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ABSTRACT We conceive a novel channel estimation and data detection scheme for OTFS-modulated
faster-than-Nyquist (FTN) transmission over doubly selective fading channels, aiming for enhancing the
spectral efficiency and Doppler resilience. The delay-Doppler (DD) domain’s input-output relationship of
OTFS-FTN signaling is derived by employing a root-raised cosine (RRC) shaping filter. More specifically,
we design our DD-domain channel estimator for FTN-based pilot transmission, where the pilot symbol
interval is lower than that defined by the classic Nyquist criterion. Moreover, we propose a reduced-
complexity linear minimum mean square error equalizer, supporting noise whitening, where the FTN-
induced inter-symbol interference (ISI) matrix is approximated by a sparse one. Our performance results
demonstrate that the proposed OTFS-FTN scheme is capable of enhancing the achievable information rate,
while attaining a comparable BER performance to both that of its Nyquist-based OTFS counterpart and
to other FTN transmission schemes, which employ the same RRC shaping filter.

INDEX TERMS channel estimation, doubly selective fading channel, faster-than-Nyquist signaling, linear

minimum mean square error, orthogonal time frequency space modulation.

I. INTRODUCTION
LASSIC orthogonal frequency-division multiplexing
(OFDM) suffers from grave inter-carrier interference
in high-mobility environments. To address this issue, or-
thogonal time frequency space (OTFS) modulation [1] was
conceived for modulation in the delay-Doppler (DD) domain,
while leveraging a sparse quasi-static channel representation.
In contrast to the OTFS schemes [1], [2] assuming ideal
pulse-shaping waveforms that satisfy orthogonality in both
time and frequency, the input-output relationship of OTFS
with a practical non-orthogonal pulse shaping filter was
discussed in [3], [4].
In [5]-[8] and OFDM-based OTFS (OFDM-OTFES) archi-
tecture relying on a cyclic prefix (CP) in each transmission
frame was investigated, while utilizing either a bi-orthogonal

pulse [1], [6] or a rectangular shaping filter for ensuring
compatibility with conventional multi-carrier systems [4],
[5], [7]. Furthermore, in [9], OFDM-OTES was incorporated
into a multiple-input multiple-output (MIMO) system, and
its ergodic capacity was compared to those of conventional
MIMO-OFDM systems.

In addition to waveform design, channel state information
(CSI) estimation was explored in OTFS. Since the DD-
domain expression of an OTFS symbol allows for a time-
invariant channel representation without suffering from time-
varying inter-symbol interference (ISI) in the time-domain
(TD), as well as the Doppler-shift-induced inter-carrier inter-
ference (ICI) in the frequency-domain (FD), a powerful pilot-
aided joint channel estimation and data detection scheme
operating in the DD-domain was developed in [10], [11]. To
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further improve spectral efficiency, the superposition of pilots
was exploited in [12], [13]. In [14], the three-dimensional
orthogonal matching pursuit algorithm was employed for
CSI estimation in a massive MIMO scenario to exploit the
sparsity in the delay, Doppler, and angle domains of the
channel. Despite the above advances, data detection remains
an issue since the DD domain’s support plane is wider than
that of the time-frequency domain. Hence, low-complexity
single-tap FD equalization of OFDM is no longer applicable.
To get around this limitation, several message-passing (MP)
detectors were proposed for OTFES [4], [15]-[17], which
exploit the sparsity of the DD-domain channel. In [18]-
[21], the block circulant property [18], [19] and quasi-banded
sparse structure [20], [21] of the doubly selective fading
channel matrix were exploited to conceive low-complexity
minimum mean squared error (MMSE)-based OTFS detec-
tors. Furthermore, in contrast to coherent detection based on
CSI estimation, a noncoherent OTFS system dispensing with
pilot insertion and CSI estimation was proposed in [8], which
relies on blind interference cancellation in the DD domain.
Moreover, a unified variational-inference-based receiver was
developed for OTFS-based MIMO-aided integrated sensing
and communication (ISAC) systems, which facilitates joint
data detection, channel estimation, and kinematic parameter
estimation within a probabilistic inference framework [22].
Compared to conventional time-orthogonal signaling, the
symbol interval of faster-than-Nyquist (FTN) signaling is
intentionally reduced below the limit set by the Nyquist
criterion. The main benefit of FTN signaling is the com-
pensation of the bandwidth expansion imposed by the
roll-off of realistic pulse shaping in conventional time-
orthogonal signaling, thus, the transmission rate is enhanced
without expanding the bandwidth requirement [23]. Several
TD [24], [25], FD [26], [27] and generalized approximate
MP based [28], [29] demodulation schemes were proposed
for mitigating the FTN-induced ISI at a low complexity.
Moreover, precoded FTN signaling schemes based on ma-
trix factorization were proposed in [30]-[33]. Specifically,
in [30], the FTN-specific ISI channel matrix’s eigenvalue
decomposition (EVD) was used for transmit precoding and
receiver-side weighting. In [31], an EVD-based precoded
FTN scheme associated with power allocation was developed
for maximizing the information rate attained in additive
white Gaussian noise (AWGN) channels. This was then fur-
ther extended to both frequency-flat and frequency-selective
fading channels in [32]. Furthermore, [33] proposed a multi-
carrier FTN (MFTN) scheme relying on the fast Fourier
transform (FFT) for reducing the computational complexity
by employing the channel matrix’s circulant approximation.
However, the above-mentioned FTN schemes assume perfect
CSI, which may be challenging to obtain, especially under
doubly selective fading. As a remedy, joint CSI estimation
and data detection schemes were developed for open-loop
FTN signaling in frequency-selective fading channels [34]-
[38] and for a sparse code multiple access scenario [39].

Recently, several FTN schemes have been designed for
doubly selective fading channels to enhance robustness
against both delay spread and Doppler shift [40]-[43].
In [40], the Gaussian MP detector, assisted by a vector form
factor graph, was proposed. In [41], based on variational
inference, a low-complexity FD equalizer was designed for
achieving a performance close to the conventional MMSE
equalizer. In [42], EVD-precoded FTN signaling was de-
signed for an acoustic doubly selective underwater channel.
In [44], an adaptive transmit precoding method for FTN
signaling was proposed for fast-fading multipath channels,
utilizing real-time CSI feedback from the receiver. In [43],
differential multi-carrier FTN (DMFTN) signaling was pro-
posed, which approximately diagonalizes the FTN-specific
ISI and noise correlation matrices, while dispensing with
CSI estimation at the receiver. Furthermore, pilot designs
using the least sum of squared errors algorithm [45] and
index modulation [46] were also proposed. However, the
majority of prior OTFS studies assumed that the transmitted
signal adheres to the time-orthogonal Nyquist criterion. In
other words, most previous FTN studies did not consider
CSI estimation and data detection in the DD domain, and
the amalgamation of FTN signaling with OTFS modulation
[47]-[49] is a hitherto neglected issue. An exception is
constituted by [47], where the OTFS-based FTN signaling
scheme was proposed under the assumption of Nyquist-based
pilot transmission, as well as full-complexity EVD-based
precoding and detection. An ISAC waveform was proposed
by amalgamating OTFS modulation and FTN signaling while
considering an ideal rectangular shaping filter, where the
communication throughput and the range-velocity sensing
performance were enhanced in the face of a high-mobility
channel [48]. For scenarios having limited spectral resources
while suffering from high Doppler shifts (ex., aeronautical
communications [50] and high-speed railway communica-
tion), the combination of FTN and OTFS in such contexts
offers a promising solution by improving both the spectral
efficiency and Doppler resilience. Note that the conventional
OTFS scheme typically assumes having circular channel
convolution in the DD domain and uncorrelated noise after
matched filtering. However, these assumptions no longer
hold for the OTFS-based FTN signaling scheme. As a result,
classical OTFS channel estimation and detection cannot be
applied.

To highlight the novelty of the proposed design, Table
1 contrasts representative OTFS- and FTN-based works
reported in the literature. Against this background, the novel
contributions of this paper are summarized as follows.

e We propose a DD-domain CSI estimator assisted by
FTN-based pilot transmission and reduced-complexity
data detection in the context of an OTFS-based FTN
(OTFS-FTN) architecture conceived for doubly selec-
tive fading channels by employing a root-raised-cosine
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TABLE 1. Contrasting our proposed OTFS-FTN scheme with existing OTFS and FTN related works

[10], [11] | [18]-[21]

[34]-[38] | [40], [42], [44] | [41], [43] | [45], [46] | [47]-[49] | Proposed

OTFS framework v v

v

FTN signaling

v v v

Reduced-complexity detector v

Doubly selective fading channel v v

v v
v v v
v v v v

Channel estimation and detection v

v v

FTN-based pilot CSI estimation

Reduced-complexity detector for OTFS-FTN

DD domain input-output model for RRC filter

ANENENENENENENEN

(RRC) shaping filter." Furthermore, based on this input-
output relationship and noise whitening in the DD
domain, we designed bespoke FTN-based pilot (FTNP)
symbols for enhancing the spectral efficiency, while
attaining comparable performance to the conventional
Nyquist-based pilot schemes.

e We propose a reduced-complexity linear MMSE
(LMMSE) equalizer for the proposed OTFS-FTN sys-
tem having the complexity order of O [M N log, (V)]
where sparsity approximation is employed for the FTN-
induced ISI matrix.

e Finally, our performance analysis reveals that the pro-
posed OTFS-FTN scheme achieves an improved BER
performance and a higher information rate than all
other previous FTN transmission schemes and than its
Nyquist-based OTFS counterpart, while using the same
RRC shaping filter.

The remainder of this paper is organized as follows. In
Section II, we present the system model of our proposed
scheme. Section III derives the FTNP-based channel esti-
mator conceived while Section IV presents the proposed
LMMSE-Based OTFS-FTN receiver, followed by Section V
providing our performance results. Finally, Section VI con-
cludes the paper.

Il. System Model

A. Transmit Signal

Fig. 1 illustrates the architecture of the proposed OTFS-FTN
transceiver. The two-dimensional DD-domain information
symbols are represented by X € CM*N whose vectorized
form X is given by x = vec(X) = [zo, -+ ,2mn-_1]T €

CMN 2 (p =

with an average energy of E |xn|2 =0
0,---,MN —1).

Upon assuming M subcarriers and N time slots for each
transmission frame, the bandwidth and the frame interval
are expressed by MAf and NT, where the subcarrier
bandwidth A f obeys "= 1/A f. The bandwidth of an ideal
rectangular pulse filter is given by 2W, corresponding to

the Nyquist criterion-based symbol interval Ty = 1/(2W).

! Although RRC shaping filters are indeed routinely employed in Nyquist-
rate OTFS schemes [51] and in orthogonal delay-Doppler division multiplex-
ing (ODDM) [52] schemes, OTFS-FTN signaling has not been analytically

investigated in the above literature.
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Furthermore, the FTN-specific sampling interval is given by
Tt = Ty = T /M, where « is the packing ratio. > Similar to
the conventional OFDM-OTFS scheme [7], [8], the inverse
symplectic fast Fourier transform (ISFFT) is harnessed for
transforming the DD-domain modulated symbols into the
time-frequency domain, corresponding to the N-point IFFT
along the rows and the M-point FFT along the columns in
X. Finally, an M-point IFFT is used to generate the TD
signal, which is denoted as

S =F}; (FuXFY) € CM*N, (1)
where Fy; € CMXM and Fy € CN*N represent
the normalized discrete Fourier transform (DFT) matrices,
whose entries in the mth-row and nth-column are denoted
by ﬁe—%rj(m—l)(n—l)/l\f and ﬁe—%rj(m—l)(n—l)/N, re-
spectively.

The column-wise vectorization of S is then denoted as:
s = vec(S) € CMN
= (F% ® IM) X, 2
where I, € RM*M ig the identity matrix, and ® represents
the Kronecker product. We assume that a 2c-length CP is

appended to the end of s as follows:
T c CMN+20

a= [50,..., SMN—1,50,--,52c—1]
T
= lao,...,amNt2c-1]
= Acpsa (3)
where we have:
Aoy = Tun € RIMN+20)xMN _(4)
e Ogex(mn—20)

Furthermore, the baseband OTFS-FTN transmit signal is
given by
MN+42c—1
where hiy(t) represents an RRC pulse shaping filter with
the roll-off factor 8. By inserting a sufficiently long CP, the
impact of FTN-induced inter-frame interference (IFI) can be
neglected for practical packing ratios of o > 1/(1+ ) [33],
[43].

2In contrast to other OTFS-FTN schemes [49], which employ time-

s(t) = anhix(t — nT}), 5)

and frequency-domain compressions and introduce coupled ICI and inter-
Doppler interference (IDI), the proposed OTFS-FTN framework exploits
symbol compressions only in the time domain, while preserving the orthog-

onality of subcarriers.
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Transmitter

- PSK/QAM cP Shaping | 8(t)
Bit loading modulation ISFFT IDFT insertion filter
FTNP-based Channel
channel estimation h(r,v)
<—{ Demodulation SFFT DFT LMMSE cP Matched
equalization removing filter
2(t)
Sampling at
t =naTy
Receiver
FIGURE 1. Schematic of the proposed OTFS-FTN transceiver.
B. Channel Model given by

The signal received from the time-varying channel is ex-
pressed as follows [1]:

= / h(r,v)s(t — 7)e??™ D drdy + w(t), (6)

where 7 and v denote the delay and Doppler shift, re-
spectively. Furthermore, w(t) represents the complex-valued
AWGN component, whose power spectral density is given
by o2. Furthermore, h(7,v) is the channel response, which
is expressed, owing to the sparsity in the DD domain, by

(kj +h1)(f 1;T¢)
MNT;

s(t—LTe)+w(t)| xhr (—t)

rg hej2
P—1 MN+2c—1

ST

n=0
+77( ),

(k; +KI)(f 1;Ty)
MNTy

ang (t - (TL + lz) Tf)
(10)

where g(t) £ hiy(t)xh?, (—t) is the raised-cosine (RC) filter,
and 7)(t) £ w(t) xh? (—t) is the FTN-specific colored noise.

By sampling z(t) at the FTN interval and removing the
first ¢ and last ¢ samples, we obtain the received samples of

)

where P is the number of channel taps, and d(-) is Dirac’s

2=z,

,ZMN71]
= [Z(CTf), SRR

= R HA s + 1,

T E(CMN

((MN +c— 1)T)]”

an

delta function. Furthermore, h;, 7;, and v; represent the
complex-valued channel gain, the delay, and the Doppler
shift of the ith path. More specifically, the delay and Doppler
shift in the ith path are denoted, respectively, by

l;
Ty = MAF ®
ki + ki
V’i_ NT ) (9)

where [; and k; are integer parameters corresponding to the
delay and Doppler shift, and «; represents the fractional
Doppler shift for —1/2 < k; < 1/2. We assume that the
channel’s maximum delay 7,,x and maximum Doppler tap
Vmax SaUSTY Tmax < (2¢ — D)T/M and |vmax| < Af/2,
respectively. Furthermore, [,,,x and &y« correspond to 7y,x
and Vyax, Which are calculated from (8) and (9). Note that
in the DD domain, the paths having different Doppler shifts,

but the same delay are separable.

C. Receive Signal
From (5), (6), and (7), the received signal after matched
filtering using the pulse shaping filter h.(t) = h(t), is

where we have

Rep=[O0mnxe Iun Onrwxe | ERMNVXNT29 (12)
and 7 € CM¥ is the FTN-specific correlated AWGN, having
a correlation matrix E [nnH ] = UOG [31], [32]. Moreover,
G € RMNXMN jg 3 Toeplitz matrix, the first row of which is
given by [¢(0), g(=T%) - - -, g(—(M N —1)T})]. Furthermore,
H ¢ CMN+2e)x(MN+2¢) represents the effective channel
matrix, accounting for both the FTN-induced ISI and for the
dispersive channel effects. More specifically, the entry in the
kth-row and mth-column of H is given as follows:

P-1

Hik,m}=Y hie’*"

i=0

(kitr;)(k—1;)
MN

g(kTy—(m +1;) Tt) (13)

lll. FTNP-Based Channel Estimation _

As shown in Fig. 2, the symbols of each frame X = X7 ¢
CN*M transmitted in the DD-domain are divided into three
groups, namely the pilot symbol z,, the zero-padded guard
symbols, and the data symbols. The entry in the kth-row and
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. Pilot Symbol I:‘Guard Symbols DData Symbols

FIGURE 2. DD-domain frame structure of X, including the pilot symbol,
guard symbols, and data symbols.

Ith-column of X is denoted as 3

k=ko,l=1I

ko — Ng <k < ko + Ng
lo = lmax <1< 1o+ lmax
otherwise

EEP
Xk, 1] 0

{(14)

data symbols

where N, is the size of guard symbols, which satisfies N, >
2kmax~
Theorem I: Let us denote the two-dimensional symbols

received in the DD domain by Y € CV** corresponding
to X. By ignoring the effects of AWGNS, the entry in the
kth-row and [/th-column of Y is expressed as

~ =& (1) (kytrg)

Vi a Y Y hie (k1)

=0 ¢g=—N;

X X [k — ki + )y 11—l p] (15)
where we have:
%(/fyh(I) =
Lo((l = 1) Tr)p(q, ki) I <I<M
Za((l = I; + M)Ty)(p(q, o)1)=z 5 g <o,
(16)
e—i2m(—q—ri) _ 1
p(gq, ki) = A7)

e_j%r(_q_”i) —1 '
Proof: The proof is given in Appendix A. According to
Theorem 1, the non-orthogonality of the RRC pulses under
FTN signaling introduces off-diagonal coupling terms in the
DD domain, which results in a non-circulant, but structured
channel matrix.

3In contrast to the conventional Nyquist-based pilot-aided OTFS channel
estimation [10], the proposed scheme is developed for OTFS-based FTN
signaling relying on an RRC shaping filter, hence introducing additional
coupling and correlations in the DD-domain input-output relationship.
Consequently, the conventional pilot signal model and the associated channel
estimation of [10] cannot be directly applied to the proposed OTFS-FTN

scheme.
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Let us assume that 15, Zi, l%i, Ris fLi are the estimated
values of the total number of channel taps, delay, integer
Doppler tap, fractional Doppler tap, and channel coefficient,
respectively. Then, our FTNP-based channel estimator is
constituted by the following four steps:

1) Delay estimation: After the M-point FFT and SFFT
operation, the samples in (11) are converted into those of
the DD-domain, which are given by

y = (FN X I]y])Z S CMN
= (FN &® I]W) chHAcpS + UED (]8)

where we have g = (Fy ® Iy)n € CMY, denoting the
DD-domain’s equivalent correlated noise and the correspond-
ing covariance matrix is formulated as

E[nani] = (Fy @ In) Elmm"] (FY @ 1)
=03 (Fy®1y) G (FR @ 1y)
= Guq, 19)

where Gq = o3 (Fy @ Iy) G (FE ® 1)) € CMNXMN,
We then harness the noise whitening to reduce the effects
of DD-domain correlated noise, which is carried out by
multiplying the weight matrix as follows:

yw =Gy 2y e CMN, (20)

where y,, is reshaped to Y,, € CV*M by exploiting the
relationship of y,, = vec(Yy,). To estimate the number of
channel taps, we introduce a threshold 7, which is based on
hypothesis testing [53]

T =1+v2Q ! (Pra), @21)

where Q~'(Py,) is the inverse of the Gaussian Q-function
and Py, is the false alarm rate. Let us define the kth-row and
Ith-column entry of Y, as Yy [k, []. Then, if Yy, [k, [] satisfies
|Yy [k, 1]|? > T within the guard interval defined by ko —
Ng <k <kg+ Ng, lgp <1< lp+ lmax, a propagation path
corresponding to I; = | — Iy exists for each (k,1) pair. The
number of channel taps P is estimated by the total number
of paths given above.

2) Doppler shift estimation: Similar to the rectangular
pulse scenario of [4], observe in (16) that ~;(k, [, q) reaches
Qs maximum value at ¢ = 0. Hence, for each estimated path
Y(ko+k,lo+ l;] (i=0,---,P—1), the integer Doppler tap
is estimated by

~ .2
oy = ’Y[ko ko + 1) (22)

arg max
VEE[—Kmax s Kmax)

3) Fractional_Doppler shift estimation: Based on (15),
(16), and (17), Y[ko + kz - ]., lo + ll] and Y[ko + ki, lo + ll]
are given by

loei+ry) T
MN

Yiko + ki — 1,1o + ;] = hie??™ 7 (oTh)

x p(1, k)X [ko, lo] (23)
Ylko + ki, lo + 03] ~ hyed2m 5 %g(lon)

x p(0, )X [ko, o], 24)
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FIGURE 3. The structure of LU decompositon for W ;.

where the only difference is represented by the fading
components p(1,x;) and p(0, ;). Therefore, for the ith
channel tap, the fractional Doppler index is estimated for
the predefined precision of x; as follows:

2
p(oa ’ii)

. (25
p(]‘a‘%i) ( )

X Ylko + ki, lo + 3]
Ri= argmln =~
VHE( }Y[ko-‘rk—llo-f—l]

4) Channel coefficient estimation: Based on (15)—(17), the
fading coefficient corresponding to the ith tap is estimated
by

iL‘ . ?[ko—l—i{“lo-‘rii]

: ( +K‘L) (26)
Ep%eﬂ” (lon) (O,I%,)

where E, is the power of a pilot symbol.

IV. LMMSE-Based OTFS-FTN Receiver

A. Low-Complexity LMMSE Equalizer

Firstly, let us consider LMMSE equalization along with noise
whitening for the received signals of our OTFS-FTN scheme
in (11) as follows: [18], [20], [21]

st = (H,Q)" [(H,Q)(H, Q)" + 02G] ' 2

= Q"HY [HHI +02G] ' 2, 27)
where Q = F% ® Iy and Hy = RpHA,. Note that
the calculations of (27) have a complexity order as high as
O [M3N?3].

IST in the proposed OTFS-FTN scheme relying on the
RRC shaping filtering exhibits a structured and localized
DD-domain channel matrix. Specifically, interference is con-
fined to a limited range, as determined by the FTN packing
ratio and the roll-off factor of the RRC shaping filter. This
property results in sparsity in the effective channel matrix,
which can be exploited for reduced-complexity detection. To
reduce the complexity, under the conditions of g(nTt) ~ 0
for |n| > ¢ with a sufficiently long CP, the received frame
(11) is approximated by

z ~ Hgs + n, 28)
where we consider a sparse matrix Hy € CMNXMN 5 ap-
proximate R, HA ;. More specifically, for £ < M N — 2c,

the kth-row of Hy is given by

P-1
(ki+ri)(kte=1;)
0,...,0,>  hie?®wn— g((—c+ L)), ..,

k1 1=0
P-1

2 (ki‘*’mi)(k‘*";*lm)

h;e’ MN g((c+1)T¢), 0,...,0], (29)

i=0 M

MN—2c—k

and for k > M N — 2¢, the kth-row of Hy is formulated as
rl o (ki+ri)(k+e—1;)

> e g((MN = c— k+1; + 1)Ty),.

1=0

P-1
jor (i) Cre—ti)
hiel g((c+1)T1), 0,...,0,
1=0 N
MN—2c—1
— kitr;)(ktc—1;)
thJQ % ((_C+lZ)Tf>77
=0
P—1
o (Ritri)(kte—ly)
hie’ TN g((MN — ¢ —k+1;)Tt)].(30)
=0

By employing the above-mentioned LMMSE equalizer
combined with noise whitening for the approximated re-
ceived frame, we obtain the demodulated symbols as follows:

. -1
s = (H,Q)" [H,Q)H.Q) +03G] =z
= Q"HY [H.H! +02G] 'z, G1)
where by assuming sufficiently large M N, the Toeplitz
matrix G can be approximated by a circulant matrix G [54].
More specifically, the first column of G, can be denoted by

[9(0),9(T3), -+, g(2¢T}),0, -+ ,0,g(=2¢Tx), -+, g(=T1)]".
Then, (31) is approximated by
s~ QTHIW !z, (32)
where we have:
W, = H.H.” + ¢2G.. (33)

As shown in Fig. 3, we consider the lower-upper (LU)
decomposition4 of W of [55]

(34)

R A Lr OmN—20)x2c « Ur J
B C D E OQCX(MN—Q(:) K
W, L U
where we have:

R = LUy € (C(MN72C)><(MN72C) (35)

J= LEIA e C(MN—2C)X20 (36)

D= BUF_{I c (C2c><(MN—2c) (37)

EK = C — DJ € C?¢*?, (38)

4While the LU decomposition and the related forward substitution
technique are also employed in conventional OTFS detectors [20], the
detection problem addressed here is different since the introduction of
FTN signaling destroys the circular convolution structure exploited in
conventional OTFS detection. More specifically, in the proposed OTFS-
FTN scheme, the effective channel matrix incorporates FTN-induced ISI

and correlated additive noise.
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Algorithm 1: Computation of J = L;A
Input: Ly and A

Output: J
for j =1:2c
J(1,5) = A(L,j)/Lr(1,1)
end
fori=2:(MN —2c)
for j =1:2c
o i1 . )
i) = (AG.) Zm:"‘“ﬁ;i;ﬁ;‘) L (i,m)J (m,) )
end
end

and Ly, Ug € CMN=20)x(MN=2¢) A ¢ C(MN-2¢)x2c
B € C2cx(MN=-2¢) and E, K € C2¢%2¢, Moreover, for the
banded matrix R, its LU decomposition can be computed
efficiently by utilizing the low-complexity algorithm of [55].
Similar to [20], J = L;A is calculated through the forward
substitution algorithm for the lower triangular banded matrix,
as shown in Algorithm 1. Furthermore, since we have
the Hermitian transpose of D as D = (BUR")# =
(UH)~'BH, D can be computed in a similar manner to
Algorithm 1. Since 2¢c < M N, the LU decomposition of E
and K doesn’t substantially increase the total complexity.

Hence, through the LU decomposition, § is rewritten by

W3

—_——~—

s=Q"HIU 'Lz,

——

W,
Wy

where Wy = L7'z € CM¥ is computed by the for-

ward substitution procedure of Algorithm 2. Furthermore,

W3 = U 'W, € CM¥ is calculated by the low-complexity

backward substitution procedure of Algorithm 3. Owing to

the sparsity of HZZ, the complexity order of W4 = HZW;3

is as low as O [M N¢|. Finally, the computation of QW

corresponds to the M FFT operation with the size of

N, and hence the associated complexity order becomes

O [MN log,(N)]. While the conventional MIMO-OTFS-

FTN system of [56] relied on similar reduced-complexity

LU-decomposition-assisted detection, this paper focuses our

attention on a single stream OTFS-FTN framework. Owing

to the absence of spatial coupling in the proposed scheme,

the effective channel matrix can be LU-decomposed without

any elaborate matrix reordering and permutation, unlike [56],
which reduces the computational complexity.

In summary, the computational complexity of each major
computational step for the proposed LMMSE-based OTFS-
FTN receiver is listed in Table 2. Hence, the total complexity
of the proposed receiver is O[M N (log,(N) + ¢?)]. Table 3
compares the computational complexity of the representative
OTFS and OTFS-FTN detectors. The EVD-based detec-
tor [47], [49] exhibits a prohibitive cubic complexity of
O(M3N3) due to large-scale eigenvalue decomposition. The

(39)
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Algorithm 2: Computation of Wy = L~ 'z

Input: L and z
QOutput: W,
Wy (1) = z(1)
forn=2:(2c+1)

Ws(n) =z(n) — S0 a(n —i)L(n,n — i)
end
for n = (2¢+2): (MN — 2¢)

Wo(n) = z(n) — 2% &(n — i)L(n,n — i)
end
forn=(MN —2c+1): MN

Wo(n) =z(n) — S0 a(n — i)L(n,n — i)
end

Algorithm 3: Computation of W3 = U~'W,

Input: U and W,
QOutput: W3
W3(MN) =Wy(MN)/U(MN, MN)
forn=(MN—-1): —-1: (MN —4c)
W3(n) =
<Zv2<n> — 3T W (n+i)U(n, n+4))/U(n, n)
en
forn=(MN —4c—-1):-1:1
Ws(n) = (Wa(n) — 37%, Wa(n+i)U(n,n +
z‘)d— SN —2er1 Wa()U(n,4))/U(n,n)
en

conventional LMMSE-based detector reduces the complexity
to O(M N log, N) by exploiting the block-circulant struc-
ture of the OTFES channel [18], [20]. The MP detector [4]
achieves linear scaling with respect to the frame size and the
number of delay taps, but incurs an additional dependence
on the modulation order ), and the number of iterations
Nj, resulting in a complexity of O(N;MN P2%Q;). Sim-
ilarly, the maximal ratio combining (MRC) detector [57]
exhibits a complexity of O (N;M.g N G, P), which scales
linearly with the oversampling factor G, and the effective
delay dimension M.g. By contrast, the proposed detector
exploits the sparse and banded structure of the OTFS-
FTN channel matrix, enabling LU-based equalization at a
reduced complexity of O[M N (logy N + ¢?)]. Notably, the
proposed approach is non-iterative and does not depend on
the modulation order.

TABLE 2. Complexity Analysis for LMMSE-Based OTFS-FTN Receiver

Operation Computational Complexity
(35) O (MNc)
(36) and (37) O (MNc?)
L1z O (MNc)
U~ W, O (MNc)
HIwW, O (MNc)
QTW, O (MN log,(N))
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TABLE 3. Computational complexity comparison of representative
OTFS/OTFS-FTN detection methods.

Detection method Computational complexity

Proposed O[MN (logy(N) + ¢2)]
LMMSE-based detector [18], [20] O(MN logy N)
MP detector [4] O(NTMNP2Qy)
MRC detector [57] O (NrMeg N G, P)
EVD-based detector [47], [49] O (M3N3)

B. Achievable Information Rate
Let us define the welght matrix in (32) as W =
QPH! [HHI + a%GC] . Then, (32) is rewritten as:

§=WR,HA s+ Wn

= WR, ,HA ,Qx + Wn
= Hegx + 1.5, (40)
where we have:
Hes = WR,HA,Q 41
Neg = W1 (42)

The covariance matrices of § and 7.4 are given by
E [56] = E [ (Hurx + mop) (Horx + )" |

= 0?HgHE + c2WGWH
E [neﬁnf&] = UOWGWH

(43)
(44)
Hence, assuming that perfect CSI is available at the

receiver, the information rate of the proposed scheme is given
by [58]

|o2HegH + 0 WGWH |

R=1
082 [ZWGWH|
2
= log, |T ;(WGWH) "H aHY
0o det
2
= log, [T+ —;'Gz—lﬂeﬁﬂgf , (45)
99 det

where G, = WGWZX _ Since G, is a Hermitian matrix, i.e.,
GH = G, the corresponding EVD is expressed as follows:

G,=VAVH (46)
where A € CMNXMN g5 a diagonal matrix and V €
CMNXMN g the unitary matrix. With the aid of (46), (45)
is further simplified to

R = log, [T+ ‘”H LIWGWH)~1H, g

det

I+ “"H TVA 2A 2 VIH4 47)

det

= log,

Let us now define Dy = A7%VHHeff. Then the EVD
of D{'Dy is given by DDy = UEUY, where Uy €
CMNXMN represents a unitary matrix, and the diago-

nal matrix 2 € CMNXMN hag MN eigenvalues of

1073 . 10° "
c=30 —~— SNR = 0dB
—_—=40 SNR = 5dB
c=50 S0 SNR = 10dB| |
_ —_—= 10 SNR = 15dB
4| c=60 |
10 SNR = 20dB

Modeling error
=

T
yy

Modeling error

0.6 0.8 1 0.6 0.8 1
Packing ratio « Packing ratio «

(a) (b)

FIGURE 4. Modeling errors of the channels and weights: (a)
€0 = ||Hy — Hg||%, and (b) e1 = [|[W — W1 ||%..

o, -+ ,EmnN—1, arranged in descending order. Hence, (47)
is rewritten as

o2
R = log, I+ —+D{'D,
70 det
MN-1 o2
= Z log, <1 + Z) . (48)
i=0

Upon normalizing (48) by the bandwidth 2W (1 + /3) and
the frame duration M N «aTy, the achievable information rate

is given by
1 2¢;
i )<49>

MN-1
1
oW (1 + B)MNaT, ; Og?( o2

Ry =

V. Performance Results

In this section we provide performance results for charac-
terizing the proposed OTFS-FTN scheme. We assume that
each channel coefficient h; obeys the distribution of h; ~
CN(0,1/P) per frame. By using Jakes’ model, each channel
tap experiences a Doppler shift of v; = vpayx cos (0;), where
6; is uniformly distributed over [—m, 7]. Moreover, the roll-
off factor and the false alarm rate are set to 5 = 0.25 and
Py, = 0.01, respectively, unless otherwise stated.

In Fig. 4(a), we analyzed the modeling error ¢y =
||FL, — HS||2F, induced due to the approximation of (28),
where the packing ratio is varied from o = 0.6 to 0.98
with the step size of 0.02. The maximum number of integer
Doppler-shift taps is given by kyax = 5 and the maximum
number of integer delay taps is {;,,x = 15. Other parameters
are set as (M, N, P) = (128,12, 15). From Fig. 4(a), upon
increasing the packing ratio or the CP length, the modeling
errors are decreased. Next, Fig. 4(b) shows the modeling
error €; = |[Wy — W1||% of the LMMSE weights at ¢ = 50
for different SNRs, where W, = H H, " + o2G. Observe
from (33) that the modeling error is mainly induced by
the circulant approximation of 02G.. Hence, as seen in
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FIGURE 5. NMSE of the proposed FTNP-based channel estimation for
different false alarm rates.
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FIGURE 6. NMSE of the proposed FTNP-based channel estimation for
different packing ratios.

Fig. 4(b), upon decreasing the SNR, the modeling error
decreases.

Fig. 5 shows the normalized mean square error (NMSE)
of the proposed FTNP-based channel estimation scheme
H for different Pg, in (21). The FTN packing ratio is
fixed in order to isolate the impact of different false alarm
rates on the estimation accuracy. The parameters are set to
a = 085, Af = 20 kHz, vmax = 10 kHz, lpax = 9
and (M,N,P,c) = (256,6,9,60). Observe in Fig. 5 that
upon reducing the false alarm rate Py, the NMSE improves.
This occurs because, at high Py, values, the false detection
probability increases, making it more likely to mistakenly
identify non-existent paths. Furthermore, Fig. 6 shows the
NMSE, where we consider A f = 30 kHz, vy,ax = 10 kHz,
Imax = 30 and (M, N, P, ¢) = (128,10, 30, 60) for different
packing ratios. It is found that our FTNP-based channel
estimation exhibits an NMSE similar to the conventional
Nyquist-based benchmark (o = 1). This behavior can be
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FIGURE 7. NMSE of the proposed FTNP-based channel estimation
compared with other channel estimation schemes.
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FIGURE 8. NMSE for (a) the distance estimation and (b) the velocity
estimation.

attributed to the FTN-aware DD-domain modeling, to the
pilot-and-guard-based localized estimation strategy, and to
the noise-whitening operation, which jointly mitigate the
FTN-induced effects.

In Fig. 7, we compare the NMSE performance of the
proposed FTNP-based channel estimation scheme to the
Nyquist-based least squares (LS) [45] and MMSE es-
timators [34]. We consider Af = 30 kHz, vp. =
12 kHz, Tmax = 2.51 ps, and (M,N,P,c,Ps,) =
(256, 6,9,60,0.001). It is observed that the proposed scheme
achieves comparable or superior performance to the LS
estimator and the MMSE estimator across the entire SNR
range. Furthermore, the proposed estimator remains robust
under different FTN packing factors, including o = 0.8 and
a = 0.9, indicating its efficiency in mitigating FTN-induced
interference during the estimation process.

Furthermore, in Fig. 8, we consider a monostatic radar
sensing scenario based on the proposed OTFS-FTN signal-
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FIGURE 9. Achievable information rate of the proposed scheme under
different packing ratios.

ing framework, where a single transceiver simultaneously
performs transmission and echo reception. Both the target
range and the radial velocity are estimated from the delay and
Doppler information extracted in the DD domain, similar to
the scenario considered in [48]. Thus, the real-time distance
rp and radial velocity u, of the p-th moving target are
expressed as
CiVp

Up = ————

P f.cosh’

where ¢; denotes the speed of light and f. is the carrier
frequency. Here, 6 is the fixed azimuth angle of the target
relative to the transmitter. Accordingly, the distance and
velocity of each target can be jointly estimated from the
noisy DD-domain observations. The NMSE of the estimated
range and velocity is evaluated under different FTN packing
factors and for different numbers of paths P after reflection
from the moving target. The other system parameters are the
same as those used in Fig. 7. The estimation accuracy im-
proves monotonically upon increasing the SNR under all the
configurations considered and for both metrics. Compared
to the Nyquist scheme (o = 1), FTN signaling exhibits a
similar estimation performance, confirming its suitability for
monostatic radar sensing in high-mobility environments.
Fig. 9 shows the achievable information rate of the
proposed OTFS-FTN signaling for different packing ratios.
Moreover, we also consider the conventional time-orthogonal
OTFS benchmarks using the ideal rectangular shaping filter
(8 = 0) and the RRC filter (8 = 0.25). The remaining
system parameters are identical to those in Fig. 4. Observe
in Fig. 9 that the proposed OTFS-FTN signaling outperforms
the Nyquist-based benchmark employing the RRC filter.
Moreover, upon decreasing the packing ratio, the informa-
tion rate increases while approaching the upper bound of
the Nyquist-based OTFS scheme employing the rectangular
shaping filter. Furthermore, Fig. 10 presents the achievable
information rate of the proposed scheme for the maximum
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FIGURE 10. Achievable information rate of the proposed scheme under
different Doppler shifts.
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FIGURE 11. BER performance of the proposed scheme both with
estimated and perfect CSl under different packing ratios.
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FIGURE 12. BER performance of our approximated LMMSE equalizer with
estimated and perfect CSI, compared with the full-complexity LMMSE
bound of (27).
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Doppler taps of kmax = 5, 10, and 15. The other parameters
are given by (M, N, P, a,lnax) = (64,20, 30,0.8,30). For
comparisons, we also consider the proposed OTFS-FTN
signaling under a time-invariant frequency-selective fading
channel. Observe from Fig. 10 that as the maximum Doppler
tap decreases, the information rate increases while approach-
ing the performance of the time-invariant channel.

Next, we characterized the proposed scheme’s BER per-
formance. In this simulation a 3/4-rate low-density parity
check (LDPC) coding scheme having a maximum of 50
iterations was considered. We define the transmission rate
as follows:

3 1 1 MN-1
M= SWa+p) MNaT, nz::o bn[bps/Hz], (51)

where b,, represents the bits mapped to the nth symbol.
Fig. 11 presents the BER curves of the proposed OTFS-
FTN scheme, employing FTNP-based channel estimation
for different packing ratios. For reference, the BER curves
associated with perfect CSI are also plotted. We consider
QPSK, Af = 30 kHz, vmax = 15 kHz, lpnax = 15
and (M, N, P,c) = (256,6,15,50). Observe from Fig. 11
that upon increasing the SNR, the BER gap between the
estimated and perfect CSI decreases.

Fig. 12 presents the BERs of the proposed OTFS-
FTN scheme, employing our approximated LMMSE equal-
izer of (27), where we consider (M,N,P,c,a) =
(128,12,12,50,0.83), Af = 30 kHz, vpax = 10 kHz,
Imax = 12, and QPSK. For comparison, we also plotted the
BER curve of the proposed receiver without noise whitening.
It is seen in Fig. 12 that the proposed scheme achieved the
BER performance of the full-complexity LMMSE bound,
while outperforming the proposed scheme dispensing with
noise whitening.

Furthermore, in Fig. 13 we compared the BERs of
the proposed scheme under different maximum Doppler
shifts, where the parameters are set as (M,N,P,c) =
(64,30,20,60), Af = 30 kHz, lnax = 20, and QPSK.
Observe in Fig. 13 that despite varying the maximum
Doppler shifts, the BER curves remained nearly unchanged,
exhibiting robustness over the Doppler shift.

In Fig. 14, we compared the BERs of the proposed OTFS-
FTN signaling having the packing ratio of & = 0.85 and 0.9
to the Nyquist-based OTFS benchmark, using the same RRC
filter. The target transmission rate is set to R, = 1.3255
bps/Hz and 2.651 bps/Hz. The remaining parameters are
given by (M,N,P,c) = (128,12,10,50), vmax = 7.5
kHz, I = 10, and Af = 30 kHz. Here, to achieve
the target transmission rate R;, we employ the bit-loading
technique of [31], [32], where each symbol is assigned one
of the following modulation schemes: QPSK, 16-QAM, or
64-QAM. Observe in Fig. 14 that the proposed scheme
outperforms its Nyquist-based benchmark for each target
rate scenario. More specifically, when the BER reaches
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FIGURE 13. BER performance of the proposed OTFS-FTN signaling
scheme with estimated and perfect CSI for different maximum Doppler
shifts.
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FIGURE 14. BER performance of the proposed OTFS-FTN signaling
scheme for different packing ratios.

10~*, the proposed scheme achieves an approximately 2 dB
performance gain over its Nyquist-based benchmark.

In Fig. 15, we compared the BERs of the proposed
scheme to those of the three benchmarks, i.e., the open-loop
CSlI-free differential multi-carrier FTN (DMFTN) signaling
scheme [43], the equal-power EVD-based FTN (EVD-FTN)
signaling scheme [32], and the conventional OFDM (a = 1)
having perfect CSI. We consider QPSK, Af = 20 kHz,
Vmax = 10 kHz, lpax = 15, and (M,N,P,c,a) =
(256, 6,15,60,0.85). For the EVD-FTN signaling bench-
mark, we consider the proposed FTNP-based channel esti-
mation of the DD-domain to calculate the transmit precoding
matrix by assuming channel reciprocity. In Fig. 15, it is
found that even under channel estimation errors, the pro-
posed scheme outperforms both the Nyquist-based OFDM
scheme having perfect CSI and the other FTN benchmarks
considered.
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FIGURE 15. BER performance of the proposed OTFS-FTN signaling
scheme, compared with the conventional EVD-based FTN signaling
benchmark [32], DMFTN signaling [43], and the conventional OFDM
benchmark.
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FIGURE 16. BER performance under EVA channel for OTFS-FTN systems
compared with other detection schemes: (a) QPSK, and (b) 16QAM.
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FIGURE 17. Complexity comparison among the proposed detector, the
LMMSE detector, and the MP detector.
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FIGURE 18. PSD of the proposed OTFS-FTN signaling scheme for
different packing ratios.

In Figs. 16(a) and 16(b), we compare the BER per-
formance under the extended vehicular A (EVA) channel
model [59] for QPSK and 16QAM, respectively. Further-
more, the generalized approximate message passing (GAMP)
detector of [28] and the vector approximate message passing
(VAMP) detector of [60] are used as benchmarks, with the
number of iterations set to 100. The remaining parame-
ters are (M, N, P, c¢) = (128,12,9,50), vmax = 12 kHz,
Tmax = 2.51 pus and Af = 30 kHz. The proposed detector
is capable of significantly outperforming the GAMP- and
VAMP-based schemes in the moderate-to-high SNR region.
This performance advantage becomes more pronounced,
when a more aggressive FTN packing factor (o = 0.8) is em-
ployed, indicating the robustness of the proposed LU-based
equalizer against strong FTN-induced ISI. For 16QAM, the
performance degradation of GAMP and VAMP is further
exacerbated by the sensitivity to model mismatch under
high-mobility conditions. By contrast, the proposed method
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exhibits stable convergence and achieves reliable detection
performance.

Fig. 17 compares the complexity of the proposed de-
tector, the conventional full-complexity LMMSE equalizer
and the MP detector [4]. The computational complexity
of the MP detector is O[N;M N P2(Q),], where Ny is the
number of iterations and (), denotes the constellation order.
We consider the value NN is varied and other parameters
are (¢, N1, P, M,Qp) = (30,20,10,1024,4). As shown in
Fig. 17, the conventional LMMSE equalizer exhibits a steep
increase in complexity due to the complexity of O [M3N3].
In contrast, the proposed detector exhibits the lowest com-
putational complexity among all considered detectors.

Finally, Fig. 18 shows the power spectral densities (PSD)
of the proposed OTFS-FTIN signaling scheme for different
packing ratios. We consider 7 = 1 for normalization, while
employing BPSK and (M, N,c) = (128,10, 30). Further-
more, we consider a time interval of [—1007y, (M N + 2¢+
100)Tp], where s(t) is sampled at the interval of 0.27p.
Observe from Fig. 18 that at W (1 + 8) = 0.625 Hz, the
PSD of the proposed OTFS-FTN signaling scheme sharply
drops, although upon decreasing «, the level of the spectral
side-lobe slightly increases. Hence, the proposed OTFS-FTN
signaling scheme does not result in substantial bandwidth
broadening.

VI. Conclusions

In this paper, we proposed DD-domain CSI estimation
and reduced-complexity LMMSE detection for an OTFS-
FTN signaling scheme communicating in doubly selective
fading channels. Based on the DD domain’s input-output
relationship of the OTFS-FTN scheme employing an RRC
shaping filter, we designed efficient DD-domain FTNP-based
channel estimation, achieving comparable performance to
conventional Nyquist-based schemes. Furthermore, by uti-
lizing a sparsity approximation of the FTN-induced ISI ma-
trix, we proposed reduced-complexity LMMSE equalization
operating without any substantial BER performance degra-
dation. Our performance results demonstrated that, under the
same RRC filter, the proposed OTFS-FTN signaling scheme
achieved an improved BER performance to other conven-
tional FTN schemes, while exhibiting a higher information
rate than its conventional Nyquist-based OTFS counterpart.
Furthermore, when the BER reaches 104, the proposed
scheme achieves approximately a 2 dB performance gain
over its Nyquist-based OTFS benchmark at the same trans-
mission rate.

Appendix A

Proof of Theorem 1: OTFS-FTN Input-Output Relationship
in Delay-Doppler Domain for RRC Pulses

The cross ambiguity function between hix(t) and h.x(t) is
defined as

A (t, )2 / RE(E — 1) hox () e 327 (=) gt/ (52)
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Let us assume that the term H,, ., [n/,m'] includes the
effects of transmit pulse, receive pulse, and channel fading
as follows: [4]

Hym [0/,m] =
// hr,v)An, by (=10 )T —7,(m —m')Af —v)

 ed2m(vtm/Af)((n—n')T—7) j2mn'T g0, (53)

For |7| < Tmax and V| < Vmax, Hpm [n/,m/] is only
becomes non-zero when n’ = n—1 or n’ = n. Let us denote
the received and transmitted symbols in the time-frequency
domain as Y and X, respectively. Then, the time-frequency
relationship can be written as [4]

Yn,m| = Z

n’=n—1m’=0
- Hn,m n,m X [n7m]
M-1
+ Y Huym[n,m/] X [n,m/]

where Y[n,m] and X[n’,m'] are the nth-row and mth
column entries of Y and X, respectively. The second
and third terms in (54) correspond to the ICI and ISI,
which are affected by the cross ambiguity function in
H, » [n',m]. Hence, for the ICI term, let the cross am-
biguity function in H,, ,, [n,m'] be denoted as A. =
Ahe hee (=7, (m —m/) Af —v). If we assume g(kTt) =~ 0
for |[k| > M > ¢ with the the sampling interval of
T; = T/M, then A. can be simplified to

A, = / hE (4 7)o (8) e 02 ((mem ) A —vi) (¢ 47:) gy

Mll

MZ

(pTy)e 92 ((m=m) A7 —v0) (wsp 47) (55)

Similarly, for the ISI term in (54), the cross ambigu-
ity function Ay = Ap, p (T —7,(m—m')Af —v) of
H, m[n—1,m] can be formulated as:

A /h t— T 7_1 )htx(tr)e j27’l’((m m )Af y,)(t +7i— )dt/

~
~

g(pTy)e” g2m((m—m)Af—vi) (sfag +7=T)
p=M—1;
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Based on (54) and with the SFFT, the symbols Y[k, !] T Mk o e VN am
received in the DD domain are represented by Je =M Z 9(p (5) Z e 2ot
1M1 :: m=0
Yk, <2Hnmnm X [n,m/]+ Z i2m(p=1') 51 (64)
n=0 m=0 \m/’

ml

M—1
= _jon(nk_mt
Z Hpym [0 —1,m']| X [n — 1,m']> e 2 (% ~ i) Similar to the analysis of conventional OTFS having an

m/=0 ~ ideal waveform [4], (64) is further simplified to
=Y [k, 1] + Y[k, 1], (57)
M—1-1; o p (ot
where we have: G=MT Y g™ 55 (et =1),)6 (911,
AM-1M-1 =0

Y[k, 1] = ﬁzz ZHnmnm X [n,m’] (65)

n=0m=0m'=

X e*ﬂ”("k %) (58) Hence, by substituting (62), (63) and (65) into (60), we
—1M—-1M-1 obtain

Y[k, 1] = ﬁzz ZHnm n—1,m')X[n—1,m

n=0m=0m'= ~

7 b=l M—-1M-1-1; (k%)
AT s T (5 sme (5

=0 I’'=0 p=0
Using the ISFFT, Y, [k, [] is rewritten as: X8 ([p+ 1 =) 6 ([p— 1)
N-1 —jon(k—k'—ki—r;)
N—1M-1 N—1M—-1M-1 e’ -1
, X — X [K'1]
= N7 2 2 KW Y 3 5 Hun b D o
r= l; mln7nol'm om= T Pl Mﬁlili . D kitr;
) ) LR (S e )
| No1M- i=0 p=0
= 7M Z Z ll]? (60) Ni e*jZ’ﬂ'(quKi) -1
'=0 1I'=0 x O ([p+1i —1y) T
where g=—N, € -1
N—1M—-1M-1 , VI x X [k — ki + q]N,p]) , (66)
S S e () (5.
n=0m=0m’=0 where [k — k; — N;]y <k <[k —k; + N;]y and N; < N,

© D similar to [4]. From (66), Y, [k I] is non-zero only if p = I —;
Based on (53) and (55), the terms related to m, m’, n and and I > I;. Therefore, for [ > I;, Y.[k, ] is expressed by
p in he[k’,l'] of (61) are separated as follows:

(=D )(k +r) T
P-1 N—1 b s jom it _1 ,
Z n [Z _jm(w)] Z Z hie? (= 1)TD)p(a. i)
=0 ¢g=—N;
n=0
M1k . XX[[k_ki+Q]N7[l_li]M]v (67)
X | — Z g(pr)e]%ﬁ( )
M =0 noting that p(q, x;) is defined in (17). N
M-1 M-1 , __ Similar to the above-mentioned transformation of Y.[k, ],
X Z e~ i2m(ptli—D) 3} Z eﬂ”(?’l/)%] Y[k, 1] in (57) is also expressed by
m=0 m’=0
P-1 N—-1M-1
- 1 o
= > hiFGe, 62) Yilbll= 577 2 > ¢ NXK]
i=0 k’=0 I’=0
where we have: = k'
| XD D D Humln—1me )
I Nz_:leijzﬂ_n(k—k’jvki—ni) n=0 m=0 m’=0
c — . ml—m'1"
n=0 X ej27r( M )
_j27r(k_k/_k'i_m) -1 1 = okl Sy )
= o (63) = e VTN XK U R[S 1], (68)
e T i 2 2
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where we have

-1 N-1 . k=K' —k;—ry
>Son | 3o e )
=0 n=1
M-1
T o (B=My((kitr;
< |57 2 eI (55)
p=M—I;
M—-1 M—-1
% Z e d2m(pHli—1=M) Z ed2m(p=1') Br
m=0 m’=0
P—-1
= > hiFGs, (69)
=0
with
N- k K —k;—ry
]_-S _ Z —j2mn #)
327r(k: k' —k 7/&1) -1
= ‘ k—k/—k;—r -1 (70)
67]‘27‘—( . 1) — 1
M-1
_ T ]271_(;7—1\/[) ki+r;
gs*M Z g(pTt)e w0 ()
p=M—1;
M-1
« Z e—jQTr(p+l —1-M)3F Z e]27r —l
M—1 o p—M~( kitr;
=T Y o) T T (1], )5 001,
p=M-—1;

(71)

By substituting (69), (70), and (71) into (68), we can obtain

M-1 M-1

jom(EzM kitrg
k‘ I~ N Z h; Z Z g(pTt)e M ( ~ )
I'=0 p=M—I,
X 5([P+li— Uar) 6 (P = Vpy)
N-1 —j27r(lc—k/—ki—m)_1 L
X : k—k!—k;—r; _1)6_]QW%XU€/JI]
p—o e I )1
P-1 M-1
T jom(EM kitrg
v Z h; g(pTy)e 7 (4R
=0 p=M—1;
N; .
: e—d2m(—q—ri) _q
X0 (p+l—1,) Z (M - 1>
q=—N; € Jem N - 1
o k—kitaly ~
><eJ27rNNX[[kki+q]N,P}> . (72

Similar to (66), )N/S [k,1] is non-zero only if p =1 —I; + M
and [ < [;. Hence, for I < l;, Yi[k,!] is approximated as:

Ni (= l)(’c ) T
Z Z hie?" (1= L+ M)T})

1=0 g=—

. [.,k
X (p(q, ki) =1 e 77?7

italy ~
N X[k = ki gl [ =Ll

(73)

VOLUME ,

Therefore, by combing (67) and (73), the DD-domain input-
output relationship can be expressed as (15). This completes
the proof.
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