IL.

II1.

Iv.

VI

Effective source for second-order self-force calculations: quasicircular orbits in

Schwarzschild spacetime
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Recent years have seen the first production of “post-adiabatic” gravitational-waveform models
based on second-order gravitational self-force theory. These models rely on calculations of an effec-
tive source in the perturbative second-order Einstein equation. Here, for the first time, we detail the
calculation of the effective source in a Schwarzschild background, which underlies the second-order
self-force results in [Phys. Rev. Lett. 127, 151102 (2021); ibid. 128, 231101 (2022); ibid. 130, 241402
(2023)]. The source is designed for use in the multiscale form of the Lorenz-gauge Einstein equation,
decomposed in tensor spherical harmonics, or in the analogous second-order Teukolsky equation. It
involves, among other things, contributions from (i) quadratic coupling of first-order field modes,
(ii) the slow evolution of first-order fields, (iii) quadratic products of a first-order puncture field,
and (iv) the second-order puncture field. We validate each of these pieces through numerical and

analytical tests.
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I. INTRODUCTION

After several decades of development [1], gravitational
self-force theory has emerged as a practical method of
building gravitational-waveform models for compact bi-
naries [2, 3]. Waveform models based on the self-force
approach are now fast enough for data analysis [4-6],
and they have proved to be accurate over a large portion
of the binary parameter space [7—10].

The method is based on an expansion of the spacetime
metric in powers of the mass ratio ¢ := m/M, making
it particularly suited to asymmetric binaries, in which
one body (the secondary, of mass m) is much less mas-
sive than the other (the primary, of mass M). Most
prominently, self-force theory is the standard method of
modelling extreme-mass-ratio inspirals (EMRIs) in galac-
tic cores, with mass ratios ¢ ~ 10741077 [2]. Tradi-
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tional scaling arguments [11, 12] have long suggested that
in order to accurately model binary inspirals using this
method, the expansion of the metric must be carried to
second order in €. This expectation has been borne out
by data analysis studies [13] for EMRIs and intermediate-
mass-ratio inspirals (IMRISs).

Waveform modelling at both first and second order in €
has been facilitated by the separation of time scales in
these asymmetric systems: the inspiral is slow, occurring
on a time scale of order M/e, compared to the orbital
period of order M. As a consequence, the Einstein equa-
tions admit a multiscale expansion [12, 14-18], which
separates them into field equations on the orbital time
scale, together with a small number of ordinary differen-
tial equations (ODEs) that govern the binary’s slow evo-
lution. Such a split enables rapid waveform generation
by allowing one to pre-compute waveform ingredients in
advance by solving the fast-time field equations on a grid
of binary parameter values [4, 19]. The multiscale ex-
pansion also leads to more tractable field equations and
avoids errors that grow with number of waveform cycles.

In the multiscale expansion, orders in € are counted
relative to the leading, “adiabatic” order (OPA). Effects
arising from second-order (~ £2?) metric perturbations
first enter into the waveform at first post-adiabatic or-
der (1PA). Calculations of these second-order effects, and
construction of the resulting 1PA waveform model, were
carried out for the first time in the series of letters [20—
22], restricted to the special case of quasicircular orbits of
a nonspinning secondary around a nonspinning (or slowly
spinning) primary black hole. For that special case, the
leading, zeroth-order spacetime is the Schwarzschild met-
ric of the primary as if it were isolated.

These calculations built on development of the un-
derlying second- (and higher-) order self-force formal-
ism [11, 23-31] and on the development of numerous
practical tools [14, 16, 32-39]. In Refs. [14, 16, 38-40], we
have detailed many of the specific tools that were used
in the second-order calculations in Refs. [20-22]. These
include the following: our multiscale formulation of the
field equations through second order in e [14, 16]; our
method of solving those field equations [16]; our method
of computing quadratic source modes from modes of the
first-order metric perturbation [38]; our method of com-
puting the slow evolution of the first-order metric per-
turbation [16, 37], which acts as another source for the
second-order metric perturbation; our method of deriving
physical boundary conditions at large distances [39]; and
our methods of extracting information at the horizon [40]
and future null infinity [39].

In the present paper, we describe another aspect of
our second-order calculations: the construction of the ef-
fective source. All second-order calculations to date have
been based on a puncture scheme, in which the secondary
object is replaced by a “puncture”, a local approximation
to the singular field that encodes the object’s multipole
structure and diverges on a worldline that represents the
object’s trajectory. This puncture piece of the metric is

moved to the right-hand side of the field equations, where
it is combined with the physical source to create an ef-
fective source, building on methods originally developed
for the linear problem [34, 41, 42]. One then solves the
field equations for a residual field, which is regular along
the secondary’s trajectory.

The puncture field was given in covariant form, for
generic motion in a generic background spacetime, in
Ref. [33]. Here we describe its conversion into the
concrete form needed for our practical calculations.
Our formulation of the field equations, as described in
Refs. [14, 16], is in a fully separated form based on a
tensor-spherical-harmonic decomposition, which serves
to reduce the fast-time field equations to radial ODEs.
Putting the puncture in practical form hence involves
(i) expanding it in multiscale form, (ii) specializing it to
quasicircular orbits in Schwarzschild spacetime, and (iii)
decomposing it into tensor spherical harmonics.

Following this construction of the puncture, we then
demonstrate how it is combined with the physical source
to obtain the effective source. Generically, the physical
second-order source away from the puncture singularity
involves two terms: a term (proportional to the second-
order Ricci tensor) made up of quadratic products of the
first-order metric perturbation; and a term involving the
slow evolution of the first-order metric perturbation. The
latter is calculated straightforwardly, using as input the
data for the field’s slow evolution from Refs. [16, 37].
Over most of the spacetime, the former, quadratic source
term is also calculated (relatively) easily; its spherical-
harmonic modes are calculated from modes of the first-
order metric perturbation using the mode-coupling for-
mulas from Ref. [38]. However, this approach breaks
down in a vicinity of the puncture singularity, where it
encounters the problem of infinite mode coupling [36]:
near the singularity, the first-order field modes converge
slowly with increasing spherical-harmonic mode number,
such that arbitrarily many first-order modes are required
to accurately compute any single mode of the quadratic
source. We overcome this obstruction using the method
developed for a scalar toy model in Ref. [36].

Although we focus on describing the source for the
second-order Lorenz-gauge field equations, we also carry
our calculations of the puncture to higher order (in pow-
ers of distance from the singularity) than is strictly nec-
essary for those field equations. This is motivated by a
desire to use our results in the second-order Teukolsky
equation as well [38, 43]. Working with the Teukolsky
formalism has significant advantages in that fluxes can be
calculated from the solution to a single (complex) scalar
wave equation, but it involves a more singular source and
higher derivatives of the metric perturbations, demand-
ing a higher-order puncture field. Our implementation
of the second-order Teukolsky formalism, detailed else-
where [44], will rely on our results here.

Our calculations make extensive use of the formulas
in the PERTURBATIONEQUATIONS Mathematica pack-
age [45] associated with Ref. [38]. We also make



our numerical infrastructure publicly available in the
H1LORENZ [46], SECONDORDERRICCI [47] and SECON-
DORDERRICCISS [48] codes.

The paper is organized as follows. In Sec. II we re-
view the field equations through second order, expanded
in multiscale form and in a tensor spherical harmonic de-
composition. In Sec. III we describe the puncture fields,
their multiscale expansion, and their decomposition in
tensor spherical harmonics. Sections IV and V describe
our calculation of the second-order Ricci tensor and the
source term arising from the system’s slow evolution.
Section VI details many of the checks we perform on the
various source contributions, and Sec. VII presents the
total source containing all contributions. We conclude
in Sec. VIII with a summary and a discussion of future
work. We use geometric units with ¢ = G = 1.

II. SECOND ORDER SELF-FORCE THEORY IN
A MULTISCALE EXPANSION

Our calculations are based on the multiscale formula-
tion of the Lorenz-gauge Einstein equations in Refs. [14,
16]. However, our derivation of the second-order punc-
ture field, and many of the tests we perform, draw upon
the self-consistent formulation of self-force theory [23, 49]
so we take that as our starting point.

A. Self-consistent self-force theory

In the self-consistent formulation, the metric is ex-
panded as

S = Guv + Ehliu + 62hl2“/ + 0(53). (1)

In most of this paper, the background metric g, is the
Schwarzschild metric of mass M, though in Secs. IIT A
and III B we will allow it to be a Kerr metric of generic
mass and spin.

The perturbations hj,, satisfy the trace-reversed Ein-
stein field equations R, [g] = 877}, in Lorenz gauge in
the form

E[h'] = —167T,,, (2)
E,[h?) = —167T;, + 26° R, [h', h']. (3)

Here
E, (] = Ohy, +2R,* P hap (4)

is the Lorenz-gauge linearized Ricci tensor 0R,,[h] =
—%Eu,,[h] for any h,,,, with O := ¢"*V,V,,, with V,, the
covariant derivative compatible with g,,. 62R,,[h, k] is
the quadratic term in the expansion of the Ricci tensor,
given explicitly in Eq. (10) of Ref. [38] and available in
multiple forms in the PERTURBATIONEQUATIONS pack-
age [45].

In these field equations, the trace-reversed source
terms 7}, are obtained from the Detweiler stress-energy
tensor [25, 30], which represents the secondary as a point
mass moving on a worldline z%:

5 (x™ — 2(F
= [,
-9

see Appendix A. The worldline obeys a geodesic equation
through order 2 [26, 29],
D2za .

— = 0(eY), 6
=0 (6)

not in the physical metric but in a certain effective met-
ric,

guu =Guv + 5h511 + 52]153 + 0(63)’ (7)

which is smooth at the particle’s worldline and obeys the
vacuum Einstein equation there. In the above expres-
sions, geometrical quantities and normalizations are all
defined from the effective metric: 7 is proper time in g,,,,
a* = dz®/df is the particle’s four-velocity normalized in
Guvs Uy = Guw@”, and D/d7 = @'V, is the effective-
metric-compatible covariant derivative along the world-
line. If we substitute the expansion (7), then the geodesic
equation in the effective metric becomes an accelerated
equation of motion in the background metric [49],

D2z
dr?
where the self-forces on the right-hand side are con-
structed from the regular fields hE‘l’}.
There are several subtleties we highlight in Eqs. (2)-
(3). First, the field equations are written in a specific

form of the Lorenz gauge, in which the total metric per-
turbation hy, =), -, €"h}, satisfies the condition

=cff +e2f5 + O(?), (®)

Zu[h) = O(*), 9)

where h,,, = (6ﬁ65 — 29,w9°")hap is the trace reversal
with respect to the background metric, and

Zu[h) = g*"Vahup. (10)

Crucially, this gauge condition holds for the sum of
the perturbations but not for individual perturbations:
Z,[h"] # 0. See Ref. [23] for extensive discussion.

Second, the source T[fl, in the nth-order field equa-
tion is the order-™ term in the trace-reversed Detweiler
stress-energy tensor, where the expansion (7) is substi-
tuted into Eq. (5) but the source orbit z% is not ex-
panded. This approach is referred to as self-consistent
because the field equations (2)—(3) and (8) are solved as
a coupled system, without perturbatively expanding the
particle’s trajectory.

Third, the trace reversal of the stress-energy tensor is

taken with respect to the effective metric,

_ 1. _,
Ty = <5355 = 598 ﬂ) T.s+ 0, (11



rather than with the background metric, g,,,. This is
derived and demonstrated in Appendix A.

Fourth, the evolution of the primary black hole must
be carefully accounted for in the field equations. Due
to absorption of radiation, the primary’s mass and spin
grow by an amount ~ € over the course of the inspiral.
We write the black hole’s physical mass and spin as

MBH =M + E(SM, (12)
SBH =e6S. (13)

While the background metric has a constant mass M
and vanishing spin, the mass and spin perturbations lead
to terms LM and hl2% in the first-order metric per-
turbations. These can be correctly included in the self-
consistent scheme through specification of boundary con-
ditions at the black hole horizon [16] or through the in-
troduction of an effective source there [50].

Finally, we emphasize that Eq. (3) has never been
solved directly, nor has there ever been direct use of the
stress-energy tensor Tﬁy. This is because the second-
order Ricci tensor d%R,, [h',h'] is too singular to be
simply integrated over to obtain the field hfw; writ-
ing the field equation in the form (3) requires a sub-
tle distributional definition of 62R,,, [h', k'] [30], which
has never been used in practice. Instead, the equations
solved in Refs. [15, 21] were equations for residual' fields
hRr = pn  — pPm.

3% 137 v

B [h™] = — Euw[h™Y, (14)
B [h7% = 26°R,, [h', hY] — E, [R7%.  (15)

Here hﬁf are the puncture fields alluded to in the In-
troduction, and the right-hand sides are the effective
sources. The punctures are defined from the field outside
the secondary and then analytically extended down to the
representative worldline z#* where they diverge [28, 33].
These puncture fields are moved from the left-hand side
of the field equations to the right, where they cancel (in
particular) the singularity in 62R,,,[h', h']. The sources
on the right-hand side are first defined at points away
from z* and then promoted to the whole domain as
integrable functions, as explained most thoroughly in
Ref. [30] (see also Ref. [27], for example).

If we adopt the distributional definition of
62R,[h', k'] from Ref. [30], then we can equivalently

1 Note that we use two sets of terminology for two closely-related
splits of the retarded field. We have singular (S) and regular (R)
fields, which are formally defined such that the regular field obeys
the vacuum Einstein equation and is perfectly smooth at the par-
ticle’s worldline. In practice, we only ever have access to a local
approximation to the singular field which we denote the punc-
ture (P) field. Subtracting this from the retarded field yields the
residual (R) field. Many of the equations we give (particularly
those in Sec. III) hold to all orders in this local approximation.
To emphasise this fact, we refer to them as singular and regular
fields in that context.

write these equations as

Ew W™ = —16nT,, — E,[h"'], (16)
Ew[h®? = — 16717, + 26° Ry [h', h'] — B, [P,
(17)

which can be obtained from Egs. (2) and (3) simply by
moving the puncture fields to the right-hand sides. Here,
derivatives acting on the punctures are interpreted dis-
tributionally, and each term on the right-hand side has
a distributional interpretation on the whole domain, as
opposed to the treatment in Eqgs. (14) and (15), where
derivatives are treated as ordinary derivatives on func-
tions at points away from the worldline, and only the
total source is promoted to the whole domain.

In this paper, rather than working solely with Eqs. (14)
and (15), we make extensive use of Egs. (2) and (3) as
a consistency check on the puncture fields and on the
overarching formalism.

B. Multiscale expansion

We use the multiscale expansion described in Appendix
A of Ref. [14] and Sec. II of Ref. [16]. The expansion
begins by foliating the spacetime using a time coordinate

s=1t—k(r"), (18)

where the height function £ — r* at future null infin-
ity and £k — —r* at the future horizon, where r* is
the tortoise coordinate. Slices of constant s then be-
come null at the boundaries; this has numerous advan-
tages in the multiscale expansion, specifically leading to
the best-behaved sources at the boundaries and minimiz-
ing oscillations across the domain. Concretely, we adopt
“sharp” v-t-u slicing, in which s = v :=t+r* in a region
2M < r < riy; s =1t in aregion v < r < ro containing
the particle; and s = v := ¢t — r* in the region r > 7ro.
This leads to simple field equations in each region and
simple junction conditions at each interface [16].

Restricting to the case of a slowly inspiraling, qua-
sicircular binary, we write the particle’s worldline in
Schwarzschild coordinates (t,r,0, ¢) as

2%(t,e) = (t,rp(t,€), m/2, pp(t, €)). (19)
The orbit has a slowly evolving frequency
dop
—= =0 20
o (20)

satisfying an evolution equation of the form

dQ

—r = eR(@Q) + 2 Ri(Ja) + O(eY), (21)
where we have introduced J,, := (Q,0M,05) and we sup-
press dependence on the background mass M. Fy(Q) is



the standard adiabatic (OPA) evolution due to the dis-
sipative fluxes carried off by the first-order metric per-
turbation, and the 1PA term F(J,) encodes all second-
order dissipative effects. The orbital radius is then
parametrized in terms of the frequency as

rp =710() +er1(Ja) + 0(e?), (22)

where 19 = M(MS)~2/3 is the standard geodesic rela-
tionship between frequency and radius, and r; represents
the correction to that relationship due to the conservative
first-order self-force.

Given the above parametrization of the orbital motion,
we write the metric throughout the spacetime as

8w = guv + 3 "R, (6p, Ju 7). (23)

n>1

Here x* are any set of spatial coordinates on slices of con-
stant time s. The mechanical variables (¢, J,) are de-
fined to be constant on these slices, and they encode the
complete time dependence of the metric. The mass and
spin perturbations evolve according to the standard adi-
abatic fluxes of energy and angular momentum through
the horizon [14],

‘g—]t” — Q) + O(2), (24)
d:;—f = L)+ O(e?). (25)

The coefficients hﬁy in the multiscale expansion differ
from the perturbations hj, in the self-consistent expan-

sion; h}w is the leading term in the multiscale expansion
of h!

v
well as the first subleading multiscale term in h}w, and so

on [14, 50]. This leads to a reorganization of the Einstein
equations (16) and (17). In those field equations, we now
apply the chain rule

fDLiV contains the leading multiscale term in hfw as

8y = Qdy, + by + O(e2), (26)

where (following Ref. [16]) we have introduced the short-
hand

5]; = FOaQ + gg-tatsM + zg{a&s (27)

for the derivative along the system’s “velocity” Vv =
(Fo, &3, LH) through parameter space. The resulting
field equations read

0 1;R1 _ =1 0 7Pl
ES, [W®Y) = —167T}, — ES, (77, (28)
EQ, [W*?) = —16aT2, + 20°R%, [h*, h'] — E}, [1']
0 17P2
- Y[R, (29)

where terms labelled with a 0 only involve the leading
term in Eq. (26), while E, [h'] contains terms linear in

Fy, £, and L} arising from Eq. (26); see Appendix B.

The multiscale expansion of the Detweiler stress-energy
tensor is detailed in Appendix A 3.
Analogously, the gauge condition (9) becomes

o

Zy[h' =0, (30)

2902 = —Z}[h"]. (31)

C. Mode decomposition

The variable ¢, is periodic, as ¢, and ¢, + 27 repre-
sent the same azimuthal angle. Hence, we can expand
the metric perturbation in a discrete Fourier series in ¢,,.
We also take advantage of the spherical symmetry of the
background metric by expanding in tensor spherical har-
monics. Combining these two expansions, we write

In ail ) p ilm —im
hp, = Z Thi@m(r, Ja)Yw{ (7,0, p)e”mP», (32)

ilm

v

(BLS) tensor spherical harmonics [51, 52]; the relation-
ship between these and other common spherical bases is
detailed in Ref. [38]. The constants a;¢ are given by

where Y0, with i = 1,...,10 are Barack-Lousto-Sago

%1 fori=1,2,3,6,
ey, for i =4,5,8,9, (33)

L for i = 7,10.
V2(0=1)6(e+1)(£+2)

Q¢ =

Note that our convention here differs from that of
Ref. [14], where hl, = denoted the BLS mode coeflicient of

ilm
h" s rather than of hZ 5; the two are related by the inter-
change ¢ = 3 <> i = 6. Our hj,, here correspond to the
quantities hBS*™ in PERTURBATIONEQUATIONS [45].

Given the expansion (32), field equations of the form

Eﬁu[h"] = S, reduce to radial ordinary differential
equations for the mode coefficients:
rf
EY, B, = ——5" . 34
ijfm'vjem 4ai€ ilm ( )
where the index j = 1,...,10 is summed over, and
2M
f=1-—. (35)
r
Here SJ},,, are the coefficients in
Sp, = Si,Yime i mor, (36)
ilm

The operator on the left is
Eiojfm . 62]D2m + M?ja (37)
with
1
09, = -1 02 +iw, (2HO+ + H)

(1= B2, - 4V(r)], (38)



where wy,, = mS), H := dk/dr* is the derivative of the
height function from Eq. (18), H' := dH/dr*, and

v =1 (5 + ).

The coupling operators M?j, which couple between the
different i’s, involve at most one radial derivative; they
are given in Appendix B. Equations (34) can also be
loaded in PERTURBATIONEQUATIONS? [45].

In analogy with the decomposition of Eg,/[h"} = Shus
we write the decomposition of

(39)

0 [LRn] _ an 0 [;Pn] . qn,eff
E,u,l/[h } - S,uu - E/,uz[h ] = S;Lue (40)
as

n Tf n,eff
Ezojémhjném = _msilm : (41)

. . 2eff .
In particular, the second-order effective source Sj;;," is

given by the mode decomposition of the right-hand side
of Eq. (29):

S52eft — 16772, + 26°RY,

ilm ilm

[, ')
(ELomhiom + ESemhTi,) - (42)

ijlm'vjem ijlm'vjlm

404@
rf

The puncture field and its mode decomposition are de-
scribed in Sec. I1I; our calculation of 62RY,, . in Sec. IV;
and E!, in Appendix B.

ilm

+

D. Modified, gauge-damped field equations

In practice, in Refs. [14, 16, 20, 21] we solved a slightly
different set of field equations than Eq. (41). Following
Ref. [51] and subsequent literature, the equations were
modified by the addition of a term proportional to the
gauge condition. This modification serves to partially de-
couple some of the field equations, though the motivation
is not particularly relevant in this paper. Because the ad-
ditional terms in the field equations also serve to damp
gauge violations in time-domain calculations, we will re-
fer to these modified equations as the “gauge-damped”
form of the field equations.

After the addition of the gauge-damping terms, the
equations (41) become

ijm' jem

Tf &neff
——— 5t 43
4ail ilm ( )

On the left-hand side, the wave operator is now E?j =
0ij ng + MO, which differs from E?

i ijem only in the form

2 PERTURBATIONEQUATIONS does not directly provide EY.,  but

ij4m
does provide the linearized Ricci tensor in Lorenz gauge in BLS

. PertEqs 2a;
harmonics: §RO:DertEas _ 2aie po
ijdm rf ijém

6

of the coupling operators ]\7[3 These coupling operators
are given in Appendix A of Ref. [16], for example, where

they are denoted by ME?) (noting the relations hipy, =
Rigm for i # 3,6, Ragm = heem, and hgpm = haem, along
with ng = Mg;) and ng = Még-)). On the right-hand
side of the field equations, only the operators £} . are
altered relative to Eq. (42):

§2,eﬂ _ *167Ti22m + 252R0 [iLl, iLl]

ilm ilm
dap (-
1
+ (E ,
’f‘f ijém

is given by Eq. (65) of Ref. [16], where it is denoted

ijm'jlm

P + EjemhT2,) - (44)

il
Eijém

low.

Although we used the gauge-damped form of the field
equations in previous papers, we focus on the non-
damped form in our checks of the effective source in
this paper. This is because, as we explain below, various
pieces of the singular field satisfy separate non-damped
field equations, which can be checked individually; in the
gauge-damped equations, these pieces must be combined
to perform an analogous check.

For convenience we reproduce it in Eq. (184) be-

III. SINGULAR AND REGULAR FIELDS

The expressions for the singular field through second
order were originally derived in Refs. [23, 28] in a local
(Fermi-Walker) coordinate system in a neighbourhood of
the trajectory. These were converted to a covariant form
in Ref. [33]. In all cases, the expressions were derived in
the context of a self-consistent expansion [23, 26, 28, 53],
rather than a multiscale expansion. We first recap the
form of the singular field in the self-consistent expansion
before showing how this changes in the multiscale frame-
work. In Sec. III B we provide the multiscale expansion
of the singular field for a generic orbit in Kerr spacetime;
in Sec. IITC we then specialize it to quasicircular orbits
in Schwarzschild spacetime. Section IIID then discusses
the decomposition into tensor-spherical-harmonic modes.
Finally, Sec. III E describes the calculation of the first-
order residual field, which is required as input for the
second-order singular field as well as for the second-order
Ricci tensor in later sections.

A. Self-consistent form in a generic spacetime

In the self-consistent expansion, the first- and second-
order singular fields have the schematic form

), ~ % +mA\Y + O(N), (45)

52 m2  m24+ mh® + om
w5t X

+ O(log \), (46)



where A\ is a formal order-counting parameter that we
use to count powers of spatial distance from the parti-
cle’s worldline (and set to unity at the end of the cal-
culation), and the tensorial structure of coeflicients is
left deliberately unspecified. As described in Ref. [33],
the second-order singular field can naturally be split into
three pieces:

hS2 = hos + Wiy + W07 (47)

Schematically, the hlsf, field is the ‘singular times sin-
gular’ piece with leading order form ~ m?2/\2, hilj
is the ‘singular times regular’ piece that behaves as
~mhitl|, /), and hZ’ZL ~ dm,,, /A tracks the correction to
the object’s monopole, where we use |, to denote evalua-
tion on the worldline. Explicit covariant expressions for
the individual fields were derived by one of us in Ref. [33]
and are presented in Egs. (130)—(132) of the same refer-
ence.
In the hf[ﬁ term, the quantity dm,,, is given by [33]

nv

m
dmy, = 3(2]1Rl + gm,go‘ﬁhgé) + 4mu(MhVR)1au°‘
+ m(gu + QuMuy)hZ”éuo‘uﬁ, (48)

with the components of hE‘,} evaluated on the worldline.
We note that this expression for dm,, implies hfj]} has
K%, ~ mhiil|, /X. However, it is dis-
tinguished from hilj by its spherical symmetry around
the particle.

The three fields satisfy separate field equations,

the same form as

Euy[hSS] _ 262Ruy[h51’ hSl]
By [h°7] = 4Q5° [h%)
Eu ™ =0

for x ¢ ~, (49)
for x ¢ ~, (50)

for z ¢ ~, (51)

where

] = %521%””[/#‘1, h] + %(VRW[h, R (52)
is a smooth linear operator acting on h,, constructed
from the second-order Ricci tensor and the first-order
regular field. Motivated by the distributional analysis in
Ref. [30], we can promote Egs. (49)—(51) to include the
worldline; see Appendix A for more details. This gives
us the following equations:

E, [h%%] = 262R,,, [n5', h%1), (53)
Eu[hSY = — 167" +4QRnSY,  (54)
E, " = — 167TTE:,n, (55)

where Tg[,” and Tlﬁmc are certain parts of the (trace-
reversed ) Detweiler stress-energy tensor and are given by
Egs. (A26) and (A27), respectively. The sum of the first-
and second-order singular fields additionally satisfies the
gauge condition (9).

B. Multiscale expansion for generic orbits
1. Singular field

We adopt the multiscale expansion from Ref. [15],
which is valid for generic orbits in Kerr spacetime. How-
ever, we more closely follow the notation of Ref. [17].

The particle’s spatial trajectory is parametrized by
action angles @' = (¢, ¢?, 3?) and by slowly evolving
variables @ = (7j,0M,05), where the orbital elements
#; = (p, é,1) are averaged versions of the semi-latus rec-
tum p, eccentricity e, and maximum inclination angle ¢.
These variables satisfy differential equations of the form

g
= oi )
T (73) (56)
dm; o ° 5
B FO() +2FO @)+ O, (7)

where (%) are the Kerr-geodesic orbital frequencies.

The forcing functions Fi(") are constructible from the lo-
cal self-forces f1' and f} on the particle. In the special
case of quasicircular orbits, the action angles reduce to
the single angle ¢,,, and we adopt the frequency €2 as our
sole slowly evolving orbital element.

Written in terms of these variables, the multiscale ex-
pansion of the spatial trajectory z° reads

2= z5(P,7y) + ezl (¢, wy) + O(?),  (58)

such that 2} = (¢,2{) (and 2! = 0 trivially). This is the
expansion of the accelerated trajectory z* about another
accelerated trajectory, z§. z{(¢7,#;) has the same func-
tional dependence on (¢7,7;) as a geodesic has on the
geodesic action angles ' and geodesic orbital elements
7;, but the on-shell time dependence (and € dependence)
of (@7, #;) is not that of a geodesic.

In Refs. [15, 17], multiscale expansions of the parti-
cle’s worldline were carried out entirely in coordinate
form. This is not ideal for the singular field, which is
(initially) in covariant form. To obtain a covariant mul-
tiscale expansion of the singular field, we follow the co-
variant worldline-expansion methods from Ref. [49].

Since we only require an approximation to the singular
field through second order in e, the expansion of hfﬁ
becomes trivial; we simply replace z# with 2§, u* with af
(the leading term in the multiscale expansion of the four-
velocity, explained below), and a* with 0. Hence, our
goal in this section is to derive the multiscale expansion
of hf“l,,

hSL = 5L+ ehS(Y + O(e?), (59)

by substituting the multiscale expansion of the worldline
into hi}, The first subleading term will then be added
to hlsfu to give us our second-order singular field in the
multiscale framework,

752 __ 182
h/LV - h,u.l/ Y=o

?S(1,1
+ASCHD), (60)



The first-order singular field in covariant form, as given
in Ref. [33], is

2m ’ ’
S
/Lll/ = Xglof 95 (ga’ﬁ’/ + 2ua/u5/)
m>\0 ’ ’
+ 57392“ gf |:(52 - I’2) aa‘(ga/ﬁ/ -+ 2“&’”[3/)

+ 8r52(l(a/’LL5/):|

+@ o B

3s3 9u 9v {(rQ - 52) (ga’ﬁ’ + 2”0/“,@') Rucuo

— 125" Rarupra — 12180 Rgnuou

+125%(r* + 5%)aarug)

+ r(352 — r2)ao(ga’5’ + 2ua/u61):|
+ O(Mal?, \?). (61)

Here primed indices refer to tensors at a point z* on ~;
at == Du* /dr is the covariant acceleration of 7, and an
overdot denotes D/dry; 7 is proper time on z{; gl‘jl is
the parallel propagator along the unique geodesic con-
necting 2/ to the field point #; s(z,x) = /Py ot o¥’
and r(z,x) = oulu“/ are, respectively, measures of the
proper spatial and temporal distances between z# and
a#; Synge’s world function o(z, ) is one-half the squared
geodesic distance between z* and z*, and o, = Vo
is a directed measure of the geodesic distance between
the two points; we use the notation a, = ao‘laar and
Rucus = Rufl,ra/ﬂ/u“la”/ua/aﬁ/; and P,, = gy + uuty
projects orthogonally to ~.

We consider expansions of the trajectory, four-velocity,
and acceleration in sequence, in each case assessing
how the expansions contribute to the expansion of
hi}, First, we note that geometrically, z{'(¢’,@;) =
%z*‘(@j,zﬁJ,a)‘Ezo is a deviation vector defined on zf.
From Eq. (B5) in Ref. [49], it satisfies

DY
dTo ’

z’fVMu”’W =Py, (62)

I
nY v Ky v p_ dzg D _ i
where Py = g" + ugug, ug = 7=, and g= = ug V.

Substituting (58) into (61) gives us

St _ r oy Gyt 2U0 Uy
h;u/ =2m |:gﬁ 95 )\50

’ ’ ’ 1t 2U0,, Uop’
+ A 22 Vo (gff P e T >
S

Yo

+ (9(52,»))}, (63)

where sy = s(zp, z), and primed indices now refer to ten-
sors at z). Here and below we truncate expressions at
order \°, but we provide them through order \ online
[54]. Using 0%, = g% + O(A\?) and g% .50 = O(N) [55],

Dug O(e), we get

along with Eq. (62) and

gu'v + 2u0u/u0u’

, (n' D v')
hSL = 2mg g! { 5[4“0 ZL

)\SO /\So dTQ
B Gu'v’ +2u;0/ug/ o Dz(lli
NS L0 g o
+(9(52,/\0)}, (64)

where ry = uglow and zﬁ = Pé‘,,,/zll’/.

The order-¢ correction in (64) is a mass-dipole-moment
term in the singular field — cf. Eqgs. (145) and (146) in
Ref. [33]. To complete the expansion, we must also ex-
pand uf;. We have

p_ dz At

Un = =
0 dTO dTQ

Vo +eF V05 + 02| 24, (65)
We write dt/d’]’o =U= Uo(gbi, ’f'Ti)+€U1(§5i, ’(OEJ)+O(€2),
noting that U; vanishes in the special case of quasicircu-
lar orbits [14]. Equation (65) then becomes

uly =l + evt + O(e?), (66)
where
afy = UpQ' 02, (67)
and
vt = UgF 00,28 + Uyl (68)
We must also expand Ddz;l;L in a similar way. We define
operators %Z) that act on tensor functions of (¢?, 7;) as
DO yu ; p b 2B
dTo = U()Q 8¢7V + FB’YUOV s (69)
DMLy )
= UpFV 05, VF + U1Q0, Vi + T vV,
dT() ‘ v

(70)

with the obvious extension to covectors and tensors, such
that

D D) D)
di’ro h dTo te dT()

+ O(£%). (71)

Substituting these expansions into (64) yields

o o o (u o)
h;stf, = ngﬁlgzl { Gurw + 2oy thoy: +e€ {4%“ UT

PEN PEN
(G + Ziigiion) (3 00 + 05 0arko)
\%83
+(9(52,)\°)}, (72)



’ D) gk ’ o ’ o
oM 11 wooga JeY B 0 —
where 4] = +ot, Y = P e, P, =

dTo wv’

o !’
00 00 o . O ’ ’ o oM
G+ Uiy, So =/ Py, 0t 0¥ and fo = a4y oy

At order \°, acceleration terms appear in h5.. Note
that quantities such as azf/VH/(-~-)a/a°‘, are O(g?),
and we can neglect them. Hence, for acceleration-
dependent terms, rather than working through t/he full
detaﬂs of Eq. (63) we may simply replace a* with

al’ +e2'V, 0" lvo + O(e?), where af) = g“f. From Eq.
(57) of Ref. [ 9], we have
D2
a* =af +¢ ( I ;L + R“agvunglug> +O(e?). (73)

Expanding the four-velocities and derivatives in multi-
scale form then gives us

DO DMk cors
alt — g( pr. L e O+ RM, 08 zfj_u0> +0(e?)
DOy D(l)ﬁg (D)2
a 6( dro + dro drd

+ R aﬂvuozuuo> +0(e?)

= e(af, +df,) + O(e?), (74)

)U
where we have used 0 = 0 and defined

DO gyr pAgh
he = 0 75
a’ms dTO + dTO ) ( )
(D(O)) s
agz = d 2 L + R OC/B’YUO ij_u()’ (76)
70

to separately keep track of terms ~ v"" and those ~ 2 3

Similarly, at order A, Da“ / dr appears. We can again
simply replace D‘i with 2% 4 e2¥V, 2% | 1 O(e?).

vVidr

Using the equations in Appendlx B of Ref. [49], one finds

ey
. Vﬁ _ D 211 +Ra5 5 ’U,BZ’Y uguﬂ
1 dr "o d’Tg YO0 ~1 L 0

5Dz}
+ R 5ul du uy + Oe).  (77)

3 This split is mainly done for historical reasons, as the terms
~ éi‘ | were derived first in the context of a Gralla-—Wald-type
puncture scheme and not a multiscale scheme; see Refs. [27, 33,
49, 56] for more information on Gralla—Wald expansions. In such
a scheme, one expands the worldline, 7, around a background

geodesic, vo,aw, as

zH(s,e) = Z&GW(S) + aziGW(s) + 0(52),

where s can be any parameter on v and vg gw. This is not the
same as the multiscale expansion that we perform in Eq. (58), as
our Zo is not a geodesic. However, the form of h®% oy is the same
in both the multiscale and Gralla— _Wald schemes; we just make
the replacement 2|y (s) — £{' (@, 7).

Substituting the multiscale expansions as above, we ob-
tain
Da® (D)2 DO DMge  pM) PO g
- 6( dré drd dré
(D)3 2
dr

o of3 oy o ofl
+ R ys;ptlin 29 | Ul

D)2y
eﬁiu o0
+ R%pgyst . > + O(e?)
= e(ap + ag,) + O(e?), (78)

where similarly to before, we define

s (D(O))%a N D(O)D(l)ﬁg N D(l)D(O)ﬂf} (79)
ms o drg drd dr ’
. (D(0))3 s N By b
A5, = TU_ + R B’yé;uugzlnug“g
s DO
+ Ry B—dmu - (80)

Our final result for the multiscale expansion of hﬁ},
takes the form (59). The leading term is given by hﬁ},
with the replacements z# — zf, u* — 4fj, and a* — 0:

2m
hlSLlV = )\S gl/ (gO/Bl + 2“’(1’“[3 )
A . 00 o
P 0 [P =) (w2008 Rigorar

128" Ruvigpring — 120820 Ronyigois | + OON2).
(81)

We provide the O(A\?) term in the online repository
[54] and note that it (along with the O(\?) and O(A\?)
terms) is also given in trace-reversed form in Eq. (4.7) of
Ref. [57]. The subleading term is the sum of two pieces:

RSO = hoz + s, (82)

h5z is given by hJ7, from Ref. [33] (obtained in the context
of a Gralla-Wald expansion; see footnote 3), with the
replacement u* — @4.* The second term, which we refer
to as the “multiscale piece” of the second-order singular
field, is new to this paper. It takes the form

ilms — m o

;a2
23 g# gﬁ |:A (VOU ’U (ga’B’ + 2ua/Uﬁ/>
S0

_ 4§(2)’&?a’vﬁ’)) + )\Oagﬂs <8?0§(2)g'y’(a’&%’)

0y (8 = ) (garsr + 2025 )| + OO, (83)

4 This is not quite true in the case that U; is nonzero. Generically,
U1 contains terms proportional to zﬁ_, which should appear in

lozii but are instead placed in h"‘ﬁ in Eq. (83) through the vector
vk,



As noted earlier, we provide the O(\) term in the online
repository [54]. In that repository we provide the full
set of multiscale-expanded covariant punctures, valid for
generic orbits in Kerr spacetime.

2. Field equations

With the multiscale expansion of the singular field
completed, the second-order singular field (46) now be-
comes

m? +m2 | N m? 4+ miiy + mv + mhyy + 6;nm,
A2 A
+ O(log M\). (84)

752
hW ~

This can be split into five pieces,

iy = B+ B B L B (89)
Here hils/ SR hi,s/ SR|A,%70 contain all the terms of the
form m?2 /A" and mhfﬁ/)\ in Eq. (84); hfﬁ, contains the
terms proportional to mz;, and miy; hlrf‘lf contains the
terms proportional to mwv; and the mass monopole cor-
rection is altered by the term discussed in the previous
section, so that

o m o o o) o 5 oy o
Ormyy = = (2R + g h™) gy + 20000 i3S g
+dmal, (R ag + 2805). (86)

As in the self-consistent scheme, each piece of the mul-
tiscale second-order singular field satisfies its own field
equation. These are

ES,[155) = 262 R0, (Y 1S forz ¢y, (87)
B9, [5R] = 4QRie[hS!] forzd~,  (88)
BS, [ =0 forzd¢~,  (89)
ESU[;L&Z] =0 for x ¢ ~, (90)
ES, [h™] = — B}, [hS!] forz ¢~,  (91)

where £, is the nth-order piece in the multiscale ex-

pansion of the Lorenz gauge wave operator, and G E‘ff [h]

has the same form as Eq. (52) but with the replacements
2Ry — 52R2U and hﬁl} — hf},} Following Appendix A,
we may promote these to the full domain where the field
equations are then given by

E9,[155] = 262 RS, [AS*, 17, (92)
B [hSR] = — 16xTRC 4 4QRe(RSY], (93)
B (W) = — 167171, (94)
B, [h%%] = — 167172, (95)
B0, (™) = — 1671 — B2, [hS1). (96)
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Here the stress-energy tensors are individual pieces of

the multiscale Detweiler stress-energy tensor with TE}C,

T, T9: and T given by Eqs. (A35), (A33), (A34)
and (A31), respectively.

The terms proportional to m x m and the terms pro-
portional to m x hR®! satisfy separate gauge conditions:

297 = o, (97)
013 SR 2 85m 252 2 ms _ 17581
Z,[h>T 4+ h°T B 4+ A = — Z, [h7]. (98)

We highlight that the non-SS pieces of the singular field
must be combined in order to satisfy the gauge condi-
tion, while the individual pieces satisfy the individual
field equations (93)—(96). This is our primary motivation
for focusing on the non-gauge-damped field equations in
our checks of the punctures; since the gauge-damped field
equations differ from the non-damped ones by terms pro-
portional to the gauge condition, they effectively mix the
separate pieces of the puncture.

C. Coordinate expressions in Schwarzschild
spacetime

The singular fields that have been derived so far are
valid for any vacuum spacetime compatible with matched
asymptotic expansions. We continue our calculation by
specialising to a quasicircular orbit in the Schwarzschild
spacetime. The multiscale framework for such a system
is laid out in Appendix A of [14]; we summarise the key
results in the first part of this section. We then move
on to describe the rotated coordinate system we adopt in
order to facilitate the decomposition into BLS harmonic
modes.

1. Quasicircular orbits in Schwarzschild spacetime:
multiscale expansion

To perform the multiscale expansion, we expand
all quantities at fixed mechanical parameters J¢ =
(Q,0M,6S). Here Q := dip is the orbital azimuthal
frequency associated with the small object’s azimuthal
position, ¢,, 0M is the correction to the central body’s
mass, and 0.5 is the correction to the central body’s spin.

For the orbital configuration being considered, our ex-
panded worldline from Eq. (58) is given (in Schwarzschild
coordinates) by

25 = (t,70(2), /2, ¢p), (99)
2y = (0,r1(J%),0,0), (100)

where r; is the correction to the worldline’s radial posi-
tion at fixed frequency. The expansion of the 4-velocity
from Eq. (66) is then given by
&8 == Uo(la 07 07 Q)a
vt = UQ(O, ’f“o, O, 0)

(101)
(102)



In Egs. (99)-(102)

M

ro = W’ (103)
1
Up= oo (104)
V1= 3(MQ)2/3
I1
= -1 105
" 3UZ02fy’ (105)
d’l“o
. _ g dro
o 070
2
Jo i (106)

~ MIBUIOA3(1 — 6(MQ)2/3)

where fo =1 —2(MQ)?/3, and f}' is the first-order self-
force with components

L,
f{ = - if() 1h&R()1€L(),t
Ug R1 R1 271 R1
- E(htt,t +2Qhig + Vhgy ), (107)
.1
fl = Qfoh&Rglﬁoﬂ‘
1
= 5Us fo(hii, + 200G, + O*hgg ). (108)

Equations (103)—(106) were obtained by substituting
Eqgs. (58), (99) and (100) into Eq. (8) and solving order
by order; see Ref. [14].

To calculate hfﬁ,, we require expressions for the projec-
tion of 21, and of its time derivatives, orthogonal to the
worldline. These can be easily found by contracting £/’

with P9, and taking time derivatives as in (69), so that

nv

B =P =2, (109)
# o= %(MW?’,O,OJOQV?’), (110)
2= (0,-0%1,0,0), (111)
o= — %(MW?’,O,OJOW/?’). (112)

We additionally require expressions for the acceleration
and its time derivative for the hj;; piece of the singular
field. These are calculated using Eqs. (75) and (79) and
are given by

L UGQA3(1— 6(MQ)2/ %)

2/3 1/3
aﬁls - 2f0M1/3 (M / 7070afOQ / )
t
= L0 0,0, /,07) (113)
SQ2
ith = (0.0~ 285 (1 60162/, 0)
B fo?%
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FIG. 1. Visualisation of the transformation between rotated
and unrotated coordinates, with blue arrows depicting rota-
tions and solid orange arrows indicating the particle’s velocity.
The particle is rotated from ¢ = ¢, to ¢ = 0, moved from
the equator to the north pole and then has its velocity vector
aligned with the curve g = 0.

2. Rotated and Riemann normal coordinates

As in many previous self-force calculations, e.g. [32, 34,
57-63], we take advantage of the spherical symmetry of
the problem and, instead of using standard Schwarzschild
coordinates, (¢,7,0,¢), we instead adopt rotated polar
coordinates, (t,r,«, ), that instantaneously place the
small object at the north pole, « = 0. The two coor-
dinate systems are related via

sin @ cos(¢ — ¢p,) = cosa, (115)
sin @ sin(¢ — ¢,) = sinacos 3, (116)
cos @ = sin asin j3, (117)

which is equivalent to a z —y — z counter-clockwise Euler
angle rotation of (¢,,7/2,7/2); see Fig. 1.

We then introduce Riemann normal coordinates on the
2-sphere, (wy,ws), which are defined by

wy = 25111(%) cos 3,
Wy = 2Sin<%> sin 3,

(118)
(119)

so that the line element becomes [57]
ds* = — f(r)dt* + f(r)~ " dr?
L2 [(16 —w3(8 —w? — w%)) dw?

4(4 — w? — wj)

2

wiws (8 — w? — w3)
2 dwy d
i ( M —w-wg) )

n <16w%(8w% w%)) dw%}

4(4 — w? — w3)

(120)

The reason that the Riemann normal coordinates are
introduced is that the (a, ) coordinates are ill-defined



on the worldline of the small object. Near to the par-
ticle, the (wi,ws) coordinates act as coordinates on a
two-dimensional Cartesian plane which is tangent to a
sphere of constant Schwarzschild radius as

(121)
(122)

wy ~ acosf,

wq ~ asin .

The fact that the particle is always at a = 0 in the
rotated («, ) coordinates has the advantage of reducing
the number of azimuthal modes that need to be calcu-
lated. The exact number required is related to the order
of the puncture and the specific ¢ mode; see Sec. III D for
further details. Azimuthal modes in the rotated coordi-
nates, denoted by m/, are related to those in the unro-
tated coordinates, denoted by m, via

0
f@m: Z Dfnm’(¢p77r/277r/2)f€m’a (123)

m'=—{

where D!, («,B,7) is the Wigner-D matrix [64].

We obtain coordinate expansions of Synge’s world
function, the parallel propagator, 7o and $y using the
techniques described in Refs. [57, 65, 66]. Full details are
available in the provided references but as an example,
through order A\, we have

Oor = — Mo + O(N?), (124)
g8 =00 +ArY AxY + O(N2), (125)
fo = — M Az + O(N?), (126)
30 = Ap+ O(\?), (127)
where
P’ = ]033,1,, Azt Az¥' (128)

These coordinate expansions are calculated in Riemann
normal coordinates in terms of the coordinate difference,

Azt = (0, Ar, Awy, Aws)

= (O, r—7o, 2Sin(%> cos f3, QSin(%) sinﬂ).
(129)
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Here, we have chosen At = 0 so that the base and field
points are evaluated on the same time slice.

These coordinate expansions, along with expressions
for the four-velocity, Christoffel symbols and Riemann
tensor (all evaluated on the worldline) are then substi-
tuted into the expressions for the singular field and trun-
cated at the appropriate order to produce a puncture
field of that order. As an example,

p? = 2r3 foUgx (6% +1 — cos a), (130)

with

Ar?
2

= 131
U 1

and
=1- sin? , 132
X oo B (132)

as in Refs. [32, 34].

With the singular field written in the Riemann nor-
mal coordinate basis, we convert to the polar coordinates
(a, B) using the Jacobian between the two coordinate sys-
tems. To make the integrals over « analytically tractable,

o

we replace cos( 2‘) and odd powers of sin(%) by expand-

o

ing them in terms of sin « and even powers of sin( 5 ):

COS(%) =1- %251112(%) — §81n4<%) +O(X9),

(133)
() - i ()[4 ()
* % 51”4(%) + O(AG)], (134)

with j odd. As can be seen from Egs. (121) and (122),
o~ Wy~ A so we can use « to count powers of distance,
which dictates the order of expansion needed in both
Egs. (133) and (134). We then contract the metric per-
turbations with the approximated Jacobian and repeat-
edly apply Egs. (133)—(134) to the resulting expressions,
truncating at the appropriate order in distance. This
results in expressions for the singular field in (¢,7, o, )
coordinates that are ready to be decomposed into BLS
modes. Structurally, they have the form



13

. 1 1 A Ar3
BSL o peoeft | — [ P1 +)\0 = 4+ Pl <d > sin o cos 3
0 w1y Loy Yy 0373 p? ’p

Ar2 Ar? Ar® A 3
+A1<cﬁép+c£§; +6f,411 = + Té pg (dﬂpr‘Fd e )Sinacosﬁ>

A’I“S Ar® Ar? Ard
+)\2<021A7’p+€ T‘i‘C’QP})T"’_ ’2’)% p + ’2,)91) p7

Ar? Ar? Ar6
(d;DoP‘Fd ,577“ +d§,};TZ +d§épg> sinacosﬁ) +O()\3)], (135)
j 1 1 Ar? Ar

SS coeff SS S sg .
by ~ Ty, [)\2 (C 2072 + ¢, 2 + <d271 p4) sin o cos 5)

A Ar? Ar® 1 Ar? Art
( ss Ar . ss Ar ss Ar (dss +d% 277; +ds_sl42> sin a cos 8
27 “*p

1 0,02
Ar? Art ArS Ar
=+ /\O log A (C%% log p) + /\O <Co o+ C(S)SQT +¢ 8847 + 886 p6 + Cg,SS ps

A Ar? Ard Ar?
(dss r sg AT dSS r d(s)‘f’}pZ) sinozcosﬁ) Ny 10g>\<CL L Ar log p + dL 0 logpslna006ﬁ>

S
0,1 p2 0,3 P pﬁ
A Ard Ar7? Ar? Arll
A eSS Ar LS 7+ss‘)7+ssi+ssi+cs
(11 13p C15 pr 17;) 19p L1110
Ar? Art Ar Ar® Arl0
(d?% a5 S+ a o RS S )sinacos 5) +0(A2>}, (136)

. 1 Ar? Ar
RSB~ peoeff| — bﬁR +SR 4 bS —sinacosf
w L \ 107 1273 13

A Ar3 Ard 1 Ar? r Art
+)\0<bSR r+bSR r +bSR pT <bSR +bSR pr +b p )sinacosﬁ>

7
Y bf% erSRAT +bSRAT erSRAr +bSRA: (biRA +bSRA7" +bSRAT + b3 A: )sinacosﬂ
PE P p ' p? p° p
+O()|, 137)
. 1 Ar Ar3 1
hom ~ RS < 077 o= | + A° b5m+b5m+<b5m)sinac086
2 L l ( 1,0p 017, 0,3 0° 0.0,
(138)

5]

Ar2 o APt o ArS A Ar?
+A1<b§j{;p+b({j§ ; + pr + pf +(b‘ff§t;+b‘ff§p§)Sina0086>+0(k2) ,
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. 1 Ar 1 1 Ar Art Ar
hfﬁ/ ~ hz(;,eff [v (C(SZQJ p3> + X (Cézl 0~ + 05721 27 3 + C(S,Zl 4= 5 + <d62171 p3> sin acos B)
Ar Ar3 Ar® Ar7? 1 Ar? rt
+A° (Cgi - Cglzapig + cgf5p—5 + 03?7 + (dgfop + dg,@? + Cd5Zo,4p5> sin v cos 3
Ar? Art ArS Ar8 Art0
+ Al (e{fop + c‘{fQT + c‘{g? + c‘{iﬁ? + c‘ffST + c‘ffw?
A Ar? Ard® Ar7
+ (d‘ler + d‘lszg,—g + d‘f%—z + d‘f@:) sinacos B | + O\ |, (139)
o <o ©p o
. 1 1 Ar\ .
hins ~ hfffﬁ l)\ ( TiO; + (crfil pi") sin a cos ﬁ)
A Ar? 1 Ar? 4
+ X0 ( gj;?r + gjg—pg + (cgjgp + cgj;—pg + cgjz—pg ) sin o cos
. Ar?  Art ArS AT Ard AP r’\ .
+ ! ( Top+dis — + ﬁ?ﬁ +di% v + (cﬁ‘ﬁp + i3 > + '3 - + c‘fj?—/ﬂ ) sin a cos 3
+ O(A2)1 : (140)
where
1 1 cos 3 sin asin 8
1 1 cos 8 sin asin 8
coeff __
M = cos 3 cos f3 1 sin « cos 3sin 3 (141)
sin asin B sinasin 8 sin a cos Bsin 3 sin? o

captures the non-smooth behaviour of the spherical coor-
dinate system and where the b; ;, ¢; ; and d; ; depend on
the component being considered (with ¢; ; only non-zero
for hyt, hia, Peg, Prry Raa, Pag and hgg, and d; ; only
non-zero for hy,, by and h,5) and are a finite power se-
ries in x and 1/x. The coefficients in the power series
depend on the orbital parameters and, with the excep-
tion of ¢7'! and ¢S, the regular field and its derivatives

,J 4,5
evaluated on the worldline.

D. Decomposition into (¢m’) modes

A procedure for calculating BLS modes of the singular
field was previously described in Ref. [36] for the case of
a scalar field and in Ref. [34] for the first-order gravita-
tional case, both involving only even values of m' and
odd powers of p. The extension of the method to the re-
maining cases needed for the second-order gravitational
singular field (including vector and tensor sectors, odd m/’
modes, even powers of p and terms featuring log p) was
outlined in Ref. [15] but the full details were never pre-
sented. Here, we recap the general strategy from both
references before going on to fully expand and provide
details for the cases discussed in Ref. [15].

Before proceeding with the mode decomposition, we
note that the transformation to («, 8) coordinates intro-
duces spurious, S-dependent directional non-smoothness
in p at the south pole, and that this non-smoothness leads
to slow convergence with ¢. To handle this, as in a num-
ber of previous self-force calculations, e.g. [32, 34, 36, 67],
we introduce a window function that smooths out the
non-physical behaviour at the south pole while keeping
the singular fields unchanged near the worldline. This is
discussed extensively in Ref. [36], and we refer interested
readers to that reference for full details. The main take-
away is that we require a window function that, at the
north pole, acts as Wi, = 14+ O(a™), and at the south
pole, acts as Wi, = O[(m — a)™] (recalling that powers
of a count powers of A). To satisfy these conditions, we
use the window function from Ref. [36],

n{(m+n-—2)/2
no=1——
e 2( n/2 )
xB(l_Cosa;”,m>, (142)
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where is the binomial coefficient and B(z;a,b) is

q
the incomplete Beta function; see Sec. 8.17 of Ref. [68].
When n and m are positive integers and m is even, then



W= takes the form of a polynomial in 1=5%59 which can

in turn be converted to an even polynomial in p using
Eq. (130). As we have four total orders in our punctures,
we choose n = 4 and we let m be |m/| 4 |s| for even m’
or |m’| +|s| +1 for odd m/, where s is the spin weight of
the field (s = 0 for i = 1,2,3,6, |s| = 1 for i = 4,5,8,9
and |s| = 2 for i = 7, 10).

With the window function incorporated, we can con-
tinue on with the mode decomposition. The BLS mode
coeflicients of hy;,, are then obtained by calculating

T 4 7 vy ibm'
itm = Aiok; ?{Wﬂ'lm/zﬂswhgﬁnaﬂnﬁ Yljfm “
(143)
where §dQ = OQW dg foﬂ sin o da, the BLS tensor har-
monics YJ,{’” are given explicitly in App. B of Ref. [14]
(with the replacement (6,¢) — («,)), a is given by

Eq. (33),
2 .
.y = f(r) fOI‘Z—'3, (144)
1 otherwise,
and
" = diag(1, f(r)*, 7%, r ?sin"? ). (145)

As discussed in Ref. [15], to reduce the number of inte-
grals we need to perform, we note that the parity of the
expressions in 8 will mean that certain integrals over g
will be identically zero for certain m’. That is, the inte-
gral is only ever non-vanishing when the integrand is an
even function of 8. We can split this into four cases:

1. Even power of both sin 5 and cos 3.
2. Odd power of both sin 8 and cos 3.
3. Odd power of cos 8 and even power of sin 3.
4. Odd power of sin 8 and even power of cos 5.

When integrated against the factor of g~im'B appearing
in the tensor spherical harmonics, cases 1 and 2 will be
non-vanishing for m’ even, and cases 3 and 4 will be non-
vanishing for m’ odd. Additionally, cases 1 and 3 only
require the real part of e—im's , and cases 2 and 4 only
require the imaginary part. Taking this into account, we
dramatically reduce the number of integrals over « that
we must perform. Table I details the cases in which ¢
modes of second-order singular fields appear.

After performing the integral over v in Eq. (143) for
the ;LZV’S given in Egs. (135)—(140), we find expressions
of the form [15]

(6% +2)F22N "y 6% 4 56" Y T 567, (146)

for integrals of odd powers of p and
5 +2(52 + 2)( +2)/2 Zpiaz +10g<5—2

) > qio”,

L)
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haS hin R, R hs

i=1,3,6 1 1,3 1 1,3 3,4
i=2 3 1,3 3 1,3 1
i=4,8 3,4 all 3.4 all 1,2

i=5,7,9,10 1,2 all 1,2 all 3,4

TABLE 1. The different cases, as described under Eq. (145),
encountered in each of the second-order singular fields when
performing the integration over 8. By taking these cases into
account, we can dramatically simplify and reduce the number
of integrals over o that need to be performed.

FIG. 2. Large-¢ behaviour of the modes of a singular field
with odd powers of p for |m'| = |s| (top) and |m/| = |s| + 2
(bottom). Some cases, denoted by a =+, have a directionally
dependent value as Ar — 0. Light coloured regions corre-
spond to pieces required for the checks in Sec. VI while dark
coloured regions correspond to extra pieces included in the
expressions we provide online [54]. Yellow coloured regions
correspond to pieces included in the first order puncture that
is used to compute the second order Ricci tensor (see Sec. IV).
As |m/| increases from |s| the columns shift leftwards. The
|m/| = 1,3,4 cases are not shown but are similarly included
for the ‘singular times regular’ punctures, while the ‘singular
times singular’ puncture includes the |m’| = 1 case.

for integrals of even powers of p and logp. The sum
ranges and coefficient values depend on the specific power
of p and the values of £ and m’ being considered. When
integrated over 3, Eq. (146) leads to sums of elliptic in-
tegrals of the first, second, and third kinds. The direct
integration of Eq. (147) is less straightforward, but is for-
tunately not necessary as it suffices to work with series
expansions valid through some power of Ar. In that case,
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Aog 4 2 2%log A

et

1e?
1+1log? 1+log?

1 1
Ar? - 41 +1log?) %1 +log?) X1 +1log?)
Arilog| Ar| - o4 & £
FIG. 3. Structure of the modes of a singular field with even powers of p for |m’| = |s|. In this case we get additional logarithmic

(in A, Ar and £) contributions compared to the odd-power case. Cases with a dash indicate that there is no large-£ contribution,

although in some case there is a contribution for a specific £.

the resulting g integrals simplify dramatically for both
Eqgs. (146) and (147). As discussed later in Sec. IIID 2,
the final result is a sum of polynomials, elliptic integrals
and derivatives of hypergeometric functions.

The specific order in Ar that the series expansion must
be taken to depends on the quantity being computed
and the degree of regularity required—see Figs. 2 and
3, which display the large-¢ and smoothness-in-Ar be-
haviour of the modes when re-expanded in powers of Ar.
In this work we retain terms through O(Ar*), one or-
der higher than is strictly necessary for the checks in
Sec. VI. We include the additional order in anticipation
that it may be useful—particularly if combined with a
calculation of the order-A? piece of the puncture—in cal-
culations involving the Teukolsky formalism, where ad-
ditional derivatives need to be taken [44].

For a similar reason, the number of m’ modes that
we must calculate is also constrained. As discussed in
Ref. [15], the highest mode we need is |m/| = |s| + n,
where n is the number of derivatives that we wish to
take. This is illustrated in the lower panel in Fig. 2, which
illustrates how the behaviour of the modes becomes more
smooth as |m’| moves away from |s|.

1. Integration over «

The strategy for integration over « follows that laid
out in Sec. IV B 1 of Ref. [36]. However, that reference

only dealt with scalar quantities, even m’ (due to the
powers of sin 8 and cos 3 that appear; see the preceding
section) and odd powers of p. Here we recap the method
of Ref. [36] and extend it to cover odd m/, tensorial quan-
tities, even powers of p and terms featuring log p.

We first recall that since Wp, is a polynomial in H%,
we can rewrite it in terms of even powers of p. Thus, all
integrals in the scalar sector with even m’ can be written
in the form

(148)

where © = cosa. As presented in Eq. (44) of Ref. [36],
for m’ = 0, we see that for odd n,

1
/ (% +1 = 2)"2PY da = I(n, £,0), (149)

-1

where



(1) (02 + 25 () ap]* &

DFS2R(0 — K+ 1),
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0= = /D Z

=0

Following Ref. [36], the m’ > 0 modes can then be found
by taking advantage of the definition of the associated
Legendre polynomials in terms of the ordinary Legendre
polynomials,

PP(@) = (—)m(1 -2t L p,

T (151)

and integrating Eq. (148) by parts m’ times to get an
expression of the form of Eq. (149) plus boundary terms.
Concretely, we find that

1
I(n, 6,m) = / RM2(2) P (2)da
—1

’
m

’ n
O S g (14— )
(-1) g a; +ji—-m'+ 5

=0 m
X I(?’L+ 2(.] - m/)aga 0)
m' —1 m’
+ Z Zajmn(1+j+§—r>
r=0 j=0
dm’—r—l z=1
TP
x RJ (x)idzm,_r_ng(x) ) 1,
(152)
where
R(z)=6*+1—u, (153)
and
j i (N[
R -1 e—n+i 2 2
= 30F(T) ()
x (62)F ~H(2 + 0%)% I+, (154)

Finally, as noted before, the window function can be writ-
ten in terms of powers of p (and thus R). Therefore, we

introduce the function AEZ ) tmry B8 shorthand for the in-
tegral of p multiplied by a window function of order
|m/| +p. A(n ¢.msy Can be written as a linear combination
of I(n, ¢, m') with different n and is explicitly given by

(n,t,m’)

1
A(p) _Bn/z/lwﬁn/‘+pRTL/2PZn/ da

m’+p+2
=B"? " bpmpl(n+k l,m),
k=0

(155)

Qkk' (n/2 —

Qk

1
Qkk' n/2 + 1)k+1 (150)

k4 1)k

(

where m' and k are even, by, is a function of 6% and
B = 213 foUgx, (156)

so that p? = R(z)B. In Eq. (155), p provides us with the
option to increase the regularisation of the integral using
a smoother window function if needed. We will use this
in the vector and tensor sectors (|s| = 1 and |s| = 2),
where a stronger smoothing by the window function is
required to maintain convergence.

Returning now to the case of m’ odd, we leverage the
various recurrence relations for the associated Legendre
polynomials to write the integrals in terms of m’ even,
which we can calculate using the above method. As an
example, in the scalar sector, we have integrals of the
form

1
/ p"PKm/ (£)V1—a?dx.

-1

(157)

This can be written in terms of even-m’ integrals using
the relation

V1—22P" = L

- _ _ m—1
2£+1[(€ m+1)¢ m—l—Q)PeJr1

—(l+m—-1)(+m)P"7Y. (158)
Therefore,
1
/ p”Pem' (2)V1—a?dx
~1
1 / 0 — (0)
= e - D AL

0
— (= )(C+m)AY, ]
(159)
In the vector sector, for i = 4,8, due to the integral
over 3, we only encounter m’ odd. Two different kinds
of integrals appear and are given by
pr LD m)P, — U + )P,
Vo2 2+1

[(z —m’ 4+ 1)(¢+m) A

n,l,m’—1)

(0)
A(n £,m’ +1):|

(160)

l\D\H

and

L !

m
2
= 5[+ m -+ m’)A%fLmun

™

+ A (n,—1,m’ +1)j|
(161)



For i = 5,9, we only have m’ even non-vanishing. Again,
we have two kinds of integrals which are given by

1 n
p m’ m’
/1 57 Tl D+ m )Py — U —m o+ P da

_ 1 7\ 4(0)
= 3 [(e )+ m)AY

0
— 0l —m' + 1)A§n{é+17m,)} :

(162)

1 pn
/71 (1—22)(20—-1)(20+1)(2¢+ 3)
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and

1
/ prm P dr = m' ALY, (163)
-1

Finally, in the tensor sector, we encounter four different
types of integrals, two for even m’ and two for odd m/’.
For m’ even they are

(C+1)(C+2)(20+3)(+m —1)(l+m)P)",

— 200 —1)(0+2)(20 + 1)(2 + € — 3(m! )P + (£ — 120 — 1)(£ —m/ + 1)(£ — m/ + z)Pg’Q} dz

1 2 1 o
= SU—m )= m' 2+ m = DAL, o)+ (') AP, o+ §A§,Qm,+2), (164)
and
1 pnm/ , ,
! I
/1 Tt (D P — (= (= + )P,
1
=~ m)(C—m' + 1) = m/ +2)(f—m' + 3) AN 1 i)
1 (2) 1o
— im/(ﬂ - m' + ]‘)A(n,é—&-l,m’) + ZA(n7£+1’m/+2)a (165)
while for m’ odd, they are
1 pn 2 ’ ’ ’
/ m _ !/ _ i m _ m
[17m[(1+4+(m) FE D 22) B4 (1) (- !+ 2P, — 26+ 5P )| de
_ 1 _9p3 _ ! ! 2,7/ 3.,/ N2 _ Qp2 "2 /
= DTS {(zz 203 — 3m’ + b/ + 8%m’ + 46%m/ — 20(m)? — 8% (m)2) (€ + 2)(L + m)
X (C+m = 1AD, |+ (20— 260 4 3m — 0w — 8Cm — 4Cm! — 20(m/)? = 8 ()2 (L+ 2 AL,
+ (=1l —-m' +1)(l—m +2) (2£(£ +1)(0+2)+m' (3 —40(£+ 1)) — 2(m")2 (€ + 1) (4L + 3))Agf}’”1,m,,1)
(0= 1) (200 + 1)(E+2) + ' (20 = 1)(20 4 3) = 2(m ) (L + )40 +3)) A,y ], (166)
[
and to expressions of the form of Eq. (147) we have not been
L able to determine the specific n-, /- and m’-dependence
/ p" (—m o+ I)Pm' (e 2)me/} de in p; and ¢;. This results in us not having an equivalent
1 V1 — 22 [( mn &1 ¢ expression to Eq. (150) for these cases. Instead, we ex-
1 , , N (2 plicitly calculate expressions for the required n and m’
= om [(m —Dm —f-1)({+m )‘A(n,é,m/+1) values over a range of values of £ in the scalar, vector

(0)
+ (m' + 1)A(n,€,m/+1):| :
(167)

After performing these integrals, we then perform a series
expansion in powers of d, as described earlier.

The strategy we use for even powers of p™ and for log p
is slightly different. While we know that these cases lead

and tensor sectors, before performing a series expansion
in § to the appropriate order. From there, we can deter-
mine the dependence on ¢ for each order in ¢ through the
use of MATHEMATICA’s FindSequenceFunction. As an



example, we find that

! 1 [48 8L +1)
—10 p0 e b S
/_1p Prde = 15555 | 55 56
C— 10+ 1) +2 B
(168)

This is then repeated for all values of n and m’ required,
and for the different types of integrals that appear in the
scalar, tensor and vector sectors.

2. Integration over [3

After performing the integration in « and series ex-
pansion in §, we rewrite all the remaining dependence
in 8 (from powers of sin 8 and cos 3, and from e~im'B
in terms of powers of x (given in Eq. (132)). Unlike
Ref. [34], we also find terms of the form ~ x™logx ap-
pearing from the integrals of even powers of p. Both cases
can be readily integrated using

2m M
"df =2nF_n| — |, 169
/0 X" dp (Tofo> ( )
where F,(k) == oFy (p, %, 1; k‘), and
2m M
/ X"logxdB = —2rF", (), (170)
0 70.fo

where F) (k) = 8q(2Fi(a, 3,1; Tokflo))|a:p In the case
that n = —1/2, n = 1/2 or n is an integer, Eq. (169)
reduces to an elliptic integral of the first kind, K(%),
elliptic integral of the second kind, &£ (%), or a polyno-
mial in %, respectively.

We can then use the standard recurrence relations
for the hypergeometric function to express integrals of

all other half-integer powers in terms of K ( M ) and

rofo
£(5%)-
Fonalh) = H O r iy B r )

(171)
Additionally, by taking the appropriate derivative of the
recurrence relation, we can find a similar expression for

Fp(k). This is given by
2p -1k -2)

/ _ p—l /
p+1(k) - 2p(k — 1) ]:p(k) + mfpfl(k)
k—2 1
Pty W ey

(172)

With the integral of 8 completed, we have the decom-
position of the second-order singular field in (¢m')-modes.
These can then straightforwardly be converted to (¢m)-
modes by using the expression involving the Wigner-D
matrix from Eq. (123).
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E. Regular field

When evaluating certain parts of the second-order sin-
gular field, we require the value of the first-order regular
field h}j‘l} and its derivatives evaluated on the worldline.
We compute these by evaluating the sum of residual-field
BLS modes, %L asin Eq. (32). To calculate the resid-
ual field modes, we calculate the retarded field modes,
h%m and then subtract the first-order puncture modes,
hihln’ from them. The retarded field modes are calcu-
lated numerically using the H1LORENZ package [46] from
the Black Hole Perturbation Toolkit; for more details, see
Ref. [69]. We then use the mode-decomposed expressions
for the punctures and subtract them from the respective
retarded field modes so that we are left with the modes
of the first-order residual field.

We next sum over modes numerically to obtain the full
regular field and its derivatives on the worldline (note
that the residual and regular fields agree on the world-
line). We first sum over m to obtain summands that de-
pend only on £. Instead of only summing over computed
f-mode data, we use knowledge of the large-¢ behaviour
of the modes to accelerate the convergence of the sum.
The first-order puncture field that we use contains four
total orders in distance (i.e. A1, A% Al and A\?). As
illustrated in Fig. 2, this means that the ¢ modes of the

residual field fall off as hfyl ~ ¢4 the ¢ modes of its
derivatives, also as hfyl o ~ =% and those of its second
derivatives, as hfyla g~ L2

As discussed in Ref. [34], each order in ¢™ in the resid-
ual field has the form®

91-25(2( £ 1)(£ — 5 + 1)as
(26—28+7’l+1)(£_5+%+ %)28—”

Af,s,n = ) (173)

where s € Ng, n € Z and (a),, denotes the Pochhammer
symbol. The normalisation factor 2" ~2¢ is not essential,
but is included so that Ay s, = €"+O(¢"~1). An impor-
tant feature of this behaviour is that for any even n < —2
the sum over ¢ vanishes:

S n
ZAf,sm =0 for n<-=-2, 3 e 7.
£=0

(174)

We also note that Ay, = 0 for £ < s and n even, so that
the sum also vanishes when starting at £ = s. Thus, we
can accelerate convergence of the sum over modes by fit-
ting the large-¢ behaviour of the modes to Eq. (173) (with
a sum over even negative values of n to some npyax) and
subtracting this fit mode-by-mode from our calculated ¢
modes [61]. It is important to emphasise that because the
sum over £ is zero, we are essentially ‘subtracting zero’
from the final result. Thus, we never change the final

5 The coefficients for n odd and negative vanish, so we only need
concern ourselves with the behaviour for n even and negative.



numerical answer; we only speed up the convergence of
the sum over modes.

For our calculations, we perform the series acceleration
with npa.x = —4 and s = 0, fitting the large-¢ behaviour
of each term to

(175)

This speeds the convergence up a sufficient amount
while still being numerically stable to fit to. After
fitting and subtracting mode by mode, we then use
Z;’;zmx c_4Mgm,—4 as a (conservative) estimate of the
mode-sum truncation error.

There are two final considerations that simplify things:
(i) due to up-down symmetry, parts of the regular field
(and its derivatives) with an odd number of § compo-
nents are identically zero; (ii) terms where the number
of ¢t components plus the number of ¢ components is odd
do not require the “convergence acceleration” procedure
described above as they already converge exponentially
(i.e., the singular field does not contribute to them).

c_oMpo, o+ c_4Mpo,_4,

IV. SECOND-ORDER RICCI TENSOR

A. Calculation far from the worldline

We now turn to the calculation of the second-order
Riccei tensor, 0°Rag[ht, h']. In most of the spacetime,
we evaluate this using the mode-coupling scheme de-
veloped in Ref. [38]. In particular, we compute the
modes of the first-order retarded metric perturbation,
hlyns up to £ = 50 on a grid of radial points using
the HILORENZ code [46]. We then pass the output to
the SECONDORDERRICCI code [47], which evaluates the
modes 62 Ri¢m [h', h'] of the second-order Ricci tensor us-
ing the mode coupling formula

2 1 17 i181m1ialomo 1 1

d me[h 7h ] - E giem [hilélmlvh’izezrng}'
7;1[1’!711
i9€amo

(176)
The coefficients _@Zélf;mliﬂ?m? are derived in Ref. [38] and
are given explicitly in the PERTURBATIONEQUATIONS
package [45]. The sums over i1, iz, m; and ms run over
a finite range (1 < i, < 10, —¢, < m, < ¢, for a given
¢y and ¢5), and the sums over ¢; and ¢ run from 0 to
00. The coefficients enforce the constraints mj +mqo = m
and ‘51 —EQ‘ <l <+ 4.

Since the second-order Ricci tensor is a smooth func-
tion everywhere except at the particle, the sums over ¢4
and /o converge exponentially everywhere except on the
sphere intersecting the worldline (i.e., at the single radial
grid point = r¢). We therefore obtain a highly accurate
approximation by truncating the sums at {1 = {,.x = o
(in practice we choose £iya.x = 50). The convergence with
limax is shown in Fig. 4. We see that the sum converges
rapidly for radial points sufficiently far away from the
worldline, justifying our choice f,.x = 50 as striking a
good balance between computational cost and accuracy.
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B. Calculation close to the worldline

Figure 4 highlights a practical problem: close to r = rq
the convergence is slow and the choice £, = 50 is clearly
inadequate. This can be understood from the behavior
of the second-order Ricci tensor close to the worldline.
It diverges as the fourth power of inverse distance from
the worldline, its modes correspondingly diverge as (r —
r9) 2 and the mode-sum also formally diverges on the
worldline, yet it is a perfectly smooth function off the
worldline. This non-uniform behaviour leads to a very
slow (but still formally exponential) convergence close to
T =T7T0.

To address this problem, we follow the method de-
veloped in Ref. [36] and introduce a worldtube around
r = 19. Inside the worldtube we use the split of the
first-order metric perturbation into puncture and resid-
ual pieces, h' = AP + h®!, to split the second-order
Ricci tensor into a sum of four terms:

52Riém[h17 hl] — 62Rigm[hR1, th} + 52Ri€m[hplv h'Rl]
+ 52Ri€m[hR17 hPl] + 62Ri£m [hPlv hP1]~
(177)

Note that this is an exact equality, not an approximation.
We refer to the terms on the right as the RR, SR, RS, and
SS terms, respectively. Also note that while the second-
order Ricci tensor was defined to be symmetric in its
two arguments in some papers (e.g., [49]), the concrete
expressions used in SECONDORDERRICCI have not been
symmetrized, leading to different expressions for the RS
and SR pieces.

1. Calculation of SR, RS and RR Ricci tensor via mode
coupling

The first three terms on the right hand side of Eq. (177)
are obtained using the mode-coupling formula (176), as
was done outside the worldtube. The only caveat we need
to be careful of is that, for Eq. (177) to be an equality,
the eract same puncture and residual field must be used
in all four terms. In particular, our mode decomposition
of the puncture must be done exactly and cannot, for
example, be obtained as a series expansion in Ar.

To achieve this, we start from the first-order puncture
given schematically in Eq. (135) and multiply it by a
window function Wy, such all modes up to m’ = 10 are
not contaminated by the non-smoothness at the south
pole, while simultaneously ensuring that the puncture is
not affected through the first four orders in distance from
the worldline.

We next use the closed-form expressions for the in-
tegration over a described in Sec. IIID 1 without series
expanding in . This makes the integration over 8 more
difficult. In principle it can still be written as a sum of
elliptic integrals (of the first, second and third kinds).
However, due to the complexity of the expressions, in
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practice we evaluate the [ integrals numerically using
MATHEMATICA’s NIntegrate on a grid of r values inside
the worldtube. We use extended precision and set the
tolerance of the integration such that the resulting inte-
gral is accurately computed to approximately 16 decimal
places.

Much of the advantage of working with a rotated coor-
dinate system — including being able to do the o and 3
integrals analytically, obtaining closed-form expressions
for arbitrary ¢, and needing to include only a small num-
ber of m/ modes — is lost as a result of needing to perform
the mode decomposition exactly. However, one advan-
tage remains: as demonstrated in Fig. 4 of Ref. [36], the
contribution from higher m’ modes to a given m mode
falls off exponentially. In practice, this means that we
only need to compute up to m’ = 10 in order to deter-

mine hﬁ}n to within our error tolerance of approximately

16 digits.
Next, we obtain the residual field modes by subtract-
ing the puncture field modes from retarded field modes

produced using the H1LORENZ code,
th _ hl _ h771

ilm ilm lm>

(178)

and we then compute the RR, RS and SR contributions
to the Ricci tensor using the SECONDORDERRICCI code.

The modes 62 Ripp [RT1, AR, 62 Ripn[A™, RP1], and
82 Ripm[RPY, hF1] are finite everywhere, but the use of
a puncture for the first-order metric perturbation causes
the convergence with ¢, of the mode-coupling sum to
be polynomial rather than exponential, and this happens
not just on the worldline but everywhere the puncture is
used. However, it turns out that, for moderate £,,., the
result is more accurate than the equivalent (exponen-
tially convergent) sum over retarded-field modes. This is
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illustrated in Figs. 4, 5 and 6.

2. Calculation of the SS Ricci tensor

We now turn to the calculation of the SS contribution
to the second-order Ricci tensor. We compute the modes
82 Ripm[RTY, hP1] in much the same way as we compute
the modes hﬁ}n of the first-order metric perturbation:
we evaluate 02 R, [h”!, hP!] as a coordinate expression
in the rotated (¢,r,«, 8) coordinate system described in
Sec. IIIC2 and then integrate against the BLS tensor
harmonics. The coordinate expression for the second-
order Ricci tensor involves the coordinate components of
hﬁl}; for these we use the ezact same puncture (including
the window function) as in Sec. IVB 1.

To obtain our coordinate expression for 62RW in
(t,r,a, B) coordinates, we start from the expressions in
“242D” form given in Appendix B of Ref. [38]. These
expressions are valid in any coordinate system (z¢,64),
where 2% are coordinates on the ¢-r plane and 64 are
coordinates on the two-sphere of constant z*. However,
there is a subtlety in utilizing these expressions: they are
not valid for a time-dependent angular coordinate sys-
tem. We account for this issue, and derive the appropri-
ate alteration of the 2+2D expressions, using an exten-
sion of the method developed in Ref. [36]. Specifically, we
adopt the “2D” method described in Appendix A of that
reference, suitably adapted to tensor fields as opposed
to scalars. In this approach, at each instant ¢ we define
new angular coordinates in which the particle is only in-
stantaneously at the north pole; this contrasts with a 4D
method that would utilize 4D coordinates in which the
particle would be permanently at rest at the north pole.

We first introduce the notation a4 = («, 8) and use
indices A’, B’,... for tensors in the tangent or cotangent
space of the 2D spherical submanifold charted by («, 3).
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Following Ref. [36], we define

’
. A/ aaA

= = Q(— cos 3, cot asin 3),

(179)

the Jacobian Q /' = da?’ /364, and its inverse Q%,, ==
89“/80/‘/. Now consider a term 0,74 in the origi-
nal 2+2D expressions in a time-independent angular co-
ordinate system. This is a component of the tensor
(0:T4)d94. We can rewrite it in the time-dependent co-
ordinates using Ty = QAA/TA/, et = QAB,daB/, and the
chain rule

Ot|geTa = (at’ac' +a¢ DC') Ta, (180)
where D¢ is the covariant derivative compatible with
the unit-sphere metric Q4/p = diag(1,sin? a). (We are
free to use D¢ in place of J¢ since it is acting on a
component, which is a scalar.) This gives

(0,Ta)d6*
- (at|ac,TB, + 6% DorTy + OAB’,TA,) daB’, (181)

where we have defined

CA// = CYC/C : ;= Q
B B¢ [—sinﬂ 0

) .
0 sin asmﬂ] (182)

with CSZC, =04 ,DC/QAA,. Generalizing to higher-rank
tensors, we see that the 242D expressions in Ref. [38]
remain valid if we simply replace unprimed indices with
primed ones and replace time derivatives with

’
OTa,..a, — 8tTA11“.A;1 + a¢ DC’TA’l-uA,’n

+Ca P Toayn, ++Ca P Taar_ p.
(183)

The 0; on the right-hand side is taken at fixed (a, §); we
note that such a partial derivative vanishes when acting
on the puncture in the case of a quasicircular orbit [36].

The resulting 242D expression can readily be ex-
panded in explicit coordinate form. We then substitute
the expression for the puncture into this coordinate ex-
pression for the second-order Ricci tensor, in the process
making sure to avoid making any approximations that
would lead to Eq. (177) no longer being an equality. This
unfortunately leads to very large, unwieldy expressions
that are not readily amenable to analytic integration. In-
stead, we resort to numerical 2D integration over o and
B using MATHEMATICA’s NIntegrate. We set the toler-
ance of the integration such that the resulting integral is
accurately computed to approximately 8 decimal places.

The calculation of the SS Ricci tensor is implemented
in the SECONDORDERRICCISS [48] code. For a single
(¢,m') at a single radial point this calculation is slow
but tolerable, taking on the order of a few seconds for
a low-(¢,m') mode on a typical CPU (more challenging



high-(£, m’) are significantly slower by a factor of approx-
imately 10-100). However, with a significant number of
modes (we have computed up to ¢ = 10), 10 BLS fields
(for the 10 components of the metric), a set of radial
grid points (we typically choose a uniform grid of 401
points with a spacing of 0.01M inside a worldtube of ra-
dius 2M), and a grid of different rq values (we chose 141
equally spaced points between rg = 6M and rg = 20M,
plus a handful of higher-radius cases) the computation
time quickly multiplies up so that our total computa-
tional cost for the SS Ricci calculation was on the order
of 3 million CPU hours. This totally dominates the over-
all cost of the second-order calculation, and should be
the first target for future optimisations. Some possible
optimisations that are currently being explored include:

o Performing the subtraction 202R,s[hS,h%] —

EY ﬁ[foLSS ] first at the 4D level and then decompos-
ing into modes. This would make the resulting 2D
integrand smoother and more amenable to numer-
ical integration.

o Performing at least one of the two integrations an-
alytically [70].

e Switching to an m-mode scheme in which the cal-
culation of the second-order Ricci tensor is dramat-
ically simpler [71].

8. Total second-order Ricci tensor

In Fig. 7 we see the benefit of our approach to comput-
ing the second-order Ricci tensor as compared to mode
coupling with the retarded field only. The finite number
of h},,, modes means that mode coupling cannot capture
the logarithmic divergence in 62 R, [ht, ht] at r = ro.
Far from the worldline the two approaches agree, as ex-
pected.

There is a balance between the width of the worldtube
and the number of ¢; and ¢, modes included in the sum
on the inside and the outside of the worldtube. This is
highlighted in the left panel of Fig. 8. We see that for
moderate orbital radii 7o < 20M, a worldtube size of
|Ar| = 2M is appropriate when using . = 50 outside
the worldtube and ¢,,, = 40 inside the worldtube.b

At fixed Ar we find the agreement worsens as g
increases. This is expected, as for weak-field orbits
62 Rigm [, h'¥] dominates and this piece is poorly cap-
tured by §%Rigm[h', h'] computed via mode coupling.
The requirement for comparable accuracy either side of

6 These specific values of £max were chosen as the number of modes
that could be computed in a reasonable time; the calculation of
the puncture modes is significantly slower than the retarded field
modes and becomes increasingly challenging for larger ¢, hence
the lower value of #max chosen inside the worldtube.
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the worldtube boundary between the two ways of com-
puting 62 R;pm[ht, hl] motivates setting the worldtube
boundary at |Ar| = 2M for ro < 20M and at |Ar| = 4M
for rq 2 20M. As shown in the right panel of Fig. 8, for
ro > 20M it is clear that there would be a benefit in us-
ing an even larger worldtube (or increasing ¢, outside
the worldtube). However, we opted not to do so due to
the significant computational cost associated with evalu-
ating the SS Ricci at additional points inside an enlarged
worldtube.

V. SLOW-EVOLUTION SOURCE TERMS

The remaining piece of the second-order source is the
term E}ﬂmh}em, which accounts for the slow evolution
of the first-order metric perturbation due to the gradual
inspiral of the compact object and absorption of radiation
by the black hole. An explicit expression for this is given
in Eq. (65) of Ref. [16]. Translated into the notation of

this paper, it reads

Ev‘ll_]emhjém = D}mhlfm + -Av/liljhjfrn, (184)
with
1 1 N
Dhn, = Z[(2Har* + H )8]}
— (1= H?) (2iwndy +imFy) | (185)
and
v 1 ~
Mijhjom = —iff'Havhwm (186a)
!
Ma;hijom = -3 [fHavaZm
— (1= H) 9y (hatm — hiem)|,  (186b)
!
Mihjem = fz (1 —H) 0y (haem — hsem) , (186¢)
!
Msjhjom = fz (1—H) 0y (hsem — hom),  (186d)
M hjem =0 for i=3,5,6,9,10. (186e)

Here we recall Eq. (27) for the parametric directional

derivate 5\;.

The derivatives 65Mh}em and 855h;l[m can be calcu-
lated analytically from the Lorenz-gauge mass and spin
perturbations in Appendix D of Ref. [14]. Moreover,
these derivatives only enter for m = 0 and ¢ = 0,1,
since linear mass and spin perturbations vanish for other
modes.

The main computational task is thus to obtain the
parametric derivative thllem of the first-order metric
perturbation. A method for computing this is detailed in
Ref. [37] for the case of interest here, namely quasicircular
inspirals in Schwarzschild spacetime within the Lorenz
gauge (see also Ref. [16], which computed the same re-
sults using a different method, as well as Ref. [72], which
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mode. (Left panel) Results for g = 7.6 M. Here the dashed (red) curve shows 62 Ri22[h*, h'] computed via mode coupling using
h! modes up to fmax = 50. The solid green curve shows the Ricci tensor computed using the 52R122[h731 + th, hPr 4 th]
decomposition using fmax = 40. (Right panel) Relative difference between the two ways of computing 52 R122 [hl,hl] for a
variety of orbital radii as a function of Ar = r — rq.
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the method described in Sec. IV A outside the worldtube and ’52R122[(h731 + th)emaX, (hpl + th)z — (5213122[(h771 +
PR a0y (BT + th)lmax:mH computed using the method described in Sec. IV B inside the worldtube. In both panels the
worldtube radius is marked by the vertical, dashed lines, and curves of increasing ¢max are stacked from top to bottom. (Left
panel) Data for ro = 7.6M and a worldtube boundary at |Ar| = 2M. (Right panel) Data for ro = 40M and a worldtube
boundary at |Ar| = 4M. Note the clear need for a larger worldtube for larger 9. Indeed, we see on the right panel that even

a worldtube twice as wide does not make the accuracy comparable inside and outside the worldtube.

computed analogous results for a scalar field using yet
another method). The essential idea is to formulate field
equations for dghl,, by differentiating the field equation
for h},,, with respect to . This leads to a field equation

in which h},,, acts as a noncompact source for ﬁghwm

Rather than directly solving the coupled Lorenz gauge
field equations with an unbounded source—an approach
that is numerically challenging—the authors of Ref. [37]
employ a more efficient method using a gauge trans-
formation from Regge-Wheeler gauge to Lorenz gauge.
They compute the £ derivative of the Regge-Wheeler-
Zerilli master functions and use Berndtson’s gauge trans-

formation [73] to construct the Lorenz-gauge metric per-
turbation and its parametric derivative.

To handle the non-compactness of the source in the
parametric-derivative equations, Ref. [37] applies the
method of partial annihilators. This involves applying
the Regge-Wheeler operator twice, converting the equa-
tion into a higher-order differential equation with a com-
pact distributional source. This allows the problem to
be solved using variation of parameters with purely com-
pact support, bypassing the difficulties of unbounded in-
tegrals.

Ref. [37] systematically implements the method for



both the Regge-Wheeler and Zerilli master functions, in-
cluding the handling of additional gauge fields required
for a complete Lorenz-gauge representation. The final
output is a set of high-accuracy inhomogeneous solutions
for dghl,,,. Substituting this into Eq. (184) then yields
the required slow-evolution piece of the source.

A key feature of the source term E}j @mhjl.ém is its strong
dependence on slicing. This feature has been stressed in
Refs. [14, 16]. For example, we can see from Eq. (185)
that in ¢ slicing (H = 0), the source near the boundaries
is dominated by the term o wmgy, this is because, in
t slicing, the first-order field behaves as h},, o eEimQr”
near the boundaries, and the derivative 0 acts on the os-
cillatory exponential e**¥"« In v or v slicing (H +1),
this contribution to Eq. (185) vanishes, and EL, hl

ijem' jem
becomes well behaved at the boundarles

Figure 9 displays the absolute value of EZ jomT; ém (out-

side the worldtube) and Ez]lmhjfm zg@mhjfm (inside
the worldtube) in both ¢ slicing and v-t-u slicing. We
observe very poor behavior toward the boundaries in ¢
slicing and much improved behavior there in v-t-u slic-
ing. The rates of falloff in either direction, indicated by
the reference lines, are consistent with the predictions in
Refs. [14, 16].

In the figure, we also observe the cancellation between
ELyhly, and E%, i inside the worldtube, leaving
a regular effective source. We discuss this in detail in
the next section. There we check the cancellation using
the undamped quantities £}, hl, —and E1 om Vit fOr
consistency with our other checks, while here we plot
the damped quantities for completeness, as they are the
versions that were used in the numerical implementation

in Refs. [20, 21].

VI. VALIDATION OF THE EFFECTIVE
SOURCE

To check the punctures and the second-order Ricci ten-
sor, we substitute them into the appropriate field equa-
tions and gauge conditions and verify that they have the
correct level of regularity at the particle; see Table 11
for the expected regularity levels. We perform our tests
at both the covariant level and at the level of modes.
Throughout these checks we use punctures obtained by
truncating the covariant singular fields at fourth relative
order in ), discarding terms of order A\* and above for
hlsti and of order A2 and above for hﬁ% For coordinate
singular fields, we obtain punctures by keeping only the
orders given explicitly in Egs. (135)—(140) and ignoring
all higher-order terms. At the level of modes, in cases
where we further expand in powers of Ar we keep terms
through order Ar?.

T
1+ — wv-t-u slicing R =7
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.. H H -
t slicing HE =
: \ =
0.01F .
10-4 L 4
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FIG. 9. Absolute value of the i =1, £ = 2, m = 2 component
of the slow-evolution source, |ElJ m ~L;m| (outside the world-
tube) or |E”1;m ]im+Ezj/m 7tm | (inside the worldtube). The
orbital radius is ro = 7.4M, and the worldtube boundaries,
indicated by vertical dotted lines, are at ro = 2M. Of note
are: (i) the difference in asymptotic behaviour depending on
the choice of slicing; (ii) the smoothness of the source arising
from the use of the multiscale puncture inside the worldtube.

A. Covariant punctures

The covariant punctures for hfb,s,, h‘”” and héz were al-
ready confirmed to satisfy the respectlve ﬁeld equations
to all orders derived in Ref. [33]. The leading two or-
ders of the hlSLR puncture were also successfully checked
in Ref. [33], but the authors noted that the complexity
of the expressions made it unfeasible to confirm whether
the highest-order term in hﬁIj (of order \!) satisfied the
correct field equation.

We revisited the calculation as part of our checks for
this paper, and in the process discovered an incorrectly
symmetrised term in our expression for the order-\ piece
of hilj. This was corrected, and we are now able to
show that all orders derived in hj satisfy the wave equa-
tion (88). We have also confirmed that, for quasicircular
orbits, hy; satisfies Eq. (91) to the correct order in A
and that the gauge conditions from Egs. (97) and (98)
are satisfied. As such, we are confident that the covari-
ant expressions for the second-order punctures are cor-
rect through the appropriate order in A (displayed in Ta-
ble II).

B. Mode-decomposed punctures

At the level of modes, we begin by checking that the
punctures satisfy the mode-decomposed gauge conditions
to the correct degree of regularity. We then check that
they correctly cancel the singularities in the field equa-
tions. In both types of checks, we restrict to t slicing as
that is the slicing we adopt inside the worldtube.

Many of our checks on the mode-decomposed punc-
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Field Action of operator Singularity structure
hE? F* +)\O+log>\+>\+)\log)\
Z0[17%) + ZL [P ~V %+%+2+)\logx\+0 A% 4 0-log A + O(Alog \)
S (Eq. (29)) ~ V2 %—&-%-ﬁ-%—l—%lg)\—l-o-i-olog)\—i-(’)(log)\)
b2, ~ fSQ dQ Pfﬁn(Ar) log |Ar| + Pfl?n(Ar) sgn(Ar) + P(B) o (Ar)
ZYhT2, + Z5hT, ~ Oy f52 dQ Ai +0-0(Ar) +---+ O[(AT)S log \Ar\] + (’)[(Ar)3 sgn(Ar)] + smooth terms
8% (Eq. (42)) ~ 02 fs2 dQ (AO) +0-8(Ar)+---+ 0O [(Ar)2 log |A7‘\] +0 [(Ar)2 sgn(Ar)] + smooth terms

TABLE II. Singularity structure of the second-order puncture field and quantities constructed from it, where Pfln) are smooth
cubic polynomials in Ar. We include four total orders in distance in the puncture field, omitting terms of order A* and higher.
Since the Lorenz vector Z, [I:L] and effective source involve one and two derivatives of the puncture, respectively, they involve
terms that are one and two orders more singular than the puncture itself. However, the puncture’s construction ensures that
the first four orders in A cancel in each case. By performing the (¢m) decompoutlon we increase the regularity of each quantity
by two orders, with 1/A* terms becoming either log(Ar) (if arising from h5) or sgn(Ar) (if arising from 7). The end result,
at the level of modes, is that the Lorenz vector is C? at r = 7, and the effective source is C*. In the punctures we pr0V1de
online [54], the smooth polynomials Pi(h,)t are quartic in Ar, but we stress that the (Ar) terms are incomplete because A2
terms in hl,; (which we omit) would also contribute (Ar)* terms in hl;Z,.

tures involve asymptotic equalities, which in the present where
context refers to quantities that are equal up to smooth

: ZY 0 = W (W )
terms and non-smoothness at some order in Ar. We 15/t5em m\1em 30m

denote these using ~ so that, for example, f(h)
0 implies f(h) smooth pieces + O[Arilog(Ar)] +
O[Arisgn(Ar)] for some integers i and j that are deter-
mined by the order of the puncture. Note that smooth,
nonvanishing terms arise as a result of the mode decom-

+ %(Thgfm,r + hgém - h4lm), (189&)

0 pn . n n n
Z2jhjfm - ZwthEm + f |:hlfm,r - f 3¢m,r
1

position; these terms would vanish when summed over + ;( tem — hsem = fhsgm —2f hgfm)}’
modes and evaluated on the worldline. (189b)
Z??jh_?fm = iwth@m + % [rhgem,r + 2h’751€m
+ UL+ Dhign — Mg (189¢)
Zé(l)jhjlm = ZwthZm + ;(ThQZm,r + 2h9€m - thZm)7
(189d)
and
1. Checks of the gauge condition ) . .
ZiihTom = = (Bvhif, + fOvhi,), (190a)
ZQJhJZm >~ — 8vh2em7 (190b)
To check that the mode-decomposed punctures satisfy 71 jPn — Hy,hPr (190c¢)
the gauge conditions (30) and (31), we work with the 3570 gtm = Viatms ¢
mode-decomposed versions of those conditions. These Z4]h Gom = — 3Vh8€m7 (190d)
are explicitly given in Eqs. (154)—(158) of Ref. [14], which
we reproduce here as with dy given by Eq. (27). Note that we have set H =0
in the original expressions as we are using t slicing; see
Ref. [14] for more details.
Equation (188) can be further subdivided into a condi-
ZYhTh, ~ 0, (187)  tion on A%, and a condition on all other puncture fields,
following from the mode decomposition of Egs. (97)
ijhjfm + Zkyhﬂm ~0, (188) and (98). We start with the ‘singular times singular’



piece of the puncture as it can be checked independently
of the other fields. To do so, we substitute the appropri-
ate ¢ modes into Eq. (189) and perform a series expansion
in Ar. This is done for modes satisfying 0 < ¢ < 10 and
0 < m < {. For all tested modes, we find that

ijhﬂm = smooth pieces + O[Ar? log(Ar)],

(191)

agreeing with the expected regularity displayed in Ta-
ble II.

We now move to the ‘singular times regular’ pieces.
As discussed in Sec. IIID, the modes of the ‘singular
times regular’ piece of the second-order singular field
have a structurally different form to those of the ‘sin-
gular times singular’ piece. Instead of introducing loga-
rithms, the mode decomposition instead introduces terms
~ |Ar|. Terms of this form can then introduce jumps
when derivatives are taken unless they are multiplied by
a sufficiently high power of Ar. To check that we have
the regularity that is expected from Table II, we therefore
need to show that there are no jumps in the gauge con-
dition after applying up to two radial derivatives. That
is, we need to show that

\7( )[ijhjim + ijhjfm] = Oa (192)
j [Zk:]h_ﬂm + Zk]hjém] = 0’ (193)
\7( )[ijhjfm + Zk]hjém] =0 (194)
is satisfied, where
n n
Tl = tim LIT) gy T90) gy

r~>'r'0+ drm r=ry dr

gives the jump at the worldline in the nth derivative of
g(r), and h?ém refers to the ‘singular times regular’ piece
of the second-order singular field.

We do these checks analytically by substituting the
mode decompositions into Eq. (192) to check there are
no jumps in the gauge conditions. On doing so, we find
that we do not need to combine all of the ‘singular times
regular’ pieces for this to be satisfied; only certain com-
binations are needed. These are

TOZ0h%,] =0 (196)
\7(0) [Zk] (h’jﬁm hjﬂm)] = Oﬂ (197)
T [ijh]em + Zk]hjém] =0 (198)

However, to show that Eqgs. (193) and (194) are satis-
fied, we need to combine all of the fields, as in

j(l [ZkJ (hjém + h’ﬂm + h]ém + hﬂm) + ijthrJ = 07
(199)

]Zm) + Zk:jhjfm] =0,
(200)

\7(2) [Zk] (hjém h]ém hjém

as well as using the analytical expressions (105) for rq
and (106) for 79. Additionally, demonstrating Eq. (199)
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is satisfied requires the use of the gauge conditions for
h}},ﬂv, and for Eq. (200) we had to substitute actual nu-
merical values for hf}ﬂy and its derivatives due to the
complexity of the resulting expression.

Our checks of Egs. (196)—(200) covered the cases 0 <
¢<5and 0 <m < £ In our check of Eq. (200), we used
numerical data for the case rg = 7.4M. Representative
plots demonstrating our check of Egs. (197) and (198) are
provided in Fig. 10, and plots demonstrating our check
of Egs. (199) and (200) are provided in Fig. 11.

2. Checks of the field equation

With the mode-decomposed punctures successfully
satisfying the Lorenz gauge condition, we move on to
showing that they satisfy the Lorenz gauge field equa-
tions. Individually, the fields should satisfy the mode-
decomposed versions of Egs. (92)—(96):

_rf

UKmhjlm = Qi 52 1 m[hpl hpl] (201)

f 1C 1C

zjemhﬂm = E(Zl Tzlzm - ngo[hpl]) (202)
4dr f

z]thjﬁm — ai Tz€m7 (203)

drrf 5.
Ezj[mhjém = air Tzéfm7 (204)
ms Tf
Ei][m jlm — m(lfi zlm + Ez]lmh]Zm) (205)

The main difference between the field equation and gauge
condition checks is the appearance of distributions on the
particle’s worldline through the Detweiler stress-energy
tensor. To extract the distributional content of the
non-stress-energy pieces of the field equations, we inter-

pret the radial derivatives in Ef, —and QRIC 0 as dis-

tributional derivatives so that dlAT‘ = 20(Ar) — 1 and

dzdlfgrl = 20(Ar). The modes of T2, are calculated by in-
tegrating Eq. (A36) against the appropriate BLS modes
and rescaling according to Eq. (41).

We begin by examining Eqs. (203)—(205), that is, the
om, 6z and multiscale punctures. It is straightforward to
show that the distributional content on the RHS is the
same as that found when acting on the mode-decomposed
metric perturbations with E? We note also that

Ellﬂmhﬂ%n does not contain any delta functions as the

operator only features one derivative and thus can never
produce a delta function; see App. B for the explicit form
of E}J -

Checking the smoothness of the fields, we find that,
individually,

ijlm*

j(O) [Ezjfmhjlm] - \7( [ zgémhjfm]
\7(0) [Ezjémhjfm] - \7( [Ezjémhjfm]

(206)
(207)

0,
0,
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FIG. 10. Modes of the Lorenz vector Z,[h] constructed from the puncture fields. While the individual fields do not satisfy the
gauge condition Z,, = 0, certain combinations of the puncture fields do. Both plots have the particle at ro = 7.4M, which is
indicated by a vertical, dotted red line, and are for £ = m = 2. (Left panel) Plots of Zgj, given by Eq. (189b), applied to hSY,
(dashed blue) and %), (dashed orange) as a function of . While both pieces feature a jump discontinuity at the particle, their
sum (solid green) is continuous there; that is, 7 [Zgj(hjs-?z + h%’%)] =0, as in Eq. (197). (Right panel) Similar to the left panel
but for Z3;h5, (dashed blue) and Z3; h;)212 (dashed orange), where Z3; and Z3; are given by Egs. (189¢) and (190c), respectively.

The individual fields are discontinuous but their sum, as expected from Eq. (198), is continuous, J V' [Z3,h}5, + Z3;h15] = 0.

0.14 -

ool IS |0 Z1;h555] ===+ LT N 0220 S - 10220, s |

(AT EEEES (AT 02200 e 2 ZL 1T
Z:Z S P P |8’Zi)jh%2 —— [Total| 0.06r | e ‘afzi)jh%z —— |Total
0.06
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0.00

6.5 7.0 75 80 6.5 7.0 75 8.0
r/M r/M

FIG. 11. First (left panel) and second (right panel) radial derivatives of the second-order Lorenz vector, Z?jh?m + lejhjl-m,
where the individual terms are given by Egs. (189a) and (190a), respectively. The (absolute value of the) derivatives of the
Lorenz vector constructed from the individual fields are given by dashed lines, while their sum is given by a solid brown line.
As in Fig. 10, the individual fields do not satisfy the gauge condition, but their sums do. However, unlike Fig. 10, we now
require contributions from all of the puncture fields to ensure that the gauge condition is continuous at the particle’s orbital
radius. This is true for both first and second radial derivatives as found in Egs. (199) and (200). Both plots are for £ =m = 2
and for a particle at 7o = 7.4M (indicated with a vertical, dotted red line).

0 < m < {. Figure 12 provides an example of the field
equation for the multiscale piece of the puncture. It

demonstrates that while both E?ﬂm i, and Eilj thfe}ﬂ

demonstrating that the field equations for these pieces
are C! on the worldline, as expected. The field equation
for the multiscale puncture is also smooth to the correct

order, as (and their derivatives) feature jump discontinuities, their
sum does not.
JOEY, pms gL pPl1_( (209) We move next to confirm Eq. (202) is satisfied to the
jem-rjem 174m %jem .

correct order. Using the same methods as when verify-
ing Egs. (203)—(205), it is straightforward to extract the

delta content and jumps from E;,, h§it and Tfk. How-
Ric,0

ilm

Equations (206)—(209) have been checked analytically for
generic ¢ (and thus, without specific values for the resid-

ual field and its derivatives), and for 0 < ¢ < 5 and ever, extracting the delta content and jumps from @
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FIG. 12. Demonstration that the multiscale parts of the effective source are (at least) C*'. Both plots are for the i = 2,
¢ =m = 2 mode of the source with the particle at ro = 7.4M, which is indicated by the vertical, dotted red line. (Left panel)

ms

Absolute value of EY;h}s)

(dashed blue) and Ej;hT55 (dashed orange), with their sum in solid green. (Right panel) Radial

derivatives of these terms. In both panels,; the individual terms feature a jump discontinuity at the worldline, but their sums

are continuous, as expected from Egs. (208) and (209).

ic,0

is slightly more complicated. This is because Q%m is cal-
culated via a sum of products of A%l and Rl . While

the infinite sum is formally convergent, in practice it is
only calculated up to a certain finite £,,,«, chosen to en-
sure convergence up to a certain level of accuracy.

In previous work [36], the terms in the sum were de-
termined to fall off as ~ £1-% where k is the order of the
puncture used. As we are using a first-order puncture
with four total orders (k = 4), we would then expect the
terms in the sum to fall off as ~ £2 | and for the sum
itself to converge as ~ ;2 . By the same arguments,
we expect the jump in the derivative of the sum to con-
verge as ~ (.1 because we can think of taking a radial
derivative as reducing the degree of smoothness by one
order.

Note that this expected rate of convergence for the
delta content and the jump in the field at r( is a worst-
case scenario. In many instances the convergence is
faster, a fact that can ultimately be traced back to ei-
ther parity (i.e., the large-¢ behaviour of hlYl does not
contain any odd inverse powers of £) or to the fact that
some components of the circular-orbit metric perturba-
tion are more regular than others.

To test this, we calculate Qgi:{o at ro = 7.4M for all

ten ¢ modes and for 0 < ¢/ < 2 and 0 < m < / using
expressions for 62R;¢y, from the PERTURBATIONEQUA-
TIONS [45] package. We sum modes in the range ¢; <
Pmax and lo < lhax + £. We then extract the delta con-
tent, jumps and jumps in the derivatives at the worldline
and compare to those from E?ﬂmhjs.fm and T}};ﬁ. For all
(i,£,m) modes tested, we find that Eq. (202) tends to
0 at (at least) the expected rate when increasing fmax.
As a representative example, in Fig. 13 we provide plots
of the delta content, jumps and jumps in the derivative
for Eq. (202) for ¢ = 1 and 2 and £ = m = 2 with {ax

ranging from 1 to 38.
Finally, we turn to the check of the SS part, Eq. (201).
Checking the smoothness of the fields, we find that

0 Ss r
EiiomPiom + S

smooth pieces + O[Ar? log(Ar)],

62Ri€m[hpl7 h'Pl] _
(210)

agreeing with the expected regularity displayed in Ta-
ble II.

In this case, since the SS Ricci is only available nu-
merically our check is entirely numerical. Figure 14 pro-
vides a representative example. The left panel shows the
case 1o = 74AM, i = 1, £ = 2, m = 2. We see that
Eq. (201) and its first derivative are continuous at the
worldline. There is some numerical noise in the second
derivative, but despite this we see a behaviour consistent
with the expected log |Ar| divergence. The right panel
shows the corresponding i = 7 field. In that case, the sec-
ond derivative also appears to be continuous, suggesting
this component is more smooth than the others.

VII. COMPLETE EFFECTIVE SOURCE

Having validated the effective source’s various contri-
butions, we now sum them to obtain the complete ef-
fective source across the spacetime. This is shown in
Fig. 15 in v-t-u slicing. The left panel focuses on the
region around the particle, while the right panel zooms
out to show our full numerical domain.

In practice, the effective source used in Refs. [20, 21]
differs somewhat from the one displayed here. As de-
scribed in Ref. [16], our concrete calculations involve
additional puncture fields in a near-horizon region and
a large-r region. These punctures enforce asymptotic
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FIG. 13. Convergence to zero of singular pieces of the SR source term (202) at the worldline as a function of the number of

first-order modes (denoted by £max) included in the calculation of Q

Ric,0
ilm

. Data is displayed for ro = 7.4M and { = m = 2, with

it =1 (left column) or i = 2 (right column). From top to bottom, the rows show the (absolute value of the) coefficient of the
radial delta function in the source, the source’s jump at the worldline, and the jump in its radial derivative at the worldline. In
all plots we see that the total converges to zero with fmax at least as rapidly as the expected convergence rate. As mentioned
in the body of the paper, certain modes converge faster due to parity or to being constructed from more regular components
of the metric perturbation. This is seen in the right-hand column, where the top and bottom plots demonstrate more rapid
convergence than the conservative estimate.

(physical, retarded) boundary conditions. At large r, the
physical boundary conditions on the Lorenz-gauge met-
ric perturbations are derived using an asymptotic post-
Minkowskian expansion explained in Ref. [39]. The near-
horizon boundary conditions are obtained using an anal-
ogous method in a vicinity of the horizon (inspired by
Ref. [74]).
these conditions is quite involved, we defer presentation

Since the derivation and implementation of

of it to future papers.

VIII.

CONCLUSION

In this paper we have provided the complete effective
source for second-order gravitational self-force calcula-
tions in Schwarzschild spacetime, restricted to quasicir-
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the expected C' regularity displayed in Table IT for the case i = 1, £ = 2, m = 2 (left panel). The corresponding case for i = 7
(right panel) is smoother (C?), suggesting that component of the source is more regular than others.
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FIG. 15. Full effective source near the worldline on t-slicing (left panel) and throughout our computational domain on v-t-u
slicing (right panel) for the case 1o = 7.4M, i = 1, £ = 2, m = 2. In both panels, the blue curve shows the effective source,
which is finite everywhere. In contrast, the green curve shows that the source without the punctures (i.e. the second order
Ricci tensor) diverges towards the worldline. We see similar results for other (¢, ¢, m) modes.

cular inspirals in a multiscale formulation of the field by two of us in Ref. [30].
equations.

The source contains several ingredients, each of which 2. A quadratic source term, 62 R;¢m, constructed from
we have stringently tested: products of first-order fields and their first and sec-
ond derivatives. In Sec. IV, we have described our
1. A puncture field expanded in tensor spherical har- calculation of this source, following the strategy
monics. In Sec. I1I, we have developed a multiscale in Ref. [36]. Inside a worldtube around the par-
expansion of the puncture field (valid for generic ticle, this involves (i) constructing the more regu-
orbits in Kerr) and the tensor spherical-harmonic lar parts of 62R;s,, from sums of products of first-
decomposition (restricted to quasicircular orbits in order (puncture and residual field) modes, using
Schwarzschild spacetime). The puncture field is coupling formulas from Ref. [38], and (ii) construct-
made up of several pieces, which satisfy specific ing the most singular part of 2R, by numeri-
field equations and gauge conditions. We have ver- cally evaluating two-dimensional angular integrals
ified that all conditions on the puncture fields are of the four-dimensional %R, [h”1, hP!]. Outside
satisfied. This includes establishing consistency, at the worldtube, we use mode-coupling alone, calcu-
the level of the final mode decomposition, with the lating 62 Rysyy, from first-order retarded field modes.

distributional form of the field equations developed We have verified consistency between these two cal-



culations at the worldtube boundary, and we have
verified that the various pieces of this source term
correctly cancel pieces of the second-order puncture
field near the particle.

3. A piece arising from the slow evolution of the first-
order field, displayed in Sec. V. This piece of the
source is highly dependent on the choice of time
slicing in the multiscale expansion. In addition to
verifying that this source correctly cancels a certain
piece of the puncture field, we have also verified
that it has the correct behavior at the horizon and
infinity in our v-t-u slicing.

In these calculations and checks, we have expanded
the second-order puncture to two orders higher (in pow-
ers of distance A from the particle) than necessary. To
obtain the correct asymptotic fluxes, we only need to in-
clude enough terms to (i) yield an integrable effective
source (i.e., a source that diverges no more strongly than
log Ar at the level of modes), (ii) be consistent with C'!
residual field modes A2 at r = rg (since we would oth-
erwise need to impose jump conditions for the residual
field modes). This implies we only need to control terms
of order 1/A? and 1/ in the second-order puncture. We
have instead consistently included terms through linear
order in A. There are several reasons for this. First, it
leads to a smoother effective source. Second, it allows us
to more robustly test every piece of the effective-source
calculations. Third, it will ultimately be needed in a
calculation of the local self-force on the particle (which
involves a derivative of the residual field). Fourth, it is
required in second-order Teukolsky calculations, which
involve two additional derivatives of the fields; we will
present those calculations in a followup paper [44].

The work we have presented here, alongside Refs. [14,
16, 38-40], provides a nearly complete description of the
methods underlying the second-order calculations and
waveform generation in Refs. [20-22]. We have only left
out details on the following:

1. The calculation of large-r boundary conditions (fol-
lowing the method explained in Ref. [39]) and near-
horizon boundary conditions. These boundary con-
ditions are enforced using the puncture method ex-
plained in Ref. [16] and will be fully detailed in
future papers.

2. The M and 4.5 contributions to the source arising
from their contributions to h}w. As explained in
Ref. [17], we separate these out, compute them us-
ing the same methods described in this paper, and
appeal to linearity to add them in at the end.

Even in the restricted context of quasicircular, non-
spinning binaries, numerous natural followup calcula-
tions present themselves:

1. A complete 1PA waveform model requires calcu-
lation of second-order () horizon fluxes, while
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Ref. [21] only calculated fluxes to future null in-
finity.

2. The fluxes at future null infinity in Ref. [21] were
incomplete as they omitted “memory distortion”
terms recently discovered in Ref. [39]. These should
be calculated.

3. The 1PA waveform generation in Ref. [22] (see also
Ref. [7]) relied on an assumed energy balance law,
in which the particle’s mechanical energy decreases
at the rate of emission of asymptotic fluxes. Recent
and forthcoming work [75, 76] shows that this law
needs to be corrected.

4. We aim to also calculate the local second-order self-
force. The dissipative piece of the force can be cal-
culated from the oscillatory, m # 0 modes we have
focused on here. The work done by this dissipative
force should be related to the asymptotic energy
fluxes through the corrected balance law mentioned
above.

5. The conservative pieces of the self-force will addi-
tionally require the calculation of stationary, m = 0
modes. These conservative forces will have a direct
contribution from gravitational memory, as shown

in Ref. [39] (see also [77]).

As alluded to above, other work [44] will present the
calculation of fluxes from the second-order Teukolsky for-
malism of Refs. [38, 43], rather than the Lorenz-gauge
method of this paper, utilizing the spectral method of
Refs. [72, 78]. Calculations of the effective source in a
Kerr background are also ongoing, building on methods
developed here and in Refs. [70, 71, 79, 80].
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Appendix A: Derivation of the trace-reversed
Detweiler stress-energy tensor

In this appendix we derive the trace-reversed stress-
energy source 7}, given in Eq. (11).


https://doi.org/10.3030/101200625

In Ref. [30]’s original derivation of the Detweiler stress-
energy tensor (5) in the Lorenz gauge, the field equations
were written in self-consistent form in terms of perturba-
tions of the Einstein tensor,

6Gu[eht + h?) + e26%G ,, [hY, hY] = 87T, + O(7).
(A1)
This equation was made well-defined, despite its
quadratic singularities, by adopting the canonical De-
tweiler definition of the second-order Einstein tensor,
62G,, [hY, hY] = lim §GS, [n', R, (A2)

s
s—0t By

where

5°G5, [ W] = (—0G w [h°] + 6° G W hSY]
+ (52Gl“j[h81, th] + 62Guy [hﬁl7 th])o;
+ 682G, [hY, K107 (A3)

Here 07 is a smooth window function equal to 1 in an
open neighbourhood of the worldline and vanishing out-
side a tube p < s, with p the proper distance from the
worldline; similarly, 87 = 1 — 07 is equal to 1 outside
the tube and vanishes in a neighbourhood of the world-
line. The core idea here is that we have replaced the
quadratic quantity 2G,,, [h5!, hS!] with the linear quan-
tity —6G ., [h°°] in a neighbourhood of the worldline.

Using the definition (A2), in Ref. [30] two of us were
able to show that 7}, in Eq. (Al) is uniquely given by
the Detweiler stress-energy tensor (5). The derivation
establishes that any solution to Eq. (A1), with Egs. (A2)
and (5), locally agrees with the metric outside a small
compact object (which is obtained from first principles
using matched asymptotic expansions).

When performing calculations in the Lorenz gauge,
it is often useful to work with the trace-reversed Ein-
stein field equations instead of Eq. (Al). If the
stress-energy tensor and metric were smooth fields,
the trace-reversed field equations would read R,.[g] =
8m (62‘(55 — %gwg“ﬁ) T,p8, and one might naively try to
start from this equation with the Detweiler stress-energy
tensor on the right-hand side. However, the stress-energy
source would then be manifestly ill defined as it would
involve products of the (singular) metric g,, with the
Dirac delta function in 7),,. A correct approach is in-
stead to start from the vacuum field equations away from
the worldline, which (in the Lorenz gauge) take the form

Euleh' +2h?) — 2%6° R, [h' b = O(e%).  (A4)

If we promote this equation to a domain including the
worldline, we can find the correct point-particle source
term by demanding consistency with the local form
hiﬁ + hf}ﬂ of the metric perturbations derived from
matched expansions. Taking this approach and appeal-
ing to methods in Ref. [30], we will demonstrate that,

when promoted to the full spacetime, Eq. (A4) becomes

E,leht +&2h%) — 2e26° R, [h, hY] = —167T,,, + ogi)),
5
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where Tw is the trace reversal of the Detweiler stress-
energy tensor with respect to the effective metric,

_ 1.,
Ty = (5;;55 = 598 ﬂ) Top + O(?), (A6)

rather than with respect to g, or g,..

This result is not surprising, given the properties of the
Detweiler stress-energy tensor derived in Ref. [30]. It was
shown in that reference that the indices of T}, need to
be raised and lowered with the effective metric, not the
physical metric (nor the background metric). In short,
when manipulating the indices of the Detweiler stress-
energy tensor, we must always use the effective metric to
obtain the result that is compatible with a distributional
treatment of the perturbed Einstein field equations.

1. Distributional analysis

In performing our distributional analysis, we skip over
many steps as they are functionally equivalent to those
performed in Ref. [30]; see Sec. V of that reference for
details of the full calculation. We also adopt Detweiler’s
canonical definition from Eq. (A2) but apply it to the
second-order Ricci tensor.

To begin, we write the Einstein equations with an as-
yet-undetermined stress-energy source,

1677, = lim {eBp (15 + &2 (B (05 + By [17]
S—
—4QRE) or + O(), (A7)

Here QRic[h] = $6%R, [hRY, h] 4+ 362 Ry, [h, k'] is the
smooth linear operator defined in Eq. (52), and we have
used (i) E[h"] = limg o+ (0; + 07)E,,[h"], (i) the
vacuum field equation (A4) in the region p > s, and (iii)
the fact that the regular fields satisfy the vacuum field
equations also for p < s.

We now determine TW by integrating Eq. (A7) against
a test field ¢H”:

— 167 / T, dV

=1
s—0

m [ 6t { e 18] + £ (B 157
+ B 1]~ 4QRERS) b v,

where we defined the new test field ¢ = @H"0;.
We next move the linear operators onto the test field
via the definition [@L[y]dV = [¢LT[¢]dV (for a test
field ¢ and integrable function ). Using the fact that
J FdV =limp_,o+ fp>R FdV for any integrable function
F, integrating by parts, and discarding the remaining
volume integral as its integrand satisfies the vacuum Ein-
stein field equations (in the vacuum region p > R), we



reduce the right-hand side of Eq. (A8) to
[ Buloaenty + nt + ) - 12QRE olny) av

=~ dim [ {KEERS 4 20 4 p0m)
R—0t sz

— 42 K Qe [h51]} e, (A8)
before taking the limit s — 0. In obtaining this result we

have used the fact that the linearised Einstein operator
is self-adjoint. We can write the surface element as

d¥® = —R*n®dr dQ + O(R?) (A9)

with outward-directed unit normal n®. The operators
KE/Qric [h] appearing in the integrand are given by

KE[ ] ¢uyh;w T h;w(,bs a0 (A].O)
and
QRic _ ﬁ R1 s 7 B R1
KZrielh) = g 4ha55I‘# [h] +4ha551" LR
+ hu B3P o+ 4k P (a5 — RES.)
P,
- 29a#hﬁv;uh§3> T2 £ (huvhglp
+ GapdLh B — 29auh,,/3hﬁ’i), (A11)
where

a 1 a
(SF,uu[h] = gg 'B(zhﬁ(#w) - hlﬂﬁﬁ) (A12)

is the linear perturbation of the Christoffel symbol.

Working in Fermi-Walker coordinates (7, x'), with z* =
pn' and n® = (0,n?), we can substitute the known Fermi-
Walker expressions for the metric perturbations [33] into
Egs. (A10)—(A1l), perform the angular integral, and take
the limit. We find

lim KE[pSax> = 87rm/(ga5 + 2uqug) 9P dr
R—0+ =R
(A13)
at first order in £, and
lim KE[RSRane =0, (A14)
R—0t —R
lim KE [hO™] dx*
R—0+

47rm
/ haﬁ + gaﬁhRM + 12h5§u[;u7

+ 39aghwu”u + GhW}uaugu”u”)W‘ﬂ dr,
(A15)
lim K@ric[pS1] gy~
R—0t p= R
2mm

= - (thé — (2gap + 3uau5)h517

—&-Eithugu"Y 3ga5h55u“u”)¢a5d7 (A16)
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at second order. Notice that the integral over 7 is evalu-
ated along the worldline at p = 0, allowing us to replace
PL with @M by virtue of ¢t (p = 0) = ¢ (p = 0).
Hence, our expressions are now independent of s, and we
can take the limit s — 0 without consequence.

Returning to Eq. (A8), as in Ref. [30], we can write
the stress-energy tensor at each order as a sum of the
boundary terms:

1
WAV = —— i KE Sas>, (Al
/ LM AV Tom b/, [h>7]d (A7)
1
WAV = —— li KF[hSR + KE ™
/ /tu¢ Vv 167 RE}(}+ R( @ [ ]+ @ [ ]

— 4K Oric [h51]) dxe. (A18)

Appealing to Egs. (A13)—-(A16) and noting that this
holds true for arbitrary test fields ¢*”, we find the final
expressions for the first- and second-order pieces of the
trace-reversed Detweiler stress-energy tensor are given by

T, = % / (G + 2uyu,)6% (2, 2) dr, (A19)

I m h a a a

Tiu = 5 /{2]7’51} - [g,u,uu uﬂ + 2(9 s u ’U/B)’U,IL’U,V]
x hp + Sha(uuy)ua}54(a:, z)dr. (A20)

We note, as expected, that Eq. (A19) is just the trace
reversal of the stress-energy tensor for a point mass.

When validating the punctures, it is useful to define
terms corresponding to each puncture field’s contribution
to the final stress-energy tensor. These are

1
/ ToR¢M dV = — lim / KE[pSRlane, (A21)
=R

167 rR—0+
_ 1
T(;m gy — =i KE h&m dza
/ ¢ Tom g | _p e ]
(A22)
1
TQR‘C¢MU dV = — — lim KQRic [hSl] d2a7
Aw RS0t J,_p @
(A23)
so that
Ty, =Tok + To0 + T, (A24)
where
Tff -0, (A25)
- 1
T;j;n =1 5mu,,64(x z)dr, (A26)
v
TRiC _ @ 2hR1 2 + 3u U )th’Y
me g ~ (29 e
+ 6hfu,u” — 3gu hihuu?)ot (z, z) dr. (A27)

Here émy,, is given by Eq. (48). Equation (A26) does
not appear here for the first time though. It was pre-
viously defined by one of us in Ref. [33] when dis-
cussing the split of the second-order singular field. There,



hzf,” = dmyu/p + O(p°) is defined as being a particular
piece of the second-order singular field that satisfies the
point-particle-like wave equation

B [h°™] = =167 T

pv

(A28)

where Tg,’]’ is given by Eq. (A26). Recovering this ex-
pression is an important check on our analysis.

2. Effective metric trace-reversal

The trace reversal of the Detweiler stress-energy with
respect to the effective metric is given by

_ 1 . )
T'/Ly - T[Ll/ - igﬂug ﬁTOéﬁ + 0(53)

1 a
= €T;V + €2T3y - i(guu + ah;l}i)(g P Ehgff)

x (eThp + € Thg) + O(€°)
- 1
=T, +¢° {(gﬂagyﬁ - 59#v9a6>T§ﬁ
1 R
+ 5 (Guhi] — g PR + 0. (A29)
Through some simple algebra, we can immediately show
that this is equivalent to the expressions found via dis-
tributional analysis in Eqgs. (A19)-(A20). As expected,
at first order we recover the trace reversal of the point-
mass stress-energy tensor as in Eq. (A19). We then find
two terms at second order: the trace reversal of the De-
tweiler stress-energy tensor from Eq. (5) with respect to
the background metric and an additional term consisting
of products of the first-order regular field and the first-
order stress-energy tensor.

3. Multiscale stress-energy tensor

The derivation above has been based on the self-
consistent scheme. To obtain the stress-energy tensor in
the multiscale scheme, we must account for the expan-
sions of the worldline from Eq. (58) and the four-velocity
from Eq. (66).

After substituting in the expansion of the worldine and
the four-velocity into Eq. (A29), we find at order ¢,

71, =" / (G + 20000)54 (2, 20) dry. (A30)
Yo

2

Moving to terms at order e2, we start by looking at
the term that appears as a result of expanding the four-
velocity. After substituting Eq. (66) into Eq. (A19), set-
ting 2# — 2§ and looking at order-g? terms, we find

T, =2m
Yo

12(()#1}”)(54(;137 20) dTo, (A31)

which we have so-named as it acts as one of the sources
for the h}};; metric perturbation from Eq. (83).
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The expansion of the worldline from Eq. (58) in the
stress-energy tensor is slightly more subtle but has pre-
viously been calculated by one of us in Ref. [49] and is
given by

— 1
Ti}/ = m(gﬂaguﬁ - ig;wgaﬂ)

X / gg,gg, [Q&SQ 25'16354(1‘,,20)
Yo

— g &g 2119V o (z, 20)] dro, (A32)

where ¢¢, is the parallel propagator. This features two

terms: the first accounts for the mass monopole correc-

tion absorbed into dmy, discussed in Sec. IIIB2, and
z

the second sources the lolf“, puncture. As we did with

the redefinition of hf],f, we alter the definition of T/ff," to

account for this new term. Explicitly, this is given by

o 1 °
T(sm = - §muy54($, ZO) dTOa (A33)

where 5*;71#1, is given by Eq. (86). The second term we
then use to define

1

T/fi = - m(.guaguﬁ - 59;11/9@5)

X / gg,gg,ﬁglﬁg 211 9V p0(, 20) dro.  (A34)
Yo
Finally, we define

T5¢ = To0 s (A35)
as we did in the definitions of hﬁ% and hﬁlj in Eq. (85).
The order €2 piece of the multiscale Detweiler stress-
energy tensor is then given by

T2, = T + TRic 4 702 4 7ms, (A36)

Appendix B: Non-gauge-damped BLS operators
E{jm and Ely,,

When testing that the punctures satisfy the correct
field equations in Sec. VI, we make use of the non-gauge-
damped versions of the Lorenz gauge wave operator,
Eijem. This operator is expanded in multiscale form by
applying the chain rule from Eq. (26), so that

Eijom = ?jgm + aE}jem +0O(£?). (B1)
The leading-order term, E?j om» 18 the standard Lorenz-
gauge wave operator in mode-decomposed form. It can
be extracted from, e.g., the PERTURBATIONEQUATIONS
package [45] (applying the appropriate rescaling dis-
cussed in footnote 2). Because it has never been pre-
sented with our specific conventions, for completeness we



include it here. It is given by Eq. (37
operators given by

), with the coupling

Mhj = o5 [2M Oy ha + f2(hy = hs)
— f3(h3 + hﬁ) + ZiMwm(hz + th)]’
(B2a)
nghj =53 [2M 8, ho + f2(ha — hy)
+ 2iMwy, (hy + HhQ)] ) (B2b)

f
M(()B/G)jhj =53 [r(hs — h1) + (r — AM)(hs + hg)],
(B2¢)
1
Mh; = 53 [MrOy-hy — f(3Mhy + £(£+ 1)rhs)
—|— iMwp,r(hs + Hhy)], (B2d)
MQih; = ng [Mrd,«hs + iMwy,r(hg + Hhs)
f((2’l" - 7M)h5 - E(Z + 1)’/"h1)
+ f2r(€(t 4+ 1)(hs + he) — h7)],  (B2e)
Mh; = 2f2 (6 —=1)(0+ 2)hs + hr], (B2f)
M
M;h; = %3 [(rOp — 3f)hs + iwyr(ho + Hhs)],
(B2g)
1
Mi;hy = o [(Mrye + f(2r = TM))ho — f*rhag
+ iMwy,r(hs + th)} , (B2h)
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MO h; = Eq. (B2f) with 54 9 and 7 — 10 (B2i)
where w,,, = mf).
The first subleading term is
Ezg[mhﬂm = Dém iem + M hﬂma (B?’)

with 007, given by Eq. (185). The coupling operators are
given by

Mihy = — %(51,@ + Hdyhy), (B4a)
Mi;h; = Bq. (Bda) with 1 < 2, (B4b)
Mz je7/10)515 =0, (Bdc)
Mi;hy = — 2]\7{—2(51;% + Hdyhy), (B4d)
M} ;hj = Eq. (Bdd) with 4 ¢ 5, (Bde)
Mg;h; = Eq. (B4d) with 4 — 8 and 5 — 9,
(B4f)
Mg;h; =Eq. (Bdd) with 4 — 9 and 5 — 8.
(B4g)
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