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Abstract

Accurate modeling of harmful pollutant concentrations is an important field of interest for pro-
tecting public health and the environment. In this study, physics-informed neural networks (PINNs)
are applied to a low Reynolds number, time-averaged cylinder wake, which interacts with a va-
riety of different passive scalar regimes. The PINN reconstructs both the time-averaged velocity
and scalar concentration from limited measurements. In addition to satisfying the incompressible
Reynolds-averaged Navier-Stokes (RANS) equations, the reconstructed fields must also obey the
time-averaged advection-diffusion equation. This was done to extend the applicability of mean field
reconstruction and to lay the foundations for PINNs to be used in more complex passive scalar
modeling in future studies, particularly the prediction of pollutant behavior in urban environments.
It was found that the PINN could successfully reconstruct the flow fields on a macro-scale in almost
all scenarios, having considerable success with first-order quantities and managing to accurately
infer the spatial structure of the unknown closure term of the advection-diffusion equation in all
cases. When reconstructing scalar source characteristics, the PINN could identify the source loca-
tion and size in many cases. The results allowed basic guidelines for optimal sensor placement to be
described to inform future studies, and suggests ways in which this technique could be developed

to contribute to future air quality forecasting models.
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7I. INTRODUCTION

s A passive scalar is any concentration that does not influence the physical behavior of a
o fluid, meaning the velocity fields of a flow with and without a passive scalar are identical.
10 In recent years, the importance of understanding how passive scalars are transported and
u dispersed in urban environments has increased tremendously. This includes the way we
12 model the transfer of heat, particulates, and disease within closed spaces, as well as outdoor
13 public health in ever-growing cities as the world continues to industrialize. According to the
12 World Health Organization (WHO), 99% of the population breathe air that exceeds WHO
15 guideline limits [I]. The first step toward reducing this number is developing the ability
16 to reliably model the evolution of pollutant plumes. To do so, accurate reconstruction of
17 the passive scalar properties at/near the source(s) is critical, as an understanding of the
18 origin and typical paths of harmful particulates and gases in the atmosphere allows public
19 health measures to be enacted by authorities. These would aim to minimize the impact on
2 the public and appropriately direct the enforcement of environmental protection laws when

21 necessary.

»  Experiments and high-fidelity computational fluid dynamics (CFD) simulations have been
23 performed to improve understanding of passive scalars in urban pollution, such as the sim-
2 ulations of Refs. [2H4] and the scaled experiments of Refs. [5H7]. While experiments pro-
2 vide physically justified measurements at a discrete number of sampling points, and CFD
s methods give a modeled solution on a dense mesh, both approaches are expensive and time-
27 consuming to set up while having their own sets of limitations. Sparse field measurements
s and the complexity of large-scale urban geometries present challenges due to the sharp spa-
2 tial variations of pollutant concentrations, making optimal placement of sensors difficult
2 [8,@]. This presents an opportunity for data-driven flow reconstruction methods to demon-
a1 strate their effectiveness where the use of CFD or experimentation alone is challenging. The
5> most established data-driven method used in mean-flows is variational data assimilation,
13 which uses observations from experimental /high-fidelity CFD to inform and improve the re-
s sults of a cheap, low-fidelity CFD simulation (e.g. RANS), often reconstructing features and
s multi-scale structures not present in either dataset separately [10, [11]. Data assimilation is

s a fundamental component of modern weather models, and is employed in a variety of roles

w

7 from large-scale storm monitoring to regional-scale pollution modeling [12, 13]. Data assim-

2



3¢ ilation has also been a useful tool for reconstructing passive scalar fields on smaller scales
3 [9, [T4HI7], but its effectiveness is highly dependent on the locations of individual sensors and
» the monitoring paradigm being used, especially when reconstructing source characteristics
a as shown by Ref. [9].

2 Physics-informed neural networks (PINNs) are a recent development in the flow recon-
a3 struction community, leveraging the rapid progress in machine learning technologies to create
u a new class of neural network that has a physical understanding of the problem it is solv-
s ing embedded within its objective function. PINNs were formally introduced by Ref. [1§],
s where they were used in a variety of physical problems to demonstrate their novelty and
« flexibility. More recently, Ref. [I9] used PINNs to reconstruct the mean fields and turbu-
s lence statistics around a low-Reynolds number cylinder flow. Reference [20] introduced the
a0 Spalart-Allmaras turbulence model to the PINN when solving a periodic hill flow problem
so where it was found to outperform traditional data assimilation methods. Reference [21]
s1 applied PINNs to DNS data of an unsteady, buoyancy-driven Rayleigh-Bénard flow and had
52 success with reconstructing the temperature field. Reference [22] apply PINNs to an urban
s3 environment, but did not consider any passive scalar. Several other studies have been per-
s« formed that also attempt to solve fluid-based problems using PINNs, suggesting that there
s5 is an appetite in this technology to push the field of fluid dynamics forward [23-30].

ss  The novelty of this study is to identify the size and location of unknown passive scalar
s7 sources by reconstructing the mean velocity and concentration fields with limited measure-
ss ments using PINNs. This is performed on a well-researched, canonical flow case under a
so wide range of passive scalar regimes defined using different boundary conditions (BCs) and
0 Schmidt numbers. The PINN’s effectiveness will be determined by its ability to reconstruct
1 the mean velocities, the mean scalar concentration, the unknown closure field of the advec-
e tion diffusion equation, and the properties of the scalar source. If the PINN is successful
63 in completing these objectives, it demonstrates that the methodology may be applicable to
s« more complex problems in the near future. It will also suggest that PINNs can complement
s with the established variational data assimilation techniques for tackling these problems and
s may play a foundational role in future air quality forecasting frameworks [31].

e The rest of the paper is organized as follows. Section [lI] introduces the physical problem
¢ and equations, as well as the mathematics and principles that govern the PINN. Section

6o [[TT] describes the generation of the CFD reference data used to train the PINN. Section
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70 [IV] describes the PINN models in more detail, listing the architectures and training proce-
7 dures used. Section [V D] summarizes the variations in the independent variables for the
7 cases, followed by Sec. [V] which presents the results. Finally, Sec. [V concludes the study,

73 summarizing the reconstructive qualities of PINNs in passive scalar problems.

7» II. PHYSICS & PROBLEM DEFINITION

75 This section will introduce the physical problem, beginning with introducing the govern-
76 ing equations in Sec. the time-averaged versions of which are presented and described
7 more rigorously for the passive scalar and velocity in Secs. [[IB| and [TC| respectively, fol-
s lowed by an explanation of the PINN’s loss function in Sec. [ID]

7 A. Governing Equations

so  We start with the vector form of the advection-diffusion equation and the full incom-

a1 pressible Navier-Stokes equations

2
= Ve — _ 1
8t+u Ve Too 5o Ve =0, (1a)

82
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sa Where w is velocity, p is pressure, c is passive scalar concentration, Re = %, and Sc=Z2. U
ss is the characteristic velocity, L is a characteristic length scale, v is the kinematic viscosity
gs of the fluid, and « is the molecular diffusivity of the passive scalar. The Schmidt number
g7 represents the ratio between momentum diffusivity and molecular diffusivity. Certain flows
ss concerning small heat fluctuations may also be considered passive scalar flows, as buoyancy
so effects are negligible. In this context, the Prandtl number can be used instead of the Schmidt
o number. A flow with a high Sc will generally result in a field with higher gradients of scalar
a1 concentration, as it follows the velocity field more strictly. In contrast, a low Sc allows the
o scalar to spread regardless of the advective fluxes, resulting in a generally more diffuse and
3 homogeneous concentration field. For some physical intuition, CO, has a molecular Schmidt

e number in air of 0.94, and air itself has a Prandtl number of 0.708 [32]. Naphthalene (an
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os organic compound used to make plastics and pesticides) has a higher molecular Schmidt

s number of 2.35 [33]. These values inform the ranges used in this study.

7 B. Time-Averaged Advection-Diffusion Equation

¢ To transform the system into a set of time-averaged equations, we use the Reynolds
o0 decomposition

u=1u-+u, (2)

100 applied to u, v, p and ¢, where u is the streamwise velocity and v is the transverse velocity.
11 Here, the m terms are the mean flow quantities and the [ | terms are the fluctuations from
102 the mean flow.

s Applying Eq. 2 to Eq. and averaging yields the time-averaged advection-diffusion

104 €quation

P g 001 (P o, (3a)
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105
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s Where ¢ is an unknown closure term, as it requires knowledge of the fluctuations and is
17 defined as the divergence of the mean turbulent scalar flux. Here, we assume a 2D problem
108 (explained in Sec. , hence only 2 components of velocity are present. In Eq. , the first
100 two terms are the scalar advection terms, and the 3rd is the diffusion term. Since g depends
1o on the turbulent scalar fluxes u/c’ and v'¢’ (which are absent from the mean flow data),
m any reconstruction of the macro-level structure of ¢ indicates that the PINN is inferring
u2 the divergence of the fluxes from the mean concentration fields, which is a useful property
us for turbulence modeling. The notation P; indicates that the equation will be reduced to a

ua residual which the PINN uses to inform its gradient descent algorithm (see Sec. [I1D)).

115 C. RANS Equations with Solenoidal Forcing

us  Similarly to Eq. [Bal applying Eq. [2] to Egs. and [Id then averaging transforms them

117 1nto
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120 In addition to the mean-flow transformation, new variables ¢, fs, and f,, have been intro-
121 duced. The terms fg, and fs, are derived from the vector f = V - R (which emerges after
122 Reynolds-averaging) through the process described below. Tensor R contains the Reynolds
123 stress components R;; = W, and so taking Egs. and , we have 4 equations for 9
124 Unknowns: ¢, @, v, p, v/, v'v’, v/v', v/c and v'¢’. This is an underdetermined system which
125 cannot be solved for a unique solution.

126 To resolve this, a modified formulation of the RANS equations is to be used, which was
17 first proposed by Ref. [10] for use in variational data assimilation algorithms, and has
128 since been used successfully in studies of mean flow with PINNs [19] 20]. This modification

120 performs a Helmholtz decomposition on f, separating it into a potential component and a

130 solenoidal (divergence-free) component:

f:v¢+f37 (5&)

131

V. f,=0. (5b)

122 The potential forcing ¢ is combined with the pressure gradient term of equations and
1w [4d  As described in detail in Sec. 2.6 of Ref. [10], this results in the true pressure field
134 being unrecoverable after reconstruction; therefore, the reconstructed pressure fields will be
135 omitted from the results.

s The addition of Eq. to the roster as:

Ofsu | Ofso

137 increases the count to 5 equations for 9 unknowns, which is still under determined. One

Ps =

138 way to make the PDE system tractable is to provide the u, v and ¢ fields on a sufficiently

139 resolved grid, allowing the velocity data to fully satisfy Eq. [dal This reduces the system to 4
1o equations (Egs. , and for 5 unknowns: p— @, feu, fs, w'c and v'c’. As discussed
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1 in [19] and [20], a sufficiently dense velocity data grid will close the RANS equations and
12 result in a unique solution; the expectation is that this principle can also be extended to ¢ for
13 the advection-diffusion system. However, this is infeasible in realistic applications and many
s experimental techniques. Therefore, we rely on the deterministic nature of the idealized
us velocity and passive scalar fields to allow the amount of necessary data to be reduced to a

us practical amount while still producing an accurate reconstruction.

147 D. PINN Problem

us  With some generalization, neural networks aim to “learn” a relationship between pairs
10 of input/output data with or without training data serving as a reference. For PINNs, this

150 is effectively the minimization of an objective loss function:

L(0;y) =wpLlp(0;y) +wpLlp(;y) +wpLlp(0;y), (7a)
ol 1 i 2-
ﬁD(ea y) = Z ﬁ [yl(a:D ) - yz,j:| ) (7b)
i=1 j=1
ol 1 2% 2-
EB(Ha y) = Z _B| [yl( ) yz,]] ) (76)
i=1 j=1

|z
Lr(6;y) = i Z[m] , (7d)

154 with respect to the set of network parameters 8, where y is the vector of N reconstructed
T T
155 flelds y = [yl(ac) yo(x) ... yN(m)] at each domain coordinate x = [x y} , and & can

156 represent the set of data point, boundary point or collocation point coordinates (=P, =B,
157 £F) depending on which loss term the PINN is solving for. Here, £p(0;y) represents the
1ss data loss, i.e. the summation of L, errors between the training and reconstructed values
159 across each data point within the PINN domain [19} 34] where y? is the reference data field.
w0 Next, L£5(0;y) is the boundary loss with y” as the boundary condition values for each field,
160 which sums the L, errors across the domain boundary to enforce the specified boundary
162 conditions. Finally, £p(0;y) is the physics loss, with P; as the residual for each governing

163 equation evaluated at each collocation point within the domain. Lp(0;y) is the primary

16« means by which the PINN is able to enforce the physics of the problem when producing
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15 a solution. wp, wp and wp are the respective data, boundary and physics loss weights,
166 Wwhich can be specified by the user to bias the PINN to conform more toward the data
167 or the equations. Training to minimize £(0;y) is performed iteratively through numerical

18 Optimization of the parameter space.

10 III.  GENERATION OF CFD REFERENCE DATA

o OpenFOAM [35, [36] was used to simulate a canonical 2D cylinder flow. This flow is
i well described in literature and serves as the foundation onto which the novel PINN is ap-
122 plied. Three different flow cases were considered, the boundary conditions/initial conditions
173 (BCs/ICs) for which are given in Sec. [[II B} a cylinder with passive scalar emission from the
s surface (hereafter referred to as the Surface case), a cylinder with passive scalar emission
115 from a point source upstream of the cylinder (hereafter referred to as the Upstream case),
e and a cylinder with passive scalar emission from a point source within the recirculation
177 region of the cylinder wake (hereafter referred to as the Wake case). From these three cases,
s datasets were generated for each case at Schmidt numbers of 0.1, 0.3, 1.0, 3.0, and 10.0 to

179 give variation in the diffusive behavior of the scalar.

0 A. Domain & Meshing

e The CFD domain extends from —15 < £ < 40, —10 < 4 < 10 with a cylinder obstacle of
122 diameter d = 1 located at (0, 0). The z dimensionality of the domain is superficial, as the
183 mesh only contains a single cell along the z axis, and the front /back boundary conditions are
184 set to empty. ‘Empty’ is a type of boundary condition in OpenFOAM reserved for reduced-
155 dimension cases, as OpenFOAM can only operate on 3D domains [37]. This boundary
186 condition type, along with the single cell in the z-direction, enforces uniformity in the
17 spanwise solution and makes the domain effectively 2D. The mesh was generated using
188 BlockMesh within OpenFOAM. The mesh is composed of 6 individual blocks that were
189 refined independently: the pre-block, 4 obstacle blocks surrounding the cylinder, and the
100 post-block. The obstacle blocks were the only blocks to be refined, and were refined using
11 the simpleGrading function with a refinement factor of 80 approaching the cylinder surface.

102 This resulted in a total cell count of 51,000. BlockMesh’s internal mesh checking function
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verified that the cell aspect ratios and skewnesses are satisfactory.

For the surface case, the passive scalar is injected into the domain by specifying a Dirichlet
boundary condition of magnitude 1.0 on the cylinder surface (see Sec. . The point
source upstream and wake cases use an additional OpenFOAM class called a cellZone to
apply special properties to a group of cells without imposing strict boundary conditions that
influence other properties of the flow. These cells are assigned a constant value of 5.0 for
the scalar concentration which is maintained throughout the simulation. For the upstream
case, the cellZone was placed at (-1.6, 0.3) and applied to 2 cells. For the wake case, the
cellZone was placed at (1.0, 0.3) and applied to 3 cells. This ensures that the point source
cases produce scalar concentration fields with sufficient magnitude to be reconstructed by
the PINN, since the total number of cells emitting passive scalar is far lower than in the
surface emission case. The difference in source strength does not affect the results since the
investigation that compares these cases is concerned with the impact of specifying BCs and

not the strength of the source.

B. Boundary/Initial Conditions & Solver

The solver and solution parameters for all three cases were the same except for details
of the scalar injection. The pisoFoam solver within OpenFOAM was used to solve the
unsteady Navier-Stokes equations transiently without a turbulence model. The solver used
a second-order backward time differentiation scheme, a Gauss linear gradient scheme, and
a Gauss linear corrected Laplacian scheme. For all cases, a uniform inlet is prescribed. No-
slip Dirichlet boundary conditions are applied to the cylinder surface, symmetric boundary
conditions at the upper and lower boundaries, and advective conditions to the outlet. The
Reynolds number based on the diameter was Re = 150.

The solution was advanced in time up to 500 units with At = 0.001 to give 500,000
individual time steps. At a freestream velocity of 1, this corresponded to a maximum
CFL number of around 0.15 throughout the simulation which ensured temporal stability
and justified the use of the backward time scheme. In the surface case, the scalar was
emitted from the cylinder surface at a constant rate throughout the entire simulation. In
the upstream and wake cases, the point-source emission cellZone was switched on at t = 100

to allow the velocity fields to settle into a periodic vortex shedding state before the scalar
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FIG. 1: Reference fields of w and .

223 was introduced.

24 Following the simulations, the data were time-averaged to provide mean fields for the
2»s PINN. Time-averaging was performed after the fluid had reached periodic stability. This
26 was found to be at t &~ 150; therefore, averaging was performed for 350 snapshots at intervals
27 of 1 between 150 < ¢ < 500. The g fields were computed using the turbulent scalar fluxes
28 taken from the transient data from this same period, and the results were then averaged to
29 give g as per Eq. [Bbl To validate the CFD data, the frequency of shedding was calculated
230 to be St = %L = 0.186, which is the expected frequency for Re = 150 [38]. The mean fields
an were confirmed to be in agreement with those of other studies [10], 19], and are presented
22 in Figs. [I] and [2 Note that only %, v, and ¢ are explicitly given to the PINN, as g is an
233 inferred term and will be reconstructed by the PINN.

22 IV. DETAILS OF PINN MODELS & EXPERIMENTS

235 This section introduces the procedure used to create the PINN models used throughout
236 the investigation, giving their architectures and hyperparameters, the training protocol, and

237 the independent variables that were varied over the course of the study.

233 A. PINN Model Generation Program

230 The program used to generate the PINN models was written in Python and was developed
210 from the code made publicly available in Ref. [19]. The program makes use of the DeepXDE
a1 package [34] - a library that interfaces with commonly used deep-learning packages.

a2 To provide the PINN with the reference CFD training data, the data at each cell within

23 the CFD mesh were linearly interpolated to a uniform grid with spacing h, which indicates
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FIG. 2: Surface, upstream and wake case CFD fields at Sc = 1; ¢ provided as a reference

field to the PINN and g to be reconstructed by the PINN.

24 the number of points per cylinder diameter, e.g. h = 2 represents a data point spacing
25 of d/2. h with no subscript indicates the velocity and scalar data were supplied on the
as same grid. The PINN models used the following BCs for the cylinder surface for all cases:
207 Dirichlet no-slip conditions for w and fs, Neumann conditions for g, Dirichlet € = 1 in the
s surface case, and Neumann conditions for ¢ in the upstream and wake cases. All models used
20 the same 5 residual equations within their partial differential equation (PDE) models with
250 partial derivatives computed using automatic differentiation (AD). This allows the PINN to

251 be continuous and differentiable, meaning that no underlying grid/mesh is necessary.

252 B. PINN Architecture & Parameters

3 All PINN models used the same architecture: an input layer of width 2, 7 hidden layers of
T T
2sa width 100, and an output layer of width 7, which maps [;p y} — [ﬂ VD—¢ C fou fsv g]

s The impact of varying the number of nodes per layer and number of layers is presented in
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6 the appendix, but the network size was the same for all models considered in the results
27 section. Each layer used the tanh activation function and the Glorot uniform initialiser
25 function. The relative loss weights were the same as in Ref. [20], and were set as: wp = 10,
w0 wp = 10, wp = 1.

%0 The full domain collocation points were defined using a custom function to cluster points
1 near the cylinder surface and along the flow centerline. This was done using a lognormal
22 distribution in x and a normal distribution in y. Figure [3| shows the extent of the full
263 PINN domain and the collocation point distribution described above, with the dimensions
24 normalized by the cylinder diameter d. The custom distribution is expected to improve
s convergence as the PINN can more effectively resolve the PDEs in regions of the domain that
26 experience high gradients. The number of domain collocation points was around 58,000, and
27 the number of boundary collocation points was set to 1500. 50 testing points were randomly
xs selected to update the loss function each iteration to give a fairly uniform distribution
60 throughout the domain without hindering the optimizer loop with excessive passes. The
o0 testing points do not influence the loss function seen by the optimizer and therefore do
on not inform the PINN training process. Including testing collocation points is useful for
272 monitoring the testing loss to determine whether the PINN model is overfitting to the
o73 training data and failing to adhere to the physics, which was not an issue for any models

o7 used in this study.

275 C. PINN Training Protocol

26 All models were trained in two stages: an initial stage using the Adam optimizer [39] which
277 is based on stochastic gradient descent, followed by a secondary longer training stage using
zs the L-BFGS-B optimizer [40, 41]. This order was decided due to Adam’s ability to explore
79 and smoothen the PINN’s rough initial parameter space, which prepares the model for a
20 longer training period with L-BFGS-B to significantly reduce the losses [34]. This procedure
21 18 consistent with other studies that investigated similar fluid cases [19, 20, 24 25, [42]. The
222 PINN was trained using Adam for 25,000 epochs at a learning rate of 0.001, followed by
23 L-BFGS-B up to a maximum of 60,000 total epochs, or until the optimizer converged.
s The convergence criterion is set as the DeepXDE default of < 1 x 1078 for the maximum

285 component of the projected descent gradient. A typical loss graph is given in Fig. [4l Training
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FIG. 3: Collocation and typical data point distribution: domain points (blue), boundary

points (orange), data points (red).

26 was performed using the Iridis X High-Performance Computing cluster at the University of
27 Southampton, utilizing NVIDIA A100 enterprise GPUs. The total training time was heavily
28 dependent on the number of data points presented to the PINN, but a typical training cycle
280 for a single model was on the order of 2-4 hours. In total, the time taken to train all models

200 used in this investigation was around 7-9 days. All investigations required many models to

©

201 be trained with slight variations to the network conditions. This process was automated

©

» using a Python loop.

2

©

23 The code used to train the PINN models and some example models used in this study
+ can be found at https://github.com/roardon/PassiveScalarPINNs or at https://doi.
s org/10.5258/S0TON/D3810.

2!

©

2!

©

206 D. Experimental Conditions & Independent Variables

27 The investigations performed can be divided into two categories: investigation of the
208 full domain and investigation of the cropped domain as seen in Fig. The separation
200 Of the investigations allows reconstruction of the macro-level structure of the fields to be

3

o

o considered independently of the identification of the source characteristics. The full domain

3

o

1 investigations were performed on all three flow cases and consider a smaller region of the

30 CFD domain by cropping unimportant (freestream) parts of the flow. This was done to

13
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FIG. 4: Typical loss throughout the training cycle; optimiser switches from Adam to
L-BFGS-B at 25,000 epochs.

203 allow the data/collocation points to be placed within the more sensitive areas of the PINN
s0 domain to make the most efficient use of computational resources. The full domain for the
ws PINN extends from —3 < % < 15, —4 < 4 < 4 (green in Fig. [5). The investigations in
206 the cropped domain were performed on the two point source cases (upstream & wake) and
so7 reduce the reconstruction region to a smaller window of size 1 x 1, with its location dependent
08 on the flow case but ensuring that the passive scalar point source was located at the center
300 Of this window (blue in Fig. . In the cropped domain investigations, the scalar data were
a0 supplied within the aforementioned 1 x 1 window, while the velocity data were supplied
su within a larger window of size 6 x 6 from —3 < £ < 3, =3 < ¥ < 3 which includes the entire
a2 cylinder obstacle (see orange in Fig. [5)). Focus was placed on identification of the source
a3 characteristics (size, location) because they represent important properties influencing the
s structure and evolution of a passive scalar plume. The reduced domain size was chosen
s15 because it allows for a more efficient use of computational resources, which means that more
s1s models could be trained in the same amount of time, resulting in a more robust investigation
sz where a wider range of values for h could be tested. We found that reducing the size of
sis the domain had no impact on the conclusions of this experiment compared to using the

a0 full domain. Passive scalar flows are highly sensitive to changes in the source properties;

20 therefore, this knowledge is critical when attempting to accurately predict dispersion over
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m large, complex domains or long time horizons [9]. Within these two categories, investigations
122 were performed to assess the impact of adjusting a single PINN parameter or flow constant

»3 on the quality of the reconstruction. Details of the cases are presented in Table [

Case Variable range Variables fixed
Full-domain
Data sparsity 1<h <10 Sc=1.0
Schmidt number 0.1<85c<10 h=4

Cropped-domain

Data sparsity 3 < h. <100 Sc=1.0, hyy =6

Schmidt number 0.1<85c<10 h =10

TABLE I: Case details.
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FIG. 5: Subdomains of CFD domain. Green: full PINN domain. Orange: cropped-domain

velocity data range. Blue: cropped-domain scalar data ranges.

2 In the cropped-domain data sparsity investigation, the data were supplied on separate
27 velocity and scalar grids whose densities could be varied independently, given by h, and
18 h,, respectively. The ‘variable range’ for this investigation refers to the range of h. used,
39 while the velocity grid is kept constant at h, = 6. An investigation was performed for the
30 inverse case (fixed h, with varying h,,), but this did not have any noticeable impact on scalar

31 reconstruction, and so it will be omitted from the results. A PINN model was trained for
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s the combinations of parameters listed in Table [[, giving a total number of models used in

33 the results of 116.

s+ V. RESULTS

15 The results will be presented as ordered in Table[[V D) starting with the full-domain cases
3 in Sec. [VA] followed by the cropped-domain investigations in Sec. [V B|

337 A. Full-Domain Investigations

18 Within the full-domain investigations, a volume-weighted Ly-norm error metric is used
330 as the primary measure for assessing the accuracy of the reconstructed fields relative to the

a0 baselines. This metric is defined as:

ea= [ [wi x (yila:) — yP)?, (8)

i€Q
s where wj; is an individual cell volume inside the domain ). This metric gives a single scalar
u2 value as a measure of the reconstructed field’s accuracy, and is not normalized with respect
33 to the scale of the original data. Therefore Ly norm values for different fields (e.g. @, ¢) are

sa not intended to be compared to one another.

345 1. Velocity Reconstruction & Influence of Passive Scalar Data

us  Since the velocity fields are identical among all cases, the influence of data sparsity on
a7 these fields is presented first in Fig. @ Reference [19] performed a similar analysis, so this
ug section aims in part to validate the the current PINN framework as well as to extend the
u9 application to passive scalar cases, as per the investigation objectives.

s Figure [6] shows that a data grid density of h = 1 is inadequate for reconstructing the
;1 velocity fields around the cylinder as the PINN does not have enough information in the
2 regions of importance to produce a unique solution. These ‘regions of importance’ are
353 typically identified to be areas of the domain that exhibit high spatial gradients of the
34 reconstructed fields. Furthermore, we have found by comparing this model to an additional

355 model with a specified inlet BC of w = 1, 7 = 0, that this results in a substantial improvement
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36 t0 the reconstruction both upstream of the cylinder and within the near-wake when h = 1.
ss7 Despite this, the influence of specifying the inlet BCs was found to rapidly diminish beyond
8 h > 2, suggesting that under these conditions the training data and governing equations
350 are sufficient to produce a unique solution, a similar result to Ref. [19]. For these reasons,
w0 we believe that inlet BCs are unnecessary for most of the cases in our results and rely on
;1 external knowledge about the flow case that may not be available in practical settings, but
2 We maintain their importance when using extremely sparse training data.

3 Increasing toward h = 10, we see greatly improved quality of reconstruction at the expense
364 Of requiring a higher measurement window resolution and increased computational resources.
s The velocity absolute error fields’ structures and magnitudes are very similar to those for
366 the first-order velocity statistics presented in Ref. [19] for h = 50. This suggests that
se7 Teconstruction accuracy saturates with data at around h = 10, as the error reduces minimally
38 beyond this point. We see that there is reduction in error of 2 orders of magnitude between
30 just 1 < h < 2. This result is consistent with Ref. [19], and we believe that this rapid
;70 increase in accuracy is due to both the convergence to a unique flow solution in the presence
sn of additional data, as well as the PINN more accurately reconstructing the size and shape

s2 of the cylinder recirculation bubble.

—— &7
0 &v
101
& - —3———._._____‘
1 2 3 4 5 6 7 8 9 10

FIG. 6: L, norm versus h for velocity fields w and v.

sz Next, the effects of introducing the passive scalar transport system are investigated when
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s applied to the velocity PINN model. This was done to determine whether knowledge of
w5 the passive scalar distribution within the domain would feed back into the RANS equa-
as tion system via the advection-diffusion equation to improve the velocity reconstruction. In
;77 this investigation, the velocity data grid is kept constant at h,, = 1, while the scalar data
ws (Sc = 1.0) is supplied on a separate grid that varies in density between 1 < h. < 10. These
s results help to satisfy the objectives of accurately reconstructing the passive scalar fields,
30 and are shown in Fig. [7] where it is clear that the addition of the advection-diffusion equa-
1 tion system and uniformly distributed scalar data produces more accurate reconstructions
2 of the velocity fields. This effect is most pronounced in the surface case, where the passive
383 scalar is specified through a boundary condition, but minor improvements can also be seen
s for the upstream and wake cases. It is likely that the surface case benefits the most from
385 this change since accurate information about the passive scalar is provided on the cylinder
ss6 surface - the region of the domain in which the velocity error is highest. Within the flow
se7 reconstruction framework, information that improves the solution of one equation can im-
ses plicitly influence the solutions of other equations in the system. It is probable that solving
380 the advection-diffusion equation (Eq. near the cylinder surface resulted in more accurate
300 reconstructions of w and ¥ by constraining the range of values that these quantities can take,
301 since w and U appear in Eq. Bal but ¢ does not appear in Eq. [ It is also noted that the
302 error of @ reconstruction was affected more than v by this change. This result illustrates
303 that knowledge of passive scalar boundary conditions can greatly improve reconstructions

s04 Of local velocities.

305 2. Effect of Data Sparsity on Full-Domain Scalar Reconstruction

s The remainder of the results will focus only on reconstruction of the scalar quantities ¢
s7 and g. Reconstructed fields of ¢ and g for the 3 flow cases at Sc = 1 are displayed in Fig.
308 . For the sake of clarity and conciseness, only the dense data grid reconstructions (h = 10)
10 are shown as the sparser reconstructions showed similar trends to the velocity fields (Sec.
400 . Unlike f, we expect that the reconstructions of g will resemble the CFD data since
01 the term has not been modeled or decomposed in any way. Figure [8 confirms that this is
w2 the case since the reconstructed g fields match closely with the CFD data presented in Fig.

a3 [2] for all 3 cases throughout the majority of the domain. This is a significant result, as it
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FIG. 7: Ly norm versus h, for velocity fields (top) @ and (bottom) .

s0s demonstrates that the PINN is inferring the true solution to the time-averaged advection-
w05 diffusion equation in the presence of limited data. The areas that exhibit the highest absolute
w06 error are found near the passive scalar sources, particularly in the upstream and wake cases
07 in which the scalar source was intentionally not given as a boundary condition to study the
w8 PINN’s response. In these cases and in the source region, the absolute error of g reaches
w0 magnitudes of > 10, suggesting that the PINN struggles with the high spatial gradients of
w0 € present in this part of the domain. As discussed in Sec. [[IB] g depends on the spatial
a1 gradients of the turbulent scalar fluxes u/c’ and v’¢’, which are at a maximum at the point-
a2 source due to the step-function nature of the ¢ field at this point. This causes the PINN
a3 to overestimate the magnitude of g at the source, and this behavior is only seen in the two
a4 point-source cases since in the surface case (where ¢ is given as a boundary condition on the
a5 cylinder surface), the scalar gradients and fluxes are well-defined which results in an absolute
a6 error of near-zero. However, the regions of high absolute error in Fig. |8 seen downstream
a7 of the cylinder surface for the surface case is due to rapid dissipation of the passive scalar.

sis The large decrease in magnitude of ¢ challenges the PINN’s optimization of the data loss in
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a0 this region, resulting in a less accurate reconstruction.

20  For the point-source cases, the overestimation behavior could be remedied through a
a1 relaxation function or constraint placed within the PINN. The reconstructed ¢ fields show
222 more predictable behavior, where the absolute error is highest around the scalar sources
23 and far lower in the rest of the domain for similar gradient-dependent reasons as mentioned
a2 previously. Once again, the absolute error is the lowest in the surface case. The reader may
a5 notice asymmetry about the streamwise centerline in the absolute error fields of the surface
a6 case in Fig. as well as figures in the previous section. This may be unexpected, since
27 the RANS solution for this case should be entirely symmetric, yet the PINN reconstructions
28 exhibit some asymmetries. This feature is a residual symptom of the PINN’s random initial-

o ization (see Sec. [[V B|). The architecture of the PINN and its parameters do not have any

4

N

4

@

o direct relationship to the structure of the flow domain, meaning that the fully-connected
31 network architecture has no mechanism by which to identify or respect spatial symmetries
12 in the flow. Any learned symmetrical structures are purely a result of the PDE system
a3 and training data. Enforcing symmetry in the PINN solution is possible through applying
2 Neumann BCs at the flow centerline, but we have chosen to avoid this approach in this in-
w35 vestigation as is relies on a priori knowledge of the flow conditions - information that would
136 be unavailable in practical applications.

s The Ly norms for all 3 cases are presented in Fig. [0 which also illustrates the differences
a8 between supplying ¢ as a boundary condition versus only as data, as well as the differences
a3 between the ability of the PINN to reconstruct ¢ and g. Figure [9]shows that the surface case
mo 18 the most responsive to changes in h, where the reconstructions of ¢ and g reach plateaus at
a1 h = 5 to 6. This is due to the additional reinforcement of the emissive boundary conditions
a2 on the cylinder surface. The cylinder surface is a region of importance (as discussed in Sec.
443 due to the high spatial gradients present, which is made even more critical in the
s surface case due to passive scalar emission from this boundary. These factors increase the
ws sensitivity of the PINN to additional flow information and result in rapid improvement in
ws Teconstruction accuracy.

a7 In contrast, the upstream and wake cases are slower to benefit from additional data.
us Nevertheless, the Ly errors of the ¢ fields are seen to improve by a factor of 10 between
mo 1 < h < 10, and show no signs of plateauing or saturating unlike the surface case or the

w0 velocity fields analyzed previously. On the other hand, e5(g) is seen to diverge as the data
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FIG. 9: Ly norm versus h for scalar quantities ¢ and ¢ for all 3 flow cases at Sc = 1.

w1 grid density increases in the upstream and wake cases. When observing Fig. [8D)] it is clear
»s2 again that the source region contributes almost entirely to this behavior. The reasons for
w53 this were previously discussed and it can be seen that this does not affect the reconstruction
sse of € to the same degree, which responds positively to additional data. This may be due to
ss5 differences in the PINN’s reconstruction of directly accessible fields (@, v, ¢) versus inferred
w6 fields (fsu, fsu, g)- Despite these limitations, the reconstructions of g remain remarkably
w7 accurate and well-structured away from the locations of the point-sources (see Fig. [2] to
8 compare), demonstrating that the PINN can successfully reconstruct g on a macro scale

0 even with relatively sparse data.

460 3. Effect of Schmidt Number on Full-Domain Scalar Reconstruction

w1 In this investigation, the data point grid density was set as h = 4 and the Schmidt number
w2 of the flow was varied according to Table[[VD] This data point grid density was chosen based
w3 on Fig. [0 ensuring the reconstructed fields would be sufficiently accurate while providing
s Toom for improvement without risk of overfitting to the different Sc datasets. Different

a5 Schmidt numbers were considered to determine how generalizable the PINN is to different
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w6 passive scalar regimes, and to identify any bias it may have to one regime versus another.

w7 The Ly norms for each Schmidt number are shown in Fig. [I0] allowing comparison
w8 between the PINNs’ reconstructive capabilities for the three flow cases at the five simulated
a0 Schmidt numbers. The reconstruction of ¢ is seen to behave uniquely in all three cases. For
w0 the surface case, €5(¢) is lowest at S¢ = 0.1 and reaches a maximum between 3 < Sc < 10.
w1 For the upstream case, £9(¢) once again rises as Sc increases, but at a slower, steadier rate
a2 than for the surface case. For the wake case, £5(¢) remains near constant and appears to be

a3 reconstructed to the same accuracy independently of the Schmidt number.

100 T

, surface case

, surface case
=, upstream case
, upstream case
, wake case

, wake case

10-1 10° 10!
Sc
FIG. 10: Ly norm versus Schmidt number for scalar quantities ¢ and ¢ for all 3 flow cases
at h = 4. Solid lines: €9(¢). Dashed lines: £5(g). Black: surface case. Red/triangle:

upstream case. Blue/circle: wake case.

s In the surface case, the increased diffusivity of the passive scalar at a low Sc comple-
a5 ments the boundary conditions and helps the PINN compute smooth concentration gradients
a6 around the cylinder region. This advantage is lost as Sc increases, as the steeper gradients
a7 do not benefit as much from the boundary conditions and require more data to be resolved
as adequately since most of the diffusive activity of the scalar takes place over a very small

a0 region of the domain. A similar explanation can be applied to the upstream case, albeit
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w0 With a less severe loss of accuracy as this case never had any ¢ boundary conditions to use
a1 as a basis for the PINN reconstruction.

2 For the wake case, it is possible that a different mechanism results in a Sc-independent
a3 error field. The point source for this case is located at (1.0, 0.3), which is near the center
sss of the cylinder recirculation bubble. The oscillatory vortex shedding behind the cylinder,
s when averaged, results in values of @ and T of near zero (see Fig. [1), which results in
w6 advective fluxes (ue, v¢) which are also near zero in magnitude. This means the transport
a7 of the passive scalar is almost entirely dominated by diffusion (see Eq. , resulting in
ass a circular plume. We can infer from Fig. that the PINN can reliably model purely
a0 diffusive behavior of ¢, and that the error fields are dependent on the balance of advection
a0 to diffusion within the flow. The results suggest that the most challenging case for the
s PINN’s reconstruction of ¢ is an advection-dominated flow (high advective fluxes and a

402 high Schmidt number corresponding to low diffusivity). This result is intuitive, as accurate

©

s modeling of the advective term of Eq. is conditional on a well-resolved grid of both ¢

4

©

w00 as well as w and v data, meaning that error in the PINN’s estimation of either field will be

4

©

s compounded when solving for the residual of Eq. [3a
ws  Interestingly, as Sc increases, £2(g) is seen to decrease for the point-source cases, and

so7 increase for the surface case. The point-source region is responsible for the majority of the

©

w8 accumulated error. It is possible that a reduction in the effective source size as Sc increases

©

a0 Tesults in a smaller region for |g| to be incorrectly overestimated by the PINN, which reduces
s0 the total error of the reconstruction. The behavior of £5(g) in the surface case is likely due
so1 to the steepening of scalar concentration gradients near the cylinder surface, as previously

s02 discussed with respect to €5(¢) in this case.

503 B. Source Identification

sa The cropped-domain investigations focus only on the upstream and wake cases in which
sos ¢ was not given to the PINN as a boundary condition, allowing the study of the PINNs’
so6 Teconstructions when presented solely with sampled measurement data. Within these inves-
so7 tigations, we instead use a more specific ‘source metric’ to quantify the PINN’s accuracy
sos when reconstructing the passive scalar source properties in order to satisfy the objectives.

so0 This metric is based on a modified scalar concentration, ¢* proposed in Ref. [9] and applies
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s10 the following scaling to the scalar concentration field:

l0g10(10c) ¢ > 0.0001
= : 9)
c c < 0.0001

su  This scaling prevents the high concentrations at the source from overpowering the plots
si2 and helps to preserve the relations between small values of ¢ while also eliminating the

5

iy

s hassle of performing logarithms on values that approach machine precision. The quantity c¢*
s14 is used to generate isocontours of the scalar concentration field localized around the source,

si5s which allows the dispersion of the source to be quantified as well as the location of highest

s

s16 concentration. An isocontour was produced at levels of ¢* = 1.0 and ¢* = 1.2 for the data

—_

5

-

7 sparsity and Schmidt number investigations, respectively. These levels were chosen to give
si8 the PINN a flexibility margin in the event that it underestimated the source strength of
s.9 ¢ = 5. Similarly, a value of ¢* too low would produce an isocontour that encompasses all
s20 of the source domain, and would therefore be impractical for assessing the PINN’s source
sa1 prediction capacity. The source properties are then compared to the reference fields. The
s22 dispersion is calculated by measuring the distance between the two furthest points on the
523 isocontour in x and y to give the measures L, and L, which are normalized relative to the
s2 corresponding case’s CFD source size. The location of highest concentration is simply taken
525 as the location of the maximum value within the ¢* array and is given as a distance from

s26 the normalized true source location as Az, Ay.

527 1.  Effect of Data Sparsity on Source Reconstruction

s This section presents the results for the cropped-domain data sparsity investigation, in
s20 which the grid density of the ¢ data points was varied between 3 < h. < 100, while the
s velocity data (supplied on a separate grid as described in Sec. remained at a constant
sa density of h, = 6. The Schmidt number was set as Sc = 1 since it is within the range of
s typical experimental Schmidt numbers. The results illustrating how L,, L,, Ar and Ay
s33 vary as a function of the density of ¢ data are shown in Fig. [11]

s Figure shows the convergence trend of L, and L, to the CFD reference values as
s35 N, increases. The manner in which this occurs is different between the cases. For the

s3 Upstream case, sparse ¢ data is shown to result in an underestimate for both L, and L,,
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FIG. 11: Impact of h. on reconstructed source properties for upstream and wake cases at

Sc=1.

s37 while the inverse is true in the wake case which can also be seen for Az and Ay in Fig.
s3 |11bl Furthermore, the upstream case (which is advection-dominant) exhibits a small steady-
s3 state error in L, beyond a data point grid density of around 10 points per unit, in which the
seo PINN overestimates the source size by a small margin. This trend is also visible in Fig. [TTH]
san showing that the PINN predicts the source location to be around 0.05 units downstream
se2 of the true location. This error is only present for L, in the advective case, which is the
ss3 Tegime under which the corresponding advective flux ue is significantly higher than in other
saa cases. Supplying additional data to the PINN does not improve the discrepancy, suggesting
sss once again that high advective fluxes pose difficulties when solving Eq. and accurately
sa6 Tesolving regions of high advective transport. It is very possible that providing the PINN
se7 with a finer grid of the velocities (particularly @) would remedy this. For all other cases in
s Fig. [II] the source properties converge to their respective CFD reference values before or
ss0 around 10 points per unit. These results demonstrate that the PINN is capable of identifying
ss0 the correct source properties from a density of data points similar to that which is needed to
ss1 accurately reconstruct the entire flow field. Performance may be improved further by scaling
ss2 the scalar concentration data to reveal smaller spatial variations in the concentration field,

ss3 which could push the PINN toward identifying the correct source location under advective
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ssa regimes. Finally, Fig. [L1]illustrates a ‘zig-zagging’ pattern of convergence for all cases, which
ss5 s a consequence of the distribution of points within the data point grid. It is clear when
sss considering Fig. [11|that the quality of the reconstructed field can vary significantly between
ss7 neighboring models, and that there is an element of chance of where high-importance data

sss points will be placed on the reconstructed field.

5 2.  Effect of Schmidt Number on Source Reconstruction

a
©

ss0o  The final investigation focused on the influence of varying the Schmidt number between
se1 0.1 < Sc < 10 on the source reconstruction characteristics. The ¢, @ and v data grids had a

s2 coincident, uniform grid density of A = 10.

Iy

5i

<)

s Figure presents the relative reconstructed source sizes and locations for all Schmidt
se« numbers. A noticeable difference between Fig. and Fig. is that the adjustment of
ses the Schmidt number appears to be much less influential on source reconstruction than the
sec density of the data point grid. The maximum discrepancy of the source size in Fig. was
ser around 90% (reducing until h & 8 to 9), while in Fig. [L2|the error in the source size does not
ses exceed around 14%, occurring at the extreme Schmidt number of Sc¢ = 10. This suggests
se0 that data point placement is a hyperparameter that (when set optimally) can mitigate the
s70 uncertainty in performance when other properties of the physical system are adjusted.

sn Figure [12a) shows that the PINN has difficulty reconstructing the source size at high
s2 Schmidt numbers, as seen by the more erratic behaviors of L, and L, beyond Sc = 0.3.
s13 Divergent behavior is seen in Fig. for Ax of the upstream case, which is shown to
s74 increase linearly with Sc up to a maximum of Ax = 0.08, and is representative of the
s5 PINN’s bias toward downstream prediction of source location in advection-dominated flows
s - a phenomenon also seen in Fig. [IIbl All other cases in Fig. do not stray beyond
s7 A = 0.01, suggesting that the Schmidt number does not influence the prediction of the

s7s source location in diffusive regimes.

sv VI.  CONCLUSIONS

ss0  This article has introduced passive scalar transport systems as another application of

ss1 PINNs. This was done by investigating the mean fields of three classic cylinder flow cases
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FIG. 12: Impact of Schmidt number on reconstructed source properties for upstream and

wake cases at h = 10.

se2 at a Reynolds number of 150 and Schmidt numbers of 0.1 < Sc¢ < 10, with a passive scalar
s3 source active in a different part of the domain and under different boundary conditions
ss« for each case. The focus was on reconstructing the terms of the time-averaged advection-
ss diffusion equation, the mean velocities, and identifying the source characteristics. This was
sss done to assess the effectiveness of PINNs for solving the inverse problem of modeling passive

se7 scalar dispersion using sparse field measurements.

sss A PINN model trained using sparse velocity measurements was provided with passive
ss0 scalar data on an increasingly dense uniform grid, where it was found that the additional
so0 scalar data resulted in improvements to the velocity reconstructions. These improvements
s were amplified when the PINN was given specified boundary conditions for the scalar. This
se2 trend was present throughout the first half of the results, where the implementation of
se3 Dirichlet scalar boundary conditions was found to produce very accurate reconstructed fields
s that performed better than the two point-source flows in all cases. This strongly suggests
ses that any knowledge of scalar boundary conditions is greatly beneficial to PINN accuracy, and
so6 this information should be sought after in real-world applications to make the most effective
sor use of PINNs. This result has implications for future applications of PINNs, particularly

sos Wwhen training data for certain fields have differing degrees of availability.
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s The PINN was found to be able to reliably infer and reconstruct the unknown closure term
s0 g of the advection-diffusion equation, producing reconstructed fields that are remarkably
s01 accurate across the domain as a whole. However, g was found to be very sensitive in regions
s02 of high turbulent fluxes, requiring scalar boundary conditions to be reconstructed accurately
s03 in these areas. Changing the Schmidt number of the flow demonstrated that the PINN can be
s0a used at a wide range of Schmidt numbers, but generally performs better at low-intermediate
s0s Schmidt numbers (0.3 < Sc¢ < 3) where diffusion dominates. The reconstruction of g was
s0s found to improve for the two point-source cases as Sc increases, but reduce for the surface
so7 case. The Lo errors for the surface case remained lower than the point source cases at all
s0s Schmidt numbers. The PINN’s ability to infer g from mean-flow measurements of scalar
s00 concentration and velocity, while simultaneously reconstructing and refining these fields,
s10 suggests advantages over simpler interpolation-based methods for modeling this type of

611 problem.

sz When focusing on reconstruction of the scalar source properties (source size/location), the
s13 PINN reached peak accuracy at h. =~ 10 and showed little improvement beyond this point.
s12 The source size and location predictions were found to exhibit a small steady-state error for
s15 properties parallel to the freestream flow direction, representing uncertainty in the sources’
s16 sizes and locations along the streamlines. The oscillatory nature of the reconstructed proper-
s17 ties highlighted the importance of considering data point placement in high-sensitivity areas
s1s of the domain to ensure that gradients and fluxes can be resolved adequately. Nevertheless,
s10 the PINN was broadly successful in identifying the scalar source properties when provided
s20 with an amount of data similar to that which is necessary to reconstruct the entire flow
s21 field. This result is useful for applications regarding urban pollution control and modeling,

s22 and should be pursued further.

s  The use of PINNs should also be extended to more passive scalar transport cases, in-
s24 cluding complex geometries, 3-dimensional cases, as well as the use of experimental data
625 [0, [6] instead of idealized CFD simulations. Studies could be performed using transient data
e26 instead of mean-flow fields, as it is possible that a time-resolved PINN solver is more likely
627 to produce a unique solution than one trained on mean fields [2I]. Other neural network
s28 architectures could be employed to solve this problem, such as variational autoencoders for

620 model order reduction, or transformers to leverage long/short-term network attention [43].
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630 Appendix: Network Hyperparameter Sensitivity Analysis

e31  Due to the increased complexity of the physical systems in this study compared to pre-
622 vious work [19], 24], [42], a sensitivity study was conducted to determine the optimal network
633 size for the physical system being investigated. As described in Sec. [[VB| the hidden
s network size used in this article was 7 layers of width 100 (N = 7, Ny = 100). In this
e35 sensitivity study, additional PINNs were trained with varying increases in hidden layers and

s3 widths as presented in Table [[I|

Network size| Network 1 Network 2 Network 3 Network 4 Network 5
Ny, 7 8 9 8 9
NN 100 100 100 120 120

TABLE II: Network architectures for sensitivity investigation.

sv  The PINN models reconstructed the w, v, ¢ and ¢ fields for the two point source flow
63 cases (upstream and wake) at h = 4 and Sc¢ = 1.0. The Ly errors for the reconstructions
630 were computed as shown in Fig. [13] It can be seen that increasing the network size through
ss0 both an increase in Ny, and Ny provides different improvements to the reconstructed fields.
e The ¢ and ¢ fields showed improvements of < 3% as the network size was increased. For u
s and U on the other hand, more tangible improvements can be found of at least 20% for both

ea3 cases with a maximum of ~ 46% for ¥ in the wake case between the smallest and largest

B

sas networks. While this may appear significant, it is worth noting that these improvements are

sss calculated relative to the original (smallest) model, where the Ly errors were already of the

B

6

B

s order O(1073) prior to increasing the network size. Whether improvements of this magnitude

6

B

7 are detectable and useful in practice remains to be seen, since the PINN’s accuracy in this

sas application is currently limited by its passive scalar modeling abilities. Nevertheless, this

B

ss0 outcome may indicate that a larger PINN network architecture would be more suitable in
ss0 USe cases where training data is sparse in order to make the most effective use of available

651 data.
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