Definitions and Notation

We adapt the notation for automorphisms used by Gilbert [12, Section 1]. Throughout,
we consider a group G which splits as a free product G1 ˚ ¨ ¨ ¨ ˚Gn, where each Gi is non-
trivial and n ě 3. We refer to each Gi as a factor group. Note that throughout, we adopt
the convention for conjugation that gx “ xgx´1. Recall then that gxy “ pxyqgpxyq´1 “

xpygy´1qx´1 “ pgyq
x.

Notation 1.1.1. Let G be a group. We denote by AutpGq the group of automorphisms of
G, that is, isomorphisms from G to itself. We say ψ P AutpGq is an inner automorphism
if there exists x P G so that for all g P G, ψpgq “ gx “ xgx´1. The collection of
inner automorphisms forms a normal subgroup, InnpGq, of AutpGq. We then define
OutpGq :“ AutpGqäInnpGq, and call this the outer automorphism group of G.

Definition 1.1.2 (Pure Symmetric Automorphism). Let G “ G1 ˚ ¨ ¨ ¨ ˚ Gn be a group
which splits as a free product. We say ψ P AutpGq is a pure symmetric automorphism of
the splitting G1 ˚ ¨ ¨ ¨ ˚ Gn if for each i there is some gi P G such that ψpGiq “ Ggi

i “

giGig´1
i . We say ψ̂ P OutpGq is a pure symmetric outer automorphim of the splitting if

there is some ψ P ψ̂ which is a pure symmetric automorphism of the splitting.

Remark. It is easy to see that if ψ is a pure symmetric automorphism of some free split-
ting, and ι is an inner automorphism of the free product, then ιψ is also a pure symmet-
ric automorphism of the splitting. Thus the concept of ‘pure symmetric outer automor-
phisms’ is well-defined. It is not hard to verify that the collection of pure symmetric
(outer) automorphisms forms a subgroup of AutpGq (respectively, OutpGq).

Notation 1.1.3. We denote by OutpG; G1 ˚ ¨ ¨ ¨ ˚Gnq the subgroup of OutpGq comprising
pure symmetric outer automorphisms of the splitting G1 ˚ ¨ ¨ ¨ ˚ Gn of G. Given such
a splitting, we may set S to be the tuple pG1, . . . , Gnq and let OutpG; G1, . . . , Gnq “:
OutSpGq, for brevity. We may similarly define AutpG; G1, . . . , Gnq and AutSpGq. We
will sometimes refer to S itself as the splitting, as opposed to the product G1 ˚ ¨ ¨ ¨ ˚Gn.

Observation 1.1.4. Given a splitting G “ G1 ˚ ¨ ¨ ¨ ˚ Gn with S “ pG1, . . . , Gnq, it is clear
that InnpGq Ď AutSpGq. Since InnpGq Ĳ AutpGq then InnpGq Ĳ AutSpGq, and it follows
that AutSpGqäInnpGq – OutSpGq, as one would expect.

Definition 1.1.5 (Factor Automorphism). We say φ P AutpG; G1, . . . , Gnq is a factor au-
tomorphism if for each i P t1, . . . , nu, φ|Gi (that is, φ with domain restricted to the em-
bedding of Gi in G) is an automorphism of Gi (i.e. φ|Gi P AutpGiq). We will say φ̂ P

OutpG; G1, . . . , Gnq is a factor automorphism if φ̂ has a representative φ P AutpG; G1, . . . , Gnq

which is a factor automorphism. We will denote the set of factor automorphisms in
OutpG; G1, . . . , Gnq by Φ.
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The set of factor automorphisms Φ forms a subgroup of OutpG; G1, . . . , Gnq, with Φ –
n
ź

i“1

AutpGiq.

Notation 1.1.6. We write AdGipgq for the inner automorphism of Gi which conjugates
each element of Gi by g (with g P Gi), that is, AdGipgq : x ÞÑ gxg´1. Since AdGipgq P
InnpGiq ď AutpGiq, then AdGipgq P Φ ď OutpG; G1, . . . , Gnq. Note however that AdGipgq
is not in InnpGq.

We will often abuse notation by writing ψ for both an automorphism in AutpGq (or
AutpG; G1, . . . , Gnq), and for the class it represents in OutpGq (or OutpG; G1, . . . , Gnq).

Definition 1.1.7. Let S “ pG1, . . . , Gnq be the tuple associated to a group G which splits
as a free product G1 ˚ ¨ ¨ ¨ ˚ Gn, and let T be a finite tree on at least n vertices.
A free product H1 ˚ ¨ ¨ ¨ ˚ Hn is an S free factor splitting for G “ G1 ˚ ¨ ¨ ¨ ˚ Gn if for each i,
there exists gi P G so that Hi “ Ggi

i , and the subgroups Gg1
1 , . . . , Ggn

n generate the group
G. Note that by assumption H1 ˚ ¨ ¨ ¨ ˚ Hn ď G.
An S-labelling of T is an assignment of n vertex groups Hv to vertices v P VpTq so that
H1 ˚ ¨ ¨ ¨ ˚ Hn is an S free factor splitting for G.
Given an S-labelling pH1, . . . , Hnq of T, we may consider the graph of groups T “

pT, pH1, . . . , Hnqq formed by associating the trivial group t1u to any remaining vertices
of T, and setting all edge groups to also be trivial.

Lemma 1.1.8. Let G be a group with splitting S “ pG1, . . . , Gnq and let H1 ˚ ¨ ¨ ¨ ˚ Hn be an
S free factor splitting for G. Then there exists ψ P AutSpGq with pGiqψ “ Hi for each i.

Proof. Since H1 ˚ ¨ ¨ ¨ ˚ Hn is an S free factor splitting for G, for each i there exists gi P G
so that Hi “ Ggi

i . Let ψi : Gi Ñ Hi be the map pxqψi “ gixg´1
i @x P Gi. Clearly, ψi

is an isomorphism of (sub)groups. By the universal property of free products, these
isomorphisms ψi extend to an endomorphism ψ : G Ñ G. Since H1 ˚ ¨ ¨ ¨ ˚ Hn is an S

free factor splitting of G1 ˚ ¨ ¨ ¨ ˚ Gn, then G is generated by the subgroups H1, . . . , Hn,
and so ψ is surjective. Repeating this process on the maps ψ´1

i : Hi Ñ Gi, we recover
a surjective homomorphism φ : G Ñ G, which composes with ψ to give the identity
map. Thus φ is an inverse for ψ, and so ψ P AutpGq. Moreover, ψ restricts to ψi on each
Gi, that is, pGiqψ “ Ggi

i “ Hi, and so ψ P AutSpGq, as required.

Definition 1.1.9 (Whitehead Automorphism). An automorphism in AutpG; G1, . . . , Gnq

which, for each j, either pointwise fixes Gj, or pointwise conjugates Gj by a given x P G
is called a Whitehead automorphism. Given x P Gi and A Ď tG1, . . . , Gnu ´ tGiu, we
write pA, xq for the Whitehead automorphism which pointwise fixes any Gj R A, and
pointwise conjugates by x any Gj P A.

Given finite sequences x “ px1, . . . , xkq with x1, . . . , xk P Gi and A “ pA1, . . . , Akq with
A1, . . . , Ak Ď tG1, . . . , Gnu ´ tGiu (with the Aj’s pairwise disjoint), we write pA, xq for
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the composition pA1, x1q . . . pAk, xkq (which should be read from left to right, since we
consider the action of AutpGq on G to be a right action). We call such a map a multiple
Whitehead automorphism.

An element ψ̂ P OutpG; G1, . . . , Gnq will be called a (multiple) Whitehead automor-
phism if it has some representative ψ P AutpG; G1, . . . , Gnqwhich is a (multiple) White-
head automorphism.

Remark. Our notation differs from that of Gilbert [12] in that we decide not to include
the operating factor Gi (see below) in the set A.

More detail on Whitehead automorphisms, including relative Whitehead automor-
phisms, can be found in Section 5.5.

Notation 1.1.10. Given factor groups Gi and Gj, we will write Gij (sometimes abbrevi-
ated as ij) for the group generated by automorphisms pGj, xq where x P Gi. We call Gi

the operating factor and Gj the dependant factor. Additionally, given factor groups Gi and
Gv1 , . . . , Gvk , we will write iv1 ...vk (or Giv1...vk

) for the subgroup of iv1 ˆ ¨ ¨ ¨ ˆ ivk generated
by the Whitehead automorphisms ptGv1 , . . . , Gvku, xq where x P Gi. We think of this as
the diagonal subgroup, and denote this by iv1...vk iv1 ˆ ¨ ¨ ¨ ˆ ivk .

Observation 1.1.11. We have a natural isomorphism fij : Gi Ñ Gij given by fijpxq “
pGj, xq. Indeed, Gj ¨ fijpxq fijpyq “ Gj ¨ pGj, xqpGj, yq “ xGjx´1 ¨ pGj, yq “ xyGjy´1x´1 “

Gxy
j “ Gj ¨ fijpxyq.

1.2 Key Theorems

We will later make repeated use of the Seifert–van Kampen Theorem. As our simplicial
complexes are all closed, and we usually only care about closed subcomplexes of these,
we will use a ‘closed version’ of the theorem. Such a theorem can be found in some
undergraduate Algebraic Topology notes, such as [22] delivered by H. Wilton at the
University of Cambridge.

Theorem 1.2.1 (Seifert–Van Kampen (Closed Version)). For closed sets A and B with A,
B, and AX B path-connected and such that there exist open sets U Ă A and V Ă B with AX B
a (strong) deformation retract of both U and V, we have that the diagram:

π1pAX Bq π1pAq

π1pBq π1pAY Bq

iA˚

iB˚
jA˚

jB˚

is a pushout, where iA : AX B ãÑ A, iB : AX B ãÑ B, jA : A ãÑ AY B, and jB : B ãÑ AY B
are inclusion maps. We will abuse notation and abbreviate this by writing:

π1pAY Bq – π1pAq ˚π1pAXBq π1pBq
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Remark. This closed version follows by noting that the diagram:

π1pU YVq π1pAYVq

π1pU Y Bq π1pAY Bq

is a pushout by the standard Seifert–van Kampen Theorem, where the correspond-
ing components in the closed version are neighbourhood deformation retracts of those
here, and hence have the same fundamental group.

Since our sets A, B, AY B, and AX B will always be (finite) simplicial complexes, we
will always have that AX B is a neighbourhood deformation retract in both A and B.
Indeed, we can take a union of open subsets of each simplex of A containing A X B,
and similarly for B, and we will have open sets U and V satisfying this requirement.
We illustrate this with an example:

Example 1.2.2. Let A “ and B “ be two (closed) simplices, and X “

AY B “ a simplicial complex. Then in X we have that AX B “ . We

can then take our sets U Ď A and V Ď B to U “ and V “ . Then A´U “

which is a closed set, hence U is open in A. Similarly, V is open in B, and it is clear that
AX B is a deformation retract of both U and V.

In [6], Brown presents a method for extracting a group presentation from its action on
a CW complex. A streamlined version of this is given as Theorem 3 in [6] which holds
when the action of the group on the complex has a strict fundamental domain:

Theorem 1.2.3 (Brown [6, Theorem 3]). Let G act on a simply connected G-CW complex X
(without inversion on the 1-cells of X). Suppose there is a subcomplex W of X so that every
cell of X is equivalent under the action of G to a unique cell of W. Then G is generated by the
isotropy subgroups Gv (v P VpWq) subject to edge relations ιopeqpgq “ ιtpeqpgq for all g P Ge

(e P EpWq) (where for any e P EpWq, ιopeq : Ge Ñ Gopeq and ιtpeq : Ge Ñ Gtpeq are inclusions).

It is this theorem that forms the basis of Section 4 in which we give a presentation for
OutSpGq.

1.3 Outer Space for Free Products

In [13], Guirardel and Levitt give a description of a deformation space for certain free
products G “ G1 ˚ ¨ ¨ ¨ ˚ Gn ˚ Fk on which OutpGq acts, allowing us to study properties
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of the outer automorphism group of a free product. They call this space O, the ‘Outer
Space’ (for a free product), and the projectivised space PO.

The space PO, while cellular, is not simplicial, due to ‘missing’ faces (faces ‘at infinity’).
To resolve this, we consider a construction called the barycentric spine of PO (denoted
‘S ’). This is obtained by taking the first barycentric subdivision of PO, and then lin-
early retracting off the missing faces, to give a simplicial complex. This equates to
taking the geometric realisation of the poset on the cells of PO given by A ă B if and
only if A is a face of B.

Whilst their construction is defined for a Grushko decomposition (i.e. each factor group
Gi is non-trivial, freely indecomposable, and not infinite cyclic), by considering instead
the subgroup OutpG; G1, . . . , Gn, Fkq of OutpGq which preserves a given splitting of G,
we can loosen these conditions. We may refer to this as a ‘relative’ Outer Space.

Since we are going to be interested in subcomplexes of the barycentric spine S , we will
now give an explicit description for it. We will restrict ourselves to the case where every
factor group in the splitting of G acts elliptically (i.e. k “ 0).

Points in the Barycentric Spine of Projectivised Outer Space

Let G be a group which splits as a free product G1 ˚ ¨ ¨ ¨ ˚Gn where each Gi is non-trivial,
and let S “ pG1, . . . , Gnq be the tuple associated to the splitting.

The barycentric spine S of PO is a simplicial complex whose 0-cells are graphs of
groups Γ (with π1pΓq – G), as follows:

• The underlying graph structure of Γ is a tree

• Γ has one vertex with vertex group conjugate to Gi for each i

• All other vertex groups are trivial (vertices with trivial vertex group will be called
‘trivial vertices’)

• Any trivial vertex has valency at least 3

• All edge groups are trivial

• The vertex groups Gg1
1 , . . . , Ggn

n generate the group G (that is, Gg1
1 ˚ ¨ ¨ ¨ ˚ Ggn

n is a
free fractor splitting for G)

Note that two graphs of groups are equivalent if and only if they are isomorphic in the
sense of Bass [3, Definition 2.1].

Via Bass–Serre Theory, we could equally consider points of S to be certain actions of G
on trees T, up to equivariant isometry.
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Structure of the Barycentric Spine S of PO

Given two 0-cells Γ1 and Γ2 in our barycentric spine, we have a 1-cell rΓ1, Γ2swhenever
Γ2 can be achieved by collapsing an edge or edges of Γ1 (or vice versa).

Whenever a collection of 0-cells Γ1, . . . , Γm form an m-clique in the 1-skeleton (that is,
whenever the restriction of the 1-skeleton to the vertices Γ1, . . . , Γm forms a complete
graph), we have a unique pm´ 1q-cell rΓ1, . . . , Γms.

Since the maximum number of edges such a graph of groups can have is 2n´ 3 (when
all non-trivial vertices have valency 1 and all trivial vertices have valency 3), and the
minimum number of edges is n´ 1 (when there are no trivial vertices), then the dimen-
sion of the barycentric spine of projectivised Outer Space is p2n´ 3q ´ pn´ 1q “ n´ 2.
Since PO is contractible [13, Theorem 4.2 and Corollary 4.4], and PO deformation re-
tracts onto S , then so too is S .

Action of OutSpGq on S

If we consider points of S to be actions ρ : G Ñ IsompTq, ρpgq “ ρg : T Ñ T, ρgpxq “
g ¨T x on G-trees T, then for φ P AutSpGq, the action on S is given by pT, ρq ¨ φ “

pT, φ´1ρq, that is, g ¨Tφ x “ gφ´1 ¨T x. This extends to a cellular action on S . Since inner
automorphisms act trivially on S then this defines an action of OutSpGq, where for any
cell C of S and φ̂ P OutSpGq, C ¨ φ̂ “ C ¨ φ for any automorphism φ P φ̂. In Section 2.3,
we give a description of the action of OutSpGq on our chosen subcomplex of S in terms
of graphs of groups. Note that we have chosen notation so that G always acts on the
left and AutpGq always acts on the right.

We will be interested in finding OutSpGq-stabilisers of vertices in the barycentric spine.
Considering points as actions of G on trees T, the stabiliser of a point T is precisely the
group of automorphisms acting trivially on the quotient graph of groups Γ “ TäG.
This is the subgroup denoted by Guirdardel and Levitt as OutS

0pGq.

If the vertex vi of Γ “ TäG represents the orbit of the vertex in T whose stabiliser is
Gi, and µi is the valency of vi in Γ, then OutS

0pGq is isomorphic to the direct product
śn

i“1pG
µi´1
i ¸AutpGiqq (where AutpGiq is identified with its projection in AutSpGq (or

OutSpGq)). The precise details of this are found in [13, Section 5]. We explore this more
explicitly in Section 5.1.16.

2 The Complex Cn

From now on, we fix a splitting S “ pG1, . . . , Gnq of a group G “ G1 ˚ ¨ ¨ ¨ ˚ Gn, where
each Gi is non-trivial. We will consider graphs of groups of G which respect the splitting
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S — note that these will all be trees, as each factor group acts elliptically in the relative
Bass–Serre tree.

The barycentric spine of the projectivised relative Outer Space for G with respect to S

has a ‘reasonably sized’ quotient under the action of OutSpGq when n “ 3 and n “ 4
(4 vertices contributing to a total of 7 cells, and 32 vertices contributing to a total of 159
cells, respectively). As n grows, this quotient space quickly becomes unwieldy.

Definition 2.0.1. For n “ 3 or n “ 4, we define Cn to be the barycentric spine of
Guirardel and Levitt’s projectivised relative Outer Space associated to the splitting S

of G.

That is, C3 and C4 are the geometric realisations of the posets whose elements are
simplices in the projectivised relative Outer Spaces for the splittings G1 ˚ G2 ˚ G3 and
G1 ˚ G2 ˚ G3 ˚ G4, respectively, where A ă B if the simplex A is a face of the simplex B.

Lemma 2.0.2. C3 and C4 are contractible. In particular, they are simply connected.

Proof. This follows from contractibility of projectivised Outer Space, proven by Guirardel
and Levitt [13, Theorem 4.2 and Corollary 4.4] , since projectivised Outer Space defor-
mation retracts onto its spine.

Our goal now is to construct a simplicial complex Cn for each n ě 5 whose quotient
under the action of OutSpGq remains ‘reasonably sized’.

2.1 Restricting to a Subcomplex of Outer Space

For the rest of this section, we assume n ě 5. In general, the barycentric spine of the
Outer Space for n factors will be pn´ 2q-dimensional.

Since our graphs of groups are all trees, we will find that the stabilisers of higher-
dimensional simplices in Outer Space are contained in the stabilisers of their faces.
Hence restricting ourselves to lower dimensional simplices will not sacrifice informa-
tion gathered from vertex stabilisers in the barycentric spine. We will thus restrict
ourselves to the three lowest possible dimensions of simplex; then when we take the
barycentyric spine of this restricted space, we will recover a 2-dimensional complex.

The lowest dimension of a simplex in Outer Space for n factors is n´ 1 (since our trees
will have the minimal possible number of vertices, n, leading to n´ 1 edges). Thus we
are interested in graphs of groups with n´ 1, n, or n` 1 edges.
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For n “ 5, this means we just drop the top-dimensional simplices, which represent

the graphs of groups of the form
j

k

l

m

i

, where the labelled (red) ver-

tices have vertex groups conjugate to the free factors of G, and the unlabelled (yellow)
vertices have trivial vertex group (and all edge groups are trivial).

We will call such a graph (i.e. associated to a top-dimensional simplex) a maximal graph.
Note that in our case, these are characterised by having precisely n leaves (all with
non-trivial vertex group) and with all other vertices (each having trivial vertex group)
having valency exactly 3.

As n increases, so too does the number of maximal graphs associated to ‘top’ sim-

plices. For n “ 6, there are two maximal graph structures, and

. For n “ 7 there are also two types of maximal graph, for n “ 8

there are four, for n “ 9 there are six, for n “ 10 there are twelve, and for n “ 11 there
are eighteen. 1 Collapsing edges (passing to faces in the associated simplex in Outer
Space) in each of these leads to a variety of structures.

Definition 2.1.1. In a graph of groups, we say that an edge is collapsible if it has at least
one trivial endpoint (that is, at least one endpoint whose vertex group is the trivial
group).

The process of replacing a collapsible edge (including its endpoints) by a single vertex
whose vertex group is the free product of the vertex groups of the endpoints of said
edge is called collapsing.

Given two graphs of groups T1 and T2, we will say T2 is a collapse of T1 if T2 can be
achieved as the result of successively collapsing edges of T1.

Remark. Since a collapsible edge has at least one trivial endpoint, then one may think
of the edge as collapsing to its other (potentially non-trivial) vertex.

That is, if u v is a collapsible edge, with u being the trivial vertex and v having

vertex group Gv (possibly also trivial), then in collapsing u v , we replace it with a
vertex whose vertex group is equal to t1u ˚ Gv “ Gv. Thus we may think of collapsing

1This is somewhat analogous to alkane chains in organic chemistry, and the various isomers for these
(if we were to pretend that carbon could make only three bonds, and not four).
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u v as replacing it with the vertex v. Note that the new valency of v is equal to the
old valency of v plus the valency of u minus 2.

Alternatively, the collapse of such an edge u v in T1 may be thought of as a map

f : T1 Ñ T2 sending u v to v and acting as the identity on the rest of T1. Collapses
of multiple edges can be achieved by composing these maps.

Recall that we have already decided to limit ourselves to graphs with n´ 1, n, or n` 1
edges. So we will restrict ourselves further to collapses of graphs of groups of the form

j

k

l

m

v1

v2 vn´5
vn´4

, which we will ‘abbreviate’ as
n´ 4

j

k

l

m

(where the

‘n´ 4’ means we have suppressed n´ 4 leaves). We will use this method of abbrevi-
ation on a frequent basis. We will often refer to the blue-ringed vertex (with valency
dependent on n) as the ‘basepoint’ of the graph.

For n “ 5 this is exactly as we have described, and results in taking the barycentric
spine of the 3-skeleton of Outer Space. This graph shape provides a natural way to
generalise to n ą 5, without having to worry about the varying maximal graphs. Note
that this means that for n ą 5 there will be graphs of groups representing simplices of
the ‘correct’ dimension (i.e. n´ 1, n, or n` 1) in Outer Space which we do not include
in our chosen complex.

Our complex Cn will be the geometric realisation of the poset whose elements are the
graphs of groups we have selected above, where the order is given by collapsing. We
formalise this in the following subsection.

2.2 Points in the Complex

Table 1.1 summarises the graph shapes we will encounter, as well as a naming con-
vention, the number we expect to see in a fundamental domain of the subcomplex
we choose, and associated colours which are useful in drawing diagrams (though can
largely be ignored).

In general, subscripts separated by a comma are ordered, whereas subscripts not sepa-

rated by a comma are not ordered. So ρjk and ρkj both refer to the tree
n´ 2

j

k

whereas β j,k and βk,j refer to distinct trees,
n´ 2

jk
and

n´ 2

kj
, re-

spectively.
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Tree Name No. per Domain Colour

n´ 2
j

k

ρjk
npn´1q

2 z

n´ 5

i

j

k

l

m

σi,jk,lm
n!

8ˆpn´5q! z
n´ 4

jk

l

m

τj,k,lm
n!

2ˆpn´4q! z
n

α 1 z
n´ 2

jk
β j,k npn´ 1q z

n´ 3

i

j

k

γi,jk
n!

2ˆpn´3q! z
n´ 5

ijk

l

m

δi,j,k,lm
n!

2ˆpn´5q! z
n´ 4

jk l m
ε j,k,l,m

n!
2ˆpn´4q! z

n´ 1

i
Ai n z

n´ 3

ijk
Bi,j,k

n!
pn´3q! z

n´ 5

ijk l m
Ci,j,k,l,m

n!
2ˆpn´5q! z

TABLE 1.1: Points in the Subcomplex for n ě 5

There is some additional symmetry from our trees, so we also have that σi,jk,lm “

σi,lm,jk, ε j,k,l,m “ ε l,m,j,k, and Ci,j,k,l,m “ Ci,l,m,j,k. It is always assumed that, for example,
ti, j, k, l, v1, . . . , vn´4u “ t1, . . . , nu as sets.

Recall from Definition 2.1.1 that an S-labelling is an assignement of vertex groups
H1, . . . , Hn to a tree T so that π1pTq – G which respects the splitting S of G. For
trees in Table 1.1, vertex groups are only assigned to named (red) vertices.
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Definition 2.2.1. Let H “ pHv1 , . . . , Hvnq and H1 “ pH1
v1

, . . . , H1
vn
q be two S-labellings

of a tree T from Table 1.1 with tv1, . . . , vnu Ď VpTq. Then H and H1 are equivalent as
labellings (with respect to T) if for each v P VpTq (including trivial vertices) there exists
gv P G and (if v is not a trivial vertex) φv P AutpHvq so that H1

v “ gvpHvqφvg´1
v , and

moreover, for any edge e P EpTqwe have g´1
opeq

gtpeq P Hopeq (where opeq is the endpoint of
e closest in T to the ‘basepoint’, and tpeq is the further endpoint). If opeq does not have a
vertex group assigned (i.e. opeq is a trivial vertex) then gtpeq “ gopeq.

Two graphs of groups T1 and T2 are equivalent if they each have underlying graph
isomorphic to some graph T, and their labellings are equivalent (with respect to T). We
denote this equivalence by T1 » T2.

Considering the fundamental group of a labelled tree T “ pT, Hq to be
n
˚

i“1
Hvi , this

equivalence induces an isomorphism Hv1 ˚ ¨ ¨ ¨ ˚ Hvn Ñ H1
v1
˚ ¨ ¨ ¨ ˚ H1

vn
. Some basic ma-

nipulation of notation shows that this notion of equivalence corresponds to taking iso-
morphism classes of graphs of groups described by Bass [3, Section 2].

When considering Cn, we assume a given splitting S of our group G, and may simply
refer to ‘labellings’ of trees.

Observation 2.2.2. If T1 » T2 are equivalent graphs of groups and f is a collapsing map
of the underlying graph T, then f pT1q » f pT1q are also equivalent.

Example 2.2.3. Consider the labelled graph of groups T :“
GiGjGk

Gv1

Gvn´3

. The following labelled graphs of groups are all equivalent to T:

1.
Gg

iGg
jGg

k

Gg
v1

Gg
vn´3

where g P G — since gg´1 “ 1 P Gv for any v.

2.
Ggi

iG
gj
jGgk

k

G
gv1
v1

G
gvn´3
vn´3

where each gv P Gv — since for each v, Gv ÞÑ gvGvg´1
v

is an element of AutpGvq.

3.
GiG

ijk
jG

ijk jk
k

G
iv1
v1

G
ivn´3
vn´3

where iv1 , . . . , ivn´3 , ijk P Gi and jk P Gj — since i P

Gi ñ 1´1i P Gi and ijk
´1
pijk jkq P Gj.
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4.
Gji

i
GjGjk

k

Gji
v1

Gji
vn´3

where jk, ji P Gj — this is achieved by combining 1.

(with g “ ji), 2. (conjugating Gji
j by j´1

i P Gj), and 3. (conjugating Gji
k by jk j´1

i P Gj)
above.

In general, elements in the equivalence class of T all have the form shown in Figure 1.1,
where g P G, gv P Gv for each v, iv1 , . . . , ivn´3 , ijk P Gi, and jk P Gj.

Gggi
i

G
gijk gj
j

G
gijk jk gk
k

G
giv1 gv1
v1

G
givn´3 gvn´3
vn´3

FIGURE 1.1: Equivalence Class of S-Labellings of T

We are now ready to define our complex.

Definition 2.2.4 (The Complex Cn). We build a (2-dimensional simplicial) complex
called Cn as follows:

• Take one 0-simplex for each equivalence class of S-labellings of each tree in Table
1.1 (equivalently, take one 0-simplex for each equivalence class of S-labellings
of each tree which is achieved by collapsing at least one edge of one of the trees

j

k

l

m

v1

v2 vn´5
vn´4

for each of the 1
2

`n
2

˘`n´2
2

˘

unordered pairs of subsets tj, ku

and tl, mu of t1, . . . , nu).

• Given 0-simplices rT1s and rT2s, insert a 1-simplex joining rT1s and rT2s if and only
if some representative T2 of rT2s is a collapse of some representative T1 of rT1s or
vice versa.

• Insert a 2-simplex wherever there is a 3-clique rT1s—rT2s—rT3s—rT1s in the 1-
skeleton.

We will often refer to simplices of Cn as cells. We will use these terms interchangeably.
Additionally, we will sometimes refer to 0-cells as ‘vertices’, 1-cells as ‘edges’, and 2-
cells as ‘faces’.

Note that Cn is the barycentric spine of the subspace of Outer Space obtained by restrict-
ing to only simplices representing the above graph shapes. As such, we will sometimes
refer to it as ‘the/our complex’, or ‘the/our subcomplex’.
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2.3 The Action of OutSpGq on Cn and its Fundamental Domain Dn

By considering the action of OutSpGq on our complex Cn, there is a natural idea of a
quotient of Cn (two points are equivalent if they are in the same OutSpGq-orbit). We can
then pick a ‘fundamental domain’ Dn for the action by choosing a lift of this quotient
in Cn.

Recall from Section 2.4 that OutSpGq acts on the Spine of Outer Space. We restate this
action in terms of graphs of groups (rather than G-trees), and verify that this is indeed
an action on Cn when restricted to our chosen graphs. We begin by stating the action
of OutSpGq on the 0-skeleton Cp0q

n of Cn, and then show this extends to an action on the
full complex Cn.

Definition 2.3.1 (Action of OutSpGq on Cp0q
n ). Let rψs P OutSpGq have representative

ψ P AutSpGq and let T be a point in Cp0q
n with S-labelling pH1, . . . , Hnq. Then T ¨ rψs is a

graph of groups with the same underlying graph as T and labelling ppH1qψ, . . . , pHnqψq

(where pHiqψ is given by the usual action of AutpGq on G, noting that Hi ď G).

Remark. Given rψ1s “ rψ2s P OutSpGq, there is some ιg : x ÞÑ gxg´1 P InnpGq so
that ψ2 “ ψ1ι. Then for any point T P Cp0q

n with labelling pH1, . . . , Hnq, we have
pHiqψ2 “ ppHiqψ1q

g. As noted in 1 of Example 2.2.3, pppH1qψ1q
g, . . . , ppHnqψ1q

gq and
ppH1qψ1, . . . , pHnψ1qq are equivalent as labellings. So we really do have that T ¨ rψ1s “

T ¨ rψ2s — that is, the action here is well-defined. As such, we will often write T ¨ ψ (or
even Tψ) for T ¨ rψs.

Lemma 2.3.2. Let S, T P Cp0q
n such that S is a collapse of T, and let f : T Ñ S be the collapsing

map. Let ψ P OutSpGq. Then f pT ¨ ψq “ f pTq ¨ ψ.

Proof. Suppose T as a graph has labelling pH1, . . . , Hnq. Recall from Definition 2.1.1 that
permitted collapses do not alter vertex groups in any way. Thus pH1, . . . , Hnqmust also
be a labelling for S. Now T ¨ ψ is a graph of groups with the same underlying graph
as T, and labelling ppH1qψ, . . . , pHnqψq. Similarly, S ¨ ψ has the same underlying graph
as S, with labelling ppH1qψ, . . . , pHnqψq. Since T ¨ ψ has the same underlying graph as
T, applying f to T ¨ ψ yields a graph of groups whose underlying graph is the same as
that of S, and has ppH1qψ, . . . , pHnqψq as a labelling. But this exactly describes the graph
of groups S ¨ ψ. That is, f pT ¨ ψq “ S ¨ ψ “ f pTq ¨ ψ.

Since Cn is a simplicial complex, then any cell is uniquely determined by its vertices
(0-cells). We will thus denote a cell by rT0, . . . , Tkswhere T0, . . . , Tk are its vertices. Note
that for us we will only ever have k “ 1 or k “ 2 (or k “ 0).

Proposition 2.3.3. Let ψ P OutSpGq. If rT0, . . . , Tks is a cell in Cn, then so is
rT0 ¨ ψ, . . . , Tk ¨ ψs.
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Proof. This is true by definition of the action for k “ 0.

Let rT0, T1s be an edge in Cn. Then T0 and T1 are graphs of groups with T1 a collapse of
T0 — say f : T0 Ñ T1 is the collapsing map. We know that T0 ¨ ψ is a point in Cp0q

n , and
since it has the same underlying graph as T0, then so is f pT0 ¨ ψq. So we have an edge
rT0 ¨ ψ, f pT0 ¨ ψqs P Cn. But by Lemma 2.3.2, f pT0 ¨ ψq “ f pT0q ¨ ψ “ T1 ¨ ψ. So if rT0, T1s is
a cell in Cn, then so is rT0 ¨ ψ, T1 ¨ ψs.

Now suppose rT0, T1, T2s is a 2-cell in Cn. Then we must have a 3-clique
rT0s—rT1s—rT2s—rT0s, so rT0, T1s, rT1, T2s, and rT0, T2s are 1-cells in Cn. Then
rT0 ¨ψ, T1 ¨ψs, rT1 ¨ψ, T2 ¨ψs, and rT0 ¨ψ, T2 ¨ψs are 1-cells in Cn forming a 3-clique, hence
by Definition 2.2.4 we must have a 2-cell rT0 ¨ ψ, T1 ¨ ψ, T2 ¨ ψs.

Definition 2.3.4 (Action of OutSpGq on Cn). The action of an element ψ P OutSpGq on
a k-cell rT0, . . . , Tks of Cn is defined to be:

rT0, . . . , Tks ¨ ψ :“ rT0 ¨ ψ, . . . , Tk ¨ ψs

We now construct a fundamental domain for this action. The quotient space obtained
from the action has one cell for each orbit of cells in Cn. The obvious choice to make
here is to take the lift to be the subcomplex supported by vertices which are all the
graphs of groups (as listed in Table 1.1) whose vertex groups are precisely the factor
groups G1, . . . , Gn. This is formalised below:

Definition 2.3.5 (Construction of Dn). We take the 0-skeleton Dp0q
n of Dn to be the set

of graphs of groups T whose underlying graph is a tree from Table 1.1 so that, up
to permuting the indices, T has a labelling pG1, . . . , Gnq. We now define Dn to be the
subcomplex of Cn made up of all cells whose vertices are in Dp0q

n .

Example 2.3.6. Note that in our selection of graphs of groups, we still allow permuta-

tion of the vertex labels, just not conjugation. So
n´ 2

Gj

Gk

and
n´ 2

Gj

Gl

are both in Dp0q
n , while

n´ 2
Gx

j

Gk

is not (for x R Gj, i.e. Gj ‰ Gx
j as sets). Note

however that (for y P Gj)
n´ 2

GjGy
k

is in Dp0q
n , since

n´ 2
GjGy

k
is equiva-

lent to
n´ 2

GjGk
under Definition 2.1.2.
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Notation 2.3.7. Given a vertex T in Cn, we denote by StabpTq the OutSpGq-stabiliser of
T, that is, the set tψ P OutSpGq|T » T ¨ ψu, where » is the equivalence described in
Definition 2.1.2. We will often abuse notation and write T “ S for T » S.

Lemma 2.3.8. Let T be a vertex in Cn (so T is a graph of groups) and let S be achieved by
collapsing edges of T. Then StabpTq Ď StabpSq.

Proof. Let f : T Ñ S be the collapsing map, and let ψ P StabpTq ď OutSpGq. By
Lemma 2.3.2, S ¨ ψ “ f pTq ¨ ψ “ f pT ¨ ψq. Since ψ P StabpTq then T ¨ ψ “ T, hence
S ¨ ψ “ f pTq “ S. That is, ψ P StabpSq.

Proposition 2.3.9. The subcomplex Dn of Cn described above is indeed a fundamental domain
for the action of OutSpGq.

Proof. We need to show that every orbit of cells in Cn is represented in Dn. That is,
if C P Cn is a k-cell of Cn (for k P t0, 1, 2u), then there is some ψ P OutSpGq so that
C ¨ ψ´1 P Dn.

Let pT, pH1, . . . , Hnqq be a point in Cp0q
n . Since H1 ˚ ¨ ¨ ¨ ˚Hn is an S free factor splitting of

G1 ˚ ¨ ¨ ¨ ˚ Gn, then by Lemma 1.1.8, there exists ψ P AutSpGq so that for each i, pGiqψ “

Hi. Then pT, pH1, . . . , Hnqq ¨ rψ
´1s “ pT, pG1, . . . , Gnqq P Dn, with rψ´1s P OutSpGq as

required.

Now let rT, Ss be an edge in Cn (so S is a collapse of T), and choose ψ P OutSpGq so that
T ¨ ψ´1 P Dn. Then pG1, . . . , Gnq is an S-labelling for T ¨ ψ´1, and by Lemma 2.3.2, S ¨ ψ
is a collapse of T ¨ ψ´1 and hence pG1, . . . , Gnq is also an S-labelling for S ¨ ψ´1. That is,
rT ¨ ψ´1, S ¨ ψ´1s is an edge in Dn.

Similarly, if rT0, T1, T2s is a face in Cn, then T2 is a collapse of T1, which in turn is a
collapse of T0. Choosing ψ P OutSpGq with T0 ¨ ψ´1 P Dn, the above argument then
yields that rT0 ¨ ψ

´1, T1 ¨ ψ
´1, T2 ¨ ψ

´1s is a face in Dn.

Proposition 2.3.10. The fundamental domain Dn described above is strict. That is, it contains
precisely one representative of each vertex, edge, and face (2-cell) orbit.

Proof. First, note that for two vertices to share an OutSpGq-orbit, they must have the
same underlying graph structure. Moreover, since our automorphisms are pure sym-
metric (i.e. do not permute factor groups), they must have the same indexing of ver-
tices. Since our fundamental domain was chosen to allow only one labelling for each
distinct graph structure, this precisely means that each vertex of Dn is in a distinct orbit.

Now suppose we have two faces in the fundamental domain, rT0, T1, T2s and rS0, S1, S2s,
which are in the same orbit. Then their vertices are also in the same respective orbits
(i.e. Ti and Si share an orbit for each i). Since our fundamental domain contains only
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one representative of each vertex orbit, we must have that Ti “ Si for each i “ 1, 2, 3.
But when we constructed Cn, we inserted only one 2-cell for each 3-clique. That is, a
face is uniquely determined by its vertices, so rT0, T1, T2s “ rS0, S1, S2s.

The same argument applies to edges (cells with the form rT0, T1s). Hence no two cells
of our fundamental domain are in the same orbit, that is, we have a strict fundamental
domain.

2.4 Stabilisers of Vertices in Dn

To move through our complex Cn, we consider ‘collapse–expansion’ paths, since two
vertices (graphs of groups) are adjacent in Cn if and only if one is a collapse of the other.
If T1 — T2 — T3 is a path in Cn such that T2 is a collapse of both T1 and T3, and T1 and T3

have the same underlying graph structure, then we will have that T3 “ T1 ¨ ψ for some
ψ P StabpT2q. Thus understanding vertex stabilisers is key to understanding adjacency
in Cn. We will also need to understand vertex stabilisers in order to apply Brown’s
Theorem (Theorem 1.2.3).

Recall that given a point T “ pT, pH1, . . . , Hnqq P Cp0q
n , we have that ψ P OutSpGq

is in the stabiliser StabpTq of T if and only if T ¨ ψ “ T , that is, pH1, . . . , Hnq and
ppH1qψ, . . . , pHnqψq are equivalent as labellings of T. Recall from Definition 2.1.2 that
this means for each i “ 1, . . . , n there exists gi P G and φi P AutpHiq so that pHiqψ “

φipHiq
gi , and moreover, for every edge

u v
of T we have g´1

u gv P Hu.

We will only compute stabilisers of vertices in Dn. However, if T ¨ χ P Cn (with T P Dn

and χ P OutSpGq), then StabpT ¨ χq “ χ´1 StabpTqχ “ StabpTqχ
´1

. As such, we will
assume for now that any graph of groups T has pG1, . . . , Gnq as a labelling.

We will present several viewpoints on the stabiliser of a vertex, from Guirardel–Levitt
[13] and Bass–Jiang [4], respectively. Note that Levitt [15] shows how these results are
equivalent, and demonstrates how to translate between them.

The Guirardel–Levitt Approach

Recall from Definition 1.2.1 that Φ ď OutSpGq is the group of factor automorphisms of
G1 ˚ ¨ ¨ ¨ ˚ Gn, with Φ “

śn
i“1 AutpGiq.

Given a vertex vi of a point (graph of groups) T P Cn, with vertex group Gvi (assuming
Gvi ‰ t1u, that is, vi is not a trivial vertex), let µi be the valency of vi in T.
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In [13, Section 5], Guirardel and Levitt give the stabiliser of T in OutSpGq as being
isomorphic to:

n
ź

i“1

´

Gµi´1
i ¸AutpGiq

¯

“

˜

n
ź

i“1

Gµi´1
i

¸

¸Φ

where the semidirect product relation is given by the natural action of Φ on each Gi.

Using this, we recover Table 1.2 showing the stabilisers (up to isomorphism) of points
in Dn. Recall that the graph structures of these points are shown in Table 1.1.

Vertex Stabiliser
ρjk Φ

σi,jk,lm Gn´4
i ¸Φ

τj,k,lm Gj ¸Φ
α Φ

β j,k Gj ¸Φ
γi,jk Gn´3

i ¸Φ
δi,j,k,lm pGn´4

i ˆ Gjq ¸Φ
ε j,k,l,m pGj ˆ Glq ¸Φ

Ai Gn´2
i ¸Φ

Bi,j,k pGn´3
i ˆ Gjq ¸Φ

Ci,j,k,l,m pGn´4
i ˆ Gj ˆ Glq ¸Φ

TABLE 1.2: Vertex Stabilisers (up to isomorphism) using Guirardel–Levitt

This point of view corresponds to fixing a particular edge of a graph of groups T, and
then twisting the remaining edges (outwards from the fixed edge). We demonstrate
this with an example:

Example 2.4.1. Consider the graph of groups σ:
Gi

Gj

Gk

Gl

GmGv1 Gvn´5

(the graph

σi,jk,lm with labelling Ĝ :“ pG1, . . . , Gnq). We will compute the stabiliser of σ by ‘fixing’
an edge in the graph of groups.

Let Ĥ “

´

Gh1
1 , . . . , Ghn

n

¯

be an arbitrary labelling in the equivalence class of Ĝ of la-
bellings of σ. Note that by Definition 2.1.2 we must also have elements hjk, hlm P G cor-
responding to the two trivial vertices of σ, and that hj “ hk “ hjk and hl “ hm “ hlm. As
noted in 1 of Example 2.2.3, inner automorphisms of G preserve equivalence classes of

labellings. Thus the labelling Ĥ1 achieved by replacing each Gha
a by pGhaq

a h´1
lm “ Gh´1

lm ha
a is

equivalent to Ĥ. Note that in this labelling, the conjugator of Gi is h´1
lm hi “ ph´1

i hlmq
´1 P

Gi by Definition 2.1.2. Since this is an (inner) factor automorphism of Gi, then the la-

belling Ĥ2 achieved by replacing Ghih
´1
lm

i in Ĥ1 with simply Gi is also equivalent to Ĥ.
We have now essentially ‘fixed’ the edge i — lm (i.e. the edge which separates Gl and
Gm from Gi and all the other vertex groups) in σ.
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Note that for any a we have h´1
lm ha “ ph´1

i hlmq
´1ph´1

i haq P Gi. So aside from factor au-
tomorphisms (i.e. replacing Ga with pGaqφ for φ P Φ), the only freedom we have left is
to ‘twist’ along the remaining edges incident to i (the vertex in σ whose vertex group
is Gi); that is, given each remaining edge e incident to i, to conjugate all vertex groups
separated from i by e by an element of Gi. Note that for gi P Gi and φ P Φ, we have
pGgi

a qφ “ pGa φqpgiqφ “ Gpgiqφ
a . We will let Giv denote the group of Whitehead automor-

phisms which conjugate the vertex group Gv by elements of Gi (for v “ v1, . . . , vn´5),
and similarly denote by Gijk the group of Whitehead automorphisms which conjugate
the vertex groups Gj and Gk simultaneously by elements of Gi. Note that Gijk – Giv – Gi

(for v “ v1, . . . , vn´5). Since twists along edges from i happen independently of each
other, we then have that Stabpσq “ pGijk ˆGiv1

ˆ ¨ ¨ ¨ ˆGivn´5
q ¸Φ – Gn´4

i ¸Φ, as listed
in Table 1.2.

Note that by choosing an edge to ‘fix’ in a graph of groups T and indexing the remain-
ing edges as in the above example, we can similarly expand all the stabilisers listed in
Table 1.2. While this works well for some graphs, it does lead to a lack of symmetry,
and in graphs such as Ai, such a choice can feel entirely arbitrary.

Even in the above example, we could have chosen to fix the edge from Gi leading to Gj

and Gk (or even an edge Gi — Gv) instead of the edge from Gi leading to Gl and Gm .
This means we must have that Stabpσq “ pGijk ˆGiv1

ˆ ¨ ¨ ¨ ˆGivn´5
q¸Φ “ pGilm ˆGiv1

ˆ

¨ ¨ ¨ ˆ Givn´5
q ¸Φ

´

“ pGijk ˆ Gilm ˆ Giv2
ˆ ¨ ¨ ¨ ˆ Givn´5

q ¸Φ
¯

as subgroups of OutSpGq.

To see why this holds, let gi P Gi, let ιgi be the element of InnpGq which conjugates
every element of G by gi, and for groups Gw1 , . . . , Gwa (tw1, . . . , wau Ď t1, . . . , nu) let
ptGw1 , . . . , Gwku, giq be the Whitehead automorphism which conjugates each Gw by gi

(for w “ w1, . . . , wa). Then for ptGl , Gmu, giq an arbitrary element of Gilm , we have
that ptGl , Gmu, giq “

´

tGiu, g´1
i

¯´

tGj, Gk, Gv1 , . . . , Gvn´5u, g´1
i

¯

ιgi , where
´

tGiu, g´1
i

¯

P

InnpGiq

ď AutpGiq ď Φ and
´

tGj, Gk, Gv1 , . . . , Gvn´5u, g´1
i

¯

P Gijk ˆ Giv1
ˆ ¨ ¨ ¨ ˆ Givn´5

. That is,
Gilm ď pGijk ˆ Giv1

ˆ ¨ ¨ ¨ ˆ Givn´5
q ¸Φ. One can similarly show that Gijk ď pGilm ˆ Giv1

ˆ

¨ ¨ ¨ ˆ Givn´5
q ¸Φ, as well as the inclusions required for the third claimed equality.

Thus while correct, and simple to write down, this method of determining stabilisers
can obscure subgroups and other structure. To remedy this, we may consider initially
fixing just a vertex, rather than an edge, in our graph of groups, or more generally, not
‘fixing’ anything at all.

The Bass–Jiang Approach

Given a vertex vi of a point (graph of groups) T P Cp0q
n , with vertex group Gi (assuming

Gi ‰ t1u, that is, vi is not a trivial vertex), let Epviq be the set of edges of T with vi
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as an endpoint. We will index these edges by the vertices they separate from vi (so for

example in
n´ 3

i

j

k

, the edges incident to the vertex i are indexed by v1, . . . , vn´3

and pjkq).

Bass and Jiang [4, Theorem 8.1] give a filtration explicitly describing the OutpGq sta-
biliser of a graph of groups. Since we are restricting to pure symmetric (outer) au-
tomorphisms, we have trivial edge stabilisers in our graphs of groups and no graph
automorphisms (as our graphs of groups are trees, and we do not permit permutation
of the vertex groups). So this filtration simplifies to a short exact sequence:

1
n
ź

i“1

¨

˚

˚

˚

˝

¨

˝

ź

ePEpviq

Gie

˛

‚

äZpGiq

˛

‹

‹

‹

‚

StabpTq
n
ź

i“1

OutpGiq 1

where fie : Gi Ñ Gie is an isomorphism and Gie is the group of Whitehead automor-
phisms which conjugate the vertex groups of vertices separated from vi by e by ele-
ments of the vertex group Gi, and ZpGiq is the centre of Gi, with diagonal embedding.

For brevity, given T P Dp0q
n we will write MT for the

śn
i“1

˜´

ś

ePEpviq
Gie

¯

äZpGiq

¸

term of the above short exact sequence. This term corresponds to ‘twisting’ along each
edge incident to each vertex in T.

Writing v for the vertex group Gv, and ve for the automorphism group Gve (with the
indexing described above), we recover Table 1.3, showing the MT term of the Bass–
Jiang short exact sequence for each tree T of Table 1.1.

Observe that for any a “ 2, . . . , n´ 1 we can embed the group iv1...va diagonally into the
direct product iv1 ˆ¨ ¨ ¨ˆ iva . We write iv1 ...va iv1 ˆ¨ ¨ ¨ˆ iva to indicate that we consider
iv1 ...va to be the diagonal subgroup of iv1 ˆ ¨ ¨ ¨ ˆ iva . If gi P Gi then fiv1...vn´1

pgiq P iv1 ...vn´1

and ιg´1
i

is the inner automorphism which conjugates all elements of G by g´1
i . Now

fiv1...vn´1
pgiqιg´1

i
conjugates all elements of Gi by g´1

i and fixes all other elements of G.
That is, fiv1...vn´1

pgiqιgi P InnpGiq. So we have that iv1 ...vn´1 InnpGq “ InnpGiq InnpGq as
cosets in OutSpGq.

More generally, if A\ B partitions t1, . . . , nu ´ tiu then GiA “ GiiB in OutSpGq.
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T MT

ρjk

ź

v
Innpvq

σi,jk,lm

ź

v‰i

Innpvq ˆ piv1 ˆ ¨ ¨ ¨ ˆ ivn´5 ˆ ijk ˆ ilmqäZpiq

τj,k,lm
ź

v‰j

Innpvq ˆ pjv1...vn´4lm ˆ jkqäZpjq

α
ź

v
Innpvq

β j,k

ź

v‰j

Innpvq ˆ pjv1...vn´2 ˆ jkqäZpjq

γi,jk

ź

v‰i

Innpvq ˆ piv1 ˆ ¨ ¨ ¨ ˆ ivn´3 ˆ ijkqäZpiq

δi,j,k,lm

ź

v‰i,j

Innpvq ˆ piv1 ˆ ¨ ¨ ¨ ˆ ivn´5 ˆ ijk ˆ ilmqäZpiq ˆ
pjv1 ...vn´5ilm ˆ jkqäZpjq

ε j,k,l,m
ź

v‰j,l

Innpvq ˆ pjv1...vn´4lm ˆ jkqäZpjq ˆ
plv1 ...vn´4 jk ˆ lmqäZplq

Ai
ź

v‰i

Innpvq ˆ piv1 ˆ . . . ivn´1qäZpiq

Bi,j,k

ź

v‰i,j

Innpvq ˆ piv1 ˆ ¨ ¨ ¨ ˆ ivn´3 ˆ ijkqäZpiq ˆ
pjiv1...vn´3 ˆ jkqäZpjq

Ci,j,k,l,m
ź

v‰i,j,l

Innpvq ˆ piv1 ˆ ¨ ¨ ¨ ˆ ivn´5 ˆ ijk ˆ ilmqäZpiq ˆ
pjiv1...vn´5lm ˆ jkqäZpjq

ˆpliv1 ...vn´5 jk ˆ lmqäZplq

TABLE 1.3: MT Terms of Vertices T from Bass–Jiang Short Exact Sequence

Example 2.4.2. Consider the graph of groups A:

Gi

Gvj

Gv1Gvn´1

(the graph Ai with

labelling Ĝ :“ pG1, . . . , Gnq). We explore two ways of determining StabpAq.

1. We will first deduce StabpAq from the Bass–Jiang filtration. Note that this filtra-
tion allows us to compute the MA term of the Bass–Jiang short exact sequence,
rather than the stabiliser of A itself.

We begin by considering ‘twisting’ from a vertex vj (with vertex group Gvj ) for
some j “ 1, . . . , n´ 1. Since this is a vertex of valency 1, we conjugate all other
vertex groups by the same element gj of Gvj , to achieve a labelling (up to ap-

propriate reordering)
´

Gvj , G
gj
i , G

gj
v1 , . . . , G

gj
vn´1

¯

. However, by applying the inner

automorphism ιg´1
j
P InnpGq which conjugates all elements of G by g´1

j , we see

that this is equivalent to the labelling
ˆ

G
g´1

j
vj , Gi, Gv1 , . . . , Gvn´1

̇

, which equates to
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having applied the inner factor automorphism which conjugates Gvj by an ele-
ment of itself. Thus twisting from a valency 1 vertex vj simply yields InnpGvjq at
this stage of the Bass–Jiang filtration.

We now consider twists from the vertex i with vertex group Gi. This has va-
lency n´ 1, and so we get n´ 1 groups ivj – Gi, which equate to conjugating the
vertex group Gvj by elements of Gi. Since twisting along edges incident to i is
independent of the order in which we twist them, this forms a direct product of
groups. Note that if we were to twist all edges by the same element gi of Gi, this
is equivalent (up to an inner automorphism of G) to just conjugating Gi by g´1

i .
That is, InnpGiq “ iv1 ...vn´1 iv1 ˆ ¨ ¨ ¨ ˆ ivn´1 , the diagonal subgroup. Moreover,
if gi P ZpGiq is central in Gi, then conjugation of Gi by g´1

i is the identity map on
Gi, and so twisting along all edges incident to i by gi is equivalent to the iden-
tity automorphism. Thus we must quotient out by the centre of Gi, embedded
diagonally into iv1 ...vn´1 iv1 ˆ ¨ ¨ ¨ ˆ ivn´1 .

Hence we have the short exact sequence:

1 Ñ
ź

v‰i

Innpvq ˆ piv1 ˆ . . . ivn´1qäZpiq Ñ StabpAq Ñ
ź

v‰i

Outpvq ˆOutpiq Ñ 1

We deduce from this that StabpAq is generated by Φ “
śn

a“1 AutpGaq and groups
Gia – Gi for a P t1, . . . , nu ´ tiu, so that rGia , Gibs “ 1 (each element of Gia

commutes with each element of Gib ) for every a, b P t1, . . . , nu ´ tiu, and where
Giv1...vn´1

Giv1
ˆ ¨ ¨ ¨ ˆGivn´1

is the diagonal subgroup, we have Giv1...vn´1 äZpGiq
“ InnpGiq. We observe that for a, b ‰ i, rAutpGaq, Gibs “ 1. However, for a ‰ i,
ptGau, giq P Gia , and φi P AutpGiq, we have ptGau, giq φi “ φi ptGau, φipgiqq. These
relations on the given generators are enough to fully determine StabpAq as a sub-
group of OutpGq.

2. Alternatively, we can calculate StabpAq from Definition 2.1.2 by considering equiv-
alent labellings on A and the automorphisms which lead to these. This corre-
sponds to ‘twisting outwards from i’. Note that in this method, we implicitly
‘fix’ the ‘basepoint’ i. Recall that A has labelling Ĝ :“ pG1, . . . , Gnq, and let
Ĥ :“

´

Gh1
1 , . . . , Ghn

n

¯

be an arbitrary labelling in the equivalence class of Ĝ of
labellings of A.

Observe that as in 1 of Example 2.2.3, we can apply the inner automorphism
ιh´1

i
P InnpGq which conjugates each element of G by h´1

i . Thus we obtain the

labelling Ĥ1 :“
ˆ

Gi, G
h´1

i hv1
v1 , . . . , G

h´1
i hvn´1

vn´1

̇

which (up to appropriate reordering)

is equivalent to Ĥ.

By Definition 2.1.2, we have that for each a P t1, . . . , n´ 1u, h´1
i hva P Gi. Hence

(aside from factor automorphisms) our only freedom in labellings is to conjugate
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each non-Gi vertex group by an element of Gi, i.e. to ‘twist’ along each of the
edges incident to the vertex i (with vertex group Gi) in A.

Thus StabpAq is generated by Φ and by n´ 1 groups Gia – Gi. Note that this is
exactly as determined above, and the same arguments can be made to determine
relations, resulting in the same presentation for StabpAq.

While the Bass–Jiang approach deals with the removal of symmetry which occurs by
making specific choices in the Guirardel–Levitt approach, we lose the ability to con-
cisely write down stabilisers. As such, we do not wish to replace the Guirardel–Levitt
approach with this one, but rather enhance it.

Vertex Stabilisers for Common Use

We will now detail presentations for the stabilisers of vertices in Dn (graphs of groups
with structure listed in Table 1.1 and labelling pG1, . . . , Gnq) which will be useful through-
out the paper, but especially in Sections 4.1 and 5.2. For brevity, we write ij for the group
Gij – Gi of Whitehead automorphisms which conjugate the factor group Gj by ele-
ments of the factor group Gi. Recall that there is an isomorphism fij : Gi Ñ ij given by
fijpgq “ ptGju, gq. When the isomorphism is relevant, we may write fijpGiq for the group
ij. We will consider the centre ZpGiq of Gi to be embedded in iv1...vk iv1 ˆ ¨ ¨ ¨ ˆ ivk via
the isomorphisms fij .

We divide the vertices of Dn into three categories, according to which method(s) we
will use to compute their stabilisers.

First, are vertices which have graph structure well-suited to the Guirardel–Levitt ap-
proach:

Proposition 2.4.3. As subgroups of OutSpGq we have:

• Stabpρjkq “ Stabpαq “ Φ

• Stabpτj,k,lmq “ Stabpβ j,kq “ jk ¸Φ

• Stabpε j,k,l,mq “ pjk ˆ lmq ¸Φ

where the semidirect relation is given by
`

tGku, gj
˘

˝ φ “ φ ˝ ptGku, pgqφq for any j, k with
ptGku, gq P jk and φ P Φ. In other words, φ´1 f jkpgqφ “ f jkppgqφq for g P Gj.

Proof. These are lifted directly from Table 1.2, utilising Example 2.4.1 which follows it
to index the groups of automorphisms by the vertices they act on.
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Our second category is that of vertices whose graph structures are well-suited to the
Bass–Jiang approach. We write iv1...vk for the group of automorphims
tptGv1 , . . . , Gvku, gq |g P Giu.

Proposition 2.4.4. As subgroups of OutSpGq we have:

• Stabpσi,jk,lmq is generated by pijk ˆ ilm ˆ iv1 ˆ ¨ ¨ ¨ ˆ ivn´5qäZpGiq
and Φ

• Stabpγi,jkq is generated by pijk ˆ iv1 ˆ ¨ ¨ ¨ ˆ ivn´3qäZpGiq
and Φ

• StabpAiq is generated by piv1 ˆ ¨ ¨ ¨ ˆ ivn´1qäZpGiq
and Φ

each subject to the relations fiw1
pgq . . . fiwn´1

pgq “ AdGipg
´1q (with AdGipg

´1q as in No-
tation 1.1.6) and φ´1 fivpgqφ “ fivppgqφq, where tw1, . . . , wn´1u “ t1, . . . , nu ´ tiu, v P
tw1, . . . , wn´1u, and φ P Φ. That is, iw1 ...wn´1äZpGiq

“ InnpGiq and fivppGiqφq
φ “ iv.

Proof. These are deduced from the MT terms of the Bass–Jiang short exact sequences
listed in Table 1.3. Example 2.4.2 explicitly details how to recover relations for StabpAiq,
and the others follow similarly.

Finally, our third category is that of vertices whose graph structures are not well-suited
to either approach, and we thus work directly from Definition 2.1.2:

Proposition 2.4.5. As subgroups of OutSpGq we have:

• Stabpδi,j,k,lmq is generated by jk, pijk ˆ ilm ˆ iv1 ˆ ¨ ¨ ¨ ˆ ivn´5qäZpGiq
, and Φ, subject to

the relations:

1. ijklmv1...vn´5äZpGiq
“ InnpGiq

2.
”

jk, pijk ˆ ilm ˆ iv1 ˆ ¨ ¨ ¨ ˆ ivn´5qäZpGiq

ı

“ 1

3. f jkppGjqφq
φ “ jk and fixppGiqφq

φ “ ix for each x P tjk, lm, v1, . . . , vn´5u

• StabpBi,j,kq is generated by jk, pijk ˆ iv1 ˆ ¨ ¨ ¨ ˆ ivn´3qäZpGiq
, and Φ, subject to the re-

lations:

1. ijkv1...vn´3äZpGiq
“ InnpGiq

2.
”

jk, pijk ˆ iv1 ˆ ¨ ¨ ¨ ˆ ivn´3qäZpGiq

ı

“ 1

3. f jkppGjqφq
φ “ jk and fixppGiqφq

φ “ ix for each x P tjk, v1, . . . , vn´3u

• StabpCi,j,k,l,mq is generated by jk, lm, pijk ˆ ilm ˆ iv1 ˆ ¨ ¨ ¨ ˆ ivn´5qäZpGiq
, and Φ, sub-

ject to the relations:

1. ijklmv1...vn´5äZpGiq
“ InnpGiq
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2.
”

ab, pijk ˆ ilm ˆ iv1 ˆ ¨ ¨ ¨ ˆ ivn´5qäZpGiq

ı

“ 1 for each of ab “ jk and ab “ lm

3. f jkppGjqφq
φ “ jk, flmppGlqφq

φ “ lm, and fixppGiqφq
φ “ ix

for each x P tjk, lm, v1, . . . , vn´5u

4. rjk, lms “ 1

Proof. We calculate these using Definition 2.1.2. The equivalence class of labellings for
Bi,j,k is explicitly described in Example 2.2.3. The classes for δi,j,k,lm and Ci,j,k,l,m follow
similarly. From here, deduction of the OutSpGq stabilisers follows in much the same
way as in the second part of Example 2.4.2.

3 Properties of the Fundamental Domain Dn

Before proving any structural statements about the fundamental domain Dn, we pro-
vide some illustrations to aid in understanding this subcomplex. We describe some of
the substructures found within the 1-skeleton Dp1q

n of the fundamental domain of Cn.
These will be particularly useful in determining edge inclusion relations in Theorem
4.1.1, as well as in showing that Dn is simply connected in Section 3.2.

The subcomplex of the fundamental domain obtained by restricting to collapses of a

given graph
n´ 4

j

k

l

m

will be referred to as a ‘spike’ of the fundamental

domain.

α

i j
1 n2

FIGURE 1.2: The α-A–Star

Figure 1.2 shows the α-A–Star. The circle with label ‘i’ represents the vertex Ai. The
circle with label ‘n2’ represents the vertex Avn´2 . Where the 3 small dots at the back are,
one should imagine “many”, that is, that there are in fact n´ 4 A-vertices there. This
structure appears precisely once in the fundamental domain, and is present in every
‘spike’ (of which there are n!

8pn´4q! ).

Figure 1.3 shows a ρ–Book (the ρ–Book associated to the graph ρjk). The circle with label
‘1’ represents the vertex γv1,jk. The circle with label ‘jk’ represents the vertex ρjk, and
the circle with label ‘j, k’ represents the vertex β j,k. The orange circle adjacent to both
β j,k and γv1,j,k represents Bv1,j,k. This structure appears npn´1q

2 times in the fundamental
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jk

j, k

k, j

1 n2
2 n3

FIGURE 1.3: The ρ–Book

domain. There are two ρ–Books per ‘spike’, and each ρ–Book appears in pn´2qpn´3q

2

spikes. Two distinct ρ–Books appear in only one spike together, and only if they are
associated to ρjk and ρlm where j, k, l, m are all distinct.

jk jklm lm

kjml

1

2

n5

n4

FIGURE 1.4: The τ-ε–Box

Figure 1.4 shows a τ-ε–Box. It appears precisely once in each spike, and is unique to
its spike. It has n´ 4 layers, each associated to a σ-vertex. A given layer will be called
a σ–Slice. The cycle left when removing all σ–Slices is called a τ-ε–Square. The yellow
circle with label ‘n5’ represents σvn´5,jk,lm. The blue circle with label ‘jk’ represents τj,k,lm,
and the pink circle with label ‘jklm’ represents ε j,k,l,m.

The remainder of this section will be spent proving connectivity results (namely path
connectivity and simple connectivity) for the fundamental domain Dn, which will be
key to proving respective theorems for the complex Cn.

3.1 Connectedness of the Fundamental Domain

We first show that the fundamental domain Dn is (path) connected. We will do this by
finding a path from an arbitrary vertex T P Dn to the vertex α P Dn (see Table 1.1). Then
any two arbitrary vertices of Dn will be connected via α.

Lemma 3.1.1. The fundamental domain Dn of Cn is path connected.
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Proof. We refer to Table 1.1 for the naming convention of vertices in Dn (where each
vertex group is precisely one of the factor groups G1, . . . , Gn). Note that α is adjacent
to every ρjk and every Ai in Dn. Every β and γ graph is a collapse of some ρ graph,
hence any β or γ vertex in Dn is path connected to α. Additionally, every B graph is
the collapse of some β graph, so B vertices are also connected. Note that σi,jk,lm and
τj,k,lm collapse to Ai and Aj, respectively (which are both adjacent to α). Any C graph
is the collapse of some σ graph, and every δ and ε graph is the collapse of some τ

graph. Hence any vertex in Dn has a path in the fundamental domain to α. Thus the
fundamental domain is (path) connected. Explicit paths are listed in Table 1.4.

α

ρjk — α

Ai — α

β j,k — ρjk — α

γi,jk — ρjk — α

Bi,j,k — β j,k — ρjk — α

σi,jk,lm — Ai — α

τj,k,lm — Aj — α

Ci,j,k,l,m — σi,jk,lm — Ai — α

δi,j,k,lm — τj,k,lm — Aj — α

ε j,k,l,m — τj,k,lm — Aj — α

TABLE 1.4: Paths Between Vertices in the Fundamental Domain

Corollary 3.1.2. Any vertex T in the complex Cn is connected via an edge path to some α graph.

Proof. This follows by noting that T sits in at least one copy of the fundamental domain,
and that the action of OutSpGq preserves adjacency, so the above argument applies.

In [12, Section 4], Gilbert gives a summary of Fouxe-Rabinovitch’s presentation for
AutpGq described in [10] and [11]. Restricting to the pure symmetric automorphisms
AutSpGq of a splitting S of G, this states that AutSpGq is generated by factor automor-
phisms and Whitehead automorphisms only (see Definitions 1.2.1 and 1.3.1). We can
use this to give a quick proof that our full complex Cn is path connected.

Proposition 3.1.3. Any two α-graphs in the complex Cn are connected via a path which travels
only via α and A graphs.

Proof. Let α0 be the α-graph in the fundamental domain Dn and let α0 ¨ ψ̂ be an arbitrary
α-graph in Cn (with ψ̂ P OutSpGq and ψ P AutSpGq a representative for ψ̂). By [10]
and [11], transcribed in [12, Section 4], we can write ψ as ψ0ψ1 . . . ψm for some m P N

where ψ0 P Φ is a factor automorphism, and for each 1 ď i ď m, ψi is a Whitehead
automorphism of the form pSi, xiq with xi P Gjpiq for some jpiq P t1, . . . , nu and Si Ď

tG1, . . . , Gnu ´ tGjpiqu.
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By Proposition 2.4.3, ψ0 P Stabpα0q, that is, α0 ¨ ψ0 “ α0. We now write ψ1 . . . ψm “

ψmpψ
ψm
m´1qpψ

ψm´1ψm
m´2 q . . . pψψ3 ...ψm

2 qpψ
ψ2 ...ψm
1 q. Observe that for each 1 ď i ă m, ψ

ψi`1 ...ψm
i

acts on α0 ¨ ψi`1 . . . ψm to produce the graph α0 ¨ ψi . . . ψm (and ψm acts on α0 “ α0 ¨ ψ0

producing α0 ¨ ψm). Moreover, if ψi has operating factor Gjpiq and Ajpiq is the A-graph in
Dn whose central vertex has stabiliser Gjpiq, then by Proposition 2.4.4, ψi P StabpAjpiqq

and thus ψ
ψi`1...ψm
i P StabpAjpiq ¨ ψi`1 . . . ψmq (and ψm P StabpAjpmqq). Thus both the

graphs α0 ¨ ψi . . . ψm and α0 ¨ ψi`1 . . . ψm collapse to the graph Ajpiq ¨ ψi`1 . . . ψm.

We therefore have a path α0 — Ajpmq — α0 ¨ ψm — Ajpm´1q ¨ ψm — α0 ¨ ψm´1ψm — . . . —
α0 ¨ ψ2 . . . ψm — Ajp1q ¨ ψ2 . . . ψm — α0 ¨ ψ1 . . . ψm “ α0 ¨ ψ0ψ1 . . . ψm “ α0 ¨ ψ, as required.

We give an alternative proof of this in [14], which does not rely on already having a
presentation for AutSpGq or OutSpGq, and rather uses the geometry of Cn.

Corollary 3.1.4. The complex Cn is (path) connected.

Proof. This follows immediately by combining Corollary 3.1.2 with Proposition 3.1.3.

3.2 Simple Connectivity of the Fundamental Domain

We will now show that the fundamental domain Dn of the space Cn (and hence each
OutSpGq-image of Dn) is simply connected. This will be the main result of this section,
and is given as Theorem 3.2.11.

We will consider nested subcomplexes of Dn, adding ‘types’ of 0-cell at each stage. We
will show that the first of these subcomplexes is simply connected, and then apply a
corollary of the Seifert–van Kampen Theorem to see that each successive subcomplex
is also simply connected.

Corollary 3.2.1. Let X and Y both be simply connected (simplicial) complexes. If we (suit-
ably2) glue X and Y together along a path connected collection of edges, then X YY is simply
connected.

Proof. Note that in the complex X Y Y, the subset X X Y is precisely the collection of
edges we have glued along. Since this is stipulated to be path connected, then by the
Seifert–van Kampen Theorem (Theorem 1.2.1), we have π1pX Y Yq – π1pXq ˚π1pXXYq

π1pYq “ t1u ˚π1pXXYq t1u “ t1u.

2i.e. so that X Y Y is still a simplicial complex
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Recall that we describe a vertex rTs of Cn as ‘collapsing’ to another vertex rSs if a graph
represented by rTs has an edge (or edges) which can be collapsed to form a graph
associated to rSs. That is, the vertices rTs and rSs are adjacent in Cn.

Definition 3.2.2. Let T be a subset of the graph structures shown in Table 1.1. Denote
by DnrT s the subcomplex of the fundamental domain of Cn obtained by restricting to
simplices whose 0-cells are those associated to graph structures in T .

Lemma 3.2.3. Dnrtα, ρ, Aus is simply connected.

Proof. Note that any ρ-vertex
n´ 2

j

k

collapses to α,
n

(by collapsing the edge

whose endpoints are both trivial), and that α in turn collapses to any A-vertex
n´ 1

i
(including i “ j or i “ k). According to how we constructed the space Cn, this means
that for each pair pρ, Aq we have a 2-cell rρ, α, As. So the subcomplex Dnrtα, ρ, Aus
comprises these 2-cells, glued along ‘matching’ edges. Given a particular ρij-graph, we
have a cone on a star at α (where the leaves of the star are the various A graphs). As
we vary ρ, we get copies of this cone, all glued along the star formed by the α and A
vertices.

ρjk

α

A2

A1 An

An´1. . .

ρij
ρjk

ρlm

α

A2

A1 An

An´1. . .

Clearly each cone is simply connected. Since the intersection of these cones is (the
star based at α with leaves the A vertices, which is) path connected, we can iteratively
apply Corollary 3.2.1 to ‘add in’ each cone (of which there are finitely many). Hence
the structure Dnrtα, ρ, Aus is simply connected.

Lemma 3.2.4. Dnrtα, ρ, A, β, γus is simply connected.

Proof. By the previous lemma, we have that π1pDnrtα, ρ, Ausq “ t1u. We will (itera-
tively) apply Corollary 3.2.1 to Dnrtα, ρ, A, β, γus taking X to be Dnrtα, ρ, Aus (or the
union of this with successive Y’s) and Y to be the neighbourhood in Dnrtα, ρ, A, β, γus

of β or γ.

Each ρ graph collapses to 2 β graphs, and n´ 2 γ graphs. These βs and γs are unique
to the given ρ (that is, two distinct ρ graphs cannot both collapse to the same β or γ.
Specifically, ρjk collapses to β j,k, βk,j and γi,jk for i ‰ j, k. In turn, β j,k collapses to Aj, βk,j
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to Ak, and γi,jk to Ai. Thus the neighbourhood of β j,k (or γi,jk) is a 2-cell rρjk, β j,k, Ajs (or
rρjk, γi,jk, Ais, respectively). Note that any 2-cell is simply connected. The intersection
of each of these neighbourhoods with any of the spaces X is an edge ρ — A (which
is, in particular, path connected). So by Corollary 3.2.1, Dnrtα, ρ, A, β, γus is simply
connected.

βk,jβ j,k
γl,jk γm,jk

ρjk

α

Al

Aj Ak

Am. . .

. . .

We now consider how to attach the B-vertices.

Lemma 3.2.5. Dnrtα, ρ, A, β, γ, Bus is simply connected.

Proof. Each Bi,j,k
n´ 3

ijk
grows to a unique β j,k

n´ 2

jk
, a unique γi,jk

n´ 3

i

j

k

, and a unique ρjk
n´ 2

j

k

. So Dnrtα, ρ, A, β, γ, Bus is the subcom-

plex Dnrtα, ρ, A, β, γus with the addition of 2-cells rρjk, β j,k, Bi,j,ks and rρjk, γi,jk, Bi,j,ks for
all possible values of i, j and k (by gluing along the ρ-β and ρ-γ edges that already exist,
and additionally gluing our two 2-cells along the ρ-β edge they both share):

αAj Ak

Ai

β j,k βk,j
γi,jkρjk

Bi,k,jBi,j,k

That is, given a specific ρ-vertex in our structure, for every β and γ we see adjacent

to said ρ, we glue in a ‘fin’

B

β γ

ρ along the dotted line. The edge path
β — ρ — γ is path connected, so by repeated applications of Corollary 3.2.1, we see that
Dnrtα, ρ, A, β, γ, Bus is simply connected.
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Lemma 3.2.6. Dnrtα, ρ, A, β, γ, B, σus is simply connected.

Proof. Given a vertex σi,jk,lm in Dnrtα, ρ, A, β, γ, B, σus, with associated graph

n´ 5

i

j

k

l

m

, we see there is precisely one A-vertex it is adjacent to,
n´ 1

i

. We also see that σi,jk,lm collapses to two γ-vertices, γi,jk and γi,lm. Further, γi,jk col-
lapses to both Bi,j,k and Bi,k,j (similarly for γi,lm). To create Dnrtα, ρ, A, β, γ, B, σus, in
Dnrtα, ρ, A, β, γ, Bus at any Ai-vertex we attach two 2-cells rσi,jk,lm, γi,jk, Ais and
rσi,jk,lm, γi,lm, Ais (glued to each other along the shared edge Ai — σi,jk,lm) wherever we
see two vertices γi,jk and γi,lm adjacent to Ai with j, k, l and m (and i) distinct. We then
glue in additional 2-cells of the form rσ, γ, Bswherever we see a path σ — γ — B.

Ai

α

ρjk ρlm

γi,lmγi,jk
σi,jk,lm

σ

Bi,j,k Bi,l,m

Bi,k,j Bi,m,l

That is, each σi,jk,lm has a simply connected neighbourhood, and the intersection of this
neighbourhood with Dnrtα, ρ, A, β, γ, Bus is the collection of edges γi,jk — Bi,j,k, γi,jk — Bi,k,j,
γi,lm — Bi,l,m, γi,lm — Bi,m,l , γi,jk — Ai, and γi,lm — Ai, which is path conected. The result
follows from Corollary 3.2.1.

The process of adding in τ-vertices to our structure will be very similar to that for σ-
vertices.

Lemma 3.2.7. Dnrtα, ρ, A, β, γ, B, σ, τus is simply connected.

Proof. The vertex τi,l,jk in Dnrtα, ρ, A, β, γ, B, σ, τuswith graph

n´ 4

il

j

k

collapses to γi,jk
n´ 3

i

j

k

and βi,l
n´ 2

il
. In

turn, βi,l and γi,jk both collapse to Ai. Additionally γi,jk collapses to Bi,j,k and Bi,k,j, and
βi,l collapses to n´ 2 vertices of the form Bv,i,l (for v ‰ i, l). and in our structure so far,
wherever we see a path γi,jk — Ai — βi,l with i, j, k, l distinct, we glue in a pair of 2-cells
of the form rτ, γ, As and rτ, β, As (glued together along their common edge A — τ). As
before with σ, we must also glue in all possible 2-cells of the form rτ, γ, Bs and rτ, β, Bs
as determined by the relative collapses of γ and β.
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Ai

α

ρjk ρlm

βi,l
γi,jk

τi,l,jk
τ

Bi,j,k Bv1,i,lBi,k,j Bvn´2,i,l
. . .

We have then identified the neighbourhood of τi,l,jk inside Dnrtα, ρ, A, β, γ, B, σ, τus, and
found the intersection of this neighbourhood with Dnrtα, ρ, A, β, γ, B, σus. By the pre-
vious lemma, Dnrtα, ρ, A, β, γ, B, σus is simply connected, and clearly the neighbour-
hood of τ (shown in pale blue) is simply connected. Moreover, the intersection of
these subsets is the collection of edges γi,jk — Ai, γi,jk — Bi,j,k, γi,jk — Bi,k,j, βi,l — Ai,
βi,l — Bv,i,l (for v ‰ i, j, k, l). Since this is path connected, then by Corollary 3.2.1,
Dnrtα, ρ, A, β, γ, B, σ, τus is simply connected.

Lemma 3.2.8. Dnrtα, ρ, A, β, γ, B, σ, τ, δus is simply connected.

Proof. Each δ in Dnrtα, ρ, A, β, γ, B, σ, τ, δus collapses to a unique B and ‘grows’ to a
unique σ and a unique τ.

Precisely, δi,j,k,lm
n´ 5

ijk

l

m

collapses to Bi,j,k
n´ 3

ijk
and grows

to σi,jk,lm
n´ 5

i

j

k

l

m

and τj,k,lm
n´ 4

jk

l

m

. As such, we see

that a given σi,jk,lm and τj,k,lm are both adjacent to Bi,j,k (and share no other common B
adjacency). So whenever we see a path σi,jk,lm — Bi,j,k — τj,k,lm in our structure, we will
glue in 2-cells rσ, δ, Bs and rτ, δ, Bs (gluing them along their shared δ-B edge).

αAi Aj

ρjk

γi,jk β j,k

σi,jk,lm τj,k,lmBi,j,k

δi,j,k,lm

That is, each δij,k,lm has a neighbourhood in Dnrtα, ρ, A, β, γ, B, σ, τ, δus comprising two
2-cells glued along a single edge. The intersection of this neighbourhood with
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Dnrtα, ρ, A, β, γ, B, σ, τus is the edge path σi,jk,lm — Bi,j,k — τj,k,lm. So successive applica-
tions of Corollary 3.2.1 tells us that Dnrtα, ρ, A, β, γ, B, σ, τ, δus is simply connected.

Lemma 3.2.9. Dnrtα, ρ, A, β, γ, B, σ, τ, δ, Cus is simply connected.

Proof. Each Ci,j,k,l,m
n´ 5

ijk l m
grows to δi,j,k,lm, δi,l,m,jk, τl,m,jk, τj,k,lm, and

σi,jk,lm. So the neighbourhood of Ci,j,k,l,m inside Dnrtα, ρ, A, β, γ, B, σ, τ, δ, Cus is four 2-
cells rτl,m,jk, δi,l,m,jk, Ci,j,k,l,ms, rσi,jk,lm, δi,l,m,jk, Ci,j,k,l,ms, rτj,k,lm, δi,j,k,lm, Ci,j,k,l,ms, and

rσi,jk,lm, δi,j,k,lm, Ci,j,k,l,ms, glued along their common edges.
The intersection of this neighbourhood with Dnrtα, ρ, A, β, γ, B, σ, τ, δus is the edge path
τl,m,jk — δi,l,m,jk — σi,jk,lm — δi,j,k,lm — τj,k,lm.
By repeated applications of Corollary 3.2.1 (and by the previous lemma),
Dnrtα, ρ, A, β, γ, B, σ, τ, δ, Cus is simply connected.

α

Ajρjk

γi,jk β j,k

τj,k,lm

Bi,j,k

δi,j,k,lm

AiAl ρlm

γi,lmβl,m

σi,jk,lm

τl,m,jk

Bi,l,m

δi,l,m,jk

Ci,j,k,l,m

Finally, we add ε-vertices to our complex.

Lemma 3.2.10. Dnrtα, ρ, A, β, γ, B, σ, τ, δ, C, εus is simply connected.

Proof. Note that the subcomplex neighbourhood around ε j,k,l,m in our fundamental do-
main (equal to Dnrtα, ρ, A, β, γ, B, σ, τ, δ, C, εus) is:
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Bj,l,m

Bl,j,k

ε j,k,l,m

τj,k,lm

τl,m,jk

Cv1,j,k,l,m

Ci,j,k,l,m

Cvn´4,j,k,l,m

That is, ε j,k,l,m grows to τj,k,lm and τl,m,jk and collapses to Bj,l,m, Bl,j,k, and n´ 4 vertices
of the form Cv,j,k,l,m (for v ‰ j, k, l, m).

The intersection of this neighbourhood with Dnrtα, ρ, A, β, γ, B, σ, τ, δ, Cus is the bound-
ary of the neighbourhood.

τj,k,lm

τl,m,jk

Cv1,j,k,l,m

Ci,j,k,l,m

Cvn´4,j,k,l,m

Bj,l,m

Bl,j,k

Since this is path connected, Corollary 3.2.1 applies, and Dnrtα, ρ, A, β, γ, B, σ, τ, δ, C, εus

is simply connected.

Finally, we have proved:

Theorem 3.2.11. The fundamental domain Dn of the complex Cn is simply connected.

Proof. By Lemma 3.2.10, Dnrtα, ρ, A, β, γ, B, σ, τ, δ, C, εus is simply connected. But
tα, ρ, A, β, γ, B, σ, τ, δ, C, εu covers all of the graph structures in Table 1.1. So by Defi-
nitions 3.2.2 and 2.3.5 Dnrtα, ρ, A, β, γ, B, σ, τ, δ, C, εus is precisely the fundamental do-
main Dn of Cn.

4 A Presentation for OutSpGq

This section is the main result of the paper.
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We recall from Section 1 the theorem of Brown [6] which we will use to determine a pre-
sentation for OutSpGq (where G “ G1 ˚ ¨ ¨ ¨ ˚ Gn, S “ pG1, . . . , Gnq, and G “ OutSpGq):

Theorem 1.2.3 (Brown [6, Theorem 3]). Let G act on a simply connected G-CW complex X
(without inversion on the 1-cells of X). Suppose there is a subcomplex W of X so that every
cell of X is equivalent under the action of G to a unique cell of W. Then G is generated by the
isotropy subgroups Gv (v P VpWq) subject to edge relations ιopeqpgq “ ιtpeqpgq for all g P Ge

(e P EpWq) (where for any e P EpWq, ιopeq : Ge Ñ Gopeq and ιtpeq : Ge Ñ Gtpeq are inclusions).

The complex X we will use is Cn, and the subcomplex W is Dn. Since C3 and C4 are
just the barycentric spine of Guirardel and Levitt’s Outer Space (for n “ 3 and n “ 4
respectively), results satisfying the restrictions on X and W are assumed from [13]. It is
highly non-trivial to show that Cn is simply connected for n ě 5, so we delay the proof
of this to Sections 5 and 6. The required result here is:

Corollary 6.3.3. The space Cn (for n ě 5) is simply connected.

That Dn for n ě 5 satisfies the strictness condition on W is the result of Propositions
2.3.9 and 2.3.10.

The isotropy subgroups Gv here are the vertex stabilisers StabpTq for T P Dp0q
n , which

are detailed in Propositions 2.4.3, 2.4.4, and 2.4.5.

Note that Lemma 2.3.8 implies that the edge relations in Brown’s Theorem become:
‘g “ ι´1

opeq

`

ιtpeqpgq
˘

for all g P Gopeq’ (that is, that vertex stabilisers StabpTq are identified
with their natural images under inclusion in the stabilisers StabpSq of any vertices S to
which the original vertex T collapses).

Notation 4.0.1. We summarise the notational shorthand we have adopted thus far:

rA, Bs “ 1: For subgroups A and B, ‘A commutes with B’, in the sense that for all a P A
and for all b P B we have ab “ ba.

Gij : The group of (outer) automorphisms which act by conjugating all elements of the
factor group Gj by an element of the factor group Gi.

fij : The isomorphism fij : Gi Ñ Gij which maps an element g P Gi to the element in Gij

which conjugates each element of Gj by g.

Giv1...vk
: The group

!´

fiv1
pgiq, . . . , fivk

pgiq
¯ˇ

ˇ

ˇ
gi P Gi

)

which is the diagonal subgroup of
fiv1
pGiq ˆ ¨ ¨ ¨ ˆ fivk

pGiq “ Giv1
ˆ ¨ ¨ ¨ ˆ Givk

.
We often denote this by Giv1...vk

Giv1
ˆ ¨ ¨ ¨ ˆ Givk

.

ZpGiq: The centre of the group Gi, i.e. the subgroup tg P Gi | gh “ hg @h P Gi u. We will
often identify ZpGiqwith its images fijpZpGiqq.
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AutpGiq: Often considered to be the subgroup tp1, . . . , 1, AutpGiq, 1, . . . , 1qu of
Φ “

śn
j“1 AutpGjq.

AdGipgq: The element of InnpGiq which conjugates each element of Gi by g (where g P
Gi).

Gφ
ij

: The group of automorphisms
!

φ ˝ fijpgq ˝ φ´1
ˇ

ˇ

ˇ
g P Gi

)

(where φ P Φ).

φpGijq: The group of automorphisms
!

fij pφ pgqq
ˇ

ˇ

ˇ
g P Gi

)

(where φ P Φ).

We now split into cases dependent on the number n of factors in our splitting G “

G1 ˚ ¨ ¨ ¨ ˚ Gn.

4.1 The Case n ě 5

We have all the pieces required to build our presentation for OutSpGq.

Theorem 4.1.1. Let G1 ˚ ¨ ¨ ¨ ˚ Gn be a free splitting of a group G where each Gi is non-
trivial and n ě 5. For i P rns :“ t1, . . . , nu and j P rns ´ tiu, let fij : Gi Ñ Gij be
group isomorphisms, and for g P Gi let AdGipgq be the inner automorphism x ÞÑ gxg´1 of
Gi. Then the group OutpG; G1, . . . , Gnq is generated by the npn ´ 1q groups Gij – Gi and
Φ “

śn
i“1 AutpGiq, subject to relations:

1. r fijpgq, fikphqs “ 1 @g, h P Gi, for all i P rns, j, k P rns ´ tiu

2. r fijpgq, fklphqs “ 1 @g P Gi, h P Gk, for all distinct i, j, k, l P rns

3. r f jkpgq, fijphq fikphqs “ 1 @g P Gj, h P Gi, for all distinct i, j, k P rns

4. fiv1
pgq . . . fivn´1

pgq “ AdGipg
´1q @g P Gi, for all i P rns and tv1, . . . , vn´1u “ rns ´ tiu

5. φ´1 fijpgqφ “ fijpgφq @g P Gi, for all distinct i, j P rns and all φ P Φ

As well as all relations in G and Φ.

Proof. We apply Brown’s Theorem (Theorem 1.2.3) to the fundamental domain Dn of
the action of OutSpGq on Cn. As previously noted, Proposition 2.3.10 states that the
strictness requirement on Dn to apply Brown’s Theorem is satisfied. We also require Cn

to be simply connected. We delay the proof of this until after this section. The desired
result here is Corollary 6.3.3.

We now have that OutSpGq is generated by
!

StabpTq
ˇ

ˇ

ˇ
T P Dp0q

n

)

, such that if rS, Ts is an

edge in Dp1q
n (i.e. S, T P Dp0q

n with T a collapse of S) then we have inclusions StabpSq ãÑ

StabpTq. We use the descriptions of StabpTq from Propositions 2.4.3, 2.4.4, and 2.4.5. We
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proceed by examining the structure of Dp1q
n . Recall that graph shapes for T P Dp0q

n are
listed in Table 1.1.

We first observe that every ρij collapses to α. Since abstractly, Stabpρijq “ Stabpαq
(Proposition 2.4.3), then each Stabpρijq is identified with Stabpαq “ Φ in OutSpGq. Sim-
ilarly, for each i, j we have that every Stabpτi,j,klq (k, l P rns ´ ti, ju) is identified with
Stabpβi,jq in OutSpGq.

Since ρjk collapses to β j,k, γi,jk, Av, and Bi,j,k (for any v P t1, . . . , nu and any i R tj, ku),
we immediately deduce that the Φ contribution from any Stabpβq, Stabpγq, StabpAq, or
StabpBq is identified with Stabpαq.

We now consider the τ-ε–Square (Figure 1.4). Note that for each ε i,j,k,l there are precisely
two τ graphs, τi,j,kl and τk,l,ij, which collapse to ε i,j,k,l . We may ‘replace’ τi,j,kl with βi,j

and τk,l,ij with βk,l , and recalling that ρij collapses to βi,j and ρkl to βk,l , also ‘replace’ ρij

and ρkl with α. We thus have a diagram:

Stabpτi,j,klq Stabpε i,j,k,lq Stabpτk,l,ijq

Stabpβi,jq Stabpβk,lq

Stabpρijq Stabpαq Stabpρklq

where the dashed inclusions are naturally induced by the ‘replacements’ we made.
Note that Stabpβi,jq and Stabpβk,lq ‘cover’ Stabpε i,j,k,lq in the sense that Stabpε i,j,k,lq Ď

Stabpβi,jq ˆ Stabpβk,lq. Since Stabpβi,jq X Stabpβk,lq “ Φ “ Stabpαq, the dashed inclu-
sions form something akin to a pushout diagram, and we may conclude that Stabpεq “
Stabpβi,jq ˆΦ Stabpβk,lq.

Next, we consider StabpAiq. Observe that given i P rns, every βi,j for j P rns ´ tiu col-
lapses to Ai, thus we have n´ 1 inclusions Stabpβi,jq ãÑ StabpAiq. Then the Gij contri-
bution from StabpAiq is identified in OutSpGq with the Gij contribution from Stabpβi,jq,
and we can consider StabpAiq to be generated by Stabpβiv1

q ˆΦ ¨ ¨ ¨ ˆΦ Stabpβivn´1
q sub-

ject to the relations in Proposition 2.4.4, as well as the relation ZpGiv1...vn´1
q “ t1u (since

the βi,j’s ‘cover’ Ai).

A similar principle applies to Stabpγi,jkq. Given i, j, k P rns, we have that for any
l P rns ´ ti, j, ku, the graph τi,l,jk collapses to γi,jk. Noting that Stabpτi,l,jkq is identified in
OutSpGq with Stabpβi,jq, we have n´ 3 inclusions of the form Stabpβi,lq ãÑ Stabpγi,jkq.
Recall from Proposition 2.4.4 that abstractly, Stabpγi,jkq is generated by
Gijk ˆ Gil1

ˆ ¨ ¨ ¨ ˆ Giln´3 äZpGiq
and Φ. However, by manipulation of relations in Stabpγi,jkq

(or by considering the Guirardel–Levitt approach to computing stabilisers), we have
that the Gijk component is redundant as a generator. Specifically, for fijkpgiq P Gijk (with
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gi P Gi), we have that fijkpgiq “ ιgi fil1...ln´3
pg´1

i q fipg´1
i q, where ιgi P InnpGq conjugates

every element of G by gi, and fi : Gi Ñ InnpGiq is the canonical homomorphism. Thus
we can consider Stabpγi,jkq to be generated by Stabpβil1

q ˆΦ ¨ ¨ ¨ ˆΦ Stabpβiln´3
q (with

relations similar to StabpAiq).

Given a ‘top’ vertex in Dp0q
n (i.e. a ρ, σ, or τ graph), we can reach a ‘bottom’ ver-

tex (A, B, or C graph) by successively collapsing two edges. By changing the or-
der in which we collapse these edges, we produce square (or ‘diamond’) diagrams

of inclusions

W

X Y

Z

where so long as X and Y ‘cover’ Z (in the sense that

StabpZq Ď StabpXq ˆ StabpYq), we will have StabpZq “ StabpXq ˆStabpWq StabpYq, where
StabpWq “ StabpXq X StabpYq. Figure 1.5 illustrates some such diagrams which are of
particular use.

σi,jk,lm

γi,jk 1 γi,lm

Ai

ρjk

β j,k 2 γi,jk

Bi,j,k

σi,jk,lm

γi,jk 3 δi,j,k,lm

Bi,j,k

σi,jk,lm

δi,j,k,lm 4 δi,l,m,jk

Ci,j,k,l,m

FIGURE 1.5: Inclusion Diagrams in Dp1q
n

Diagram 1 may be thought of as akin to a pullback diagram, in that σi,jk,lm is uniquely
determined by γi,jk and γi,lm. Since StabpAiq Ď Stabpγi,jkq ˆ Stabpγi,lmq, we deduce that
Stabpσi,jk,lmq “ Stabpγi,jkq X Stabpγi,lmq in OutSpGq. The remaining diagrams are more
akin to pushouts than pullbacks.

Diagram 2 is from the ρ–Book of Figure 1.3, and is enough to uniquely determine
a given Bi,j,k. Recalling that Stabpρjkq “ Stabpαq “ Φ in OutSpGq, we conclude that
StabpBi,j,kq “ Stabpβ j,kq ˆΦ Stabpγi,jkq.

Diagram 3 implies that StabpBi,j,kq “ Stabpδi,j,k,lmq ˆStabpσi,jk,lmq Stabpγi,jkq, thus
Stabpβ j,kqˆΦ Stabpγi,jkq “ Stabpδi,j,k,lmqˆStabpσi,jk,lmq Stabpγi,jkq. From this, we deduce that
Stabpδi,j,k,lmq “ Stabpβ j,kq ˆΦ Stabpσi,jk,lmq.

Diagram 4 is from the σ–Slice of Figure 1.4, and is enough to uniquely determine a
given Ci,j,k,l,m. We then have that:

StabpCi,j,k,l,mq “ Stabpδi,j,k,lmq ˆStabpσi,jk,lmq Stabpδi,l,m,jkq
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“
`

Stabpβ jkq ˆΦ Stabpσi,jk,lmq
˘

ˆStabpσi,jk,lmq

`

Stabpβl,mq ˆΦ Stabpσi,jk,lmq
˘

“ Stabpβ j,kq ˆΦ Stabpβl,mq ˆΦ Stabpσi,jk,lmq

We have now shown that any StabpTq for T P Dp0q
n can be written in terms of Φ “

Stabpαq and Stabpβi,jq (allowing i and j to vary over t1, . . . , nu). Thus OutSpGq is gener-
ated by

␣

Stabpβi,jq
ˇ

ˇ i P rns, j P rns ´ tiu
(

, that is, OutSpGq is generated by
!

Gij

ˇ

ˇ

ˇ
i P t1, . . . , nu , j P t1, . . . , nu ´ tiu

)

YΦ.

From StabpAiq (Proposition 2.4.4), we see that rGij , Giks “ 1 and Giv1...vn´1 äZpGiq
“

InnpGiq –
GiäZpGiq

. Using the isomorphisms fij for preciseness, we recover Relations
1 and 4. Note that if g P ZpGiq then Relation 4 gives fiv1

pgq . . . fivn´1
pgq “ 1. We deduce

from Stabpε i,j,k,lq (Proposition 2.4.3) that rGij , Gkl s “ 1, from StabpBi,j,kq (Proposition

2.4.5) that rGjk , Gijks “ 1, and from Stabpβi,jq (Proposition 2.4.3) that Gφ´1

ij
“ φpGijq. We

now recover Relations 2,3, and 5 by substituting the appropriate isomorphisms fij into
the above formulae. All other relations found in vertex stabilisers are subsumed by
these five.

Remark. Note that n of these generators are ‘redundant’, in that for each i P rns and
j P rns ´ tiu, Gij ď pGiv1

ˆ ¨ ¨ ¨ ˆ Givn´5
q ¸Φ. However, consistently choosing generators

to remove without overcomplicating the relations is tricky, so we elect not to do this.

Corollary 4.1.2. If a group G splits as a free product where the factor groups are non-trivial,
freely indecomposable, not infinite cyclic, and pairwise non-isomorphic, then Theorem 4.1.1
gives a presentation for OutpGq.

Proof. Note that the splitting G1 ˚ ¨ ¨ ¨ ˚Gn described is a Grushko decomposition for G,
and so every automorphism must preserve the conjugacy classes of the factor groups.
That is, OutpG; G1, . . . , Gnq “ OutpGq.

4.2 The Case n “ 4

Let G “ G1 ˚ G2 ˚ G3 ˚ G4 be a free splitting of a group G, and let S “ pG1, G2, G3, G4q.

By Definition 2.0.1, our complex C4 is the barycentric spine of Guirardel and Levitt’s
Outer Space relative to S, which we build by taking only the graph shapes from Table
1.1 which have at most four non-trivial (red) vertices. This leaves us with graph shapes
ρ, α, β, γ, A, and B. Note however that for ti, j, k, lu “ t1, 2, 3, 4u, we have γi,kl “ βi,j.
Also, ρij “ ρkl and Bi,j,k “ Bj,i,l . Note additionally that we did not take τ or ε graphs (de-
spite these only displaying four non-trivial vertices) since the trivial ‘basepoint’ must
have valency at least three here, implying at least one suppressed non-trivial vertex in
each case.



96 Paper 1. A Presentation for OutSpGq

Thus the vertex set of the fundamental domain Dp0q

4 of C4 consists of 1
2

`4
2

˘

“ 3 ρ vertices,
1 α vertex, 4ˆ 3 “ 12 β vertices, 4 A vertices, and 4!

2 “ 12 B vertices. These form three
ρij ‘spikes’ (for ti, ju Ď t1, 2, 3, 4u) in Dp1q

4 , shown in Figure 1.6, which are identified

ρij

βk,l Bi,k,l βi,j

β j,i Bj,l,k βl,k

Bj,k,l Bi,l,k

α

Ak Ai

Aj Al

FIGURE 1.6: A ‘Spike’ in Dp1q

4

along the α-A–Star α

A1

A2A3

A4

.

Proposition 4.2.1. We have the following for ti, j, k, lu “ t1, 2, 3, 4u:

1. Stabpρijq “ Stabpαq “ Φ

2. Stabpβi,jq “ Gij ¸Φ

3. StabpAiq is generated by pGij ˆ Gik ˆ GilqäZpGiq
and Φ with relations Gijkl äZpGiq

“

InnpGiq and ptGau, giq ˝ φ “ φ ˝ ptGau, pgiqφq for φ P Φ and ptGau, giq P ia for each
a P tj, k, lu

4. StabpBi,k,lq “ pGij ˆ Gklq ¸Φ

Proof. The first three items are the same as the presentations listed for the n ě 5 case.
The arguments there also hold for n “ 4. We use the Guirardel–Levitt approach (see

Example 2.4.1) to compute StabpBi,k,lq, noting that Bi,k,l “
Gj Gi Gk Gl and fixing

the edge between vertex groups Gi and Gk.

Theorem 4.2.2. Let G1 ˚ G2 ˚ G3 ˚ G4 be a free splitting of a group G where each Gi is non-
trivial, and let S “ pG1, G2, G3, G4q. Writing fij for the isomorphism Gi Ñ Gij , OutSpGq
is generated by the twelve groups Gij for i, j P t1, 2, 3, 4u distinct, and Φ “

ś4
k“1 AutpGkq,

subject to relations:
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1.
”

fijpgq, fikphq
ı

“ 1 @g, h P Gi

2.
”

fijpgq, fklphq
ı

“ 1 @g P Gi, h P Gk

3. fijpgq fikpgq filpgq “ AdGipg
´1q @g P Gi

4. φ´1 fijpgqφ “ fijppgqφq @g P Gi for all φ P Φ

where ti, j, k, lu “ t1, 2, 3, 4u.

Proof. We apply Theorem 1.2.3 to the complex C4. Note that Lemma 2.0.2 tells us C4

is simply connected, and it is not hard to deduce that the fundamental domain D4

meets the strictness requirements here. Then OutSpGq is generated by the stabiliser
groups described in Proposition 4.2.1 for each combination of ti, j, k, lu “ t1, 2, 3, 4u.
We now consider the edge relations from D4. Since each ρij collapses to α, we have
that Stabpρ12q, Stabpρ13q, Stabpρ14q, and Stabpαq all generate the same subgroup Φ of
OutpGq. Moreover, since every vertex is a collapse of some ρij then the Φ contribution
from each stabiliser in Proposition 4.2.1 is identified with Stabpαq. Each ‘spike’ of D4

gives a diagram of inclusions:

pGklq ¸Φ pGij ˆ Gklq ¸Φ pGijq ¸Φ

pGji ˆ Gklq ¸Φ Φ pGij ˆ Glkq ¸Φ

pGjiq ¸Φ pGji ˆ Glkq ¸Φ pGlkq ¸Φ

and each Ai neighbourhood gives a further diagram of inclusions:

Gil ¸Φ

StabpAiq

Gij ¸Φ Gik ¸Φ

Hence any Gij contribution from StabpAiq or StabpBi,k,lq is identified with the Gij con-
tribution from βi,j. Thus OutSpGq is generated Stabpβi,jq for each pair pi, jq and α, with
the Φ contribution from each Stabpβi,jq identified with Stabpαq. That is, OutSpGq is
generated by Gij for each pair pi, jq and Φ. The Relations 1–4 come from the groups in
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Proposition 4.2.1 (specifically, 1 and 3 are from StabpAiq, 2 is from StabpBi,k,lq, and 4 is
from Stabpβi,jq).

Observe that the Relation ‘
”

f jkpgq, fijphq fikphq
ı

“ 1’ from the case n ě 5 may be deduced
from Relations 2 and 3 here (since writing kk for Innpkq yields kij “ kkl). Thus Theorem
4.1.1 in fact holds for n ě 4.

One should note that one of each of the groups Gij – Gi is ‘redundant’ in the sense
that only any 2 of the groups Gij , Gik , Gil are independent of each other. It is possible to
consistently choose 4 such groups to eliminate from the list of generators, but doing so
would somewhat complicate the relations.

4.3 The Case n “ 3

For G “ G1 ˚ G2 ˚ G3, the only graphs which respect the splitting S “ pG1, G2, G3q are
α and A graphs. Thus the fundamental domain D3 of our complex C3 is the following
tripod:

α

A1

A2A3

where Ai is the graph GjGiGk for i “ 1, 2, 3 and tj, ku “ t1, 2, 3u ´ tiu.

As before, we have that Stabpαq “ Φ “ AutpG1qˆAutpG2qˆAutpG3q, and that for each
i P t1, 2, 3u with tj, ku “ t1, 2, 3u ´ tiu, StabpAiq is generated by pGij ˆ GikqäZpGiq

and

Φ such that Gijk äZpGiq
“ InnpGiq and ptGau, giq ˝ φ “ φ ˝ ptGau, pgiqφq (for a “ j, k) for

all ptGau, giq P Gia and φ P Φ.

Theorem 4.3.1. Let G “ G1 ˚ G2 ˚ G3 be a free splitting of a group G where each Gi is non-
trivial, and let S “ pG1, G2, G3q. Then writing fij for the isomorphism Gi Ñ Gij , OutSpGq is
generated by the six groups Gij for i, j P t1, 2, 3u distinct, and Φ, subject to relations:

1.
”

fijpgq, fikphq
ı

“ 1 @g, h P Gi

2. fijpgq fikpgq “ AdGipgq @g P Gi

3. φ´1 fijpgqφ “ fijppgqφq @g P Gi for all φ P Φ

for all i “ 1, 2, 3 and tj, ku “ t1, 2, 3u ´ tiu.
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Proof. By Theorem 1.2.3, OutSpGq is generated by Stabpαq, StabpA1q, StabpA2q, and
StabpA3q. The structure of D3 means that the Φ contribution from each StabpAiq is
identified with Stabpαq. That is, OutSpGq “ StabpA1q ˚Φ StabpA2q ˚Φ StabpA3q. The
result then follows by examining each StabpAiq.

Note that Gijk äZpiq “ InnpGiq means Gij InnpGiq “ Gik InnpGiq as cosets in StabpAiq.
Thus we can write StabpAiq “ Gij ¸Φ “ Gik ¸Φ (using the Guirardel–Levitt approach
to computing stabilisers demonstrated in Example 2.4.1). Since the only relation be-
tween vertex groups here is the amalgamation over Φ, we can in this case obtain a
much simpler presentation:

Corollary 4.3.2. For G “ G1 ˚ G2 ˚ G3 as above, we have:

OutSpGq “ pG12 ˚ G23 ˚ G31q ¸Φ – G¸Φ

Proof. As noted above, in this case we have that OutSpGq “ StabpA1q ˚Φ StabpA2q ˚Φ

StabpA3q. We now observe that pG12 ¸Φq ˚Φ pG23 ¸Φq ˚Φ pG31 ¸Φq “ pG12 ˚G23 ˚G31q¸

Φ.

If each of G1, G2, and G3 is additionally freely indecomposable, not infinite cyclic, and
pairwise non-isomorphic, then we have that OutSpGq “ OutpGq. In this case, this
is exactly the presentation for OutpGq given by Collins and Gilbert [7, Propositions
4.1,4.2].

5 The Space of Domains

The rest of the paper will be spent proving that for n ě 5, Cn is simply connected.

In order to study global properties of our complex Cn, we will define a new space, akin
to a nerve complex (first introduced by Alexandroff in [1]).

A nerve complex is an abstract simplicial complex built using information on the inter-
sections within a family of sets. The sets we will choose are copies of the fundamental
domain Dn, which form a (closed) cover of Cn. However, in order to keep the dimension
low, we will only consider k-wise intersections of sets for k ď 3.

It is not necessary to have background knowledge of nerve complexes in order to un-
derstand our space or arguments.
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5.1 Defining the Space of Domains

We will call a subset of our complex a domain if it is of the form Dn ¨ ψ for some ψ P

OutSpGq, where we think of Dn as a set and Dn ¨ ψ “ tx ¨ ψ|x P Dnu. Since the action of
OutSpGq on Cn preserves adjacency, then Dn ¨ ψ has the same topological structure as
Dn.

Definition 5.1.1. The Graph of Domains is a graph whose vertex set contains one vertex
for every domain in our complex, and whose edge set contains an edge joining distinct
vertices u and v if and only if the intersection of the domains associated to u and v is
non-empty.

Since the graph
n

(denoted α) occurs precisely once per domain, taking one vertex

per domain equates to taking one vertex for every point of the form
n

in our complex
Cn. We will thus often denote vertices in the Graph of Domains by α. Now any two
distinct vertices α1 and α2 in the Graph of Domains are joined by an edge precisely
when the intersection of the domain containing the graph α1 and the domain containing
the graph α2 is non-empty.

Note that the action of OutSpGq on Cn induces a natural OutSpGq-action on the Graph
of Domains.

Definition 5.1.2. The splitting associated to a domain Dn ¨ ψ is the labelling
ppG1qψ, . . . , pGnqψq, which is equivalent to any labelling pH1, . . . , Hnq of the α-graph
contained within the domain Dn ¨ ψ.

Note that ψ P OutSpGq is only unique up to factor automorphisms — that is, if φ P Φ
then Dn ¨ ψ “ Dn ¨ φψ.

Corollary 5.1.3. The Graph of Domains is (path) connected.

Proof. This follows immediately from Proposition 3.1.3.

Remark. Note that the Graph of Domains is not locally finite.

To show our complex Cn is simply connected, we will need the following construction:

Definition 5.1.4. Wherever we have a 3-cycle
α1

α2

α3

in our Graph of Do-

mains, we will insert a 2-simplex
α1

α2

α3

if and only if α1 X α2 X α3 ‰ H (in

the complex Cn). We call the resulting CW-complex the Space of Domains.
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Note that given a cycle α1 — . . . — αn´1 — αn “ α1 with α1X¨ ¨ ¨Xαn´1 ‰ H, we can split

this up into 3-cycles
α1

αi

αi`1

for i “ 2, . . . , n´ 2, with each α1 X αi X αi`1 ‰

H, so any such loop is contractible in our Space of Domains.

The idea behind this definition is that, since we have shown that the fundamental do-
main Dn is simply connected, then if we had that any pairwise intersection of domains
is either empty or path-connected, then any non-trivial loop in Cn would be projected
to a non-trivial loop in the Space of Domains.

In particular, if α1 Y α2 were simply connected (assuming α1 X α2 ‰ H) then there
would be no non-trivial loops in Cn which would appear as a forwards-and-backwards
traversal of an edge when projected to the Space of Domains, and similarly for α1 Y

α2 Y α3 (or the 2-cell α1 — α2 — α3 — α1 in the Space of Domains).

Then to show that our space Cn is simply connected, it would suffice to show that our
Space of Domains is simply connected.

Unfortunately, it will not be quite this simple, but the general idea will remain the same.
We will formalise (and resolve) this in Sections 5.2 and 5.3.

5.2 Pairwise Intersections

Here we would hope to show that the intersection of two adjacent domains is path-
connected.

Then we could deduce using the Seifert–van Kampen Theorem that the union of two
adjacent domains is simply connected. This would ensure, for example, that there are
no non-trivial loops in Cn of the form α1 — A — α2 — A — α1, and would justify the use
of a single edge between adjacent vertices in our Graph of Domains.

As it turns out, not quite all such intersections are path-connected, but we show that
the case where this does not hold can be circumvented. This is deduced in Propositions
5.2.10 and 5.2.11, the main results of this subsection.

To avoid confusion regarding domains and graphs within domains, we will temporar-
ily break from the convention of naming domains α. So let ℵ1 and ℵ2 be two arbitrary
domains. Assume ℵ1 X ℵ2 ‰ H. Without loss of generality, we may assume ℵ1 is the
fundamental domain Dn.

Observation 5.2.1. Note that if ℵ2 “ ℵ1 ¨ ψ then for T P ℵ1, we have T P ℵ2 if and only
if T “ T1 ¨ ψ for some T1 P ℵ1. But each domain contains precisely one element of each
orbit, so we must have T “ T1. Then ψ P StabpTq. Moreover, for T P ℵ1 and ψ P StabpTq,
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we have T “ T ¨ ψ P ℵ1 ¨ ψ. That is, for T P ℵ1, we have T P ℵ2 if and only if ℵ2 “ ℵ1 ¨ ψ

for some ψ P StabpTq.

Lemma 5.2.2. Let T1, T2, and T3 be vertices in the complex Cn. If T1, T2 P ℵ1Xℵ2 and T3 P ℵ1

with StabpT1q X StabpT2q Ď StabpT3q then T3 P ℵ1 X ℵ2.

Proof. By Observation 5.2.1, T P ℵ1 X ℵ2 if and only if ℵ2 “ ℵ1 ¨ ψ for some ψ P Stab T.
Thus if T1, T2 P ℵ1 X ℵ2 then ℵ2 “ ℵ1 ¨ ψ1 “ ℵ1 ¨ ψ2 for some ψ1 P Stab T1 and
ψ2 P Stab T2. Note then that ℵ1 “ ℵ1 ¨ ψ1ψ´1

2 , so ψ1ψ´1
2 P Stabpℵ1q “ Stabpαq “

Φ Ď StabpT1q X StabpT2q. In particular, ψ1 “ pψ1ψ´1
2 qψ2 P StabpT2q, so ℵ2 “ ℵ1 ¨ ψ1

with ψ1 P StabpT1q X StabpT2q. Additionally, if for some T3 P ℵ1 we have ψ1 P StabpT3q,
then T3 P ℵ1 X ℵ2. This last condition holds if (but not only if) StabpT1q X StabpT2q Ď

StabpT3q.

Corollary 5.2.3. Let T1 and T2 be vertices in the intersection ℵ1 X ℵ2 Ď Cn. If StabpT1q X

StabpT2q “ Φ, then ℵ1 X ℵ2 “ ℵ1 “ ℵ2.

Proof. Recall from Proposition 2.4.3 that Stabpαq “ Φ. Thus if StabpT1q X StabpT2q “ Φ
for some T1, T2 P ℵ1 X ℵ2, then α P ℵ1 X ℵ2. But each α vertex appears in exactly one
domain, hence ℵ1 “ ℵ2.

Suppose T1 and T2 are distinct vertices in the complex Cn. By Lemma 2.3.8, if T1 is a
collapse of T2, then StabpT2q Ď StabpT1q, so T2 P ℵ1 X ℵ2 ùñ T1 P ℵ1 X ℵ2. Since every
graph collapses to at least one of Ai, Bi,j,k, or Ci,j,k,l,m (for some i, j, k, l, m), then to show
path connectivity of intersections, it suffices to find paths in the intersection ℵ1 X ℵ2

with endpoints as the following six cases:

1. Ai — Ap

2. Bi,j,k — Ap

3. Bi,j,k — Bp,q,r

4. Ci,j,k,l,m — Ap

5. Ci,j,k,l,m — Bp,q,r

6. Ci,j,k,l,m — Cp,q,r,s,t

(where i, j, k, l, m, p, q, r, s, t need not be distinct, unless appearing together as indices of
a single vertex.) In our proofs, we will assume the ‘left’ vertex has fixed indices, and
allow the indices of the ‘right’ vertex to vary.

Writing ij for the group Gij , we recall that the stabiliser of Ai is a quotient of piv1 ˆ ¨ ¨ ¨ ˆ

ivn´1q ¸ Φ , the stabiliser of Bi,j,k is a quotient of pijk ˆ jk ˆ iv1 ˆ ¨ ¨ ¨ ˆ ivn´3q ¸ Φ , and
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the stabiliser of Ci,j,k,l,m is a quotient of pilm ˆ lm ˆ ijk ˆ jk ˆ iv1 ˆ ¨ ¨ ¨ ˆ ivn´5q ¸Φ. In the
group of automorphisms Gij , we call Gi the operating factor and Gj the dependent factor.
We say a graph has operating and dependent factors if the same is true of its stabiliser.
So Ai has one operating factor, Bi,j,k has two, and Ci,j,k,l,m has three distinct operating
factors. In each case, only one operating factor has more than one dependent factor. We
now proceed through the Cases 1–6:

Lemma 5.2.4 (Case 1). If Ai and Ap are vertices in ℵ1 X ℵ2, then there is a path in ℵ1 X ℵ2

from Ai to Ap.

Proof. We have StabpAiq X StabpApq ‰ Φ if and only if i “ p. But each domain contains
only one Ai-graph for each i P t1, . . . , nu. So either α P ℵ1 X ℵ2 (in which case α1 “ α2),
or Ai “ Ap.

So if Ai and Ap are points in ℵ1 X ℵ2 for any i, p P t1, . . . , nu then there is a path in
ℵ1 X ℵ2 connecting them.

Lemma 5.2.5 (Case 2). If Bi,j,k and Ap are vertices in ℵ1X ℵ2, then there is a path in ℵ1X ℵ2

from Bi,j,k to Ap.

Proof. If p R ti, ju then Bi,j,k and Ap share no common operating factors, hence
StabpBi,j,kq X StabpApq “ Φ and α P ℵ1 X ℵ2.

If p “ i then StabpBi,j,kq X StabpApq contains only one operating factor, with n ´ 3 de-
pendent factors. That is, StabpBi,j,kqXStabpAiq “ piv1 ˆ¨ ¨ ¨ˆ ivn´3q¸Φ for tv1, . . . , vn´3u “

t1, . . . , nu ´ ti, j, ku. This is precisely the stabiliser of γi,jk, hence γi,jk P ℵ1 X ℵ2. More-
over, γi,jk collapses to both Ai and Bi,j,k, so we have a path Bi,j,k — γi,jk — Ai.

For p “ j, we have StabpBi,j,kq X StabpAjq “ jk ¸Φ “ Stabpβ j,kq, and so
Bi,j,k — β j,k — Aj is a path in ℵ1 X ℵ2.

So if Bi,j,k and Ap are points in ℵ1 X ℵ2 for any i, j, k, l P t1, . . . , nu then there is a path in
ℵ1 X ℵ2 connecting them.

Lemma 5.2.6 (Case 3). If Bi,j,k and Bp,q,r are vertices in ℵ1Xℵ2, then there is a path in ℵ1Xℵ2

from Bi,j,k to Bp,q,r.

Proof. In order to have StabpBi,j,kq X StabpBp,q,rq ‰ Φ, we must have that ti, juX tp, qu ‰
H. We will thus assume this holds.

If ti, ju “ tp, qu and additionally r “ k, then either Bp,q,r “ Bi,j,k and we are done, or
we have Bp,q,r “ Bj,i,k, in which case StabpBi,j,kq X StabpBp,q,rq “ Φ. So we may assume
r ‰ k in this case.

If p “ j and q “ i (with r ‰ k) then StabpBi,j,kq X StabpBp,q,rq “ pir ˆ jkq ¸ Φ “

Stabpε i,r,j,kq, and Bi,j,k — ε i,r,j,k — Bj,i,r is a path in ℵ1 X ℵ2.



104 Paper 1. A Presentation for OutSpGq

If p “ i and q “ j (with r ‰ k) then StabpBi,j,kq X StabpBp,q,rq “ piv1 ˆ ¨ ¨ ¨ ˆ ivn´4q ¸Φ
where tiv1 , . . . , ivn´4u “ t1, . . . , nu ´ ti, j, k, ru. This is contained within StabpAiq, hence
Ai P ℵ1 X ℵ2. Then by Case 2 (Lemma 5.2.5), there is some path from Bi,j,k to Ai and
some path from Ai to Bi,j,r in ℵ1 X ℵ2.

We will now consider ti, ju ‰ tp, qu. Then |ti, ju X tp, qu| “ 1 and so StabpBi,j,kq X

StabpBp,q,rq has at most one operating factor (with at most n´ 4 dependent factors). If
there is no common operating factor, then StabpBi,j,kq X StabpBp,q,rq “ Φ. Otherwise,
StabpBi,j,kq X StabpBp,q,rq Ă Av for some v P ti, j, p, qu. Then we are reduced to Case 2.

So if Bi,j,k and Bp,q,r are points in ℵ1 X ℵ2 for any i, j, k, p, q, r P t1, . . . , nu then there is a
path in ℵ1 X ℵ2 connecting them.

Lemma 5.2.7 (Case 4). If Ci,j,k,l,m and Ap are vertices in ℵ1 X ℵ2, then there is a path in
ℵ1 X ℵ2 from Ci,j,k,l,m to Ap.

Proof. In order to satisfy StabpCi,j,k,l,mqXStabpApq ‰ Φ, we require that p P ti, j, lu. Note
that by symmetry, Ci,j,k,l,m “ Ci,l,m,j,k, so we only need to consider one of p “ j and p “ l.

If p “ j then StabpCi,j,k,l,mq X StabpApq “ jk ¸ Φ “ Stabpτj,k,lmq. We have that τj,k,lm

collapses to both Aj and Ci,j,k,l,m, so Ci,j,k,l,m — τj,k,lm — Aj is a path in ℵ1 X ℵ2.

If p “ i then StabpCi,j,k,l,mqXStabpApq “ pijkˆ iv1 ˆ¨ ¨ ¨ˆ ivn´5q¸Φ (where tv1, . . . , vn´5u “

t1, . . . , nu ´ ti, j, k, l, mu). This is contained in the stabiliser of σi,jk,lm, which is a graph
that collapses to both Ai and Ci,j,k,l,m, hence Ci,j,k,l,m — σi,jk,lm — Ai is a path in ℵ1 X ℵ2.

So if Ci,j,k,l,m and Ap are points in ℵ1X ℵ2 for any i, j, k, l, m, p P t1, . . . , nu then there is a
path in ℵ1 X ℵ2 connecting them.

Lemma 5.2.8 (Case 5). If Ci,j,k,l,m and Bp,q,r are vertices in ℵ1 X ℵ2, then there is a path in
ℵ1 X ℵ2 from Ci,j,k,l,m to Bp,q,r.

Proof. To satisfy StabpCi,j,k,l,mq X StabpBp,q,rq ‰ Φ, we require tp, qu X ti, j, lu ‰ H.

Suppose p “ j and q “ l. If r “ k then StabpCi,j,k,l,mq X StabpBp,q,rq “ Φ. If r “ m then
StabpCi,j,k,l,mq X StabpBp,q,rq “ pjk ˆ lmq ¸Φ “ Stabpε j,k,l,mq, and ε j,k,l,m collapses to both
Bj,l,m and Ci,j,k,l,m, so these points are connected by a path in ℵ1 X ℵ2. If r R tk, mu then
StabpCi,j,k,l,mq X StabpBp,q,rq “ jk ¸Φ Ă StabpAjq. Thus Aj P ℵ1 X ℵ2. By Case 2 (Lemma
5.2.5) there is a path in ℵ1 X ℵ2 from Bj,l,r to Aj, and by Case 4 (Lemma 5.2.7) there is a
path in ℵ1 X ℵ2 from Aj to Ci,j,k,l,m.

By symmetry of Ci,j,k,l,m “ Ci,l,m,j,k, we do not need to consider the case p “ l and q “ j.

We may now assume tp, qu ‰ tj, lu. Again by the symmetry of C-vertices, we need only
consider tp, qu X ti, ju ‰ H.
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Suppose p “ i and q “ j (or q “ l by symmetry). If r “ k then StabpCi,j,k,l,mq X

StabpBp,q,rq is either pjk ˆ iv1 ˆ ¨ ¨ ¨ ˆ ivn´5q ¸ Φ or pjk ˆ ijk ˆ iv1 ˆ ¨ ¨ ¨ ˆ ivn´5q ¸ Φ, in
either case this is contained in Stabpδi,j,k,lmq. Since δi,j,k,lm collapses to both Bi,j,k and
Ci,j,k,l,m then this provides a path in ℵ1 X ℵ2. If r ‰ k then the only operating factor in
StabpCi,j,k,l,mq X StabpBp,q,rq is i, hence Ai P ℵ1 X ℵ2 and thus by Cases 2 and 4 there is a
path from Ci,j,k,l,m to Bi,j,r in ℵ1 X ℵ2.

Suppose q “ i and p “ j (or p “ l by symmetry). If r “ k then StabpCi,j,k,l,mq X

StabpBp,q,rq “ Φ and α P ℵ1 X ℵ2. If r P tl, mu then StabpCi,j,k,l,mq X StabpBp,q,rq “ jk ¸
Φ Ă StabpAjq, hence we are reduced to Cases 2 and 4. If r R tk, l, mu then StabpCi,j,k,l,mqX

StabpBp,q,rq “ pir ˆ jkq ¸Φ Ă StabpBi,j,kq. In the previous paragraph we showed there is
a path in ℵ1X ℵ2 from Ci,j,k,l,m to Bi,j,k via a δ-graph, and by Case 3 (Lemma 5.2.6), there
is a path in ℵ1 X ℵ2 from Bi,j,k to Bj,i,r “ Bp,q,r.

If |tp, qu X ti, j, lu| “ 1 then StabpCi,j,k,l,mq X StabpBp,q,rq has at most one operating factor
(with at most n´ 6 dependent factors). So either α P ℵ1 X ℵ2, or there is some A-vertex
in ℵ1 X ℵ2, and we are reduced to Cases 2 and 4.

So if Ci,j,k,l,m and Bp,q,r are points in ℵ1 X ℵ2 for any i, j, k, l, m, p, q, r P t1, . . . , nu then
there is a path in ℵ1 X ℵ2 connecting them.

Lemma 5.2.9 (Case 6). If Ci,j,k,l,m and Cp,q,r,s,t are vertices in ℵ1 X ℵ2, then there is a path in
ℵ1 X ℵ2 from Ci,j,k,l,m to Cp,q,r,s,t if and only if r ‰ k ùñ t ‰ m.

Proof. Suppose we have Ci,j,k,l,m P ℵ1 X ℵ2 and Cp,q,r,s,t P ℵ1 X ℵ2.

If tp, q, su X ti, j, lu “ H then StabpCi,j,k,l,mq X StabpCp,q,r,s,tq “ Φ and α P ℵ1 X ℵ2.

If |tp, q, su X ti, j, lu| “ 1 then we have at most one operating factor in StabpCi,j,k,l,mq X

StabpCp,q,r,s,tq (with at most n´ 7 dependent factors), so either α P ℵ1 X ℵ2 (and we are
done) or there is some A-vertex in ℵ1Xℵ2, and we are reduced to Case 4 (Lemma 5.2.7).

Suppose |tp, q, su X ti, j, lu| “ 2. Then StabpCi,j,k,l,mq X StabpCp,q,r,s,tq has at most two
operating factors. If p ‰ i then all of these operating factors have at most one dependent
factor. Since any B-vertex has two operating factors, each with at least one dependent,
then StabpCi,j,k,l,mq X StabpCp,q,r,s,tq Ă StabpBq for some B-vertex. Then we are reduced
to Case 5 (Lemma 5.2.8). If p “ i then we have at most one operating factor with at
most n´ 5 dependent factors, and the possible other operating factor has at most one
dependent factor. So again there is some B-vertex in ℵ1Xℵ2, and by Case 5, there must
be some path between our two C-vertices.

Now suppose tp, q, su “ ti, j, lu. If p “ i then by symmetry of C-vertices we may
assume q “ j and s “ l. If in addition we have r “ k and t “ m then Cp,q,r,s,t “ Ci,j,k,l,m.
So suppose tr, tu ‰ tk, mu. If |tr, tu X tk, mu| “ 1 then either Bi,j,k or Bi,l,m is in ℵ1 X ℵ2,
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which reduces us to Case 5. If |tr, tuXtk, mu| “ 0 then Ai P ℵ1Xℵ2, and we are reduced
to Case 4.

Finally, suppose p “ j, q “ i, and s “ l. By permuting indices in accordance with the
symmetries of Ci,j,k,l,m and Cp,q,r,s,t, this covers all cases where tp, q, su “ ti, j, lu and p ‰
i. If r “ k then StabpCi,j,k,l,mq X StabpCp,q,r,s,tq Ď lt ¸Φ Ă StabpAlq, so by Case 4 we are
done. If r ‰ k and t ‰ m then StabpCi,j,k,l,mqX StabpCp,q,r,s,tq Ď pjkˆ irq¸Φ Ă StabpBi,j,kq,
so by Case 5 we are done.

A problem arises when r ‰ k but t “ m. Then StabpCi,j,k,l,mq X StabpCp,q,r,s,tq “

StabpCi,j,k,l,mq X StabpCj,i,r,l,mq “ pjk ˆ lm ˆ irq ¸ Φ. The only graph T in our complex
(besides Ci,j,k,l,m and Cj,i,r,l,m) with pjk ˆ lm ˆ irq ¸Φ Ď StabpTq is Cl,i,r,j,k. So in this case
ℵ1 X ℵ2 consists of three distinct non-adjacent points. Note that this is the only case
where ℵ1 X ℵ2 is not path-connected.

So if Ci,j,k,l,m and Cp,q,r,s,t are points in ℵ1 X ℵ2 for any i, j, k, l, m, p, q, r, s, t P t1, . . . , nu,
and we don’t have that r ‰ k and t “ m, then there is a path in ℵ1 X ℵ2 connecting
Cp,q,r,s,t to Ci,j,k,l,m.

Having dealt with all six cases, we may now conclude:

Proposition 5.2.10. If ℵ1 and ℵ2 are two domains with ℵ1 X ℵ2 ‰ H such that ℵ1 X ℵ2

contains some vertex which is not of the form Ci,j,k,l,m, then ℵ1 X ℵ2 is path-connected.

Proof. Note that in the proof of Lemma 5.2.9 we showed that if Ci,j,k,l,m P ℵ1 X ℵ2 and
Cp,q,r,s,t P ℵ1Xℵ2 then there exists some non-C vertex in ℵ1Xℵ2 if and only if r ‰ k ùñ
t ‰ m. The result then follows from Lemmas 5.2.4, 5.2.5, 5.2.6, 5.2.7, 5.2.8, and 5.2.9.

Remark. Note that this statement is not saying that ℵ1 X ℵ2 cannot contain a vertex
Ci,j,k,l,m if it is to be path connected, just that it must also contain some other vertex as
well which is not a C-vertex.

While it is not ideal that such an intersection containing only C-vertices is not path-
connected, this can be handled via the following:

Proposition 5.2.11. If ℵ1 and ℵ2 are two domains with ℵ1 X ℵ2 ‰ H such that ℵ1 X ℵ2

contains only vertices of the form Ci,j,k,l,m, then ℵ1Xℵ2 “ tCi,j,k,l,m, Cj,l,m,i,p, Cl,i,p,j,ku for some
(distinct) i, j, k, l, m, p P t1, . . . , nu. Moreover, there exists a domain ℵ3 with ℵ1 X ℵ2 Ă ℵ3,
such that ℵ1 Y ℵ2 Y ℵ3 is simply connected.

Proof. As noted in Case 6 (Lemma 5.2.9) above, if ℵ1 X ℵ2 does not contain any ver-
tices except C-vertices, then there exist some distinct i, j, k, l, m, p P t1, . . . , nu such
that ℵ1 X ℵ2 “ tCi,j,k,l,m, Cj,l,m,i,p, Cl,i,p,j,ku. Further, we have that ℵ2 “ ℵ1ψ for some
ψ P pip ˆ jk ˆ lmq ¸Φ (and ψ R pip ˆ jkq ¸Φ Y pjk ˆ lmq ¸Φ Y plm ˆ ipq ¸Φ). That is,
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ψ “ pGp, i0qpGk, j0qpGm, l0qϕ for some i0 P Gi, j0 P Gj, l0 P Gl , and ϕ P Φ. Define ℵ3 to
be ℵ1pGp, i0q. Note that pGp, i0q P ip ¸Φ “ StabpAiq, so we have Ai P ℵ1 X ℵ3. Then
ℵ2 “ ℵ1pGp, i0qpGk, j0qpGm, l0qϕ “ ℵ3pGk, j0qpGm, l0qϕ. Note that pGk, j0qpGm, l0qϕ P pjk ˆ
lmq ¸Φ Ď StabpBj,l,mq, so we have Bj,l,m P ℵ2 X ℵ3. Moreover, pGp, i0q, pGk, j0qpGm, l0qϕ P
pip ˆ jk ˆ lmq ¸Φ. So Ci,j,k,l,m, Cj,l,m,i,p, Cl,i,p,j,k P ℵ3.

By Proposition 5.2.10, we have that both ℵ1 X ℵ3 and ℵ2 X ℵ3 are path-connected, and
by Theorem 3.2.11, ℵ1, ℵ2, and ℵ3 are each simply connected. Then by the Seifert–Van
Kampen Theorem (Theorem 1.2.1), ℵ1 Y ℵ3 and ℵ2 Y ℵ3 are both simply connected.
Then we can again apply the Seifert–Van Kampen Theorem to the sets A “ ℵ1Yℵ3 and
B “ ℵ2Yℵ3. Since we have that π1pAq “ π1pBq “ t1u, and AXB “ pℵ1Xℵ2qYℵ3 “ ℵ3

is path-connected by Corollary 3.1.2, then we get that π1pℵ1 Y ℵ2 Y ℵ3q “ π1pAY Bq “
t1u. That is, ℵ1 Y ℵ2 Y ℵ3 is simply connected.

In plain language, this means if there is an edge in the Space of Domains which does not
represent a simply connected subset of the complex Cn, then it must be in the boundary
of a 2-cell which does represent a simply connected subset of Cn.

Observation 5.2.12. In fact, the proof of Proposition 5.2.11 shows that if ℵ1 and ℵ2 are
two domains with ℵ1 X ℵ2 ‰ H such that ℵ1 X ℵ2 contains only vertices of the form
Ci,j,k,l,m, then there exists a domain ℵ3 with ℵ1 X ℵ3 containing a vertex of the form
Ai and ℵ2 X ℵ3 containing a vertex of the form Bj,l,m, such that ℵ1 Y ℵ2 Y ℵ3 is simply
connected.

Corollary 5.2.13. Let ℵ1 and ℵ2 be two domains so that ℵ1 X ℵ2 ‰ H. Then there exists
U Ă Cn with ℵ1 Y ℵ2 Ď U such that U is simply connected.

Proof. Note that any pair of domains with non-empty intersection fall under precisely
one of Proposition 5.2.10 or Proposition 5.2.11. In the second case, we take U “ ℵ1 Y

ℵ2 Y ℵ3 with ℵ3 as in Proposition 5.2.11. In the first case, we take U “ ℵ1 Y ℵ2. By
Theorem 3.2.11 we have that each of ℵ1 and ℵ2 is simply connected, and since in this
case ℵ1 X ℵ2 is path connected, then by the Seifert–van Kampen Theorem (Theorem
1.2.1), we must have that ℵ1 Y ℵ2 is simply connected.

5.3 A Map from the Space of Domains to the Complex Cn

In this subsection, we will define a (continuous) map from the Space of Domains to
the complex Cn. This will allow us to conclude that simple connectivity of Cn can be
deduced from simple connectivity of the Space of Domains, as desired.

Remark. If we had that pairwise intersections of domains were always path connected,
then since each domain is simply connected, a theorem of Bjorner [5, Theorem 6] would
tell us that if the Space of Domains is simply connected then so too is Cn. However, since
we do not have this, we must do some extra work to deduce this.
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Definition 5.3.1. We define a map F from the 1-skeleton of the Space of Domains
(equivalently, from the Graph of Domains) to Cn as follows:

• A vertex ℵ in the 0-skeleton of the Space of Domains is mapped under F to the
α-graph contained in the domain ℵ Ď Cn.

• Let ℵ1 —ℵ2 be some edge in the Space of Domains, and set α1 “ Fpℵ1q and α2 “

Fpℵ2q. Choose an edge path λ12 : r0, 1s Ñ ℵ1 Y ℵ2 Ă Cn with λ12p0q “ α1 and
λ12p1q “ α2 and let |λ12| be its image. We define Fpℵ1 —ℵ2q :“ |λ12|.

• Given λ12, we require that λ21 (the chosen path in ℵ1Yℵ2 from α2 to α1) be defined
by λ21ptq :“ λ12p1´ tq for all t P r0, 1s; that is, that Fpℵ1 —ℵ2q “ Fpℵ2 —ℵ1q.

Observation 5.3.2. Note that by Definition 5.1.4, if ℵ1 —ℵ2 is an edge in the Space of
Domains, then we have that ℵ1 X ℵ2 ‰ H as a subset of Cn. By Lemma 3.1.1, each of ℵ1

and ℵ2 is a path-connected subset of Cn, hence so too is ℵ1 Y ℵ2 Ă Cn. Thus there must
exist some path in ℵ1 Y ℵ2 connecting Fpℵ1q and Fpℵ2q.

Remark. If one wishes to be more explicit, given an edge ℵ1 —ℵ2, one may choose
T P ℵ1 X ℵ2 Ă Cn and ψ, φ P OutSpGq with ℵ1 “ Dn ¨ ψ and ℵ2 “ Dn ¨ φ so that
ψ´1 φ P StabpTq, where Dn is the fundamental domain. Denote the path in Table 1.4
from T ¨ ψ´1 “ T ¨ φ´1 to α0 by p, where α0 is the unique α-graph contained in Dn, and
set λ12 :“ pp´1 ¨ ψqpp ¨ φq. Then Fpℵ1 —ℵ2q “ |p| ¨ ψY |p| ¨ φ. It may well be that this
construction leads to an OutSpGq-equivariant map, but one would need to carefully
handle the choice of T P ℵ1 X ℵ2 to make it so.

Lemma 5.3.3. Any loop in Cn is homotopic to a loop which is the image under F of a loop in
the Graph of Domains.

Proof. Let λ1 “ T1
0 — T1

1 — ¨ ¨ ¨— T1
m1 — T1

0 be a loop in the complex Cn. By Corollary 3.1.4,
we can write down a path p in Cn from T1

0 to the α graph in our fundamental domain
(which we call α0). By setting λ “ p´1λ1 p we now have a based loop in Cn (i.e. a loop
containing the ‘basepoint’ α0) which is homotopic to λ1. Say λ “ T0 — T1 — ¨ ¨ ¨— Tm,
where Tm “ T0 “ α0.

We will now describe how to associate a domain ℵi to each vertex Ti in λ with Ti P ℵi.
This will allow us to construct a path in the Graph of Domains whose image under F
we will show to be homotopic to λ.

First set ℵ0 to be Dn, the fundamental domain. If Ti is associated to ℵi and Ti`1 P ℵi,
we set ℵi`1 :“ ℵi. In particular, this is the case whenever Ti`1 is a collapse of Ti. Note
that for any edge S — T in Cn we have that either S is a collapse of T, or T is a collapse
of S. Now suppose we have a domain ℵi Q Ti and Ti`1 R ℵi. We must then have that
Ti is a collapse of Ti`1. Choose any domain ℵi`1 containing Ti`1. Then Ti P ℵi`1, hence
Ti — Ti`1 Ď ℵi`1, and Ti P ℵi X ℵi`1.
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For a given domain ℵi, let αi P Cn be the unique α-graph contained in ℵi. Since ℵi X

ℵi`1 ‰ H, then either ℵi “ ℵi`1 or ℵi —ℵi`1 is an edge in the Graph of Domains. We
define paths µi,i`1 as follows: if ℵi “ ℵi`1, set µi,i`1 to be the constant path at αi “ αi`1;
otherwise, set µi,i`1 to be the path λi,i`1 from αi to αi`1 such that Fpℵi —ℵi`1q “ |λi,i`1|.

Then the concatenation µ :“ µ0,1µ1,2 . . . µm´1,m is equal to the concatenation
Fpℵσp0q —ℵσp1qqFpℵσp1q —ℵσp2qq . . . Fpℵσpkq —ℵσp0qqwhich is
Fpℵσp0q —ℵσp1q —ℵσp2q — ¨ ¨ ¨—ℵσpkq —ℵσp0qq, where σp0q “ 0, and given σpiq, σpi` 1q
is the next index such that ασpi`1q ‰ ασpiq.

We now prove that λ (and hence also λ1) is homotopic in Cn to µ.

Given Ti and its associated domain ℵi with graph αi, let νi be a path contained in ℵi

from Ti to αi (to be explicit, one may take the correct OutpGq-image of the relevant path
listed in Table 1.4). Additionally, let ei denote the (oriented) edge (path) Ti — Ti`1. By
Corollary 5.2.13, there exists a simply connected neighbourhood Ui Ă Cn containing
ℵi Y ℵi`1 (if ℵi`1 “ ℵi, instead set Ui “ ℵi, and note that by Theorem 3.2.11 this is
simply connected).

Then the loop νiµiν
´1
i`1ei is contained in Ui, hence said loop is contractible in Cn. In other

words, the edge Ti — Ti`1 is homotopic in Cn to the path νiµiν
´1
i`1. Since this holds for

all i, it follows that λ is homotopic in Cn to µ, the image under F of a loop in the Graph
of Domains.

Lemma 5.3.4. The map F described in Definition 5.3.1 extends to a continuous map F̄ from the
Space of Domains to Cn.

Proof. Let rℵ1,ℵ2,ℵ3s be a face (2-cell) in the Space of Domains. Then as subsets of Cn,
we have that ℵ1 X ℵ2 X ℵ3 ‰ H. Let λ12, λ23, and λ31 be paths such that each λij is an
edge path in ℵi Y ℵj from αi to αj with Fpℵi —ℵjq “ |λij| (for i, j P t1, 2, 3u distinct).
To show that F extends to a map F̄, it will suffice to show that the concatenated path
λ12λ23λ31 is the boundary of some simply connected subset of Cn, that is, that the loop
λ12λ23λ31 is contractible in Cn. We illustrate the following process in Figure 1.7.
Step 1: Since rℵ1,ℵ2,ℵ3s is a 2-cell in the Space of Domains, then by Definition 5.1.4,
there must exist some point x P ℵ1 X ℵ2 X ℵ3 Ď Cn. Let λ03 be a path in ℵ3 Ď Cn from x
to α3 and let λ30 “ λ03 be its reverse path (i.e. the same set of edges, but read from α3 to
x). By Theorem 3.2.11, each domain is simply connected, so λ12λ23λ30λ03λ31 is a path
in Cn which is homotopic to the image λ12λ23λ31 of the loop ℵ1 —ℵ2 —ℵ3 —ℵ1 in the
Space of Domains.
Step 2: By Corollary 5.2.13, there exists a simply connected neighbourhood in Cn con-
taining ℵ2 Y ℵ3. Thus the subpath λ23λ30 from α2 to x is contained within a simply
connected subset of Cn containing ℵ2, hence is homotopic to some path λ2 from α2 to x
fully contained in ℵ2.
Step 3: By the same reasoning as in Step 2, the subpath λ03λ31 from x to α1 is homotopic
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in Cn to some path λ1 from x to α1 fully contained in ℵ1. We have so far shown that
λ12λ23λ31 is homotopic in Cn to the loop λ12λ2λ1.
Step 4: We have that λ12λ2λ1 is a loop contained in ℵ1Yℵ2. Again, by Corollary 5.2.13,
the loop λ12λ2λ1 is contained within a simply connected subset of Cn, hence it must be
contractible.

ℵ3

ℵ2ℵ1

α3

α2α1

x

λ23

λ12

λ31
λ30λ03

Step 1
ℵ3

ℵ2ℵ1

α3

α2α1

x

λ23

λ12

λ31
λ03

λ2

Step 2

ℵ3

ℵ2ℵ1

α3

α2α1

x

λ12

λ2λ1

Step 3
ℵ3

ℵ2ℵ1

α3

α2α1

x

λ12

λ2λ1

Step 4

FIGURE 1.7: Illustration Contracting the Image Under F of a 3-Cycle

Proposition 5.3.5. Suppose that the Space of Domains is simply connected. Then so too is the
complex Cn.

Proof. Let λ : S1 Ñ Cn be an arbitrary loop in Cn. We temporarily denote the Space of
Domains by S , and its 1-skeleton (the Graph of Domains) by Sp1q. By Lemma 5.3.3, λ

is homotopic in Cn to some loop µ : S1 Ñ FpSp1qq which lifts to a loop M : S1 Ñ S
in the Space of Domains with µ “ F ˝ M, where F : Sp1q Ñ Cn is the map described
in Definition 5.3.1. If S is simply connected, then the loop M is contractible. That is,
there exists a continuous map f : D2 Ñ S so that f |S1 “ M. By Lemma 5.3.4, F extends
to a continuos map F̄ : S Ñ Cn. Now F̄ ˝ f : D2 Ñ Cn is a continuous map, and
F̄ ˝ f |S1 “ F ˝M “ µ : S1 Ñ Cn. Thus µ is contractible, and hence λ is as well.
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5.4 Edges in the Space of Domains

Here we will consider adjacency in the Graph/Space of Domains. We will use α to
represent both a vertex in the Space of Domains (i.e. a domain, as a subspace of Cn),
and a graph in a domain (i.e. a vertex in Cp0q

n ).

Let α1 — α2 be an edge in the Space of Domains, that is, let α1 Ă Cn and α2 Ă Cn be two
domains such that α1 X α2 ‰ H. Then there is some vertex T P Cn in the intersection
α1 X α2 Ă Cn and, as noted in Section 5.2, some φ P StabpTq such that α2 “ pα1qφ.

Thus the edge α1 — α2 in the Space of Domains can be described in two ways: according
to some vertex T P α1X α2, or according to some (pure symmetric outer) automorphism
φ P OutSpGq satisfying α2 “ pα1qφ (and hence also α1 “ pα2qφ

´1). We may then label

the edge α1 — α2 by either α1 α2
T or α1 α2

φ
, depending on our viewpoint.

This subsection considers the former viewpoint, i.e. points in the intersection α1 X α2.
As such, this subsection can be considered the Space of Domains analogue to Section
5.2. The latter viewpoint (automorphisms satisfying α2 “ pα1qφ) will be discussed in
Section 5.5

Definition 5.4.1. We will say an edge α1 — α2 in the Graph/Space of Domains is of Type
T if there is some tree T in the intersection α1 X α2 in the complex Cn.

Note that edges can be of more than one Type. In particular, if an edge is of Type T1,
and T2 is a collapse of T1, then the edge is also of Type T2. However an edge can be
of Type T1 and Type T2 even if neither is a collapse of the other. Recall from Section
5.2 that if T P α1 X α2, then at least one of Ai, Bi,j,k, or Ci,j,k,l,m is in α1 X α2 for some
i, j, k, l, m P t1, . . . , nu, hence every edge in the Space of Domains is at least one of Type
A, Type B, or Type C.

Some earlier results may be summarised using this new terminology:

Proposition 3.1.3: Any two vertices in the Graph of Domains are connected via a path
whose edges are all of Type A.

Proposition 5.2.10: If an edge α1 — α2 in the Graph of Domains is of Type A or Type B,
then α1 X α2 is path connected in the complex Cn.

Proposition 5.2.11: If an edge α1 — α2 in the Graph of Domains is of Type C but not of
Type A or Type B, then α1X α2 is not path connected in the complex Cn. However,
there exists a domain α3 Ě α1 X α2 so that rα1, α2, α3s is a 2-cell in the Space of
Domains and α1 Y α2 Y α3 is simply connected in the complex Cn.

We will now deduce that simple connectivity of the Space of Domains can be proved
considering only edges of Type A.
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Proposition 5.4.2. Suppose α1 — α2 is an edge in the Space of Domains of Type B but not of
Type A. Then there exists some domain α3 and edges α1 — α3 and α3 — α2 of Type A such that
α1 — α2 is homotopic to α1 — α3 — α2 in the Space of Domains.

Proof. Suppose Bi,j,k is a B-graph in the intersection α1 X α2 Ă Cn.
Let ti, j, k, v1, . . . , vn´3u “ t1, . . . , nu and let

`

Hi, Hj, Hk, Hv1 , . . . , Hvn´3

˘

be an S-labelling
for the α-graph in the domain α1 of Cn. Then

`

Hi, Hj, Hk, Hv1 , . . . , Hvn´3

˘

is an S-labelling
for Bi,j,k, and by Example 2.2.3, any equivalent labelling for Bi,j,k must be of the form
´

Hggi
i , H

gijk gj
j , H

gijk jk gk
k , H

giv1 gv1
v1 , . . . , H

givn´3 gvn´3
vn´3

¯

for some g P G “ H1 ˚ . . . Hn, gi P Hi,
gj P Hj, gk P Hk, jk P Hj, ijk P Hi, with gv P Hv and iv P Hi for each v “ v1, . . . , vn´3.

We may now assume that the α-graph in α2 has an S-labelling of the form
´

Hi, H
ijk
j , H

ijk
k jk, H

iv1
v1 , . . . , H

ivn´3
vn´3

¯

(since both inner automorphisms and relative factor
automorphisms stabilise α). Since the edge α1 — α2 is stipulated to not be of Type A,
then we must have that jk ‰ 1 and ia ‰ 1 for some a P tjk, v1, . . . , vn´3u.

Let α3 be the domain whose α-graph has S-labelling
´

Hi, H
ijk
j , H

ijk
k , H

iv1
v1 , . . . , H

ivn´3
vn´3

¯

,

and let Ai and Aj be the A-graphs in α3 with central vertex Hi and H
ijk
j , respectively.

Observe that Ai P α3 X α1, thus α1 — α3 is an edge of Type A in the Space of Domains.

Further, note that since
´

Hi, H
ijk
j , H

ijk
k , H

iv1
v1 , . . . , H

ivn´3
vn´3

¯

is an S-labelling for Aj, then

by Definition 2.1.2, so too is

¨

˝Hi, H
ijk
j ,

´

H
ijk
k

¯

ˆ

j
ijk
k

̇

, H
iv1
v1 , . . . , H

ivn´3
vn´3

˛

‚. But
´

H
ijk
k

¯

ˆ

j
ijk
k

̇

“

H

´

i´1
jk jkijk

¯

ijk

k “ H
ijk jk
k . Thus Aj P α3X α2, and so α2 — α3 is an edge of Type A in the Space

of Domains.

Finally, since Bi,j,k P α1X α2X α3 then rα1, α2, α3s is a 2-cell in the Space of Domains, and
so α1 — α2 is homotopic to the path α1 — α3 — α2 whose edges are both of Type A.

Proposition 5.4.3. Suppose α1 — α2 is an edge in the Space of Domains of Type C, but which
is not of Type A or Type B. Then there exist domains α3 and α4 and edges α1 — α3, α3 — α4 and
α4 — α2 of Type A such that α1 — α2 is homotopic in the Space of Domains to α1 — α3 — α4 — α2.

Proof. By Proposition 5.2.11 (or rather, Observation 5.2.12), there exists a domain α3

so that α1 — α2 is homotopic to α1 — α3 — α2, where α1 — α3 is an edge of Type A and
α3 — α2 is an edge of Type B. Then by Proposition 5.4.2, there exists a domain α4 with
α3 — α2 homotopic to α3 — α4 — α2, where α3 — α4 and α4 — α2 are both edges of Type
A. Now α1 — α2 is homotopic to α1 — α3 — α4 — α2.

Corollary 5.4.4. Any path in our Graph of Domains is homotopic (in the Space of Domains)
to a path whose edges are all of Type A.
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Proof. This follows from Propositions 5.4.2 and 5.4.3, recalling that any edge in the
Graph of Domains is at least one of Type A, Type B, or Type C.

5.5 Relative Whitehead Automorphisms

In this subsection, we consider how to move through the Graph of Domains (i.e. how to
move along edges in the Space of Domains). By Corollary 5.4.4, we need only consider
edges of Type A.

In Definition 1.3.1, we define Whitehead automorphisms and multiple Whitehead au-
tomorphisms, which provide a convenient way to discuss elements of the stabilisers of
vertices in the fundamental domain Dn. These are the same (differing only in notation)
as those used by Gilbert [12] and Collins and Zieschang [8]. However, to examine do-
mains other than the fundamental domain (i.e. vertices in the Space of Domains), it will
prove useful to discuss ‘relative’ Whitehead automorphisms, which may act on groups
beyond just the factor groups Gi of the splitting S.

We will find that moving along edges of Type A in the Space of Domains is achieved by
applying ‘relative multiple Whitehead automorphisms’, or equivalently, by collapsing
and expanding edges of graphs of groups in Cn (i.e. travelling along α — A — α paths
in Cn).

Definition 5.5.1 (Relative Whitehead Automorphism). Let H1 ˚ ¨ ¨ ¨ ˚ Hn be an S free
factor splitting for G “ G1 ˚ ¨ ¨ ¨ ˚ Gn. A relative Whitehead automorphism (with respect
to the splitting H1 ˚ ¨ ¨ ¨ ˚ Hn) is a map ψ for which there exists x P Hi for some i and
A Ď tH1, . . . , Hnu ´ tHiu so that ψ pointwise conjugates Hj by x for each Hj P A, and
pointwise fixes Hk for each Hk R A. We denote such a map ψ by pA, xq. If |A| “ 1, i.e.
A “ tHju for some j, we may abuse notation and write pHj, xq for ptHju, xq.

If x “ px1, . . . , xkq Ă Hi for some i and A “ pA1, . . . , Akqwhere each Aj Ď tH1, . . . , Hnu´

tHiu and Aj1 X Aj2 “ H for j1 ‰ j2, then we denote by pA, xq the composition
pA1, x1q . . . pAk, xkq. Such a map is called a relative multiple Whitehead automorphism. We
denote the union A1 Y ¨ ¨ ¨ Y Ak by Â, or, for longer expressions, by

Ť

A.

The Whitehead automorphisms of Definition 1.3.1 may be thought of as relative White-
head automorphisms with respect to the initial splitting G1 ˚ ¨ ¨ ¨ ˚ Gn of G. However it
should be noted that they behave quite differently under composition.

Lemma 5.5.2. Let H1 ˚ ¨ ¨ ¨ ˚ Hn be an S free factor splitting for G1 ˚ ¨ ¨ ¨ ˚ Gn. If ψ P OutpGq
is a relative Whitehead automorphism (with respect to H1 ˚ ¨ ¨ ¨ ˚ Hn), then ψ P OutSpGq.

Proof. By Lemma 1.1.8, there exists φ P OutSpGq with pGiqφ “ Hi “ Ggi
i for each i ( for

some gi P G). Since ψ is a relative Whitehead automorphism for H1 ˚ ¨ ¨ ¨ ˚ Hn, for each
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i there exists hi P G such that pHiqψ “ Hhi
i . Now let χ P OutSpGq be such that for each

i, χ : g ÞÑ gphiqφ´1
for all g P Gi. Then for each i, ppGiqχqφ “

´

phiqφ
´1Giph´1

i qφ
´1
¯

φ “

hipGiqφh´1
i “ higiGig´1

i h´1
i “ Ghi gi

i , and the following diagram commutes:

G1 ˚ ¨ ¨ ¨ ˚ Gn Gg1
1 ˚ ¨ ¨ ¨ ˚ Ggn

n H1 ˚ ¨ ¨ ¨ ˚ Hn

Gph1qφ´1

1 ˚ ¨ ¨ ¨ ˚ Gphnqφ´1

n Gh1g1
1 ˚ ¨ ¨ ¨ ˚ Ghngn

n Hh1
1 ˚ ¨ ¨ ¨ ˚ Hhn

n

φ

χ ψ ψ

φ

Thus in OutpGq we have ψ “ φ´1χφ and since φ, χ P OutSpGq ď OutpGq then ψ P

OutSpGq.

Lemma 5.5.3. If α1 — α2 is an edge in the Space of Domains of Type A, then there exists some
relative multiple Whitehead automorphism pA, xq such that α2 “ α1 ¨ pA, xq.

Proof. If α1 — α2 is an edge of Type A, then there is some A-graph Ai P α1 X α2 Ă Cn.
Suppose the α-graph in the domain α1 has S-labelling pH1, . . . , Hnq “ pG

g1
1 , . . . , Ggn

n q for
some g1, . . . , gn P G. Then so too does Ai, and the α-graph in α2 must have labelling
ppH1qχ, . . . , pHnqχq for some rχs P StabpAiq.

Let rψs P OutSpGq be such that Hk “ pGkqψ for all k (that is, α1 “ Dn ¨ ψ). If Ai is
the Ai-graph in Dn, the fundamental domain, then StabpAiq “ ψ´1 StabpAiqψ. Recall
from Proposition 2.4.4 and Example 2.4.2 that StabpAiq comprises elements of the form
pGv1 , y1q . . . pGvn´1 , yn´1qφ where y1, . . . , yn´1 P Gi and φ P Φ “

śn
k“1 AutpGkq.

Since φ P Stabpαq (where α is the α-graph in Dn), then we may assume that α2 ¨ ψ
´1 “

Dn ¨ pGv1 , y1q . . . pGvn´1 , yn´1q for some y1, . . . , yn´1 P Gi. Now for a given factor group

Gj (with j ‰ i), we have pGjqpGj, yjqψ “ pG
yj
j qψ “

`

pGjqψ
˘ppyjqψq

“

´

G
gj
j

¯

´

y
gi
j

¯

“

pHjq
´

Hj, ygi
j

¯

. Observe that since yj P Gi then ygi
j P Ggi

i “ Hi.

Thus setting xj “ ygi
j for all j ‰ i, we have α2 “ α1 ¨ ψ´1pGv1 , y1q . . . pGvn´1 , yn´1qψ “

α1 ¨ pHv1 , x1q . . . pHvn´1 , xvn´1q. Grouping together terms for which xj “ xk, we may then
write this in the form α2 “ α1 ¨ pA, xq with Â “

Ť

A Ď tH1, . . . , Hnu ´ tHiu and x Ď Hi,
as required. Moreover, pA, xq P StabpAiq, as one would expect.

Example 5.5.4. Let α1 be the α-graph with S-labelling pH1, . . . , Hnq, and let h1 P H1.
Then α2 :“ α1 ¨ pH3, h1q is the α-graph with S-labelling pH1, H2, Hh1

3 , H4, . . . , Hnq. More-
over, α1 — α2 is an edge in the Space of Domains of Type A (writing αi for the domain
containing the α-graph αi). We demonstrate this via the following collapse–expansion
path in Cn:
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Hn H1

H2

H3
H4

H5

Hn

H1 H2

H3
H4

H5

“

Hn

H1 H2

Hh1
3H4

H5

Hn H1

Hh1
3

H2

H4

H5

It is not hard to see using this example how to extend Lemma 5.5.3 to an “if and only
if” statement. Additionally, we see that relative (multiple) Whitehead automorphisms
must obey the relations of the stabiliser of the relevant A-graph in Cn.

Observation 5.5.5. In order to apply this kind of geometric argument, we must ensure
that all automorphisms are written relative to the domain on which they act. This in-
cludes automorphisms written within a composition. Thus, continuing Example 5.5.4,
if h2 P H2 say, we have pH3, h2h1q “ pH3, h1qpH

h1
3 , h2q.

Lemma 5.5.6. Let pH1, . . . , Hnq be an S-labelling for some α-graph α P Cn. Suppose x P Hi

for some i, and A, B Ď Ĥ “ tH1, . . . , Hnu with Hi R A Y B. If A “ tHa1 , . . . , Hamu, set
Ax :“ tHx

a1
, . . . , Hx

am
u.

1. For x1, x2 P Hi, we have α ¨ pA, x1qpAx1 , x2q “ α ¨ pA, x2x1q.

2. We have α ¨ pA, xqpAx, x´1q “ α. We will thus write pAx, x´1q “ pA, xq´1.

3. If AX B “ H, then α ¨ pA, xqpB, xq “ α ¨ pB, xqpA, xq, which we may write as α ¨ pAY
B, xq.

Proof. Let α be the α-graph in Cn with pH1, . . . , Hnq as a labelling. We partition tH1, . . . , Hnu

as tHa1 , . . . , Hamu Y tHi1 , . . . , Hisuwhere m` s “ n and Ha P A for each a P ta1, . . . , amu.

1. By Definition 2.4.3, we have that α ¨ pA, x1q is the α-graph, say α1, with labelling
pHx1

a1 , . . . , Hx1
am , Hi1 , . . . , Hisq. Then α1 ¨ pAx1 , x2q is the α-graph, say α2, with labelling

ppHx1
a1 q

x2 , . . . , pHx1
amq

x2 , Hi1 , . . . , Hisq “ pHx1x2
a1 , . . . , Hx1x2

am , Hi1 , . . . , Hisq. On the other
hand, we clearly have that α ¨ pA, x1x2q “ α2.

2. This follows immediately from 1 by setting x1 “ x and x2 “ x´1 and noting that
xx´1 “ 1 and pA, 1q is the identity for any A.

3. Since AXB “ H, we will partition tH1, . . . , Hnu as tHa1 , . . . , HapuYtHb1 , . . . , HbquY

tHi1 , . . . , Hiruwhere p` q` r “ n, Ha P A for each a P ta1, . . . , apu, and Hb P B for
each b P tb1, . . . , bqu. Set α1 :“ α ¨ pA, xq and α2 :“ α ¨ pB, xq. Then α1 is the α-graph
in Cn with labelling pHx

a1
, . . . , Hx

ap
, Hb1 , . . . , Hbq , Hi1 , . . . , Hirq, and α2 is the α-graph

in Cn with labelling pHa1 , . . . , Hap , Hx
b1

, . . . , Hx
bq

, Hi1 , . . . , Hirq. Now α3 :“ α1 ¨ pB, xq
is the α-graph in Cn with labelling pHx

a1
, . . . , Hx

ap
, Hx

b1
, . . . , Hx

bq
, Hi1 , . . . , Hirq. But
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α4 :“ α2 ¨ pA, xq is also an α-graph in Cn, with the same labelling as α3. Thus α3 and
α4 belong to the same OutpGq-orbit of the fundamental domain, Dn. Since Dn con-
tains a unique α-graph, then we must have that α3 “ α4. That is, α ¨ pA, xqpB, xq “
α ¨ pB, xqpA, xq.

Remark. Let Ĥ “ tH1, . . . , Hnu. For I “ Ĥ ´ pA Y B Y tHiuq with A X B “ H and
Hi R AY B, we can ‘partition’ the α-graph with labelling pH1, . . . , Hnq

H1
H2

H3Hn´1

Hn

as I

A

B

Hi . One should think of this still as an α-

graph, but ‘abbreviated’ — instead of drawing individual edges for each leaf Hj of A,
we draw one wider edge (similarly for B and I).

Lemma 5.5.7. Let H1 ˚ ¨ ¨ ¨ ˚Hn be an S free factor splitting for G, and let α be the α-graph (and
the domain containing it) with S-labelling pH1, . . . , Hnq. Suppose there are elements x P Hi

and y P Hj for some i ‰ j, and subsets A, B Ď tH1, . . . , Hnu ´ tHi, Hju. If AX B “ H, then
α ¨ pA, xqpB, yq “ α ¨ pB, yqpA, xq.

Proof. We have that α is the graph of groups

H1
H2

H3Hn´1

Hn

.

For I “ tH1, . . . , Hnu ´ pA Y B Y tHi, Hjuq, we ‘partition’ α as I

A

B

Hi

Hj

, not-

ing that by construction A\ B\ tHi, Hju \ I forms a disjoint partition of the labelling
pH1, . . . , Hnq for α. Then the diagram in Figure 1.8 commutes.

That is, in the Space of Domains there is a loop

α α ¨ pA, xq

α ¨ pB, yq α ¨ pA, xqpB, yq

pB,yq

pA,xq

pB,yq

pA,xq

which

can be seen algebraically by considering the labellings of each α-graph. Thus we have
α ¨ pA, xqpB, yq “ α ¨ pB, yqpA, xq.

Remark. With notation as in Lemma 5.5.7, if instead we have Hj P A, then α ¨ pA, xqpB, yq
is not well-defined geometrically — we would instead need to write α ¨ pA, xqpB, yxq.
On the other hand, if A X B ‰ H, say B Ď A, then α ¨ pA, xqpB, yq would also not be
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I

A

B

Hi

Hj

I

A

B

Hi

Hj

I

Ax

B

Hi

Hj

I

A

B

Hi

Hj
I

Ax

B

Hi

Hj

I

A

By

Hi

Hj

I

A

By

Hi

Hj

I

Ax

By

Hi

Hj

FIGURE 1.8: Commuting Diagram of α and A Graphs

well-defined geometrically. Instead, we would write α ¨ pA, xqpBx, yq. Note that this
differs from the notation used for non-relative Whitehead automorphisms, where if α0

is the α-graph in Dn (i.e. with labelling pG1, . . . , Gnq) and x, y P Gn, we would have
that α0 ¨ pG1, xqpG1, yq is the α-graph with labelling pGyx

1 , G2, . . . , Gnq. For the remainder
of the paper, all automorphisms will be assumed to be relative (multiple) Whitehead
automorphisms, unless otherwise specified.

Despite our relative (multiple) Whitehead automorphisms being different objects than
the Whitehead automorphisms used by Gilbert [12], we borrow some notation intro-
duced in [12, Section 2]:

Notation 5.5.8. Let H1 ˚ ¨ ¨ ¨ ˚Hn be an S free factor splitting for G and set Ĥ :“ tH1, . . . , Hnu.
Given subsets A1, . . . , Ak Ď Ĥ where Ai X Aj “ H for i ‰ j, set A “ pA1, . . . , Akq and
let Â :“ A1Y ¨ ¨ ¨ Y Ak. Suppose B is an arbitrary subset of Ĥ´tHiu, let x1 . . . , xk, y P Hi

(where Hi R Â) and set x “ px1, . . . , xkq. Also set Ā :“ pĤ ´ Âq ´ tHiu. We will adopt
the following notation:

• pAX B, xq :“ pA1 X B, x1q . . . pAk X B, xkq

• pA´ B, xq :“ pA1 ´ B, x1q . . . pAk ´ B, xkq
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• pA`j B, xq :“pA1 ´ B, x1q . . . pAj´1 ´ B, xj´1qpAj Y B, xjq

pAj`1 ´ B, xj`1q . . . pAk ´ B, xkq

“pA1 ´ B, x1q . . . pAj Y B, xjq . . . pAk ´ B, xkq

• pA, yxq :“ pA1, yx1q . . . pAk, yxkq

• pA, xyq :“ pA1, x1yq . . . pAk, xkyq

• pĀj, xq :“pA1, x1q . . . pAj´1, xj´1qpĀ, xjqpAj`1, xj`1q . . . pAk, xkq

“pA1, x1q . . . pĀ, xjq . . . pAk, xkq

• pA, x̃jq :“pA1, x1q . . . pAj´1, xj´1qpAj, 1qpAj`1, xj`1q . . . pAk, xkq

“pA1, x1q . . . pAj, 1q . . . pAk, xkq

• rAsj :“ Aj, rxsj :“ xj, and rpA, xqsj :“ pAj, xjq

• If A “ tHa1 , . . . , Hamu then Ax :“ tHx
a1

, . . . , Hx
am
u and we define

Ax :“ pAx1
1 , . . . , Axk

k q

Note that pAX B, xq and pA´ B, xqmay still be defined when Hi P B.

We find that similar (though not identical) properties hold for us as are used by Gilbert
[12]. In particular, part 4 of the following Proposition is adapted from [12, Lemma 2.10].

Proposition 5.5.9. With the above notation, we have that:

1. pA, xq “ pA´ B, xqpAX B, xq “ pAX B, xqpA´ B, xq

2. pA`j B, xq “ pA´ B, xqpB, xjq

3. pĀj, x´1
j x̃jq “ pA, x´1

j xqpĀ, x´1
j q and pĀj, x̃jx´1

j q “ pA, xx´1
j qpĀ, x´1

j q

4. pA, xq “ pA`j B, xqppĀj X Bqxj , x̃jx´1
j q “ pĀj X B, x´1

j x̃jq
`

pA`j Bq1, x
˘

where rpA`j Bq1sa :“ rpA`j Bqsa “ Aa ´ B for a P t1, . . . , ku ´ tju

and rpA`j Bq1sj : “
´

rpA`j Bqsj ´
ď

pĀj X Bq
¯

Y
ď

`

rpA`j Bqsj X pĀj X Bq
˘x´1

j x̃j

“ pAj ´ Bq Y
ď

pAX Bqx
´1
j x
Y pB´ Âqx

´1
j

Proof. 1. Given arbitrary sets A and B, we have A “ pA´ Bq Y pAX Bq, which is a
disjoint partition of the set A. Now
pA, xq “ pA1, x1q . . . pAk, xkq

“ ppA1 ´ Bq Y pA1 X Bq, x1q . . . ppAk ´ Bq Y pAk X Bq, xkq

“ pA1 ´ B, x1qpA1 X B, x1q . . . pAk ´ B, xkqpAk X B, xkq

“ pA1 ´ B, x1q . . . pAk ´ B, xkqpA1 X B, x1q . . . pAk X B, xkq

“ pA´ B, xqpAX B, xq.

Moreover, we also have A “ pA X Bq Y pA ´ Bq, and a similar argument yields
pA, xq “ pAX B, xqpA´ B, xq.
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2. Given arbitrary sets A and B, we have AY B “ pA´ Bq Y B, which is a disjoint
partition of the set AY B. Now
pA`j B, xq “ pA1 ´ B, x1q . . . pAj Y B, xjq . . . pAk ´ B, xkq

“ pA1 ´ B, x1q . . . ppAj ´ Bq Y B, xjq . . . pAk ´ B, xkq

“ pA1 ´ B, x1q . . . pAj ´ B, xjqpB, xjq . . . pAk ´ B, xkq

“ pA1 ´ B, x1q . . . pAj ´ B, xjq . . . pAk ´ B, xkqpB, xjq

“ pA´ B, xqpB, xjq.

3. We have
pĀj, x´1

j x̃jq “ pA1, x´1
j x1q . . . pĀ, x´1

j 1q . . . pAk, x´1
j xkq

“ pA1, x´1
j x1q . . . pAj, 1qpĀ, x´1

j q . . . pAk, x´1
j xkq

“ pA1, x´1
j x1q . . . pAj, 1q . . . pAk, x´1

j xkqpĀ, x´1
j q

“ pA1, x´1
j x1q . . . pAj, x´1

j xjq . . . pAk, x´1
j xkqpĀ, x´1

j q

“ pA, x´1
j xqpĀ, x´1

j q.

Similarly,
pĀj, x̃jx´1

j q “ pA1, x1x´1
j q . . . pĀ, x´1

j q . . . pAk, xkx´1
j q

“ pA1, x1x´1
j q . . . pAj, xjx´1

j qpĀ, x´1
j q . . . pAk, xkx´1

j q

“ pA1, x1x´1
j q . . . pAj, xjx´1

j q . . . pAk, xkx´1
j qpĀ, x´1

j q

“ pA, xx´1
j qpĀ, x´1

j q.

4. By 2. and 3. above, we have
pA`j B, xqppĀj X Bqxj , x̃jx´1

j q

“ pA´ B, xqpB, xjqppAX Bqxj , xx´1
j qppĀX Bqxj , x´1

j q

“ pA´ B, xqpBX Â, xjqpB´ Â, xjqppAX Bqxj , xx´1
j qppB´ Âqxj , x´1

j q

“ pA´ B, xqpÂX B, xjqppAX Bqxj , xx´1
j qpB´ Â, xjqppB´ Âqxj , x´1

j q

“ pA´ B, xqpAX B, xx´1
j xjqpB´ Â, x´1

j xjq

“ pA´ B, xqpAX B, xq

“ pA, xq.

Similarly,
pĀj X B, x´1

j x̃jqppA`j Bq1, xq

“ pAX B, x´1
j xqpB´ Â, x´1

j qpA´ B, xqpp
ď

pAX Bqx
´1
j x
q Y pB´ Âqx

´1
j q, xjq

“ pA´ B, xqpAX B, x´1
j xqpB´ Â, x´1

j qp
ď

pAX Bqx
´1
j x, xjqpB´ Âqx

´1
j , xjq

“ pA´ B, xqpAX B, x´1
j xqp

ď

pAX Bqx
´1
j x, xjqpB´ Â, x´1

j qpB´ Âqx
´1
j , xjq

“ pA´ B, xqpAX B, xq

“ pA, xq.
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6 Peak Reduction in the Space of Domains

In this section we will prove that the Space of Domains is simply connected. We will
do this via ‘peak reduction’. The idea of this is that given a (based) loop in the Space
of Domains, any ‘peaks’ in the loop can be reduced, until the loop is just the basepoint.
This is roughly illustrated in Figure 1.9.

Ó

Ó

Ó
Ó

Ó Ó
Ó

Ó

FIGURE 1.9: The Idea of ‘Squashing Loops’ by Reducing Peaks

We will follow the outline below, which is largely based on the method used by Gilbert
[12, Section 2] (which in turned is based on the work of Collins and Zieschang [8, Sec-
tion 2])3:

• Define a concept of ‘height’ of a vertex/domain α, and define a ‘peak’ of a loop in
the Graph/Space of Domains

• By Corollary 5.4.4, we may solely consider loops comprising edges of Type A, so

a ‘peak’ looks like α α α
A A

• Split into four cases of α α α
Ai Aj

for various conditions on i and j

• For a given path α α α
Ai Aj

show there is either a 4-cycle or 5-cycle in the Graph

of Domains (whose edges are all of Type A) with α α α
Ai Aj

as a subpath

• Given such a loop in the Graph of Domains, show that it is contractible in the

Space of Domains (that is, that α α α
Ai Aj

is homotopic to a path of length 2 or
3 with the same endpoints)

• Show that if α α α
Ai Aj

was a peak in some loop in the Space of Domains, then

it is homotopic to a path whose ‘middle’ is ‘smaller’ than that of α α α
Ai Aj

Note that we are only interested in loops in the Space of Domains whose endpoints
are vertices and who strictly follow edge paths (with no backtracking etc.). This is
permissible, as any loop can be deformed into such a loop quite easily. It also means
we can easily consider the loop in the Graph of Domains (which is just the one-skeleton
of the Space of Domains).

3Note however that the objects Gilbert as well as Collins and Zieschang study are words in a group,
as opposed to geometric objects, thus while the overall structure of the idea is similar, the details vary
greatly.
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6.1 Defining Height

Notation 6.1.1. Let α be an α-graph
n

in Cn with S-labelling pH1, . . . , Hnq. We denote
by α̂ the G-tree which is the universal cover relative to α (according to Serre [20]), that
is, the G-tree satisfying (up to equivariant isometry) α̂äG “ α viewing α here as a
quotient graph of groups (via Bass–Serre theory). We will label vertices of α̂ by their
stabiliser in G, so, for example, g ¨ Gi “ Gg

i for g P G and Gi P α̂. When edges in α̂ are
given labels, we will write the action of G multiplicatively, so, for example, g ¨ e “ ge.

Remark. Note that each labelling pH1
1, . . . , H1

nq in the equivalence class of pH1, . . . , Hnq

of labellings of α determines a lift of α in α̂ (by taking the convex hull of the vertices in
α̂ with stabilisers H1

1, . . . , H1
n). Since this lift has the same ‘shape’ as α (deduced from

equivalence of the labellings), we may consider α with its labelling pH1, . . . , Hnq to be a
subgraph of α̂, acting as a fundamental domain for the action of G.

Let α0 be the fundamental domain Dn (the domain with the graph in Figure 1.10 at its
centre). Let α be an arbitrary domain (with the graph in Figure 1.11 at its centre).

G1
G2

G3Gn´1

Gn

FIGURE 1.10: The α Graph at the Centre of the Fundamental Domain

H1
H2

H3Hn´1

Hn
Gg1

1
Gg2

2

Gg3
3Ggn´1

n´1

Ggn
n

FIGURE 1.11: An Arbitrary α Graph

Let W be the set of pairs tGi, Gju of (distinct) elements of tG1, . . . , Gnu. Note that |W | “
`n

2

˘

“ 1
2 npn´ 1q.

Set
ˇ

ˇtGi, Gju
ˇ

ˇ

α
to be the length of the edge path from the vertex labelled Gi to the vertex

labelled Gj in α̂ (note that this is symmetric, so we don’t need to worry about the order
of our pair).

Definition 6.1.2. We define the height of the domain α to be

||α|| :“
ÿ

wPW
p|w|α ´ 2q
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Note that this can only take (non-negative) integer values.

Lemma 6.1.3. We have ||α|| “ 0 if and only if α “ α0.

Proof. On the one hand, in α̂0 we have that |w|α0 “ 2 @w PW , so clearly ||α0|| “ 0.

On the other hand, observe that for any w PW , |w|α ě 2 @α. So

||α|| “ ||α0|| ùñ
ÿ

wPW
p|w|α ´ 2q “ 0

ùñ
ÿ

wPW
|w|α “ 2|W |

ùñ |w|α “ 2 @w PW

We claim that this implies α “ α0. Indeed, if there is some α such that for all i, j P
t1, . . . , nuwe have |tGi, Gju|α “ 2, then the path in α̂ between the vertex labelled Gi and
the vertex labelled Gj must be Gi Gj (for each pair tGi, Gju). Suppose for

some i, j, k P t1 . . . , nu that α̂ does not contain the tripod

Gi

GjGk

. Then α̂ must

contain the path

Gi Gj

Gk

. But the only way for the length of pGi, Gkq to be 2

now is to have a cycle

Gi Gj

Gk

. But α̂ is a tree, so this cannot happen.

Hence α̂ must contain every tripod of the form

Gi

GjGk

for all i, j, k P t1, . . . , nu.

But this precisely means that α̂ contains as a subgraph the star

G1
G2

G3Gn´1

Gn

.

Thus if |w|α “ 2 @w PW , then we must have α “ α0.
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Note that we think of tGi, Gju as both a pair of groups, and a pair of vertices in the
universal cover of the graph of groups. Since the universal cover is a tree, there is a
unique path from the vertex whose stabiliser is Gi to the vertex whose stabiliser is Gj,
so we may also use tGi, Gju to refer to the edge path connecting them (in a given α̂).

Definition 6.1.4. Let w be a sequence of edges forming a path in a G-tree α̂, and let u
be any subpath of w. Denote by Λwpuq the number of times the subword u (or some
G-translation z ¨ u, or inverse z ¨ u) appears in w. Define |w|α to be the reduced path
length of w in α̂.

Convention 6.1.5. Let α1 be the α-graph with S-labelling pH1, . . . , Hnq, let ψ P OutSpGq,
and set α2 :“ α1 ¨ψ. Recall that α̂1 and α̂2 are the G-trees associated to α1 and α2, respec-
tively, with vertices labelled by their G-stabiliser. Call the vertex with trivial stabiliser
in the convex hull of the vertices H1, . . . , Hn in α̂1 ‘v’, and the vertex with trivial sta-
biliser in the convex hull of the vertices pH1qψ, . . . , pHnqψ in α̂2 ‘v1’. We equivariantly
label the edges of α̂1 by assigning an edge v Hj the label ‘ej’, and its G-images ‘xej‘
where x P G. Similarly, we label the edges of α̂2 of the form v1 pHjqψ ‘ f j’, and equiv-
ariantly extend this to a labelling of all the edges of α̂2. We now define an equivariant
map φψ : α̂1 Ñ α̂2 with pvqφψ “ v1 so that the vertex in α̂1 whose stabiliser is Hj is
mapped to the vertex in α̂2 whose stabiliser is Hj.

Example 6.1.6. Let α1 be

H1

Ha
Hi

Hn

and α2 “ α1pHa, xq (with x P Hi) be

H1

Hx
a

Hi

Hn

.

Consider (the subgraphs of) α̂1 and α̂2 as illustrated in Figure 1.12, labelled according to
Convention 6.1.5. Observe that peaqφpHa,xq “ fipx´1 fiqpx´1 faq, where x´1 fi is the image

v

vx

Ha
Hi

Hx
a eaei

xeixea

v1
v1x´1

Hax

HiHa

fa

fi
x´1 fix´1 fa

FIGURE 1.12: Subgraphs of α̂1 (left) and α̂2 (right)

in α̂2 of fi under the action of x´1, and x´1 fi is its inverse edge (the same 1-cell, with
opposite orientation), and for j ‰ a we have pejqφpHa,xq “ f j. Moreover, we see that
peipxeiqpxeaqqφpHa,xq “ fa. Thus φpHa,xq expands some edge paths, contracts some edge
paths, and does not change the length of other edge paths.

We now prove some technical lemmas. Unless otherwise stated, Λw will always con-
cern the word w relating to α1. The following lemmas (and proofs) are similar in struc-
ture to a lemma (and proof) of Collins and Zieschang [8, Lemma 1.5], in that we count
‘subwords’ to determine how an automorphism changes the height of a domain. How-
ever, since our arguments are applied to different objects, we recover quite different
formulae.
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Lemma 6.1.7. Let α1 and α2 “ α1pHa, xq be as in Example 6.1.6, and let w be an edge path in
α̂1. Then

|pwqφpHa,xq|α2 “ |w|α1 ` 2Λwpeaq ´ 2Λwpēieaq ´ 2Λwppx´1eiqēieaq

Proof. Given any word u, let lpuq be its unreduced length. We may assume that w is
a reduced word, that is if w “ d1d2 . . . dm, then for any dj, we have that dj`1 ‰ dj.
Then lpwq “

řn
k“1 Λwpekq “ |w|α1 “ m. Since w is an edge path in α̂1, then given a

letter (edge) dj, there is some k P t1, . . . , nu and some y P G so that either dj “ yek or
dj “ yek. Equivariance of φpHa,xq means that pyekqφpHa,xq “ ypekqφpHa,xq, and pekqφpHa,xq “

pekqφpHa,xq.

Let w1 be the unreduced word pwqφpHa,xq in α2. That is, w1 “ pd1qφpHa,xq . . . pdmqφpHa,xq

and lpw1q “ lppd1qφpHa,xqq ` ¨ ¨ ¨ ` lppdmqφpHa,xqq. We will say dj » ek if dj “ yek or
dj “ yek for some k P t1, . . . , nu and some y P G. If dj » ek for some k ‰ a then
pdjqφpHa,xq » fk and lppdjqφpHa,xqq “ lpdjq “ 1. If on the other hand dj » ea, then
pdjqφpHa,xq » fipx´1 fiqpx´1 faq, and lppdjqφpHa,xqq “ 3lpdjq. Thus:

lpw1q “
ÿ

k‰a

Λwpekq ` 3Λpeaq “ lpwq ` 2Λpeaq “ |w|α1 ` 2Λwpeaq

We now consider reductions to w1. Note that peiqφpHa,xqpeaqφpHa,xq “ fi fipx´1 fiqpx´1 faq,
which reduces to px´1 fiqpx´1 faq. Let w2 be the result of applying all such reductions to
w1 (including inversions and G-translations of the subword fi fi resulting from images
peieaqφpHa,xq). Then the length of peieaqφpHa,xq (and its inversions and G-translations) is 2
less in w2 than it is in w1. Hence lpw2q “ lpw1q ´ 2Λwpeieaq.

We also have that px´1eiqφpHa,xqpeieaqφpHa,xq “ px´1 fiqpx´1 fiqpx´1 faq, which reduces
to x´1 fa. Let w3 be the result of applying all such reductions to w2 (including in-
versions and G-translations of the subword ppx´1eiqeieaqφpHa,xq). Then the length of
ppx´1eiqeieaqφpHa,xq (and its inversions and G-translations) is 2 less in w3 than it is in w2.
So lpw3q “ lpw2q ´ 2Λwppx´1eiqeieaq. Since w was assumed to be reduced, there are no
further reductions we can apply to w3, hence lpw3q “ |pwqφpHa,xq|α2 . We therefore have:

|pwqφpHa,xq|α2 “ lpw3q “ lpw2q ´ 2Λwppx´1eiqeieaq

“ lpw1q ´ 2Λwpeieaq ´ 2Λwppx´1eiqeieaq

“ |w|α1 ` 2Λwpeaq ´ 2Λwpeieaq ´ 2Λwppx´1eiqeieaq.

Lemma 6.1.8. Let α1 be the α-graph with S-labelling pH1, . . . , Hnq, let x P Hi for some i, and
let A Ď tH1, . . . , Hnu ´ tHiu. Set α2 :“ α1pA, xq, label α̂1 and α̂2 according to Convention
6.1.5, and let φpA,xq : α̂1 Ñ α̂2 be the equivariant map described in Convention 6.1.5. Given an
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edge path w in α̂1, we have:

|pwqφpA,xq|α2 “ |w|α1 ` 2
ÿ

a:HaPA

¨

˝Λwpeaq ´Λwpeieaq ´Λwppx´1eiqeieaq ´
ÿ

b:HbPA´tHau

Λwpeaebq

˛

‚

Proof. As in Lemma 6.1.7, we let lpuq be the unreduced length of a given word u, and
we assume that w is a reduced word w “ d1d2 . . . dm with lpwq “ m “ |w|α1 .

Let w1 be the unreduced word pwqφpA,xq in α̂2. That is, w1 “ pd1qφpA,xq . . . pdmqφpA,xq and
lpw1q “ lppd1qφpA,xqq ` ¨ ¨ ¨ ` lppdmqφpA,xqq. Extended from Lemma 6.1.7, we have that
peaqφpA,xq “ fipx´1 fiqpx´1 faq for any a such that Ha P A, and pekqφpA,xq “ fk for any k
such that Hk R A. Thus if dj » ea where Ha P A then lppdjqφpA,xqq “ 3 “ lpdjq ` 2 and if
dj » ek where Hk R A then lppdjqφpA,xqq “ 1 “ lpdjq. Now:

lpw1q “

m
ÿ

j“1

lppdjqφpA,xqq “ 3
ÿ

a:HaPA

Λwpeaq `
ÿ

k:HkRA

Λwpekq “ lpwq ` 2
ÿ

a:HaPA

Λpeaq

We now consider reductions to the word w1. As in Lemma 6.1.7, we have that for
any a where Ha P A, peiqφpA,xqpeaqφpA,xq “ fi fipx´1 fiqpx´1 faq “ px´1 fiqpx´1 faq and
px´1eiqφpA,xqpeieaqφpA,xq “ px´1 fiqpx´1 fiqpx´1 faq “ x´1 fa. Let w2 be the result of apply-
ing all such reductions to w1. Then:

lpw2q “ lpw1q ´ 2
ÿ

a:HaPA

´

Λwpeieaq `Λwppx´1eiqeieaq
¯

Contrary to Lemma 6.1.7, w2 is not yet fully reduced. Indeed, observe that for any
distinct a and b with Ha, Hb P A, we have that peaebqφpA,xq “

px´1 faqpx´1 fiq fi fipx´1 fiqpx´1 fbq “ px´1 faqpx´1 fbq. Let w3 be the result of applying all
such reductions to w2 (including inversions and G-translations). Then for each distinct
a and b with Ha, Hb P A, the length of peaebqφpA,xq is 4 less in w3 than it is in w2. Note
that for any a and b we have Λwpeaebq “ Λwpeaebq “ Λwpebeaq. Thus:

lpw3q “ lpw2q ´
1
2

ÿ

a:HaPA

ÿ

b:HbPA´tHau

4Λwpeaebq “ lpw2q ´ 2
ÿ

a:HaPA

ÿ

b:HbPA´tHau

Λwpeaebq

Since w was assumed to be reduced, there are now no further reductions we can apply
to w3, hence lpw3q “ |pwqφpA,xq|α2 . We therefore have:

|pwqφpA,xq|α2

“lpw3q

“lpw2q ´ 2
ÿ

a:HaPA

ÿ

b:HbPA´tHau

Λwpeaebq
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“lpw1q ´ 2
ÿ

a:HaPA

´

Λwpeieaq `Λwppx´1eiqeieaq
¯

´ 2
ÿ

a:HaPA

ÿ

b:HbPA´tHau

Λwpeaebq

“lpwq ` 2
ÿ

a:HaPA

Λpeaq ´ 2
ÿ

a:HaPA

¨

˝Λwpeieaq `Λwppx´1eiqeieaq `
ÿ

b:HbPA´tHau

Λwpeaebq

˛

‚

“|w|α1 ` 2
ÿ

a:HaPA

¨

˝Λpeaq ´Λwpeieaq ´Λwppx´1eiqeieaq ´
ÿ

b:HbPA´tHau

Λwpeaebq

˛

‚.

Lemma 6.1.9. Let α1 be the α-graph with S-labelling pH1, . . . , Hnq, and let pA, xq be a relative
multiple Whitehead automorphism with respect to α1, where x Ă Hi for some i. For brevity, we
will write

ř

HaPAj
for

ř

a:HaPAj
(etc.). If α2 “ α1pA, xq, then ||α2|| ´ ||α1|| is equal to:

2
ÿ

wPW

ÿ

AjPA

ÿ

HaPAj

¨

˝Λwpeaq ´Λwpēieaq ´Λwppx´1
j eiqēieaq ´

ÿ

HbPAj´tHau

Λwpeaebq ´
1
2

ÿ

HcPÂ´Aj

Λwpeaecq

˛

‚

Proof. We have that pA, xq “ pA1, x1q . . . pAK, xKq for some disjoint subsets A1, . . . , AK Ă

tH1, . . . , Hnu´tHiu and some distinct x1, . . . , xK P Hi. We consider a word w “ d1 . . . dm

in α̂1 and its unreduced image w1 “ pd1qφpA,xq . . . pdmqφpA,xq in α̂2. For any word u, let
lpuq be its unreduced length. As in Lemmas 6.1.7 and 6.1.8, we have that for any a with
Ha P Aj P A, peaqφpA,xq “ fipx´1

j fiqpx´1
j faq, and for any k with Hk R Â, pekqφpA,xq “ fk.

Thus lpw1q “ lpwq ` 2
ř

HaPÂ Λwpeaq “ |w|α1 ` 2
ř

AjPA
ř

HaPAj
Λwpeaq.

As in Lemma 6.1.8, each pAj, xjq leads to reductions of the forms:

(i) peieaqφpA,xq “ fi fipx´1
j fiqpx´1

j faq “ px´1
j fiqpx´1

j faq,

(ii) ppx´1
j eiqeieaqφpA,xq “ px´1

j fiqpx´1
j fiqpx´1

j faq “ x´1
j fa, and

(iii) peaebqφpA,xq “ px´1
j faqpx´1

j fiq fi fipx´1
j fiqpx´1

j fbq “ px´1
j faqpx´1

j fbq,

where a and b are such that Ha and Hb are distinct elements of Aj. Let w2 be the result
of applying all such reductions to w1, and observe then that:

lpw2q “ lpw1q ´ 2
ÿ

AjPA

ÿ

HaPAj

¨

˝Λwpeieaq `Λwppx´1
j eiqeieaq `

ÿ

HbPAj´tHau

Λwpeaebq

˛

‚

“ |w|α1 ` 2
ÿ

AjPA

ÿ

HaPAj

¨

˝Λwpeaq ´Λwpeieaq ´Λwppx´1
j eiqeieaq ´

ÿ

HbPAj´tHau

Λwpeaebq

˛

‚
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We now consider further reductions to w2 which come from interactions between dis-
tinct pAj, xjq and pAk, xkq. Suppose that Ha P Aj and Hc P Ak, and observe that

peaecqφpA,xq “ peaqφpA,xqpecqφpA,xq

“ px´1
j faqpx´1

j fiq fi fipx´1
k fiqpx´1

k fcq

“ px´1
j faqpx

´1 fi
j qpx´1

k fiqpx´1
k fcq.

Let w3 be the result of applying all such reductions to w2, and note that the length
of peaecqφpA,xq is 2 less in w3 than it is in w2. Recall that for any a and c, Λwpeaecq “

Λwpeceaq. Thus lpw3q “ lpw2q ´ 1
2
ř

AjPA
ř

HaPAj

ř

HcPÂ´Aj
2Λwpeaecq.

Since w was assumed to be reduced, we now have that there are no further reductions
to w3. Thus:

|pwqφpA,xq|α2

“lpw3q

“lpw2q ´ 2
ÿ

AjPA

ÿ

HaPAj

ÿ

HcPÂ´Aj

1
2

Λwpeaecq

“|w|α1 ` 2
ÿ

AjPA

ÿ

HaPAj

¨

˝Λwpeaq ´Λwpeieaq ´Λwppx´1
j eiqeieaq ´

ÿ

HbPAj´tHau

Λwpeaebq

˛

‚

´ 2
ÿ

AjPA

ÿ

HaPAj

ÿ

HcPÂ´Aj

1
2

Λwpeaecq

“|w|α1 ` 2
ÿ

AjPA

ÿ

HaPAj

¨

˝Λwpeaq ´Λwpeieaq ´Λwppx´1
j eiqeieaq ´

ÿ

HbPAj´tHau

Λwpeaebq

´
1
2

ÿ

HcPÂ´Aj

Λwpeaecq

˛

‚

Now:

||α2|| “
ÿ

wPW
p|w|α2q ´ 2|W |

“
ÿ

wPW

¨

˝|w|α1 ` 2
ÿ

AjPA

ÿ

HaPAj

¨

˝Λwpeaq ´Λwpeieaq ´Λwppx´1
j eiqeieaq ´

ÿ

HbPAj´tHau

Λwpeaebq

´
1
2

ÿ

HcPÂ´Aj

Λwpeaecq

˛

‚

˛

‚´ 2|W |

“2
ÿ

wPW

ÿ

AjPA

ÿ

HaPAj

¨

˝Λwpeaq ´Λwpeieaq ´Λwppx´1
j eiqeieaq ´

ÿ

HbPAj´tHau

Λwpeaebq
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´
1
2

ÿ

HcPÂ´Aj

Λwpeaecq

˛

‚`
ÿ

wPW
p|w|α1q ´ 2|W |

“2
ÿ

wPW

ÿ

AjPA

ÿ

HaPAj

¨

˝Λwpeaq ´Λwpeieaq ´Λwppx´1
j eiqeieaq ´

ÿ

HbPAj´tHau

Λwpeaebq

´
1
2

ÿ

HcPÂ´Aj

Λwpeaecq

˛

‚` ||α1||.

Remark. Since an edge path w in α̂1 is uniquely defined by its endpoints, which are
preseved by the map φpA,xq, we will often write |w|α2 for |pwqφpA,xq|α2 .

6.2 Reducible Peaks

Definition 6.2.1. We will say a path α1 — α2 — α3 in our Graph/Space of Domains is
a peak if ||α2|| ě ||α1|| and ||α2|| ě ||α3||, and either ||α2|| ą ||α1|| or ||α2|| ą ||α3|| (or
both). Equivalently, α1 — α2 — α3 is a peak if ||α2|| ě max p||α1||, ||α3||q and ||α2|| ą

min p||α1||, ||α3||q.

In this section, we claim that given a path α1 — α2 — α3, there exist domains α4 and α5

such that α1

α2

α3

α4

or α1

α2

α3

α4 α5

forms a loop in the Graph of

Domains.

Moreover, we claim that this loop is contractible in our Space of Domains. Further,
we claim that if α1 — α2 — α3 was a peak, then α1 — α4 — α3 or α1 — α4 — α5 — α3 is a
reduction; that is, ||α4|| ă ||α2|| and (if we are in the second of these cases) ||α5|| ă ||α2||.
In other words, we are claiming that the peak is reducible.

Later in this section we will encounter many lemmas, divided into multiple cases. The
series of lemmas in each case will roughly follow the structure outlined above. These
will often correspond to lemmas used by Gilbert [12, Section 2], but as Gilbert is re-
ducing (cyclic) words of G and we are reducing domains in Cn, the proofs are quite
different. Recall as well that the notation we use differs subtly to that used by Gilbert.

Definition 6.2.2. We say a peak α1 — α2 — α3 is reducible (or ‘can be reduced’) if the path
α1 — α2 — α3 is homotopic (in the Space of Domains) to some path
α1 “ χ0 — χ1 — ¨ ¨ ¨— χk — 1 — χk “ α3 where ||χi|| ă ||α2|| for every 1 ď i ď k´ 1.
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Proposition 6.2.3. Suppose α1 α2 α3
pA,xq pB,yq

is a peak in the Space of Domains (whose
edges are both of Type A), where the α-graph in the domain α2 has S-labelling pH1, . . . , Hnq. If
there is some i P t1, . . . , nu so that x, y Ă Hi, then this peak is reducible.

This proposition corresponds to [12, Lemma 2.4].

Proof. If pA, xq “ pB, yq, then α1 “ α2pA, xq “ α2pB, yq “ α3. Then our peak is really
the loop α1 — α2 — α1. Since this is a forwards and backwards traversal of a single edge
in the Space of Domains, then this is clearly contractible to the point α1. By Definition
6.2.1, we must have that ||α1|| ă ||α2||. Thus the constant ‘path’ at α1 is a reduction of
the peak α1 — α2 — α1.

Now suppose pA, xq ‰ pB, yq. Since x, y Ă Hi, then the A-graph in the domain α2 with
central vertex group Hi (call it Ai) belongs to both α2 X α1 and α2 X α3. In particular,
Ai P α1 X α3, so there is an edge rα1, α3s between α1 and α3 in the space of domains.
Moreover, Ai P α1 X α2 X α3, so there is a 2-cell rα1, α2, α3s in the Space of Domains.
Hence the path α1 — α2 — α3 is homotopic in the Space of Domains to the single edge
path α1 — α3. The condition in Definition 6.2.2 is vacuously satisfied here, thus α1 — α3

is a reduction of the peak α1 — α2 — α3.

From now on, we will be considering peaks of the form α1 α2 α3
Ai Aj

where i ‰ j,

that is, paths α1 α2 α3
pA,xq pB,yq

where x and y belong to different factor groups of
the splitting associated to α2. If the α-graph contained in the domain α2 has S-labelling
pH1, . . . , Hnq, let i and j be the (distinct) elements of t1, . . . , nu such that x Ă Hi and
y Ă Hj. Recall from Definition 5.5.1 that A “ pA1, . . . , Akq, a disjoint partition of a
subset of tH1, . . . , Hnu, and Â :“ A1 Y ¨ ¨ ¨ Y Ak. Similarly, B “ pB1, . . . , Blq is another
disjoint partition of some subset of tH1, . . . Hnu and B̂ :“ B1 Y ¨ ¨ ¨ Y Bl .

Observation 6.2.4. Note that we necessarily have Hi R Â and Hj R B̂. We adopt the four
cases used by Gilbert [12, Lemma 2.12]:

Case 1: Hi R B̂ and Hj R Â

Case 2: Hi P B̂ and Hj R Â

Case 3: Hi R B̂ and Hj P Â

Case 4: Hi P B̂ and Hj P Â

As Cases 2 and 3 are symmetric, we will not consider Case 3 (since after renaming,
this will be identical to Case 2). Additionally, if Hj P Â then there exists Ap P A
with Hj P Ap, and if Hi P B̂, then there exists Bq P B with Hi P Bq. As Gilbert does
in [12, Lemma 2.12], we further split the remaining cases as follows:
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Case 1(a): Hi R B̂ and Hj R Â, with ÂX B̂ “ H

Case 1(b): Hi R B̂ and Hj R Â, with ÂX B̂ ‰ H

Case 2(a): Hi P B̂ (say Hi P Bq) and Hj R Â, with Â Ď Bq

Case 2(b): Hi P B̂ (say Hi P Bq) and Hj R Â, with Â Ę Bq

Case 4: Hi P B̂ and Hj P Â (say Hi P Bq and Hj P Ap)

We now present a series of lemmas in order to prove that in each of the above cases, the

peak α1 α2 α3
pA,xq pB,yq

is reducible.

Case 1(a): Hi R B̂ and Hj R Â, with ÂX B̂ “ H

The lemmas for this case are adapted from [12, Lemma 2.6].

Lemma 6.2.5. If Hi R B̂ and Hj R Â with ÂX B̂ “ H, then pA, xq´1pB, yq “ pB, yqpA, xq´1.

That is, there exists a vertex α4 in our Graph of Domains such that α1

α2
pA, xq

pA, xq

α3

pB, yq

α4
pB, yq

is a loop.

Proof. By assumption, we have α1 “ α2pA, xq. Since Hj R Â, then the S-labelling for
the α-graph α1 contained in the domain α1 contains the group Hj. Thus as vertices of
Cn, we can collapse an edge of α1 to achieve an A-graph with the group Hj at its centre.
Then pB, yq is in the stabiliser of this A-graph, meaning there is an edge in the Graph of
Domains from α1 to α1pB, yq “ α2pA, xqpB, yq, which we will call α4.

Now by Definition 5.5.1 we can write pA, xqpB, yq as pA1, x1q . . . pAk, xkqpB1, y1q . . . pBl , ylq

for some k and l in N. So by repeated applications of Lemma 5.5.7, we have pA, xqpB, yq “
pB, yqpA, xq, noting that each Aa and Bb are pairwise disjoint.

Hence α3 ¨ pA, xq “ α2 ¨ pB, yqpA, xq “ α2 ¨ pA, xqpB, yq “ α4.

Lemma 6.2.6. The loop α1

α2
pA, xq

pA, xq

α3

pB, yq

α4
pB, yq

described in Lemma 6.2.5 (with x Ă Hi, y Ă Hj,

Hi R B̂, Hj R Â, and ÂX B̂ “ H) is contractible in our Space of Domains.
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α̂0,0 ¨ ¨ ¨ α̂0,b α̂0,b`1 ¨ ¨ ¨ α̂0,L

...
. . .

...
...

. . .
...

α̂a,o ¨ ¨ ¨ α̂a,b α̂a,b`1 ¨ ¨ ¨ α̂a,L

α̂a`1,0 ¨ ¨ ¨ α̂a`1,b α̂a`1,b`1 ¨ ¨ ¨ α̂a`1,L

...
. . .

...
...

. . .
...

α̂K,0 ¨ ¨ ¨ α̂K,b α̂K,b`1 ¨ ¨ ¨ α̂K,L

pB,yq

pA,xq

pB,yq|b`1

pA,xqpA,xq|a`1

pB,yq

FIGURE 1.13: Lattice Describing pA, xqpB, yq “ pB, yqpA, xq in Case 1a

Proof. Let Â “ tHA1 , . . . , HAKu and B̂ “ tHB1 , . . . , HBLu. For a P t1, . . . , Ku, write
pA, xq|a :“ pAX tHAau, xq. Set α̂0,0 :“ α2, and recursively define α̂a`1,b :“ α̂a,bpA, xq|a`1

and α̂a,b`1 :“ α̂a,bpB, yq|b`1. Note then that α1 “ α̂K,0, α3 “ α̂0,L, and α4 “ α̂K,L. We can
now build the lattice depicted in Figure 1.13.

Note that for each a P t0, . . . , K´ 1u and b P t0, . . . , L´ 1u, the square

α̂a,b α̂a,b`1

α̂a`1,b α̂a`1,b`1

pB,yq|b`1

pA,xq|a`1 pA,xq|a`1

pB,yq|b`1

is such that the B-graph Bi,j,Bb`1 in the domain α̂a,b (and

similarly the graph Bj,i,Aa`1) lives in the intersection α̂a,b X α̂a`1,b X α̂a,b`1 X α̂a`1,b`1,
hence this intersection is non-empty. By Definition 5.1.4, this means that the square
is contractible in the Space of Domains. In the same way, loops α̂0,b – ¨ ¨ ¨ – α̂K,b – α̂0,b

are contractible via the A-graph Aj in α̂0,b, and similarly α̂a,0 – ¨ ¨ ¨ – α̂a,L – α̂a,0 via Ai.
Since every ‘cell’ in our lattice is contractible in our Space of Domains, then so too is
our initial loop (for which the lattice is akin to a tiling).

Note that we only actually needed the first and last columns (or rows) of this lattice,
since the graph Bj,i,Aa (or Bi,j,Bb ) lies in the intersection of all the domains in row a (or
column b).
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Lemma 6.2.7. Suppose we have a loop α1

α2
pHa, xq

pHa, xq

α3

pHb, yq

α4
pHb, yq

where x P Hi, y P Hj, Ha ‰ Hb,

and tHa, Hbu X tHi, Hju “ H. Then for any edge path w in α2, we have |w|α4 ´ |w|α1 “

|w|α3 ´ |w|α2 .

Proof. Let w be a reduced edge path in α̂2, the G-tree associated to the α-graph α2 con-
tained in the domain α2. By assumption, α2 is the (domain containing the) α-graph with
S-labelling pH1, . . . , Hnq “ pHa, Hb, Hi, Hj, Hv1 , . . . , Hvn´4q. It follows that α4 is the (do-
main containing the) α-graph with S-labelling pHx

a , Hy
b , Hi, Hj, Hv1 , . . . , Hvn´4q, where

x P Hi and y P Hj. Suppose the edges in α̂2 are labelled with e’s, and the edges in α̂4 are
labelled with h’s. Let φ24 : α̂2 Ñ α̂4 be the equivariant map described in Convention
6.1.5. Then peaqφ24 “ hipx´1hiqpx´1haq, pebqφ24 “ hjpy´1hjqpy´1hbq, and pekqφ24 “ hk for
any k ‰ a, b.

Utilising the ideas from the proof of Lemma 6.1.7, we will let lpuq be the unreduced
length of a word u, and let w1 be the unreduced word pwqφ24 in α̂4. Then lpw1q “

lpwq ` 2Λwpeaq ` 2Λwpebq “ |w|α2 ` 2 pΛwpeaq `Λwpebqq.

Let w2 be the result of applying all reductions of the forms

peieaqφ “ hihipx´1hiqpx´1haq “ px´1hiqpx´1haq

ppeix´1qeieaqφ “ px´1hiqpx´1hiqpx´1haq “ x´1ha

pejebqφ “ hjhjpy´1hjqpy´1hbq “ py´1hjqpy´1hbq

ppejy´1qejebqφ “ py´1hjqpy´1hjqpy´1hbq “ y´1hb,

as in the proof of Lemma 6.1.7. Then:

lpw2q “lpw1q ´ 2Λwpeieaq ´ 2Λwppx´1eiqeieaq ´ 2Λwpejebq ´ 2Λwppy´1ejqejebq

“|w|α2 ` 2
´

Λwpeaq `Λwpebq ´Λwpeieaq ´Λwpejebq ´Λwppx´1eiqeieaq

´Λwppy´1ejqejebq
¯

.

Since Hi, Hj, Ha, and Hb are all distinct, then there are no possible ‘cross-reductions’
to w2 as found in the proofs of Lemmas 6.1.8 and 6.1.9. Since w was assumed to be
reduced in α̂2, this now implies that w2 is reduced in α̂4, hence |w|α4 “ lpw2q.

Thus by Lemma 6.1.7, we have:

|w|α1 ` |w|α3 ´ |w|α2

“|w|α2 ` 2Λwpeaq ´ 2Λwpēieaq ´ 2Λwppx´1eiqēieaq
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` |w|α2 ` 2Λwpebq ´ 2Λwpējebq ´ 2Λwppy´1ejqējebq ´ |w|α2

“|w|α2 ` 2
´

Λwpeaq ´Λwpēieaq ´Λwppx´1eiqēieaq `Λwpebq ´Λwpējebq ´Λwppy´1ejqējebq
¯

“|w|α4 .

Observation 6.2.8. Recall from the proof of Lemma 6.2.6 that we can write the loop

α1

α2
pA, xq

pA, xq

α3

pB, yq

α4
pB, yq

as a lattice, each ‘cell’ of which has the form of the loop in Lemma

6.2.7. Using the notation from Lemma 6.2.6, for any edge path w in α2 “ α̂0,0, we have
that:

|w|α4 ´ |w|α1

“|w|α̂K,L ´ |w|α̂K,0

“|w|α̂K,L ´ |w|α̂K,L´1 ` |w|α̂K,L´1 ´ ¨ ¨ ¨ ´ |w|α̂K,1 ` |w|α̂K,1 ´ |w|α̂K,0

“|w|α̂K´1,L ´ |w|α̂K´1,L´1 ` |w|α̂K´1,L´1 ´ ¨ ¨ ¨ ´ |w|α̂K´1,1 ` |w|α̂K´1,1 ´ |w|α̂K´1,0

...

“|w|α̂0,L ´ |w|α̂0,L´1 ` |w|α̂0,L´1 ´ ¨ ¨ ¨ ´ |w|α̂0,1 ` |w|α̂0,1 ´ |w|α̂0,0

“|w|α̂0,L ´ |w|α̂0,0

“|w|α3 ´ |w|α2 .

Lemma 6.2.9. If Hi R B̂ and Hj R Â and ÂX B̂ “ H then ||α4|| ´ ||α1|| “ ||α3|| ´ ||α2||,
where α4 “ α1pA, xqpB, yq.

Proof. By Lemma 6.2.7 and the Observation 6.2.8,

||α4|| ´ ||α1|| “
ÿ

wPW

´

|w|α4 ´ 2
¯

´
ÿ

wPW

´

|w|α1 ´ 2
¯

“
ÿ

wPW

´

|w|α4 ´ 2´ |w|α1 ` 2
¯

“
ÿ

wPW

´

|w|α3 ´ |w|α2

¯

“
ÿ

wPW

´

|w|α3 ´ 2
¯

´
ÿ

wPW

´

|w|α2 ´ 2
¯

“ ||α3|| ´ ||α2||.
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Lemma 6.2.10. If α1 α2 α3
pA,xq pB,yq

is a peak in the Graph of Domains, where Hi R B̂ and
Hj R Â with ÂX B̂ “ H, then ||α2 ¨ pA, xqpB, yq|| ă ||α2||.

Proof. By Lemma 6.2.9, ||α2pA, xqpB, yq|| “ ||α4|| “ ||α3|| ` ||α1|| ´ ||α2||. Since

α1 α2 α3
pA,xq pB,yq

is a peak, then ||α2|| ě maxp||α1||, ||α3||q and ||α2|| ą minp||α1||, ||α3||q.
Now:

||α4|| “ maxp||α1||, ||α3||q `minp||α1||, ||α3||q ´ ||α2||

ă ||α2|| ` ||α2|| ´ ||α2||

“ ||α2||.

Proposition 6.2.11. Let H1 ˚ ¨ ¨ ¨ ˚ Hn be an S free factor splitting for G. Let pA, xq and
pB, yq be relative multiple Whitehead automorphisms with x Ă Hi and y Ă Hj and Â, B̂ Ă

tH1, . . . , Hnu ´ tHi, Hju such that ÂX B̂ “ H. Let α2 be the domain whose α-graph has S-

labelling pH1, . . . , Hnq, and let α1 “ α2pA, xq and α3 “ α2pB, yq. If α1 α2 α3
pA,xq pB,yq

is a
peak, then it is reducible.

Proof. By Lemmas 6.2.5 and 6.2.6, the path α1 α2 α3
pA,xq pB,yq

is homotopic in the

Space of Domains to the path α1 α2pA, xqpB, yq α3
pB,yq pA,xq

, and by Lemma 6.2.10,

||α2pA, xqpB, yq|| ă ||α2||. Thus by Definition 6.2.2, the peak α1 α2 α3
pA,xq pB,yq

is re-
ducible.

Case 1(b): Hi R B̂ and Hj R Â, with ÂX B̂ ‰ H

Lemma 6.2.12. If Hi R B̂ and Hj R Â with Â X B̂ ‰ H, then pA, xq´1pB, yq “ pA X
B̂, xq´1pB, yqpA´ B̂, xq´1 and pA, xq´1pB, yq “ pB´ Â, yqpA, xq´1pBX Â, yq.

That is, there exist vertices α4, α5, α1
4, α1

5 in our Graph of Domains such that

α1

α2

α3

α4 α5

pA, xq pB, yq

pB, yq

pAX B̂, xq pA´ B̂, xq

pA´ B̂, xq and α1

α2

α3

α1
4 α1

5

pA, xq pB, yq

pA, xq

pB´ Â, yq pBX Â, yq

pB´ Â, yq are both loops.

Proof. By Proposition 5.5.9 (1), pA, xqpA X B̂, xq´1 “ pA ´ B̂, xq. Note that {A´ B̂ and
B̂ are disjoint, and we have Hi R B̂ and Hj R Â ´ B̂. Thus by Lemma 6.2.5, pA ´

B̂, xqpB, yq “ pB, yqpA´ B̂, xq. The second statement follows similarly, by appropriately
switching A and B and x and y.
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Lemma 6.2.13. The loops

α1

α2

α3

α4 α5

pA, xq pB, yq

pB, yq

pAX B̂, xq pA´ B̂, xq

pA´ B̂, xq and α1

α2

α3

α1
4 α1

5

pA, xq pB, yq

pA, xq

pB´ Â, yq pBX Â, yq

pB´ Â, yq are contractible

in our Space of Domains.

Proof. Note that the α1–α2–α4 triangle can be ‘filled’ with an Ai graph (that is to say,
since pA, xq, pAX B̂, xq and pA´ B̂, xq all live in the stabiliser of the Ai-graph with Hi

at its centre in the domain α2, then by Definition 5.1.4, we have a 2-cell rα1, α2, α4s).
Similarly, the α2–α3–α1

5 triangle can be ‘filled’ with an Aj graph. Now p
{A´ B̂q X B̂ “

H “ ÂX p{B´ Âq, so by Lemma 6.2.6 (Case 1a) the squares α4 — α2 — α3 — α5 — α4 and
α1 — α2 — α1

5 — α1
4 — α1 are both contractible.

Lemma 6.2.14. Let H1 “ pH1
1, . . . , H1

nq, and suppose u Ă H1
i , v Ă H1

j, C, D Ă Ĥ1 with
Ĉ “ D̂ and H1

i , H1
j R Ĉ. If }αpC, uq} ´ }α} ď 0 and }αpD, vq} ´ }α} ď 0 then }αpC, uq} ´

}α} “ }αpD, vq} ´ }α} “ 0.

Proof. Suppose }αpC, uq} ´ }α} ď 0 and }αpD, vq} ´ }α} ď 0. By Lemma 6.1.9:

}αpC, uq} ´ }α} “2
ÿ

wPW

ÿ

CkPC

ÿ

HcPCk

¨

˝Λwpecq ´Λwpeiecq ´Λwppu´1
k eiqeiecq

´
ÿ

HaPCk´tHcu

Λwpeaecq ´
1
2

ÿ

HaPĈ´Ck

Λwpeaecq

˛

‚.

Note that we can write Ĉ´tHcu “ pĈ´Ckq\ pCk´tHcuq. Thus
ř

HaPĈ´tHcu
Λwpeaecq “

ř

HaPĈ´Ck
Λwpeaecq `

ř

HaPCk´tHcu Λwpeaecq for all c such that Hc P Ĉ.

Since Λw counts occurrences of subwords of w, we must have that Λwppu´1
k eiqeiecq ď

Λwpeiecq ď Λwpecq for every k such that Ck P C and every c such that Hc P Ck. Since ei,
ej, and ea (where Ha P Ĉ) are distinct, we must also have that

Λwpeiecq `Λwpejecq `
ÿ

HaPĈ´tHcu

Λwpeaecq ď Λwpecq (1)

holds for every c such that Hc P Ĉ. By assumption, }αpC, uq} ´ }α} ď 0, that is:

ÿ

wPW

ÿ

CkPC

ÿ

HcPCk

¨

˝Λwpecq ´
ÿ

HaPĈ´Ck

Λwpeaecq ´
1
2

ÿ

HaPCk´tHcu

Λwpeaecq

˛

‚

ď
ÿ

wPW

ÿ

CkPC

ÿ

HcPCk

´

Λwpeiecq `Λwppu´1
k eiqeiecq

¯

.
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We now deduce the following system of inequalities:

ÿ

wPW

ÿ

HcPĈ

¨

˝Λwpecq ´
ÿ

HaPĈ´tHcu

Λwpeaecq

˛

‚ (2)

“
ÿ

wPW

ÿ

CkPC

ÿ

HcPCk

¨

˝Λwpecq ´
ÿ

HaPĈ´tHcu

Λwpeaecq

˛

‚ (3)

“
ÿ

wPW

ÿ

CkPC

ÿ

HcPCk

¨

˝Λwpecq ´
ÿ

HaPĈ´Ck

Λwpeaecq ´
ÿ

HaPCk´tHcu

Λwpeaecq

˛

‚ (4)

ď
ÿ

wPW

ÿ

CkPC

ÿ

HcPCk

¨

˝Λwpecq ´
ÿ

HaPĈ´Ck

Λwpeaecq ´
1
2

ÿ

HaPCk´tHcu

Λwpeaecq

˛

‚ (5)

ď
ÿ

wPW

ÿ

CkPC

ÿ

HcPCk

´

Λwpeiecq `Λwppeiu´1
k qeiecq

¯

(6)

ď
ÿ

wPW

ÿ

CkPC

ÿ

HcPCk

p2Λwpeiecqq (7)

“2
ÿ

wPW

ÿ

HcPĈ

Λwpeiecq. (8)

The same argument yields that
ř

wPW
ř

HdPD̂

´

Λwpedq ´
ř

HbPD̂´tHdu Λwpebedq
¯

ď 2
ř

wPW
ř

HdPD̂ Λwpejedq. Since it is assumed that D̂ “ Ĉ, we can rewrite this to give
ř

wPW
ř

HcPĈ

´

Λwpecq ´
ř

HaPĈ´tHcu
Λwpeaecq

¯

ď 2
ř

wPW
ř

HcPĈ Λwpejecq.

Now
ř

wPW
ř

HcPĈ Λwpeiecq ě
1
2
ř

wPW
ř

HcPĈ

´

Λwpecq ´
ř

HaPĈ´tHcu
Λwpeaecq

¯

and
ř

wPW
ř

HcPĈ Λwpejecq ě
1
2
ř

wPW
ř

HcPĈ

´

Λwpecq ´
ř

HaPĈ´tHcu
Λwpeaecq

¯

. Summing
these terms, and comparing with the inequality (1), gives that

ř

wPW
ř

HcPĈ Λwpeiecq

`
ř

wPW
ř

HcPĈ Λwpejecq “
ř

wPW
ř

HcPĈ

´

Λwpecq ´
ř

HaPĈ´tHcu
Λwpeaecq

¯

.
We must then in fact have that

ř

wPW
ř

HcPĈ Λwpeiecq “
ř

wPW
ř

HcPĈ Λwpejecq

“ 1
2
ř

wPW
ř

HcPĈ

´

Λwpecq ´
ř

HaPĈ´tHcu
Λwpeaecq

¯

. This in turn forces each line of (2)–

(8) to be an equality. In particular,
ř

wPW
ř

CkPC
ř

HcPCk

´

Λwpecq ´
ř

HaPĈ´Ck
Λwpeaecq

´ 1
2
ř

HaPCk´tHcu Λwpeaecq
¯

“
ř

wPW
ř

CkPC
ř

HcPCk

´

Λwpeiecq `Λwppu´1
k eiqeiecq

¯

. That is,
}αpC, uq} ´ }α} “ 0. The same argument applies to see that we must also have
||αpD, vq|| ´ ||α|| “ 0.

Lemma 6.2.15. Suppose α1 α2 α3
pA,xq pB,yq

is a peak. If Hi R B̂ and Hj R Â with Â X
B̂ ‰ H, then either ||α2pA, xqpAX B̂, xq´1|| ă ||α2|| and ||α2pB, yqpA´ B̂, xq|| ă ||α2|| , or
||α2pA, xqpB´ Â, yq|| ă ||α2|| and ||α2pB, yqpBX Â, yq´1|| ă ||α2|| .

That is, ||α2|| ą maxp||α4||, ||α5||q or ||α2|| ą maxp||α1
4||, ||α

1
5||q.
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α2

α1 α4 α5 α3

α6

α1
4 α1

5

pA,xq
pU,xq

pB,yq pV,yqpV,yq

pV,yq

pW,xq

pV,yq

pB,yq

pU,xq
pW‵,yq

pW,xq

pA,xq

pU,xq

pW‵,yq

FIGURE 1.14: Commuting Diagram for Case 1b

Proof. Let α6 “ α2pA´ B̂, xqpB´ Â, yq. For brevity, set U “ A´ B̂, V “ B´ Â, W “

A X B̂, and W‵ “ B X Â. Note that Ŵ “ Ŵ‵ “ Â X B̂, Û “ Â ´ B̂ “ Â X ¯̂B, and
V̂ “ B̂´ Â “ B̂X ¯̂A. Observe that Û X V̂ “ pÂ´ B̂q X pB̂´ Âq “ pÂX ¯̂Bq X pB̂X ¯̂Aq “
Â X ¯̂A X ¯̂B X B̂ “ HXH “ H. We leave it to the reader to verify that we also have
Û X B̂ “ Û X Ŵ “ V̂ X Ŵ “ V̂ X Â “ H; these follow in much the same way. Then by
Proposition 5.5.9 (1), the diagram in Figure 1.14 commutes.

By applying Lemma 6.2.9 to each of the squares α1 — α4 — α6 — α1
4 — α1 and

α3 — α1
5 — α6 — α5 — α1 (which both fall under Case 1a), we recover that }α1} ´ }α4} “

}α1
4}´}α6} and }α3}´}α

1
5} “ }α5}´}α6}. By considering the triangles α1 — α2 — α4 — α1

and α3 — α2 — α1
5 — α3, we see that }α1}´ }α2} “ p}α1}´ }α4}q` p}α4}´ }α2}q and }α3}´

}α2} “ p}α3} ´ }α
1
5}q ` p}α

1
5} ´ }α2}q. By Lemma 6.2.14, either maxp}α1

4} ´ }α6}, }α5} ´

}α6}q ą 0 or }α1
4} ´ }α6} “ }α5} ´ }α6} “ 0. Since α1 α2 α3

pA,xq pB,yq
is a peak, then

maxp}α1} ´ }α2}, }α3} ´ }α2}q ď 0 and minp}α1} ´ }α2}, }α3} ´ }α2}q ă 0.

We claim that minp}α4} ´ }α2}, }α1
5} ´ }α2}q ă 0. If }α1

4} ´ }α6} “ }α5} ´ }α6} “ 0, then:

minp}α4} ´ }α2}, }α1
5} ´ }α2}q

“min
`

p}α1} ´ }α2}q ´ p}α1} ´ }α4}q, p}α3} ´ }α2}q ´ p}α3} ´ }α
1
5}q

˘

“min
`

p}α1} ´ }α2}q ´ p}α
1
4} ´ }α6}q, p}α3} ´ }α2}q ´ p}α5} ´ }α6}q

˘

“minp}α1} ´ }α2}, }α3} ´ }α2}q

ă0.

On the other hand, if maxp}α1
4} ´ }α6}, }α5} ´ }α6}q ą 0 (without loss of generality, say

}α1
4} ´ }α6} ą 0 — a symmetrically identical argument holds if }α5} ´ }α6} ą 0), then:

}α4} ´ }α2} “ p}α1} ´ }α2}q ´ p}α1} ´ }α4}q

“ p}α1} ´ }α2}q ´ p}α
1
4} ´ }α6}q
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ă }α1} ´ }α2}

ď 0.

In either case, we have that minp}α4} ´ }α2}, }α1
5} ´ }α2}q ă 0.

Without loss of generality, assume }α4} ´ }α2} ă 0. Then α4 — α2 — α3 is a peak falling
under Case 1a, and by Lemma 6.2.10, }α5} ă }α2}. An identical (symmetric) argument
holds if instead }α1

5} ´ }α2} ă 0. Thus min
`

maxp}α4}, }α5}q, maxp}α1
4}, }α

1
5}q

˘

ă }α2}, as
required.

Proposition 6.2.16. Let H1 ˚ . . . Hn be an S free factor splitting for G. Let pA, xq and
pB, yq be relative multiple Whitehead automorphisms with x Ă Hi and y Ă Hj and Â, B̂ Ă

tH1, . . . , Hnu ´ tHi, Hju such that ÂX B̂ ‰ H. Let α2 be the domain whose α-graph has S-

labelling pH1, . . . , Hnq, and let α1 “ α2pA, xq and α3 “ α2pB, yq. If α1 α2 α3
pA,xq pB,yq

is a
peak, then it is reducible.

Proof. By Lemmas 6.2.12 and 6.2.13, the path α1 α2 α3
pA,xq pB,yq

is homotopic in the
Space of Domains to each of the paths

α1 α2pA, xqpAX B̂, xq´1 α2pB, yqpA´ B̂, xq α3
pAXB̂,xq pB,yq pA´B̂,xq

and

α1 α2pA, xqpB´ Â, yq α2pB, yqpBX Â, yq´1 α3
pB´Â,yq pA,xq pBXÂ,yq

.

By Lemma 6.2.15, either ||α2pA, xqpAX B̂, xq´1|| ă ||α2|| and ||α2pB, yqpA´ B̂, xq|| ă ||α2||

, or ||α2pA, xqpB´ Â, yq|| ă ||α2|| and ||α2pB, yqpBX Â, yq´1|| ă ||α2|| Thus by Definition

6.2.2, one of the above paths is a reduction for the peak α1 α2 α3
pA,xq pB,yq

.

Case 2(a): Hi P B̂ (say Hi P Bq) and Hj R Â, with Â Ď Bq

The lemmas for this case are adapted from [12, Lemma 2.7].

Lemma 6.2.17. If Hi P Bq and Hj R Â with Â Ď Bq, then pA, xq´1pB, yq “ pB1, yqpAyq , xyqq´1

where rB1sb :“ Bb for b P t1, . . . , lu ´ tqu and rB1sq :“ pBq ´ Âq Y {pBq XAqx “ pBq ´ Âq Y
Ťk

a“1 Axa
a .

That is, there exists a vertex α4 in our Graph of Domains such that α1

α2
pA, xq

pAyq , xyqq

α3

pB, yq

α4
pB1, yq

is a loop.
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Proof. We have that Bq “ pBq ´ Âq \ Â. In particular, Â X Bb “ H for any b ‰ q.
By Lemma 5.5.6 (3) we have that pBq, yqq “ pBq ´ Â, yqqpÂ, yqq. By (1) and (2) of
Lemma 5.5.6, we have that pAyq , xyqq “ pÂyq , y´1

q qpA
y´1

q yq , yqxq “ pÂ, yqq
´1pA, yqxq.

Now pA, xqpB1, yq “ pA, xqpB1, y1q . . . ppBq ´ Âq Y xAx, yqq . . . pBl , ylq

“ pA, xqpB1, y1q . . . pBq ´ Â, yqqpxAx, yqq . . . pBl , ylq

“ pB1, y1q . . . pBq ´ Â, yqq . . . pBl , ylqpA, xqpxAx, yqq

“ pB´ Â, yqpA, yqxq

“ pB´ Â, yqpÂ, yqqpAyq , xyqq

“ pB, yqpAyq , xyqq.

Lemma 6.2.18. The loop α1

α2
pA, xq

pAyq , xyqq

α3

pB, yq

α4
pB1, yq

(where Hi P Bq and Hj R Â with Â Ď Bq,

and B1 is given by rB1sb “ Bb for b ‰ q and rB1sq “ pBq ´ Âq Y xAx) is contractible in our
Space of Domains.

Proof. Let Â “ tHA1 , . . . , HAKu. Recall from Lemma 6.2.6 that we denote pA, xq|a :“
pA X tHau, xq. Then there is some xAa P x so that pA, xq|a “ pHa, xAaq. Let α̃0,0 :“ α2

and for a “ 1, . . . , K, recursively define α̃a,0 :“ α̃a´1,0pA, xq|a. Then for each a, α̃a,0 is the
(domain whose) α-graph has S-labelling comprising the groups H

xA1
A1

, . . . , HxAa
Aa

, HAa`1 ,
. . . , HAK , Hv1 , . . . , Hvn´K . For each a, define Ba1 by rBa1sb :“ Bb and rBa1sq :“ pBq ´

tHA1 , . . . , HAauqYtH
xA1
A1

, . . . , HxAa
Aa
u. Note that BK1 “ B1. Again for each a “ 0, . . . , K, we

define α̃a,L :“ α̃a,0pBa1, yq. Then α̃a`1,L “ α̃a,LpH
yq
Aa

, xyq
Aa
q. Observe that α̃K,0 “ α1, α̃0,L “

α3, and α̃K,L “ α4. Thus we have constructed a lattice as depicted in Figure 1.15. As in
the proof of Lemma 6.2.6, the loops α̃0,0 — . . . — α̃K,0 — α̃0,0 and α̃0,L — . . . — α̃K,L — α̃0,L

are contractible via Ai-graphs living in domains α̃0,0 and α̃0,L, respectively. Also, for
each a P t0, . . . , K´ 1u the square

α̃a,0 α̃a,L

α̃a`1,0 α̃a`1,L

pBa1,yq

pA,xq|a`1 pH
yq
Aa ,x

yq
Aa q

pBa`11,yq

is contractible via the graph Bj,i,a in the domain α̃a,0 (that

is, the graph
n´ 3

HjHiHa
lives in the intersection α̃a,0 X α̃a,L X α̃a`1,0 X α̃a`1,L).
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α̃0,0 α̃0,L

...
...

α̃a,0 α̃a,L

α̃a`1,0 α̃a`1,L

...
...

α̃K,0 α̃K,L

pB,yq

pA,xq|1

pA,xq pAyq ,xyq q

pBa1,yq

pA,xq|a`1

pBa`11,yq

pA,xq|K

pB1,yq

FIGURE 1.15: Lattice Describing pA, xqpB1, yq “ pB, yqpAyq , xyqq in Case 2a

Lemma 6.2.19. Suppose we have a loop α1

α2
pHa, xq

pHyq
a , xyqq

α3

pBq, yqq

α4
pB1

q, yqq

where B1
q “ tHx

a u Y pBq ´

tHauq, and yq P Hj ‰ Ha, x P Hi P Bq, and Ha P Bq. Then for any edge path w in α̂2, we have
|w|α4 ´ |w|α1 “ |w|α3 ´ |w|α2 .

Proof. Set B̃q :“ Bq ´ tHi, Hau. By Lemma 6.1.7, we have that

|w|α1 “ |w|α2 ` 2Λwpeaq ´ 2Λwpeieaq ´ 2Λwppx´1eiqeieaq.

By Lemma 6.1.8, we have that

|w|α3 “|w|α2 ` 2
ÿ

HbPBq

¨

˝Λwpebq ´Λwpejebq ´Λwppy´1
q ejqejebq ´

ÿ

HcPBq´tHbu

Λwpecebq

˛

‚

“|w|α2 ` 2
ÿ

HbPB̃q

¨

˝Λwpebq ´Λwpejebq ´Λwppy´1
q ejqejebq ´

ÿ

HcPB̃q´tHbu

Λwpecebq

˛

‚

` 2Λwpeiq ´ 2Λwpejeiq ´ 2Λwppy´1
q ejqejeiq ´ 4

ÿ

HcPB̃q

Λwpeceiq

` 2Λwpeaq ´ 2Λwpejeaq ´ 2Λwppy´1
q ejqejeaq ´ 4

ÿ

HcPB̃q

Λwpeceaq

´ 4Λwpeieaq.

We will follow the methods used in Section 6.1 to compute |w|α4 .
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Let φ24 :“ φpHa,xqpB1
q,yqq : α̂2 Ñ α̂4 be the equivariant map described in Convention 6.1.5.

If the edges of α̂2 are labelled by e’s, and the edges of α̂4 are labeled by h’s, then we
have:

peaqφ24 “ hjpy
´1hj
q qpy´1

q hiqpx´1y´1
q hiqpx´1y´1

q haq

peiqφ24 “ hjpy´1
q hjqpy´1

q hiq

pebqφ24 “ hjpy´1
q hjqpy´1

q hbq

pekqφ24 “ hk

for all b with Hb P B̃q, and for all k with Hk R Bq. In particular, since Hj R Bq, we have
pejqφ24 “ hj.

Given a word (edge path) w in α̂2, set w1 to be the unreduced word pwqφ24 in α̂4. If lpuq
is the unreduced length of a given word u, then lpw1q “ lpwq ` 4Λwpeaq ` 2Λwpeiq `

2
ř

HbPB̃q
Λwpebq.

Observe that for any b with Hb P B̃q we have pejebqφ24 “ hjhjpy´1
q hjqpy´1

q hbq “ py´1
q hjqpy´1

q hbq.

We also have that pejeaqφ24 “ hjhjpy´1
q hjqpy´1

q hiqpx´1y´1
q hiqpx´1y´1

q haq

“ py´1
q hjqpy´1

q hiqpx´1y´1
q hiqpx´1y´1

q haq and pejeiqφ24 “ hjhjpy´1
q hjqpy´1

q hiq “

py´1
q hjqpy´1

q hiq. Let w2 be the result of performing all such reductions (i.e. of the form
pejebqφ24 where Hb P Bq) to w1. Then for each b with Hb P Bq, we have that the length
of pejebqφ24 is 2 less in w2 than it is in w1. Thus lpw2q “ lpw1q ´ 2

ř

HbPBq
Λwpejebq “

lpw1q ´ 2Λwpejeiq ´ 2Λwpejeaq ´ 2
ř

HbPB̃q
Λwpejebq.

We now observe that for any b with Hb P B̃q, we have
ppy´1

q ejqejebqφ24 “ py´1
q hjqpy´1

q hjqpy´1
q hbq “ py´1

q hbq, and similarly,

ppy´1
q ejqejeiqφ24 “ py´1

q hjqpy´1
q hjqpy´1

q hiq “ py´1
q hiq. Also note that ppy´1

q ejqejeaqφ24 “

py´1
q hjqpy´1

q hjqpy´1
q hiqpx´1y´1

q hiqpx´1y´1
q haq “ py´1

q hiqpx´1y´1
q hiqpx´1y´1

q haq. Let w3 be
the result of applying all such reductions to w2, and note that for each b with Hb P Bq,
the length of ppy´1

q ejqejebqφ24 is 2 less in w3 than it is in w2. Now

lpw3q “ lpw2q ´ 2
ÿ

HbPBq

Λwppy´1
q ejqejebq

“ lpw2q ´ 2Λwppy´1
q ejqejeiq ´ 2Λwppy´1

q ejqejeaq ´ 2
ÿ

HbPB̃q

Λwppy´1
q ejqejebq.

We now consider ‘cross-reductions’ between elements of Bq. Let b and c be such that
Hb P B̃q and Hc P B̃q ´ tHbu. Then pecebqφ24 “ py´1

q hcqpy´1
q hjqhjhjpy´1

q hjqpy´1
q hbq “

py´1
q hcqpy´1

q hbq. Additionally, peiebqφ24 “ py´1
q hiqpy´1

q hjqhjhjpy´1
q hjqpy´1

q hbq “

py´1
q hiqpy´1

q hbq, and peaebqφ24 “ px´1y´1
q haqpx´1y´1

q hiqpy´1
q hiqpy´1

q hjqhjhjpy´1
q hjqpy´1

q hbq

“ px´1y´1
q haqpx´1y´1

q hiqpy´1
q hiqpy´1

q hbq. Finally, peieaqφ24 “

py´1
q hiqpy´1

q hjqhjhjpy´1
q hjqpy´1

q hiqpx´1y´1
q hiqpx´1y´1

q haq “ px´1y´1
q hiqpx´1y´1

q haq. Letting
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w4 be the result of applying all such reductions to w3, we see that for b and c with
Hb, Hc P B̃q distinct, the length of pecebqφ24 is 4 less in w4 than it is in w3, the lengths
of peiebqφ24 and peaebqφ24 are each 4 less in w4 than in w3, and the length of peieaqφ24

is 6 less in w4 than it is in w3. Observe that Λwpecebq “ Λwpecebq “ Λwpebecq. Thus
lpw4q “ lpw3q ´ 6Λwpeieaq ´ 4

ř

HbPB̃q

´

Λwpeaebq `Λwpeiebq `
1
2
ř

HcPB̃q´tHbu Λwpecebq
¯

.

Assuming w was reduced to begin with, then there is only one final type of reduction
we can apply to w4. We have that ppx´1eiqeieaqφ “

px´1hjqpx´1y´1
q hjqpx´1y´1

q hiqpx´1y´1
q hiqpx´1y´1

q haq “ px´1hjqpx´1y´1
q hjqpx´1y´1

q haq. Let-
ting w41 be the result of applying all such reductions to w4, we see that the length of
ppx´1eiqeieaqφ is 2 less in w41 than it is in w4. Then lpw41q “ lpw4q ´ 2Λwppx´1eiqeieaq.

Since w41 and w are both fully reduced, we have:

|w|α4 “ |pwqφ24|α4 “ lpw41q

“lpw4q ´ 2Λwppx´1eiqeieaq

“lpw3q ´ 6Λwpeieaq ´ 4
ÿ

HbPB̃q

¨

˝Λwpeaebq `Λwpeiebq `
1
2

ÿ

HcPB̃q´tHbu

Λwpecebq

˛

‚´ 2Λwppx´1eiqeieaq

“lpw2q ´ 2Λwppy´1
q ejqejeiq ´ 2Λwppy´1

q ejqejeaq ´ 2
ÿ

HbPB̃q

Λwppy´1
q ejqejebq ´ 6Λwpeieaq

´ 4
ÿ

HbPB̃q

¨

˝Λwpeaebq `Λwpeiebq `
1
2

ÿ

HcPB̃q´tHbu

Λwpecebq

˛

‚´ 2Λwppx´1eiqeieaq

“lpw1q ´ 2Λwpejeiq ´ 2Λwpejeaq ´ 2
ÿ

HbPB̃q

Λwpejebq ´ 2Λwppy´1
q ejqejeiq ´ 2Λwppy´1

q ejqejeaq

´ 2
ÿ

HbPB̃q

Λwppy´1
q ejqejebq ´ 6Λwpeieaq ´ 4

ÿ

HbPB̃q

¨

˝Λwpeaebq `Λwpeiebq `
1
2

ÿ

HcPB̃q´tHbu

Λwpecebq

˛

‚

´ 2Λwppx´1eiqeieaq

“lpwq ` 4Λwpeaq ` 2Λwpeiq ` 2
ÿ

HbPB̃q

Λwpebq ´ 2Λwpejeiq ´ 2Λwpejeaq ´ 2
ÿ

HbPB̃q

Λwpejebq

´ 2Λwppy´1
q ejqejeiq ´ 2Λwppy´1

q ejqejeaq ´ 2
ÿ

HbPB̃q

Λwppy´1
q ejqejebq ´ 6Λwpeieaq

´ 4
ÿ

HbPB̃q

¨

˝Λwpeaebq `Λwpeiebq `
1
2

ÿ

HcPB̃q´tHbu

Λwpecebq

˛

‚´ 2Λwppx´1eiqeieaq

“|w|α2 ` 2Λwpeaq ´ 2Λwpeieaq ´ 2Λwppx´1eiqeieaq

` 2
ÿ

HbPB̃q

¨

˝Λwpebq ´Λwpejebq ´Λwppy´1
q ejqejebq ´

ÿ

HcPB̃q´tHbu

Λwpecebq

˛

‚

` 2Λwpeiq ´ 2Λwpejeiq ´ 2Λwppy´1
q ejqejeiq ´ 4

ÿ

HcPB̃q

Λwpeceiq
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` 2Λwpeaq ´ 2Λwpejeaq ´ 2Λwppy´1
q ejqejeaq ´ 4

ÿ

HcPB̃q

Λwpeceaq

´ 4Λwpeieaq

“|w|α1 ` |w|α3 ´ |w|α2 .

Lemma 6.2.20. If x Ă Hi P Bq and y Ă Hj R Â and Â Ď Bq then ||α4|| ´ ||α1|| “

||α3|| ´ ||α2||, where α1 “ α2pA, xq, α3 “ α2pB, yq, and α4 “ α2pB, yqpAyq , xyqq.

Proof. By Lemma 6.2.19,

||α4|| ´ ||α1|| “
ÿ

wPW

´

|w|α4 ´ 2
¯

´
ÿ

wPW

´

|w|α1 ´ 2
¯

“
ÿ

wPW

´

|w|α4 ´ 2´ |w|α1 ` 2
¯

“
ÿ

wPW

´

|w|α3 ´ |w|α2

¯

“
ÿ

wPW

´

|w|α3 ´ 2
¯

´
ÿ

wPW

´

|w|α2 ´ 2
¯

“ ||α3|| ´ ||α2||.

Lemma 6.2.21. If α1 α2 α3
pA,xq pB,yq

is a peak with Hi P B̂, Hj R Â, and Â Ď Bq, then
||α2pB, yqpAyq , xyqq|| ă ||α2||.

Proof. By Lemma 6.2.20, ||α2pB, yqpAyq , xyqq|| “ ||α4|| “ ||α3|| ` ||α1|| ´ ||α2||. Since

α1 α2 α3
pA,xq pB,yq

is a peak, then ||α2|| ě maxp||α1||, ||α3||q and ||α2|| ą minp||α1||, ||α3||q.
Now:

||α4|| “ maxp||α1||, ||α3||q `minp||α1||, ||α3||q ´ ||α2||

ă ||α2|| ` ||α2|| ´ ||α2||

“ ||α2||.

Proposition 6.2.22. Let H1 ˚ ¨ ¨ ¨ ˚Hn be an S free factor splitting for G. Let pA, xq and pB, yq
be relative multiple Whitehead automorphisms with x Ă Hi and y Ă Hj, Â Ă tH1, . . . , Hnu ´

tHi, Hju, B̂ Ă tH1, . . . , Hnu´ tHju such that tHiuY Â Ă Bq for some q. Let α2 be the domain
whose α-graph has S-labelling pH1, . . . , Hnq, and let α1 “ α2pA, xq and α3 “ α2pB, yq. If

α1 α2 α3
pA,xq pB,yq

is a peak, then it is reducible.
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Proof. By Lemmas 6.2.17 and 6.2.18, the path α1 α2 α3
pA,xq pB,yq

is homotopic in the

Space of Domains to the path α1 α2pB, yqpAyq , xyqq α3
pB1,yq pAyq ,xyq q

where
B1 “ pB1, . . . , pBq ´ Âq Y xAx, . . . , Bkq. By Lemma 6.2.21, ||α2pB, yqpAyq , xyqq|| ă ||α2||.

Thus by Definition 6.2.2, the peak α1 α2 α3
pA,xq pB,yq

is reducible.

Case 2(b): Hi P B̂ (say Hi P Bq) and Hj R Â, with Â Ę Bq

Lemma 6.2.23. If Hi P B̂ and Hj R Â with Â Ę Bq, then

pA, xq´1pB, yq “ pA´ Bq, xq´1pB1, yqppAX Bqq
yq , xyqq´1

and
pA, xq´1pB, yq “ ppB`q Âq1, yqpAyq , xyqq´1ppB̄q X Âqyq , ỹqy´1

q q

, where rB1sq :“ pBq ´ Âq Y
Ť
`

pAX Bqq
x
˘

and rB1sk :“ Bk for k ‰ q, and rpB`q Âq1sq :“
prpB`q Âqsq ´ Âq Y

Ť

prpB`q Âqsq XAqx “ pBq ´ Âq Y
Ť

Ax and rpB`q Âq1sk :“ rpB`q

Âqsk “ Bk ´ Â for k ‰ q.

That is, there exist vertices α4, α5, α1
4, α1

5 in our Graph of Domains such that

α1

α2

α3

α4 α5

pA, xq pB, yq

pB1, yq

pA´ Bq, xq ppAX Bqq
yq , xyqq

pAX Bq, xq and α1

α2

α3

α1
4 α1

5

pA, xq pB, yq

pAyq , xyqq

ppB`q Âq1, yq ppB̄q X Âqyq , ỹqqy´1
q

pB`q Â, yq

are both loops.

Proof. By Proposition 5.5.9 (1), pA, xqpA´ Bq, xq´1 “ pAX Bq, xq. Writing
Ť

A “ Â, we
have that

Ť

pAX Bqq “ ÂX Bq Ď Bq. Similarly, by Proposition 5.5.9 (4), pB, yqppB̄q X

Âqyq , ỹqy´1
q q

´1 “ pB`q Â, yq. Note that rB`q Âsq “ BqY Â Ě Â. We have now reduced
both problems to the form required by Case 2a, so the result follows from Lemma 6.2.17.

Lemma 6.2.24. The loops

α1

α2

α3

α4 α5

pA, xq pB, yq

pB1, yq

pA´ Bq, xq ppAX Bqq
yq , xyqq

pAX Bq, xq and α1

α2

α3

α1
4 α1

5

pA, xq pB, yq

pAyq , xyqq

ppB`q Âq1, yq ppB̄q X Âqyq , y´1
q ỹqq

pB`q Â, yq

are both contractible in our Space of Domains.

Proof. As in Lemma 6.2.13, the α1–α2–α4 triangle can be ‘filled’ with an Ai graph, and
the α2–α3–α1

5 triangle can be ‘filled’ with an Aj graph. Now Â X Bq Ď Bq and Â Ď
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α2

α1 α4 α5 α3

α6

α1
4 α1

5

pA,xq
pQ,xq

pB,yq pR,yqpR,yq

pR1,yq

pP,xq

pR2,yq

pB1,yq

pQyq ,xyq qpSyq ,ỹqy´1
q q

pPyq ,xyq q

pAyq ,xyq q

pQyq ,xyq q

pSyq ,ỹqy´1
q q

FIGURE 1.16: Commuting Diagram for Case 2b

rB`q Âsq “ Bq Y Â, so by Lemma 6.2.18 (Case 2a), the squares α4 — α2 — α3 — α5 — α4

and α1 — α2 — α1
5 — α1

4 — α1 are both contractible.

Lemma 6.2.25. If α1 α2 α3
pA,xq pB,yq

is a peak with Hi P B̂, Hj R Â, and Â Ę Bq, then ei-
ther ||α2pA, xqpA´Bq, xq´1|| ă ||α2|| and ||α2pAXBq, xqpB1, yq|| ă ||α2|| , or ||α2pA, xqppB`q

Âq1, yq|| ă ||α2|| and ||α2pB`q Â, yq|| ă ||α2|| .

That is, ||α2|| ą maxp||α4||, ||α5||q or ||α2|| ą maxp||α1
4||, ||α

1
5||q.

Proof. It will suffice to show that either ||α4|| ă ||α2|| or ||α1
5|| ă ||α2||. The problem then

reduces to Case 2a (Lemma 6.2.21).

Let α6 “ α2pAX Bq, xqpB`q Â, yq. For brevity, let P “ A´ Bq, Q “ AX Bq, R “ B`q Â,
and S “ B̄q X Â. For b ‰ q set rR2sb “ rR1sb :“ Bb ´ Â “ rRsb, rR2sq :“ pBq ´ Âq \
{pBq XAqx \ pÂ ´ Bqq, and rR1sq :“ pBq ´ Âq \zpAqx. Then the diagram in Figure 1.16

commutes.

Since α1 α2 α3
pA,xq pB,yq

is a peak, we have that minp}α1} ´ }α2}, }α3} ´ }α2}q ă 0 and
maxp}α1} ´ }α2}, }α3} ´ }α2}q ď 0.

Observe that yQyq X xSyq “ pÂX Bqq
yq X pÂ´ B̂qyq “ H. Additionally, ỹqy´1

q P Hj R Â (so
ỹqy´1

q R yQyq ), and xyq P Hyq
i P Byq

q (so xyq R xSyq ). Thus α1
5 — α6 — α5 — α3 — α1

5 is a square
falling under Case 1a, so by Lemma 6.2.9, we have that }α3} ´ }α

1
5} “ }α5} ´ }α6}.

Also observe that P̂ “ Â´ Bq Ď rR2sq, x P Hi P Bq ´ Â Ă rR2sq, and y P Hj R Â´ Bq “

P̂. So α4 — α6 — α1
4 — α1 — α4 is a square falling under Case 2a, and by Lemma 6.2.20,

we have that }α1} ´ }α4} “ }α
1
4} ´ }α6}.

Since xPyq “ pÂ´ Bqq
yq “ xSyq (and Hyq

i , Hyq
j R xPyq ) then by Lemma 6.2.14, we have that

either maxp}α1
4} ´ }α6}, }α5} ´ }α6}q ą 0 or }α1

4} ´ }α6} “ }α5} ´ }α6} “ 0.
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Finally, we note that }α4} ´ }α2} “ p}α1} ´ }α2}q ´ p}α1} ´ }α4}q, and similarly, }α1
5} ´

}α2} “ p}α3} ´ }α2}q ´ p}α3} ´ }α
1
5}q.

As in the proof of Lemma 6.2.15, we now deduce from this information that minp}α4}´

}α2}, }α1
5} ´ }α2}q ă 0, as required.

Proposition 6.2.26. Let H1 ˚ ¨ ¨ ¨ ˚Hn be an S free factor splitting for G. Let pA, xq and pB, yq
be relative multiple Whitehead automorphisms with x Ă Hi, y Ă Hj, Â Ă tH1, . . . , Hnu ´

tHi, Hju, B̂ Ă tH1, . . . , Hnu ´ tHju, Hi P Bq for some Q, and Â Ć Bq. Let α2 be the domain
whose α-graph has S-labelling pH1, . . . , Hnq, and let α1 “ α2pA, xq and α3 “ α2pB, yq. If

α1 α2 α3
pA,xq pB,yq

is a peak, then it is reducible.

Proof. By Lemmas 6.2.23 and 6.2.24, the path α1 α2 α3
pA,xq pB,yq

is homotopic in the
Space of Domains to each of the paths

α1 α2pA, xqpA´ Bq, xq´1 α2pAX Bq, xqpB1, yq α3
pA´Bq,xq pB1,yq ppAXBqq

yq ,xyq q

and α1 α2pA, xqppB`q Âq1, yq α2pB`q Â, yq α3
ppB`q Âq1,yq pAyq ,xyq q ppB̄qXÂq

yq ,ỹqy´1
q q

.

By Lemma 6.2.25, either ||α2pA, xqpA´ Bq, xq´1|| ă ||α2|| and ||α2pAX Bq, xqpB1, yq||
ă ||α2|| , or ||α2pA, xqppB `q Âq1, yq|| ă ||α2|| and ||α2pB `q Â, yq|| ă ||α2||. Thus by

Definition 6.2.2, one of the above paths is a reduction for the peak α1 α2 α3
pA,xq pB,yq

.

Case 4: Hi P B̂ and Hj P Â (say Hi P Bq and Hj P Ap)

Lemma 6.2.27. If Hi P Bq and Hj P Ap, then
pA, xq´1pB, yq “ ppA`p Bqq

1, xq´1pB1, yqppĀp X Bqq
yq , px´1

p x̃pq
yqq´1 and

pA, xq´1pB, yq “ ppB̄q X Apq
xp , py´1

q ỹqq
xpqpA1, xq´1ppB`q Apq

1, yq, where pA`p Bqq
1 (and

pB`q Apq
1) are as defined in Proposition 5.5.9 (4), and A1 and B1 are defined similarly.

That is, there exist vertices α4, α5, α1
4, and α1

5 in our Graph of Domains such that

α1

α2

α3

α4 α5

pA, xq pB, yq

pB1, yq

ppA`p Bqq
1, xq ppĀp X Bqq

yq , px´1
p x̃pq

yqq

pĀp X Bq, x´1
p x̃pq and

α1

α2

α3

α1
4 α1

5

pA, xq pB, yq

pA1, xq

ppB̄q X Apq
xp , py´1

q ỹqq
xpq ppB`q Apq

1, yq
pB̄q X Ap, y´1

q ỹqq are both loops.
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Proof. By Proposition 5.5.9 (4), pA, xq “ pĀp X Bq, x´1
p x̃pqppA`p Bqq

1, xq. Now x´1
p x̃p P

Hi P Bq still, and as Hj R B then Hj R Āp X Bq. Also Āp X Bq Ď Bq, so by Case 2a
(Lemma 6.2.17), pĀp X Bq, x´1

p x̃pqpB1, yq “ pB, yqppĀp X Bqq
yq , px´1

p x̃pq
yqq. The second

loop is achieved by renaming A to B and x to y, and vice versa.

Lemma 6.2.28. The loops α1

α2

α3

α4 α5

pA, xq pB, yq

pB1, yq

ppA`p Bqq
1, xq ppĀp X Bqq

yq , px´1
p x̃pq

yqq

pĀp X Bq, x´1
p x̃pq

and α1

α2

α3

α1
4 α1

5

pA, xq pB, yq

pA1, xq

ppB̄q X Apq
xp , py´1

q ỹqq
xpq ppB`q Apq

1, yq
pB̄q X Ap, y´1

q ỹqq are both contractible in our Space of

Domains.

Proof. As in Lemma 6.2.13, the α1–α2–α4 triangle can be ‘filled’ with an Ai graph, and
the α2–α3–α1

5 triangle can be ‘filled’ with an Aj graph. Now
Ť

pĀp X Bqq Ď Bq and
Ť

pB̄X Apq Ď Ap, so (after relabelling) by Lemma 6.2.18 (Case 2a), the squares
α4 — α2 — α3 — α5 — α4 and α1 — α2 — α1

5 — α1
4 — α1 are both contractible.

Lemma 6.2.29. If α1 α2 α3
pA,xq pB,yq

is a peak with Hi P B̂ and Hj P Â, then (up to
relabelling) ||α2pA, xqppA`p Bqq

1, xq´1|| ă ||α2|| and ||α2pĀp X Bq, x´1
p x̃pqpB1, yq|| ă ||α2||.

Proof. First, note that inner automorphisms stabilise each point of Cn, and hence each
domain in the Space of Domains. Writing γpzq for the inner automorphism which con-
jugates everything by z, we then see that α1 “ α2pA, xq “ α2pA, xqγpx´1

p q “ α2pĀp, x´1
p x̃pq.

Similarly, α3 “ α2pB̄q, y´1
q ỹqq. Note that ˆ̄Ap “ Āp and ˆ̄Bq “ B̄q. Since x Ă Hi P Bq and

y Ă Hj P Ap, then x´1
p x̃p Ă Hi R

ˆ̄Ap and y´1
q ỹq Ă Hj R

ˆ̄Bq.
If Ap Y Bq ­“ Ĥ then by Lemma 6.2.15, either }α2pĀp ´ B̄q, x´1

p x̃pq} ă }α2} or }α2pB̄q ´

Āp, y´1
q ỹqq} ă }α2}. But given arbitrary sets C and D, C ´ D̄ “ C X D. Hence either

}α4} ă }α2} or }α1
5} ă }α2}.

If Ap Y Bq “ Ĥ then α4 “ α1pA`p Bq, xq´1 “ α1γpx´1
p q “ α1. Similarly, α1

5 “ α3, and
since α1 — α2 — α3 is a peak, then }α2} ą minp}α4}, }α1

5}q.
Now one of α4 — α2 — α3 or α1 — α2 — α1

5 is a peak satisfying Case 2a, and the result
follows from Lemma 6.2.21.

Proposition 6.2.30. Let H1 ˚ ¨ ¨ ¨ ˚ Hn be an S free factor splitting for G. Let pA, xq and
pB, yq be relative multiple Whitehead automorphisms with x Ă Hi and y Ă Hj and Â Ă

tH1, . . . , Hnu ´ tHiu, B̂ Ă tH1, . . . , Hnu ´ tHju such that for some p and q we have Hi P Bq
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and Hj P Ap. Let α2 be the domain whose α-graph has S-labelling pH1, . . . , Hnq, and let

α1 “ α2pA, xq and α3 “ α2pB, yq. If α1 α2 α3
pA,xq pB,yq

is a peak, then it is reducible.

Proof. By Lemmas 6.2.27 and 6.2.28, the path α1 α2 α3
pA,xq pB,yq

is homotopic in the
Space of Domains to each of the paths

α1 α2pĀp X Bq, x´1
p x̃pq α2pĀp X Bq, x´1

p x̃pqpB1, yq α3
ppA`pBqq1,xq pB1,yq ppĀpXBqq

yq ,px´1
p x̃pq

yq q

and

α1 α2pB̄q X Ap,y´1
q ỹqqpA1, xq α2pB̄q X Ap,y´1

q ỹqq α3 .
ppB̄qXApq

xp ,py´1
q ỹqq

xp q pA1,xq ppB`q Apq1,yq

By Lemma 6.2.29, either ||α2pA, xqppA`p Bqq
1, xq´1|| ă ||α2|| and

||α2pĀpXBq, x´1
p x̃pqpB1, yq|| ă ||α2|| , or ||α2pB̄qXAp, y´1

q ỹqqpA1, xq|| ă ||α2|| and ||α2pB̄qX

Ap,y´1
q ỹqq|| ă ||α2||. Thus by Definition 6.2.2, one of the above paths is a reduction for

the peak α1 α2 α3
pA,xq pB,yq

.

6.3 Simple Connectivity

We have now done all the required work to conclude:

Proposition 6.3.1. Every peak α1 α2 α3
pA,xq pB,yq

(whose edges are both of Type A) in the
Space of Domains is reducible (to a path of length 2 or 3 whose edges are all of Type A).

Proof. Let α1 α2 α3
pA,xq pB,yq

be a peak in the Space of Domains whose edges are
both of Type A. Suppose α2 has S-labelling pH1, . . . , Hnq. Then for some i and j we
have x Ă Hi and y Ă Hj. By assumption, Hi R Â and Hj R B̂. If i “ j then by
Proposition 6.2.3, the peak is reducible. Otherwise, our peak falls into one of the Cases
1–4 as described in Observation 6.2.4, and by Propositions 6.2.11, 6.2.16, 6.2.22, 6.2.26,
and 6.2.30, we are done (after renaming, if we fell under Case 3).

We can now use this Peak Reduction Proposition to argue that the Space of Domains,
and hence the complex Cn, is simply connected.

Theorem 6.3.2. Our Space of Domains is simply connected.

Proof. Let λ be a loop in the Space of Domains. Note that any loop is homotopic to a
based loop, so without loss of generality, we assume λ contains the basepoint α0. By
Corollary 5.4.4 and Proposition 6.3.1, λ is homotopic (in the Space of Domains) to a
peak reduced loop λ1. But any peak reduced loop must have constant height (else it
would contain some ‘heighest’ point, i.e. a peak). Since the basepoint has height 0
(Lemma 6.1.3) then every point in λ1 must have height 0. But again by Lemma 6.1.3,
the only point with height 0 is the basepoint. Hence λ1 is actually the constant ‘loop’ at
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the basepoint, α0. Thus any loop λ is homotopic to a constant loop, hence the Space of
Domains is simply connected.

Corollary 6.3.3. The space Cn (for n ě 5) is simply connected.

Proof. This follows directly from Theorem 6.3.2 and Proposition 5.3.5.
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Paper 2: Generators for the Pure Symmetric Outer
Automorphisms of a Free Product

Harry M J Iveson

ABSTRACT. We construct a ‘nice’ subcomplex of the Outer Space for a free product
in order to give a geometric proof that the pure symmetric outer automorphisms of
a given splitting of a free product are generated by factor outer automorphisms and
Whitehead outer automorphisms relative to the splittting.

Introduction

The study of presentations of automorphism groups of free products dates back to
the 1940’s with Fouxe-Rabinovitch [3]. This may be viewed as a generalisation of the
study of automorphism groups of free groups, investigated by Nielsen in the 1920’s,
Neumann and Whitehead (independently) in the 1930’s, and many others. The focus
on symmetric automorphisms came later, studied by McCool in the free group case in
the 1980’s and McCullough–Miller [8] in the free product case in the 1990’s, who used
the geometry of a particular CW complex to achieve their results. Such complexes
encode various data on these automorphism groups, for example, connectivity may
be used to extract generators, and simple connectivity provides group presentations.
They may also be used for explicit homology/cohomology calculations, amongst other
group invariants and properties.

This paper complements the paper ‘A Presentation for the Group of Pure Symmetric
Outer Automorphisms of a Given Splitting of a Free Product’ [6], which uses simple
connectivity of a particular subcomplex “Cn” of Guirardel–Levitt’s ‘Outer Space’ [5] to
extract a group presentation using a method of Brown [2]. In that paper, we take a
shortcut in proving that Cn is connected, using a result of Gilbert [4] that the group in
question is generated by Whitehead (and factor) automorphisms. Proposition 4.2.12 of
this paper gives a direct proof of [6, Proposition 3.1.3], a key step in proving connectiv-
ity of Cn, without relying on any prior assumptions.

As a result of this, we achieve an alternative method for determining generators of the
pure symmetric outer automorphism group (described in Subsection 1.1) of a given
splitting of a free product. We show that this group is generated by the subgroup
comprising factor outer automorphisms (described in Subsection 1.2) relative to the
splitting and Whitehead outer automorphisms (described in Subsection 1.3) relative to
the splitting.

Theorem 5.0.5 (Main Theorem). Let G “ G1 ˚ ¨ ¨ ¨ ˚ Gn be a group which splits as a free
product of n ě 3 non-trivial factors, and let S “ pG1, . . . , Gnq. Then any pure symmetric
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outer automorphism Ψ P OutSpGq of the splitting G1 ˚ ¨ ¨ ¨ ˚ Gn can be written as a product of
factor outer automorphisms relative to S and Whitehead outer automorphisms relative to S.

We do this by showing that a particular subcomplex Sn (see Definition 3.2.1) of Guirardel–
Levitt’s [5] Outer Space is path connected.

Corollary 4.2.14. The subcomplex Sn is path-connected.

Our key ingredients are Proposition 4.2.12 and Proposition 5.0.3. The former is a state-
ment about our subcomplex Sn of Outer Space, detailing how one may find certain
paths within the subcomplex. The latter turns this into a statement about (outer) au-
tomorphisms, and how Whitehead and factor (outer) automorphisms are sufficient to
traverse these paths, and hence the subcomplex.

The paper begins with some background definitions and preliminary results. The vary-
ing types of automorphism we will encounter are introduced in Section 1, although for
the most part these will not be used until Section 5, where we prove our main theorem.
In order to discuss the ‘Outer Space’ for our free product splitting (Subsection 2.4), we
present some Bass–Serre theory regarding graphs of groups in Section 2. In Section 3
we introduce our subcomplex Sn of Outer Space relative to our chosen splitting of our
free product, and discuss some of its basic properties. The key ideas in this paper are
found in Section 4, where we use a reduction argument to show that our subcomplex
Sn is path connnected. Finally in Section 5 we use this result to determine generators
for the pure symmetric outer automorphism group of our free product splitting.

1 Automorphisms of G1 ˚ ¨ ¨ ¨ ˚ Gn

Below is a summary of definitions and notation regarding automorphisms adapted
from the notation of Gilbert [4] and McCool [7].

Throughout, we consider a group G which splits as a free product G1 ˚ ¨ ¨ ¨ ˚ Gn, where
each Gi is non-trivial and n ě 3. We refer to each Gi as a factor group.

Notation 1.0.1. Let G be a group. We denote by OutpGq the outer automorphism group
of G. Note that OutpGq “ AutpGqäInnpGq, where AutpGq is the group of automor-
phisms of G and InnpGq is the normal subgroup of AutpGq comprising all inner auto-
morphisms of G, that is, automorphisms of the form g ÞÑ h´1gh “: gh for some fixed
h P G.

We will usually write elements of OutpGq as upper-case Greek letters and their AutpGq
representatives as their lower-case counterparts, although if we are given ψ P AutpGq
we may sometimes write rψs for its class in OutpGq.
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1.1 Pure Symmetric Automorphisms

Definition 1.1.1. Let G “ G1 ˚ ¨ ¨ ¨ ˚ Gn be a group which splits as a non-trivial free
product, and denote S :“ pG1, . . . , Gnq.

• We say ψ P AutpGq is a pure symmetric automorphism of the splitting G1 ˚ ¨ ¨ ¨ ˚ Gn

if for each i there is some gi P G such that ψpGiq “ Ggi
i “ g´1

i Gigi. We de-
note the subgroup of AutpGq comprising these pure symmetric automorphisms
by AutSpGq.

• We say Ψ P OutpGq is a pure symmetric outer automorphism of the splitting if there is
some ψ P Ψ which is a pure symmetric automorphism of the splitting. We denote
the subgroup of OutpGq comprising these pure symmetric outer automorphisms
by OutSpGq.

• Let H1, . . . , Hn be subgroups of G “ G1 ˚ ¨ ¨ ¨ ˚ Gn. If for each i there exists gi P G
such that Hi “ Ggi

i , and moreover, G is generated by H1 Y ¨ ¨ ¨ Y Hn, then the free
product H1 ˚ ¨ ¨ ¨ ˚ Hn is equal to the group G. We summarise this by saying that
H1 ˚ ¨ ¨ ¨ ˚ Hn is an S-free splitting for G “ G1 ˚ ¨ ¨ ¨ ˚ Gn.

Observation 1.1.2. If G “ G1 ˚ ¨ ¨ ¨ ˚ Gn where the factor groups Gi are non-trivial, not
infinite cylic, and freely indecomposable, then G1 ˚ ¨ ¨ ¨ ˚Gn is a Grushko decomposition
for G, and by the Grushko Decomposition Theorem, the Gi’s are unique up to permu-
tation of their conjugacy classes in G. In particular, if the Gi’s are additionally pairwise
non-isomorphic, we deduce that every automorphism of G is a pure symmetric auto-
morphism of the splitting. That is, AutSpGq “ AutpGq and OutSpGq “ OutpGq (where
S “ pG1, . . . , Gnq).

Remark. Note that InnpGq ď AutSpGq ď AutpGq. We then have that AutSpGqäInnpGq “
OutSpGq and moreover, if Ψ P OutSpGq, then every representative of Ψ in AutpGq is in
fact in AutSpGq.

Lemma 1.1.3. Let G “ G1 ˚ ¨ ¨ ¨ ˚ Gn and S “ pG1, . . . , Gnq. Then H1 ˚ ¨ ¨ ¨ ˚ Hn is an S-
free splitting for G if and only if there exists ψ P AutSpGq such that Hi “ ψpGiq for each
i P t1, . . . , nu.

Proof. First, suppose H1 ˚ ¨ ¨ ¨ ˚Hn is an S-free splitting for G. Then there exist g1, . . . , gn P

G such that for each i, Hi “ Ggi
i . We may now define a map ψ by setting ψpgq :“ ggi

for each g P Gi and each i P t1, . . . , nu. By the universal property for free products,
ψ extends to an endomorphism of G1 ˚ ¨ ¨ ¨ ˚ Gn “ G. Similarly, the map φ given by
φpgq :“ gg´1

i for each g P Ggi
i and each i P t1, . . . , nu extends to an endomorphism of

Gg1
1 ˚ ¨ ¨ ¨ ˚ Ggn

n “ G. Noting that φ is an inverse for ψ, we see that ψ is bijective. Hence
ψ P AutpGq and thus ψ P AutSpGq.
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Now suppose ψ P AutSpGq. Then there exist g1, . . . , gn P G such that for each i, ψpGiq “

Ggi
i . Observe that since ψ is an automorphism of G ψpG1q ˚ ¨ ¨ ¨ ˚ ψpGnq “ ψpG1 ˚ ¨ ¨ ¨ ˚

Gnq “ G1 ˚ ¨ ¨ ¨ ˚ Gn. Hence ψpG1q ˚ ¨ ¨ ¨ ˚ ψpGnq is an S-free splitting for G.

1.2 Factor Automorphisms

Definition 1.2.1. Let G “ G1 ˚ ¨ ¨ ¨ ˚ Gn and S “ pG1, . . . , Gnq. We say φ P AutSpGq
is a factor automorphism relative to S if for each i P t1, . . . , nu, φ|Gi (i.e. φ with domain
restricted to the embedding of Gi in G) is an automorphism of Gi, that is, φ|Gi P AutpGiq.

We say Φ P OutSpGq is a factor outer automorphism relative to S if Φ has a representative
φ P AutSpGqwhich is a factor automorphism relative to S.

When S is understood we will simply say φ (or Φ) is a factor (outer) automorphism.

Remark. The set of factor automorphisms relative to S forms a subgroup of AutSpGq

which is isomorphic to
n
ź

i“1

AutpGiq, via the map φ ÞÑ pφ|G1 , . . . , φ|Gnq. Note that the

only factor automorphism relative to S which is also an inner automorphism is the
identity, so by the Second Isomorphism Theorem, we also have that the set of factor

outer automorphisms relative to S in OutSpGq is isomorphic to
n
ź

i“1

AutpGiq.

1.3 Whitehead Automorphisms

Definition 1.3.1. Let G “ G1 ˚ ¨ ¨ ¨ ˚ Gn and S “ pG1, . . . , Gnq, take i P t1, . . . , nu, fix
some x P Gi, and let Y Ď tG1, . . . , Gnu ´ tGiu.

We denote by pY, xq the automorphism in AutSpGq which for each j P t1, . . . , nu maps

g P Gj by g ÞÑ

#

x´1gx if Gj P Y
g if Gj R Y

. We call such an automorphism a Whitehead auto-

morphism relative to S, and say that Gi is its operating factor.

An element Ψ P OutSpGq will be called a Whitehead outer automorphism relative to S if
it has some representative ψ P AutSpGq which is a Whitehead automorphism relative
to S.

When S is understood we will simply say ψ (or Ψ) is a Whitehead (outer) automor-
phism.

Remark. Our notation differs from that of Gilbert [4] in that we do not include the op-
erating factor Gi in the set Y.

We write gx for the conjugation x´1gx. If Y “ tGju we will often write pGj, xq for
ptGju, xq.
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Observation 1.3.2. Note that Whitehead automorphisms relative to S leave their oper-
ating factor pointwise fixed. If ιh P AutpGq is the inner automorphism g ÞÑ h´1gh “ gh

and ptG1, . . . , Gmu, g0q is a Whitehead automorphism relative to S with g0 P Gi (and
i ą m for ease of notation), then ptG1, . . . , Gmu, g0qιg cannot pointwise fix any factor
Gj unless either g “ 1 or g “ g´1

0 , in which case g P Gi so g R Gj. Hence there is no
candidate for operating factor unless g “ 1, and so the only Whitehead automorphism
relative to S in the outer automorphism class rptG1, . . . , Gmu, g0qs is ptG1, . . . , Gmu, g0q

itself. Thus if Ψ P OutSpGq is a Whitehead outer automorphism relative to S, then Ψ
has a unique representative ψ P AutSpGqwhich is a Whitehead automorphism relative
to S.

We will therefore say that if ψ P AutSpGq is a Whitehead automorphism relative to S

with operating factor Gi, then rψs P OutSpGq has operating factor Gi.

2 Graphs of Groups for G1 ˚ ¨ ¨ ¨ ˚ Gn

We now give a brief background in Bass–Serre theory with the aim of constructing an
OutSpGq-invariant complex for the splitting G “ G1 ˚ ¨ ¨ ¨ ˚ Gn where n ě 3. Vertices
(0-cells) in this complex will be equivalence classes of certain graphs of groups. We will
require that all of our graphs of groups are trees, and have trivial edge groups. To aid in
our construction, we define pn, kq-trees below, which will satisfy these conditions. Note
that our idea of a graph differs from that of Serre [9], in that we have a single unoriented
edge between adjacent vertices, which may later be assigned an orientation.

Definition 2.0.1.

• An pn, kq-tree T is a finite simplicial tree with vertex set VpTq “ tv1, . . . vn, u1, . . . , uku

(with the possibility that k “ 0, i.e. VpTq “ tv1, . . . , vnu) and edge set EpTq Ď
VpTq ˆVpTq such that each vertex uj has valency at least 3. We consider pw1, w2q

and pw2, w1q to be the same edge. We will refer to the uj’s as ‘trivial vertices’.

• An orientation of T is a pair of maps o : EpTq Ñ VpTq and t : EpTq Ñ VpTq such
that for any edge e of T with endpoints w1 and w2, we have topeq, tpequ “ tw1, w2u

as sets.

• An pn, kq-automorphism of T is a graph automorphism γ of T (i.e. a bijection T Ñ T
which sends vertices to vertices and edges to edges, and preserves adjacency)
which satisfies γpviq P tv1, . . . , vnu and γpujq P tu1, . . . , uku for each i P t1, . . . , nu
and each j P t1, . . . , ku.
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2.1 S-Labellings

Now that we have defined our underlying graphs, we can construct our graphs of
groups by equipping our graphs with ‘S-labellings’:

Definition 2.1.1. Let G “ G1 ˚ ¨ ¨ ¨ ˚ Gn be a free product with S “ pG1, . . . , Gnq, let
H1 ˚ ¨ ¨ ¨ ˚ Hn be an S-free splitting for G, and let σ P Sn be some permutation of
t1, . . . , nu (so t1, . . . , nu “ tσp1q, . . . , σpnqu as sets). Let T be an pn, kq-tree and γ an
pn, kq-automorphism of T.

We define pγpTq : Hσp1q, . . . , Hσpnqq to be the graph of groups whose edge groups are all
trivial, each vertex γpujq for j P t1, . . . , ku has trivial vertex group, and each vertex γpviq

for i P t1, . . . , nu has vertex group Hσpiq. We call pγpTq : Hσp1q, . . . , Hσpnqq an S-labelling
of γpTq.

Remark. Since γ is an automorphism of T, then as abstract graphs we have γpTq “ T.
Moreover, if η P Sn is such that for each i P t1, . . . , nu, γpviq “ vηpiq, then
pT : Hσpη´1p1qq, . . . , Hσpη´1pnqqq and pγpTq : Hσp1q, . . . , Hσpnqq describe identical construc-
tions. We will thus often suppress γ and subsume η into the permutation σ.

Definition 2.1.2. Let σ, τ P Sn and let TH :“ pT : Hσp1q, . . . , Hσpnqq and TK :“
pT : Kτp1q, . . . , Kτpnqq be two S-labellings of an pn, kq-tree T. For i P t1, . . . , nu, set Hvi :“
Hσpiq and Kvi :“ Kτpiq, and for j P t1, . . . , ku, set Huj :“ t1u and Kuj :“ t1u.

We say that TH and TK are equal as S-labellings of T, written TH “ TK, if (and only if) the
map vj ÞÑ vpσ´1pτpjqq extends to an pn, kq-automorphism of T, and for each i P t1, . . . , nu
there exists hi P Hi so that Ki “ Hhi

i . In particular, pT : Gh1
1 , . . . , Ghn

n q “

pT : G
kσp1q

σp1q
, . . . , G

kσpnq

σpnq
q if and only if the map vj ÞÑ vσ´1pjq extends to an pn, kq-automorphism

of T, and for each i P t1, . . . , nu there exists gi P Gi such that ki “ gihi.

We say that TH and TK are equivalent as S-labellings of T, written TH » TK, if (and only
if) the map vj ÞÑ vpσ´1pτpjqq extends to an pn, kq-automorphism of T, and there exists an
orientation of T such that for every w P VpTq there exists hw P G “ G1 ˚ ¨ ¨ ¨ ˚ Gn with
Kw “ Hhw

w and moreover htpeqhopeq
´1
P Hopeq.

Remark. This idea of equivalence is a simplified version of taking isomorphism classes
of graphs of groups, as described by Bass in [1, Section 2]. Our simplification relies on
having trivial edge groups, and the fact that our graphs of groups are trees. Note that
» is indeed an equivalence relation on the set of S-labellings of T. We will denote the
equivalence class of an S-labelling TH by rTHs.

Observation 2.1.3. Let T be an pn, kq-tree and let H1 ˚ ¨ ¨ ¨ ˚ Hn be an S-free splitting for
G “ G1 ˚ ¨ ¨ ¨ ˚ Gn (where S “ pG1, . . . , Gnq).

Let φ P AutSpGq be a factor automorphism. Then for each i P t1, . . . , nu, φpGiq “ Gi,
and we have pT : φpGσp1qq, . . . , φpGσpnqqq “ pT : Gσp1q, . . . , Gσpnqq.
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Now let x P G and let ιx P AutpGq be the inner automorphism g ÞÑ x´1gx “ gx. Then
pT : ιxpHσp1qq, . . . , ιxpHσpnqqq “ pT : Hx

σp1q
, . . . , Hx

σpnq
q » pT : Hσp1q, . . . , Hσpnqq since x P G,

and regardlesss of the orientation chosen for T, we have htpeqh´1
opeq

“ xx´1 “ 1 P Hopeq

for each edge e of T.

That is to say, inner automorphisms preserve equivalence classes of S-labellings, and
factor automorphisms preserve S-labellings whose vertex groups are precisely the
groups G1, . . . , Gn.

2.2 Collapses

In order to build our complex, we will need some kind of relation between our graphs
of groups; we may then have edges (1-cells) in our complex whenever their endpoints
are related. The relation we use is ‘collapsing’:

Definition 2.2.1. Let G “ G1 ˚ ¨ ¨ ¨ ˚ Gn be a free product with S “ pG1, . . . , Gnq and let
pT : Hσp1q, . . . , Hσpnqq be an S-labelling of some pn, kq-tree T.

• We say an edge of pT : Hσp1q, . . . , Hσpnqq is collapsible if it has at least one trivial
endpoint (i.e. at least one endpoint whose vertex group is the trivial group).

• The process of replacing a collapsible edge (including its endpoints) of
pT : Hσp1q, . . . , Hσpnqq by a single vertex whose vertex group is the free product
of the vertex groups of the endpoints of said edge is called collapsing. This new
vertex group will always be of the form H ˚ t1u, which we will write simply as H
(for H P t t1u, Hσp1q, . . . , Hσpnqu).

• We say pT1 : H1
τp1q

, . . . , H1
τpnq
q is a collapse of pT : Hσp1q, . . . , Hσpnqq if

pT1 : H1
τp1q

, . . . , H1
τpnq
q can be achieved as the result of successively collapsing

edges of pT : Hσp1q, . . . , Hσpnqq. Note that we do not consider a graph of groups to
be a collapse of itself.

Observation 2.2.2. Suppose we have pT1 : Hσp1q, . . . , Hσpnqq » pT1 : H1
τp1q

, . . . , H1
τpnq
q for

some pn, kq-tree T1. Fix some collapsible edge e of T1, and let T2 be the tree resulting
from the collapse of e in T1. Then T2 is an pn, k ´ 1q-tree and pT2 : Hσp1q, . . . , Hσpnqq »

pT2 : H1
τp1q

, . . . , H1
τpnq
q.

We may thus consider collapses on equivalence classes of S-labellings in the natural
way, i.e. rT1s is a collapse of rTs if there is some representative pT : Hσp1q, . . . , Hσpnqq of
rTs and some representative pT1 : H1

τp1q
, . . . , H1

τpnq
q of rT1s such that pT1 : H1

τp1q
, . . . , H1

τpnq
q

is a collapse of pT : Hσp1q, . . . , Hσpnqq. Note that if rpT1 : H1
τp1q

, . . . , H1
τpnq
qs is a collapse of

rpT : Hσp1q, . . . , Hσpnqqs then pT1 : H1
τp1q

, . . . , H1
τpnq
q » pT1 : Hσp1q, . . . , Hσpnqq.
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2.3 Universal Cover of an S-Labelling

The Fundamental Theorem of Bass–Serre Theory tells us that we have a correspondence
between graphs of groups and certain G-trees (namely, their universal covers), which
we will later exploit. We adapt the following construction from Serre [9, Chapter I
Section 5.3], restricted to our case of pn, kq-trees.

Definition 2.3.1 (Serre [9]). Let G “ G1 ˚ ¨ ¨ ¨ ˚Gn be a free product with S “ pG1, . . . , Gnq

and let TH :“ pT : H1, . . . , Hnq be an S-labelling of some pn, kq-tree T with vertex set
VpTq “ tv1, . . . vn, u1, . . . , uku and edge set EpTq. For i P t1, . . . , nu, set Hvi :“ Hi and for
j P t1, . . . , ku, set Huj :“ t1u. The universal cover of TH, denoted ĂTH, is the infinite tree
with vertex set VpĂTHq “

ğ

gPG
wPVpTq

Hw¨g and edge set EpĂTHq “
ğ

gPG
ePEpTq

e¨g (with ope¨gq “ Hopeq¨g),

where Hw¨g is the coset thg | h P Hwu Ă G.

Observation 2.3.2. We have a natural isometric action of G on ĂTH given by px¨gq ¨ h “ x¨gh
for x¨g P VpĂTHq Y EpĂTHq and h P G. Under this action we have that the G-stabiliser of
each edge in ĂTH is trivial (since all edge groups in TH are trivial), and the G-stabiliser
of a vertex Hw¨g in ĂTH is precisely the subgroup g´1Hwg “ Hw

g of G.

Remark. If a vertex w P VpTq has valency N in T, then the vertex Hw¨g P VpĂTHq will
have valency N|Hw| in ĂTH. In particular, if Hw “ t1u then these valencies must be
equal. However, if Hw is infinite, then Hw¨g will have infinite valency in ĂTH.

2.4 Outer Space for a Free Product

There are several equivalent formulations of an ‘Outer Space’ on which OutSpGq acts.
Originally, the study of the (pure) symmetric automorphisms of a free product by their
action on a cellular complex was due to McCullough–Miller [8]. Later, Guirardel–
Levitt [5] introduced their deformation space for studying the outer automorphisms
of a Grushko decomposition of a free product. This space retracts onto a cellular com-
plex which, in the case where there is no free rank, is equivalent to that of McCullough–
Miller. Since our decomposition need not be a Grushko decomposition, the Outer Space
we use is due to McCullough–Miller. However, the description we give is more in the
spirit of Guirardel–Levitt.

Let G “ G1 ˚ ¨ ¨ ¨ ˚ Gn be a free product with n ě 3 where each factor group Gi is non-
trivial, and set S “ pG1, . . . , Gnq.

Remark. The relation ‘pT1 : Hσp1q, . . . , Hσpnqq is a collapse of pT2 : Hσp1q, . . . , Hσpnqq’ de-
fines a strict partial order on the set of collapses of equivalence classes of S-labellings
of a given pn, kq-tree. This extends to encompass all pn, kq-trees, even when k is allowed
to vary.
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Definition 2.4.1. Let G “ G1 ˚ ¨ ¨ ¨ ˚ Gn and S “ pG1, . . . , Gnq be as above. The complex
OnpSq is the geometric realisation of the poset of equivalence classes of S-labellings of
pn, kq-trees (where n ě 3 is fixed and k ě 0 varies), with T1 ă T2 if (and only if) T2 is a
collapse of T1.

In this paper, we will always have S “ pG1, . . . , Gnq, and so we will write On for OnpSq.

Remark. Note that On is a simplicial complex. Moreover for m ě 2, for each pm` 1q-
clique in Op1q

n there is a unique m-cell in On which contains precisely the vertices of that
clique. That is to say, On is the flag complex on Op1q

n .

Notation 2.4.2. We will call cells in Op0q
n ‘vertices’; these are equivalence classes of S-

labellings of pn, kq-trees. We will call cells in Op1q
n ‘edges’; there is an edge rT1s—rT2s

precisely when rT2s is a collapse of rT1s. We may abuse notation and also write rT1s—rT2s

when rT1s is a collapse of rT2s.

By Observation 1.1.2, if the factor groups Gi are additionally freely indecomposable
and not infinite cyclic, then G1 ˚ ¨ ¨ ¨ ˚ Gn is a Grushko decomposition for G, and our
description of On is precisely the barycentric spine of Guirardel and Levitt’s ‘Outer
Space for a Free Product’ [5] (where the barycentric spine is a CW-complex resulting
from taking the first barycentric subdivision of Outer Space and linearly retracting off
the ‘missing’ faces).

We thus have that On is isometric to the barycentric spine of Guirdardel and Levitt’s
Outer Space for a free product of n non-trivial, freely indecomposable, not infinite
cyclic, pairwise non-isomorphic factors (even when our factor groups do not satisfy
these conditions — since we want an action of OutSpGq, not OutpGq).

Definition 2.4.3. Let Ψ P OutSpGq have representative ψ P AutSpGq and let T0 “

pT : Hσp1q, . . . , Hσpnqq be a representative of some point rT0s in Op0q
n . We define:

Ψ ¨ rT0s :“ rpT : ψpHσp1qq, . . . , ψpHσpnqqqs

Remark. Note that by Lemma 1.1.3, Ψ ¨ rT0s is indeed a point in On. One ought to
additionally check that this action is independent of both the choice of representative
for Ψ P OutS G and the choice of representative for rT0s P Op0q

n . The former point
is addressed by Observation 2.1.3 and the latter point is a similarly straightforward
exercise.

Observation 2.4.4. From Observation 2.2.2 we deduce that if rT0s—rT1s is an edge in On,
then so too is pΨ ¨ rT0sq— pΨ ¨ rT1sq for any Ψ P OutSpGq. Thus the action of OutSpGq
on Op0q

n preserves adjacency, and we may extend this to an action on On by sending
a cell corresponding to an pm` 1q-clique tV0, . . . , Vmu to the cell corresponding to the
OutSpGq-image of the pm` 1q-clique, tΨ ¨V0, . . . , Ψ ¨Vmu.



160 Paper 2. Connectivity of Sn

3 A Subcomplex Sn of Outer Space

In this paper, we care about two specific types of vertices in Op0q
n : α-graph classes and

A-graph classes. We will then consider the subcomplex Sn of On spanned by these
vertices. This subcomplex will encode Whitehead outer automorphisms of the splitting
G1 ˚ ¨ ¨ ¨ ˚Gn. Throughout, we assume that n ě 3 (as neither α nor A graphs make sense
for n ă 3).

3.1 α-Graphs and A-Graphs

We begin by describing ‘α-graphs’ and ‘A-graphs’, and their basic properties (equiva-
lence and adjacency).

Definition 3.1.1. We define α to be the pn, 1q-tree in Figure 2.1. We say rα0s P Op0q
n is an

α-graph class if it has a representative α0 “ pα : Hσp1q, . . . , Hσpnqqwhich is an S-labelling
of α (for some σ P Sn). We call α0 itself an α-graph.

u1

v1
v2

v3vpn´1q

vn

FIGURE 2.1: The Graph ‘α’ with vertices v1, . . . , vn, u1

Remark. Note that if n ă 3 then α is not well-defined as an pn, kq-tree, since we require
u1 to have valency at least 3.

Observation 3.1.2. Given σ P Sn, we can define a map γσ on α by vj ÞÑ vσpjq, u1 ÞÑ u1,
and u1 — vj ÞÑ u1 — vσpjq for each j P t1, . . . , nu. Clearly γσ is a graph automorphism of
α and satisfies γσpvjq P tv1, . . . , vnu, that is, γσ is an pn, 1q-automorphism of α. Now for
any S-labelling pα : Hσp1q, . . . , Hσpnqq of α, we have:

pα : Hσp1q, . . . , Hσpnqq “ pα : H1, . . . , Hnq

Lemma 3.1.3. Two S-labellings, pα : H1, . . . , Hnq and pα : K1, . . . , Knq, of α are equivalent if
and only if there exists some g P G so that for each j P t1, . . . , nu, Kj “ Hg

j .

Proof. Suppose pα : H1, . . . , Hnq » pα : K1, . . . , Knq. Then there exist hu, h1, . . . , hn P G
so that for all j P t1, . . . , nu, Kj “ H

hj
j (and t1uhu “ t1u). Moreover, for some fixed

orientation of α, we have htpeqh´1
opeq

P Hopeq for every edge e of α (where Hu1 “ t1u).
Every edge of α is of the form u1 — vj “: ej. If opejq “ u1 then hjh´1

u P t1u, that is,

hj “ hu and so Kj “ H
hj
j “ Hhu

j . If opejq “ vj then huh´1
j P Hj and Kj “ H

hj
j “ Hhu

j .
Hence taking g “ hu, we have that for every j P t1, . . . , nu, Kj “ Hg

j .
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Now suppose there exists g P G such that for every j P t1, . . . , nu, Kj “ Hg
j . Note that

Ku1 “ t1u “ t1ug “ Hg
u1 . Set hw “ g for every vertex w of α. Since gg´1 “ 1, then

regardless of orientation, we have htpeqh´1
opeq

“ 1 P Hopeq for every edge e of α. Hence
pα : H1, . . . , Hnq » pα : K1, . . . , Knq.

Definition 3.1.4. We define A to be the pn, 0q-tree in Figure 2.2. We say rA0s P Op0q
n

is an A-graph class if it has a representative A0 “ pA : Hσp1q, . . . , Hσpnqq which is an
S-labelling of A (for some σ P Sn). We call A0 itself an A-graph.

v1

vj

v2vn

FIGURE 2.2: The Graph ‘A’ with Vertices v1, v2, . . . , vn

Remark. While the graph A may be defined when n “ 2, the idea is to have a single ver-
tex with valency strictly greater than 1, so to keep within the spirit of this, we assume
n ě 3.

Observation 3.1.5. Note that if η P Sn fixes 1 (i.e. ηp1q “ 1), then η extends to a graph
automorphism of A via the same method as Observation 3.1.2. Now fix σ P Sn with
σp1q “ i for some i P t1, . . . , nu and let pA : Hσp1q, . . . , Hσpnqq be an S-labelling of A.
Taking τ :“ pi i´ 1 . . . 2 1q P Sn, we have that σ´1τ P Sn and σ´1pτp1qq “ σ´1piq “ 1.
Thus pA : Hσp1q, Hσp2q, . . . , Hσpnqq “ pA : Hτp1q, Hτp2q, . . . , Hτpiq, Hτpi`1q, . . . , Hτpnqq “

pA : Hi, H1, . . . , Hi´1, Hi`1, . . . , Hnq.

Notation 3.1.6. We will write pA : Hi; H1, . . . , Hnq for the S-labelling
pA : Hi, H1, . . . , Hi´1, Hi`1, . . . , Hnq of A. Note that for any σ P Sn with σpiq “ i, we
have:

pA : Hi; H1, . . . , Hnq “ pA : Hi; Hσp1q, . . . , Hσpnqq

Lemma 3.1.7. Two S-labellings, pA : Hi; H1, . . . , Hnq and pA : Kk; K1, . . . , Knq, of A are
equivalent if and only if k “ i and there exist g P G and g1, . . . , gn P Hi so that for each
j P t1, . . . , nu, Kj “ H

gjg
j .

Proof. Suppose pA : Hi; H1, . . . , Hnq » pA : Kk; K1, . . . , Knq. Then there exist h1, . . . , hn P

G so that for all j P t1, . . . , nu, Kj “ H
hj
j . Moreover, since n ě 3, for some fixed

orientation of A, we have htpeqh´1
opeq

P Hopeq for every edge e of A. Since any pn, 0q-
automorphism of A must fix the vertex v1, we deduce that k “ i. To ease notation, we

will relabel the vertices of A by wj :“

$

’

&

’

%

vj`1 if j ă i
v1 if j “ i
vj if j ą i

. Now each edge of A is of the

form wi — wj “: ej for j P t1, . . . , nu ´ tiu. If opejq “ wj then hih´1
j P Hj and we have
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Kj “ H
hj
j “ Hhi

j . If opejq “ wi then hjh´1
i P Hi. Note that Kj “ H

hj
j “ H

hjh
´1
i hi

j . Now

taking g :“ hi, gi :“ 1, and for j P t1, . . . , nu ´ tiu, gj :“

#

1 if opejq “ wj

hjh´1
i if opejq “ wi

, we

have that for each j P t1, . . . , nu, Kj “ H
gjg
j , with g1, . . . , gn P Hi.

Now suppose there exist g P G and g1, . . . , gn P Hi such that for every j P t1, . . . , nu,
Kj “ H

gjg
j . We choose an orientation of A by setting opejq :“ wi (where ej :“ wi — wj)

for each j P t1, . . . , nu ´ tiu, and we set hj :“ gjg for each j P t1, . . . , nu. Now for each
j P t1, . . . , nu ´ tiu, we have htpeqh´1

opeq
“ pgjgqpgigq´1 “ gjgg´1g´1

i “ gjg´1
i P Hi since

gi, gj P Hi. Thus pA : Hi; H1, . . . , Hnq » pA : Ki; K1, . . . , Knq.

Lemma 3.1.8. Let rα0s P Op0q
n be an α-graph class with representative pα : H1, . . . , Hnq.

Then rTs P Op0q
n is a collapse of rα0s if and only rTs is an A-graph class with representative

pA : Hi; H1, . . . , Hnq for some i P t1, . . . , nu.

Proof. First, note that α0 has only one trivial vertex, so any collapse of α0 is the result
of collapsing precisely one edge in α0. For i P t1, . . . , nu, denote the edge in α0 between
t1u and Hi by ei. Observe that every edge of α0 is of this form, and so every edge of α0

is collapsible. Collapsing an edge ei of α0 results in the graph of groups
pA : Hi; H1, . . . , Hnu. Hence T is a collapse of α0 if and only if T results from collapsing
some edge ei of α0, so T is a collapse of α0 if and only if T “ pA : Hi; H1, . . . , Hnq for
some i P t1, . . . , nu.

3.2 Construction of the Subcomplex Sn

We are now ready to build our subcomplex Sn of On. We will then see how we can
move from α-graph class to α-graph class in Sn by applying elements of OutSpGq found
in the OutSpGq-stabilisers of A-graph classes.

Definition 3.2.1. For n ě 3, we define Sn to be the subcomplex of On comprising α-
graph classes and A-graph classes, as well as all edges whose endpoints are α-graph
classes or A-graph classes. That is, Sn is the subcomplex of On spanned by α-graph
classes and A-graph classes.

Observation 3.2.2. By Lemma 3.1.8, we see that Sn is a 1-dimensional simplicial complex
(i.e. a graph). Moreover, since α is an pn, 1q-tree and A is an pn, 0q-tree and pn, kq-trees
collapse to pn, k´ 1q-trees, then no α-graph can collapse to another α-graph, and no A-
graph can collapse to another A-graph. Thus Sn is bipartite between the set of α-graph
classes and the set of A-graph classes.

Notation 3.2.3. We denote α :“ pα : G1, . . . , Gnq and for i P t1, . . . , nu,
Ai :“ pA : Gi; G1, . . . , Gnq “ pA : Gi, G1, . . . , Gi´1, Gi`1, . . . , Gnq.
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Observation 3.2.4. From Lemma 3.1.8 we see that the collapses of rαs are precisely the
vertices rA1s, . . . , rAns in Sp0q

n .

Observation 3.2.5. The subcomplex Sn inherits the OutSpGq action from On. Note that
by Lemma 1.1.3, the subgraph of Sn comprising the α-graph class rαs, the A-graph
classes A1, . . . , An, and the edges joining them forms a strict fundamental domain for
the action of OutSpGq restricted to Sn. In particular, there are precisely n` 1 OutSpGq-
orbits of vertices and n OutSpGq-orbits of edges in Sn.

Lemma 3.2.6. Suppose we have an edge path rα0s—rA1s—rα1s in Sn, where rα0s and rα1s are
α-graph classes and rA1s is an A-graph class. Then there exists Ψ P OutSpGq with
Ψ ¨ rA1s “ rA1s and rα1s “ Ψ ¨ rα0s.

Proof. Suppose rα0s has representative α0 “ pα : H1, . . . , Hnq and rα1s has representative
α1 “ pα : K1, . . . , Knq. Then H1 ˚ ¨ ¨ ¨ ˚ Hn and K1 ˚ ¨ ¨ ¨ ˚ Kn are both S-free splittings
for G, so by Lemma 1.1.3, there exist φ, ψ P AutSpGq so that for each j P t1, . . . , nu,
Hj “ φpGjq and Kj “ ψpGjq (hence Kj “ ψpφ´1pHjqq). In particular, rα1s “ rψφ´1s ¨ rα0s

where rψφ´1s P OutSpGq is the outer automorphism class containing ψφ´1. Now by
Observation 2.2.2, since rA1s is a collapse of both rα0s and rα1s, we have A1 »

pA : Hi; H1, . . . , Hnq » pA : Ki; K1, . . . , Knq for some i P t1, . . . , nu. Hence

rψφ´1s ¨ rA1s “ rψφ´1s ¨ rpA : Hi; H1, . . . , Hnqs

“ rpA : ψpφ´1pHiqq; ψpφ´1pH1qq, . . . , ψpφ´1pHnqqqs

“ rpA : Ki; K1, . . . , Knqs

“ rA1s

4 Connectedness of the Subcomplex Sn

Recall that n ě 3, G “ G1 ˚ ¨ ¨ ¨ ˚ Gn, S “ pG1, . . . , Gnq, and α “ pα : G1, . . . , Gnq. The
main goal of this Section is to prove Proposition 4.2.12 — that is, given an arbitrary α-
graph class rα0s in Sn, we can find a path in Sn from rα0s to rαs. An immediate corollary
of this is that Sn is path connected (Corollary 4.2.14). Proposition 4.2.12 will be key to
proving our main theorem, Theorem 5.0.5.

4.1 The Universal Cover of α

The majority of the arguments in this Section will take place in the universal cover of α.
We will thus begin by establishing some notation regarding this, as well as some useful
(but technical) lemmas.
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Notation 4.1.1. Let U :“ t1u be the vertex group in α for the vertex u1 of the graph α

(see Figure 2.1). From Definition 2.3.1, we see that the universal cover of α, denoted
rα, has vertex set Vprαq “

ğ

gPG
iPt1,...,nu

Gi¨g \
ğ

gPG

U¨g and edge set Eprαq “
ğ

gPG
jPt1,...,nu

ej¨g where for each

j P t1, . . . , nu, ej is the edge joining t1u “ U and Gj in α. Note then that ej¨g has
endpoints U¨g and Gj¨g. We will call vertices of the form Gi¨g ‘C-vertices’ (‘C’ for coset)
and vertices of the form U¨g ‘U-vertices’. Given H P tU, G1, . . . , Gnu, we will often
write H¨1 “ H.

Observation 4.1.2. Note that rα is bipartite between the set of C-vertices and the set of
U-vertices, that is, every neighbour of a U-vertex is a C-vertex, and vice versa. Every
edge of rα has trivial G-stabiliser, and so does every U-vertex. A C-vertex Gi¨g of rα has
stabiliser Gg

i in G. Note that every U-vertex has valency exactly n; in particular the
neighbours of a vertex U¨g of rα are precisely the vertices G1¨g, . . . , Gn¨g. A C-vertex
Gi¨g has valency equal to |Gi|— this will often be infinite.

We sketch part of the universal cover rα of α in Figure 2.3.

U

G1

GiGj

Gn

U¨x

G1¨x

Gj¨x

Gn¨x

U¨yx
G1¨yx

Gi¨yx

Gn¨yx
U¨zx

G1¨zx

Gi¨zx

Gn¨zx

U¨y

G1¨y

Gi¨y Gn¨y

U¨xy
G1¨xy

Gj¨xy

Gn¨xy

U¨z
G1¨z

Gi¨z

Gn¨z

U¨xz

G1¨xz

Gj¨xz

Gn¨xz

FIGURE 2.3: A Small Part of rα, with x P Gi and y, z P Gj

Observation 4.1.3. Fix i P t1, . . . , nu and let gi, h P G “ G1 ˚ ¨ ¨ ¨ ˚ Gn. As cosets we have
that Gi¨gih “ Gi¨gi ô Gi¨gihg´1

i “ Gi ô gihg´1
i P Gi ô h P g´1

i Gigi “ Ggi
i . Moreover,

since Gi is malnormal in G (as it is a free factor), we have that Ggih
i “ Ggi

i ô Ggihg´1
i

i “

Gi ô gihg´1
i P Gi ô h P g´1

i Gigi “ Ggi
i . Thus Gi¨gih “ Gi¨gi as cosets if and only if

Ggih
i “ Ggi

i as subgroups of G.

Notation 4.1.4. We will write rP, Qs for the geodesic in rα from the vertex P to the vertex
Q. We write rP1, P2, . . . , Pqs to mean that the vertices P2, . . . , Pq´1 lie on the geodesic
rP1, Pqs, in the order given. We allow the possibility that Pi “ Pi`1 for i P t1, . . . , q´ 1u.
The length of a geodesic rP, Qs is simply the number of edges it contains (equivalently,
one less than the number of vertices it contains), written |rP, Qs|.
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Lemma 4.1.5. Let Gj¨gj be a C-vertex in rα (so j P t1, . . . , nu and gj P G) and suppose h P Ggk
k

is non-trivial, for some k P t1, . . . , nu and some gk P G with Ggk
k ‰ G

gj
j . Then the C-vertex

Gk¨gk in rα lies halfway along the rα-geodesic rGj¨gj, Gj¨gjhs.

Remark. This Lemma holds more generally whenever we have a tree equipped with an
edge-free action and an elliptic element. Nevertheless, it will be useful to familiarise
ourselves with the details of the tree rα by proving it in this specific case.

Proof. We consider the rα-geodesic rGj¨gj, Gk¨gks. Since Ggk
k ‰ G

gj
j then by Observation

4.1.3, Gj¨gj ‰ Gk¨gk, and are thus distinct C-vertices in rα. Due to the bipartite structure
of rα, there is some U-vertex U¨x (where x P G) on the geodesic rGj¨gj, Gk¨gks. Let U¨y be
the closest such vertex to Gk¨gk (i.e. its neighbour).

Note that since h P Ggk
k then h stabilises Gk¨gk, that is, Gk¨gk ¨ h “ Gk¨gkh “ Gk¨gk. By

the action of G on rα, we have rGj¨gj, Gk¨gks ¨ h “
“

Gj¨gj ¨ h, Gk¨gk ¨ h
‰

“ rGj¨gjh, Gk¨gks.
Moreover, the vertex U¨yh in rα lies on rGj¨gjh, Gk¨gks and is adjacent to Gk¨gk. Since each
U-vertex has trivial stabiliser (and h is assumed to be non-trivial) then U¨y and U¨yh
are distinct vertices in rα. Thus rGj¨gj, Gk¨gks X rGj¨gjh, Gk¨gks “ tGk¨gku.

Since rα is a tree, we conclude that the rα-geodesic rGj¨gj, Gj¨gjhs is the concatenation
of the geodesics rGj¨gj, Gk¨gks and rGj¨gj, Gk¨gks ¨ h “ rGk¨gk, Gj¨gjhs. Hence Gk¨gk lies
halfway along rGj¨gj, Gj¨gjhs, as required.

The following Lemma is a technical result required for the proof of Lemma 4.2.9 (which
in turn is required for our main ingredient of Proposition 4.2.12, Lemma 4.2.10).

Lemma 4.1.6. Suppose Gg1
1 ˚ ¨ ¨ ¨ ˚ Ggn

n is an S-free splitting of G. Let k0 P t1, . . . , nu and
let Gk0 ¨gk0 h1 . . . hm be a vertex in rα such that h1 . . . hm is a reduced word with respect to
the splitting Gg1

1 ˚ ¨ ¨ ¨ ˚ Ggn
n , and h1 R G

gk0
k0

(that is, for each i P t1, . . . , mu, hi belongs to

a factor group G
gki
ki

with ki ‰ ki´1). Then for some j, l P t0, . . . , mu with k j ‰ kl we have
that the vertex Gk j ¨gk j in rα lies on the rα-geodesic rGk0 ¨gk0 h1 . . . hm, Gkl ¨gkl s, that is, we have
rGk0 ¨gk0 h1 . . . hm, Gk j ¨gk j , Gkl ¨gkl s.

Proof. For bookkeeping purposes, we set h0 “ 1, and for brevity, we will write Ck j

for the coset Gk j ¨gk j and qj for the element h0 . . . hj. Note then that qj`1 “ qjhj`1,
gk0 h1 . . . hm “ gk0 qm, and gk0 h0 “ gk0 .

Suppose for contradiction that the Lemma never holds, that is, we never have
rCk0 qm, Ck j , Ckl s for j, l P t0, . . . , muwith k j ‰ kl .

We claim that we must then have that for each i P t1, . . . , mu, the vertex Ckm´pi´1q
in rα

lies on the rα-geodesic rCk0 qm, Ck0 qm´is, that is, we have rCk0 qm, Ckm´pi´1q
, Ck0 qm´is. We

proceed by induction on i.
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Since qm “ qm´1hm, then by Lemma 4.1.5, we have rCk0 qm, Ckm , Ck0 qm´1s. Thus the claim
holds for i “ 1.

Now take 1 ď i ď m´ 1 and suppose we have rCk0 qm, Ckm´pi´1q
, Ck0 qm´is. By Lemma

4.1.5, we have rCk0 qm´pi`1qhm´i, Ckm´i , Ck0 qm´pi`1qs, with qm´pi`1qhm´i “ qm´i. Take Vi

to be the vertex in rα satisfying rCk0 qm´i, Ck0 qms X rCk0 qm´i, Ck0 qm´pi`1qs “ rCk0 qm´i, Vis.
Note that rCk0 qm, Ckm´pi´1q

, Viswould imply rCk0 qm, Ckm´pi´1q
, Ckm´is. Similarly,

rVi, Ckm´i , Ck0 qm´iswould imply either rCk0 qm, Ckm´pi´1q
, Ckm´is or rCk0 qm, Ckm´i , Ckm´pi´1q

s.
Since we assumed that rCk0 qm, Ck j , Ckl s never holds for k j ‰ kl , then we must have
rCk0 qm, Vi, Ckm´i , Ck0 qm´pi`1qs. We illustrate this in Figure 2.4. In particular, we note that
Ckm´i lies on the geodesic in rα from Ck0 qm to Ck0 qm´pi`1q, that is, we have
rCk0 qm, Ckm´i , Ck0 qm´pi`1qs. Hence if the claim holds for i P t1, . . . , m´ 1u, then it holds
for i` 1.

Ck0 qm´i Ckm´pi´1q

Vi

Ck0 qm

Ck0 qm´i

Vi

Ckm´i
Ck0 qm´pi`1q

Ck0 qm´i Ckm´pi´1q

Vi

Ck0 qm

Ckm´i

Ck0 qm´pi`1q

FIGURE 2.4: Inductive Step in Proof of Lemma 4.1.6

Since the claim holds for i “ 1, we conclude that the claim holds for all i P t1, . . . , mu.
In particular, we have rCk0 qm, Ck1 , Ck0 h0s. However, Ck0 h0 “ Ck0 , contradicting that we
never have rCk0 qm, Ck j , Ckl s.

Lemma 4.1.7. Let Gi¨gi be a C-vertex in rα (for some i P t1, . . . , nu and gi P G). Let U¨x
and U¨y be two neighbours of Gi¨gi in rα (that is, x, y P G). Then x´1y stabilises Gi¨gi (i.e.
Gi¨gix´1y “ Gi¨gi and x´1y P Ggi

i ).

Proof. Let Gi¨gi, U¨x, and U¨y be as in the statement of the Lemma. Since Gi¨gi is adja-
cent in rα to U¨x, then pGi¨giq ¨ x´1y must be adjacent in rα to pU¨xq ¨ x´1y “ U¨xx´1y “
U¨y. Note that the neighbours of U¨y in rα are the vertices G1¨h1, . . . , Gn¨hn for some
h1, . . . , hn P G. Then we must have that pGi¨giq ¨ x´1y “ Gi¨hi. But Gi¨gi is also adjacent
to U¨y in rα, and so we must also have that Gi¨gi “ Gi¨hi. That is, pGi¨giq ¨ x´1y “ Gi¨gi

and so x´1y P StabGpGi¨giq “ Ggi
i .
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4.2 ‘Volumes’ of α-Graphs

In order to show that we can find paths in Sn from arbitrary α-graph classes to rαs,
we define quantities ‘volume’ associated to α-graphs, and show that this quantity is
somehow ‘reducible’ to that of α “ pα : G1, . . . , Gnq.

Definition 4.2.1. Let α0 “ pα : Gg1
1 , . . . , Ggn

n q be a representative of an α-graph class rα0s

in Sp0q
n and let x P G. We call the geodesic rU¨x, Gi¨gis in rα from the vertex U¨x to the

vertex Gi¨gi the ith U¨x-spoke of α0 . We now construct the U¨x-spoke graph of α0 by
taking the disjoint union of all n U¨x-spokes of α0 and identifying them at the vertex
U¨x. We denote this graph SpU¨xpα0q.

Example 4.2.2. Let G “ W ˚ X ˚Y ˚ Z where W, X, Y, and Z are any groups satisfying
|W| ě 3, |X| ě 3, |Y| ě 2, and |Z| ě 2, and let S :“ pW, X, Y, Zq. Let 1 P G be
the identity element, let w1, w2 P W‧t1u, x1, x2 P X‧t1u, and z1 P Z‧t1u, and let φ P

AutSpGq be the automorphism generated by: g ÞÑ

$

’

’

’

’

&

’

’

’

’

%

g if g P W
w´1

1 z´1
1 gz1w1 if g P X

w´1
2 x´1

1 gx1w2 if g P Y
w´1

1 z´1
1 x´1

2 gx2z1w1 if g P Z
We will take for granted that this is a pure symmetric automorphism of W ˚ X ˚ Y ˚ Z
and hence that W ˚ Xz1w1 ˚ Yx1w2 ˚ Zx2z1w1 is an S-free splitting for G. Let α “ pα :
W, X, Y, Zq and α0 “ pα : W, Xz1w1 , Yx1w2 , Zx2z1w1q “ φ ¨ α. We sketch part of the tree rα

in Figure 2.6. Note that we have highlighted the U¨z1w1-spokes of α0 in pink; we will
return to the orange highlighting at a later point (Example 4.2.6).

U¨x1w2

U¨x2z1w1 U¨x1

U¨w2

U¨z1w1 U¨x2
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1
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FIGURE 2.5: Various U¨g-spokes in the Tree rα for G “ W ˚ X ˚Y ˚ Z
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Using Figure 2.5, we construct the spoke graphs SpU¨1pα0q and SpU¨z1w1
pα0q, illustrated

in Figure 2.6. Observe how even a small change in ‘basepoint’ (i.e. the vertex U¨g
chosen for SpU¨gpα0q) can drastically alter the resulting spoke graph.

U¨1

W¨1 W¨1 U¨w1

Z¨w1
U¨z1w1

X¨z1w1

W¨1

U¨w2 X¨w2

U¨x1w2

Y¨x1w2

W¨1U¨w1

Z¨w1U¨z1w1

X¨z1w1U¨x2z1w1

Z¨x2z1w1

SpU¨1pα0q

U¨z1w1
Z¨w1

U¨w1

W¨1

X¨z1w1

Z¨w1

U¨w1 W¨1

U¨w2 X¨w2

U¨x1w2

Y¨x1w2

X¨z1w1U¨x2z1w1

Z¨x2z1w1

SpU¨z1w1
pα0q

FIGURE 2.6: The Spoke Graphs SpU¨1pα0q and SpU¨z1w1
pα0q

Definition 4.2.3. Let α0 “ pα : Gg1
1 , . . . , Ggn

n q and let x P G. We define the U¨x-volume of
α0 , denoted |α0|U¨x, to be the total number of edges in the U¨x-spoke graph SpU¨xpα0q.

Example 4.2.4. Note that this definition is dependent on the choice of U-vertex U¨x
in rα (equivalently, the choice of x P G). Indeed, let G “ W ˚ X ˚ Y ˚ Z and α0 “

pα : W, Xz1w1 , Yx1w2 , Zx2z1w1q, as in Example 4.2.2. Using Figure 2.6, we easily compute
|α0|U¨1 “ 1` 5` 5` 7 “ 18 and |α0|U¨z1w1 “ 3` 1` 7` 3 “ 14.

Observation 4.2.5. Let α0 “ pα : Gg1
1 , . . . , Ggn

n q and α1 “ pα : Gg1h
1 , . . . , Ggnh

n q be two
equivalent S-labellings of an α-graph class in Sn, and let x P G. Since G acts on rα by
isometries, we have that the ith U¨xh-spoke of α1 in rα is the h-image of the ith U¨x-spoke
of α0 (i.e. rU¨xh, Gi¨gihs “ rU¨x, Gi¨gis ¨ h). That is, SpU¨xhpα1q ‘looks like’ SpU¨xpα0q. In
particular, |α1|U¨xh “ |α0|U¨x.

Thus U¨x-volume is a property of α-graphs, rather than α-graph classes, although vol-
umes of equivalent α-graphs are comparable by changing the choice of x P G. One
may adapt this to define a definitive volume of an α-graph class (for example by tak-
ing a minimum or a sum over all U¨x-volumes), but it will not be necessary for our
arguments.

Example 4.2.6. Let G “ W ˚X ˚Y ˚Z and α0 “ pα : W, Xz1w1 , Yx1w2 , Zx2z1w1q, as in Exam-
ple 4.2.2. Further, let α1 “ pα : Wpw´1

1 z´1
1 q, Xz1w1pw´1

1 z´1
1 q, Yx1w2pw´1

1 z´1
1 q, Zx2z1w1pw´1

1 z´1
1 qq “

pα : Wz´1
1 , X, Yx1pw2w´1

1 qz´1
1 , Zx2q. Note that the U¨1-spokes of α1 are highlighted in or-

ange in Figure 2.5. Using this, we construct the spoke graph SpU¨1pα1q in Figure 2.7,
and compare it with SpU¨z1w1

pα0q.
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U¨z1w1
Z¨w1

U¨w1

W¨1

X¨z1w1

Z¨w1

U¨w1 W¨1

U¨w2 X¨w2

U¨x1w2
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X¨z1w1U¨x2z1w1

Z¨x2z1w1

SpU¨z1w1
pα0q

U¨1
Z¨1

U¨z´1
1

W¨z´1
1

X¨1

Z¨1

U¨z´1
1 W¨z´1

1

U¨pw2w´1
1 qz´1

1 X¨pw2w´1
1 qz´1

1

U¨x1pw2w´1
1 qz´1

1

Y¨x1pw2w´1
1 qz´1

1

X¨1U¨x2

Z¨x2

SpU¨1pα1q

FIGURE 2.7: The Spoke Graphs SpU¨z1w1
pα0q and SpU¨1pα1q

Letting ιw´1
1 z´1

1
P InnpGq be the inner automorphism g ÞÑ z1w1gw´1

1 z´1
1 , we see that α1 “

ιw´1
1 z´1

1
¨ α0. Thus in S4, we have rα1s “ rα0s, and SpU¨pz1w1q

pα0q – SpU¨1pιpz1w1q´1 ¨ α0q.

Lemma 4.2.7. Let α0 be a representative of an α-graph class in Sp0q
n . We have that α0 » α if

and only if there is some x P G so that |α0|U¨x “ n.

Proof. Recall that α :“ pα : G1, . . . , Gnq. Thus if α0 » α then by Lemma 3.1.3, there exists
g P G such that α0 “ pα : Gg

1 , . . . , Gg
nq. For each i we have that U — Gi is an edge in rα,

thus so too is U¨g — Gi¨g. We then have that SpU¨gpα0q is the star with central vertex
U¨g and n leaves G1¨g, . . . , Gn¨g. Hence |α0|U¨g “ n.

Now let α0 “ pα : Gg1
1 , . . . , Ggn

n q and suppose |α0|U¨x “ n for some x P G. Since SpU¨xpα0q

comprises n distinct U¨x-spokes, we must have that each U¨x-spoke has length 1 in rα.
That is, for each i, U¨x — Gi¨gi is an edge in rα. Then for each i, U — Gi¨gix´1 must also
be an edge of rα. However, the only neighbours of U in rα are the vertices G1, . . . , Gn. So
we must have that Gi¨gix´1 “ Gi as cosets, and thus by Observation 4.1.3, Ggix´1

i “ Gi .

Now α0 “ pα : Gg1
1 , . . . , Ggn

n q » pα : Gg1x´1

1 , . . . , Ggnx´1

n q “ pα : G1, . . . , Gnq “ α.

Observation 4.2.8. By choosing U¨x to be suitably ‘far away’ from the vertices
G1¨g1, . . . , Gn¨gn in rα, one can take |α0|U¨x to be as large as desired. However, since
SpU¨xpα0q always comprises n U¨x-spokes, each of which have integer length at least 1,
we deduce that |α0|U¨x ě n for any α0 and any x P G (and that |α0|U¨x must always take
integer values).

Lemma 4.2.9. Suppose Gg1
1 ˚ ¨ ¨ ¨ ˚Ggn

n is an S-free splitting of G. Let α0 “ pα : Gg1
1 , . . . , Ggn

n q

and let x P G be such that |α0|U¨x ą n. Then there exist distinct j and l in t1, . . . , nu so that
the lth U¨x-spoke of α0 contains the C-vertex Gj¨gj. That is, in rα the vertex Gj¨gj lies on the
geodesic rU¨x, Gl¨gls, i.e. we have rU¨x, Gj¨gj, Gl¨gls.
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Proof. Since |α0|U¨x ą n, then the U¨x-spoke graph of α0 contains more than n edges. In
particular, there is some i so that the ith U¨x-spoke of α0 in rα contains more than one
edge. Then there exist k0 P t1, . . . , nu and h P G so that Gk0 ¨gk0 h lies on the ith U¨x-spoke,
with Gk0 ¨gk0 h ‰ Gi¨gi. Recall that gk0 is the exponent in G

gk0
k0

in the S-labelling α0. By
Observation 4.1.2, we may assume without loss of generality that Gk0 ¨gk0 h is adjacent
to U¨x in rα.

If h P G
gk0
k0

then Gk0 ¨gk0 h “ Gk0 ¨gk0 , hence Gk0 ¨gk0 lies on the ith U¨x-spoke and the
Lemma is satisfied (in this case, the assumption that the ith U¨x-spoke has length strictly
greater than 1 means we have that Gk0 ¨gk0 ‰ Gi¨gi). We will thus assume h R G

gk0
k0

.

Since Gg1
1 ˚ ¨ ¨ ¨ ˚ Ggn

n is a free splitting for G, we may write h “ h1 . . . hm where for each
a P t1, . . . , mu, ha belongs to a factor group Ggka

ka
. We will assume gk0 h1 . . . hm is a reduced

word — that is, ka ‰ ka´1 for each a P t1, . . . , mu.

By Lemma 4.1.6, there exist j and l in t0, . . . , muwith k j ‰ kl such that
rGk0 ¨gk0 h, Gk j ¨gk j , Gkl ¨gkl s holds. Note that k j ‰ kl means that Gk j ¨gk j ‰ Gkl ¨gkl , and

h R G
gk0
k0

means Gk0 ¨gk0 h ‰ Gk0 ¨gk0 and hence Gk0 ¨gk0 h ‰ Gka ¨gka for any ka P t1, . . . , nu.
In particular, Gk0 ¨gk0 h ‰ Gk j ¨gk j .

Observe that since Gk0 ¨gk0 h is adjacent to U¨x in rα and rGk0 ¨gk0 h, Gk j ¨gk js has length at
least 2 (since rα is bipartite), then rGk0 ¨gk0 h, Gk j ¨gk j , Gkl ¨gkl s implies either
rU¨x, Gk0 ¨gk0 h, Gk j ¨gk j , Gkl ¨gkl s or rGk0 ¨gk0 h, U¨x, Gk j ¨gk j , Gkl ¨gkl s. In either case, we have
that the vertex Gk j ¨gk j in rα lies on the rα-geodesic rU¨x, Gkl ¨gkl s, as required.

We are now able to provide the key ingredient required for this Section: that U¨x-
volumes are ‘reducible’:

Lemma 4.2.10. Let rα0s be an α-graph class in Sp0q
n with representative α0 “ pα : Gg1

1 , . . . , Ggn
n q,

and fix x P G so that |α0|U¨x ą n. Then there exist an α-graph class rα1s and an A-graph class
rA1s in Sp0q

n so that rα0s—rA1s—rα1s is a path in Sn, and rα1s has a representative α1 with
|α1|U¨x ă |α0|U¨x.

Proof. Since |α0|U¨x ą n then by Lemma 4.2.9, we have rU¨x, Gi¨gi, Gj¨gjs in rα for some
distinct i, j P t1, . . . , nu. Take y and z in G such that U¨y and U¨z are adjacent to Gi¨gi in rα

and satisfy rU¨x, U¨y, Gi¨gi, U¨z, Gj¨gjs (possibly with U¨y “ U¨x, but never U¨y “ U¨z).

Set α1 :“ pα : Gg1
1 , . . . , G

gj´1
j´1 , G

gjz´1y
j , G

gj`1
j`1 , . . . , Ggn

n q and A1 :“

pA : Ggi
i ; Gg1

1 , . . . , G
gj
j , . . . , Ggn

n q. By Lemma 4.1.7, we have that z´1y P Ggi
i , and so by

Lemma 3.1.7 we have pA : Ggi
i ; Gg1

1 , . . . , G
gj
j , . . . , Ggn

n q » pA : Ggi
i ; Gg1

1 , . . . , G
gjz´1y
j , . . . , Ggn

n q.
We now see that by Lemma 3.1.8, rα0s—rA1s—rα1s is a path in Sn.

Observe that SpU¨xpα0q and SpU¨xpα1q differ only in the jth U¨x-spoke. Let V be the
vertex in rα satisfying rU¨y, U¨xs X rU¨y, Gj¨gjz´1ys “ rU¨y, Vs. Note that we may have
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V P tU¨y, U¨x, Gj¨gjz´1yu (or we may have V R tU¨y, U¨x, Gj¨gjz´1yu). For brevity, let
k :“ |rU¨z, Gj¨gjs|, l :“ |rU¨y, Vs|, and m :“ |rU¨x, U¨ys|. We illustrate this in Figure 2.8.

U¨x V U¨y Gi¨gi U¨z Gj¨gj

Gj¨gjz´1y

m l 1 1 kk

FIGURE 2.8: jth U¨x-Spokes of α0 and α1 in rα

Note that 0 ď l ď mintk, mu. Since G acts on rα by isometries, then |rU¨y, Gj¨gjz´1ys| “
|rU¨z, Gj¨gjs| “ k. We see that |rU¨x, Gj¨gjs| “ m ` k ` 2, while |rU¨x, Gj¨gjz´1ys| “
m` k´ 2l. Thus |α1|U¨x “ |α0|U¨x ´ 2´ 2l ď |α0|U¨x ´ 2 ă |α0|U¨x, as required.

Example 4.2.11. Let G “ W ˚ X ˚ Y ˚ Z and α0 “ pα : W, Xz1w1 , Yx1w2 , Zx2z1w1q as in
Example 4.2.2, and let α1 “ ιw´1

1 z´1
1
¨ α0 “ pα : Wz´1

1 , X, Yx1pw2w´1
1 qz´1

1 , Zx2q as in Example
4.2.6. We will now iteratively ‘reduce’ the spoke graph SpU¨1pα1q using the technique
outlined in the proof of Lemma 4.2.10, until we reach the U¨1-spoke graph for α “ pα :
W, X, Y, Zq; we illustrate this process in Figure 2.9.

We begin with SpU¨1pα1q (noting that |α1|U¨1 “ 14), and observe that in rα we have
rU¨1, U¨z´1

1 , W¨z´1
1 , U¨pw2w´1

1 qz´1
1 , Y¨x1pw2w´1

1 qz´1
1 s with W¨z´1

1 adjacent to both U¨z´1
1

and U¨pw2w´1
1 qz´1

1 . We compute:

px1pw2w´1
1 qz´1

1 qqppw2w´1
1 qz´1

1 q
´1pz´1

1 q

“x1w2w´1
1 z´1

1 z1w1w´1
2 z´1

1

“x1z´1
1

and thus set α2 :“ pα : Wz´1
1 , X, Yx1z´1

1 , Zx2q. Constructing SpU¨1pα2q, we see |α2|U¨1 “

12. We now observe that in rα we have rU¨1, X, U¨x2, Z¨x2s, so we may set α3 :“ pα :
Wz´1

1 , X, Yx1z´1
1 , Zq. We have |α3|U¨1 “ 10 and rU¨1, Z, U¨z´1

1 , W¨z´1
1 s in rα, thus we set

α4 :“ pα : W, X, Yx1z´1
1 , Zq (which has |α4|U¨1 “ 8). Continuing in this fashion, we set

α5 :“ pα : W, X, Yx1 , Zq (with |α5|U¨1 “ 6), and finally, α6 “ pα : W, X, Y, Zq “ α, with
|α6|U¨1 “ 4.

If we were to perform this same sequence of steps on SpU¨z1w1
pα0q, we would instead

terminate at pα : Wz1w1 , Xz1w1 , Yz1w1 , Zz1w1q “: α1. Note that α1 » α, and |α1|U¨z1w1 “ 4 “
|α|U¨1.

Finally, we can prove our main result of this Section: that paths to rαs always exist in
Sn.

Proposition 4.2.12. If rα0s P Sp0q
n is an α-graph class then there exists a path in Sn of the form:

rα0s—rA1s—rα1s— . . . —rαm´1s—rAms—rαms “ rαs
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1
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1

Z¨1

SpU¨1pα3q

U¨1

W¨1 X¨1
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FIGURE 2.9: The Spoke Graphs SpU¨1pαiq for i “ 1, . . . , 6

Proof. Let rα0s be an arbitrary α-graph class in Sn with representative α0. We will prove
by (strong) induction on |α0|U that there is some (finite) path in Sn from rα0s to rαs.
Recall from Observation 4.2.8 that |α0|U is an integer with |α0|U ě n.

Suppose |α0|U “ n. By Lemma 4.2.7, we then have α0 » α. Thus rα0s “ rαs is a path (of
length 0) and we are done.

Fix N ě n and suppose that for all α-graphs α̂ with |α̂|U ď N there is some path p in Sn

from rα̂s to rαs.

Now suppose |α0|U “ N ` 1. Then |α0|U ą N ě n, and by Lemma 4.2.10, there exist
rA1s, rα1s P Sp0q

n so that rα0s—rA1s—rα1s is a path in Sn and |α1|U ă |α0|U “ N ` 1. In
particular, |α1|U ď N, and so by hypothesis there is some path p in Sn from rα1s to rαs.
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Thus by concatenating the paths rα0s—rA1s—rα1s and p, we have found a path in Sn

from rα0s to rαs.

Since the statement holds for |α0|U “ n, and the statement holding for all |α0|U ď N (for
some N ě n) implies it holds for |α0|U “ N ` 1, we conclude that the statement holds
for all possible values of |α0|U . Thus given an arbitrary α-graph class rα0s, we can find
a path in Sn from rα0s to rαs.

That our path is of the form rα0s—rA1s—rα1s— . . . —rαm´1s—rAms—rαms “ rαs fol-
lows immediately by recalling from Observation 3.2.2 that Sn is a bipartite graph be-
tween the set of α-graph classes and the set of A-graph classes.

Example 4.2.13. Let G “ W ˚ X ˚ Y ˚ Z and α1 “ pα : Wz´1
1 , X, Yx1pw2w´1

1 qz´1
1 , Zx2q as

in Example 4.2.11. From Figure 2.9 we can immediately read off a path in S4 from
rα1s “ rα0s to rα6s “ rαs, which we illustrate in Figure 2.10. Additionally, by considering
the steps we took in Example 4.2.11, we can pinpoint the automorphisms in AutpW ˚

X ˚ Y ˚ Zq which translate between each α-graph, denoted in Figure 2.10 by dotted
arrows. Note however that at this point it is not obvious that these should represent
elements of OutSpW ˚ X ˚Y ˚ Zq. We address this in Section 5.

Wz´1
1

X

Yx1pw2w´1
1 qz´1

1Zx2

Wz´1
1

X

Yx1z´1
1Z

Wz´1
1 X

Yx1pw2w´1
1 qz´1

1Zx2

Wz´1
1 X

Yx1z´1
1Zx2

Wz´1
1 X

Yx1z´1
1Z

W X

Yx1z´1
1

Z

W X

YZ

W X

Yx1Z

W X

Yx1z´1
1Z

W

X

YZ

W X

Yx1

Z

pYx1w2w´1
1 z´1

1 ,pw1w´1
2 qz´1

1 q pZx2,x´1
2 q

pWz´1
1 ,z1q

pYx1,x´1
1 q pYx1z´1

1 ,z1q

FIGURE 2.10: Path in S4 from rα1s to rαs

Corollary 4.2.14. The subcomplex Sn is path-connected.
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Proof. Recall from Observation 3.2.2 that every edge of Sn is of the form rα0s—rA0s.
Moreover, from Observation 3.2.5 we have that every A-graph class rA1s is adjacent in
Sn to some α-graph class rα1s. Thus by Proposition 4.2.12, given any point P in Sn, there
is a path in Sn from P to the vertex rαs. Hence Sn is path connected.

5 Generators for OutSpG1 ˚ ¨ ¨ ¨ ˚ Gnq

Let G “ G1 ˚ ¨ ¨ ¨ ˚ Gn and S “ pG1, . . . , Gnq. Recall that α is the S-labelling pα :
G1, . . . , Gnq of the graph α in Figure 2.1 and Ai is the S-labelling pA : Gi; G1, . . . , Gnq “

pA : Gi, G1, . . . , Gi´1, Gi`1, . . . , Gnq of the graph A in Figure 2.2.

The purpose of this Section (and the paper as a whole) is to prove Theorem 5.0.5, that is,
to show that any pure symmetric outer automorphism (Definition 1.1.1) of the splitting
G1 ˚ ¨ ¨ ¨ ˚ Gn is a product of factor outer automorphisms (Definiton 1.2.1) and White-
head outer automorphisms (Definition 1.3.1) relative to S. Equivalently, we will show
that OutSpGq is generated by factor outer automorphisms and Whitehead outer auto-
morphisms relative to S.

We begin by determining the OutSpGq stabilisers of the vertices rαs and rAis in Sn.

Proposition 5.0.1. Let Φ P OutSpGq. Then Φ ¨ rαs “ rαs if and only if Φ is a factor outer
automorphism.

Proof. If Φ P OutSpGq is a factor outer automorphism, then there exists φ P Φ which is
a factor automorphism and by Observation 2.1.3, we have:

Φ ¨ rαs “ Φ ¨ rpα : G1, . . . , Gnqs

“ rpα : φpG1q, . . . , φpGnqqs

“ rpα : G1, . . . , Gnqs

“ rαs

Now suppose Φ P OutSpGq is such that Φ ¨ rαs “ rαs. Then for any φ P Φ, we have
pα : φpG1q, . . . , φpGnqq » pα : G1, . . . , Gnq. Fix φ P Φ. By Lemma 3.1.3 we deduce
that there exists some g P G so that for each i P t1, . . . , nu, φpGiq “ Gg

i . Let ιg´1 P

AutpGq be the inner automorphism x ÞÑ gxg´1 for all x P G. Then ιg´1 φ P Φ and
for each i P t1, . . . , nu, we have ιg´1pφpGiqq “ ιg´1pGg

i q “ Gi. Letting φi be the map
ιg´1 φ with domain restricted to the subgroup Gi, we have that φi P AutpGiq. Hence

pφ1, . . . , φnq P

n
ź

i“1

AutpGiq so ιg φ is a factor automorphism, and thus Φ is a factor outer

automorphism.
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Proposition 5.0.2. Let Ψ P OutSpGq. Then Ψ ¨ rAis “ rAis if and only if Ψ can be written as
a product of factor outer automorphisms and Whitehead outer automorphisms with operating
factor Gi.

Proof. If Φ P OutSpGq is a factor outer automorphism, then there exists φ P Φ which is
a factor automorphism and by Observation 2.1.3, we have:

Φ ¨ rAis “ Φ ¨ rpA : Gi; G1, . . . , Gnqs

“ rpA : φpGiq; φpG1q, . . . , φpGnqqs

“ rpA : Gi; G1, . . . , Gnqs

“ rAis

If Ω P OutSpGq is a Whitehead outer automorphism with operating factor Gi, then there
is a (unique) ω P Ω which is a Whitehead automorphism with operating factor Gi. Now
for some j P t1, . . . , nu ´ tiu and some x P Gi, we have ω “ pGj, xq. Setting gj “ x and
gk “ 1 for k P t1, . . . , nu ´ tju, we have that for each k P t1, . . . , nu, ωpGkq “ Ggk

k . Note
that g1, . . . , gn P Gi, so by Lemma 3.1.7, we have:

Ω ¨ rAis “ rpA : ωpGiq; ωpG1q, . . . , ωpGnqqs

“ rpA : Ggi
i ; Gg1

1 , . . . , Ggn
n qs

“ rpA : Gi; G1, . . . , Gnqs

“ rAis

Therefore any factor outer automorphism or Whitehead outer automorphism with op-
erating factor Gi stabilises rAis, and hence so too must any product of these.

Now suppose Ψ P OutSpGq is such that Ψ ¨ rAis “ rAis. Then for all ψ P Ψ we have
pA : ψpGiq; ψpG1q, . . . , ψpGnqq » pA : Gi; G1, . . . , Gnq “ Ai. By Lemma 3.1.7 and Obser-
vation 2.1.3 there is some ψ P Ψ such that there exist g1, . . . , gn P Gi with ψpGjq “ G

gj
j

for all j P t1, . . . , nu.

Fix j P t1, . . . , nu. Since ψpGjq “ G
gj
j , then for each x P Gj there exists yx P G

gj
j such

that ψpxq “ yx (and for each z P G
gj
j there exists x P Gj with z “ ψpxq). Define a

map φj with domain Gj by x ÞÑ gjyxg´1
j for all x P Gj. Note that since yx P G

gj
j

then gjyxg´1
j P Gj. Thus φj P AutpGjq. Now ψpxq “ g´1

j φjpxqgj “ pGj, gjqpφjpxqq
where pGj, gjq is a Whitehead automorphism with operating factor Gi for all j ‰ i and
pGi, giq P AutpGiq is the inner automorphism of Gi which conjugates each element of

Gi by gi. Identifying φj (and pGi, giq when j “ i) with its image in
n
ź

i“1

AutpGiq under

the natural inclusion AutpGjq ãÑ

n
ź

i“1

AutpGiq, we note that if z P Gk for any k ‰ j then

pGj, gjqpzq “ z “ φjpzq.
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Since this applies for each j P t1, . . . , nu, we conclude that ψ “ pG1, g1qφ1 . . . pGn, gnqφn

is a product of factor automorphisms and Whitehead automorphisms. Thus Ψ “ rψs “

rpG1, g1qφ1 . . . pGn, gnqφns “ rpG1, g1qsrφ1s . . . rpGn, gnqsrφns is a product of factor outer
automorphisms and Whitehead outer automorphisms.

In Proposition 4.2.12, we established the existence of paths in Sn from arbitrary α-graph
classes to rαs. We will now show how these paths can be used to generate (outer)
automorphisms.

Proposition 5.0.3. Let rαs “ rα0s—rA1s—rα1s—rA2s— . . . —rAms—rαms be a path in Sn.
Then there exists Ψ P OutSpGq with rαms “ Ψ ¨ rαs such that Ψ is a product of factor outer
automorphisms and Whitehead outer automorphisms.

Proof. We prove the statement of the Lemma by induction on m.

First, suppose m “ 0. Then our path consists of a single point rαs “ rα0s, and by
Proposition 5.0.1, any factor outer automorphism Ψ will satisfy Ψ ¨ rαs “ rαs “ rα0s. In
particular, the outer automorphism class of the identity automorphism is such a factor
outer automorphism.

Now let N ą 0 and suppose the statement holds for all such paths with m “ N. We
will show that the statement must also hold for all such paths with m “ N ` 1.

Consider an arbitrary path

rαs “ rα0s—rA1s—rα1s—rA2s— . . . —rANs—rαNs—rAN`1s—rαN`1s

in Sn. By hypothesis, there is some Φ P OutSpGq with rαNs “ Φ ¨ rαs such that
Φ is a product of factor outer automorphisms and Whitehead outer automorphisms.
Since rαNs—rAN`1s—rαN`1s is a path in Sn, then by Observation 2.4.4 so too is rαs “
Φ´1 ¨ rαNs— Φ´1 ¨ rAN`1s— Φ´1 ¨ rαN`1s. By Observation 3.2.4 we deduce that Φ´1 ¨

rAN`1s “ rAis for some i P t1, . . . , nu. Now by Lemma 3.2.6 there exists Ω P OutSpGq
with Φ´1 ¨ rαN`1s “ Ω ¨ rαs and Ω ¨ rAis “ rAis, moreover from Proposition 5.0.2 we
see that Ω is a product of factor outer automorphisms and Whitehead outer automor-
phisms. Hence rαN`1s “ ΦΩ ¨ rαs where ΦΩ P OutSpGq is a product of factor outer
automorphisms and Whitehead outer automorphisms, as required.

Example 5.0.4. As in Example 4.2.2, we will let G “ W ˚ X ˚ Y ˚ Z where W, X, Y,
and Z are any groups satisfying |W| ě 3, |X| ě 3, |Y| ě 2, and |Z| ě 2; let S :“
pW, X, Y, Zq and α “ pα : WX, Y, Zq; let 1 P G be the identity element, let w1, w2 P

W‧t1u, x1, x2 P X‧t1u, and z1 P Z‧t1u, and let φ P AutSpGq be such that φ ¨ α “ pα :
W, Xz1w1 , Yx1w2 , Zx2z1w1q “: α0 (φ is more precisely defined in Example 4.2.2). As in
Examples 4.2.6 and 4.2.11, let α1 “ ιw´1

1 z´1
1
¨ α0 where ιw´1

1 z´1
1

is an inner automorphism.
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From Example 4.2.13, we have a path in S4

α1 — A1 — α2 — A2 — α3 — A3 — α4 — A4 — α5 — A5 — α6 “ α

which is explicitly drawn in Figure 2.10. From this, we see that α5 “ pY, xq ¨ α6 “

pY, xq ¨ α, with pY, xq P StabpA5q a Whitehead automorphism relative to S. We set ψ1 :“
pY, xq, and proceed to ‘pull back’ our path using ψ1, creating a path ψ´1

1 ¨ α1 — ψ´1
1 ¨

A1 — ψ´1
1 ¨ α2 — ψ´1

1 ¨ A2 — ψ´1
1 ¨ α3 — ψ´1

1 ¨ A3 — ψ´1
1 ¨ α4 — ψ´1

1 ¨ A4 — ψ´1
1 ¨ α5 “ α,

with ψ´1
1 ¨ α4 “ pα : W, X, Yz´1

1 , Zq. We see that ψ´1
1 ¨ α4 “ pY, z´1

1 q ¨ α with pY, z´1
1 q

a Whitehead automorphism relative to S. Repeating this process, we obtain the com-
mutative diagram in Figure 2.11, where ψ2 “ pY, z´1

1 q, ψ3 “ pW, z´1
1 q, ψ4 “ pZ, x2q, and

ψ5 “ pY, w2w´1
1 q.

α1 A1

ψ´1
1 ¨A1

ψ´1
1 ¨α1 ψ´1

1 ¨α2 α2 A2

ψ´1
2 ψ´1

1 ¨A1 ψ´1
1 ¨A2

ψ´1
2 ψ´1

1 ¨α1 ψ´1
2 ψ´1

1 ¨α2 ψ´1
2 ψ´1

1 ¨A2 ψ´1
1 ¨α3 α3

dummy

ψ´1
3 ψ´1

2 ψ´1
1 ¨A1 ψ´1

2 ψ´1
1 ¨α3 ψ´1

1 ¨A3 A3

ψ´1
3 ψ´1

2 ψ´1
1 ¨A2 ψ´1

2 ψ´1
1 ¨A3

ψ´1
3 ψ´1

2 ψ´1
1 ¨α1 ψ´1

3 ψ´1
2 ψ´1

1 ¨α2 ψ´1
1 ¨α4 α4

ψ´1
4 ψ´1

3 ψ´1
2 ψ´1

1 ¨A1 ψ´1
1 ¨A4

ψ´1
4 ψ´1

3 ψ´1
2 ψ´1

1 ¨α1 α α5 A4

A5

ψ1

ψ1

ψ1ψ2

ψ1

ψ2 ψ2

ψ2

ψ1

ψ3

ψ2

ψ1

ψ3

ψ2
ψ3 ψ3

ψ1ψ4

ψ1
ψ4

ψ1

ψ2

ψ3

ψ4

ψ5

FIGURE 2.11: Commuting Diagram of Paths in S4

Now
α “ψ´1

5 ψ´1
4 ψ´1

3 ψ´1
2 ψ´1

1 ¨ α1

“ψ´1
5 ψ´1

4 ψ´1
3 ψ´1

2 ψ´1
1 ιw´1

1 z´1
1
¨ α0

“ψ´1
5 ψ´1

4 ψ´1
3 ψ´1

2 ψ´1
1 ιw´1

1 z´1
1

φ ¨ α

thus for some θ P Stabpαq, we have ψ´1
5 ψ´1

4 ψ´1
3 ψ´1

2 ψ´1
1 ιw´1

1 z´1
1

φ “ θ. We conclude that
φ “ ιz1w1 ψ1ψ2ψ3ψ4ψ5θ where θ is a factor automorphism relative to S and each ψi is
a Whitehead automorphism relative to S. Hence rφs is a product of Whitehead outer
automorphisms and factor outer automorphisms.



178 REFERENCES

Theorem 5.0.5 (Main Theorem). Let G “ G1 ˚ ¨ ¨ ¨ ˚ Gn be a group which splits as a free
product of n ě 3 non-trivial factors, and let S “ pG1, . . . , Gnq. Then any pure symmetric
outer automorphism Ψ P OutSpGq of the splitting G1 ˚ ¨ ¨ ¨ ˚ Gn can be written as a product of
factor outer automorphisms relative to S and Whitehead outer automorphisms relative to S.

Proof. Let Ψ P OutSpGq and set rα0s :“ Ψ ¨ rαs P Sn. By Proposition 4.2.12, there exists
some edge path

rα0s—rA1s—rα1s—rA2s— . . . —rAms—rαms “ rαs

in Sn (where each rαis is an α-graph class and each rAis is an A-graph class). Then by
Proposition 5.0.3 there exists Θ P OutSpGqwith rα0s “ Θ ¨ rαs such that Θ is a product of
factor outer automorphisms and Whitehead outer automorphisms. Now Θ´1Ψ ¨ rαs “
rαs so by Proposition 5.0.1 there is some factor outer automorphism Φ P OutSpGq with
Θ´1Ψ “ Φ. Hence Ψ “ ΘΦ is a product of factor outer automorphisms and Whitehead
outer automorphisms.

Corollary 5.0.6. If G1 ˚ ¨ ¨ ¨ ˚ Gn is a Grushko decomposition for G and moreover the factor
groups Gi are pairwise non-isomorphic, then OutpGq is generated by factor outer automor-
phisms and Whitehead outer automorphisms.

Proof. This follows immediately by considering Theorem 5.0.5 in the context of Obser-
vation 1.1.2.
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Paper 3: Property R8 for groups with infinitely many
ends

Harry Iveson, Armando Martino, Wagner Sgobbi, and Peter Wong, with an Appendix
by Francesco Fournier-Facio

ABSTRACT. We show that an accessible group with infinitely many ends has prop-
erty R8. That is, it has infinitely many twisted conjugacy classes for any twisting
automorphism. We deduce that having property R8 is undecidable amongst finitely
presented groups.
We also show that the same is true for a wide class of relatively hyperbolic groups, fill-
ing in some of the gaps in the literature. Specifically, we show that a non-elementary,
finitely presented relatively hyperbolic group with finitely generated peripheral sub-
groups which are not themselves relatively hyperbolic, has property R8.
In an appendix, Francesco Fournier-Facio shows that a group with a non-zero Aut-
invariant homogeneous quasimorphism has property R8, which applies to many
groups with hyperbolic features.

1 Introduction

Property R8 is a group theoretic property with connections to fixed point theory and
which has been studied extensively by many authors. A non-exhaustive list might
include [14], [16], [34], [35], [54] and [55].

It is a generalisation of the property of having infinitely many conjugacy classes. In-
stead, one asks that there are infinitely many twisted conjugacy classes, where one
twists one side of the conjugacy by an automorphism. Property R8 then asks that a
group have infinitely many twisted conjugacy classes for any automorphism — see
Definition 2.1.5.

Our approach is to extend the techniques of [42], who proved that any non-elementary
hyperbolic group has property R8. Our main theorem is that any accessible group with
infinitely many ends has R8.

Theorem 5.1.18. Any accessible group G with infinitely many ends has property R8. In
particular, any finitely presented group with infinitely many ends has property R8.

We note that, intuitively, the ends of a group is the number of components of the group
at infinity. More concretely, a group with infinitely many ends acts non-trivially on a
simplicial tree with finite edge stabilisers. See Theorem 5.1.2 for more detail, or [17] for
a more extensive reference source. In particular free products of groups have infinitely
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many ends (except for the case of the infinite Dihedral groups) and we start by first
proving the result for free products.

In fact, from the result on free products we quickly deduce that the property of having
R8 is undecidable amongst finitely presented groups.

Corollary 4.1.11. The property of being R8 is undecidable amongst finitely presented groups.

At this point we should mention the result [20, Theorem 3.3] where it is claimed that
any non-elementary relatively hyperbolic group has property R8. The proof strategy
is modelled on the proof in [42], but the technical details are all but absent and to that
extent it is very hard to verify the proof given. Specifically, the technique used there is
due to Paulin [49] and [50] where one takes a limit of hyperbolic spaces to produce a
limiting R-tree, extended by [1] to the relatively hyperbolic case.

Already there is an issue that the limiting tree is not projectively fixed by the automor-
phism, when using the results in [1] (which is required in the proof). The result [50, The-
oreme A] does provide a projectively fixed R-tree but that result is not proved in the
relatively hyperbolic case and it seems that the result there would require that the pe-
ripheral subgroups be left invariant by the automorphism. In fact, this is a hypothesis
that we require in our result about relatively hyperbolic groups in Theorem 6.1.1 and
we suspect that it is an essential one for these proof techniques.

There are then various technical details missing in the treatment from [20]. For instance,
finite generation of the parabolic subgroups is not mentioned in [20], although it does
appear as a hypothesis in [1] and also appears in our Theorem 6.1.2. Leaving aside the
invariance of the limiting tree, the next step in is then to invoke [42, Proposition 3.2]
(and also [42, Proposition 3.1] in the case ‘λ “ 1’).

These Propositions have various hypotheses but the main ones for [42, Proposition 3.2
] are that the limiting tree should be (i) Irreducible (ii) Have finite arc stabilisers and
(iii) Admit finitely many orbits of directions at each branch point.

The first of these is very plausible but merely asserted in [20]. For the second, smallness
is invoked but without due care. Certainly, the argument given in [49] is not sufficient
to produce virtually cyclic stabilisers as one needs to worry about parabolic subgroups.
In fact, [1, Theorem 1.2] specifically proves that arc stabilisers are elementary, by which
they include the parabolic subgroups. While it is possible that this technical obstacle
might be overcome with a specific construction - our Lemma 4.1.8 does prove that arc
stabilisers are not parabolic when one takes a limit of edge-free trees - it really merits
a careful argument. In short, this hypothesis on arc stabilisers is claimed in [20] but is
not supported by the literature.

Finally, the only time (iii) is addressed is by reference to the paper [3] which does not
seem to be relevant to that issue (that there are finitely many orbits of directions under
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the stabiliser of a branch point). It is possible that the paper meant was [2] as refer-
enced by [42], but this is also not a correct reference for that fact; however, in [42] there
are other ways of obtaining this result which do not seem available in the relatively
hyperbolic case.

That said, the broad strokes of the argument are correct and we address these technical
issues carefully to produce our main result about groups with infinitely many ends as
well as a fairly general result about relatively hyperbolic groups.

Theorem 6.1.2. Let G be a non-elementary finitely presented relatively hyperbolic group G
whose peripheral subgroups are finitely generated but not relatively hyperbolic. Then G has
property R8.

Remark. We note that this Theorem recovers the result of [42] that any non-elementary
hyperbolic group has property R8, although we really use their argument except for
the fact that we make use of JSJ decompositions at the final stage.

Our proof uses train track methods for free products so that we can refer to the litera-
ture to address the technical issues mentioned above. We then show that groups with
infinitely many ends have R8 by extending the results for free products using the tree
of cyclinders construction of Guirardel and Levitt, [37] and [38]. The idea here is that
a group with infinitely many ends either admits a finite normal subgroup so that the
quotient is a free product or admits a tree which is invariant under all automorphisms.
See Theorem 5.1.17.

Finally, we prove the Theorem for relatively hyperbolic groups using the canonical JSJ
splittings of [40].

After placing this article on the arXiv we received communications from Francesco
Fournier-Facio and Anthony Genevois independently observing that it is possible to
broaden the results in our paper. We are hugely grateful for these observations and
insights.

The most general way to do this seems to be via quasi-morphisms and Francesco
Fournier-Facio has written us an Appendix to this paper outlining how to do so. The
most general statement of these results is as follows.

Corollary 8.1.6. Let G be a finitely generated group satisfying one of the following properties.

1. G is a non-elementary hyperbolic group.

2. G is non-elementary hyperbolic relative to a collection of finitely generated subgroups,
none of which is relatively hyperbolic.

3. G has infinitely many ends.
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4. G is a graph product of groups over a finite graph that does not decompose non-trivially
as a join and is not reduced to a single vertex.

5. G is a graph product of abelian groups and it is not virtually abelian.

Then G has property R8.

We note that the main body of this paper constructs translation length functions arising
from trees which are constant on twisted conjugacy classes, whereas the method via
quasi-morphisms construct such functions which are bounded on twisted conjugacy
classes (albeit for all automorphisms at the same time). Nevertheless, the methods
should be seen as analogous both in their overall strategy and in the details of their
technical construction.

2 Twisted Conjugacy and the R8 Property

2.1 Twisted Conjugacy

Definition 2.1.1. Let G be a group and φ P AutpGq an automorphism of G. We define a
relation „φ on G by x „φ y if and only if Dw P G with pwφqxw´1 “ y. If x „φ y, we say
that x and y are twisted conjugates in G.

Remark. We take the action of AutpGq on G to be a right action, writing g ¨ φ or gφ for
the image of g P G under the automorphism φ P AutpGq.

Remark. Note that there is an asymmetry in the definition of twisted conjugacy. The
side on which we place the inverse makes no difference, but the side on which we put
the automorphism does. However,

wxpwφq´1 “ puφ´1qxu´1, where u “ wφ.

This shows the ‘left’ and ‘right’ versions of twisted conjugacy are related at the cost
of changing the automorphism to its inverse. Since the property of having R8 - Def-
inition 2.1.3 - is about all possible automorphisms, it makes no difference which we
choose.

The following is a standard fact and an easy exercise.

Lemma 2.1.2. Twisted conjugacy („φ) is an equivalence relation on G.

Definition 2.1.3 (R8). Let G be a group and φ P AutpGq. We say that G has property
R8pφq if „φ has infinitely many equivalence classes in G. We say that G has property
R8 if G has R8pφq for all φ P AutpGq.
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Lemma 2.1.4. If ι P InnpGq then G has R8pφq if and only if G has R8pφιq.

Proof. Let x P G and let ιx P InnpGq be the automorphism g ÞÑ x´1gx “ gx. Let y, z P G.
Then:

y „φ z

ô Dw P G such that z “ pwφqyw´1

ô Dw P G such that xz “ xpwφqpx´1xqyw´1 “ pwφqxpxyqw´1 “ pwφιxqpxyqw´1

ô xy „φιx xz.

Thus we have a bijection between the equivalence classes of „φ and those of „φιx .
Hence G has R8pφq if and only if G has R8pφιxq.

Definition 2.1.5. Let G be a group and let Φ P OutpGq. We say that G has property
R8pΦq if G has R8pφq for some (and hence every) automorphism φ P Φ.

Remark. By Lemma 2.1.4, this concept of R8pΦq for Φ P OutpGq is well-defined, and it
follows that G has R8 (i.e. G has R8pφq for all φ P AutpGq) if and only if G has R8pΦq
for all Φ P OutpGq.

2.2 Mapping Torus

Our argument about twisted conjugacy classes uses the standard technique of con-
verting questions about twisted conjugacy in a group G to ones concerning genuine
conjugacy in a mapping torus of G. We therefore recall the definition of a mapping
torus.

Definition 2.2.1 (Mapping torus). Let G be a group and φ P AutpGq. The mapping
torus of φ is the semi-direct product Mφ :“ G¸φ Z “ xG, t|gt “ gφ @g P Gy.

Remark. Since Mφ is a semi-direct product, elements of Mφ have a standard form gtk

where g P G and k P Z are unique. Note that for any h P G we have t´1h “ htt´1 “

phφqt´1, thus an element tkh can be written in the alternate standard form ph ¨ φ´kqtk.

A key observation is that twisted conjugacy is realised as standard conjugacy in the
mapping torus and that having R8pφq amounts to there being infinitely many conju-
gacy classes of a certain type in the mapping torus.

Lemma 2.2.2. Let G be a group and φ P AutpGq. Then G has R8pφq if and only if the set
ttx | x P Gu has infinitely many Mφ conjugacy classes.

Proof. Let x, y P G. We have that tx and ty are conjugate in Mφ if and only if there
exists u “ gtk P Mφ so that ty “ ptxqu “ u´1ptxqu. Observe that given x P G we can
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always find h P G so that u “ gtk “ ptxqkh. Then ptxqu “ ptxqptxqkh “ ptxqh. Now for any
x, y P G, we have:

tx and ty are conjugate in Mφ

ðñDh P G with ty “ ptxqh “ h´1txh “ tph´1φqxh

ðñDĥ P G with y “ pĥφqxĥ´1

ðñy „φ x.

3 Trees and Group Actions

3.1 Simplicial trees and R-trees

We refer the reader to [15] for a treatment on R-trees and to [12] for a more general
textbook on Λ-trees. The definitions and results here are mainly based on [15] and [12].
We note that in the case Λ “ R these concepts coincide, whereas the case Λ “ Z

corresponds to the case of a simplicial tree below.

Definition 3.1.1. A simplicial graph, Γ, is a 4-tuple, pV, E, σ, τqwhere:

• V is a set called the vertices of T,

• E Ď V ˆV is the set of oriented edges of the graph,

• σ : E Ñ V and τ : E Ñ V are incidence maps, defined by σpu, vq “ u and
τpu, vq “ v.

Moreover, for every e “ pu, vq P E we always have that pv, uq P E; we call this the
inverse edge, denoted, e.

Definition 3.1.2. An edge path in a graph, Γ “ pV, E, σ, τq is a sequence of vertices,
v0, v1, . . . , vk where for each 0 ď i ď k ´ 1, pvi, vi`1q P E. We allow the edge path to
consist of a single vertex, v0.

• The edge path is called trivial when it consists of a single vertex, and non-trivial
otherwise.

• An edge path v0, v1, . . . , vk is said to start at v0 and end at vk.

• A non-trivial edge path may also be described as a sequence of edges, e0 . . . ek,
where τpeiq “ σpei`1q for 0 ď i ď k´ 1.
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• An edge path, e0 . . . ek is called reduced if, for all 0 ď i ď k´ 1, ei ‰ ei`1. A trivial
path is always considered reduced.

Definition 3.1.3. A simplicial tree is a simplicial graph where between any two vertices
there is a unique reduced edge path starting at one and ending at the other.

For a tree, we let ru, vs denote the unique reduced edge path from u to v; this is called
the segment from u to v.

Definition 3.1.4 (Culler–Morgan [15]). An R-tree T is a path-connected non-empty met-
ric space so that for any points x, y P T, there is a unique arc rx, ys Ď T joining x and y,
which is isometric to the interval r0, dpx, yqs Ď R (where d is the metric on T).

Equivalently, an R-tree is a 0-hyperbolic geodesic metric space, in the sense of Gromov.

Definition 3.1.5. Given two points, u, v in an R-tree T, we denote by ru, vs the unique
geodesic from u to v in T. This is called the segment from u to v.

Definition 3.1.6. Given an R-tree T and a point x P T, a direction at x is a connected
component of T ´ txu. We say a point x P T is a branch point if there are at least three
directions at x.

Definition 3.1.7.

• We say that an R-tree is a metric simplicial tree (or simply a simplicial R-tree) if
the set of branch points is a discrete subset of the tree.

• If T is a simplicial R-tree and V a discrete subset of T which includes all the
branch points (but may include more points), then the edges are all the segments
ru, vs between elements of V where ru, vs XV “ tu, vu. Any non-trivial segment
between vertices may then be given as an edge-path, e1 . . . ek where each ei is an
edge.

• Conversely, a simplicial tree T given as a set of vertices and edges may be made
into a simplicial R-tree by assigning a positive length to each edge and making T
into a metric space via the corresponding path metric.

Definition 3.1.8. Let T be an R-tree. Then for any three points, u, v, w P T, the Y-point,
Ypu, v, wq “ y P T, is given by:

ru, vs X ru, ws “ ru, ys.

Lemma 3.1.9 ( [12, Chapter 2, Lemma 1.2]). Let T be an R-tree. Then for any three points,
u, v, w P T, the Y-point is unique and does not depend on the order of the points. More-
over, Ypu, v, wq is the point on ru, vs whose distance from u is given by the Gromov product,
pv.wqu “ 1

2pdTpu, vq ` dTpu, wq ´ dTpv, wqq.
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3.2 Group actions on R-trees

Throughout this subsection, we will consider a group, G, acting isometrically on an
R-tree, T. We note that if one starts with a simplicial tree and a group action sending
vertices to vertices and edges to edges then the process of making this a simplicial R-
tree described above allows one to extend the group action to an isometric action; that
is, a group of automorphisms of a tree preserves the induced path metric.

Definition 3.2.1 ( [15, p. 576 and Definition 1.4]). Suppose that G is a group acting
isometrically on an R-tree, T.

(i) For any g P G we define the translation length of g (with respect to T) to be,

}g}T :“ inf
xPT
tdTpx, xgqu.

We write }g} for }g}T if T is understood.

(ii) Define the characteristic set of g to be,

Ag “ tx P T : dTpx, xgq “ }g}u.

(iii) g P G is called ellipic if }g}T “ 0 and hyperbolic if }g}T ą 0.

Lemma 3.2.2 ( [15, Lemma 1.3 (p.576)]). Let G act isometrically on an R-tree, T and let
g P G.

(i) There exists an x P T such that dTpx, xgq “ }g}. That is, the infimum in Definition
3.2.1(i) is a minimum .

(ii) The set Ag “ tx P T : dTpx, xgq “ }g} u is non-empty (by the previous part). It is also a
closed subtree of T, invariant under the action of g.

(iii) If g is elliptic, then Ag is the fixed point set of g, Fixpgq.

(iv) If g is hyperbolic, then Ag is called the axis of g and is isometric to the real line. It is the
smallest g-invariant subtree of T. The element g acts on Ag as a translation by the real
number }g}.

(v) If g is hyperbolic and 0 ‰ n P Z, then Agn “ Ag and }gn} “ |n|}g}.

Lemma 3.2.3. Let G act isometrically on an R-tree T. Let g P G and x P T any point.

(i) The midpoint of the segment rx, xgs lies in Ag.

(ii) For any hyperbolic g P G, we have Ypxg´1, x, xgq P Ag.

Proof. (i) This is just [12, Chapter 3 (Lemma 1.1 for the elliptic case and Theorem 1.4
for the hyperbolic case)] .
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(ii) This is [12, Chapter 3, Theorem 1.4].

Observation 3.2.4. It follows easily that Agh “ Ag ¨ h. Hence if g and h commute then h
preserves Ag. Further, if g and h commute and are both hyperbolic then Ag “ Ah, since
h preserves the line Ag but Ah is the smallest h-invariant subtree of T.

Definition 3.2.5. Let G act isometrically on an R-tree, T. Then the length function of
this action is the function, l : G Ñ R given by lpgq “ }g}T. This is also called the
translation length function.

Definition 3.2.6 (Culler–Morgan [15]). Let T be an R-tree equipped with an action of a
group G by isometries. We say that T is:

• irreducible, if there is no point, line or end of T which is invariant under the
action of G. Equivalently, there exist a pair of groups elements, g, h P G which
are hyperbolic and whose axes meet in an arc of finite positive length (See [15,
Theorem 2.7] for this equivalence).

• minimal, if there is no proper G-invariant subtree of T.

• non-trivial, if there is no global fixed point (i.e. no x P T such that x ¨ G “ x).

• small, if for any non-trivial arc rx, ys, the pointwise stabiliser Stabprx, ysq “
tg P G : zg “ z, @z P rx, ysu ď G does not contain a free subgroup of rank 2.

Remark. It is also true that the action of G on T is irreducible if and only if there are a
pair of isometries whose axes are disjoint [15, Lemmas 2.1 and 1.5 and 1.6]. Concretely,
if g, h are hyperbolic and Ag X Ah meets in a segment of finite poisitive length then, for
some large n P Z, the axes of g and ghn

will be disjoint.

We shall also need the following.

Lemma 3.2.7 (Culler-Morgan [15], 1.5 and 1.6). Let g, h be hyperbolic isometries of an R-
tree T whose axes Ag, Ah are disjoint. Then }gh} “ }hg} “ }g} ` }h} ` 2dpAg, Ahq. In
particular gh and hg are hyperbolic.

Proposition 3.2.8 ( [15, Proposition 3.1]). If G acts on an R-tree T and some element g P
G acts hyperbolically, then T admits a unique, minimal G-invariant subtree. This subtree is
exactly the union of all the hyperbolic axes of elements of G.

Lemma 3.2.9 (Serre [53, Proposition 25 (p.63)]). If G is finitely generated and acts isomet-
rically on an R-tree, T, then the action is non-trivial if and only if there exists a hyperbolic
element in G. That is, if there exists some g P G with }g}T ą 0.

Remark. The result in [53] concerns simplicial trees, but the same proof works for R-
trees without change.
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Ag

p q pg qg

On the axis:
˝ ´ ‚´ ˝´ ‚
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˝ ´ ‚´ ‚´ ˝

The Circle-Dot Lemma

Definition 3.2.10. Let T be a tree. For points x1, . . . , xn we write rx1, . . . , xns to mean
that the unique segment from x1 to xn crosses the points x2, . . . , xn´1 in the order given.

Lemma 3.2.11 (Circle-Dot Lemma). Let G act isometrically on an R-tree, T. Suppose we
have distinct points, p, q P T such that rp, q, pg, qgs. That is, the segment from p to qg crosses
the points q and pg in that order.

Then g is hyperbolic and both p and q belong to the axis of g. In particular, }g}T “ dpp, pgq.

Remark. We allow the possibility that q “ pg in this Lemma.

Proof. We first show that g is not elliptic. We argue by contradiction; if g is elliptic then
the midpoint of rp, pgs is fixed by g by Lemmas 3.2.2(iii) and 3.2.3(i). Call this point w.
Then dTpw, qq “ dTpw, qgq. Since w P rp, pgs, this forces w P rq, qgs. But now w is both
the midpoint of rp, pgs and rq, qgs which is impossible if p ‰ q. Hence g is hyperbolic.
Therefore, by Lemma 3.2.3(ii) it is enough to show that p “ Yppg´1, p, pgq. Indeed,
since rp, q, pg, qgs then rpg´1, qg´1, p, qs, and hence rpg´1, qg´1, p, q, pg, qgs. That is, p P
rpg´1, pgs and therefore p “ Yppg´1, p, pgq, as required.

We will also need the following,

Lemma 3.2.12 (Paulin’s Lemma [48, Lemma 4.3]). Let G act minimally, non-trivially,
isometrically and irreducibly on an R-tree, T. Then for any a, b P T there exists a hyperbolic
element g P G whose axis contains the segment ra, bs.

This allows us to deduce the R8 property when we have an action of the mapping
torus on a tree. Thus the following Lemmas will be a key tool for deducing property
R8. We note that the existence of the action required by this Lemma will be discussed
in Corollary 3.5.5.

Lemma 3.2.13. Let G be a group and let φ P AutpGq. If Mφ acts on a tree T minimally,
isometrically, irreducibly then G also acts minimally and irreducibly on T.



3. Trees and Group Actions 191

Proof. We can restrict the action to G and get an isometric action of G on T. We first
claim that G admits a hyperbolic element with respect to this action.

Since Mφ acts irreducibly on T we get that (by the remark after Definition 3.2.6) we
have two hyperbolic isometries, m1, m2 P Mφ whose axes are disjoint. If either of these
are in G, then we have a hyperbolic isometry in G. Otherwise, we may write m1 “

tau, m2 “ tbv, where 0 ‰ a, b P Z and u, v P G. Now consider, mb
1 “ tabg, m´a

2 “ t´abh
for some g, h P G. By Lemma 3.2.2(iv) the axes of m1 and mb

1 are equal, as are the axes of
m2 and m´a

2 . Hence the axes of tabg and t´abh are disjoint. Therefore, by Lemma 3.2.7,
ptabgqpt´abhq P G is hyperbolic. This proves the claim.

Now, by Lemma 3.2.8, G admits a minimal G-invariant subtree. But since G is a normal
subgroup of Mφ, this is also a Mφ-invariant subtree and so is the whole of T, as Mφ acts
minimally. This proves that G also acts minimally on T.

Finally, to prove that G acts irreducibly on T notice that if there were an invariant
line, then T would have to be a line by minimality, contradicting the fact that Mφ acts
minimally and irreducibly. If G were to admit a fixed end, then any hyperbolic axes
Ag, Ah of hyperbolic elements of G would intersect in this end. However, if g P G is
hyperbolic and m, P Mφ, then gm P G is also hyperbolic and Agm “ pAgqm, showing
that the end would need to be invariant by all elements of Mφ, again contradicting the
fact that Mφ acts irreducibly.

Lemma 3.2.14. Let G be a group and let φ P AutpGq. If Mφ acts on a tree T minimally,
isometrically, irreducibly, then G has R8pφq.

Proof. Notice that by Lemma 3.2.13, G also acts on T minimally and irreducibly. In
particular, Paulin’s Lemma 3.2.12 applies to the action of G on T.

We will prove the Lemma by showing that we have infinitely many conjugacy classes
of the form tx, where x P G, and deduce the result by Lemma 2.2.2.

Case (i): First suppose that t acts hyperbolically on T. Choose a in the axis of t and let
b “ at2. Then, by Paulin’s Lemma, there exists a hyperbolic g P G whose axis contains
the segment, ra, bs.

As the axes of t and g intersect non-trivially, we can assume (by replacing g with g´1

if needed) that t and g translate in the same direction along their intersection. In that
case, using the Circle-Dot Lemma (Lemma 3.2.11) with p “ a, q “ at, we have that
}tgn} “ }t} ` n}g} for all positive integers n. Hence these elements are all in distinct
conjugacy classes, since translation length is a conjugacy invariant.

Case(ii)(a): Next suppose that t is elliptic and that |Fixptq| ą 1. Here choose a ‰ b P
Fixptq and let g P G be a hyperbolic element whose axis contains ra, bs. By replacing g
with a sufficiently large (but possibly negative) power, we may assume that b P ra, ags.
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It is straightforward to verify using the Circle-Dot Lemma (Lemma 3.2.11) with p “
a, q “ b that }tgn} “ n}g} for all positive integers n and hence, again by Lemma 2.2.2,
we are done.

Case(ii)(b): Lastly suppose that t is elliptic and fixes a unique point in the tree. Since
the action is G-irreducible, G admits two hyperbolic elements whose axes are disjoint.
In particular, we may find a hyperbolic g P G whose axis does not contain the unique
fixed point of T.

Let p be the fixed point of t and let q be the point on the axis of g closest to p. The the
Circle-Dot Lemma (3.2.11) gives us that }tgn} “ 2dpp, qq ` |n|}g}. Hence these elements
fall into infinitely many conjugacy classes.

Remark. Note that when using Lemma 3.2.14 we refer to Lemma 3.2.13 to deduce that
the action of G on the same tree is also irreducible and minimal. In practice, however,
we will start with a minimal irreducible action of G and extend to one on the mapping
torus via Corollary 3.5.5. In that sense, Lemma 3.2.13 is redundant but we record it here
for completeness.

3.3 Deformation spaces and reduced trees

In this section we wish to explore the concepts of a ‘reduced’ simplicial tree, which is
different to that of an irreducible tree.

We start with the definition of a deformation space. This discussion is taken from [37],
to which we refer the reader for a fuller account.

Definition 3.3.1 ( [37, Definition 3.2]). Let T, S be two simplicial G-trees.

• We say that T and S have the same elliptic subgroups if for every subgroup H of
G which fixes a point of T, H also fixes a point of S, and vice versa.

• T and S are then said to be in the same deformation space if they have the same
elliptic subgroups.

• The deformation space D containing T is then the set of all G-trees (up to equiv-
ariant isometry) which have the same elliptic subgroups as T.

Remark. Note that the notion of equivariant isometry makes sense since we can regard
our simplicial trees T as simplicial R-trees by assiging length 1 to each edge.

Definition 3.3.2 ( [37, Definition 3.12]). Given a deformation space D and a collection
of subgroups A of G (closed under conjugacy and passing to subgroups) we define
DA Ď D as the set of G-trees T P D whose edge stabilizers belong to A. We call DA a
restricted deformation space, or simply a deformation space.
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Proposition 3.3.3 ( [37, Proposition 3.10 (1)]). Let D be a deformation space. If one tree
T P D is irreducible, then all trees in D are irreducible.

Definition 3.3.4 ( [37, Definition 3.5]). A simplicial G-tree T is called reduced if when-
ever e “ pu, vq is an edge of T with StabGpeq “ StabGpvq, then u and v are in the same
G-orbit.

Observation 3.3.5. Note that any deformation space contains a reduced tree. See [37],
Definitions 3.3, 3.4 and 3.5.

Lemma 3.3.6. Let T be a simplicial reduced G-tree. Then T is also minimal.

Proof. We prove the contrapositive. So suppose that T is not minimal; we will deduce
that it is not reduced.

We consider some proper, G-invariant subtree, S. Let e “ pu, vq be an edge of T such
that u P S but v R S. Then v R S Ě u.G, as S is G-invariant and so u and v are not in the
same G orbit. It then suffices to show that StabGpvq Ď StabGpeq (as we always have that
StabGpeq Ď StabGpvq).

Consider g P StabGpvq. Then the edge path, e, eg starts at u and ends at ug. Since neither
e nor eg is an edge of S and u, ug P S are connected by a path in S, we must have that
this path fails to be reduced (and u “ ug). Thus e “ eg, as required.

Observation 3.3.7 ( [37]). Let G be a finitely generated group acting on a simplicial tree,
T.

(i) An edge e of T is called collapsible if collapsing e to a point produces a G-tree in
the same deformation space as T, [37, Definition 3.3].

(ii) We can collapse all collapsible edges of T to produced a reduced G-tree, rpTq, the
reduction of T. Any edge stabiliser of rpTq stabilises an edge of T, [37, Definition
3.5].

(iii) T and rpTq lie in the same deformation space. In particular, the action on T is
non-trivial if and only if rpTq is not a point, [37, Theorem 3.8] and Lemma 3.3.6.

(iv) If T is reduced and the edge stabilisers of T are finite, then all reduced trees in the
same deformation space as T have the same edge stabilisers as T, [37, Proposition
7.1 (3) and Corollary 7.3]

3.4 Irreducible actions on trees

We write down a fairly simple criterion for an action of a group on a tree to be irre-
ducible. This will be useful in what follows.

First we will need the following Lemma.
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Lemma 3.4.1. Suppose G is a finitely generated group and the derived subgroup rG, Gs is
finite. Then G is virtually abelian.

Proof. Any element g of G has finitely many conjugates since x´1gx “ gg´1x´1gx P
grG, Gs. Therefore, the centraliser of any element has finite index. Hence the intersec-
tion of all the centralisers of the generators has finite index, as G is finitely generated.
But this intersection is clearly central in G and hence abelian. Therefore G is virtually
abelian.

Proposition 3.4.2. Let G be a finitely generated group acting minimally and non-trivially on
a tree, T. Suppose further that the action is reducible. Then,

(i) If T is simplicial and edge stabilisers are finite, then G is virtually cyclic and T is a line.

(ii) If T is an R-tree and (pointwise) arc stabilisers are trivial, then G is virtually abelian and
T is a line.

Proof. If the action is reducible and non-trivial then we can, up to taking an index 2
subgroup of G, suppose that there is an invariant end. (See [15, Corollary 2.3 and The-
orem 2.5 (ii)]; for a dihedral action take the index two subgroup corresponding to the
orientation preserving isometries of R.)

(i) Consider first the case where T is simplicial and edge stabilisers are finite.

Let R be a ray representing this invariant end. Invariance of the end means that
RX Rg is an infinite set (in fact, a subray) for every g P G.

Next observe that for any vertex p P R there exist only finitely many pairs of
vertices x, y P R such that p is the midpoint of rx, ys. This is because both x and
y must be equidistant from p and be distinct. But now dpx, pq “ dpy, pq ď dpω, pq
where ω is the intial point of the ray, R. There are clearly only finitely many pairs
satisfying this on the ray.

Armed with this observation, we proceed as follows. Note that for any g P G,
R X Rg´1 is infinite. If we take any point x P R X Rg´1 then x, xg P R. But the
midpoint of rx, xgs lies in RXAg by Lemma 3.2.3(i). Since we have infinitely many
possible values for x this implies that RX Ag is infinite for any g P G.

Therefore if g is elliptic it fixes some subray of R (but potentially a different subray
for each g) and if g is hyperbolic then the axis of g intersects R in a subray.

In any case it is then easy to see that the commutator of any two elements is el-
liptic with fixed point set containing an infinite subray of R. But now any finite
set of commutators must fix some common infinite subray of R (one can take the
intersection of the fixed subrays for each commutator). Hence any finite set of
commutators are contained in some edge stabiliser; for instance the first edge of
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the common fixed subray. In particular, any finite set of commutators are con-
tained in some edge stabiliser and so generate a finite group as edge stabilisers
are finite.

While it is possible that each finite set of commutators is contained in a different
edge stabiliser we will argue that the derived subgroup is finite (and contained in
some edge stabiliser) as follows. The action of G on T is co-compact, since G is
finitely generated. Hence there exists a constant, M, such that any edge stabiliser
has order at most M. Therefore any finitely generated subgroup of rG, Gs has or-
der bounded by M which implies that rG, Gs has order bounded by M. (As rG, Gs
is countable and generated by commutators, we can realise it as a countable union
of a chain of finitely generated subgroups. Since the order of these subgroups is
bounded, the chain of subgroups stabilises and hence rG, Gs is finite.)

Therefore rG, Gs is finite and hence G is virtually abelian by Lemma 3.4.1. This
implies that any two hyperbolic elements of G have positive powers which com-
mute, since sufficiently large positive powers will lie in an abelian subgroup.
Therefore, by Lemma 3.2.2 (v) and Observation 3.2.4, all hyperbolic elements have
the same axis. This axis is now a G-invariant subtree of T by Propostion 3.2.8 and
so is equal to T. Therefore T is a line.

To finish we note that some finite index subgroup of G is torsion-free abelian and
acts on T with finite (and hence trivial) edge stabilisers. Thus the torsion-free
subgroup of G is both free and free abelian (and non-trivial since if G were finite
then the action on T would be trivial). Therefore G is virtually infinite cyclic.

(ii) The case where T is an R-tree with trivial arc stabilisers is similar but easier. In
this case, once descending to an index two subgroup of G admitting an invariant
end, we deduce that any two hyperbolic axes intersect in an infinite ray. Since
arc stabilisers are trivial, this means that any two hyperbolic elements commute
which implies that their axes are equal. Hence T is isometric to the real line and
G is virtually abelian.

3.5 Actions and automorphisms

Definition 3.5.1. Let G be a group, T a G-tree and φ P AutpGq. Then φT is the same
underlying tree but with the G-action twisted by φ. Specifically,

x¨pφTqg :“ x ¨T pgφq.

Equivalently, if the action on T is given by a homomorphism, G π
ÝÑ IsompTq, then the

action on φT is given by the pre-composition by φ; G
φ
ÝÑ G π

ÝÑ IsompTq.
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Remark. Since we are writing our action of AutpGq on G as a right action, this action of
AutpGq on the space of G-trees is a left action. Were we to write automorphisms of G
on the left, this would be a right action.

Definition 3.5.2. Let G be a group and φ P AutpGq. A topological representative of φ is
an equivariant map f : T Ñ φT, from a G-tree, T, which sends vertices to vertices and
edges to edge paths.

Observation 3.5.3. Note that f : T Ñ φT being G-equivariant means that f pxgq “
f pxqpgφq for all x P T, g P G.

However, note that if f is a topological representative for φ, then fw is a topological
representative for φAdpwq, where fwpxq “ f pxqw, and gpφAdpwqq “ w´1pgφqw. Thus
having a topological representaive is really a property of outer automorphisms.

Theorem 3.5.4 (Culler–Morgan [15, Theorem 3.7 (p.586)]). If T1 and T2 are two minimal,
irreducible G-trees with }g}T1 “ }g}T2 for all g P G, then there is a unique equivariant isometry,
f : T1 Ñ T2.

Remark. Irreducible is a stronger hypothesis than needed but suffices for our purposes
and makes the statement a little cleaner.

Corollary 3.5.5. Let T be a minimal irreducible G-tree and Φ P OutpGq. Then MΦ has an
isometric action on T which restricts to the G-action on T if and only if }gΦ}T “ }g}T for all
g P G.

Remark. Note that the isomorphism class of MΦ and the value of }gΦ}T only depend on
the outer automorphism class, so this makes sense. One can think of gΦ as a conjugacy
class rather than a single element.

Proof. Suppose first that MΦ acts isometrically on T in a way which extends the G-
action. Then, since translation length is a conjugacy invariant,

}g}T “ }gt}T “ }gΦ}T for all g P G.

Conversely, suppose that }gΦ}T “ }g}T for all g P G. Then, by definition, }g}ΦT “

}gΦ}T, which equals }g}T by hypothesis.

Choose some φ P Φ. Then, by Theorem 3.5.4, there is an isometry f : T Ñ T which is
equivariant when viewed as an isometry f : T Ñ φT. But now we can extend the G
action to an MΦ “ Mφ action by simply having t act as f . The only thing to check is
that t´1gt and gφ act in the same way on T. But this is readily checked to be equivalent
to saying that f : T Ñ φT is equivariant.

We can now state the main tools we will use to prove R8.

The first we have already stated in Lemma 3.2.14.
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Proposition 3.5.6 (Levitt–Lustig [42, Proposition 3.1]). Let G be a finitely generated group,
fix Φ P OutpGq. Let l be the length function of an irreducible action of G on an R-tree. If
l ˝Φ “ l, then G has R8pΦq.

Proposition 3.5.7 (Levitt–Lustig [42, Proposition 3.2]). Let G be a finitely generated group,
fix Φ P OutpGq. Let l be the length function of an irreducible action of G on an R-tree T
and suppose l ˝ Φ “ λl where λ ą 1. If arc stabilisers of T are finite and the number of
Stabpxq-orbits of directions at branch points x are uniformly bounded, then G has R8pΦq.

4 Train Track Maps and free products

In this section we show that free products of groups have the R8 property using the
machinery of (Relative) Train Track maps. These were first used in [6] in the context of
free group automorphisms and then in [4] to define and analyse the stable (or forward)
limit tree. The methods in the former paper were extended to free products in [13].
However, we are using the treatment in [24], [25] and [26] because of the more detailed
relation to the stable limit tree. We also use some results from [41] to deal with the
technical conditions mentioned in the introduction; specifically, this allows us to verify
the condition that stabilisers of branch point act on the set of directions with finitely
many orbits.

As always, the goal is to achieve condition R8 by looking at the action of the mapping
torus on some tree and applying the argument of [42, Propositions 3.1 and 3.2].

4.1 Free factor systems

Definition 4.1.1 (Free Factor System). Let G be a group which splits as a free product.
A free factor system of G is a pair F “ ptG1, . . . , Gku, rq such that G “ G1 ˚ ¨ ¨ ¨ ˚ Gk ˚ Fr

where each Gi is non-trivial and Fr is the free group of rank r.

Following [37, Definitions 3.2 and 3.12] we make the following definition.

Definition 4.1.2. Let G be a group which splits as a free product and F “ ptG1, . . . , Gku, rq
a free factor system for G. We denote by DpFq the set of all simplicial G-trees (up to
equivariant isometry) whose elliptic subgroups are subgroups of conjugates of the Gi.
That is T P DpFq if and only if for every H ď G, H fixes a point in T exactly when H is
a subgroup of some conjugate of some Gi.

Further, we let D1pFq denote the subset of DpFq consisting of those trees whose edge
stabilisers are all trivial.

Definition 4.1.3. Let F “ ptG1, . . . , Gku, rq be a free factor system of some group G, and
let φ P AutpGq. We say that F is:



198 Paper 3. Property R8

• a Grushko decomposition of G if each Gi is freely indecomposable and not infinite
cyclic.

• proper if k` r ě 2.

• maximal if for any proper free factor system F 1 “ ptG1
1, . . . , G1

lu, sq of G, there
exists some i so that Gi is not contained in any conjugate of any G1

j.

• φ-invariant if for each i there is some j and some gj P G so that φpGiq “ G
gj
j .

We say that φ is irreducible with respect to F if F is a maximal, proper, φ-invariant free
factor system of G.

Remark. Observe that a Grushko decomposition of a group G is φ-invariant for any
φ P AutpGq. See [45, III, Proposition 3.7] for a statement of Grushko’s Theorem.

The goal is to produce a very well behaved topological representative (see Definition
3.5.2) for an automorphism of a free product.

Definition 4.1.4. Let T be a simplicial G-tree with finitely many (oriented) edge orbits,
rerpresented by edges e1, . . . , en. Suppose that f : T Ñ φT is a topological representa-
tive. Then the transition matrix of f is the n ˆ n matrix, M f , whose pi, jq-entry is the
number of times the edge path f peiq crosses the orbit of ej (in either direction).

Definition 4.1.5. Let T be a simplicial G-tree with finitely many orbits of edges and
f : T Ñ φT a topological representative for some φ P AutpGq. Then f is called a train
track map if for every k ě 1, f k is locally injective on the interior of edges.

It is called a metric train track map if, in addition, T admits a G-equivariant path metric
such that the length of f peq is λ times the length of e, where e is any edge of T for some
fixed λ P Rě0.

We refer the reader to [6] for the background on how irreducible matrices and their
Perron–Frobenius eigenvalues are used in the theory of train tracks.

From a train track we can construct the (forward) stable limit tree as in [4], although we
will base the following more closely on [28]. Namely, given a metric train track map,
f : T Ñ φT with associated constant λ ą 1, set d8px, yq “ limnÑ8

dTp f npxq, f npyqq

λn , for
x, y P T. This converges due to monotonicity and is a pseudo-metric on T. Therefore
on taking a suitable quotient, one obtains a metric space T8 with metric (which we will
still name), d8.

It is straightforward to see that the quotient map, T Ñ T8 is G-equivariant and 1-
Lipschitz and that T8 is a 0-hyperbolic metric space on which G acts isometrically.
In other words, T8 is an R-tree on which G acts. Moreover, the train track property
immediately implies that this quotient map is an isometry restricted to the edges of T.
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It also follows quickly that for any γ P G, }γ}T8
“ limnÑ8

}γφn}T
λn . It is well known that

given a (metric) train track there is a hyperbolic g P G such that f k is injective on Ag for
all 0 ă k P Z, [24, Corollary 8.12] (this is also found in [6]). Such a g is called a ‘legal’
group element. It now follows that if g is legal, 0 ă }g}T8

“ }g}T.

One can now proceed as in [28, Lemma II.7], to see that T8 is a minimal and non-trivial
G-tree. In fact we record more.

Theorem 4.1.6. Let G be a non-trivial free product which is not the infinite dihedral group.
Let Φ P OutpGq, and let φ P Φ.

Then there exists a maximal, proper, φ-invariant free factor system F and a simplicial G-tree
T P D1pFq admitting a train track representative f for φ, with associated constant λ ě 1.
Furthermore:

(i) λ is the Perron–Frobenius eigenvalue of the transition matrix for f .

(ii) λ “ 1 if and only if f is an isometry. In this case the mapping torus Mφ acts isometrically
on T.

(iii) If λ ą 1 then limnÑ8
φnT
λn is a G-tree, T8, called the stable limit tree for φ.

(iv) For all g P G, }gφ}T8
“ λ}g}T8

. In particular, there exists a G-equivariant homothety,
H : T8 Ñ φT8 of stretching factor λ, by Theorem 3.5.4.

(v) The stable limit tree is a non-trivial, irreducible R-tree.

(vi) If 1 ‰ g P G acts elliptically on T, then g fixes a unique point of T8. In particular,
non-trivial elements of arc stabilisers of T8 act hyperbolically on T.

(vii) There exist finitely many segments, f1, . . . , fr in T8 whose union of G-orbits covers the
whole of T8.

Proof. As in [24, Corollary 8.25], there exists a maximal φ-invariant free factor system,
F so that φ is F -irreducible. Again using [24, Theorem 8.24], φ will admit a train track
representative. Just as in [6], the transition matrix of this map has a Perron–Frobenius
eigenvalue, λ ě 1, which is equal to the Lipschitz constant of the train track map (in [6]
one must choose lengths for the edges, whereas in [24] this is implicit in the definition.
This is the distinction between topological and metric train track maps).

Moreover, the theory of irreducible matrices implies that λ “ 1 if and only if the transi-
tion matrix is a permutation matrix, implying that f is an isometry.

This proves (i) and (ii). For (iii) and (iv) we refer the reader to [26, Lemma 2.14.1].
Point (v) is well known to experts but we can also deduce it from Lemma 4.1.8 and
Theorem 3.4.2, since the only non-trivial virtually abelian free product is the infinite
dihedral group. Point (vi) is [26, Lemma 2.13.6].
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Finally, for part (vii), we argue as above (following [28], but see also [26, Section 2.13]).
That is, since the quotient map T Ñ T8 is an isometry restricted to edges of T we may
take the fi to be the isometric images of the edges of T.

The following are also well-known to experts and the proofs are the same as in [28],
adapted to the free product case.

Lemma 4.1.7. For any p P N there exists a constant Lp such that any arc σ in T8 whose
length is greater than Lp, will contain at least p non-trivial, disjoint subsegments which are all
in the same G-orbit.

Proof. By Theorem 4.1.6 (vii), there are finitely many arcs, f1, . . . , fr whose G-orbits
cover T8. Moreover, any arc segment σ can be subdivided into subsegments, σ “

z1Y . . .Y zn such that for each i there is a group element gi such that zigi is a subsegment
of one of f1, . . . , fr. As this is a subdivision, the length of σ is equal to the sum of the
lengths of the zi and two distinct zi can intersect in at most a single point. (If numbered
sequentially, zi intersects precisely zi´1 and zi`1 in a single point and is disjoint from
the rest).

Now, after possibly further subdividing, we may assume that for i ‰ j either zigi “ zjgj

or their intersection is at most a single point.

Next let us suppose that there is an integer p such that,

max
i
|tj : zigi “ zjgj u| ď p.

It is then clear that the sum of the lengths of the zigi is at most ppl1 ` . . .` lrq, where
lj is the length of f j. But since each gi is an isometry, this means that the length of σ is
also at most ppl1 ` . . .` lrq.

Therefore, if σ is any segment of length greater than 3ppl1` . . .` lrq then we can ensure
that σ contains at least 3p subsegments, c1, . . . , c3p which are all in the same G orbit.
Since each zi meets at most zi´1 and zi`1, we deduce that at least p of these must be
disjoint.

Lemma 4.1.8. If G is finitely generated, then arc stabilisers in T8 are trivial.

Remark. The hypothesis that G be finitely generated is not needed here. It is used to
deduce that the limit of small actions is small. However, this will always be true of a
limit of edge-free actions and we include the hypothesis for convenience of referencing.

Remark. Note that we are implicitly assuming that the λ from Theorem 4.1.6 is greater
than 1.
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Proof. Consider some non-trivial arc c of T8 and let S be the pointwise stabiliser of c.
By Theorem 4.1.6(vi), every non-trivial element of S acts on T as a hyperbolic isometry.
In particular, S acts freely on the simplicial tree, T, and so is a free group. Thus, in order
to show that S is trivial it is enough to show that S is finite.

We therefore argue by contradiction and suppose that S is infinite.

Since T P D1pFq then edge stabilisers in T are trivial, hence the action of G on T (and
also on each φnT) is small. Since a limit of small actions is itself small, by Culler–
Morgan [15, Theorem 5.3], S cannot contain a free subgroup of rank 2.

However, we have already noted that S is a free group and so for S to be infinite it
would have to be an infinite cyclic group. Therefore the minimal S-invariant subtree of
T is a line L on which S acts by translation. (Note that all the non-trivial elements of S
have axis equal to L, by Lemma 3.2.2 (v)).

Let S̄ be the (setwise) stabiliser of L. Then S̄ is virtually cyclic as its minimal invariant
tree is L, by Lemma 3.2.2 (iv). Moreover, it is also a maximal virtually cyclic group as
any virtually cyclic group containing S must preserve L, since any hyperbolic element
in such a subgroup has a power which lies in S and hence has axis equal to L. (Recall
that an invariant subtree for a subgroup is the union of all the hyperbolic axes, by
Proposition 3.2.8.)

Let H : T8 Ñ φT8 be the homothety described in Theorem 4.1.6(iv) and consider Hkpcq
for some k. Let p be the index of S in S̄.

By Lemma 4.1.7, we may choose k sufficiently large so that Hkpcq contains p` 1 disjoint
non-trivial arcs which are in the same G-orbit. Since H is equivariant, c will also contain
p ` 1 disjoint arcs, c0, . . . , cp in the same G orbit. Hence there exist group elements,
g1, . . . , gp such that c0gi “ ci. (Set g0 “ 1.)

Let Ci denote the pointwise stabiliser of ci. As argued above, each Ci is cyclic (since it is
small and acts freely on T). Note that S is a subgroup of Ci and hence Ci is a subgroup
of S̄, since the latter is a maximal virtually cyclic subgroup of G.

Moreover, since c0gi “ ci we also have that Ci “ Cgi
0 . But now S ď Cgi

0 ď S̄gi . By
maximality, S̄ “ S̄gi for all i. However, any hyperbolic element of S̄ has axis equal to
L, whereas any hyperbolic element of S̄gi has axis equal to Lgi. Hence L “ Lgi and
gi P S̄ for all i. But since the ci are disjoint, g0, . . . , gp are in distinct cosets of C0 in S̄,
contradicting the fact that S ď C0 has index p in S̄. This contradiction shows that S
must in fact be trivial.

Using this, we can bound the number of orbits of directions using the following result.
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Proposition 4.1.9 (Horbez [41, Proposition 4.4]). Let G be a countable group, F a free factor
system for G, and T an R-tree equipped with an isometric G action such that any subgroup in
F fixes a point in T. (The subgroups in F are elliptic in T).

Then if pointwise arc stabilisers in T are trivial, there is a uniform bound on the number of
Stabpxq-orbits of directions at branch points x in T.

Remark. Horbez [41, Proposition 4.4] gives a bound on the ‘index’ of a tree T, a compo-
nent of which is the sum over G-orbits of points x in T of the number of Stabpxq-orbits of
directions from x in T with trivial stabiliser. The proposition then follows immediately.

Combining this with Proposition 3.5.7 we get,

Theorem 4.1.10. Let G be a finitely generated group which splits as a non-trivial free product
of finitely many indecomposable groups. Then G has property R8.

Remark. The only times we need the hypothesis of being finitely generated are when
we invoke the [15, Theorem 5.3] in Lemma 4.1.8 and [41, Proposition 4.4] in Proposi-
tion 4.1.9. However, both results are true in general without this hypothesis.

Proof. The case where G “ D8 is known and can be dealt with separately (see Theo-
rem 7.1.2).

In all other cases, every tree in D1pFq, for any proper free factor system F is irreducible.

Consider some φ P AutpGq. We now use Theorem 4.1.6. If λ “ 1, we get an isomet-
ric action of Mφ on some T P D1pFq and hence we are done by Proposition 3.5.6 (or
Lemma 3.2.14). If λ ą 1 we form the stable limit tree, T8.

All that is left is to verify the hypotheses of Proposition 3.5.7 in the case where λ ą 1.
This is done in Theorem 4.1.6, Lemma 4.1.8 and Proposition 4.1.9.

Corollary 4.1.11. The property of being R8 is undecidable amongst finitely presented groups.

Proof. It is well known [45, Chapter IV, Theorem 4.1] that the property of being trivial
is undecidable amongst finitely presented groups. (It is clear that triviality is a Markov
property).

Suppose we are given a finite presentation of a group, G “ xX : Ry.

Then we can form the finitely presented group, Γ “ Z ˚ G “ xX, t : Ry, where t is a
letter which does not appear in X.

The group Γ is isomorphic to Z precisely when G is trivial. In which case Γ would not
have R8. (Z has exactly two twisted conjugacy classes with respect to the automor-
phism sending n ÞÑ ´n).
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On the other hand, if G were non-trivial, then Γ would be a finitely generated group
which splits as a non-trivial free product of finitely many indecomposable groups and
so has R8 by Theorem 4.1.10.

Therefore, if we could decide R8 for Γ we could also decide triviality for G.

5 R8 for Groups with Infinitely Many Ends

5.1 Accessible groups

In this section we extend the result to groups with infinitely many ends. We recall the
definition of an end. (See also [17, IV, Definition 6.4], for an alternate but equivalent
formulation.)

Definition 5.1.1. Let G be a finitely generated group with finite generating set S. Let
Γ be the Cayley graph of G with respect to S. Then the number of ends of G is the
supremum of the number of infinite components of the graphs, ΓzF, where F ranges
over all finite subgraphs of Γ.

It turns out that the number of ends does not depend on S and is an invariant of the
group. In fact, more can be said via the classical Stallings Theorem on ends, which can
be found in [17, IV, Theorem 6.10 and Theorem 6.12]

Theorem 5.1.2. Let G be a finitely generated group.

• The number of ends of G is 0, 1, 2 or8.

• If G has more than one end, then G acts non-trivially on a simplicial tree with finite edge
stabilisers.

• The number of ends of G is 2 if and only if G has a infinite cyclic subgroup of finite index.

Thus a group with infinitely many ends can be ‘split’ along finite subgroups. One could
then ask whether the vertex stabilisers of such an action split further and whether this
process terminates. The groups for which it does terminate are called accessible.

Definition 5.1.3 (See [52, p.189] and [17, IV, Definition 7.1]). Given a group G a simpli-
cial G-tree T is called terminal if the vertex stabilisers of T have at most one end and all
edge stabilisers are finite.

A finitely generated group G is called accessible if it admits a terminal G-tree.
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Observation 5.1.4. We insist that an accessible group is finitely generated as in [52] but
contrary to [17].

Note that the vertex groups of an accessible group G acting minimally on a terminal
G-tree T are finitely generated, by [17, III, Lemma 8.1].

Definition 5.1.5 ( [17, VI, Definition 4.1]). A group G is called almost finitely presented
if it is of type FP2 over Z2. In particular, every finitely presented group is almost finitely
presented.

Remark. Recall that a reduced G-tree (Definition 3.3.4) is also minimal by Lemma 3.3.6.

Theorem 5.1.6 ( [17], VI, Theorem 6.3). Let G be an almost finitely presented group. Then
G has a reduced terminal G-tree T. Moreover, the action on T is co-compact.

Proof. The existence of a terminal G-tree follows from [17, VI, Theorem 6.3]. The fact
that we can take the tree to be reduced follows from [37]. The action can then be taken
to be minimal by Lemma 3.2.9 and Proposition 3.2.8 (as G is finitely generated). Finally,
the action is co-compact, as is any action of a finitely generated group acting minimally
on a simplicial tree. For instance, see [17, I, Proposition 4.13].

We will also need the following, which is just a restatement of the ‘blowing up’ con-
struction given in [17, IV, Section 7].

Proposition 5.1.7. Let H be an accessible group acting on a simplicial tree S with finite edge
stabilisers. Then there exists a terminal H-tree, X so that every edge stabiliser of S is equal to
some edge stabiliser of X.

Moreover, if the action on S is non-trivial then so too is the action on X.

Proof. The idea here is to ‘blow up’ S to produce X. Just as in Observation 5.1.4, all
the vertex stabilisers in S are finitely generated and hence accessible, since H is. If we
write H as a graph of groups using S, we can then replace each vertex group, Hv, with
a graph of groups whose edge stabilisers are finite and whose vertex stabilisers have
at most one end. In particular, since all edge stabilisers in S are finite, each edge group
must fix a vertex in any incident Hv terminal tree and so we get a well defined graph
of groups giving us the result.

Proposition 5.1.8. Suppose that a finitely generated group H acts minimally on a simplicial
tree T with finite edge stabilisers and consider the reduction, rpTq obtained from T by collapsing
all collapsible edges. Then,

(i) If T is not a point, then rpTq is also not a point.

(ii) For any edge e of rpTq there exists an edge e1 of T such that | StabHpe1q| “ | StabHpeq|.
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Proof. Since T and rpTq are in the same deformation space by Observation 3.3.7, if rpTq
is a point then the whole of H is elliptic in rpTq and hence also in T, proving (i).

For (ii), we can simply regard the edge set of rpTq as a subset of the edge set for T, from
which the result immediately follows.

Definition 5.1.9. A subgroup H of a group G is called characteristic if for every φ P

AutpGqwe have that pHqφ ď H.

Observation 5.1.10. It is an easy exercise to see that if H is a characteristic subgroup of a
group G, then the following all hold:

1. For any φ P AutpGqwe have pHqφ “ H.

2. H is a normal subgroup of G.

3. Every automorphism of G induces an automorphism of G{H.

4. If G has a unique subgroup K of a given order, then K is characteristic.

Lemma 5.1.11. Suppose a group G has a characteristic subgroup N. If G{N has R8, then so
too does G.

Proof. Let φ P AutpGq. Since N is characteristic, φ induces an automorphism φ˚ on
G{N given by pg ¨ Nqφ˚ “ pgqφ ¨ N. Given xN, yN P G{N, we have that

xN „φ˚
yN

ðñDwN P G{N such that pwNqφ˚xNpwNq´1 “ yN

ðñDw P G such that pwφqxw´1N “ yN

ðñDw P G and Dn P N such that pwφqxw´1 “ ny

ðñDn P N such that x „φ ny.

In particular, if xN and yN belong to different „φ˚
classes in G{N, then x and y belong

to different „φ classes in G (since 1 P N). So if G{N has R8pφ˚q, then we must have
that G has R8pφq. This holds for all φ P AutpGq, hence if G{N has R8 then so too must
G.

Lemma 5.1.12. Let G be a group acting on a terminal minimal tree T, and let N “ tg P
G|xg “ x @x P Tu be the kernel of this action. Then N is the maximal (normal and finite)
subgroup of G. In particular, N is a finite characteristic subgroup of G.

Proof. First, observe that N must be a subgroup of every edge stabiliser of T. Since T
is terminal, it has finite edge stabilisers, hence N must be a finite group. Since N is a
kernel, then it must be normal.
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We will now show that N is the maximal normal finite subgroup of G. Indeed, let K
be another finite normal subgroup in G. Since K is finite, then it must fix some point
p in the tree T. Let g P G and k P K. Since K is normal then there exists k1 P K with
g´1k1g “ k. Then pp ¨ gq ¨ k “ p ¨ gk “ p ¨ k1g “ p ¨ G. Thus K pointwise fixes p ¨ G, and
so must also fix the convex hull of the points p ¨ G. Since T is assumed to be minimal,
we must have that this convex hull is equal to T, and hence K ď N. Hence N is the
maximal normal finite subgroup of G.

Now by Observation 5.1.10 (4), we must have that N is characteristic in G.

Corollary 5.1.13. Let G be a group acting on a terminal minimal G-tree T, and let N “ tg P
G|xg “ x @x P Tu be the kernel of this action. If G{N has R8, then so too does G.

Proof. This follows immediately from Lemmas 5.1.11 and 5.1.12.

Remark. Since N is finite and G is assumed to be finitely generated, then G is quasi-
isometric to G{N. Thus G has infinitely many ends if and only if G{N has infinitely
many ends.

Definition 5.1.14. Let G be an accessible group and T a reduced terminal G-tree.

(i) Let q :“ qpGq be the order of the smallest edge stabiliser of T. By [37, Corollary
7.3] this does not depend on T.

(ii) Let Tpqq be the tree obtained from T by collapsing every edge whose stabiliser has
order greater than q.

(iii) Let V0 be the set of vertices x P Tpqq for which there exist incident edges e1 and
e2 with Stabpe1q ‰ Stabpe2q as subgroups of G. Let V1 be the set of subgroups Y
of G which occur as an edge stabiliser in Tpqq. We construct a bipartite tree Tpqqc
whose vertex set is VpTpqqcq “ V0\V1, and where there is an edge px, Yq between
some x P V0 and some Y P V1 if and only if there is some edge e P Tpqq with
endpoint x and stabiliser Y.

Remark. Note that Tpqqc is the tree of cylinders constructed by Guirardel and Levitt
[38, Section 4.1], where the admissible relation is equality of edge stabilisers (as in [38,
Example 3.6]).

We refer the reader to [38] for the construction of the tree of cylinders. However we
note the following straightforward exercise.

Proposition 5.1.15. Let G be a group acting on a simplicial tree T, subject to some admissable
relation „ with corresponding tree of cylinders, Tc.

(i) If the action on T is minimal, then so is the action on Tc
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(ii) If the action on T is minimal and non-trivial, then the action on Tc is trivial exactly when
all edges belong to a single cylinder. Equivalently, this is exactly when all edge groups are
equivalent under „.

(iii) If the action on Tc is non-trivial and reducible, then so is the action on T.

Proof. (i) Each vertex of Tc is either a vertex of T belonging to more than one cylinder
(the V0 vertices) or a cylinder in T (the V1 vertices). It is straightforward to show
that the action of G on T then induces an action of G on Tc. For minimality see [38,
Section 4.1, p.13] or [36, Lemma 4.9].

(ii) If the action of G on Tc is minimal, then the action on Tc is trivial if and only if Tc

is a single point, i.e. the vertex set of Tc consists of a single cylinder Y P V1.

(iii) We briefly argue that if Tc admits a fixed end or an invariant line, then so too must
T. Suppose that Tc admits an invariant line L. Since Tc is bi-partite, we can look
at the vertices of Tc which are vertices of T belonging to more than one cylinder.
(That is, the vertices in V0). Thus we can think of LXV0 as a set of vertices of T. It
is clear that the convex hull of these is a line, L̃ in T. The invariance of L implies
the invariance of L̃.

The case of an end is similar.

Proposition 5.1.16. Let G be an accessible group, T a reduced terminal G-tree and Tpqq the
G-tree obtained from T as in Definition 5.1.14. Then,

(i) Every edge stabiliser of Tpqq is finite of order q.

(ii) Tpqq is a reduced G-tree.

(iii) Every vertex stabiliser of Tpqq is accessible.

(iv) Suppose that H is a vertex stabiliser of Tpqq and φ P AutpGq. Then Hφ also fixes a vertex
of Tpqq

Proof. Let F denote the subforest of T consisting of all edges whose full stabiliser has
order greater than q and their incident vertices. We can think of the edges of Tpqq as
simply being the edges of T which are not in F, proving (i).

Further, note that F is G-invariant. Hence if C is a component of F and g P G, then
CXCg ‰ H implies that C “ Cg, since Cg must be another component of F. The vertex
stabilisers of Tpqq are then either vertex stabilisers of T or stabilisers of components of
F. It is then easy to see that Tpqq is reduced and so (ii) holds.
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Next we want to argue that vertex stabilisers of Tpqq are finitely generated. This is clear
if the vertex of Tpqq is equal to a vertex in T.

Otherwise, consider a component C of F and let H be its setwise stabiliser - this is a ver-
tex stabiliser in Tpqq. As above, CXCg ‰ H implies that C “ Cg. In particular, G-orbits
on C must equal H-orbits and G-stabilisers in C must equal H stabilisers. Therefore the
action of H on C is reduced and hence minimal, so C is the minimal H-invariant subtree
TH. Moreover, since G acts with finitely many orbits, so does H on TH, and since G-
stabilisers are finitely generated, so are H stabilisers in C. Hence H is finitely generated
by the fundamental theorem of Bass–Serre Theory (see e.g. [17, I, Theorem 4.1]).

We also argue that each vertex stabiliser of Tpqq is accessible. If the vertex stabiliser of
Tpqq equals the vertex stabiliser of some vertex in T, then it has at most one end and
the result is clear. Otherwise, a vertex stabiliser H will be the setwise stabiliser of some
component C of F. But the action of H on C is co-compact, has finite edge stabilisers
and the vertex stabilisers have at most one end. This proves (iii).

Finally we prove (iv). First consider the action of H on T. If H is a vertex stabiliser
of T, then it has at most one end and is finitely generated. Hence Hφ is also finitely
generated and has at most one end. Therefore, since Tpqq has finite edge stabilisers, Hφ

must fix a vertex of Tpqq.

If H does not fix a vertex of T, then it is the setwise stabiliser of some component, C of F
and, as argued above, is finitely generated and C “ TH, the minimal invariant subtree
of H which is reduced and whose edge stabilisers have order greater than q.

Now, consider the action of Hφ on Tpqq. Suppose that Hφ does not fix a vertex of Tpqq,
then as Hφ is finitely generated it admits an invariant subtree, S. By Proposition 5.1.7,
Hφ admits a non-trivial terminal tree X whose edge stabilisers have order at most q
(since G-edge stabilisers in Tpqq have order q).

Next we reduce X to obtain rpXq. By Proposition 5.1.8, the action of Hφ on rpXq is re-
duced and non-trivial and edge stabilisers have order at most q. But since H is isomor-
phic to Hφ, this gives us two reduced terminal H-trees with different edge stabilisers,
contradicting Observation 3.3.7. This proves (iv).

Theorem 5.1.17. Let G be an accessible group with infinitely many ends and let N be the
maximal normal finite subgroup of G. Then:

(i) For any reduced terminal G-tree T the deformation space of Tpqq is AutpGq invariant.

(ii) If G{N does not split as a non-trivial free product then the tree of cylinders Tpqqc is a
non-trivial, irreducible, minimal G-tree which is invariant under the action of AutpGq.
(Here the admissable relation is equality.)
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Proof. Let D be a deformation space of G-trees and φ P AutpGq. Then Dφ consists of all
simiplicial G-trees for which Hφ is elliptic for any D-elliptic subgroup H.

Therefore, to prove (i), it is enough to show that for vertex stabiliser H of Tq and any au-
tomorphism φ of G that Hφ also stabilises a vertex of Tq. This is Proposition 5.1.16(iv).
This proves (i).

To prove (ii), we first consider the general situation.

Note that by [38], equality is an admissable relation since all edge stabilisers in Tpqq
have the same order. By Proposition 5.1.16, we know that Tpqq is reduced and hence
minimal by Lemma 3.3.6. Therefore, Tpqqc is minimal. If Tpqqc were trivial, this would
imply that all edge stabilisers are equivalent, which in our context means equal (by
Proposition 5.1.15). In particular, any edge stabiliser would be normal and so G{N
would act on the tree Tq with trivial edge stabilisers.

Hence, if G{N does not split as a free product, then the action of G on Tpqqc is non-
trivial. Furthermore, we know that the action of G on Tpqq is irreducible by Proposi-
tion 3.4.2 and hence the action on Tpqqc is also irreducible by Proposition 5.1.15. The
fact that Tpqqc is invariant under the action of AutpGq follows from the fact that the
deformation space of Tpqq is AutpGq invariant and [38, Proposition 4.11] .

Theorem 5.1.18. Any accessible group G with infinitely many ends has property R8. In
particular, any finitely presented group with infinitely many ends has property R8.

Proof. Let N be the maximal normal finite subgroup of G. If G{N is a non-trivial free
product then G has R8 by Corollary 5.1.13 and Theorem 4.1.10.

Otherwise, Tpqqc is a non-trivial, irreducible, minimal G-tree which is invariant under
the action of AutpGq by Theorem 5.1.17 and hence G has R8 by Proposition 3.5.6.

6 Relatively hyperbolic groups

6.1 JSJ decompositions and invariant trees

Theorem 6.1.1. Let G be a non-elementary finitely presented hyperbolic group relative to a
family P “ tP1, . . . , Pnu of finitely generated groups. Let OutpG;Pq denote the subgroup of
OutpGq preserving the conjugacy classes of the Pi, but allowing permutation of the Pi.

Then G has infinitely many twisted conjugacy classes with respect to any Φ P OutpG;Pq.
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Remark. Note that our definition of OutpG;Pq differs from that of [39] in that we are
allowing permutations. However, this does not effect the invariance of the JSJ tree
and so this is a benign change to make. We also note that the hypothesis that the Pi

are finitely generated arises since we use the JSJ decomposition of [40], where that is
required.

Proof. In our context G being non-elementary means that it is not virtually cyclic and it
is not equal to a Pi.

If G has infinitely many ends, we can invoke Theorem 5.1.18 to deduce that G has
R8. If Φ has finite order, we can use the argument of Delzant as in [42, Proposition
3.3 and Lemma 3.4]. We note that the argument there is for hyperbolic, rather than
relatively hyperbolic groups, but the same arguments work since relative hyperbolicity
is a commensurability (in fact a quasi-isometry) invariant by [18, Theorem 1.2], and one
can replace the arguments about infinite order elements with ones about loxodromic
elements in the relative hyperbolic setting.

Thus the remaining case is where OutpG;Pq has an element of infinite order and G is
one-ended. By [40, Corollary 9.20], there is a canonical relative JSJ tree, T. The fact that
it is relatively canonical means that it is OutpG;Pq invariant. In particular, we are done
by Lemma 3.2.14 and Corollary 3.5.5 as long as T is G-irreducible.

However, if T were reducible then either G fixes a point of T or G admits an invariant
line or end. If G were to fix a point of T, then G would equal a vertex stabiliser. Since
G is not elementary, the vertex stabiliser cannot be parabolic or virtually cyclic. And
since OutpG;Pq is infinite, it cannot be rigid. Hence it must be a flexible quadratically
hanging group with finite fibre. Therefore G would be hyperbolic and we would be
done by [42, Theorem 3.5]. (This case could also be dealt with more concretely.)

So we can assume that G does not fix a point of T and in particular T is not a point
and has an edge. We proceed to argue that T does not admit an invariant end or line.
Consider N the kernel of the action. If the action were reducible we would get that
G{N is either infinite cyclic or infinite dihedral by [15, Corollary 2.3 and Theorem 2.5].
(We note that in [15], those results construct homomorphisms to R and IsompRq, but in
the context of a simplicial tree, these land in Z and IsompZq instead.).

On the other hand, as in [40, Corollary 9.20], edge stabilisers of T are elementary mean-
ing that they are either virtually cyclic or contained in (a conjugate of) a parabolic sub-
group Pi. However, elementary subgroups are almost malnormal (for instance, see [39,
Corollary 3.2]), which implies that N is finite and if T were reducible, then G would
have 0 or 2 ends and hence be elementary. Therefore T is G-irreducible and G has
infinitely many twisted conjugacy classes with respect to any Φ P OutpG;Pq.
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Theorem 6.1.2. Let G be a non-elementary finitely presented relatively hyperbolic group G
whose peripheral subgroups are finitely generated but not relatively hyperbolic. Then G has
property R8.

Proof. Since the peripheral subgroups are not relatively hyperbolic, they are AutpGq
invariant by [47, Lemma 3.2] and so OutpG;Pq “ OutpGq. Therefore G has property
R8 by Theorem 6.1.1.

7 Appendix A: R8 for the infinite Dihedral Group D8

The following result is well-known but we include it for completeness. See [35, Propo-
sition 2.3].

Note that the infinite Dihedral group is the only group which can be written as a non-
trivial free product but having finitely many ends (it has two ends).

7.1 The infinite dihedral group

The group D8 is the free product of two cyclic groups of order 2 and hence has presen-
tation,

xx, y | x2 “ y2 “ 1y.

However, we will use the alternate generating set tx, t “ xyu, which gives the corre-
sponding presentation,

xx, t | x2 “ 1, tx “ t´1y.

This second presentation expresses the fact that D8 is a semi-direct product Z¸Z2,
where the monodromy is given by the (unique) non-identity automorphism of Z.

With this second description is is straightforward to see that every element of D8 can
be written as either tn or tnx “ xt´n for some n P Z, and that this representation is
unique.

Lemma 7.1.1. The outer automorphism group of the infinite dihedral group,
D8 “ xx, y | x2 “ y2 “ 1y has order 2. The non-identity outer automorphism has a represen-
tative given by the map:

x ÞÑ y, y ÞÑ x.

Remark. It is easy to see from the universal property of free products that the map
above defines an endomorphism of D8 whose square is the identity. Hence it defines
an automorphism.
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Proof. It is convenient to work with the alternate generating set, x, t “ xy. First note
that every nontrivial element of xty has infinite order whereas every element of the coset
xxty has order 2. Therefore any automorphism of D8 must restrict to an automorphism
of xty and hence send t to t˘1.

Notice that since t´1 “ tx we may assume, up to inner automorphisms, that any au-
tomorphism fixes t. Also, since it has order 2, the image of x must therefore be xtn

for some n P Z. However, pxtnqt
k
“ xtn`2k and since ttk

“ t we deduce that, up to
inner automorphisms, any automorphism is represented by the maps t ÞÑ t, x ÞÑ x and
t ÞÑ t, x ÞÑ xt. It is a simple calculation to see that these maps are in the same outer
automorphism classes as the identity map and the map given in the statement of this
Lemma, respectively.

Theorem 7.1.2. The group D8 has the R8 property.

Proof. The outer automorphism group of D8 has order 2 by Lemma 7.1.1, so by Lemma
2.1.4, it is sufficient to check that two automorphisms which represent these classes
have infinitely many twisted conjugacy classes.

Case 1: φ is the identity

When φ is the identity, twisted conjugacy is simply standard conjugacy. We then note
that,

ptnqt “ tn and ptnqx “ t´n.

It follows that tn and tm are conjugate if and only if |m| “ |n|. Hence, in this case, the
infinitely many elements tn, where n is a positive integer, are all in different (twisted)
conjugacy classes.

Case 2: tφ “ t´1, xφ “ xt.

This automorphism can be seen from the other presentation as the one which inter-
changes x and y. In particular it is not inner and so represents the other outer automor-
phism class. Here we note that

ptφqptnxqt´1 “ t´1tnxt´1 “ tnx and pxφqptnxqx “ xtn`1 “ t´n´1x.

It follows that tnx is twisted φ-conjugate to tmx if and only if m “ n or m “ ´n ´ 1.
Hence in this case, the infinitely many elements tnx where n is a positive integer are all
in different twisted conjugacy classes.
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8 Appendix B: Property R8 via quasimorphisms (by Francesco
Fournier-Facio)

In this appendix 1 we present a more indirect approach to prove property R8, which
applies to the groups considered in this paper, and more.

8.1 Quasimorphisms

Definition 8.1.1. Let G be a group, and f : G Ñ R a function. The defect of f is

Dp f q :“ sup
x,yPG

| f pxyq ´ f pxq ´ f pyq|.

If Dp f q ă 8, we say that f is a quasimorphism. If moreover f pxnq “ n f pxq for all x P G
and all n P Z, we say that f is homogeneous.

Quasimorphisms are useful tools for the interactions of group theory with various
subjects, such as bounded cohomology [27], stable commutator length [11], knot the-
ory [46], symplectic geometry [51] and dynamics [33]. Quasimorphisms are abundant
among groups with hyperbolic features: this originates from the Brooks construction
for free groups [9], and culminated in the Bestvina–Fujiwara construction for acylindri-
cally hyperbolic groups [5]. Here we are only concerned with quasimorphisms with an
additional special property.

Definition 8.1.2. Let f : G Ñ R be a quasimorphism and φ P AutpGq. We say that f is
φ-invariant if f pxφq “ f pxq for all x P G. We say that f is Aut-invariant if it is φ-invariant
for every φ P AutpGq.

Every quasimorphism is at a bounded distance from a homogeneous one [11, Lemma
2.21], so it is common to restrict to those. Homogeneous quasimorphisms are easily
seen to be conjugacy invariant [11, Section 2.2.3], therefore φ-invariance of a homoge-
neous quasimorphism is really a property of the corresponding outer automorphism.

Theorem 8.1.3. Let G be a group, let φ P AutpGq, and suppose that there exists a non-zero
φ-invariant homogeneous quasimorphism on G. Then G has property R8pφq.

Proof. Let f : G Ñ R be as in the statement. Let ≈D denote an equality up to Dp f q,
which is finite by assumption. Then we estimate:

f pwxpwφq´1q ≈D f pwxq ` f ppwφq´1q ≈D f pwq ` f pxq ` f ppwφq´1q “ f pxq,

1FFF is supported by the Herchel Smith Postdoctoral Fellowship Fund. He thanks Yuri Santos Rego
for useful comments. Department of Pure Mathematics and Mathematical Statistics, University of Cam-
bridge, UK. ff373@cam.ac.uk
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where we used homogeneity and φ-invariance in the last equality. In other words:

x „φ y ùñ | f pxq ´ f pyq| ď 2Dp f q.

Now let x P G be such that f pxq ‰ 0: this exists by assumption. Up to replacing x by a
suitable power, using homogeneity, we may assume that | f pxq| ą 2Dp f q ě 0. Then for
all i ‰ j P Z :

| f pxiq ´ f pxjq| “ |i´ j|| f pxq| ě | f pxq| ą 2Dp f q,

and so xi and xj cannot be in the same „φ-class.

We immediately obtain:

Corollary 8.1.4. If there exists a non-zero Aut-invariant homogeneous quasimorphism on G,
then G has property R8.

Let us note that the proof is showing more: if there exists a non-zero φ-invariant homo-
geneous quasimorphism, then there exists x P G whose powers are in pairwise distinct
„φ classes. Similarly, if there exists a non-zero Aut-invariant homogeneous quasimor-
phism, then there exists x P G whose powers are in pairwise distinct „φ classes, for all
φ simultaneously.

Remark. Of course homomorphisms are homogeneous quasimorphisms, therefore our
result recovers [43, Theorem 5.4], which states that groups with non-zero Aut-invariant
homomorphisms have property R8. There, it was applied to prove property R8 for a
large family of Thompson-like groups, including the piecewise linear F-like groups of
Bieri–Strebel [7], the piecewise projective groups of Lodha–Moore [44], and the braided
Thompson group Fbr [8]. In the first two cases, our more general criterion does not help:
if G is a piecewise linear or piecewise projective group of the line, then every homoge-
neous quasimorphism is a homomorphism [?, 10]. In the third case, there exist many
homogeneous quasimorphisms that are not homomorphisms [22], but the construction
does not give information about Aut-invariance. The interest of our more general cri-
terion is for applications to groups with hyperbolic features: already in free groups,
it is easy to see that there exist no Aut-invariant homomorphisms, but Aut-invariant
homogeneous quasimorphisms do exist [23].

Such quasimorphisms have been constructed in several cases. The most widely appli-
cable criterion is the following:

Theorem 8.1.5 ( [23, Theorem E]). Let G be a group such that InnpGq is infinite and AutpGq
is acylindrically hyperbolic. Then there exists an infinite-dimensional space of Aut-invariant
homogeneous quasimorphisms.
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Acylindrical hyperbolicity of automorphism groups has been proved in several cases
(in fact, it is still an open question whether it holds for all finitely generated acylin-
drically hyperbolic groups [29, Question 1.1]), and so we obtain the following list of
examples of groups with property R8:

Corollary 8.1.6. Let G be a finitely generated group satisfying one of the following properties.

1. G is a non-elementary hyperbolic group.

2. G is non-elementary hyperbolic relative to a collection of finitely generated subgroups,
none of which is relatively hyperbolic.

3. G has infinitely many ends.

4. G is a graph product of groups over a finite graph that does not decompose non-trivially
as a join and is not reduced to a single vertex.

5. G is a graph product of abelian groups and it is not virtually abelian.

Then G has property R8.

Proof. Groups in the second item have acylindrically hyperbolic automorphism group
[31, Theorem 1.3]. Therefore, they admit non-zero Aut-invariant quasimorphisms by
Theorem 8.1.5, and hence have property R8 by Corollary 8.1.4. The groups in the
first and third item are special cases (see also [29] and [31, Theorem 1.1]). Similarly,
the groups in the fourth item have acylindrically hyperbolic automorphism group [19,
Theorem A.27] (see also [32] and [30]), with the exception of the infinite dihedral group,
which is treated separatedly in Theorem 7.1.2. The groups in the fifth item need not
have acylindrically hyperbolic automorphism group (because we are allowing joins),
but they still admit Aut-invariant homogeneous quasimorphisms [23, Theorem B(4)],
so they have property R8 by Corollary 8.1.4.

The first item recovers [42]. The second item recovers Theorem 6.1.2 (and removes
the hypothesis of finite presentability). The third item recovers Theorem 5.1.18 (and
removes the hypothesis of accessibility). The last item recovers the R8 property for
non-abelian right angled Artin groups [55].

Remark. The same argument as Theorem 8.1.5 (see [23, Corollary 4.4] and the proof
of [23, Theorem 5.1]) shows that, if InnpGq is infinite, and xInnpGq, φy ă AutpGq is
acylindrically hyperbolic, then G admits an infinite-dimensional space of φ-invariant
homogeneous quasimorphism. By Theorem 8.1.3, this statement is enough to deduce
property R8pφq. It is possible that, for some groups, proving that xInnpGq, φy is acylin-
drically hyperbolic for all φ is easier than proving that AutpGq itself is acylindrically
hyperbolic.
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