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Abstract

It is revealed that the material derivative of a variable in gravity field is its directional
derivative, from which and energy/complementary-energy conservations with exterior
derivatives, two sets of gauge equations of Newton’s dynamic gravity field are derived,
which has same mathematical structure with the gauge ones for the Maxwell equations in
electromagnetic fields, revealing that gravity force and curl momentum in Newton’s gravity
field, respectively, play the roles like the electric E and the magnetic B of the Maxwell
equations in the electromagnetic field. The gravity tensor of Newton's gravitational field is
constructed, and an example is given to validate it. This finding allows Newton’s gravity
to be governed by a gauge theory, addressing the historic issue that “Newton’s gravitation
is an exception to the Yang-Mills gauge theory”.

Keywords: gravity tensor; gauge equations of the gravity field; Newton's gravity field;
exterior derivatives; energy conservation; energy-flow equation

MSC: 83-10

1. Introduction

Yang-Mills theory [1,2] has been successful in understanding electromagnetism, weak,
and strong forces. Unfortunately, “Newton’s gravitation (NG) revealing planet motions [3] is
an exception”. Einstein created an idea considering gravitation caused by geometrical defor-
mation of the field [4], following which there are publications for its gauge field equations
(GFE) [2-7]. Book [7] presented commentaries on the articles reported over about 50 years
until 2013. It is considered that NG can be recast in a form of Newton—Cartan geometry
theory, and General Relativity can be reformulated in a manner resembling a gravity theory,
as teleparallel gravity. Concerning this, Knox [6], based on examinations, concluded that “the
spacetime geometry involved in a gravitational theory is not a straightforward consequence
of anything internal to that theory as a theory of gravity”. It has been found that there
are many publications to tackle/extent the above gravitational theories. Duel et al. [8]
focus on reformulating Newtonian gravity as a fully covariant geometric theory, of which
the key extensions involve incorporating torsion, lifting the theory to higher-dimensional
Bargmann structures, and linking it to relativistic theories, condensed matter systems, and
Hofava-Lifshitz gravity. A called Gravitomagnetism/Gravitoelectromagnetism (GEM)
theory often revolves around foundational General Relativity texts [9] and specific applica-
tions to plasma cosmology or anomaly analysis [10]. Rabounski [11] developed a theory of
vortical gravitational fields referring to the rotational component of gravitational-inertial
fields described as a “vortical gravitational field”. This concept extends General Relativity
to include Maxwell-like equations for gravity, where the rotor of the gravitational-inertial
force plays a key role. The above-mentioned key references with their cited publications
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may provide very useful concepts and theoretical foundations for readers to compare them
with the theory in this paper to explore the physical and geometrical meanings of the
related gravitational variables defined in the paper.

Based on the energy flow theory developed by refs. [12,13], the author has investigated
the functionals for NG theory and the two geometric ones compared in Appendix A and
has considered that spacetime geometry gravity is not exactly equal to NG. The key reason
is that the geometric theory restricts the force perpendicular to particle velocity, so that it
does not work to change the kinetic energy of the mass moving in the gravity field, which
implies the mass moves along a geometric line, i.e., a zero-energy flow line. To explain
this, we consider the functional with the constraint for the Newton—Cartan theory given in
Appendix A, which is as follows:

t
Hi = [C T, T = Sri, br() = 0= br(ta), or = o, (1)
fy

from which, when taking a variation, it follows

OH[r] = [2 r-otdt = [2| & (i-or) — ior|dt "
= (ror)| 2 = [2 [Fot)dt = — [,2 | FFot] dt = 0,
implying dT/dt = 0, so that the gravity force, along the acceleration line # perpendicular to
the velocity 7, does not do work to change the kinetic energy of the system. The dT/dt =0
is also shown for Einstein’s geometric gravity by a simple example in Appendix A.

Therefore, publications on GFE only concern the geometry theory, and the one for

the NG field is still unknown. In the abstract presented in ICTAM?2024 [14], the author
developed a gravity tensor and gauge equations for Newton’s nonlinear dynamic gravity
field, which is further minor-modified and described in more detail in this paper.

2. Dynamic Interactions of Newton’s Gravity Fields of Two Masses

In a Cartesian system O — x!x2x> of base-vectors g,, (« = 1,2,3) in space with time
t, XY = ct, c light speed, using summation convention [15], we have a position x = x%g, . For
the Cartesian system, the base vector is constant; it is not needed to distinguish between
upper and lower indices, such as x* = x,, so that for our convenience in formulations, the
upper or lower index of the same variable is freely chosen.

In this system, two masses m! and m/ respectively located at the point x! and x/ at
time ¢. Following NG theory, there exists a gravitational force

O § B ~
Al = —Gr3 = G% = I, W =xl -/, ry = (V2 Gmlm! = G, (3)
ot iy

between them. Here, G is a gravitational constant, and f!/ denotes the force acting on mass
m! from mass m/. From Newton’s second law, the time change rate of momentum pI (xI )
of mass m! is governed by the following:

dp! (x! I I I
fI =) O, ), plad) = p, 1) = ol (), ol = B2 2 )
at ot |y dr — or |,
where x!, v! and p/, respectively, denote the position, velocity, and momentum of mass m!

at time ¢, X! is a material coordinate to identify the mass m!, such as its initial position x(l) for
the total material coordinate, and X! = x! at instant time for the updated Lagrange coordinate,

I

the time derivative d/dt represents the material derivative taken for the mass m', i.e.,

fixed X!.
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Newton’s law was originally developed concerning the two masses, so that the related
variables are considered as material variables. However, it can also be understood as a field
equation. Appendix C gives the physical and geometrical meanings of the variables in the
two descriptions, which will be helpful to read this paper.

In the following discussion of this paper, we follow the original material description
of Newton’s gravity and adopt the updated Lagrange coordinate X! = x! to identify
the momentum vector of mass m! and the gravitational force between the two masses.
However, for mathematical convenience, the field function pl (xl , t) may also be used to
derive its material derivative. This can be understood as follows. The gravity intensity at
the point x! in the gravity field of mass m/ is the gravity force acting on an imaginary unit
mass at x!, which is a defined physical field quantity without caring if there is or is not a
unit mass at that point. Therefore, from Newton’s gravity, the image unit mass at x/ has
its local momentum p’(x!,t) changing with time, a defined local momentum. If the mass
m! is physically located at x/, its local momentum will be the product of the defined local
momentum multiplied by the mass, i.e., p (x],t) = m!p! (x!,t). Since different positions of
field points have different gravity intensities, the momentum p! (x/, t) is a field function.

2.1. Directional/Material Derivatives of Variables in NG Field

If both masses move in space, each mass has its dynamic gravity field and momentum,
and therefore it must be dynamic interactions. As shown in Equations (3) and (4) and in
Appendix C, the gravitational force and the time change rates of momenta of two masses are
fully determined by the positions of the two masses in space. Generally, the gravitational
force is expressed asa two—point vector fl J (x’ , x/ ), and the momentum as a one-mass point
vector p! (xI) =p! (X! = x, t) = p!(x], t), where x is not only a field point but also the
updated material coordinate. The directional /material derivatives of these field variables

are calculated in the following forms:

de — E;Jj;dx‘}‘ + g{; Xy = (g{:; vt + gi;ﬁ)dt, (6)

J'= gf;x‘f, 7= g’:x, (7)

dpl(xl) _ aplx? _ aipl _ aipl, dPI(xI/ t) _ aL’I aL’Ix‘; - LPI . (8)
dt ox® ot |y ot dt ot oxt ot |y

dp! :3;’; dx® = %’f At = aaifdt. 9)

Here, J¥, (K = I, ]), the directional derivative of mass mX, is defined as a mass—force—velocity
of mX.,

2.2. Material-Field Variables with Their Time/Space Derivatives

Now, considering our interaction gravity field, the two field functions f/ (x!, ¥/) and
pl (xI , t) defined in the Cartesian system O — x1x2x3 of base-vectors 8. (x=1,2,3), s0
that their curl vector and divergence can be derived by using the gradient operator V as

follows. For the momentum vector, we have the following [15]:

apé

w! = curlp! = V xp!, (curlph), = Crap
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V-w!=0. (11)
The space derivative of the gravitational force is taken in the following form:
11 odlort af 9f axf
oF _ o Ty y_ % (12)
oxt 5B ox* ox®  ox®  ox®
1
Therefore, we have
ofy _  afgar} ofg (ax} o}
o J
curl ff =V x /I, (curl /1)) Y = Cpap i = Crpa ar)‘ S B ar (E)x{" >, (13)
afl  aflarl,  afl [ox}  0x}
divfl = vl =28 = 2o = 2o | =L : (14)
ox Br?] Ix ar?] ox%*  Jx“
The gravitational flux of mass m/ at x! must satisfy the Gauss’s integration [16],
1]
1] i 4.71’G rll =0, _r
Jf1, o = Jf, fragas ={ A0 e = o
so that the divergence of Equation (14) becomes
~IJ
VA = —anG A(Y). (16)
Here, Delta function and local gradient operator are as follows:
IJ — T
Iy _ ) r-=>u, _ [ 0 9
A(T ) = { 0’ TU 7& O, V = [ﬁ 2 el (17)

where T denotes matrix transportation.

2.3. Conservation Laws

The gravitational force between two masses is an internal force satisfying the equilib-

rium equations of the force and its moment,

I, 5+ 1, ) =0

o I, ) 4o < A1, o) = (o — &) x I (xd, &) = #1T x fT(+1))

so that there are the following conservation laws for the two masses.

2.3.1. Momentum Conservation

apl ap]
Differential form : f/dt = dp' = Wdt' flat = dp’ = ﬁdt,

Linear momentum : % [pL(xl ) +p/ (+, 1)] =fl 4l =,
pl(x!, t) +p/ (), t) = constant,

Angular momentum:

L(xlxp +x]><p])—x x I+ 3 x 1l = (2l =) x fI(#1) =0

xl x 14 Iy x) x pI = constant.

:O,

(18)

(19)

(20)

(21)

(22)
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2.3.2. Energy Conservation
1 aV
Potential energy : nefy=-——_ = 23
1 1p 1 17}
ineti - . _ior2 1P 2
Kinetic energies and complementary ones : Tj = MU= T = Em] U= (24)
II + Ty + T; = constant = E. (25)
2.3.3. Energy-Flow Equation [12,13]
The time change rate of Equation (25) vanishes, so that
dE _ om a4 | AT +Ty) gy drU n (T +17)
ai = ol ar T dr i (26)

(dT, o ) (dT] f]I )_

which, when from Equation (24), noting

ary dp' 4Ty dpl
T TR TR TR 27)

and Equation (4), gives the energy-flow equation for each mass,

<de N ) < f”>v—o (28)

Multiplying both sides of Equation (28) by dt, we obtain the differential forms of energy
conservation for each mass, which, generally taking dxf = dx*, is written as follows:

I I
ATy = e = Pl = aw',  Poant = Pege = gl = gllae,  (29)
of which the dual equation is an equation of complementary energy conservation, i.e.,

(fU zx) _dfl]x + ptxd o (30)

Understanding of material/directional derivatives, the energy-flow equation, energy/
complementary-energy conservations [12,13] in dynamic gravity fields of two masses
provides a base to establish the gauge equations for NG field, which, when using the
differential equations in Section 2.2 and the exterior derivative rules [2], are derived in the
next section.

3. Gravitational Tensor and Gauge Field Equations
3.1. Gravity Tensor and First Set of Gauge Equation

In 4D Cartesian system, a vector x = x*g,, « = 0,1,2,3, W=ctxl=x x2= Y, ¥ =
z, and the Minkowski metric tensor [4] is 17,5 = diag (-1,1,1,1) = ;7”‘13 . The 2-form [2] of
energy conservation Equation (29) is as follows:

[
af"‘ dxP A dx® = ﬁ "‘—i ap”‘+gp§:% dxP A dx®

SR )]dx“dx+%{[;( e raelg,
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where we have used the Kronecker delta (5/)5‘ and the following summation convention [15]:

B (a5 o f1 a=p )
oxB\ dt ) oxP\ ot ) ot 7 P )1, A#£B
The wedge product dxP A dx* = —dx® A dxP, so that for 3D Cartesian system by cross-
product of two vectors, we have

afl afl v
B a _ vpagy Ja g.B v SvBa g,y — 1] Y
dxP A dx ePdx E)x/sdx Adx axﬁe dx (V x f ) dx?, (33)

I I
d api apﬁ B ® J aptx apﬂ YBX 3.7 aw? 0%
at[ (axﬂ"axa i nit = 55 G~ e ) [T =T,

from which, we obtain

I I
V x fil = ow! aw axI _ dw

ot ax ot~ o X=xb) (35)

To reveal the physical meaning of Equation (35), we recognize that

Ul 5 s 1] A gyt
axﬁdx Ndx® =of,) Ndx (36)

is the cross product of differential force and differential displacement, the force moment
caused by the mass motion, which equals the time change rate of the angular velocity of
the mass, i.e., the angular acceleration of mass. Therefore, Equation (35) is the result of the
angular momentum conservation.

We construct a 2-form F!, a skew-symmetrical gravity tensor, as follows:

PI:wI+dt/\fU:wl+dx0/\fZ], (37)

fl = flaxt = fldx + f)dy + £ dz, (38)

dx® Afl f dx® /\dx+fy dx® /\dy+f dx° A dz, (39)

w! = 2ngxﬁ/\dx —wldy/\dz+w§dzAdx+w£dx/\dy, (40)
0 wl wl w!

Y
I 0 fz”/c ffyU/c

—wl —fe 0 fle |
Y oflre —fUse o0

Fup = —Fgo, (41)

0 —wl —wl —w!
I 1] 1]
0 f'/c  —f,//c
B — ponp B pap — |@x z y 42
" Fuy w; e 0 1 /¢ (42)

wl flre —flre 0

It is like the electromagnetic tensor [17], from Equation (41), it follows that the Lorentz
covariance invariant

2
FgF*F = 2(w2 — J;) (43)

https://doi.org/10.3390/axioms15010051
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the Pseudoscalar invariant 1 4
Eeaﬂwpaﬁpw = (@), (44)

where the Levi-Civita symbol with p signum of permutation is
Capyp = (—1)Pe1234, (45)

and the determinant

det(F) = Clz(w-f)z. (46)

Vanishing 3-form of Equation (37) and splitting up exterior derivative operator into space-
like and timelike parts gives the following:

dPlzdeerxOA@:dx (del + Yfl Adx>+d5w1+axow1Adx0

(47)
= (! —dsfyndt +dsw' =0, dsf) =0w!,  dsw!=0.
Using the Hodge * [2], we obtain the first-set gauge equations,
I 1] dw! I

* dFF =0, V xf =5 V.w' =0, (48)

0 wl wl w! 9/ cot

—wl 0 e —fl/c| |9/0x
dgF 7 : g =0. 49
Prap = |—wl —fUse 0 flyc||a/0y 49

—w! fy”/c —f/c 0 d/0z

3.2. Dual Equation

Dual gauge equation is derived from the complementary-energy conservation
Equation (30), from which, for the righthand-side terms, we have

N 17
Fle=a(arlsy) = Zhaxf ndfl = osaxf ndfl = dae St

(50)
= 2{(‘75 dxP A dx®,
aplX p‘" B &
d > dx} pw dx? Adx®, (51)
@' = <8pg>dxﬁ Adx® = wldx® = wldx + Wldywldz (52)
x

and then construct the 2-form of right-hand side of Equation (30), F=dtna! —|—fﬂ with
its 3-form,

i’ = dt Ad@! +df = (—ds@! + 00! Adt) Adt+dsP + o Ade
_( d I (53)
= (—dsw +8th)/\dt+d5f].

The 3-form of left-hand side of Equation (30) can be constructed as follows. In the first
step, we can use the general deferential rule of the two-function product fi] x{ to obtain

d(ﬁyx?) — dfU g g — dK = dfydx® + dfdx", (54)

https:/ /doi.org/10.3390/axioms15010051
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and then use df, = af Grdx b= ag‘;‘ dt in Equation (54) to yield

1] 5« 1] 5 &
dK = af”‘ dabdx® + 2 grdx = deﬂ + o)

. . a (55)
afclﬁJrf = df + %_at,

by which, and noting df' = d(x df') = dsf" Adx A dy A dz [2], we construct its 3-form

J
d(K)* 1= ‘ZZthdx/\dy/\dz+d5fI]Adx/\dy/\dz. (56)

Therefore, 3-form of Equation (30) is

1]
dstdt/\dx/\dy/\dz—b—dst/\dx/\dy/\dz—df-’l=0, (57)
Al JI de

dsf" = dsf/! Adx Ady Adz, —af' = Sdx Ady Adz. (58)
Using the Hodge * [2] and the singularity of f// at (xf = x?‘), where m! locates, we obtain a

dual one,

X ~ X i1 gl
s dsf! = VT = —4nGo(x§ — x%), x ds@' —x3f = V x w! — aaLt = %, (59)
J1

V x w! — af =JY. (60)

Dual tensor ﬁaﬁ = * Fyp, by replacing the positions of wl and f,,{l in F,p, can be obtained.
Finally, both gauge equations are

x dFl =0, « dx Fl = 71 — —47‘[G5(x'}‘ - x?) , (61)
7V
0 fx fy fz d/cot —4715(5(9&}‘ — xj)
A Sy 0 wy/c  —wy/c||d/ox| U
Ipkup = —fy —wz/c 0 wy/c | |9/9y| I - (62)
—fy wy/c —wy/c 0 9/0z 1y

3.3. Gravity Vector and Skew-Symmetrical Gravity Tensor

In Sections 3.1 and 3.2, we consider the changes in the gravitational force and the
momentum caused by time/position changes that are governed by the conservation laws,
which require that the work performed by the force must be the change in kinetic energy of
the system. We have known that the change in the gravitational force closely concerns the
two essential quantities of Newton’s gravity system: (a) the potential IT determined by the
two-instant positions of two points in the gravity field, and (b) the dynamic momentum
that changes the positions of the masses, so that it affects the gravity force. In mathematical
derivations, we have not considered how these two key quantities play their physical roles
to obtain the gauge equations but only considered their composited integrating action in
the material description to derive the result equations.

Here, based on the field description approach for electromagnetic field [17], we can
explore these unrevealed mechanisms of the two key quantities in the dynamic gravity

https://doi.org/10.3390/axioms15010051


https://doi.org/10.3390/axioms15010051

Axioms 2026, 15, 51

90f18

interactions in the field description as follows. We define the two key field quantities of the
gravity field in Appendix C as a field gravity vector,

II II II
Aa = (Cl P); AlX = (Cl P>/ A‘X :ﬂlxlBAﬁ = (C, P>/ (63)

from which we can construct a corresponding skew-symmetrical tensor as

0A, 0Ag
Using the operator,
o) J J J
O = (@ a &) = (% V)/ (65)
we obtain
% 0 pxt/c pyt/c pzi/c
ox II./c Px,x Py,x Pzx
0 Ag= | % | |1 =" ' v P (66)
allp ? [c Px Py pz} H,y /C Px,y Py,y pz,y

II,/c Px,z Py,z Pzz

Q|
N

T
0 pxt/c pyt/c pzi/c
IIx/c  pxx Pyx Pzx

A, = , (67)
pre ILy/c  pxy Pyy Pzy
H,z /c Px,z Py,z Pz,z
which, when submitted into Equation (64), yields
T
0 pxt/c pyt/c pzi/c 0 pxt/c pyt/c pzi/c
.= H,x/c Px,x Py,x Pz,x H,x /c Px,x Py,x Pz,x
ap — -
ILy/c  pxy Pyy Pzy ITy/c  pxy Pyy Pzy
IT Z /c Px,z Py,z Pz,z IT Z /c Px,z Py,z Pz,z
0 pui/c =TI,/ pyi/c—TI /c pap/e—1I1 /c (68)
—pyp/c+II /c 0 w; —wy
—pylt/chHy/c —wy 0 wy
_pz,t/C+HZ/C wy —Wy 0

Comparing the skew-symmetrical gravitational tensors in Equations (62) and (68), we find
that the gravitational force can be formulated as

1 op
f= C(Vﬂ+at), (69)
which is the same field expression in Appendix C. Physically, this result implies that in the
dynamic interaction gravity field, the dynamic gravity force consists of two parts, one is
the gradient of the gravity potential depending on the relative position between the field
points of masses, and another is the time change rate of the momentum at the mass point.
If there are no two masses in motion, dp/dt = 0, Equation (69) reduces to the case of the
classical Newtonian gravity of two fixed masses; the field is conservative and curl-free.
However, for the case of dynamic interactions of two movable masses, dp /9t # 0, the curl
f is governed by Equation (48) developed in this paper.

https:/ /doi.org/10.3390/axioms15010051
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4. Comparison and Example Validation

Comparing the gauge equations developed by kinematical structure in this paper
with those of Maxwell equations for electromagnetic field by field structure [2] reveals that
both have an exact-same mathematical structure. This implies f// and curl p in the NG
field, respectively, play the roles like the eclectic E and magnetic B in the electromagnetic
field, as compared in detail in Appendix B. Furthermore, they have a similar interaction
mechanism. In the electromagnetic theory, a moving electric charge produces a dynamic
electric field in which two different points have different electric intensities. Then, this
movable electric field produces a dynamic magnetic field interacting with the electric field.
In Newton's gravity theory, a moving mass A produces a dynamic gravity field in which
two different points have different gravitational intensities, so that another mass B at a field
point B will have its local dynamical acceleration, momentum with its local curl vector.
Therefore, the curl momentum is produced to interact with the gravitational force of the
mass A. Based on the analogy of the mathematical structure of the gauge equations and the
interaction mechanisms of these two-gauge fields, we may consider that the mechanism of
the dynamic interaction in Newton’s gravity field is the “gravitomagnetic effect”.

In the derivation of the gauge equation of geometric gravity theory, the geometrical
“connection curvature tensor” plays a key link to derive the result. However, here we use
the physical “energy conservation” as a link to derive the expected result based on the
material description of Newton’s gravity. Both aim to produce the corresponding scalar
notions. Energy conservation implies that the work performed by the gravity force equals
the change in the kinetic energy of the mass. From Figure A1 and the related formulations
describing the motion of a single unit mass, we obtain that the variation in the kinetic
energy is

3T = r-or = —%r.ér = —9261* = Gd (1) = GIR,
(1"}’) r r

which exactly involves the variation in the curvature R of the unit mass orbit. Therefore, the
physical “energy conservation” adopted in the paper plays a similar role as the “geometrical
curvature connection” used in geometric field gravity theory for the corresponding gauge
equations. But the condition constraining the variation in the curvature R is different; in
the geometric gauge theory, this variation is required to vanish (i.e., the kinetic energy
is not changed). However, in the gauge equation derivation of this paper, the energy
conservation requires the kinetic variation caused by JR to equal the work performed by
the gravitational force on the JR. Therefore, in the gauge equation based on the H-E action
of geometric gravity theory, only the geometrical variable (the metric tensor) is involved; a
cosmological constant I was introduced by Einstein from his objective consideration. But
the gauge equation derived in this paper concerns the gravitational force f and the kinetic
variable curl p with their dynamic interactive equilibration.

To validate the developed gauge equations of NG field, we investigate the motion of a
unit mass m in the gravity field of another unit mass M in a spherical coordinate system, as
shown in Figure 1. We tackle the following two cases.

https://doi.org/10.3390/axioms15010051
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R o A
f iy

Mo =rxdgy

rg:

M, =rxbg,

o.M

v.J

(@) (b)

Figure 1. (a) A spherical coordinate system with its local base vectors (g,, 85, ) describes the motion
of mass m at its instant position r in the gravity field of mass M located at point O; (b) the vector
diagram of the components of the velocity/momentum and the angular momentum of the mass m.

4.1. Motion of Mass m Relative to Mass M

In the spherical coordinate system shown in Figure 1, generally, the position vector of
the mass m is
r(r, 6,¢) = rsin fcos ¢pi + rsin Osin ¢j + rcos Ok, (70)

from which the three base vectors can be obtained as

8 = % = sin fcos ¢i + sin Osin ¢j + cos Ok = e,
8= % = rcos fcos ¢i + rcos fsin ¢j — rsin Ok = rey, (71)
8p = g—; = —rsin6sin ¢i + rsin Hcos pj = rsin ey,

where e, eg and ey are three-unit vectors.
The initial conditions of mass m are defined as

ry = r(ro, 6o, o) = Vogr,.eo =0, no=7% ¢o=m/2;

. . - (72)
vy = 19 = 108, + 0ogy + b8y, =0

The gravitational force f, the position vector and velocity of the mass m at an instant in time
can be obtained in the following forms:

r=r(r, ,¢0) =18, =re;, f= —g, /1. (73)
v =g, + 68, + g, = re, +rbeg + grsinbey = p.

The angular momentum vector M of the mass m about the origin of the coordinate system
is a constant vector [3], that is

M=rxp=re X (re, + rbeg + ¢rsin9e¢) = r29e¢ — ¢r’sin feg = constant, (74)

M, =0, My=rx ¢g¢ — —¢pr’sin feg, My =r1x gy = r2934,. (75)

The position vector, the components of the momentum vector, and the ones of angular
momentum are shown in Figure 1b.

Using the vector formulation in the spherical coordinate system, we can obtain the
curl p and the curl f as

w=Vxp= {%%(1’29)}84) + {ﬁ;—e(rsinz 6¢)}er - {%%(rzci)sinﬂ)}eg 76)
= 293¢ + 2cos Ope, — 2¢sin Beg,
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Vxf=0. (77)

The vector w is totally determined by the position of the mass m, so that its partial time
derivative vanishes; therefore, we have

ow
hhadg = 7
5 Vxf=0, (78)
which is the same as Equation (35).

As a special case, if the ¢ = 0 in the motion of the mass m, from Equations (72)—~(78)

above, it follows that
p=m/2, w =20ep, ep=—i, (79)

implying that, physically, the mass m moves in the fixed plane yMz, and its instant curl p
equals the two times of its instant angular velocity ey.

4.2. Dynamic NG Gravity Field of Movable Mass m

The initial conditions of m are considered as
. . 2 )
ro=0=ry, 100y = 1/13, (80)

implying NG balanced by its centripetal acceleration, and mass m moves in the circle of
radius 1y on yMz plane with its position and velocity:
z = rgcos 6 = rgcos wt, Yy = rosin @ = rpsin Z)t, w = 90; (81)
Z = —rowsin wt, y= rowcos wt.
Intensity at origin O caused by the gravitational force of m, its curl vector, partial/total
time derivatives at O are as follows:

fo ==+ zk)/r%: (jsin wt + kcos J}t) /r(%,
V x fo = (9z/9y —dy/dz)/r3i =0, (82)
oo, /ot =0, dfS,/dt = jwcoswt — kwsinwt /1§ = —J" = —of> /ot.

The relative momentum of mass M to mass m and its curl vector below are the same as
given by Equations (35), (59) and (60), i.e.,

p = —rowcos wtj + rowsin wtk = —zwj + yawk,
~ ~ 5 " ~ 83
w—pr—(a(g;')—a(;w)>i—2wi, (83)
~ p N N
%—ZJ:O:VXﬁn,%:wa—]m:—]m, V xw=0. (84)

5. Physical Meanings of Gauge Equations and Extensions
5.1. Physical Meanings of Gauge Equations

The simple example shows the dynamic interactions of two masses in their gravita-
tional field. The movable mass m/ of its instant position x/ (X/, ) generates its dynamic
gravity force at x! so that the mass m! at point x! has the time change rate of its dynamic
momentum governed by Newton’s second law, which can be written in the form

3 dt ot oxla™ ot

o] (Ja ol iyl ¢ I I I
FI(xd,21) = ~G5 e Gt A G20 I A YL IR
1y 1y X=x
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'
oxlx
causes the change in the distance between the two interacting masses, so that it is covered by

Here, the term 2 %' denotes the gravity force caused by the motion of mass m!, which

the gravitational potential I1, as shown in Equation (69), except for a constant c. Therefore,
Equation (85) has its two forms: one considers p’ (x/, ) as a field function, while another
considers it is a material variable, i.e.,

1) = —vi e 2, i) - P x ), )

The differential changes in this Equation in the space domain and the time domain can
derive the gauge equations as follows.

5.1.1. Spacelike Derivative d/dx®*

Taking a curl operation to Equation (86), in which the mass m/ moves with the relative
space displacement (x/* — xI*) g to m!, and causes the momentum change of m! at x!, we
obtain the gauge Equation (35), i.e.,

AV xp! I
vV xfll = anpf )_aw

ot ot T oot (87)

5.1.2. Timelike Derivative 0/0t

The gravitational force relative to m/ is considered as f!/ (x!, X)) due to the motion
of mass m!, of which the time derivative due to the motion is its directional derivative as
given in Equation (5), so that from Equation (86), we have

an g 99p'(x1)
ot =7 AT = ot ot (88)

in which, from the exterior derivative rule, it follows
p' = padx®, (89)
with its time derivative equaling its directional derivative, i.e.,

p' _opydxf ap I _
= 94 df ANdx®, Tdf = w! = w,dx®, *dt=1. (90)

Therefore, we have Equation (60), i.e.,

af 1 1], 7 _ d aP d I awi B a_ I
=) =2F at( Lix ) Sopdaf A dxt =V x W, 91)
5.2. Extensions to the Gravity Dynamics of N Masses

Now we consider that there are N masses in Newton’s gravity field, for which New-
ton’s gravity Equation (86) becomes

N x]tx Xlat)g DpI(xI, t) apl
];#fu(lexg NEE i St oo |y TVEeeN O2)
=1, X

in which the lefthand side represents the resultant gravitational force of N — 1 masses m/
at positions x/ acting on the mass m! identified by its instant material coordinate X!, while
the right-hand side is the material derivative of the momentum of mass m! at position
x!. Considering the differential changes in the space and the time domains, respectively,
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as used for Equations (87) and (91), we can derive the following gauge equations for the
gravity field of N masses.

5.2.1. Spacelike Derivative d/dx*

Taking a curl operation to Equation (92), in which the mass m/ moves with the relative
space displacement (x] *— XI"‘) g, tom!, and causes the momentum change of m! at x!,
we obtain

AV xp!) B ow!

I
N I vy P _ ow’ _
ZH,#fo’ =Vxo-=——tt=="- I1=12..N (93)

5.2.2. Timelike Derivative d/0t

The gravitational force relative to a mass m/ is considered as f!/ (x!, X7) due to the
motion of m!, of which the time derivative is due to the motion of mass m! is its directional
derivative as given in Equation (6), i.e.,

an_ 1] ]
=147, 1)

from which, when considering all masses as shown in Equation (91), we obtain

oft)
Y g; =Y (T +7) = Ve, 1=12 N (95)

6. Conclusions and Discussions
6.1. Conclusions

In this paper, the author has developed a gravity tensor and the gauge equations
for Newton’s gravity field, which address the historic issue that Newton'’s gravitation is
an exception to the Yang-Mills theory. Based on the comparison of the gauge equations
of Newton’s gravity with the well-known Maxwell equations, it has revealed that both
have the same mathematical structure, which implies that the gravitational force and curl-
momentum vector in Newton’s gravity field, respectively, play the roles as the electric and
magnetic intensities in the electromagnetic field. This success is based on understanding the
dynamic interactions of two masses in the gravity field, where the material derivative of a
field variable is its directional derivative, and energy/complementary-energy conservation
equations are the bridges to produce the required scalar notion for dynamic equilibria, with
exterior derivatives to develop the gauge equations. A simple example is given to validate
the developed equations, which is extended to the case of N masses.

6.2. Discussions

The following points may need to be further investigated.

(@) It is expected that the equations developed in the paper will be used to tackle the
interaction motions in the gravity fields, such as the Moon’s dynamic interaction with
the Earth, the thousands of satellites” motions between their and planets’ gravitational
force fields. From the author’s knowledge, the current Earth—satellite design only
considers the gravitational field of the Earth but does not consider the gravitational
interactions between the satellites. The number of satellites around the Earth increases
very fast. For their safe operations, when two of them are approaching each other,
their gravitational interaction may need to be considered, although it is very small
compared with the Earth’s gravity.

(b) In the derivation of the gauge equations of the paper, energy conservation is a neces-
sary link to generate a scalar energy notion, which is different from geometric gravity
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theory, where a curvature connection is used. In the simple example, it has shown that
the kinetic energy change is governed by the orbit curvature, generally a curvature
tensor in the H-E action. Therefore, the energy conservation link concerning kinetic
energy change implies that it also concerns curvature and additional force work. To
reveal more details, the mathematical and physical relations of the two links may be
further researched.

From this paper, we have seen that the equations for the electromagnetic field and
Newton’s gravitational field have the same mathematical structures and similar
mechanisms. As we know, Newton’s law of gravity indicates the gravitational force
between two masses, but we do not know what this physical mechanism is. Based on
the similarity compared between the gravity and electromagnetic fields in the paper,
we may guess that the gravity force essentially is the macroscopic resultant force
of the microscopic electromagnetic force inside the physical bodies. This conjecture
needs to be theoretically and experimentally tackled.
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Abbreviations

NG Newton's gravity

GEM  Gravitoelectromagnetism
GFE  Gauge field equations
H-E  Hibert-Einstein

Appendix A. Comparison of Newton’s, Newton—-Cartan, and
Einstein Gravities

The motion of a unit mass in the gravitational field of a unit mass M = 1.

v

L

Figure A1. Motions of a particle m = 1 on the plane Boz? in the gravitational field of a mass M of

potential ¢(r), identified by arclength S.
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As shown in Figure Al, we use the following notations, and the related geomet-

rical/dynamical variables used in the table of Appendix A. The position, velocity, and
acceleration of m = 1 can be expressed as follows:

r=r(r, 0) =r(s), dr=drg, +dbg, =dsg,,

i':fgr+9g9, g:gs, g, = or/ox", t=r, x*=0, R=1/r,
. dr .dr . 1.. 12 1 .«
r=q =54 — 8 Tzir-rzis = 58apX X',
.. 2dg, . 2 dg
r=5g,+5 d—ss:sgs—i-ng”, d—::Rg”.

Therefore, requiring dT/dt = 0, shown in the Equation implies the tangent acceleration

s = 0 with a constant tangent velocity, which physically is that the gravity force does not
do work to change the kinetic energy:

ar .. B 2 gy .. dT
E—rr—o, (sgs—i-ng)sgs—ss—E—O.
3T =7-br = —

G 1
W%ér = —}7251’ = Gé(;) = GJR,

~ t t
SH — / 5T dO.dt — 5/ GRd Qdf = 5/ GRd Q.
0 JQ 0 JQ, 0

Generalized Hilbert-Einstein action for 4D: H 8up) = [ 2 Ry/—8dQ, k = S?TG. Action of
Einstein geometrical gravity: H [gaﬁ] = [n (217R +11 ) V/—8d4Q.

Table A1. Comparison of Newton’s, Newton-Cartan, and Einstein gravities.

Newton’s Force

Newton—-Cartan Einstein Geometrical
Gravity Geometrical Gravity Gravity
Equation r(t) = —op/or=f ¥(t) = —op/or=f ¥(t) = —op/or=f
o H[gup]
Hlr] = T (r)dt i
H[f] N [1’] ftl (1’) = H[gtxﬁ] —|—fOH1/—gfiQ,
_ ftz{T(if) - (p(r)}dt H[R] = fot sz GRAQ,dt Adding 1_[{ corrgspondmg
Action i : . = [, GRAQ R coverture to potential ¢, into H-E
The variable is the ) action, so that it has a
position vector to the Generalized 4D case: 4
particle in the field

H-E action, x = 87G/c*
H(gap] = Jo 2RvV/—84Q,

similar form as Newton’s
one, but the variable is

tensor g,4, a geometrical
property of the field.
51’(t1) =0= (51‘(1’2) —0) = o
Constrain Jr admissible 5r(t1)§ _0 5 or(t) th %g“ﬁ 1 0, (0
displacements r=rot, on the boundary of (2,
0= 0H 0=6H
= —f 2 y-6rdt ty o H
0=46H b = [, 26Tdt _
fo oo . H 1 SupR Tup
. = Ji2 {—# - 3 }orar = = Jy Protdt =5[> GRat Jo{ (R —%57) = 3}
Sfﬁgfif}al (;1) 64)/5 f pi=dT/dt =0 SR t10 5 5g%F\/—gd Q)
condition r — r = At =0=Jr .
Newton's equation of Geometric line, Circle: Ry — % SupR = xTyp
motion or physical . Zero ’ _ _ 2011
zero—energy-ﬂow line Energy-flow line Tap = " og*P
by fr=0. R=0
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Appendix B. Comparison of Mathematical Structures of Gauge Equations
for the Electromagnetic Field and Newton’s Gravity Field

Electromagnetic Field

Newton’s Gravity Field

Electric

. . . . I]
field E Gravitational intensity f
M?i?gtlc B Momentum/curl vector pl, wl =V xp!

First-pair equation

V XE+0B/ot=0
V-B=0

First pair equation

V x fJ = aw! /3t
V-w! =0,

. . V xB—9E/ot =] Second V xw! —af ot = JU
Second-pair equation V.E— pair i1 ~
=f equation Vfl = —4nGo(x] — x§),
Fup = I fap = I I
0 By By B. 0 Wy wy ws
Electromagnetic —By 0 E./c —Ey, /c Newton’s gravity —w,lr 0 z] /c — yl /c
tensor -B, —E;/c 0 E./c tensor ,wé ffy/c 0 fo/c
—B, Ey/c —Ey/c 0 7w£ fyll/c 7]:”/6 0
—1 x
F=3 Mgdx“ AdxP Fl— %Faﬁdx“ A doB
* F‘XIS = * szﬁ =
0 E, E, E. 0 fx fy f2
Dual —E, 0 B./c —-By/c Dual —fs 0 wy/c —wy/c
tensor —-E, —B:/c 0 By/c tensor -f, —w:/c 0 wy/c
—E.  By,/c —Bi/c 0 —fr wy/c  —wi/c 0 |
*F:%*F:xﬁdxa/\dxﬁ *FI:%*Faﬁdx"‘/\dxﬁ
x dFl =0,
x*dF =0, ~ 1
Gauge equations x«ds F=]. Gauge equations wds Fl = 71 _ |:—47TG§(x’}‘ — x}")
1]
J J
. . Lorentz y
Lorentz invariant FaﬁF"‘IS = Z(B2 — Ez/cz) invariant Faﬁpw = 2(“’2 - fz/cz)

Appendix C. The Material and Field Descriptions of Newton’s

Gravity Theory
Variables Material Description Field Description
I Two updated material coordinates to .
x', x Two space points

identify two masses at these two points

f7(x!, «7) is the gravity force between

f (x!, t) is the gravity force on mass I at

Gravity force two masses. x! by mass J atx/.
fII(xII x]) = _f]I<x]’ xl) fl(xlr t) — 7f](le t)

T ), (1),

(a0, (), F e

Momentum

are totally determined by mass, i.e.,
material coordinate

are field momentums changing with time,
equaling momentums of masses reaching

at the points
JdA __ 0JA _ __ JA & dA __ J0A JA &
Time derivative of variable A of W(x = (X 1)) = R G = g tawX

directional derivative

material derivative

Space derivative

respect to material coordinates

respect to field coordinates

Newton’s law

(e, ) = 240

acceleration of mass I equals gravity force
on it from mass J.

9 I 9 I,
PO 0 =B+ i =t
1
fxl, t) = —VIT+ %2
force at a field point equals local a, +
translational a,. a, caused by motion of
mass J, while a, caused by motion mass I

that involves potential IT change, so
replaced by —VII.
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