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A B S T R A C T

Geometric scaling has been defined as means of producing equivalent 3D layer-to-layer angle interlock woven 
composite configurations that have different reinforcement geometries but identical, or very similar, effective 
elastic properties. Scaling rules have been derived under condition that the key geometric properties of the 
weave: the interlocking angle, global fibre volume fraction and weft to warp tow volume ratio, should not be 
affected by scaling. The role of tow sizes as designable parameters directly associated with scaling has been 
established for the first time. With scaling method in place, design of 3D woven composites can be defined as a 
two-stage process, where the effective elastic properties are varied via systematic variation of tow densities, 
while scaling is applied at a post-processing stage to ensure the practicality of design. The design process is 
comprehensive in a sense that it involves all the designable parameters, explicitly defining their roles and 
contribution.

1. Introduction

Vast variety of internal constructions of 3D woven composites offers 
exceptional opportunities for tailoring their material properties to 
facilitate their efficient applications. As in all types of composites, the 
structure of reinforcement can have a profound influence on their me
chanical behaviour, and substantial experimental evidence to it was 
accumulated over the past few decades [1–5]. To take advantage of 
variety of achievable mechanical responses, a methodology must be in 
place relating the structural parameters of 3D woven reinforcements to 
the mechanical behaviour of composites. This would inform the designer 
how to modify the reinforcement in a way that would deliver the desired 
performance.

Until recently, research into 3D woven composites was largely 
focused on development and application of computational models for 
their characterisation [6,7]. As understanding that behaviour of these 
materials can and should be controlled through design started to 
emerge, attempts were being made to systematically associate features 
of 3D woven architecture with the mechanical behaviour. Via direct 
application of material characterisation models, parametric studies were 
devised for capturing the trends in variation of the effective properties 
relative to some of the parameters of woven reinforcement. Specifically, 

parametric study showing the influence of tow densities on variation of 
the in-plane Young's moduli and strengths in 3D angle interlock woven 
composites was reported in Ref. [8], while correlation between tow 
cross-section size and effective elastic properties was examined in 
Ref. [9].

While such parametric studies can help to expose general trends in 
variation of the effective properties, thus informing the process of ma
terial selection, the optimisation as a problem-specific method of design 
is meant to provide a definitive solution. In application to design of 
woven composites, the optimisation is typically formulated as a math
ematical problem with the objective of maximising or minimising 
certain effective properties [10,11]. Such optimisations employ analyt
ical methods of material characterisation due to their high computa
tional efficiency and relative ease of implementation compared to 
characterisation relying of use of finite element (FE) method.

Most recently, wide availability of artificial intelligence (AI) 
methods and tools further boosted the development of design ap
proaches. They offer a way of incorporating the FE-based material 
characterisation into the design problems. Methods such as artificial 
neural networks (ANN) are employed, where the training data are 
generated using the finite element material characterisation models. The 
inputs of such ANN-based characterisation procedures can be effective 
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properties of the constituents [12], often in combination with geometric 
dimensions of woven reinforcements [13–15]. While the process of 
training the neural networks is usually computationally demanding, 
once created, the application of the method does not require significant 
computing resources [16], thus offering a computationally efficient 
means of material characterisation. The main outcome of such compu
tational exercises that is typically reported is the close agreement be
tween predictions obtained using the ANN-based characterisation and 
the data obtained via conventional computational [13,15] or experi
mental [14] characterisation. Once established, the ANN-based char
acterisation can be incorporated in optimisation problem, as was done in 
Ref. [15] where maximising the effective elastic modulus and strength 
were set as an objective of optimisation.

Despite the apparent interest and certain progress in development of 
design methods, their practicality and effectiveness remain question
able, because two major issues are recurring in formulation of the design 
problems: definition of designable parameters and a formulation of the 
design method itself. Often, geometric dimensions of the weave are 
treated as the designable parameters [10,11]. The use of geometric pa
rameters, such as the height and the width of the tows, has been a 
commonplace practice in material characterisation exercises, but these 
parameters are not truly designable in a sense that many combinations 
of such parameters are simply not practical. Furthermore, due to high 
variability of the internal woven architecture, they can only be defined 
in a statistical sense. A more appropriate alternative is to use the pa
rameters associated with the manufacturing (weaving and forming) 
processes as the designable ones directly. The geometric parameters, 
that are usually required for reproducing the woven architecture in the 
models are calculated from the manufacturing ones [17,18]. Direct use 
of manufacturing parameters in design facilitates communication with 
the manufacturer and allows to naturally incorporate the manufacturing 
restrictions in the design. Even then, the number of such parameters is 
still too large to comprehensively analyse and document their influence 
on the effective properties of the material. Because of that, studies of this 
kind are often restricted to certain groups of parameters, such as tow 
densities in Refs. [3,8]. Use of woven topologies alone as means of 
varying the mechanical performance is yet another design consideration 
that was brought up in Ref. [19].

Formulation and implementation of design method is another major 
issue. Given that the proposed design methods involve only some of the 
parameters associated with structure of 3D woven reinforcement, often 
chosen based on intuition, such methods are not sufficiently compre
hensive. They are also demanding in terms of implementation and are 

not sufficiently robust to be readily applied by the users.
Addressing the issue of lack of design tools for 3D woven composites, 

the authors established a drastically different approach to design which 
is free from the drawbacks as described above. At the heart of it is use of 
the key properties of the weave (KPoWs) as were defined in Ref. [20]. 
These are the global fibre volume fraction, the interlocking angle, 
defined as the slope of the inclined part of the warp tow [21] and the 
ratio of the weft to the warp tow volumes, referred to for brevity as the 
‘tow ratio’. The KPoWs are geometric characteristics that represent 
combined contribution of designable (manufacturing-related) parame
ters as were defined in Ref. [20]. Unlike designable parameters, they can 
be directly related to the effective properties, because effective proper
ties follow distinctive variation trends relative to KPoWs, as was 
demonstrated in Ref. [21]. Furthermore, proper use of the KPoW 
allowed to define permissible variations of manufacturing parameters, 
so that they would deliver only valid 3D woven architectures.

The identification and the subsequent use of trends in variation of 
mechanical properties to achieve a desired mechanical behaviour is a 
conventional path to take in design. However, when designing the 
advanced materials such as 3D woven composites, an equally important 
question to ask is whether there exists equivalence of woven architec
tures, where composites of substantially different internal geometry 
would deliver similar mechanical behaviour. This is a conceptually new 
consideration in design of the advanced materials having highly intri
cate internal architectures that has not been addressed to date. Identi
fying such variations would have profound implications on the design 
procedures. The present paper is to establish the method for defining the 
equivalent configurations and to explain their implications on design of 
3D woven composites.

2. Design scheme for 3D woven layer-to-layer angle interlock 
composites

The method of defining equivalent configurations of 3D woven 
composites will be derived as an extension of design method based on 
use of KPoWs as was established in Ref. [20]. To facilitate referencing 
and explanations, brief summary of the method is given in this section. 
The type of 3D woven reinforcement under consideration is 
layer-to-layer angle interlock one, typical architecture of which is shown 
in Fig. 1(a). As has been argued in Ref. [22], from considerations of 
mechanics, this structure of reinforcement should be able to offer better 
performance under the lateral loading than those in which the tows are 
aligned with the transverse direction.

Fig. 1. Parametrisation of woven composite: (a) woven architecture; (b) unit cell with the controllable properties and parameters specified; (c) geometric properties 
and parameters of the weave (d) parametrisation of the tow cross-section.
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2.1. Parametrisation of 3D woven composites

Proper parametrisation of 3D woven reinforcement is imperative for 
formulation of the design methodology. It included three consecutive 
steps as follows: 

1) Parametrisation of the geometry and topology of the woven rein
forcement, through which definition of large variety of woven re
inforcements has been unified [21]. The main use of this 
parametrisation is to facilitate generating the unit cell models in the 
FE solver, using which the material characterisations are carried out.

2) Expressing the geometric parameters in terms of the manufacturing 
parameters, as has been accomplished in Ref. [22], where the latter 
have been referred to as controllable parameters. Controllable pa
rameters ensure the design feasibility in a sense that they equip the 
manufacturers and the designers with common terminology. Equally 
important consideration is that they help to eliminate the subjec
tivity from definition of the geometric parameters, replacing their 
direct measurement that can be rather subjective.

3) Derivation of the KPoWs [20] which makes the design practical by 
allowing to establish the association between the controllable pa
rameters and the effective properties of composite.

Relationships between different types of parametrisations and their 
application in design exercises are shown schematically in Fig. 2.

Controllable parameters are marked on the unit cell model in Fig. 1
(b). Two of these parameters, pweft and pwarp, are the weft and the warp 
tow densities, respectively. These are conventional weaving parameters 
indicating the number of respective tows in 10 mm of the woven fabric. 
Parameter HUC denotes the height of the unit cell, and for unit cell 
parametrised following [21], it is defined as 

HUC =Hwarp + Hweft, (1) 

where Hweft and Hwarp are the heights of the weft and the warp tow cross- 
sections, respectively. Parameters HUC is directly related to the thickness 
of the preform, which is yet another manufacturing parameter. It has 
been established in Ref. [20] that HUC also represents the density of the 
packing of the tows in the weave but in the thickness direction: the more 
unit cells are accommodated within the given thickness of the composite 
panel, the denser the through-the-thickness packing of the tows. For ease 
of referencing, HUC been referred to as through-the-thickness tow den
sity. The weft and the warp tow cross-sectional areas, Aweft and Awarp, 
respectively, represent the joint contribution of the controllable pa
rameters associated with the tows. Their explicit expressions are 

Aweft =
πd2

f ,weftNweft

4Vf ,weft
and ​ Awarp =

πd2
f ,warpNwarp

4Vf ,warp
, (2) 

where df is a filament diameter, N is the number of the filaments in the 
tow, Vf is the intra-tow fibre volume fraction, and subscripts ‘weft’ and 
‘warp’ refer to parameters associated with the weft and the warp tows, 

respectively. Tow cross-sectional areas have been referred to as the 
controllable properties in Ref. [20] to differentiate them from individual 
controllable parameters. Note that tow cross-sectional areas are not used 
directly by the weavers as designable parameters when producing pre
forms, however, according to Eq. (2), the size of cross-section area is 
effectively defined by the filament diameter and filament count, both of 
which are designable characteristics of the tows. This justifies treating of 
the cross-sectional areas as designable properties, as is further elabo
rated in Ref. [20].

To fully define the woven architecture, in addition to three 
controllable parameters and two controllable properties, the topological 
parameters should be specified. These are the integer parameters that 
define the path of the warp tows within the weave and their arrange
ment in the weave relative to each other. Complete account on definition 
of the topological parameters is given in Ref. [21] and their role in 
design exercises was elaborated in Ref. [20]. Note that in the present 
paper, the discussion will concentrate around the geometric character
istics of the weave and not the topological ones, because unlike the 
geometry, the topology of the weave is not scalable.

Parameters of tow cross-section are marked in Fig. 1(d), that shows a 
sketch of a cross-section idealised as a rectangle with two semi-ellipses 
on the sides. These parameters are the height, H, the width, W, and 
the measure of roundness, γ ∈ (0,1], expressed as 

γ =
2a
W

, (3) 

where a is the length of the horizontal semi-axis of the elliptical part of 
the cross-section, also marked in Fig. 1(d). One more geometric 
parameter, the distance between the weft tows, denoted as Dweft , is 
marked in Fig. 1(c). The geometric parameters have been expressed 
explicitly in terms of controllable parameters in Ref. [20] as follows: 

Wwarp =
10

pwarp
, (4) 

Hwarp =
Awarppwarp

10Γwarp
, (5) 

Hweft =HUC − Hwarp = HUC −
pwarpAwarp

10Γwarp
, (6) 

Wweft =
10ΓwarpAweft

(
10ΓwarpHUC − Awarppwarp

)
Γweft

, (7) 

and 

Dweft =
10
pweft

−
10ΓwarpAweft

(
10ΓwarpHUC − Awarppwarp

)
Γweft

, (8) 

where 

Γwarp = γwarp

(π
4
− 1
)
+ 1, Γweft = γweft

(π
4
− 1
)
+ 1. (9) 

Expressions (4)–(8) explicitly relate the geometric parameters to the 
controllable ones. Using them, any given set of controllable parameters 
can be converted to the geometric ones, based on which geometry of the 
UC can be generated in the FE solver. Note that parameters γweft and γwarp 

have not been expressed in terms of the controllable ones; furthermore, 
they are involved explicitly in expressions (4)–(8). The reason for doing 
so will be given once the nature of these parameters will be explained in 
subsection 4.1. Also note that Eqs. (4)–(8) are unit-dependent in a sense 
that they were derived for tow densities defined as the number of tows in 
1 cm of fabric hence factor of 10 in all the derived expressions. These 
equations give geometric dimensions in mm, but the units can be 
changed in a straightforward way, if desired.

The KPoWs have been explicitly derived as functions of geometric 

Fig. 2. Relationships between groups of properties and parameters involved is 
woven composites design.
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and controllable parameters. The interlocking angle, marked as ϑ in 
Fig. 1(c), has been determined as [20] 

tan ϑ=
Hweft

Wweftγweft
cot φ0, (10) 

where φ0 is the parameter in the parametric equation of the elliptical 
part of the weft cross-section profile at which the warp tow becomes 
straight, as marked in Fig. 1(c). It is determined from a transcendental 
equation for φ as [20] 

−
(
nsteep − 1

)
(

Hwarp

Hweft
+1
)

sin φ+

(
Dweft

Wweftγweft
+1

)

cos φ

−
Hwarp

Hweft

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

sin2 φ +

(
Hweft

Wweftγweft

)2

cos2 φ

√
√
√
√ − 1=0

(11) 

through Newton's iterations. This function is defined within a range φ ∈
(

0, π
2

)
and it is monotonic over this range, therefore, for a given set of 

geometric parameters it always has a unique solution.
The global fibre volume fraction has been expressed as follows [20]: 

Vf ,global =
Aweftpweft

10HUC
Vf ,weft +

Awarppwarp

10HUC
kVf ,warp (12) 

and the tow ratio expression is 

Vweft

Vwarp
=

Aweftpweft

Awarppwarpk
. (13) 

The non-dimensional property k in Eqs. (12) and (13) has been 
derived as: 

k=
pweft

10nskip
(lhorizontal + linclined +2lcurved). (14) 

where lhorizontal and linclined are the lengths and lcurved is the arc length of 
warp tow segments highlighted in Fig. 1(c). Their explicit expressions 
are [20] 

lhorizontal = nskip
(
Wweft + Dweft

)
− Wweftγweft − Dweft , (15) 

linclined=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
((

Wweftγweft+
HwarpHweft

r

)

cos(φ0)− Wweftγweft − Dweft

)2

+

((

Hweft+
HwarpWweftγweft

r

)

sin(φ0)+
(
nsteep − 1

)(
Hwarp+Hweft

)
)2

√
√
√
√
√
√
√
√

(16) 

and 

lcurved =
Hwarp

2

(
π
2
− arctan

(Wweftγweft

Hweft
tan φ0

))

+
Hweft

2

⎛

⎜
⎜
⎜
⎜
⎝

∫
π
2

0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 − m sin2 φ
√

dφ −

∫φ0

0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 − m sin2 φ
√

dφ

⎞

⎟
⎟
⎟
⎟
⎠

, (17) 

where 

m= 1 −

(Wweftγweft

Hweft

)2

and

r=Wweftγweft

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

sin2
(φ0) +

(
Hweft

Wweftγweft

)2

cos2(φ0)

√
√
√
√ .

(18) 

Note that the choice of geometric or controllable parameters in ex
pressions of KPoWs was dictated only by convenience of presentation. 
Obviously, the geometric parameters in the expressions of KPoWs can 
always be replaced by their expressions in terms of controllable pa
rameters as given by Eqs. (4)–(8), but the drawback of such exercise is 
that it would produce excessively bulky equations.

Having been explicitly derived, the expressions of the KPoWs have 
been implemented as a Matlab script [23]. The special significance of 
KPoWs in design is that the effective elastic properties follow distinctive 
variation trends with KPoWs, in view of which the design exercise can be 
reduced to a large extent to variation of KPoWs using the Matlab script.

2.2. Valid variations of controllable parameters

The variation of controllable parameters cannot be arbitrary. 
Random selection of controllable parameters can easily result in non- 
practical composite configurations that have unreasonably high or low 
global fibre volume fractions. The solution to this issue offered in 
Ref. [20] was to consider the variations of controllable parameters 
systematically, following what has been referred to as the tow density 
variation schemes.

Valid variations of tow densities were defined as such that maintain 
the global fibre volume fraction at a designated practical value, denoted 
as the ‘guideline ceiling’. Note that the use of global volume fraction as a 
design constraint has also been adopted in Ref. [15]. To produce a valid 
configuration from a benchmark one, two tow densities should be varied 
simultaneously, with their variation following the opposite tendencies: 
if change in one causes tightening of the weave, the other should ‘loosen’ 
it enough to keep the global fibre volume fraction constant. Three 
possible tow density variation types are illustrated in Fig. 3. In Table 1, 
values of tow densities associated with each scheme are given explicitly, 
three sets for each scheme, along with the ‘Benchmark’ tow density 
values, relative to which variation schemes were defined. This bench
mark configuration was used merely to facilitate the explanation, and 
the design procedures and discussion in Ref. [20] would remain valid 
irrespective of the choice of the benchmark configuration. Ten com
posite configurations defined by tow density combinations from Table 1

Fig. 3. Tow density variation schemes: (a) HUC is kept constant (scheme 1); (b) pwarp is kept constant (scheme 2) and (c) pweft is kept constant (scheme 3).

Table 1 
Reference tow density combinations corresponding to three variation schemes 
and the benchmark configuration from [20].

pweft , cm− 1 pwarp, cm− 1 HUC, mm

Benchmark 2.4 7 0.41
Scheme1 1.5 8 0.41
​ 4.1 5 0.41
​ 5 4 0.41
Scheme 2 1.6 7 0.37
​ 3.6 7 0.48
​ 5 7 0.58
Scheme 3 2.4 8 0.46
​ 2.4 5 0.32
​ 2.4 4 0.28
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will be collectively referred to as the ‘Reference’ configurations. These 
tow density combinations have been previously determined in Ref. [20] 
under condition that the global fibre volume fraction of the composite 
was kept constant at Vf ,global = 0.55. All the configurations had identical 
topologies as that correspond to the values of topological parameters 
nstep = nskip = 1, nsteep = ndeep = 2 as were defined in parametrisation 
[21]. The variation schemes were established while keeping the pa
rameters associated with the tows as in Eq. (2) constant at df ,warp =

df ,weft = 5 μm, Nwarp = Nweft = 12 K, γwarp = 0.05 and γweft = 0.5.

3. Equivalent weave configurations

For each tow density variation scheme, the variation of KPoWs fol
lows distinctive trends, as was established in Ref. [20]. However, there 
are two controllable properties, namely, the cross-sectional areas of the 

weft and warp tows, that also explicitly involved in definition of KPoWs 
and whose variation will also affect the KPoWs. For design method to be 
comprehensive, the nature of the association between the KPoWs and 
the cross-sectional areas must be understood so it could be efficiently 
utilised in the design exercises. This will be achieved in the present 
section.

3.1. Expressing KPoWs in non-dimensional terms

Considering transcendental equation (11), it is easy to see that it is 
non-dimensional since all its terms are non-dimensional. Denoting them 
as 

B=
Hwarp

Hweft
,C =

Hweft

Wweftγweft
and Q =

Dweft

Wweftγweft
(19) 

allows re-writing Eq. (11) and the expression for interlocking angle (10) 
simply as 

(Q+1)cos φ − B
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

sin2 φ + C2 cos2 φ
√

−
(
nsteep − 1

)
(B+1)sin φ − 1=0

(20) 

and 

tan ϑ=C cot φ0, (21) 

respectively. It can be shown explicitly that the two remaining KPoWs, 
namely, the tow ratio (13) and the global fibre volume fraction (12), can 
also be written as functions of as B, C and Q. This is achieved through 
simple algebraic manipulations of their original expressions that pri
marily include re-arrangement of the terms in Eqs. (12)–(18). For 
completeness of presentation, the detailed derivations are provided as 
Supplementary Material, while the final expressions of the tow ratio and 
the global fibre volume fraction are as follows: 

Vweft

Vwarp
=

Aweftpweft

Awarppwarpk
=

Γweft

ΓwarpB
(

Qγweft + 1
)

k
(22) 

and 

Vf ,global =
1

1 + B

(
Γweft

(
Qγweft + 1

)Vf ,weft +ΓwarpBkVf ,warp

)

, (23) 

respectively. The new expression of property k (14) is 

k=
γweft

nskip

(
Qγweft + 1

) (lh + li +2lc). (24) 

Note that the terms in brackets no longer exactly define the lengths of 
different warp top segments marked in Fig. 1(c), but represent their non- 
dimensional counterparts hence different notations. Their expressions 
have been derived as 

lh =

(
nskip

γweft
− 1+

(
nskip − 1

)
Q

)

(25) 

lc =
C
2

⎡

⎢
⎢
⎢
⎢
⎣

B
(

π
2
− arctan

(
1
C

tan φ0

))

+

⎛

⎜
⎜
⎜
⎜
⎝

∫
π
2

0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 − m sin2 φ
√

dφ

−

∫φ0

0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 − m sin2 φ
√

dφ

⎞

⎟
⎟
⎟
⎟
⎠

⎤

⎥
⎥
⎥
⎥
⎦

(27) 

where 

rnd =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

sin2φ0 + C2 cos2φ0

√

and m=1 −

(
1
C

)2

. (28) 

To verify these derivations, all these equations have been imple
mented as a MATLAB script [24] that was then used to calculate the 
KPoWs at different combinations of controllable parameters. There re
sults were compared with those calculated using Eqs. (11)–(18), that 
have been extensively verified previously in Ref. [20]. Exact match was 
obtained between the two in all cases.

3.2. Scaling rule in a general case

As was argued in Ref. [20], valid variations of tow densities should 
be such that retain the same global fibre volume fraction Vf ,global. Same 
constraint should apply to variation of the controllable properties Aweft 

and Awarp. Given that Vf ,global (23) is fully defined by B, C and Q, con
stancy of Vf ,global can be achieved if none of B, C and Q is affected by 
variation of the Aweft and Awarp. As a by-product, this will also ensure 
constancy of the other two KPoWs, since they are also fully defined as 
functions of B, C and Q.

In the most general case, the weft and the warp tow cross-sectional 
areas can be scaled as 

As
weft = s1Aweft and As

warp = s2Awarp, (29) 

respectively, where s1 and s2 are the scaling factors, and the subscript ‘s’ 
henceforth designates a scaled value of a controllable parameter or 
property.

As a direct consequence of changing the size of the tows, tightening 
or loosening of the weave will occur. To compensate for it and retain the 

li =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
((

1 +
C2B
rnd

)

cos φ0 − 1 − E
)2

+ C2

((

1 +
B
rnd

)

sin φ0 +
(
nsteep − 1

)
(B + 1)

)2
√

, (26) 
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Fig. 4. Interlocking angle and the tow ratio as functions of the weft tow density (plots (a) and (d), respectively), weft tow density (plots (b) and (e)) and HUC (plots (c) 
and (f)). Plot (g) - geometries of four benchmark UCs configurations that have equivalent KPoWs.
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same global fibre volume fraction, the tow densities pwarp, pweft and HUC 

are allowed to vary according to 

ps
warp = swarppwarp, ps

weft = sweftpweft and ​ Hs
UC = sHHUC, (30) 

where swarp, sweft and sH are their respective scaling factors.
Making use of Eqs. (4)–(8) that relate the geometric parameters to 

controllable ones, B, C and Q can be expressed in terms of controllable 
parameters as 

B=
Hwarp

Hweft
=

Awarppwarp

10ΓwarpHUC − Awarppwarp
, (31) 

C=
Hweft

Wweftγweft
=

(
10ΓwarpHUC − Awarppwarp

10Γwarp

)2 Γweft

Aweft
, (32) 

Q=
Dweft

Wweftγweft
=

(
Γweft

Γwarp

(
10ΓwarpHUC − Awarppwarp

)

Aweftpweft
− 1

)
1

γweft
. (33) 

Replacing controllable parameters and properties in the expression 
of term B (31) with their scaled counterparts (29)–(30) yields 

Bs =
s2Awarpswarppwarp

10ΓwarpsHHUC − s2Awarpswarppwarp
=

Awarppwarp

10Γwarp
sH

s2swarp
HUC − Awarppwarp

(34) 

Comparing it with the original expression of B given by Eq. (31), it is 
easy to see that scaling introduced factor sH/

(
s2swarp

)
. Therefore, setting 

sH

s2swarp
=1 (35) 

will ensure that Bs = B. This produces a constraint on scaling co
efficients as follows: 

sH = swarps2. (36) 

Next, scaling term C, after some basic algebraic manipulations 
involving Eq. (36), one obtains 

Cs =

(
10ΓwarpsHHUC − s2Awarpswarppwarp

10Γwarp

)2 Γweft

s1Aweft

=

(
s2swarp

)2

s1

(

HUC −
Awarppwarp

10Γwarp

)2Γweft

Aweft
,

(37) 

Following the same reasoning as above, scaling coefficient for the 
warp tow density is obtained as 

swarp =

̅̅̅̅s1
√

s2
. (38) 

Substituted into Eq. (36), it produces expression of the scaling factor 
for HUC as 

sH = swarps2 =

̅̅̅̅s1
√

s2
s2 =

̅̅̅̅
s1

√
. (39) 

Finally, applying scaling to term Q and making use of scaling factors 
(38) and (39) yields 

QS =

(
1
̅̅̅̅s1

√ sweft

Γweft

Γwarp

(
10ΓwarpHUC − Awarppwarp

)

Aweftpweft
− 1

)
1

γweft
, (40) 

from which, to maintain QS = Q as in Eq. (33), 

sweft = s
−

1
2

1 (41) 

should be satisfied.
As a result, scaling factors for the tow densities have been expressed 

in terms of the scaling factors for tow cross-sectional areas as follows: 

swarp =
̅̅̅̅
s1

√
s− 1
2 , sweft = 1

/ ̅̅̅̅
s1

√
and ​ sH =

̅̅̅̅
s1

√
. (42) 

Scaling the woven architecture according to the rule (42) does not 
change terms B, C and Q and therefore does not change the KPoWs. 
Effectively, scaling produces equivalent weave configurations that can 
have substantially different geometric constructions but identical 
KPoWs.

3.3. Uniform scaling as a special case

The scaling scheme (42) defines scaling in a general sense, where 
values of scaling factors associated with different geometric features of 
the weave can also be different. Consider a special case where the tow 
sizes are scaled by the same factor, i.e. s1 = s2 = s. The scaling factors 
for tow densities become 

sweft = swarp = 1
/ ̅̅̅

s
√

and ​ sH =
̅̅
s

√
. (43) 

To facilitate the interpretation of this scaling rule, it is convenient to 
replace the heigh of the unit cell HUC, which, as has been explained 
earlier, reflects the density of the tow packing in the thickness direction, 
with its inverse, 

pT =
1

HUC
, (44) 

where parameter pT will be referred to as the density of unit cells 
through the thickness of the composite. This parameter is expressed in 
the same units as the two other tow densities, i.e. inverse of length. 
Scaling factor for this property will naturally become 

sT =
1
sH

, (45) 

in which case the scaling factors for tow densities as given by Eq. (43)
become identical, namely 

sweft = swarp = sT = 1
/ ̅̅

s
√

. (46) 

This signifies that when the weft and the warp tow cross-sections are 
changed simultaneously by the same factor, the tow densities change by 
the same factor. Note that the form of the scaling factors reflects the 
nature of the parameters they are scaling. Specifically, if tow cross- 
sectional areas that have units of length squared, L2, are scaled by a 
factor of s, the tow densities having units of L− 1, are scaled by a factor of 

s−
1
2. In other words, the linear dimensions are scaled proportionally, 

while quadratic ones are scaled by the same factor to power two. This 
type of scaling of the woven geometry will be referred to as the uniform 
scaling, while scaling cases where s1 ∕= s2 will be referred to as the non- 
uniform scaling.

3.4. Verification of the scaling procedure

To verify the scaling method derived in the previous section, it can be 
shown numerically that the KPoWs do indeed stay constant after the 
controllable parameters are scaled.

To do so, the MATLAB script for calculating the KPoWs has been 
supplemented with scaling rules given by Eqs. (29) and (42) [24]. It 
required only a minor modification of the input by allowing the input of 
two scaling factor, s1 and s2, and by multiplying the input tow densities 
by their respective factors (42). Therefore, to scale a composite config
uration, the user only needs to specify the values of s1 and s2, and the 
tow densities will be scaled automatically within the script. The refer
ence (unscaled) values of tow densities can be also reproduced simply by 
setting s1 = s2 = 1.

The interlocking angle and the tow ratio associated with 10 reference 
composite configurations from Table 1 have been plotted in Fig. 4 in 
black as functions of three tow densities. This presentation adheres to 
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the same format as has been utilised in Ref. [20]. Consider data corre
sponding to tow density variation scheme denoted as ‘Scheme 2’ as an 
example. In this scheme, two varying tow densities are pweft and HUC. The 
interlocking angles and tow ratios obtained following this variation 
scheme are shown as hollow black squares in Fig. 4(a) and (d), respec
tively, where they are plotted as functions of the weft tow density, both 
showing the tendency to increase with the latter. In Fig. 4(c) and (f), the 
same values of respective KPoWs are plotted as functions of HUC. The 
KPoWs corresponding to the other two tow density variation schemes 
are plotted against their respective varying tow densities in the same 
way. Note that third KPoW, the global fibre volume fraction has not been 
shown as it was kept constant at Vf ,global = 0.55 in all cases.

Both types of scaling, the uniform and non-uniform, were put to the 
test. For the former, cross-sectional areas in both types of the tows were 
halved relative to the ‘Reference’ configurations by setting s1 = s2 = 0.5, 
which is equivalent to reducing the fibre count in the warp and the weft 
tows to 6K. This represents a case of a uniform scaling as was described 
in subsection 3.3 hence the scaled composite configurations associated 
with this scaling will be referred to as ‘Uniform’ ones. The KPoWs cor
responding to ‘Uniform’ configurations have been plotted in Fig. 4 in 
purple.

Two cases of non-uniform scaling were considered: one where the 
weft tow cross-sectional area was halved that corresponds to s1 = 0.5 
and s2 = 1, and another where the warp tow area was halved, s1 = 1 and 
s2 = 0.5. The respective scaled configurations have been referred to for 
brevity as ‘Half weft’ and ‘Half warp’. The KPoWs for the former are 
plotted in Fig. 4 in orange and for the latter in blue.

Comparing the KPoWs obtained for scaled configurations with those 
corresponding to the reference ones in Fig. 4(a)–(c), it is obvious that the 
values of the KPoWs are not affected by scaling. For example, consid
ering the benchmark configurations from all scaling groups, it is easy to 
see that the values of the respective KPoWs, marked as circles with red 
boundary, are the same for all of them. The unit cells corresponding to 
benchmark configurations are shown in Fig. 4(g). Qualitative changes in 
the UC geometry due to scaling can be summarised as follows: 

a) Uniform scaling where cross-sectional areas were reduced leads to 
simultaneous increase in all three tow densities according to scaling 
rule (46), hence reduction of the unit cell in all three dimensions.

b) Unit cell corresponding to ‘Half warp’ scaling case has the same 
height and length and is half the width of its ‘Reference’ counterpart. 
This is consistent with the scaling rule (42), which indicates that the 
only tow density affected by the warp scaling is pwarp. This is the 
reason why the plots showing the KPoWs as functions of pweft and HUC 

(Fig. 4(a)–(d) and Fig. 4(c)–(f), respectively) overlap for ‘Half warp’ 
and ‘Reference’ cases.

c) Unit cell corresponding to ‘Half weft’ scaling case has the same 
height and length and is double the width of its counterpart obtained 
through the uniform scaling. Furthermore, uniformly scaled config
uration can be recovered from ‘Half weft’ one simply by applying the 
non-uniform scaling to the latter that would halve the cross-sectional 
area warp tow. Effectively, two non-uniform scaling can be applied 
sequentially in the arbitrary order to deliver a configuration obtained 
through the uniform scaling. Using mathematical terminology, 
scaling procedure is commutative in a sense that it does not matter in 
what order scaling is applied, as long as the final tow sizes are the 
same.

The results in Fig. 4 also signify that the controllable properties (tow 
cross-sectional areas) are decoupled from the controllable parameters 
(tow densities) in a sense that qualitatively, the trends in variation of the 
KPoWs relative to tow densities are reproduced irrespective of the tow 
sizes. This offers additional support to the design method [20] that was 
developed while keeping the tow cross-sectional areas fixed.

4. Mechanical performance of the equivalent configurations of 
composites

For effective use of scaling in design, it is essential to understand how 
scaling affects the effective elastic properties; in other words, how 
different or similar are the effective elastic properties delivered by 
equivalent composite configurations. To compare the mechanical re
sponses of composites having equivalent configurations of reinforce
ment, systematic characterisation exercises have been carried out. In 
Ref. [20], woven composites having configurations as specified in 
Table 1 have been characterised. The results from that characterisation 
exercise will be used in the present paper as a reference case and will be 
compared with the effective properties obtained for configurations 
produced applying three scaling types as were defined in subsection 3.4.

4.1. Unit cell model and input

To carry out the material characterisation, the unit cell modelling 
was employed. Use of unit cells that requires idealisation of the internal 
architecture has been explained and justified in Ref. [20]. Effectively, it 
strikes a balance between accuracy of predictions they deliver and 
practicality of their implementation and use in design exercises.

The parametrised unit cell for layer-to-layer angle interlock com
posites has been established in Ref. [21], where the expressions of the 
boundary conditions for this unit cell have been provided. The boundary 
conditions related the displacements on the opposite sides of the unit 
cell; they were derived following basic principles of deformation kine
matics and making proper use of the translational symmetries, thus 
ensuring the mechanical consistency of formulation. Two types of 
translations were involved in definition of the unit cell: combination of 
two orthogonal translations over the cross-section of the weave and a 
translation in-plane of the weave non-orthogonal to the other two. As 
was elaborated in Ref. [21], use of such translations allows to reduce the 
size of the unit cell, thus making it more computational efficient as 
compared to unit cells defined based on use of orthogonal translations 
alone. The boundary conditions explicitly involved the six strains at the 
upper length scale considered as six independent degrees of freedom, 
which facilitates material characterisation procedure.

The theoretical formulation of the unit cell, its implementation as an 
FE model and post-processing of the results follows well-established 
procedures that have been reported multiple times [25,26], with the 
most comprehensive account being given in Ref. [27], and are therefore 
not repeated here. From the user's perspective, the material character
isation is carried out in a fully automated manner, because all the 
associated procedures have been implemented as a designated Python 
script. The formulation was brought closer to practical applications by 
expressing the input in terms of controllable parameters in Ref. [22], 
where he model has extensively been validated against the experimental 
data.

The same properties of constituents as were employed in Ref. [20] 
were used in all characterisation cases. For ease of reference, properties 
of the matrix and the tows are summarised in Table 2. The effective 
properties of the tows were obtained through unit cell-based 

Table 2 
Properties of the constituent materials [20].

ACTECH 1304 epoxy 
resin

TZ800H carbon fibre tows

weft warp

E, GPa 3.53 [28] Intra-tow fibre volume fraction, % 72(76) 75(82)
ν 0.35 E1, GPa 224.01 241.42
​ ​ E2 = E3, GPa 10.12 11.11
​ ​ v12 = v13 0.295 0.291
​ ​ v23 0.405 0.393
​ ​ G12 = G13, GPa 6.04 7.406
​ ​ G23, GPa 3.60 3.987
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computational material characterisation where the tows are treated as 
unidirectional composites at a micro-scale. When conducting charac
terisation, scaled values of intra-tow fibre volume fractions, as given in 
brackets in Table 2, were used, reasons for which are explained in 
Ref. [22], where intra-tow volume fraction scaling procedures are also 
elaborated.

The controllable parameters associated with the tows were defined 
in subsection 2.2, along with values of parameters γwarp and γweft as 
defined by Eq. (3). These were introduced in Ref. [21] as geometric 
parameters of tow cross-section, yet unlike other geometric parameters, 
they have not been expressed in terms of controllable parameters in 
subsection 2.1. This is because the role of γ is to offer more flexibility in 
tow cross-section idealisation; in some sense, it is an optional parameter. 
Special case of γ = 1 reproduces the elliptical profile, while at values 
close to zero nearly rectangular cross-section is reproduced, and these 
two are some of the most common cross-section shapes in idealised 
models of woven composites [29]. Fixing the value of γ effectively puts 
restriction on the shape of the cross-section profile.

In the present paper, same values of γ as were employed in previous 
works [20,22] have been used, γwarp = 0.05 and γweft = 0.5. The justifi
cation for the former was to ensure that the warp two cross-section 
profile stays nearly rectangular, which is a common observation [30]. 
The definition of value of γweft, on the other hand, have been left 
somewhat loose, and the justification is offered below.

Sensitivity of KPoWs to choice of γweft has been studied by plotting 
them against γweft in Fig. 5, while keeping all other parameters fixed. 
Three composite configurations from Table 1 were considered, a 
benchmark one, and two representing the cases of high interlocking 
angle and high tow ratio, and low interlocking angle and low tow ratio, 
respectively. The most affected KPoW was the interlocking angle, for 
which the maximum and the minimum in the most extreme case were 
nearly 10◦ apart, as can be seen in Fig. 5(b). This was to be expected, 
because of all geometric parameters (4)–(8), γweft is involved in defini
tion of width of the weft tow cross-section (7) and, consequently, the 
distance (8) between the adjacent weft tows, and relative variation of 
the two inevitably changes the interlocking angle. Interestingly, the 

Fig. 5. KPoWs as functions of γweft : (a) global fibre volume fraction; (b) interlocking angle and (c) tow ratio. Plot (g) - geometries of a UCs representing a benchmark 
configuration at three different γweft

Fig. 6. Typical fibre distribution over the weft tow cross-section in TZ800H composite as characterised in [22].
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other two KPoWs, the global fibre volume fraction and tow ratio, as 
shown in Fig. 5(a) and (c), show little sensitivity to γweft, even though 
interlocking angle is involved in their definitions. The results in Fig. 5
conclude that the KPoWs show little sensitivity to γweft .

However, there is a practical consideration of why values of γweft 
should not be too close to unity, which is its maximum value. Consider 
the weft cross-section in Fig. 5(d) corresponding to different values of 
γweft . Since the weft width increases monotonically with γweft , as is 
implied by Eq. (7), the elliptical cross-section would be the widest. Since 
the area of the weft tow cross-section kept is fixed, the widening of the 
tow profile is accompanied by the overall reduction in cross-section 
thickness. As the result, the pointy appearance of the tips of weft tows 
is the most pronounced in elliptical cross-section compared to cross- 
section profile obtained at γweft <1.

Considering the micrograph in Fig. 6 showing typical cross-section 
view of the weave, pointy tips can also be observed in the weft cross- 
section. Examining different parts of the weft tow cross-section in 
Fig. 6, it was found that the fibre packing becomes looser towards the 
sides of the weft cross-sections. In such regions, the fibre volume fraction 
can be as low as ~45 %, as opposed to ~70 % in the centre of the tow. 
This kind of non-uniformity of fibre distribution over the tow cross- 
section have been previously documented for 2D weaves [31,32]. It 
can have significant implications on modelling, because due to lower 
fibre volume fraction, one should expect a reduced material perfor
mance in such regions. There is no reliable and robust method for rep
resenting gradual reduction of fibre volume fraction in computational 

models, and in many analyses, including the present one, uniform fibre 
volume fraction is assumed that corresponds to the tightest packing of 
the fibres in the tow. Having high stiffness, the pointy tips of the weft 
tow with elliptical cross-section would act as stress concentrators, which 
can have a profound difference in strength characterisation exercises. 
While the present study addresses exclusively the elastic characterisa
tion, maintaining reasonable representation of the tows would be a good 
practice. To alleviate the adverse effect from the exaggerated stress 
concentration at the tips of weft cross-sections, γweft <1 should be used. 
While this would not bring down the material properties hear the tips of 
the weft tows hence would not reduce the property mismatch between 
the tows and the adjacent matrix, it would produce a more rounded 
appearance of the tips of the tow cross-section, alleviating stress 
concentrations.

4.2. Influence of scaling on predictions of the effective elastic properties

Trends in variation of the effective elastic properties relative to 
KPoWs for the ‘Reference’ configurations have been established and 
discussed in detail in Ref. [20]. To facilitate referencing and compari
sons, effective elastic and shear moduli reported in Ref. [20] for the 
‘Reference’ configurations have been plotted in black against the 
interlocking angle and the tow ratio in Figs. 7 and 8, respectively. The 
indices for the effective properties are the same as the weave coordinate 
notations shown in Fig. 1, namely, x, y and z refer to the warp, weft and 
through-the thickness directions, respectively. Different types of 
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Fig. 7. Effective elastic moduli as functions of the interlocking angle (plots (a),(c) and (e)) and tow ratio (plots (b), (d) and (f)).
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Fig. 8. Effective shear moduli as functions of the interlocking angle (plots (a),(c) and (e)) and tow ratio (plots (b), (d) and (f)).

Fig. 9. Contours of the longitudinal stress (stress σ11 in local material coordinate system) over the warp tows in the reference and two scaled benchmark 
configurations.
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symbols refer to respective tow density variation schemes in Table 1, 
same as in Fig. 4.

These have been topped up with characterisation results corre
sponding to scaled configurations, 10 for each scaling scheme. Their 
effective elastic and shear moduli have also been plotted against the 
interlocking angle and the tow ratio in Figs. 7 and 8, respectively. For 
consistency of presentation, the same colour coding has been retained 
for the effective properties corresponding to the reference and three 
scaled groups of the composites as has been introduced for their KPoWs 
in Fig. 4. Specifically, the effective properties for the reference config
urations are plotted in black, those for ‘Half weft’ configuration are 
highlighted in orange and the effective properties for ‘Half warp’ con
figurations are in blue. Note that the effective properties corresponding 
to ‘Uniform’ group share the same black colour as their ‘Reference’ 
counterparts. This is because the effective properties in ‘Uniform’ group 
identically reproduce those in the ‘Reference’ group, discounting small 
numerical errors. This signifies that the uniform scaling, as described in 
subsection 3.3, represents the method of scaling the geometry that keeps 
the effective elastic properties the same. Since the uniform scaling factor 
can be arbitrary, the implications of this are that multiple 3D woven 
composite configurations can exist, related through the uniform scaling, 
that would have identical effective elastic properties.

Considering the non-uniform geometry scaling, the effective prop
erties associated the reference configurations have also been reproduced 
identically in scaled composite configurations with the exception of the 
warp effective elastic modulus Ex in Fig. 7(a) and (b) and the effective 
shear stiffness Gzx in Fig. 8(a) and (b). For these two, the values corre
sponding to ‘Half weft’ scaling scheme are consistently lower than the 
reference ones, while the values associated with the ‘Half warp’ scheme 
are always higher than the reference ones. The reasons why the non- 
uniform scaling causes mismatch in the effective properties associated 
with the warp direction can be explained by scrutinising the mechanical 
behaviour of the woven reinforcement.

Without loss of generality, consider the benchmark configuration 
from the ‘Reference’ set and its scaled counterparts. The contours of the 
stress over the warp tow for all three composite configurations are 
shown in Fig. 9. The stress is in the fibre direction and the tensile load is 
applied along the warp direction. Under this type of load, the curved 
warp tow shows tendency to straightening, the effect of which can be 
clearly seen in the curved regions of the warp tows. Specifically, local
ised regions of high and low stress are apparent at the top and bottom 
surfaces of the warp tows in such regions. Qualitatively, such stress 
distribution is typical in beam bending problems, when one of the sur
faces of the beam is under tension while the opposite one is under 
compression. For the warp tows in the unit cell, bending-like stress state 
occurs due to straightening of its curved part under loading in the warp 
direction; this is not a classical beam bending problem and stresses on 
the opposite faces of the curved part of the warp tow are of the same 
sense, but one is significantly larger than the other. Relative to the 
reference configuration, this effect is less pronounced in the ‘Half warp’ 
configuration and is far more apparent in the ‘Half weft’ configuration.

Considering classical case of beam bending, the resistance to bending 
is largely controlled by the second moment of area of beam cross- 
section. For two beams having equal cross-sectional areas, one with 
cross-section of higher height to width ratio will outperform another in 
terms of resistance to bending, as it would have larger second moment of 
area. Considering shapes of cross-sections of the warp tows in Fig. 4(g), 
it is easy to see that the aspect ratio of the warp tow cross-section in ‘Half 
weft’ composite configuration is smaller than the reference one, while 
the cross-section aspect ratio of the warp tow in ‘Half warp’ configura
tion is larger than the reference one. Relating these observations to the 
results in Fig. 9, an association between the aspect ratio of cross-section 
and the resistance to straightening under tension in the warp tows can be 
established. Since load bearing under warp tension is mostly carried out 
by the warp tows, the less it deforms, the larger will be the warp effective 
stiffness of the material represented by the unit cell.

It is worth noting that on their own, the second moments of area of 
the warp tow cross-sections do not provide indication of how effective 
the warp tows are in resisting the straightening. Indeed, the uniform 
scaling can deliver numerous composite configurations of very different 
warp cross-section areas that would naturally have very different second 
moments of area. However, the aspect ratios of the warp cross-sections 
will be identical in all such cases and all such configurations will deliver 
identical effective elastic properties. Effectively, scaling changes the size 
and dimensions of the unit cell. The change in unit cell size on its own 
does not affect the effective elastic behaviour, if the dimensions change 
proportionally, as in the case of uniform scaling, because the unit cell 
represents infinite material. At the same time, when the non-uniform 
scaling is applied, the inner dimensions of the weave change to a 
different extent, which modifies the stress state within the tows as 
illustrated in Fig. 9 and, as a result, it influences the effective elastic 
properties associated with the warp direction.

5. Application of scaling in design of 3D woven composites

5.1. Scaling as means of post-processing in design

There are two main consequences of the scaling procedure as far as 
the composites design is concerned. Firstly, it verifies that the KPoWs do 
indeed provide sufficient representation of the woven geometry, at least 
as far as the elastic material characterisation is concerned. It was shown 
in Ref. [20] that the effective elastic properties follow distinctive trends 
relative to KPoWs, where the KPoWs were considered as functions of tow 
densities, while the tow sizes were kept constant. The present research 
has shown the scaling does not affect these trends; furthermore, it pre
serves the values of the effective elastic properties with the exception of 
cases of non-uniform scaling, when values of two elastic properties are 
systematically higher or lower than the reference ones, the reasons for 
which were explained in subsection 4.2.

The second major outcome is that the weave scaling procedure 
conclusively defines the significance and role of the tow sizes in com
posites design. There is a general perception that the weft tow sizes 
control the weft properties [33], while there exists an inverse relation
ship between the interlocking angle and the elastic modulus and 
strength in the direction of undulating warp tows [2]. However, it was 
shown in Ref. [20] that the two, in fact, cannot be varied independently 
and that both in-plane elastic moduli can be modified by varying only 
the tow densities. Having identified role of scaling as means of varying 
the geometry and the size of the unit cell representing the woven com
posite while retaining the same effective elastic behaviour, the number 
of the designable parameters in design exercises can effectively be 
reduced to three, namely, the weft, warp and through-the-thickness tow 
densities. The tow sizes can be chosen upfront, rather randomly, while 
the tow densities will be varied according to the tow density variation 
schemes until the desired effective elastic properties are obtained. If the 
resultant configuration is not practical in terms of the manufacturing, 
scaling is applied. Additionally, there may be practical restrictions on 
selection of tow sizes, since the standard sizes as avalable from suppliers 
are typically restricted to a very few options, e.g. 6K and 12K. If the 
required tow sizes are not available, there is no need to re-design the 
material, or to resort to tow adding/splitting; scaling will maintain the 
effective elastic properties while accommodating different sizes of the 
tows. Effectively, scaling can be viewed as means of ‘post-processing’ the 
design to make it practical.

It should be noted that not recognising different roles of tow densities 
and tow cross-sectional areas in design may lead to misinterpretation of 
the results of design exercises. Specifically, in Ref. [9], comparison of the 
effective properties corresponding to four 3D woven composite config
urations was carried out, where both the tow sizes (hence cross-sectional 
areas) and the tow densities were changed simultaneously, yet any 
changes in values of the effective elastic properties were attributed 
exclusively to different tow sizes, while the influence of tow densities 
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was not even contemplated. Similarly, the parametric studies in Ref. [8] 
aimed to reveal the influence of tow densities on the effective elastic and 
strength properties. However, the cross-sectional areas in this study 
were considered as functions of the weft and warp tow densities, 
therefore the latter were also varying between different models. The 
present paper conclusively establishes that both groups of controllable 
parameters, namely, the tow densities and the tow sizes, play equally 
important parts in variation of the effective elastic properties and none 
of them should be disregarded.

This design method offers scope for extension to other types of 3D 
woven composites. From practical perspective, most of the designable 
parameters should be the same for different types of 3D weaves, while 
additional research may be required to identify the key properties of the 
weave that are associated with trends in variation of the effective elastic 
properties in other types of 3D woven composites.

Equally important application of scaling could be in design exercises 
involving damage and strength characterisation. These mechanical be
haviours are sensitive to local geometric features of the woven rein
forcement where stress concentrations can build up. Scaling could help 
maintain the same initial elastic performance while modifying the un
desirable geometric features to alleviate potential stress concentrations. 
The analogy can be drawn to ultra-thin laminates which, due to sub
stantially reduced size of a ply, deliver higher resistance to damage and 
failure. Design exercises involving material strength characterisation 
may also require definition of geometric characteristics of the weave 
that are associated with localised stress distributions, such as the warp 
tow cross-section aspect ratio mentioned in subsection 4.2. The design 
method as established here offers means for conducting systematic 
studies that could help identifying such characteristics.

5.2. Intuitive vs precise scaling

As a demonstration of application of scaling capability, consider two 
TZ800H woven composites with controllable parameters specified 
Table 3, referred to as ‘Original’ configuration and ‘Guessed’ configu
ration. As can be seen, the sizes of the tows, 6K, in the latter are half 
those in the former. The ‘Original’ configuration was previously char
acterised in Ref. [22], where calculated in-plane effective properties 
were also compared with the measured ones, while the motivation for 
producing ‘Guessed’ configuration in Ref. [34] was to assess whether 
composites having significantly different tow sizes but similar KPoWs 
would have similar mechanical performance. In absence of design 
methodology at the time, the only design means available have been the 
computational material characterisation tool and intuition. As can be 
seen in Table 3, the KPoWs in the two configurations turned out to be 
similar, though not identical. However, considering values of the 

effective properties for this two configurations as listed in Table 4, it is 
easy to see that the values of effective warp and the weft elastic moduli 
in ‘Guessed’ configuration are noticeably lower than the values of their 
‘Original’ counterparts. This is consistent with discrepancy in global 
fibre volume fractions, which is lower in ‘Guessed’ configuration, and 
this naturally has a knock-on effect on the effective elastic properties. 
Comparing ‘Guessed’ values of tow densities with those obtained by 
applying scaling rule (42) (these correspond to ‘Scaled’ configuration in 
Table 3), it can be seen that all three followed correct variation trends. 
Still, achieving the exact scaled down geometry that would deliver the 
same mechanical performance through trial-and-error would have 
required a lot of effort. On the other hand, scaling rule (42) delivers 
scaled configuration in a matter of seconds, which makes it an extremely 
efficient tool in composites design.

6. Conclusions

Problem of geometric scaling in 3D layer-to-layer angle interlock 
woven composites has been raised and resolved for the first time. Scaling 
was shown to be a special case of variation of the reinforcement archi
tectures for which the effective elastic properties of composites based on 
such reinforcement are identical, in case of uniform scaling, or show 
systematic deviation from the reference values in two properties asso
ciated with the warp direction for non-uniform scaling. Existence of such 
configurations has not been discussed, let alone been proven to date, as 
most of the efforts in defining the association between the internal 
construction and the mechanical performance have been directed at 
identified trends in variation of the properties rather than the conditions 
when they would remain unchanged.

Scaling was found to be controlled by two designable properties, the 
cross-sectional areas of the weft and warp tows. This disproves a com
mon perception that in 3D woven composites the tow sizes are the 
appropriate means of varying the in-plane effective properties. Since the 
uniform scaling does not bring about any change in the effective prop
erties, obviously, even a significant change in tow sizes would not have 
any effect on the properties in scaled composite configurations.

It was previously established in Ref. [20] that designable parameters 
that can be used most effectively for varying the elastic properties of 3D 
woven composites are the tow densities. Present work defines the ge
ometry variation rules that delivers exactly the opposite, namely, con
stancy of the effective properties when the geometry changes rather 
than trends in their variation. Combined, these two considerations 
provide a robust design method for 3D layer-to-layer angle interlock 
woven composites, where roles of two groups of the designable pa
rameters are clearly defined. Specifically, the desired mechanical per
formance is achieved through systematic variation of the tow densities, 
while scaling is applied as a post-processing of design of woven archi
tecture to ensure its practicality, if necessary.

Complexity of internal architectures and lack of methods for their 
design are common not only of 3D woven composites, but for advanced 
materials of complex internal architecture in general. The awareness of 
the concept of scaling as a special type of internal architecture variation 
that is raised by the present paper can be instrumental in development of 
the analysis and design methods for many types of advanced materials.

Table 3 
Controllable parameters and KPoWs for three scaled composite configurations.

Configuration Tow sizes Tow densities Key properties of the weave

Nweft Nwarp pweft , cm− 1 pwarp, cm− 1 HUC, mm ϑ ◦ Vweft

Vwarp

Vf ,global

Original [22] 12K 12K 2.9 7 0.41 24.8 0.429 0.59
Scaled (Eq. (42)) 6K 6K 4.1 9.9 0.29 24.8 0.429 0.59
Guessed [34] 6K 6K 4.3 10 0.33 24.0 0.442 0.53

Table 4 
Effective properties for three scaled composite configurations.

Configuration Ex, GPa Ey, GPa Ez, 
GPa

Gzx, 
GPa

Gxy, 
GPa

Gyz, 
GPa

Original 65.40 56.11 9.16 5.33 4.58 3.17
Scaled 65.40 56.11 9.16 5.33 4.58 3.17
Guessed 55.82 51.87 8.48 5.33 4.13 2.97
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